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version of the Householder method which recursively divides a matrix colum-
nwise into two smaller matrices. However, instead of continuing the recursion
down to single matrix columns, we introduce a novel way to compute the QR fac-
tors in implicit Householder representation for a larger block of several matrix
columns, that is, we start the recursion at a block level instead of a single col-
umn. Numerical experiments illustrate to what extent the novel approach trades
some of the stability of Householder’s method for the computational efficiency
of block methods.
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1 | INTRODUCTION

Let A € R™", and let the orthogonal matrix Q € R™™ and upper triangular matrix R € R™" denote the factors of the
full QR factorization of A,

A= QR.

In the case m > n with rank(A) = n, that is, a tall/skinny A with full column rank, the factors Q and R can be split to
obtain a reduced (thin) QR factorization

A=OQR= (Y Z) ROD = YR, 1)

where Y € R™" spans the range of A and Z € R™ " forms a basis of the nullspace of AT.
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There exist many algorithms in the literature to compute a QR factorization of a given matrix, see for example, Ref-
erences 1-3 for some recent contributions (and the references therein). While some of the algorithms may be applied to
any type of matrix, others try exploit special properties of the matrix such as a particular sparsity structure or a hierarchi-
cal low-rank structure. In the case of a rectangular matrix, some algorithms may only compute the reduced form while
others compute the full QR factors, and some provide Q explicitly in matrix form while others provide it only implicitly,
allowing its multiplication by a vector or matrix.

In this article, we are concerned with the computation of a full QR factorization for a full rank matrix A € R™" with
m > n where the orthogonal factor Q is given in factored form!*”’

Q=1-vsvT

with a unit lower triangular matrix V' € R™" and an upper triangular matrix S € R™". Possible advantages of such a
factored form of Q are that V and S together require less storage than Q if A is tall/skinny (assuming dense matrices) and
may preserve the structure of A better than Q if A is structured.

If A € R™! consists of only a single column, then a Householder reflection with a vector u = (uy, ... ,u,)" of length

llull, = V2,

Q=I-uu’ =I—-vsv" with vzzui,szzuf, (2)
1
provides such a factored form of Q € R™™ directly. If A € R™" with n > 1, then there exists a recursive algorithm based
on a columnwise division of A = (A1 Az) intotwo matrices A;, A, with fewer columns than A. The recursion ends when
matrices with only a single column are reached for which the QR factorization in the factored representation is given by
a Householder reflection as shown in (2). We will review this recursive algorithm in Section 2.

While this recursive Householder factorization starts out as a block algorithm, it looses this character when the recur-
sion continues down to single matrix columns. Hence we propose to combine it with a novel block QR algorithm for any
matrices A € R"™ with fewer than k columns (i.e., Z < k) for some fixed parameter k € N, that is, we no longer go down
to single columns. The new algorithm is not as stable as Householder reflections but it is a block algorithm which can
benefit from BLAS-3 or structured matrix arithmetic. This novel algorithm and its combination with the recursive block
Householder factorization constitutes our main result and is given in Section 3.

In Section 4, we show numerical results that illustrate the effect of stopping the recursion for k € N and replacing it
by the new block algorithm. Some conclusions follow in Section 5.

2 | REVIEW: A RECURSIVE BLOCK HOUSEHOLDER QR FACTORIZATION

The following recursive full Householder QR factorization has been introduced in Reference 8 and also used/mentioned
in References 1 and 5.

The Householder QR factorization A = QR = (I — VSVT)R of a single column matrix A € R™! is given by a House-
holder reflection (2). If A has more than one column, it is divided columnwise into two submatrices. The resulting blocks
in the right hand side of

Ri1 Rz
S Sz T
A1 Az = I- V1 Vz V1 V2 0 R22 5 (3)

are computed by the Algorithm 1 (see also Figure 1 for an illustration of the respective blocks).

3 | MAIN RESULT: ABLOCK QR FACTORIZATION WITH FACTORED
ORTHOGONAL FACTOR Q

We will follow the derivation in Reference 6 which provides a block computation of the nullspace basis Z in (1). In the
following theorem, we extend this result to obtain the full orthogonal factor Q = (Y Z) =1 —VSVTof a tall/skinny
matrix A € R™" m > n, in factored form.
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Algorithm 1. Recursive Householder-based QR factorization of A € R™" with orthogonal factor in the form Q =1 —
VSVT, see (4) for notation of subblocks

1: Input: A € R™",

2. Output: V,R € R™", S € R™" representing the QR factors of A.

3: if n =1 then

4 Compute a Householder reflection Q = I — vsv” such that R := QTA is a multiple of the first unit vector.
s: else

6 Split A vertically into two blocks A = (A1 A2) of one or more columns.

0
— ——

=:Q

7: Compute (recursively) a QR factorization of A;: Ay = (I — V1S1 V) <R“> .

. R
8:  Update and partition A,: Q[ A, =: <le>,
22

9: Compute (recursively) a QR factorization of 7122: 7122 =I- 172522‘7; ) <R52> .

0
10: Compute Vz,Slg . V2 = <‘~/2>, Slz = —511V1TV2522.

11: end if
2: return V, S, R.

=

\ )
A l- | = — V1| V2
A22

FIGURE 1 Illustration of the recursive Householder block QR factorization.

Theorem 1. Let A € R™" with m > n, rank(A) = n, be subdivided rowwise into a square block A € R™"
and a remainder block A, € R"~*" with a respective subdivision of its Householder QR factors Q € R™™ and
R € R™" with Rg € R Y € R™", Z € R™(m=1 ggin

<‘j§'> —a=Qr=(v z) <ROD> : @

Let L, U € R™" denote the LU factors of Ay — Ry (assuming they exist). Then, the orthogonal matrix Q =
(Y V4 ) has the two representations

o-(" )-(L)omn)e wm) 0
\%4
(0 ) (o)) (s ) 0

with identity matrices I; € R™", I, € RU"="Xm=1 ypit lower triangular matrix V€ R™" and upper triangular
matrix S € R™".
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Proof. Subdividing Y = <};D> according to the subdivision of A in (4), there hold A = YqRO, A, = YR
r
and hence

Yo =ApRS, Y, = AR,

The respective matrix block consisting of the first m columns in the right hand side of (5) reduces to

Ly (1L (—UR—lL—T)LT
AU =
I . LUR] _(h+Ag - Rp)R}
A,Ral ArRal
AR
= ("0 )=y,
A,Ra1

The matrix V in (5) is a unit lower triangular matrix, and S is a product of upper triangular matrices and hence
itself upper triangular.

The representation (5), in particular for the remaining m — n columns, now follows since in a Householder
QR factorization there holds Q = I — VSV with upper triangular matrix S and unit lower triangular matrix
V consisting columnwise of the Householder vectors that are scaled to have ones along the diagonal.!’

The representation (6) follows directly from (5) in view of V=VvUandS=U"1sUT. [

Remark 1. The representation (5) leads to triangular matrices V, S and hence less storage compared to
v, S in (6) (assuming dense matrices). However, (6) may be advantageous with respect to computa-
tional costs: V requires no additional computations whereas V requires the multiplication 4,U~!, poten-
tially destroying (blockwise low-rank) structure in A,. Regarding the computations of S and S, both
require RSL‘T. In (5), this is multiplied by U from the left, preserving the upper triangular matrix
form. In (6), this is multiplied by U~T from the right (performed as a triangular solve). Hence, depend-
ing on the (type of) matrix A, one variant may be preferable over the other from a computational cost
aspect.

Remark 2. The block Cholesky-LU-based QR factorization in Algorithm 2 requires a Cholesky factoriza-
tion of ATA in line 3. For (highly) ill-conditioned matrices A, this may cause stability problems or even
a breakdown in the computation of the Cholesky factorization. One may replace the Cholesky factoriza-
tion with one of the variants CholeskyQR2, LU-CholeskyQR or LU-CholeskyQR2 recently introduced in
Reference 3 for the computation of a thin QR factorization. The algorithm LU-CholeskyQR first com-
putes a pivoted LU factorization PA = LU followed by a Cholesky factorization LTL = R"R which is
expected to be more stable than a Cholesky factorization of ATA. The Cholesky factor R of ATA is then
computed as R = RU. The two variants CholeskyQR2 and LU-CholeskyQR2 are based on a subsequent
reorthogonalization of the orthogonal factor (which in our case has first to be computed since we do not
require it).

The key value/benefit of Theorem 1 lies in the fact that the QR factors can be computed using block algorithms for the
required Cholesky and LU factorizations as well as the required matrix-matrix multiplications (triangular solves). The
representations in Theorem 1 lead to Algorithm 2.

The decomposition (5) in Theorem 1 not only requires A — R to be invertible but also to have an LU factoriza-
tion. The decomposition (6) in Theorem 1, however, only needs A — R to be invertible since L~TUT = (LU)™T =
(A — R, thatis, L-TUT can be replaced by the inverse of (A — R)T. The following lemma provides a criterion for
A — R to be invertible.

Lemma 1. Let A € R™", m > n. A — Rp is invertible if the matrix Q in (4) is a rank-n modification of the
identity matrix, that is, the product of n (and not fewer) Householder matrices. If m = n, that is, A € R™™ jsa
square matrix, then Ay — R is not invertible.
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Algorithm 2. Block Cholesky-LU-based QR factorization of A = (AL, AT)T with orthogonal factor in the form Q = I —
VSVT, see (4) for notation of subblocks

woR W NP

Input: A € R™".

Output: V € R™", S, Rq € R™" representing the QR factors of A.
Compute ATA and its Cholesky factor Ry € R™".

Compute A — R and its LU factors L, U € R™".

Compute S := —(URZ)L™" (orS := ~(RILTHU).
Compute V = <A,LU‘1) (or V= <ADX RD) ).

r

return V, S, R (or V, S, Rpy).

Algorithm 3. Recursive block QR factorization of A € R™" with orthogonal factor in the form Q =1 - VSVT (3),
user-specified input parameter 1 < k < n.

® N U0k N

Input: A € R™".
Output: V,R € R™", S € R™" representing the QR factors of A.
if 1 <n<kthen

Perform Algorithm 2 to compute a QR factorization A = (I — VSVT)R.
else

Perform Algorithm 1 to compute a QR factorization A = (I — VSVT)R.
end if
return V,S, R.

Proof. Let Q be the product of n Householder matrices Q; = I — uiuiT with ||u;|| = \/5 which produce zeros
below the ith diagonal entry of Q;—; ... Q1A. By construction of Householder vectors, the leading i — 1 entries
of the Householder vectors u; € R™ are zero and the ith entry is nonzero. Hence u; can be scaled such that
its ith entry is one, leading to the representation Q = I — VSVT with lower unit triangular V € R™" and
upper triangular matrix S € R™".17 The upper square (n X n) part of V, which we denote by L, is a lower
unit triangular matrix. Hence, considering only the leading n rows in A = (I — VSVT)R, there holds A =
(I — LSLT) R and hence A — R = —L(SLT). Since S and LT are upper triangular, Aq — R has an LU
factorization with U = —SLT.
Now let A € R™ ™ be a square matrix with QR factorization A = QR. Then

Ag-Rg=A-R=QR-R=(Q-DR.
Since Q is a projection, it has an eigenvalue 1, hence Q — I is singular and thus A — R is singular as well.m

Remark 3. If A — R does not have an LU factorization, one may apply a row permutation and try to com-
pute the QR factorization PA = QR by the proposed algorithm. The triangular factor R remains unchanged
since it is the Cholesky factor of ATA which is independent of row permutations of A. Hence, if there exists a
permutation matrix P such that A — R has an LU factorization where A denotes the leading block of PA,
then the block QR algorithm may be used.

The motivation for Algorithm 2 is not to use it as a stand-alone algorithm but in combination with Algorithm 1,

leading to Algorithm 3: If A has fewer than k columns for a user-defined parameter k, then the new block Algorithm 2 is
used, otherwise one proceeds recursively as in the Householder-based Algorithm 1.

4

| NUMERICAL RESULTS

We have implemented Algorithm 3 in MATLAB and tested the impact of the parameter k which defines when to switch
from the Householder recursion to the new block Cholesky-LU-based QR factorization. The shown results have used
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FIGURE 2 Results for a dense 2500 x 2500 matrix (top row) and a dense 5000 x 5000 matrix (bottom row), both filled with random
entries.

the factorization in (6). Results using (5) were similar and are hence not shown. To facilitate the reproduction of our
numerical results, we have included our MATLAB code in Appendix A.

In the following Figures 2 and 3, the x-axis refers to this parameter k, and the markers correspond to tests for k =
20, =1,2,.... We performed tests for dense square matrices of sizes 2500 and 5000 filled with random entries as well
as for sparse matrices resulting from a five-point-stencil discretization of the 2D Laplacian on regular grids of sizes 2500
and 5041, resp. Even though the latter is a sparse matrix, we treated it as a dense one, that is, stored and computed with
all its zero entries. The left plots in Figures 2 and 3 show the computational time (lowest out of 3 runs). As anticipated,
the transition to the block version at the start of the recursion leads to increasing gains in computational time as the block
size parameter k increases. The plots in the middle of Figures 2 and 3 show the (relative) accuracy of the factorization
measured in the Frobenius norm, ||A — QR||r/||A|lr. As expected, this value increases as k increases. However, noting
the logarithmic scale of the y-axis, the loss in accuracy appears to be moderate. The same applies to the (relative loss of)
orthogonality ||QTQ — I||r/ \/ﬁ shown in the right plots.

We have also performed numerical tests to compare different variants for the Cholesky factorization needed
in line 3 of the block Cholesky-LU-based QR factorization in Algorithm 2. The Cholesky variants CholeskyQR2,
LU-CholeskyQR and LU-CholeskyQR2 have briefly been introduced in Remark 2, for details we refer to Reference 3.
Figure 4 shows the resulting relative accuracy and orthogonality of the computed QR factorization for the following four
matrices:

Name Rows Cols Condition number
Random 2500 2500 7990

2D Laplace 2500 2500 1053

Krylov 2500 625 2.4e+16

Hilbert 20 20 1.5e + 18

A Hilbert matrix is given by A = (i-i—j;—l)lsi j<n. For a random matrix H and a random vector 7, the Krylov matrix A has

been computed with columns A(:,i) = H'r/||H'r||,, that is, its columns have been scaled to length 1 to avoid overflow.
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FIGURE 4 Relative accuracy (top) and orthogonality (bottom) for four test matrices (left to right): A 2500 x 2500 random matrix, a
2500 x 2500 sparse (Laplace) matrix, a 2500 x 625 Krylov matrix and a 20 x 20 Hilbert matrix.

Timings are not shown since the Cholesky factorization at the start of the recursion requires only a negligible part of the
overall computational time, hence the timings hardly vary for the different variants.

For the random matrix, all variants except for LU-CholeskyQR perform comparable. The worse performance of
LU-CholeskyQR can also be observed for different problem sizes (not shown here). For the sparse 2D Laplace matrix,
there are some minor differences in accuracy and orthogonality but the general trend is the same for the four variants.
The stabilized versions (ending with a “2”) seem to perform slightly better. For the Krylov matrix, we would have to zoom
in to see any differences. Compared to the random and Laplace matrix, however, we notice a faster decrease of accu-
racy and orthogonality due to the ill-conditioning of the Krylov matrix. The Hilbert matrix is highly ill-conditioned, and
each increase of the blocksize k deteriorates the quality of the factorization significantly. For k = 8, the computed QR
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factorization is already useless, for larger k it breaks down since the matrix ATA whose Cholesky factorization is needed
is no longer (numerically) positive definite.

5 | CONCLUSIONS

We have provided a novel approach to compute the Householder QR factors where Q is given in the form Q = I — VSV,
While Algorithm 1 has already replaced BLAS-2 operations of the standard Householder QR factorization in favor of
BLAS-3 operations, the recursion still goes down to a single column. While this may just slow down computations
when working with dense matrices, it may cause severe difficulties when working with rank structured matrices where
certain matrix blocks that are stored in a low rank format need to be split and later glued together again. The new
Algorithm 2 can be performed in structured matrix arithmetic (e.g., hierarchical matrices) where structured Cholesky-
and LU-factorizations are readily available.

The numerical results for dense matrices confirm the gains in computational time at the expense of some loss of
accuracy and orthogonality compared to the recursive Householder-based Algorithm 1.

It remains to implement the new algorithm for structured matrices using their efficient matrix arithmetic and test the
resulting computational and storage complexities.
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APPENDIX A. MATLAB CODE OF ALGORITHM 4

function [V, S, R] = householderQR(A, k, cholesky_type)
% choose variant for computing Cholesky factor of A*A

% 1 : Cholesky

% 2 : Cholesky2

% 3 : LU-Cholesky

% 4 : LU-Cholesky2

[rows, cols] = size(A);
V = zeros(rows, cols);
R = zeros(rows, cols);
S = zeros(cols, cols);
if cols == 1

% Householder based QR for a single column
sigma = norm(A, ’fro’);
if A(1,1) >0
sigma = —sigma;
end
V = A
V(1,1) = V(1,1) — sigma;
normV = norm(V, ‘fro’);
vl = V(1,1) / normV,;
V=1/V(1,1) = V;

S = 2xv1A72;
R(1,1) = sigma;
else

mid = ceil(cols / 2);

if (cols > k) |l (rows == cols)
% recursive Householder QR
[V(:,1:mid), S(1:mid,1:mid), R(:,1:mid)] =
householderQR(A(:,1:mid), k, cholesky_type);
Aaux = S(1:mid,1:mid)’ * (V(:,1:mid)’ * A(:,mid+1:cols));
R(1:mid,mid+1:cols) =
A(1:mid,mid+1:cols) — V(1:mid,1:mid) * Aaux;
A22tilde =
A(mid+1:rows,mid+1:cols) — V(mid+1:rows,1:mid) * Aaux;
[V(mid+1:rows ,mid+1:cols), S(mid+1:cols ,mid+1:cols),
R(mid+1:rows ,mid+1:cols)] =
householderQR( A22tilde , k, cholesky_type);
S(1:mid,mid+1:cols) = — S(1:mid,1:mid) * (V(:,1:mid)’
x V(:,mid+1:cols)) x S(mid+1:cols ,mid+1:cols);

else
% direct (nonrecursive) Cholesky-based QR
if (cholesky_type == 1) % Cholesky

R(1:cols ,1:cols) = chol(A’xA);
elseif (cholesky_type == 2) % Cholesky2

S = chol(A’xA);
V=A/S,;
U = chol(V’xV);

R(1:cols ,1:cols) = UxS;
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elseif (cholesky_type == 3) % LU-Cholesky
[L,U,P]=1u(A);
S = chol(L’xL);
R(1:cols ,1:cols) SxU;
else % LU-Cholesky2
[L,U,P]=1u(A);
R(1:cols,1:cols) = chol(L’*xL);
S R(1:cols ,1:cols)*U;
V=A/S;
U chol(V’xV);
R(1:cols,1:cols) = UxS;
end
V = A;
V(1:cols,:) = V(l:cols,:) — R(1:cols,:);
S = - R(1l:cols,1:cols) \ inv(V(1l:cols,:))’;
%[L,U]=Ilu(V(1:cols,:));
%S = — R(1:cols,1:cols) \ (U\ (L\ eye(cols)))’;

end

end
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