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Abstract

The reduction of low-frequency noise transmission is a challenging task,
especially when mass and size of suitable noise reduction measures are
highly constrained. The recently emerged so-called acoustic metamate-
rials, however, have the potential to provide a solution for this difficulty.
This work investigates the applicability of membrane-type acoustic
metamaterials (MAMs) in an aircraft noise shield design for the reduc-
tion of low-frequency tonal cabin noise generated by counter-rotating
open rotor engines. MAMs are thin and lightweight structures which
exhibit excellent low-frequency noise reduction properties that cannot
be achieved by conventional partitions with equivalent mass. Previous
analytical and experimental investigations of MAMs have mostly been
performed under greatly simplified conditions, such as normal incidence
or small-scale dimensions. Since these conditions are rarely found in
practice, the acoustic performance of MAMs needs to be evaluated in
more realistic environments.

In this work, computationally efficient analytical models for the pre-
diction of the acoustical properties of MAM unit cells, multi-celled
MAM arrays, and multi-layered structures containing MAMs under
oblique plane wave excitation are developed. These models are verified
and validated using numerical simulations and experiments, respec-
tively. Parameter studies are performed to identify the most important
parameters for the design of an aircraft noise shield with MAMs. These
results are used in the design of a realistically sized experimental MAM
noise shield model attached to an acoustic fuselage demonstrator. This
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Abstract

demonstrator represents a full-scale single aisle aircraft type fuselage
section in a rather simplified construction that can be acoustically ex-
cited by a loudspeaker array generating realistic engine sound fields.

The analytical results show that the acoustic performance of MAMs
under non-orthogonal incidence and within finite-sized multi-celled ar-
rays is not significantly altered as long as the MAM unit cell is smaller
than the acoustic wavelength. Furthermore, it is shown that the low-
frequency sound transmission through multi-layered structures (e.g.
double walls) can be greatly enhanced by integrating MAM layers in-
side the air gaps. Finally, the noise shield demonstrator measurement
results confirm the basic effectiveness of MAMs even in a much more
complex and realistic environment. However, these results also reveal
that the performance of the MAMs inside the noise shield is greatly af-
fected by airborne flanking sound paths and the spatial characteristics
of the excitation sound field.
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ũ, ṽ Auxiliary integration coordinates –
u Dimensionless displacement vector –
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1. Introduction

1.1. Background and motivation

Low-frequency noise is a growing problem in many current transporta-
tion technologies. For example, this is the case for aircraft with counter-
rotating open rotor (CROR) engines, which have been investigated
since the 1960s. These engines promise substantial fuel-savings com-
pared to today’s turbofan engines while nearly maintaining usual cruise
flight speeds achieved with jet engines [26]. The high fuel-efficiency,
however, is opposed by the noise from the propellers: Contrary to the
relatively broadband noise emitted by turbofan engines, CROR en-
gines exhibit totally different noise characteristics dominated by low-
frequency tonal components at the propeller blade passing frequencies
(BPFs) and their harmonics. The fundamental BPFs, depending on
the rotational speed and the number of propeller blades, typically oc-
cur at frequencies around 100 Hz with peak sound pressure levels at
the fuselage surface of up to 140 dB [86]. At such low frequencies, the
noise reduction along the fuselage side wall – without any specific low-
frequency noise treatment – is low and therefore the passengers and
crew inside the aircraft cabin are exposed to unacceptably high cabin
sound pressure levels. For example, the cabin sound pressure levels
within the Tupolev Tu-114 – one of the first commercial airliner pow-
ered by CROR engines and still the fastest propeller-driven aircraft
in the world – could reach values up to 112 dB [101], which is much
larger than today’s health and cabin comfort requirements would allow.
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1. Introduction

Another example for low-frequency noise problems are modern launch
vehicles, such as the Falcon 9 by SpaceX, where the payload has to en-
dure sound pressure levels inside the payload fairing of over 120 dB at
160 Hz during the launch sequence [85]. Hence, fragile parts of satellites
or other payloads need to be protected from large amplitude acoustic
pressure waves to avoid damage.

Both examples require low-frequency noise protection measures with
minimal structural mass in order to optimize the efficiency of the sys-
tem and thus reduce operational cost. There exists a wide range of well-
established treatments to reduce noise in the mid- and high-frequency
range (f > 400 . . . 500 Hz), where speech intelligibility is an important
factor [14]. Low-frequency noise transmission, however, is typically ad-
dressed in architectural acoustics using walls and floors with increased
mass or stiffness [50]. This approach is infeasible in technological ap-
plications where the structural mass of a system is highly constrained.
Thus, there is a growing need in the transportation industry for in-
novative noise protection measures with low structural mass and high
acoustic efficiency in the low-frequency regime.

1.2. State of the art

This section provides a brief overview of current technologies for the
control of low-frequency noise. In the first subsection, conventional
noise protection measures known from architectural and vehicle acous-
tics are presented and the acoustical performance of these technologies
in the low-frequency regime is discussed. The second subsection gives
a short introduction into the newly emerged field of acoustic meta-
materials and their particular acoustic properties. In the third subsec-
tion, recent advances in the development of a specific type of acoustic
metamaterial with enhanced efficiency in the low-frequency regime, the
so-called membrane-type acoustic metamaterial, are presented.

2



1.2. State of the art

1.2.1. General noise protection measures

To reduce the transmission of sound along an airborne sound path
between a noise source and a receiver, structural sound barriers – or
partitions – are commonly installed between the source and the receiver
[6]. An example is shown in Fig. 1.1 for an aircraft with CROR engines
mounted at the rear end of the fuselage. In order to reduce the amount
of noise impinging the fuselage, a noise shield acting as a sound barrier
can be installed near the engines. The purpose is to block a significant
amount of sound energy and thus reduce the noise transmitted into the
cabin via the fuselage. In general, the sound power transmitted through
a partition is attenuated by a combination of three different physical
mechanisms [79]: (1) partial reflection of the incoming sound waves
due to sudden changes of acoustic impedance across the partition, (2)
absorption of acoustic energy by the dissipative conversion of kinetic
energy into heat inside the partition, and (3) redirection of sound as
structure-borne sound into flanking parts. In many cases, the latter
sound reduction mechanism is undesired, since the redirected structure-
borne sound waves can radiate sound at different locations (e.g. into
the aircraft cabin in Fig. 1.1). Hence, most noise barrier technologies
rely on a combination of sound reflection and absorption [22].

Figure 1.1: Noise shield for an aircraft with CROR engines.
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1. Introduction

The sound reduction of a partition is quantified by the sound power
transmission coefficient τ . In general, τ is a frequency dependent quan-
tity and defined as the ratio of the transmitted sound power Wt to the
incident sound power Wi [22]:

τ =
Wt

Wi
. (1.1)

Commonly, the sound power transmission coefficient is represented in
logarithmic form as the so-called transmission loss TL, given by

TL = −10 lg τ (1.2)

in dB. Apart from the frequency, the sound transmission through a
partition also depends on other properties of the incident sound field,
e.g. if it is characterized by a single normally or obliquely incident plane
wave, a diffuse sound field, or a field incidence sound field [6].

The simplest type of partition is a single homogeneous wall. Assum-
ing a limp unbounded wall (i.e. bending stiffness, boundary conditions,
and low-order eigenmodes of the wall are neglected) and the same fluid
on both sides of the wall, the normal incidence sound transmission
coefficient τ is given by [6]

τ =

∣∣∣∣1 +
iωm′′

2ρ0c0

∣∣∣∣−2

, (1.3)

where i =
√
−1, ω = 2πf is the angular frequency, m′′ is the surface

mass density of the wall, and ρ0 and c0 are the mass density and the
speed of sound of the surrounding fluid, respectively. Consequently, the
normal incidence sound transmission loss of the wall is

TL = 20 lg

∣∣∣∣1 +
iωm′′

2ρ0c0

∣∣∣∣ , (1.4)

4



1.2. State of the art

which is commonly known as the mass-law transmission loss. From
Eq. (1.4) it is evident that for a single wall partition with ωm′′ �
2ρ0c0 the transmission loss increases by 6 dB per doubling of frequency
or surface mass density. Consequently, mass-law dominated partitions
must be rather heavy in order to provide a reasonable sound reduction
in the low-frequency regime.

A common method for increasing the sound transmission loss of a
partition is to use a so-called double wall arrangement, as shown in
Fig. 1.2(a). In a double wall, two walls with surface mass densities m′′1
and m′′2 are separated by an air gap of height d. The qualitative normal
incidence sound transmission loss spectrum of an idealized double wall
with two homogeneous unbounded walls and no mechanical connec-
tion between these walls is shown for two different cases in Fig. 1.2(b):
The solid line represents the TL of a double wall without any further
treatment of the air gap between the two walls. The dashed line shows
the transmission loss of a double wall with an air gap filled by sound
absorbing material (e.g. glass wool) to reduce the acoustic coupling be-

d

m′′1

m′′2

(a) Double wall.
lg f

fd1

T
L

Single wall
Double wall
Double wall (with absorption)

fd2 fd3f0

6 dB/Oct.

18
dB/

Oct
.

(b) Transmission loss.

Figure 1.2: Typical normal incidence sound transmission loss spectrum of
a double wall with and without absorbing material inside the air gap (b), as
shown in (a).
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1. Introduction

tween the two walls. In addition to this, the mass-law transmission loss
of a single wall with equal total mass is shown in Fig. 1.2(b) for com-
parison. For very low frequencies, the transmission loss of the double
wall follows the mass-law relationship with the surface mass densities
of the two walls combined. At a certain frequency, denoted by f0 in
Fig. 1.2(b), the double wall transmission loss is considerably reduced.
This reduction corresponds to the mass-air-mass resonance mode of the
double wall system, where the two walls act as masses connected by
an air spring. In case of an oblique plane wave with incidence angle θi,
the mass-air-mass resonance frequency is given by [57]

f0 =
1

2π cos θi

√
ρ0c2

0

d

m′′1 +m′′2
m′′1m

′′
2

. (1.5)

For frequencies greater than f0, the double wall arrangement exhibits
a clear transmission loss improvement over the mass equivalent single
wall with TL increasing by up to 18 dB per octave [22]. Thus, the wall
spacing d and/or wall masses need to be chosen sufficiently large in
order to achieve a benefit over the transmission loss of a single wall with
equivalent surface mass density in the low-frequency regime. By this
means, the mass-air-mass resonance frequency, as given by Eq. (1.5), is
shifted below the lowest frequency of interest. Hence, lightweight double
wall constructions for low-frequency noise protection require very large
wall spacings, which can be difficult to realize in certain cases where
the available installation space for noise protection is strongly limited.

Double walls can be found around the passenger cabins of aircraft,
where the fuselage skin with the attached stiffeners and the interior
trim panels represent the two walls. The air gap is filled with glass
wool for thermal and noise insulation purposes [14, 60, 102]. Typically,
the wall spacing is predetermined by the height of the frame stiffeners.
Hence, there usually is little to no room for shifting the mass-air-mass
resonance frequency to lower frequencies by increasing the wall spacing.

6



1.2. State of the art

As a result, higher panel masses are required in order to improve the
low-frequency noise reduction of aircraft cabin sidewalls in the form of
a conventional double wall design, leading to unacceptably high weight
penalties for commercial aircraft [78, 103]. There have been several
efforts in the past for improving the low-frequency sound transmission
loss of double walls without changing the air gap height or panel masses,
e.g. by integrating acoustic resonators between the walls [37, 57, 75] or
using dynamic vibration absorbers mounted onto the fuselage [91, 102].

The general effect of sound absorbing material added inside the air
gap can be seen in Fig. 1.2(b) by comparing the black solid curve (no
absorbing material) with the dashed curve (with absorbing material).
The absorbing material is most effective at the resonance frequencies,
where airborne coupling between the walls is strong. Furthermore, the
addition of sound absorbing materials becomes even more beneficial
when oblique and diffuse sound fields are propagating through the dou-
ble wall, because of the increased path length of oblique waves passing
through the cavity [22]. Therefore, air gaps inside double walls should
be treated with as much absorbing material as possible.

Probably the most widely used sound absorbing materials are porous
materials (e.g. melamine foam or glass wool). The primary energy dis-
sipation mechanism in these materials is the conversion of acoustical
kinetic energy into heat due to viscous losses. Since viscous forces in
linear harmonic dynamic systems are proportional to the frequency f ,
porous absorbers are particularly efficient at medium to high frequen-
cies, whereas the absorption of these materials at frequencies below
250 . . . 500 Hz is rather poor [24]. This, however, can be improved by
increasing the thickness of the absorber material or mounting a sheet
of absorbing material a 1/4-wavelength apart from a reflecting surface
[50]. But since the wavelength of low-frequency acoustic waves in air
is typically > 1 m, porous absorbers are rarely used for low-frequency
sound absorption.
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1. Introduction

The low-frequency performance of an acoustic absorber can be im-
proved by increasing the energy density of the system. So-called reso-
nance absorbers combine the significantly increased energy density at
the resonance frequency of a dynamic system with a damping mech-
anism (e.g. internal losses inside a flexing plate). Thus, a greatly im-
proved sound absorption in a frequency band around the resonance
frequency can be obtained. Widely used resonance absorbers are, for
example, Helmholtz resonators or micro-perforated panels (MPPs) and
plate or foil absorbers. The resonant system of Helmholtz resonators
and MPPs is composed of the mass of a small air volume in the neck
of the resonator and the compliance of a larger air volume enclosed by
the resonator. In case of the plate or foil absorbers, the mass of the
plate/foil is backed by a compliant air cavity and damping is achieved
through the internal losses inside the plate/foil materials [94]. While
these absorber types are particularly efficient at low frequencies, their
bandwidth is relatively narrow. Only particular tonal components in
the noise spectrum can be filtered out unless combinations of resonance
absorbers with different properties are employed to achieve a broader
sound absorption.

Resonance absorbers have been frequently used in low-frequency
noise control problems. As mentioned above, Helmholtz resonators have
been used to increase the low-frequency transmission loss of aircraft
cabin side walls [37, 57, 75]. Helmholtz resonators have also been em-
ployed inside launch vehicle payload fairings in order to protect the pay-
load from excessive low-frequency sound pressure levels during launch
[8, 19, 20]. For a similar application, Kidner et al. [33] investigated
the enhanced low-frequency noise reduction of poro-elastic layers with
randomly embedded masses.

Apart from the passive noise reduction technologies described in
this section, numerous active low-frequency noise and vibration con-
trol techniques have also been investigated and successfully realized
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[14, 17, 25, 76], e.g. in the cabin of the propeller-driven Saab 2000
aircraft [18] or the loadmaster area of the A400M military transporter
[34]. While being clearly effective, especially in the low-frequency range,
these active technologies require a certain amount of sensors, actuators,
control architecture, and cables. This electrical infrastructure can add
up to a significant amount of weight and maintenance effort, espe-
cially for multi-input and multi-output control systems [25]. Therefore,
passive noise protection measures are often preferred by the indus-
try if the acoustic efficiency is comparable. The recently developed
so-called acoustic metamaterials could provide the basis for new pas-
sive noise control technologies with enhanced acoustic performance and
lightweight capabilities.

1.2.2. Acoustic metamaterials

The term metamaterial, which first emerged in the late 1990s [5], de-
scribes specific structures that have been designed to exhibit – from
a classical physics point of view – unusual material properties when
subjected to wave propagation phenomena. Despite the name, meta-
materials do not represent new kinds of what is typically understood by
the term material (such as, for example, metals and metal alloys, nat-
ural materials, or fiber-reinforced composites). In fact, metamaterials
are composed of conventional materials with the purpose to obtain spe-
cific effective material properties when waves are propagating through
the material [15].

Veselago [96] was the first to investigate theoretically the electromag-
netic properties of metamaterials with simultaneously negative permit-
tivity and permeability. Such – in that time hypothetical – materials,
also called left-handed materials or negative-index materials [47], pos-
sess some very remarkable features when subjected to electromagnetic
waves, for example a negative refractive index or reversed Doppler effect
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[96]. These special properties of left-handed materials can be exploited
to create a wide range of structures and devices with previously unseen
capabilities [77], such as the so-called perfect lens [71, 111] or even op-
tical cloaks that make the object inside the cloak and the cloak itself
invisible to electromagnetic waves [72, 80, 82].

Since light and sound both are fundamentally related by their wave
nature, it was not long after the first investigations on electromag-
netic metamaterials were published until the first acoustic metamate-
rials were developed by Liu et al. [48]. The two constituent parameters
of acoustic materials – the analogs to the permittivity and permeabil-
ity of electromagnetic materials – are the mass density ρ0 and the
bulk modulus K0. These two quantities determine all relevant acoustic
material parameters, such as the phase velocity (or speed of sound)
c0 =

√
K0/ρ0, the characteristic impedance Z0 = ρ0c0 =

√
K0ρ0, and

the wave number k0 = ω/c0 = ω
√
ρ0/K0 [21]. From these relationships

it can be seen that negative values for ρ0 and K0 have some remarkable
consequences on the acoustical properties of the material. For exam-
ple, single-negative acoustic metamaterials, i.e. acoustic metamaterials
with either ρ0 or K0 being less than zero, exhibit an imaginary wave
number and, consequently, acoustic waves cannot propagate inside an
unbounded domain of such a material [49].

The acoustic metamaterial investigated by Liu et al. [48] consisted
of small rigid spheres that were coated by a layer of elastic material.
Measurement results revealed that the sound transmission through a
slab of this composite material can be reduced in small low-frequency
bands by at least one order of magnitude compared to the correspond-
ing mass-law transmission. Further theoretical investigations of this
new material by Liu et al. [49] attributed the strongly reduced sound
transmission to the effective mass density of the material becoming
negative in these frequency bands.

These first findings on acoustic metamaterials initiated a new re-
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search field. Consequently, many new types of acoustic metamaterials
have been developed and are still being developed today. These include,
for example, single-negative acoustic metamaterials with negative mass
density [48, 67, 107] or negative bulk modulus [12, 23, 42] as well as
double-negative or negative-index acoustic metamaterials [43, 45, 105].
The wide range of proposed acoustic metamaterial realizations provided
the groundwork for a variety of applications with acoustic metamate-
rials, such as perfect acoustic lenses (an analog to the perfect electro-
magnetic lens) [27, 46, 68], acoustic cloaks [74, 110, 114], broadband
absorbing materials [32, 59], and insulation of low-frequency sound
[48, 93, 107].

The latter application case is particularly interesting in certain fields
in which the insulation of low-frequency noise and lightweight design
criteria are two strongly competing requirements. Acoustic metamate-
rials with negative density have repeatedly been shown to be able to
exceed the corresponding mass-law transmission loss by several dB at
frequencies well below 1000 Hz [48, 100, 107]. These findings provide a
basis for developing new low-frequency noise insulation concepts.

1.2.3. Membrane-type acoustic metamaterials

From the currently available realizations of low-frequency sound insu-
lating acoustic metamaterials, the membrane-type acoustic metamate-
rials (MAMs) – originally proposed by Yang et al. [107, 109] – offer an
additional advantage: MAMs are composed of a thin, prestressed mem-
brane layer with one or more small rigid masses attached to it, as shown
in Fig. 1.3. Hence, these structures are very compact and, in contrast to
the coated spheres proposed by Liu et al. [48], nearly two-dimensional,
so that MAMs can be used to cover large surfaces without adding much
mass and installation space to the host structure. The qualitative shape
of the normal incidence sound transmission loss spectrum of a typical
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Frame
Added mass

Membrane

Figure 1.3: Isometric view of a rectangular membrane-type acoustic meta-
material.

MAM structure, as shown in Fig. 1.3, is given in Fig. 1.4(a). Addi-
tionally, the corresponding effective density ρeff of the MAM is shown
qualitatively in Fig. 1.4(b). Three characteristic points, denoted by A,
B, and C in Fig. 1.4, can be identified in the transmission loss spectrum
with the following underlying physical mechanisms [31, 107]:

A: Perfect transmission and consequently zero transmission loss at the
eigenfrequency of the first eigenmode of the MAM: The first eigen-
mode is characterized by large in-phase vibration amplitudes of the
added mass and the membrane material. The effective density is
zero at this point, changing its sign from negative to positive.

B: Perfect transmission and consequently zero transmission loss at the
eigenfrequency of the second eigenmode of the MAM with vanishing
effective density: In the second mode, the added mass is nearly at
rest while the surrounding membrane material vibrates at large
amplitudes. The effective density is zero and undergoes another
sign change from negative to positive.

C: Large transmission loss peak and infinite effective density at anti-
resonance: At this particular frequency, the surface averaged vi-
brational amplitudes of both eigenmode contributions cancel each
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other out and the net vibrational amplitude of the MAM is zero.
Consequently, the MAM appears as a nearly impenetrable node to
incoming sound waves, as long as the acoustic wavelength is larger
than the dimensions of the MAM. The effective density has a pole at
this point with an infinitely large absolute value and a sign change
from positive to negative.

The experimental and numerical studies by Yang et al. [107] have shown
that the first eigenfrequency (point A in Fig. 1.3) and the transmission
loss peak (point C) can be tuned during manufacturing of the MAM by
choosing appropriate masses. The first eigenfrequency f1 and the first
anti-resonance frequency fP1 both are approximately proportional to
the inverse of the square root of the added mass magnitude M [53, 63],
i.e.

f1 ∼
1√
M

and fP1 ∼
1√
M

. (1.6)

Other important parameters for the tuning of MAMs are the prestress
resultant of the membrane material Tm, which affects both eigenfre-
quencies and the anti-resonance frequency equally [63], and the size of
the area covered by the mass [53, 66].

lg f

T
L

1st mode

2nd mode1st peak

C

A B
0

(a) Transmission loss.

lg f

ρ
e
ff

1st mode 2nd mode

1st peak

A B

C

0

(b) Effective density.

Figure 1.4: Qualitative shape of the normal incidence TL spectrum and
effective density ρeff of a MAM with one added mass in the center.
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Based upon the first findings by Yang et al. [107] on small circu-
lar MAM test samples, further investigations have emerged in order
to better understand and improve the sound insulation performance of
MAMs. These include, for example, stacking multiple layers of MAMs
[66, 108], using so-called multi-celled panels, where several neighboring
MAM cells with different tunings are arranged in parallel [65, 66, 113],
off-centered placing of the added mass [59, 112], or attaching multiple
masses to one single MAM cell [59, 64]. Apart from the pure reflec-
tion of sound waves, MAMs have also been shown to be applicable
as an efficient low-frequency broadband absorbing surface [59]. Also,
a double-negative acoustic metamaterial with MAMs has been real-
ized by coupling two vertically stacked MAMs with a rigid mechanical
connection [105]. Moreover, MAMs have been used as a narrowband
acoustic filter around an orifice to reduce the sound propagation inside
ducts with air flow at tunable low-frequency bands [55].

1.3. Aim and outline of the work

The recent investigations of MAMs mentioned in the previous section
have shown that membrane-type acoustic metamaterials are a very
versatile and efficient measure for low-frequency sound insulation, es-
pecially when the noise spectrum is dominated by tonal components
and lightweight designs are required. There are certain important, yet
unanswered questions which are relevant to an application of MAMs
in a noise shield design under realistic conditions.

Previous experimental studies of MAMs have focused on impedance
tube measurements. Some studies have used small samples fitting in-
side the tube with a diameter of 100 mm (e.g. [63, 105, 107]). Others
have investigated larger samples sandwiched between both parts of the
impedance tube in a modified impedance tube setup as proposed by
Ho et al. [30] (e.g. [59, 108]). In these impedance tube measurements,
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only the propagation of plane acoustic waves is considered, which is
rarely found under realistic conditions. Also, numerical and analyti-
cal investigations of MAMs have considered solely the transmission of
normally incident sound waves (e.g. [10, 112, 113]). Experimental inves-
tigations of obliquely incident plane waves on MAMs by Mei et al. [59]
have indicated no significant reduction of performance as compared to
the normal incidence case. On the other hand, the measurements of a
planar metamaterial with a cellular structure similar to a multi-celled
MAM panel by Varanasi et al. [93] have revealed a significant influence
of a diffuse incident sound field. Hence, there is a need for a better
understanding of the sound transmission properties of MAMs under
oblique and diffuse incident sound fields.

Furthermore, there have not yet been any investigations of MAMs
which are incorporated inside an acoustical enclosure, e.g. between the
two walls of a double wall noise shield. All MAM studies available
in the current literature address the acoustical performance of bare
MAM structures or MAM layers backed by a reflective wall to act as an
absorbing metasurface (e.g. [59, 106]). If MAMs are to be placed inside
a small enclosure, however, it is possible that the finite air cavities
coupled to both sides of the MAM significantly alter their acoustical
performance. This has been shown by Yang and Cheng [104] to be
the case for microperforated panels (MPPs) inside a small acoustic
enclosure. Additionally, there are currently no analytical models for
the efficient modeling of such noise shield designs with integrated MAM
layers available in the literature.

Finally, noise reduction treatments with MAMs have not yet been
investigated at a larger scale and under more practical mounting con-
ditions. The typical characteristic dimensions of a noise shield panel,
e.g. mounted on the fuselage of an aircraft, would be in the range of
several meters. Because the lateral dimensions of MAMs are required
to be smaller than the acoustic wavelength [107], a full-size panel would
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be composed of many small MAM unit cells mounted on a large sup-
port structure (e.g. a grid). As pointed out by Naify et al. [65], the
global compliance of the large-scale support structure and the mutual
acoustic coupling of neighboring MAM cells may negatively affect the
acoustic performance of the MAMs. The overall size of the 2-by-2 test
sample in the impedance tube experiments of Naify et al. [65], how-
ever, was much smaller than the acoustic wavelength. Thus, it is still
an open question, how noise shielding structures with MAMs perform
at a much larger scale and – when applied to the concept of an aircraft
noise shield – mounted on top of a realistically sized fuselage.

The aim of the present thesis is to provide answers to these ques-
tions using analytical models, laboratory measurements, and numerical
simulations in order to provide a basis for the design of efficient low-
frequency noise shields using MAMs. In summary, the research ques-
tions which will be covered in the following chapters of the present
thesis are as follows:

• How do realistic sound fields (i.e. non-orthogonal incidence) and
the large-scale dimensions affect the sound transmission loss per-
formance of multi-celled MAM panels compared to the normal
incidence sound transmission loss of a single MAM unit cell?

• How can sound barriers with incorporated MAM layers be effi-
ciently and accurately modeled to support the preliminary design
process of such structures?

• Is it possible to increase the low-frequency sound transmission
loss of multi-layered panels (e.g. a double wall) by introducing
additional layers of MAMs?

• Can MAMs be employed in a similar manner to efficiently im-
prove the low-frequency sound transmission loss of a noise shield
mounted on top of a realistically sized aircraft fuselage?
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The thesis is structured as follows: In Chapter 2, a comprehen-
sive analytical framework for the transmission loss prediction of MAM
unit cells and large-scale multi-celled MAM panels under normal and
oblique plane wave incidence is derived. Approximate relationships
are provided for the common case of sub-wavelength dimensions of
the metamaterial unit cells in order to efficiently perform the calcu-
lations in the low-frequency range. The analytical models are verified
and validated using numerical simulations and measurements, respec-
tively. With these results, the influence of finite dimensions and oblique
incidence sound fields on the acoustic performance of MAMs are dis-
cussed. Finally, parameter studies are performed to identify important
design parameters and their influence on the sound transmission char-
acteristics of MAMs and multi-celled MAM panels. In Chapter 3, an
analytical model for predicting the acoustic properties of multi-layered
panels containing MAMs is presented. Like in the previous chapter,
the model is verified and validated by simulations and experiments, re-
spectively. Parameter studies are performed to investigate the impact
of the specific layering arrangement on the sound reduction capabilities
of such multi-layered systems. Based upon these findings, a full-scale
noise shield demonstrator for the experimental characterization on a
realistically sized aircraft fuselage structure is designed in Chapter 4.
The experimental results are presented and discussed in this chapter.
Finally, the conclusions of the present work are summarized in Chap-
ter 5. The thesis is closed with an outlook for further research activities
within the field of membrane-type acoustic metamaterials, especially
regarding the application of these metamaterials within a noise shield
design.
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2. Modeling of MAMs

2.1. Analytical model for MAM unit cells

There have been a number of analytical investigations of MAM struc-
tures in order to provide a deeper understanding of the underlying
physical mechanisms responsible for the extraordinary low-frequency
sound reduction performance of MAMs. The first analytical models
for MAM-like structures have been developed already in the 1950s by
Kornhauser and Mintzer [35] and Cohen and Handelman [13], who an-
alyzed the free vibrations of circular membranes with a rigid circular
mass concentrically attached to the membrane. These studies were later
pursued by Wang [98, 99] and Pinto [73] to provide additional insights
into the modal characteristics of such structures. Zhang et al. [112] and
Tian et al. [89] were the first to propose analytical models specifically
tailored for the calculation of the normal incidence sound transmission
loss of rectangular MAMs with rectangular added masses and circu-
lar MAMs with concentric ring masses, respectively. Those analytical
models are able to reproduce most experimental and numerical observa-
tions. Furthermore, they provide some additional knowledge regarding
the influence of certain parameters, such as the membrane material ten-
sion and surface mass density or the offset of the added mass. They do,
however, not consider the relatively large stiffness of the added masses,
which has been shown by previous investigators to be significant for the
dynamic behavior of MAMs [13, 35, 98]. Also, these analytical MAM
unit cell models exhibit convergence problems when too many mem-
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brane modes are considered in the expansion of the MAM displacement.
Subsequently, Chen et al. [10, 11] have published extensive analytical
models for circular and rectangular MAMs. These models consider the
added masses as rigid bodies and full vibro-acoustic coupling for the cal-
culation of normal incidence sound transmission through the MAMs.
Hence, their models provide the most accurate results from the cur-
rent available analytical models for MAMs. The computational effort
of these models, however, is much larger than in the simpler models by
Zhang et al. [112] and Tian et al. [89]. This is because Chen et al. use
the so-called point-matching approach [62] to couple the edges of the
added masses with the edges of the membrane layer. The displacement
of the MAM is then expanded in the eigenfunctions of the coupled
membrane-mass system. This results in a nonlinear eigenvalue problem
to be solved for the eigenmodes of the MAM. This, however, is com-
putationally much more challenging than the standard linear algebra
operations necessary in the models by Zhang et al. [112] and Tian et al.
[89].

The purpose of the present section is the derivation of a new analyt-
ical model for the sound transmission loss calculation of a MAM unit
cell loaded with an arbitrarily shaped rigid mass. It should be noted
that only one added mass is considered here, because most MAM con-
figurations investigated in the present thesis involve only a single added
mass. However, as explained in Appendix A, the model can be readily
extended to allow for multiple masses per unit cell. Such MAM designs
can be useful to introduce multiple anti-resonances and thus increase
the bandwidth of the MAM unit cell [59, 64].

The aim of the model is to combine the computational efficiency
of the analytical models by Zhang et al. [112] and Tian et al. [89]
with Chen et al.’s accurate representation of the mass stiffness [10, 11],
yielding a versatile and efficient method for predicting the sound trans-
mission loss through MAMs. In the first subsection, the governing
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equations for the MAM are derived and the resulting linear system
of equations for the vibrational response of the MAM under an acous-
tic pressure load is presented. Section 2.1.2 discusses the method for
extracting the in vacuo eigenmodes of the MAM, which can be used
to reduce the order of the governing system of equations considerably.
Then, in Section 2.1.3, the vibro-acoustic coupling is introduced to ob-
tain the oblique incidence sound transmission coefficient of an infinite
array of MAM unit cells. Finally, in Section 2.1.4 this approach is sig-
nificantly simplified for sub-wavelength sized MAM unit cells leading
to the effective surface mass density approximation for MAMs.

2.1.1. Governing equations

A schematic drawing of the single rectangular membrane-type acous-
tic metamaterial cell considered in this work is shown in Fig. 2.1. A
cell consists of a rectangular sheet of a prestressed membrane material
with length Lx and width Ly. Without loss of generality, it is assumed
that Lx corresponds to the longer edge if the unit cell is not a square.
The membrane material has a surface mass density m′′m and a uniform
prestress resultant Tm. The Young’s modulus and Poisson’s ratio of
the membrane material are denoted by Em and νm, respectively, and
the membrane thickness is given by hm. Thus, the bending stiffness
of the membrane material is Bm = Emh

3
m/(12(1 − ν2

m)) [44, p. 1]. A
right-handed Cartesian coordinate system (x, y, z) is defined at one cor-

Lx

x

y

Tm

Tm

Ly

ŵ(x, y)

Mass

z

Membrane

Figure 2.1: Schematic drawing of a single rectangular MAM unit cell.
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ner of the membrane, with the x- and y-axis pointing in the Lx- and
Ly-direction, respectively, and the z-axis being perpendicular to the
membrane plane.

The dynamic transversal displacement of the membrane w(x, y, t) is
assumed to have a harmonic time dependence with

w(x, y, t) = Re
{
ŵ(x, y)eiωt

}
, (2.1)

where Re{} denotes the real part of a complex quantity and ŵ(x, y)
is the (complex) transversal displacement amplitude of the membrane.
The governing equation for the membrane vibration amplitude ŵ re-
sulting from a harmonic pressure difference ∆P (x, y, t) = ∆P̂ (x, y)eiωt

between both sides of the MAM is given by

−m′′mω2ŵ − Tm∇2ŵ +Bm∇4ŵ = ∆P̂ + f̂ ′′M, (2.2)

which represents the instantaneous equilibrium of forces per unit area
acting on the membrane [44, p. 267]. In Eq. (2.2), ∇2 = ∂2

∂x2 + ∂2

∂y2 is
the Laplace operator in Cartesian coordinates, ∇4 = ∇2∇2, ∆P̂ (x, y)
is the complex pressure amplitude difference, and f̂ ′′M represents the
transversal internal stress amplitude between the membrane and the
attached mass. This stress accounts for the inertia and the rigidity
of the added mass and is, in general, a continuous function over the
common interface area of the membrane and the mass (see Fig. 2.2).

In order to identify the relevant parameters for the acoustical prop-
erties of a MAM unit cell, Eq. (2.2) is transformed into a dimensionless

f̂ ′′M
f̂ ′′M

Figure 2.2: Illustration of the internal stress amplitude f̂ ′′M acting between
the membrane and the attached mass.
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form with the dimensionless coordinates ξ = x/Lx, η = y/Ly, and
ζ = z/Lx, the dimensionless displacement amplitude u = ŵ/Lx, the
dimensionless frequency Ω = ω/ωref , the reference frequency ωref =√
Tm/m′′m/Lx, the aspect ratio Λ = Lx/Ly ≥ 1 (because, as mentioned

above, Lx is assigned to the longer edge of the MAM unit cell), the
dimensionless bending stiffness Ξ = Bm/(TmL

2
x), the dimensionless

pressure amplitude difference ∆β = ∆P̂Lx/Tm, and the dimension-
less membrane-mass interaction stress amplitude γ′′ = f̂ ′′MLx/Tm. This
yields:

−Ω2u− u,ξξ − Λ2u,ηη +Ξ
(
u,ξξξξ + 2Λ2u,ξξηη + Λ4u,ηηηη

)
= ∆β + γ′′,

(2.3)
where indices behind a comma denote partial derivatives with respect
to the given coordinates.

In order to find a weak solution of Eq. (2.3), the Galerkin method of
weighted residuals is employed by expanding the dimensionless mem-
brane displacement amplitude u in terms of the eigenfunctions Φmn of
the unloaded membrane. Assuming the membrane edges to be simply
supported, the membrane eigenfunctions are given by [44]

Φmn = 2 sin (mπξ) sin (nπη) , (2.4)

which, without loss of generality, have been normalized such that

〈Φmn, Φm′n′〉 =

{
1 for m = m′ ∧ n = n′

0 else,
(2.5)

where 〈f, g〉 =
1∫
0

1∫
0

fg dη dξ denotes the L2-inner product of two func-

tions f and g along the surface of the membrane. The expansion is
truncated after N = NxNy membrane eigenmodes, where Nx and Ny
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are the maximum indices of the modes in the x- and y-direction, re-
spectively. Thus, the following approximate expression for u results:

u ≈
Nx∑
m=1

Ny∑
n=1

cmnΦmn =
∑
mn

cmnΦmn, (2.6)

with the membrane modal participation factor cmn. Basically, Eq. (2.6)
is a Fourier series representation of u, which becomes more accurate
the more number of terms N are included in the expansion. Section 2.3
provides a typical choice for N to obtain an approximation of u using
Eq. (2.6) with reasonable accuracy.

Inserting Eq. (2.6) into the governing equation (2.3) and following
the Galerkin approach by using the membrane eigenfunctions Φm′n′ as
weighting functions yields the following algebraic equation for cmn after
integrating over the membrane surface:(

κmn −Ω2
)
cmn = 〈Φmn,∆β〉+

〈
Φmn, γ

′′〉 , (2.7)

where κmn = κ̃mn + Ξκ̃2
mn are the squared nondimensional eigenfre-

quencies of the unloaded membrane with κ̃mn = π2
(
m2 + Λ2n2

)
.

As illustrated in Fig. 2.3(a), the added mass is provided with a lo-
cal Cartesian coordinate system (x′, y′, z′). The origin is placed in the
center of gravity of the mass, with the z′-axis being parallel to the z-
axis of the global membrane coordinate system and the x′- and y′-axes
corresponding to the principal axes of inertia of the mass. The rotation
of the local coordinate system around the z′-axis with respect to the
global membrane coordinate system is given by θ′ and the coordinates
of the mass center of gravity in the membrane coordinate system are
denoted by x∗, y∗, and z∗. It is assumed that the rigidity of the mass
is much higher than the stiffness of the underlying membrane material.
Also, only the out-of-plane vibration of the membrane is considered
here. Hence, the dynamic motion of the mass is fully determined by
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y

x

z

z′

x′y′

θ′

z∗
y∗

x∗

(a) Local coordinate system
of the mass.

f̂ ′′M

z′

x′
α̂y′

ŵOŵO

z′ y′

α̂x′

f̂ ′′M

(b) Mass motion due to the membrane-mass
interaction stress f̂ ′′M.

Figure 2.3: Definitions for the local coordinate system and rigid body motion
of the attached mass.

the rigid body motion in z′-direction (translation) and around the x′-
and y′-axes (rotation) due to the membrane-mass interaction stress f̂ ′′M
acting upon the mass (see Fig. 2.3(b)). Thus, the vertical displacement
amplitude of the mass center of gravity ŵO is governed by Newton’s
second law of motion

−Mω2ŵO = −
∫∫
SM

f̂ ′′M(x′, y′) dy′ dx′, (2.8)

where M is the mass magnitude and SM denotes the common surface
of the mass and the membrane. The rotational amplitudes α̂x′ and α̂y′

follow the linearized Euler equations as

− Jx′ω2α̂x′ = −
∫∫
SM

f̂ ′′M(x′, y′)y′ dy′ dx′ (2.9)

and

− Jy′ω2α̂y′ =

∫∫
SM

f̂ ′′M(x′, y′)x′ dy′ dx′, (2.10)
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where Jx′ and Jy′ are the principal moments of inertia of the mass
about the x′- and y′-axis, respectively.

Eqs. (2.8) to (2.10) are rewritten in dimensionless form and solved
for the three degrees of freedom of the mass uO = ŵO/Lx, αξ′ = α̂x′ ,
and αη′ = α̂y′ :

uO =
1

ΛµΩ2

∫∫
SM

γ′′(ξ′, η′) dη′ dξ′, (2.11a)

αξ′ =
1

ΛµΩ2

1

Λϑξ′

∫∫
SM

γ′′(ξ′, η′)η′ dη′ dξ′, and (2.11b)

αη′ = − 1

ΛµΩ2

1

ϑη′

∫∫
SM

γ′′(ξ′, η′)ξ′ dη′ dξ′, (2.11c)

where ξ′ = x′/Lx and η′ = y′/Ly are the dimensionless forms of the
local mass coordinate system, µ = M/(m′′mL

2
x) is the dimensionless

added mass magnitude, and ϑξ′ = Jx′/(ML2
x) and ϑη′ = Jy′/(ML2

x) are
the dimensionless squared radii of gyration. The kinematic relationship
for the dimensionless displacement of the mass uM at a specific local
coordinate pair (ξ′, η′) is given by

uM(ξ′, η′) = uO − αη′ξ′ +
1

Λ
αξ′η

′. (2.12)

The mass is assumed to be rigidly coupled to the membrane layer.
Hence, the displacement amplitudes of the membrane and the mass
must be continuous along the common surface SM:

u(ξ, η)
!

= uM(ξ′, η′) for (ξ, η) ∈ SM, (2.13)

with the following relationship between the global coordinate system

26



2.1. Analytical model for MAM unit cells

(ξ, η, ζ) and the local mass coordinate system (ξ′, η′, ζ ′):

ξ = ξ∗ + cos θ′ ξ′ − sin θ′ η′/Λ, (2.14a)

η = η∗ + Λ sin θ′ ξ′ + cos θ′ η′, and (2.14b)

ζ = ζ∗ + ζ ′. (2.14c)

So far, the physical problem of the MAM unit cell with a mass at-
tached to the membrane is only expressed in mathematical terms. The
distribution of the dimensionless membrane-mass interaction stress γ′′

in Eqs. (2.3) and (2.11) is generally not known a-priori. Hence, solving
these equations for the membrane and mass displacements taking into
account the continuity condition in Eq. (2.13) poses a nontrivial prob-
lem for general MAM configurations. As mentioned in the introduc-
tion of this section, different approaches have been employed by other
authors to simplify this problem. Zhang et al. [112], on the one hand,
modeled the added mass as a limp body and Chen et al. [10, 11], on the
other hand, used the point matching approach to couple only the mass
edges to the membrane using discrete point forces, which results in a
nonlinear eigenvalue problem. The present analytical model, however,
provides a new modeling approach for the coupling between the mass
and the membrane which accounts for the rigidity of the mass and re-
sults in a linear system of equations that can be solved efficiently. This
is achieved by approximating the membrane-mass interaction stress f̂ ′′M
with discrete point forces distributed across the whole common surface
of the membrane and mass (see Fig. 2.4):

f̂ ′′M ≈
I∑
j=1

f̂M,jδ(x− xj) δ(y − yj) , (2.15)

where I is the number of matching points, δ is the Dirac delta function,
f̂M,j is the (complex) point force amplitude, and xj and yj are the global
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f̂ ′′M
f̂M,j

Figure 2.4: Illustration of the point matching approach, where the continu-
ous membrane-mass interaction stress f̂ ′′M is replaced by a finite set of point

forces f̂M,j distributed along the common surface of the membrane and mass.

coordinates of the j-th matching point. Eq. (2.15) is expressed in terms
of the dimensionless membrane-mass interaction stress γ′′ as

γ′′ ≈
∑
j

γjδ(ξ − ξj) δ(η − ηj) , (2.16)

where γj = f̂M,j/(TmLx) is the dimensionless point force of the j-th
matching point. Substituting this approximation into the governing
equations for the mass motion, Eq. (2.11), yields

uO =
1

ΛµΩ2

∑
j

γj , (2.17a)

αξ′ =
1

ΛµΩ2

1

Λϑξ′

∑
j

η′jγj , and (2.17b)

αη′ = − 1

ΛµΩ2

1

ϑη′

∑
j

ξ′jγj . (2.17c)

This can be written in matrix form as follows:

Ω2uM = Qγ, (2.18)

where

uM =
√
Λµ

1 0 0
0
√
ϑξ′ 0

0 0
√
ϑη′

uO

αξ′

αη′

 ∈ C3 (2.19)
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contains the scaled mass degrees of freedom, γ = (γj) ∈ CI consists of
the matching point forces of the mass, and

Q =
1√
Λµ

1 0 0
0 Λ

√
ϑξ′ 0

0 0 −
√
ϑη′

−1 1 · · · 1
η′1 · · · η′I
ξ′1 · · · ξ′I

 ∈ R3×I (2.20)

defines the dynamic relationship between the scaled mass degrees of
freedom and the matching point forces according to Eq. (2.17).

The continuity condition for the membrane and mass displacements
in Eq. (2.13) is enforced only at the matching point locations so that
Eq. (2.13) can be rewritten using Eqs. (2.6) and (2.12) as∑

mn

cmnΦ
(j′)
mn

!
= uO − αη′ξ′j′ +

1

Λ
αξ′η

′
j′ , (2.21)

where Φ
(j′)
mn = 2 sin(mπξj′) sin(nπηj′) corresponds to the value of the

membrane mode eigenfunction Φmn at the location of the j′-th match-
ing point in the global coordinate system. With the matrix notation
introduced in Eq. (2.18), this yields the system of equations

LTc = QTuM. (2.22)

LT denotes the transpose of L = (lmnj) ∈ RN×I which is, in general, a
fully populated rectangular matrix representing the coupling between
the membrane and mass with

lmnj = Φ(j)
mn = 2 sin(mπξj) sin(nπηj). (2.23)

The vector c ∈ CN contains the membrane modal participation factors
cmn.

Additionally, the matching point approximation for γ′′ in Eq. (2.16)
is inserted into the algebraic equation (2.7) to yield(

κmn −Ω2
)
cmn = 〈Φmn,∆β〉+

∑
j

Φ(j)
mnγj . (2.24)
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2. Modeling of MAMs

This results in a linear system of equations, which can also be written
in matrix form such that(

C−Ω2I
)
c = ∆β + Lγ, (2.25)

where the stiffness matrix C = (κmnm′n′) ∈ RN×N is diagonal with

κmnm′n′ =

{
κ̃mn +Ξκ̃2

mn if m = m′ ∧ n = n′

0 else
(2.26)

and I is the identity matrix with compatible dimensions. On the right
hand side, the elements of the acoustic pressure difference vector ∆β ∈
CN are, in the general case, given by ∆βmn = 〈Φmn,∆β〉.

Eqs. (2.18), (2.22), and (2.25) form a coupled linear system of equa-
tions for the membrane modal participation factors c, the scaled mass
degrees of freedom uM, and the matching point forces γ given byC−Ω2I 0 −L

0 −Ω2I Q

−LT QT 0

 c
uM

γ

 =

∆β
0
0

 . (2.27)

If structural damping of the membrane material needs to be considered,
the stiffness matrix C in Eq. (2.27) can be replaced by the complex
stiffness matrix C̃ = (1 + iηm)C with the structural loss factor of the
membrane material ηm.

The acoustic pressure difference vector ∆β in Eq. (2.27) depends on
the fluid surroundings coupled to the vibration of the MAM. Before the
vibro-acoustical coupling of the MAM unit cell is discussed, the follow-
ing subsection will cover the extraction of the in vacuo eigenmodes of
the MAM unit cell from Eq. (2.27).

2.1.2. Eigenmode extraction

In order to find the squared dimensionless in vacuo eigenfrequencies
Ω2
i and eigenvectors vi of the MAM, the homogeneous form of the
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2.1. Analytical model for MAM unit cells

governing linear system of equations (2.27) can be written in the form
of a generalized eigenvalue problem as C 0 −L

0 0 Q

−LT QT 0


︸ ︷︷ ︸

A

 vi,c
vi,uM

vi,γ


︸ ︷︷ ︸

vi

= Ω2
i

I 0 0
0 I 0
0 0 0


︸ ︷︷ ︸

B

 vi,c
vi,uM

vi,γ


︸ ︷︷ ︸

vi

, (2.28)

where vi,c, vi,uM , and vi,γ are the parts of the eigenvector vi assigned
to c, uM, and γ, respectively. With the coefficient matrices A and B
defined as indicated in Eq. (2.28), the generalized eigenvalue problem
takes the form

Avi = Ω2
i Bvi. (2.29)

From Eq. (2.28) it is obvious that B is symmetric positive-semidefinite
with rank B = N + 3. A, on the other hand, is nonsingular, since C is
symmetric positive-definite and the Schur complement

A/C =

[
0 Q

QT −LTC−1L

]
(2.30)

is also invertible, presuming that N ≥ I ≥ 3 and both L and Q are full
rank matrices. Thus, the generalized eigenvalue problem (2.29) yields
N + 3 finite squared eigenfrequencies Ω2

i and I solutions with 1/Ω2
i =

0, i.e. Ω2
i → ∞. The latter eigenmodes are of no practical interest.

Therefore, the so-called Fix–Heiberger reduction method [69] can be
applied to Eq. (2.29). As shown in Appendix B, this procedure reduces
the size of the eigenvalue problem so that it includes just the N + 3
finite eigenvalues of the system.

In practice, only the N̂ lowest eigenfrequencies Ωi and corresponding
eigenvectors vi are of interest for the acoustic properties of the MAM
unit cell. As a general rule of thumb, N̂ should be selected such that
all eigenmodes below at least twice the largest excitation frequency are
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2. Modeling of MAMs

considered [92]. The corresponding eigenvectors can be used to assemble
a reduced eigenvector matrix V̂ = (v1, . . . ,vN̂ ). Appendix B shows that
this set of eigenvectors simultaneously diagonalizes the system matrices

A and B in Eq. (2.29), so that V̂
T
AV̂ = Λ̂, where Λ̂ is diagonal

containing the first N̂ squared eigenfrequencies Ω2
i , and V̂

T
BV̂ = I.

The vectors c, uM, and γ in Eq. (2.27) can be expanded in terms of
the eigenvectors as

c ≈
N̂∑
i=1

ĉivi,c = V̂cĉ, (2.31a)

uM ≈
N̂∑
i=1

ĉivi,uM = V̂uM ĉ, and (2.31b)

γ ≈
N̂∑
i=1

ĉivi,γ = V̂γ ĉ, (2.31c)

respectively. This can be inserted into the system of equations (2.27)

to yield after left-multiplication with V̂
T

= [V̂
T
c , V̂

T
uM
, V̂

T
γ ] the reduced

modal form of Eq. (2.27)(
Λ̂−Ω2I

)
ĉ = ∆β̂, (2.32)

where ∆β̂ = V̂
T
c ∆β.

2.1.3. Fluid-structure coupling

For the fully coupled fluid-structure interaction model, the MAM unit
cell from Fig. 2.1 is considered to be part of an infinite planar array of
this unit cell, as indicated in Fig. 2.5. Each MAM cell is uniquely iden-
tified with the indices p ∈ {. . . ,−2,−1, 0, 1, 2, . . .} and q ∈ {. . . ,−2,
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2.1. Analytical model for MAM unit cells

−1, 0, 1, 2, . . .}. The index pair (p, q) refers to the MAM unit cell rang-
ing over pLx < x < (p + 1)Lx and qLy < y < (q + 1)Ly. A fluid half
space with density ρ0 and speed of sound c0 is coupled to each side of
the MAM array, extending to z → −∞ and z → +∞, respectively. The
acoustic pressure fields in those half spaces are given by P̂−(x, y, z), for
the source side of the MAM at z < 0, and P̂+(x, y, z), for the trans-
mission side of the MAM at z > 0. The MAM is acoustically excited
by an obliquely incident plane wave with pressure amplitude P̂i0 and
wave vector

ki =

kix

kiy

kiz

 = k0

sin θi cosφi

sin θi sinφi

cos θi

 , (2.33)

where θi is the incidence angle and φi is the azimuth of the plane
wave (see Fig. 2.5). After introducing the nondimensionalized incident
pressure field as βi = P̂iLx/Tm, the dimensionless pressure field of the
incident sound wave in the source side fluid half space is given by

βi(ξ, η, ζ) = βi0e−i(κξξ+κηη+κζζ), (2.34)

Bloch-Floquet boundary

x

y

z

ki
φi

θi P̂+(x, y, z)P̂−(x, y, z)

Bloch-Floquet boundary

Figure 2.5: Setup for the fluid-structure interaction model between the MAM
unit cell and the adjacent fluid half spaces with Bloch-Floquet periodic bound-
aries.
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2. Modeling of MAMs

where κξ = kixLx, κη = kiyLy, and κζ = kizLx are the dimensionless
forms of the Cartesian incident wave number components. The nondi-
mensional acoustic pressure field β− = P̂−Lx/Tm can be decomposed
into a blocked pressure part βbl, given by

βbl(ξ, η, ζ) = βi(ξ, η, ζ) + βi(ξ, η,−ζ)

= βi0e−i(κξξ+κηη)
(

e−iκζζ + eiκζζ
)

,
(2.35)

and a reradiated pressure part βrr, resulting from the radiation of sound
on both sides of the MAM [14, p. 97]. Thus, the source side pressure
field can be expressed as β− = βbl − βrr. The pressure field on the
other side of the MAM β+ = P̂+Lx/Tm is equal only to βrr, because
no external sound field is present on this side and the MAM is many
orders of magnitude thinner than the acoustic wavelength. Thus, the
nondimensional acoustic pressure amplitude difference on the MAM
surface ∆β is

∆β(ξ, η) = β−(ξ, η, 0)− β+(ξ, η, 0)

= 2βi0e−i(κξξ+κηη) − 2βrr(ξ, η, 0).
(2.36)

Consequently, the acoustic pressure difference vector ∆β in the system
of equations (2.27) can be written as

∆β = 2βi0b− 2βrr, (2.37)

where b = (bmn) ∈ CN is the membrane mode excitation vector de-
pending only on the properties of the incident sound field with

bmn = 2mnπ2 (−1)me−iκξ − 1

κ2
ξ −m2π2

(−1)ne−iκη − 1

κ2
η − n2π2

(2.38)

and βrr is obtained from the reradiated sound pressure field, which in
general is a function of the membrane displacement amplitude u.
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2.1. Analytical model for MAM unit cells

From the nature of the incident plane wave it follows that each MAM
unit cell is excited by a pressure field, which differs from the pressure
excitation field of any other unit cell only by a constant phase shift.
Thus, the incident sound pressure field can be expressed in the form of
a Bloch-Floquet wave as [29]

βi(ξ + p, η + q, ζ) = βi(ξ, η, ζ)e−i(κξp+κηq). (2.39)

Eq. (2.39) indicates that the incident sound field is – apart from a
phase difference factor of e−i(κξp+κηq) – periodic at the unit cell edges.
This periodicity also applies to the vibrational response of the MAM
unit cells and it is therefore sufficient to consider only a single unit cell
of the MAM and the coupled fluid half spaces with the Bloch-Floquet
boundary conditions as shown in Fig. 2.5. Following the nondimension-
alization procedure for the structural MAM model from Section 2.1.1,
the reradiated acoustic field in both half-spaces is expressed in terms of
the nondimensional acoustic potential function ϕrr, which is governed
by the Helmholtz equation

ϕrr,ξξ + Λ2ϕrr,ηη + ϕrr,ζζ + κ2
0ϕrr = 0 (2.40)

with the periodic boundary conditions

ϕrr(ξ + p, η + q, ζ) = ϕrr(ξ, η, ζ)e−i(κξp+κηq). (2.41)

In Eq. (2.40), κ0 = k0Lx is the dimensionless acoustic wave number,
which is related to the dimensionless speed of sound ς0 = c0/

√
Tm/m′′m

by κ0 = Ω/ς0. The general solution of Eq. (2.40) under the periodic
boundary conditions specified in Eq. (2.41) consists of the superposition
of the fluid cavity modes, each given by the product of a lateral mode
function

Ψrs = e−i(κrξ+κsη), (2.42)
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where κr = κξ + 2πr, r = . . . ,−1, 0, 1, . . ., and κs = κη + 2πs, s =
. . . ,−1, 0, 1, . . ., and a plane wave propagating in positive ζ-direction.
Thus, the reradiated acoustic potential function is approximated by
truncating the superposition of the fluid cavity modes, i.e.

ϕrr(ξ, η, ζ) ≈
N

(ϕ)
x∑

r=−N(ϕ)
x

N
(ϕ)
y∑

s=−N(ϕ)
y

arsΨrse
−iκrsζ

=
∑
rs

arsΨrse
−iκrsζ .

(2.43)

Like the expansion for u in Eq. (2.6), the approximate relationship in

Eq. (2.43) becomes more accurate for higher values of N
(ϕ)
x and N

(ϕ)
y . In

most cases it is sufficient to consider only fluid modes up to an order of
ten, because the higher-order fluid modes are strongly evanescent and
do not contribute much to the sound radiation of MAMs. It follows
from the dispersion relation that the ζ-component of the dimensionless
wave number in Eq. (2.43) is given by

κrs = ±
√
κ2

0 − κ2
r − Λ2κ2

s, (2.44)

with the positive sign for positive radicands (i.e. real κrs) and the neg-
ative sign for negative radicands (i.e. imaginary κrs) such that only
physically reasonable solutions for the reradiated acoustic field are ob-
tained.

The unknown constants ars in Eq. (2.43) have to be determined from
the vibro-acoustic coupling condition between the MAM and the fluid.
For this, the nondimensional particle displacement amplitude vector
field urr inside the fluid half space adjacent to the MAM follows from
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the gradient of the potential function ϕrr, i.e.

urr =

uξ,rruη,rr
uζ,rr

 =
1

iΩ

 ϕrr,ξ

Λϕrr,η

ϕrr,ζ

 . (2.45)

The continuity condition requires the MAM displacement amplitude u
and the ζ-component of the fluid particle displacement uζ,rr to be equal
at the MAM-fluid interface. With the series representations of u and
ϕrr given in Eqs. (2.6) and (2.43), respectively, the following equation
for the determination of the constants ars results:∑

mn

cmnΦmn = − 1

Ω

∑
rs

κrsarsΨrs. (2.46)

A weak form of Eq. (2.46) is obtained by employing the Galerkin
method with the complex conjugates of the lateral fluid mode func-
tions Ψ∗r′s′ as weighting functions. After surface integration over the
MAM, the resulting approximate relationship is given by∑

mn

〈Ψ∗rs, Φmn〉 cmn = − 1

Ω
κrsars. (2.47)

This can be rewritten using matrix notation as

a = −ΩK−1RHc, (2.48)

where the elements of the vector a ∈ CN(ϕ)
correspond to the modal

amplitudes ars of the reradiated acoustic field with N (ϕ) = (1+2N
(ϕ)
x ) ·

(1 + 2N
(ϕ)
y ) being the total number of acoustic modes considered in

the series representation in Eq. (2.43). K = (κrsr′s′) ∈ CN(ϕ)×N(ϕ)

is a diagonal matrix containing the ζ-components of the modal wave
numbers, i.e.

κrsr′s′ =

{
±
√
κ2

0 − κ2
r − Λ2κ2

s if r = r′ ∧ s = s′

0 else,
(2.49)
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and RH denotes the conjugate transpose of R = (rmnrs) ∈ CN×N(ϕ)
,

which is given by

rmnrs = 2mnπ2 (−1)me−iκξ − 1

κ2
r −m2π2

(−1)ne−iκη − 1

κ2
s − n2π2

. (2.50)

The nondimensional reradiated acoustic pressure field is derived from
the potential function ϕrr via

βrr = −iκ0Z0ϕrr, (2.51)

with the nondimensional characteristic impedance defined as Z0 =
Z0Lx/

√
m′′mTm. Since the elements of the reradiated pressure vector

βrr = (βrr,mn) ∈ CN in Eq. (2.37) are given by

βrr,mn = 〈Φmn, βrr(ξ, η, 0)〉 , (2.52)

the substitution of the series representation of ϕrr in Eq. (2.43) into
Eq. (2.51) yields

βrr,mn = −iκ0Z0

∑
rs

〈Φmn, Ψrs〉 ars, (2.53)

which can be written as

βrr = −iκ0Z0Ra. (2.54)

Substituting Eq. (2.48) for a finally yields the following expression for
βrr, which is independent of the fluid modes amplitude vector a:

βrr = iΩκ0Z0RK−1RHc. (2.55)

Inserting this expression into Eq. (2.37) and rearranging the system of
equations (2.27) results in a system of equations for the fully coupled
vibro-acoustic problem:C + iΩΞ−Ω2I 0 −L

0 −Ω2I Q

−LT QT 0

 c
uM

γ

 = 2βi0

b
0
0

 , (2.56)
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where the dimensionless radiation impedance matrix of the MAM unit
cell

Ξ = 2κ0Z0RK−1RH (2.57)

has been introduced. In terms of the modal formulation from Sec-
tion 2.1.2, the modal system of equations (2.32) is thus given by(

Λ̂ + iΩΞ̂−Ω2I
)

ĉ = 2βi0b̂, (2.58)

where Ξ̂ = V̂
T
c ΞV̂c is the modal radiation impedance matrix and b̂ =

V̂
T
c b.

In order to obtain the transmission coefficient τ from Eq. (1.1), the
incident and transmitted sound powers Wi and Wt have to be cal-
culated. Since the incident sound field is a plane acoustic wave with
amplitude P̂i0 and incidence angle θi, the former is given by

Wi =
LxLy
2Z0

P̂ 2
i0 cos θi (2.59)

or, written in nondimensional form, by

Πi =
Wi√

T 3
m/m

′′
mLx

=
β2

i0

2ΛZ0
cos θi. (2.60)

The transmitted sound power, on the other hand, is equal to the rera-
diated sound power, which can be obtained from

Wt =
1

2

∫∫
S

Re
{
v̂∗(x, y)P̂rr(x, y, 0)

}
dy dx, (2.61)

where v̂∗ = −iωŵ∗ is the complex conjugate of the MAM velocity
amplitude and P̂rr is the reradiated acoustic pressure amplitude field
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[22, p. 10]. Using the nondimensionalizations introduced above, this
can be rewritten as

Πt =
Wt√

T 3
m/m

′′
mLx

=
Ω

2Λ

1∫
0

1∫
0

Im {u∗(ξ, η)βrr(ξ, η, 0)} dη dξ. (2.62)

With Eqs. (2.6) and (2.51) as well as the series expansion of ϕrr in
Eq. (2.43), this becomes

Πt = −Ωκ0Z0

2Λ
Re

{∑
mn

c∗mn
∑
rs

〈Φmn, Ψrs〉 ars

}

= −Ωκ0Z0

2Λ
Re
{
cHRa

}
.

(2.63)

Using the solution for the coefficient vector a in Eq. (2.48) and the
definition of the nondimensional radiation impedance matrix Ξ from
Eq. (2.57), the final expression for the radiated power is obtained as

Πt =
Ω2κ0Z0

2Λ
Re
{
cHRK−1RHc

}
=
Ω2

4Λ
cHRe {Ξ} c. (2.64)

Thus, using Eqs. (2.60) and (2.64), the transmission coefficient τθi of
the MAM unit cell is given by

τθi =
Πt

Πi
=

Ω2Z0

2 cos θi

cHRe {Ξ} c

β2
i0

=
2Ω2Z0

cos θi
c̃HRe {Ξ} c̃, (2.65)

where c̃ = c/(2βi0) contains the membrane modal participation factors
normalized by the excitation amplitude. Expressed in terms of the nor-
malized MAM modal participation factors ˜̂c = ĉ/(2βi0), Eq. (2.65) is
given by

τθi =
2Ω2Z0

cos θi

˜̂cH
Re
{

Ξ̂
} ˜̂c. (2.66)

40



2.1. Analytical model for MAM unit cells

2.1.4. Low-frequency approximation

At low frequencies, the acoustic wavelength is significantly larger than
the lateral dimensions Lx and Ly of the MAM so that the dimension-
less wave number κ0 is much smaller than unity (κ0 = k0Lx � 1).
Therefore, the ζ-components of the modal wave numbers in the rera-
diated acoustic field κrs, as given in Eq. (2.44), are purely imaginary
with κrs ≈ −i2π

√
r2 + Λ2s2 except in case of the zero-order or plane

wave mode, where r = s = 0. The wave number of this particular mode
is given by κ00 = κ0 cos θi, which corresponds to the ζ-component of
the incident plane wave number κζ . This means that in such cases
only a plane wave is radiated by the MAM unit cell into the far field
and the higher-order modes are evanescent waves, which do not con-
tribute to the radiated sound power. Therefore, the sound transmission
through the MAM unit cell can be quantified using a complex plane
wave acoustic transmission factor t̃θi = P̂t/P̂i0, which relates the com-
plex amplitude of the transmitted plane wave P̂t to the amplitude of
the incident plane wave P̂i0. With Eqs. (2.43) and (2.51), the nondi-
mensional pressure amplitude of the reradiated plane acoustic wave
is given by βt = −iκ0Z0a00. a00 can be obtained from Eq. (2.48) as
a00 = −ΩrH

00c/(κ0 cos θi), where r00 is the corresponding column of
R with r = s = 0. Comparing r00, as defined in Eq. (2.50), and the
definition of the excitation vector b in Eq. (2.38) reveals that r00 = b.
Thus, the transmission factor t̃θi is given by

t̃θi =
βt

βi0
= −iκ0Z0

a00

βi0
=

2Z0iΩ

cos θi
bH c̃. (2.67)

The transmission coefficient τθi follows from the squared magnitude of
the transmission factor, i.e.

τθi = t̃θi t̃
∗
θi

=
4Z2

0Ω
2

cos2 θi
c̃HbbH c̃, (2.68)
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which reduces to Eq. (2.65) considering that, for κ0 � 1, the real part
of Ξ is given by

Re {Ξ} =
2Z0

cos θi
r00r

H
00 =

2Z0

cos θi
bbH . (2.69)

A considerably simplified expression for the transmission factor t̃θi
in the low-frequency limit can be derived from Eq. (2.67). As shown in
Appendix C, t̃θi can be expressed in analogy to the mass-law as

t̃θi ≈
1

1 + iΩ cos θi
2Z0

µ′′eff

, (2.70)

where µ′′eff is the nondimensional effective surface mass density of the
unit cell. This quantity is defined as

µ′′eff ≈
1

−Ω2bT
0◦ c̃0◦,vac

, (2.71)

where b0◦ and c̃0◦,vac are the vectors b and c̃, respectively, calculated
for normal incidence (see Eq. (C.16)) and considering only the in vacuo
response of the MAM unit cell (i.e. setting Ξ = 0 in Eq. (2.56)).

Eq. (2.71) shows that, as long as the condition κ0 � 1 is fulfilled,
the effective surface mass density of the MAM unit cell is independent
of the incidence angle θi and can be readily obtained from the MAM
response under spatially uniform pressure excitation, e.g. in an experi-
mental setup with an impedance tube [3]. Furthermore, Eq. (2.71) also
follows from the definition of the effective surface mass density orig-
inally proposed by Yang et al. [107]. This definition is deduced from
Newton’s second law as

µ′′eff =
1

m′′m

〈
P̂i

〉
−ω2

〈
ŵ
〉 , (2.72)
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2.1. Analytical model for MAM unit cells

where
〈
P̂i

〉
and

〈
ŵ
〉

denote the average of the incident pressure field and
MAM displacement along the MAM surface, respectively. For normal
incidence P̂i = P̂i0 = const. and using the dimensionless quantities
introduced above, Eq. (2.72) yields

µ′′eff =
βi0

−Ω2
∑
mn

c0◦,mn

〈
Φmn

〉 , (2.73)

which reduces to Eq. (2.71) considering that the surface average of the
membrane eigenfunctions Φmn is equal to

〈
Φmn

〉
= b0◦,mn.

The results in Eqs. (2.70) and (2.71) imply some important facts
about the acoustic performance of MAMs in the long wavelength limit:
First, the nondimensional effective surface mass density µ′′eff of the
MAM is independent of the direction of the incident plane acoustic
wave. An explanation for this is that at long wavelengths with κ0 � 1,
even for grazing incidence (i.e. θi = 90◦) the pressure distribution over
the MAM surface is approximately uniform. Secondly, only the piston-
like part of the vibrational MAM response (i.e. the surface average
of the MAM displacement amplitude

〈
ŵ
〉
) couples to the plane waves

which are reradiated into the far field. Thus, if
〈
ŵ
〉

= bT
0◦ c̃0◦,vac = 0 for

a certain frequency ΩP, then the effective surface mass density of the
MAM becomes infinitely large and no sound is transmitted through
the MAM. These transmission loss peak frequencies correspond to the
frequencies ΩP for which the rank of the Rosenbrock system matrix

P(ΩP) =

[
Avac −y0◦

−yT
0◦ 0

]
(2.74)

drops from its normal value (the quantities Avac and y0◦ are defined
in Appendix C). Using the modal form in Eq. (2.58), the Rosenbrock
system matrix can be transformed into modal coordinates as

P̂(ΩP) =

[
Λ̂−Ω2

PI −b̂0◦

−b̂
T
0◦ 0

]
. (2.75)
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The derivation of the low-frequency approximation in this section
shows that the well-known acoustic properties of MAMs in the special
case of normal incidence (see Fig. 1.4) can also be straightforwardly
adapted to the oblique incidence case. This means that the eigenfre-
quencies and transmission loss peak frequencies of the MAM are not
affected by the incident sound field, as long as the acoustic wavelength
is significantly larger than the MAM unit cell. The magnitude of the
transmission loss TL, however, depends on the incident sound field. The
cos θi-term in Eq. (2.70) indicates that higher angles of incidence reduce
the TL of the MAM. For example, at θi = 60◦ the transmission loss is
reduced by 10 lg(cos2 60◦) ≈ −6 dB, assuming that iΩµ′′eff � 2Z0. This
dependence is the same as for thin partitions with a constant surface
mass density of m′′ [61].

Concerning the computational modeling of MAMs, the low-frequency
approximation provides a much more efficient method for calculating
the sound transmission through MAMs. The effective surface mass den-
sity µ′′eff needs to be calculated only once per frequency using Eq. (2.71),
which requires the solution of either the sparse system of equations
(2.56) or the modal form in Eq. (2.58) with Ξ set to zero and θi = 0◦.
The transmission coefficient τθi can then be calculated for any inci-
dence angle θi using the transmission factor with the simple relation
in Eq. (2.70). If the low-frequency approximation cannot be used, then
Eqs. (2.56) or (2.58) need to be solved with the (fully populated) radi-
ation impedance matrix Ξ and the excitation vector b recalculated for
each frequency Ω and angle of incidence θi.

When comparing the properties of the proposed MAM unit cell
model to the two different types of existing analytical MAM models
(Zhang et al. [112] and Chen et al. [10, 11]), it can be seen that the
proposed model offers certain advantages: First, the MAM model in
this work takes into account the rigidity of the added masses, which
the model by Zhang et al. [112] does not. Due to the coupling between
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2.2. Analytical model for MAM arrays

the membrane and the masses, this comes at the cost of a larger sys-
tem of equations (2.56). But since Eq. (2.56) still is a linear system
of equations, there are many methods available to efficiently compute
the solution. Furthermore, the model by Zhang et al. [112] considers
only rectangular shaped added masses and does not exhibit asymptotic
convergence for large number of membrane eigenmodes in the expan-
sion of the MAM displacement field. This makes it difficult to apply
the model by Zhang et al. [112] to MAM unit cells for which the TL-
curves are not known a-priori. Secondly, the MAM model by Chen et al.
[10, 11], like the analytical model in this work, does take into account
the mass rigidity and allows for arbitrarily shaped masses. However,
implementing and solving the resulting non-linear eigenvalue problem
is more difficult than solving the well-known linear eigenvalue problem
in Eq. (2.28). Particular care needs to be taken in the model by Chen
et al. [10, 11] to identify all relevant eigenfrequencies within the fre-
quency range of interest. Furthermore, the vibro-acoustic coupling in
[10, 11] relies on computationally expensive numerical integrations in-
volving Green’s functions. The radiation impedance matrix in this work
can be obtained directly using Eq. (2.57) and no numerical integrations
are required. In summary, this comparison shows that the proposed an-
alytical model for MAM unit cells indeed combines the strengths of the
MAM models by Zhang et al. [112] and Chen et al. [10, 11], as claimed
in the beginning of this section. In the following section it will be shown,
that the proposed MAM unit cell model can be further developed to
enable the efficient calculation of the sound transmission properties of
panels consisting of multiple MAM unit cells.

2.2. Analytical model for MAM arrays

The analytical model in the previous section has been derived for a
MAM unit cell as part of an infinitely extending grid of MAMs with
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2. Modeling of MAMs

equal properties. However, it can be expected that a MAM array with
finite dimensions (e.g. several square meters) behaves differently than
the infinite array. This is particularly possible for varying MAM unit
cell properties, either by design or because of tolerances in manufac-
turing.

In the literature, most investigations of MAMs have been performed
on individual MAM unit cells under normal incidence (e.g. [52, 63, 64,
107]). In principle, this setup is equivalent to the infinite array consid-
ered in the previous section. Multi-celled panels with MAMs have been
primarily investigated using the modified impedance tube technique
[30]. However, with this experimental method only a small area much
smaller than the acoustic wavelength is acoustically excited instead of
the whole panel surface (e.g. [59, 108]). Some investigations have con-
sidered multi-celled MAM arrays with the whole structure subjected
to the incident sound field [65, 66, 113]. The investigated test sam-
ples, however, were 2-by-2 MAM arrays with dimensions that were still
much smaller than the acoustic wavelength. Blevins [7] investigated the
normal incidence sound transmission loss of baffled MAM arrays using
an impedance-mobility model. This model, however, is based upon the
simplified model by Zhang et al. [112] that does not take into account
the rigidity of the added mass, which has previously been shown to
be important to accurately predict the resonance frequencies of MAMs
[13, 35, 98]. Furthermore, the analytical model by Zhang et al. [112]
is restricted to MAMs with a single rectangular shaped mass, which
reduces the applicability of the model. In addition to that, the MAM
unit cells in the MAM array model in [7] are not acoustically coupled to
each other. This, however, has been shown to be important for certain
MAM array configurations [65]. Accurate analytical investigations of
finite MAM arrays with total dimensions that are comparable or even
exceed the acoustic wavelength are currently not available in the liter-
ature. Thus, for practical applications, the analytical model developed
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2.2. Analytical model for MAM arrays

in the previous section should be extended to account for the finite
dimensions of a multi-celled MAM panel with possibly varying MAM
unit cell properties.

The present section is structured as follows: The first subsection pro-
vides the governing equations for the vibrations of a finite array of dif-
ferent MAM unit cells. The fluid-structure coupling of the baffled MAM
array is introduced in the subsequent subsection. Finally, Section 2.2.3
provides a low-frequency approximation based upon the effective sur-
face mass density of the MAM unit cells to calculate the transmission
loss of the array in the long wavelength limit.

2.2.1. Governing equations

For the analytical modeling of the finite multi-celled MAM array, the
panel, as shown in Fig. 2.6, is assumed to be planar and part of an
infinite rigid baffle separating two fluid half spaces. A global Carte-
sian coordinate system (x, y, z) is defined with the origin in one corner
of the array and the x- and y-axes pointing along the edges of the
panel. Similar to the numbering scheme introduced in Section 2.1.3,
each MAM unit cell inside the array is uniquely identified by two in-
dices p = 1, . . . , NCx and q = 1, . . . , NCy, where NCx and NCy denote
the number of MAM cells in x- and y-direction, respectively. Thus, the
total number of MAM unit cells is given by NC = NCxNCy. The prop-
erties of each cell correspond to the definitions illustrated in Fig. 2.1 for
the single unit cell. It is assumed that all cells have equal dimensions
with the edge lengths Lx and Ly so that the overall length and width
of the array are given by NCxLx and NCyLy, respectively. All MAM
cell edges (i.e. the outer and interior edges) are assumed to be simply
supported.

As indicated in Fig. 2.6, each cell is provided with a local coordinate
system (x̃pq, ỹpq, z) with the axes being parallel to the axes of the global
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Baffle

x

y

(1, 1) (..., 1) (p, 1) (..., 1) (NCx, 1)

(1, ...) (..., ...) (p, ...) (..., ...) (NCx, ...)

(1, q) (..., q) (p, q) (..., q) (NCx, q)

(1, NCy) (..., NCy) (p,NCy) (..., NCy) (NCx, NCy)

(1, ...) (..., ...) (p, ...) (..., ...) (NCx, ...)

x̃pq

ỹpq

z

ki

φi

θi

Figure 2.6: Basic definitions for the baffled MAM array under the acoustic
excitation of a plane wave.

coordinate system axes and the origin located at (in global coordinates)
x∗pq = (p− 1)Lx and y∗pq = (q − 1)Ly. The local and global coordinate
systems are related by

x = (p− 1)Lx + x̃pq and (2.76a)

y = (q − 1)Ly + ỹpq. (2.76b)

Thus, in terms of the local coordinate system, each individual MAM
unit cell is governed by Eq. (2.2). The edges of the MAMs are assumed
to be decoupled from each other and, therefore, the only coupling be-
tween the unit cells occurs from the acoustic pressure amplitude dif-
ference ∆P̂ due to the reradiated sound fields of the metamaterials.
Apart from that, each cell is completely uncoupled and can be ana-
lyzed in the same way as the single cell in Section 2.1.1 using the point
matching approach and membrane mode series expansion. The mem-
brane material is assumed to be the same for each unit cell, except
for the membrane prestress resultant Tm,pq, which is allowed to vary
between cells, for example to account for stress variations due to man-
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2.2. Analytical model for MAM arrays

ufacturing tolerances. In the nondimensionalization of the governing
equations, a reference stress resultant Tm,ref is used instead of Tm,pq to
obtain consistent dimensionless parameters for all cells. Thus, adhering
to the same derivation process as in Section 2.1.1, the following system
of equations is obtained:Cpq −Ω2I 0 −Lpq

0 −Ω2I Qpq

−LT
pq QT

pq 0

 cpq
uM,pq

γpq

 =

∆βpq
0
0

 , (2.77)

where the double index pq denotes that the corresponding matrices
and vectors are attributed to the MAM unit cell (p, q). Eq. (2.77) is a
(Npq + 3 + Ipq) by (Npq + 3 + Ipq) system of equations, where Npq and
Ipq denote that the number of membrane modes and matching points,
respectively, can be chosen differently for each unit cell. The elements

of the membrane stiffness matrix Cpq = (κ(pq)
mnm′n′) ∈ RNpq×Npq are

given by

κ(pq)
mnm′n′ =

{
τpqκ̃mn +Ξκ̃2

mn if m = m′ ∧ n = n′

0 else,
(2.78)

where τpq = Tm,pq/Tm,ref is the nondimensional cell prestress resultant
of the unit cell. The matrices Qpq and Lpq are obtained using Eqs. (2.20)
and (2.23) with the specified matching point coordinates.

The eigenmode extraction procedure described in Section 2.1.2 can
be performed for each MAM unit cell (p, q) separately. In this way it
is possible to obtain the reduced modal form of Eq. (2.77) given by(

Λ̂pq −Ω2I
)

ĉpq = ∆β̂pq, (2.79)

which is the analog of Eq. (2.32) for each MAM unit cell of the array.
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2.2.2. Fluid-structure coupling

As shown in Fig. 2.6, the MAM array is excited by an obliquely inci-
dent plane wave with pressure amplitude P̂i0 and wave vector ki given
in Eq. (2.33). The nondimensional form of the acoustic pressure ampli-
tude difference ∆β acting on the whole array can again be separated
into a blocked pressure part βbl and a reradiated pressure part βrr, as
given in Eq. (2.36). In terms of the nondimensional local coordinate sys-
tem (ξ̃pq, η̃pq, ζ) following the coordinate transformation in Eq. (2.76),
Eq. (2.36) can be expressed as

∆β(ξ̃pq, η̃pq) = 2βi0εpqe
−i(κξ ξ̃pq+κη η̃pq) − 2βrr(ξ̃pq, η̃pq, 0), (2.80)

where εpq = e−i(p−1)κξe−i(q−1)κη corresponds to the phase lag of the
incident sound field in the cell (p, q) relative to the cell (1, 1). Conse-
quently, the vector ∆βpq in Eq. (2.77) is given by

∆βpq = 2βi0εpqb− 2βrr,pq, (2.81)

with the elements of b obtained from Eq. (2.38).

The reradiated pressure vector βrr,pq = (β
(pq)
rr,mn) ∈ CNpq , on the other

hand, is calculated using the surface integral of the membrane eigen-

functions Φ
(pq)
mn and the reradiated pressure field βrr over the unit cell

surface:

β(pq)
rr,mn =

〈
Φ(pq)
mn , βrr

〉
=

1∫
0

1∫
0

Φmn(ξ̃pq, η̃pq)βrr(ξ̃pq, η̃pq, 0) dη̃pq dξ̃pq.
(2.82)

Since the MAM array is planar and part of an infinite baffle, the rera-
diated pressure amplitude field P̂rr can be obtained from the MAM
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displacement amplitudes ŵ using the Rayleigh integral equation [14,
p. 89]

P̂rr(x, y, z) = −ρ0ω
2

NCxLx∫
0

NCyLy∫
0

w(x?, y?)G(R) dy? dx?, (2.83)

with the Green’s function

G(R) =
e−ik0R

2πR
(2.84)

and R =
√

(x? − x)2 + (y? − y)2 + z2. Using the nondimensional vari-
ables introduced above, Eq. (2.83) can be rewritten as

βrr(ξ, η, ζ) = −Z0κ0Ω

2πΛ

NCx∫
0

NCy∫
0

u(ξ?, η?)Γ (∆) dη? dξ?, (2.85)

where the nondimensional Green’s function has been defined as Γ (∆)
= e−iκ0∆/∆ and ∆ =

√
(ξ? − ξ)2 + (η? − η)2/Λ2 + ζ2. The surface in-

tegral in Eq. (2.85) can be split up into a summation of NC surface
integrals over each MAM unit cell surface. Transforming the global
coordinates into the local coordinate systems using Eq. (2.76), letting
ζ = 0, and omitting the function arguments inside the integrand yields

βrr(ξ̃pq, η̃pq, 0) = −Z0κ0Ω

2πΛ

∑
p′q′

1∫
0

1∫
0

up′q′Γpqp′q′ dη̃
?
p′q′ dξ̃

?
p′q′ , (2.86)

where up′q′ denotes the local nondimensional vibration amplitude of the
MAM unit cell (p′, q′), Γpqp′q′ = Γ (∆pqp′q′), and

∆pqp′q′ =
√

(ξ̃?p′q′ − ξ̃pq + p′ − p)2 + (η̃?p′q′ − η̃pq + q′ − q)2/Λ2. (2.87)
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Inserting Eq. (2.86) into Eq. (2.82) and taking into account that the
MAM vibration amplitude up′q′ is expanded into the membrane eigen-

functions Φ
(p′q′)
m′n′ as given in Eq. (2.6), results in an expression for the

elements of βrr,pq:

β(pq)
rr,mn = −Z0κ0Ω

2πΛ

∑
p′q′

∑
m′n′

c
(p′q′)
m′n′ I

(pqp′q′)
mnm′n′ , (2.88)

where c
(p′q′)
m′n′ represents the elements of cp′q′ and I

(pqp′q′)
mnm′n′ is a quadruple

integral given by

I
(pqp′q′)
mnm′n′ =

1∫
0

1∫
0

1∫
0

1∫
0

Φ(pq)
mn Γpqp′q′Φ

(p′q′)
m′n′ dη̃?p′q′ dξ̃

?
p′q′ dη̃pq dξ̃pq. (2.89)

A nondimensional radiation impedance matrix Ξpqp′q′ = (Ξ
(pqp′q′)
mnm′n′) ∈

CNpq×Np′q′ for the vibro-acoustic influence of the unit cell (p′, q′) on the
unit cell (p, q) can be introduced by

Ξ
(pqp′q′)
mnm′n′ = i

Z0κ0

πΛ
I

(pqp′q′)
mnm′n′ . (2.90)

Thus, the vector βrr,pq is finally given as

βrr,pq =
iΩ

2

∑
p′q′

Ξpqp′q′cp′q′ . (2.91)

By switching the primed and unprimed indices in Eq. (2.87) it can be
shown that ∆p′q′pq = ∆pqp′q′ and, following from the properties of the

quadruple integral in Eq. (2.89), I
(p′q′pq)
m′n′mn = I

(pqp′q′)
mnm′n′ . Consequently, the

nondimensional radiation impedance matrices follow the acoustic reci-
procity principle with Ξp′q′pq = ΞT

pqp′q′ . The evaluation of the quadruple
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integral in Eq. (2.89) has to be performed using numerical integration
techniques, because currently no closed form solution to this integral
exists in the literature. Despite the fact that the symmetry properties
of the radiation impedance matrices can be exploited to reduce the
amount of required integrations, the quadruple integral (2.89) has to
be evaluated many times, especially when a high number of membrane
modes, MAM unit cells, and/or frequencies are considered in the calcu-
lations. To reduce the computational effort necessary for the assembly
of the radiation impedance matrices, the order of integration can be
reduced using suitable coordinate transformations. For example, the
method proposed by Sha et al. [81] yields a double integral for the

evaluation of I
(pqp′q′)
mnm′n′ instead of the quadruple integral in Eq. (2.89):

I
(pqp′q′)
mnm′n′ =

1∫
−1

1∫
−1

smm′(ũ)snn′(ṽ)Γpqp′q′(ũ, ṽ) dṽ dũ, (2.92)

with the spatial convolution function

smm′(ũ) = 2(sgn ũ)m+m′m sin(m′π|ũ|)−m′(−1)m+m′ sin(mπ|ũ|)
π
(
m2 −m′2

) ,

(2.93)
the transformed nondimensional Green’s function

Γpqp′q′(ũ, ṽ) =
e−iκ0∆pqp′q′ (ũ,ṽ)

∆pqp′q′(ũ, ṽ)
, (2.94)

and ∆pqp′q′(ũ, ṽ) =
√

(ũ+ p′ − p)2 + (ṽ + q′ − q)2/Λ2.
Inserting Eq. (2.91) into Eq. (2.81) and assembling the system of

equations (2.77) for every cell of the array from (1, 1) to (NCx, NCy)
results in the fully coupled global system of equations of the arrayCg + iΩΞg −Ω2I 0 −Lg

0 −Ω2I Qg

−LT
g QT

g 0

 cg

uM,g

γg

 = 2βi0

bg

0
0

 , (2.95)
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with the global membrane stiffness matrix

Cg =

C11 0
. . .

0 CNCxNCy

 , (2.96)

the global radiation impedance matrix

Ξg = ΞT
g =

 Ξ1111 · · · Ξ11NCxNCy

...
. . .

...

ΞT
11NCxNCy

· · · ΞNCxNCyNCxNCy

 , (2.97)

as well as

Lg =

L11 0
. . .

0 LNCxNCy

 and Qg =

Q11 0
. . .

0 QNCxNCy

 .

(2.98)
The column vectors cg, uM,g, γg, and bg are assembled from the vectors
cpq, uM,pq, γpq, and εpqb for each individual MAM unit cell. Using the
eigenpairs of each cell, Eq. (2.95) can be transformed into the following
reduced order modal form(

Λ̂g + iΩΞ̂g −Ω2I
)

ĉg = 2βi0b̂g. (2.99)

The global matrices in the system of equations Eq. (2.95) (or in the
reduced form in Eq. (2.99)) have some important properties which are
relevant for the physical interpretation and the computational treat-
ment of these equations: All global system matrices are block diagonal
matrices, except for the global radiation impedance matrix Ξg, which
is symmetric (due to the acoustic reciprocity principle, as discussed
above) and fully populated. This means physically that the in vacuo
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response of the MAM array (i.e. Ξg = 0) consists of the independent
in vacuo responses of every single MAM unit cell. In the most gen-
eral case, where each unit cell is assumed to have different properties,
this corresponds computationally to the solution of NC independent
systems of equations with each Npq + 3 + Ipq unknowns. The acoustic
coupling of the MAM cells via the reradiated pressure field is estab-
lished by the radiation impedance matrix Ξg. The diagonal blocks of
Ξg correspond to the self-radiation impedance, i.e. the vibro-acoustic
influence of the response of a cell on its own vibration. The off-diagonal
blocks represent the mutual radiation impedance, which characterizes
the vibro-acoustic influence of the response of one cell on the vibration
of a different MAM cell.

The nondimensional radiated power Πt of the array is obtained by
performing the integration in Eq. (2.64) over the whole array surface.
The nondimensional incident power Πi is calculated by summing up
Eq. (2.60) NC times. Thus, the transmission coefficient τθi of the MAM
array is finally given by

τθi =
Πt

Πi
=

2Ω2Z0

NC cos θi
c̃H

g Re {Ξg} c̃g, (2.100)

with c̃g = cg/(2βi0), or, in terms of the modal form in Eq. (2.99), by

τθi =
2Ω2Z0

NC cos θi

˜̂cH
g Re

{
Ξ̂g

} ˜̂cg, (2.101)

with ˜̂cg = ĉg/(2βi0).

2.2.3. Low-frequency approximation

The computational effort for assembling and solving the global system
of equations (2.95) is rather high, even when some beneficial proper-
ties of the involved matrices are exploited. In Section 2.1.4 it has been
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shown that the sound transmission through a MAM unit cell can be
simplified in the low-frequency range with κ0 � 1 by computing the
nondimensional effective surface mass density µ′′eff of the MAM and us-
ing the mass-law relationship in Eq. (2.70) to obtain the sound trans-
mission factor t̃θi . Therefore, it seems reasonable to apply a similar
simplification to the multi-celled array using the effective surface mass
densities of each cell µ′′eff,pq.

In the proposed simplified MAM array model, each MAM unit cell
shown in Fig. 2.6 is replaced by a rectangular rigid plate with the same
length Lx and width Ly as the unit cell, but with a frequency-dependent
effective surface mass density µ′′eff,pq obtained from the relationship in
Eq. (2.71). The unit plates are assumed to act as elementary radiators
with a piston displacement amplitude of ūpq resulting from the surface
averaged pressure difference ∆β̄pq on the MAM cell [16]. Thus, the
equation of motion of each elementary radiator is given by

−Ω2µ′′eff,pqūpq = ∆β̄pq. (2.102)

Following the decomposition of the pressure difference into a blocked
and reradiated pressure part (see Eq. (2.80)), this can be rewritten as

−Ω2µ′′eff,pqūpq = 2βi0εpq b̄− 2β̄rr,pq, (2.103)

where b̄ = −(e−iκξ −1)(e−iκη −1)/(κξκη) after carrying out the surface
averaging of the blocked pressure field. The averaged reradiated pres-
sure β̄rr,pq acting on the unit cell (p, q) is a superposition of the rera-
diated pressure fields of all surrounding elementary radiators. These
reradiated pressure components can be obtained from the elementary
radiation impedance Ξ̄pqp′q′ = 2β̄rr,pq/(iΩūp′q′), defined here as the ra-
tio of twice the averaged reradiated pressure field on cell (p, q) to the
piston velocity of the elementary radiator (p′, q′). Thus, Eq. (2.103) can

56



2.2. Analytical model for MAM arrays

be written as

−Ω2µ′′eff,pqūpq + iΩ
∑
p′q′

Ξ̄pqp′q′ ūp′q′ = 2βi0εpq b̄. (2.104)

By setting up Eq. (2.104) for every unit cell, the resulting system of
equations, written in matrix form, becomes(

iΩΞ̄−Ω2M̄
)
ū = 2βi0b̄ε, (2.105)

where Ξ̄ = Ξ̄
T

= (Ξ̄pqp′q′) ∈ CNC×NC is the elementary radiation im-
pedance matrix, M̄ = diag(µ′′eff,11, . . . , µ

′′
eff,NCxNCy

) ∈ CNC×NC contains
the frequency-dependent nondimensional effective surface mass densi-
ties of the MAM cells, ū = (ū11, . . . , ūNCxNCy

)T is the vector of unit cell

piston displacements, and ε = (ε11, . . . , εNCxNCy
)T . The calculation of

the elementary radiation impedance matrix Ξ̄ can be performed rather
efficiently using analytical equations available in the literature. As pro-
posed by Bai and Tsao [4], the elements of the radiation impedance
matrix can be obtained with

Ξ̄pqp′q′ = Ξ̄p′q′pq = i
Z0κ0

πΛ

{
16
3

√
Λ/π − iκ0 for p = p′ ∧ q = q′

Γ (∆̄pqp′q′) else,

(2.106)
where ∆̄pqp′q′ =

√
(p′ − p)2 + (q′ − q)2/Λ2 is the nondimensional dis-

tance between the unit cell centroids.
The system of equations (2.105) can be solved for the vector ū to

obtain the displacement amplitudes of the elementary radiators. Similar
to Eq. (2.100), the transmission coefficient τθi of the MAM array is then
given by

τθi =
2Ω2Z0

NC cos θi

˜̄uH
Re
{
Ξ̄
} ˜̄u, (2.107)

with ˜̄u = ū/(2βi0).
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2.3. Numerical verification

In order to verify the correct derivation of the analytical models for
MAMs in Sections 2.1 and 2.2, numerical simulations using the finite
element method (FEM) have been performed on selected configurations
of MAM unit cells and MAM arrays. Section 2.3.1 discusses the results
for the MAM unit cell model. The verification of the MAM array model
is presented in Section 2.3.2.

2.3.1. Verification of the unit cell model

The numerical model for the verification of the analytical MAM unit
cell model, as illustrated in Fig. 2.7, was created to closely match the
setup shown in Fig. 2.5. It consists of a rectangular MAM unit cell
with edge lengths Lx and Ly. The membrane part of the MAM is dis-
cretized using second order shell elements with the outer edges simply
supported. The added mass is modeled with three dimensional second
order solid elements that are coupled to the membrane displacement
at coincident nodes. The prismatic fluid domains on both sides of the
MAM are also discretized using second order solid elements. In order

Bloch-Floquet boundaries

x

y

z

LF

P̂bl(x, y)
Wt

LF/2

FluidFluid

PML

PML

Lx

Ly

Figure 2.7: Basic setup of the numerical model used for the validation of the
analytical MAM unit cell model (not to scale).
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2.3. Numerical verification

to resolve the vibrational field of the MAM and the acoustic pressure
fields, the maximum element size is given by del = min(λmin, Lx, Ly)/6,
where λmin = c0/fmax is the smallest acoustic wavelength within the
simulated range of frequencies. Thus, at least six elements per wave-
length and MAM edge length are present in the discretized model.
The side surfaces of the fluid domains are defined as Bloch-Floquet
periodic boundaries with the Bloch wave vector kB equal to the wave
vector of the incident plane wave ki. The fluid domains are truncated
in z-direction after a distance of LF = Lx from the membrane plane.
Therefore, perfectly matched layers (PML) discretized with six ele-
ments in z-direction are attached to the free end surfaces of the do-
mains in order to reduce reflections of the scattered sound waves even
at large angles of incidence θi. At the common surfaces between the
MAM and the fluid domains, full fluid-structure coupling is achieved
at coincident nodes. For this purpose, the MAM vibrational velocity is
coupled to the particle velocity of the fluid and, in the other direction,
the sound pressure is coupled to the force per unit area acting on the
MAM surface.

The acoustic excitation of the MAM is provided by the blocked pres-
sure amplitude field P̂bl of the incident plane acoustic wave given by

P̂bl(x, y) = 2P̂i0e−i(kixx+kiyy). (2.108)

The discretization of the governing equations for the acoustic and struc-
tural domains as well as the excitation and boundary conditions yields
a coupled linear system of equations that is solved in the frequency
domain using a direct solver. From the computed results, the transmit-
ted sound power Wt is obtained by integrating the z-component of the
acoustic intensity vector across a surface parallel to the membrane and
LF/2 away from the membrane (see Fig. 2.7). The determination of the
sound power passing through the lateral boundaries of the enveloping
surface is not necessary due to the periodic boundary conditions im-

59



2. Modeling of MAMs

posed on the sides of the fluid domains. With the incident sound power
Wi given by Eq. (2.59), the transmission coefficient τθi of the MAM
follows from its definition in Eq. (1.1).

The basic nondimensional parameters of the MAM unit cell config-
uration VV1, which is considered in the verification simulations, are
provided in Table 2.1. A single cylindrical mass is added to the mem-
brane with a nondimensional mass diameter given by δM = DM/Lx,
where DM is the true diameter of the mass, and ϑξ′ = ϑη′ = ϑ =
(D2

M/16 + h2
M/12)/L2

x, where hM is the mass thickness. The position
of the mass center of gravity, denoted by the coordinates ξ∗ and η∗, is
chosen off-centered in order to verify the analytical model in case of an
asymmetric setup.

For the given configuration, Nx = Ny = 160 membrane modes and

N
(ϕ)
x = N

(ϕ)
y = 5 higher order fluid modes were found to yield suffi-

ciently accurate results in the calculation of the MAM unit cell trans-
mission loss using the analytical models given in Section 2.1. The cou-
pling between the membrane and the mass is established using I = 88
matching points distributed evenly across the common surface between
the membrane and the mass.

In Fig. 2.8, the analytical and numerical results are shown for two
different values of the nondimensional speed of sound ς0 at normal inci-

Table 2.1: Nondimensional parameters of the investigated basic MAM unit
cell configurations with a single cylindrical added mass.

Membrane Cylindrical mass Fluid
Conf. Λ Ξ ηm δM µ ϑ ξ∗ η∗ Z0 ς0

VV1 1.5 10−5 10−2 0.1 1.0 10−3 0.6 0.7 4 10
VV2 1.0 1.3× 10−5 10−3 0.13 2.26 1.2× 10−3 0.5 0.5 4.3 7.4
VV3 1.0 1.3× 10−5 10−3 0.30 2.31 5.8× 10−3 0.5 0.5 4.3 7.4

PAR1 1.0 0 0 0.1 1.0 10−3 0.5 0.5 4 10
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2.3. Numerical verification

dence (θi = 0◦) while keeping all other parameters constant according
to Table 2.1. The motivation for using two different values of ς0 is
that the low-frequency approximation described in Section 2.1.4 was
derived under the assumption that κ0 = Ω/ς0 � 1. Therefore, the
accuracy of the proposed low-frequency approximation should be eval-
uated for different values of the non-dimensional wave number κ0. In
order to keep the non-dimensional frequencies Ω as well es the charac-
teristic (anti-)resonances the same in both cases for better comparison,
ς0 is varied to achieve different values of κ0 in Figs. 2.8(a) and 2.8(b).
Fig. 2.8(a) represents the long wavelength case with ς0 = 10 and the
nondimensional wave number κ0 ≤ 1 within the calculated nondimen-
sional frequency range Ω = 1 to 10. In Fig. 2.8(b), however, ς0 = 1
and, consequently, κ0 = 1 to 10 so that the acoustic wavelength is
comparable to the MAM edge length Lx. Arrows on the frequency axis
indicate the cut-on frequencies of the higher-order fluid modes where
the modal wave numbers κrs become real, i.e. the radicand in Eq. (2.44)
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Figure 2.8: Normal incidence sound transmission loss of the MAM unit cell
configuration VV1 given in Table 2.1 as obtained from the analytical model
and the FEM simulations. Cut-on frequencies of higher-order fluid modes are
indicated with arrows on the frequency axis.
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2. Modeling of MAMs

is zero. In both plots, the solid lines represent the results from the effec-
tive mass approximation using Eqs. (2.71) and (2.70), while the dotted
lines have been obtained from the fully coupled MAM unit cell model in
Section 2.1.3. The circles correspond to the results from the FEM sim-
ulations. For comparison, the equivalent mass-law transmission loss of
the MAM unit cell is included in Fig. 2.8, as obtained from Eq. (2.70)
with the effective nondimensional surface mass density of the MAM
replaced by the static value µ′′st = 1 + Λµ.

Qualitatively, the transmission loss spectrum in Fig. 2.8(a) exhibits
the typical characteristics for a MAM with an eccentrically placed mass:
At Ω = 1.8, the first MAM resonance appears as a local minimum with
TL ≈ 0. This mode is characterized by a predominant translational
motion of the added mass. The first TL peak occurs at Ω = 2.2, where
the surface averaged displacement amplitude of the MAM approaches
zero. The maximum transmission loss at this peak is approximately
40 dB, which is substantially higher than the corresponding mass-law
value at this frequency (≈ 1.7 dB). At higher frequencies, a second
peak with TL ≈ 10 dB appears at Ω = 4.1, which is associated to the
rotational motion of the eccentrically placed mass [10]. Finally, at Ω =
6.7, another resonance can be observed with a strongly reduced TL over
a relatively broad frequency band. This resonance corresponds to the
first annular-type resonance of the MAM, where the mass is mostly at
rest (see point B in Fig. 1.4(a)). At the end of the frequency spectrum,
additional peaks and resonances appear, which can be attributed to
the vibrational characteristics of the annular membrane. However, as
indicated by the dash-dotted curve, the mass-law typically is quite
effective at these frequencies and therefore these higher-order peaks
usually are of no practical relevance.

An excellent agreement between both analytical models and the sim-
ulations can be observed for the most part of the investigated frequency
range in Fig. 2.8(a). Only for Ω > 7 (corresponding to κ0 > 0.7), the
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2.3. Numerical verification

effective mass approximation diverges from the other results. The fully
coupled model, however, is in close agreement with the simulations
over the whole frequency range, which indicates that the influence of
higher-order fluid modes is significant for κ0 > 0.7. A closer inspec-
tion of the results in Fig. 2.8(a) at higher frequencies reveals that the
higher-order TL maxima and minima in the fully coupled model and
numerical simulations are shifted to lower frequencies, compared to the
prediction by the effective mass approximation. This can be explained
by the added fluid mass of the evanescent fluid modes coupled to the
MAM. Since evanescent waves are purely reactive, they induce an ad-
ditional inertia to the MAM structure, which leads to a reduction of
the MAM eigenfrequencies compared to the in vacuo values [22]. The
effective surface mass density of the MAM, however, is obtained from
the in vacuo response (see Eq. (2.71)) so that this approximation does
not account for the fluid loading effects of the higher-order modes. The
imaginary part of the radiation impedance matrix Ξ, also called the
radiation reactance, is associated with the inertial fluid loading effects.
In Eq. (C.8) it can be seen that the imaginary part of Ξ is proportional
to κ0. Hence, for small nondimensional wave numbers the fluid loading
effects are negligible. This explains the excellent agreement between
the effective mass approximation and the fully coupled model at lower
frequencies in Fig. 2.8(a). For κ0 ≈ 1 and higher, however, the radia-
tion reactance becomes more important and therefore the approximate
results deviate from the fully coupled results in Fig. 2.8(a) at higher
frequencies.

For ς0 = 10, no cut-on frequencies are present within the investi-
gated range of frequencies in Fig. 2.8(a). Therefore, the acoustic far
field radiated by the MAM is governed only by a plane acoustic wave.
In Fig. 2.8(b), the nondimensional speed of sound is decreased to ς0 = 1
and the first cut-on frequency consequently occurs at Ω = 2π for nor-
mal incidence, as indicated by the arrows in Fig. 2.8(b). The transmis-
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2. Modeling of MAMs

sion loss obtained using the effective surface mass density approxima-
tion is independent of ς0. Thus, the solid curve in Fig. 2.8(b) is identical
to that in Fig. 2.8(a). However, since in this case κ0 lies between 1 and
10, the fluid loading effects are much more important. This is indicated
by the results from the fully coupled analytical model and the numer-
ical simulation both being shifted to lower frequencies compared to
the effective mass model, even around the first transmission loss peak.
Nevertheless, the qualitative agreement between the effective mass ap-
proximation and the fully coupled calculations is still rather good, as
long as frequencies much lower than the first cut-on frequency are con-
cerned.

Above the first cut-on frequency, the differences between the fully
coupled models and the approximate solution become much more ev-
ident. Thus, when non-plane waves are contributing to the far field
acoustic radiation of the MAM, the simplified model in Eq. (2.70) us-
ing the effective surface mass density of the MAM provides inaccurate
results and the fully coupled model from Section 2.1.3 should be used
instead. This advanced analytical model exhibits an excellent agree-
ment with the numerical data in Fig. 2.8(b), even at high frequencies
where multiple higher-order fluid modes occur. Therefore, this model
can be used to accurately predict the sound transmission loss of a MAM
unit cell when fluid loading effects and the radiation of non-plane acous-
tic waves become significant.

The influence of the incidence angle θi is illustrated in Fig. 2.9, where
the same results as in Fig. 2.8 are shown for an obliquely incident plane
wave with an incidence angle of θi = 60◦ and an azimuth angle of
φi = 30◦. In the long wavelength case shown in Fig. 2.9(a), the effect of
the incidence angle is as expected from the approximate relationship in
Eq. (2.70): The qualitative shape of the TL curve remains unchanged
and only the TL magnitude is reduced by 10 lg(cos2 60◦) ≈ −6 dB
(except for small values of TL, where this effect is diminished due to
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2.3. Numerical verification

the damping effect of the fluid). Therefore, the performance of sub-
wavelength sized MAMs is not impaired by obliquely incident plane
acoustic waves, except for the typical cos θi influence. In the case of
smaller wavelengths, as shown in Fig. 2.9(b), the influence of the oblique
incidence is similar. However, since in this case the first cut-on fre-
quency occurs already at Ω ≈ 4.16, the deviation between the effective
mass approximation and the fully coupled models is much more signif-
icant over the whole frequency range as in Fig. 2.9(a).

Still, the agreement between the FEM simulations and the fully cou-
pled analytical model is very good in Fig. 2.9. Thus, this model can
be regarded as verified by the numerical simulations. The approximate
model using the effective surface mass density is accurate only in the
long wavelength limit with κ0 � 1 (as discussed above). Nevertheless,
it also delivers good estimates below the first cut-on frequency with a
slight overprediction of the resonance and peak frequencies due to the
neglected fluid loading effect of higher-order modes.
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Figure 2.9: Oblique incidence (θi = 60◦, φi = 30◦) sound transmission loss of
the MAM unit cell configuration VV1 given in Table 2.1 as obtained from the
analytical model and the FEM simulations. Cut-on frequencies of higher-order
fluid modes are indicated with arrows on the frequency axis.
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2.3.2. Verification of the MAM array model

Fig. 2.10 illustrates the setup for the numerical simulation of a planar
MAM array using the finite element method. The simulation model
consists of NC MAM unit cells located in the xy-plane, which are mod-
eled with the same element types and boundary conditions as in the
unit cell simulations in Section 2.3.1. The MAM array is surrounded
by a rigid baffle, where the z-component of the particle velocity is
set to zero. On both sides of the baffle, a box-shaped fluid domain is
coupled to the MAM array. The fluid domains are LF high and ex-
tend to the sides of the MAM array by LF. In order to reduce the
element count, the discretization and geometry are automatically up-
dated for each evaluated frequency f : The maximum element size of
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PML
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Figure 2.10: Basic setup of the numerical model used for the verification of
the analytical MAM array model (not to scale).
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the tetrahedral second order fluid elements is adjusted to correspond to
del,F = λ0/6 and the MAMs are discretized with a maximum element
size of del,m = min(λ0, Lx, Ly)/6. The length LF is set to be equal to
four fluid element edge lengths, i.e. LF = 4del,F. For the minimization
of reflections at the fluid boundaries, six PML elements are added to
the free boundaries of the fluid domains.

As in the unit cell FEM model, full fluid-structure coupling is es-
tablished between the MAMs and the surrounding fluid domains. The
blocked pressure amplitude field in Eq. (2.108) is used for the excita-
tion of the MAMs. The transmitted sound power Wt is evaluated by
integrating the surface normal component of the sound intensity across
the boundaries of the upper fluid domain spanning the MAM array.
The incident sound power, on the other hand, is given by the excita-
tion pressure amplitude P̂i0 using Eq. (2.59), with the MAM unit cell
surface LxLy replaced by the total surface of the MAM array NCLxLy.

The properties of the investigated MAM array are given in Table 2.2,
denoted by configuration A-VV1. The MAM unit cells all have the same
properties corresponding to the configuration VV1 in Table 2.1. The
array is composed of NCx = 4 unit cells in x-direction and NCy = 3
unit cells in y-direction, resulting in an overall number of unit cells
of NC = 12, with a uniform prestress distribution. For the analytical
models, the same setup as in Section 2.3.1 is used. In order to reduce the

Table 2.2: Nondimensional parameters of the investigated basic MAM array
configurations.

Unit cell conf. Number of cells Prestress
Conf. (see Table 2.1) NCx NCy τpq

A-VV1 VV1 4 3 1
A-PAR1 PAR1 4 4 1
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computational effort for solving the coupled global system of equations
(2.95), the modal formulation in Eq. (2.99) is used with the first N̂ = 12
unit cell eigenpairs. The effective surface mass densities of the MAM
unit cells for the simplified MAM array model from Section 2.2.3 are
obtained by a direct solution algorithm.

The normal incidence sound transmission loss results of the 4 × 3
MAM array obtained using the analytical and numerical models are
shown in Fig. 2.11. As in Fig. 2.8, two different nondimensional speed
of sounds have been considered: Fig. 2.11(a) represents the long wave-
length limit with ς0 = 10, while in Fig. 2.11(b) ς0 = 1 and the wave-
length becomes comparable to the MAM unit cell edge lengths. In both
figures, solid lines represent the results from the elementary radiator
model with the effective surface mass densities of the MAM unit cells
(see Section 2.2.3). The dotted lines have been obtained from the fully
coupled model in Section 2.2.2. The FEM results are denoted by circles
in Fig. 2.11.
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Figure 2.11: Normal incidence sound transmission loss of the baffled 4 × 3
multi-celled MAM panel as obtained from the analytical model and the FEM
simulations.
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Qualitatively, the sound transmission loss of the MAM array shown
in Fig. 2.11(a) is very similar to the MAM unit cell TL in Fig. 2.8(a).
In fact, the first resonance minimum as well as the first two transmis-
sion loss peaks occur at the same frequencies as in the unit cell model.
Quantitatively, however, the transmission loss of the array is augmented
considerably compared to the infinite array investigated in the previous
section. This is a consequence of the “windowing” effect by the aperture
of the baffle. As explained by Fahy and Gardonio [22, pp. 296–299], this
effect limits the number of forced wavelengths from the incident sound
field that fit between the edges of the panel. This leads to a reduction
of the forced-wave sound transmission and an improved low-frequency
sound transmission loss of small sized panels. Also, negative TL val-
ues can be observed at the resonances of the MAM array. These are
caused by the definition of the sound power transmission coefficient τ
in Eq. (1.1), which does not account for the scattering effects that occur
in the vicinity of finite panels at the resonance frequencies when nor-
malizing the transmitted sound power with the incident sound power
[88].

The comparison of both analytical models and the FEM results in
Fig. 2.11(a) shows that in the long wavelength case all three mod-
els are in excellent agreement with each other, except for frequencies
Ω > 7, where the elementary radiator model deviates from the other
two results. This has already been observed in Fig. 2.8(a) for the unit
cell model, where the higher-order fluid mode loading on the MAMs
becomes significant, which is not taken into account in the effective
surface mass density models.

In Fig. 2.8(b), the acoustic wavelength is comparable to the MAM
array dimensions for most of the investigated frequency range. There-
fore, the TL curve much more resembles the infinite unit cell array
results in Fig. 2.8(b), except for the higher order peaks, which do not
appear in Fig. 2.11(b) above Ω = 5. More importantly, it can be seen
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in this diagram that the first resonance and first peak of the MAM
array occur at the same frequencies as calculated with the unit cell
model in Fig. 2.8(b). Thus, the unit cell model delivers a good esti-
mate of the sound transmission loss characteristics of a MAM array,
when the acoustic wavelength is in the order of the total dimensions
of the array. The TL-spectrum predicted by the elementary radiator
model is in good agreement with the other results up to Ω = 5. Above
this frequency, the acoustic wavelength is comparable to the unit cell di-
mensions and the elementary radiator assumption breaks down, similar
to what has been observed for the unit cell model in Fig. 2.8(b). Also,
it can be seen that the effective mass model overpredicts the first TL
maximum by 10 dB. A possible explanation for this is that at shorter
wavelengths the sound radiation by the MAM displacement near the
outer edges of the array becomes more significant [22]. Since the ele-
mentary radiator model only takes into account the spatially averaged
displacement amplitude and the effective surface mass density of the
MAMs is very large at anti-resonance, the MAM displacement at the
edges of the array is near-zero in case of the simplified model. For the
fully coupled model, however, the deviatoric part of the MAM vibra-
tion amplitude can become quite large (even when the surface averaged
value is near-zero), so that sound can be radiated at the edges of the
array. This is indicated by the reduced TL maximum as compared to
the effective mass model. Overall, it can be seen in Fig. 2.8(b) that the
fully coupled model yields a very good reproduction of the simulated
results over the whole investigated frequency range.

Fig. 2.12 shows the transmission loss of the baffled 4×3-array under
oblique incidence with θi = 60◦ and φi = 30◦. In Fig. 2.12(a) it can
be seen that in the long wavelength case with ς0 = 10 there is no
significant qualitative difference between the normal incidence TL, as
shown in Fig. 2.11(a), and the oblique incidence TL. This is similar to
what has been observed in Section 2.3.1 for the MAM unit cell models.
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Consequently, the accuracy of the two analytical models exhibits the
same characteristics as in the normal incidence case with the effective
mass model slightly overpredicting the higher-order resonance and TL-
peak frequencies when κ0 approaches unity. Otherwise, a very good
agreement between the analytical models and the FEM simulations
can be observed.

For the smaller wavelength case shown in Fig. 2.12(b), the influence
of the obliquely incident plane wave is more obvious, especially in case
of the elementary radiator model: For Ω > 3, the simplified model
diverges from the other results and leads to unrealistically high TL
values in the higher frequency range. As already explained for the nor-
mal incidence MAM array TL, this is because the elementary radiator
assumption is not accurate when the wavelength is comparable to the
size of the unit cells. Since the fully coupled analytical model does not
rely on such an assumption, the agreement between this model and the
FEM results is, again, very good over the whole range of frequencies
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Figure 2.12: Oblique incidence (θi = 60◦, φi = 30◦) sound transmission loss
of the baffled 4 × 3 multi-celled MAM panel as obtained from the analytical
model and the FEM simulations.
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examined in Fig. 2.12(b).

Based upon the results presented in this subsection, the MAM array
model from Section 2.2.2 is verified using the numerical simulations,
even for large values of κ0. The simplified elementary radiator model
using the effective surface mass density of the MAM unit cells, on
the other hand, has been shown to be valid only for κ0 � 1 due to
the required long wavelength limit. However, similar to the unit cell
model, the effective mass model yields reasonable estimates for the
transmission loss of the MAM array even when κ0 ≈ 1. For κ0 > 3,
this model becomes very inaccurate (especially when oblique incidence
is considered) and the fully coupled model should be used instead.

In terms of computational efficiency, both MAM array models offer
improved calculation times over the FEM simulations: On average, the
finite element model required 59 s of CPU time per frequency step in
the long wavelength case (not even including the considerable amount
of time spent for pre- and post-processing of the model). The fully
coupled model, on the other hand, required 38 s per frequency, which
corresponds to a reduction of computation times by 36 %. The effec-
tive mass model is even more efficient with only 0.06 s of CPU time
per frequency, which is a reduction of computation time by nearly a
factor of 1000 compared to the FEM simulation. This shows that the
proposed analytical models offer an advantage over conventional FEM
simulations of baffled MAM arrays. In particular, the high computa-
tional efficiency of the effective surface mass density model enables the
rapid evaluation of different MAM array designs, as will be shown in
Section 2.5.2.

2.4. Experimental validation of the unit cell model

For the validation of the MAM unit cell model, a square unit cell test
sample was built to be experimentally evaluated within an impedance
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tube setup according to the test method ASTM E2611-09 [3]. A schema-
tic overview of the test setup is given in Fig. 2.13. This method employs
the so-called four-microphone technique, where two microphones on
each side of the test sample are used to obtain the amplitudes of the
back and forth traveling plane acoustic waves in front of the sample
and behind it. These wave amplitudes can then be used to calculate
the acoustic transfer matrix T ∈ C2×2 of the test sample. In general, a
transfer matrix T relates the amplitudes of the acoustic pressure P̂ and
particle velocity v̂ on both sides of a planar acoustic element (denoted
as the left side, index “L”, and right side, index “R”) with thickness d
in the following way [2]:(

P̂L

v̂L

)
=

[
T11 T12

T21 T22

]
︸ ︷︷ ︸

T

(
P̂R

v̂R

)
. (2.109)

The elements of T allow the calculation of several acoustic proper-
ties of the sample, such as the normal incidence transmission factor t̃
according to

t̃ =
2

T11 + T12/Z0 + T21Z0 + T22
. (2.110)

In the present experimental setup, a type 4206-T impedance tube
from Brüel & Kjær with a diameter of Dtube = 100 mm and four
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Figure 2.13: Experimental setup for the impedance tube measurements.
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type 4187 1/4” pressure microphones are used. The microphone spac-
ings of the impedance tube, as indicated in Fig. 2.13, are given by
s12 = s34 = 100 mm and s23 = 350 mm, so that the measurement fre-
quency range of the impedance tube is f = 50 to 1600 Hz [3]. A signal
generator is connected via a signal amplifier to the loudspeaker within
the tube in order to generate a white noise sound field. The resulting
microphone signals are acquired by a digital front-end which routes the
measured data to a personal computer for the calculation of the mi-
crophone transfer functions using a fast Fourier transform (FFT) algo-
rithm. According to the two-load method described in ASTM E2611-09
[3], for each measured test sample it is necessary to perform the mea-
surement procedure under two different termination conditions of the
tube. In the present measurements, these two termination conditions
are the closed tube, as shown in Fig. 2.13, and the open tube with the
rigid back wall removed.

The investigated MAM unit cell geometry is a square with edge
lengths of Lx = Ly = 46 mm. The membrane material is a commer-
cially available self-adhesive polyester film labeled Orastick which was
glued on a fiberboard support frame and prestressed using a hot air
blower. The surface mass density and thickness of the film are pro-
vided by the manufacturer as m′′m = 92 g/m2 and hm = 23 µm, re-
spectively [40, 41]. The other mechanical properties of the membrane
material are estimated based upon typical values for polyester materi-
als, i.e. Em = 4700 MPa, νm = 0.4, and ηm = 10−3 [58]. The prestress
resultant of the membrane Tm = 200 N/m is obtained by measuring
the first resonance frequency of the membrane without attached mass
and calculating Tm from this result. Two unit cell test samples with
different added mass geometries are investigated: In the first sample,
a cylindrical steel mass with a diameter of DM = 6 mm and thick-
ness of hM = 2 mm was glued onto the center of the membrane unit
cell, which results in an added mass magnitude of M = 440 mg. The
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2.4. Experimental validation of the unit cell model

second sample employs an aluminum mass with a larger diameter of
DM = 14 mm, smaller thickness of hM = 1.1 mm, and a similar result-
ing added mass of M = 450 mg. For the ambient fluid, ρ0 = 1.18 kg/m3

and c0 = 343 m/s are obtained from the ambient pressure and temper-
ature recorded during the measurements.

The square shaped MAM unit cell test samples are fitted inside
the circular tube using a massive steel adapter, which is shown in
Fig. 2.14(a). The thickness and mass of the adapter are given by 19 mm
and approximately 500 g, respectively. Additionally, the circumference
of the adapter is carefully sealed using sealing rings and sealing tape
in order to minimize acoustic leakage effects around the adapter. Since
the MAM unit cell covers the cross-section of the impedance tube only
partially, the measured transfer matrix T (MAM + adapter) has to
be corrected in order to account for the smaller size of the MAM and
obtain the actual transfer matrix T(MAM) of the MAM. This correction
is done by assuming the adapter to be rigid and treating the MAM +

(a) MAM and adapter.
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Figure 2.14: Normal incidence sound transmission loss of the MAM unit
cell configurations VV2 and VV3 given in Table 2.1 as obtained from the
analytical model (effective mass) and the impedance tube measurements.
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adapter as a parallel assembly. According to the method by Verdière
et al. [95], the transfer matrix of the MAM within the adapter is then
given by

T(MAM) =

[
T11 ψMAMT12

T21/ψMAM T22

]
, (2.111)

where T11 to T22 are the elements of the originally measured transfer
matrix T and ψMAM = LxLy/(0.25πD2

tube) ≈ 0.27 is the area fraction
of the MAM unit cell within the impedance tube.

For the analytical calculations, the nondimensional parameters of the
MAM unit cell configurations can be obtained from the physical param-
eters given above. The resulting nondimensional values are given in Ta-
ble 2.1, denoted by configurations VV2 and VV3 for the steel and alu-
minum mass samples, respectively. The reference frequency ωref of these
MAM unit cell configurations, which relates the angular frequency ω
to the nondimensional frequency Ω, is given by ωref =

√
Tm/m′′m/Lx ≈

1014 rad/s. The analytical calculations were performed with the same
settings as already described in Section 2.3.1, except that I = 151
matching points are used in both cases.

The experimental and analytical results for the normal incidence
sound transmission loss are provided in Fig. 2.14(b). Only the ana-
lytical results from the effective surface mass density approximation
are shown, because the unit cell edge lengths are smaller than the
acoustic wavelength over the investigated frequency range. Generally, a
very good agreement between the experimental data and the analytical
model can be observed for both mass configurations. Around the anti-
resonances at 260 Hz (VV2) and 400 Hz (VV3) with peak TL values of
over 40 dB, the agreement is particularly good. The anti-resonance fre-
quency of the smaller mass case (VV2) is smaller than that of the larger
mass case (VV3), even though the added mass magnitude is nearly the
same in both cases. This is caused by the stiffening effect of the larger
mass, which will be discussed in the parameter studies in the following
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section. The good agreement between theory and experiments for both
cases indicates that the simplifications in the analytical model yield a
suitable representation of the predominant physical mechanisms within
MAM unit cell test samples.

At very high frequencies, it can be seen in Fig. 2.14(b) that the mea-
surements begin to deviate from the analytical predictions. This can be
attributed to the fluid loading effect which becomes important at these
frequencies. In the stiffness-controlled regime at very low frequencies,
some deviations can be observed as well, especially in the test case
VV3. It is possible that inaccuracies in the manufacturing process of
the test sample or the mounting conditions within the steel adapter
led to these differences. Since this frequency range usually is not rele-
vant for practical applications of MAMs [70], these differences can be
accepted.

2.5. Parameter studies

In this section, the analytical models are employed to perform param-
eter studies such that the influence of the nondimensional parameters
of the MAM on the sound transmission loss can be systematically in-
vestigated. This serves as a basis for the design of the MAM noise
shield in Chapter 4. Some parameter studies of MAMs have been per-
formed already by other authors, e.g. considering the added mass mag-
nitude [54, 107], size [54, 66], eccentricity [10, 112], or membrane tension
[10, 63]. However, these studies did not involve nondimensional param-
eters similar to those introduced in the present work, which help to
reduce the available parameter space and apply the parameter study
results to real designs where certain physical parameters are fixed (e.g.
the fluid properties) and others can be freely chosen within certain
technical or physical boundaries (e.g. the added mass properties).

In order to provide a systematic overview of the influence of these
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nondimensional parameters, this section is divided in two sections: The
first subsection provides parameter studies of the nondimensional pa-
rameters of a MAM unit cell. In the second subsection, the effects of
selected parameters of a MAM array on the transmission loss spectrum
are analyzed.

2.5.1. MAM unit cell

The basic properties of the investigated MAM unit cell are given in
Table 2.1 as denoted by configuration PAR1. This corresponds to a
square shaped unit cell with a single cylindrical mass attached to the
MAM center. Thus, the acoustical properties of this unit cell design
are fully determined by the ten nondimensional parameters given in
Table 2.1. In order to evaluate the prevalent effect of one parameter,
each parameter is varied individually while keeping the others constant.
The nondimensional frequency Ω is restricted to values so that κ0 � 1
(i.e. Ω � ς0) and the effective surface mass density approximation can
be readily applied. Also, only normal incidence (θi = 0◦) is considered,
since – as explained in Section 2.3 – the oblique incidence TL can be
extrapolated from the normal incidence results in the long wavelength
limit.

To provide an overview of the general vibrational characteristics of
the MAM, the first four mode shapes of the MAM unit cell are shown
in Fig. 2.15. The mode shapes have been generated by computing the
eigenvectors according to the method described in Section 2.1.2. The
modal displacement fields ui(x, y) then follow from the expansion in
Eq. (2.6) as ui(x, y) =

∑
mn
vi,mnΦmn(x, y), where vi,mn are the elements

of the eigenvector vi.

It can be seen in Fig. 2.15 that the mode shape of the first eigen-
frequency Ω1 is characterized by a strong translational motion of the
central mass, see the discussion in Section 1.2.3. The second and third

78



2.5. Parameter studies

Mode 1: Mode 2:

Mode 3: Mode 4:

xy

xy

xy
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Figure 2.15: First four mode shapes of the MAM unit cell configuration
PAR1 given in Table 2.1.

resonances both exhibit a strong rotational motion of the mass, which is
governed by the moment of inertia of the mass. Since these two mode
shapes are antisymmetric if the mass is placed in the MAM center,
these modes do not couple with the surrounding fluid. Hence, it can
be expected that Ω2 and Ω3 will not be visible in the TL spectra of
the MAM as long as a centrally placed mass is considered. Finally, the
fourth mode shape associated with Ω4 is the first annular-type MAM
mode, where the added mass is nearly at rest and only the free mem-
brane surface vibrates.

Membrane aspect ratio: The results for the parameter variation of
the aspect ratio Λ are shown in Fig. 2.16. The normal incidence TL
for three different values of Λ is provided in Fig. 2.16(a). Fig. 2.16(b)
shows the variation of the first four MAM resonance frequencies Ω1

to Ω4 and the first three anti-resonance frequencies ΩP1 to ΩP3 as a
function of Λ. The green shaded band in Fig. 2.16(b) represents the
bandwidth of the corresponding anti-resonance peak, which is defined
here as the frequency range in which the MAM transmission loss ex-
ceeds the corresponding mass-law transmission loss by 10 dB.

The second and third resonance and anti-resonance frequencies are
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Figure 2.16: Parameter variation of the membrane aspect ratio Λ.

not visible in the TL spectrum of the MAM. As explained above, this is
because the added mass center of gravity is located in the MAM center
and the resulting antisymmetric mode shapes do not couple with the
surrounding fluid. This is also evident in Fig. 2.16(b), where the curve
pairs for Ω2 and ΩP2 as well as Ω3 and ΩP3 are coincident, i.e. the reso-
nances and anti-resonances annihilate each other. As the aspect ratio of
the membrane is increased, the transmission loss spectrum of the MAM
shown in Fig. 2.16(a) is shifted to higher frequencies. This is consistent
with the resonance frequency variations shown in Fig. 2.16(b), where
the MAM resonance frequencies increase as the membrane aspect ra-
tio grows. Ω1 depends only weakly on Λ, because this mode depends
mainly upon the inertia of the added mass. The two rotational modes
Ω2 andΩ3 are nearly independent of the aspect ratio due to the primary
rotational motion of the added mass while most of the membrane is at
rest (see Fig. 2.15). A closer inspection of Fig. 2.16(b), however, reveals
that for larger aspect ratios the third eigenfrequency begins to increase
slightly faster than the second. As the aspect ratio of the MAM becomes
larger, the MAM boundaries at η = 0 and η = 1 come closer to the
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added mass. The nearby boundaries restrain the rotational mass mo-
tion about an axis parallel to the ξ-axis of the MAM and consequently
Ω3 is increased. The fourth mode, finally, is strongly increasing with Λ,
because this mode is characterized by strong vibrations of the unloaded
membrane surfaces. Since a larger aspect ratio effectively reduces the
available membrane area, the fourth eigenfrequency is increased simi-
lar to the first eigenfrequency of an unloaded rectangular membrane,
which is proportional to

√
1 + Λ. In summary, the primary effect of the

nondimensional parameter Λ is a strong shifting of the fourth eigen-
frequency of the MAM. The lower eigenfrequencies and anti-resonance
frequencies are only slightly affected by Λ.

Apart from the eigenfrequency shifting, increasing the aspect ratio Λ
has a positive effect on the bandwidth of the first anti-resonance peak,
as indicated in Fig. 2.16(b). However, it should be noted that since the
static surface mass density of the MAM is given by µ′′st = 1 + Λµ, the
MAM weight is also increased.

Membrane bending stiffness: In Fig. 2.17, the nondimensional mem-
brane bending stiffness Ξ has been varied between zero (i.e. pure mem-
brane stiffness) and 0.01. In the TL-spectra shown in Fig. 2.17(a) as
well as the frequency variation diagram in Fig. 2.17(b) it can be seen
that a higher bending stiffness moves all considered resonance and anti-
resonance frequencies to higher values and consequently the TL-curve
is shifted to the right in Fig. 2.17(a). This is because Ξ only appears in
the elements of the membrane stiffness matrix C, as given in Eq. (2.26).
Thus, the parameter Ξ effectively increases the stiffness of the mem-
brane and, as a consequence, the MAM resonance frequencies become
higher. This added stiffness effect is particularly significant when the
curvature of the membrane is high. The mode shapes in Fig. 2.15 indi-
cate that for the second and third mode the curvature of the membrane
is relatively high around the mass. This is reflected in Fig. 2.17(b) by
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Figure 2.17: Parameter variation of the nondimensional membrane bending
stiffness Ξ.

a strong increase of Ω2 and Ω3 as compared to the first eigenmode of
the MAM. Ω4 also increases much faster than Ω1 due to the higher
membrane curvature present in the corresponding mode shape.

The shaded area shows that the nondimensional bending stiffness
has a positive effect on the bandwidth of the first anti-resonance peak.
This can be explained by the spreading of the MAM resonances as
Ξ is increased: The further the resonances are apart within the fre-
quency spectrum, the higher the bandwidth of the anti-resonance be-
tween those resonant modes.

Membrane loss factor: As shown in Fig. 2.18, the membrane loss
factor ηm does not affect the resonance and anti-resonance frequen-
cies, because loss factors are typically ηm � 1 and therefore introduce
only a small amount of damping into the system. There is, however, a
significant influence of the loss factor on the transmission loss of the
MAM given in Fig. 2.18(a) for exemplary numerical values of ηm: A
higher loss factor tends to smear out the TL minima and maxima at
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Figure 2.18: Parameter variation of the membrane loss factor ηm.

the MAM resonances and anti-resonances, respectively. Consequently,
the TL maxima are diminished as ηm increases and the resonance min-
ima become greater than zero. The peak bandwidth is not improved
by a higher membrane loss factor, as can be seen in Fig. 2.18(b). This
is because the resulting complex membrane stiffness matrix leads to
a cropped peak which is not significantly broadened compared to the
undamped case (see Fig. 2.18(a)). Thus, the main practical purpose of
ηm is to reduce the TL dips at the MAM resonance frequencies at the
cost of also reducing the TL peak values.

Mass magnitude: The influence of the nondimensional mass magni-
tude µ on the MAM transmission loss and the MAM (anti-)resonances
is illustrated in Fig. 2.19. Many previous investigators (e.g. [10, 54, 63,
107, 112]) have already considered the effect of the added mass on the
acoustic properties of MAMs. Thus, the results in Fig. 2.19 will only
be discussed briefly.

Since a higher mass µ increases the inertia of both translational and
rotational motion of the added mass, the first three eigenfrequencies
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Figure 2.19: Parameter variation of the nondimensional added mass magni-
tude µ.

and anti-resonance frequencies of the MAM are decreased, as can be
seen in Fig. 2.19(b). In fact, Ω1 to Ω3 as well as ΩP1 to ΩP3 are all
proportional to 1/

√
µ for the given MAM unit cell configuration. This

agrees well with the findings of other researchers [10, 54, 63, 112]. The
fourth MAM mode is governed by the mass being nearly at rest. There-
fore, Ω4 exhibits only a small sensitivity with respect to µ and remains
nearly constant for large added mass magnitudes. However, when the
nondimensional surface mass density of the added mass becomes small,
so that µΛ < 1, the fourth eigenfrequency begins to increase for smaller
values of µ. The reason is that in this regime the surface mass density
of the membrane material is larger than that of the added mass and the
added mass does not have enough inertia compared to the membrane
material to stay at rest.

In Fig. 2.19(a) it is apparent that the TL peak becomes broader as
µ is increased. But since the total weight of the MAM also increases
with µ and so does the corresponding mass-law transmission loss, the
indicated +10 dB-bandwidth of the first anti-resonance in Fig. 2.19(b)
increases only marginally. Therefore, the added mass magnitude is pri-
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marily suitable for tuning the first three resonance and anti-resonance
frequencies of the MAM.

Mass radius of gyration: Since the mass is placed in the MAM center
and the nondimensional squared radius of gyration ϑ is only related to
the rotational inertia of the mass, just the MAM eigenmodes associated
with Ω2 and Ω3 are affected by a variation of ϑ. Because these modes do
not couple with the surrounding fluid for the given MAM configuration,
there is no difference between the TL-curves for different values of
ϑ visible in Fig. 2.20(a). However, the dependence of Ω2 and Ω3 on
ϑ becomes visible in Fig. 2.20(b). It can be seen that – similar to
the nondimensional mass magnitude µ – these two eigenfrequencies
are proportional to 1/

√
ϑ, except for very small values of ϑ where the

rotational inertia of the membrane material becomes important. The
other (anti-)resonance frequencies are constant, because they are only
governed by a translational motion of the centrally placed mass.
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Figure 2.20: Parameter variation of the nondimensional squared radius of
gyration ϑ of the added mass.
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Mass diameter: The mass diameter is another MAM parameter that
has been studied extensively in the literature (e.g. in [10, 54, 66]). The
normal incidence sound transmission loss TL and the (anti-)resonance
frequencies of the given MAM configuration are shown in Fig. 2.21 for
different values of the nondimensional mass diameter δM. It can be
seen that for larger diameters the TL spectrum of the MAM is shifted
towards higher frequencies. Fig. 2.21(b) reveals that all resonance and
anti-resonance frequencies increase as the mass diameter becomes big-
ger. An explanation for this is the larger membrane area covered by
the mass and the resulting reduced membrane surface which can vi-
brate freely. This reduces the overall compliance of the membrane and
therefore the MAM resonance frequencies increase. Closer inspection of
the resonance frequency variations shows that for low values of δM the
two rotational resonance frequencies grow faster than the resonance fre-
quencies of the two translational modes Ω1 and Ω4. With increasing δM

the curves for Ω2 and Ω3 flatten out and become similar to the shape
of the Ω4-curve. It is possible to explain this behavior with the rota-
tional inertia of the membrane material attached to the mass, which
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Figure 2.21: Parameter variation of the nondimensional mass diameter δM.
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is proportional to δ4
M. Since the rotational inertia of the added mass

is kept constant, the inertia of the membrane material may become
comparable to the mass inertia at some mass diameter δM. Similar to
what has been observed for ϑ in Fig. 2.20(b), this leads to an effective
reduction of the stiffening effect of the reduced free membrane surface
for the rotational MAM modes.

As indicated in Fig. 2.21(b), the bandwidth of the first anti-resonance
peak increases as the added mass becomes larger. This is a consequence
of the enhanced eigenfrequency spreading, similar to the effect of the
membrane bending stiffness, as shown in Fig. 2.17(b). Thus, the nondi-
mensional mass diameter δM can be used to tune the MAM (anti-)reso-
nance frequencies and the peak bandwidth without changing the total
weight of the MAM.

Mass eccentricity: The eccentric positioning of the mass is inves-
tigated in two different cases: Fig. 2.22 shows the TL results and
(anti-)resonance shiftings of the MAM when the mass position is var-
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Figure 2.22: Parameter variation of the nondimensional mass eccentricity εξ
with the mass center of gravity coordinates ξ∗ = 0.5 + εξ/2 and η∗ = 0.5.
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ied along the symmetry axis of the membrane in ξ-direction. The
mass eccentricity is quantified using the nondimensional parameter εξ,
which relates to the ξ-coordinate of the mass center of gravity via
ξ∗ = 0.5 + εξ/2, and η∗ = 0.5. In Fig. 2.22(a) it can be seen that for
non-zero mass eccentricities an additional anti-resonance peak appears
at Ω ≈ 4. The reason for this is that the second MAM mode (see
Fig. 2.15) is not antisymmetric anymore and therefore couples with
the surrounding fluid. As εξ is increased, the first three MAM reso-
nance frequencies shown in Fig. 2.22(b), which are mainly governed by
rigid body motions of the added mass, remain nearly constant except
when the mass comes close to the MAM edge and εξ approaches 1.
The additional stiffness induced by the nearby simply supported MAM
edge then leads to a slight increase of the MAM resonance frequencies
Ω1 to Ω3. The fourth MAM resonance frequency Ω4 is affected differ-
ently by the mass eccentricity. Since this mode is dominated by the
motion of the free MAM surface, the effective stiffness of this part of
the MAM induced by the simply supported boundaries and the added
mass is important for Ω4. As the mass moves closer to one of the bound-
aries, the added stiffness effect of the mass overlaps with that of the
nearby boundary and is therefore diminished. Thus, as can be seen in
Fig. 2.22(b), Ω4 decreases with increasing εξ. Consequently, the MAM
eigenfrequencies are squeezed together when the mass placement be-
comes more eccentric. As explained above, this also leads to a reduction
of the anti-resonance peak bandwidths, as observed in Figs. 2.22(a) and
2.22(b).

The second parametric study for the mass eccentricity is shown in
Fig. 2.23, where the mass is positioned along a circle around the MAM
center with a radius of εξ/2 = 0.4 and a polar angle φ∗. Thus, the
mass center of gravity coordinates are given by ξ∗ = 0.5 + εξ cosφ∗/2
and η∗ = 0.5 + εξ sinφ∗/2, respectively. Due to the square MAM shape
and the axisymmetric cylindrical mass, the transmission loss results
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Figure 2.23: Parameter variation of the nondimensional mass eccentricity
angle φ∗ with the mass center of gravity coordinates ξ∗ = 0.5 + εξ cosφ∗/2
and η∗ = 0.5 + εξ sinφ∗/2. The radial displacement is fixed at εξ = 0.8.

in Fig. 2.23(a) are only shown for three values of φ∗ up to φ∗ = π/4.
Higher values of φ∗ are redundant due to symmetry reasons, as can
be seen in Fig. 2.23(b) where the (anti-)resonance frequency variation
curves are symmetric to the vertical at φ∗ = π/4.

Apart from a slight shifting of the first three (anti-)resonances to
lower frequencies as the mass position approaches the MAM diagonal,
no significant difference between the TL spectra in Fig. 2.23(a) can
be observed. The fourth MAM resonance frequency in Fig. 2.23(b)
appears to be nearly independent of φ∗. Therefore, placing an eccentric
mass on the diagonal of the MAM is slightly favorable compared to
a mass placement on the horizontal or vertical symmetry axis of the
MAM. This is a result of the higher spread between the first MAM
eigenfrequency and the other resonance frequencies.

Fluid characteristic impedance: The dependency of the MAM trans-
mission loss TL and (anti-)resonance frequencies on the non-dimen-
sional characteristic impedance of the fluid Z0 is shown in Fig. 2.24.
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2. Modeling of MAMs

Since in the long wavelength limit approximation Z0 appears only in
Eq. (2.70) and the nondimensional effective surface mass density is
obtained from the in vacuo response of the MAM, the resonance and
anti-resonance frequencies are not affected by Z0. This is confirmed
in Fig. 2.24(b), where the characteristic frequencies of the MAM are
constant.

There is, however, a big influence on the bandwidth of the anti-
resonance peak: Z0 is a measure for the characteristic impedance of
the fluid in relation to the MAM impedance. This means, if Z0 is large,
the MAM can be regarded as “light” compared to the surrounding fluid
and the transmission loss of the MAM is considerably reduced. Conse-
quently, the peak bandwidth is greatly reduced when Z0 � 1. There-
fore, the nondimensional characteristic impedance should be chosen as
low as possible (preferably Z0 < 1) to ensure large peak bandwidths
without any mass penalty.
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Figure 2.24: Parameter variation of the nondimensional characteristic
impedance Z0 of the fluid.

90



2.5. Parameter studies

2.5.2. MAM array

In the previous subsection, the parameter studies of a MAM unit cell
showed how the different nondimensional parameters affect the acous-
tical properties of MAMs in the low-frequency regime. A MAM array
consists of NC unit cells and therefore a very large number of possi-
bilities exists to tune the acoustic properties of the array. However,
this parameter space can be substantially reduced when considering
the long wavelength limit: As shown in Section 2.3.2, only the nondi-
mensional effective surface mass densities µ′′eff,pq of the MAM unit cells
are important and not the specific unit cell design details. Therefore,
it suffices to only investigate the effect of variable µ′′eff -spectra across
the MAM array. This can be achieved by suitable combinations of the
nondimensional MAM unit cell parameters or a variation of the cell-
specific nondimensional membrane prestress τpq.

The parameter studies of the MAM array investigate the influence
of the following nondimensional parameters on the sound transmission
properties of the array: the number of unit cells NC = NCxNCy and
the nondimensional unit cell prestress distribution τpq along the array,
which represents the variation of µ′′eff -spectra between the unit cells.
The basic properties of the investigated array are given in Table 2.2
denoted by configuration A-PAR1. This corresponds to a 4 × 4-array
of MAM unit cells with the properties of unit cell configuration PAR1
given in Table 2.1. The prestress distribution of the basic array design
is uniform with τpq = 1 = const. Since the unit cells of the array are
considerably smaller than the acoustic wavelength within the investi-
gated frequency range, the effective mass model from Section 2.2.3 was
employed to conduct the parameter studies.

Number of unit cells: The calculated normal incidence transmission
loss spectra of the MAM array panel for different numbers of unit cells
are shown in Fig. 2.25. Additionally, the TL of the infinite array cal-
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Figure 2.25: Parameter variation of the number of MAM array unit cells
NC = NCx ×NCy.

culated using the unit cell model given in Section 2.1.4 is shown as
comparison. It can be seen that for the smallest possible array with
only one unit cell the TL-values are the largest, except at the MAM
resonance frequencies. With increasing array size, the array transmis-
sion loss reduces approximately by 10 lgNC until it converges to the
infinite array transmission loss. As explained in Section 2.3.2, this is
a consequence of the “windowing” effect by the aperture leading to
higher transmission loss values for smaller panels [22, pp. 296–299].

Thus, the results in Fig. 2.25 show that even when the MAM ar-
ray size is similar or even larger than the acoustic wavelength, the
general qualitative features of the MAM sound transmission loss spec-
trum are retained, provided that the individual MAM unit cells are
sub-wavelength sized. A small baffled MAM array will generally ex-
hibit better TL-values, but a rigid baffle (as assumed in the analytical
model) is difficult to realize in most practical cases. Large MAM arrays
with uniform unit cell properties, on the other hand, can be well approx-
imated using the infinite array model from Section 2.1. For example,
the root-mean-square error between the TL-values for the 16×16-array
shown in Fig. 2.25 and the infinite array results is only 1.4 dB.
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2.5. Parameter studies

Cell stress distribution: Two different cell stress distributions are con-
sidered in this parameter study: The first case represents a purposeful
detuning of the MAM array unit cells in a checkerboard pattern, where
the nondimensional prestress distribution is given by τpq = 1 ±∆τ/2.
The sign is switched for every other MAM cell and ∆τ corresponds
to the prestress spread between the detuned cells. In the second case,
the nondimensional cell stresses are randomly distributed according to
τpq = 1 + στNpq, where στ is the standard deviation of the unit cell
stresses within the array and Npq is a random number drawn from the
standard normal distribution.

The analytical results for the MAM array with checkerboard pre-
stress distribution and a prestress spread ranging from ∆τ = 0 to
0.5 are shown in Fig. 2.26(a). For the non-uniform stress distribution
results (i.e. ∆τ > 0) it can be seen that the single TL-minimum at
Ω = 1.5 corresponding to the first resonance frequency of the uniform
MAM array is split up into two minima. These two minima correspond
to the different first resonance frequencies of the MAM cells with the
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Figure 2.26: Parameter variation of the nondimensional prestress distribu-
tion τpq within the MAM array.

93



2. Modeling of MAMs

reduced prestress (i.e. a lower first resonance frequency Ω
(low)
1 ) and

increased prestress (i.e. a higher first resonance frequency Ω
(high)
1 ), re-

spectively. Since the resonance frequencies of MAMs are proportional
to the square root of the prestress resultant, these two eigenfrequencies
are related to the prestress spread ∆τ by

Ω
(high)
1

Ω
(low)
1

=

√
2 + ∆τ

2−∆τ
. (2.112)

In between those minima, an additional TL-peak appears with its band-
width increasing as the stress spread is increased. This additional peak
in fact does not correspond to one of the anti-resonances of the de-
tuned MAM unit cells. Much rather, this peak appears due to the
specific vibrational behavior of the adjacent MAM unit cells, similar to
what has been observed for MAM arrays with different added masses

[113]: For frequencies slightly above Ω
(low)
1 , the vibration of the MAM

cells with lower prestress exhibits a rapid phase reversal and becomes
out-of-phase by nearly 180◦ compared to the MAM cells with higher
prestress. At a certain frequency, the sound radiated by the out-of-
phase MAM cells cancels out the sound radiated by the in-phase MAM
cells and thus an additional maximum in the TL-spectrum can be ob-
served. Since this peak is a consequence of the phase reversal at the
MAM resonances, it appears in between the two first resonance minima
of the different MAM unit cell classes.

The same effect happens between the two anti-resonances of the dif-
ferently tuned MAM unit cells, because MAMs also exhibit a phase
reversal at the anti-resonance frequencies. This means that the two
anti-resonances of the different classes of MAMs are not retained in
the array arrangement, but a single TL-maximum appears in between.
For the given stress distribution, both anti-resonances are shifted by
approximately the same amount in opposite directions. Therefore, the
resulting TL-maximum of the whole array appears at roughly the same
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frequency as the original peak of the uniform array (green curve in
Fig. 2.26(a)). For higher values of the stress spread ∆τ , the bandwidth
of this peak is reduced due to the MAM resonances moving closer to
the anti-resonance. In summary, the results show that a checkerboard
prestress distribution in a MAM array yields an additional peak in
the transmission loss spectrum, approximately located at the first res-
onance frequency of the uniform MAM array. The original TL-peak
is, except for a reduced bandwidth, not significantly affected by the
prestress spread ∆τ .

The calculated TL of the MAM array with random prestress dis-
tribution is shown in Fig. 2.26(b). The prestress standard deviation
ranges from στ = 0 to 0.2. Similar to the effect already observed for
the checkerboard stress distribution in Fig. 2.26(a), many different res-
onance minima appear in a frequency band around the first resonance
of the uniform MAM array at Ω = 1.5. These minima are caused by
the randomly shifted first resonance frequencies of the cells within the
array and the affected frequency band widens with increasing standard
deviation στ . Additionally, narrowband TL-peaks appear between those
resonance minima. These are caused analogously to the checkerboard
cell stress distribution by certain out-of-phase cells compensating the
sound radiation of other in-phase cells. In practice, it can be expected
that these narrowband minima and maxima will be smeared out due to
damping within the membrane material and the mounting of the MAM
array. The original TL-peak of the array is not significantly affected by
the random cell stress distribution, except for a slight shifting to lower
frequencies. This corresponds to the observations in Fig. 2.26(a) for the
checkerboard stress pattern and the mean value of τpq being equal to 1
(i.e. the nondimensional prestress of the uniform MAM array). In sum-
mary, these results show that a random cell prestress distribution does
not significantly affect the main anti-resonance of the array. Such ran-
dom cell prestress distributions can be caused in practice, for example,
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by tolerances in the manufacturing process of a MAM array. Contrary
to the checkerboard distribution, the additional anti-resonances form-
ing around the first resonance are too narrowband to be of practical
significance.
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3. Modeling of multi-layered
structures with MAMs

3.1. Analytical model for multi-layered structures

While there has been some effort by other investigators to analyti-
cally model the transmission of sound through MAM unit cells, the
modeling of multi-layered arrangements involving MAMs has received
little attention in the present literature. Yang et al. [108] reported that
stacking multiple layers of MAMs yields a much more broadband per-
formance as compared to the narrowband characteristic of individual
MAM cells. Some numerical simulations of stacked MAMs have been
performed by Ma [53] and Naify et al. [66] in order to investigate certain
parameters, such as the MAM spacing or the added mass magnitude
on each membrane layer. However, both investigations do not provide
a suitable framework for predicting the performance of multi-layered
structures involving MAMs without the use of numerical simulations.
Also, MAMs have not been investigated in combination with conven-
tional elements found in noise protection, such as walls, porous layers,
or Helmholtz resonators.

In the first part of this section, the transfer matrix model is intro-
duced which is used to analyze the acoustic properties of multi-layered
structures with MAMs. The second part provides a simplified method-
ology for calculating the resonance and anti-resonance frequencies of
multi-layered systems containing walls and MAMs.
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3. Modeling of multi-layered structures with MAMs

3.1.1. Transfer matrix model

As explained in Section 2.4 in the context of the impedance tube mea-
surements, the acoustic transfer matrices T, as defined in Eq. (2.109),
can be used to characterize the acoustic properties of planar structures
[2]. The transfer matrix elements T11, T12, T21, and T22 are, in general,
complex-valued. Apart from the material and geometrical properties
of the particular element, the transfer matrix elements also depend on
the frequency and the angle of incidence θi of the incoming plane sound
wave.

Once known, the transfer matrix elements allow the calculation of
the oblique incidence transmission factor t̃θi and reflection factor r̃θi of
the element using [9]

t̃θi =
2

T11 + T12 cos θi/Z0 + T21Z0/ cos θi + T22
and (3.1)

r̃θi = (T11 + T12 cos θi/Z0) t̃θi − 1, (3.2)

assuming the same fluid on both the incidence and transmission side
of the element. If a multi-layered structure with Nlay different layers is
considered, the transfer matrix T of the whole structure is given by

T = TI ·TII · . . . ·TNlay
=

Nlay∏
i=I

Ti, (3.3)

where Ti are the transfer matrices of each individual layer. The index
i = I corresponds to the outermost layer on the incident side of the
structure.

The transfer matrix Ti of a certain acoustic element can be obtained
using analytical models, experiments [3], or numerical simulations. For
a fluid layer i with thickness di (such as layers II and IV in the example

system shown in Fig. 3.1), the transfer matrix T
(F)
i is given by [2, p. 245]
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Figure 3.1: Example for a multi-layered system with a total of five different
layers: two walls (layers I and V), two fluid layers (II and IV), and one MAM
layer (III).

T
(F)
i =

[
cos(kz,idi)

iωρ0,i

kz,i
sin(kz,idi)

− kz,i
iωρ0,i

sin(kz,idi) cos(kz,idi)

]
, (3.4)

where kz,i is the z-component of the acoustic wave vector k0,i and
ρ0,i is the fluid density inside the i-th fluid layer. kz,i follows from the
dispersion relation k2

z,i = k2
0,i−k2

0 sin2 θi with the acoustic wave number
k0 and incidence angle θi of the incident plane wave. If the fluid inside
the fluid layer has the same properties as the fluid on the incident side of
the multi-layered structure, it simply follows that kz,i = kiz = k0 cos θi.

Limp porous materials (e.g. glass fiber blankets or open-celled foams)
can be represented by the fluid layer transfer matrix in Eq. (3.4) us-
ing an equivalent fluid model [2, p. 252]. In this case, ρ0,i is replaced
by an equivalent density ρeq,limp and kz,i is obtained from the disper-
sion relation with k0,i replaced by the effective wave number keq =
ω
√
ρeq,limp/Keq, where Keq is the equivalent bulk modulus of the po-
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rous material. ρeq,limp can be calculated using [2, p. 253]

ρeq,limp ≈
ρtotρeq − ρ2

0

ρtot + ρeq − 2ρ0
, (3.5)

where ρtot = ρ+ χρ0 is the (apparent) total density of the porous ma-
terial, ρ is the density of the frame or fiber structure (as specified e.g.
by the manufacturer), and χ is the porosity of the material. The equiv-
alent quantities ρeq and Keq can be obtained from empirical models,
such as the well-known Champoux-Allard model [1].

In case of an acoustically thin wall (such as layers I and V in Fig. 3.1),

the analytical transfer matrix T
(W)
i is

T
(W)
i =

[
1 ZW,i

0 1

]
, (3.6)

where ZW,i = iωm′′i (1− (ω/ωcr,i)
2 sin4 θi) is the mechanical wall impe-

dance with the surface mass density m′′i and critical frequency ωcr,i of
the wall [2, p. 255].

For the modeling of MAMs (e.g. layer III in Fig. 3.1) using the
transfer matrix method, the following simplification is applied: Since
the transfer matrix method assumes the propagation of plane waves
inside the multi-layered structure [2], it seems reasonable to require
the MAM unit cells to be of sub-wavelength size within the frequency
range of interest. Consequently, as discussed in Section 2.1, only plane
waves are radiated by the MAMs and the sound transmission through
the MAMs can be characterized using the nondimensional effective
surface mass density µ′′eff , as defined in Eq. (2.71). The effective me-
chanical impedance is related to the effective surface mass density via
Zeff = iωm′′mµ

′′
eff . Using the expression for a transfer matrix of a wall

in Eq. (3.6) and replacing the wall impedance ZW,i by the effective
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impedance, the following transfer matrix for a MAM is obtained:

T
(MAM)
i =

[
1 iωm′′m,iµ

′′
eff,i

0 1

]
. (3.7)

3.1.2. Resonance and anti-resonance frequencies of
multi-layered structures

Since all the different layers in a multi-layered acoustic material to-
gether form a dynamically coupled system, such systems can exhibit
resonance and anti-resonance frequencies, where the sound transmis-
sion loss drops significantly or reaches comparatively high values, re-
spectively. A typical example for a resonance frequency of multi-layered
systems is the mass-air-mass resonance frequency of a double wall (see
Fig. 1.2(b)), which is caused by the two walls acting as masses and the
air gap in between acting as a spring. Since such resonance frequen-
cies impair the performance of multi-layered acoustic treatments, they
should be estimated a-priori. By this means, suitable countermeasures
can be applied in the design process and the negative influence of the
system resonances can be reduced.

For multi-layered systems consisting only of thin, limp walls with
surface mass densities m′′i and air gaps, the resonance frequencies can
be readily obtained as the resonance frequencies of a corresponding
multiple degrees of freedom (DOF) mass-spring-oscillator [50]. But if
MAMs are included, this approach is not as straightforward, since the
dynamic properties of MAMs are more complex than those of sim-
ple walls. However, this complication can be eliminated by employ-
ing the effective surface mass density approximation and representing
the MAM layers by discrete masses with a frequency-dependent sur-
face mass density m′′i (ω) = m′′m,iµ

′′
eff,i. This approach is illustrated in

Fig. 3.2 for the example system in Fig. 3.1. The two walls are repre-
sented by simple masses with constant surface mass densities m′′I and
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Figure 3.2: 3DOF-oscillator representation of the multi-layered system
shown in Fig. 3.1.

m′′V, assuming that the frequency f is well below the critical frequencies
of the panels. If the thickness di of the fluid layers is much smaller than
the acoustic wavelength, then the surface spring stiffness of the air gaps
is given by c′′i = ρ0,ic

2
z,i/di, where cz,i = ω/kz,i is the z-component of

the phase velocity vector within the i-th fluid layer. If the fluid has the
same properties as the ambient fluid, cz,i is given by cz,i = c0/ cos θi

and, consequently, c′′i = ρ0c
2
0/(di cos2 θi).

From the equations of motion for the discrete masses coupled with
springs in Fig. 3.2, the frequency-dependent dynamic stiffness matrix
D(ω) can be assembled as

D(ω) =

c′′II − ω2m′′I −c′′II 0
−c′′II c′′II + c′′IV − ω2m′′III(ω) −c′′IV

0 −c′′IV c′′IV − ω2m′′V

 . (3.8)

The assembly of the dynamic stiffness matrix D(ω) for other multi-
layered systems follows analogously. The resonance frequencies of the
multi-layered system ωi = 2πfi correspond to the frequencies for which
D(ω) becomes singular. Thus, the ωi can be calculated by solving the
characteristic equation

det D(ωi)
!

= 0, (3.9)

where it has to be taken into account that for MAM layers the effec-
tive surface mass densities are also functions of ω. The anti-resonance
frequencies of the system, ωPi, on the other hand correspond to those
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frequencies for which the rightmost layer exhibits a vanishing vibration
amplitude for a given excitation pressure at the leftmost layer. Com-
parable to Section 2.1.4, the rank of the Rosenbrock system matrix

P(ωPi) =


D(ωPi)

1
0
...
0

0 · · · 0 1 0

 (3.10)

drops from its usual value at these anti-resonance frequencies.

3.2. Numerical verification

For the numerical verification of the transfer matrix model for multi-
layered structures with MAMs, a similar finite element model as in
the verification of the MAM unit cell model in Section 2.3.1 is used.
An illustration of the basic numerical setup is given in Fig. 3.3. The
investigated multi-layered structure is similar to the example structure
shown in Fig. 3.1: The first layer at z = 0 is a thin wall modeled using
two-dimensional shell elements with a surface mass density (relative to
the surface mass density of the membrane material m′′m) of m′′I = 5m′′m
and a nondimensional critical frequency at Ωcr,I = ωcr,I/ωref = 400.
Layer II is a fluid layer of thickness dII = 0.5Lx, which is followed
by a MAM layer with properties corresponding to configuration VV1
in Table 2.1. The next layer IV is another fluid layer with thickness
dIV = 0.3Lx. The last layer is another thin wall with m′′V = 10m′′m and
Ωcr,V = 200. An overview of the investigated layers and the associated
properties is provided in Table 3.1.

The model consists of a box-shaped domain with lateral dimensions
in x- and y-direction corresponding to one MAM unit cell and Bloch-
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Figure 3.3: Basic setup of the numerical model used for the validation of the
transfer matrix model (not to scale). The properties of the layers I to V are
given in Table 3.1.

Floquet boundary conditions applied to the lateral surfaces of the do-
main. The edges of the two wall layers are not constrained in order
to model laterally unbounded walls. The edges of the MAM, on the
other hand, are simply supported. In z-direction, the fluid domains
are truncated by perfectly matched layers. The first wall is excited by
a blocked pressure field as given in Eq. (2.108) and the transmitted
sound power Wt is obtained from integrating the z-component of the
acoustic intensity vector along a surface LF/2 away from the last layer
of the structure (see Fig. 3.3). The discretization and solution proce-
dure is the same as already described for the MAM unit cell model

Table 3.1: Layer properties of the multi-layered system shown in Fig. 3.3.

Layer: I II III IV V

Type: Wall Air gap MAM Air gap Wall

Properties:
m′′

I
m′′

m
= 5 dII

Lx
= 0.5 VV1 dIV

Lx
= 0.3

m′′
V

m′′
m

= 10
ωcr,I

ωref
= 400

ωcr,V

ωref
= 200
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verification in Section 2.3.1.

The resulting transmission loss curves are shown in Figs. 3.4(a) and
3.4(b) for normal incidence and oblique incidence with θi = 60◦ and
φi = 30◦, respectively. The solid line represents the analytical results
from the proposed transfer matrix model and the circles correspond
to the FEM simulations. Additionally, the transmission loss spectra
of the MAM unit cell VV1 are provided for comparison. An excellent
agreement between the analytical results and the numerical simulations
can be observed in both cases, except at higher frequencies where κ0

approaches unity. As already observed in Section 2.3.1 for the MAM
unit cell model, this is caused by the simplifications in the effective mass
approximation and the neglect of fluid loading effects when calculating
the effective surface mass density of the MAM. Nevertheless, the good
agreement indicates that the transfer matrix method is an adequate
method for calculating the acoustic transmission properties of laterally
unbounded multi-layered structures involving MAM layers, as long as
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(a) θi = 0◦.
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Figure 3.4: Normal and oblique incidence sound transmission loss of the
multi-layered structure with a MAM layer given in Table 3.1 as obtained
from the analytical model and the FEM simulations.
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3. Modeling of multi-layered structures with MAMs

the long wavelength limit criterion is met.

When comparing the multi-layered TL with the transmission loss of
the individual MAM layer in Fig. 3.4(a), it can be seen that the first
TL peak of the MAM is at the same anti-resonance frequency ΩP1 as
in the TL spectrum of the multi-layered system. A closer inspection of
the results reveals that this is also true for the second anti-resonance
peak, which is not as clearly visible in the multi-layered TL spectrum
as the first anti-resonance. Consequently, these results indicate that
the MAM anti-resonance frequencies are not affected within a multi-
layered structure. The bandwidth of the TL peaks, however, is reduced
in the multi-layered setup. This happens because the multi-layer reso-
nances, which are visible as TL minima in Fig. 3.4, influence the MAM
anti-resonances. In particular, the second resonance frequency of the
multi-layered structure is very close to the first MAM anti-resonance
frequency, so that the TL drops off much more rapidly than in case of
the single MAM layer, where the second resonances frequency is much
higher. Since the air layer stiffnesses are depending on θi, the multi-
layer resonance frequencies and peak bandwidths also depend on the
inclination angle of the incident plane wave, as can be seen by compar-
ing Figs. 3.4(a) and 3.4(b).

The unaffected MAM anti-resonances in the multi-layered structure
can be explained using the illustrations in Fig. 3.5, where the qualitative
displacement of a MAM in front of a wall is shown at the first reso-
nance frequency and the first anti-resonance frequency of the MAM. In
Fig. 3.5(a), the MAM displacement at the first resonance is in-phase
across the whole MAM surface. Thus, the air volume enclosed by the
MAM layer and the wall is alternately compressed and expanded, as
indicated by the arrows in Fig. 3.5(a). Therefore, the MAM resonance
is affected by the added stiffness due to the compression/expansion of
the air layer. In case of the anti-resonance, however, some parts of the
MAM vibrate out-of-phase (see Fig. 3.5(b)). Since the high TL-values
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3.2. Numerical verification

(a) Resonance. (b) Anti-resonance.

Figure 3.5: Qualitative displacement of a MAM in front of a wall at the first
MAM resonance frequency and the first MAM anti-resonance frequency.

at a MAM anti-resonance are caused by the average displacement of
the MAM being nearly zero, the volume of the air layer remains con-
stant and no added stiffness is experienced by the MAM. In fact, the
air between the wall and the MAM layer is just moved back and forth
between the region around the added mass and the outer perimeter of
the MAM. Therefore, the MAM anti-resonances are unchanged within
a multi-layered setup.

Additional simulations were performed with a slightly different ar-
rangement of the multi-layered structure given in Table 3.1. In order
to also verify the transfer matrix model for arrangements with MAM
layers closely positioned to other layers (e.g. walls), the air gap heights
dII and dIV are changed to dII/Lx = 0.7 and dIV/Lx = 0.1, respectively.
This means that the MAM layer is positioned very close to the second
wall layer while keeping the total height of the multi-layered structure
constant. The resulting TL curves are shown in Fig. 3.6 for normal and
oblique incidence. Again a very good agreement between the transfer
matrix predictions and the FEM results can be observed in both cases.
Therefore, the acoustic near fields of the MAMs do not significantly af-
fect the sound transmission properties of multi-layered structures, even
when the MAM layers are positioned very close to other layers.
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Figure 3.6: Normal and oblique incidence sound transmission loss of a multi-
layered structure similar to that in Table 3.1 with dII/Lx = 0.7 and dIV/Lx =
0.1.

3.3. Experimental validation

The transfer matrix model is validated using similar impedance tube
measurements as in Section 2.4 for the validation of the MAM unit cell
model. A multi-layered test sample consisting of the two MAM samples
VV2 and VV3 from Section 2.4 separated by an air gap with a thick-
ness of dII = 10 mm is mounted inside the steel adapter for the mea-
surements. The properties of the layers are summarized in Table 3.2.
Fig. 3.7(a) provides an illustration of the layering structure of the test

Table 3.2: Layer properties of the experimentally investigated multi-layered
MAM system.

Layer: I II III

Type: MAM Air gap MAM

Properties: VV2 dII
Lx
≈ 0.22 VV3
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3.3. Experimental validation

sample. All remaining parameters and the experimental procedure are
the same as in Section 2.4.

The experimental results and the predictions of the transfer matrix
model for the normal incidence sound transmission loss between 50 and
1600 Hz are compared in Fig. 3.7(b). In general, a very good agreement
between both results can be observed. The test sample exhibits two TL
peaks at 260 Hz and 400 Hz, which correspond to the anti-resonance
frequencies of the two MAM layers. This confirms that by stacking two
differently tuned MAM layers, the anti-resonances of the individual
layers are retained in the multi-layered arrangement [66]. Additionally,
three TL minima can be observed within the investigated frequency
range at 200 Hz, 310 Hz, and 1100 Hz. These can be attributed to the
resonance frequencies of the multi-layered system and are accurately
predicted by the transfer matrix model. For frequencies greater than
1000 Hz, it can be seen that the transfer matrix results underestimate
the experimental results. As already explained in Section 2.4, this effect
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(a) Test sample layers.
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(b) Transmission loss.

Figure 3.7: Normal incidence sound transmission loss of the multi-layered
structure with two MAM layers given in Table 3.2 as obtained from the ana-
lytical model and impedance tube measurements.

109



3. Modeling of multi-layered structures with MAMs

can be attributed to the simplifications in the effective surface mass
density approximation for the MAM layers being inaccurate when the
acoustic wavelength is comparable to the edge length of the MAM
unit cells. However, since typical MAM structures are composed of
sub-wavelength sized unit cells, the good agreement of the results in
Fig. 3.7(b) in the low-frequency range indicates that the transfer matrix
model is a suitable method for predicting the sound transmission loss
of MAM unit cells in multi-layered arrangements.

3.4. Parameter studies

The transfer matrix method is used to perform parameter studies of a
double wall design with an integrated MAM layer (see Fig. 3.1 for the
layer arrangement). Thus, the influence of important design parameters
on the sound reduction performance of a multi-layered noise shield
design with MAM layers can be investigated. The parameters of the
walls and the air gaps are systematically varied to study their influence
on the transmission loss and (anti-)resonance frequencies of the multi-
layered system. An overview of the properties of the different layers
in the basic setup of this parameter study is given in Table 3.3. This
corresponds to a symmetric arrangement with the same surface mass
densities for the two walls m′′I = m′′V = 50m′′m and equal cavity heights
dII = dIV = 0.25Lx, i.e. the MAM layer is placed in the middle between

Table 3.3: Layer properties of the basic multi-layered system for the param-
eter studies, similar to that shown in Fig. 3.1.

Layer: I II III IV V

Type: Wall Air gap MAM Air gap Wall

Properties:
m′′

I
m′′

m
= 50 dII

Lx
= 0.25 PAR1 dIV = dII m′′V = m′′I
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3.4. Parameter studies

the walls. The properties of the MAM layer correspond to configuration
PAR1 in Table 2.1 and remain constant for the subsequent calculations.

A general impression of the dynamic characteristics of the multi-
layered structure can be obtained from investigating the first three
mode shapes which are obtained as the eigenvectors of the dynamic
stiffness matrix in Eq. (3.8). The qualitative modal displacements of
the three masses from the 3DOF-oscillator representation are shown
in Fig. 3.8. The first mode shape is primarily characterized by a uni-
form in-phase displacement of all three masses, which resembles a typ-
ical rigid body mode. The air layers are not compressed in this mode
so that it can be expected that the first eigenfrequency of the multi-
layered system does not exhibit a significant dependence on the air
layer properties. In the second mode, the MAM layer displacement is
negligible compared to the wall displacements. Additionally, the two
walls exhibit an out-of-phase motion pattern with a strong compres-
sion and expansion of the air cavities between the walls and the MAM
layer. Thus, this mode shape is similar to the mass-air-mass resonance

Mode 1 Mode 2 Mode 3

Wall

Wall

MAM

Figure 3.8: Equivalent 3DOF-oscillator representation of the first three mode
shapes of the multi-layered system with the properties given in Table 3.3.
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3. Modeling of multi-layered structures with MAMs

of a conventional double wall. The third mode shape is characterized by
an in-phase motion of the two walls and an out-of-phase displacement
of the MAM layer. Thus, the two inner air gap volumes are alternately
compressed and expanded. Like in the first eigenmode, the total air
volume between the walls, however, does not significantly change.

Wall surface mass densities: In Fig. 3.9, the results for the normal
incidence TL and the (anti-)resonance frequencies of the multi-layered
system are shown for a variation of the first wall surface mass density
m′′I between 25m′′m and 100m′′m. According to Table 3.3, the other wall
surface mass density m′′V is set to be equal to m′′I so that the system
remains symmetric. Fig. 3.9(a) shows the TL for three different values
of the wall surface mass density. It can be seen that the transmission
loss curves resemble that of a typical double wall structure, except for
the peak and the additional resonances introduced by the MAM layer.
Above a certain frequency which corresponds to the eigenfrequency
of the second mode, the transmission loss increases by approximately
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Figure 3.9: Parameter variation of the wall surface mass density m′′I with
m′′V = m′′I .
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3.4. Parameter studies

18 dB per octave. Thus, the second eigenmode corresponds to the mass-
air-mass resonance mode of a conventional double wall, which separates
the mass-law governed frequency range from the high TL region. Fol-
lowing Eq. (1.5), this resonance frequency is shifted to lower frequencies
as the surface mass densities of the walls are increased. The TL peak
at ΩP1 ≈ 2.1 is found to be very narrowband compared to the peak of
the isolated MAM layer (see e.g. the green curve in Fig. 2.16(a)). This
is because of the very close third resonance, which diminishes the anti-
resonance and is not significantly affected by the surface mass densities
of the walls.

This becomes more obvious in Fig. 3.9(b), where the (anti-)resonance
frequencies of the multi-layered system are given in dependence of the
nondimensional wall surface mass density m′′I /m

′′
m. It can be seen that

the first two resonance frequencies decrease as the wall surface mass
densities become larger. This is because the first mode exhibits a rigid
body-type mode shape (see Fig. 3.8) and the second mode, as discussed
above, corresponds to the mass-air-mass resonance of a double wall. As
the wall surface mass densities become smaller than m′′m, Ω1 approaches
the first resonance frequency of the MAM, because the walls become
transparent to the acoustic waves. The mass-air-mass-type resonance
frequency Ω2, however, approaches infinity as m′′I → 0, because it is
inversely proportional to the square root of the total mass of the sys-
tem. The third resonance frequency Ω3, on the other hand, is nearly
independent of the wall mass and remains close to the anti-resonance
frequency ΩP3 for most values of m′′I . However, only when the wall sur-
face mass densities approach zero,Ω3 increases strongly and approaches
the second resonance frequency of the MAM.

Additionally to the (anti-)resonance frequencies of the structure, the
TL peak bandwidth is indicated in Fig. 3.9(b) as a shaded band. The
bandwidth of an anti-resonance is in this case defined as the frequency
band in which the TL of the multi-layered structure with MAM layer
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3. Modeling of multi-layered structures with MAMs

exceeds the transmission loss of a reference double wall design by at
least 10 dB. This reference corresponds to a conventional double wall
with the same wall spacing as the MAM panel and the additional mass
of the MAM layer evenly added to the two walls. It can be seen that
the bandwidth of the anti-resonance peak is strongly diminished when
m′′I � m′′m due to the negative influence of the approaching third res-
onance frequency Ω3. The reduced bandwidth for larger wall surface
mass densities can also be interpreted as a masking effect due to the
walls surrounding the MAM. Consequently, symmetric designs should
be avoided when MAM layers are integrated within a double wall with
large wall surface mass densities.

Wall mass ratio: In order to evaluate the sound reduction perfor-
mance of an asymmetric arrangement, the ratio of the wall surface
mass densities m′′I /m

′′
V has been varied between 0 (i.e. a MAM layer

backed by a single wall) and 1 (i.e. a symmetric arrangement), while
keeping the total surface mass density of the system constant by setting
m′′I +m′′V = 100m′′m. The resulting TL curves are shown in Fig. 3.10(a).
The results show that, as the wall mass ratio decreases, the high TL
region with 18 dB per octave shifts to higher frequencies. This is con-
sistent with the behavior of the mass-air-mass resonance frequency of
a conventional double wall: For constant total mass and wall spacing,
the lowest mass-air-mass resonance frequency is achieved for a mass
ratio of unity [83].

The MAM anti-resonance peak in Fig. 3.10(a) becomes slightly broa-
der when the wall mass ratio is considerably smaller than unity. This
is also reflected in Fig. 3.10(b), where the (anti-)resonance frequencies
and the first peak bandwidth are shown for m′′I /m

′′
V = 0 . . . 1. The third

resonance frequency, which in Fig. 3.9(b) remained close to ΩP1 except
for very small wall masses, diverges to infinity as m′′I approaches zero.
Ω2, on the other hand, is only weakly depending on m′′I /m

′′
V and moves
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Figure 3.10: Parameter variation of the wall surface mass density ratio
m′′I /m

′′
V with constant total wall surface mass density m′′I +m′′V = 100m′′m.

closer to the anti-resonance frequency as the wall mass distribution
becomes more and more asymmetric. Therefore, in this particular case
there is a certain point at m′′I /m

′′
V ≈ 0.2 where the anti-resonance band-

width is maximal. For even lower values of m′′I /m
′′
V, the anti-resonance

is diminished again by the approaching second resonance frequency. Ω1,
finally, does not depend on the wall mass ratio, because this resonance
is characterized by a rigid body-type mode shape (see Fig. 3.8).

Air gap thicknesses: Fig. 3.11 shows the analytical results for a vari-
ation of the air gap thickness dII, while requiring dIV = dII and keeping
the wall surface mass densities constant. The effect of the air gap thick-
nesses on the sound transmission loss as shown in Fig. 3.11(a) is similar
to what is known from a conventional double wall: For larger air spac-
ings, the mass-air-mass resonance frequency (here: Ω2) is lowered and
the 18 dB per octave region extends to lower frequencies. The band-
width of the MAM anti-resonance remains very small, independently
of the selected air gap thickness. A similar result has been observed
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Figure 3.11: Parameter variation of the air gap thickness dII with dIV = dII.

in Fig. 3.9(a) for the wall surface mass density variation: The overall
double wall-like behavior of the structure can be improved by choos-
ing large spacings between the layers, but the MAM anti-resonance
bandwidth remains small in this symmetric design.

This observation can be confirmed in Fig. 3.11(b), where the (anti-)
resonance frequencies and peak bandwidth of the multi-layered system
are shown for dII/Lx ranging from 0 (which rather is an academical
value) to 0.5. As expected from the mode shapes shown in Fig. 3.8,
the first resonance frequency Ω1 does not depend on the thickness of
the air gaps. Ω2, on the other hand, exhibits the same variation as
in Fig. 3.9(b), because in the symmetrical setup Ω2 corresponds to
the mass-air-mass resonance frequency of the two walls. According to
Eq. (1.5), this frequency is proportional to 1/

√
dII + dIV = 1/

√
2dII and

therefore diverges as dII → 0. Finally, the third resonance frequency Ω3

in Fig. 3.11(b) shows very little dependence on the thickness of the air
gaps. Since in the basic design this resonance frequency is already very
close to the anti-resonance frequency of the MAM, this explains the
diminished peak bandwidth for every air gap thickness investigated in
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3.4. Parameter studies

Fig. 3.11(a). Therefore, it can be deduced that it should be avoided to
place the MAM layer in the midplane between two walls with equal
surface mass densities.

Air gap thickness ratio: The above studies have shown that the place-
ment of the MAM layer in the midplane between the two outer walls is
not advantageous for the bandwidth of the anti-resonance peak. Hence,
it is now investigated how the placement of the MAM layer between the
two walls affects the peak bandwidth. In Fig. 3.12, the analytical re-
sults are shown for a variation of the air gap ratio dII/dIV while keeping
the total spacing between the outer walls constant at dII +dIV = 0.5Lx.
A small value of dII/dIV corresponds to the MAM layer being placed
very close to the first wall, while dII/dIV = 1 yields a symmetric layer
structure. The transmission loss results in Fig. 3.12(a) show that the
air gap thickness ratio does not affect the very low-frequency and high-
frequency double wall-like characteristic of the system. This is consis-
tent with the fact that the principal double wall parameters (i.e. the
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Figure 3.12: Parameter variation of the air gap thickness ratio dII/dIV with
constant total wall spacing dII + dIV = 0.5Lx.
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3. Modeling of multi-layered structures with MAMs

wall surface mass densities and the wall spacing) are unchanged and
only the interior layering structure is modified. However, as the MAM
layer is moved closer to the first wall, the third resonance frequency
moves away from the MAM anti-resonance. Consequently, the band-
width of the peak is increased for small values of dII/dIV.

This can also be seen in Fig. 3.12(b), where the (anti-)resonance fre-
quency shifting is shown for dII/dIV varying from 0 (which, again, is
only a theoretically possible value) to 1. As already mentioned, the first
mode associated with Ω1 is not depending on the properties of the air
gaps and therefore Ω1 remains constant in Fig. 3.12(b). For Ω2, the air
gap ratio almost has no influence, except for very low values of the air
gap thickness ratio, which, however, are not relevant in practice. This
nearly constant behavior can be explained by Ω2 approximately corre-
sponding to the mass-air-mass resonance of the two outer walls. This
resonance is mainly affected by the total spacing between the walls,
which is kept constant, and not by the placement of the MAM layer
in between. The third resonance frequency Ω3 exhibits the strongest
dependence on the air gap thickness ratio dII/dIV with Ω3 increasing
as dII/dIV becomes lower. Consequently, the spacing between the reso-
nance frequencies and the MAM anti-resonance frequency is the largest
for the most asymmetric MAM layer placement close to one of the walls.
Therefore, as shown in Fig. 3.12(a), the peak bandwidth is greatly im-
proved in the present design for a strongly asymmetric arrangement of
the layers.

Simultaneous parameter variation: The previous parameter studies
were performed by varying a single parameter while keeping all others
constant. Since for both the wall mass as well as the air gap param-
eter variations two different individual parameters have been varied,
it is useful to perform a simultaneous parameter variation of each of
these parameter pairs in order to find optimal combinations for obtain-
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ing a large TL peak bandwidth. For this purpose, Figs. 3.13(a) and
3.13(b) show two heat maps of the relative bandwidth of the MAM
anti-resonance for a simultaneous variation of the wall surface mass
densities and the air gap thicknesses, respectively. The relative peak
bandwidth is defined as the ratio of the absolute bandwidth of the
peak divided by the center frequency of the band.

In Fig. 3.13(a), the relative peak bandwidth is shown for a simultane-
ous variation of the normalized first wall surface mass density m′′I /m

′′
m

and the wall surface mass density ratio m′′V/m
′′
I of the two walls. These

results confirm that in general it is not advantageous for the peak band-
width to have a symmetric or nearly symmetric distribution of the wall
surface mass densities. It can be seen that for a given value of m′′I there
is a certain optimum value of m′′V/m

′′
I . For very large values of m′′I , the

relative bandwidth reaches a maximum value of up to 14 %, as indi-
cated by the red cross in Fig. 3.13(a). This particular behavior of the
bandwidth maximum with respect to the wall surface mass densities is

25 50 75 100
m′′I /m

′′
m

0.1

1

m
′′ V
/
m
′′ I

0

2

4

6

8

10

12

14

P
ea

k
b

a
n
d

w
id

th
in

%

(a) Wall mass parameters.

0.05 0.5
dII/Lx

0.1

1

d
IV
/
d

II

0

2

4

6

8

10

12

14

P
ea

k
b

a
n

d
w

id
th

in
%

(b) Air gap parameters.

Figure 3.13: Relative anti-resonance peak bandwidth for different wall mass
and air gap parameters. Red crosses indicate the maximum bandwidth config-
urations and the purple curves correspond to configurations with equal double
wall mass-air-mass frequency and MAM anti-resonance frequency ΩP1.
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3. Modeling of multi-layered structures with MAMs

a result of the mass-air-mass resonance of the reference double wall de-
sign being close to the MAM anti-resonance frequency ΩP1. The purple
curve in Fig. 3.13(a) indicates the combinations of the two parameters
m′′I /m

′′
m and m′′V/m

′′
I for which the mass-air-mass resonance frequency

of the reference double wall design coincides with ΩP1. It can be seen
that the high bandwidth region in Fig. 3.13(a) is close to this curve.
This indicates that it is advantageous for the given structure to place
the mass-air-mass resonance frequency of the empty double wall close
to the MAM anti-resonance frequency.

The relative peak bandwidth for a simultaneous variation of the air
gap parameters is shown in Fig. 3.13(b). This diagram shows that it is
also beneficial for the peak bandwidth to have an asymmetric placement
of the MAM layer between the walls, as indicated by the optimum point
being at dIV/dII ≈ 0.1, which corresponds to the MAM layer being
positioned close to the back wall. In this case, there is a certain range of
values for dII in Fig. 3.13(b) where the peak bandwidth is considerably
larger with maximum values of up to 14 %. This can again be explained
by the proximity between the mass-air-mass resonance frequency of the
reference double wall and ΩP1.

Air cavity absorption: Sound absorbing materials are commonly used
within double walls to reduce the transmission loss dips at the reso-
nance frequencies of the double wall system. As shown in the parameter
studies above, the resonance frequencies of multi-layered systems with
MAMs can diminish the transmission loss performance at the MAM
anti-resonances. Hence, they should be spread out as much as possi-
ble by using a suitable layering structure. Additionally, the negative
impact of the panel resonances could be reduced by introducing some
absorption into the multi-layered system.

For simplicity, the effect of added sound absorption within the air
cavities is investigated by introducing a frequency independent attenua-
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3.4. Parameter studies

tion coefficient Γ0 and the complex acoustic wave number k0 → k0−iΓ0.
In Fig. 3.14, the normalized air cavity attenuation coefficient Γ0Lx has
been varied between 0 (i.e. no absorption) and 0.1. The selected trans-
mission loss curves in Fig. 3.14(a) indicate that the absorption leads to
greatly improved TL values around the panel resonances. The positive
effect of the sound absorbing cavities is particularly obvious at the sec-
ond eigenfrequency, which, in the symmetric case, corresponds to the
mass-air-mass resonance of the panel where the cavities undergo con-
siderable oscillations. The MAM anti-resonance TL peak value, on the
other hand, is not reduced by the sound absorption within the air gaps.
This is different to the effect of damping within the membrane material,
as observed in Fig. 2.18(a). As shown in Fig. 3.14(b), the (anti-)reso-
nance frequencies of the panel are not affected by the attenuation co-
efficient Γ0. Also, the bandwidth of the MAM anti-resonance remains
very small even at the highest value of Γ0. Nevertheless, as much sound
absorbing materials as possible should be used within multi-layered
panels containing MAMs to reduce the transmission loss reductions at
the panel resonances. Selecting suitable absorbers in practical appli-
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Figure 3.14: Parameter variation of the air cavity attenuation coefficient Γ0.
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3. Modeling of multi-layered structures with MAMs

cations, however, can be difficult. Hence, achieving a significant sound
absorption performance at the low-frequencies where the anti-resonance
frequencies of MAMs typically occur remains a certain challenge.
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4. Noise shield demonstrator

In this chapter, the analytical models and the knowledge acquired in the
previous chapters are used to design a noise shield demonstrator with
membrane-type acoustic metamaterials for the experimental evaluation
in a full-scale test environment. The tests were conducted on an acous-
tic fuselage demonstrator, which is described briefly in the first section
of this chapter. The main objective of the noise shield demonstrator is
to validate that MAMs are able to reduce efficiently (i.e. better than
the corresponding mass-law) the transmission of sound with dominant
tonal components around 100 Hz. An in-depth description of the noise
shield design is provided in Section 4.2. Finally, the last section of this
chapter covers the measurement procedure, the experimental results,
and a discussion of these results.

4.1. Description of the acoustic fuselage
demonstrator

The acoustic fuselage demonstrator is a vibro-acoustic test bench for
the validation of numerical modeling techniques and innovative noise
control treatments in the low- to mid-frequency regime [97]. As shown
in Fig. 4.1(a), the test bench is located inside a large hemi-anechoic
chamber and consists of a full-scale cylindrical aluminum fuselage seg-
ment with overall dimensions and design characteristics similar to a
modern single-aisle airplane. The structural design of the fuselage, how-
ever, is considerably simplified compared to a real aircraft in order to
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4. Noise shield demonstrator

(a) Overview. (b) Loudspeaker array system.

Figure 4.1: Photographs of the acoustic fuselage demonstrator.

enhance the comparability between the test bench and results from
numerical models. For example, the fuselage does not contain cut-outs
for the cabin windows. The general dimensions and features of the test
bench fuselage are summarized in Table 4.1. The fuselage rests on ad-
justable gas springs to approximate free-free boundary conditions and
minimize the transmission of ground vibrations into the fuselage struc-
ture.

A moveable loudspeaker array system with 132 individually control-
lable loudspeakers is used for the acoustic excitation of the fuselage.
Fig. 4.1(b) shows a close-up of the loudspeakers and the fuselage. This

Table 4.1: Summary of the general dimensions and features of the acoustic
fuselage demonstrator test bench.

Fuselage Loudspeaker Array

Diameter: 4 m Number of speakers: 12× 11
Length: 8.5 m Speaker spacing: 160 mm

Array size: 1.92× 1.76 m2
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4.2. Design of the noise shield demonstrator

system is capable of applying arbitrary acoustic pressure fields onto
the fuselage surface up to 400 Hz to simulate, for example, the in-flight
near-field noise of a CROR propulsion system [87, 97]. Further details
on the loudspeaker array specifications are given in Table 4.1. It is
possible to measure the acoustic pressure field on the fuselage using a
microphone array which can be traversed along the circumference of
the fuselage. As can be seen in Fig. 4.1(b), the loudspeaker array itself
runs on a trolley that can be moved 360◦ around the demonstrator and
in axial direction. Thus, the excitation system can reach most areas
of the fuselage. Additionally, the individual loudspeakers can be tilted
and adjusted in radial direction in order to account for the fuselage
curvature.

The interior of the fuselage demonstrator is subdivided into two
floors, a cabin and a cargo area below the cabin floor. At both ends of
the fuselage, the interior cavity is anechoically terminated using sound
absorbing end caps. Thus, standing sound waves in the axial direction
are minimized to approximate the environment inside the much longer
cabins of real aircraft.

4.2. Design of the noise shield demonstrator

As previously shown in Fig. 1.1, the principal conception of the air-
craft noise shield is to attach suitable acoustic treatments to the outer
surface of the fuselage. This means that the noise shield structure is ex-
posed to the harsh environmental conditions that occur on the outside
of an aircraft, e.g. the low temperatures during cruise flight or pre-
cipitation. Since most advanced acoustic treatments, in particular the
membrane-type acoustic metamaterials considered here, can be easily
damaged under such adverse conditions, an additional outer layer is re-
quired in order to protect the acoustic treatment from the environment.
As illustrated in Fig. 4.2, this effectively leads to a particular layering
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Engine noise
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Fuselage

Figure 4.2: Basic structure of the aircraft noise shield demonstrator.

structure of the noise shield, where the acoustic treatment (i.e. one or
more MAM layers) is located inside the air gap of a double wall-like
partition. The two walls correspond to the stiffened skin panels of the
fuselage (i.e. the interior wall) and the protective sheet (i.e. the outer
wall), the latter being directly exposed to the environment.

Consequently, the noise shield demonstrator is assembled from two
different parts: First, a cover sheet which is described in Section 4.2.1.
Secondly, the MAM layers which are designed to fit between the protec-
tive sheet and the fuselage. The particular design of the MAM elements
as well as the selection of suitable MAM parameters (e.g. membrane
and mass properties, number of layers) are described in Section 4.2.2.
The final subsection covers the assembly of these two parts and the final
noise shield demonstrator design which is mounted onto the fuselage
demonstrator.

4.2.1. Cover sheet design

An orthogonally stiffened aluminum panel with a curvature adjusted
to that of the fuselage is used as the cover sheet of the noise shield
demonstrator. As shown in Fig. 4.3(a), the cover sheet has 5 frames,
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4.2. Design of the noise shield demonstrator

11 stringer rows, a length of 2.7 m, and a width of 2.7 m. The total
dimensions of the noise shield are chosen so that its surface area is
larger than that of the loudspeaker array. This ensures that the direct
sound field from the loudspeakers only excites the noise shield surface.
The skin thickness is 1.5 mm, the frames are curved T-shaped beams,
and the stringers are Z-profiles. The skin is fixed to the stiffeners using
M4 screws. Fig. 4.3(b) shows a photograph of the stiffening structure
of the cover sheet and geometrical data for the stiffener cross sections.
Overall, the mass of the cover sheet is given by Mcover = 70 kg. Taking
into account the curvature of the panel, the surface area covered by
the noise shield is Sshield = 2.7× 3 m2 = 8.1 m2 and the corresponding
surface mass density of the cover sheet is m′′cover = 8.6 kg/m2.

It should be mentioned that the cover sheet of the noise shield demon-
strator is rather heavy and bulky compared to what one would expect
to be attached to a real aircraft. This is because the main driver for
the cover sheet design is the flexibility to investigate the noise shield
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(a) Cover sheet dimensions. The red shaded
region indicates a bay for one MAM element.
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(b) Photograph and geometry of
the stiffeners.

Figure 4.3: The cover sheet of the aircraft noise shield demonstrator.

127



4. Noise shield demonstrator

demonstrator in laboratory environments other than the acoustic fuse-
lage demonstrator test bench. Also, it should be possible to integrate
other innovative acoustic treatments into the noise shield. Another im-
portant requirement is the manufacturing of the noise shield, which is
based on the same tools and principles used in the manufacturing of
the fuselage to minimize the manufacturing costs for the noise shield
demonstrator.

4.2.2. MAM layer design

The acoustic treatment of the noise shield demonstrator is to be in-
tegrated into the underside of the stiffened cover sheet. Therefore, it
is reasonable to exploit the particular structure of the panel for the
design and integration of the MAM layers. In Fig. 4.3(a) it can be seen
that the frames and stringers subdivide the cover sheet underside into
rectangular bays. Skipping every second stringer row and using the
frames as lateral boundaries, as indicated by the red shaded rectangle
in Fig. 4.3(a), the cover sheet is sectioned into 5 × 5 bays. In each of
these bays a so-called MAM element containing multiple unit cells and
layers of MAMs is fastened to the frame webs of the cover sheet. 25 of
these MAM elements tiled along the cover sheet in this manner make
up the acoustic treatment of the noise shield demonstrator.

The resulting length and width of the MAM elements are 430 mm
and 490 mm, respectively. An aluminum lattice is used to hold the
MAM layers. As shown in Fig. 4.4, the lattice consists of 20 mm ×
20 mm U-beams welded together and subdividing the MAM element
into 3 × 3 MAM unit cells. Attachment lugs are welded to the sides
of the grid so that the MAM element can be attached to the frames
of the cover sheet. The edge lengths of the unit cells are given by
Lx = 137 mm and Ly = 117 mm, respectively. Thus, the aspect ratio
of the MAM unit cells is Λ ≈ 1.17. The mass of a lattice element is
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Figure 4.4: MAM element grid for supporting the two MAM layers inside
the noise shield demonstrator.

given by MG = 1 kg. This particular design for the MAM element grid
is a compromise between the required sub-wavelength size of the MAM
unit cells and the grid mass, which – for fixed beam properties – linearly
scales with the number of unit cells. Additionally, these MAM elements
are sized so that they can also be integrated into the side wall of the
fuselage. This enables further investigations of MAMs as cabin lining
elements for other sound reduction concepts.

The same Orastick membrane material as in the experimental MAM
unit cell investigations (see Sections 2.4 and 3.3) is used for the MAM
elements of the noise shield demonstrator. The manufacturing proce-
dure of the MAM elements is similar to the unit cell test samples, so
that the same membrane prestress resultant of Tm = 200 N/m can be
assumed. With these membrane properties, the nondimensional bend-
ing stiffness for the noise shield MAMs is given by Ξ = 1.5× 10−6 and
can be regarded as negligible. For ambient air conditions with ρ0 =
1.18 kg/m3 and c0 = 343 m/s, the nondimensional speed of sound and
characteristic impedance become ς0 = 7.4 and Z0 = 12.9, respectively.
Compared to the other MAM configurations, which are summarized in
Table 2.1, ς0 is identical to the values for the impedance tube samples,
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4. Noise shield demonstrator

because this quantity depends only on the membrane and fluid mate-
rial properties. The nondimensional characteristic impedance, however,
is considerably larger for the noise shield MAMs, since Z0 is propor-
tional to the MAM unit cell edge length, which is nearly three times
larger than in the impedance tube measurements. Hence, from the pa-
rameter study results shown in Fig. 2.24 it must be expected that the
TL-peak bandwidth is strongly reduced for the larger MAM unit cells.
It follows that a suitable added mass configuration has to be found so
that the noise reduction performance of the MAMs is notable in the
measurements.

The parameter studies in Section 2.5 have identified which nondi-
mensional MAM mass parameters are appropriate for tuning the MAM
anti-resonance bandwidth. The eccentricity of a single mass as well as
the mass radius of gyration have been shown to be inapplicable for
the bandwidth control. Thus, the remaining tuning parameters of the
noise shield MAMs are the nondimensional mass magnitude µ and the
nondimensional mass diameter δM. According to the parameter study
results in Section 2.5, these two parameters are used to control the
MAM anti-resonance in the following way: First, the mass diameter δM

should be large in order to obtain a high anti-resonance bandwidth.
Secondly, since a higher δM shifts the anti-resonance to higher frequen-
cies, the mass µ must be increased accordingly. This, however, adds to
the total mass of the MAM layers.

A parameter variation of these two mass parameters for the given
MAM configurations revealed that it is difficult to find a suitable com-
bination of δM and µ, when only one mass per unit cell is used. The
chosen parameter combination has to ensure large anti-resonance band-
widths at the desired frequencies and result in a mass geometry that
is readily available on the market (due to the high number of masses
required for assembly). However, this can be resolved by using two
masses per unit cell with smaller diameters instead of one large mass.
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Fig. 4.5(a) compares the analytically obtained transmission loss of a
MAM element unit cell with one or two masses attached. In case of the
single mass configuration, a cylindrical steel mass with DM = 50 mm
and M = 11.6 g is attached to the center of the unit cell. The double
mass configuration is illustrated in Fig. 4.5(b), where two masses with
eachDM = 30 mm andM = 5.8 g are placed along the y-symmetry axis
with a spacing of Lx/3. The resulting static surface mass densities of
both MAM configurations are equal with m′′st = 820 g/m2. The analyt-
ical results in Fig. 4.5(a) show that the transmission loss of both config-
urations is nearly identical with a clear anti-resonance at fP1 = 100 Hz.
In both cases, the anti-resonance bandwidth is equally good, except for
an additional resonance and anti-resonance below 150 Hz for the dou-
ble mass configuration, which occurs due to the additional mass. Since
the MAM unit cell configuration with two masses yields smaller masses
with larger thicknesses that are readily available on the market, this
design is preferred over a single mass unit cell configuration for the
MAM elements.
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Figure 4.5: Sound transmission loss of a MAM element unit cell carrying
one or two masses with the same total mass.
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As shown in Fig. 4.5(a), the choice of two cylindrical steel masses with
DM = 30 mm and M = 5.8 g yields an anti-resonance at fP1 = 100 Hz
with a +10 dB-bandwidth (compared to the mass-law) of 36 Hz. There-
fore, this design is chosen for the MAM unit cells on the first side
of the MAM elements. In order to achieve an anti-resonance at a
slightly higher frequency, smaller steel masses with DM = 20 mm and
M = 2.6 g are selected for the other side of the MAM elements. This
results in an anti-resonance at fP1 = 120 Hz and a slightly smaller
bandwidth of 32 Hz. Table 4.2 summarizes the resulting nondimen-
sional parameters for these two MAM configurations, with NS1 and
NS2 corresponding to the MAMs with Ø30 mm-masses and Ø20 mm-
masses, respectively. With the given air gap between the two MAM
layers as prescribed by the height of the MAM element grids (20 mm,
see Fig. 4.4), the transfer matrix model is employed to estimate the
normal incidence sound transmission loss of these MAM elements. The
results are shown in Fig. 4.6(a). For comparison, Fig. 4.6(a) also shows
the calculated sound transmission loss curves for the two individual
MAM layers NS1 and NS2 (orange and purple dashed curves, respec-
tively), as given in Table 4.2, as well as the corresponding mass-law
curves (dash-dotted lines) with taking into account the mass of the
grid (m′′st = 5.6 kg/m2) and without the grid (m′′st = 0.9 kg/m2). The

Table 4.2: Nondimensional parameters of the two MAM layers on each side
of the noise shield MAM elements with two cylindrical masses per unit cell,
as shown in Fig. 4.5(b).

Membrane Cylindrical mass (x2) Fluid
Conf. Λ Ξ ηm δM µ ϑ ξ∗ η∗ Z0 ς0

NS1 1.17 1.5× 10−6 10−3 0.22 3.4 3× 10−3 1
3
; 2

3
0.5 12.9 7.4

NS2 1.17 1.5× 10−6 10−3 0.15 1.5 1.3× 10−3 1
3
; 2

3
0.5 12.9 7.4
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Figure 4.6: Analytically estimated normal incidence sound transmission loss
of the MAM elements for the noise shield.

analytical results for the MAM element in Fig. 4.6(a) exhibit the well-
known characteristics of stacked membrane-type acoustic metamateri-
als [66]. The anti-resonances of each MAM layer are retained in this
arrangement and an additional resonance occurs between the two ma-
jor anti-resonances. As indicated in the top axis of Fig. 4.6(a), the
nondimensional wave number κ0 is well below unity at the two anti-
resonances so that the effective surface mass density approximation is
valid in this frequency range. The combined bandwidth of the MAM
element anti-resonances is determined to be 55 Hz, if the grid mass is
not considered, and 11 Hz, if m′′st = 5.6 kg/m2 is chosen as the refer-
ence mass for the bandwidth calculation. This indicates that the grid
mass has a strong influence on the resulting bandwidth of the MAM ele-
ments. Therefore, the support grids for MAMs should be as lightweight
as possible to minimize the amount of acoustical deadweight introduced
into the structure.

Based upon these analytical predictions, the selected mass config-
urations for the two layers of the MAM elements can be considered
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as sufficient for meeting the requirements of the noise shield demon-
strator. Therefore, all 25 MAM elements are manufactured according
to this specification. Fig. 4.6(b) shows a photograph of an assembled
MAM element with the nine unit cells containing the Ø30 mm-masses
facing upwards.

4.2.3. Noise shield assembly

The inner layering structure of the noise shield assembly on top of
the fuselage structure is shown in Fig. 4.7. The final assembly consists
of nine different layers, denoted by I to IX in Fig. 4.7. The first layer
corresponds to the stiffened cover sheet with surface mass density m′′I =
m′′cover = 8.6 kg/m2. On the inside of the cover sheet, a dII = 25 mm
thick melamine foam layer (Basotect) is attached in order to provide
some absorption inside the noise shield interior cavity and reduce the
negative impact of cavity resonances on the sound transmission through
the noise shield. Layer III is an air gap separating the melamine foam
layer from the upper side of the MAM elements. Due to the curvature
of the noise shield, the thickness of the air gap dIII varied approximately
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Figure 4.7: Layering structure of the noise shield assembly on top of the
fuselage structure.
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between 20 and 35 mm along the circumferential direction. Layer IV
corresponds to the first of the two MAM layers attached to the MAM
element grids. This MAM layer has the two Ø30 mm-masses per unit
cell attached to the membrane and its nondimensional properties are
denoted as configuration NS1 in Table 4.2. In terms of the surface area
covered by the noise shield, this layer introduces a surface mass density
of m′′MAM1 = 0.38 kg/m2 into the structure. The next layer is the air
gap which is enclosed by the two MAM layers and the MAM element
grid. As shown in Fig. 4.4, the MAM layer spacing is prescribed by the
grid as dV = 20 mm and the MAM element grids itself have a surface
mass density of m′′G = 25 ·MG/Sshield = 3 kg/m2. The MAM layer on
the other side of the grid is denoted as layer VI in Fig. 4.7. This MAM
layer carries two Ø20 mm-masses per unit cell and the nondimensional
properties are given under configuration NS2 in Table 4.2. The resulting
surface mass density for this layer is m′′MAM2 = 0.2 kg/m2.

As shown in Fig. 4.7, each MAM element is fixed to the cover sheet
frames using cable straps through the attachment lugs (see Fig. 4.4) and
holes inside the frames. Fig. 4.8(a) shows a photograph of the MAM el-
ement attachment with the cable straps. This way it is possible to keep
the MAM elements in place inside the noise shield without introducing
too many structure-borne sound bridges, which could compromise the
high airborne sound insulation at the anti-resonances of the MAMs.
Furthermore, Fig. 4.8(a) shows large gaps of roughly 100 mm width
between adjacent MAM elements due to their reduced size. In total,
the MAM elements covered only about 67 % of the noise shield surface
area. The remaining 33 % of the surface have to be sealed properly so
that sound waves cannot bypass the MAMs through those gaps. As
indicated in Fig. 4.7, 6 mm thick rubber sheets (ρrubber = 1500 kg/m3)
are glued onto the edges of the MAM elements in order to cover up the
gaps. Fig. 4.8(b) shows a photograph of the interior of the fully assem-
bled noise shield with sealed gaps. With respect to the full surface area
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(a) MAM element attachment. (b) Full assembly.

Figure 4.8: Photographs of the noise shield assembly.

of the noise shield, these rubber strips add m′′rubber ≈ 2.8 kg/m2 to the
surface mass density of the noise shield. Finally, the last layer within the
noise shield is layer VII which, as illustrated in Fig. 4.7, is the air gap
between the MAM elements and the skin of the fuselage. The spacing
dVII is determined by the thickness of the other noise shield layers and
the noise shield height H = 100 mm via dVII = H− (dII +dIII +dV). In
an effort to reduce the amount of sound transmitted through the small
gap between the edges of the noise shield and the fuselage, a glass wool
edge seal is applied to the circumference of the panel (see Fig. 4.7).
Thus, when the noise shield is resting on the fuselage, the edge seal
is supposed to provide an airtight sealing. Therefore, the interior of
the noise shield is somewhat isolated from the exterior sound levels
around the panel edges. The glass wool edge seal can also be seen in
the photograph shown in Fig. 4.8(b).

The two remaining layers VIII and IX represent the fuselage struc-
ture. Layer VIII corresponds to the stiffened primary structure with a
surface mass density of m′′VIII = m′′fsl = 10 kg/m2. The interior surface
of the fuselage is lined with glass wool insulation (layer IX) to provide
some acoustic absorption inside the cabin. The thickness of the glass
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wool layer is approximately dIX = 50 mm. Lining panels have not been
installed into the cabin at the time of these measurements.

A tabular overview of the different layers and their relevant acoustic
properties is given in Table 4.3. These values are used for transfer
matrix calculations of this noise shield setup. Since the transfer matrix
model does not account for the curvature of the fuselage structure,
the air gap thickness dIII is set to 30 mm. This value corresponds to
the average spacing between the MAM elements and the melamine
foam layer along the circumference. The density ρ, porosity χ, and
specific flow resistivity σ of the melamine foam layer and glass wool
insulation have been taken from [90] and [51], respectively. These values
are used in the transfer matrix calculations to obtain the equivalent
densities and bulk moduli of the corresponding porous layers using the
Champoux-Allard model [1], as described in Section 3.1.1.

The noise shield is attached to the fuselage at two points using hinge
joints. One of these hinge joints can be seen in Fig. 4.8(b) at the upper
edge of the panel near the upper right corner. Thus, the fully assem-

Table 4.3: Layer properties of the noise shield assembly shown in Fig. 4.7.

Layer: Type: Properties:

I Wall m′′I = 8.6 kg/m2

II Porous layer dII = 25 mm, ρII = 9.2 kg/m3,
χII = 0.99, σII = 10 kN s/m4 [90]

III Air gap dIII = 30 mm
IV MAM NS1 in Table 4.2 (Masses with Ø30 mm)
V Air gap dV = 20 mm
VI MAM NS2 in Table 4.2 (Masses with Ø20 mm)
VII Air gap dVII = 25 mm
VIII Wall m′′VIII = 10 kg/m2

IX Porous layer dIX = 50 mm, ρIX = 5.5 kg/m3,
χIX = 0.95, σIX = 21 kN s/m4 [51]
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bled noise shield panel can be folded around these hinges using ropes
until the panel rests safely on top of the fuselage. Two spacers on the
opposite edge to the hinges ensure the height of the noise shield to be
approximately H = 100 mm. Fig. 4.9(a) shows a photograph of the
noise shield resting on the fuselage after being fully folded up.

4.3. Noise shield measurements

4.3.1. Measurement procedure

When the noise shield panel is folded up, the loudspeaker array is po-
sitioned in front of the noise shield. Fig. 4.9(a) shows the final position
of the loudspeakers, which was reproduced for every measured con-
figuration of the noise shield. The distance between the loudspeaker
membranes and the surface of the noise shield is adjusted to be ap-
proximately 0.26 m everywhere along the loudspeaker array surface.
Several types of excitation signals are available to evaluate the sound

(a) Noise shield with loudspeaker array
in position.

400 mm

4
0
0

m
m

(b) Microphone array for mapping the
sound level inside the cabin.

Figure 4.9: Photographs of the measurement setup with the excitation sys-
tem in front of the noise shield and the microphone array inside the cabin.
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transmission through the noise shield for different incident sound fields.
A broadband pink noise signal (bandwidth f = 60 . . . 1000 Hz) is used
to characterize the noise shield over a wide range of frequencies. To
emulate typical noise fields generated by CROR engines, multi-tonal
noise fields with arbitrary trace wave numbers imprinted on the noise
shield are employed.

The different sound fields on the surface of the noise shield, as gen-
erated by the loudspeaker array, are characterized using the moveable
microphone array between the fuselage and the loudspeakers. The mi-
crophones allow the measurement of the sound pressure field at 240
points distributed on a rectangular grid across the surface covered by
the loudspeaker array. Fig. 4.10 shows the measured sound pressure
level and phase angle fields for the pink noise excitation at a represen-
tative frequency of f = 100 Hz. It can be seen that the sound pressure
level distribution is nearly uniform with LP ≈ 85 dB, except for a
considerable sound level reduction near the vertical center line of the
loudspeaker array. The explanation for this particular inhomogeneity in
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Figure 4.10: Measured spatial distribution of the sound pressure level and
phase angle at f = 100 Hz for the pink noise excitation.
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the pink noise sound field can be found in the phase angle distribution
shown in Fig. 4.10(b). The left and right halves of the loudspeaker array
exhibit a phase difference of 180◦ which leads to cancellation effects at
the vertical center line. This phase difference is caused by the internal
circuitry of the two amplifiers driving each half of the loudspeaker ar-
ray and could not be compensated for the pink noise fields at the time
of the measurements. Therefore, when discussing measurement results
obtained under pink noise excitation, this particular characteristic of
the pink noise field needs to be accounted for.

An example for one of the multi-tonal noise fields at a frequency of
f = 100 Hz is shown in Fig. 4.11. The imprinted trace wave propagates
in x-direction (i.e. along the fuselage axis) with an axial wave number
component of kx = 5.5 rad/m, as can be seen in the phase angle dis-
tribution in Fig. 4.11(b). The sound pressure level is mostly uniform
at LP ≈ 88 dB across the loudspeaker array (see Fig. 4.11(a)). Several
wave numbers ranging from 2.5 rad/m (long wavelength) to 8.5 rad/m
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Figure 4.11: Measured spatial distribution of the sound pressure level and
phase angle at f = 100 Hz for the multi-tonal excitation with an imprinted
trace wave number of kx = 5.5 rad/m.
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(small wavelength) as well as wave directions (axial kx, circumferen-
tial ky, and diagonal kxy) are investigated. In case of these multi-tonal
sound fields, the phase mismatch of the two amplifiers could be com-
pensated.

Inside the cabin of the demonstrator fuselage, the resulting sound
pressure field is measured using a microphone array carrying 43 1/2”
diffuse field microphones in a grid-like pattern with a regular micro-
phone spacing of 400 mm, as shown in Fig. 4.9(b). This array allows the
simultaneous measurement of a whole cross-section through the cabin
and can be traversed along the fuselage axis to capture the whole cav-
ity. For every measurement, the array is moved to 15 stations with a
uniform spacing of 533 mm along the fuselage axis (equal to the frame
spacing), so that the total number of measurement points inside the
cabin is 645. For the evaluation of the measurement results, this large
number of data points is condensed to a single value per frequency by
calculating the average sound pressure level (SPL) inside the cabin,
defined as

〈LP 〉cabin = 10 lg

 1

Vcabin

∫∫∫
Vcabin

100.1LP dVcabin

 , (4.1)

where Vcabin ≈ 37 m3 is the measurement volume inside the cabin and
LP is the sound pressure level. Since LP is measured only at discrete
points, the integral in Eq. (4.1) is calculated numerically using the
trapezoidal rule. In order to obtain a measure for the noise shield trans-
mission loss, the spatially averaged noise reduction 〈NR〉 is employed.
This quantity is closely related to the TL of the noise shield and is
defined as

〈NR〉 = 〈LP 〉exc − 〈LP 〉cabin , (4.2)

where 〈LP 〉exc is the surface average of the excitation field sound pres-
sure level [36]. 〈LP 〉exc is obtained from the measured spatial sound
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pressure level distributions (as for example shown in Fig. 4.10(a)) us-
ing an integration procedure over the loudspeaker array surface, similar
to Eq. (4.1) for the interior cavity.

In order to identify the acoustic performance of the MAM elements
integrated inside the noise shield structure, a total of three different
noise shield configurations and, as a reference, the bare fuselage struc-
ture without a noise shield are investigated. These configurations are
listed in Table 4.4 with the estimated total surface mass density m′′tot of
each configuration. Configuration A corresponds to the reference case
where the cabin sound pressure levels without any noise shield structure
are measured. A photograph of noise shield configuration B is shown in
Fig. 4.12(a). This configuration represents a conventional double wall
design, where the cover sheet of the noise shield is filled with glass
wool packages. The resulting total surface mass density is nearly twice
as large as that of the fuselage alone. Configuration C basically is the
same as the fully assembled MAM noise shield (configuration D), how-
ever with the MAM elements removed (see Fig. 4.12(b)). The rubber
strips are kept inside the noise shield for this configuration in order to
act as dummy masses. Thus, by comparing configurations C and D,
the influence of the MAMs on the sound transmission properties of the

Table 4.4: Descriptions and estimated total surface mass densities of the
measured noise shield configurations.

Conf.: Description: m′′tot (kg/m2)

A No noise shield (fuselage only) 10.3
B Cover sheet filled with glass wool (double wall) 19.7
C Noise shield without MAM elements, but rubber

strips as dummy masses
21.9

D Noise shield with MAM elements and rubber
strips

25.5

142



4.3. Noise shield measurements

(a) Double wall configuration. (b) Noise shield without MAM ele-
ments.

Figure 4.12: Photographs of the additionally measured noise shield config-
urations B and C, as listed in Table 4.4.

noise shield can be evaluated. The total surface mass density of con-
figuration C is 11 % higher than that of the double wall (configuration
B). With the MAM elements integrated, the surface mass density of
the noise shield is 29 % larger.

4.3.2. Results for pink noise excitation

Fig. 4.13 shows the measurement results for the fuselage and the three
noise shield configurations given in Table 4.4 under pink noise excita-
tion. In Fig. 4.13(a), the average noise reductions for all noise shield
configurations are displayed over a frequency range of 50 to 250 Hz.
Fig. 4.13(b) shows the related noise reduction differences ∆〈NR〉 =
〈NR〉 − 〈NR〉ref of the noise shields, where the reference configuration
corresponds to the bare fuselage (i.e. configuration A in Table 4.4).
Thus, a positive NR difference indicates an improved fuselage sound
transmission loss by the noise shield.

At low frequencies between 50 and 100 Hz, the noise reduction of the
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Figure 4.13: Measured average noise reduction and noise reduction difference
for the different noise shield configurations at pink noise excitation.

bare fuselage (dash-dotted curve in Fig. 4.13(a)) exhibits strong varia-
tions ranging from 30 to 40 dB. These variations can be attributed to
the modal behavior of the fuselage structure. Above 100 Hz, the fuse-
lage 〈NR〉 drops to a nearly constant value of around 29 dB, which is
consistent with previous noise reduction measurements of similar fuse-
lage structures [36]. At first, the noise reduction curves of the three
noise shield configurations in Fig. 4.13(a) qualitatively follow the fuse-
lage 〈NR〉 curve with slightly higher 〈NR〉 levels. But above approxi-
mately 105 Hz, the noise reduction of the noise shields becomes consid-
erably higher than that of the fuselage. This indicates that above this
frequency, the double wall effect becomes the predominant noise reduc-
tion mechanism for all three noise shield designs. It should be noted
that, according to Eq. (1.5), the mass-air-mass resonance of the double
wall noise shield would be predicted as f0 ≈ 88 Hz (assuming θi = 0◦),
which is 16 % lower than the 105 Hz observed in Fig. 4.13(a). This dis-
crepancy can possibly be attributed to the curvature of the noise shield,
which is not accounted for in Eq. (1.5), and the non-uniform pink noise
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4.3. Noise shield measurements

excitation field (see Fig. 4.10). Above the presumed mass-air-mass res-
onance at 105 Hz, the noise reduction improvement of the noise shields
jumps to about 6 dB and continues to rise as the frequency increases.
This observation is consistent with the noise reduction improvement of
double walls over a single wall above the mass-air-mass resonance.

The different acoustic performances of the noise shield variants be-
come more clearly visible in the noise reduction difference plots in
Fig. 4.13(b). Here it can be seen that the 〈NR〉 of the noise shield with-
out MAMs (orange curve) is mostly very similar to that of the double
wall (green curve). However, for some narrow frequency bands, con-
siderable differences can be observed. For example, around 75 Hz the
cabin noise reduction of the noise shield without MAMs is up to 2 dB
larger than that of the double wall. Since the most notable difference
between those two noise shield designs is the introduction of the rubber
strips as dummy masses, this noise reduction improvement should be
attributable to the dynamic behavior of the rubber strips. The ∆〈NR〉
of the noise shield with MAMs (purple curve) deviates most notably
from the noise shield without MAMs at low frequencies between 75 and
125 Hz. In order to emphasize these differences, Fig. 4.14(a) shows the
measured noise reduction differences of the noise shield with and with-
out MAMs as compared to the 〈NR〉 of the double wall configuration.
Between 75 and 85 Hz it can be seen that the noise reduction of the
noise shield is significantly reduced by up to 3 dB when the MAM el-
ements are integrated. As explained in Chapter 3, where multi-layered
structures with MAMs were analyzed, the integration of MAM layers
inside a double wall structure introduces additional panel resonances.
These significantly reduce the sound transmission loss of the structure
around these frequencies. Furthermore, the sound absorption of the
melamine layers is expected to be very low at frequencies below 100 Hz
so that the TL reduction at a panel resonance of the noise shield struc-
ture can become very pronounced, as observed in Fig. 4.14(a). This
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Figure 4.14: Measured noise reduction differences and analytically predicted
transmission loss differences of the noise shield with and without MAMs com-
pared to the double wall configuration. The dashed lines in (b) indicate the
calculated ∆〈NR〉 using Eq. (D.6) assuming a flanking incident sound power
ratio of Wi,fsl/Wi,shield = 0.1.

indicates that in fact a panel resonance occurs within the MAM noise
shield at around 82 Hz, which has been marked as such in Fig. 4.14(a).
For frequencies between 85 and 125 Hz, on the other hand, the ∆〈NR〉
of the MAM noise shield increases by up to 3 dB compared to the noise
shield without MAMs. The frequency range of this noise reduction im-
provement lies slightly below the expected anti-resonance frequencies
of the MAM elements (compare Fig. 4.6(a)). Since the MAM elements
are not rigidly attached to the noise shield structure (unlike the fixed
membrane edges assumed in the analytical MAM model), the com-
pliant attachment of the MAM elements using cable straps shifts the
anti-resonances of the MAMs to lower frequencies. Therefore, it is a
reasonable assumption that the noise reduction improvement in this
frequency range is in fact caused by the anti-resonances of the inte-
grated MAM layers.

For comparison, Fig. 4.14(b) shows the normal incidence transmis-
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4.3. Noise shield measurements

sion loss difference ∆TL = TL − TLref , calculated using the transfer
matrix method with the layer properties given in Table 4.3. In order
to account for the additional mass introduced by the rubber strips,
m′′rubber ≈ 2.8 kg/m2 is added to the cover sheet surface mass density
m′′I . The analytical results clearly show the MAM anti-resonances with
three peaks at the expected frequencies (compare Fig. 4.6(a)) and a pro-
nounced panel resonance slightly below the first MAM anti-resonance
frequency. Qualitatively, this is consistent with the observations in the
measurement results given in Fig. 4.14(a). However, besides the already
explained frequency shift in the measured MAM anti-resonances and
panel resonance, the most notable difference between the analytical
and the experimental results is the large difference between the maxi-
mum measured noise reduction improvements (3 dB) and the maximum
predicted transmission loss improvements (up to 20 dB) at the MAM
anti-resonances.

A very likely explanation for this discrepancy is the flanking trans-
mission of airborne sound through the bare fuselage surrounding the
finite sized noise shield structure. This is possible due to the lateral
surfaces around the loudspeaker array not being sealed off so that
sound waves can propagate sideways (away from the noise shield),
pass through the bare fuselage, and thus compromise the otherwise
good sound insulation properties of the noise shield. Similar effects
have been observed for example in [37] in the course of flight tests
of enhanced acoustic cabin sidewall treatments with Helmholtz res-
onators. As shown in Appendix D, the noise reduction difference ∆〈NR〉
only corresponds to the actual transmission loss difference of the two
noise shield configurations under certain circumstances. Accordingly,
the amount of sound power incident on the fuselage around the noise
shield structure Wi,fsl should be very small compared to the incident
sound power on the noise shield itself, Wi,shield. Furthermore, the ∆TL-
value should not be too high. Very large transmission loss differences
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4. Noise shield demonstrator

(e.g. due to anti-resonances of the MAM elements) cannot be captured
with ∆〈NR〉, because most of the total incident sound power bypasses
the noise shield around the flanking paths and contributes to the av-
erage SPL inside the cabin. In order to illustrate the consequences of
this effect, the dashed lines in Fig. 4.14(b) indicate the actual ∆〈NR〉
calculated using Eq. (D.6). For that, an incident sound power ratio of
Wi,fsl/Wi,shield = 0.1 is assumed and the transmission loss values of the
different noise shield configurations are taken from the transfer matrix
results. This shows that the maximum noise reduction difference at
the first MAM anti-resonance is drastically reduced from over 20 dB
to approximately 9 dB if the acoustic flanking is taken into account. It
is expected that the structure-borne sound coupling between the noise
shield and the fuselage further reduces the measured ∆〈NR〉-values.
Compared to that, the noise reduction difference minimum at about
100 Hz (in the analytical calculations) due to the panel resonance in
Fig. 4.14(b) is completely unaffected by the flanking paths.

According to the discussion above, the measurement results for the
noise shield demonstrator shown in Fig. 4.14(a) have to be viewed in
the light of possible acoustic flanking paths. These are unavoidable in
the given measurement environment. The measured ∆〈NR〉-peak value
of 3 dB at the MAM anti-resonances serves only as a lower bound
of the actual ∆TL-value of the MAM noise shield compared to the
double wall. This value can be considerably higher than the ∆〈NR〉,
depending on the amount of sound power bypassing the noise shield
via flanking paths. Nevertheless, the measurement results provide a
strong indication that the MAMs are effective even in this very complex
structural environment. However, the flanking sound paths are a very
important factor which needs to be carefully taken into account in the
design of aircraft noise shields.
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4.3. Noise shield measurements

4.3.3. Results for tonal noise excitation

The measurement results for the noise reduction difference of the noise
shields with respect to the 〈NR〉 of the fuselage under tonal noise ex-
citation at f = 100 Hz with different trace wave numbers are shown
in Fig. 4.15. The first row in Fig. 4.15 shows the results for the exci-
tation sound wave propagating purely in axial direction (kx) at three
different trace wave numbers 2.5, 5.5, and 8.5 rad/m. In the second
row, the excitation sound wave propagates in a 45◦ angle along the
noise shield (kxy) at the same three trace wave numbers. The third row
shows the results for excitation waves propagating in circumferential
direction (ky).

In the pink noise excitation results in Fig. 4.13(b), it could be seen
that at 100 Hz the noise reduction difference of the MAM noise shield
is approximately 3 dB. The noise reduction of the other noise shield
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Figure 4.15: Measured average noise reduction differences for the different
noise shield configurations at tonal noise excitation (f = 100 Hz) with differ-
ent trace wave numbers.
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configurations is slightly below 1 dB. The tonal excitation results with
different wave numbers in Fig. 4.15 indicate that the noise reduction
differences of all three noise shield designs strongly depend on the char-
acteristics of the excitation field. For example, in the case of an exci-
tation with kxy = 2.5 rad/m or ky = 2.5 rad/m, the ∆〈NR〉-value of
the MAM noise shield is similar to the value obtained under pink noise
excitation. On the other hand, in all three kx-cases, the ∆〈NR〉 of the
MAM noise shield is only half of that value. For the other two noise
shield configurations shown in Fig. 4.15, a negligible noise reduction
difference can be observed for the kx-cases. For ky = 2.5 rad/m, how-
ever, the double wall yields the biggest noise reduction improvement
of all three noise shields, even though it is the lightest design and does
not contain any MAMs.

Therefore, no clear conclusions can be drawn from these measure-
ment results under tonal noise excitation. For example, in all three
kx-cases the measured ∆〈NR〉-values seem to be independent from the
actual trace wave number. This is consistent with the analytical predic-
tions in previous chapters, where it was shown that the anti-resonances
of MAMs are not affected by the nature of the incident sound field, as
long as the unit cells are smaller than the acoustic wavelength. For the
other wave directions, kxy and ky, however, the ∆〈NR〉 of the MAM
noise shield varies considerably with the magnitude of the trace wave
number. In the case of ky-waves, for example, the MAM noise shield
has a ∆〈NR〉 of nearly 4 dB at the smallest trace wave number and
drops to slightly above 1 dB at the largest value of ky. Since the other
two noise shield designs also exhibit large variations for these two wave
direction cases, it can be expected that this is more likely a result of
the global behavior of the noise shield response to the acoustical exci-
tation. It is possible that the noise shield structure exhibits different
structural and acoustical modes, depending on what is integrated into
the air gap between the fuselage and the cover sheet. Furthermore, it
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4.3. Noise shield measurements

is possible that the acoustic flanking paths in the measurements also
depend on the excitation characteristics. An effect inherent only to the
MAM layers, therefore, seems unlikely to be the cause for the strong
wave number and direction dependence of the noise reduction perfor-
mance of the noise shield.
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5. Conclusions and outlook

The aim of this work was to investigate the applicability of MAMs as
acoustic treatments inside an aircraft fuselage noise shield for the reduc-
tion of low-frequency tonal noise produced by counter-rotating open ro-
tor engines. Analytical models for the efficient prediction of the oblique
incidence sound transmission properties of MAMs (both unit cell and
multi-cell arrangements) and multi-layered structures with integrated
MAM layers were developed. These models were verified and validated
using FEM simulations and experiments, respectively. Parameter stud-
ies were performed using these analytical models in order to identify the
most important parameters relevant for the design of noise shields with
MAMs. Based upon these results, a MAM noise shield demonstrator
with realistic dimensions was designed and evaluated experimentally
on an acoustic fuselage demonstrator under different broadband and
tonal noise excitation conditions.

In summary, the research questions for this work, as formulated in
Section 1.3, can be answered as follows:

• In the analysis of the analytical models of MAM unit cells and
multi-celled MAM panels in Chapter 2 it was shown that the
anti-resonance characteristics of MAMs do not depend on the
characteristics of the sound excitation and the overall dimen-
sions of multi-celled panels. This is valid as long as the acoustic
wavelength is large compared to the unit cell dimensions and the
sound pressure acting on the MAMs is approximately uniform
over each unit cell. Thus, under these conditions, MAMs still ex-
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hibit significant TL maxima at their anti-resonances, even when
more realistic sound excitation fields (e.g. diffuse fields) and finite
sized multi-celled panels are considered. Furthermore, it could be
shown that the membrane prestress variation in multi-celled ar-
rangements, which cannot be avoided entirely due to manufactur-
ing uncertainties, does not significantly impair the anti-resonance
characteristics of the MAM panel.

• In the long wavelength limit, the effective surface mass den-
sity and the transfer matrix approach can be used to accurately
and quickly estimate the sound reduction performance of multi-
layered structures with MAMs. Certain assumptions inherent to
the transfer matrix method, such as laterally unbounded and pla-
nar layers, limit the applicability of this method. However, the
computational effectiveness of this approach makes it an excellent
tool for the preliminary design process of such structures.

• Using the transfer matrix it could be shown that it is indeed pos-
sible to considerably enhance the low-frequency transmission loss
of a double wall with MAMs. The anti-resonances of the MAM
layers remain effective, but the bandwidth of the corresponding
TL maxima can be greatly reduced when an improper design is
chosen. For example, it was shown that a double wall design with
integrated MAM layers should be as asymmetric as possible (e.g.
by placing the MAMs very close to one of the walls) in order to
retain a reasonable anti-resonance bandwidth.

• Finally, the measurements of the full-scale noise shield model on
an acoustic fuselage demonstrator indicated the effectiveness of
MAMs in a much more complex and realistic noise shield setup.
Under pink noise excitation, a noise reduction improvement by up
to 3 dB (compared to the noise shield without MAMs) could be
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identified around 100 Hz. This improvement could be attributed
to the anti-resonances of the MAM layers. However, it was pos-
sibly diminished by potential acoustic flanking paths in the test
setup. Furthermore, in the tonal excitation measurements, a con-
siderable dependence of the MAM shield noise reduction perfor-
mance on the spatial characteristics of the excitation field could
be identified.

All in all, these answers to the research questions of this thesis ac-
complish a significant step forward to the industrial application of
membrane-type acoustic metamaterials as low-frequency acoustic treat-
ments within aircraft noise shields. However, new open questions have
been identified in the framework of this thesis, which should be ad-
dressed in further research efforts. The most important questions are:

• How significant is the influence of the acoustic flanking paths in
the experimental setup on the fuselage demonstrator test bench?
How can these be avoided?

• What is the physical explanation for the large differences in the
noise reduction performance of the MAM noise shield in case of
the different tonal excitation fields?

• How can the frequency shifting of the MAM anti-resonances in
case of non-rigid attachment to the host structure be accounted
for in the analytical models?

It can be expected that by answering these open questions, the MAM
noise shield concept can achieve technology readiness level (TRL) 5
[56]. This enables the development of industrial-scale prototypes for
reaching the next TRL.

In addition to that, the analytical models that were derived in this
thesis provide a new and efficient framework to investigate sound insu-
lation structures containing MAMs. The models are not restricted to be
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applied for noise mitigation in aircraft structures, but they can be used
in many different fields of noise control engineering, e.g. noise in cars or
trains and building acoustics. Furthermore, the analytical models can
be employed to develop innovative concepts for new acoustic metama-
terials. For example, the analytical models in this work have been suc-
cessfully applied to develop MAMs with adjustable acoustic properties
which can modify their (anti-)resonance frequencies in situ by applying
a static pressurization to the membrane [38]. This approach might be
useful when the tonal components in the noise spectrum change over
time, e.g. due to shaft rotation speed variations in CROR engines at the
different flight phases. Another technological enhancement of MAMs
employs perforations inside the mass and membrane material to in-
troduce additional anti-resonances and improve the sound absorption
capabilities of MAMs without introducing additional mass penalties
[39]. This concept also has been developed based upon the analytical
models from this work.

As a final conclusion, the results in the present work have shown
that MAMs offer a great potential for improving the low-frequency
noise reduction of conventional sound insulation structures. The noise
shield demonstrator measurements, however, have also identified that
– even almost ten years after their first appearance – the successful
application of MAMs in practice still is a challenging problem. But the
analytical models that were developed in this work can support the
solution of this problem such that one day MAMs could be used to
address low-frequency noise issues in aircraft, cars, trains, buildings,
and many other environments.
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Appendix

A. Extension of the unit cell model to multiple
masses

The analytical model for MAM unit cells derived in Section 2.1 can
be readily extended to account for multiple added masses in a single
unit cell. This can be useful in some applications, e.g. to introduce
additional anti-resonances and increase the bandwidth of the MAM
[59, 64].

Let NM be the number of masses added to the MAM unit cell and
i = 1 . . . NM be the running index referring to one of the added masses.
Each mass i can be characterized using a non-dimensional local Carte-
sian coordinate system (ξ′i, η

′
i, ζ
′
i), rotation angle θ′i, and global center

of gravity coordinates ξ∗i , η∗i , and ζ∗i . The dimensionless mass magni-
tude and squared radii of gyration of the i-th mass are denoted by µ(i)

as well as ϑ
(i)
ξ′i

and ϑ
(i)
η′i

, respectively. After employing the point match-

ing approach and distributing point forces along the common surfaces
between the masses and the membrane, the dimensionless membrane-
mass interaction stress γ′′ is given by a summation over the masses
as

γ′′ ≈
NM∑
i=1

Ii∑
j=1

γijδ(ξ − ξij) δ(η − ηij) , (A.1)

where Ii is the number of matching points for the i-th mass and γij
is the dimensionless point force of the j-th matching point of the i-th
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mass at the global coordinates ξij and ηij . Hence, the total number

of matching points for the MAM unit cell is given by I =
∑NM

i=1 Ii.
The mass equations of motion (2.17) can be formulated for each mass
individually and expressed in matrix form as

Ω2u
(i)
M = Q(i)γ(i), (A.2)

where Q(i) is calculated using Eq. (2.20) with µ, ϑξ′ , ϑη′ , and the
matching point coordinates ξ′j and η′j corresponding to those of the
mass i. Eq. (2.18) then corresponds to the assembly of Eq. (A.2) for all
NM masses, where uM ∈ C3NM and γ ∈ CI are constructed from the
scaled degrees of freedom and the matching point forces of all masses,
respectively, and Q ∈ R3NM×I is given by

Q =

Q(1) 0
. . .

0 Q(NM)

 . (A.3)

The same principle applies to the continuity condition in Eq. (2.21),
which also can be formulated for each mass i individually. From this
it follows that in matrix form the continuity condition still can be
expressed as

LTc = QTuM, (2.22)

but L now is a N by I matrix with the elements given by

lmnij = Φ(ij)
mn = 2 sin(mπξij) sin(nπηij). (A.4)

From this it follows that if multiple masses within a MAM unit cell
are to be considered in the analytical model in Section 2.1, only the
matrices Q and L have to be replaced by Eqs. (A.3) and (A.4), respec-
tively. Apart from that, the remaining procedures, such as the eigen-
mode extraction or the fluid-structure coupling, remain unchanged. For
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the sake of completeness, however, it should be noted that in the case of
NM added masses, the rank of the matrix B in Eq. (2.28) is N + 3NM.

In a similar manner, the analytical model for MAM arrays from
Section 2.2 can also be used when MAM unit cells with multiple masses
are to be considered. In that case, the system of equations (2.77) is of
size (Npq + 3NM,pq + Ipq) by (Npq + 3NM,pq + Ipq), where NM,pq is the
number of masses within the unit cell (p, q). The matrices Qpq and Lpq
in Eq. (2.77) are obtained from Eqs. (A.3) and (A.4), respectively.

B. Reduction of the MAM eigenvalue problem

The reduction of the generalized eigenvalue problem in Eq. (2.28) is
performed by taking the singular value decomposition of the non-zero
upper right blocks in A as[

−L
Q

]
=

[
U11 U12

U21 U22

]
︸ ︷︷ ︸

U

[
Σ
0

]
VT , (B.1)

where U and V are orthonormal and Σ is diagonal positive-definite
containing the singular values of the decomposed matrix. With the
orthonormal transformation matrix S = diag([U ,V ]), Eq. (2.29) can
be transformed into

Ãṽi = Ω2
i Bṽi, (B.2)

where

Ã = STAS =

UT
11CU11 UT

11CU12 Σ
UT

12CU11 UT
12CU12 0

Σ 0 0

 (B.3)

and ṽi = STvi. The special form of Eq. (B.2) can be exploited to
retrieve the finite eigenfrequencies Ω2

i and the associated transformed
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eigenvectors ṽi from the symmetric standard eigenvalue problem [69]

UT
12CU12w̃i = Ω2

i w̃i (B.4)

and the relationship

ṽi =

 0
I

−Σ−1UT
11CU12


︸ ︷︷ ︸

S̃

w̃i. (B.5)

Since Eq. (B.4) is a symmetric eigenvalue problem, there exists a

full set of orthonormal eigenvectors W̃ which transforms the system

matrix in Eq. (B.4) into diagonal form, i.e. W̃
T
UT

12CU12W̃ = Λ. Λ is
a diagonal matrix containing the squared eigenfrequencies Ω2

i of the
MAM unit cell associated to the eigenvectors w̃i. The eigenvectors of
the original system (2.29) are related to w̃i via vi = SS̃w̃i. Thus, the

set V containing the MAM eigenvectors vi is given by V = SS̃W̃. It
can be shown that this set of eigenvectors simultaneously diagonalizes
the system matrices A and B in Eq. (2.29), because

VTAV = W̃
T
S̃TÃS̃W̃ = W̃

T
UT

12CU12W̃ = Λ (B.6)

and

VTBV = W̃
T
S̃TBS̃W̃ = W̃

T
W̃ = I. (B.7)

C. Simplified expression for the MAM unit cell
transmission factor

In order to derive a simplified expression for the transmission factor of
a MAM unit cell at low frequencies (i.e. κ0 = k0Lx � 1), the system
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of equations (2.56) can be rewritten as

(Avac + Arad) x = y. (C.1)

Avac =

C−Ω2I 0 −L
0 −Ω2I Q

−LT QT 0

 (C.2)

is the coefficient matrix for the in vacuo MAM unit cell (i.e. no coupling
between the MAM vibration and the reradiated pressure field),

Arad = iΩ

Ξ 0 0
0 0 0
0 0 0

 (C.3)

contains the radiation impedance matrix from the fluid-structure inter-
action model, xT = (cT ,uT

M,γ
T)/(2βi0), and yT = (bT ,0T ,0T). Thus,

Eq. (2.67) can be written in terms of the inversion of Eq. (C.1) as

t̃θi =
2Z0iΩ

cos θi
yHx =

2Z0iΩ

cos θi
yH(Avac + Arad)−1 y. (C.4)

The definition of the radiation impedance matrix Ξ in Eq. (2.57) can
be written as

Ξ = 2κ0Z0

∑
rs

rrsr
H
rs

κrs
= 2κ0Z0

r00r
H
00

κ00
+ 2κ0Z0

∑
rs

(r,s)6=(0,0)

rrsr
H
rs

κrs
, (C.5)

where the zero-order fluid mode (r = s = 0) has been isolated from the
summation. Noting that for this fluid mode κ00 = κ0 cos θi and r00 = b
(see Section 2.1.4), Eq. (C.5) can be rewritten as

Ξ =
2Z0

cos θi
bbH + 2Z0

∑
rs

(r,s)6=(0,0)

κ0

κrs
rrsr

H
rs. (C.6)
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For very small values of κ0, the ratio κ0/κrs in the summation in
Eq. (C.6) can be approximated up to first order as

κ0

κrs
≈ − κ0

i2π
√
r2 + Λ2s2

+O(κ2
0). (C.7)

Inserting this into Eq. (C.6) and neglecting the second and higher order
terms of κ0 yields

Ξ ≈ 2Z0

cos θi
bbH +

iκ0Z0

π

∑
rs

(r,s)6=(0,0)

rrsr
H
rs√

r2 + Λ2s2
. (C.8)

Noting that for κ0 � 1 the contribution of the summation in Eq. (C.8)
is small compared to the first summand (which does not depend on κ0),
the imaginary part of Ξ can be neglected in the low-frequency regime.
Thus, as a low-frequency approximation, the radiation impedance ma-
trix is calculated by considering only the plane wave mode of the sur-
rounding fluid space:

Ξ ≈ 2Z0

cos θi
bbH . (C.9)

Consequently, the simplified form of Arad in Eq. (C.4) is given by

Arad ≈
2Z0iΩ

cos θi

bbH 0 0
0 0 0
0 0 0

 =
2Z0iΩ

cos θi
yyH , (C.10)

which can be inserted into Eq. (C.4) to yield

t̃θi ≈
2Z0iΩ

cos θi
yH

(
Avac +

2Z0iΩ

cos θi
yyH

)−1

y. (C.11)

The inverse of the matrix sum in Eq. (C.11) is given by the Sherman–
Morrison formula [28, 84](

Avac +
2Z0iΩ

cos θi
yyH

)−1

= A−1
vac −

A−1
vacyyHA−1

vac
cos θi
2Z0iΩ + yHA−1

vacy
(C.12)

176



C. Simplified expression for the MAM unit cell transmission factor

and thus Eq. (C.11) can be simplified to

t̃θi ≈
1

1 + cos θi
2Z0iΩ

1
yHA−1

vacy

=
1

1 + iΩ cos θi
2Z0

1
−Ω2bH c̃vac

, (C.13)

where c̃vac corresponds to the in vacuo solution of Eq. (2.56) with the
radiation impedance matrix Ξ set to zero.

Comparing this expression to the transmission factor for an un-
bounded limp wall with surface mass density m′′ (i.e. the commonly
known mass-law relationship) [61]

t̃
(W)
θi

=
1

1 + iω cos θi
2Z0

m′′
, (C.14)

it is revealed that the term 1/(−Ω2bH c̃vac) in Eq. (C.13) can be inter-
preted as a nondimensional effective surface mass density of the MAM
µ′′eff with

µ′′eff =
m′′eff

m′′m
=

1

−Ω2bH c̃vac

(C.15)

and

t̃θi ≈
1

1 + iΩ cos θi
2Z0

µ′′eff

. (2.70)

Eq. (C.15) can be further simplified by using the Taylor series rep-
resentation of b as given in Eq. (2.38) around κ0 = 0. For κ0 � 1,
retaining only the zero- and first-order terms in the Taylor series yields
the decomposition b ≈ b0◦ + bdev. The elements of the vector b0◦ ,

b0◦,mn =
2

mnπ2
[(−1)m − 1] [(−1)n − 1] , (C.16)

correspond to the elements of the modal excitation vector under normal
incidence (θi = 0◦) and bdev is the first-order deviation from b0◦ with

bdev,mn =
−2i

mnπ2
{κξ(−1)m [(−1)n − 1] + κη(−1)n [(−1)m − 1]} .

(C.17)
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Comparing the two equal expressions on the right side of Eq. (C.13)
reveals that bH c̃vac = yHA−1

vacy. The vector y can be decomposed in the
same way as b to yield, as a first order approximation, y ≈ y0◦ + ydev,
with yT

0◦ = (bT
0◦ ,0

T ,0T) and yT
dev = (bT

dev,0
T ,0T). Thus, bH c̃vac in

Eq. (C.15) is given by

bH c̃vac = yHA−1
vacy ≈

(
yH

0◦ + yH
dev

)
A−1

vac (y0◦ + ydev) . (C.18)

When expanding the products in the equation above, the symmetry of
Avac (see Eq. (C.2)) yields a symmetric inverse A−1

vac and thus the two
middle summands of the expanded product cancel each other, i.e.

yH
0◦A

−1
vacydev + yH

devA−1
vacy0◦ = yT

0◦A
−1
vacydev − yT

0◦A
−1
vacydev = 0. (C.19)

Consequently, Eq. (C.18) reduces to

bH c̃vac ≈ yH
0◦A

−1
vacy0◦ + yH

devA−1
vacydev. (C.20)

Finally, it is worth noting that the elements of ydev depend on κξ and
κη (see Eq. (C.17)) and thus ydev is proportional to κ0. Therefore,
the second summand in Eq. (C.20) is O(κ2

0) and, following the first-
order approximations introduced above, can be neglected for κ0 � 1.
Consequently, only the first summand is left so that

bH c̃vac ≈ yH
0◦A

−1
vacy0◦ = bT

0◦ c̃0◦,vac (C.21)

and the low-frequency approximate form of the effective surface mass
density is finally given by

µ′′eff ≈
1

−Ω2bT
0◦ c̃0◦,vac

. (2.71)
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D. Flanking paths in the noise shield demonstrator
measurement setup

Under the assumption of a statistical distribution of sound energy
within the fuselage, the following room acoustics equation can be used
to estimate the average SPL inside the cabin:

〈LP 〉cabin ≈ LWt,tot − 10 lg
Acabin

1 m2
+ 6 dB, (D.1)

where LWt,tot is the total sound power level transmitted into the cabin
and Acabin is the equivalent absorption surface inside the cabin [61].
From Eq. (D.1) and the definition of the spatially averaged noise reduc-
tion in Eq. (4.2), it follows that the noise reduction difference ∆〈NR〉
between two noise shield configurations is given by

∆〈NR〉 = 〈LP 〉(ref)
cabin−〈LP 〉cabin ≈ L

(ref)
Wt,tot

−LWt,tot = −∆LWt,tot , (D.2)

where it has been presumed that the excitation field is the same for
both noise shield configurations and the total transmitted sound power
level difference is given by

∆LWt,tot = 10 lg

(
Wt,tot

W
(ref)
t,tot

)
. (D.3)

Taking into account potential flanking paths, the total transmitted
sound power can be decomposed into two parts as Wt,tot = Wt,shield +
Wt,fsl, in which Wt,shield and Wt,fsl are the sound power transmitted
through the area covered by the noise shield and the fuselage around
the noise shield, respectively. Fig. D.1(a) provides an illustration of the
different parts that constitute Wt,tot. Using Eq. (1.1), the transmitted
sound powers can be expressed in terms of transmission coefficients and
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Wt,shield

Wt,fsl

Wt,fsl

〈LP 〉cabin

(a) Transmitted sound power.

Wi,fsl
Wi,shield

(b) Incident sound power.

Figure D.1: Illustration of the acoustic flanking paths around the noise shield
on the fuselage.

incident sound powers and Eq. (D.3) subsequently becomes

∆LWt,tot = 10 lg

(
τWi,shield + τfslWi,fsl

τrefWi,shield + τfslWi,fsl

)
. (D.4)

As depicted in Fig. D.1(b), Wi,shield and Wi,fsl correspond to the in-
cident sound power on the noise shield surface and the parts of the
fuselage around the noise shield affected by the flanking sound paths,
respectively. In Eq. (D.4) it has been assumed that the incident sound
powers are equal for both noise shield configurations and that the sound
transmission through the noise shield area and the surrounding fuse-
lage area can be regarded as independent from each other. Thus, the
structure-borne sound coupling between the noise shield structure and
the fuselage is neglected in this case. By rearranging Eq. (D.4) and in-
serting it into Eq. (D.2), the following expression for the noise reduction
difference is obtained:

∆〈NR〉 ≈ −10 lg

(
Yfsl + τ

τref

Yfsl + 1

)
, (D.5)
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with the dimensionless flanking parameter defined as Yfsl = (τfsl/τref) ·
(Wi,fsl/Wi,shield). The transmission coefficient ratio τ/τref is related to
the transmission loss difference ∆TL via τ/τref = 10−0.1∆TL. Conse-
quently, the relationship between ∆〈NR〉 and ∆TL including the in-
fluence of potential acoustic flanking paths around the noise shield is
finally given by

∆〈NR〉 ≈ −10 lg

(
Yfsl + 10−0.1∆TL

Yfsl + 1

)
. (D.6)

This result indicates that if the flanking parameter is significantly
smaller than unity and ∆TL is not too large, Eq. (D.6) simplifies to
∆〈NR〉 ≈ ∆TL. Thus, under these conditions, the noise reduction dif-
ference is a direct measure for the transmission loss difference between
the two noise shield configurations. Since typically τref / τfsl, the con-
dition Yfsl � 1 is only fulfilled when the sound power incident on the
noise shield area Wi,shield is much greater than the sound power inci-
dent on the surrounding fuselage area Wi,fsl. This can, for instance, be
achieved by properly shielding the open side surfaces around the loud-
speaker array. However, if ∆TL is much greater than zero (e.g. at a
MAM anti-resonance), the corresponding noise reduction difference is
∆〈NR〉 ≈ 10 lg(1 + 1/Yfsl) (in the limit ∆TL → +∞). Therefore, the
measured ∆〈NR〉-value is capped at a maximum value which depends
on the flanking parameter Yfsl and is lower than the actual ∆TL of
the noise shields. This implies that even when the flanking incident
sound power ratio Wi,fsl/Wi,shield is comparatively low, the measured
∆〈NR〉-value will always be lower than the actual ∆TL-value and this
systematic error increases for larger ∆TL. If, on the other hand, ∆TL is
much smaller than zero (e.g. at a panel resonance), ∆〈NR〉 ≈ ∆TL (in
the limit ∆TL→ −∞) and the panel resonance is basically unaffected
by the acoustic flanking paths.

In summary, this analysis shows that the noise reduction differ-
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ence ∆〈NR〉 is only under certain circumstances a direct measure for
the transmission loss difference. The acoustic flanking paths intro-
duce a systematic error which distorts the relationship between ∆〈NR〉
and ∆TL in such a way that negative ∆TL-values (i.e. transmission
loss degradations) remain nearly unaffected. Positive ∆TL-values (i.e.
transmission loss improvements), on the other hand, are capped at a
certain maximum value.
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