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Given the pivotal role of magnetic fields in modern medicine, there is an increasing necessity for a
precise characterization of their strength and orientation at high spatial and temporal resolution. As
source-free magnetic fields present in tomographic imaging can be described by harmonic
polynomials, they can be efficiently represented using spherical harmonic expansions, which allows
for measurement at a small set of points on a sphere surrounding the field of view. However, the
majority of closed-bore systems possess a cylindrical field of view, making a sphere an inadequate
choice for coverage. Ellipsoids represent a superior geometrical choice, and the theory of ellipsoidal
harmonic expansions can be applied to magnetic fields in an analogous manner. Despite the
mathematical principles underpinning ellipsoidal harmonics being well-established, their utilization in
practical applications remains relatively limited. In this study, we present an effective and flexible
approach to measuring and representing magnetic fields present in tomographic imaging, which

draws upon the theory of ellipsoidal harmonic expansions.

Magnetic fields are the basis for many applications in future medicine and
play an important role in both diagnostics and therapy. For example, they
can be used to drive and control magnetic micro- and nanorobots for
various potential biomedical applications. Such robots have great potential
in many areas of medicine as they can perform medical procedures even in
remote and sensitive parts of the human body. This includes targeted
delivery and release of drugs and therapeutics, cell manipulation, and
minimally invasive surgery such as stenting'™". In addition, magnetic fields
are used to visualize, navigate, and heat magnetic nanoparticles, allowing the
focal treatment of tumors with hyperthermia®". Finally, magnetic fields are
at the heart of the tomographic imaging techniques magnetic resonance
imaging (MRI) and magnetic particle imaging (MPI)" and
magnetorelaxometry'’. Here, knowledge of the exact values of the magnetic
fields in the field of view (FOV) is of great importance for signal
encoding™".

In particular, the complex setup of coils or permanent magnets often
leads to non-ideal magnetic fields and the benefits of accurate knowledge of
the magnetic fields are manifold. Firstly, it is essential for hardware

development, particularly in designing and arranging magnetic field gen-
erators to achieve ideal fields in the scanner’s FOV. In the context of low-
field MRI systems, which are increasingly important in the context of low-
cost and point-of-care systems, high B,-field homogeneity is a crucial factor
in ensuring high-quality images'*™"”. Similarly, the non-linearity of gradient
fields plays a major role in image quality'™'**’, so knowledge of magnetic
fields is important and enables verification and quality control of imaging
systems in both science and industry. Furthermore, it can be used for a
precise sequence design in MRI. Moving on to image reconstruction,
knowledge of the magnetic fields is very important to account for field
inhomogeneity and reduce off-resonance artifacts” . Moreover, field
values can be used to enhance various reconstruction methods and mitigate
the reconstruction error’””.

Measurements of a magnetic field in tomographic imaging can be
performed using a magnetic field sensor, such as a Hall sensor or an
inductive sensor”’. To cover a three-dimensional FOV, the sensor is moved
voxel by voxel through the FOV along a dense grid. An increase in spatial
resolution directly correlates with an expansion in the number of
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measurement points, making this naive measurement procedure both time-
consuming and labour-intensive. For illustration, a bisection of the distances
results in eight times the number of measurement points. A more sophis-
ticated alternative to the measurement on a dense grid is to employ spherical
harmonics, given that source-free magnetic fields satisfy Laplace’s equation
and can thus be expanded into a series of spherical harmonic functions™. In
scenarios where magnetic fields can be adequately represented by low-
degree polynomials, it becomes feasible to truncate the series at an early
stage. This approach enables the implementation of efficient measurement
methods that require only a limited number of field evaluation points
defined by a spherical t-design. A t-design is a sampling distribution that
facilitates the exact integration of polynomials up to degree £. The
magnetic field values can then be derived at any position within the sphere,
i.e, sampled at any resolution. Spherical harmonic expansions also allow for
ahigher temporal resolution of magnetic field measurements. However, one
limitation is that the size of the sphere is fixed in advance. Tomographic
imaging systems with a closed bore often have a cylindrical shape. The bores
are meant to fit a rodent, a human head or extremities, or even the whole
human body. To cover a cylindrical FOV (shown by the green line in Fig. 1),
several spheres need to be shifted along the bore axis (indicated by the red
dashed lines). Each sphere must be measured independently and the results
combined. This process is tedious, reduces the temporal resolution of the
measurements, and can leave parts of the FOV uncovered.

If we consider an ellipsoid instead, we gain two more degrees of free-
dom to adopt its shape. Thus, a cylindrical FOV can be covered much better
(as shown by the blue dotted line in Fig. 1). The theory of ellipsoidal har-
monic functions as a basis of harmonic polynomials is well known.
Although the series expansion is comparable to that of spherical harmonics,
the underlying derivations for ellipsoidal coordinates are more complex.
While ellipsoidal harmonic expansions have been studied in several scien-
tific fields, such as chemical physics” and fluid dynamics™, translations to
practical applications are rare. In astrophysics they allow a more efficient
calculation of the gravitational potential of celestial bodies™. Potential
applications are also conceivable in other scientific fields that rely on solving
equation systems of similar structure, for example plasma science™. For
magnetic fields, and particularly in tomographic imaging, ellipsoidal har-
monics have been studied to improve MRI shimming on an ellipsoidal
region of interest’” . Moreover, ellipsoidal coordinates can be used to
improve methods in many areas of medical applications, e.g., reconstruction
of ellipsoidal areas with a minimal number of radiographs in computed
tomography”, brain activity in ellipsoidal geometry”, and electro-
encephalography on ellipsoidal surfaces”. In the context of application,
effective and accurate methods for calculating the arising surface integrals
are important. In this context, a variable splitting combined with Gauss
quadratures has been presented ™. Recently, a semi-analytical approach for
the computation of ellipsoidal harmonics has been presented"’. However, it
is noted that for higher degree polynomials, a numerical approach is slower
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Fig. 1 | Field of view coverage in an homogeneous field with shifted spheres and
ellipsoid. Shown is the coverage of an cylindrical field of view (displayed as a green
line) when using several shifted spheres (displayed as red dashed lines) and an
ellipsoid (displayed as a blue dotted line) in the central x, z-plane of the permanent
magnet By-field presented by O'Reilly et al.”'. The By-field is indicated in the
background.

but more stable and accurate. It is to the best of the authors’ knowledge that
there is no existing literature on the use of spherical t-designs shifted to an
ellipsoidal surface for the efficient computation of ellipsoidal harmonic
expansions. Furthermore, there is a lack of publicly available software
packages on the topic of ellipsoidal harmonics. Open-source implementa-
tions in MATLAB and Python have been presented in ref. 45 using a simple
midpoint quadrature to solve the surface integrals that arise in this context.
However, this method is known to be slow to converge.

The geometric shape of prolate and oblate spheroids is an intermediate
between spheres and ellipsoids. Thus, they are less flexible in covering a
given FOV than ellipsoids, but still an improvement over spheres. Spher-
oidal harmonics could offer an advantage over ellipsoidal harmonics in
some settings because their derivation is less complex*™. However, this
work focuses on the more flexible ellipsoidal case.

The principal objective of this study is to demonstrate that ellipsoidal
harmonics can be employed to effectively measure and represent magnetic
fields in tomographic imaging. The following section outlines the structure
of the paper. A brief introduction to ellipsoidal harmonics, along with a
review of the necessary ingredients for their implementation in practice is
given in the “Methods” section. For readers interested in further details,
additional information is provided in the last three subsections of section
“Methods”, while the cited literature contains derivations and more detailed
explanations of the mathematics. The application of ellipsoidal harmonic
expansions to simulated magnetic fields present in MRI is demonstrated. A
comparison with spherical harmonic expansions is provided to illustrate the
potential of ellipsoidal harmonics in tomographic imaging. The software
tool, written in Julia, is published as an open source package.

At the 2024 International Workshop on MPI, the authors presented
preliminary results on utilizing ellipsoidal harmonic expansions to represent
magnetic fields in magnetic particle imaging™.

Results

The main objective of this work is showcasing that magnetic fields in
tomographic imaging can be represented efficiently by using ellipsoidal
harmonic expansions. To illustrate this, we have performed simulation stu-
dies on magnetic fields present in MRI. The implementation of the ellipsoidal
harmonic expansion was written in Julia and is published under the MIT
License at https://github.com/IBIResearch/EllipsoidalHarmonicExpansions.
The polynomial calculations and the root finding are based on the package
Polynomials.jl (https://github.com/JuliaMath/Polynomials.jl). For spherical
harmonic expansions the Julia package SphericalHarmonicExpansions.jl
(https://github.com/hofmannmartin/SphericalHarmonicExpansions.jl)

was used.

Experimental design: homogeneous field

Constant and ideally homogeneous By fields are essential in MRI, as they
polarize spins and generate magnetization. The development of B, fields
with low energy consumption and small system size is an important topic of
current research in the emerging field of low-field MRI. Arrays of perma-
nent magnets arranged in a discretized version of a Halbach ring can be used
to produce By fields, where a high length-to-diameter ratio is important for
high homogeneity. The higher this ratio, the more suitable ellipsoidal har-
monics are for efficient field measurement compared to spherical harmo-
nics. Such a Halbach configuration for a potential low-field and low-cost
MRI with length-to-diameter ratio of 2:1 was presented by O’Reilly et al.”".
The setup consists of 23 double rings with 27 cm bore diameter. In total 2948
cuboid N48 neodynium magnets are used to generate a homogeneous
50 mT field transversal to the bore (in positive z-direction). A simulation of
the setup was conducted on a three-dimensional grid comprising
61 x 27 x 27 grid points and a point distance of 1 cm. This was achieved by
superpositioning the magnetic fields calculated in accordance with the Biot-
Savart law based on the surface currents of each individual magnet. The
simulated field was interpolated to the data points of the ¢-designs by using
cubic splines.
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The reference ellipsoid was chosen with semi-axes
a=(0.26, 0.125, 0.1249) m around the coordinate origin in the cen-
ter of the Halbach configuration to comprise a cylindrical FOV
(Qrov) with 0.2 m height and 0.07 m radius as shown in Fig. 1. To
calculate the inner ellipsoidal harmonics, a 14-design comprising 114
data points on the reference ellipsoid was employed. Although the
simulated magnetic field has a large homogeneous area, it is rea-
sonable to assume that a t-design of this scale is necessary to accu-
rately represent the inhomogeneities in the outer region. To validate
this assumption, an ellipsoidal harmonic expansion was performed
on the same reference ellipsoid using an 8-design containing only 44
data points. In addition, we also considered the conjunction of three
spheres with radius 0.12 m, shifted along the x-axis to cover the FOV.
Here, three separate 14-designs with 114 data points per sphere (i.e.,
a total of 342 data points) were used to compute the spherical har-
monic expansion. Thus, in this case, the ellipsoidal representation
using a single 14-design is three times more efficient than the
spherical representation. Furthermore, we consider the same spheres
with three separate 7-designs, each comprising 38 data points. This
ensures that the total number of 114 data points is comparable to the
number of data points in the ellipsoidal 14-design. The cylindrical
FOV, the reference ellipsoid and the spheres are shown in Fig. 1.

For a quantitative evaluation we set the simulated B, field as ground
truth and consider difference maps of the locally normalized root mean
squared deviation to the fields calculated by both harmonic expansions:
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Experimental design: gradient field

Gradient fields play an important role in spatial encoding in tomographic
imaging. Exemplarily we consider the MRI B, field produced by the per-
manent Halbach configuration again. Appropriate coil setups for optimized
linear gradients in each spatial direction have been presented by De Vos
et al.”. Using their gradient design tool (https:/github.com/LUMC-
LowFieldMRI/GradientDesignTool/tree/master) and the FEM software
COMSOL Multiphysics (v.6.0. www.comsol.com. COMSOL AB, Stock-
holm, Sweden) a linear gradient was simulated along the bore, with the field
oriented transversally in the direction of By on the same grid as that used for
the By field. As previously, the simulated field was interpolated to the data
points of the ¢-designs by using cubic splines.

Because of the highly non-linear parts of the field in the vicinity of the
coils, the reference ellipsoid was chosen with semi-axes
a=(0.25, 0.1, 0.099) m around the coordinate origin in the center of the
Halbach configuration to comprise a cylindrical FOV with 0.18 m height
and 0.06 m radius as shown in Fig. 2. For comparison we consider again the
conjunction of three spheres with radius 0.1 m, shifted along the x-axis. The
t-designs were chosen analogously to the By case: a single 14-design with 114
data points on the ellipsoid and three separate 14-designs with 114 data
points on each sphere. Studies with smaller t-designs on the gradient field
show a similar effect as shown for the B, field. Therefore, we do not show it
again to avoid redundancy.

For an error analysis, the simulated gradient field is considered as
ground truth and difference maps of the globally normalized root mean
squared deviation to the fields calculated by both harmonic expansions:
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It should be noted that a local normalization would result in a singularity
due to the zero crossing of the gradient field. Therefore, a global error
normalization using the maximum value inside the FOV was selected as an
alternative.

Experimental results: homogeneous field
Exemplary results of the By field in the x, z-plane are shown in Fig. 3. In the
second column, the calculated fields are given next to the ground truth.
When using the 14-design, no visual differences are detectable inside the
volume of the reference ellipsoid. Towards the edges and outside of these
regions, slight differences can be seen. This becomes clearer when looking at
the difference plots in the right column. The relative error is smaller than 1%
in most of the FOV, becomes slightly larger towards the edges of the ellipsoid
(up to 5%), and increases rapidly outside the FOV. A consideration of the
difference plot of the ellipsoidal harmonic expansion with the smaller
8-design reveals that the error increases more strongly inside the reference
ellipsoid, yet remains below 10%. A similar behavior is observed in the
conjunction of the three spheres. With 14-designs, the error is smaller than
1% inside the spheres. However, when using 7-designs, the error is visibly
larger in the outer spheres, where the field tends to become less homo-
geneous. In this case, the result is clearly worse than for the ellipsoidal
harmonic expansion with one 14-design, despite using the same total
number of data points.

Firstly we consider the quantitative results for the ellipsoidal harmonic
expansion on the By-field when using a smaller 8-design with only 44 data

points. This method yielded a mean error of meang, _ (§ ﬁg{Es) = 1.22%and

a maximum error of max, (Eg(’HES) = 5.78% inside the cylindrical FOV.
The error exhibited an increase outside the FOV, approaching the edge of
the reference ellipsoid, as can be observed in Fig. 3. In the context of the
ellipsoidal 14-design with 114 data points, a mean error of

B . B
meang  (§piyp ) = 0.32% and a maximum error of maxq  (§piyp ) =
3.64% were attained within the FOV. This signifies a substantial
enhancement over the 8-design. The error is negligible in the center of the
reference ellipsoid, increasing towards the border.

For validation of the presented methods we also consider the error for
the spherical harmonic expansions. Considering the field resulting from the
concatenation of three spherical harmonic expansions with 7-designs and
thus the same number of 114 total data points, a mean error of

meang, (5510{157) =0.55% and a maximum error of maXQFOV(fgl"{E_) =
4.12% was achieved inside the FOV. A mean error of meang, (55{’{}314) =

0.09% and a maximum error of maxq, (ng){}au) = 0.54% inside the FOV

was achieved with threefold data points using the concatenation of results
on three shifted spherical harmonic expansions with 14-designs.

Experimental results: gradient field
Qualitative results of the gradient field are plotted in the x, y-plane
(transversal to the By-direction) in Fig. 4. The field points in By-direction
(positive z), thus no field arrows are displayed. Inside the regions of
convergence (respectively the reference ellipsoid and the conjunction of
the three spheres) and especially in the predefined FOV no visual dif-
ferences to the ground truth are detectable. This is underlined by dif-
ference plots in the second row of Fig. 4. The relative error is smaller than
1% everywhere in the FOV and increasing outside the edges regions of
convergence. The linearity of the gradient in the center line of the Hal-
bach configuration is showcased on the lower left side. Between —0.15m
and 0.15 m the gradient shows nearly perfect linearity. In this section, all
three lines are visually on top of each other. The difference from the
harmonic expansion gradients to the ground truth increases on the outer
ends (outside the reference ellipsoid and the outer spheres, respectively).
Using the 14-design on the reference ellipsoid for the simulated gra-
dient field, a mean error of meang, (& g20) = 0.34% and a maximum error
of max, (f%ﬂ%) = 2.19% have been attained inside the FOV. Again the
error increases towards the border of the ellipsoid but remains below 1% for
the majority of the FOV. Considering the three shifted spheres with
threefold data points for a spherical harmonic expansion, a mean error of
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meangmv(firgg) =0.16% and a maximum error of maxQF()V(Egﬁg) =

2.23% was achieved inside the FOV.

Discussion
Although the geometric form of an ellipsoid can be continuously simplified
to a sphere, such a reduction from ellipsoidal to spherical harmonics is not
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Fig. 2 | Field of view coverage in a gradient field with shifted spheres and ellipsoid.
Shown is the central x, y-plane of an MRI gradient field. The reference ellipsoid
(displayed as a blue dotted line) and three shifted spheres (displayed as red dashed
lines) are chosen to comprise the field of view of the gradient field (displayed as a green
line). The z-component of the simulated gradient field is indicated in the background.

Ground Truth

Harmonic Expansion

straightforward and unique™. However, as shown in the “Methods” section,
spherical and ellipsoidal harmonic expansions have great similarities in
structure. In both cases, we consider a linear combination of basis functions
of harmonic polynomials up to a certain degree on the spherical or ellip-
soidal FOV. In both cases we have to solve a surface integral (on the sphere
or reference ellipsoid) to obtain the coefficients. These surface integrals can
be solved efficiently using t-designs. To do this, we use the transformation
formula (9) between the two integrals to define ellipsoidal t-designs on the
reference ellipsoid from their counterparts on the unit sphere. This trans-
formation step is crucial for an efficient calculation of ellipsoidal harmonic
expansions and thus enables their use for efficient representation of mag-
netic fields.

In order to validate the accuracy of the numerical integration using
ellipsoidal ¢-designs and — by doing so — to demonstrate the representation
of magnetic fields present in tomographic imaging using ellipsoidal har-
monic expansions, a permanent magnet Halbach ring array for low-field
MRI was considered. In this context, a high length-to-diameter ratio directly
correlates with enhanced field homogeneity. This allows the FOV to be
efficiently covered by an ellipsoid, thereby underscoring the practical utility
of ellipsoidal harmonics. Two ellipsoidal t-designs of different sizes were
used to emphasize the gain in accuracy with increasing t. Three shifted
spheres were used for comparison. We considered two spherical ¢-designs,
one of them with the same total number of data points compared to the
larger ellipsoidal ¢-design. This allows for a direct comparison and highlights

Difference

53

[Bllz / mT

0-1 1-2 2-5 5-10 10-30 30-

1Bug—Bll2 4
BT /%

Fig. 3 | Comparison of a simulated MRI B, field and its approximation using
harmonic expansions. Shown are the experimental results of the By-field in the x, z-
plane. The simulated MRI By-field is labeled as Ground Truth and includes the
cylindrical field of view as green dashed line. The calculated By-fields using an
ellipsoidal harmonic expansion with a 14-design and a 8-design and spherical
harmonic expansions with 14-designs and 7-designs are shown and labeled
accordingly. The reference ellipsoid and the spheres are indicated as green dashed
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lines within the field plots. A joint color bar indicating the absolute field values from
47 mT (dark blue) to 60 mT (dark red) is provided. Moreover, the relative errors (as
defined in (1)) to the ground truth are shown for all four cases, labeled as Difference
plots. The reference ellipsoid and the spheres are indicated as blue dashed lines
within the difference plots. A joint color bar for the difference plots indicating the
relative error within six bins from 0 to 1% (light pink) to >30% (dark red) is
provided.
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Fig. 4 | Comparison of a simulated MRI gradient field and its approximation
using harmonic expansions. Shown are the experimental results of the MRI gra-
dient field in the x, y-plane. The simulated gradient field is labeled as Ground Truth
and includes the cylindrical field of view as green dashed line. Heatmaps of the
calculated gradient fields using ellipsoidal and spherical harmonics are shown and
labeled accordingly. The reference ellipsoid and the spheres are indicated as green
dashed lines within the field plots. A joint color bar indicating the z-component of
the field values from —0.05 mT (dark blue) to 0.05 mT (dark red) is provided. The
relative errors (as defined in (2)) to the ground truth are shown for both cases, labeled

as Difference EHE for the ellipsoidal harmonic expansion and Difference SHE for
the spherical harmonic expansion. The reference ellipsoid and the spheres are
indicated as blue dashed lines within the difference plots. A joint color bar for the
difference plots indicating the relative error within six bins from 0 to 1% (light pink)
to >30% (dark red) is provided. Moreover, the B, values of the ground truth, the
spherical harmonic expansion (SHE) and the ellipsoidal harmonic expansion (EHE)
at y =z =0 are compared in a separate line-plot labeled as Gradient at y = z=0. The
border of the ellipsoid and the spheres in x — direction are displayed as gray
dashed lines.

the gain in accuracy that can be achieved with ellipsoidal harmonic
expansions.

The results presented in subsection “Experimental results: homo-
geneous field” show that the ellipsoidal harmonic expansion — effi-
ciently computed using an ellipsoidal t-design—is fully capable of
recovering the By field. Although a small 8-design with only 44 data
points can be interesting to get a first impression of the fields, it produces
some inaccuracies. In contrast, the larger 14-design with 114 data points
gives a very good result. With a mean error of less than 1% within the
FOV, the accuracy is comparable to the field recovered using a spherical
harmonic expansion, but requires only a third of the data points.
Compared to a spherical harmonic expansion with the same number of
data points, the ellipsoidal harmonic expansion achieves a gain in
accuracy. For both methods, the error increases in the outer regions of
the FOV. This is expected because both expansions converge only within
the reference ellipsoid or spheres.

The results on the gradient field presented in subsection
“Experimental results: gradient field” corroborate these assertions.
The mean error within the reference ellipsoid is notably minimal,
falling well below 1%. This is comparable to the mean error obtained
using spherical harmonics on the conjunction of three shifted
spheres, but again using only a third of the data points. The overall
smaller error can be explained by the good linearity of the gradient
field within the selected reference ellipsoid and spheres.

It should be noted that for both methods there is also an error in
the interpolation of the field values to the points of the corresponding
t-design. The results in this paper are based on simulated fields. In
actual measurements, there will be discrepancies due to factors such
as the accuracy of the robot resulting in small displacements and the
accuracy of the magnetometer due to time drifts or measurement
noise. The analysis of the total error for real magnetic field mea-
surements remains a subject for future research. However, t-designs
represent a very robust quadrature in the context of node displace-
ments and function evaluation.

In general, we can conclude that ellipsoidal harmonic expansions
provide a valuable gain for efficient measurement and representation
of magnetic fields in tomographic imaging. Two additional degrees of
freedom compared to spherical regions provide significant advan-
tages in covering a variety of scanner bores. Therefore, ellipsoidal

harmonic expansions should be considered over spherical harmonic
expansions whenever the physical dimensions require this geometric
flexibility. An effective and accurate calculation of the ellipsoidal
coefficients was presented by solving the surface integrals using
ellipsoidal t-designs. To this end, the implementation of precise
transformations between Cartesian coordinates and ellipsoidal
coordinates must be handled carefully, taking into account the sign
conventions. To reduce the computational cost, it is mandatory to
construct the (£ + 1)’ Lamé functions depending on the selected
reference ellipsoid and t-design only once before the field evaluations.
The Lamé functions can be computed efficiently by setting up the
determinants of matrices up to size %2 as defined in subsection “Lamé
functions” and finding their roots in a fast way. The Lamé functions
can be stored for later evaluation of the fields. A fast implementation
in Julia is published alongside the paper. It should be noted that the
presented methods and the provided code could also be of great use
in other research fields where ellipsoidal harmonics are applied (e.g.,
chemical physics, fluid dynamics, astrophysics and plasma science).

A comprehensive examination of the measurement and repre-
sentation of magnetic fields in tomographic imaging employing prolate
or oblate spheroidal harmonics is of significant interest. These harmo-
nics provide an intermediate level of flexibility and complexity,
situated between spherical and ellipsoidal harmonics. Consequently,
this research question serves as a logical starting point for future studies.

The flexibility gained in covering a cylindrical FOV using ellipsoidal
harmonic expansions pose a great advantage for high temporal resolu-
tion magnetic field measurements. Such measurements provide valuable
insight into signal generation, for example in MRI or MPI. A spherical
single-shot magnetic field measurement device capable of a measure-
ment rate of 10 Hz has recently been presented™. A similar ellipsoidal
device could be designed to provide such a measurement rate over a
larger non-spherical FOV.

Methods

Spherical harmonics series expansion

Solid real spherical harmonics can be used for an efficient representation of
source-free magnetic fields inside an arbitrary spherical volume as follows™.
Let us consider a ball By(p) with arbitrary radius R € R, and center
p € R?. Further, let the function f : Bp(p) — R fulfill Laplace’s equation
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with Dirichlet boundary conditions, i.e.,

Va € By(p),

Af(a) =0,
Va € dBx(p),

f(a) = F(a),

where F € C™ (dBg(p)). Then f can be represented through

f@=3 3 a"p.R(3) Zia-pracBp. G

n=0 m=—n

where the spherical coefficients are calculated on the unit sphere via

KGR = FRa+p)Z}(a)da @)
SZ
and the normalized real solid spherical harmonics are given as
/2 cos me, m>0,
zn. R* = R, (r,9, o)~ yg”lm‘r”PLml(cos 94 /2sin|m|p, m<O0,
1, m=0.
©)

Here, P)' are the associated Legendre polynomials and yg,\ml =

2n+1 (n—m)!
4 (n+m)!

is the spherical normalization factor.

If f is a polynomial of maximum degree N € IN, the outer sum in
Eq. (3) can be truncated to n € {0, 1, . . ., N}. Since we assume that the
magnetic field B : Bp(p) — R inside the chosen ball, its components can
be described by a harmonic polynomial of maximum degree N € N and
thus N 4 1 summands in the outer sum are sufficient for an exact spherical
harmonic expansion. Furthermore, following™, the spherical coefficients
Ag™ can be calculated exactly by using a spherical ¢-design {y;} with L € IN
nodes y; € S*andie€f{0,...,L — 1} for t=2N.

Ellipsoidal harmonics series expansion

The objective of the following sections is to extend the considerations of the
last section to ellipsoids. For a detailed reference work on ellipsoidal har-
monics we refer to”. Let us now consider a region of ellipsoidal shape
Q c R, called reference ellipsoid. The reference ellipsoid is defined by its
three semi-axes 0 < a3 < a, < a, via

XZ yZ
ata

2
z
— =1 6

+
a a
A reference ellipsoid with its semi-axes is visualized in Fig. 5.
The linear eccentricities of the reference ellipsoid are given as

hy = \/ (a3 —a3), h,= \/ (ai —a3), hy= \/ (ai — a3). @)

In order to describe the Laplace’s partial differential equation inside the
reference ellipsoid, we introduce an orthogonal ellipsoidal coordinate sys-
tem p, y, v. A proper definition of p, y, v and the connection to Cartesian
coordinates can be found in subsection “Ellipsoidal coordinates”.

Let the function f:Q — R fulfill Laplace’s equation inside the
reference ellipsoid, i.e.,

{Af(/why):(l
f(P7/">V)= F([J,V),

where F € C*(S, ) and S, describes the surface of the reference ellipsoid.

h, < p<ay,

p=a,

Expressing Laplace’s equation inside the reference ellipsoid in ellip-
soidal coordinates and using a separation of variables leads to the Lamé
equation. Solutions of this equation are the so called Lamé functions E!' :
R — R with degree n € N and order m € {1, ..., 2n + 1}. The exact
definitions are given in more detail in subsection “Lamé functions”.

With the Lamé functions at hand, we consider the inner ellipsoidal
harmonics

EX (o, u,v) = E(p)E, (WE, (v), (®)

which form a basis of the harmonic polynomials of degree n <N, N € N
(more details are given in subsection “Ellipsoidal harmonics”).

It follows, that
oo 2n+1
flouv) =" AL"EN(p, u,v), ©)
n=0 m=1
and on the boundary
oo 2n+1
F(u,v) =) > AV E(a)Sy (u,v). (10)
n=0 m=1

Si(u, v) = EJ}(u)E;}(v) are the so-called surface ellipsoidal harmonics and
the coefficients A7 € IR are obtained from their orthogonality via

(11

1
AZMZW F(7l/S:ln ,V dQ , V),
1 VZI E” (“1) -%Snl U ) (/’l ) (M )

" as defined in subsection

with the ellipsoidal normalization factor yj:
“Ellipsoidal harmonics”.
Furthermore, if fis a polynomial of maximum degree N € IN, the outer

sums in Egs. (9) and (10) can be truncated to n € {0, 1, ..., N}.

Quadrature on ellipsoidal surface

In order to solve the surface integrals in Egs. (11) and (30) numerically, we
consider the following transformation-formula between integrals on ellip-
soidal surfaces and spheres

2 T
74 F(u, 1) dQ(u, 1) = / / F(u(S,. 9,), /8,. 9,))sin 9, d9, dg,.
0 0

1 (12)

where F is defined on the surface of the reference ellipsoid and
9, €10, 7], 9. € [0, 27) are so-called elliptospherical coordinates (see chapter
6 in™). We consider a spherical t-design {y;}”* with L € N nodes y, € S*
and i € {0, ..., L — 1}, ie, for a polynomial g on the unit sphere with
maximum degree ¢t € IN it holds, that

L-1

#_sa0 =T con.

i=0

In particular, if we consider g such that F(u(9,, ¢.), v(9» ¢.)) =g, @.) it
follows, that

27 " TT
74 F(u, 1) dOu,v) = / / (S, 9,). (9., 9,) sin 9, d9, g,
. JO JO

2m bid ) A L-1
= [ [ s gosing. .o =TS g0
0 0 i=0

and F is a polynomial with maximum degree t € IN on the ellipsoidal
surface, if and only if g is a polynomial with maximum degree t € IN on the
unit sphere. Here, the angular coordinates 9,, ¢, can be transformed into
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Fig. 5 | Reference ellipsoid with ellipsoidal ¢-design. Shown is a reference ellipsoid
defined by its semi-axes 0 < a3 < a, < a; displayed as red arrows. Furthermore, the
measurement points of an ellipsoidal t-design (with t = 14) are indicated as crosses
on the ellipsoidal surface.

Cartesian coordinates on the unit sphere using

U192, 03) = (sin(Se) cos(¢,), sin(9,) sin(g,), cos(SE))

and further into Cartesian coordinates on the ellipsoidal surface using

(1, %5, %3) = <y3P7y1 \/P2 - hgvyz\/Pz - h§>

Using this coordinate transformation on the spherical t-design {y,} C S?,
we get points {x;} C S, on the ellipsoidal surface. Since F(x;) = g(y;) follows
directly from F(u(9, ¢.), V(9o ¢.)) = g, ¢.), 1%} poses an ellipsoidal ¢-
design, ie.,

L-1
¢ Fndaen =T r).
i=0

ay

As a result of these considerations, y;" and A}’ can be calculated exactly
using an ellipsoidal t-design with ¢ > 2n.

Despite the fact that quadratures using a f-design are exact for
integrals over polynomials with maximal degree ¢, the robustness of
such quadratures is primarily contingent on disturbances in the node
positions and errors in the function evaluation at these positions. The
first point is often addressed by introducing small neighborhoods
around the node positions in which the design remains a positive
quadrature rule. The determination of upper limits for the radius of
these neighborhoods remains an active area of research®”. An
important property of a t-design is the uniformity of its quadrature
weights, which makes it particularly robust to perturbations in node
positions compared to other quadratures. The evaluation of the
function is subject to uncertainty due to measurement and inter-
polation errors. Furthermore, the consideration of functions as
polynomials is often subject to specific assumptions. However, upper
limits for the quadrature error do exist for continuously differentiable
functions. The error diminishes with increasing smoothness of the
functions under consideration and larger values of £*.

Efficient calculation of source-free magnetic fields

As mentioned above, the magnetic fields inside the bore of MRI scanners
can be assumed to be harmonic. We consider an ellipsoidal region Q ¢ R?
inside the bore and define the semi-axes of the reference ellipsoid

accordingly. Further, we assume that the magnetic field B : Q — R canbe
described by a harmonic polynomial of maximum degree N € IN

N 2n+1

B(p, p,v) = Z Z AZ;mE;n(pvﬂv v).

n=0 m=1

(13)

Considering an ellipsoidal t-design {x;} with ¢ > 2N we transform the L € IN
nodes into ellipsoidal coordinates (p, 4, v) using the transformation given in
subsection “Ellipsoidal coordinates”. After obtaining an ellipsoidal t-design
in ellipsoidal coordinates {(p;, 45 v;)}, the coefficients AZ;’” can be calculated
exactly via

A L—-1
An‘ym:? B i ivl/iszn i?l/‘7 14
W= E;"(al); (pir s> VIS (11, ) (14)
n,m 47TL71 m 2
var =1 (Si )" (15)
i=0

Ellipsoidal coordinates
In this section we give a proper definition of the ellipsoidal coordi-
nates p, g4, v, in which the Laplace partial differential equation can be
decomposed into separable functions. This definition is based on the
work presented in ref. 53. Moreover, using ellipsoidal coordinates
p> U, v, the surface of a triaxial ellipsoid can be expressed easily in
comparison to Cartesian coordinates. However, integration schemes
are commonly given in Cartesian coordinates. Thus, analytical con-
version between the coordinate systems is crucial and thus also
given below.
For a parameter s € R, a family of confocal quadrics based on the
reference ellipsoid (6) is given by
2 2
zx + 2)/ + zz =
ai+s a3 +s az+s

2

1, (16)

and especially, when —a3 < s < 00, (16) represents a triaxial ellipsoid. For
every point (x, ¥, z) with xyz # 0, (16) is a cubic equation in s with three real
roots (see chapter 1 in ref. 53)

2 2 2
—a7 <$3< — d; <S5, < — a5 <) <00,

defining an ellipsoidal coordinate system. Now, we can introduce ellipsoidal
coordinates with dimension of length (p, 4, v) by

) 2 _ 2 2
Sp=p — 4y, S =40 —a,

(17)

N
s =v" —aj.

Given a point in these ellipsoidal coordinates, the corresponding
Cartesian coordinates can be calculated with the following connection
formllla46,59,60

x :ﬁpl’”’?
y :%}13 Vo =\ = i 0,
F= g VP By e =

0<v<hy<push,<p<eo

(18)

where and

sign(x) = sign(v), sign(y) =
sign(y/h3 — 12), sign(z) = sign (1/h3 — p2) and hy, hy, hs as in (7). Thus,

to fully fix a Cartesian coordinate in space, we need to store the signs next to
the values of p, y and v.
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To obtain the ellipsoidal coordinates given Cartesian coordinates, we
start by substituting the system (18) into (16) and get the cubic equation
3 2 —
S+ teos+c=0
where
czzaf—i-a%—l—ag—xz—yz—zz,
= afa% + afa% + agaé
2 2,2 2 2).2 2 2y 2
—(a; +ay))x” — (a7 + a3)y” — (a) + a3)z",

_ 222 2232 222 2022
Co =a;a,a5 — a5a3X" — ajazy” — ajayz".

This equation has the three real roots

® c
s, =2 cos<7> ——2,
1 =24p 3 3
w 2m C
=2 —_—— ] ——
S, \/ﬁcos<3 3> 3
w 4m C
s3 =2/pcos| ——— | —=
3 \/P <3 3> 3 ’
where
o Arccos (#)7 for g <p*?,
0, for g 2 p3/2,
_c% -3¢
p - 9 ’
_9¢16, —27¢; — 26

54

Using Eq. (17) we can calculate p, i, v while taking into account the above
sign conventions.
A family of ellipsoids in ellipsoidal coordinates is given by
%2 2 2
S e L
pPopr—hy Pk
For a given reference ellipsoid (a;, a,, a3), a constant p € (h,, o)
describes the surface of an ellipsoid from that family and especially by setting
p = a the surface of the reference ellipsoid.

Lamé functions

This section is based on the work™.
Lamé functions can be divided in four classes

K ={P(y)},
L ={/Ix* = KIP(Y)},
M ={\/Ix2 — B3IP(y)},

N =012 — Iy I — 1P,

where P(x) = agy" + a1y > + . .. + agy" * + . . . is a polynomial of
maximum degree #,a;, € R and y € {p, p, v}. There are always 2n + 1
linearly independent Lamé functions of degree n, distributed over the
four classes and sorted using the index m=1, ..., 2n + 1. Devel-
oping the Lamé functions of degree n for a given reference ellipsoid is
an O(n®) problem for all four classes, presented in”. The prefactors
of the classes £, M and N involve square roots where the sign
conventions need to be respected for x =y and x=v, but the poly-
nomial parts remain the same.

We follow the derivations in chapter 3 of ref. 53 for the calculations of
the Lamé functions. Let & = h3 + h and = h3h3.

Lamé functionsin class K. Lamé functions of class K and degree n € IN
have the form

K, =Y ax"* (19)
k=0

with coefficients g, € R and y € {p, y, v}. We define

n

— 27
r_{nfl
7

When substituting Eq. (19) into the Lamé equation, the following algebraic
system can be found

for n even,
for n odd.

2(k +2)(2n — 2k — Day,, =a[p — (n — 2k)*]a;
+ p(n — 2k +2)(n — 2k + ay_,,
(20)

for k € {0, . . ., r} and initial coefficients a,=1, a_, =0. Moreover, it
holds, that Vk > r + 1: a; = 0. For Eq. (20) non-trivial solutions exist for r +
1 different constants p. These constants can be determined by solving

Ky, K, 0 0
KZA,I K242 K2.3
0 Ksﬁ,z K3,3
= 07
Kr—l.r—l K‘r—lJ 0
Kr,r—l Kr,r Kr,r+1
0 0 Kr+14r K7+14r+1
where
Kj; :—oc[p—(n—Zj—}—Z)z} forje{l,...,r+1}
Kjjp1 =2j2n —2j+1), forje{l,..,r} (21)

Kijj=—Bn—2j+1)(n—-2j+2) forje{l,..,rh

For each of the r+ 1 solutions p, r+ 1 coefficients a, can be calculate-
d recursively and we thus obtain r+ 1 Lamé functions of class X and
degree n.

Lamé functions in classes £ and M. Lamé functions of class £ and

degree n € N have the form L,(y) = \/Ix* — h3|P,_(y), where

P () =) by (22)
k=0

with coefficients b, € R and y € {p, y, v}. Note, that the sign convention
needs to be respected for the non-polynomial part when evaluating for y = v.
We define

, for n even,

_J2
r_{”—“ for n odd.

2 0
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When substituting Eq. (22) into the Lamé equation, the following algebraic
system can be found

2k + 1)2n — 2k — Dby, =(alp — (n — 2k — 1)’]
—(2n— 4k — 1h3)b;
+ B(n — 2k + 1)(n — 2k)b;_,,

(23)

for k € {0, ..., r — 1} and initial coefficients by, =1, b_, = 0. Moreover,
it holds, that Vk=r: by=0. For Eq. (23) non-trivial solutions exist
for r different constants p. These constants can be determined by solving

L, LLZ 0 0
Lyy Ly, Lys
0 Ly, Ls;
= ()7
L7724r72 L7727r71 0
Lr717r72 erlArfl erl,r
0o ... 0 L, L,
where
L; = —a[p—(n—2i+17]+Qn—4j+4h,
forje{l,..,r
. forj { . } (24)
Lij, = 2j(2n —2j+ 1), for j € {1,...,r — 1}
Ly = —Pn—2i+1mn-2), forje{l,..,r—1}

With r solutions p the coefficients by can be calculated and we obtain r Lamé
functions of class £ and degree n.
Lamé functions of class M and degree n € IN have the form

M,(x) = +/Ix> — h2|P,_,(x). Here, the sign convention needs to be

respected for the non-polynomial part when evaluating for y = y. The cal-
culation of the coefficients by is similar to class £, but hg needs to be replaced
with h in Egs. (23) and (24).

Lamé functions in class N. Lamé functions of class A and degree
n € N have the form N, (y) = \/|X2 - h§|\/|)(2 — K2|P,_,(x), where

o0
P, =) x> (25)
k=0

with coefficients ¢, € R and y € {p, y, v}. Note, that the sign convention
needs to be respected for the non-polynomial part when evaluating for y = v
and y = u. We define

n
%, for n even,

= {’%Hfornodd.

When substituting Eq. (25) into the Lamé equation, the following algebraic
system can be found

20k + 1)2n — 2k — D)epy, =a[p— (n— 2k — 1)°];

(26)
+ B(n — 2k — 1)(n — 2k)c;_,,

for k € {0, ..., r — 1} and initial coefficients ¢, =1, c_; = 0. Moreover,
it holds, that Vk>r: ¢, =0. For Eq. (26) non-trivial solutions exist for r

different constants p. These constants can be determined by solving

Ny Ny, 0 0
N2‘1 Nz,z N2,3
0 N3,2 N,
= 07
Nr727r72 Nrfzrfl 0
Nr717r72 NrflArfl NrflAr
0 0 Nr,r—l Nr‘r
where
N =—a[p—(n—2j+ 1], forje{l,..,r}
NjJ+1=2j(2n—2j+1)7 forje{l,..,r—1} (27)

Ni,j= —B(n —2j — 1)(n — 2j), for j € {1,...,r — 1}.
With these r solutions p the coefficients ¢, can be calculated and we obtain
Lamé functions of class NV and degree .

Ellipsoidal harmonics
This section is based on the work™.
After calculation of the Lamé functions, the inner ellipsoidal harmonics
E™ can be derived as the product of the Lamé functions evaluated at the
ellipsoidal coordinates
E(p. . ) = ERELWEL (). (28)
It is shown in*, that Enm are harmonic polynomials. It follows directly, that
{E : n<N} for NeN is a set with
2N+ 1] 4+ 2(N = 1) + 1] + ... + [2(1) + 1] + [1] = (N+1)’ linearly
independent elements and a subset of the set of harmonic polynomials.
Since the space of harmonic polynomials with degree n<N has the
dimension (N+1)?, it follows that {E" : n< N} is a maximal linear inde-
pendent subset and thus a basis of the harmonic polynomials of
degree n<N.
Furthermore, we define surface ellipsoidal harmonics S’ as
S;n(.u7 v)= E:xn(H)Enm(V)v (29)
recalling, that p=a, holds on the surface of the reference ellipsoid S, . It
follows, that also E!'(p) = EJ’(a, ) is a constant on the ellipsoid surface and
thus S"(u,v) = E)'(ay, p,v)/EN(a,) is a polynomial with maximum
degree n. In ref. 53 it is shown, that the surface ellipsoidal harmonics are
orthogonal to each other with normalization constants ;™ € R given via

yom = ?{ (S (u, )’ A, v).

ap

(30)

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Code availability

The implementation of the ellipsoidal harmonic expansion was written in
Julia and is published under the MIT License at https:/github.com/
IBIResearch/EllipsoidalHarmonicExpansions.
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