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Abstract

This habilitation thesis centres on linearisation of vector-valued functions which
means that vector-valued functions are represented by continuous linear operators.
The first question we face is which vector-valued functions may be represented
by continuous linear operators. We study this problem in the framework of e-
products and give sufficient conditions in Chapter [3| and 4| when a space F(Q, F)
of vector-valued functions on a set 2 coincides (up to an isomorphism) with the
e-product F(2)eFE of a corresponding space of scalar-valued functions F(2) and
the codomain E which is usually an infinite-dimensional locally convex Hausdorff
space. The e-product F(Q)eFE is a space of continuous linear operators from the
dual space F(Q)' to E.

Once we have a representation of a space F({2, E') of vector-valued functions
by an e-product F(Q)eFE, we have access to the rich theory of continuous linear
operators which allows us to lift results that are known for the scalar-valued case
to the vector-valued case. The whole Chapter [5] which spans more than half of this
thesis, is dedicated to this lifting mechanism. But we should point out that this
is not only about transferring results from the scalar-valued to the vector-valued
case. The results in the vector-valued case encode additional information for the
scalar-valued case as well, e.g. we may deduce from the solvability of a linear partial
differential equation in the vector-valued case affirmative answers on the parameter
dependence of solutions in the scalar-valued case (see Section .

In Section [5.2] we give a unified approach to handle the problem of extending
functions with values in F, which have weak extensions in F(£2), to functions in the
vector-valued counterpart F(Q, E) of F(Q2). We present different extension the-
orems depending on the topological properties of the spaces F(Q2) and E. These
theorems also cover weak-strong principles. In particular, we study weak-strong
principles for continuously partially differentiable functions of finite order in Sec-
tion [5.3] and improve the well-known weak-strong principles of Grothendieck and
Schwartz. We use our results on the extension of vector-valued functions to de-
rive Blaschke’s convergence theorem for several spaces of vector-valued functions
and Wolff’s theorem for the description of dual spaces of several function spaces
F(9) in Section[5.4]and [5.5] Starting from the observation that every scalar-valued
holomorphic function has a local power series expansion and that this is still true
for holomorphic functions with values in E if E is locally complete, we develop a
machinery which is based on linearisation and Schauder decomposition to transfer
known series expansions from scalar-valued to vector-valued functions in Section
5.6l Especially, we apply this machinery to derive Fourier expansions for F-valued
Schwartz functions and C*-smooth functions on R that are 27-periodic in each
variable. The last section of Chapter [5]is devoted to the representation of spaces
F(Q, E) of vector-valued functions by sequence spaces, which can be used to iden-
tify the coefficient spaces of the series expansions from the preceding section, if one
knows the coefficient space in the scalar-valued case. Furthermore, we give several
new conditions on the Pettis-integrability of vector-valued functions in Appendix
[A72] which are, for instance, needed for the Fourier expansions in Section [5.6}
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Kurzfassung

Im Mittelpunkt dieser Habilitationsschrift steht die Linearisierung vektorwer-
tiger Funktionen, d. h. vektorwertige Funktionen sollen durch stetige lineare Opera-
toren dargestellt werden. Die erste Frage, der man sich stellen muss, ist, welche
vektorwertigen Funktionen durch stetige lineare Operatoren dargestellt werden kon-
nen. Wir untersuchen dieses Problem im Rahmen von e-Produkten und geben
hinreichende Bedingungen in Kapitel [3| und {4| an, wann ein Raum F(Q, E) von
vektorwertigen Funktionen auf einer Menge 2 mit dem e-Produkt F(Q)eFE eines
entsprechenden Raums skalarwertiger Funktionen F () und des Wertebereichs E
(bis auf Isomorphie) iibereinstimmt. Hierbei ist F iiblicherweise ein unendlich-
dimensionaler lokalkonvexer Hausdorff Raum. Das e-Produkt F()eE ist ein Raum
stetiger linearer Operatoren, die vom Dualraum F ()’ nach E abbilden.

Sobald wir eine Darstellung eines Raums F(Q, F) von vektorwertigen Funk-
tionen durch ein e-Produkt F(2)eE gewonnen haben, ist es uns moglich die reich-
haltige Theorie der stetigen linearen Operatoren zu nutzen, die es uns erlaubt,
Ergebnisse, die fiir den skalarwertigen Fall bekannt sind, auf den vektorwertigen
Fall zu iibertragen. Das gesamte Kapitel 5] das mehr als die Hilfte dieser Arbeit
einnimmt, widmet sich diesem Ubertragungsmechanismus. Es sei jedoch darauf
hingewiesen, dass es hier nicht nur um die Ubertragung von Ergebnissen aus dem
skalarwertigen auf den vektorwertigen Fall geht. Die Ergebnisse im vektorwertigen
Fall beinhalten auch zusitzliche Informationen fiir den skalarwertigen Fall, z. B.
kénnen wir aus der Losbarkeit einer linearen partiellen Differentialgleichung im
vektorwertigen Fall Antworten auf die Frage nach der Parameterabhéngigkeit der
Losungen im skalarwertigen Fall ableiten (siehe Abschnitt .

In Abschnitt stellen wir einen einheitlichen Ansatz zur Losung des Fort-
setzungsproblems von Funktionen mit Werten in F, die schwache Fortsetzungen in
F(£2) haben, zu Funktionen im vektorwertigen Gegenstiick F (2, F') von F(£2) vor.
Wir prisentieren verschiedene Fortsetzungssétze in Abhingigkeit von den topologi-
schen Eigenschaften der Ridume F() und E. Diese Sdtze decken auch schwach-
stark Prinzipien ab. Insbesondere untersuchen wir schwach-stark Prinzipien fiir
endlich oft stetig partiell differenzierbare Funktionen in Abschnitt und verbes-
sern die bekannten schwach-starken Prinzipien von Grothendieck und Schwartz.
Zudem leiten wir von unseren Ergebnissen zur Fortsetzung vektorwertiger Funktio-
nen den Konvergenzsatz von Blaschke fiir diverse Rdume vektorwertiger Funktionen
ab und iibertragen den Satz von Wolff auf Dualrdume mehrerer Funktionenriume
F(£) in den Abschnitten und Ausgehend von der Beobachtung, dass
jede skalarwertige holomorphe Funktion eine lokale Potenzreihenentwicklung hat
und dass dies auch fiir holomorphe Funktionen mit Werten in E gilt, wenn F
lokal vollstindig ist, entwickeln wir einen Mechanismus, der auf Linearisierung und
Schauder-Zerlegung basiert, um in Abschnitt bekannte Reihenentwicklungen
von skalarwertigen auf vektorwertige Funktionen zu erweitern. Insbesondere wen-
den wir diesen Mechanismus an, um Fourier-Entwicklungen fiir E-wertige Schwartz-
Funktionen und C*-glatte Funktionen auf R, die 27-periodisch in jeder Variablen
sind, zu erhalten. Der letzte Abschnitt von Kapitel [f] ist der Darstellung von
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8 KURZFASSUNG

Raumen F(Q, F) vektorwertiger Funktionen durch Folgenrdume gewidmet, was
man dazu nutzen kann, die Koeffizientenrdume der Reihenentwicklungen aus dem
vorangegangenen Abschnitt zu bestimmen, sofern man den Koeffizientenraum im
skalarwertigen Fall kennt. Aufierdem legen wir mehrere neue Bedingungen fiir die
Pettis-Integrierbarkeit von vektorwertigen Funktionen in Anhang[A.2]dar, die z. B.
fiir die Fourier-Entwicklungen in Abschnitt [5.6] benétigt werden.
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CHAPTER 1

Introduction

This work is dedicated to a classical topic, namely, the linearisation of weighted
spaces of vector-valued functions. The setting we are interested in is the following.
Let F(Q) be a locally convex Hausdorff space of functions from a non-empty set {2
to a field K and F be a locally convex Hausdorff space over K. The e-product of
F(£) and E is defined as the space of linear continuous operators

F(Q)eE = L(F(Q).,E)

equipped with the topology of uniform convergence on equicontinuous subsets of
the dual F(2)" which itself is equipped with the topology of uniform convergence
on absolutely convex compact subsets of F(£2). Suppose that the point-evaluation
functionals d,, = € Q, belong to F(2)’ and that there is a locally convex Hausdorff
space F(Q, FE) of E-valued functions on Q such that the map

S:F(Q)eE - F(QULE), ur— [z u(d)], (1)

is well-defined. The main question we want to answer reads as follows. When is
F(Q)eE a linearisation of F(Q, E), i.e. when is S an isomorphism?

In [15 [16], [17] Bierstedt treats the space CV (€2, FE) of continuous functions on
a completely regular Hausdorff space 2 weighted with a Nachbin-family V and its
topological subspace CVo (€2, E) of functions that vanish at infinity in the weighted
topology. He derives sufficient conditions on €2, V and E such that the answer
to our question is affirmative, i.e. S is an isomorphism. Schwartz answers this
question for several weighted spaces of k-times continuously partially differentiable
functions on Q = RY like the Schwartz space in [158, [159] for quasi-complete F
with regard to vector-valued distributions. Grothendieck treats the question in
[83], mainly for nuclear F(£2) and complete E. In [99, 100, 10T] Komatsu gives a
positive answer for ultradifferentiable functions of Beurling or Roumieu type and
sequentially complete E with regard to vector-valued ultradistributions. For the
space of k-times continuously partially differentiable functions on open subsets 2
of infinite dimensional spaces equipped with the topology of uniform convergence
of all partial derivatives up to order k£ on compact subsets of 2 sufficient conditions
for an affirmative answer are deduced by Meise in [I129]. For holomorphic functions
on open subsets of infinite dimensional spaces a positive answer is given in [52]
by Dineen. Bonet, Frerick and Jord4 show in [30] that S is an isomorphism for
certain closed subsheaves of the sheaf C*(Q, E) of smooth functions on an open
subset Q ¢ R? with the topology of uniform convergence of all partial derivatives
on compact subsets of 2 and locally complete E which, in particular, covers the
spaces of harmonic and holomorphic functions.

An important application of linearisation is within the field of partial differen-
tial equations. Let E be a linear space of functions on a set U and P(9):C*(§2) —
C*=(2) a linear partial differential operator with C*-smooth coefficients where
C=() :=C*(Q,K). We call the elements of U parameters and say that a family
(f\)rer in C*() depends on a parameter w.r.t. E if the map A » f\(z) is an
element of E for every x € ). The question of parameter dependence is whether for

11



12 1. INTRODUCTION

every family (f)xer in C* () depending on a parameter w.r.t. E there is a family
(ur)rer in C=(Q) with the same kind of parameter dependence which solves the
partial differential equation

P(8)uA:f,\7 AeU.

In particular, it is the question of C*-smooth (holomorphic, distributional, etc.)
parameter dependence if F is the space C¥(U) of k-times continuously partially
differentiable functions on an open set U c R? (the space O(U) of holomorphic
functions on an open set U c C, the space of distributions D(V')’ on an open set
V c RY where U = D(V), etc.). The question of parameter dependence w.r.t. E has
an affirmative answer for several locally convex Hausdorff spaces E due to tensor
product techniques and splitting theory. Indeed, the answer is affirmative if the
topology of E is stronger than the topology of pointwise convergence on U and

P(9)F:C*(Q,E) - C*(Q,E)

is surjective where P(9)F is the version of P(9) for E-valued functions. The oper-
ator P(0)F is surjective if its version P(Q) for scalar-valued functions is surjective,
for instance, if P(0) is elliptic, and E is a Fréchet space. This is a consequence
of Grothendieck’s theory of tensor products [83], the nuclearity of C*(€2) and the
isomorphism C=(Q, F) 2 C*(Q)eF for locally complete E. Thanks to the splitting
theory of Vogt for Fréchet spaces [I73] and of Bonet and Domarniski for PLS-spaces
[54] we even have in case of an elliptic P(9) that P(9)% for d > 1 is surjective if
E := F} where F is a Fréchet space satisfying the condition (DN) or if E is an ultra-
bornological PLS-space having the property (PA) since ker P(9) has the property
(Q). In particular, these three results cover the cases that E = C*(U), O(U) or
D(V)’. Of course, this technique to answer the question of parameter dependence
is not restricted to linear partial differential operators or the space C* ().

Another application of linearisation lies in the problem of extending a vector-
valued function f:A — F from a subset A c § to a locally convex Hausdorff space
E if the scalar-valued functions e’ o f are extendable for each continuous linear
functional e’ from certain linear subspaces G of E’ under the constraint of preserving
the properties, like holomorphy, of the scalar-valued extensions. This problem was
considered, among others, by Grothendieck [82] B3], Bierstedt [I7], Gramsch [77],
Grosse-Erdmann [79), RT], Arendt and Nikolski [6] [7, [§], Bonet, Frerick, Jorda and
Wengenroth |30} 69] (70, [02] 93]. Even the simple case A = Q and G = E' is interesting
and an affirmative answer is called a weak-strong principle.

Our goal is to give a unified and flexible approach to linearisation which is able
to handle new examples and covers the already known examples.

Organisation of this thesis

After fixing some notions and preliminaries on locally convex Hausdorff spaces,
continuous linear operators and continuously partially differentiable functions in
Chapter [2] we study the problem of linearisation in Chapter [3] In Section[3.] we
introduce our standard example of spaces F (€2, E') that we consider. Namely, spaces
of functions FV(, F) from 2 to E which are subspaces of sections of domains of
linear operators T¥ on E%, and whose topology is generated by a family of weight
functions V. These spaces cover many examples of classical spaces of functions
appearing in analysis like the mentioned ones and an example of the operators T
are the partial derivative operators. Then we exploit the structure of our spaces
to describe a sufficient condition, which we call consistency, on the interplay of the
pairs of operators (T, T™) and the map S such that S becomes an isomorphism
into, i.e. an isomorphism to its range (see Theorem [3.1.12).
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In Section [3.2] we tackle the problem of surjectivity of S. In our main Theorem
and its Corollary we give several sufficient conditions on the pairs of
operators (TF,T%) and the spaces involved such that S: FV(Q)eE — FV(Q, E) is
an isomorphism. Looking at the pair of partial differential operators (P(9)¥, P(9))
considered above, these conditions allow us to express P(9)¥ as P(0)F = So
(P(0)eidg) o S7 where P(d)eidg is the e-product of P(9) and the identity idg
on E. Hence it becomes obvious that the surjectivity of P(9)¥ is equivalent to
the surjectivity of P(9)eidg. This is used in [105] 109} 112, 116 119 in the case
of the Cauchy-Riemann operator P(d) = @ on spaces of smooth functions with
exponential growth.

In Chapter [4] we take a closer look at the notion of consistency of (77, T%). In
Section [4.1]we characterise several properties of the functions S(u) for u € FV(Q)eE
that are inherited from the elements of FV(Q).

Section is devoted to several concrete examples of spaces of vector-valued
functions that may be linearised by S and which we use for our applications in the
forthcoming sections and chapters.

In Section [£:3] we answer in several cases the question whether given a con-
tinuous linear functional 7 on F(€2) there is always a continuous linear operator
TE on F(9, E) such that (TF,T%) is consistent. This is closely related to Riesz—
Markov—Kakutani theorems for T, which we transfer to the vector-valued case.

Chapter [5]is dedicated to applications of linearisation. In Section [5.1] we come
back to our problem of parameter dependence. We show in our main Theorem [5.1.2]
of this section how to use linearisations to transfer properties like injectivity, sur-
jectivity or bijectivity from a map T%: F;(Q1) — F2(22) to the corresponding map
TE: Fo(Q1, E) —» Fao(Qo, E) if the pair (TF,T¥) is consistent under suitable as-
sumptions on the spaces involved. Besides the problem of parameter dependence
for (hypo)elliptic linear partial differential operators (see Corollary [5.1.3)), we de-
duce a vector-valued version of the Borel-Ritt theorem (see Theorem [5.1.4) from
this main theorem and give sufficient conditions under which the Fourier transfor-
mation §:S,(R?) - S, (R?) on the Beurling-Bjérck space is still an isomorphism
in the vector-valued case and may be decomposed as §Z = S o (FCeidg) o S71 (see
Theorem .

In Section [5.2| we present a general approach to the extension problem consid-
ered above for a large class of function spaces F(Q, E) if the map S is an isomor-
phism into. The spaces we treat are of the kind that F(£2) belongs to the class of
semi-Montel, Fréchet—Schwartz or Banach spaces, or that E is a semi-Montel space.
Apart from linearisation and consistency, the main ingredient of this approach is to
view the set A c Q) from which we want to extend our functions as a set of function-
als {6, | € A}. This view allows us to generalise the extension problem in Question
by swapping this set of functionals by other functionals, which opens up new
possibilities in applications that we explore in Section [5.3] Section [5.4] Section [5.5]
and Section [5.7} In the extension problem we always have to balance the sets A
from which we extend our functions and the subspaces G ¢ E/ with which we test.
The case of ‘thin’ sets A and ‘thick’ subspaces G is handled in Section with

main theorems Theorem [5.2.15] Theorem [5.2.20| and Theorem [5.2.29] the converse
case of ‘thick’ sets A and ‘thin’ subspaces G is handled in Section [5.2.2] with main

theorems Theorem [5.2.52] Theorem [5.2.63] and Theorem [5.2.69]

In Section we consider weak-strong principles for continuously partially
differentiable functions of finite order. For locally complete F it is well-known that
a function f belongs to C*°(§, E) if and only if ' o f € C=(Q2) for all ¢’ € E’ (see
e.g. [30, Theorem 9, p. 232]). If k € Ny, then it is still true that f € C*(2, E) implies
e o feCF(Q) for all ¢’ € E'. But the converse is not true anymore. Only a weaker




14 1. INTRODUCTION

version of this weak-strong principle holds which is due to Grothendieck [82] and
Schwartz [I58] (see Theorem [5.3.2). Namely, if k € Ny, E is sequentially complete
and f:Q — E is such that ¢/ o f € CK¥*1(Q) for all e’ € E’, then f € C*(2, E). Using
the results from Section we improve this weaker version of the weak-strong
principle by allowing E to be locally complete, only testing with less functionals
from certain linear subspaces G ¢ E’ and getting that f does not only belong to
C*(Q, F) but that all partial derivatives of order k are actually locally Lipschitz
continuous (see Corollary . If we restrict to semi-Montel spaces E, then even
a ‘full’ weak-strong principle Theorem holds as in the C*-case.

In Section [5.4] we derive vector-valued Blaschke theorems like Corollary
for several function spaces. This generalises results of Arendt and Nikolski [7]
for bounded holomorphic functions and Frerick, Jordd and Wengenroth [70] for
bounded functions in the kernel of a hypoelliptic linear partial differential operator.
These are results of the form: given a bounded net (f,),; in some space F1 (£, F)
of Banach-valued functions which converges pointwise on a certain subset of {2 there
is a limit f € F1(Q, E) of this net w.r.t. a weaker topology of a linear superspace
Fo(Q E) of F1(2, E). In Blaschke’s classical convergence theorem [38, Theorem
7.4, p. 219] we have E = C, F1(Q, F) is the space of bounded holomorphic functions
on the open unit disc D c C, F5(Q2, E) is the space of holomorphic functions on D
and the weaker topology is the topology of compact convergence.

In Section [5.5| we present Wolff type descriptions of the dual space of several
function spaces F(€2) using linearisation (see Theorem [5.5.1). Wolff’s theorem [I83]
p. 1327] (cf. [R1, Theorem (Wolff), p. 402]) phrased in a functional analytic way
(see |70}, p. 240]) says: if Q c C is a domain, then for each p € O(Q)’ there are a
sequence (z, )ney Which is relatively compact in ©Q and a sequence (ap,)pey in the
space /! of absolutely summable sequences such that u = °"; a6, .

In Section we derive a general result for Schauder decompositions of the
e-product FeFE for locally convex Hausdorff spaces F' and FE if F' has an equicon-
tinuous Schauder basis (see Theorem . In combination with linearisation and
consistency this can be used for F' = F(£2) to lift series representations like the
power series expansion of holomorphic functions from scalar-valued functions to
vector-valued functions (see Corollary . We present several examples in Sec-
tion for instance, Fourier expansions in the Schwartz space S(R?, E) and in
the space C2(RY, E) of functions in C*(R?, F) that are 2r-periodic in each vari-
able. In particular, we combine these expansions for locally complete FE with the
results from Section [5.1] to identify the coefficient spaces of the Fourier expansions
in S(RY, E) and C32(R?, E) (see Theorem and Theorem .

In Section[5.7]an application of our extension results from Section[5.2]is given to
represent function spaces F (€2, E) by sequence spaces if one knows such a represen-
tation for F(Q) (see Theorem [5.7.1). As examples we treat the space O(Dg(0), E)
of E-valued holomorphic functions on the disc Dg(0) ¢ C around 0 with radius
0 < R < oo and the multiplier space Oy (R, E) of the Schwartz space for locally
complete E (see Corollary Corollary and Remark .

The first section Appendix of the Appendix [A]is devoted to the question
when the closure of an absolutely convex hull of a set is compact in a locally convex
Hausdorff space E and Appendix [AZ2)to the related question of Pettis-integrability
of an E-valued function.
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Concerning originality

We note that some parts of chapters or sections are based on our papers and
preprints.

e Chapter [3] Section [4.1] and Section [£.2] are based on our paper Weighted
spaces of vector-valued functions and the e-product [I10] and its extended
preprint [106]. Furthermore, Section contains results from Sections 3
and 6 of our accepted preprint Eztension of weighted vector-valued func-
tions and sequence space representation [115] and our paper Eztension of
weighted vector-valued functions and weak—strong principles for differen-
tiable functions of finite order [117] and its extended preprint [120].

e Section generalises some results of our papers Surjectivity of the O-
operator between weighted spaces of smooth vector-valued functions [116]
and Parameter dependence of solutions of the Cauchy—Riemann equation
on weighted spaces of smooth functions [112] and its extended preprint

[108].

e Section [5.2] Section [5.3] Section [5.4] Section [5.5 and Section [5.7] are based
on our accepted preprint [II5] and our paper [I17] (and its extended
preprint [120]).

. Sectionmis based on our paper Series representations in spaces of vector-
valued functions via Schauder decompositions [114].

Moreover, the introduction Chapter [I] and Chapter [2] on notation and pre-
liminaries are based on the corresponding sections in our papers and preprints
[106] 110, 112, 114, AT5] 016, 117, 120]. However, not all of the results given in this
thesis are already contained in our preprints or papers.

In Chapter [3] the new, i.e. not contained in our preprints or papers, results are
Corollary [3.2.5| (ii), Example e)+f), Example and Corollary [3.2.10

In Section [4.2] the new examples and results are Example [£.2.2] Corollary
Example Example Proposition Example Ex-
ample which extends [107, Proposition 3.17 a), p. 244] of our paper The
approzimation property for weighted spaces of differentiable function [107], Propo-
sitionwhich extends [114], Proposition 4.8, p. 370] from sequentially complete
FE to locally complete FE, Example and Example (ii). All the results
of Section are new except for Definition which is [115] 2.2 Definition, p. 4]
(and also not a result).

The main theorem of Section Theorem [5.1.2] is new even though special
cases appeared in [112, [I16]. Theorem and Theorem are new as well.
Corollary extends [120, 7.3 Corollary, p. 22] from metric spaces with finite
diameter to arbitrary metric spaces. Theoremand Theoremb) extend
[114, Theorem 4.9, p. 371-372] and [114, Theorem 4.11, p. 375] from sequentially
complete E to locally complete E. Corollary [5.7.2]is new in the sense that there is
only a sketch how to prove it in [IT5], p. 31].

The results of Appendix [A] are also new except for Proposition [A1.1] Propo-
sition which are contained in [I06, 5.2 Proposition, p. 24] and [106], 3.13
Lemma d), p. 10], and Lemmawhich is [114], Lemma 4.7, p. 369].







CHAPTER 2

Notation and preliminaries

Basics of topology

We equip the spaces R?, d € N, and C with the usual Euclidean norm |- |,
denote by m:: {weR? | jw— x| <7} the ball around x € R? and by =
{w e C||w-2z| <r} the disc around z € C with radius r > 0. Furthermore, for a
subset M of a topological space (X,t) we denote the closure of M by [M|and the
boundary of M by [0M] If we want to hasize that we take the closure in X

M

resp. w.r.t. the topology ¢, then we write resp. m For a subset M of a vector
space X we denote by the circled hull, by the convex hull and by
lacx(M )| the absolutely convex hull of M. If X is a topological vector space, we
write [acx(M )| for the closure of acx(M) in X.

Locally convex Hausdorff spaces and continuous linear operators

By |E| we always denote a non-trivial, i.e. E # {0}, locally convex Hausdorff
space over the field K = R or C equipped with a directed fundamental system of
seminorms and, in short, we write that E is an [[cHs If E =K, then we set
(Pa)aea = {]-[}-

By we denote the set of maps from a non-empty set 2 to a non-empty

set X, by we mean the characteristic function of K c Q, by |C(€2, X)| the space
of continuous functions from a topological space €2 to a topological space X, and

by its subspace of continuous functions that vanish at infinity if X is a
locally convex Hausdorff space.

We denote by the space of continuous linear operators from F to F
where F' and E are locally convex Hausdorff spaces. If F = K, we just write
:= L(F,K) for the dual space and [G°| for the polar set of G ¢ F. If F and E
are linearly topologically isomorphic, we just write that F' and E are isomorphic,
in symbols We denote by the space L(F,FE) equipped with the
locally convex topology ¢ of uniform convergence on the finite subsets of F' if ¢ =[o]
on the absolutely convex, compact subsets of F' if ¢ =[] on the absolutely convex,
o(F, F")-compact subsets of F if ¢ =|r}, on the precompact (totally bounded) subsets
of F if t =] and on the bounded subsets of F if t =[] We use the symbols [t(F”, F)|
for the corresponding topology on F’ and [t(F')|for the corresponding bornology on
F. We say that a subspace G c F' is (the points of F') if for every z € F
it follows from y(x) = 0 for all y € G that « = 0. Clearly, this is equivalent to G
being o(F’, F')-dense in F’. For details and notions on the theory of locally convex
spaces not explained in this thesis see [68, [89], [131], 138].

e-products and tensor products

The so-called of Schwartz is defined by
:: Le(Frg7E) (2)

where L(F, E) is equipped with the topology of uniform convergence on equicon-
tinuous subsets of F’. This definition of the e-product coincides with the original

17
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one by Schwartz [I59, Chap. I, §1, Définition, p. 18]. It is symmetric which means
that FeE = EeF. In the literature the definition of the e-product is sometimes done
the other way around, i.e. EcF is defined by the right-hand side of but due to the
symmetry these definitions are equivalent and for our purpose the given definition
is more suitable. If we replace F by F;, we obtain Grothendieck’s definition of the
e-product and we remark that the two e-products coincide if F' is quasi-complete
because then F = F holds. However, we stick to Schwartz’ definition.

For locally convex Hausdorff spaces F;, F; and T; € L(F;, E;), i = 1,2, we define
the e-product [[1eT3]€ L(FieF, E1eE») of the operators Ty and T3 by

(TyeTy)(u) :=ToouoTY, weFieFy,

where T{: E] - F|, €’ v €’ o Ty, is the dual map of Ty. If T} is an isomorphism
and Fy = Fy, then Tieidg, is also an isomorphism with inverse Tl‘lgidE2 by [159,
Chap. I, §1, Proposition 1, p. 20] (or [89 16.2.1 Proposition, p. 347] if the F; are
complete).

As usual we consider the tensor product F'® E as a linear subspace of FeFE for
two locally convex Hausdorff spaces F' and E by means of the linear injection

k k
F®E—>F€E, an®en'—>[y»—> Zy(fn)en] (3)
n=1 n=1

Via © the space is identified with the space of operators with finite rank
in FeE and a locally convex topology is induced on F'® E. We write for
F ® E equipped with this topology and for the completion of the
F®. E. For more information on the theory of e-products and tensor

products see [49, [89, [94].

Several degrees of completeness

The sufficient conditions for surjectivity of the map S:F(Q)eE — F(Q, E)
from the introduction, which we derive in the forthcoming, depend on assumptions
on different types of completeness of E. For this purpose we recapitulate some
definitions which are connected to completeness. We start with local completeness.
For a D c E, ie. a bounded, absolutely convex set, the linear space [Ep] :=
Unen D becomes a normed space if it is equipped with the gauge functional of
D as a norm (see [89, p. 151]). The space E is called if Episa
Banach space for every closed disk D c E (see [89, 10.2.1 Proposition, p. 197]). We
call a non-empty subset A of an lcHs F if every local limit point of
A belongs to A. Here, a point = € F is called a of A if there is a
sequence (Zp)ney in A that converges locally to x (see [I38] Definition 5.1.14, p.
154-155]), i.e. there is a disk D c E such that (x,) converges to x in Ep (see [138,
Definition 5.1.1, p. 151]). The of a subset A of E is defined as the
smallest locally closed subset of E which contains A (see [I38], Definition 5.1.18, p.
155]). Moreover, we note that every locally complete linear subspace of E is locally
closed and a locally closed linear subspace of a locally complete space is locally
complete by [I38, Proposition 5.1.20 (i), p. 155].

Moreover, a locally convex Hausdorff space is locally complete if and only if it
is convenient by [104] 2.14 Theorem, p. 20]. In particular, every complete locally
convex Hausdorff space is quasi-complete, every quasi-complete space is sequentially
complete and every sequentially complete space is locally complete and all these
implications are strict. The first two by [89], p. 58] and the third by [138, 5.1.8
Corollary, p. 153] and [138, 5.1.12 Example, p. 154].

Now, let us recall the following definition from [I81], 9-2-8 Definition, p. 134] and
[175], p. 259]. A locally convex Hausdorff space is said to have the

[compactness property ([metric] ccp) if the closure of the absolutely convex hull of
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every [metrisable] compact set is compact. Sometimes this condition is phrased
with the term convex hull instead of absolutely convex hull but these definitions
coincide. Indeed, the first definition implies the second since every convex hull of
a set A c F is contained in its absolutely convex hull. On the other hand, we have
acx(A) = cx(ch(A)) by [89, 6.1.4 Proposition, p. 103] and the circled hull ch(A) of a
[metrisable] compact set A is compact by [I53, Chap. I, 5.2, p. 26] [and metrisable
by [34, Chap. IX, §2.10, Proposition 17, p. 159] since D) x A is metrisable and
ch(A) = Mp(D x A) where Mp:K x E - E is the continuous scalar multiplication
and :: D1(0) the open unit disc], which yields the other implication.

In particular, every locally convex Hausdorff space with ccp has obviously met-
ric cep, every quasi-complete locally convex Hausdorff space has ccp by [181, 9-2-10
Example, p. 134], every sequentially complete locally convex Hausdorff space has
metric ccp by [23, A.1.7 Proposition (ii), p. 364] and every locally convex Hausdorff
space with metric ccp is locally complete by [I75, Remark 4.1, p. 267]. All these
implications are strict. The second by [I81], 9-2-10 Example, p. 134] and the others
by [175, Remark 4.1, p. 267]. For more details on the [metric|] convex compactness
property and local completeness see [29, [I75]. In addition, we remark that every
semi-Montel space is semi-reflexive by [89, 11.5.1 Proposition, p. 230] and every
semi-reflexive locally convex Hausdorff space is quasi-complete by [I53, Chap. IV,
5.5, Corollary 1, p. 144] and these implications are strict as well. Summarizing, we
have the following diagram of strict implications:

semi-Montel = semi-reflexive

U
complete = quasi-complete = sequentially complete = locally complete
U U Z
ccp = metric ccp

Vector-valued continuously partially differentiable functions

Since weighted spaces of continuously partially differentiable resp. holomorphic
vector-valued functions will serve as our standard examples, we recall the definition
of the spaces C*(2, E) resp. O(Q, E). A function f:Q - E on an open set 0 c R?
to an lcHs E is called [continuously partially differentiabld (f is C') if for the n-th
unit vector e,, € R? the limit

()P f(x) = lim

heR,h+0

f(x+he,) - f(x)
h

exists in E for every x € Q and (9°*)F f is continuous on Q ((9*)Ef is C°) for
every 1 <m <d. For k € N a function f is said to be k-times continuously partially
differentiable (f is C*) if f is C' and all its first partial derivatives are C*"1. A
function f is called infinitely continuously partially differentiable (f is C*) if f is
C* for every k € N. For k €[No|:= Nu{oo} the functions f:Q - E which are C* form
a linear space which is denoted by For 8 e NZ with |8] := £9_, 8, < k
and a function f:Q — F on an open set Q c R? to an IcHs E we set (0°)Ef := f
if 8, =0, and
(07)F f(w) = (8°)F-(0°")* f(x)
N
Brn-times

if 8, # 0 and the right-hand side exists in E for every x € €). Further, we define

(") " fx) = ((87)F-+(87) ") f ()
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if the right-hand side exists in E for every = € Q). If F = K, we often just write

:: (0°)X f for B eNE, |8 < k, and f e C*(R). Furthermore, we define the space

of bounded continuously partially differentiable functions by

Co (U E)|:={feCHQUE) |V ae: [fleiaya= Sup Pa((87)P f()) < oo}
TE

BeNg |8I<1

Vector-valued holomorphic functions

A function f:Q2 - E on an open set 2 ¢ C to an lcHs E over C is called
if the limit

()P f(z)s= lim
heC,h=0

exists in E. We denote by |O(£2, F')| the linear space of holomorphic functions
f:Q - E. Defining the vector-valued version of the [Cauchy—Riemann operator| by

[EE-FG)
h k) k)

0" fli= S (0" +i0) )
for f € C(Q, E) such that the partial derivatives (9°*)Ef, n = 1,2, exist in E, we
remark that

O(LE)={feC(ULE)|fekerd } = {feC(LE)| fekerd }  (4)
by [I13, Theorem 6.1, p. 267] if E is locally complete. Further, we set (02)Ff = f

and note that the (n +1)-th complex derivative (O21)E f := (OL)F((92)" f)) exists
for all n € Ny and f € O(Q, E) by [(9, 2.1 Theorem and Definition, p. 17-18] and

5.2 Theorem, p. 35] if F is locally complete. If E = C, we often just write

= (OR)Cf for n € Ny and f € O(Q) := O(22,C). We note that the real and
complex derivatives are related by
@)7f(2) =1 @) f(2), zeQ (5)

for every f e O(, E) and § = (B1, B2) € N by [I13, Proposition 7.1, p. 270] if F is
locally complete.



CHAPTER 3

The e-product for weighted function spaces

3.1. e-into-compatibility

In the introduction we already mentioned that linearisations of spaces of vector-
valued functions by means of e-products are essential for our approach. Here,
one of the important questions is which spaces of vector-valued functions can be
represented by e-products. Let  be a non-empty set and E an lcHs. If F(Q) c K®
is an IcHs such that [0;]€ 7(€2)’ for all z € Q, then the map

S: F(Q)eE — B, uvr—s [z~ u(d,)],
is well-defined and linear. This leads to the following definition.

3.1.1. DEFINITION (e-into-compatible). Let 2 be a non-empty set and E an
IcHs. Let F(Q) c K and F(Q, E) c E® be IcHs such that 6, € F(Q)’ for all x € Q.
We call the spaces F(2) and F(Q, E) [e-into-compatibld if the map

[SIF(Q)eE - F(Q,E), ur— [z u(,)],
is a well-defined isomorphism into, i.e. to its range. We call F(Q2) and F(Q, E)

if S is an isomorphism. We write if we want to emphasise the

dependency on F(£2).

In this section we introduce the weighted space FV(Q, E) of E-valued functions
on Q as a subspace of sections of domains in E*® of linear operators TE equipped
with a generalised version of a weighted graph topology. This space is the role
model for many function spaces and an example for these operators are the partial
derivative operators. Then we treat the question whether FV(Q, E) and FV(Q)eE
are e-into-compatible. This is deeply connected with the interplay of the pair of
operators (T'Z, TX) with the map S (see Definition [3.1.7). In our main theorem of
this section we give sufficient conditions such that S: FV(Q)eE - FV(Q, E) is an
isomorphism into (see Theorem . In the next section we provide conditions
such that S becomes surjective (see Theorem [3.2.4). We start with the well-known
example C*(2, E) of k-times continuously partially differentiable E-valued func-
tions to motivate our definition of FV(Q, E).

3.1.2. EXAMPLE. Let k € Ny, and Q c R? be open. Consider the space C(Q, E)
of continuous functions f:) - E with the topology [r.| of compact convergence, i.e.
the topology given by the seminorms

110 = Sg}gpa(f(m)), feC(L E),

for compact K c Q and « € . The usual topology on the space C*(£2, E) of k-times
continuously partially differentiable functions is the graph topology generated by
the partial derivative operators (0°)F:C*(Q, E) - C(Q, E) for e N, || <k, i.e.
the topology given by the seminorms

|1x.6.0 = max(| flx.a: [(07)F fli.a),  feCH(RE),

21
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for compact K c Q, B € N&, |3| < k, and o € 2. The same topology is induced by
the directed system of seminorms given by

flema= s |flepa= sup  pa((07)7f(x)), feCM(Q E),
BeNg | Bl<m zeK
BeNg,|Bl<m

for compact K c 2, m € Ny, m < k, and « € 2 and may also be seen as a weighted
topology induced by the family (x ) of characteristic functions of the compact sets
K c Q) by writing
|f|K,m,o¢ = Sug pa((aﬁ)Ef(x))XK(x)a fECk(Q,E)
xE
BeNG,|Blsm

This topology is inherited by linear subspaces of functions having additional prop-
erties like being holomorphic or harmonic.

We turn to the weight functions which we use to define a kind of weighted

graph topology.

3.1.3. DEFINITION (weight function). Let J be a non-empty set and (wy, ) mear

a family of non-empty sets. We call :: (Vj,m) jesmem @ family of fweight functio

on (W )menr if it fulfils v 2wy, = [0, 00) for all j € J, m e M and
VmeM,zewy,jed: 0<v;n,(x). (6)

From the structure of Example we arrive at the following definition of the
weighted spaces of vector-valued functions we want to consider.

3.1.4. DEFINITION. Let © be a non-empty set, V := (Vjm)jesmem a family
of weight functions on (w,,;)mers and TE: E 5 domTE - E“m a linear map for
every m € M. Let [AP(Q, E)| be a linear subspace of E* and define the space of

intersections

F(Q,B)|:= AP(Q,E) n ( (] domTE)
meM

as well as

[FV(QE):={fe F(QE) | VjeJ meM, aed: |fljma<oo}

where

|f|j7m,a = sup pa(Trg(f)(w))VLm(x) = sup pale)

TE€Wm eENj,m(f)

Njm (f)]= {Tg(f)(x)yjﬂn(x) |z €wm}.
Further, we write [F(Q0)]:= F(Q,K) and [FV(Q)]:= FV(Q,K). If we want to empha-
sise dependencies, we write M (E) instead of M, [AP £, (€2, £)|instead of AP(€, E)

and | f|7v(),j,m,o|instead of | f|; .- If J, M or 2 are singletons, we omit the index
Jj, mresp. ain |f|jm.a-

Note that w,, need not be a subset of Q2. The space AP(, F) is a placeholder
where we collect additional properties (AP) of our functions not being reflected by
the operators T'F which we integrated in the topology. However, these additional
properties might come from being in the domain or kernel of additional operators,
e.g. harmonicity means being in the kernel of the Laplacian. But often AP(Q, F)
can be chosen as E* or C(Q, E). The space FV(Q, F) is locally convex but need not
be Hausdorff. Since it is easier to work with Hausdorff spaces and a directed family
of seminorms plus the point evaluation functionals d,: FV(Q) - K, f ~ f(x), for
x € Q) and their continuity play a big role, we introduce the following definition.

with
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3.1.5. DEFINITION (dom-space and T, ). We call FV(Q,E) a if it
is a locally convex Hausdorff space, the system of seminorms (|f|;m,a)jes,mer,aent
is directed and, in addition, &, € FV(Q) for every x € Q if F = K. We define the
point evaluation of T2 bydomT£ - B, TF (f):=TE(f)(x), for m e M and

T € Wy,

3.1.6. REMARK. a) It is easy to see that FV(Q, E) is Hausdorff if there
is m € M such that w,, = Q and TE = idge since E is Hausdorff.
b) If E =K, then T} . € FV(Q)’ for every m € M and « € wp,. Indeed, for
m e M and x € w, there exists j € J such that v; ,,,(z) > 0 by @, implying
for every f e FV(Q) that

K = L K XT)\Vi €T 71 j
T D= S TR @@ < S flim:

In particular, this implies 0, € FV(Q)' for all x € Q if there is m € M such
that Wm, = Q and TE = idKn.
¢) Let the family of weight functions V be ie.

le,jQEJ,ml,mQEMEljgeJ,mgeM,C>OVie{1,2}:

(Wmy Um,) € Wiy and v, m; < CVjg my.

Then the system of seminorms (|f|jm,a)jesmer aca is directed if V is
directed and additionally it holds with m;, i € {1,2,3}, from above that

VeFV(QE), i€ {1,2}, xewn, : Ty () () = T, (f)(2),
since the system (pg )aeu Of E is already directed.

We point out that the additional condition in Remark ¢) is missing in
[110, Remark 5 c), p. 1516] (resp. [106, 3.5 Remark, p. 6]), which we correct here.

For the IcHs E over K we want to define a natural E-valued version of a dom-
space FV(Q) = FV(Q,K). The natural E-valued version of FV(2) should be a
dom-space FV(€, E) such that there is a canonical relation between the families
(T%) and (TF). This canonical relation will be explained in terms of their interplay
with the map

S:FV(Q)eE — B uv—s [z 0 u(d,)].

Further, the elements of our E-valued version FV(Q, E) of FV(£2) should be com-
patible with a weak definition in the sense that e’ o f € FV () should hold for every
e ek and fe FV(Q,E).

3.1.7. DEFINITION (generator, consistent, strong). Let FV(Q) and FV(Q, F)
be dom-spaces such that M := M (K) = M(F).
a) We call (TE TX),.car algenerator| for (FV(Q), E), in short, (FV, E).
b) We call (TE, TX)nenr if we have for all v € FV(Q)eE that
S(u) e F(Q,E) and

VmeM,xewn,: (TfS(u))(x) = u(T,H,(;I .
¢) We call (T, T%) enr if we have for all ¢’ € E, f e FV(Q, FE) that

m? m

e'ofeF(Q) and
VmeM, zews: T of)(x)=(oThL(f))(x).

More precisely, T) , in b) means the restriction of T} . to FV(Q) and the
term u(T}ys ) is well-defined by Remark @ b). Consistency will guarantee that
the map S:FV(Q)eE -» FV(Q, E) is a well-defined isomorphism into, i.e. e-into-
compatibility, and strength will help us to prove its surjectivity under some ad-
ditional assumptions on FV(f2) and E. Let us come to a lemma which describes
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the topology of FV(Q)eE in terms of the operators Tx with m € M. It was the
motivation for the definition of consistency and allows us to consider FV(Q)eF as
a topological subspace of FV (€, E) via S, assuming consistency.

3.1.8. LEMMA. Let FV(Q) be a dom-space. Then the topology of FV(Q)eE is
given by the system of seminorms defined by

|j,m,a = sup pa(u(Trﬂr(;,a:))ijm(x)’ ue FV(Q)eE,

TEWm

forjed, meM and o €.

PRrOOF. We define the sets Dj ., = {Ty; ,(-)Vjm(2) |z € wm} and By, = {f €
FV(Q) | |fljm < 1} for every j e J and m € M. We claim that acx(D,,) is dense
in the polar B7  with respect to x(FV(Q2), FV(Q2)). The observation

DS = T o (Yjm(2) | @ € win }°
={feFV(Q)|Vrewn: |T,Hi(f)(x)|1/j,m(x) <1}
={f e V) |fljom <1} = Bjm

|u

yields

ﬁ(Dj’m)n(FV(Q)',}_V(Q)) _ (Dj,m)oo _ B;,m
by the bipolar theorem. By [89] 8.4, p. 152, 8.5, p. 156—157] the system of seminorms
defined by

¢jm,a(u) = sup pa(u(y))7 ue FV(Q)eE,

yeB;m
for j e J, me M and « € 2 gives the topology on FV(Q)eFE (here it is used that
the system of seminorms (|-|;.,) of FV(Q) is directed). As every u € FV(Q)eE
is continuous on B}, we may replace B}, by a x(FV(Q)", FV(£2))-dense subset.
Therefore we obtain

¢jma(u) = sup{pa(u(y)) |ye acx(Dj,m)}.
For y € acx(D, ) there are n e N, A\ € K, x € wy,, 1 <k <m, with Y7_; || <1
such that y = Y71 A\ Tl . (-)jm(2k). Then we have for every u € FV(Q)eE

Tk

pa(u(y)) < kz klpa (u(TE L)) () < Ju

|j,m>a7

thus ¢j m,a(¢) < |]j,m,a. On the other hand, we derive

K
Gjma(w) 2 sup pa(u(y)) = sup pa(w(Ty o) )Vim (@) = [ul jm.a- U
yeDj m TEW,
Let us turn to a more general version of Example [3.1.2] namely, to weighted
spaces of k-times continuously partially differentiable functions and kernels of linear
partial differential operators in these spaces.

3.1.9. EXAMPLE. Let k € No, and Q c R? be open. We consider the cases
(1) wm = M, x Q with :: {BeN¢||B] <min(m,k)} for all m e Ng, or
(ii) wp = N¢ x Q for all m € Ny and k = oo,
and let VF := (Vj,m)jesmen, be a directed family of weights on (wp, )men, -
a) We define the weighted space of k-times continuously partially differentiable
functions with values in an lIcHs F as

VIO, E):={feCF(Q,E)|Vjed meNg, aed: |fljma <00}

|f|j,m,a = sup pa((aﬁ)Ef(x))Vj,m(ﬂvm)~

B,x)ewm

where
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Setting dom T)F := C*(Q, E) and
T:CH(QE) » E“m, [ [(B,2) = (0°)F f(2)],

as well as AP(Q, F) := E*, we observe that CVk(Q,E) is a dom-space by Remark
3.1.6l and

\fljma = sup Pa(TE f(2))vjm ().

b) The space C*(Q, E) with its usual topology given in Exampleis a special
case of a)(i) with J := {K c Q| K compact}, vk m(8,2) = xx(z), (B,z) € wy, for
all m e Ny and K € J where xx is the characteristic function of K. In this case we
write :: V¥ for the family of weight functions.

c) The [Schwartz spacdis defined by
S(R?, E)|:={f eC®(R%,E) |V meNg, aeA: |flma < oo}

where

flma = sup  pa((07)Ff(2))(L+]2]*)"".

zeR?
BeNg | Bl<m

This is a special case of a)(i) with k = oo, Q := RY J := {1} and vy ,,(B3,7) :=
(1+ |33|2)m/2, (B, 1) € wp, for all m e Ny.

d) The for the Schwartz space is defined by
Ou (R E):={feC®(R,E) |V geS(RY), meNg, aeA: | f]gma<oo}

where

[flgmai= sup pa((OM)E1())lg()

zeR
BeNg,|Blcm

(see [158, 4°), p. 97]). This is a special case of a)(i) with k = co, Q := RY, J :=
{j c S(RY) | j finite} and v; 1, (B, 2) = max,e; |g(z)], (B,2) € W, for all m e Ny.
This choice of J guarantees that the family V*° is directed and does not change the
topology.

e) Let R := {K c Q| K compact} and (M),),en, be a sequence of positive real
numbers. The space [€M?) (Q, E)| of ultradifferentiable functions of class (M,) of
Beurling-type is defined as

EM)(QE) = {feC®(ULE)|YKe& h>0,ae: |flxn.a<oo)

where
1

|fl(x n),a = Sup pa((aﬁ)Ef(x))WMw-

BeNgd

This is a special case of a)(ii) with J := xR.o and v(x p)m (5, 7) = XK(a:)m,
(B,2) € wm, for all (K,h)eJ and m € Ny where R := (0, 00).

f) Let & and (M) e, be as in e). The space M1 (Q, E)|of ultradifferentiable
functions of class {My} of Roumieu-type is defined as

S{Mp}(Q’E) = {f Ecw(QvE) | v (KaH) € Ja aell: |f|(K,H),o¢ < 00}
where
J::RX{H:(Hn)nGNH (hk)kel\h hk>07 hk A oo VneN: anhlhn}

and
1

.— B E Tr aAs
|f|(K,H),a = ig}gpa((a ) f(m))HIB\jwlﬁ\

BeNg
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(see [101, Proposition 3.5, p. 675]). Again, this is a special case of a)(ii) with
v, i)m (B, x) = )(K(:zc)m7 (B,7) € W, for all (K,H) e J and m € Ny.
g) Let n e N, 3; e Nd with |8;] <k and a;: Q — K for 1 <4 <n. We set

P(9)":C*(Q, B) ~ E?, P(9)"(f)(x) = iai(w)(aﬂi)E(f)(w)

and obtain the (topological) subspace of CV¥ (€, E) given by

[CVE ) (@, B):={f e CVH(2, E) | f e ker P(9)"}.

Choosing AP(Q, E) := ker P(9)¥, we see that this is also a dom-space by a). If
P(9)¥ is the Cauchy-Riemann operator (and F locally complete) or the Laplacian,
we obtain the weighted space of holomorphic resp. harmonic functions.

Let us show that the generators of these spaces are strong and consistent. In
order to obtain consistency for their generators we have to restrict to directed
families of weights which are [locally bounded away from zero on €, i.e.

V K c Q compact, meNg 3jeJV BeNS, |3 <min(m, k) : inlf(uj,m(ﬁ,a:) > 0.
xTe

This condition on V* guarantees that the map I:CV*(Q) - CWF(Q), f — f, is
continuous which is needed for consistency.

3.1.10. PROPOSITION. Let E be an lcHs, k € Noo, V¥ be a directed family of
weights which is locally bounded away from zero on an open set Q c R4 The
generator of (CVk, E) resp. (CV’;(Q), E) from E:vample is strong and consistent

if CVF(Q) resp. CV’}(a)(Q) is barrelled.
ProOOF. We recall the definitions from Example We have w,, = M, x

with M,, := {8 € N | |8| < min(m, k)} for all m € Ny or w,, := N& x Q for all m € Ny.
Further, APy« (Q, E) = B2, APy (2, E) = ker P(9)?, domTF := C*(Q, E) and

Ty CH(QLB) = B9, fr— [(B,2) = (07) f(2)],
for all m € Ny and the same with K instead of E. The family (T.F,TX),.cy, is a
strong generator for (CV*, E) because
(09)5( 0 (@) = ' ((07)F f (), (Bx) € win,
for all ¢/ € B/, f ¢ CVk(Q,E) and m € Ny due to the linearity and continuity of
¢/ € E'. In addition, ¢’ o f € ker P(9)¥ for all ¢’ € E' and f ¢ CV];S(B)(Q,E), which
implies that (T2, TX), e, is also a strong generator for (CV’IE(a), E).

m? m

For consistency we need to prove that
(07)ES(u) (@) =u(b 0 (7)), (B,) € wm,
for all u € CV¥(Q)eFE resp. u € CV’}(a)(Q)sE. This follows from the subsequent
Propositionb) since FV(2) = CVF(Q) resp. FV(Q) = CV’}(a)(Q) is barrelled

and V¥ locally bounded away from zero on Q. Thus (T.F, TX),.cx, is a consistent

m’—-m

generator for (CV*, E). In addition, we have with P(9)¥ from Example g)
that

P9)*(S(u))(x) = leai(m(aﬁfﬂ)’f(S(u))(m) = u(fZlaxw)wz o (0")%))
=u(d, 0 P(0)*)=0, zeQ, (7)

for every u € CV'j (o) (Q)eE. This yields S(u) € ker P(9)* for all u e CV}5)(Q)eE.
Therefore (TZ,TX),,en, is a consistent generator for (CV’}(Q),E) as well. O
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Let us turn to the postponed part in the proof of consistency. We denote by
CW(Q) the space of scalar-valued continuous functions on an open set Q c R?
with the topology of uniform convergence on compact subsets, i.e. the weighted
topology given by the family of weights W = WY := {xx | K c 2 compact}, and we
set §(x) := 9, for x € Q.

3.1.11. PROPOSITION. Let Q c R? be open, k € No, and FV(2) a dom-space.
a) If T'e L(FV(Q),CWV()), then § o T € C(Q, FV(Q)?,)-
b) If T e L(FV(Q),CW (Q)) and FV(Q) is barrelled, then
(Sar:-*—hen ol —6,0T
h
=0,0(0)oT, zeQ, 1<n<d,

and oT € Cl(Q,}—V(Q);)
c¢) If the inclusion I: FV(Q) - CWk(Q), f— f, is continuous and FV(Q)
barrelled, then S(u) € C*(Q, E) and

(0M)7S(u) () = u(de 0 (9°)%),  BeNG, B <k, ze®,
for all ue FV(Q)eE.

()Y (§ 0 T) () = }Lin(l)

PRrOOF. a) First, if x € Q and (2;),e7 is a net in Q converging to x, then we
observe that

(62, o T)(f) = T(f)(27) > T(f)(x) = (0 2 T)([)

for every f e FV(Q) as T(f) is continuous on 2. Second, let K c ) be compact.
Then there are j € J, me M and C' > 0 such that

sup|(dg o T)(f)| = sup [T(f) ()] < C|f|jm
zeK zeK

for every f e FV(Q). This means that {6, oT | z € K} is equicontinuous in
FV(Q)'. The topologies o(FV(2),FV(Q)) and v(FV(Q),FV(Q)) coincide on
equicontinuous subsets of FV(2)’, implying that the restriction (0 o T'), 1K —
FV(Q)!, is continuous by our first observation. As § o T' is continuous on every
compact subset of the open set Q c R?, it follows that § o T:Q — FV(Q)!, is well-
defined and continuous.

b) Let x € Q and 1 < n < d. Then there is € > 0 such that z + he,, €  for all
h e R with 0 < |h| <e. We note that 0T € C(2, FV(Q).) by part a), which implies
M e FV(Q)'. For every fe FV(Q) we have

. 5z+ enOT_(sa:OT ET T(f)(l’+h6n)—T(f)(CL') _ en
}lll_r}(l) h . (f)= }Ll_r}(l) 5 = (0°)*“T(f)(x)

in K as T(f) € C1(2). Therefore %(6“;16” oT -8, 0T) converges to §, 0 (9 ) oT
in FVY(Q)’ and thus in FY(Q)!. by the Banach—Steinhaus theorem as well. In
particular, we obtain

59c+hen ol —6,0T
h
in FV(Q).. Moreover, § o (0" )€ o T € C(Q, FV(Q)".) by part a) as (0°*)€ o T €
L(FV(Q),CW(Q)). Hence we deduce that § o T € CH(2, FV(Q)L).
c) We prove our claim by induction on the order of differentiation. Let u ¢
FV(Q)eE. For B e N¢ with 3] =0 we get S(u) =uodeC(Q, E) from part a) with
T =I. Further,

(0M)PS(u)(2) = S(u)(2) = u(d:) = u(ds 0 (87)), zeQ.

= (0°) VW (50 T) ()

6,0 (9°)€ 0T = lim
h50
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Let m € Ng, m < k, such that S(u) e C™(Q), E) and

(0°)2S(u)(z) = u(8, 0 (0°)%), zeQ, (8)
for all 8 € N¢ with |3| < m. Let 8 € N¢ with [3| = m +1 < k. Then there is
1 <n<dand B e NI with || = m such that 8 = e, + 3. The barrelledness of
FV(Q) yields that +(Jg+he, © (0°)% = 0, 0 (0°)F) converges to 6, o (9°)* o (97)¥
in FV(Q);, for every x € Q by part b) with T := (07)K. Therefore we derive from
5z 0 (0°" )€ 0 (0°)X = 6, 0 (0°)¥ by Schwarz’ theorem that

.1 7 7
u(dy 0 (97)%) = im - (u(Gasne, © (7)) = u(dz 0 (97)9))
lim %((8E)E5(u)(x +hen) - (07)PS(u)(x))
= (9°)*(9")" 5 (u)(a)
for every x € Q. Moreover, § o (97)% = (05 )FVD(§ 0 T) € C(Q, FV(Q)L.) for
T = (8°)¥ by part b). Hence we have S(u) € C™*(Q,E) and it follows from
Schwarz’ theorem again that
u(d, 0 (7)) = (0°) P (07) S (u)(2) = (0°) S (u)(x), weQ O

Part a) of the preceding proposition is just a modification of [16, 4.1 Lemma, p.
198], where FV(2) = CV(Q) is the Nachbin-weighted space of continuous functions
and T =id, and holds more general for kg-spaces 2 (see Lemma [4.1.2)).

3.1.12. THEOREM. Let (TE,TX),.crr be a consistent generator for (FV,E).

Then the map S:FV(Q)eE — FV(Q, E) is an isomorphism into, i.e. the spaces
FV(Q) and FV(Q, E) are e-into-compatible.

PRrOOF. First, we show that S(FV(Q)eE) ¢ FV(Q,E). Let u € FV(Q)eE.
Due to the consistency of (T.E,TX),,crr we have S(u) € AP(Q, E) ndom T¥ and
(TfS(u))(z) = u(TEﬁVm), meM x€wy,.
Furthermore, we get by Lemma [3.1.8 for every j e .J, me M and ave 2
1S(w)ljm.a = s Pa(T (S () (@))m(2) = [l jm.a < oo, (9)

implying S(u) € FV(QQ, E) and the continuity of S. Moreover, we deduce from @
that S is injective and that the inverse of S on the range of S is also continuous. O

3.1.13. REMARK. If J, M and 2 are countable, then S is an isometry with
respect to the induced metrics on FV(2, E) and FV(Q)eE by (9).

The basic idea for Theorem [3.1.12| was derived from analysing the proof of an
analogous statement for Bierstedt’s weighted spaces CV(Q, E) and CVo(Q2, E) of
continuous functions already mentioned in the introduction (see [16l, 4.2 Lemma,
4.3 Folgerung, p. 199-200] and [I7, 2.1 Satz, p. 137]).

3.2. e-compatibility

Now, we try to answer the natural question. When is S surjective? The strength
of a generator and a weaker concept to define a natural E-valued version of FV(Q)
come into play to answer the question on the surjectivity of our key map S. Let
FV(Q) be a dom-space. We define the linear space of |E-valued weak FV-functions|

by
FY(QLE) = {f:Q—>E|VeeE : o feFV(Q)}
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Moreover, for f € FV(Q, E), we define the linear map

[BAE — FV(Q), Ry(e) =¢ o f,
and the dual map
R Fv(Q) — E™, f'— [/ = f'(Rs(e))],
where is the algebraic dual of E’. Furthermore, we set

FV(QE)={f e FV(Q,E)s |Vaed: Rf(B;) relatively compact in FV(Q2)}
where B, = {x € E | po(z) < 1} for a € 2. Next, we give a sufficient condition for
the inclusion FV(Q, E) c FV(Q, E), by means of the family (T2, TX),crr-

3.2.1. LEMMA. If (TE TX),.ear is a strong generator for (FV, E), then we have

m m

FVQ,E) e FV(Q, E), and
. |Rs()ljm = 1fljma (10)

for every f e FV(QLE), jeJ, meM and o € 2.
ProoF. Let f € FV(Q,E). We have ¢’ o f ¢ F(Q) for every ¢ € E’ since
(TE TX),enr is a strong generator. Moreover, we have
[Ry (€ )]jm =" 0 fljm = sup [T (e" o f)()|jm ()

TEWm,

= sup |¢'(T; (f)(@))|pjm(z) = sup [¢'(2)] (11)
TE€Wm 2eN; m (f)
for every j € J and m € M with the set N; ,,(f) from Definition We note
that N;,,(f) is bounded in E by Definition and thus weakly bounded, im-
plying that the right-hand side of is finite. Hence we conclude f € FV(Q, E),-
Further, we observe that

sup [Rg(e")]jm = |f1j.m.a
e’eBy,

for every j e J, me M and « €A due to [I31], Proposition 22.14, p. 256]. O

Now, we phrase some sufficient conditions for FV(Q, E) c FV(Q, E), to hold
which is one of the key points regarding the surjectivity of S.

3.2.2. LEMMA. If (TE TX), .car is a strong generator for (FV,E) and one of
the following conditions is fulfilled, then FV(Q, E) c FV(Q, E).

a) FV(R) is a semi-Montel space.

b) E is a semi-Montel or Schwartz space.

¢) VIeFV(QLE), jeJ meM3IKey(E): Njn(f)cK.

ProOOF. Let f ¢ FV(, E). By virtue of Lemma we already have f €
FV(Q,E),.
a) For every j e J, me M and a €2 we derive from

Re(e)im = , <
;lg)g| f(e )|J,m |f|],m,oz 00

that Ry(Bg,) is bounded and thus relatively compact in the semi-Montel space
FV(Q).

c) It follows from that Ry € L(E!,FV(Q)). Further, the polar By, is
relatively compact in E'/y for every a € 2 by the Alaoglu-Bourbaki theorem. The
continuity of Ry implies that Ry(B¢,) is relatively compact as well.

b) Let j € J and m € M. The set K := N; ,,(f) is bounded in E by Definition
We deduce that K is already precompact in F by [89, 10.4.3 Corollary, p.
202] if E' is a Schwartz space resp. since it is relatively compact if F is a semi-Montel
space. Hence the statement follows from c). O
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Let us turn to sufficient conditions for FV(Q, E) = FV(Q)eE. For the IcHs E
we denote by [J} E - E'*, x — [¢’ = ¢/(z)], the canonical injection.

3.2.3. CoNDITION. Let (T2, TX), cis be a strong generator for (FV, E). Define
the following conditions:

a) E is complete.

b) F is quasi-complete and for every f e FV(Q, E) and f' € FV(Q) there is
a bounded net (f.)rer in FV(Q)' converging to f’ in FV(Q)!. such that
RY(f]) e T(E) for every 7€ T.

c) E is sequentially complete and for every f ¢ FV(Q, F) and f' ¢ FY(Q)
there is a sequence (f; )nen in FY(Q) converging to f' in FV(Q),. such
that R} (f)) e J(F) for every n e N.

d) E is locally complete and for every f e FV(Q, E) and f' € FV(Q) there
is a sequence ([} )nen in FV(Q)' locally converging to [’ in FV(Q)!. such
that R%(f,) e J(E) for every n e N.

e) VIeFV(QLE),jeJ me M3IKer(E): Njn(f)cK.

3.2.4. THEOREM. Let (TE,TX),car be a consistent generator for (FV,E) and

let FV(Q,E) ¢ FV(Q,E).. If one of the Conditions is fulfilled, then the
map S:FV(Q)eE - FV(Q, E) is an isomorphism, i.e. FV(Q) and FV(Q, E) are
e-compatible. The inverse of S is given by the map
R:FV(QU E) - FV(Q)E, frJ o R,
where J: E — E'* is the canonical injection and
R;:]:V(Q)' - E” f [e' > f'(Rf(e'))]7

with Ry(e') =€’ o f.

PROOF. Due to Theorem [3.1.12) we only have to show that S is surjective. We
equip J(F) with the system of seminorms given by

pes (I () = Sup T (2)(e) = pa(z), zek, (12)

for every a € 2. Let f e FV(Q, E). We consider the dual map R} and claim that
R e L(FV(Q);, J(F)). Indeed, we have
pes (R5(y)) = sup [y(Rs(e))|= sup |y(z)| < sup |y(z)] (13)
e’'eBy, zeR ¢ (BS) reKy
for all y € FV(QQ)" where K, := Rf(B2). Since FV(Q,E) c FV(Q,E),, the set
R;(B?) is absolutely convex and relatively compact, implying that K, is absolutely

convex and compact in FV(Q2) by [89, 6.2.1 Proposition, p. 103]. Further, we have
for all ¢’ € E' and z € Q

R§(8:)(e") = 0z (" o f) =€/ (f(2)) = T (f(2))(¢) (14)
and thus R%(d,) € J(E).
a) Let F be complete and f’ € FV(Q)’. Since the span of {d, | z € Q} is dense
in F(Q)!. by the bipolar theorem, there is a net (f,) converging to f’ in FV(Q)!,
with R%(fl) € J(E) by (T4). As

ps (RS (f1) - RE(f)) sup (L - ) (@) =0, (15)

for all o € 2A, we gain that (R%(f;)) is a Cauchy net in the complete space J(E).
Hence it has a limit g € J(F) which coincides with R;( /") since

pes (9 - R5(f) <pps (9 - Ry (f1)) + pae (R5(f1) - R (1))
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&P (9-RE(fD) + sup |(fL =) (@) -0

for all o e 2. We conclude that R%(f") € J(E) for every f"e FV(Q)'.

b) Let Condition [3.2.3] b) hold and f' € FV(Q)’. Then there is a bounded
net (f1)re7 in fV(Q)' converging to f"in FV(Q);, such that R}(f;) € J(E) for
every 7 € 7. Due to we obtain that (Rt (f1)) is a bounded Cauchy net in the
quasi-complete space J(E) converging to R! i(f) e J(E).

¢) Let Condition ¢) hold and f’ e FV(Q)'. Then there is a sequence
(f7 Ynen In fV(Q)' converging to f’ in FV(Q)!. such that R} 7 (fn) € I(E) for every
n € N. Again ((13) implies that (R (f})) is a Cauchy sequence in the sequentially
complete space J(F) which converges to R?(f’) e J(E).

d) Let Condition d) hold and f’ € FV(Q)'. Then there is an absolutely
convex, bounded subset D c FV(Q)!. and a sequence (f;, )neny in FV(Q2)" converging
to f'in (FV(Q);)p such that R}(f,) € J(E) for every n € N. Let r > 0 and
fi = fi erD. Then R’}(f,’L fr) e r(R (D)nJ(F)), implying

{r>0]f,-fierD}c {7’>0|R (fn = fr) er(RE(D)n T (E))
Setting B := R’}(D) n J(E) , we derive

as(Ry(fr = fi)) <an(fn = fi)

where ¢ and gp are the gauge functionals of B resp. D. The set R 1(D)nJ(E)is
absolutely convex as the intersection of two absolutely convex sets and it is bounded
by (13) and the boundedness of D. So B, being the closure of a disk, is a disk as
well. Slnce (fr) is a Cauchy sequence in (.TV(Q) )p, we conclude that (R}(f},))
is a Cauchy sequence in J(F)p. The set B is a closed disk in the locally complete
space J(F) and hence a Banach disk by [89, 10.2.1 Proposition, p. 197]. Thus
J(E)p is a Banach space and (R}(f})) has a limit g € J(E)p. The continuity
of the canonical injection J(E)p = J(F) implies that (Rﬁc(f )) converges to g in
J(E) as well. As in a) we obtain that R}(f") =g J(E).

e) Let Condition e) be fulfilled. Let f € FV(Q,E) and ¢’ € E'. For every
e FY(QQ)' there are j e J, me M and C > 0 such that

< _ ’
IR (f)(e)] < CIR(€)]j.m me]\?;lf(f) e ()]

because (T2, TX),.car is a strong generator. Since there is K € 7(FE) such that
Njm(f) c K, we have

J(E)}

R (f1)(e)] < Csup|e’(z)),

implying R%(f') € (E7)" = J(E) by the Mackey Arens theorem.
Therefore we obtain that R} € L(FV(Q),,J(E)). So we get for all o € 2 and
ye F(QY

pa((T7' o RY)(y)) pBg(J((J’1 o R%)(y))) =pps (R5(y)) < &2 ly(z))-

This implies J ! o R e L(FV(Q);, E) = FV(Q)eE (as linear spaces) and we gain
-1 -1 -1
S(T o RY)(x) = T (R}(6:)) = T (T(f(2))) = f(x)
for every x € Q. Thus S(J to R;) = f, proving the surjectivity of S. O

Further sufficient conditions for S being a topological isomorphism can be found
in Proposition [5.2.10}, Proposition [5.6.6| and Theorem In particular, we get
the following corollary as a special case of Theorem
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3.2.5. COROLLARY. Let (TE TX),.crs be a strong, consistent generator for
(FV,E). If
(i) FV(R) is a semi-Montel space and E complete, or
(i) FV(Q) is a Fréchet—Schwartz space and E locally complete, or
(iii) E is a semi-Montel space, or
(iv) V fe FV(LE),jeJ meM3IK er(E): N;j,(f)cK,
then FV(Q) and FV(Q, E) are e-compatible, in particluar, FV(Q, E) 2 FV(Q)eE.

PRrROOF. (i) Follows from Lemma [3.2.2| a) and Theorem with Condition

a).
(ii) If FV(Q) is a Fréchet—Schwartz space, then we have

FV(Q), (),

"= FV(Q)

lc —_—FV
span{d, | z € Q} =span{d, |z €} =span{d, | z € Q}

by [30, Lemma 6 (b), p. 231] and the bipolar theorem where span{d, | = € Q}IC is the
local closure of span{d, | z € Q} in FV(Q);. Hence for every f’ e FV(Q)’ there is a
sequence (f}) in the span of {4, | z € Q} which converges locally to f' in FV(Q)".
Due to we know that R%(f;,) € J(E) for every f e FV(Q, E) and n € N. Since
Fréchet—Schwartz spaces are also semi-Montel spaces, the statement follows from
Lemma [3.2.2| a) and Theorem with Condition [3.2.3|d).

(iv) Follows from Lemma c) and Theorem@ with Condition e).

(iii) Is a special case of (iv) since the set K := acx(N; ,(f)) is absolutely convex

and compact in the semi-Montel space E by [89, 6.2.1 Proposition, p. 103] and [89}
6.7.1 Proposition, p. 112] for every f € FV(Q, E), jeJ and me M. O

3.2.6. REMARK. Linearisations of spaces FV (2, E), of weak E-valued func-
tions, where FV(2) need not be a dom-space, are treated in [II8].

Let us apply our preceding results to our weighted spaces of k-times continu-
ously partially differentiable functions on an open set £ c R? with %k € N,.

3.2.7. EXAMPLE. Let E be an IcHs, k € No,, V* be a directed family of weights
which is locally bounded away from zero on an open set 2 c R9.

a) CV*(Q, E) = CV*(Q)eE if E is a semi-Montel space and CV*(€2) barrelled.

b) CV’}({,)(Q, E)z CV’}(a)(Q)sE if E is a semi-Montel space and CV’;(Q)(Q)
barrelled.

¢) CVF(Q, E) 2 CVF(Q)eE if E is complete and CV*(€2) a Montel space.

d) CV’}(Q)(Q,E) z CV’}(Q)(Q)EE if F is complete and CV’IE(a)(Q) a Montel
space.

e) CV*(Q, E) = CV*(Q)eE if E is locally complete and CV*(Q) a Fréchet—
Schwartz space.

f) CVIE(@)(Q,E) > CV’}(B)(Q)EE if E is locally complete and CV];(B)(Q) a
Fréchet—Schwartz space.

PRrROOF. The generator of (CV*, E) and (CV’IE(a),E) is strong and consistent

by Proposition From Corollary (iii) we deduce part a) and b), from
(i) part ¢) and d) and from (ii) part e) and f). O

Closed subspaces of Fréchet—Schwartz spaces are also Fréchet—Schwartz spaces
by [131, Proposition 24.18, p. 284]. The space CV54)(Q) is closed in CV=(Q) if
there is an IcHs Y such that P(0)|cy=(q):CV>(2) = Y is continuous. For example,
this is fulfilled if the coefficients of P(9) belong to C(?), in particular, if P(9) := A
or 9, with Y = (C(R2),7.) due to V> being locally bounded away from zero. The
spaces CV*(Q) from Example a)(i) with wy, == My, x Q for all m e Ny, where
M,, = {8 e N¢ | |B] < min(m, k)}, are Fréchet spaces and thus barrelled if the .J
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in V¥ := (Vjm)jesmen, is countable by [I07, Proposition 3.7, p. 240]. Sufficient
conditions on the weights that guarantee that CV* () is a nuclear Fréchet space
and hence a Schwartz space as well can be found in [I11], Theorem 3.1, p. 188|. For
the case w,, = Nd x Q see the references given in [I11} p. 1].

If VE = Wk ie. CF(Q, E) is equipped with its usual topology of uniform conver-
gence of all partial derivatives up to order k on compact subsets of 2, Example[3.2.7]
¢)+d) can be improved to quasi-complete E. For = R? this can be found in [T58,
Proposition 9, p. 108, Théoréme 1, p. 111] and for general open Q c R? it is already
mentioned in [94 (9), p. 236] (without a proof) that CW*(Q, E) = CW"(Q)cE for
k € Ny and quasi-complete E. For k = co we even have CW™(Q, F) 2 CW™(Q)eFE
for locally complete E by [30, p. 228]. Our technique allows us to generalise the
first result and to get back the second result.

3.2.8. EXAMPLE. Let F be an IcHs, k € N, and Q c R? open. If k < oo and E
has metric ccp, or if k = oo and FE is locally complete, then

a) CWH(Q, E) =CWF(Q)eE, and
b) CWh 5y (2, E) 2 W} () (Q)E if CWh 5 (Q) is closed in CW"(Q).

ProOF. We recall from Example b) that W* is the family of weights
given by vk m(8,2) = xx(x), (B,x) € My, x Q, for all m € Ny and compact K c Q
where M, := {3 € N¢ | |8] < min(m, k)} and xf is the characteristic function of K.
We already know that the generator for (CW*, F) and (CW’IZ@), E) is strong and

consistent by Proposition [3.1.10] because W* is locally bounded away from zero
on ©, and CW"(Q) and its closed subspace CW’;(B)(Q) are Fréchet spaces. Let

feCWH(Q, E), K c Q be compact, m € Ny and consider
Niean(F) = {(0") P f(@)vrem(B,2) |2 € Q, Be My} ={0}u U (87)Ff(K).

BeMm

Ng.m(f) is compact since it is a finite union of compact sets. Furthermore, the
compact sets {0} and (0°)F f(K) are metrisable by [34, Chap. IX, §2.10, Proposi-
tion 17, p. 159] and thus their finite union Nk ,,,(f) is metrisable as well by [169,
Theorem 1, p. 361] since the compact set Nk ,,,(f) is collectionwise normal and
locally countably compact by [63, 5.1.18 Theorem, p. 305]. If E' has metric ccp,
then the set acx( Nk, (f)) is absolutely convex and compact. Thus Corollary
(iv) settles the case for k < co. If k = co and F is locally complete, we observe that
Kg = acx((0°)P f(K)) for f e CW™(Q, E) is absolutely convex and compact by
[29] Proposition 2, p. 354]. Then we have

Ngm(f) cacx( U Kp)
BeMy,

and the set on the right-hand side is absolutely convex and compact by [89] 6.7.3
Proposition, p. 113]. Again, the statement follows from Corollary (iv). O

The statement above for k = oo follows from Example[3.2.7e)+f) as well because
CW™(Q) and its closed subspaces are Fréchet-Schwartz spaces. In the context of
differentiability on infinite dimensional spaces the preceding example a) remains
true for an open subset 2 of a Fréchet space or DFM-space and quasi-complete
E by [129, 3.2 Corollary, p. 286]. Like here this can be generalised to E with
[metric] ccp. A special case of example b) is already known to be a consequence of
[30, Theorem 9, p. 232], namely, if k = co and P(9)¥ is hypoelliptic with constant
coefficients. In particular, this covers the space of holomorphic functions and the
space of harmonic functions. Holomorphy on infinite dimensional spaces is treated
in [52, Corollary 6.35, p. 332-333] where V = W, ) is an open subset of a locally
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convex Hausdorff k-space and E a quasi-complete locally convex Hausdorff space,
both over C, which can be generalised to E with [metric] ccp in a similar way.

For a second improvement of Example for k = oo to locally complete E
without the condition that CV*(Q) resp. CV5 (5 (€2) is a Fréchet-Schwartz space
we introduce the following conditions on the family V*° on (M, x Q)men,- We say
that a family V*° of weights on (M, x Q)men, is if

(i) VjeJ, meNy, BeMy: v;m(B,-)eC(Q),
(11) Y jeJ, meNo, B,y € My, €Q: vjn(B,7) =vjm(y,),
(iti)VijeJ meNgJieJ keNo,k>m,C>0V e My, xeQ, 1<n<d:
0% (B, )|(x) < Cvip (B, 2).
We say that family V¥, k € N, fulfils condition if
VmeNg,jeJIneNyy,,ieJVe>03I K cQcompactVpeMy,, ceQ\K:
Vj;m(ﬁv x) < 5”2}71(67 .’13)

where N,,,, := {n € Ny | n > m}. Here (V) stands for vanishing at infinity and
the condition was introduced in [I07, Remark 3.4, p. 239] and for k£ =0 in [16] 1.3
Bemerkung, p. 189].

3.2.9. EXAMPLE. Let F be an IcHs and V™ a directed C!'-controlled family of
weights on an open convex set  c R? which fulfils (V.,). If E is locally complete,
then

a) CVZ(Q, E) 2CV=(Q)eE if CV=(R) is barrelled, and
b) CVp9) (2, E) 2 CVE 5 (Q)eE if CVp45)(£2) is barrelled.

PROOF. We already know that the generator for (CV=, E) and (CVpy), F) is
strong and consistent by Proposition because V> is locally bounded away
from zero on Q as v; ,,,(8,-) is continuous for all j € J, m e Ny and S € M,,.

Let f e CV®(Q,E), jeJ, meNyand 8 € M,,. We set ¢:Q - E, g(z) :=
(0")E f(2)v;m(B,z), and note that

(0°)Pg(a) = (07 )P f(@)vjm(B,2) + (87)F f(2)((0° ) vy (B,))(2), @ e,

for all 1 < n < d. Since V= is directed and C'-controlled there are i1, € J,
kl,kg € No, ky > m, ko > m, and 01,02 > 0 such that

Pa((0°")Fg(x))
<pa (07 F(@))vjm (B, ) + pa((07)F F(2))](0°) vy (B, -)| ()
< Crpa((07)E f(2))viy i, (B, ) + Copa((07)F f(2) Wi 12 (B, )
= Cipa((07") P F(@))Vis 1y (B + €n, @) + Capa((97)F f(2) )i 1, (B, )
for all 1 <n <d and « € 2, which implies
sup  pa((87)"9(2)) < flsma+ Crilfli bra + Colflinta o
~eNg lyl<1

Thus g is (weakly) Cf.
Due to (V) there are n € Ny, and ¢ € J such that for all € > 0 there is a
compact set K c 2 such that for all 5 € M,, and x € Q2 \ K we have

uj,m(ﬁ,a:) < EVi,n(/Ba‘T)'

Since V= is directed, we may assume w.l.o.g. that v;,,(8,2) < v; ,(8,x) for all
x € ). This implies that the zeros of v; ,(3,-) are zeros of v;,(8,-). We define
h:Q - [0,00) by h(z) = v; n(B,2)/vjm(B,x) for z € Q with v;,,(5,2) # 0 and
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h(z) = 1if vj,,(B,2) = 0. We note that h(z) > 0 for all z € Q as the zeros of
v;n(B,-) are contained in the zeros of v;,,,(8,-). It follows that

(O7)F f(@)vjm(B,2)h(x) = (0°)* f(2)vin (B, )
for z € Q with vj,,(8,2) # 0 and (9°)F f(2)v; m(B,)h(x) = 0 for x € Q with
vim(B,x) = 0. Therefore (9°)F fv; ,(B,-)h is bounded on 2. Further,

eh(z) = evipn (B, 2) [vjm(B,x) 2 1
for x € @\ K with v ,,,(5,2) # 0 because (V) is fulfilled. Further, the zeros of
v; m(B,-) are contained in N := {z € Q| (%) f(2)v; m(B,2) = 0}. This yields that
Kz =acx((0°)F fvj.m(B,-)(Q)) is absolutely convex and compact by Proposition
and Furthermore,
Njm(f) = {(0°) P f(@)vjm(B,2) | w€Q, Be My} cacx( | Kp)
BeMy,

and the set on the right-hand side is absolutely convex and compact by [89], 6.7.3
Proposition, p. 113]. Finally, our statement follows from Corollary (iv). O

For the Schwartz space S(R?, E) and the multiplier space Oy (R? E) from
Example ¢) and d) an improvement of Example ¢) to quasi-complete E
is already known, see e.g. [I58], Proposition 9, p. 108, Théoréme 1, p. 111]. However,
due to Example [3:2.9]it is even allowed that F is only locally complete.

3.2.10. COROLLARY. If E is a locally complete lcHs, then S(R?, E) = S(R%)eE
and Oy (RE E) = Oy (RY)eE.

ProOF. We start with the Schwartz space. Due to Example a) and the
barrelledness of the Fréchet space S (Rd) we only need to check that its directed
family V= := (11 )men, of weights given by vy, (8,2) = (1 + |2>)™/2, z e RY, for
m e Ny and 8 € M,, is C'-controlled and fulfils (V..). Obviously, condition (i) and
(ii) are fulfilled. Since

[0°" 11, (B,)|(x) = (m/2) (1 + ) D7 2, | <m(1+ |2fF)™? = mu (8, 7)

for all 2 € R? and 1 < n < d, condition (iii) is also fulfilled. Thus V> is C'-controlled.
Noting that for every m € N and € > 0 there is r > 0 such that

(1 + o)™
(1 +[z[*)m

for all x ¢ B,.(0), we obtain that
Vl,m(ﬂam) < €V172m(6,$)

for all 2 ¢ B,.(0) and 8 € M,,,. Hence V> fulfils condition (V).

Now, let us consider the multiplier space. We already know that the generator
for (Op, E) is strong and counsistent by Proposition because Oy (R) is a
Montel space, thus barrelled, by [83, Chap. II, §4, n°4, Théoréme 16, p. 131] and
its family of weights is continuous on R%, thus locally bounded away from zero.

Let f e Oy (R, E), ge S(RY), me Ny and B € M,,. Then (0°)Ff e Oy (R, E)
and hence ((0%)F f)g € S(R?, E), which implies that ((0°)F f)g € C} (R, E). More-
over, we choose h:R% — (0,00), h(x) := 1+ |z[2. Then ((9°)¥ f)gh is bounded on
R? and for € > 0 there is 7 > 0 such that (1 + |z|?)7! < ¢ for all z ¢ B,(0), yielding
that Kz, := acx(((0°)F f)g(R?)) is absolutely convex and compact by Proposi-
tion [A.1.4) and |A.1.5| Let j c S(R?) be finite. Since for each 2 € R? we have
(0)E f(z) maxyej |g(x)| = € (0°)F f(x)§(z) for some e j and 6 € [0,27), we get

Njm(f) = {(0°)F f(z) max|g(z)| |z € R, Be My} cacx( |J  Kgy).
g€ BeMp, ,gej

=(1+ |ar|2)’m/2 <e
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The set on the right-hand side is absolutely convex and compact by [89, 6.7.3
Proposition, p. 113]. Finally, our statement follows from Corollary (iv). O

For an alternative proof in the case of the Schwartz space we may also use
Example e) since S(R?) is a Fréchet-Schwartz space. Example can
also be used for an alternative proof of Example if k = oo by observing that
CW=(Q,E) = CVZ(Q, E) for any IcHs E where V*° = {v € C°(Q) | v > 0} and
C(Q) is the space of functions in C*(2) with compact support.

Now, we improve Example for the special case of spaces of ultradifferen-
tiable functions £Mr)(Q, E) and £Mr} (Q, E) from Example e) and f) where
W = N& x Q for all m e Ny. For this purpose we recall the following conditions of
Komatsu for the sequence (M, )pen, (see [99] p. 26] and [101] p. 653]):

(M.0) My=M;=1,
) VpeN: M2< My 1My,
)’ JA,C>0VpeNg: Mp+1 SACP+1MP,
)

s oo My
Zp:l Mp

< 00.

3.2.11. EXAMPLE. Let E be an IcHs, Q c R? open and (M,,),en, a sequence of
positive real numbers.
a) EM)(Q, F) = EM)(Q)eE if E is locally complete.
b) EM}(Q, E) = M} (Q)eE if E is complete or semi-Montel and in both
cases (Mp)pen, fulfils (M.1) and (M.3)’.
c) EMLNQ E) = EMH(Q)eE if E is sequentially complete and (M,)pen,
fulfils (M.0), (M.1), (M.2)’ and (M.3)".

ProOOF. The generator is strong and consistent by Proposition [3.1.10]since the
family of weights given in Example e) resp. f) is locally bounded away from
zero on Q and £Mp)(Q) is a Fréchet-Schwartz space in a) by [99, Theorem 2.6,
p. 44] whereas £{M»}(Q) is a Montel space in b) and c) by [99, Theorem 5.12, p.
65-66]. Hence the statements a) and b) follow from Example

Let us turn to ¢). We note that £(M2}(Q, E) c E(M1(Q, E),. by Lemma
a) for any lcHs E. Further, we claim that Condition c) is fulfilled. Let
f" e EMp} (). Due to [I01, Proposition 3.7, p. 677] there is a sequence (fy, )ney in
the space DIM»}(Q) of ultradifferentiable functions of class {M,} of Roumieu-type
with compact support which converges to f’ in S{MP}(Q)g. Let f e EMH(QE).
We observe that for every e’ € E’

RN =] [ Fule)e! (F@)da] <A(supp(f) sup I (9)
4 yeKn(f)
where ) is the Lebesgue measure, supp(f,) is the support of f, and K,(f) :=
{fn(2)f(z) | = € supp(fn)}. The set K, (f) is compact and metrisable by [34]
Chap. IX, §2.10, Proposition 17, p. 159] and thus the closure of its absolutely
convex hull is compact in E as the sequentially complete space F has metric ccp.
We conclude that R}(fn) e (E)) = J(F) for every n € N. Therefore Condition
3.2.3| ¢) is fulfilled, implying statement c) for sequentially complete E by Theorem

324 O

The results a) and b) in this example are new whereas c¢) is already proved in
[101], Theorem 3.10, p. 678] in a different way. In particular, part a) improves [10T,
Theorem 3.10, p. 678] since Komatsu’s conditions (M.0), (M.1), (M.2)’ and (M.3)’
are not needed and the condition that E is sequentially complete is weakened to
local completeness. We included c¢) to demonstrate an application of Condition

E23c).




CHAPTER 4

Consistency

4.1. The spaces AP({, F') and consistency

This section is dedicated to the properties of functions which are compatible
with the e-product in the sense that the space of functions having these properties
can be chosen as the space AP(Q, E) or N,,car dom T2 in the Definition b) of
consistency. This is done in a quite general way so that we are not tied to certain
spaces and have to redo our argumentation, for example, if we consider the same
generator (T2, TX),car for two different spaces of functions.

Due to the linearity and continuity of u € FV(Q)eE for a dom-space FV(Q2)
and S(u) =wuod with 0:Q - FV(Q)', x ~ §,, these are properties which are purely
pointwise or given by pointwise approximation. Among such properties of func-
tions are continuity by Proposition Cauchy continuity by Proposition [4.1.3]
uniform continuity by Proposition continuous extendability by Proposition
continuous differentiability by Proposition [3.1.10] vanishing at infinity by
Proposition and purely pointwise properties of a function like vanishing on a
set by Proposition [£.1.10]

We collect these properties in propositions and in follow-up lemmas we handle
properties which can be described by compositions of defining operators T'Z L © Tn‘z
like continuous differentiability (of higher order) of Fourier transformations (see
Example [£.2.26). We fix the following notation for this section. For a dom-space
FVY(Q) and linear T: FV(Q) - K@ we set (6 o T)(x)(f) = (65 o T)(f) = T(f)(x)
for all z € Q and f e FV(RQ).

4.1.1. PROPOSITION (continuity). Let Q be a topological Hausdorff space and
FV(Q) a dom-space such that FV(Q) c C() as a linear subspace. Then S(u) €
C(E) for allue FV(Q)eE if § e C(Q, FV(Q)1).

PROOF. Let ue FV(Q)eE. Since S(u) =uod and § € C(Q, FV(Q)!,), we obtain
that S(u) is in C(Q, F). O

Now, we tackle the problem of the continuity of 0:Q - FV(Q)/. in the proposi-
tion above and phrase our solution in a way such that it can be applied to show the
continuity of the partial derivative (0°)%(S(u)) as well (see Proposition [3.1.11)).
We recall that a topological space 2 is called [completely reqular|if for any non-empty
closed subset A c Q and x € Q \ A there is f € C(£2,[0,1]) such that f(x) =0 and
f(z) =1 for all z € A (see [88] Definition 11.1, p. 180]). Examples of completely
regular spaces are uniformisable, particularly metrisable, spaces by [88, Proposition
11.5, p. 181] and locally convex Hausdorff spaces by [65, Proposition 3.27, p. 95].
A completely regular space () is a if for any completely regular space Y
and any map f:Q) - Y, whose restriction to each compact K c 2 is continuous,
the map is already continuous on 2 (see [37, (2.3.7) Proposition, p. 22]). Examples
of kg-spaces are completely regular k-spaces by [63, 3.3.21 Theorem, p. 152]. A
topological space €2 is called (compactly generated space) if it satisfies the
following condition: A c Q is closed if and only if An K is closed in K for every
compact K c Q. Every locally compact Hausdorff space is a completely regular

37
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k-space. Further, every sequential Hausdorff space is a k-space by [63] 3.3.20 The-
orem, p. 152], in particular, every first-countable Hausdorff space. Thus metrisable
spaces are completely regular Hausdorft k-spaces. Moreover, the dual space (X', 7.)
with the topology of compact convergence 7. is an example of a completely regular
Hausdorff k-space that is neither locally compact nor metrisable by [I78] p. 267] if
X is an infinite-dimensional Fréchet space.

We denote by CW(Q2) the space of scalar-valued continuous functions on a
topological Hausdorff space 2 with the topology 7. of compact convergence, i.e. the
topology of uniform convergence on compact subsets, which itself is the weighted
topology given by the family of weights W := W° := {xx | K c © compact}, and
by Cy(£2) the space of scalar-valued bounded, continuous functions on € with the
topology of uniform convergence on (2.

4.1.2. LEMMA. Let Q be a topological Hausdorff space, FV(2) a dom-space
and T: FV(Q) — C(Q) linear. Then 60T € C(Q, FV(R).) in each of the subsequent
cases:

(i) Q2 is a kr-space and T: FV(Q2) - CW(Q) is continuous.
(i) T:FV(Q) - Cp(Q) is continuous.

PRrOOF. First, if x € Q and (z,)re7 is a net in Q converging to z, then we
observe that

(62, o T)(f) =T(f)(z7) > T(f)(x) = (62 2 T)(f)
for every f e FV(Q) as T(f) is continuous on {.

(i) Verbatim as in Proposition [3.1.11] a).
(ii) There are j € J, m e M and C > 0 such that

sup (62 2 T) ()] = sup T(f) (@) < Clfl7v(@).im

for every f € FV(§2). This means that {0, 0T | x € Q} is equicontinuous in FV()’,
yielding the statement like before. O

The preceding lemma is just a modification of [16], 4.1 Lemma, p. 198] where
FV(Q) = CV(£2), the Nachbin-weighted space of continuous functions, and T = id.

Next, we turn to Cauchy continuity. A function f:Q - F from a metric space
Q to an IcHs E is called [Cauchy continuousif it maps Cauchy sequences to Cauchy
sequences. We write for the space of Cauchy continuous functions from
0 to E and set CC(§2) := CC(2,K).

4.1.3. PROPOSITION (Cauchy continuity). Let Q2 be a metric space and FV(Q)
a dom-space such that FV(Q) c CC(Q) as a linear subspace. Then S(u) € CC(Q, E)
for all ue FY(Q)eE if § e CC(Y, FV(Q2)1.).

PROOF. Let u e FV(Q)eFE and (z,) a Cauchy sequence in Q. Then (¢, ) is a
Cauchy sequence in FV(Q)/, since § € CC(Q, FV(2)..). It follows that (S(u)(zy,)) is

a Cauchy sequence in E because u is uniformly continuous and u(d,, ) = S(uw)(zy).
Hence we conclude that S(u) € CC(Q, E). O

For the next lemma we equip the space CC()) with the topology of uniform
convergence on precompact subsets of €.

4.1.4. LEMMA. Let FV(Q2) be a dom-space and T € L(FV(Q2),CC(Q)) for a
metric space . Then 60T € CC(Q, FV(Q).).

PRrROOF. Let (z,,) be a Cauchy sequence in 2. We have (8, oT)(f) =T (f)(xx)
for every f e FV(Q2), which implies that ((J, o T)(f)) is a Cauchy sequence in
K because T(f) € CC(2) by assumption. Since K is complete, it has a unique
limit Too (f) = limp—e0 (02, © T)(f) defining a linear functional in f. The set N :=
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{z,, | n € N} is precompact in 2 since Cauchy sequences are precompact. Hence
there are j € J, me M and C > 0 such that

sup |(8z,, e T)(S)] = sup T(F) (@) < ClflFv(@).jm

for every f € FV(Q). Therefore the set {4, oT | n € N} is equicontinuous in FV(Q)’,
which implies that T, € FV(2)" and the convergence of (d,,, oT') to T in FV(Q)
due to the observation in the beginning and the fact that v(FV(Q), FV(Q)) and
a(FV(Q)', FV(Q)) coincide on equicontinuous sets. In particular, (d,, oT) is a
Cauchy sequence in fV(Q)'W. Furthermore, for every z € ) we obtain from the
choice x,, = z for all n € N that 0, o T € FV(Q)". Thus the map ¢ o T:Q - FV(Q)]
is well-defined and Cauchy continuous. (|

The subsequent proposition and lemma handle the analogous statements for
uniform continuity. For a metric space Q we denote by [C, ({2, F)| the space of
uniformly continuous functions from Q to E and set C, () := C, (), K).

4.1.5. PROPOSITION (uniform continuity). Let (2,d) be a metric space and
FV(Q2) a dom-space such that FV(2) c C,(2) as a linear subspace. Then S(u) €
Cu(Q,E) for all ue FV(Q)eE if § € Cu(2, FV(Q).)]]

PrOOF. Let (z,), () be sequences in Q with lim, . d(z,,2,) =0 and u €
FV(Q)eE. Then (4., —d,, ) converges to 0 in FV(Q)!. because 0 € C,, (2, FV(Q)1.).
As a consequence (S(u)(zn) —S(u)(zy)) converges to 0 in E since u is uniformly
continuous and u(d,, —d;, ) =S(u)(zn) - S(u)(x,). Hence we conclude that S(u) €
Cu(, E). O

For the next lemma we mean by Cp, () the space of scalar-valued bounded,
uniformly continuous functions equipped with the topology of uniform convergence
on a metric space (2.

4.1.6. LEMMA. Let FV(Q) be a dom-space and T € L(FV(Q),Cpu(Q)) for a
metric space (2,d). Then §oT €C,(Q, FV(Q)?,).

PROOF. Let (z,) and (x,) be sequences in  such that lim, e d(zn,zy) = 0.
We have

(62, 0T =0, o T)(f) =T(f)(zn) = T(f)(zn)
for every f e FV(Q), which implies that (6., oT - d,, oT)(f) converges to 0 in K

for every f € FV(Q) because T(f) € C,,(2). There exist j € J, me M and C >0
such that

sup|(0z, o T =0z, o T)(f)| < 2su(I?{IT(f)(ﬂﬂ)l < 201f17v(9),jm

neN T

for every f e FV(Q2). Therefore the set {3, oT -8, oT |neN} is equicontinuous
in FY(Q)" and we conclude the statement like before. O

Let us turn to continuous extensions. Let X be a metric space and 2 c X. We
write for the space of functions f € C(2, E) which have a continuous
extension to Q and set C°“*(2) := C***(Q, K).

4.1.7. PROPOSITION (continuous extendability). Let X be a metric space, 2 c X
and FV(Q) a dom-space such that FV(Q) c C**() as a linear subspace. Then
S(u) e C(Q, E) for all ue FV(Q)eE if 6 € C*H(Q, FV(Q)L).

IHere, we use the symbol u for elements in FV(Q)eE instead of the usual u to avoid confusion
with the index u of C, (Q2) resp. Cu (92, E).



40 4. CONSISTENCY

PROOF. Let u € FV(Q)eE. There is 6" € C(Q, FV(Q);,) such that §*' = § on
Q) since § € C***(Q, FV(Q)".). Moreover, uod*** € C(Q, E) and equal to S(u) =uod
on (, yielding S(u) € C***(Q, E). O

For the next lemma we equip C**(Q2) with the topology of uniform convergence
on compact subsets of €.

4.1.8. LEMMA. Let X be a metric space, Q ¢ X, FV() a dom-space and
T e L(FV(Q),C*(2)). Then §oT € C"(Q, FV(Q).) if FV(Q) is barrelled.

PrOOF. From Lemma (i) we derive that 0T € C(€2, FV(Q)’)). Let x € 9Q
and (z,) be a sequence in Q with z,, > z. Then (J,, oT) is a sequence in FV(2)’
and

Jim (6, 0 T)(f) = lim T() () = (557 o T)(/)

in K for every f € FV(£2), which implies that (5, oT") converges to 65**oT pointwise
on FV(Q) because T(f) € C***(Q). As a consequence of the Banach-Steinhaus
theorem we get (05" o T) € FV(Q)" and the convergence in FV(Q).,. O

Let FV(Q, E) be a dom-space, X a set, & a family of sets and 7: U,pepr wim = X
such that Ugeg K ¢ X. We say that a function f € M,cps dom TE
[infinity in the weighted topology w.r.t. (7, R)|if

Ve>0,jeJ meM,acdIKeR: sup pa(Tﬁ(f)(a:))z/jm(x) <e. (16)

m

m(z)¢K

Further, we set
AP, g(UE):={fe (O domT} | f fulfils (I6)}.

meM
4.1.9. PROPOSITION (vanishing at co w.r.t. to (m,R)). Let (TE TX) e be
the generator for (FV,E), let FV(Q,Y) c AP, «(,Y) as a linear subspace for
Y e {K,E} and 8 be closed under taking finite unions.
(i) If for all u e FV(Q)eE it holds that S(u) € Nperr dlom(TE) and
VmeM, zewpy: (TmES(u))(x):u(Tgf’x), (17)
then S(u) € AP, g(Q, E) for all we FV(Q)eE.
(ii) If for all ¢’ € E' and f € FV(Q, E) it holds that €' o f € Nypepnr dom(TX)
and
Vme M,z ewn: Tu(e o f)(x)= (e o Tr (f))(2), (18)
then €' o f e AP, 4(Q) for all e’ € E' and f e FV(Q, E).

PRrROOF. (i) We set B; ., :={f € FV(Q) | |f|jm <1} for j e J and m e M. Let
ue FY()eE. The topologies o (FV(Q)', FV(Q)) and k(FV (), FV(R2)) coincide
on the equicontinuous set B;, and we deduce that the restriction of u to Bj , is
o(FV(Q)', FY(Q))-continuous.

Let e >0, jeJ,meM, aeand set Uy :={x € E|po(z) <e}. Then there
are a finite set N c V() and 7 > 0 such that u(f’) € U, for all f’ € Vi ,, where

Vi = 4 e V) supl /(N <n} 0 Bl

because the restriction of u to BS,, is o(FV(Q2)’, FV(Q2))-continuous. Since N c

FV(Q) is finite, FV(Q) c AP, x(Q) and £ is closed under taking finite unions,
there is K € £ such that

sup [TEC) @l (@) < (19)
Tr(a:);nK
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for every f e N. It follows from and (the proof of) Lemma that
Dre¢k . jm = {TE,E(')Vj,m(x) |2 €wm, m(z) ¢ K} c VN

and thus w(Dxre¢x,jm) € Uqe. Therefore we have

S pa(TES)@)n() = s pa(u(TE )y e) <=
‘n'(w);nK Tl'(i);nK

Hence we conclude that S(u) € AP, ¢(2, E).
(ii) Let € >0, f € FV(Q, E) and ¢’ € E'. Then there exist o € 2 and C > 0 such
that |¢/(z)| < Cpy(z) for every x € E. For j € J and m € M there is K € £ such that

sup Pa( T (f)(2))vjm () < %

m

m(x)¢K
since FV(Q, E) c AP, ¢(, E). It follows that

swp [T 0 N@Min(@) = s [TEO@) (@) <05 ==
m(x)eK m(x)¢K

yielding e’ o f € AP, (). O

The first part of the proof above adapts an idea in the proof of [16], 4.4 Theo-
rem, p. 199-200] where (T2, TX),enr = (idge,idge) which is a special case of our
proposition.

Our last proposition of this section is immediate. For w c Q we set AP, (2, F) :=
{feE®|Vaew: f(x)=0} and AP,(Q) := AP, (Q,K).

4.1.10. PROPOSITION (vanishing on a subset). Let w c Q and FV(2) a dom-
space such that FV(Q) c AP,(Q) as a linear subspace. Then S(u) € AP, (Q, E)
for all u e FY(Q)eE.

4.2. Further examples of e-products

In Chapter |3| we dealt with weighted spaces of continuously partially differen-
tiable functions. Now, we treat many examples of weighted spaces FV({, F) of
functions with less regularity on a set {2 with values in a locally convex Hausdorff
space E over the field K. Applying the results of the preceding sections, we give
conditions on E such that FV(Q) and FV(Q, E) are e-compatible, in particular,
that

FV(Q,E)2FV(Q)eE
holds. We start with the simplest example of all. Let Q2 be a non-empty set and
equip the space E® with the topology of pointwise convergence, i.e. the locally
convex topology given by the seminorms

k.0 = sg}gpa(f(m))XK(af), feE®,

for finite K c  and o € A. To prove EYo =~ KNocE for complete E is given as an
exercise in [94] Aufgabe 10.5, p. 259], which we generalise now.

4.2.1. EXAMPLE. Let Q be a non-empty set and E an IcHs. Then E% = K®cE.

ProOF. The strength and consistency of the generator (idge, idge) is obvious.
Let f € E, K c Q be finite and set Nx (f) == f(Q)xx (). Then we have Ng (f) =
fIK)u{0}if K #Q, and Ng(f) = f(K) if K =Q. Thus Ng(f) is finite, hence
compact, Ni (f) cacx(f(K)) and acx(f(K)) is a subset of the finite dimensional
subspace span(f(K)) of E. It follows that acx(f(K)) is compact by |89, 6.7.4
Proposition, p. 113], implying our statement by virtue of Corollary (iv). O
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The next example will give us the counterpart of Example a) on the level
of sequence spaces. Let Q be a set, E an IcHs and V := (v;)e; a directed family of
weights v;: Q0 — [0, 00) on . We set

V(Q, E)|:={f € E% |Vjed, aed: |flja:= sggpa(f(x))yj(x) <oo}

and (V(Q) = V(Q,K).

4.2.2. EXAMPLE. Let E be an IcHs, (Q,d) a|uniformly discrete metric space,
i.e. there is 7 > 0 such that d(z,y) > r for all z,y € Q, z # y, and V = (v})jes 2
directed family of weights on  such that

VjieJIdieJVe>03KcQcompactVaeQ\K: vj(x)<ey(z). (20)
If E is locally complete, then {V(Q, E) 2 (V(Q)eE.

ProOOF. Let f e (V(Q,F) and j e J. Then fr; is bounded on by definition
of LV(Q, E). Since (Q,d) is uniformly discrete, there is r > 0 such that

pa(f(2)v;(2) - f(y)v;(y))
d(z,y)

for every o € 2. Therefore fv; e CZE”(Q, E) where

2
S;|f|j’a<00, T,ye, x+y,

CF](Q,E) = {g € E% |YaeA: suppa(g(z)) <ooand sup Pa(9(2) = 9(y)) < oo}.

zeQ x,yeQ d(x, y)
T#Y
Due to there is i € J such that for all £ > 0 there exists a compact set K c
such that vj(z) <ev;(x) for all x € O~ K. As V is directed, we may assume w.l.o.g.
that v;(z) <v;(z) for all z € Q. This implies that the zeros of v; are zeros of v;. We
define h:Q - [0,00) by h(x) := v;(z)/v;(z) for z € Q with v;(x) # 0 and h(z) =1
if vj(x) =0. We observe that h(z) > 0 for all z € Q as the zeros of v; are contained
in the zeros of v;. It follows that

f@)vi(@)h(z) = f(z)vi(x)
for z € Q with v;(x) # 0 and f(x)v;(x)h(z) = 0 for € Q with v;(z) = 0. Hence
fv;h is bounded on €. Further,
eh(x) = ev;(z)/v;(x) > 1,
for z € O\ K with v;(z) # 0 because is fulfilled. Moreover, the zeros of v;
are contained in N := {z € Q| f(x)v;(x) = 0}. This yields that acx(fr;(Q2)) is

absolutely convex and compact by Proposition [AT4] So our statement follows

from Corollary (iv). O

Let us apply the preceding result to some known sequence spaces. We recall

that a matrix A := (ax;), jen Of non-negative numbers is called |Kothe matria)if it

fulfils:

(1) VkeN3jeN: ap; >0,

(2) VE,jeN: ar; <agjo.
We note that what we call k is usually called j and vice-versa (see e.g. [131], Def-
inition, p. 326]). But the notation we chose is more in line with the meaning of

J in our Definition [B.1.3] of a weight function and therefore we prefer to keep our
notation consistent. For an IcHs E we define the

A2 (A, E)|i={x = (z) e BV |VjeN, aeA: |z]j4:=suppa(2r)ag; < oo}
keN
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and the spaces of E-valued rapidly decreasing sequences which we need for some

theorems on Fourier expansions (see Theorem [5.6.13] Theorem [5.6.14) by
S(Q, E)|:={x=(x1) e B2V jeN, ae: |z :=suppa(ar)(1+k[*)/? < o}
keQ)

with Q = N4, N¢, Z4. Further, we set A*(A) = A\*(4,K) and s(Q) := s(Q, K).

4.2.3. COROLLARY. Let E be a locally complete lcHs.
a) If A= (ak;), ey is o Kithe matriz such that

VjeN3IieNVe>03IKeNVEkeN k>K: aj<cag, (21)

then A° (A, E) 2 A*(A)eE.
b) s(E)=zs(N)eE for Q=N4 N 74,

PrOOF. We observe that N and 2 are uniformly discrete metric spaces if they
are equipped with the metric induced by the absolute value. Further, a set in a
discrete space is compact if and only if it is finite. In case b) we set v;:Q — (0, o),
vi(k) := (1 +|k[?)’/? for j € N. Then for € > 0 there is K € N such that

(L+ k)7
(1 +k[2)7
for all k € Q with |k| > K. In both cases the family of weights are directed, in case

a) due to condition (2) of the definition of a Kéthe matrix. Hence we can apply
Example [£.2.2]in both cases. O

S (L4 k) <

Due to [I31, Proposition 27.10, p. 330-331] condition is equivalent to
A%®(A) being a Schwartz space. Since A*(A) is also a Fréchet space by [131]
Lemma 27.1, p. 326], another way to prove Corollary a) (and b) as well) is

given by Corollary (ii).

Our next examples are Favard-spaces. Let E be an IcHs, 0 <y < 1, £ a compact
Hausdorff space, ¢:[0,00) x 2 — Q a continuous ie.
(t+r,s)=p(t,p(r,s)) and ¢(0,s)=s, trel0,00), s,

and (TF)eo the induced semigroup given by TF:C(Q,E) — C(Q,E), TE(f) :=
f(@(t,-)). The semigroup (TX)sso is (equi-)bounded and strongly continuous by

[62] Chap. II, 3.31 Exercises (1), p. 95]. The vector-valued of order ~
of the semigroup (T )sso is defined by

Fy(QLE)={feC(QE)|Vae: 55g>opa(’T“tE(f)(x) - f(@)t77 < o0}

equipped with the system of seminorms given by
[fla = max(suppa(f(@)), sup pa(T7(£)(@) = f@DT), feF(QE),
e e, t>

for a € A (see [39, Definition 3.1.2, p. 160] and [39, Proposition 3.1.3, p. 160]).
Further, we set F,(Q) := F,(Q,K). F,(Q, F) is a dom-space, which follows from
the setting w := [0,00) x Q, domTF := C(Q, E) and T¥:C(Q, E) — E* given by

TE(£)(0,2) = f(z) and TP(f)(t,z) =TF(f)(z) - f(z), t>0,z€Q,

as well as AP(, E) := E* and the weight given by v(0,z) := 1 and v(t,z) =t
for t >0 and z € Q.

4.2.4. EXAMPLE. Let F be a semi-Montel space, 0 <y <1, 2 a compact Haus-
dorft space, ¢:[0,00) x Q - Q a continuous semiflow. Then F,(Q, E) = F,(Q)eE
holds for the Favard space of order 7 of the induced semigroup (7;7)so-
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PrOOF. The generator (1T7,T) for (F,, E) is consistent by Proposition
and Lemma b)(ii). Its strength is clear. Thus our statement follows from
Corollary (iii). O

The space of[cadlag functionson a set € ¢ R with values in an 1cHs E is defined
by

D(Q,E):={feE?|VzeQ: lim f(w)=f(z)and lim f(w) exists}
w—T+ W~
Further, we set D(f2) := D(Q,K). Due to Proposition the maps given by
|f|K,a = Sugpa(f(x))XK(x)v fED(Q7E)7
TeE

for compact K c 2 and « € 2 form a system of seminorms inducing a locally convex
Hausdorff topology on D(f2, E).

4.2.5. EXAMPLE. Let E be an IcHs and Q c R locally compact. If E is quasi-
complete, then D(Q)eE = D(Q, E).

PRrOOF. First, we show that the generator (idge,idge) for (D, F) is strong
and consistent. The strength is a consequence of a simple calculation, so we only
prove the consistency explicitly. We have to show that S(u) € D(Q,E) for all
ue D(Q)eE. Let x € Q be an accumulation point of [z,00) N resp. (—oo, 2] N €,
(%) be a sequence in 2 such that x, - x+ resp. x, —» x-. We have

0z, (f) = f(zn) > f(2) = 6.(f), mn >+,
and
5In(f) :f(xn) _’Jl_{gof(xn) = T(f)(x)v Ty > T,

for every f e D(€2), which implies that (J,,) converges to ¢, if z, - x+, and to
§z 0T if &, - z- in D(Q)’. Since Q is locally compact, there are a compact
neighbourhood U(x) ¢ Q of x and ng € N such that z,, € U(x) for all n > ng. Hence
we deduce

sup [0z, ()| < |flv )

nang
for every f e D(Q2). Therefore the set {d,, | n > ng} is equicontinuous in D(Q)’,
which implies that (d,,) converges to d, if x, - 2+ and to 6, o T if z, - 2- in
D(Q)’, and thus in D(Q2);,. From
S(u)(z) =u(0z) = lim u(d,,) = im S(u)(z,), xn—> z+,

and

u(0z0T) = lim u(d,,) = im S(u)(z,), xn—z-,
for every u € D(Q)eF follows the consistency. Second, let f € D(Q,E), K c Q be
compact and consider Ng (f) = f(Q)xx(Q). We observe that Nk (f) = f(K)u{0}
it K #Q, and Ng(f) = f(K) if K = Q. We note that Nk (f) c acx(f(K)) and

acx(f(K)) is absolutely convex and compact by Proposition [A.1.1] because F is
quasi-complete. Thus we derive our statement from Corollary |3.2.5) O

We turn to Cauchy continuous functions. Let 2 be a metric space, E an lcHs
and the space CC(Q), E') of Cauchy continuous functions from 2 to E be equipped
with the system of seminorms given by

|fl&,a = Sulgpa(f(x))XK(x), [eCC(Q,E),
for K c Q) precompact and « € .

2We note that for o € Q we only demand limy, o+ f(w) = f(z) if z is an accumulation point of
[z, 00)NQ, and the existence of the limit limq, .- f(w) if z is an accumulation point of (-0, z]NQ.
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4.2.6. ExaAMPLE. Let E be an IcHs and 2 a metric space. If E is a Fréchet
space or a semi-Montel space, then CC(Q2, E) 2 CC(Q)eE.

PrOOF. The generator (idge,idge) for (CC,E) is consistent by Proposition
with Lemma Its strength follows from the uniform continuity of every
e’ € . First, we consider the case that E is a Fréchet space. Let f € CC(Q, F), K c
Q be precompact and consider Ng (f) = f(Q)xx(Q). Then Ng(f) = f(K)u{0} if
K #Q,and Nk (f) = f(K) if K =Q. The set f(K) is precompact in the metrisable
space E by [13, Proposition 4.11, p. 576]. Thus we obtain CC(Q2, E) c CC(Q, E),
by virtue of Lemma c). Since E is complete, the first part of the statement
follows from Theorem with Condition a). If F is a semi-Montel space,
then it is a consequence of Corollary (iii). O

Let (©,d) be a metric space, E an lcHs and the space |Cp, (€2, E')| of bounded
uniformly continuous functions from ) to E be equipped with the system of semi-
norms given by

|f|a = Sugpa(f(x))a f € Cbu(QvE)a
for o € .

4.2.7. EXAMPLE. Let F be an IcHs and (§,d) a metric space. If F is a semi-
Montel space, then Cp, (2, E) = Cpy (Q)eE.

PRrOOF. The generator (idge,idge) for (Cpy, E') is consistent by Proposition
with Lemma It is also strong due to the uniform continuity of every
e’ € F', yielding our statement by Corollary (iii). O

4.2.8. REMARK. If N is equipped with the metric induced by the absolut value,
then Cpy(N,E) = ¢°(N,E) where ¢*(N,E) is the space of bounded E-valued
sequences. If F is a separable infinite-dimensional Hilbert space, then the map
S:Cpu(N)eE - Cpy (N, E) is not surjective by [17, 2.8 Beispiel, p. 140] and [94, Satz
10.5, p. 235-236]. Hence one cannot drop the condition that F is a semi-Montel
space in Example [£:2.7]

Let (Q,d) be a metric space, z € Q, E an IcHs, 0 <y < 1 and define the space
of F-valued y{Holder continuous| functions on 2 that vanish at z by

CDI(QB)={f e E® | f(2) =0and V ae A+ [f]a < o0}

where ( () ( ))
_ palf(x) = f(w
|fla = R T T

The topological subspace [C. (2, E)| of y-Hélder continuous functions that vanish

at infinity consists of all f € C1"'(Q, E) such that for all £ > 0 there is § > 0 with
pa(f(@) = f(w))
<e

z,weQ d(‘T,w)V
0<d(z,w)<d
Further, we set CLW](Q) = CL’Y](Q,K) and CEYO](Q) = CQO](Q,K). Moreover, we
define M := J := {1}, wy = Q> {(z,2) |z € Q} and TF: E? - B TE(f)(w,w) :=
f(z) - f(w), and

1
viwr = [0,00), vy (z,w) = W

Then we have for every a € 2 that
fla= sup pa(TEF) (@, w))viq(z,w), fecDI(Q B).

T,W)ew
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4.2.9. ExAMPLE. Let E be an IcHs, (Q,d) a metric space, z € Q and 0 <~ < 1.
Then

a) cV(Q, F) =D (Q)eE if E is a semi-Montel space,
b) CEYO] (L, E) = CZ} (2)eE if Q is precompact and E quasi-complete.

PROOF. Let us start with a). From Proposition for vanishing at z and
a simple calculation follows that (T, T[) is a strong and consistent generator for
(CL’Y],E). This proves part a) by Corollary (iii). Concerning part b), we set
&= {{(z,w) e Q? | d(w,w) > 6} | 6 > 0}, and let mwi — w; be the identity. Then
e, B) = cV(Q,E) 0 AP, «(Q, E) with AP, 4(,E) from Proposition
and the generator (TF, T) for (CQ&,E) is strong and consistent by Proposition
[4.1.10[for vanishing at z and Proposition [4.1.9|for vanishing at infinity w.r.t. (7, £).

Let fe CE?&(Q,E) and K := {(z,w) € Q? | d(z,w) > §} for § > 0. For

Nreres 1.1 (f) = AT (F) (@, w)vna(w,w) | (w,0) € Ky} = { L2208 | (2, w) € K}
we have
Nrersa,1(f) € 67 {e(f(2) - f(w)) |z, w e, | <1}
= 57 eh(F(9) - £()).
The set () is precompact because  is precompact and the y-Holder continuous
function f is uniformly continuous. It follows that the linear combination f(€2) -
f(Q) is precompact and the circled hull of a precompact set is still precompact by
[I53, Chap. I, 5.1, p. 25]. Therefore Ny cx, 1,1(f) is precompact for every ¢ > 0,
giving the precompactness of
Nia(f) = {TE (F) (@, w)vi1(z,w) | (z,w) ewi}

by Proposition Hence statement b) is a consequence of Corollary (iv),
Proposition [A71.6] and the quasi-completeness of E. O

Let © be a topological Hausdorff space and V := (v;);es a directed family of
weights v;: Q2 - [0,00). The weighted space of continuous functions on Q with
values in an IcHs F is given by

CV(LE):={feC(ULE)|Vjed aeA: |f|jo<oo}

where
| fljo = il:gpa(f(w))vg'@)

Its topological subspace of functions that vanish at infinity in the weighted topology
is defined by

CVo(SL E)|:={f eCV(Q,E)[VjeJ aed e>0

3 K c Qcompact : |flowk,ja <€}

where

[floskja = sup pa(f(2))v;(z).
zeONK

Further, we define CV(Q2) := CV(2,K) and CVy(2) := CV(Q,K). In particular, we
set [Co(Q, E)|:= CV(Q, E), i.e. the space of bounded continuous functions, and have
CVo( E) =Co(Q, E)if V= {1}. In [15,[16] [17] Bierstedt studies these spaces in the
case that V is a[Nachbin-famili] which means that the functions v; are upper semi-
continuous for all j € J and directed in the sense that for ji,j2 € J and A > 0 there
is j3 € J such that A\v; ,Av;, < vj,. Formally this is stronger than our definition
of being directed in Remark ¢). The notion U < V for two Nachbin-families
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means that for every p e U there is v € V such that p < v. One of his main results
from [17] is the following theorem.

4.2.10. THEOREM ([I7, 2.4 Theorem (2), p. 138-139]). Let E be a quasi-
complete IcHs, Q a completely regular Hausdorff space and V a Nachbin-family
on Q. If

(i) Z:={v:Q - R|v constant, v>0} <V, or
(1)) W:={puxk | >0, K cQ compact} <V and ) is a kr-space,
then CVo(Q, E) 2 CVo(Q)eE.

We note that CW(Q, E) = CW(Q, E) with our definition of W = {xx | K c
Q compact} from above Lemma m The only difference is that W is not a
Nachbin-family because it is not directed in the sense of Nachbin-families but in
the sense of Remark[3.1.6]c). We improve this result by strengthening the conditions
on 2 and V which allows us to weaken the assumptions on F.

4.2.11. ExaMPLE. Let F be an IcHs, 2 a locally compact topological Hausdorff
space and V a directed family of continuous weights on €.

(i) If E has ccp, or
(ii) if F has metric ccp and {2 is second-countable,

then CVo(Q, E) 2 CVo(Q)eE.

ProOOF. We set &:= {K c Q| K compact} and m:Q — Q, 7(x) := z. It follows
from Proposition [{.1.1] combined with Lemma[4.1.2] (i) (continuity) and Proposition
(vanish at infinity w.r.t. (7, £)) that the generator (idge,idge) is strong and
consistent since V is a family of continuous weights and €2 a kg-space due to local
compactness.

Let f € CVo(Q%, E), j € J and consider N;(f) = (fr;)(Q). By Proposition
[A1.3|the set K :=acx(N;(f)) is absolutely convex and compact as fv; € Co(§2, E),
implying our statement by Corollary (iv). O

4.2.12. EXAMPLE. Let E be an IcHs and Q a [metrisable] kg-space. If E has
[metric] ccp, then CW(Q, E) 2 CW(Q)eE.

PRrOOF. First, we observe that the generator (idge,idge) for (CW, E) is con-
sistent by Proposition and Lemma b)(i). Its strength is obvious. Let
f e OW(Q,E), K c Q be compact and consider Nk (f) = f(Q)vkx(Q2). Then
Ni(f) = f(K)u {0} if K # Q, and Ng(f) = f(K) if K = Q, which yields that
Nk (f) is compact in E. If Q is even metrisable, then f(K') is also metrisable by
[34, Chap. IX, §2.10, Proposition 17, p. 159] and thus the finite union Ng(f) as
well by [169, Theorem 1, p. 361] since the compact set Ng(f) is collectionwise
normal and locally countably compact by [63] 5.1.18 Theorem, p. 305]. Further,
acx(Ng (f)) is absolutely convex and compact in F if E has ccp resp. if  is metris-
able and FE has metric ccp. We conclude that CW(Q, E) 2 CW(Q)eE if E has ccp
resp. if  is metrisable and F has metric ccp by Corollary (iv). O

Bierstedt also considers closed subspaces of CV(€2) and CVy(2), for instance
subspaces of holomorpic functions on open €2, and of holomorpic functions on the
inner points of Q which are continuous on the boundary in [I7, 3.1 Bemerkung, p.
141] and [I7, 3.7 Satz, p. 144].

Let 2 c C be open and bounded and F an IcHs over C. We denote by
the space of continuous functions from Q to an lcHs E which are holomorphic on
Q and equip A(Q, F) with the system of seminorms given by

|fla =suppa(f(z)), feAQ,E),

zeQd
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for a e A. We set A(Q) = A(Q,C), J:=M:={1} and v; ; :=1 on Q.

~4.2.13. EXAMPLE. Let E be an IcHs and © c C open and bounded. Then
A(Q, F) 2 A(Q)eE if E has metric ccp.

Proor. The space A(Q) is a Banach space and hence barrelled. The inclusion
I: A(Q) » W3 (Q2) is continuous due to the Cauchy inequality (I is an inclusion
due to the identity theorem). It follows from Proposition 4.1.1] Lemma b)(i),

Proposition [3.1.11| ¢) and that the generator (id,q,idg) is consistent and as

in Proposition [3.1.10] that it is strong, too.

Let f e A(Q,E) and N1 1(f) = f(Q). The set K :=acx(N1,1(f)) is absolutely
convex and compact by Proposition since f € C(Q, E) = Co(Q, E), implying
our statement by Corollary (iv). O

For quasi-complete E this is already covered by [17, 3.1 Bemerkung, p. 141].
More general than holomorphic functions, we may also consider kernels of hypoel-
liptic linear partial differential operators in CV(2) and CVo(Q2). For an open set
Q c RY, a directed family V = (v;)jen of weights v;:Q — [0,00), an IcHs E and a
linear partial differential operator P(9)¥ which is hypoelliptic if E = K we define
the space of zero solutions

CVpo) (S, E):={f EC}’;@)(Q,E) |VjeN, aeA: |f]ja<oo},
where |C5 5, (2, E)|is the kernel of P(0)* in C*(), E),
|flja = Sugpa(f(ﬂﬁ))l/j(ﬂﬁ),

and its topological subspace

CTL e B = Vo) (2, ) nCVi(. ).

Further, we set CV p(5y(2) := CV p(p) (2, K) and CVy p(s)(2) := CVy p(a) (2, K). We
say that V is [locally bounded away from zerolon ) if

V K c ) compact 3jeN: in}f{yj(x)>0.

This is an extension of the definition of being locally bounded away from zero from
VF with k € N, to the case k = 0 (see Proposition [3.1.10). If V is a Nachbin-family,
this means that W <V (see Theorem [4.2.10] (ii)).

4.2.14. PROPOSITION. Let Q ¢ R be open, V := (v;) en an increasing family
of weights which is locally bounded away from zero on Q and P(0)* a hypoelliptic
linear partial differential operator. Then CVp(5)(2) and CVg p9)(Q2) are Fréchet
spaces.

PrOOF. We note that CVp(5)(£2) is metrisable as V' is countable. Let (f,) be
a Cauchy sequence in CVp()(€2). From V being locally bounded away from zero
it follows that for every compact K c 2 there is j € N such that

sup|f(z)| < sup Vj(z)fl sup |f(z)|vj(x) < sup I/j(z)71|f|j7 fe CVp(a)(Q), (22)
rzeK zeK reK zeK

which means that the inclusion I:CVp)(2) - CWp(5)(2) is continuous. Thus
(fn) is also a Cauchy sequence in CW p(5y(£2) and has a limit f there as CWp(9)(£2)
is complete due to the hypoellipticity of P(9)*. Let j € N, ¢ >0 and z € Q. Then
there is m; ., € N such that for all m > m; . . it holds that

[fm () = f(2)] <

g
2v;(z)
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if vj(x) # 0. Further, there is m; . € N such that for all n,m > m; . it holds that
€

|fn_fm|j < 5

Hence for n > m; . we choose m > max(m;.,m;. ) and derive
o)) £ 1 ()~ Dy @)~ F @ (0) < 525 ) =

It follows that |f, — f|; < € and |f|; < €+ |fn|; for all n > m; ., implying the
convergence of (f,) to f in CVp()(2). Therefore CVp(5)(2) is a Fréchet space.
CVo,p(9)(£2) is a closed subspace of CVp(9)(€2) and so a Fréchet space as well. [

Due to the proposition above the spaces CVp(5)(£2) and CV p(s)(£2) are closed
subspaces of CV(Q) resp. CV(2). Hence we have the following consequence of
Theorem [4.2.10| (ii), [I7, 2.12 Satz (1), p. 141] and [I7, 3.1 Bemerkung, p. 141].

4.2.15. COROLLARY. Let E be an lcHs, Q c RY open, V a Nachbin-family on
Q which is locally bounded away from zero and P(9)% a hypoelliptic linear partial
differential operator.
a) CVpo) (L, E) 2CVps)(Q)el if E is a semi-Montel space.
b) CVo,p) (2, E) 2CVo poy (el if E is quasi-complete.

Like before we may improve this result by strengthening the conditions on V
and CVp()(Q2) resp. CVg p(s)(2) which allows us to weaken the assumptions on
E.

4.2.16. EXAMPLE. Let F be an lcHs, Q ¢ R? open, V := () ey an increasing
family of weights which is locally bounded away from zero on Q and P(0)* a
hypoelliptic linear partial differential operator.

a) CVp)(Q,E) 2 CVps)(Q)ek if E is complete and CVp(5)(2) a semi-
Montel space.

b) CVp5) (2, E) = CVp)(Q)eE if E is locally complete and CVp5)(Q2) a
Schwartz space.

c) CVo,po) (% E) 2 CVy p(s)()eE if E has metric ccp and v; € C(§2) for all
jeN.

d) CVo,pa) (%, E) 2 CVq p(s)(Q)eE if E is locally complete and CVy p(a)(£2)
a Schwartz space.

PROOF. Let F stand for CV p(g) or CV p(s)- The space F () is a Fréchet space
and hence barrelled by Proposition @ The inclusion I: F(2) = CWp9)(Q) is
continuous since V is locally bounded away from zero on 2. The hypoellipticity
of P(9)* (see e.g. [T0, p. 690]) yields that CWp(9)(2) = CW(5)(€2) as locally
convex spaces. Thus the inclusion I: F(€2) — CWp5)(£2) is continuous. It follows
from Proposition c) that the generator (idge,idge) is consistent if F =
CVp(s), and combined with Proposition m (vanish at infinity w.r.t. (m, R)) if
F =CVy, po) where & and 7 are chosen as in Example The strength of the
generator follows as in Proposition [3.1.10/and, if F = CV p(s), in combination with
Proposition b). This proves part a), b) and d) due to Corollary (i) and
(ii).

Let us turn to part c). Let f € CVg psp) (% E), j € N and N;(f) := (fr;)(Q).
The set K := acx(N;(f)) is absolutely convex compact by Proposition as
fr; € Co(2, E), implying our statement by Corollary (iv). O

At least for some weights and operators P(J) we can show that CVp()(Q, E)
coincides with a corresponding space CV5(5) (92, £) from Example if F is
locally complete.
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4.2.17. PROPOSITION. Let E be a locally complete IcHs, Q c R? and P(9)%
a hypoelliptic linear partial differential operator. Then we have CWp(5)(Q)eE =
CWpo) (2, E) and CWp()(2, E) = CWE 5, (2, E) as locally convex spaces.

Proor. We already know that
Scw;(a)(g)icwoﬁ(a)(Q)EE g CW?(@)(Q, E)

is an isomorphism by Example b). The hypoellipticity of P(9)¥ (see e.g.
[70. p. 690]) yields that CWp(a)(2)eE = CWip5)(2)eE. Thus Seyy,, @) (u) =
SCW;(@)(Q)(U) € C;,"(a)(Q,E) for all u € CWp(5)(Q)eE. In particular, we obtain
that

SCWP(B)(Q):CWP(O)(Q)EE - CW?(B)(Q7 E)

is an isomorphism. From Proposition|3.1.11|c) and Theorem|3.1.12|with (7%, T%) :=
(idge,idge) we deduce that

SeW by (@) CWp @) (Q)eE = CWp(5) (2, E)
is an isomorphism into, and from
Sew pioy (@) (CWp(0) (WE) = C55y (2, E)

that CWp(9)(Q, E) = CWip ) (€, E) as locally convex spaces, which proves our
statement. (]

Hence the topology 7. of compact convergence induced by C(f2, F) and the
usual topology from Example induced by C** (€, ) coincide on Cp()(Q2, E) if
P(0)¥ is hypoelliptic and E locally complete by Proposition [4.2.17} In particular,
we have

(O(Q,E),7.) = CW5(QL E) = CWZ(Q,E) (23)

if F is locally complete. For more interesting weights than YW we introduce the
following condition.

4.2.18. CoNDITION. Let V := () en be an increasing family of continuous
weights on R?. Let there be r:R? — (0, 1] and for any j € N let there be 1; € L*(R?),
¥; >0, and N5 I,,,(j) > j and A,,(j) >0, m € {1,2,3}, such that for any z € R%:

(1) supeera, |¢josr(e) Vi (@ +C) < A1(d) infeere ¢)wer(e) V() (@ +C),
(a.2) vj(x) < A2 ()i (2)vi,y (2),
(a.3) vi(z) < A3(j)r(x)vi, gy ().

Here, [(|loo = SUPjcpeq [Cnl for ¢ = (¢,) € RY. The preceding condition is a
special case of [I11, Condition 2.1, p. 176] with Q = Q,, := R? for all n e N. If V
fulfils Condition and we set V*° := (V) jeN,meN, Where v ,:{8 € N¢ | |B| <
m} x R? = [0,00), vj;m(B,7) = vj(z), then CV®(R?) and its closed subspace
CV‘;(B)(Rd) for P(0) with continuous coefficients are nuclear by [I1I, Theorem
3.1, p. 188] in combination with [II1, Remark 2.7, p. 178-179] and Fréchet spaces
by [107, Proposition 3.7, p. 240].

4.2.19. PROPOSITION. Let E be a locally complete IcHs, V = (v;)jen an in-

creasing family of continuous weights on R% and V*° defined as above. If V ful-
fils Condition |4.2.18, then CV5(C) and CVA(R?) are nuclear Fréchet spaces and
CV3(C,E) =CVg (C,E) and CVA(RY, E) = CVX (R, E) as locally convex spaces.

PROOF. Let P(9):=0 (d:=2 and K := C) or P(9) := A. First, we show that
CVp(oy(R) = CV}’S’(a)(Rd) as locally convex spaces, which implies that CVps)(R?)
is a nuclear Fréchet space as CV"Pf’(a)(Rd) is such a space. Let f e CV5(C), j €N,
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meNg, z€C and §:= (31, 52) € N2. Then it follows from | - | <|-| and Cauchy’s

inequality that
_ B2 glfl Bt ,
Iaﬁf(Z)IVj(Z) 17208 f(2)lv;(2) < o) |w_b;|l=li(z)|f(w)|yj(z)

< BIC(G: 18] sup [ f(w)|vp, ) (2)
(a.3) )

|lw—z|=r(z

SJPICGIDABGN) o 7))

w—z|=r(z)

<|BIC (18 A1 (B3 ()| flevy(e),n Bs ()
where C(j, |]) i= A3(j) As(s(j))As((Bs — 1)(j)) and By - 1is the (/5] - 1)-fold
composition of I3. Choosing k := max|g|<,, [1 B3(j), it follows that

[fleve©).jm < sup |B1C( 8 A(Bs (7)) flevge).k < o0

[Bl<m

and thus f € CVZ (C) and CV7(C) = CVZ (C) as locally convex spaces. In the
case P(9) = A an analogous proof works due to Cauchy’s inequality for harmonic
functions, i.e. for all f € CVA(R?), j €N, z € R? and 3 e N it holds that

07 @ () < (L2 s 1) @)

T(I) |lw—zx|<r(z)
(see e.g. [74, Theorem 2.10, p. 23]).
Nuclear Fréchet spaces are Fréchet—Schwartz spaces and hence we have

CV 55y (R E) 2 CVE 5)(R)eE 2 CVp9) (R))eE = CVp(5) (R, E)

by Example f) and Example |4.2.16| b). The isomorphism CV?(a)(Rd,E) S
CVp(a)(Rd,E) is

-1 . _ g1 —3
Seves @) 0 ldevg ) Ri)em 9Sev oy (Re) = Sevss | (@) © Sevipe ®?) =1devy,, (®4,B)

by Theorem O

4.2.20. REMARK. Let E be a locally complete lcHs and P(9)¥ a hypoelliptic
linear partial differential operator.

a) Let 0 < 7 < oo. Then V := (v;) en given by v;(x) := exp(—(7 + %)|LE|),

z € R?, fulfils Condition by [I11, Example 2.8 (iii), p. 179]. Then
CVp(a)(Rd,E) is the space of smooth functions of T in
the kernel of P(9). If 7 = 0, then the elements of these spaces are also
called functions of|infm-ea:p0nential typel In particular, if P(9) =0, d =2
and K = C, or P(9) = A, then [AZ(C, E)|:= CV5(C,E) is the space of
entire and := CVA(R?, E) the space of harmonic functions of
exponential type 7.

b) Further examples of families of weights fulfilling Condition can be
found in [IT1, Example 2.8, p. 179] and [130} 1.5 Examples, p. 205].

Next, we take a look at k-times continuously partially differentiable functions
that vanish with all their derivatives when weighted at infinity. Let k € No,, Q c R¢
be open, w,, = M,, x Q with M,, := {8 € N& | |3| < min(m,k)} for all m e Ny
and V* = (Vj.m) jesmen, be a directed family of weights on (wy,)men,- We define
the topological subspace of CV¥(Q, E) from Example a)(i) consisting of the
functions that vanishs with all their derivatives when weighted at infinity by

CVE(QE):={feCV*(QE)|VjeJ meNy, aeA, e>0

3 K c Qcompact : |flowk,jm,a <€}
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where

|f|Q\K,j,m,a ‘= Ssup pa((aﬁ)Ef(x))V]}m(ﬁvx)'
Further, we define its subspace |CVg p(5) (2, E)|= {f € CVE(QLE) | f € ker P(9)F}
where

P(9)":C* (2, B) ~ E?, P(9)"(f)(z) = iai(w)(aﬁi)E(f)(x),

with n e N, 3; e N¢ such that |3;] <k and a;:Q - K for 1 <i <n.

4.2.21. REMARK. If V¥ fulfils condition (V) from Example|3.2.9| then we have
CVE(Q, E) = CV*(Q, E) (see [107, Remark 3.4, p. 239]).

So CWF(Q, E), S(RYE) and Op(R% E) are concrete examples of spaces
CVE(Q,E) (see Corollary [3.2.10). We present the counterpart for differentiable
functions to Bierstedt’s Theorem for the space CVy (€, E) of continuous func-
tions from a completely regular Hausdorff space €2 to an IcHs E weighted with a

Nachbin-family V that vanish at infinity in the weighted topology. For this purpose
we need the following definition. We call V* |locally bounded on € if
V K c Q compact, j € J, meNy, 5 €M, : supvjm,(5,z) < oo.
zeK

4.2.22. EXAMPLE. Let E be an IcHs, k € Ny, V¥ be a directed family of weights
which is locally bounded away from zero on an open set € c R9.

a) CVE(Q,E) = CVE(Q)eE if E is quasi-complete, V¥ locally bounded and
CVE(Q) barrelled.

b) CVE(Q, E) = CVE(Q)eE if E has metric ccp, CVE(Q) is barrelled and
Vim(B,-) €C(Q) for all j e J, meNy, 8eNg, |B|<min(m, k).

¢) CVE(Q, E) = CVE(Q)eE if E is locally complete and CVE(Q) a Fréchet—
Schwartz space.

d) CV’&P@)(Q,E) = CV’&P(a)(Q)sE if F is quasi-complete, V* loc. bounded
and CVg,P(a)(Q) barrelled.

e) CV]&P(a)(Q,E) ; CV&P(Q)(Q)&E if E has metric ccp, CV’S,P(&)(Q) is bar-
relled and v;,,(3,-) € C(Q) for all j € J, m e Ny, 8 € NZ, || < min(m, k).

f) Cngp(a)(Q, E)= CVISVP(Q)(Q)EE if E is locally complete and CV]S,P(@)(Q)
a Fréchet—Schwartz space.

PRrOOF. The generator (.2, TX), e, for (CVE, E) and (CV’S’P(S),E) is given

by dom TZ := C*(Q, E) and
T:CH(Q, B) > B2, f — [(8,) = (07)F (),

for all m € Ny and the same with K instead of E.

Set X :=Q, R:={K c Q| K compact} and m:Upen, wm = X, 7(5,2) = 2. We
have

|f|Q\K,j,m7a = mselip pa(va(f)(x))Vj,m(x)7
ﬂ(z);nK
for f € CVE(QL E), K € &, j € J and m € Ny, implying that is satisfied. With
AP, ¢(Q, E) from Proposition we note that
CVE(Q,E) =CV*(Q, E) n AP, 1(Q, E).

As in Proposition |3.1.10|it follows that the generator (T.E, TX),,cy, fulfils and

m? m

where we use Proposition 3.1.11|, the barrelledness of CV{(2) resp. CV{ p(a ()
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and the assumption that V¥ is locally bounded away from zero on Q. Therefore the
generator is strong and consistent by virtue of Proposition
a)+d) Let f e CVE(Q,E), K € &, je.J and m € Ng. We claim that the set

Nj,m(f) = {aﬂ)Ef(x)Vj,m(ﬁax) | e, fe Mm}

is precompact in E by Proposition[A-T.6] Since f vanishes at infinity in the weighted
topology, condition (i) of Proposition [A.1.6]is fulfilled. Hence we only need to show
that condition (ii) is satisfied as well, i.e. we have to show that
chK,j,m(f) = U (aB)Eij,m(ﬁv')(K)
BeMm,

is precompact in F. Thus we only have to prove that the sets (8ﬂ)Eij7m(ﬁ, IK)
are precompact since Nrck jm(f) is a finite union of these sets. But this is a
consequence of the proof of [15, §1, 16. Lemma, p. 15] using the continuity of
(0°)F f and the boundedness of v;,(8, K), which follows from V* being locally
bounded. So we deduce statements a) and d) from Corollary (iv), Proposition
and the quasi-completeness of E.

b)-+e) The set Kz = acx((0?)” fvjm(B,-)(Q2)) is absolutely convex and com-
pact by Proposition (ii) for every f € CV’S(Q,E), jeJ, meNgand e M,
as E has metric ccp and v, ., (5,-) € C(2). We have

Njm(f) = {(aﬁ)Ef(fE)Vj,m(@x) |zeQ, feM,}c aCX( U Kﬁ)
ﬂeM’VTL
and the set on the right-hand side is absolutely convex and compact by [89] 6.7.3
Proposition, p. 113]. Now, statements b)-+e) follow from Corollary (iv).
¢)+f) They follow from Corollary (ii). O

The spaces CV’S(Q) are Fréchet spaces and thus barrelled if J is countable by
[107], Proposition 3.7, p. 240]. In [1I07, Theorem 5.2, p. 255] the question is answered
when they have the approximation property. The spaces CV{ () and CV§(3)7O(Q)
are closed subspaces of CV™ () and CVF5 (5 (2), respectively. For conditions that
they are Fréchet-Schwartz spaces see the remarks below Example

We already saw different choices for £ in Example[d.2.9]b) and Example [4.2.22]
For holomorphic functions on an open subset ) of an infinite dimensional Banach
space X the family 8 of Q-bounded sets, i.e. bounded sets K c  with positive
distance to X \ Q, is used in [71], p. 2] and [93] p. 2|. This family is clearly closed
under taking finite unions, so Proposition [4.1.9]is applicable as well.

Now, we consider an example of weighted smooth functions where the corre-
sponding space of scalar-valued functions may not be barrelled. For an open set
Q cR? an IcHs F and a linear partial differential operator P(9)¥ which is hypoel-
liptic if £ = K we define the space of bounded zero solutions

Cp(oy (S E)|:={f €CPo) (2 E) [VaeA: |fle,a:= Slelgpa(f(x)) < oo}

where C5 5 (2, E) is the kernel of P(9)¥ in C*(Q, E). Further, we set Criay (1) =
Chay»(2.K). Apart from the topology given by ([ - e,a)aen there is another
weighted locally convex topology on C7 8)’b(Q, E) which is of interest, namely, the
one induced by the seminorms

[l = suppa(F (@) ()], [ € Crioy o (2 B),

for v € Cp(2) and « € A. We denote by (Cl";(a),b(Q,E),B) the space Cﬁ(a)’b(Q,E)
equipped with the topology £ induced by the seminorms (|- |,,a)veco(0),ae- The
topology ( is called the It is a bit tricky to prove the e-compatibility
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of (CP(a) »(£),8) and (CP(a) (8, E), B) because (Cﬁ(a)’b(ﬁ),ﬁ) may not be bar-
relled.

4.2.23. REMARK. Let Q c R? be open and P(9)* a hypoelliptic linear partial
differential operator. Then (Cf,) ,(£2), 8) is non-barrelled if 7. does not coincide

with the |- |-topology by [46} Section 1.1, 1.15 Proposition, p. 12], e.g. (C57, (D), 8)
is non-barrelled. 7

Hence we cannot use Proposition [3.1.11] ¢) directly.

4.2.24. PROPOSITION. Let Q c R? be open, P(0)* a hypoelliptic linear partial
differential operator and E an IcHs. Then (CP(a) ,(2),B)eE = (CP(a) » (L E), B) if
E has metric ccp.

Proor. We set AP(Q, E) := Cho), (£, E) and observe that (idge,idgx) is the
generator of ((CF,) ,(€2),8), E). First, we prove that the generator is consistent.
Clearly, we only need to show that S(u) € AP(€, E) for every u € (C5(,) , (), B)eE.
Let ue (C;?(a),b(Q),B)sE. Next, we show that u € CWTp 5 (2)eE with CWT ) ()

from Example u 3.1.9| b). For « € 2 there are an absolutely convex, compact K c
(CF5)4(£2), 8) and C > 0 such that for all fle (Ca, »(€0),8) it holds that

pa(u(f’)) < Csup|f(f)I- (24)
JeK

We denote by 7. the topology of compact convergence on C;,"( 8)’b(Q), i.e. the topol-
ogy of uniform convergence on compact subsets of 2. From the compactness of K in
(CP),5(§2), B) it follows that K is |- -bounded and 7.-compact by [45, Proposi-
tion 1 (viii), p. 586] since (CP(a) (), B) carries the induced topology of (Cy(£2), 5)
and the strict topology £ is the mixed topology v(7e, | - || ) by [45, Proposition 3,
p. 590]. Let f' € (CP(B)(Q),TC),. Then there are M c  compact and Cp > 0 such
that
/()] < Cosup | ()|
zeM

for all f € Cp(a)(Q). Choosing a compactly supported cut-off function v € C°(£2)
with v =1 near M, we obtain

Lf(NI<Co sup |f()llv(z)] = Col I

for all f € Cp(a)(Q) Therefore f’ € (Cp(a)(ﬂ) B)'. In combination with the
Te-compactness of K it follows from (24) that u € (Cp5)(€2),7c)eE. Using that
(Cp(a)(Q),TC) = CWP(S)(Q) as locally convex spaces by the hypoellipticity of
P(0)% (see e.g. [T0, p. 690]), we obtain that u € CW5(9)(Q2)eE. Due to Propo-
sition 3.1.11] ¢) this yields that S(u) € C5 5 (€2, E). Furthermore, we note that

[5(w) oo, = suppa (S(u)(2)) = suppa(u(ds)) < Csupsupldz(f)|
xeQ zeQ 24)  zeQ fek
= C'sup | flloo < 00
feK

as K is || - |o-bounded, implying that S(u) € C%,

0y (% E) = AP(Q, E). Hence the

generator (idge,idgk) is consistent.
It is easily seen that e’ o f € C,) () = AP(Q) for all ¢’ € E" and [ ¢
Ca, » (£, E) (see the proof of Proposition [3.1.10), which proves that the gener-
ator is strong as well. Moreover, we define N,(f) = {f(2)|v(z)| | z € Q} for
fe (CP(a) » (L E),B) and v € Cy(2). The set K := acx(N,(f)) is absolutely con-
vex and compact in E by Proposition (ii) because fl|v| € Co(2, E) and Q
second-countable, yielding our statement by Corollary (iv). O
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If Q c C is an open, simply connected set, P(d) = 9 and E is complete, then
the preceding result is also a consequence of [17, 3.10 Satz, p. 146].

Next, we consider the vector-valued |Beurlinngjb'rck space| S#(Rd,E) which
generalises the Schwartz space and whose scalar-valued counterpart was studied by
Bjorck in [20], by Schmeisser and Triebel in [I55] (see [20], Definition 1.8.1, p. 375],
[155, 1.2.1.2 Definition, p. 15]) whereas semigroups on its toplogical dual space
were treated by Alvarez et al. in [5]. Since Fourier transformation is involved in the
definition of S,,(R?, F), we start with the following statement.

4.2.25. PROPOSITION. Let E be a locally complete lcHs over C, f € S(R?, E)
and x e R, Then fe %) is Pettis-integrable on R? where (-,) is the usual scalar
product on R?.

PrROOF. We choose m := d+ 1 and set ¢:R? — [0, 00), ¥(¢) := (1 +[C*)™™/2, as
well as g:R? — [0,00), g(¢) := ¥(¢)™ . Then ¢ € L}(R%, \) and vg = 1. Moreover,
let z = (2;) e R? and set w:R? » E, u(¢) := f(¢)e {*%g(¢). We note that

(0°)Fu(¢)
= (0)P £ g(Q) = iwn f(Q)e™ Vg () + mf (e (1 + ¢ ™D,
for all ¢ = (¢;) € R? and 1 < n < d, which implies
Pa((8°)Pu(€)) < pa((9°)F F(O))9(C) +|2nlpa(£($))g(C) + mpa(f(€))9(C)

for all a € 2 and hence

sup Pa((8°)Pu(0)) < (1 + [an| +m)| flsRa),m,a-
CeR
BeNg,|Bl<1

Therefore u = fe %) g is (weakly) Ct, which yields u € CIEl](Rd, E) by Proposition
Now, we choose h:R% — (0, 00), h(¢) := 1 +|¢|*>. Then
%gpa(U(C)h(C)) < CSlgipa(f(C))(l + (¢ D2 < flsmay maz,a < 00

for all a € 2, and for every € > 0 there is r > 0 such that 1 < eh(¢) for all ¢ ¢ B,.(0) =:
K. We deduce from Proposition (iii) that fe #) is Pettis-integrable on
R, O

Thus, for f € S(RY, E) with locally complete E the |[Fourier transformation|
TR > B, §E()(@) = 2m) 2 [ f(Qe 0,
Rd

is defined. From the Pettis-integrability we get (e’ o FZ)(f) = §C(¢’ o f) for every
e e E'. As (e’ o f) e S(RY) for every e € E' by |20, Proposition 1.8.2, p. 375|,
we obtain from the weak-strong principle Corollary (or [30, Theorem 9, p.
232] and [I31, Mackey’s theorem 23.15, p. 268]) that §Z(f) € S(RY, E).

For a locally complete IcHs E over C and a continuous function p:R? — [0, c0)
such that

there are a € R, b> 0 with p(z) > a+bln(1 +|z|) for all z € R?,

we set
Su®TE):= {f ¢C™ (R E) | ¥ m.j e No, a2 |fljuma < o0}
where |f|im.j.a = max(qm.j.o(f), Gm.j.o (FE(f))) with
mja(f):=  sup Pa((BP)Ef(z))el .

zeR
BeNg,|Bl<m
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We note that from gy, j o (f) < oo for all m, j € Ny, o € 2 and condition () it follows
that f € S(R%, E) and hence gy, ;o (FF(f)) is defined. Further, we set S,(R?) :=
SH(Rd,(C). We observe that S, (R?, F) is a dom-space. Indeed, let w,, = @, U, 1
where @y, = M, x R with M,, == {8 e N¢ | |8] < m} and @y, 1 = Ty, x {1} for all
m € Ny. Setting dom T2 := S(R?, F) and TE:S(R?, E) - E“™ by

T(N)(B.2) = (09)F f(x) and T7(f)(B.2,1) = (017 oF)f(2).  (B,2) €T,
for every m € Ny as well as AP(RY, E) := E®"| we have that S, (R%, E) is a dom-
space with weights given by v, (8,2) = vjm(B,2,1) = @) for all (B,x) € &y,
and m,j € Ng.

The condition () is introduced in [20, p. 363]. Choosing u(x) := In(1 + |x|),
z e RY, we get the Schwartz space S,,(R%, E) = S(R?, E)) back.

4.2.26. EXAMPLE. Let E be a locally complete IcHs over C and j: R? — [0, 00)
continuous such that condition (v) is fulfilled.

(i) If F has metric ccp, or
(i) if p € CY(R?) and there are k € Ny, C' > 0 such that |9 u(z)| < CeFH®
forall z e R and 1 <n <d,

then S, (R%, E) = S, (RY)eE.

PRroo¥. First, we show that the generator (T2, T%),en, for (S, E) is strong
and consistent. From

(07)( o f)(@) = ((0)F f(2)),  (B,x) €Tim,
where @, = {8 € N& | |B] < m} x R%, we get in combination with the Pettis-
integrability by Proposition [£.2.25] that
((07) e F) (e o (@) = (((0°)F o F7) f(2)), (B,2) cTm (25)

for all ¢’ € B/, f € S,(R%, E) and m € Ny, which means that the generator is
strong. For consistency we consider the case u(x) = In(1 + |z|), = € RY, i.e. the

Schwartz space, first. Due to Corollary [3.2.10 the map S:S(R%)eE - S(RY, E) is
an isomorphism and according to Theorem [3.2.4] its inverse is given by
R:S(RYE) » S(RYEE, fm T "o RS

Let u € S(RY)eE. Thanks to the proof of Corollary [3.2.10| we only need to show
that

u(by 0 (97 0F%)) = (07)PFF(S(u))(z), xR
We set f = S(u) e S(R?, E) and from we obtain
R (6,0 ((0M) o F9))(¢) = (07)5F (e 0 ) (2) = ' ((87)PFE (f) (@), ¢ € E,
for all z € R? and 3 € N&, which results in
u(d, 0 ((07)"0§%)) = S7H(f) (02 0 (01 0§%)) = T (R} (32 0 ((97)" 2 7))
= (07)F5()(2) = (87)FF7(S(w)(x). (26)
Thus (T, TS), ey, is a consistent generator for (S, E).

Let us turn to general p. Let u € S,(R%)e E. We show that u € S(R?)eE. Then
it follows from the first part of the proof that (T.£, TS ) ,en, is a consistent generator

m? m

for (S,,, E). For a € 2 there are an absolutely convex compact set K c S, (R?) and
C > 0 such that for all f’ €S, (R?)" it holds

pa(u(f’)) < Csup|f(f)]- (27)
feK
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The compactness of K in S, (R?) and the estimate
sup  [(07)Cf(@)|(1+ )P < sup |(97)Cf ()]l KR

aiiele affRd
BeNg,|Blsm BeNg,|Blsm

< ei(aj)/b|f|j,ma f € S}L(Rd)a

for all j,m € Ny by condition () imply that the inclusion S,(R%) - S(R?) is
continuous and thus that K is compact in S(R?). Let f’ € S(R?)’. Then there are
7,m € Ny and Cp > 0 such that
F(DIsCo sup [(07)°F (@)1 +[af*)7* < Coe™ PP
xeR”
BeNg |Blsm

for all feS,(R?). Hence f' €S, (R?)’ and from we obtain that u € S(RY)eE
because K is absolutely convex and compact in S(R?).

Condition () implies that p(x) - oo for |x| - co. Noting that for every j e N
and € > 0 there is r > 0 such that

(@)

Q2in(e) e <e (28)
for all = ¢ B,.(0), we deduce |f|,
m € Ng and a € 2.

(i) Thus, if E has metric ccp, then the sets Kz = acx((9°)F fe’*(R?)) and
Kg1 = acx((0°)EFE(f)e’*(R?)) are absolutely convex and compact by Propo-
sition (ii) for every f e S,(R% E), j,m € Ny and 8 € M,, as (0°)E feit ¢
Co(R%, E) and (9°)EFE(f)e’" e Co(RY, E).

(i) We set go:R? — E, go(x) = (0%) f(2)e™), and g1:R? - E, gi() =
(OPYEFE (£)(2)e’™ @) for j,m e Ny and § € M,,. We observe that

(0°) gu(a) = (9 P () + ()" [ ()0 ()

\B,.(0),m,j,« < 6|f|m,2j,o¢ for every f € Su(RdaE)a

and
(0°)Egi(x) = (97 ) EFE (£)(2)e! ™) + j(0°)EFE (f) ()"0 ()

for all z ¢ R? and 1 <n < d. As in Example it follows from condition (ii) that
there are k € Ny, C' > 0 such that

sup Pa((0)P9:(2)) <[ flms1j.0 + Cilflmjih.a
veNG, <1
for all v €A and i = 0,1. Thus go and g; are (weakly) Cf. We set h := e/* and note
that
sup pa (9i(2)1(2)) < [flm,2j.0 < 00

zeR9
for all w e A and 4 = 0, 1. This yields that K5 = acx(go(R?)) and K31 = acx(g1 (R%))
are absolutely convex and compact by Proposition with and Proposition
AL 1.5
Then we have in both cases
Nim(f) = ({(0%)F f(2)e" ™) | w e RY, Be M,,}
U {(@)FF (@) |z eRY, B e M,n})

cacx( U (KﬁUKg,l))
BeM,,
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and the set on the right-hand side is absolutely convex and compact by [89], 6.7.3
Proposition, p. 113], which implies that S,(R%, E) = S,(R%)eE by Corollary
(iv). O

We come back to these spaces in Theorem [5.1.5] Another example that is
related to Fourier transformation is the space of vector-valued smooth functions
that are 27-periodic in each variable. We equip the space C* (R, E) for an 1IcHs F
with the system of seminorms generated by

[flicma = sup pa((0)F f(2))xK(x) = sup Pa((0M)F f(2)), feC™(RE),

zeR? z
BeNg,|Bl<m BeNg,|Bl<m

for K c R? compact, m € Ny and a € 2, i.e. we consider CW™(R?,E). By

we denote the topological subspace of C*°(R%, E) consisting of the func-
tions which are 27-periodic in each variable. Further, we set C52 (R?) = C52 (R4, K).

4.2.27. EXAMPLE. If E is a locally complete IcHs, then C52 (R4, E) = C32 (R?)cE.
ProOOF. First, we note that for each z € R? and 1 <n < d we have §, = Oz+2me,,
in C32 (R4)’ and thus
Sese may(u)(x) = Sz (ray(u) (z +2men) = (8 = Spszme,) =0, ueC5n(RY)EE,
implying that Sce (re)(u) is 27-periodic in each variable. In addition, we observe
that e’ o f is 27-periodic in each variable for all ¢’ € B’ and f € C52(R%, E). Now,

we obtain as in Example a) for k = oo that Sge (ma):Cso(RY)eE — C52 (R, E)
is an isomorphism. O

We return to C52 (R%, E') in Theorem and Theorem Now, we direct
our attention to spaces of continuously partially differentiable functions on an open
bounded set such that all derivatives can be continuously extended to the boundary.
Let E be an IcHs, k € N, and  c R? open and bounded. The space C*(Q, E) is
given by

={feC"(Q,E)|(8°)”f cont. extendable on Q for all 3 e N¢, |3] < k}
and equipped with the system of seminorms given by
fla= sup Pa((@)F f(2)), [feCM(Q,E),
Te
BeNG.|BI<k
for a e A if k£ < 00, and by
flma= sup  pa((@)°f(), feC™(QB),
xe
BeNg | Bl<m
for m € Ng and « € 2 if k = oo. Further, we set C*(Q) := C*(Q,K).

4.2.28. EXAMPLE. Let E be an IcHs, k € N, and Q c R? open and bounded.

(i) If F has metric ccp, or

(ii) if E is locally complete, k = oo and there exists C' > 0 such that for each
xz,y € § there is a continuous path from x to y in Q whose length is
bounded by C|z - y],

then C*(Q, F) =~ C*(Q)<E.
PrOOF. The generator coincides with the one of Example Due to
Proposition [3.1.11] we have S(u) € C*(Q, E) and
(0%)7S(u)(@) = u(d, 2 (9°)F),  BeNG, Bl <k, we,
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for all u € C¥(Q)eFE since C*(Q) is a Banach space if k < oo, and a Fréchet space
if k = oo, in particular, both are barrelled. As a consequence of Proposition
and Lemma with T = (0°)K for B e N4, |8| < k, we obtain that (9°)FS(u) e
C"t(Q, E) for all u € C*(Q)cE. Thus the generator is consistent. It is easy to check
that it is strong, too. This yields (ii) by Corollary (ii) since C*° () is a nuclear
Fréchet space by [131), Examples 28.9 (5), p. 350] under the conditions on €.

Let us turn to part (i). Let f € C*(Q, E), J = {1}, m € Ny and set M,, := {f ¢
N& 18] < k} if k < 0o, and M,, := {8 € NZ | |8] < m} if k = co. We denote by fz the
continuous extension of (9°)F f on the compact metrisable set Q. The set

Nim(f) ={(0°)Pf(z)|zeQ, BeMyntc U fa(Q)

BeMm

is relatively compact and metrisable since it is a subset of a finite union of the
compact metrisable sets fz(2) as in Example Due to Corollary (iv) we
obtain our statement (i) as F has metric ccp. O

We close this section by an examination of the topological subspace
Eo(B):={feC([0,1],E) |V keNp: (8%)Ff(1) =0}
where (0F) f(1) := lim, 1. (9¥)F f(2). Further, we set & := & (K).
4.2.29. EXAMPLE. Let E be a locally complete IcHs. Then &eF = & (E).

ProOF. We note that Q := (0, 1) satisfies the condition on € in Example
(i) with C':=1 and thus C*([0,1]) and its closed subspace &, are nuclear Fréchet
spaces. The generator coincides with the one of Example From the proof of
Example we know that

Q}Lrlll+(5k)E5(U)(x) = u(810(9")%) =u(0) =0, keNo,

for all u € &eE. In combination with Example [4:2.28] this yields the consistency
of the generator. Again, its strength is easy to check. Therefore our statement is

valid by Corollary (ii). O

4.3. Riesz—Markov—Kakutani representation theorems

In this subsection we generalise the concept of strength and consistency such
that it is not strictly bounded to dom-spaces and their generators anymore. This
allows us to answer the question: Given TX ¢ F(Q)' is there T¥ ¢ L(F(Q, E), E)
such that (TF,TX) is strong and consistent? Furthermore, we will see that the
operators T'Z are usually the ones that can be obtained from integral representations
of TX i.e. we transfer Riesz-Markov-Kakutani theorems from the scalar-valued to
the vector-valued case. We recall that the [Riesz=Markov—Kakutani theorem for
compact topological Hausdorff spaces (2 says that for every T% € C,(Q)’ there is a

unique regular R-valued Borel measure g on €2 such that

T5(f) = [ £@)du@), <0, (29)
Q

which was proved by Riesz [146, p. 976] in the case Q := [0,1] and by Kakutani [95]
Theorem 9, p. 1009] for general compact Hausdorff Q (see Saks [152], Eq. (1.1), 6., p.
408, 411] for compact metric ). Markov treated the case where 2 is a normal (not
necessarily Hausdorff) topological space and the T® are positive linear functionals
on Cy(Q) such that T®(1) = 1 [127, Definition 2, p. 167]. In this case, for every
such T® there is a unique exterior density x on © in the sense of [I27, Definition
3, p. 167] such that holds by [127, Theorem 22, p. 184| and the right-hand
side is read in the sense of [127, Eq. (71), (72), (80), p. 180-181] (see also [60,
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IV.6.2 Theorem, p. 262] for a more familiar version with regular (finitely) additive
bounded Borel measures p).

4.3.1. DEFINITION (strong, consistent). Let E be an lcHs and {2 a non-empty
set. Let F(Q) c K and F(Q,E) c E be IcHs such that 6, € F(Q) for all
r e Q. Let (Wn)menm be a family of non-empty sets, T:domTX — K“» and
TE:domTE - E“» be linear with F(Q2) c domTX c K and F(Q, F) c dom T~ ¢
E% for all me M.

a) We call (T, TX),ear alconsistent familyf for (F(Q), E), in short (F, E),
if we have for every u € F(Q)eE, m e M and z € wy, that
(i) S(u) e F(Q,E) and Ty, , = 6, 0 Ty € F(Q)',
(it) T2 S(u)(x) = u(Ty o).
b) We call (TZ, T%) nenr afor (F(Q),E), in short (F,E), if
we have for every e’ € E', f ¢ F(Q,E), me M and x € w,, that
(i) €' o f e F (),
(it) Tr(e"o f)(z) = (¢ o T,7(f)) ().

Note that w,, need not be a subset of 2. As a convention we omit the index m
of the set wy,, the operators T'E and TX if M is a singleton. The following remark
shows that the preceding definition of a consistent resp. strong family coincides with
the usual definition in the case of generators of dom-spaces (see Definition .

4.3.2. REMARK. Let (TE,TX),.car be a generator for (FV, E). We note that

m>’ m

the condition TX = e FV(Q)’ for all m € M and = € w,, in a)(i) of Definition

m,T

is always satisfied for generators by Remark b). Moreover, if S(u) €
AP(Q, E) ndomT¥E for u e FV(Q)eE and all m € M and a)(ii) of Definition

is fulfilled, then S(u) € FV(Q, E) by Lemma [3.1.8] implying that a)(i) is satisfied.
Further, if f € FV(, E) and €’ o f € AP(Q)ndom TX for all €’ € E' and m € M and
b)(ii) of Definition is fulfilled, then €’ o f € FV(Q) by Lemma implying
that b)(i) is satisfied.

The next proposition is the key result in transferring Riesz—Markov—Kakutani
theorems from the scalar-valued to the vector-valued case. To state this proposition
we need that our map S: F(Q)eE - F(§, F) is an isomorphism and that its inverse
is given as in Theorem [3.2.4] i.e. that

RYF(QLE) - F(QeE, fvJ ' oRY,

is the inverse of S where Rl}(f’)(e’) = f'(e/ o f), for f" € F(Q) and ¢’ € F’, and
J:E — E" is the canonical injection in the algebraic dual E'* of E’.

4.3.3. PROPOSITION. Let E be an lcHs, (Q,%, 1) a measure space and F(£2)
and F(Q, E) e-compatible with inverse R' of S and (TE,TX) a strong family for
(F,E) with wy := Q. If TX(f) is integrable for every f € F(Q) and TE(f) is
Pettis-integrable on Q for every f € F(QU, E) and

TSFQ) ~ K, () = [ T @)du(a),
Q
is continuous, then

w(T) = [ TES(u)(2)du(z), ue F(Q):E.
Q

PROOF. Let ue F(Q)eFE and set f:=S(u) € F(Q, E). We have
RUT)(E) =T (o f) = [T o )@)au(@) = (¢, [ T Fyduta), ¢ e B
Q o



4.3. RIESZ-MARKOV-KAKUTANI REPRESENTATION THEOREMS 61
by the strength of (T, TX) and the Pettis-integrability of T (f), which yields
u(T¥) = STHNTF) = THRUT)) = [ T F@)du(@) = [ TFS(u)(@)dpu(a)
Q Q

due to R' being the inverse of S. O

4.3.4. PROPOSITION. Let E be an IcHs, (0,2, 1) a measure space, (T, o) a
strong family for (F, E) with wy = Q such that TE (f) is Pettis-integrable on ) for
every f € F(Q,E), and (TY,T%) a consistent family for (F,E) such that

TE(f) = [ TES @A), e F@E).
Q

Then (TF,T™) is a strong family for (F,E), TE(f) is integrable for every f € F(£2)
and

T~ [ TED@an(), f e F@).
Q

Proor. Weset f-e:Q - E, (f-e)(x):= f(x)e, for ee E and f € F(Q2). Since
(TF,TX) is a consistent family for (F, E), we get f-e = S(0(e® f)) € F(Q, E) and

TP(f-e)=0(e® /)(T*) =T (f)e (30)
with the map © from (3). From the strength of (¢, T;) we deduce that
¢ oTy (f-e) =Ty (e o (f-€)) =Ty (e'(e) f) = €' () Ty (f)
and from the Pettis-integrability of T (f -e) that

TK(f)e'(E)(e',TE(f'e))=([6'(6)T§<(f)(df)dﬂ(x)

for all e’ € E'. This implies that e’(e)Toc(f) is integrable for all ¢’ € E’. Further,
since F is non-trivial by our assumptions in Chapter [2] there is some e € E, eg # 0.
By the Hahn-Banach theorem there is some e, € E’ with e{(eg) # 0, which yields
that TE(f) is integrable and

T = [ T @)du().

Furthermore, we conclude in combination with the strength of (TF,Ty%) and the
Pettis-integrability of T (f) for all f € F(Q, E) that

(T = [ T o H@)du(a) =T (e f)
Q

for all f e F(Q,E) and €’ € E’, which means that (7%, T%) is a strong family for
(F,E). O

Let us apply the preceding propositions to the space D([0,1],E) of E-valued
cadlag functions on [0,1]. For f € D([0,1],E) we set f(z-) = limy_, f(w) if
x €(0,1], and f(0-):=0.

4.3.5. PROPOSITION. Let E be a quasi-complete lcHs. Then for every TX e
D([0,1])! there is TE € L(D([0,1], E), E) such that (TE,T) is a consistent family
for (D, E) and there are a unique regular K-valued Borel measure p on [0,1] and
a unique o € £1([0,1],K) such that

T5(f) = ff(w)du($)+ > (f@) = f(@)e(z), feD([0,1],E). (31)

[0,1] z€[0,1]
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On the other hand, if (T, T) is a consistent family, there is a unique regular K-
valued Borel measure i on [0,1] such that holds and TY ¢ L(D([0,1], E), E).

ProOOF. Due to the representation theorem [139, Theorem 1, p. 383] there are
a unique regular K-valued Borel measure  on [0,1] and a unique ¢ € £1([0,1],K)
such that

T(f) = ff(l‘)du(w)+ Y (f(@) = f@))e(z), [feD([0,1LK). (32)

[0,1] z€[0,1]

By Example S:D([0,1])eE - D([0,1],E) is an isomorphism with inverse
R:f—Jo Rtf.
The next part is the analogon of Proposition for ¥ per0,17- We set

7% D([0,1]) » K, T{(f) = [Z ](f(z)—f(fﬂf))w(z),
xe€[0,1
and note that TF € D([0,1])". Let u € D([0,1])¢E and set f:= S(u) € D([0,1], E).
We have
RYU(T)N ) =TI (¢ o f) = 3 (o f)(@) = (¢'o f)(z-))p(z)

z€[0,1]
=(e/, 2 (f(@) = fa))p()), ¢ €E,
z€[0,1]

due to the Pettis-summability of « — (f(x) - f(x-))¢(z) on [0,1] by Proposition
which yields
u(Ty) = STHUNTE) = THRUT)) = Y (F(@) = fa-))e(x)

z€[0,1]

= Y (S()(x) - S(w)(z)p(2). (33)

z€[0,1]
We note that every f € D([0,1],F) is Pettis-integrable and that z — (f(x) -
f(z-))p(x) is Pettis-summable on [0, 1] by Proposition Further,

pa(f f@)du(z)+ 3 (f(@)=f(z-)e(@)) < (ul([0, 1])+2]ele) S[l(l)pl]pa(f(w))

[0.1] z€[0,1]

for all f € D([0,1], F) and « € A. The rest follows from Proposition with
(TF,T5) = (idgo.11, idgo.1) combined with ([33). For the uniqueness of 4 in
use that the p in is unique and Proposition (and for the uniqueness of ¢
use an analogon of Proposition for (TF,TF)). a

Let us turn to continuous functions that vanish at infinity.

4.3.6. PROPOSITION. Let Q) be a locally compact [second countable] topological
Hausdorff space and E an lcHs with [metric] ccp. Then for every T € Co(Q)' there
is TE € L(Co(Q, E), E) such that (TF, T%) is a consistent family for (Co, F) and
there is a unique reqular K-valued Borel measure pu on € such that

TE(f) = [ J@)du(@). feCo(E). (34)

On the other hand, if (T, T%) is a consistent family, then there is a unique regular
K-valued Borel measure p on € such that holds and T* € L(Cy(Q%, E), E).
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PROOF. Due to the Riesz—Markov—Kakutani representation theorem (see [149]
6.19 Theorem, p. 130]) there is a unique regular K-valued Borel measure p on €
such that

T = [ F@adnt), feCo(®). (35)
Q

By Example 4.2.11] S:Co(Q)eE — Co(£2, E) is an isomorphism with inverse R': f
Jo Rtf. We note that every f € Co(Q, E) is Pettis-integrable by Proposition
(i) resp. (ii) with ¢ := g := 1 since

[ w@ldlul(z) = u($2) < o0
Q

and

o Qf F(@)dp(x)) < (@) suppa(F(@). ] € Co(2,E),

for all o € 2. The rest follows from Proposition [4.3.3|with (T, T5) = (id g, idge ).
For the uniqueness of x in use that the p in is unique and Proposition
434 O

Next, we consider the space of bounded continuous E-valued functions on a
locally compact topological Hausdorff space €2, i.e.

Co(QE)={feC(QE)|Vae: Stelgpa(f(x)) < oo},

but equipped with the strict topology S (see Remark [4.2.23) which is induced by
the seminorms

|f|l/,rx = sugpa(f(x))|1/(z)|, fe Cb(QvE)7
for v € Cp(2) and v € .

4.3.7. PROPOSITION. Let §2 be a locally compact [second countable] topological
Hausdorff space and E an lcHs with [metric| ccp. Then for every T € (C,(R2),8)’
there is TE ¢ L((Co(Q, E),B),E) such that (T¥,T%) is a consistent family for
((Cp(2),B), E) and there is a unique regular K-valued Borel measure y on Q such
that

TE(f) = [ f@)du(), f e, E). (36)

Q
On the other hand, if (T, T%) is a consistent family, then there is a unique regular
K-valued Borel measure i on § such that holds and TY € L((Cy(Q, E), B), E).

Proor. Due to the Riesz—Markov—Kakutani representation theorem [89] 7.6.3
Theorem, p. 141] for the strict topology there is a unique regular K-valued Borel
measure u on §2 such that

() = [ f@au(@). f ).
Q

Since T™ is continuous, there are v € Cy(2) and C > 0 such that
|f(€', f@))du(@)| = T(e" o f)l < Csup|(e’ o f)(x)v(z)| < Csuple’(2)], € € E,
a el reK

for feCp(Q2, E) with K :=acx(fr(Q)). As K is absolutely convex and compact by
Proposition f is Pettis-integrable on Q w.r.t. u by the Mackey—Arens theo-
rem. The remaining parts of the proof follow from Example [4.2.11] and Proposition

as in Proposition O
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4.3.8. PROPOSITION. Let §2 be a locally compact [second countable] topological
Hausdorff space and E an lcHs with [metric] ccp. Then for every TX e CW(Q)' there
is T e L(CW(, E), E) such that (T®,T%) is a consistent family for (CW, E) and
there is a unique reqular K-valued Borel measure p on Q with compact support such
that

TE(f) = [ f@)du@), feC(, ). (37)
Q

On the other hand, if (T*,T™) is a consistent family, then there is a unique regular
K-valued Borel measure p on € with compact support such that holds and
T¥ e LCW(Q,E), E).

Proor. By the Riesz—Markov—Kakutani representation theorem given in the
remark after [35, Chap. 4, §4.8, Proposition 14, p. INT IV.48] for the topology of
compact convergence there is a unique regular K-valued Borel measure p on € with
compact support such that

() = [ f@an@). fec(@).
Q

Since T® is continuous, there are a compact set M c Q and C > 0 such that

[ (e F@)au()| = [T o Pl < Csup (e o F)(@)] < Csuple/(2)], < < B,
2 zeM zeK

for f € C(Q,FE) with the absolutely convex and compact set K := acx(f(M)),
implying that f is Pettis-integrable on Q w.r.t. u by the Mackey—Arens theorem.
The rest of the proof is identical to the one of Proposition .37 O

4.3.9. PROPOSITION. Let Q c R? be open and E a locally complete lcHs. Then
for every T™ € CW™(Q)' there is TF ¢ L(CW™(Q, E),E) such that (TE,T%) is
a consistent family for (CW,E). Given any open neighbourhood U c ) of the
compact distributional support supp T of TX there are m € Ny and a family of
K-valued Radon measures (115) geng gj<m 0 2 such that supp g ¢ U for all 3 € N¢,
|B| <m, and

T(f)= ¥ [0 H@)dus(a), feCT(QE). (39)

[Blsm g

On the other hand, if (T¥,T) is a consistent family, then given any open neigh-
bourhood U c Q of the compact distributional support suppT® of T there are
m € Ny and a family of K-valued Radon measures (Nﬁ)ﬂeNnggm on ) such that

holds, supp g c U for all B e N&, |8| <m and T € LICW™(Q, E), E).
Proor. TX ¢ CW™(Q)’ is a distribution with compact support and thus has
finite order by [171, Corollary, p. 259]. Denote by m € Ny the order of TX. Given

any open neighbourhood U c Q of suppT™ there is a family of K-valued Radon
measures (14g)gend,glem oD 2 such that

T4()- ¥ [ @ @adns(a), fece),
m

and supp pg c U for all B e N¢, |3| < m by [I71, Theorem 24.4, p. 259|. Since the
support Kg :=supp ug of pug is compact

[ @ r@ans@) = [0 f@)dus(@), feCc(),
Q Kp
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2.4/ that (0°)F f is Pettis-integrable on Q w.r.t. ug for all 3 and that

and (8%)F f e C1(Q, E) for f € C™(Q, E), it follows from Lemma[A.2.2)and Remark
i

pol [ (0°)° F(@)aps(@) <Isl (K5 sup po(9)7f(x)). e
a zeKg

By Example a) the map S:CW(Q)eE - CW™(Q, E) is an isomorphism with
inverse R': f = J o R}. The remaining parts of the proof follow from Proposition

3.3 with (T, T¥) = ((9°)", (9°)%). O

4.3.10. PROPOSITION. Let E be a locally complete lcHs. Then for every T* e
S(R?) there is TE € L(S(R?, E), E) such that (T, T*) is a consistent family for
(S, E) and there are m € Ny and a family of continuous functions (g,@)ﬁeNg,lﬁ\Sm on

R? growing at infinity slower than some polynomial such that

(0= ¥ [ 9@ S @)z, fe SR E). (39)

‘ﬂlstd

On the other hand, if (T, T™) is a consistent family, then there are m € Ny and a
family of continuous functions (gﬁ)ﬁeNg,\mSm on R? growing at infinity slower than

some polynomial such that holds and T¥ € L(S(R%, E), E).

PrOOF. Let T® ¢ S(R?)". Then there are m € Ny and a family of continuous
functions (gg) BeNd | 8]<m O R? growing at infinity slower than some polynomial such
that

T = Y [ 9p@)@) f(a)dz, feSERY,
1Blsmga

by [I71, Theorem 25.4, p. 272]. Here, gg growing at infinity slower than some
polynomial means that there are k € Ny and C > 0 such that [gs(z)| < C(1 +|z|*)*/?
for all € R%. Since the family (gg) is finite, we can take one k and one C for all
B. Due to the proof of Example and Corollary we know that Kg :=
acx(((8°)E £)(1+]-[2)*/?(R?)) is absolutely convex and compact for f € S(R?, E).
The estimate

[ (€95 (@) F(@)da] < € sup [ (%) F@)I(1L+ )2 = € sup ')
R TE

reKg

for all ¢’ € E' and f € S(R% E) yields that gg(9°)F f is Pettis-integrable on R?
w.r.t. the Lebesgue measure by the Mackey—Arens theorem. Further, it implies
that

pa(f 95(2)(9”)" f(x)dx) SCSllepa((aﬁ)Ef(m))(Hle2)’“/2, e,
R4 TE

as in Lemma By Corollary [3.2.10| the map S:S(R%)eE - S(R%, E) is an
isomorphism with inverse R': f > J o R%. The remaining parts of the proof follow

from Proposition with (T, TX) = (95(0°)F, g5 (0°)¥). O
4.3.11. REMARK. a) Let Q c R? be open and F a locally complete 1cHs.

Then Proposition is still valid with CW® replaced by CWF ) due
to the Hahn-Banach theorem and Example b). If P(9)¥ is a hy-
poelliptic linear partial differential operator, then one can represent TF
as in due to Proposition but the measure p need not be unique
anymore.
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b) Let © c R? be open and E an IcHs with metric ccp. Then Proposition
is still valid with Cy replaced by C7,,, for a hypoelliptic linear

partial differential operator P(9)* due to the Hahn-Banach theorem and
Proposition [£.2.24] but the measure p need not be unique anymore.

c¢) All families (77, T%) considered in this section are strong which is a con-
sequence of Proposition [4.3.4] (and of Pettis-summability in Proposition
4.3.5).



CHAPTER 5

Applications

5.1. Lifting the properties of maps from the scalar-valued case

In this section we briefly show how to use the e-compatibility of spaces F(2)
and F(Q, F) to lift properties like injectivity, surjectivity, bijectivity and continu-
ity from a map T™ to a map TF if (TF,T¥) forms a consistent family. Especially,
we pay attention to surjectivity whose transfer to the vector-valued case is ac-
complished by Grothendieck’s classical theory of tensor products of Fréchet spaces
[83] and by the splitting theory of Vogt for Fréchet spaces [I73] and of Bonet and
Domarniski for PLS-spaces [54]. In order to apply splitting theory, we recall the
definitions of the topological invariants (2), (DN) and (PA).

Let us recall that a Fréchet space F’ with an increasing fundamental system of

seminorms (|||, )xen satisfies if
1
VpeNIgeNVEkeNIneN, C>0Yr>0: U, cCr"U,+-U,
T

where Uy, == {z € F'| ||z||,, <1} (see [131, Chap. 29, Definition, p. 367]).
We recall that a Fréchet space (F, (|||, )ren) satisfies by [131), Chap. 29,
Definition, p. 359] if

IpeNVEkeNIneN,C>0VaeF: o} <Clall J,.

A [PLS-space|is a projective limit X = lim Xy, where the Xy given by inductive

€
limits Xy = Im(Xn,n, |[lly,,) are DFS-spaces (which are also called LS-spaces),

neN
and it satisfies |(PA)|if
VNIMVEKInVmVn>03k,Cirg>0Vr>rgVaeXy:

* *

. . 1

|||SC, © 1% M,m < C(’I"n|||13, ° ZI]\</ K.,k + ;mx,m;\/',n)

where ||-|* denotes the dual norm of ||| and %, i§ the linking maps (see [26]

Section 4, Eq. (24), p. 577]).

Examples of Fréchet spaces with (DN) are the spaces of rapidly decreasing
sequences s(N9), s(Ng) and s(Z?), the space C*([a,b]) of all C*-smooth functions
on (a,b) such that all derivatives can be continuously extended to the boundary
and the space of smooth functions C52(R%) that are 27-periodic in each variable.
Examples of ultrabornological PLS-space with (PA) are Fréchet—Schwartz spaces,
the space of tempered distributions S(R?);, the space of distributions D(2); and
ultradistributions of Beurling type D(,(£2); on an open set  c R?. These and
many more examples may be found in [26], [54, Corollary 4.8, p. 1116] and [112
Example 3, p. 7].

5.1.1. PROPOSITION. a) LetY be a Fréchet space and X a semi-reflexive
lecHs. Then Ly(X},Y,)) = Ly(Y, (X});) via taking adjoints.
b) Let E be an lcHs and X a Montel space. Then Ly(X;,F) 2 XeE where
the isomorphism is the identity map.

67
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PROOF. a) We consider the map
() Lo(X3,Yy) = Lo(Y, (X3)3), e "u,
defined by tu(y)(z’) := u(z")(y) for y € Y and 2’ € X’. First, we prove that ‘(-) is

well-defined. Let ue L(X},Y,) and y € Y. Since u € L(X},Y,) and {y} is bounded
in Y, there are a bounded set B c X and C > 0 such that

"u(y) (@) = Ju(a") (y)] < C'sup |’ ()]

for all 2’ € X', implying "u(y) € (X])'.

Let us denote by (|- |y,n)nen the (directed) system of seminorms generating the
metrisable locally convex topology of Y. The canonical embedding J:Y — (Y})); is
an isomorphism between Y and J(Y') by [131] Corollary 25.10, p. 298] because Y
is a Fréchet space. For a bounded set M c X; we note that

sup ["u(y)(z")] = sup |u(z")(y)] = sup [{J(y), u(z"))].
z'eM z'eM z'eM

The next step is to prove that w(M) is bounded in Y;. Let N c Y be bounded.
Since u € L(X},Y}), there are again a bounded set B ¢ X and a constant C' > 0
such that

sup sup [u(z")(y)| < C sup sup|a’(z)] < oo
z'eM yeN z'eM zeB

where the last estimate follows from the boundedness of M c X;]. Hence u(M) is
bounded in Y,. By the remark about the canonical embedding there are n ¢ N and
Cp > 0 such that

sup [‘u(y)(2")|= sup [(J(y).y') <Coly
x’'eM y'eu(M)

so ‘ue L(Y,(X});) and the map (-) is well-defined.
Let us turn to injectivity. Let u,v € L(X],Y;) with ‘u =*v. This is equivalent

u(z')(y) = "u(y)(2) = "v(y)(z") = v(2")(y)
for all y e Y and 2’ € X’. This implies u(2’) = v(a’) for all 2’ € X', hence u = v.
Next, we turn to surjectivity. We consider the map
t('):Lb(Ya (XI;);) - Lb(Xl;7Yb,)v u = t“?
defined by ‘u(z")(y) = u(y)(z') for 2’ € X’ and y € Y. We show that this map is
well-defined. Let u e Ly(Y, (X});) and 2’ € X'. Since u € Ly(Y, (X});) and {2’} is
bounded in X', there are n € N and C > 0 such that

u(a")(y)] = lu(y) (@) < Cly|
for all y € Y, yielding ‘u(2’) € Y'. Let B c Y be bounded. The semi-reflexivity

of X implies that for every u(y), y € B, there is a unique z,(,) € X such that
u(y)(z") = ' (2, (y)) for all 2" € X'. Then we get

|Y,n>

to

Y,n

sup [‘u(z") (y)| = sup [u(y)(z")| = sup [2" (24 )-
yeB yeB yeB

We claim that D := {x,,) | y € B} is a bounded set in X. Let N c X’ be finite.
Then the set M := {*u(2’) | 2’ € N} c Y’ is finite. We have

sup sup |2 (2(y))| = sup sup [‘u(z") (y)| = sup sup [y’ (y)| < 0o

yeB x'eN yeB x’e N yeB y'eM
where the last estimate follows from the fact that the bounded set B is weakly
bounded. Thus D is weakly bounded and by [I31, Mackey’s theorem 23.15, p. 268§]
bounded in X. Therefore it follows from

sup|‘u(z") (y)| = sup 2’ (2 (y) )| = sup |2’ (2)]
yeB yeB zeD
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for all ' € X’ that *u € L(X],Y};), which means that *(-) is well-defined. Let
we L(Y,(X]);)- Then we have ‘u e Ly(X;,Y;). In addition, for all y € Y and all
e X’
"("w)(y) (") = "u(z") (y) = u(y)(z")
is valid and so ‘(*u)(y) = u(y) for all y € Y, proving the surjectivity.
The last step is to prove the continuity of *(-) and its inverse. Let M c Y and
B c X be bounded sets. Then

sup sup [‘u(y) («")] = sup sup [u(a")(y)| = sup sup [u(z") (y)|
yeM x'eB yeM z'eB z'eB yeM

= sup sup [*("u) () (y)|
z'eB yeM

holds for all ue L(X},Y}). Therefore, ’(-) and its inverse are continuous.

b) Let T'e L(X;, E). For a € A there are a bounded set B c X and C >0 such
that

pa(T(2)) < Csupla’(2)| <C sup |2'(z)]
zeB zeacx(B)

for every o’ € X’ where acx(B) is the closure of the absolutely convex hull of B.
The set acx(B) is absolutely convex and compact by [89] 6.2.1 Proposition, p. 103]
and [89], 6.7.1 Proposition, p. 112] since B is bounded in the Montel space X. Hence
we gain T e L(X |, F).

Let M c X’ be equicontinuous. Due to [89, 8.5.1 Theorem (a), p. 156] M is
bounded in X;. Therefore,

id: Ly(X},E) - Lo(X_,E) = X¢E

is continuous.
Let T € L(X], FE). For a € 2 there are an absolutely convex compact set B ¢ X
and C' > 0 such that

pa(T(2")) < Csup |z’ (z)]
xeB

for every z’' € X'. Since the compact set B is bounded, we get T'e¢ L(X}, E).
Let M be a bounded set in X;. Then M is equicontinuous by virtue of [I71],
Theorem 33.2, p. 349], as X, being a Montel space, is barrelled. Thus

id: L.(X.,E) - Ly(X,,E)
is continuous. O

For part e) of the next theorem we need that our map Sz, q,): F2(2)eE —
F2(Qs, E) is an isomorphism and that its inverse is given as in Theorem ie.
that

R':Fy(Q2,E) > Fo(Q)eE, fr> T o RS,

is the inverse of Sx,(q,) where R%(f")(e") = f'(e' o f) for f'e F2(Qa)" and €’ € F,
and J:E — E'* is the canonical injection in the algebraic dual E™ of E'.

5.1.2. THEOREM. Let E be an lcHs, F1(21) and F1(1, E) as well as F2(s)
and Fo(Qa, E) be e-into-compatible. Let (T, T*) be a consistent family for (F1, E)
such that T™: F1(Q1) —» Fa(Q2) is continuous and TF:F1(Q,E) — Fo(Q, E).
Then the following holds:

a) T 0 Sz, (0,) = Sry(ay © (THeidp).
b) If Sg, (q,) is surjective and TX is injective, then T is injective, continu-
ous and
TF = SF,(0,) © (T®cidg) o ;"1(91)'



70 5. APPLICATIONS

If in addition Sx,(q,) is surjective and T% an isomorphism, then TF is
an isomorphism with inverse

(TE)' = Spu) o (TF) 'eidp) 0 S5 q,)-

c¢) If S, (q,) and TXeidg are surjective, then T is surjective.
d) If Sr,0,) and T are surjective, F1(Q1), Fo(Q2) and E are Fréchet
spaces and
(i) F1(Q1) and F2(Q2) are nuclear, or
(i) E is nuclear,
then TF is surjective.
e) If Sr,(q,) is surjective with inverse R', T% is surjective, F1(Q1) and
F2() are Fréchet spaces, ker T is nuclear and has (), and
(i) F1(Q1) and F2(Q2) are Montel spaces, E = F where F is a Fréchet
space satisfying (DN), or
(i5) F1(21) and F2(Qs) are Schwartz spaces, E is an ultrabornological
PLS-space satisfying (PA),
then TF is surjective.

Proor. a) Let u € F1(Q1)eE. Then
(TF o S, () (W) (@) = u(8, 0 T) = (wo (TF))(6,) = (T cidp) (u)(42)
= S]:z(ﬂz)((TK€ idg)(u))(z), €€y,

as (TF,T%) is consistent for (F;, E), which proves part a).
b) If Sz (q,) is surjective, then Sz (q,) is an isomorphism, because it is an
isomorphism into, and we have

TF = S, () © (T®eidp) o }1(91)

by part a). If T is injective, then T®¢idg is also injective by [159, Chap. I, §1,
Proposition 1, p. 20] and thus 7% by the formula above as well since SF () 18
an isomorphism and Sz, (q,) an isomorphism into. If Sz, q,) is surjective and %
an isomorphism, then Sz, q,) and T®cidp are isomorphisms, the latter by [159,
Chap. 1, §1, Proposition 1, p. 20] and its inverse is (7%) lcidg. The rest of part
b) follows from the formula for T above.

c) Let f € F5(2,E). Then there is g € F1(21)el such that (Sg,(q,) ©
(T™eidg))(g) = f. Hence we obtain h := Sz, (q,)(9) € F1(Q1, E) and T¥(h) = f by
part a).

d) For n = 1,2 the continuous linear injection (see (3)))

k k
O,: Fn () & E - Fr(Q)eE, Z fi®e;— [y > Z y(fj)ej],
=1 =

from theltensor product|[F,, (€2,) ®, E|with the projective topology extends to a con-
tinuous linear map ©,,: F,,(2,)8, F - F,(2,)eE on the completion
of F.(Q2,) ®, E. The map 0,, is also a topological isomorphism since F,,(£2,)
is nuclear for n = 1,2 in case (i) resp. F is nuclear in case (ii). Furthermore,
T8 @, idp: F1 (1) ®x E — F2(Q2) ® E is defined by the relation G50 (T*®,idg) =
(T®cid)o©;. We denote by T* &, id the continuous linear extension of T%®,id g
to the completion F;(21)®,E. Moreover, F,(£,) for n = 1,2 and E are Fréchet
spaces, TX and idg are linear, continuous and surjective, so TX &, id g is surjective
by [04] 10.24 Satz, p. 255]. We observe that

TKE idE = @2 o (T]K ®ﬂ ldE) o @1_1



5.1. LIFTING THE PROPERTIES OF MAPS FROM THE SCALAR-VALUED CASE 71

and deduce that T®cidp is surjective. Now, we apply part c), which proves part
d).

e) Throughout this proof we use the notation X" := (X}); for a locally convex
Hausdorff space X and T := T, The space F1(Q;) is a Fréchet space and so its
closed subspace kerT' as well. Further, F,(Q,) is a Montel space for n = 1,2 and
ker T' nuclear, thus they are reflexive. The sequence

0> kerT 5 Fi(Q1) 5 Fao() - 0, (40)

where ¢ means the inclusion, is a topologically exact sequence of Fréchet spaces
because T is surjective by assumption. Let us denote by Jo:ker T — (ker T')” and
T Fn(Qn) = Fn(Q,)" for n =1,2 the canonical embeddings which are topological
isomorphisms since ker T" and F,,(€),) are reflexive for n = 1,2. Then the exactness

of implies that

0 (kerT)" 3 F1 (1) 3 Fo(Qs)" >0, (41)

where ig := Jyoio g and T} := Jy 0T o J7!, is an exact topological sequence. This
exact sequence is topological because the (strong) bidual of a Fréchet space is again
a Fréchet space by [131] Corollary 25.10, p. 298].

(i) Let E = F} where F is a Fréchet space with (DN). Then Ext' (F, (ker T')") =
0 by [I74], 5.1 Theorem, p. 186] since ker T is nuclear and satisfies (2) and therefore
(kerT')"" as well. Combined with the exactness of this implies that the sequence

0 L(F, (kerT)") & L(F, F1(Q)") 3 L(F, F2(2)") > 0

is exact by [I37, Proposition 2.1, p. 13-14] where i§(B) :=igo B and Ty (D) :=Tyo D
for Be L(F,(kerT)") and D € L(F,F1(Q1)"). In particular, we obtain that

T7: L(F, F1()") » L(F, F2(2)") (42)
is surjective. Via E = F] and Proposition (X = F,(Q,) and Y = F) we have
the isomorphisms into

(I Fn () ot('):L(Fv}-n(Qn)”) = Fu(Qn, E),
Un(u) = (87,0, 0 () (W) = [z~ "u(d)],
for n = 1,2 and the inverse
V3 (F) = (S ()T = (() o Sry@)(H) =" (T o Ry),  feFa(,B).
Let g € F2(Q2, E). Then ¥3'(g) € L(F, F2(Q2)"”) and by the surjectivity of
there is u € L(F,F1(1)") such that Ty u = 131 (g). So we get ¥ (u) € Fi(Q, E).
Next, we show that T, (u) = g is valid. Let y € F and x € Q5. Then
T (¢1(u))(z) = "u(d; 0 T)

by consistency and
T (1 (u))(2)(y) = "u(ds 0 T)(y) = u(y)(dz 0 T) = (d o T, J7 " (u(y)))

= <5Ia TJ{l(u(y))) = <[J2 oTo J{l](u(y))v 5$> = <(T1 °© u)(y), 61)

={(TTu)(y),0:) = ¥2' (9) (1) (6:) = (T o R)(y)(8z)

= (T o Ry)(8:)(y) = T (T (9(2))(y) = g(a) (1)
Thus T (41 (u))(x) = g(x) for every x € Qo, which proves the surjectivity.

(ii) Let E be an ultrabornological PLS-space satisfying (PA). Since the nuclear

Fréchet space kerT is also a Schwartz space, its strong dual (kerT'); is a DFS-
space. By [26, Theorem 4.1, p. 577] we obtain Extp;g((kerT);, E) = 0 as the

bidual (kerT)" satisfies (Q), F is a PLS-space satisfying (PA) and condition (c)
in the theorem is fulfilled because (kerT); is the strong dual of a nuclear Fréchet
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space. Moreover, we have Proj' F = 0 due to [180, Corollary 3.3.10, p. 46] because
FE is an ultrabornological PLS-space. Then the exactness of the sequence ,
[26] Theorem 3.4, p. 567] and |26, Lemma 3.3, p. 567] (in the lemma the same
condition (c) as in [26, Theorem 4.1, p. 577 is fulfilled and we choose H = (kerT")",
F=F(91)" and G = F5(Q3)"), imply that the sequence

1;3(- T*
0— L(Ey, (kerT)") = L(E}, F1(21)") = L(E}, F2(Q2)") - 0

is exact. The maps i§ and T} are defined as in part (i). Especially, we get that

T7: L(Ey, Fi(1)") = L(Ey, F2(22)") (43)
is surjective.

By [54, Remark 4.4, p. 1114] we have Ly(F,(Q);, E”) 2 Ly (E}, Fr (Q2)") for

n = 1,2 via taking adjoints since F,, (2, ), being a Fréchet-Schwartz space, is a PLS-
space and hence its strong dual an LFS-space, which is regular by [180, Corollary
6.7, 10. < 11., p. 114], and E is an ultrabornological PLS-space, in particular,
reflexive by [53, Theorem 3.2, p. 58]. In addition, the map

P: Ly(Fn(Qn)y, ) = Lo (Frn(Qn)p, E),

defined by P(u)(y) := J *(u(y)) for u € L(F,(2,);, E”) and y € F,(Qy,)', is an
isomorphism because E is reflexive. Due to Proposition b) with X = F,,(Q,,)
we obtain the isomorphisms into

'd]n =So ‘.771 ° t()Lb(E}In‘7:.77.(g2n)”) - fn(anE)v

Un(u) =[Sz, 0 T o ()](u) = [z T (*u(d:))],
for n =1,2 and the inverse given by
D3 () = (Sryany o T o (N =) 0 T 0 Sy a)](f) = (T 0 T ' o RY)
-4 (R))
for f € Fo(Qa, E).

Let g € F2(Q2,E). Then 95 (g) € L(E}, F2(Q2)") and by the surjectivity
of there exists u € L(E],F1(4)"”) such that T7u = 13'(g). So we have
1 (u) € F1(Q, E). The last step is to show that T, (u) = g. As in part (i) we
gain for every z € ()

TE (1 (u)(x) = T ("u(b, 0 T))

by consistency and for every y € E’
“u(bz 0 T)(y) = u(y)(dz o T) = (TFu)(y) (6:) = ¥3' (9) () (82) = (R () (42)
=62(yo9) =y(g(x)) = T (9(2)) ().

Thus we have ‘u(d, o T) = J(g(x)) and therefore T (11 (u))(z) = g(z) for all
X € Qg. [l

Theorem [5.1.2] d) and e) are generalisations of [I16, Corollary 4.3, p. 2689] and
[112] Theorem 5, p. 7-8] where T is the Cauchy-Riemann operator 0 on certain
weighted spaces CV™ () of smooth functions. Our next result is the well-known
application of tensor product theory and splitting theory to linear partial differential
operators we already mentioned in the introduction.

5.1.3. COROLLARY. Let E be a locally complete IcHs, Q1 c RY open and P(9)*
be a linear partial differential operator with C*-smooth coefficients. Then the fol-
lowing holds:

a) P(@)E = SCOO(Ql) o (P(@)Kde) o Séi’(Sh)
b) If K=C, P(D):= P(D)® := P(-i0)® has constant coefficients and is
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(i) elliptic, or

(ii) hypoelliptic and Q; convez,
and
(iii) E is a Fréchet space, or

(iv) E = F) where F is a Fréchet space satisfying (DN), d > 2, or
(v) E is an ultrabornological PLS-space satisfying (PA), d > 2,
then P(D)E:C*(Qy, E) - C®(Qy, E) is surjective.

PROOF. Part a) follows from Theorem a), Example a) and the con-
sistency of (P(9)¥, P(9)%) because (7) holds for u e CW™(£2;)eE as well.

Let us turn to part b). The inverse of S¢~(q,) is given by R! by Example
a). The map P(D) = P(D)%:C>(9;) —» C*(,) is surjective by [86, Corollary
10.6.8, p. 43] and [86, Theorem 10.6.2, p. 41] in case (ii) resp. by [86, Corollary
10.8.2, p. 51] in case (i). The space CW™ (1), i.e. C=(§;) with its usual topology
(see Example b)), is a nuclear Fréchet space and thus its closed subspace
ker P(D)C as well. In case (i) ker P(D)® has () due to [I73, Proposition 2.5 (b),
p. 173] and in case (ii) due to [140}, 4.5 Corollary (a), p. 202]. Hence the surjectivity
of P(D)¥ follows from Theorem d)+e). O

Recently, it was shown in [47, Theorem 4.2, p. 13] that in the case that
Q, is convex, ker P(D)® has property () for any P(D) with constant coeffi-
cients (so without the assumption of P(D) being hypoelliptic). Hence we may
replace the assumption of P(D) being hypoelliptic in (ii) by the assumption that
P(D)®:C>=(Q) — C*(£) is surjective. Even more recently, a necessary and suf-
ficient condition for the surjectivity of P(D)® and ker P(D)® having property ()
for P(D) with constant coefficients and general open Q; c R¢ was derived in [48,
Theorem 1.1. (a), p. 3] using shifted fundamental solutions.

Even though Corollary[5.1.3]b) is known, it is often proved without using tensor
products or splitting theory (see e.g. [94, Theorem 10.10, p. 240]) or it is phrased
as the surjectivity of P(D)®®, idg (see e.g. [IT1}, Eq. (52.4), p. 541]) and the proof
of the relation

P(D)" = Sew(q,) 0 (B1 0 (P(D) &ridp) 0 O7") 0 Sk )

for Fréchet spaces E is omitted (see e.g. [I71], p. 545-546]), or only the surjectivity
of Ty = P(D)] in part e) of Theorem is actually shown and it is only stated
but not proved that this implies the surjectivity of P(D)¥ (see e.g. the statement
of surjectivity of P(D)¥ in [173| p. 168| for elliptic P(D) and E = F}] for a Fréchet
space F with (DN) and that it is ‘only’ shown that P(D); is surjective by [173,
Proposition 2.5 (b), p. 173] and [173, Theorem 2.4 (b), p. 173] where the symbol
P(D)* is used instead of P(D)7 in [I73] p. 172] since the isomorphism J; = Js is
omitted). So, apart from being the probably most classical application of tensor
products or splitting theory, that is the reason why we still included Corollary

Let us give another application of Theorem d) and e), namely, a vector-
valued [Borel-Ritt theoreml

5.1.4. THEOREM. Let E be an lcHs and (z)nen, @ sequence in E. If

(i) E is a Fréchet space, or
(i) E = F) where F is a Fréchet space satisfying (DN), or
(iii) E is an ultrabornological PLS-space satisfying (PA),

then there is f € C52(R, E) such that (0™)F f(0) = z,, for all n e Ny.
PROOF. By the Borel-Ritt theorem [94] Satz 9.12, p. 206] the map
TE:C5 (R) ~ K™, T%(f) = ((0")£(0))

neNg’
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is surjective and obviously linear and continuous as well. Now, we define the map
TE:C$2 (R, E) - EN by replacing K by E in the definition of 7%. Due to Example
KMo and EMo are e-compatible and the inverse of Sgw, is given by Rf. In
addition, C52 (R) and C52 (R, E) are e-compatible by Example as in all three
cases F is complete. We observe that (TF,T™) is consistent by Proposition
¢). The spaces KMo and C52 (R) are nuclear Fréchet spaces. The first by [I71}
Theorem 51.1, p. 526] and the second because it is a subspace of the nuclear space
C*=(R) by [131], Examples 28.9 (1), p. 349-350| and |131], Proposition 28.6, p. 347].
Hence in case (i) our statement follows from Theorem d). Moreover, ker T
is nuclear since C5: (R) is nuclear. By the proof of [131, Lemma 31.3, p. 392-393]
ker T¥ is isomorphic to s(Ng). The space s(Ng) has () by [131, Lemma 29.11
(3), p. 368] and thus ker T as well because (Q) is a linear topological invariant
by [131, Lemma 29.11 (1), p. 368]. Therefore our statement in case (ii) and (iii)
follows from Theorem e). O

We close this section with an application of Theorem b) to the
on the Beurling-Bjorck spaces S, (R?, E) from Example [4.2.26

5.1.5. THEOREM. Let E be a locally complete lcHs over C and 1:R? — [0, 00)
continuous such that p(x) = u(~z) for all x € R and condition (vy) is fulfilled.

(i) If E has metric ccp, or
(ii) if w € CY(R?) and there are k € Ng, C > 0 such that [0 u(z)| < CeFr(®)
for all z e R? and 1 <n<d,

then §¥:S, (R4, E) - S,(RY, E) is an isomorphism with FF = S o (§Ccidp) o S71.

ProOOF. Due to Example S, (R?) and S, (R?, E) are e-compatible. The
Fourier transformation §%:S,,(R?) - S, (R?) is a well-defined isomorphism by the
definition of S, (R?) and since (F& o F)(f)(x) = f(~x) for all f e S,(R?) as well
as p(x) = p(~-x) for all z € R%. Due to with 8 = 0 we have that (§%,3%) is a
consistent family for (S, E) and thus it follows from Theorem b) that F¥ is
an isomorphism and § = S o (FCeidg) o S7!, which completes the proof. (]

5.2. Extension of vector-valued functions

We study the problem of extending vector-valued functions via the existence
of weak extensions in this section. The precise description of this problem reads
as follows. Let E be a locally convex Hausdorff space over the field K of real or
complex numbers and F(Q) := F(Q,K) a locally convex Hausdorff space of K-
valued functions on a set 2. Suppose that the point evaluations ¢, belong to the
dual F(Q)' for every z € Q and that there is a locally convex Hausdorff space
F(, E) of E-valued functions on €2 such that the map

S:F(Q)eE - F(QULE), ur— [z~ u(ds)], (44)

is an isomorphism into, i.e. F(2) and F(, E) are e-into-compatible. Thus F(Q)eE
is a linearisation of a subspace of F(2, E'). Linearisations that are based on the
Dixmier—Ng theorem were used by Bonet, Domariski and Lindstrém in |28, Lemma
10, p. 243] resp. Laitila and Tylli in [12I, Lemma 5.2, p. 14] to describe the space
of weakly holomorphic resp. harmonic functions on the unit disc Q =D c C with
values in a (complex) Banach space F (see also [11§]).

5.2.1. QUESTION. Let A be a subset of Q and G a linear subspace of E’. Let
f:A = E be such that for every e’ € G, the function e’ o f: A - K has an extension
in 7(Q). When is there an extension F' € F(Q,E) of f,i.e. Fy=f7
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An affirmative answer for A = Q and G = E’ is called a |weak-strong principle.
For weighted continuous functions on a completely regular Hausdorff space 2 with
values in a semi-Montel or Schwartz space E a weak-strong principle is given by
Bierstedt in [I7, 2.10 Lemma, p. 140]. Weak-strong principles for holomorphic
functions on open subsets 2 ¢ C were shown by Dunford in [59, Theorem 76, p.
354] for Banach spaces F and by Grothendieck in [82, Théoréme 1, p. 37-38] for
quasi-complete E. For a wider class of function spaces weak-strong principles are
due to Grothendieck, mainly, in the case that F () is nuclear and E complete (see
[83} Chap. II, §3, n°3, Théoréme 13, p. 80]), which covers the case that F(£2) is the
space C*(Q) of smooth functions on an open set  c R? (with its usual topology).

Gramsch [77] analysed the weak-strong principles of Grothendieck and realised
that they can be used to extend functions if A is a set of uniqueness, i.e. from
feF(Q) and f(z) =0 for all x € A follows that f =0, and F(£2) a semi-Montel
space, E complete and G = E’ (see |77, 0.1, p. 217]). An extension result for
holomorphic functions where G = E’ and F is sequentially complete was shown by
Bogdanowicz in [25] Corollary 3, p. 665].

Grosse-Erdmann proved for holomorphic functions on A = Q in [79, 5.2 The-
orem, p. 35| that it is sufficient to test locally bounded functions f with values
in a locally complete space E with functionals from a weak*-dense subspace G of
E’. Arendt and Nikolski [7], [8] shortened his proof in the case that E is a Fréchet
space (see [7, Theorem 3.1, p. 787] and [7, Remark 3.3, p. 787]). Arendt gave an
affirmative answer in [6, Theorem 5.4, p. 74] for harmonic functions on an open
subset A = Q c R? where the range space F is a Banach space and G a weak*-dense
subspace of E’.

In [77] Gramsch also derived extension results for a large class of Fréchet—
Montel spaces F(2) in the case that A is a special set of uniqueness, E sequentially
complete and G strongly dense in E’ (see [77), 3.3 Satz, p. 228-229]). He applied
it to the space of holomorphic functions and Grosse-Erdmann [81] expanded this
result to the case of E being B,-complete and G only a weak*-dense subspace of
E'’ (see [81, Theorem 2, p. 401] and [81, Remark 2 (a), p. 406]). In a series of
papers [30] 69, [70, 02, 93] these results were generalised and improved by Bonet,
Frerick, Jorda and Wengenroth who used to obtain extensions for vector-valued
functions via extensions of linear operators. In [92, [93] this was done by Jorda for
holomorphic functions on a domain (i.e. open and connected) Q2 c C and weighted
holomorphic functions on a domain € in a Banach space. In [30] this was done
by Bonet, Frerick and Jord4 for closed subsheaves F(2) of the sheaf of smooth
functions C*(Q) on a domain © ¢ R?. Their results implied some consequences
on the work of Bierstedt and Holtmanns [18] as well. Further, in [69] this was
done by Frerick and Jord4 for closed subsheaves F(2) of smooth functions on a
domain Q c R? which are closed in the sheaf C(2) of continuous functions and in
[70] by the first two authors and Wengenroth in the case that F(Q) is the space of
bounded functions in the kernel of a hypoelliptic linear partial differential operator,
in particular, the spaces of bounded holomorphic or harmonic functions.

In this section we present a unified approach to the extension problem for a large
class of function spaces. The spaces we treat are usually of the kind that F(Q)
belongs to the class of semi-Montel spaces, Fréchet—Schwartz spaces or Banach
spaces. Even quite general weighted spaces F () are treated, at least, if F is
a semi-Montel space. Our approach is based on three ideas. First, it is based
on the representation of (a subspace of) F(£2, FE) as a space of continuous linear
operators via the map S from . We note that almost all our examples of such
spaces F (2, E) are actually of the form of a general weighted space FV (2, E) from
Definition Second, it is based on the idea to consider a set of uniqueness A
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not necessarily as a subset of {2 but rather as a set of functionals acting on F(2).
In the definition of a set of uniqueness given above one may identify A with the set
of functionals {J, | € A} and this shift of perspective allows us to consider certain
sets of functionals of the form T)% , as sets of uniqueness for F(£2) (see Definition
5.2.2)). Third, the generalised concept of consistency and strength of a family of
operators (TE, TX),.car acting on (F(Q, E), F(2)) from Definition enables
us to generalise Question and affirmatively answer this generalised question.

These three ideas are used to extend the mentioned results and we always have
to balance the sets A from which we extend our functions and the subspaces G c E’
with which we test. The case of ‘thin’ sets A and ‘thick’ subspaces G is handled in
Section [5.2.1] the converse case of ‘thick’ sets A and ‘thin’ subspaces G in Section
0.2.2

5.2.1. Extension from thin sets. Using the functionals TE’I, we extend the
definition of a set of uniqueness and a space of restrictions given in |30, Definition
4,5, p. 230]. This prepares the ground for a generalisation of Question using
a strong, consistent family (7.2, T%),.car.

5.2.2. DEFINITION (set of uniqueness). Let Q be a non-empty set, F(Q) c K®
an IcHs, (W )menr be a family of non-empty sets and TX: F(Q) - K“m be linear for
allm e M. Then U ¢ Uppeps ({m} xw,y,) is called alset of uniqueness for (T, F)menr
if

(i) V(m,z)eU: Ty € F(Q),

(i) V feF(Q): [V(m2)eU: TE(f)(x)=0] = f=0.
We omit the index m in w,, and T if M is a singleton and consider U as a subset
of w.

If U is a set of uniqueness for (TX, F)menr, then span{TE’x | (m,z) e U} is
dense in F(Q)! (and F(Q).) by the bipolar theorem.

5.2.3. REMARK. Let Q be a non-empty set and F(Q2) c K an lcHs.
a) A simple set of uniqueness for (idge, F) is given by U := Q if §, € F(Q)’
for all z € Q.
b) If F(£2) has a Schauder basis (f,)ney Wwith associated sequence of coef-

ficient functionals T := (TX),y, then U := N is a set of uniqueness for
(T%, F).

An example for b) is the space of holomorphic functions on an open disc
D,(z9) c C with radius 0 < r < oo and center 29 € C. If we equip this space
with the topology of compact convergence, then it has the shifted monomials
((- = 20)™)nen, as a Schauder basis with the point evaluations (¢, © Of )nen, given
by (0., 0 R)(f) = (™ (20) as associated sequence of coefficient functionals. We
will explore further sets of uniqueness for concrete function spaces in the upcoming
examples and come back to b) in Section

5.2.4. DEFINITION (restriction space). Let G c E’ be a separating subspace
and U a set of uniqueness for (T7§7f)meM. Let LZG( U, E)|be the space of functions
f:U — E such that for every €’ € G there is f. € F(Q) with TX(fo)(z) = (¢ o
f)(m,z) for all (m,z) e U.

5.2.5. REMARK. Since U is a set of uniqueness, the functions f.; are unique
and the map [Z#} E' - F(Q), Z¢(€) := fe, is well-defined and linear. The map %
resembles the map Ry defined above Lemma [3.2.1

5.2.6. REMARK. Let F(Q2) and F(, E') be e-into-compatible. Consider a set
of uniqueness U for (TX,F)nenr, a separating subspace G ¢ E’ and a strong,
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consistent family (T2, TX),.car for (F,E). For u e F(Q)eE set f = S(u). Then

f € F(Q, E) by the e-into-compatibility and we set f:U — E, f(m,z) = TEZ(f)(z).
It follows that

(¢"o P)(m,z) = ("o T (f)) () = Ty(e' 0 f)(2)
for all (m,z) € U and for :=¢'o f € F(Q) for all ¢’ € E’ by the strength of the family.
We conclude that f e Fg(U, E).

5.2.7. REMARK. If U is a set of uniqueness for (TE,}")meM, then the existence
of operators (T.2),,ens such that (TE,TX), .cas is a strong, consistent family for

m>) m

(F, E) is often guaranteed by the Riesz—Markov—Kakutani representation theorems
in Section 3]

Under the assumptions of Remark the map
Ry.:S(F(QeB) = Fo(U,E), f e (T (f)(@))(m,zyev

is well-defined. The map Ry, is also linear since Tn]f is linear for all m € M.
Further, the strength of the defining family guarantees that Ry ¢ is injective.

5.2.8. PROPOSITION. Let F(2) and F(Q, E) be e-into-compatible, G ¢ E' a
separating subspace and U a set of uniqueness for (T, F)menr. If (TE, TX) penr is
a strong family for (F,E), then the map

TF:F(Q,E) = EY, [ (T (/)(2) (m.a)ev
18 injective, in particular, Ry g is injective.
PROOF. Let f e F(Q, E) with TE(f) =0. Then
0= (" oTH(f))(m,x) = (¢ o T ()))() = Tyy(e o f)(2), (m,z) e,

and ¢’ o f € F(Q) for all ¢/ € E' by the strength of the family. Since U is a set of
uniqueness, we get that €’ o f =0 for all ¢’ € E’, which implies f = 0. O

5.2.9. QUESTION. Let F(Q2) and F(Q, E) be e-into-compatible, G ¢ E’ a sepa-
rating subspace, (T2, TX), cns a strong family for (F, E) and U a set of uniqueness
for (TX, F)menr- When is the injective restriction map

Ry S(F()eE) - Fa(U,E), | (T (£)(@)) (m,a)ev
surjective?

The Question[5.2:1]is a special case of this question if there is a set of uniqueness
U for (Ty5, F)men with {T)5 | (m,z) e U} = {0, |z € A}, A c Q. We observe that
a positive answer to the surjectivity of Rq ¢ results in the following weak-strong
principle.

5.2.10. PROPOSITION. Let F(Q) and F(, E) be e-into-compatible, G c E' a
separating subspace such that ¢’ o f € F(Q) for all ¢’ € G and f e F(Q,E). If

Ro,c: S(F(Q)ek) » Fa(LE), frf,
with the set of uniqueness  for (idge, F) is surjective, then
F(QeEz2F(Q,E) viaS and F(QLE)={fQ->FE|VeecG:eofecF(Q)}
PrOOF. From the e-into-compatibility and the surjectivity of Ro ¢ we obtain
{FQ->E|VeeG: eofeF(Q)}=Fc(QFE)=5S(F(Q)eE)c F(QE).

Further, the assumption that e’ o f € F(Q) for all ¢’ € G and f € F(Q, F), implies
that F(Q, E) is a subspace of the space on the left-hand side, which proves our
statement, in particular, the surjectivity of S. O
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To answer Question for general sets of uniqueness we have to restrict to
a certain class of separating subspaces of E’.

5.2.11. DEFINITION (determine boundedness [30, p. 230]). A linear subspace
G c E' [determines boundedness if every [0(E,G)}bounded set B c E is already
bounded in FE.

In [67, p. 139] such a space G is called uniform boundedness deciding by Fer-
nandez et al. and in [134] p. 63] w*-thick by Nygaard if F is a Banach space.

5.2.12. REMARK. a) Let E be an IcHs. Then G := E’ determines bound-
edness by [131], Mackey’s theorem 23.15, p. 268].

b) Let X be a barrelled IcHs, Y an IcHs and E := Ly(X,Y). For z € X and
Yy €Y we set 0, L(X,Y) > K, T = ¢/(T(x)), and G := {05, | z €
X,y €Y'} c E'. Then the span of G determines boundedness (in E) by
Mackey’s theorem and the uniform boundedness principle. For Banach
spaces X,Y this is already observed in [30, Remark 11, p. 233| and, if in
addition Y =K, in [7, Remark 1.4 b), p. 781].

c) Further examples and a characterisation of subspaces G c E’ that de-
termine boundedness can be found in [7, Remark 1.4, p. 781-782], [134,
Theorem 1.5, p. 63—64] and [I34, Theorem 2.3, 2.4, p. 67—68] in the case
that F is a Banach space.

F(92) a semi-Montel space and F (sequentially) complete. Our next
results are in need of spaces F(2) such that closed graph theorems hold with
Banach spaces as domain spaces and F({2) as the range space. Let us formally
define this class of spaces.

5.2.13. DEFINITION (BC-space [142] p. 395]). We call an IcHs F' a
if for every Banach space X and every linear map f: X — F with closed graph in
X x F, one has that f is continuous.

A characterisation of BC-spaces is given by Powell in [142], 6.1 Corollary, p. 400
401]. Since every Banach space is ultrabornological and barrelled, the [131, Closed
graph theorem 24.31, p. 289] of de Wilde and the Ptdk—Komura—Adasch—Valdivia
closed graph theorem [103, §34, 9.(7), p. 46] imply that webbed spaces and B,-
complete spaces are BC-spaces. We recall that an IcHs F is said to be
if every o(F’, F)-dense of (F’', F)-closed linear subspace of F' equals F' where
ol (F', F) is the finest topology coinciding with o(F’, F) on all equicontinuous sets
in F’ (see [103] §34, p. 26]). AnlcHs F'is calledif every of (F', F)-closed
linear subspace of F’ is weakly closed. In particular, B-complete spaces are B,.-
complete and every B,.-complete space is complete by [103] §34, 2.(1), p. 26]. These
definitions are equivalent to the original definitions of B,- and B-completeness by
Ptak [143] Definition 2, 5, p. 50, 55] due to [103, §34, 2.(2), p. 26-27] and we
note that they are also called infra-Ptdk spaces and Ptdk spaces, respectively. In
particular, Fréchet spaces are B-complete by [89, 9.5.2 Krein-Smulian Theorem, p.
184] but we will encounter non-Fréchet B-complete spaces as well.

The following proposition is a modification of [94] Satz 10.6, p. 237] and uses

the map Z;:e’ = fo from Remark

5.2.14. PROPOSITION. Let U be a set of uniqueness for (T, F)men and F(K)
a BC-space. Then Z¢(By,) is bounded in F(Q) for every f € Fg/(U,E) and cv €2
where B, :={x € E | po(z) <1}. In addition, if F() is a semi-Montel space, then
Ry(Bg,) is relatively compact in F(2).
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PRrROOF. Let f € Fg/(U,E) and « € . The polar BY, is compact in E! and
thus E}Bo is a Banach space by [I31, Corollary 23.14, p. 268]. We claim that
the restriction of % to Ej. has closed graph. Indeed, let (e;) be a net in Ep,
converging to e’ in EBO and Ry(el) converging to g in F(2). For (m,z) e U we
note that

TE (%)) = TE(fur ) (@) = (€ o ) (m,x) > (¢/ 0 F)(m,) = TE(fo)(x)
= T5(%5(e)) ().

The left-hand side converges to T,,gi,x(g) since T,,;li,x e F(Q) for all (m,x) € U.
Hence we have TX(g)(z) = T,Ef(%f(e'))(x) for all (m,z) € U. From U being a
set of uniqueness follows that g = %Zf(e’). Thus the restriction of %Zf to Ej. has
closed graph and is continuous since F(£2) is a BC-space. This yields that %’;(Bfl)
is bounded as B¢, is bounded in E%.. If F() is also a semi-Montel space, then
Zy(By) is even relatively compact. ’ O

Now, we are ready to prove our first extension theorem. Its proof of surjectivity
of Ry g is just an adaptation of the proof of surjectivity of S given in Theorem
Let U be a set of uniqueness for (TX, F)enr- For f € Fu(U, E) we consider
the dual map

HpF Q) > E", () () = y(fer).
where E'* is the algebraic dual of E’. Further, we recall the notation J: E — E™
for the canonical injection.

5.2.15. THEOREM. Let F(Q) and F(Q, E) be e-into-compatible, (T, TX) enr
a strong, consistent family for (F,E), F(Q) a semi-Montel BC-space and U a set
of uniqueness for (T, F)menr- If
(i) E is complete, or
(i) E is sequentially complete and for every f € Fp/(U,E) and f' ¢ F(Q)
there is a sequence (f] )nen in F(R2)' converging to [’ in F(Q)!. such that
%}(ﬂl) e J(E) for every n €N,

then the restriction map Ry g S(F(Q)eE) - Fp(U,E) is surjective.

PROOF. Let f € Fr/(U,E). As in Theorem we equip J(E) with the
system of seminorms given by

pee (I (2)) = sup T (@)(e)] = pa(z), z€k, (45)

for all o € A where B, := {z € E | pa(x) < 1}. We claim %} € L(F(Q),,, T (E)).
Indeed, we have for y € F(Q)'
pi: (Z; () = sup ly(f)l = sup [y(@)]< sup Jy(o)] (46)

zeRy(BY,) zeKo

where K, = Z;(B:). Due to Proposition the set Z;(B;,) is absolutely
convex and relatively compact, implying that K, is absolutely convex and compact
in F(Q) by [89, 6.2.1 Proposition, p. 103|. Further, we have for all ¢’ € E’ and
(m,x)eU

R (T o) (€)= Ty o (fer) = (€ 0 f)(m,x) = T (f(m,z)) (") (47)

and thus Z4(T,; ) € T (E).
First, let condition (i) be satisfied, i.e. let E be complete, and f’ € F(€2)’. The
span of {T}5 . | (m,x) € U} is dense in F(Q)], since U is a set of uniqueness for
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F(€2). Thus there is a net (f/) converging to f’ in FV(Q);, with Z;(f]) ¢ J(E)
and
o (ZL(fL) - ZL(f)) < su "~ Y (x)] =0 48
s (%#4(f7) f(f))mgl(ff @) (48)
for all o € 2[. We gain that (%}(ﬂ)) is a Cauchy net in the complete space J(F).
Hence it has a limit g € 7(F) which coincides with %}( /") since

pee (9-%5(f") <pBs (9 - Z5(f1)) +pBs (Z7(f1) — %% (f"))
< ppo (g—Z4(f1)) + su - ) (x)| -0
B (9-2%;(f7)) zeIg|(fr (@)

for all o e 2. We conclude that Z%(f") € J(E) for every f' e F(Q)".

Second, let condition (ii) be satisfied and f’ € F(Q2)’. Then there is a sequence
(fy) in F(Q)" converging to f' in F(Q); such that Z}(f,) € J(E) for every
n € N. From we derive that (%}(f,’l)) is a Cauchy sequence in the sequentially
complete space J(E) converging to Z}(f') € J(E).

Therefore we obtain in both cases that 3?} e L(F(Q).,J(E)). So we get for
all e and y e F(Q)'

(T Lo Rt = ppe (F(T o % = ppo (%} < su x)|.
Pa( (W) pB,,( (( (W) = pes (%25 (y)) sup ly ()]
This implies J* O%Jtc e L(F(Q).,E) = F(Q)eE (as linear spaces). We set F :=

S(Tto %}) and obtain from consistency that

T (F)(2) = T S(T o f)(x) = T (R4 (Thy 1) o T NI (f(m,2))) = f(m, )

for every (m,x) € U, which means Ry g/ (F') = f. O

If E is complete and U a set of uniqueness for (Tys, F)mens with {The . | (m,x) €
U} ={6;|zeA}, AcQ, then we get [(7, 0.1, p. 217] as a special case. Condition
(i) and (ii) are adaptations of Condition a) and c) from FV(Q, E) and Ry to
Fre(U,E) and Z;. We also treat an adaptation of Condition e) in Theorem
Condition b) and d) may be adapted as well but we restrict to the
ones we actually apply. First, we apply Theorem to the space of bounded
zero-solutions of a hypoelliptic linear partial differential operator equipped with the
strict topology 3 from Proposition

5.2.16. PROPOSITION. Let Q@ c R? be open and P(0)X a hypoelliptic linear
partial differential operator. Then (Cg(a),b(Q)ﬂ) is a B-complete semi-Montel
space.

PROOF. Due to the proof of Proposition we know that § coincides with
the mixed topology ¥(7c, | - || ). It is easy to check that the closed | - || co-unit ball
Bj.|.. is T.-compact in C;o(a),b(Q)- Thus [46l, Section 1.1, 1.13 Proposition, p. 11]
yields that (C§(8)7b(ﬂ), B) is a semi-Montel space. From [150, 2.9 Theorem, p. 185]
it follows that the space is B-complete. O

5.2.17. COROLLARY. Let Q c R? be open, E a complete lcHs, P(0)* a hypoel-
liptic linear partial differential operator, (T,E,Tgi)meM a strong, consistent family
for ((C;;(a),b(ﬂ)vﬁ),E) and U a set of uniqueness for (TX, (C;"(a)’b(Q),B))meM.
If f:U - E is a function such that there is fo € C}’;’(a)yb(ﬂ) for each ¢’ € E’
with TX(fo)(x) = (¢ o f)(m,x) for all (m,x) € U, then there is a unique F €
C;"(a)’b(Q,E) with TE (F)(x) = f(m,z) for all (m,x) eU.
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PrOOF. The space (C;;(a),b(ﬂ)vﬁ) is a semi-Montel BC-space by Proposition
5.2.16| Moreover, (C;"(a) »(£2), ) and (C;o(a),b(Q E), 3) are e-compatible by Propo-

sition [4.2.24] yielding our statement by Theorem [5.2.15| (i) and Proposition
U

Especially, for any m € Ny the family ((0°)%, (0°)%) gena 5j<m 18 strong and con-
sistent for ((Cff(a) ,(£2),8), E) by the proof of Proposition |4.2.24] It is always pos-
sible to construct a strong, consistent family (7.2, TX),,cas for ((C}’;’(a))b(Q)ﬁ), E)

m’ m

from a given set of uniqueness (T, (C;"(a)’b(Q),B))meM due to Remark b)
and c).

Similarly, we may apply Theoremto the space EM»}(Q, E) of ultradiffer-
entiable functions of class {M,} of Roumieu-type from Example f). EM}(Q)
is a projective limit of a countable sequence of DFS-spaces by [99, Theorem 2.6,
p. 44] and thus webbed because being webbed is stable under the formation of
projective and inductive limits of countable sequences by [89 5.3.3 Corollary, p.
92]. Further, if the sequence (M),)pen, satisfies Komatsu’s conditions (M.1) and
(M.3)’, then £M»}(Q) is a Montel space by |99, Theorem 5.12, p. 65-66]. The
spaces EMr}(Q) and £IMr}(Q, E) are e-compatible if (M.1) and (M.3)’ hold and
E is complete by Example b). Hence Theorem (i) is applicable.

5.2.18. REMARK. We remark that Remark and Theorem still hold
if the map S: F(Q)eE - F(Q, E) is only a linear isomorphism into, i.e. an isomor-
phism into of linear spaces, since the topological nature of e-into-compatibility is
not used in the proof. In particular, this means that it can be applied to the space
WM(€), E')| of meromorphic functions on an open, connected set 2 ¢ C with values
in an IcHs E over C (see [29, p. 356]). The space M(€) is a Montel LF-space,
thus webbed by [89, 5.3.3 Corollary (b), p. 92], due to the proof of [80, Theorem
3 (a), p. 294-295] if it is equipped with the locally convex topology 7arr given in
[80L p. 292]. By [29, Proposition 6, p. 357] the map S: M(Q)eE - M(Q,E) is
a linear isomorphism if E is locally complete and does not contain the space C.
Therefore we can apply Theorem if E is complete and does not contain CM.
This augments [92] Theorem 12, p. 12] where E is assumed to be locally complete
with suprabarrelled strong dual and (TF,TC) = (idge,idce).

F(Q) a Fréchet—Schwartz space and E locally complete. We recall the
following abstract extension result.

5.2.19. ProposITION ([30, Proposition 7, p. 231]). Let E be a locally complete
lcHs, Y a Fréchet-Schwartz space, X c Y, (=Y,!) dense and A: X — E linear. Then
the following assertions are equivalent:

a) There is a (unique) extension A € YeE of A.
b) (AD)X(Y) (={e' e E' |’ o AeY}) determines boundedness in E.

Next, we generalise [30, Theorem 9, p. 232] using the preceding proposition.
The proof of the generalisation is simply obtained by replacing the set of uniqueness
in the proof of [30, Theorem 9, p. 232] by our more general set of uniqueness.

5.2.20. THEOREM. Let E be a locally complete IcHs, G ¢ E' determine bound-
edness and F() and F(Q, E) be e-into-compatible. Let (TE TX),.car be a strong,
consistent family for (F,E), F(Q) a Fréchet—-Schwartz space and U a set of unique-
ness for (TX, F)menr. Then the restriction map Ry g:S(F(Q)eE) - Fo(U,E) is

surjective.
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PROOF. Let f € Fa(U,E). We choose X := span{T}; , | (m,z) € U} and
Y := F(Q). Let A:X — E be the linear map generated by A(TY ) := f(m,x).
The map A is well-defined since G is o(E’, E)-dense. Let e’ € G and f. be the
unique element in F(Q) such that TX(f)(z) = (¢ o A)(Tﬁ,x) for all (m,z) «
U. This equation allows us to consider f.r as a linear form on X (by setting

fer (T o) = (¢/ o A) (T} ), which yields ¢’ o A € F(Q) for all ¢’ € G. It follows
that G c (AY)~1(Y), implying that (A*)"}(Y) determines boundedness. Applying
Proposition there is an extension A € F(Q)eE of A and we set F := S(A).
We note that

T (F)(z) = T S(A)(2) = A(Tyy ) = ATy ) = f(m, )
for all (m,x) € U by consistency, yielding Ry ¢(F') = f. O

Let us apply the preceding theorem to our weighted spaces of continuously
partially differentiable functions and its subspaces from Example and Example
4.2.22

5.2.21. COROLLARY. Let E be a locally complete lcHs, G ¢ E’ determine bound-
edness, V*° a directed family of weights which is locally bounded away from zero on
an open set Q1 c RY, let F(Q) be a Fréchet-Schwartz space and U c N3 x Q a set
of uniqueness for (6’37}-)5&3 where F stands for CV™, CVF, CVF gy or CV sy 0-
Then the following holds:

a) If f:U - E is a function such that there is fo € F(Q) for each e’ € G
with 0° fo(x) = (e o £)(B,x) for all (B,x) € U, then there is a unique
F e F(Q,E) with (0°)PF(z) = f(B,x) for all (B,z)€U.

b) If U cQ and f:U - E is a function such that €' o f admits an extension
fer € F(Q) for every ¢’ € G, then there is a unique extension F € F(Q, E)
of f.

¢) FIQE)={fQ->FE|VeecG: eofecF(Q)}

PROOF. The strength and consistency of ((9%)F, 85)56Nd for (F, E) and the e-
compatibility of F(Q) and F(Q, F) follow from Example e)+f) and Example
4.2.22|c)+f). This implies that part a) and its special case part b) hold by Theorem
5.2.20{ and Proposition Part c¢) follows from part b) and Proposition
since U := () is a set of uniqueness for (idge, F). O

5.2.22. REMARK. Let V* be a directed family of weights which is locally
bounded away from zero on an open set  c R%.

a) Then any dense set U c ) is a set of uniqueness for (idge,F) with F =
CV=, V5, CVp () or CVp (s 0 due to continuity.

b) Let Q be connected and zg € Q. Then U = {(ep,z) | 1 <n<d,x €
Q} u{(0,70)} is a set of uniqueness for (9”,F)gen, by the mean value
theorem with F from a).

c) Let K:=R, d:=1, Q= (a,b) c R, g:(a,b) - N and x¢ € (a,b). Then
U :={(g9(x),z) | z € (a,b)} u{(n,zp) | n € No} is a set of uniqueness for
(0%, F) gen, with F from a). Indeed, if f € F(Q2) and 0 = 99 f(x) for all
x € (a,b), then f is a polynomial by [56, Chap. 11, Theorem, p. 53]. If, in
addition, 0 = 9™ f(xg) for all n € Ny, then the polynomial f must vanish
on the whole interval 2.

d) Let 2 c C be connected. Then any set U c Q with an accumulation point
in Q is a set of uniqueness for (idce,CV3) by the identity theorem for
holomorphic functions.
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e) Let  c C be connected and zp € Q. Then U := {(n,z) | n € Ng} is a set
of uniqueness for (GE,CV%" Jnen, by local power series expansion and the
identity theorem.

f) Let © c R? be connected. Then any non-empty open set U c 2 is a
set of uniqueness for (idge,CVX) by the identity theorem for harmonic
functions (see e.g. [85, Theorem 5, p. 218]).

g) Further examples of sets of uniqueness for (idge,CVRX) are given in [08].

In part e) a special case of Remark@ b) is used, namely, that CWZ' (D, (20))
has a Schauder basis with associated coeflicient functionals (J., o Of)nen, Where
0 < r < oo is such that D,.(z9) c Q. In order to obtain some sets of uniqueness which
are more sensible w.r.t. the family of weights V*°, we turn to entire and harmonic
functions fulfilling some growth conditions. For a family V := (v;),ev of continuous
weights on R? set V°° := () 1) jeN,men, Where v, {8 € N&||8] <m} xR > [0, 00),
Vjm(B,x) := vj(x). Weknow that CVp(s)(R%, E) = CV% o) (R?, E) as locally convex
spaces and that CVp(p)(R?) is a nuclear Fréchet space for P(9) = 8 or P(0) = A
by Proposition {.2.19]if E is a locally complete lcHs and V fulfils Condition [4.2.18]
In particular, Condition is fulfilled if v;(z) = exp(-(7 + %)|x|), x e R?, for
all j € N and some 0 < 7 < oo and thus we can apply Corollary [5.2.21] to the
spaces AZ(C, E) = CV5(C, E) of entire and AL (R E) = CVA(RY E) of harmonic
functions of exponential type 7 by Remark Hence we may complement our
list in Remark [5.2.22 by some more examples for spaces of functions of exponential
type 0 < 7 < oo.

5.2.23. REMARK. The following sets U c C are sets of uniqueness for (idcc, A%).

a) If 7 <7, then U := Ny is a set of uniqueness by [2I], 9.2.1 Carlson’s theorem,
p. 153].

b) Let 6 >0 and (A, )ney € (0, 00) such that A1 — A, > 8 for all n € N. Then
U := (Ap)nen is a set of uniqueness if limsup, ., 7~ 27/74)(r) = oo where
Y(r) =exp(Xy, or Ay, 7> 0, by |21}, 9.5.1 Fuchs’s theorem, p. 157-158].

The following sets U are sets of uniqueness for (9g ,A%)MNO.

c) Let (An)nen, € C with |A,] < 1 for all n € Ng. If 7 < In(2), then U :=
{(n,An) | n € No} is a set of uniqueness by |21, 9.11.1 Theorem, p. 172].
If 7 <In(2 +/3), then U := {(2n+1,0) |neNg} u{(2n,\,) | n e No} is a
set of uniqueness by [21], 9.11.3 Theorem, p. 173].

d) Let (Ap)nen, © C with limsup,,_n ' Yr M\ < 1. If 7 < e7!, then
U :={(n,\n) | n € No} is a set of uniqueness by [2I], 9.11.4 Theorem, p.
173].

The following sets U c R? are sets of uniqueness for (idgga, AR ).

e) Let d:=2. If there is k € N with 7 < 7/k, then U := Z U (Z + ik) is a set of
uniqueness by [22, Theorem 1, p. 425].

f) Let d:=2. If 7 <7 and 0 ¢ 7Q, then U := Z U (¢!?Z) is a set of uniqueness
by [22, Theorem 2, p. 426].

g) If 7 <7, then U := {0,1} x Z9! is a set of uniqueness by [145, Corollary
1.8, p. 312].

h) If 7 <7 and a € R with |a| <+/1/(d - 1), then U := Z%! x {0,a} is a set of
uniqueness by [I85, Theorem A, p. 335].

i) Further examples of sets of uniqueness can be found in [I0].

The following sets U are sets of uniqueness for ((9%)%, A7) BeNg-

j) If 7 <, then U := {(B,(x,0)) | B € {0,eq}, x € Z1} is a set of uniqueness
by [185, Theorem B, p. 335]. Further examples can be found in [10].
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We need the following weak-strong principle in our last section for the space
Eo(F) of E-valued infinitely continuously partially differentiable functions on (0, 1)
such that all derivatives can be continuously extended to the boundary and vanish
at 1.

5.2.24. COROLLARY. Let E be a locally complete lcHs and G c E’ determine
boundedness. Then Ey(E) ={f:(0,1) > E|Ve €eG: € o fe&}.

ProOF. By Example [4.2.29| &, is a Fréchet—Schwartz space and & and &)(E)
are e-compatible. We derive our statement from Theorem [5.2.20| and Proposition

with (TF,T%) := (idpv,idgv) and U := (0, 1). O

Fr(2) a Banach space and E locally complete. In this subsection we
consider function spaces F (€2, E') with a certain structure, namely, spaces FV(Q, F)
from Definition where the family of weights V = (v ,) jesmens only consists
of one weight function, i.e. the sets J and M can be chosen as singletons. So for
two non-empty sets Q and w, a weight v:w — (0,00), a linear operator TE:E? 5
domT¥ - E“ and a linear subspace AP(Q, E) of E we consider the space

[Fr(Q.E)={f e F(Q,E) | ¥ aeA: |flo < oo}

F(Q,E) = AP(Q,E) ndomT*

where

and
fla = f]F0(0),0 = i}elfpa(TE(f)(w))V(w)-

For instance, if Q = w, TF := idge and v := 1 on Q, then Fv(Q, E) is the
linear subspace of F'(€2, E) consisting of bounded functions. We use the methods
developed in [70} 93] where, in particular, the special case that Fr(2) is the space
of bounded smooth functions on an open set © c R? in the kernel of a hypoelliptic
linear partial differential operator resp. a weighted space of holomorphic functions
on an open subset €2 of a Banach space is treated. The lack of compact subsets of an
infinite dimensional Banach space Fr () is compensated in [70, O3] by equipping
F(Q) with a locally convex Hausdorff topology such that the closed unit ball of
Fr(Q) is compact in F(2). Among others, the space F(Q, E) := (O(Q, E), 7.) of
holomorphic functions on an open set €2 ¢ C with values in a locally complete space
E equipped with topology 7. of compact convergence is used in [70] and the space

Fv(Q, E) =[H*® (£, E)| of E-valued bounded holomorphic functions on €.

5.2.25. PROPOSITION. Let F(Q) and F(S, E) be e-into-compatible, (T, TX)
a consistent family for (F, E) and a generator for (Fv,E) and the map i: Fv(Q) —»
F(Q), f— f, continuous. We set

Fv(QE):=S{ue F(Q)eE | u(B;.i((g))I) is bounded in E})

where B;_.i((g))' =y e F(Q)' |V feBryay: [y (f) <1} and Bry,q) is the closed

unit ball of Fv(Q2). Then the following holds:
a) Fr(Q) is a dom-space.
b) Let ue F(Q)eE. Then

sup  pa(u(y)) = [S(W)lFu()ar el
ey
In particular,

For(E) = S({ue F(Q)E |V ae: [S(u)|ryay.a < })-
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¢) S(Fv(Q)eFE) ¢ F.v(LE) ¢ Fv(QE) as linear spaces. If F(Q2) and
F(Q, E) are even e-compatible, then F.v(Q, E) = Fv(Q, E).
d) If Fv(Q, E) is Hausdorff, then
(i) (TF,T™) is a consistent generator for (Fv, E).
(i1) Fv(Q) and Fv(Q, E) are e-into-compatible.
(iii) (TE,T%) is a strong generator for (Fuv, E) if it is a strong family for
(F,E).

PRrOOF. Part a) follows from the continuity of the map ¢ and the e-into-
compatibility of F'(Q2) and F(, E). Let us turn to part b). As in Lemma it
follows from the bipolar theorem that

oF(Q) _
B = aex{T¥ (Yw(z) |z e w},

where acx denotes the closure w.r.t. K(F(Q)’, Fr(Q)) of the absolutely convex hull
acx of the set D = {TX(-)v(x) | v € w} on the right-hand side, and that
sup  pa(u(y’)) = sup )pa(U(y')) = Sugpa(U(y')) = sup pa (u(Ty) Jv (@)
y'e TEW

y’EB;__Ij/((%)), y’eacx(D
= Slelppa(TE(S(U))(w))V(w) =15(u)|Fu(0),a
TEW

by consistency, which proves part b).

Let us address part c¢). The continuity of the map 4 implies the continuity
of the inclusion Fv(Q)eE — F(Q)eE and thus we obtain up)y € F(Q)eE for
every u € Fv(Q)eE. If u e Fv(Q)eE and a € 2, then there are Cp,Cy > 0 and an
absolutely convex compact set K c Fr(£2) such that K c CyBr,(q) and

sup  pa(u(y’))<Co  sup suply'(f)| < CoCr,

oF(Q) oF(Q) feK
Y'eBr, (o) Y'eBr, o) f

which implies S(Fr(Q)eE) c F.v(Q E). If f:=S(u) € Fer(, E) and o € 2, then
S(u) e F(Q,E) and

|f|.7-'l/(Q),a = SUPPa(U(TE)V(x)) <00
Tew

by consistency, yielding F.v(Q, E) ¢ Fv(Q,E). If F(Q) and F(Q, E) are even
e-compatible, then S(F(Q)eFE) = F(Q, E), which yields F.v(Q, E) = Fv(Q, E) by
part b).

Let us turn to part d). By part a) Fv(Q) is a dom-space. Since Fv(Q, E) is
Hausdorff, it is also a dom-space due to Remarkc). We have ujpq) € F(Q)eE
for every u € Fr(Q2)eE and

S}'V(Q) (u)() =u(d;) = U\F(Q)'(5m) = SF(Q)(U\F(Q)’)(x)’ zeQ.

In combination with S(F(Q)eE) c F(Q,E) and the consistency of (T¥,TX) for
(F, E) this yields that (TF,T%) is a consistent generator for (Fv, E). Thus part (i)
holds and implies part (ii) by Theorem If (TF,T%) is in addition a strong
family for (F,FE), then the inclusion Fv(Q,E) c F(Q, E) implies that e’ o f €
F(QLE) and TX(e'o f)(z) = (e'oTF(f))(z) for all ¢’ € E’, f € Fv(Q, F) and x € w.
It follows that (TF,T%) is a strong generator for (Fv, E). O

The canonical situation in part c) is that F.v(Q, E) and Fv(Q, E) coincide
as linear spaces for locally complete F as we will encounter in the forthcoming
examples, e.g. if Fv(Q,E) = H®(Q, E) and F(Q,E) = (O(Q, E),7.) for an open
set ¢ C. That all three spaces in part ¢) coincide is usually only guaranteed
by Corollary (iii) if F is a semi-Montel space. Therefore the ‘mingle-mangle’
space F.v(Q, E) is a good replacement for S(Fv(Q2)eFE) for our purpose.
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5.2.26. REMARK. Let (T, T®) be a strong, consistent family for (F, E) and
a generator for (Frv, E). Let F(Q) and F(£,FE) be e-into-compatible and the
inclusion Fr(Q) = F(Q) continuous. Consider a set of uniqueness U for (T, Fv)
and a separating subspace G c E'. For u € F/(2)eE such that u(B;i((g))') is bounded
in E, ie. S(u) e Fov(Q, E), we set f:= S(u). Then f e F(Q,E) by the e-into-

compatibility and we define f:U — E, f(z) = T¥(f)(x). This yields

(¢ o f)(@) = (' o TP(f))(z) = T*(e" o f) () (49)
for all z e U and for :=¢€'o f € F(Q) for each €’ € E' by the strength of the family.
Moreover, TX(-)v(x) € B;_.i((g)), for every x € w, which implies that for every e’ € £’
there are o € 2 and C > 0 such that

|ferlzuca) = suple’(u(Ty (r(2))[ <€ sup  paluly’)) < oo
TEW y’EB;__IZ((SgZ))I

by strength and consistency. Hence f. € Fv(Q) for every e’ € E' and f € Fvg (U, E).
Under the assumptions of Remark the map
Ry Fev(Q, E) » Fra(U, E), f v (T7(£)(@))eev, (50)

is well-defined and linear. In addition, we derive from that Ry ¢ is injective
since U is a set of uniqueness and G ¢ E’ separating. The replacement of Question
[E29 reads as follows.

5.2.27. QUESTION. Let the assumptions of Remark [5.2.26| be fulfilled. When is
the injective restriction map

Ry Fv(QE) » Fra(U,E), fr (TF(f)(2))sev,

surjective?

Due to Proposition [5.2.25|c) the Question is a special case of this question
if AcQ=wand U := Ais a set of uniqueness for (idge, Fr). We recall the following

extension result for continuous linear operators.

5.2.28. PROPOSITION ([70} Proposition 2.1, p. 691]). Let E be a locally complete
lcHs, G c E' determine boundedness, Z a Banach space whose closed unit ball By
is a compact subset of an lcHs Y and X c Y’ be a o(Y',Z)-dense subspace. If
A:X - E isao(X,Z)-0(E,G)-continuous linear map, then there exists a (unique)
extension A € YeE of A such that A(BY") is bounded in E where By = {y ¢
Y'|VzeBg: [y(2)|<1}.

Now, we are able to generalise [70, Theorem 2.2, p. 691] and [93, Theorem 10,
p. 3.

5.2.29. THEOREM. Let E be a locally complete IcHs, G c E' determine bounded-
ness and F(Q)) and F(S, E) be c-into-compatible. Let (T, T) be a generator for
(Fv,E) and a strong, consistent family for (F,E), Fv(Q) a Banach space whose
closed unit ball Br,qy is a compact subset of F'(2) and U a set of uniqueness for
(T, Fv). Then the restriction map

Ry Fv(QE) - Frvg(U, E)
18 surjective.
PROOF. Let f € Fug(U,E). We set X := span{TX |z e U}, Y = F(Q) and
Z = Fv(Q). The consistency of (TE,T) for (F,E) yields that X c Y'. From

U being a set of uniqueness of Z follows that X is o(Z’, Z)-dense. Since By is a
compact subset of Y, it follows that Z is a linear subspace of Y and the inclusion
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7 =Y is continuous, which yields yl’Z e Z' for every 3y’ € Y'. Thus X is o(Y', Z)-

dense. Let A: X — E be the linear map determined by A(TX) := f(x). The map A
is well-defined since G is o(E’, E)-dense. Due to

¢(A(T)) = (¢ ) (@) = T (fer)
for every ¢’ € G and z € U we have that A is o(X, Z)-0(F,G)-continuous. We
apply Proposition and gain an extension A € YeFE of A such that K(B°ZY') is
bounded in E. We set F := S(A) € F.v(€2, E) and get for all 2 € U that

TP(F)(z) = T"S(A)(x) = A(T) = f (=)
by consistency for (F, E), implying RU’G(ﬁ) = f. O

Let © c R? be open, E an IcHs and P(9)F:C*(Q,E) - C*(Q, E) a linear
partial differential operator which is hypoelliptic if F = K. We consider the weighted
space CVp(9) (€, E) of zero solutions from Proposition where the familiy of
weights V only consists of one continuous weight v:Q — (0, 00), i.e. the space

Cvpy(Q,E) ={fe€ C;,"(a)(Q,E) [Vaed: |floa:= sggpa(f(x))u(z) <oo}.

5.2.30. COROLLARY. Let E be a locally complete IcHs, G c E' determine bound-
edness, Q2 ¢ R open, P(0)* a hypoelliptic linear partial differential operator,
v:Q = (0, 00) continuous and U a set of uniqueness for (idge,Cvpy). If frU - E
is a function such that €' o f admits an extension fer € Cup(9)(2) for every ¢’ € G,
then there exists a unique extension F € Cvpg)(Q, E) of f.

Proor. We choose F'(Q) := (C5)(2),7c) and F(S, E) = (CF5) (L E), 7e).
Then we have Fv(Q) = Cvpp) () and Fr (2, E) = Cvp() (2, E) with the generator
(TF,T%) = (idge,idge) for (Fv,E). We note that F(Q) and F(Q,FE) are e-
compatible and (7%, T%) is a strong, consistent family for (F,E) by Proposition
4.2.17, We observe that Fv(Q) is a Banach space by Proposition and for
every compact K c ) we have

zeK
yielding that Bz, () is bounded in F(Q2). The space F(2) = (C;"(a)(Q),TC) is a
Fréchet—Schwartz space, thus a Montel space, and it is easy to check that Br,(q) is
T.-closed. Hence the bounded and 7.-closed set B, (q) is compact in F'(2). Finally,
we remark that the e-compatibility of F'(Q2) and F(2, E') in combination with the
consistency of (idge,idge) for (F, E) gives F.v (2, E) = Fv(f, E) as linear spaces
by Proposition c). From Theorem follows our statement. O

sup|f(#)| < supv(z)7!|fl, <supr(2)7',  feBryq),
zeK (122) zeK

If Q =D c C is the open unit disc, P(9) = 0 the Cauchy-Riemann operator
and v =1 on D, then Cvppy (2, E) = H*(D, E) and a sequence U := (2, )nen € D of
distinct elements is a set of uniqueness for (ideo, H) if and only if it satisfies the
Blaschke condition ¥,,cn(1 —|2n|) = co (see e.g. [149, 15.23 Theorem, p. 303]).

For a continuous function v:D — (0,00) and a complex IcHs E we define the
|bloch type spaces|

:: {feOM,E)|VaeA: |floa <o}

with
|fla = maX(pa(f(O)),S;Elgpa((aé)Ef(Z))V(z))-
If E=C, we write f'(2) = (0L)Cf(2) for zeD and f € O(D).

5.2.31. PROPOSITION. If v:D — (0,00) is continuous, then Bv(D) is a Banach
space.
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PRrOOF. Let f € Bv(D). From the estimates

s 17O

|f(z)|s|f(0)|+|ff'(4)d<|§|f(0)|+mc [0.:]
y 2 [0,z

|2l
< 2max 13 A |f|1/
( MiN¢e[0,z] u(ﬁ))
for every z € D and
max|f(2)] < 2max(1, ——— )| f|, (51)
|z|<r min <, v(2)

for all 0 < r <1 and f € Bv(D) it follows that Bv(D) is a Banach space by using
the completeness of (O(D), 7.) analogously to the proof of Proposition [4.2.14 O

5.2.32. PROPOSITION. Let Q2 c C be open and E a locally complete lcHs over
C. Then ((92)F, (O%)%)nen, is a strong, consistent family for ((O(Q),7.), E).
ProOF. We recall from that the real and complex derivatives are related
by
0)°1(2) =127 f(2), =, (52)
for every f e O(Q, E) and 8 = (81, 32) € NZ. Further, the Fréchet space (O(f),7.)
is barrelled. Due to Proposition ¢) and we have for all u € (O(Q),7.)eE
(98)"S(u)(2) = u(8, 0 (O2)%), neNg, zeQ,

which means that ((92), (9%)%)nen, is consistent.
Moreover, we have

(O8)°(e' o )(2) =€'((B)7f(2)), neNo, ze€Q,

for all ¢’ € E' and f € O(%, E), implying the strength of ((92)F, (08) ) nen,. O

Let E be an IcHs and v:D — (0, 00) be continuous. We set w :={0}u{(1,2) |z €
D}, define the operator T¥:O(D, E) - E¥ by

TE(F)(0)5= £(0) and TE(f)(1,2) = (O0)EF(2), 2 €D,
and the weight v.:w — (0, 00) by
v.(0):=1 and v.(1,2):=v(z), zeD.

Then we have for every « € 2l that

|flv.a = Sxtelgpa(TE(f)(w))V*(x)v feBv(D,E),

and with F(D, E) := O(D, E) we observe that Fv,(D, E) = Bv(D, E') with generator
(TE,T°).

5.2.33. COROLLARY. Let E be a locally complete lcHs, G c E' determine bound-
edness, v:ID - (0,00) continuous and U, c D have an accumulation point in D. If
f:{0u ({1} xU,) » E is a function such that there is fo € Bv(D) for each e’ € G
with fer(0) = €'(f(0)) and fl.(2) = €'(f(1,2)) for all z € U, then there exists a
unique F € Bv(D, E) with F(0) = f(0) and (05)FF(2) = f(1,2) for all z € U,.

Proor. We take F(D) := (O(D),7.) and F(D,E) := (O(D, E),7.). Then we
have Fr,(D) = Bv(D) and Fr.(Q, FE) = Bv(D, E) with the weight v, and generator
(TE,TC) for (Fv,,E) described above. The spaces F(D) and F(D,E) are -
compatible by Proposition in combination with (23), and the generator is
a strong, consistent family for (F, F) by Proposition Due to Proposition

5.2.31| Fv,. (D) = Bv(D) is a Banach space and we deduce from that Bz, is
compact in the Montel space (O(D), 7.). We note that the e-compatibility of F'(Q)
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and F(Q,E) in combination with the consistency of (TF,TC) for (F,E) gives
Fv.(D,E) = Fv.(D,E) as linear spaces by Proposition c¢). In addition,
U:={0}u{(l,2) | z € U} is a set of uniqueness for (T, Fv,) by the identity
theorem, proving our statement by Theorem [5.2.29 O

FE a Fréchet space. In this section we restrict to the case that F is a Fréchet
space and G c E’ is generated by a sequence that fizes the topology in E.

5.2.34. DEFINITION ([30, Definition 12, p. 8]). Let Y be a Fréchet space. An
increasing sequence (B )nen of bounded subsets of Y/ |fizes the topology in Y if
(B )nen is a fundamental system of zero neighbourhoods of Y.

5.2.35. REMARK. Let Y be a Banach space. If B c Y} is bounded, i.e. bounded
w.r.t. the operator norm, such that B fixes the topology in Y, i.e. B° is bounded

in Y, then B is called an subset. Examples of almost norming
subspaces are given in [7, Remark 1.2, p. 780-781]. For instance, the set of point

evaluations B := {01/, | n € N} is almost norming for the Y := H*(D) := 3, (D).

5.2.36. DEFINITION (|sb-restriction space]). Let E be a Fréchet space, (B,,) fix
the topology in E and G := span(U,ey Br)- Let FV(Q) be a dom-space, U a set of
uniqueness for (TX, FV) e and set

FVo(U,E) )= {f e FVa(U,E) |VneN: {fo|e eB,}is bounded in FV(Q2)}.

Let E be a Fréchet space, (B,,) fix the topology in E, G := span(Upey Br),
(TE TX),.enr be a strong, consistent generator for (FV, E) and U a set of unique-

ness for (TX, FV)men. For u € FV(Q)eE we have Ry (f) € FVq(U, E) with
f:=S(u) by Remark [5.2.6| and for j € J and m ¢ M

sup |ferljm = sup sup |/ (T (f)(2)vjm(x))| = sup  sup [e'(y)]

e’eB,, e’'eB,, T€Wm, e’e€Byn yeNj m (f)
with N (f) = {TE(f)(2)vjm(x) | # € wy}. This set is bounded in E since

sup  pa(f) = |fljma < o0
yENj,m(f)

ferljm < o0 and Ry, (f) € FVc(U, E) . Hence the

for all o € 2, implying sup,..p,
injective linear map

RU,G: S(‘FV(Q)EE) - fVG(Uu E)Sb7 f e (Trg(f)(m))(m,x)eUa
is well-defined.

5.2.37. QUESTION. Let E be a Fréchet space, (B,) fix the topology in F
and G := span(Upey Bn). Let (TZ, TX),.car be a strong, consistent generator for

m m

(FV,E) and U a set of uniqueness for (TX, FV)near. When is the injective restric-
tion map

Ry, S(FV(Q)eE) = FVG(U, E)sps f = (T (/)(2)) (m)errs
surjective?

5.2.38. REMARK. Let E be a Fréchet space with increasing system of seminorms
(Pan Jnen, B = BS, where By, = {z € E | pa, (2) < 1}, (T5, T )men a strong,
consistent generator for (FV,E) and U a set of uniqueness for (7%, FV)merr. If
FV(Q) is a BC-space, then FVg (U, E)sp = FVp (U, E) by Proposition [5.2.14
Hence Theorem [5.2.15| (i) answers Question |5.2.37)in this case.

Let us turn to the case where G need not coincide with E’.
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FV(Q) a Fréchet—Schwartz space and F a Fréchet space. We recall the
following result.

5.2.39. PROPOSITION ([69, Lemma 9, p. 504]). Let E be a Fréchet space, (B,,)
fix the topology in E, Y a Fréchet-Schwartz space and X c Y,)(=Y)) a dense
subspace. Set G := span(U,eny Br) and let A:X — E be a linear map which is
o(X,Y)-0(E,G)-continuous and satisfies that A*(B,,) is bounded in Y for each
neN. Then A has a (unique) extension A e YeE.

Next, we improve [69, Theorem 1 ii), p. 501].

5.2.40. THEOREM. Let E be a Fréchet space, (By,) fix the topology in E and G :=
span(Unen Bn), (TE TX),.crr a strong, consistent generator for (FV,E), FV(Q)

a Fréchet-Schwartz space and U a set of uniqueness for (T, FV)merr. Then the
restriction map Ry c: S(FV(Q)eE) - FVa(U, E)gp is surjective.

PROOF. Let f € FVq(U,E)s. We set X := span{T};, , | (m,z) € U} and
Y := FV(Q). Let A:X — E be the linear map determined by A(Ty. ) = f(m, )
which is well-defined since G is o(E’, E')-dense. From

¢ (A(Trs ) = (¢ 0 f)(m,x) = Ts (fer)
for every ¢’ € G and (m,x) € U it follows that A is o(X,Y)-0(F, G)-continuous and

sup |A"(¢')]jk = sup |ferljr < 00
e'eB,, e’eBy,

for all j € J, ke M and n € N. Due to Proposition [5.2.39) there is an extension

AeFV(Q)eE of A. We set F := S(A) and get for all (m,x) € U that

T (F)(z) = T, S(A)(x) = A(Ty5 ) = f(m, )
by consistency, which means Ry ¢ (F) = f. O

5.2.41. COROLLARY. Let E be a Fréchet space, (By,) fix the topology in E and
G := span(Upeny Br). Let V = (vj) en be an increasing family of weights which
is locally bounded away from zero on an open set Q c R, P(9)X a hypoelliptic
linear partial differential operator, CV p9y(2) a Schwartz space and U c ) a set of
uniqueness for (idge,CVp(sy). If frU — E is a function such that e’ o f admits
an extension fo € CVp9)(Q) for each ¢’ € G and {fe | €' € By} is bounded in
CVp(s)(Q2) for each n €N, then there is a unique extension F' € CVp () (2, E) of f.

PROOF. CVp(5) () is a Fréchet-Schwartz space and (idge,idge) a strong,

consistent generator for (CV p(5y, F) by Proposition |4.2.14{and the proof of Example
4.2.16|b). Now, Theorem [5.2.40[ and Proposition prove our statement. d

We already mentioned examples of families of weights V such that CV p(@)(Rd)
is a nuclear Fréchet space and sets of uniqueness for (idgze¢,CVp(s)) in Remark
and Remark [5.2.23| and if P(9) =0 or P(9) = A. Further sets of uniqueness
are given in Remark [5.2.66] If E is a Banach space, then an almost norming set
fixes the topology and examples can be found via Remark [5.2.35

Fr() a Banach space and FE a Fréchet space. Let E be a Fréchet space,
(By) fix the topology in E and recall the assumptions of Remark Let
(TF,T%) be a strong, consistent family for (F,E) and a generator for (Fuv, E).
Let F(2) and F(Q,FE) be e-into-compatible and the inclusion Fr(f2) - F(Q)
continuous. Consider a set of uniqueness U for (T, Fv) and G := span(U,ey Br) ©



5.2. EXTENSION OF VECTOR-VALUED FUNCTIONS 91
E'. For u € F(Q)eE such that u(B;.i((?z))l) is bounded in E we have Ry a(f) €
Frg(U,E) with f:=S(u) € F.v(Q, E) by (50). We note that

sup |ferlzu) = sup suple'(T7(f)(z)v(z))| = sup  sup [¢'(y)|

e’eB, e’eB,, Tew e’eBy yeN,, (f)
with the bounded set N, (f) = {TF(f)(z)v(z) | x € w} c E, implying Ry.c(f) €
FVa(U, E)gp- Thus the injective linear map

Ry Fov(Q,E) - Frg(U,E)w, fr (TE(f)(2))aev,
is well-defined.

5.2.42. QUESTION. Let the assumptions of Remark [5.2.26| be fulfilled, F be a
Fréchet space, (B,,) fix the topology in F and G := span(Up,ey Brn). When is the
injective restriction map

Ru,: Fev(Q,B) = Fra(U, E)w, = (T (f)(@))zev,
surjective?
Now, we can generalise [0, Corollary 2.4, p. 692] and [93, Theorem 11, p. 5].

5.2.43. COROLLARY. Let E be a Fréchet space, (B,,) fix the topology in E, set
G = span(Upey By) and let F(Q) and F(Q, E) be e-into-compatible. Let (T, T%)
be a generator for (Fv,E) and a strong, consistent family for (F,E), Fv(Q) a
Banach space whose closed unit ball By, oy is a compact subset of F'(2) and U a
set of uniqueness for (T, Fv). Then the restriction map

Ry Fv(LE) - Frvag(U, E) s
18 surjective.

PrOOF. Let f € Fvg(U,E)s. Then {f. | ¢ € B,} is bounded in Fr ()
for each n € N. We deduce for each n € N, (ag)ren € ¢! and (€} )ren © B, that
(Xken akey,) o f admits the extension ¥pay ax fe; in Fr(€2). Due to [69, Proposition
7, p. 503] the LB-space E'((By)nen) := lim E'(B,,), where

neN
E'(Bn) ={Y. axe, | (ar)wan € €', (€} )ken © Bn}
keN
is endowed with its Banach space topology for n € N, determines boundedness in
E. Hence we conclude that f € Fvp((p,),..)(U,E), which yields that there is

u € F(Q)eE with bounded u(B;i((g)),) c E such that Ry ¢(S(u)) = f by Theorem

19.2.29) O

As an application we directly obtain the following two corollaries of Corol-
lary since its assumptions are fulfilled by the proof of Corollary [5.2.30] and
Corollary [5.2.33] respectively.

5.2.44. COROLLARY. Let E be a Fréchet space, (By,) fix the topology in E and
G = span(Uneny Br), Q ¢ R? open, P(9)* a hypoelliptic linear partial differential
operator, v:Q — (0, 00) continuous and U a set of uniqueness for (idge,Cvp(sy). If
f:U = E is a function such that ¢’ o f admits an extension fe € Cvp5)(Q) for each
e € G and {fo | €' € By} is bounded in Cvp(5)() for each n €N, then there exists
a unique extension F € Cup9)(Q, E) of f.

5.2.45. COROLLARY. Let E be a Fréchet space, (By,) fix the topology in E and
G = span(Upeny Br), v:D — (0,00) continuous and U, c D have an accumulation
point in D. If f:{0} u ({1} xU,) — E is a function such that there is f. € Bv(D)
for each ¢’ € G with f.(0) = €' (f(0)) and f.,(2) = ¢'(f(1,2)) for all z € U, and
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{fer | € € Bn} is bounded in Bv(D) for each n € N, then there exists a unique
F e Bu(D, E) with F(0) = f(0) and ()*F(2) = f(1,2) for all z € U,.

5.2.2. Extension from thick sets. In order to obtain an affirmative answer
to Question for general separating subspaces of E’ we have to restrict to the
spaces FV(Q2) from Definition and a certain class of sets of uniqueness.

5.2.46. DEFINITION (fix the topology). Let FV(Q2) be a dom-space. We say
that U ¢ Uperr ({m} xwn, ) [fizes the topologyin FV(Q) if for every j € J and m e M
there are i € J, k € M and C > 0 such that

[fljm < C sup [T () (@) vin(z),  feFV(Q).
TEW]
(k,x)eU

In particular, U is a set of uniqueness if it fixes the topology. The present
definition of fixing the topology is a generalisation of [30, Definition 13, p. 234].
Sets that fix the topology appear under several different notions. Rubel and Shields
call them dominating in [148, 4.10 Definition, p. 254] in the context of bounded
holomorphic functions. In the context of the space of holomorphic functions with
the topology of compact convergence studied by Grosse-Erdmann [81], p. 401] they
are said to determine locally uniform convergence. Ehrenpreis [61] p. 3,4,13] (cf.
[156] Definition 3.2, p. 166]) refers to them as sufficient sets when he considers
inductive limits of weighted spaces of entire resp. holomorphic functions, including
the case of Banach spaces. In the case of Banach spaces sufficient sets coincide
with weakly sufficient sets defined by Schneider [156, Definition 2.1, p. 163] (see e.g.
[102] §7, 1), p. 547]) and these notions are extended beyond spaces of holomorphic
functions by Korobeinik [102] p. 531]. Seip [162] p. 93] uses the term sampling sets
in the context of weighted Banach spaces of holomorphic functions whereas Beurling
uses the term balayage in [14, p. 341] and [14] Definition, p. 343]. Leibowitz [122]
Exercise 4.1.4, p. 53], Stout [I70], 7.1 Definition, p. 36] and Globevnik [76], p. 291
292| call them boundaries in the context of subalgebras of the algebra C(Q2,C) of
complex-valued continuous functions on a compact Hausdorff space €2 with sup-
norm. Fixing the topology is also connected to the notion of frames used by Bonet
et al. in [31]. Let us set

WVWU,E)={fU->E|VjeJmeMaecl: |f|;jma<o} (53)
with
[£lim.a = sup - pa(f(m,@))vjm (@)

m

(m,z)eU

for an IcHs F and a set U which fixes the topology in FV(2). If M is a singleton,
Wy, = Q = U, then ¢V (U, E) coincides with the space defined right above Example
If U is countable, then the inclusion £V(U) = KY continuous where K is
equipped with the topology of pointwise convergence and ¢V(U) contains the space
of sequences (on U) with compact support as a linear subspace, then (T,Efm)(k@)eU
is an £V(U)-frame in the sense of [31], Definition 2.1, p. 3].

5.2.47. DEFINITION ([[b-restriction space]). Let FV(€2) be a dom-space, U fix
the topology in FV(2) and G c E’ a separating subspace. We set

Nu,i(f) = {f(k,2)vi(z) |z €wp, (k,z) e U}
forieJ, ke M and f e FVg(U, E) and

FVe (U, E)p|:={f e FVa(U,E)|Vied keM: Ny,r(f)bounded in E}
=FVa(U, E)ntV(U,E).
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Consider a set U which fixes the topology in FV(2), a separating subspace
G c E' and a strong, consistent family (7.2, TX),,cas for (FV, E). For u € FV(Q)eE
set f:=S(u) e FV(Q, E) by Theorem [3.1.12] Then we have Ry ¢ (f) € FVq(U, E)
with f:= S(u) by Remark [5.2.6|and for ¢ € J and k € M

sip  paly) = sup pal T (F) (@) (@) <[ fliga < oo
yeNu,i,k(Ru,c(f)) LWLk
(k,z)eU

for all a € 2, implying the boundedness of Ny ; x(Ru,c(f)) in E. Thus Ry c(f) €
FVa(U, E)p and the injective linear map

Ruc: S(FV(Q)EE) » FVa(U, B, [ (T (f)(®)) (mw)ers
is well-defined.

5.2.48. QUESTION. Let G c E’ be a separating subspace, (TE,TX), 1 a
strong, consistent generator for (FV, F) and U fix the topology in FV(2). When
is the injective restriction map

Ry,c: S(FV(Q)eE) > FVa(U, Ew, £ (T (f)(@)) (meyev
surjective?

If G ¢ E' determines boundedness and U fixes the topology in FV(2), then
the preceding question and Question [5.2.9 coincide.

5.2.49. REMARK. Let G c E' determine boundedness, (T2, TX),.cas a strong,

m? m

consistent generator for (FV, E) and U fix the topology in FV(2). Then
FVa(U, E)p = FVa(U, E).

ProoF. We only need to show that the inclusion ‘>’ holds. Let f € FVq(U, E).
Then there is for € FV(Q) with TX(fo)(2) = (¢’ o f)(m, ) for all (m,z) € U and

sup  [e'(y)l = sup (&' o f)(k,z)|vik(2) < [ferlik < 00
yeNy ik (f) (;Z“;ZU

for each €' € G,i¢ J and k € M. Since G c E’ determines boundedness, this means
that Ny, (f) is bounded in E and hence f € FV¢ (U, E)p. O
FV(Q) arbitrary and E a semi-Montel space.

5.2.50. DEFINITION (generalised Schwartz space). We call an IcHs E a
lalised Schwartz space if every bounded set in FE is already precompact.

In particular, semi-Montel spaces and Schwartz spaces are generalised Schwartz
spaces by [89, 10.4.3 Corollary, p. 202]. Conversely, a generalised Schwartz space is
a Schwartz space if it is quasi-normable by [89], 10.7.3 Corollary, p. 215]. Moreover,
looking at the proof of Lemma b), we see that this lemma not only holds for
semi-Montel or Schwartz spaces but for all generalised Schwartz spaces.

5.2.51. PROPOSITION. Let E be an lcHs, FV(Q2) a dom-space and U fiz the
topology in FV(QY). Then %y € L(E;, FV(Y)) and Z;(By) is bounded in FV ()
for every f e FVp/(U,E)p and a € A where B, == {z € E | po(z) < 1} and Zy is
the map from Remark[5.2.5 In addition, if E is a generalised Schwartz space, then
Ky e L(EL, FV(Q)) and Z;(By,) is relatively compact in FV(Q).

PRrROOF. Let f e FVp/(U,E), j€J and m € M. Then there are i € J, ke M
and C > 0 such that for every ¢’ € E’

5y = el <O s (L) @lis(2)
(k,a:):U
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=C sup ("o f)(k,2)vir(x)=C sup [e'(y)l;
TEWL yeNu,ik (f)
(k,z)eU

which proves the first part because Ny ; 1 (f) is bounded in E. Let us consider the
second part. The bounded set Ny ; (f) is already precompact in E because E is
a generalised Schwartz space. Therefore we have % € L(E.,FV(2)). The polar
B is relatively compact in E; for every a € 2 by the Alaoglu-Bourbaki theorem

and thus Z;(B;,) in FV(Q) as well. O

5.2.52. THEOREM. Let E be a semi-Montel space, (TE, TX),.car a strong, con-
sistent generator for (FV, E) and U fiz the topology in FV(2). Then the restriction
map Ry g S(FV(Q)eE) - FVr (U, E) is surjective.

PROOF. Let f e FVp/(Q, E)p and €' € E'. For every f' ¢ FV(Q)' there are
jedJ, meM and Cy >0 with

(25 (f) (€] =1 (fer)] < Colferlj.m-
By the proof of Proposition there are i € J, k e M and C > 0 such that
2 (f)(€)<CoC  sup  |e'(y)|<CoC sup  e'(y)]-

yeNu,i,x(f) yeacx(Nu,s,k(f))
The set acx(Ny,.,x(f)) is absolutely convex and compact by [89, 6.2.1 Proposi-
tion, p. 103] and [89, 6.7.1 Proposition, p. 112] because E is a semi-Montel space.
Therefore %}( 1) e (EL) = J(F) by the Mackey—Arens theorem. As in Theorem
We obtain 7' o %} € FV(Q)eE by ([@3), and Proposition Setting
F:=5(J! o #}), we conclude TE(F)(z) = f(m,z) for all (m,z) €U by and
SO RU,E/(F)If. O

5.2.53. REMARK. Let FE be a Fréchet space with increasing system of seminorms
(Pa Inen, B = BS, where By, = {x € E | pa, (z) < 1}, (T5, T)%)menr a strong,
consistent generator for (FV, E) and U a set of uniqueness for (TX, FV)pers. If U
fixes the topology of FV(Q), then FVg/(U, E)s = FVE/(U, E) by Remark
and Proposition Hence Theorem answers Question if £is a
Fréchet—Montel space.

Our first application of Theorem [5.2.52|concerns the space Cp, (€2, E) of bounded
uniformly continuous functions from a metric space €2 to an IcHs E from Example

421

5.2.54. COROLLARY. Let Q be a metric space, U c Q a dense subset and E a
semi-Montel space. If f:U — E is a function such that ¢’ o f admits an extension
fer € Cou(2) for each e’ € E', then there is a unique extension F € Cy (Q, E) of f.
In particular,

Cou(L,E)={f:Q—>E|Ve eE e ofeCh()}

PROOF. (idge,idge) is a strong, consistent generator for (Cpy, E') and we have
Cou()eE = Cpy (2, E) via S by Example Due to Theorem Proposition
and Remark with G = E’ the extension F exists and is unique because
the dense set U c (2 fixes the topology in Cp, (2). The rest follows from Proposition
b210 O

Next, we consider the space A(Q, E) of continuous functions from Q to an lcHs
E over C which are holomorphic on an open and bounded set 2 c C from Example

1213
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5.2.55. COROLLARY. Let Q c C be open and bounded, U c Q fix the topology in
A(Q) and E a semi-Montel space over C. If f:U — E is a function such that e’ o f
admits an extension f. € A(Q) for each e’ € E', then there is a unique extension
Fe A, E) of f. In particular,

AQE)={fQ-E|VeeE :ofecAQ)}
PROOF. (idq,idqg) is a strong, consistent generator for (A, E) and A(Q)eE

A(Q, E) via S by Example 4.2.13] Due to Theorem [5.2.52, Proposition and
Remark [5.2.49 with G = E’ the extension F' exists and is unique. The remaining
part follows from Proposition [5.2.10] O

If Q c C is connected, then the boundary 99 of Q fixes the topology in A(Q)
by the maximum principle. If =D, then JD is the intersection of all sets that fix
the topology in A(D) by [I70, 7.7 Example, p. 39].

If F is a generalised Schwartz space which is not a semi-Montel space, we do not
know whether the extension results in Corollary and Corollary hold
but we still have a weak-strong principle due to the following observation which is
based on [87, Chap. 3, §9, Proposition 2, p. 231| with o(F, E') replaced by o(F,G).

5.2.56. PROPOSITION. If

(i) E is a semi-Montel space and G c E' a separating subspace, or
(ii) E is a generalised Schwartz space and G c E' a separating subspace, i.e.
separates the points of the completion E,
then the initial topology of E and the topology o(E,G) coincide on the bounded sets
of E.

ProoF. (i) Let B c E be a bounded set. If E is a semi-Montel space, then the
closure B is compact in E. The topology induced by o(E,G) on B is Hausdorff and
weaker than the initial topology induced by E. Thus the two topologies coincide
on B and so on B by the remarks above [87, Chap. 3, §9, Proposition 2, p. 231].

(ii) Let B c E be a bounded set. If F is a generalised Schwartz space, then B is
precompact in E and relatively compact in the completion E by [89, 3.5.1 Theorem,
p. 64]. Hence the closure B is compact in E. The topology induced by o(E,G) on
B is Hausdorff and weaker than the initial topology induced by E, implying that
the two topologies coincide on B as in part (i). This yields that o(FE,G) and the
initial topology of E coincide on B because o (E,G) = o(E,G) on B and the initial
topologies of E and E coincide on B as well. O

Concerning (ii), we note that a separating subspace G ¢ E’ of E need not
separate the points of E by |79, 5.4 Example, p. 36| (even though E’ = E’ by |89,
3.4.2 Theorem, p. 61-62]). Next, we apply Proposition [5.2.56|to the space A(Q, E).

5.2.57. REMARK. Let E be an IcHs over C and Q2 c C open and bounded. If
(i) FE is a semi-Montel space and G c E’ determines boundedness, or
(ii) Eis a generalised Schwartz space and G c E' a separating subspace which
determines boundedness in F,
then
AQLE)={fQ->E|VeeG: e ofeA)}.
Indeed, let us denote the right-hand side by A(Q, E), and set E, = (E,0(E,G)).
Then A(Q,E), = A, E,) and f(Q) is bounded for every f ¢ A(Q,E), as G
determines boundedness in E. The initial topology of E and o(F,G) coincide on
the bounded range f(Q) of f € A(Q, E), by Proposition Hence we deduce
that
AL E)y = AL E,) = A, E).
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In this way Bierstedt proves his weak-strong principles for weighted continuous
functions in [I7, 2.10 Lemma, p. 140| with G=FE' = F’.

FV(Q) a Fréchet—Schwartz space and FE locally complete.

5.2.58. DEFINITION (chain-structured). Let FV(£2) be a dom-space. We say
that U c Upen({m} x wyp) is chain-structured if
(i) (k,z)eU = VmeN m2k: (m,z)eU,
(i) ¥V (k,2) eU,meN, m>k, fe FV(Q): TE(f)(x) = TE(f)(x).

5.2.59. REMARK. Let Q c R? be open and V> a directed family of weights.
Concerning the operators (TX),,ey, of CV°(Q) from Example a) where wy, =
{BeNg||8] <m} xQ resp. wy, = N& x Q, we have for all k € Ny and f € CV=(Q)
that

TE(f)(B.2) = 0° F(2) = TE(F)(Brw), BeNd, |8l <k, v e,
for all m € Ny, m > k. Hence condition (ii) of Definition is fulfilled for any
U ¢ Umen, ({m} x wy,) in this case. Condition (i) says that once a ‘link’ (k, 3, x)
belongs to U for some order k, then the ‘link’ (m, 8, z) belongs to U for any higher
order m as well.

5.2.60. DEFINITION (diagonally dominated, increasing). We say that a family
V = (Vj.m)jmen of weights on Q is diagonally dominated and increasing if w,, c
wmq1 for all m e N and v 1 < Vinax(j,m),max(j,m) O0 Wmin(j,m) for all j,m e N as well
as Vjj S Vji1,5+41 ON Wy for all j € N.

5.2.61. REMARK. Let FV() be a dom-space, U ¢ Upen({m} x wy,) chain-
structured, G c E’ a separating subspace and V diagonally dominated and increas-
ing.

a) If U fixes the topology in FV(Q), then
FVa(U,E)p={f e FVa(U,E)|VieN: Ny,;(f)bounded in E}
With NUJ'(f) = NU,i,i(f)-

b) Let FV(Q2) be a Fréchet space. We set Uy, := {(m,z) € U | z € wy,} and
Bj = U, _{TE .(Wmm(x) | (m,z) € Uy} ¢ FV(Q) for j € N. Then
U fixes the topology in FV(Q2) in the sense of Definition [5.2.46| if and

only if the sequence (B;);en fixes the topology in FV() in the sense of
Definition [5.2.341

PROOF. Let us begin with a). We only need to show that the inclusion ‘2’ holds.
Let f be an element of the right-hand side and 7,k € N. We set m := max(7, k) and
observe that for (k,z) € U we have (m,z) € U by (i) and

(¢"0 N)(k,2) = T (for) () & Ton(fer) (@) = (¢ 0 f)(m, )

for each €’ € G with (i) and (ii) from the definition of U being chain-structured.
Since G is separating, it follows that f(k,x) = f(m,x). Hence we get for all a« € 2

sup  pa(y) = sup Pa(f (K, 2))vi k() é Sup Pa(f(k, 7))V m(T)

yeNu,i,k(f) (k,z)eU (m,x)eU
= sup pa(f (1, 2)) v m(2) < 0
(m,m)WeLU

using that wy ¢ wy, and V is diagonally dominated.
Let us turn to part b). ‘=’: Let j € N and A c FV(Q2) be bounded. Then

sup suply(f)| = sup  sup| Ty (f)(@) V() <sup SUp | flam < o0
yeB; feA 1<m<j feA feA 1<sm<j
(m,x)eUp,
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since A is bounded, implying that B; is bounded in FV(Q),. Further, (B;) is
increasing by definition. Additionally, for all j € N

J
By = N{f V@) | swp [Tu(f)(@)vmm() <1}
m=l (m,w)wéU
={f V@] suwp [TF(f)(@)l;;(2) <1}
(j,r)er

because U is chain-structured and V increasing. Thus (B5) is a fundamental system
of zero neighbourhoods of FV(Q) if U fixes the topology.

‘«=”: Let j,m e N. Then there are 7 ¢ N and ¢ > 0 such that

eB; c{f e FV(Q) [|fljm <1} = Djm

which follows from fixing the topology in the sense of Definition[5.2.34] Let f € D; ,,
and set

[flos = sup |TE(F)(@)lvii().

(’i,z)GUi
If | fl, = 0, then tf € B for all t > 0 and hence t|f|;m = [tf|jm < 1 for all ¢ >0,
which yields |f|j.m = 0 = |flv,. If |fl, # 0, then ﬁ € B and thus gﬁ € Djm,
implying

1 f 1
im = — e——1. < - .
|f|]7m €|f|Ul |f U, im €|f|U7,

The inequality |f|;m < L[ f]u, still holds if |f|y, = 0. O

5.2.62. THEOREM ([30, Theorem 16, p. 236]). Let Y be a Fréchet-Schwartz
space, (Bj)jen fix the topology in'Y and A: X := span(Ujen Bj) = E be a linear map
which is bounded on each B;. If

a) (AY)L(Y) is dense in E; and E locally complete, or
b) (AY)Y(Y) is dense in E' and E is B,-complete,
then A has a (unique) extension A € YeE.

Now, we generalise [30, Theorem 17, p. 237].

5.2.63. THEOREM. Let E be an IcHs and G c E' a separating subspace. Let
(TE, TX),ens be a strong, consistent generator for (FV,E), FV(Q) a Fréchet-

m’Tm
Schwartz space, V diagonally dominated and increasing and U be chain-structured

and fiz the topology in FV(Q). If
a) G is dense in E; and E locally complete, or
b) E is B.-complete,
then the restriction map Ry g: S(FV(Q)eE) - FVq(U, E)y is surjective.

PROOF. Let f € FVq(U,E);p. We set X := span(Ujeny Bj) with B; from Re-
mark b) and Y := FVY(Q). Let A:X — E be the linear map determined
by

A(T}ri,x(')ym,m(x)) = f(m, z)Vm,m(z)
for 1 <m < j and (m,z) € Uy, with U, from Remark b). The map A is
well-defined since G is o(E’, E)-dense, and bounded on each B; because A(B;) =
W _  Num(f). Let ¢ € G and f. be the unique element in FV(Q2) such that
TE(fo)(z) = (¢/ o f)(m,x) for all (m,x) € U, which implies TX (fo)(2)vm.m(x) =
(€0 A)(T% o (-)Vm,m(x)) for all (m,z) € Up,. This equation allows us to consider fe:
as a linear form on X (by fo (T (- Wmm(2)) := (¢ 0 A) (T} o (-)Vm,m(x))), which
yields €’ o A € FV(Q) for all €’ € G. Tt follows that G c (A")™*(Y'). Noting that G
is o(E', E)-dense, we apply Theorem and obtain an extension A € FV(Q)eE
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of A. We set F := S(A) and observe that for all (m,z) € U there is j e N, j > m,
such that (j,z) € U; and v; j(x) > 0 by (6) and because U is chain-structured and
V diagonally dominated and increasing. Due to the proof of Remark a) we
have f(j,z) = f(m,z) and thus

TE) () = TESR)w) = R(LE,) = AL O ()
- AT O () = 1Gi2) = Fm. )
by consistency, yielding Ry (F) = f. O

In particular, condition a) is fulfilled if E is semi-reflexive. Indeed, if F is semi-

reflexive, then FE is quasi-complete by [153] Chap. IV, 5.5, Corollary 1, p. 144] and

R g by [89] 11.4.1 Proposition, p. 227] and the bipolar theorem.

For instance, condition b) is satisfied if F is a Fréchet space or F = (Cgb(]D)),,B)
which is a B,-complete space by Proposition [5.2.16| and is not a Fréchet space by

Remark £.2.23

As stated, our preceding theorem generalises [30, Theorem 17, p. 237] where
FV(Q) is a closed subspace of CW™(Q) for open, connected 2 c R?. A characteri-
sation of sets that fix the topology in the space CWZ (€2) of holomorphic functions
on an open, connected set {2 c C is given in [30, Remark 14, p. 235]. The characteri-
sation given in [30, Remark 14 (b), p. 235] is still valid and applied in [30}, Corollary
18, p. 238] for closed subspaces of CWp ) (£2) where P(0)¥ is a hypoelliptic linear
partial differential operator which satisfies the maximum principle, namely, that
U c Q fixes the topology if and only if there is a sequence (£2,)ney of relatively
compact, open subsets of Q with U,y 2, = Q such that 99, c UnQ,,1 for all
n € N. Among the hypoelliptic operators P(9)¥ satisfying the maximum principle
are the Cauchy-Riemann operator 0 and the Laplacian A. Further examples can
be found in [74, Corollary 3.2, p. 33]. The statement of [30, Corollary 18, p. 238]
for the space of holomorphic functions is itself a generalisation of [81], Theorem 2,
p. 401] with [81) Remark 2 (a), p. 406] where E is B,-complete and of [92] Theo-
rem 6, p. 10] where E is semi-reflexive. The case that G is dense in Ej and E is
sequentially complete is covered by [77, 3.3 Satz, p. 228—-229], not only for spaces
of holomorphic functions, but for several classes of function spaces.

Let us turn to other families of weights than W*. Due to Proposition
we already know that U := {0} x C fixes the topology in CVZ'(C) = CV3(C) and
U = {0} xR in CVX(R?) = CVA(R?) if V := (v;) ey fulfils Condition and
V"Z :): (Vj.m)jeN.men, Where v;,:{8 € Nd | |B] < m} x RY - [0,00), vjm(B,7) :=
I/j x).

5.2.64. COROLLARY. Let E be an IcHs, G c¢ E' a separating subspace, V :=
(vj)jen an increasing family of weights which is locally bounded away from zero
on an open set Q c R%, P(0)* a hypoelliptic linear partial differential operator,
CVp9)(Q) a Schwartz space and U c ) fix the topology of CVp(a) (). If

a) G is dense in E| and E locally complete, or
b) E is B.-complete,

and f:U - E is a function in £V(U) such that ¢’ o f admits an extension fer €
CVp(s)(2) for each e’ € G, then there is a unique extension F' € CVp5)(Q, E) of f.

ProoFr. The existence of F follows from Proposition 4.2.14] Example 4.2.16|b)
and Theorem |5.2.63| with (£ TX),car := (idge,idge). The uniqueness of F is a

m? m

result of Proposition [5.2.8 O
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We have the following sufficient conditions on a family of weights V' which
guarantee the existence of a countable set U c C that fixes the topology of CV5(C)
due to Abanin and Varziev [2].

5.2.65. PROPOSITION. LetV = (v;)jen where v;(z) = exp(aju(z)-¢(z)), z € C,
with some continuous, subharmonic function p:C — [0,00), a continuous function
©:C - R and a strictly increasing, positive sequence (a;)jen with a =1im;_. . a; €
(0,00]. Let there be

(i) $20 and C >0 such that [p(z) — p(¢)] < C and |u(2) — u(¢)| < C for all
2,0 € C with |z = ¢| < (1 +]2])7%,
(i) max(p(z),pu(2)) < |27+ Cy for some q,Co >0 and
(iii) In(|z]) = O(u(2)) as |z| = o0 if a = o0, or In(|2]) = o(u(2)) as |z| > oo if
0<a<oo.
Let (Mi)ken be the sequence of simple zeros of a function L ¢ CVg(C) having no
other zeros where V := (V?/ij )jen for some sequence (m;) ey in N. Suppose that
there are jo € N and a sequence of circles {z € C||z| = Ry, } with R,, # oo such that
|L(2)|vjo (2) 2 Crny, meN, zeC, |2| = Ry,
for some Cp,, 7 o0 and
IL"(Ae)|vjo(Mk) 21 for all sufficiently large k € N.
Then CV4(C) is a nuclear Fréchet space for all a € (0,00] and U := (A )ren fizes the
topology of CV5(C) if a = co. If pu is a radial function, i.e. u(z) = u(|z|), z € C, with
w(22) ~ p(z) as |z| - oo, then U fizes the topology of CVz(C) for all a € (0, 00].

PROOF. First, we check that Condition [£.2.18]is satisfied, which implies that
CV5(C) is a nuclear Fréchet space by Proposition @ We set k := max(s,2) and
observe that (i) is also fulfilled with k instead of s. Let z € C and [(] oo, |77]eo <
(1/v/2)(1 +|2])7F = r(2). From |-| < V2| | and (i) it follows

(2 +¢) = pu(z +n)| < |p(z + ) = u(2)| + |u(2) = u(z +n)| < 2C

and thus p(z+¢) < 2C+u(z+n). In the same way we obtain —p(2+¢) < 2C-p(z+n).
Hence we have

ajpu(z +¢) —p(z+¢) <2C(a; + 1) +a;u(z +n) —p(z +n)
for j € N, implying

vj(z+¢) <@ Dy (z 4 ),

which means that («.1) of Condition [4.2.18 holds. By (iii) there are ¢ > 0 and
R > 0 such that In(|z]) < ep(z) for all z € C with |z| > R if a = co. This yields for all
|z| > max(2, R) that
a;p(2) + kIn(1 + |2]) < aju(2) + kIn(|2?) = aju(2) + 2k In(|2]) < aju(z) + 2kep(2).
Since a = oo, there is n € N such that a,, > a; + 2ke, resulting in
ajp(z) + kIn(l +|z|) < app(z)

for all |z| > max(2, R). Therefore we derive

a;p(z) + kIn(1 +|z]) < app(z) + kIn(1 + max(2, R)) (54)
for all z € C, which means that («.2) and («.3) hold with ¢;(z) :=7(2). If 0 < a < oo,
for every € > 0 there is R > 0 such that In(|z|) < eu(z) for all z € C with |z| > R by
(ili). Thus we may choose € > 0 such that a;.1 —a; > 2ke > 0 because (a;) is strictly
increasing. We deduce that with n:= j + 1 holds in this case as well and («.2)
and (a.3), too.

Observing that the condition that U = (Ag)ken is the sequence of simple zeros

of a function L € 6’175(@) means that L € Z(®¢ ;U) and (i) that ¢ and u vary
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slowly w.r.t. r(z) := (1 +]z])”® in the notation of [2, Definition, p. 579, 584] and [2]
p. 585], respectively, the statement that U fixes the topology is a consequence of
[2, Theorem 2, p. 585-586]. O

5.2.66. REMARK. a) Let D c C be convex, bounded and open with 0 € D.
Let ¢(2) == Hp(z) = sup.cp Re(2(), z € C, be the supporting function of
D, p(z) :==1In(1+|2|), 2 € C, and a; := j, j € N. Then ¢ and p fulfil the
conditions of Proposition [5.2.65| with a = oo by [2, p. 586] and the existence
of an entire function L which fulfils the conditions of Proposition [5.2.65
is guaranteed by [3, Theorem 1.6, p. 1537]. Thus there is a countable
set U = (A)ren € C which fixes the topology in A5 := CV4(C) with
V= (exp(ajp — ¢))jen-

b) An explicit construction of a set U := (A;)gen € C which fixes the topology
in A7;° is given in I, Algorithm 3.2, p. 3629]. This construction does not
rely on the entire function L. In particular (see [31, p. 15]), for D := D
we have p(z) = |2|, for each k € N we may take I, € N, I, > 27k?, and set
Ak,j = kri,j, 1 < j <li, where ry ; denote the [-roots of unity. Ordering
Ak,j in a sequence of one index appropriately, we obtain a sequence which
fixes the topology of Ap™.

c) Let u:C — [0,00) be a continuous, subharmonic, radial function which
increases with |z| and satisfies

(1) SuP¢ec,|¢fmsr(z) (2 + €) < infeec |¢|wsr(z) #(z + () + C for some con-

tinuous function :C — (0,1] and C > 0,

(ii) (1 +[2*) = o(u(|2])) as |2] - oo,
(iii) p(2[2]) = O(u(lz])) as |z| > oo.
Then V := (exp(-(1/)1)) en fulfils Condition [£.2.18 where (a.1) follows
from (i) and (a.2), (@.3) as in the proof of Proposition [5.2.65| Thus
CV5(C) is a nuclear Fréchet space by Proposition 4.2.19} If 1(|2]) = o(|2]?)
as |z| = oo or pu(|z]) = |2|?, 2 € C, then U := {an +iBm | n,m € Z} fixes the
topology in the space Az := CV5(C) for any «, > 0 by [31, Corollary 4.6,
p. 20] and [31], Proposition 4.7, p. 20], respectively.

d) For instance, the conditions on p in ¢) are fulfilled for p(z) := |27, z €
C, with 0 < v < 2 by [130, 1.5 Examples (3), p. 205]. If v = 1, then
Ag = A%((C) is the space of entire functions of exponential type zero (see
Remark .

e) More general characterisations of countable sets that fix the topology of
CV5(C) can be found in [2, Theorem 1, p. 580] and [31, Theorem 4.5, p.
17.

The spaces Ag from c¢) are known as Hormander algebras and the space A5”
considered in a) is isomorphic to the strong dual of the Korenblum space A= (D)
via Laplace transform by [132, Proposition 4, p. 580].

Fr(2) a Banach space and F locally complete. For a dom-space Fr(€),
a set U that fixes the topology in Fv(2) and a separating subspace G c E’ we have

Fva(U,E)ip ={f € Fva(U,E) | Ny(f) bounded in E}
=Fva(U,E)ntv(U,E)
where Ny (f) == {f(x)v(z) |z € U}. Let us recall the assumptions of Remark[5.2.26
but now U fixes the topology. Let (TF,T%) be a strong, consistent family for (F, E)

and a generator for (Fv, E). Let F(Q) and F(, E) be e-into-compatible and the
inclusion Fr () - F(Q) continuous. Consider a set U which fixes the topology in

Frv () and a separating subspace G ¢ E'. For u € F(2)eE such that u(B;.i((g)),) is
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bounded in E we have Ryc(f) € Fvg(U, E) with f = S(u) € F.v(Q, E) by (50).

Further, TX()v(z) € BeEeY

Fu(Q) for every x € w, which implies that

sup pa (Ru,c (£)(2))v(x) = suppa(u(Th (Yv(z))) < sup  pa(u(y’)) < oo
xeU xeU yleB;ri((?z)),

for all « € 2 by consistency. Hence Ry ¢(f) € Frg(U, E)w. Therefore the injective
linear map
RU,G:fEV(QvE) - fVG(UaE)lbv f = (TE(f)(m))zEUv

is well-defined and the question we want to answer is:

5.2.67. QUESTION. Let the assumptions of Remark [5.2.26] be fulfilled and U fix
the topology in Fr (). When is the injective restriction map

Ry Fev(QL,E) - Fuag(U, E)w, [+ (TP (f)(@))zer,
surjective?

5.2.68. PROPOSITION ([70} Proposition 3.1, p. 692]). Let E be a locally complete
IcHs, G c E' a separating subspace and Z a Banach space whose closed unit ball
By is a compact subset of an lcHs Y. Let By c By such that BSZ == {z € Z |V i/ ¢
Bi: |[y'(2)| <1} is bounded in Z. If A: X :=span By - E is a linear map which is
bounded on By such that there is a o(E', E')-dense subspace G ¢ E' with e'ocAeZ
for all ¢’ € G, then there exists a (unique) extension A € YeE of A such that K(B"ZY,
is bounded in E.

The following theorem is a generalisation of [70, Theorem 3.2, p. 693] and [93]
Theorem 12, p. j].

5.2.69. THEOREM. Let E be a locally complete IcHs, G c E' a separating sub-
space and F(Q) and F(Q, E) be e-into-compatible. Let (T¥ T®) be a generator
for (Fv,E) and a strong, consistent family for (F,E), Fv(Q2) a Banach space
whose closed unit ball Br, () is a compact subset of ['(2) and U fix the topology
in Fv(Q). Then the restriction map

Ruc: Fev(QLE) - Fra(U, E)w

18 surjective.
PrOOF. Let f € Fug(U,E)p. We set By := {TX()v(z) |z e U}, X :=span By,
Y = F(Q) and Z := Fv(Q). We have B; c Y’ since (TF,T*) is a consistent family
for (F,E). If f € By, then
T (fv(x)] < |flFua) <1

for all z € U and thus B, c By . Further on, there is C' > 0 such that for all f ¢ B}?

Flru < Csup T (Plv(z) < C

xe

as U fixes the topology in Z, implying the boundedness of B{Z in Z. Let A: X — E
be the linear map determined by

AT (Yr()) = f(a)v(z).
The map A is well-defined since G is o(FE’, E)-dense, and bounded on B; be-
cause A(B1) = Ny(f). Let ¢/ € G and fo be the unique element in Fr(Q)
such that T%(f.)(z) = (¢’ o f)(x) for all 2 € U, which implies T%(fo)(z)v(z) =
(e'oA)(TE(-)v(x)). Again, this equation allows us to consider f.s as a linear form on
X (by setting fo (TX()v(x)) := (/oA (TX()v(x))), which yields e’oA € Fv(Q) = Z
for all ¢’ € G. Hence we can apply Proposition and obtain an extension
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A € YeE of A such that A(BYY") is bounded in E. We set F := S(A) € F.v(Q, E)
and get for all z € U that
- — —~ 1
TE(F)(x) = TPS(A)(z) = A(T;) = @A(Tf(')l/(w)) = f(x)

by consistency for (F, E), yielding Ry.q(F) = f. O

5.2.70. COROLLARY. Let E be a locally complete lcHs, G ¢ E' a separating
subspace, Q0 ¢ R% open, P(0)% a hypoelliptic linear partial differential operator,
v:Q = (0,00) continuous and U fix the topology in Cvps)(Q). If f-U - E is a
function in (v(U, E) such that e’ o f admits an extension fo € Cup(p)(2) for every
¢’ € G, then there exists a unique extension F € Cvp9)(Q, E) of f.

PrROOF. Observing that f € Fvg(U, )y, with Fv(Q) = Cvp()(R2), our state-
ment follows directly from Theorem [5.2.69] whose conditions are fulfilled by the

proof of Corollary [5.2.30] O

Sets that fix the topology in Cvp(g)(€2) for different weights v are well-studied
if P(9) = 0 is the Cauchy-Riemann operator. If Q c C is open, P(9) =9 and v = 1,
then Cvp(p)(2) = H*(Q2) is the space of bounded holomorphic functions on 2.
Brown, Shields and Zeller characterise the countable discrete sets U := (2, )nen €
that fix the topology in H* () with C = 1 and equality in Definition for
Jordan domains 2 in [36, Theorem 3, p. 167]. In particular, they prove for Q =D
that a discrete U = (2, )ney fixes the topology in H*° (D) if and only if almost every
boundary point is a non-tangential limit of a sequence in U. Bonsall obtains the
same characterisation for bounded harmonic functions, i.e. P(9) = A and v =1, on
Q=D by [32] Theorem 2, p. 473]. An example of such a set U = (2, )neny € D is
constructed in [36, Remark 6, p. 172]. Probably the first example of a countable
discrete set U c D that fixes the topology in H* (D) is given by Wolff in [183] p.
1327] (cf. [81], Theorem (Wolff), p. 402]). In [148, 4.14 Theorem, p. 255] Rubel and
Shields give a charaterisation of sets U c Q that fix the topology in H*(Q2) by means
of bounded complex measures where 2 c C is open and connected. The existence
of a countable U fixing the topology in H* () is shown in [148], 4.15 Proposition,
p. 256]. In the case of several complex variables the existence of such a countable
U is treated by Sibony in [167, Remarques 4 b), p. 209] and by Massaneda and
Thomas in [128, Theorem 2, p. 838].

If Q =C and P(9) = 0, then Cup()(R2) =t [;°(C) is a generalised L*-version
of the Bargmann-Fock space. In the case that v(z) = exp(-alz|?/2), z € C, for
some « > 0, Seip and Wallstén show in [162) Theorem 2.3, p. 93] that a countable
discrete set U c C fixes the topology in F°(C) if and only if U contains a uniformly
discrete subset U’ with lower uniform density D~ (U") > «/ (the proof of sufficiency
is given in [I65] and the result was announced in [I6I, Theorem 1.3, p. 324]). A
generalisation of this result using lower angular densities is given by Lyubarskii and
Seip in [124, Theorem 2.2, p. 162] to weights of the form v(z) = exp(-¢(arg 2)|2[*/2),
z € C, with a 27-periodic 2-trigonometrically convex function ¢ such that ¢ e
C%([0,27]) and ¢(0) + (1/4)¢" (#) > 0 for all # € [0,27]. An extension of the results
in [I62] to weights of the form v(z) = exp(-¢(z)), z € C, with a subharmonic
function ¢ such that A¢(z) ~ 1 is given in [I35, Theorem 1, p. 249] by Ortega-
Cerda and Seip. Here, f(z) ~ g(z) for two functions f,9:Q — R means that
there are Cq,C2 > 0 such that Cig(x) < f(z) < Cag(x) for all z € Q. Marco,
Massaneda and Ortega-Cerda describe sets that fix the topology in F°(C) with
v(z) = exp(-¢(2)), z € C, for some subharmonic function ¢ whose Laplacian A¢ is
a doubling measure (see [126, Definition 5, p. 868]), e.g. #(z) = |z|® for some > 0,
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in [126 Theorem A, p. 865]. The case of several complex variables is handled by
Ortega-Cerda, Schuster and Varolin in [I36, Theorem 2, p. 81].

If Q=D and P(9) = 9, then Cvp(p)(Q2) = A (D) is a generalised L>-version
of the weighted Bergman space (and of H**(ID)). For v(z) = (1 -|2*)", z e D, for
some n € N, Seip proves that a countable discrete set U c D fixes the topology in
A (D) if and only if U contains a uniformly discrete subset U’ with lower uniform
density D™(U’) > n by [163, Theorem 1.1, p. 23], and gives a typical example
in [163, p. 23]. Later on, this is extended by Seip in [164, Theorem 2, p. 718§]
to weights v(2) = exp(—¢(2)), z € D, with a subharmonic function ¢ such that
Ap(2) ~ (1-12*)72, e.g. ¢(2) = —=BIn(1 - |2[*), 2 € D, for some 8 > 0. Domanski
and Lindstrom give necessary resp. sufficient conditions for fixing the topology in
A (D) in the case that v is an essential weight on D, i.e. there is C' > 0 with
v(z) < 7(z) < Cr(z) for each z € D where 7(z) = (sup{|f(2)| | f € Ba=m)})™" is
the associated weight. In [55, Theorem 29, p. 260] they describe necessary resp.
sufficient conditions for fixing the topology if the upper index U, is finite (see [55
p. 242]), and necessary and sufficient conditions in [55, Corollary 31, p. 261] if
0< L, =U, < o holds where L, is the lower index (see [55, p. 243]), which for
example can be applied to v(z) = (1 -|z[*)"(In( 1_e|z|))f3, z € D, for some n > 0 and
B € R. The case of simply connected open §2 c C is considered in [55, Corollary 32,
p. 261-262].

Borichev, Dhuez and Kellay treat A2 (D) and F°(C) simultaneously. Let
Qr =D, if R=1, and Qg := Cif R = co. They take v(z) = exp(-¢(z)), z € Qg,
where ¢:[0, R) — [0, 00) is an increasing function such that ¢(0) =0, lim,_. g ¢(r) =
00, ¢ is extended to Qg by ¢(2) = ¢(|2]), ¢ € C*(Qr), and, in addition A¢(z) > 1
if R = oo (see [33, p. 564-565]). Then they set p:[0,R) - R, p(r) = [A¢(r)] /2,
and suppose that p decreases to 0 near R, p’(r) - 0, r - R, and either (Ip) the
function 7 — p(r)(1 -7)~¢ increases for some C € R and for r close to 1, resp. (I¢)
the function r ~ p(r)r¢ increases for some C € R and for large r, or (I1q,,) that
P (r)In(1/p(r)) = 0, r > R (see [33] p. 567-569]). Typical examples for (Ip) are

¢(r) =In(In(:5)) In(55) or o(r) = 115,

a typical example for (IIp) is ¢(r) = exp(ﬁ), for (I¢)

#(r) =r?In(In(r)) or ¢(r) =rP, for some p > 2,

and a typical example for (I1c) is ¢(r) = exp(r). Sets that fix the topology in
A% (D) are described by densities in [33, Theorem 2.1, p. 568] and sets that fix the
topology in F°(C) in [33] Theorem 2.5, p. 569].

Wolf uses sets that fix the topology in A% (D) for the characterisation of
weighted composition operators on AZ(D) with closed range in [I82, Theorem
1, p. 36] for bounded v.

5.2.71. COROLLARY. Let E be a locally complete IcHs, G c E' a separating
subspace, v:D — (0,00) continuous and U := {0} u ({1} x U,) fix the topology in
Bv(D) with U, cD. If f:U - E is a function in v, (U, E) such that there is fer €
Br(D) for each €' € G with fe(0) =€ (f(0)) and f..(2) =€ (f(1,2)) for all z€U,,
then there exists a unique F € Bv(D, E) with F(0) = f(0) and (0L)PF(2) = f(1,2)
for all zeU,.

Proor. Asin Corollary but with Fv, (D) = Bv(D) and Corollary
instead of Corollary [5.2.30] O

Sets that fix the topology in Bv(D) play an important role in the characteri-
sation of composition operators on Br(D) with closed range. Chen and Gauthier
give a characterisation in [42] for weights of the form v(z) = (1 - |2[*)®, 2 € D,
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for some a > 1. We recall the following definitions which are needed to phrase
this characterisation. For a continuous function »:ID - (0,00) and a non-constant
holomorphic function ¢:D — D we set

4
75 (2) = V(Z&l?()z):)', zeD, and QY:={zeD|75(2)2¢}, >0,
v(p(z

and define the pseudohyperbolic distance
ﬂ , z,w € D.
1-Zzw
For 0<r <1 aset BcDis called a pseudo r-net if for every w € D there is z € B
with p(z,w) <r (see [42, p. 195]). A set U, c D is a sampling set for Bv(D) with v
as above in the sense of [42], p. 198] if and only if {0} u ({1} xU.) fixes the topology
in Bv(D) (see the definitions above Corollary [5.2.33]).

5.2.72. THEOREM ([42, Theorem 3.1, p. 199, Theorem 4.3, p. 202]). Let ¢:D —
D be a non-constant holomorphic function and v(z) = (1 -1z|*)%, z e D, for some
a > 1. Then the following statements are equivalent.
(i) The composition operator Cy: Bv(D) - Bu(D), Cy(f) := f o, is bounded
below (i.e. has closed range).
(i) There is € >0 such that {0} U ({1} x ¢(QY)) fizes the topology in Bv(D).
(iii) There are € >0 and 0 <r <1 such that $(QY) is a pseudo r-net.

p(zw) = |

This theorem has some predecessors. The implications (i)=-(iii) and (iii), r <
1/4 =(i) for @ = 1 are due to Ghatage, Yan and Zheng by [72, Proposition 1,
p. 2040] and [72, Theorem 2, p. 2043]. This was improved by Chen to (i)<>(iii)
for o« = 1 by removing the restriction r < 1/4 in [41, Theorem 1, p. 840]. The
proof of the equivalence (i)<>(ii) given in [73l Theorem 1, p. 1372] for o = 1 is
due to Ghatage, Zheng and Zorboska. A non-trivial example of a sampling set
for o = 1 can be found in [73] Example 2, p. 1376] (cf. [42] p. 203]). In the case
of several complex variables a characterisation corresponding to Theorem [5.2.72
is given by Chen in [41l Theorem 2, p. 844] and Deng, Jiang and Ouyang in [50,
Theorem 1-3, p. 1031-1032, 1034] where € is the unit ball of C?. Giménez, Malavé
and Ramos-Fernandez extend Theorem by [75, Theorem 3, p. 112] and [75,
Corollary 1, p. 113] to more general weights of the form v(z) = u(1-|2|*) with some
continuous function w:(0,1] - (0,00) such that u(r) - 0, r - 0+, which can be
extended to a holomorphic function pg on Dy (1) without zeros in D (1) and fulfilling
u(1=]1-2]) < Clug(2)] for all z € Dy (1) and some C > 0 (see [75, p. 109]). Examples
of such functions u are uy(r) := 7%, a >0, u = rIn(2/r) and pz(r) := r#In(1 -r),
B>1, for r € (0,1] (see [75, p. 110]) and with v(2) = i (1-]2[*) = (1 -]2*)®, z e D,
one gets Theoremback for a>1. For 0 <a<1and v(z) = puy(1-]z[?), z e D,
the equivalence (i)<>(ii) is given in [I84], Proposition 4.4, p. 14] of Yoneda as well and
a sufficient condition implying (ii) in [184] Corollary 4.5, p. 15]. Ramos-Fernandez
generalises the results given in [75] to bounded essential weights v on D by [144]
Theorem 4.3, p. 85] and [144, Remark 4.2, p. 84]. In [141], Theorem 2.4, p. 3106]
Pirasteh, Eghbali and Sanatpour use sets that fix the topology in Br(D) for radial
essential v to characterise Li-Stevi¢ integral-type operators on Bv(D) with closed
range instead of composition operators. The composition operator on the harmonic
variant of the Bloch type space Bv(D) with v(z) = (1-z[*)®, z € D, for some a >0
is considered by Esmaeili, Estaremi and Ebadian, who give a corresponding result
in [64, Theorem 2.8, p. 542].

5.3. Weak-strong principles for differentiability of finite order

This section is dedicated to CF-weak-strong principles for differentiable func-
tions. So the question is:
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5.3.1. QUESTION. Let E be an IcHs, G ¢ E’ a separating subspace, 2 ¢ R?
open and k e Ngu {co}. If f:Q — F is such that ¢/ o f € C¥(Q) for each ¢’ € G, does
feCk(Q,E) hold?

An affirmative answer to the preceding question is called a C*-weak-strong
principle. It is a result of Bierstedt [I7, 2.10 Lemma, p. 140] that for k = 0 the
C%-weak-strong principle holds if ¢ R? is open (or more general a Hausdorff kg-
space), G = E" and F is such that every bounded set is already precompact in E,
i.e. E is a generalised Schwartz space (see Definition and Remark .
For instance, the last condition is fulfilled if F is a semi-Montel or Schwartz space.
The C°-weak-strong principle does not hold for general E by [94, Beispiel, p. 232].

Grothendieck sketches in a footnote [82] p. 39] (cf. [84) Chap. 3, Sect. 8, Corol-
lary 1, p. 134]) the proof that for k < co a weakly-C**! function f:Q - F on an
open set Q ¢ R? with values in a quasi-complete IcHs E is already C*, i.e. that
from e’ o f € CK*1(Q) for all e’ € E' it follows f € C¥(Q, E). A detailed proof of this
statement is given by Schwartz in [I58], simultaneously weakening the condition
from quasi-completeness of E to sequential completeness and from weakly-C**! to
Weakly—Ck’1

loc*

5.3.2. TueorREM ([I58, Appendice, Lemme II, Remarques 1°), p. 146-147)).
Let E be a sequentially complete lcHs, Q c R? open and k € Ny.

a) If f:Q - E is such that ¢’ o f € Clkocl(Q) for all ¢’ € E', then f e CK(Q, E).
b) If f:Q — E is such that €’ o f € C**1(Q) for all ¢’ € E’, then f € C*(Q, E).

Here Clkocl(Q) denotes the space of functions in C*(Q2) whose partial derivatives
of order k are locally Lipschitz continuous. Part b) clearly implies a C*°-weak-
strong principle for open Q ¢ R%, G = E’ and sequentially complete E. This can
be generalised to locally complete E. Waelbroeck has shown in [I77, Proposition
2, p. 411] and [176, Definition 1, p. 393] that the C*-weak-strong principle holds if
Q is a manifold, G = E' and E is locally complete. It is a result of Bonet, Frerick
and Jorda that the C*°-weak-strong principle still holds by [30, Theorem 9, p. 232]
if Q c R? is open, G c E’ determines boundedness and F is locally complete. Due
to [104] 2.14 Theorem, p. 20] of Kriegl and Michor an IcHs F is locally complete if
and only if the C*-weak-strong principle holds for 2 =R and G = E’.

One of the goals of this section is to improve Theorem [5.3.2] We recall the
following definition from Example [£.2.28] For k € Ny the space of k-times con-
tinuously partially differentiable E-valued functions on an open set  c R? whose
partial derivatives up to order £ are continuously extendable to the boundary of €2
is

CH(QLE) = {feC*(Q,E) | (8°)F f cont. extendable on Q for all 5 € N¢, |3 < k}
equipped with the system of seminorms given by
‘f‘C"(ﬁ),a = Sug pa((aB)Ef(f)L f € Ck(ﬁ’ E)v aed.
xe
BeNg ,|B|<k

The space of functions in C*(, E) such that all its k-th partial derivatives are
~v-Hélder continuous with 0 <y <1 is given by

@ B)={f eC*(QE) |V ae: [flownmy.a < o)

where

Flern@yo = m8x(1flos@y o0 510 (09 Fleo0y.a)
BeNg,|Bl=k
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with
|f|C0w(Q) = sup M_

z,yeQ |£E - y|'y
TFY

We set Ck7(Q) := CH7(9,K) and
wi= {BENE || SkY xR and wpi= {8 e NE||8] = b} x (92~ {(2,2) | 7€ Q)
as well as w := w; Uwy. We define the operator T¥:C*(Q, E) - E“ by
TE(£)(B,2) =(0°)F (f) (=) ; (Bx) ews,
TE(F)(8, (2,1) =) P(H)(@) - 0PN+ (Br(29)) ews.
and the weight v:w — (0, 00) by
V(B.2) =1, (Ba)ewr, and (B, (x.9)) = . (8. (x.9)) €wn
|z -y
By setting F(2, E) := C*(Q, E) and observing that
| Flew @0 = iggpa(TE(f)(x))V(wL feC(QE), aed,

we have Fv(Q, F) = C*7(Q, E) with generator (T%,T%).

5.3.3. COROLLARY. Let E be a locally complete lcHs, G ¢ E' determine bound-
edness, Q c R open and bounded, k € Ng and 0 <~ < 1. In the case k > 1, assume
additionally that Q0 has Lipschitz boundary. If f:Q — E is such that €’ o f € C*7(Q)
for all ¢’ € G, then f eCFY(Q, E).

Proor. We take F(Q) := C*(Q) and F(Q, E) := C*(Q, E) and have Fv () =
Cr*(Q) and Fur(Q, E) = C*7(Q, F) with the weight v and generator (TF,T%) for
(Fv, E) described above. Due to the proof of Example and Theorem
the spaces F(?) and F(, E) are e-into-compatible for any 1cHs E (the condi-
tion that E has metric ccp in Example is only needed for e-compatibility).
Another consequence of Example is that

TF(S(u))(B,2) = (07)F(S(w))(z) = u(ds 0 (7)) = u(Ts,), (B,x)ew,
holds for all u € F(Q)eE, implying
TF(S(u)(B, (z,9)) = T (S(w)(B,2) - T (S(u))(B,y) = w(T,) - u(Th,)
:U(Tg(w,y))» (57 (:L‘,y)) € wa.

Thus (TF,T%) is a consistent family for (F, E) and its strength is easily seen. In
addition, Frv(Q2) = Ck7(Q) is a Banach space by [57, Theorem 9.8, p. 110] (cf. [4,
1.7 Holderstetige Funktionen, p. 46]) whose closed unit ball is compact in F(Q) =
C*(Q) by [4, 8.6 Einbettungssatz in Holder-Riumen, p. 338|. Moreover, the e-into-
compatibility of F(Q) and F(Q, E) in combination with the consistency of (T#,T%)
for (F,E) implies F.v(Q, E) ¢ Fv(Q, E) as linear spaces by Proposition
c). Hence our statement follows from Theorem with the set of uniqueness
U :={0} xQ for (T, Fv). O

5.3.4. REMARK. We point out that Corollary corrects our result [117]
Corollary 5.3, p. 16] by adding the missing assumption that Q should additionally
have Lipschitz boundary in the case k > 1. This is needed to deduce that the closed
unit ball of C¥7(Q) is compact in C¥(Q) by [4, 8.6 Einbettungssatz in Holder-
Ré&umen, p. 338] (in the notation of [74] Q2 having Lipschitz boundary means that
it is a C®! domain, see [74, Lemma 6.36, p. 136] and the comments below and
above this lemma). This additional assumption is missing in [57, Theorem 14.32,
p. 232], which is our main reference in [I17] for the compact embedding, but it is
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needed due to [4, U8.1 Gegenbeispiel zu Einbettungssitzen, p. 365] (cf. [74], p. 53]).
However, this only affects the result [I17, Corollary 6.3, p. 21-22] where we have to
add this missing assumption as well (see Corollary for this). The other results
of [I17] derived from [IT17, Corollary 5.3, p. 16] are not affected by this missing
assumption since they are all a consequence of [I17), Corollary 5.4, p. 17] and [117,
Corollary 6.4, p. 22|, whose proofs can be adjusted without additional assumptions

(see Corollary [5.3.5| and Corollary for this).

Next, we use the preceding corollary to generalise the theorem of Grothendieck
and Schwartz on weakly C**!-functions. For k € Ny and 0 < v < 1 we define the
space of k-times continuously partially differentiable E-valued functions with locally
~-Hélder continuous partial derivatives of k-th order on an open set 2 c R? by

C(Q,E)|:={feC"(Q,F) |V K cQcompact, v € 2% : |f|r,a <0}

where
i =max(|flesayar sup 1(0%)7 fleos (x0).0)
BeNG,|Bl=k
with
|flex (k) = sup pa((07) P f(2))
ZTre
BeNG.|Bl<k
and
Pa(f(x) - f(y
|fleo (r),a = sup (@)~ 1)
z,yeK |z -yl
TEY
k,y ok .
Further, we set C;>)(Q) := C;»](Q,K). Using Corollary , we are able to

improve Theorem [5.3.2] to the following form.

5.3.5. COROLLARY. Let E be a locally complete IcHs, G ¢ E' determine bound-
edness, Q c R? open, ke Ny and 0 <y < 1.

a) If f:Q — F is such that ¢'o f € ClkOg(Q) for all ' € G, then f e C7 (O, E).

lo

b) If f:Q > E is such that ¢ o f € C¥*1(Q) for all ¢ € G, then f e CF (O, E).

loc

PROOF. Let us start with a). Let f:Q — E be such that ¢’ o f ¢ Clkoz(ﬂ) for
all ¢/ € G. Let (Q,,)nen be an exhaustion of ) with open, relatively compact sets
Q,, ¢ Q with Lipschitz boundaries 052, (e.g. choose each ), as the interior of a
finite union of closed axis-parallel cubes, see the proof of [168, Theorem 1.4, p. 7]
for the construction) that satisfies 2, ¢ Q0,41 for all n € N. Then the restriction of
e’ o f to Q, is an element of C*7(Q,,) for every e’ € G and n € N. Due to Corollary
we obtain that f e C¥7(Q,,E) for every n € N. Thus f € C{Z;’(Q,E) since
differentiability is a local property and for each compact K c §2 there is n € N such
that K c Q,,.

Let us turn to b), i.e. let f:Q - E be such that ¢’ o f € C**1(Q) for all ¢ € G.
Since Q c R? is open, for every x € Q there is €, > 0 such that B., (z) c Q. For all
e € G, BeNd with |8 =k and w,y € B._(x), w # y, it holds that

[O7)(e 0 ) () = O NW L 1) o max |07 (e! o 1)(2)|

|w - y] l<n<d ,cB_(a)

by the mean value theorem applied to the real and imaginary part where Cy := Vid
if K=R, and Cy := 2/d if K = C. Thus ¢’ o f ¢ Clk’l(Q) for all e’ € G since

for each compact set K c Q there are m € N and z; ZCQ, 1 <4 < m, such that
K cU B, (z;). It follows from part a) that f e ctlQ, B). O

loc
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If Q=R, yv=1and G = E', then part a) of Corollary is already known
by [104, 2.3 Corollary, p. 15]. A ‘full’ C*-weak-strong principle for k < oo, i.e. the
conditions of part b) imply f € C¥*1(Q, E), does not hold in general (see [T04, p.
11-12]) but it holds if we restrict the class of admissible lcHs E.

5.3.6. THEOREM. Let E be a semi-Montel space, G ¢ E’ determine boundedness,
QcR? open and k e N. If f:Q — E is such that ¢’ o f € CK(Q) for all €’ € G, then
feCH(Q,E).

PROOF. Let f:Q — E be such that ¢’o f € C¥(Q) for all ¢’ € G. Due to Corollary
m b) we already know that f € Cl’f)_cl’l(Q,E) since semi-Montel spaces are quasi-

complete and thus locally complete. Now, let x € Q, £, > 0 such that B._(z) c Q,
B eNd with |8 =k -1 and n e N with 1 <n < d. The set

b (OO @ he) - D) | g )
h
is bounded in F because f € Clk;cl’l(Q E). As F is a semi-Montel space, the closure
B is compact in E. Let (hy,)men be a sequence in R such that 0 < h,, < &, for all
m € N. From the compactness of B we deduce that there is a subnet (hm, )ier of
(R men and vy, € B with

o =t @D o en) = (7 )P ()

el th

=:limy,.
el Y

Further, we note that the limit

97(e" o f)(a + hen) - 07(e’ o f) ()
h

(@7 )5 (e 0 f)(x) = lim

heR,h+0

(55)

exists for all ¢’ € G and that (e'(y,)).er is a subnet of the net of difference quotients
on the right-hand side of as (0°)X(e' o f) = ¢’ 0 (0°)F f. Therefore

e (o e = T e @D St hen) ~ (09)" f(a)
(@) (o f)(a) = i e )

heR,h#0 h

oy (ODEf(e+hen) - (0D f(@)y o,

= }lgr(l) e ( 3 ) = lblgle (y.)
heR,0<h<e,

=€¢'(Ya) (56)

for all ¢’ € G. By Proposition (i) the topology o(E, G) and the initial topology
of E coincide on B. Combining this fact with , we deduce that
(07)F f(a+hey) - (07)F f(a) _ y

h e

@7 )Ef(x) = lim

heR,h+0

In addition, ¢’ o (9P*¢n)F f = (9°*¢n)K (e’ o f) is continuous on B, (z) for all €’ € G,
meaning that the restriction of (9°+°")¥ f on B., () to (E,c(F,G)) is continuous,
and the range (9°°*)F f(B., (x)) is bounded in E. As before we use that o(F, Q)
and the initial topology of E coincide on (9°**)E f(B.,(x)), which implies that
the restriction of (9°*")¥ f on B._(x) is continuous w.r.t. the initial topology of

E. Since continuity is a local property and z € ) is arbitrary, we conclude that
(9°+en)F f is continuous on €. O

In the special case that Q =R, G = E' and E is a Montel space, i.e. a barrelled
semi-Montel space, a different proof of the preceding weak-strong principle can be
found in the proof of [40, Lemma 4, p. 15]. This proof uses the Banach—Steinhaus
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theorem and needs the barrelledness of the Montel space E;. Our weak-strong
principle Theorem does not need the barrelledness of E, hence can be applied
to B = (ngb(D)’B) which is a non-barrelled semi-Montel space by Remark
and Proposition [5.2.16

Besides the ‘full’ C*-weak-strong principle for k < oo and semi-Montel E, part
b) of Corollary also suggests an ‘almost’ C*-weak-strong principle in terms of
[66] 3.1.6 Rademacher’s theorem, p. 216], which we prepare next.

5.3.7. DEFINITION (generalised Gelfand space). We say that an IcHs F is a
[generalised Gelfand space|if every Lipschitz continuous map f:[0,1] — E is differ-
entiable almost everywhere w.r.t to the one-dimensional Lebesgue measure.

If E is a real Fréchet space (K = R), then this definition coincides with the
definition of a Fréchet—Gelfand space given in [125, Definition 2.2, p. 17]. In par-
ticular, every real nuclear Fréchet lattice (see [T8, Theorem 6, Corollary, p. 375,
378]) and more general every real Fréchet—Montel space is a generalised Gelfand
space by [125, Theorem 2.9, p. 18]. If E is a Banach space, then this definition
coincides with the definition of a Gelfand space given in [51, Definition 4.3.1, p.
106-107] by [9, Proposition 1.2.4, p. 18]. A Banach space is a Gelfand space if and
only if it has the Radon—Nikodym property by [51, Theorem 4.3.2, p. 107]. Thus
separable duals of Banach spaces, reflexive Banach spaces and ¢!(I") for any set
I are generalised Gelfand spaces by [51, Theorem 3.3.1 (Dunford-Pettis), p. 79],
[51l Corollary 3.3.4 (Phillips), p. 82] and [51, Corollary 3.3.8, p. 83]. The Banach
spaces cg, %, C([0,1]), £*([0,1]) and £>([0,1]) do not have the Radon—Nikodym
property and hence are not generalised Gelfand spaces by [0, Proposition 1.2.9, p.
20], |9, Example 1.2.8, p. 20] and [9], Proposition 1.2.10, p. 21].

5.3.8. COROLLARY. Let E be a locally complete generalised Gelfand space, G c
E' determine boundedness,  c R open and k e N. If f:Q — E is such that ' o f €
C*(Q) for all €' € G, then f € Cﬁ;l’l(Q7E) and the derivative (0%)F f(x) exists for
Lebesgue almost all x € ).

PrOOF. The first part follows from Corollary b). Now, let [a,b] c © be
a bounded interval. We set F:[0,1] - E, F(z) = (0* )P f(a+2(b-a)). Then F
is Lipschitz continuous as f € Clko_cl’l(Q,E). This yields that F' is differentiable on
[0,1] almost everywhere because E is a generalised Gelfand space, implying that
(0*"1)Ff is differentiable on [a,b] almost everywhere. Since the open set Q c R
can be written as a countable union of disjoint open intervals I,,, n € N, and each
I,, is a countable union of closed bounded intervals [a,y,, b, ], m € N, our statement
follows from the fact that the countable union of null sets is a null set. O

To the best of our knowledge there are still some open problems for continuously
partially differentiable functions of finite order.

5.3.9. QUESTION. (i) Are there other spaces than semi-Montel spaces E
for which the ‘full’ C*-weak-strong principle Theorem with &k < oo
is true? For instance, if & = 0, then it is still true if E is a generalised
Schwartz space by [17, 2.10 Lemma, p. 140]. Does this hold for 0 < k < o0

as well?
(i) Does the ‘almost’ C*-weak-strong principle Corollary also hold for
d>17

(iii) For every ¢ > 0 does there exist a function g € C*(R, E) such that A\({z €
Q| f(x) # g(z)}) < e in Corollary where X is the one-dimensional
Lebesgue measure. In the case that E = R™ this is true by [66, Theorem
3.1.15, p. 227].
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(iv) Is there a ‘Radon—Nikodym type’ characterisation of generalised Gelfand
spaces as in the Banach case?

5.4. Vector-valued Blaschke theorems

In this section we prove several convergence theorems for Banach-valued func-
tions in the spirit of Blaschke’s convergence theorem [38, Theorem 7.4, p. 219]
as it is done in [7, Theorem 2.4, p. 786] and [7, Corollary 2.5, p. 786-787] for
bounded holomorphic functions and more general in [70, Corollary 4.2, p. 695] for
bounded functions in the kernel of a hypoelliptic linear partial differential operator.
[Blaschke’s convergence theorem| says that if (2, )ney € D is a sequence of distinct
elements with ¥, n(1 = |2,]) = 0o and if (f)ken is @ bounded sequence in H> (D)
such that (fx(2z,))x converges in C for each n € N, then there is f ¢ H* (D) such
that (fx)r converges uniformly to f on the compact subsets of D, i.e. w.r.t. to 7.

5.4.1. ProprosITION (70, Proposition 4.1, p. 695]). Let (E,|-|) be a Banach
space, Z a Banach space whose closed unit ball By is a compact subset of an lcHs
Y and let (A,) .1 be a net in YeE such that

SU}){HAL(y)H lye BY ) <o,
LE

Assume further that there exists a o(Y',Z)-dense subspace X c Y' such that
lim, A, () ezists for each © € X. Then there is A ¢ YeE with A(BY") bounded
and lim, A, = A uniformly on the equicontinuous subsets of Y', i.e. for all equicon-
tinuous BcY' and € > 0 there exists ¢ € I such that

sup [A,(y) = A(y)| <
yeB

for each v >¢.
Next, we generalise [70, Corollary 4.2, p. 695].

5.4.2. COROLLARY. Let (E,|-|) be a Banach space and F(Q) and F(Q, E) be
e-into-compatible. Let (T, T) be a generator for (Fv, E) and a strong, consistent
family for (F,E), Fv(Q2) a Banach space whose closed unit ball Br, o) is a compact
subset of F(2) and U a set of uniqueness for (T, Fv).

If (f.)ier € Fev(Q, E) is a bounded net in Fv(, E) such that lim, TE(f,)(x)
exists for all x € U, then there is f € F.v(Q, E) such that (f,).e; converges to f in
F(Q,E).

Proor. We set X := span{TX |z e U}, Y := F(Q) and Z = Fv(Q). As in
the proof of Theorem we observe that X is o(Y’,Z)-dense in Y’. From
(f.)ier € Fev(Q, E) follows that there are A, € F(Q)eFE with S(A,) = f, for all v € I.
Since (f,).s is a bounded net in Fv (2, E), we note that

supsup A, (T ()v(x))] = Sup sup ITZS(A) (@) v () = Sup sup |75 f.() ()

el Tew

= Sup|fL|fu(Q,E) < oo
el

by consistency. Further, lim, S(A,)(TX) = lim, TP (f,)(x) exists for each x € U,
implying the existence of lim, S(A,)(x) for each x € X by linearity. We apply
Proposition and obtain f = S(A) € F.v(, E) such that (A,).r converges
to Ain F(Q)eE. From F(Q) and F(, FE) being e-into-compatible it follows that
(f.).er converges to f in F(, E). O
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First, we apply the preceding corollary to the space Cg’](Q,E) of v-Holder
continuous functions on 2 that vanish at a fixed point z € Q from Example [£.2.9]
a). We recall that for a metric space (£2,d), z € Q, an IcHs F and 0 < <1 we have

CONQE)={fe E?| f(z)=0and V a e A: [fleon(ay.a < ).
Further, we set w:= Q2 {(z,2) |z € Q}, F(Q,E) == {f e C(Q,E) | f(2) =0} and
TP:F(Q,E) > E¥, T*(f)(z,y) = f(2) - f(y), and
1

rw— [ano)ﬂ v(z,y) = d(z y),y'

Then we have for every a € 2 that

oo @ =500 pa(TE(F@)r(@).,  feCHQE),

and observe that Fv(Q, F) = C0(Q, E) with generator (TZ, T%).

5.4.3. COROLLARY. Let E be a Banach space, (2,d) a metric space, z € Q) and
0<~vy<1. If (f.)ier 15 a bounded net in CL’Y](Q, E) such that lim, f,(x) exists for all

x in a dense subset U c (), then there is f € CLW](Q,E) such that (f,).er converges
to f in C(Q, E) uniformly on compact subsets of €.

Proor. We choose F(Q2) := {f € C(Q) | f(2) = 0} and F(Q,FE) = {f ¢
C(LE) | f(2) =0}. Then we have Fv(Q) = CD](Q) and Frv(QL FE) = CEV](Q,E)
with the weight v and generator (T, T%) for (Fv, E) described above. Due to [17,
3.1 Bemerkung, p. 141] the spaces F(Q) and F(, E), equipped with the topology
7. of compact convergence, are e-compatible. Obviously, (TF,T¥) is a strong, con-
sistent family for (F, E). In addition, Fr(Q) = CL’Y](Q) is a Banach space by [179,
Proposition 1.6.2, p. 20]. For all f from the closed unit ball Bz, ) of Fv(Q) we
have

lf(z) = f()l <d(z,y)”, z,yeQ,
and
lf(@)| =1f(z) - f(z)|<d(x,2)”, xeQ.

It follows that B, (q) is (uniformly) equicontinuous and {f(z) | f € Br,(q)} is
bounded in K for all z € 2. Ascoli’s theorem (see e.g. [133, Theorem 47.1, p. 290])
implies the compactness of Bz, q) in F'(2) (see also [118, 3.7 Theorem (a), p. 10]).
Furthermore, the e-compatibility of F(Q2) and F(, E) in combination with the
consistency of (TF,T™) for (F,E) gives F.v(), E) = Fv(Q, F) as linear spaces by
Proposition ¢). We note that lim, f,(z) = lim, T¥(f,)(x, 2) for all x in U,
proving our claim by Corollary O

The space CEY](Q) is named Lipy(£27) in [I79] (see [I79, Definition 1.6.1 (b), p.
19] and [I79] Definition 1.1.2, p. 2]). Corollary generalises [179, Proposition
2.1.7, p. 38] (in combination with [I79], Proposition 1.2.4, p. 5]) where € is compact,
U=Qand E =K.

5.4.4. COROLLARY. Let E be a Banach space, Q c R% open and bounded, k € Ny
and 0 <y < 1. In the case k > 1, assume additionally that Q) has Lipschitz boundary.
If (f)ver is a bounded net in C*(Q, E) such that

(i) im, f,(z) exists for all z in a dense subset U c Q, or if
(ii) lim,(0°" )P f,(x) exists for all 1 <n <d and x in a dense subset U c €2,
is connected and there is xq € Q such that lim, f,(xo) ewists and k > 1,

then there is f € C*Y(Q, E) such that (f,).c; converges to f in C*(Q, E).
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PROOF. As in Corollary [5.3.3 we take F(2) := C*(Q) and F(Q, E) := C*(Q, E)
as well as Fv(Q) = C*(Q) and Fv(Q, E) = C*7(Q, E) with the weight v and
generator (TF,T%) for (Fv, E) described above of Corollary m By the proof
of Corollary all conditions of Corollary are satisfied, which implies our
statement. t

We recall that CWk(Q, E) is the space C¥(Q, E) equipped with its usual topol-
ogy for an open set Q c RY, ke N, u{0} and an IcHs E (see Example b) for
k € N and the definition above Proposition [3.1.11| for k = 0).

5.4.5. COROLLARY. Let F be a Banach space,  c R? open, k € Ny and 0 <~y < 1.
If (f.)ier is a bounded net in ClkO;’(Q,E) such that
(i) lim, f,(z) exists for all z in a dense subset U c Q, or if
(ii) lim,(0°" )P f,(x) exists for all 1 <n <d and x in a dense subset U c €,
is connected and there is xo € Q such that lim, f,(xo) exists and k > 1,

then there is f € CF7(Q, E) such that (f,).; converges to f in CW"(Q, E).

loc

PROOF. Let (€2, )neny be an exhaustion of Q with open, relatively compact sets
Q, c Q such that , has Lipschitz boundary, €, c Q,,; for all n € N and, in
addition, z( € ©; and €, is connected for each n € N in case (ii) (see the proof of
Corollary . The restriction of (f,).c; to Q, is a bounded net in C*7(Q,,, E)
for each n € N. By Corollary there is F,, € C*7(Q,, E) for each n € N such
that the restriction of (f,).cr to €, converges to F, in C¥(Q,, E) since U nQ,, is
dense in 2, due to 2, being open and zy being an element of the connected set
Q,, in case (ii). The limits F,,; and F,, coincide on ,, for each n € N. Thus the
definition f := F}, on €, for each n € N gives a well-defined function f € Ck’V(Q7 E),

loc

which is a limit of (f,),c; in CW*(Q, E). O

5.4.6. COROLLARY. Let E be a Banach space, Q c R? open and k € Ny. If
(f)er is a bounded net in C¥*1(Q, E) such that
(i) lim, f,(x) exists for all x in a dense subset U c Q, or if
(i3) lim,(0°")E f,(z) ewists for all 1 <n <d and z in a dense subset U c Q, ()
is connected and there is xo € Q such that lim, f,(xo) exists,

then there is f € C1(Q, E) such that (f,).r converges to f in CW*(Q, E).

loc

Proor. By Corollary m b) (f.)wer is a bounded net in Cllzcl(Q,E) Hence
our statement is a consequence of Corollary a

The preceding result directly implies a C*°-smooth version.

5.4.7. COROLLARY. Let E be a Banach space and Q c R? open. If (f.).cr is a
bounded net in C=°(Q, E) such that
(i) im, f,(z) exists for all z in a dense subset U c Q, or if
(i) lim,(0°")E f,(x) ewists for all 1 <n <d and z in a dense subset U c Q,
is connected and there is xo € Q such that lim, f,(xo) exists,

then there is f € C*(Q, E) such that (f,).er converges to f in CW™(Q, E).

Now, we turn to weighted kernels of hypoelliptic linear partial differential op-
erators.

5.4.8. COROLLARY. Let E be a Banach space, Q c R? open, P(0)¥ a hypoelliptic
linear partial differential operator, v:Q — (0,00) continuous and U c Q a set of
uniqueness for (idge,Cvp(g)). If (f.)wer is a bounded net in (Cvpp) (2, E),|-|.)
such that lim, f,(z) ewists for all x € U, then there is f € Cup(p) (%, E) such that
(f.).er converges to f in (C;?(a)(Q,E),Tc).
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PROOF. Our statement follows from Corollary[5.4.2since by the proof of Corol-
lary [5.2.30| all conditions needed are fulfilled. O

For v = 1 on Q the preceding corollary is included in [70, Corollary 4.2, p.
695] but then an even better result is available, whose proof we prepare next.
We recall the definition of the space (C;"(a),b(Q,E),B) with the strict topology 3
from Proposition For an open set  c R? an IcHs E and a linear partial
differential operator P(9)¥ which is hypoelliptic if £ = K the space of bounded
zero solutions is

Cr)0( B) = {f €Cp(o) (1 E) | ¥ €Uz [flloe o = suppa(f(2)) < o0}
We equip this space with strict topology 5 induced by the seminorms
|f 170 = Sugpa(f(x))I’ﬁ(w)I, feChay s (4 B),
xTe

for 7 € Co(€2). Now, we phrase for C5 5 (€%, E) = Cup(p)(Q2, E) with v =1 on
the improved version of Corollary

5.4.9. COROLLARY. Let E be a Banach space, Q c R? open, P(9)¥ a hypoelliptic
linear partial differential operator and U c Q a set of uniqueness for (idge, C;f’(a),b).
If (f)ier is a bounded net in (C;,"(a)’b(Q,E),H o) such that lim, f,(x) emzists
for all x € U, then there is f € C;"(a)’b(Q,E) such that (f,).er converges to f in

(C;Q(a)yb(ﬂﬂ E)» ﬁ)

Proor. We take F\(§2) := (CF5) ,(€2), 8) and F(Q, E) := (Cp 5y , (2, E), B) as
well as Fv(Q) = (Cp) ,(2); | - [) and Fv(Q,E) := (C;;,‘ka)’b(Q,E‘)7 | - loo) with
the weight v(x) := 1, x € Q, and generator (idge,idgx) for (Fv, E). The generator
is strong and counsistent for (F,E) and F(Q2) and F(,FE) are e-compatible by
Proposition The space Fr()) is a Banach space as a closed subspace of
the Banach space (Cy(€2), | - | o). Its closed unit ball Bz, (q) is 7.-compact because
(C;"(a)(Q),TC) is a Fréchet—-Schwartz space, in particular, a Montel space. Thus
Bry,(q) i || - |o-bounded and 7.-compact, which implies that it is also S-compact
by [45, Proposition 1 (viii), p. 586] and [45] Proposition 3, p. 590]. In addition,
the e-compatibility of F(Q2) and F(£2, F) in combination with the consistency of
(idge,idge) for (F, E) gives F.v(Q, E) = Fv(Q, E) as linear spaces by Proposition
c), verifying our statement by Corollary (]

A direct consequence of Corollary is the following remark.

5.4.10. REMARK. Let E be a Banach space, Q ¢ R? open, P(9)* a hypoel-
liptic linear partial differential operator and (f,),c; a bounded net in the space
(CPay s E), |- ). Then the following statements are equivalent:

(i) (f,) converges pointwise,
(ii) (f.) converges uniformly on compact subsets of ,
(iii) (f,) is B-convergent.

In the case of complex-valued bounded holomorphic functions of one variable,
ie. E=C, QcCisopen and P(9) = 9 is the Cauchy-Riemann operator, conver-
gence w.r.t. 8 is known as bounded convergence (see [I47, p. 13-14, 16]) and the
preceding remark is included in [I48| 3.7 Theorem, p. 246] for connected sets .

A similar improvement of Corollary for the space C?](Q E) of y-Holder
continuous functions on a metric space (2,d) that vanish at a given point z € Q) is
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possible, using the B on V() given by the seminorms
) -
= sup LOTON 0y pecbiqo,

eyea |l —yp
TEY

for v € Co(w) with w = Q2 ~ {(z,2) | z € Q}. If Q is compact and E a Banach
space, this follows as in Corollary from the observation that /3 is the mixed
topology Y(| - co.v(q), Te) by [0, Theorem 3.3, p. 645], that a set is F-compact if
and only if it is |-|¢co.» (o)-bounded and 7.-compact by [90, Theorem 2.1 (6), p. 642],
the e-compatibility (C(Q), 8)eE = (¢V)(Q, E),v7,) by [00, Theorem 4.4, p. 648
where the topology 7, is described in [90, Definition 4.1, p. 647] and coincides
with 8 if E'=K by [90, Proposition 4.3 (i), p. 647].

Let us turn to Bloch type spaces. The result corresponding to Corollary
for Bloch type spaces reads as follows.

5.4.11. COROLLARY. Let E be a Banach space, v:D — (0,00) continuous and
U, ¢ D have an accumulation point in D. If (f,).r is a bounded net in Bv(D, E)
such that lim, f,(0) and lim,(90t)F f.(2) exist for all z € U,, then there is f €
Bv(D, E) such that (f,).er converges to f in (O(D, E), ).

PRrROOF. Due to the proof of Corollary [5.2.33] all conditions needed to apply
Corollary are fulfilled, which proves our statement. O

5.5. Wolff type results

The following theorem gives us a Wolff type description of the dual of F/(2) and
generalises [70, Theorem 3.3, p. 693] and [70, Corollary 3.4, p. 694] whose proofs
only need a bit of adaptation. [183, p. 1327] (cf. [81, Theorem
(Wolff), p. 402]) phrased in a functional analytic way (see [70, p. 240]) says: if
Q c C is a domain (i.e. open and connected), then for each u € O(Q)" there are
a sequence (z,)ney Which is relatively compact in © and a sequence (ay, )ney in £*
such that u=Y>", a,0., .

5.5.1. THEOREM. Let F(Q) and F(Q, E) be c-into-compatible, (TF T%) be a
generator for (Fv,E) and a strong, consistent family for (F, E) for every Banach
space E. Let F () be a nuclear Fréchet space and Fv(2) a Banach space whose
closed unit ball Br,q) is a compact subset of F(2) and (v, )nen fizes the topology
in Fv(Q).

a) Then there is 0 < X e ', i.e. Xe ! and N, >0 for all n € N, such that for
every bounded B c F(Q), there is C' > 1 with

{mrv) lpeBYc{> anu(xn)Tfn eFr(Q) |ael', VneN: |a,| <C\,}.
n=1

b) Let (|| - |x)ren denote the system of seminorms generating the topology of
F(QY). Then there is a decreasing zero sequence (€ )nen such that for all
k €N there is C > 1 with

(PR ngg T @)l (@n)en,  feFu().

Proor. We start with part a). Let By := {Th ()v(z,) | n € N} ¢ F(Q),
X :=spanBy, Y = F(Q), Z := Fv(Q) and E; := {¥52 ) apv(z,)Te |a €}, From

i (a)(f)] = | ianV(xn)TEL(f)l < sup IT(F) @)l (@) lale <IflFuollale

for all f € Fv(Q) and a € ¢ it follows that E; is a linear subspace of Fr ()’
and the continuity of the map j;: ¢ - Fv(Q)" where Fv(Q)’ is equipped with the
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operator norm. In addition, we deduce that the linear map j:£!/ker j; - Fv(Q)’,
j([a]) := ji(a), where [a] denotes the equivalence class of a € ¢! in the quotient
space ¢!/ ker j;, is continuous w.r.t. the quotient norm since

liaD by <, 0k [bles = 1Lalisrenss

By setting E := j(¢*/kerj1) and [j([a])|e = [[alls/xerjr> @ € €', and observing
that ¢!/ ker j; is a Banach space, we obtain that E is also a Banach space, which is
continuously embedded in Fv(Q)’.

We denote by A: X — E the restriction to Z = Fr(Q2) determined by

A(Ta]gi ()V(xn)) = Tfn ()\]—'V(Q)l/(xn) = ]([en])
where e, is the n-th unit sequence in £!. We consider Fv(Q) as a subspace of E’
via
f(G([a]) = 3([a])(f) = Z:lanV(wn)TK(f)(xn% aell,

for f e Fv(Q). The space G := Fr(Q)) clearly separates the points of E, thus is
o(FE’', E)-dense and

(f o AT, () = ATy, Ov(a))(f) = 5([ea])(F) = (G ([en]))
for all n € N. Hence we may consider f o A by identification with f as an element
of Z=Fv(Q) for all feG=Fv(Q). It follows from Proposition that there
is a unique extension A € F(Q)eE of A such that S(A) € F.v(Q, E).

For each ¢’ € E’ there are Cy,C; > 0 and an absolutely convex compact set
K c F(Q) such that

(' o A) ()| < Co|A(w)] & < CoCh ?ullg ()l

for all p e F(Q)’, implying e’ o A € (F(Q);)". Due to the reflexivity of the nuclear
Fréchet space F () we obtain ¢’ o A € F(Q) for each ¢’ € E’. Further, for each
e’ € E' we have

le" o All (0 = sup [T (e o R) ()1 () = sup (¢’ o A) (T, (-)v ()]
< Cosup |A(Ty (Jr())| g < 00

since A(Bj\q) ) is bounded in E. This yields ¢’ o A € F1((2) for each ¢’ € E'. Tn

particular, we get that A is o(F(Q)’, Fv(Q))-0(E, E") continuous. The restriction
rF(Q) - Fv(Q), (1) = wru(a), is o(F(Q)', Fr(Q))-o(Fv(Q)', Fr(£2)) contin-
uous and coincides with A on the o(F ()", Fv(Q))-dense subspace X = span B; c
F(Q)'. Therefore A(u) = 7(p) = tFu(o) for all pe F(Q2).

Let B be an absolutely convex, closed and bounded subset of F(£2);. We
endow W := span B with the Minkowski functional of B. Due to the nuclearity
of F(Q), there are an absolutely convex, closed and bounded subset V c F(Q);,
(W} ken € Bwr, (i )ken €V and 0 <y e £ ie. y € £ and 7, > 0 for all n € N, such
that

w= Y wwp(p)pr, peB,
k=1

by [24], 2.9.1 Theorem, p. 134, 2.9.2 Definition, p. 135]. The boundedness of K(V)
in E and the definition of E give us a bounded sequence ([3%)])ren ¢ E with

(oo}

Pk Fu(Q) = A(pi) = Y. B v (a,)TE,

n=1
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for all k € N. The sequence (3%))ey ¢ £ is also bounded by [I31, Remark 5.11, p.
36] and we set p, = Y poq 7k|ﬂ7(1k)| for n € N. With p:= (pp,)neny we have

loler = 3 Y wlBP < 3 sup BP] Y vk = sup 8D o [v]er < oo,
n=1k=1 n=1 leN k=1 leN

which means that p € /1. For every € B we set a, = Yoy kafc(,u)ﬁflk), neN,

and conclude that a € ¢* with |a,| < p, for all n € N and

n=1

The strong dual F(Q); of the Fréchet-Schwartz space F'(2) is a DFS-space and
thus there is a fundamental sequence of bounded (closed, absolutely convex) sets
(B1)ien in F(2); by [131] Proposition 25.19, p. 303]. Due to our preceding results
there is p® € ¢! with for each [ € N. Finally, part a) follows from choosing
0 < X € £* such that each p( is componentwise smaller than a multiple of A, i.e.
we choose \ in a way that for each [ € N there is C; > 1 with pg) < Ci\, for all
n €N (w.l.o.g. we may assume (the worst case) that lim,,_e. p,(j“)/pﬁﬁ = oo for each
I € N. Then the construction of a suitable 0 < A € £! is given in [97, Chap. IX, §41,
7., p- 301-302]: set cg) = pg) for all I,n € N and define A, :=c¢, + % for all n e N
with the (c,) € ¢! constructed there. Then set C; := 1 and C; := (max{cg) |[1<n<
ni—1}/min{A, | 1 <n<n_1}) +1, 1> 2, for the sequence of indices (n;)ey from the
construction of (¢y).).

Let us turn to part b). We choose A € ¢! from part a) and a decreasing zero
sequence (&, )ney such that (%)HGN still belongs to £ (e.g. take &, := (X2, Ak )/
for n € N by [97, Chap. IX, §3§, Theorem of Dini, p. 293]). For k ¢ N we set

Bi={fe F(O) || flx <1}
and note that the polar BY is bounded in F(Q);. Due to part a) there exists C' > 1
such that

A(BR) c{Y anv(zn)TE e Fu(Q)'|ael', Y neN: |a,| < CA, )}
n=1

By [131l Proposition 22.14, p. 256] the formula
Ifllx=sup [y (£, [feF(Q),

y'eB}
is valid and hence
[ £l = sup [r(y") ()] = sup Ay )HI<C sup | anv(@n)T(f)(2n)]

y'eBS, y'eBY, aelt n=1
k k |an ‘SAn

<cf(22) | sup T () iz,
for all f e Fv(Q). -

5.5.2. REMARK. The proof of Theorem [5.5.1] shows it is not needed that the
assumption that F(2) and F (£, E) are e-into-compatible, (T, T™) is a generator
for (Fv, F) and a strong, consistent family for (F, F) is fulfilled for every Banach
space E. Tt is sufficient that it is fulfilled for the Banach space E := j(¢!/kerj;).

We recall from that for a positive sequence v := (v, )neny and an 1cHs E we
have

lw(NJE) = {z = (p)nen € BV |V € At |z] o = suppa (2, ) v < 00},
neN
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Further, we equip the space EN of all sequences in E from Example with the
topology of pointwise convergence, i.e. the topology generated by the seminorms
|Z|k.0 = SUD Pa(Tn), == (Tp)nen € BV,
1<n<k

for ke N and a € 2.

5.5.3. COROLLARY. Let v := (Vy)nen be a positive sequence.

a) Then there is 0 < X € (* such that for every bounded B c (KV); there is
C>1 with

{1evy [ 1€ By € { Y anvndy € tw(N)' | ae ', ¥neN: |a,| <CN\,}.

n=1
b) Then there is a decreasing zero sequence (€, )nen Such that for all k € N
there is C' > 1 with
sup |zn| < Csup|zn|vnen, 2= (Tn)nen € v(N).
1<n<k neN
PrROOF. We take F(N) := KN and F(N, F) = E as well as Fv(N) := fv(N) and
Fv(N, E) := tv(N, E) where (TF,T%) := (id gr,idgv) is the generator for (Fuv, E).
We remark that F(N) and F(N, E) are e-compatible and (7%, T%) is a strong,
consistent family for (F, E) by Example for every Banach space E. Moreover,
Fv(N) = fv(N) is a Banach space by [I31], Lemma 27.1, p. 326] since fv(N) = A*(A)
with the Kéthe matrix A := (an ;)n jev given by an ; := v, for all n,j € N. In
addition, we have for every k e N
sup |x,|< sup 1/;1|x|l, < sup vt x = (Th)nen € Br,y,
1<n<k 1<n<k 1<n<k
which means that B,y is bounded in F(N). The space F(N) = K" is a nuclear
Fréchet space and Bz, () is obviously closed in KY. Thus the bounded and closed
set B, (v is compact in F(N), implying our statement by Theorem m O

5.5.4. COROLLARY. Let Q c R? be open, P(0)% a hypoelliptic linear partial
differential operator, v:Q — (0,00) continuous and (x,)nen fix the topology in
Crp(a)(Q).

a) Then there is 0 < X € £ such that for every bounded B c (C;"(a)(Q),Tc)g
there is C' > 1 with

{N’\Cup(a)(ﬂ) | re B} c {Z any(azn)éxn € CVP(B)(Q)’ | ac gla VneN: |an| < C)\n}

n=1

b) Then there is a decreasing zero sequence (€, )nen such that for all compact
K cQ there is C' > 1 with

sup|f ()] < Csup | f(wn)lv(zn)en,  f € Crpo)(2).

PROOF. Due to the proof of Corollary[5.2.30]and the observation that the space
F(Q) = (Cff(a)(Q),Tc) is a nuclear Fréchet space all conditions of Theorem
are fulfilled, which yields our statement. O]

5.6. Series representation of vector-valued functions via Schauder
decompositions

The purpose of this section is to lift series representations known from scalar-
valued functions to vector-valued functions and its underlying idea was derived from
the classical example of the (local) power series representation of a holomorphic
function. We recall that a C-valued function f on the open disc D,.(0) around zero



118 5. APPLICATIONS

with radius r > 0 belongs to the space O(ID,-(0)) of holomorphic functions on D,.(0)

if the limit
f(l)(z) = lim f(Z+h)—f(Z)

h—0 h ’
heC,h#0

z €D, (0), (58)
exists in C. It is well-known that every f e O(ID,(0)) can be written as
o £(n)((
f(Z): Z fif)zn7 ZEDT(O)a
n=0 n:

where the power series on the right-hand side converges uniformly on every com-
pact subset of D,.(0) and f(™(0) is the n-th complex derivative of f at 0 which
is defined from by the recursion f(® := f and f := (f(»)YD) for n € N.
By [79, 2.1 Theorem and Definition, p. 17-18] and [79], 5.2 Theorem, p. 35], this
series representation remains valid if f is a holomorphic function on D,.(0) with
values in a locally complete locally convex Hausdorff space E over C where holo-
morphy means that the limit exists in E and the higher complex derivatives
are defined recursively as well. Analysing this example, we observe that O(ID,-(0)),
equipped with the topology 7. of uniform convergence on compact subsets of D,.(0),
is a Fréchet space, in particular, barrelled, with a Schauder basis formed by the
monomials z — z". Further, the formulas for the complex derivatives of a C-valued
resp. an E-valued function f on D,.(0) are built up in the same way by (see
Chapter [2)).

Our goal is to derive a mechanism which uses these observations and transfers
known series representations for other spaces of scalar-valued functions to their
vector-valued counterparts. Let us describe the general setting. We recall from [89]
14.2, p. 292| that a sequence (f,) in a locally convex Hausdorff space F over a field
K is called a[fopological basid, or simply a basis, if for every f € F there is a unique
sequence of coefficients (AX(f)) in K such that

f- iﬁ(f)fn (59)

where the series converges in F. Due to the uniqueness of the coefficients the
map A& f s ME(f) is well-defined, linear and called the n-th |coefficient functional
associated to (f,). Further, for each k € N the map

k
Py F > F, Po(f) = Y AS(f) fus

n=1

is a linear projection whose range is span{fi,..., f,} and it is called the k-th
[pansion operator| associated to (f,). A basis (f,) of F is called
the expansion operators Pj form an equicontinuous sequence in the linear space
L(F,F) of continuous linear maps from F to F (see [89] 14.3, p. 296]). A basis
(fn) of F is called a[Schauder basidif the coefficient functionals are continuous, i.e.
)\]E € I’ for each n € N. In particular, this is already fulfilled if F' is a Fréchet space
by [131, Corollary 28.11, p. 351]. If F' is barrelled, then a Schauder basis of F is
already equicontinuous and F' has the (bounded) approximation property by the
uniform boundedness principle.

The starting point for our approach is equation . Let F and E be non-
trivial locally convex Hausdorff spaces over a field K where F has an equicontinuous
Schauder basis (f,) with associated coefficient functionals (AX). The expansion
operators (Py) form a so-called [Schauder decomposition|of F' (see [27, p. 77]), i.e.
they are continuous projections on F' such that

(1) PkPj = Pmin(j,k) for all j, ke N,
(i) Py # P; for k+j,
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(iii) (Pyf) converges to f for each f € F.

This operator theoretic definition of a Schauder decomposition is equivalent to the
usual definition in terms of closed subspaces of F' given in [96] p. 377] (see [123,
p. 219]). In our main Theorem of this section we prove that (Pyeidg) is a
Schauder decomposition of Schwartz’ e-product FeFE and each u € FeE has the
series representation

o)

u(f) = 2w (Fa), feF.
n=1
Now, suppose that F' = F(Q) is a space of K-valued functions on a set Q with a
topology such that the point-evaluation functionals d,, x € €, belong to F(Q2)" and
that there is a locally convex Hausdorff space F(2, E) of functions from 2 to E
such that the map

S:F(N)eE - F(QLE), ur— [z u(d,)],

is an isomorphism, i.e. suppose that F(Q) and F(, F) are e-compatible. Assuming
that for each n € N and u € F(Q)eFE there is \(S(u)) € E with

AZ(S(u) = u(ry), (60)

i.e. (\F,\K) is consistent, we obtain in Corollary that (S o (Pyeidg) oS4,
is a Schauder decomposition of F(2, E) and

= (S (Pieide) o S)() = XM f e FE),

which is the desired series representation in F(2, F). In particular, the consis-
tency condition guarantees in the case of E-valued holomorphic functions on
D,.(0) that the complex derivatives at 0 appear in the Schauder decomposition of
O(D,(0), E) since (92)FS(u)(0) = u(dgo (92)) for all u e O(D,(0))eE and n € Ny
by Proposition if E is locally complete. We apply our result to sequence
spaces, spaces of continuously differentiable functions on a compact interval, the
space of holomorphic functions, the Schwartz space and the space of smooth func-
tions which are 2m-periodic in each variable.

As a byproduct of Theorem|[5.6.1]we obtain that every element of the completion
F®.E of the injective tensor product F' ®. E has a series representation as well if
F' is a complete space with an equicontinuous Schauder basis and E is complete.
Concerning series representation in F ®.F, little seems to be known whereas for
the completion F'®,E of the projective tensor product F ®, E of two metrisable
locally convex spaces F and E it is well-known that every f € F®,FE has a series
representation

f= Z anfn ®en
n=1

where (a,) € ¢!, ie. (a,) is absolutely summable, and (f,) and (e,) are null
sequences in F' and F, respectively (see e.g. [83, Chap. I, §2 , n°1, Théoréme 1, p.
51] or [89] 15.6.4 Corollary, p. 334]). If F and E are metrisable and one of them is
nuclear, then the isomorphism F®,FE = F ®.F holds and we trivially have a series
representation of the elements of F'®.E as well. Other conditions on the existence
of series representations of the elements of ' ®.FE can be found in [I51], Proposition
4.25, p. 88], where F' and E are Banach spaces and both of them have a Schauder
basis, and in [9I, Theorem 2, p. 283], where F' and E are locally convex Hausdorff
spaces and both of them have an equicontinuous Schauder basis.
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5.6.1. Schauder decomposition. Let us start with our main theorem on
Schauder decompositions of e-products. We recall from that we consider the
tensor product F'® E as a linear subspace of FeFE for two locally convex Hausdorff
spaces F' and E by means of the linear injection

E E
0:F®FE — FeF, Z fn®ep — [y e Z y(fn)en]-
n=1

n=1
The next theorem is essentially due to José Bonet, improving a previous version
of us which became Corollary

5.6.1. THEOREM. Let F' and E be IcHs, (f,)nen an equicontinuous Schauder
basis of F with associated coefficient functionals (\p)nen ond set Q:F — F,
Qn(f) = Ao (f) fn for every n e N. Then the following holds:

a) The sequence (Py)ken given by Py = (Zﬁzl Qn)aidE 1s a Schauder decom-
position of FeE.
b) Each u e FeE has the series representation

o)

u(f') =2 ua)f'(fu), feF.

n=1
¢) F®FE is sequentially dense in FeE.
PROOF. Since (f,) is a Schauder basis of F, the sequence (¥*_, Q,,) converges
toidp in L, (F, F). Thus we deduce from the equicontinuity of (f,) that (XF_, Q,)

converges to idp in L, (F,F) by [89, Theorem 8.5.1 (b), p. 156]. For f' e F' and
f e F it holds

(Qn 0 Q) () = Qe () Qn(f)) = Qe (FY () ) = F PP (F) ) frm)
)\n(f)f,(fn) , m=mn,

0 , M #n,

= )‘m(fn)/\n(f)f,(fm) = {

due to the uniqueness of the coefficient functionals (A, ) (see [89] 14.2.1 Proposition,
p. 292]) and it follows for k,j € N that

min(j,k) min(j, k)

J k
(;Qiolein)(f’)(fF Z::l An(£)f'(fn) = Z::l QL(f)(f)-

This implies that

min(j,k)

J k
(PkPj)(u):quQfmo ZQ:,L:UO Z Q:L:Pmin(j,k)(u)
n=1 m=1 n=1

for all ue FeE. If k # j, w.l.o.g. k> j, we choose x € E, x # 0E| and consider f; ® x
as an element of FeFE via the map ©. Then

k
(Po-Pp)(frea)= ) (fi®z)oQ,=fi®r+0
n=j+1

since

(frex)(f) , n=Fk,
0

,nzk.

((fx®2)0Qp)(f") = (fx®2) (A ()f'(£2)) = A (fi) ' (fu)2 = {

It remains to prove that for each u € FeF

klim Pp(u)=u

3The IcHs E is non-trivial by our assumptions in Chapter
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in FeE. Let (gg)ges denote the system of seminorms inducing the locally convex
topology of F. Let u € FeFE and « € 2. Due to the continuity of u there are an
absolutely convex compact set K = K(u,a) c F and Cy = Co(u, ) > 0 such that
for each f’ € F’ we have

k

k
Pa((Pr(u) —w)(f) = pa(u((Y Q4 —idp)(f))) < Co ?315'( Zlcz; ~idp ) (f")(f)|

n=1
k
= Cosup|f' (3. Quf - f)|
feK n=1

Let V be an absolutely convex zero neighbourhood in F. As a consequence of the
equicontinuity of the polar V° there are C7 > 0 and 3 € 8B such that

k
sup po((Pe(u) —u)(f')) < CoCrsupgs( Y. Quf - f).
fleVe feK n=1

In combination with the convergence of (£¥_, Q,) to idp in L.(F,F) this yields
the convergence of (P;(u)) to v in FeE and settles part a).
Let us turn to b) and c). Since

k k
Pe(u)(f) =u( Y Qu(f) = 3 ul)f ()
n=1 n=1
for every f' € F’, we note that the range of Py(u) is contained in span{u(\,)|1<
n < k} for each u € FeE and k € N. Hence Py(u) has finite rank and thus belongs
to F'® E, implying the sequential density of F ® F in FeFE and the desired series
representation by part a). O

The index set of the equicontinuous Schauder basis of F' in Theorem need
not be N (or Ny) but may be any other countable index set as long as the equicon-
tinuous Schauder basis is unconditional which is, for instance, always fulfilled if F’
is nuclear by [89, 21.10.1 Dynin-Mitiagin Theorem, p. 510].

5.6.2. REMARK. If F' and F are complete, we have under the assumption of
Theorem that F®.E = FeE by c) since FeE is complete by [94] Satz 10.3, p.
234] and F®.F is the closure of F'® F in FeFE. Thus each element of F®.F has
a series representation.

Let us apply the preceding theorem to spaces of Lebesgue integrable functions.
We consider the measure space ([0,1],.2([0,1]),) of Lebesgue measurable sets
and use the notation L£P[0,1] for the space of (equivalence classes) of Lebesgue
p-integrable functions on [0,1]. The Haar system h,:[0,1] - R, n € N, given by
hi(z):=1for all z €[0,1] and

1 (2)-2)/28 <o < (2 - )25,
hovj(2) =1 =1, (2j = 1)/25 <2 < 2j/251,
0 ,else,
for k € Ny and 1 < j < 2¥ forms a Schauder basis of £P[0,1] for every 1 <p < co and
the associated coefficient functionals are
M= [ F@ha(@)aX@), [ £0.1], neN,
[0,1]
(see [154} Satz I, p. 317|). Because £7[0,1] is Banach space and thus barrelled, its

Schauder basis (h,) is equicontinuous and we directly obtain from Theorem
the following corollary.
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5.6.3. COROLLARY. Let E be an lcHs and 1 < p < oo. (ZZ:I A (hpeidE ) ken 18
a Schauder decomposition of LP[0,1]eE and for each u € LP[0,1]eE it holds

[}

u(f') = 3 wa)f'(hy),  f e LP[0,1]"

n=1
Defining £P([0,1], E) := LP[0,1]eE, we can read the corollary above as a state-
ment on series representations in the vector-valued version of £P[0,1]. However,
in many cases of spaces F(§2) of scalar-valued functions there is a more natural
way to define the vector-valued version F (€, E) of F(2), namely, that F() and
F(Q, E) are e-compatible.

5.6.4. REMARK. If 7(Q) and F(Q2, E) are e-into-compatible, then we get by
identification of isomorphic subspaces
F(Q)®. EcF(Q)eEcF(Q,E)
and the embedding F(2) ® E — F(£, E) is given by f®er— [z~ f(z)e].

PrOOF. The inclusions obviously hold and F(Q)eE and F(2, E) induce the
same topology on F(Q) ® E. Further, we have

FoerDs [ymy(fe] = 2 — [y y()el(82)] = [& = f(a)e]. O

5.6.5. COROLLARY. Let F(2) and F (2, E) be e-compatible, (fn)nen an equi-
continuous Schauder basis of F(Q) with associated coefficient functionals \ :=
(A8)eny. Let there be AE: F(Q, E) - EN such that (A, \X) is a consistent family
for (F,E), and set QE: F(Q,E) - F(Q,E), QE(f) = \E(f)fn for every n e N.
Then the following holds:

a) The sequence (PF)gen given by PF := prl QF is a Schauder decomposi-
tion of F(Q, E).
b) Each f e F(Q, E) has the series representation

f= iAf(f)fn.

¢) F(Q) ® E is sequentially dense in F(Q, E).

Proor. For each u € F(Q)eFE and z € Q we note that with Py from Theorem

[(.6.1]it holds
k k k
(S0 Pg)(u)(z) = U(;Q%(%)) = u( ;)\E(')fn(x)) = 3 u(Ng) fu(x)

n=1

k
= Z::l/\f(S(U))fn(:r) = (B 0 8)(u)(2),

which means that S o P, = PF o S. This implies part a) and b) by Theorem [.6.1
a) since S is an isomorphism. Part c) is a direct consequence of Theorem [5.6.1] ¢)
and the isomorphism F(Q)eE = F(, F). O

In the preceding corollary we used the isomorphism S to obtain a Schauder
decomposition. On the other hand, if S is an isomorphism into, which is often the
case (see Theorem [3.1.12), we can use a Schauder decomposition of F(€2, E) to
prove the surjectivity of S.

5.6.6. PROPOSITION. Let F(Q) and F(Q, E) be c-into-compatible. Let there be
(fa)nen in F() and for every f e F(Q E) a sequence (\E(f))nen in E such that

/= i NE(f)fue e F(QLE).

Then the following holds:
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a) F(Q) ® F is sequentially dense in F(Q, E).
b) If F(Q) and E are sequentially complete, then
F(Q,E)2F(Q)eE.
c) If F() and E are complete, then
F(QE)2F(Q)eE 2 F(Q)BE.

PRrOOF. Let f e F(Q,E) and observe that
k

k
PE(f) =Y A fn= Z_:lfn®>\f(f) cF(Q)®F

n=1
for every k € N by Remark Due to our assumption we have the convergence
PE(f) - f in F(Q,E). Thus F(Q) ® E is sequentially dense in F(Q, E).

Let us turn to part b). If F(Q) and F are sequentially complete, then F(Q)eFE
is sequentially complete by [94, Satz 10.3, p. 234]. Since S is an isomorphism into
and

k k
SO(Y fn@Xi ()= X X (Nfn
n=q n=q

for all k,q € N, k > ¢, we get that (@(Zfﬁl fn® AE(f)) is a Cauchy sequence in
F(Q)eE and thus convergent. Hence we deduce that

k k oo
S(Jim O3, fn @ A () = lim 3, (50 O)(fn @ Xy (1) = X A (N)fu =1,

which proves the surjectivity of S.

If 7(Q2) and FE are complete, then F(Q)®.F is the closure of F(2) ®. F in the
complete space F(Q)eE by [04, Satz 10.3, p. 234]. As limp_e O(XF_, fn @ AE(f))
is an element of the closure, we obtain part c). O

5.6.2. Examples of Schauder decompositions.

Sequence spaces. For our first application we recall the definition of some
sequence spaces. For an IcHs E and a Kéthe matrix A := (ax,;),, jqy We define the
topological subspace of A*°(A, E) from Corollary a) by

co(A, E)|:={z = (zx) e EN|V jeN: Jim ayay ;= 0}.

In particular, the space ¢o(N, E) of null-sequences in F is obtained as ¢o(N, E) =
co(A, E) with ay j :=1 for all k,j € N. The space of convergent sequences in E is

defined by
:: {x € EN |z = (x}) converges in E}

and equipped with the system of seminorms

|x|a = Suppa(xk)? J}GC(N,E),
keN

for a € 2. Further, we set ¢o(A) = co(A,K), co(N) = ¢o(N,K) and ¢(N) := ¢(N, K).
Furthermore, we equip the space E" with the system of seminorms given by

H$Hl,a = Skugpa(zk))({l,.‘.,l}(k)a = (xp)€ EN;
€

for [ €e N and o € 2. For a non-empty set {2 we define for n € 2 the n-th unit
function by
1 ,k=n,

@mQ:Q - Ka @nﬂ(k) =
0 , else,

and we simply write ¢,, instead of ¢,,  if no confusion seems to be likely. Further,
we set Yool N = K, ¢oo(k) = 1, and Ze = doo(®) = limg ooz for = € ¢(N, F).
For series representations of the elements in these sequence spaces we do not need
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Corollary due to the subsequent proposition but we can use the representation
to obtain the surjectivity of S for sequentially complete F.

5.6.7. PROPOSITION. Let E be an lcHs and ((, E) one of the spaces co(A, E),
EN, s(N E), s(N&, E) or s(Z¢, E).

a) Then (0 nj<k 0nn)ken s a Schauder decomposition of £(Q, E') and
T=) T, xel(LE).

neQd
b) Then (Jos@oot X1 (0n=000)n ) ken is a Schauder decomposition of ¢(N, E)
and

T=TooPoo + Y, (T = Too)pn, x€c(N,E).

n=1

PROOF. Let us begin with a). First, we note that (¢, )neq is an unconditional
equicontinuous Schauder basis of s(Q2), Q = N4 Nd, Z4, since s(Q) is a nuclear
Fréchet space. Now, for x = (2,,) € (%, E) let (PF) be the sequence in ¢(, F)
given by PF(z) := Yinj<k Tnn- 1t is easy to see that PF is a continuous projection
on {(Q, E), PEPE Pf:m(kj) for all k,j € N and PF # PJE for k # j. Let € >0,
ae® and jeN. For x € ¢o(A, E) there is Ny € N such that po(znan,;) < € for all
n > Ny. Hence we have for z € ¢o(A, E)

|z — Pk (@)j,a = suppa(xn)anj < sup pa(en)a,; <e
n>No

for all k> Ny. For z € EN and [ € N we have
||x—P,f(x)Hl,a =0<e¢
for all k > 1. For z € s(Q, F), Q =N¢ Nd 7 we notice that there is N; € N such
that for all n € Q with |n| > N; we have
(1+]n[*)7/?
(1+[nf?)!

Thus we deduce for |n| > N;

=1+ )72 <e.

Pa(@n)(1+[n*)7? < epo (@) (1 + |n*) < |zl a
and hence

2= B (2)]ja —|s1|1ppa(wn)(1+lnl Y2 < sup pa(aa)(L+Inf*)"? < elalyja

[n|>Ny
for all k > Ny. Therefore (PF(x)) converges to = in (0, E) and

T = hm Pk (x) = Z TnPn.-
neQd
Now, we turn to b). For x = (x,) € ¢(N, E) let (PF(z)) be the sequence in
¢(N,E) given by PE(2) = Zosoo + XF_1 (20 = Too)pn. Again, it is easy to see
that Pk is a continuous projection on ¢(N, F), PEPE Pmm(k ) for all k,j e N
and Pk * PjE for k + j. Let € > 0 and a € 2. Then there is Ny € N such that
Pa(Tn — Too) <€ for all n > No. Thus we obtain

|z = PE(2)]a = Sup pa (2 — Too) < SUP Pa(y — Too) < €
n>k n>Ns

for all k > Ny, implying that (PF(x)) converges to z in ¢(N, E) and

€T = hm Pk: (l‘) = moo@oo + Z(xn ZCOO)SO’“ D

n=1
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5.6.8. THEOREM. Let E be a sequentially complete lcHs and £(Q2, E) one of the
spaces co(A, E), EN, s(N E), s(N&,E) or s(Z%,E). Then

(i) ((Q, E) 2 ((Q)eE, (i) e(N, E) 2 o(N)eE.

PrOOF. The map Sy is an isomorphism into by Theorem [3.1.12] and, in
addition, by Proposition (i) if £(QY E) = co(A, E). Considering ¢(N, E), we
observe that for z € ¢(N)

0n(Z) = Tp = Too = 0o (),

which implies the convergence d,, - doo in ¢(N)’ by the Banach—Steinhaus theorem
since ¢(N) is a Banach space. Hence we get

u(0) = lim u(8,) = lim S(u)(n) = 0(S(u))

for every u € ¢(N)eE, which implies that S.(y) is an isomorphism into by Theorem
B:1.12] From Proposition [5.6.7]and Proposition [5.6.6 we deduce our statement. [

More general, we note that Theorem holds for any IcHs F if £(Q, F) = EN
by Example for E with metric ccp if £(Q2, E) = ¢o(A, E) by Example (i),
and for locally complete E if £(Q, F) = s(Q, E) with Q = N?, N¢, Z¢ by Corollary
b)

Continuous and differentiable functions on a compact interval. We
start with continuous functions on compact sets. Let E be an lcHs and Q c R¢
compact. We equip the space C(Q2, E) of continuous functions on ) with values in
E with the system of seminorms given by

|f|o¢ = Sl:gpa(f(x))v f € C(QvE)a

for a € 2A. We want to apply our preceding results to intervals. Let —oo <a <b< oo
and T := (t;)o<j<n be a partition of the interval [a,b], i.e. a =ty <t; <...<t, =b.

The |hat function h%’;: [a,b] = R for the partition T are given by

x—tj
E—— ytjio1 Sx <t
T _ ) iz ] )
htj (z):= O Ui <x <tjg,
0 ,else,
for 2<j<mn-1and
t1—x T—tp-1
a<xr<ty F=m=l . 1<x<b
W (@)= {0 @)= e |
0 ,else, 0 ,else.

Let T := (tn)nen, be a dense sequence in [a,b] with tg = a, t; = b and ¢,, # ¢,, for n #
m. For T™ := {to,...,t,} there is a (unique) enumeration o:{0,...,n} - {0,...,n}
of T such that T}, := (Z,(;))o<j<n is a partition of [a,b] with T = {t,(1),... ,to(n)}-
The functions ¢g := hg}, @] = htTl1 and ¢ := hZ;n(,-) with j = o7!(n) for n > 2
are called [Schauder hat functions for the sequence T and form a Schauder basis of
C([a,b]) with associated coefficient functionals given by AX(f) = f(to), AX(f) =

f(tl ) and

N () = Ftnen) - kz ML (b, FeC(ab]), n>1,

by [166, 2.3.5 Proposition, p. 29]. Looking at the coefficient functionals, we see that
the right-hand sides even make sense if f € C([a,b], E) and thus we define \Z on
C([a,b], E) for n € Ny accordingly.
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5.6.9. THEOREM. Let E be an lcHs with metric ccp and T := (t;)nen, @ dense
sequence in [a,b] with tg = a, t; =b and t, # t,, for n+m. Then (ZZ:O )\kE@Z)kéNO
is a Schauder decomposition of C([a,b], E) and

f:i()Af(wa, fec(lab),B).

ProoF. The spaces C([a,b]) and C([a,b],E) are e-compatible by Example
[4.2.12)if E has metric ccp. C([a,b]) is a Banach space and thus barrelled, implying
that its Schauder basis (¢ ) is equicontinuous. We note that for all u € C([a,b])eF
and z € [a,b]

A (S(u)(@) = u(8e,) =u(Xy), ne{0,1},

and by induction
A (S(@) (@) = u(S,..,) = Do AF (S(@)@f (1) = u(Sr,0) = D WAL (Ensr)
k=0 k=0
:U(A§+1), n>1.
Thus (A¥, \¥) is consistent, proving our claim by Corollary O

If a=0,b=1and T is the sequence of dyadic numbers given in [166, 2.1.1
Definitions, p. 21|, then (@) is the so-called Faber-Schauder system. Using the
Schauder basis and coefficient functionals of the space Co(R) of continuous functions
vanishing at infinity given in [166, 2.7.1, p. 41-42] and [166], 2.7.4 Corollary, p. 43]
and that Sc,(r) is an isomorphism by Example (ii) if F has metric ccp,
the corresponding result for the F-valued counterpart Co(R, F) holds as well by a
similar reasoning. Another corresponding result holds for the space C(% ([0,1], E),
0 < <1, of y-Holder continuous functions on [0,1] with values in E that vanish
at zero and at infinity if one uses the Schauder basis and coefficient functionals of
C5([0,1]) from [44, Theorem 2, p. 220] and [43, Theorem 3, p. 230]. This result is
a bit weaker since Exampleonly guarantees that S e ([0,1) is an isomorphism
if F is quasi-complete.

Now, we turn to the spaces C*([a,b], E) of continuously differentiable functions
on an interval (a,b) with values in an IcHs F such that all derivatives can be
continuously extended to the boundary from Example We set f(F)(z) :=
(0")Xf(x) for x € (a,b) and f € C¥([a,b]). From the Schauder hat functions (¢ )
for a dense sequence T := (t,)nen, in [a,b] with tg =a, t; =b and t,, # t,, for n+m
and the associated coefficient functionals AX we can easily get a Schauder basis for
the space C¥([a,b]), k € N, by applying fa(') k-times to the series representation

[}

R = SNSRI, fect([a,b]),

n=0

where we identified f*) with its continuous extension. The resulting Schauder basis
fT:[a,b] - R and associated coefficient functionals 1X:C*([a,b]) - K, n € Ny, are

FT() =~ (e -a)", WE(F) = @), 0snsho1,
1T@= [ [ [ [ eidsdsrdsio, pi(F) = N (F9), nxk,

for 2 € [a,b] and f € C¥([a,b]) (see e.g. [I57} p. 586-587], [166, 2.3.7, p. 29]). Again,
the mapping rule for the coefficient functionals still makes sense if f € C*([a,b], E)
and so we define uZ on C*([a,b], E) for n € Ny accordingly.
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5.6.10. THEOREM. Let E be an lcHs with metric ccp, k € N, T := (ty)nen,
a dense sequence in [a,b] with tg = a, t1 = b and t, # t, for n + m. Then
(X! o B T ) ien, is a Schauder decomposition of C*([a,b], E) and

fzfjouf(f)f,f, f €C*([a,b], E).

PROOF. The spaces C*([a,b]) and C*([a,b], E) are e-compatible by Example
if £ has metric ccp. The Banach space C*([a,b]) is barrelled giving the
equicontinuity of its Schauder basis. Due to Proposition ¢) we have for all
ueC*([a,b])eE, BeNy, <k, and x € (a,b)

(0°)FS (u)(x) = u(8s 0 (9°)%).

Further, for every sequence (z,) in (a,b) converging to t € {a,b} we obtain by
Proposition in combination with Lemma applied to T := (9°)¥
lim (0°)%S(u)(x,) = u( lim &, 0 ().

From these observations we deduce that pZ(S(u)) = u(pX) for all n € Ny, i.e.
(1P, 1i®) is consistent. Therefore our statement is a consequence of Corollary |5.6.5) -
O

Holomorphic functions. In this short subsection we show how to get the
result on power series expansion of holomorphic functions from the introduction.
Let E be an IcHs over C, zg € C, r € (0,00] and equip O(D,(z0),E) with the
topology 7. of compact convergence.

5.6.11. THEOREM. Let E be a locally complete lcHs over C, zg € C and r €
(0,00]. Then (f » £, @) j(ZO)( 20)" ke, 1S a Schauder decomposition of
O, (20), E) and

E
Z(ac) f(Zo)( —2)",  feO(D,(2),E).

ProOOF. The spaces O(D,(z0)) and O(D,.(29), E) are e-compatible by Propo-
sitionand (cf. [30, Theorem 9, p. 232]) if E is locally complete. Further,
the Schauder basis ((-—z0)™) of O(ID,(20)) is equicontinuous since the Fréchet space
O(D,(zp)) is barrelled. Due to Proposition we have for all u € O(D,(z))ecE

(O8)FS(u)(2) =u(d: 0 (88)%), neNo, zeDr(20),
which yields that (A?,\%) is consistent where AF:O(D,(20), E) - EYo is given

by AE(f) = M for n € Ny (and analogously for E replaced by C). Hence
Corollary [5.6.5] 1mphes our statement. O

Theorem holds for holomorphic functions in several variables as well (see
[I13, Theorem 5.7, p. 264]).

Fourier expansions. In this subsection we turn our attention to
in the Schwartz space S(R?% E) and in the space C2(R¢, E) of smooth
functions that are 2m-periodic in each variable.

We recall the definition of the Hermite functions. For n € Ny we set

d \"
hy:R >R, h,(x) := (2"71!\/5)’1/2(33 - d—) e /2 2 (Q"n!\/%)’l/QHn(x)efzz/Q,
x

with the [Hermite polynomiald H,, of degree n which can be computed recursively
by

Ho(z) =1, Hpy1(x) =22H,(z) - H) () and H, (z) = 2nH,_1(z), wz€R, neN.
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For n = (ny,) € N¢ we define the n-th|Hermite function| by

d d
Rd =R, hy(r):= H by, (7x), and Rd - R, Hy(x):= H Hy, ()
k=1 k=1

5.6.12. PROPOSITION. Let E be a locally complete IcHs, f ¢ S(RY, E) and n e
N¢. Then fh,, is Pettis-integrable on R.

ProOF. First, we set 1:R? - R, 9(x) := e"@'z/z, as well as g:R? — [0, 00),
g(x) = ele’/2 Then 1) € LY(R? )\) and g = 1. Moreover, let w:R? - E, u(x) :=
f(x)h,(x)g(x), and note that

(09)Pu(a) = (99)F f(@)hn(2)g(x) + f(2)g(2)0% by () + f(2)hn(2)g(2)2;

where

% hy () = (2 nj!ﬁ)—m(H;j(xj)e-x?/? - Hnj(xj)xje—w?ﬂ) e

d
k=1,k=j
d
) _ _x2
= (2MnWE) (20 Hyy o1 (2) = 25 oy () T hoy ()
k=1,k%j

for all z = (23) € R and 1 < j < d. We set C,, == ([T%, 2% n;!\/7)""? and observe
that

, d
g(x)0% hp(x) = elel"2pei hp(x) = Cr(2n;Hy, 1 (x5) — 25 Hp, (25)) H H,, (z1)
k=1,k+j

is a polynomial in d variables. The functions given by
ho(x)g(x) = e|z|2/2hn(x) =CpHp(z) and hy(2)g(z)z; = CpHy(2)z;
are polynomials in d variables as well. Thus there are m € N and C' > 0 such that
max(|hn (2)g(2)], |9(2)0 b ()], |hn (2)g(@)2;5]) < O(1 + [2]*)™/
for all z € R and 1 < j < d, which implies

Pa((99)Pu(x)) < C(pa((99)F f(2)) (L + [2*)™? + 2pa (f () (1 + [«*)™/?)

for all a € 2 and hence

sup pa((aﬁ)Eu(m)) < 3C|f|8(Rd),m,a'

zeR?
BeNg |Bl<1

Therefore u = fh,g is (weakly) C}, which yields u e CZEI] (R, E) by Proposition
A.1.5 Further, we set h:R% - (0,00), h(x) := 1+ |z|?, and observe that

sup pa(u(2)h()) < sup pa(f(2))hn(2)g(@)1(2)] < Clflms2,a < o0

zeR zeR
for all @ € /. In addition, we remark that for every ¢ > 0 there is r > 0 such that
1 <eh(x) for all x ¢ B,.(0) = K. We deduce from Proposition (iii) that fh,
is Pettis-integrable on RY. (]

Due to the previous proposition we can define the n-th Fourier coefficient of
feS(R?, E) by

Foy=7E(D = [ 1@ha@da= [ f@ha(@)de, e,
Ra Rd

if £ is locally complete. We know that the map
FESRY) > s(Ng), F(f) = (F(n))

d»
neNg



5.6. SERIES REPRESENTATION OF VECTOR-VALUED FUNCTIONS 129

is an isomorphism (see e.g. [94] Satz 3.7, p. 66]). We improve this result to locally
complete E and derive a Schauder decomposition of S(R?, E) as well.

5.6.13. THEOREM. Let E be a locally complete lcHs. Then the following holds:
a) (Znend nj<k FEN ren is a Schauder decomposition of S(R, E) and

f=> F(n)h,, [feSRYE).

nENg
b) The map
FES(RY E) > s(N§, E), ZE(f) = (f(n))

d»
neNg

is an isomorphism and
FF = S,y 0 (F eidp) o S(gay.

PROOF. Let us begin with part a). Due to Corollary the spaces S(R?)
and S(RY, E) are e-compatible and the inverse of the isomorphism S:S(R%)eE —
S(R?, E) is given by the map R:S(R%, E) - S(R)eE, f - J o RY;, according
to Theorem Moreover, S(R?) is a nuclear Fréchet space, thus barrelled, and
hence its Schauder basis (h,,) is equicontinuous and unconditional. From the Pettis-
integrability of fh,, by Proposition and Proposition with (TF,TX) =
(hyid gea, By idgea ) we obtain that (# ¥, %) is consistent. Hence we conclude our
statement from Corollary

Let us turn to part b). First, we show that the map .Z¥ is well-defined. Let
feS(RY E). Then €' o f e S(RY) and

(€, FZE(a) = (e, f(n)) =€ o J(n) = F(e" o fn

for every n e N¢ and e’ € E’. Thus we have .ZX (¢’ o f) e s(N@) for every ¢’ € F,
which implies by [I31, Mackey’s theorem 23.15, p. 268] that ZZ(f) € s(N¢, E) and
that .#F is well-defined. Due to Corollary [3.2.10| and Corollary the maps

Ss(rey and SS(NS) are isomorphisms, which implies that .# ¥ is also an isomorphism
with F¥ = Ss(ay © (F¥cidg) o S;%Rd) by Theorem b). O

Our last example of this subsection is devoted to Fourier expansions in the
space C2(R%, E). We recall that C52(R%, E) denotes the topological subspace of
CW™ (R4, E) consisting of the functions which are 2r-periodic in each variable. Due
to Lemma we are able to define the n-th Fourier coefficient of f € C32 (R?, E)
by

Foy =525 =0 [ f@)ede, nez’,
[77r77r]d
where (-,-) is the usual scalar product on R, if E is locally complete. We know
that the map

FECs (RY) » s(27), F°(f) = (F(n)), s
is an isomorphism (see e.g. [94, Satz 1.7, p. 18]), which we lift to the E-valued case.

5.6.14. THEOREM. Let E be a locally complete lcHs over C.
a) Then (¥ ,ezd jnj<k FEelm)) o is a Schauder decomposition of C3(RY, E)
and

f=3 fn)e™),  fecs(RYE).

nezZd
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b) The map
§7:C5n (R E) = s(2%, E), F°(f) = (F(n)), 05
18 an tsomorphism and
gE = SS(Zd) o (SCE ldE) o SE%(R(;)

PRrOOF. The spaces C52(R?) and C52(R?, E) are e-compatible by Example
4.2.27

The space C52(R?) is barrelled since it is a nuclear Fréchet space and thus
its Schauder basis (¢!{") is equicontinuous and unconditional. By Theorem
the inverse of S¢s (ra) is given by RU:CE(RLE) - CR(RYEE, f > T to R
From the Pettis-integrability of fe ™" and Proposition with (T, TX) =
(e id e, 7™V id a ) We obtain that (§7,§C) is consistent. Hence we con-
clude part a) from Corollary

Let us turn to part b). As in Theorem it follows from [I3T, Mackey’s
theorem 23.15, p. 268] that the map &F is well-defined. Due to Corollary and
Example @ the maps S 74y and SC;(W) are isomorphisms, which implies that
¥ is an isomorphism as well with F¥ = S z4) 0 (FCeidg) o Sc_;l;(Rd) by Theorem

EE) 0

For quasi-complete £ Theorem [5.6.14] is already known by [94] Satz 10.8, p.
239].

5.7. Representation by sequence spaces

Our last section is dedicated to the representation of weighted spaces of FE-
valued functions by weighted spaces of E-valued sequences if there is a counterpart
of this representation in the scalar-valued case involving the coefficient functionals
associated to a Schauder basis (see Remark [5.2.3|b)). We only touched upon this
problem in Section [5.6] for special cases like S(R?, E) and €2 (R, E) in Theorem
b) and Theorem b). We solve this problem in a different way by an
application of our extension results from Section As an example we treat the
space O(Dg(0), E) of holomorphic functions and the multiplier space Oy (R, E) of
the Schwartz space (see Corollary .

5.7.1. THEOREM. Let E be a locally complete IcHs, G c E’ determine bound-
edness and F(Q) and F(Q, E) resp. L(N) and ¢(N,E) be e-into-compatible with
€' og e l(N) for all ¢/ € E' and g € {(N,E). Let (fn)nen be an equicontinuous
Schauder basis of F(Q) with associated coefficient functionals (TX)nen such that

T F(Q2) = UN), T(f) = (T (f))nen,
is an isomorphism and let there be TE: F(Q,E) — EN such that (T®,TX) is a
strong, consistent family for (F,E). If
(i) F() is a Fréchet-Schwartz space, or
(i1) E is sequentially complete, G = E' and F(Q) is a semi-Montel BC-space,
then the following holds:
a) Fc(NE) =¢(N,E).
b) ¢(N) and (N, E) are e-compatible, in particular, {(N)eE = {(N, E).
¢) The map
TE:J:(QvE) - E(NvE)v TE(f) = (Tf(f))neNa

is a well-defined isomorphism, F(Q) and F(Q, E) are e-compatible, in
particular, F(Q)eE = F(Q, E), and TF = Sy o (T¥eidg) o S;_.l(m.
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PROOF. a)(1) First, we remark that N is a set of uniqueness for (T, F). Let
ueF(Q)eE and n € N. Then

R, (Sr) (w)(n) = (T o Sxia)) (u)(n) = Ty (Sr) (w) = w(T,) = u(b, o T)
= (wo (T%)")(5,) = (T®cidg) (u)(5,)
= (Seqwy o (T¥cidp) ) (u) (n) (61)

by consistency and the e-into-compatibility, yielding Fo (N, E) c (N, E) once we
have shown that Ry ¢ is surjective, which we postpone to part b).

a)(2) Let g € {(N, E). Then ¢’ og e £(N) for all ¢’ € E' and g.s := (T%) (e’ 0g) €
F(Q). We note that TX(ger) = (¢’ 0 g)(n) for all n € N, which implies (N, E) c
Fo(N, E).

b) We only need to show that Sy is surjective. Let g € £(N, E), which implies
g € Fa(N, E) by part a)(2).

We claim that Ry ¢ is surjective. In case (i) this follows directly from Theorem
Let us turn to case (ii) and denote by (fy,)neny the equicontinuous Schauder
basis of F(£2) associated to (TX),ey. We check that condition (ii) of Theorem

is fulfilled. Let f' € F(Q)’ and set
k
JeF@Q) =K, fil(f) =3 TN (),
n=1

for k € N. Then f; € F(Q2) for every k € N and (f},) converges to f’ in F () since
(XF_ TE(f) fn) converges to f in F(€2). From the equicontinuity of the Schauder
basis we deduce that (f;) converges to f’ in F () by [89, 8.5.1 Theorem (b), p.
156]. Let f € Fp/(N, F). For each e’ € E' and k € N we have

k k
L) = filde) = X TG (fa) =X F)F (£2)
n=1 n=1
since f € Fg:/(N, E), implying %;(f,;) e J(F). Hence we can apply Theorem [5.2.15
(ii) and obtain that Ry g is surjective, finishing the proof of part a)(1).
Thus there is u € F(Q)eE such that Ry g/ (Sr(0)(u)) = g in both cases. Then
(T®eidg)(u) € ¢(N)eE and from we derive

Sey (T eidE) (1)) = Ry .o (Sx@a)(u)) = g,

proving the surjectivity of Sy)-

c) First, we note that the map TF is well-defined. Indeed, we have (¢/oT®)(f) =
T(e'o f) e £(N) for all f e F(Q,E) and ¢’ € E' by the strength of the family. Part
a) implies that T#(f) € F¢(N,E) = (N, E) and thus the map TF is well-defined
and its linearity follows from the linearity of the T'¥ for n € N. Next, we prove that
TF is surjective. Let g € /(N,E). Since T¥cidg is an isomorphism and Sy by
part b) as well, we obtain that u := ((T®cidg) ! o Se‘(lN))(g) € F(Q)eE. Therefore
Sry(u) € F(Q2, E) and from we get

TE(Sry(u)) = (T 0 Sra))(u) = (S o (THeidgp))(u) = g,
which means that TF is surjective. The injectivity of 7% by Proposition [5.2.8
implies that
Sz = (T7) o (Seqwy o (TFeidp)),
yielding the surjectivity of Sz () and thus the e-compatibility of 7(2) and F(Q2, E).
Furthermore, we have T = Sevy © (T®eidg) o S;l(ﬂ), resulting in 7% being an
isomorphism. O
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We note that one should not confuse the coefficient space £(N) of the Schauder
series expansion of functions from F(Q2) in the theorem above with the space
¢t = (1(N) of absolutely summable sequences. We remark again (see Theorem
5.6.1) that the index set of the equicontinuous Schauder basis of () in Theorem
5.7.1 need not be N (or Np) but may be any other countable index set as long as
the equicontinuous Schauder basis is unconditional which is, for instance, always
fulfilled if F(£2) is nuclear by [89, 21.10.1 Dynin-Mitiagin Theorem, p. 510].

Theorem [5.7.1] (i) gives another proof of Theorem [5.6.13|b) and Theorem
b). Let us demonstrate an application of the preceding theorem which relates
the space of O(Dg(0),E), 0 < R < oo, of holomorphic functions on Dg(0) with
values in a complex locally complete IcHs F (see Theorem and the Ko6the
space A*(Ag, E) with Koéthe matrix Ag := (rf)keNo,jeN for some strictly increasing
sequence (7;) ey in (0, R) converging to R (see Corollary, using the sequence
of Taylor coefficients of a holomorphic function.

5.7.2. COROLLARY. Let E be a locally complete lcHs over C, 0 < R < oo and
define the Kdothe matriz Ag = (rf)keNO,jeN for some strictly increasing sequence
(j)jen in (0, R) converging to R. Then \*(Agr)eE 2 X\*°(Ag,E) and

(90)* £(0)

)\E:O(DR(O),E) - A*(Ar, E), AE(f) = ( k! )kENo’

is an isomorphism with \F = Sxe(Ar) © (A\Ceidp) o Sc_ol(DR(o))'

PROOF. By Proposition[{.2.17and the spaces O(Dg(0)) and O(Dx(0), E)
are e-compatible. Moreover, A*(Ag) and A\*(Ag, E) are e-compatible by Corollary
4.2.3| as limkﬁw(rjil )* =0 for any j € N. Clearly, we have e’ oz € A*(Ag) for all
¢ e B and z € \*(Ag, E). The space O(Dg(0)) with the topology 7. of compact
convergence is a nuclear Fréchet space and thus a Fréchet—Schwartz space. In
particular, this space is barrelled and its Schauder basis of monomials (z ~ z*) keNo
is equicontinuous. The corresponding coefficient functionals are given by )\g and
the map A® is an isomorphism by [I31, Example 27.27, p. 341-342]. By the proof
of Theorem [5.6.11| the family (A\F,\®) is consistent for (O, F) and its strength
follows from Proposition [5.2.32, Now, we can apply Theorem m (i), yielding our
statement. U

Let us present another application of Theorem to the space Oy (RY, E) of
multipliers for the Schwartz space from Example d). For simplicity we restrict

to the case d = 1. Fix a compactly supported test function ¢ € C°(R) with p(z) =1
for z € [0, 1] and ¢(z) =0 for z > 3. For f € C®(R,E) we set

fi(@) = f(z+3) - i app(=2" (= 1)) f(-2"(z = 1+j) +1), 2€[0,1], j € Z,

k=0
where '
e 1+2
ag == H —_ ke No.
=0, ek 27 =2k

Fixing z € [0,1), we observe that f;(x) is well-defined for each j € Z since there are
only finitely many summands due to the compact support of ¢ and —2%(z~1) — oo
for k — oco. For x =1 we have f;(1) =0 for each j and the convergence of the series
in E follows from the uniform continuity of f on [0,1], f(0) =0 and Y77, ar =1 by
the case n =0 in [160, Lemma (iii), p. 625]. For each e’ € E’ and j € Z we note that

e'(fj(x)) = ("o f)(z+3j) - i arp(=2"(z-1))(e o f)(-2°(z~1+j) + 1), z € [0,1],

k=0
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which implies that e’o f; € & by [11, Proposition 3.2, p. 15]. Using the weak-strong
principle Corollary [5.2.24] we obtain that f; € & (E) for all j € Z if E is locally
complete. Setting

1

Vi+a?

we deduce from the proof and with the notation of [I2, Proposition 2.2, p. 1494]
that €’o fjop = (@31 0®1)(e o f;) is an element of the Schwartz space S(R) for each
¢’ € E'. The weak-strong principle Corollary c) yields that f;ope S(R,E)
it E is locally complete. Hence (f; o p) - ha, is Pettis-integrable on R for every
Jj € Z and n € Ny by Proposition [5.6.12)if E is locally complete where h,, is the n-th
Hermite function. Therefore the Pettis-integral

bug(F) = (S50 phan)ea = [ F5(p(@)han()da, j € Z, e No,
R

p:R—[0,1], p(x) :=1-cos(arctan(z)) =1 -

is a well-defined element of F by Proposition [5.6.12] if E is locally complete. By
[12] Theorem 2.1, p. 1496-1497] (cf. [I72, Theorem 3, p. 478]) the map

P OM(R) - S(N);;@ﬂs(N)7 (I)K(f) = (ba(n,j) (f))(n,j)EN27

is an isomorphism where 0:N? — Ny x Z is the enumeration given by o(n,j) =
(n-1,(j-1)/2) if j is odd, and o(n,j) := (n—1,—j/2) if j is even. Here, we have
to interpret ®(f) as an element of s(N);®,s(N) by identification of isomorphic
spaces. Namely,

s(N),®,s(N) 2 s(N)®,s(N); = s(N)es(N); = s(N, s(N);)

holds where the first isomorphism is due to the commutativity of ®,, the second
due to the nuclearity of s(N) and the last due to Corollary b) via Sy). Then
we interpret ®(f) as an element of s(N, s(N);) by means of

jeN+—[aes(N) Z anbo(n,i)]
neN

(see also below).

5.7.3. COROLLARY. If F is a sequentially complete lcHs, then the map
(I)E:OM(R7E) - S(Nv Lb(S(N)aE))v (I)E(f) = (bo(n,j)(f))(n,j)eN27
is an isomorphism where we interpret ®(f) as an element of s(N, Ly(s(N), F)).

ProoF. The spaces Op(R) and Op (R, E) are e-compatible by Corollary
with the inverse of So,,(r) given by the map R": Oy (R,E) - Oy (R)eE,
f = J'oRt, according to Theorem The barrelled nuclear space O (R)
has the equicontinuous unconditional Schauder basis (Vs (n,j))(n,j)enz With asso-
ciated coefficient functionals d,, ; o X = bo(n,;) given in [12, Proposition 3.2, p.
1499]. Next, we show that (®F, ®¥) is a strong, consistent family for (O, E). Let
feOM(R,E). For each ¢’ € E' and (n,j) € N? we have

5n7j © (I)K(e, o f) = ba(n,j)(6, ° f) = f(el o f)(]—l)/Q(p(z))hQ(n—l)(x)dx
R

= (¢, f f(jf1)/2(0($))h2(n71)(x)diU) = <e,a6n,j ° ‘I’E(f))
R

= el(bo(n,j)(f))

if j is odd since (f(j_1)/2 © p) - ho(n-1) is Pettis-integrable on R. The analogous
result holds for even j as well. This implies the strength of the family. Due to
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Proposition with (T, TE) given by TE(f) = (fj © p)han, f € Op(R, E), and
TE(f) = (fj 0 p)han, f € Op(R), the family (&€, ®¥) is consistent.

In order to apply Theorem we need spaces (V(N?) and (V(N? E) of
sequences with values in K and FE, respectively. In addition, the space (V(N?)
has to be isomorphic to s(N,s(N);) so that ®:0p(R) - s(N,s(N);) = (V(N?)
becomes the isomorphism we need for Theorem [5.7.1] We set

V(N2 E)i={z = (2,,) e EV |V keN, Bcs(N)bounded, a e 2 |z

|k, B,0 < 0}

where

lelkpa= sup pa(TP(2)(j,a))vk,5(j,a)

J,a)ewp

with wp :== Nx B and v, g:wp — [0,0), vk 5(j,a) := (1 +52)%/2 and

TE(JJ)(],(I) = Z AnTp,j-
neN

We claim that the map
TF:4V(N*, E) - s(N, Ly(s(N), E)), = (TF(2)(j,")) jen, (62)
is an isomorphism. We remark for each & € N, bounded B c s(N) and « € 2 that

T () sy k(8,00 = sup Sugpa(TE(ﬂc)(j, a))(1+ 52 = |2]k,.0

jeN ae
for all z € (V(N? E), implying that T is an isomorphism into. Let y := (y;) €
s(N, Ly(s(N), E)). Then y; € Ly(s(N), E) for j e N and we set x,, ; := y;(e,) for n e
N where e,, is the n-th unit sequence in s(N). We note that with = = (2,,;) (5, j)en2

TE(x)(j,a) = Z AnTn j = Z anyj(en) = yj( Z anen) = yj(a)

neN neN neN

holds for all j € N and a := (a,,) € s(N) since (e,) is a Schauder basis of s(N) with
associated coefficient functionals a ~ a,. It follows that x € /V(N? E) and the
surjectivity of TF.

The next step is to prove that £V(N?) and /V(N?, E) are e-into-compatible. Due
to Theorem we only need to show that (7% ,T%) is a consistent generator
for (/V,E). Let u e /V(N?)eE. Then

Z anSpy2y(u)(4,n) = Z anu(d;n) = u( Z andjn) (63)
n=1 n=1 n=1
for all m e N and a := (a,) € s(N). Since
( Z::I andjn)(x) = Z::1 AnTjn = TK(z)(]v a) = Télj,a)(m)v m — oo,

for all z € /V(N?), we deduce that (X0 @,6;.n)m converges to T(H§ o (@) in V(N?)!
by the Banach-Steinhaus theorem, which is applicable as /V(N?) = s(N,s(N);) =
O (R) is barrelled. We conclude that

(T ) = lim U(n; andjn) n; anSpyey (1) (J,n) = TP Spyaey (u) (4, a)

and thus the consistency of (T, T%) for (¢V, E).

Furthermore, we clearly have €’ o x € /V(N?) for all z € /V(N?, E) and the map
®: 0 (R) > s(N);®,s(N) = /V(N?) is an isomorphism by [I2, Theorem 2.1, p.
1496-1497] and . Due to [83, Chap. II, §4, n°4, Théoréme 16, p. 131] the dual
Om(R); is an LF-space and thus Op(R) = (Om(R)y); is the strong dual of an
LF-space by reflexivity and therefore webbed by [94] Satz 7.25, p. 165]. Finally, we
can apply Theorem [5.7.1] (i), yielding our statement. O
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5.7.4. REMARK. The actual isomorphism in Corollary (without the inter-
pretation) is given by ®F := T o ®F with TF from and we have
¥ =T 0@ =T" 0 Syy2) 0 (P cidp) 0 S\, (my-
Furthermore, Corollary is valid for locally complete E as well. Indeed, similar

to Example we may show that V(N2 E) = (V(N?)eE for locally complete E.
In combination with Corollary [3.2.10| and Theorem [5.1.2| b) this proves Corollary

for locally complete E as in Theorem [5.6.13|b).
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APPENDIX A

Compactness of closed absolutely convex hulls and
Pettis-integrals

A.1. Compactness of closed absolutely convex hulls

In this section of the appendix we treat the question for which functions f:Q —
E, subsets K c Q and IcHs E sets like acx(f(K)) are compact or sets like

Nin(f) = AT (1) (@)vim(@) 2 €}, e, meM,

for f € FV(Q, E) are contained in an absolutely convex compact set. This is useful
in connection with e-compatibility due to Corollary (iv) and also relevant
in connection with the Pettis-integrability of a vector-valued function due to the
Mackey—Arens theorem.

We recall that the space of cadlag functions on a set 2 c R with values in an
IcHs F is defined by

D(QE)={feB?|VaeQ: lim f(w)=f(z)and f(a-) = lim f(w) exists}

A.1.1. PROPOSITION. Let Q2 c R, K c Q be compact and E an lcHs. Then f(K)
is precompact for every f € D(Q,E). If E is quasi-complete, then acx(f(K)) is
compact.

PROOF. Let fe D(Q,E), a e and € > 0. We recall and define
By (x) ={weR|[jw-z|<r} and B.a(y):={weE|pa(w-y)<c}

for every x € Q, y € E and r > 0. Let x € Q. Then there is r,- > 0 such that
Pa(f(w) = f(z-)) < e for all w e B,,_(x) n(-o00,2) nQ if z is an accumulation
point of (—oo,z] N . Further, there is 7., > 0 such that p,(f(w) — f(x)) < € for
all we B, , (z)n[z,00) N if z is an accumulation point of [z,00) N Q. If z is an
accumulation point of (—oo,z]NQ and [z, 00 )N, we choose 7, := min(r,-, ry. ). If
is an accumulation point of (—oo, 2]NQ but not of [z, 00) N}, we choose r,, :=r,_. If
2 is an accumulation point of [z, 00) NQ but not of (—oo,z]NQ, we choose r, := 74,.
If z is neither an accumulation point of (—oo, 2] N nor of [z, 00) N2, then there is
r, > 0 such that B, (x) n Q= {z}.

Setting V, := B, (z) N, we note that the sets V,, are open in  with respect to
the topology induced by R and K c Ugex V,. Since K is compact, there are n € N
and x1,...,x, € K such that K c Uj>; V,,. W.l.o.g. each z; is an accumulation point
of (—o0,z;]NQ and [z;,00) N Then we have f(w) € (Be o(f(2i-))UBeo(f(2:)))
for all w e V,, and get

f(K) u F(Va) Q(Bs,a(fm)) U B o(f(2:))),

which means that f(K) is precompact.

4We recall that for z € Q we only demand limy—qz+ f(w) = f(z) if = is an accumulation
point of [x,00) N2, and the existence of the limit limy .- f(w) if z is an accumulation point of
(=o0,z] N2
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If F is quasi-complete, then the precompact set f(K) is relatively compact

by [89, 3.5.3 Proposition, p. 65]. Hence acx(f(K)) is compact as quasi-complete
spaces have ccp. O

For f € D(Q, E) we define the [jump function|A, f(z) = f(z) - f(z-), z € Q,
where we set f(x-):=0 if z is not an accumulation point of (—oco,z] N .

A.1.2. PROPOSITION. Let Q c R, K c Q be compact and E an lcHs. Then
AL f(K) is precompact for every f € D(Q, E). If E is quasi-complete, then the set
acx(A. f(K)) is compact.

Proor. If K is a finite set, then A, f(K) is finite, thus compact, and we are
done. So let us assume that K is not finite. Let o € 2 and ¢ > 0. We define
Aco = {z € K| po(Asf(z)) 2 e} and claim that A, . is a finite set. Let us
assume the contrary. Then there is an infinite sequence (z,) in A, ¢ K. Due
to the compactness of K there is a subsequence of (x,) which converges to some
x € K. W.lo.g. this subsequence is strictly increasing and we call this subsequence
again (x,). Since f has left limits (in left-accumulation points), for every n € N,
n > 2, there is wy, € (Tp_1,%y) such that po(f(zn-) — f(wy,)) < /2 (if z, is not an
accumulation point of (—oo,z,] N, then there is w, € (¥y-1,2,) with w, ¢ Q and
we set f(wy,) :=0). Hence we have

Pa(f(2n) = f(wn)) 2 pa(f(2n) = f(2n-)) = Pa(f (n-) = f(wn))
=Pa(Acf(2n)) = pa(f(2n-) = f(wn)) 2 €/2

for all n > 2. But this is a contradiction because
lim f(z,) = lim f(w,) = f(z-),

which proves our claim.

Next, we note that

Af(K)c (BS,Q(O) U A*f(Ae,a)) c U z+ Bs,a(o)a
2e{0}UA, F(Ac o)

which implies that A, f(K) is precompact as {0} U A, f(A. ) is finite.

If F is quasi-complete, then the precompact set A, f(K) is relatively compact
by [89, 3.5.3 Proposition, p. 65]. Hence acx(A. f(K)) is compact as quasi-complete
spaces have ccp. O

Proposition and Proposition are known in the case that Q =[0,1]
and F =K (see the comments after [19, Chap. 3, Sect. 14, Lemma 1, p. 110]) since
precompactness is equivalent to boundedness if F = K.

A.1.3. PROPOSITION. Let Q be a locally compact topological Hausdorff space
and feCo(QE). If
(i) E is an lcHs with ccp, or
(ii) E is an lcHs with metric ccp and Q second-countable,

then acx(f(QQ)) is compact.

ProOOF. Let Q be compact, then f(€) is compact in F as f is continuous. If
() is even second-countable, then € is metrisable by [58, Chap. XI, 4.1 Theorem, p.
233| and thus f(Q) as well by [34, Chap. IX, §2.10, Proposition 17, p. 159]. This
yields that acx(f(£2)) is compact in both cases.

Let Q be non-compact and Q* denote the one-point compactification of (2.
Since f € Co(€2, E), it has a unique continuous extension f to Q* with f(oo) = 0.
Hence K := f(Q*) is a compact set in F as Q* is compact and f continuous. If
) is even second-countable, then Q* is metrisable by [58, Chap. XI, 8.6 Theorem,
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p. 247] and thus K as well by [34, Chap. IX, §2.10, Proposition 17, p. 159]. This
yields that acx(K) is compact in both cases and thus the closed subset acx(f(€2)),
too. O

We note that Co(2, E') = C(2, E) if Q is compact. For our next proposition we
define the space of bounded ~-Hdolder continuous functions, 0 <y < 1, from a metric
space (£2,d) to an IcHs E by

CZE‘Y](Q,E) {feEQ‘VaeQ[ suppa(f(x))<ooand sugz(d(é)y)];(y)) }

TEY

A.1.4. PROPOSITION. Let (2,d) be a metric space, E a locally complete lcHs
and f € C[EA’](Q,E) for some 0 <~y < 1. If there is h:Q — (0,00) such that fh is
bounded on Q and with N := {x € Q| f(z) =0} it holds that

Ve>03KcQcompactVaxe QN (KUN): 1<eh(x),

then acx(f(Q2)) is compact.

PROOF. Since f € C£7](Q,E), the sets f(Q) and

_(f-f@®)
B, .—{W|z,teﬂ, zit}
are bounded in E. Further, the range (fh)(f2) is bounded in E by assumption.
Thus B:=acx(B1 U f(Q)u (fh)(Q)) is a closed disk and Ep a Banach space with
the norm ||z|p = inf{r > 0 | z € rB}, x € Ep, as E is locally complete. Next,
we show that f(Q) is precompact in Eg. Let V be a zero neighbourhood in Ejp.
Then there is € > 0 such that U, := {x € Ep | |z|p < ¢} ¢ V. Moreover, there is a
compact set K c Q such that 1 <eh(z) for all z € QN (KUN). The map f:Q - Ep
is well-defined and uniformly continuous because ||f(z) — f(¢)|s < d(z,t)” for all
z,t € Q, which follows from B; ¢ B. We deduce that f(K) is compact in Eg. We
note that
flz)= f(x)h(x)h( ) ze€QNN,

which implies that | f(z)|ps < h(I) as (fh)(Q) c B. Hence we have

I @)ls s 15 52 2@ (KON)
and the estimate 0 = | f(2)||p < ¢ is still valid for = € N, yielding f(Q2\ K) c U..
Since f(K) is compact in Ep, it is also precompact and so there is a finite set
P c Eg such that f(K)c P+V. We derive that

FQ) = (f(K)u f(ANK)) c ((P+V)ul.) c ((Pu{0})+V),
which means that f(€2) is precompact in Ep and thus acx(f(€2)) as well by [89,

6.7.1 Proposition, p. 112]. Therefore the set acx(f(£2)) is compact in the Banach
space Ep and also compact in the weaker topology of E. O

The underlying idea of Proposition is taken from [29, Lemma 1, Propo-
sition 2, p. 354].

A.1.5. PROPOSITION. Let Q c R? be an open convez set, E an lcHs over K and
[:Q — E weakly C}, i.e. ¢’ o f €CL(Q) for each €’ € E'. Then f € Clgl](Q,E).

PROOF. Let z,t €, z #t. By the mean value theorem we have

("0 f)(2) = ("o f)(D)] < Cgq max sup|(6e” V(e o (@) < Cale o Flep (@) < o0

|Z — t| 1<n<d 4
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for all ¢/ € E' where Cy := Vd if K =R, and Cy := 2/d if K = C. Tt follows from
[131, Mackey’s theorem 23.15, p. 268] that f is Lipschitz continuous and bounded

as well, thus f e cl'(Q, B). O

A.1.6. PROPOSITION. Let FV(Q, E) be a dom-space, let there be a set X, a
family R of sets and a map 7w Upers wm — X such that Ugeg K ¢ X. If f €
FV(Q, E) fulfils

Ve>0,jeJ meM,aeAIKeR:
(i) swp pa(Tr () (@))vim(@) <e,
Tr(x)zzf(
(i1) Nack jom (f) = {TE(F)(@)Vjm(2) | T € W, 7(x) € K} is precompact in F,

then the set N;.,(f) is precompact in E for every j € J and m € M. If E is
quasi-complete, then acx(N; ,(f)) is compact.

PROOF. Let V be a zero neighbourhood in E. Then there are o € 2 and ¢ >0
such that B, , c V where B, , :={x € E|po(z) <e}. Let j € J and m € M. Due to
(i) there is K € £ such that the set

Nrercjom(F) = {T (/) (@)Vjm(2) | @ € 0, m(2) ¢ K}

is contained in B, ,. Further, the precompactness of Nicx jm(f) by (ii) implies
that there exists a finite set P ¢ E such that Nycx jm(f) ¢ P+ V. Hence we
conclude

Nj,m(f) = (NW¢K,j7m(f) UN'/TCK,j,m(f))
c(Beuu(P+V))c(Vu(P+V))=(Pu{0})+V,

which means that N, ,,(f) is precompact.

The second part of the statement follows from the fact that a precompact set
in a quasi-complete space is relatively compact by [89), 3.5.3 Proposition, p. 65] and
that quasi-complete spaces have ccp. O

The most common case is that K& consists of the compact subsets of Q0 and =

is a projection on X := Q (see e.g. Example [4.2.11] Example [4.2.16| and Example
4.2.22]).

A.2. The Pettis-integral

We start with the definition of the Pettis-integral which we use to define Fourier

transformations of vector-valued functions (see Proposition [4.2.25] Theorem [5.6.13
and Theorem [5.6.14) and for Riesz—Markov-Kakutani theorems in Section

Let ¥ be a o-algebra on a set X. A function pu:¥ — K is called

if u(@) =0 and p is countably additive, i.e. for any sequence (A )nen of
pairwise disjoint sets in X it holds that

(U A)= T () e

neN

If K=R, p is also called a signed measure, and if K = C a complex measure. If K is
replaced by [0, co], we say that u is a[positive measure For a K-valued measure p

it gives by
|| (A) == sup{ (A | An €S, A n Ay =@ifm#n, A= An}, Aed,
neN

neN
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is a well-defined positive measure by [149, 6.2 Theorem, p. 117] and it is finite by
[149] 6.4 Theorem, p. 118], i.e. |u[(X) < co. Obviously, a K-valued measure y is
positive if and only if |u| = p. For a positive measure g on X and 1< p < oo let

(X, 1) 1= {f: X > K measurable | ¢,(f) = [ 1f(2)Pdju(x) < o0)
X

and define the quotient space of p-integrable functions by [P (X, p)|:= LP(X, u)/{f €
LP(X, 1) | gp(f) = 0}, which becomes a Banach space if it is equipped with the norm

I £llp = I fllcv = qp(F)YP, f = [F] € £LP(X, ). From now on we do not distinguish
between equivalence classes and their representatives anymore.

For a K-valued measure y there is a unique h € £1(X, |u|) with du = hd|u| by
the Radon-Nikodym theorem (see [149] 6.12 Theorem, p. 124]) and h can be chosen
such that |h| = 1, i.e. has a representative with modulus equal to 1. Now, we say
that fe LP(X,u) if f-he LP(X,|u|). For fe LY(X, ) we define the integral of f
on X w.r.t. u by

[ r@au@) = [ s@n@)a ).
X X

For a measure space (X,X,u) and f: X — K we say that f is integrable on
A eX and write f e LY(A, p) if xaf € £1(X, ). Then we set

[ F@du@) = [ xa@@)du().
A X

A.2.1. DEFINITION (Pettis-integral). Let (X,X, ) be a measure space and FE
an IcHs. A function f: X — F is called lweakly measurabldif the function e’ o f: X —
K, (¢ o f)(z) = (¢, f(x)) := ¢'(f(x)), is measurable for all ¢’ € E'. A weakly
measurable function is said to be lweakly integrableif ¢’ o f € L1(X, ). A function

f: X - E is called on A € ¥ if it is weakly integrable on A and

JercEVe € B (¢ er) = f(e’,f(x))d,u(x).
A

In this case ey is unique due to E being Hausdorff and we set the
[ $@)du(w) = ea.
A

If we consider the measure space (X,.Z(X),\) of Lebesgue measurable sets
for X c R?, we just write dz := d\(z).

A.2.2. LEMMA. Let E be a locally complete IcHs, Q c RY open and f:Q - E.
If f is weakly C', i.e. €’ o f € C*(Q) for every e’ € E’, then f is Pettis-integrable on
every compact subset K c Q with respect to any locally finite positive measure p on
Q and

Pal K[ J(@)dn(x))  p(K) suppo(f(2)), e,

ProoF. Let K c  be compact and (2,%, ) a measure space with locally
finite measure u, i.e. ¥ contains the Borel o-algebra B(2) on Q and for every
x € Q there is a neighbourhood U, c Q of x such that u(U,) < co. Since the map
e’ o f is differentiable for every e’ € E’, thus Borel-measurable, and B(Q) c 3, it is
measurable. We deduce that e’ o f € LY(K, i) for every e’ € E’ because locally finite
measures are finite on compact sets. Therefore the map

LE SK, I() = f (', f(z))du(z)

K
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is well-defined and linear. We estimate

() < |u(F)| sup [/ (@)] <p(K)  sup ()], ¢ e B
zef(K) zeacx(f(K))

Due to f being weakly C' and [29, Proposition 2, p. 354] the absolutely convex set
acx(f(K)) is compact, yielding I € (E)" 2 E by the theorem of Mackey—Arens,
which means that there is ex € F such that

(e ex) = 1) = [ (¢ f@)du(), ¢ € B
K

Hence f is Pettis-integrable on K w.r.t. u. For o € A we set B, := {x € F | po(x) <1}
and observe that

pol [ £@)du()) = swp [t [ F@)u(@)] = sup | [ ¢(F@)du(a)
w e’eBS, e eeby ¥
<pu(K) sup suple’'(f(x))| = p(K)suppa(f(x))
e’eBS xeK zeK

where we used [I31], Proposition 22.14, p. 256] in the first and last equation to get
from p, to sup..p. and back. g

A.2.3. LEMMA. Let E be a sequentially complete lcHs, Q c R open, (Q,%, 1)
a measure space with locally finite positive measure p and f:Q — E. If f is weakly
C! and there are 1 € LY(Q, ) and g:Q — [0, 00) measurable such that 1)g > 1 and
fg is bounded on ), then f is Pettis-integrable on ) and

Dol Qf F(@)dp()) < [l suppa(F()a(x)), e,

PrOOF. Let (K,,)nen be a compact exhaustion of 2. Due to Lemma the
Pettis-integral

eni= [ f(@)du(a)
Kn

is a well-defined element of E for every n € N. Next, we show that (e,) is a
Cauchy sequence in E. Let aw € /A, m € Ny and k,n € N with k£ > n. We set
B, :={z € E|py(x) <1} and Qg» = K \ K,, and note that

Paler—en) = sup [e(ex = en)| = sup| [ €(£())dp(x)
e’eBY, e’eB(‘;Qk .

< f [(2)|dpu(x) sup suple(f(x)g(z))|
Qk,n

e’eBS xef)

= [ @)l suppa (£ (2)g(2)) (64)
Qrom zeQd

where we used [131, Proposition 22.14, p. 256] to switch from p, to sup..p. and

back. Since ¥ € £L1(£2, 1), we have that (e,,) is a Cauchy sequence in the sequentially
complete space E. Thus eq := lim,, . €, exists in F and the dominated convergence
theorem implies

¢'(ea) = lim ¢(en) = lim [ ¢(F@)du() = [ ¢ (F@)du(@), ¢ < B
Ky

5!
Hence f is Pettis-integrable on Q with [, f(z)du(z) = eq. As in we have

Pa(en) < f [ (@)|dp(x) sup pa (f (2)g(x)) < |91 suppa(f(2)g(x))
7, xeQd zeQd
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for every n € N. Letting n — oo, we derive the estimate in our statement. O

A.2.4. REMARK. Let p be a K-valued measure and ¥ contain B(£2). Then
Lemma is still valid with pu(K) replaced by |u|(K) due to the definition of
the integral w.r.t. a K-valued measure and as |u|(K) < |u|(f2) < co. Thus Lemma
[A2.31 holds in this case as well.

The following definition is analogous to the definition of the Pettis-integral.

A.2.5. DEFINITION (Pettis-summable). Let I be a non-empty set and E an
IcHs. A family (f;)ses in E is called [weakly summable if ((¢’, f;))icr € €*(I,K) for
all e’ € E'. A family (f;)er in E is called |[Pettis-summable if it is weakly summable
and

Jere EVe' e E' (e er) = Y (e, fi).
iel
In this case ey is unique due to E being Hausdorff and we set
Z fi=er.
i€l
For the elements f of the space D([0,1], F) of E-valued cadlag functions on
[0,1] and their jump functions A, f we have the following result.

A.2.6. PROPOSITION. Let E be a quasi-complete lcHs, 1 a K-valued Borel mea-
sure on [0,1] and ¢ € £1([0,1],K). Then f € D([0,1],E) is Pettis-integrable on
[0,1] and

pa( [ F@)Au(@)) < [ul([0.1]) sup palf(@), ac,

z€[0,1
[0.1]
and (A, f)Y is Pettis-summable on [0,1] and
pa( Y (A (@)0(2)) <[] SE)I;]Pa(A*f(x)L ael

z€[0,1]

PrOOF. By [19, Chap. 3, Sect. 14, Lemma 1, p. 110] ¢’ o f is Borel measurable
for every ¢’ € E' and integrable due to its boundedness on [0,1]. Thus the map

LE K ()= [ ¢(f@)du(a),
[0,1]
is well-defined and linear. It follows from Proposition that acx(f([0,1])) is
absolutely convex and compact in E. In combination with the estimate
[1(eN<ul([0,1])  sup |e'(z)[<|pl([0,1])  sup  [¢'(z)]
zef([0,1]) zeacx(f([0,1]))

for every e’ € E' we deduce that I € (E.)" 2 E by the theorem of Mackey—Arens,
which implies that there is e[ 1] € £/ such that

(e ) =1() = [ ¢(f@)du(a), ¢ e,
[0,1]
Thus f is Pettis-integrable on [0, 1].
Since 1 € £1([0,1]) and €’ o A, f bounded on [0, 1] for every ¢’ € E’, the map
InE =K, Io(e"):= ) € (Af)(@)y(2)),

z€[0,1]

is well-defined and linear. Moreover, the set acx(A, f([0,1])) is absolutely convex
and compact by Proposition Again, the estimate
()< 30 [(x)]  sup ) e (@) < [l sup e’ ()]

z€[0,1] zeA, f([0,1 zeacx (A, f([0,1]))
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for every € € E’, implies our statement. The remaining estimates are deduced
analogously to Lemma a

A.2.7. PROPOSITION. Let E be an lcHs, Q) a topological Hausdorff space and
(2,2, 1) a measure space. If f:Q — E is weakly integrable and there are 1 €
LY(Q, 1) and g:Q — [0, 00) measurable such that 1g > 1 and

(i) E has ccp, Q is locally compact and fg e Co(Q2, E), or
(ii) E has metric ccp, Q is locally compact and second-countable, and fg €
Co(Q E), or
(iii) E is locally complete, Q) a metric space, fg € CP](Q7 E) for some0<vy<1
and there is h:Q — (0,00) such that fgh is bounded on Q and with N :=
{z Q| f(x)g(x) =0} it holds that
Ve>03 K cQcompactVaxe QN (KUN): 1<eh(x),

then f is Pettis-integrable on Q and
po( [ F@)an(@) < [l suppa (F2)g(@)). aet
Q xTe

PROOF. Since f is weakly integrable, the map

LE 5K, I() = f ¢'(f(x))du(z),
Q

is well-defined and linear. It follows from Proposition [A.1.3in case (i)-(ii) and from
Proposition in case (iii) that acx(fg(€2)) is absolutely convex and compact
in E. If p is a positive measure, i.e. [0, oo]-valued, we observe that

1)< [ W@ldu@) sup (/@] <lelh s fe(@)
Q ))

zefg(Q2) zeacx(fg(Q

for every ¢’ € E'. If u is a K-valued measure, then the same estimate holds with p
replaced by |u|. We deduce from this estimate that I € (E})" 2 E by the theorem
of Mackey—Arens, which implies that there is e € E such that

(e ea) = 1(e) = [ ¢(f@)du(x), ¢ cE
Q
Thus f is Pettis-integrable on ). The remaining estimate is deduced analogously

to Lemma[A.2.2] O

The idea how to prove Proposition (ii) for = R? is due to an anonymous
reviewer of [I10] but did not make it into [I10] because of page limits.
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space of sequences (z) in E such that the sequence (x5 (1+|k[?)7/?)
is bounded in E for all j e N

Beurling-Bjorck space

() property of p

Schwartz space

space of maps f:Q) - X

characteristic function of a set K c

Cauchy—Riemann operator applied to an E-valued function f
the jump function of a cadlag function f

point evaluation functional f — f(x)

n-th Hermite polynomial

n-th Hermite function [128

the canonical injection £ - E™ 2+ [¢/ = €'(z)]

total variation of a K-valued measure p

[B-th partial derivative of an F-valued function f

a8 f f-th partial derivative (0°)¥ f of a K-valued function
f

n-th complex derivative (0%)¥ f of an E-valued function f

i n-th complex derivative (BE)C f of a C-valued func-
tion f

the map E' — F(Q), €+ fo, for given f e Fo(U, E)

the map E' - FV(Q), ¢’ » ¢’ o f, for given f e FV(Q, F),

the map FV(Q) - E”™, ' — [e’ > f’(Rf(e’))], for given f €

FV(Q,E),

the map F(Q)eE - F(LE), ur— [z~ u(dy)]

Sr@) the map S with an emphasis on the dependence on
F(2)

e-product of the continuous linear operators 77 and 715

the map f ~ T, (f)(z)

the linear injection F @ F — FeE

family of weight functions

(Veo) vanishing at infinity condition on the family of weight
functions [34]

property of a Fréchet space
property of a Fréchet space
property of a PLS-space
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almost norming generator [23]

consistent
B-complete strong [23
BC-space [7§]
Beurling-Bjorck space [55)] hat function 23]
Blaschke’s convergence theorem [110 Hermite function 128
Bloch type space Hermite polynomial
Borel-Ritt theorem [73] Holder continuous
B,-complete holomorphic [20]
cadlag function [ infra-exponential type
Cauchy continuous injective tensor product [I§
Cauchy—Riemann operator
coefficient functional 1§ jump function [139
completely regular Kéthe matrix B2

consistent family

continuously partially differentiable [I9]

convex compactness property (ccp)
metric (metric ccp)

Kothe space
kr-space

k-space [37]

K-valued measure [142
determine boundedness

disk lb-restriction space

lcHs [T
dom-space local closure
e-compatible local limit point
e-into-compatible locally closed
e-product locally complete

equicontinuous basis [I1§]
E-valued weak FV-function

expansion operator [II8] Nachbin-family [46]
exponential type

multiplier space

Pettis-integrable [143]

family of weight functions Pettis-integral [143]
C.l-controlled B34 Pettis-summable [144]
directed PLS-space
locally bounded positive measure [142]

locally bounded away from zero projective tensor product [70]
Favard space

fix the topology restriction space [70]
Fourier expansion Riesz—Markov—Kakutani theorem [59]

Fourier transformation [55] [74] o
sb-restriction space

generalised Gelfand space [109 Schauder basis 11§
generalised Schwartz space Schauder decomposition [118
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Schauder hat function [123] ultradifferentiable 23]
Schwartz space uniformly discrete metric space
semiflow [43] ' R )
separating subspace [I7] vanish at infinity in the weighted topol-
set of uniqueness [70| ogy w.rt. (m, &) [0
strict topol.ogy weakly integrable [143]
strong family weakly measurable
weakly summable
topological basis [T18 weak-strong principle

total variation [142] Wolff’s theorem [114]
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