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Summary
With modern lightweight designs, driven by the need for material and energy
efficiency, and the demand for inherent compliance within human-robot interaction
an increasing amount of flexibility is introduced in robots nowadays. Through a
reduction of the robot mass energy consumption is decreased and interactions are
safer. Flexible link robots are a natural way to approach these topics. Nevertheless,
the obtained compliance within flexible links introduces several challenges. These
include amongst others underactuation, undesired structural oscillations and
often an unstable internal dynamics when controlling the end-effector. Therefore,
it is typically not possible to directly apply established methods from rigid body
robotics but more sophisticated approaches are necessary.
The presented research deals with the challenges occurring for flexible link robots
with serial and parallel parts, such that it is possible to eventually benefit from
the variety of advantages which they offer. In this regard, the complete process is
discussed from the development of a new modular flexible link parallel robot, over
the compact as well as accurate modeling and model inversion, over state and
output estimation, to end-effector trajectory tracking control and active oscillation
damping. Since the literature on parallel robots with flexible links is very rare
this newly developed robot called Flexor offers the possibility to further validate
modeling and control concepts for such robots. For this system type, model
order reduction and the floating frame of reference approach are combined with
projections to transform the resulting differential-algebraic equations to ordinary
differential equations in order to simplify the numerical solution. Together with
the concept of servo constraints, this results in an accurate and computationally
efficient inverse flexible multibody model. It even enables classical model inversion
via forward time integration in real-time for Flexor if the internal dynamics is
stable. To provide systematic and experimentally promising control concepts, it
is further shown how several well-known control techniques can be adapted to
flexible link parallel robots.
The main focus of this research is end-effector trajectory tracking, which can be
regarded as the most difficult control task for flexible link robots. The reason is
that using the end-effector as output typically results in a non-minimum phase
system, i.e., the internal dynamics is unstable. Therefore, three concepts are
developed to render the system minimum phase. All three concepts even result
in a stable inverse model of Flexor for the considered scenarios. Here, the full
dynamic flexible multibody model is inverted in real-time. This is a major
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Summary
difference to the related literature, which is typically based on rigid body inverse
kinematics or on offline computations for models including flexibility. Based on
such a real-time model inversion the related rigid body literature on collision
avoidance is then extended to flexible link robots. A dynamic flexible model
inversion is also used within the framework of hybrid force/position control as
opposed to the usual approaches within the related literature on flexible link
robots. Moreover, input-output feedback linearization is adapted to parallel
robots with flexible links. A systematic way via servo constraints is proposed
for tracking a redefined output close to the exact end-effector. Finally, a linear-
quadratic regulator is designed to track state trajectories of flexible link parallel
robots and is used to damp oscillations such as after a trajectory tracking scenario
or caused by disturbances, e.g., through contact to a human.
Within flexible link robotics many researches only rely on simulations since
experiments are not straightforward to perform and feedback control with elas-
tic measurements is difficult. Nevertheless, a major effort has been made to
successfully apply all proposed control concepts to flexible link parallel robots
within experiments. This is crucial to show the practical relevance of the concepts
within realistic scenarios. The experiments also include human-robot interaction,
which is very rarely considered in the literature of flexible link robots. The
experiments confirm on the one hand the need for modern controllers based
on flexible multibody models, as in most cases they significantly outperform
controllers based on classical rigid multibody models. On the other hand, the
applicability of flexible link parallel robots to typical robotic application scenarios
is concluded. This thesis can thus serve as a basis for future research within
model-based control designs and a transfer to industrial lightweight applications
is also possible.
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Introduction
1.1 Compliance in Robotics
Classical industrial robots are designed to be close to rigid in order to accurately
perform manufacturing tasks. However, the resulting large mass and stiffness
makes an interaction with human workers often dangerous and high forces can
occur within scenarios with contact to the environment. Especially for such
contact scenarios, efforts have been made to introduce a compliant behavior
by control design. Well-known methods are compliance control and impedance
control which date back to the 1970s and 1980s [1]. Nowadays, compliant
controllers can be found in the portfolio of renowned companies such as ABBs
SoftMove, which introduces robot compliance.
Actively introduced compliance can be effective but does not offer advantages
such as the inherent safety aspects of passive compliance. Typical passively
compliant elements in robotics are flexible joints, flexible links as well as soft and
pneumatic components. Although compliance can reduce the control accuracy,
compliant robots have gained increased interest in recent years amongst others
due to the fact that they can ensure safe human-robot interaction (HRI). Thus,
there tends to be a paradigm shift in the industry from reducing compliance
to using compliance. Amongst others, Kuka has recently developed the LBR
iiwa, which is a flexible joint lightweight robot that enables a collaboration
between humans and robots without safety fences. The robot Sawyer from
Rethink Robotics is also a relatively new collaborative flexible joint robot.
Lately, Festo developed the BionicSoftArm which is a lightweight robot that
uses pneumatic bellows segments and pneumatic actuators. Besides collaboration,
compliance is beneficial within many application areas such as for surgeries, where
the adaptable shape of compliant snake-like robots can be advantageous.
Significant passive compliance also occurs in large-scale machines since stiff
designs are typically not feasible. Applications are amongst others long aerial
ladders, large tower cranes or large space manipulators. Lightweight designs
driven by the need for material and energy efficiency often also result in significant
compliance. The resulting structural elasticities in the form of flexible links are
the focus of this research. Although the demand for such lightweight designs is
large the connected advantages come with significant control challenges. These
are outlined in the following section.
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1.2. Flexible Link Robots
1.2 Flexible Link Robots
Flexible link robots have been considered since the 1970s amongst others by Book
et al. [2], while in the 1980s major research efforts began [3]. Early studies
were closely connected to the need for lightweight space manipulators in order to
reduce the launching cost [4, 5]. One of the first reported experiments on a flexible
link robot dates back to 1984 by Cannon and Schmitz [6] who used the setup
illustrated in Figure 1.1a). Other early experimental setups were investigated by
Lee et al. [7], see Figure 1.1b), as well as by Naganathan and Soni [8].
For a detailed overview of modeling and control schemes it is directed to the
following referenced review papers which summarize the important techniques
investigated in the five decades of flexible link robots. In 1997, Shabana [10]
reviewed flexible multibody dynamics developments which can be used to model
flexible link robots. In 2004, Benosman and Le Vey [11] issued a survey paper
with focus on control of flexible link robots. In 2006, Dwivedy and Eberhard [5]
published a review paper on the dynamic analysis of flexible joint and flexible
link robots. In 2015, Kiang et al. [3] reviewed besides control design also sensor
systems for flexible joint and flexible link robots. In 2016, Sayahkarajy et al. [4]
and Lochan et al. [12] published review papers with focus on flexible two-link

a) Experimental flexible arm [6] b) Robotic arm large and flexible
(RALF) [9]

Figure 1.1: Early flexible link robots.





Chapter 1. Introduction
manipulators. More specific literature reviews of the actually utilized modeling
and control concepts are omitted here since they are reported in the corresponding
sections throughout this thesis.
As indicated before, classical industrial robots are heavy in order to prevent unde-
sired oscillations. This makes it necessary to use large actuators to ensure a fast
operation, which typically consume a significant amount of energy. Additionally,
the negligible compliance can make interactions with humans dangerous. The
interest in solving these problems highly increased in the last decades. A possible
solution are the considered flexible link robots since they provide promising
advantages such as:

▸ Material efficiency
▸ Light weight
▸ Smaller actuators
▸ Faster motion
▸ Energy efficiency
▸ Smaller contact forces
▸ Safer HRI through inherent compliance

Nevertheless, the link flexibility comes at the cost of several disadvantages.
Typical issues of flexible link robots are:

▸ Underactuation
▸ Non-collocation of input and output
▸ Unstable internal dynamics with end-effector as output
▸ Difficulty to measure the end-effector pose
▸ Undesired oscillations
▸ Static deflections
▸ Larger control errors

Due to the link flexibility, classical control concepts from rigid robotics can in
most cases not be directly applied. For model-based control an accurate but
computationally efficient flexible multibody model and adapted control designs
are necessary. In this research, techniques are discussed to obtain such a model.
Then, control approaches for flexible link robots are proposed which allow to cope
with the mentioned disadvantages to eventually benefit from the large amount of
advantages.





1.3. Main Contributions
1.3 Main Contributions
The objective, i.e., the problem statement to be solved of the presented research
is summarized as:

▸ A new modular flexible multi-link robot shall be built that enables the
investigation of a variety of industrial robotic scenarios and problems such
as pick and place and contact to the environment.

▸ Accurate but computationally efficient real-time capable models shall be
developed and applied to model-based feedforward and feedback control
with focus on end-effector trajectory tracking of flexible link robots.

▸ Experiments which also include HRI shall be conducted to validate the
practical relevance of the proposed control concepts for flexible link robotics.

In the course of dealing with this general problem statement several contributions
have been made which close various gaps in flexible link robotics research. The
main contributions are:

▸ Development of a new flexible link parallel robot:
A unique and modular flexible link robot called Flexor is developed to
investigate complex nonlinear model-based controllers within a variety of
different classical and modern robotic scenarios such as pick and place,
force control, end-effector trajectory tracking and HRI. In contrast to
the literature, which highly focuses on flexible single-link robots [4], the
presented flexible robot has one rigid and two flexible links. Besides a serial
part it also consists of a parallel part. Since the literature on parallel robots
with flexible links is very rare [13, 14] this new robot offers the possibility
to further validate modeling and control concepts for such systems.

▸ Computationally efficient modeling:
Existing modeling methods such as the finite element method (FEM),
model order reduction and the floating frame of reference approach are
combined with projections to transform the resulting differential-algebraic
equations (DAEs) to ordinary differential equations (ODEs). Together with
the concept of servo constraints, this results in a real-time capable inverse
flexible multibody model.

▸ Real-time end-effector trajectory tracking:
The main focus of this research is end-effector trajectory tracking, which
can be regarded as the most difficult control task for flexible link robots [11].
The reason is that using the end-effector as output typically results in a
non-minimum phase system, i.e., the inverse system is unstable. Therefore,
three ways are developed to render the system minimum phase. Firstly,
output redefinition is considered. This has been done before, e.g., via
a linearly combined output within simulations [15–17]. The presented
research does not use a linear approximation of the output but directly
weights the elastic deformations and rotations in the nonlinear output
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Chapter 1. Introduction
function. Secondly, the mass distribution of the considered robot is adapted
by using an additional counter weight. In contrast to [18, 19], this counter
weight is not placed near the end-effector but close to the actuators on the
robot base. Adding a small mass at the identified location already results
in a minimum phase system and has only a minor influence on the link
eigenmodes. This behavior is confirmed within experiments which has not
been done within the cited references. Thirdly, a linear controller is applied
which internally feeds back the state within the utilized model inversion.
The idea is that instead of tracking the complete 2D pose of the end-effector
its rotational degree of freedom (DOF) stays uncontrolled. This leads to
kinematic redundancy which is used to stabilize the zero dynamics.
All three concepts result in a stable inverse model of Flexor for the
considered scenarios. Here, the full dynamic flexible multibody model is
inverted in real-time. This is a major difference to the related literature,
which is typically based on rigid body inverse kinematics or on offline
computations for models including flexibility.
Furthermore, experiments show that the end-effector trajectory tracking
performance of the output redefinition approach is very close to cases which
use the exact end-effector. This is amongst others confirmed for a scenario
in 3D with the end-effector being in contact to the environment.

▸ Real-time collision avoidance:
The output redefinition approach for end-effector trajectory tracking is
combined with actuator limit avoidance and obstacle collision avoidance
in real-time. This extends the related rigid body literature on collision
avoidance to flexible link robots.
Firstly, existing real-time concepts to avoid actuator limits usually directly
adapt the desired actuator motion, which can excite significant oscillations
in flexible link robots. Therefore, in this research the actuator motions
are only adapted indirectly by changing the desired end-effector trajectory.
A flexible model inversion then ensures effective end-effector trajectory
tracking with simultaneous actuator limit avoidance.
Secondly, obstacle collision avoidance is implemented which is very rarely
found in the literature of flexible link robots. In contrast to the presented
research, existing results only consider static obstacles as well as only serial
robots and are not implemented within real-time experiments.

▸ Hybrid force/position control:
A dynamic flexible model inversion is also used within the framework of
hybrid force/position control as opposed to the usual approaches within
the related literature on flexible link robots. This allows to also track the
normal contact force at the end-effector besides its pose.

▸ State and output estimation:
For nonlinear state estimation the well-known unscented Kalman filter
(UKF) [20] is applied. Here, an adaption for flexible multibody systems
with algebraic constraint equations, i.e., in DAE form, is implemented. The
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1.3. Main Contributions
presented approach uses minimal coordinates for the UKF similar to [21],
but via a projection based on a QR decomposition while the constraint
equations are satisfied with the Newton-Raphson method. This extends
the related literature [21, 22].
The end-effector pose of a flexible link robot, being typically the output of
interest, cannot be reconstructed only by motor encoders in contrast to rigid
robots. Therefore, a marker-based reconstruction of the 3D end-effector
pose is performed with a real-time capable motion tracking camera. Such
systems are known from tracking human actors but are very rarely applied
to flexible link robots.

▸ State feedback control:
The previously discussed model inversion control concepts are essentially
feedforward controllers, which are combined with end-effector and actuator
feedback control but do not directly consider elastic measurements. There-
fore, the elasticity is used within state feedback controllers to also correct
for errors within the link deformations.
Firstly, input-output feedback linearization is adapted to parallel robots
with flexible links. A systematic way via servo constraints is proposed for
tracking a redefined output close to the exact end-effector.
Secondly, a linear-quadratic regulator (LQR) is designed to track state
trajectories. In [23–25], LQRs are applied experimentally to end-effector
trajectory tracking of serial robots which consist of two flexible links. The
presented approach, however, considers parallel instead of serial robots,
which complicates the control design.

▸ Oscillation damping control:
Two systematic concepts are applied to damp occurring oscillations such
as after a trajectory tracking scenario or caused by disturbances, e.g.,
through contact to a human. Firstly, the previously mentioned LQR is
used. Secondly, the equations of motion of the structural flexibility are
decoupled by a modal transformation. Subsequently, the modal damping is
actively increased by the actuator motion. The main contribution is the
successful implementation of both concepts on a flexible multi-link parallel
robot.

▸ Experimental validation:
Within flexible link robotics many researches only rely on simulations since
experiments are not straightforward to perform and feedback control with
elastic measurements is difficult. Nevertheless, a major effort has been
made to successfully apply all presented control concepts to flexible link
parallel robots within experiments. This is crucial to show the relevance of
the concepts within realistic application scenarios. The experiments also
include HRI, which is very rarely considered in the literature of flexible
link robots. Investigated HRI scenarios are manual guidance, real-time
end-effector tracking where the trajectory comes from a game pad and
collision avoidance.





Chapter 1. Introduction
In summary, this research contributes to the field of flexible link parallel robots by
showing how a variety of inherent problems of such robots can be solved. As the
focus lies on systematic and experimentally promising techniques, a variety of well-
established approaches are adapted to flexible link parallel robots. Mathematically,
parallel robots described by DAEs can be regarded as an extension of serial robots
described by ODEs. Therefore, the discussed techniques are also applicable to
purely serial robots with flexible links. The proposed methods are validated
within realistic experimental scenarios. These confirm on the one hand the need
for modern controllers based on flexible multibody models, as in most cases they
significantly outperform controllers based on classical rigid multibody models.
On the other hand, the applicability of flexible link parallel robots to typical
robotic application scenarios can be concluded.
Related publications by the author are [26–36], which partially overlap with the
contents of this thesis.

1.4 Structure of the Thesis
In Chapter 2, the newly developed flexible link parallel robot Flexor is intro-
duced. Its differences to existing robots are outlined and the selection of the
utilized hardware as well as software components is explained. In Chapter 3, a
computationally efficient flexible multibody model is established which serves as
a basis for all model-based controllers. Here, the linear FEM and a subsequent
model order reduction are utilized to describe the flexible links. The complete
flexible multibody system is assembled within the framework of the floating frame
of reference approach. Servo constraints are used to invert this flexible multibody
model. Projections transform the resulting DAEs to ODEs which are easier to
solve. Three different solution methods are discussed for the internal dynamics
being classical inversion via forward integration of an initial value problem (IVP),
trajectory optimization by solving a nonlinear programming problem and stable
inversion by solving a two-point boundary value problem (BVP).
In Chapter 4, a UKF is applied to the underlying system of DAEs. Also, the
end-effector pose is reconstructed with a motion tracking camera in real-time. In
Chapter 5, end-effector trajectory tracking experiments are conducted. First, ad-
mittance control is implemented where a human manually guides the end-effector.
Then, three approaches are presented to render the system minimum phase. This
allows to use a dynamic model inversion in real-time as feedforward control. Such
a controller is further utilized with feedback for collision avoidance and for hybrid
force/position control. Afterwards, input-output feedback linearization is applied
to end-effector trajectory tracking. Finally, comparisons are drawn to offline
calculated approaches which track the exact end-effector. In Chapter 6, an LQR
and a modal approach are used to actively damp the oscillations of flexible links.
Chapter 7 concludes this thesis.
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This chapter gives an overview of different flexible link robots which have actually
been built. Shortcomings and advantages of these systems are identified. To show
the practical relevance of the later considered modeling and control algorithms,
an appropriate experimental test rig is inevitable. Therefore, a new custom
flexible link robot is developed which solves several of the identified shortcomings.
The resulting highly adaptable research platform shall be used to investigate a
variety of scenarios and control approaches from classical rigid body robotics but
extended to flexible link robotics.





2.1. State of the Art
2.1 State of the Art
In this section, a gap analysis is performed based on existing flexible link robots
in order to identify the design requirements for a new robot for research purposes.

2.1.1 Existing Flexible Link Robots
Flexible link robots are rarely found in industrial applications. Here, the focus
lies on flexible joint robots such as Sawyer from Rethink Robotics or the
LBR iiwa from Kuka. Flexible links occur typically only in special applications
where large size renders stiff designs infeasible. This is often the case for space
applications where a small weight is extremely important. See for example the
11.3m long European Robotic Arm in Figure 2.1a). Also, since 1998 Magirus
cooperates with the University of Stuttgart to actively damp oscillations in
aerial ladders, see Figure 2.1b). Within a cooperation with Liebherr, the same
research group considers structural flexibilities which occur in tower cranes, see
Figure 2.1c). This shows that applications which use flexible links are still often
closely connected to research. The reason is that for an accurate modeling and
control typically modern and complex approaches are required. Nevertheless,
such industrial large-scale machines are expensive, they cannot be easily adapted
or operated and concepts such as HRI can hardly be investigated. Consequently,
they are not further considered within the design process of a new flexible link
robot.

Flexible link robots have been under investigation in research labs for several
decades. The single-link flexible robot depicted in Figure 1.1a) has been utilized
for experiments in 1984. Here, two flexible parts are used in parallel with a series
of bridges between them to increase the torsional stiffness. Thus, torsion effects

a) The European Robotic
Arm architecture [37]

b) Aerial ladder IVECO
Magirus M60 L [38]

c) Simulator for tower cranes by Liebherr
including structural dynamics [39]

Figure 2.1: Flexible links and structures in large-scale applications.
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Chapter 2. Flexible Link Robots
become negligibly small. Additionally, strain gauges are applied to the link, being
a simple and popular measurement method to quantify the link deformation.
The flexible two-link parallel robot under gravity in Figure 1.1b) has been built
in the late 80s [7]. Due to the parallel part the second actuator does not need
to be carried by the tip of the first link but is attached near the base. Such a
design can reduce structural vibrations which occur in flexible link serial robots
through carrying an additional actuator mass.
Further robots applied in research environments are depicted in Figure 2.2, which
are divided into serial and parallel robots. Planar robots with two serial flexible
links can suffer from significant torsion. In Figure 2.2a) this is solved by using
an air-cushion pad. From the illustrated robots, ElRob in Figure 2.2c) is the
only 3D robot. This feature allows the investigation of gravitational effects on
flexible links such as static deformations.
It should be noted that the distribution of serial and parallel robots in Figure 2.2
does not represent the distribution of the actual occurrences. The literature on
flexible link robots highly focuses on single links [4] or serial robots, whereas results
for flexible link parallel robots are rare [13, 14]. Parallel robots are understood
as robots which have at least one parallel part, i.e., a kinematic loop. Such
parallel parts are interesting as they often introduce significant nonlinearity and
the mechanical model typically needs to be formulated with additional algebraic
equations, i.e., DAEs instead of ODEs are obtained. This renders the solution
process more difficult and thus well suited for research purposes. Introducing
significant coupled oscillations, such as through an additional serial part, makes
the problem even more interesting. The robots in Figure 2.2d), e), f) show
rather complicated parallel mechanisms with several links. For the considered
research, a more basic kinematic design is intended to focus on the investigation
of dynamic effects. The robots in Figure 2.2h), i) and j) have the same simple
parallel structure. However, as this setup has been thoroughly investigated, a
different structure using the same simplicity is intended.
In Figure 2.2f), only the last serial link of the parallel robot is flexible. Including
flexibility also in parallel parts would be even more interesting. Nevertheless,
supported ends of flexible links within parallel parts can significantly increase
the eigenfrequencies. This is the case for Figure 2.2g) with 92.5Hz and for
Figure 2.2h) with 23.3Hz for the first eigenfrequencies. Such high frequencies are
not suited for visualizations for the naked eye and they are difficult to simulate
as small time steps are needed. An active oscillation damping would also require
a very dynamic actuation. Thus, smaller eigenfrequencies, such as via a flexible
link with a free end, are more desirable.
In robotics, the end-effector pose is typically the output of interest. In contrast to
rigid robots, flexible link robots do not allow to measure this pose only via motor
encoders. Therefore, Cannon and Schmitz [6] use an optical device to obtain
the 2D position of a flexible single-link robot. A light bulb on the end-effector
emits light being focused by a lens above it and a photodetector measures the
analog 2D position. The advantage of such a direct measurement is the high
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b) [40]

c) [41]

serial robots

parallel robots

a) [24]

d) [14]

g) [13]

e) [42] f) [43]

DFM01

ElRob

DualEMPS

h) [44]

i) [45] j) [46]

Lambda-
Kinematics

Figure 2.2: Overview of selected flexible link robots used in research.
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accuracy being below 0.5mm. However, a hood around the sensor is necessary
to reduce noise from ambient light. Optical reconstruction of the end-effector
position is also conducted for the Lambda-Kinematics in Figure 2.2j). Here,
camera measurements of retroreflective foil are used which are however processed
offline. For the robot in Figure 2.2e) three linear wire encoders are hinged to
the end-effector to reconstruct its pose. This is not feasible for HRI as the wires
could collide with a human and non-contact measurements are highly favored as
they do not influence the system dynamics. For the robot in Figure 2.2f), Madani
and Moallem reconstruct the end-effector position via the joint angles and the
estimated elastic deflections. It should be noted that such reconstructions based
on indirect measurements can be rather inaccurate as they include the modeling
errors for instance of the link flexibility.
All of the presented research robots use either linear or rotary actuators but do
not combine them. Also, they are typically designed for one setup, i.e., they are
not modular in the sense that, e.g., the system structure or the functionality of
the end-effector can be easily changed. Finally, most flexible link robots are used
within rather academic scenarios without showing applications such as pick and
place, obstacle collision avoidance or HRI.

2.1.2 Gap Analysis
Based on previously discussed existing flexible link robots in research labs, several
advantages and disadvantages as well as needs are identified. A resulting gap
within flexible link robotics is that there exists no robot that combines:

Structure: Parallel and serial parts
Parallel mechanism enabling actuators to be attached to the base
instead of being carried along
Small number of links to reduce complexity but still with
multiple flexible links
Reduction of torsion problems
3D oscillations to investigate gravitational effects
Free end of flexible links to obtain first bending eigenmodes with
low frequencies and significant amplitudes to improve the
visualization of the flexibilities and to ensure that the actuators
are fast enough to control the deformations

Actuation: Combination of linear and rotary actuators
Two linear actuators which are not aligned collinearly

Size: Appropriate to collaborate with humans in a sufficiently large
workspace

Modularity: Interchangeable links, purely 2D and 3D setups possible and
end-effector applicable to gripping as well as contact tasks

Application: Usable for realistic scenarios such as pick and place, end-effector
contact, HRI, obstacle collision avoidance and end-effector
trajectory tracking
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2.2. Flexor - A New Flexible Link Parallel Robot
Measurement: Direct real-time measurements of the flexibilities and the

end-effector pose with negligible influence on the system
dynamics for validation or control purposes

Software: Easily operable and adaptable software which quickly enables
new users such as students to control the robot

2.2 Flexor - A New Flexible Link Parallel Robot
Based on the gap analysis from Section 2.1.2 the new flexible link parallel robot
in Figure 2.3 has been developed. It is called Flexor, which originates from the
latin word flectere meaning to bend. This name represents the main feature of
the robot being the bending of its flexible links.
Flexor is a custom made flexible link research platform with a parallel and a
serial part. Its system components are labeled in Figure 2.4, which are discussed
throughout this section. The parallel part, also denoted as kinematic loop, is
formed by only two thin metal sheets connecting the revolute joints on the two
linear motors. This already results in a highly nonlinear working motion and
prevents that one linear motor needs to carry the other one. Aligning these
motors in a 90○ angle further differentiates Flexor from the existing robots of
Figure 2.2h), i) and j). Two additional metal sheets are connected by a rotary
motor which introduces the serial part. Thus, a flexible three-link robot based
on four metal sheets is formed which uses rotary and linear actuation.
The relevant flexibility of link 2 originates completely from the part 21. As it is
supported at both ends and since the part 22 can be regarded as rigid body due

Figure 2.3: The developed flexible link parallel robot Flexor.
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linear motors
with encoders

rotary motor
with encoder

strain gauges
slider

limit stop

pneumatic
gripper

kinematic
loop

revolute
joints

link 3

link 2 2

link 1

limit
stop

link 2 1

force/torque
sensor

passive marker

rotary encoder

Figure 2.4: Components of the flexible link parallel robot Flexor.

to its thickness, no torsion problems occur in link 2. Because of its shortness and
supported ends, link 1 can also be regarded as rigid body. Flexor is consequently
a three-link robot with two flexible and one rigid link. Using multiple links allows
to investigate more realistic scenarios. A drawback of classical parallel robots is
their small workspace [47]. This is not the case for Flexor, where especially the
serial part guarantees that the considered scenarios can cover a larger workspace.
Besides, the rotary motor can be flipped by 90○ transforming the planar robot to
a 3D system which includes gravitational effects. This can be seen in Figure 2.5
on the right.
The robot is highly modular with easily interchangeable links, which can have a

bending
direction

rotation
axis

bending
direction

rotation
axis

Figure 2.5: Horizontal and vertical link 3.
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2.2. Flexor - A New Flexible Link Parallel Robot
thickness between 1mm and 8mm. The standard thicknesses for link 21 is 2mm
and 1mm for link 3. This leads to first bending eigenfrequencies below 2.25 Hz
for the unconnected links 2 and 3. The small frequency of link 2 is directly
related to its free end. When link 2 and link 3 are connected and in line, the first
bending eigenfrequency of the complete system even reduces to 1.06 Hz. This can
result in significant oscillation amplitudes of several centimeters when excited
through normal operation.
Adapter plates allow to easily change the end-effector functionality. Different
options are visualized in Figure 2.6. Besides a force/torque sensor and a gripper,
a wheel-shaped contact element for 2D and a spherical contact element for 3D
scenarios are available. The rolling motion of the wheel is used to reduce friction
effects in the contact zone. Also, a particle damper can be attached to increase
the passive system damping. For more details on this damper it is pointed to the
author’s publication [35], since it will not be further considered in this thesis.
For measurements of the flexibilities classical strain gauges but also a rotary
encoder in the middle of link 2 are used. To obtain the end-effector pose an
infrared (IR) motion tracking camera is utilized, which extracts marker centers
in real-time. Problems with ambient light are consequently eliminated and this

force/torque sensor
2D contact element

3D contact element

multiple
layers

particle

gripper

Figure 2.6: End-effector variants.
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direct measurement method allows to accurately validate the later discussed
model-based controllers. By attaching markers, e.g., to the hands of a user, also
HRI scenarios such as collision avoidance can be investigated.
For the software, graphical programming is applied via Matlab/Simulink and
LabVIEW. These tools allow inexperienced users to quickly understand and
adapt existing programs and help to reduce programming errors.

It can be concluded that Flexor is an adaptive flexible link parallel robot which
can be used within a variety of realistic scenarios. Thus, it is well suited to
serve as a research platform for the experimental validation of modeling and
control approaches for flexible link parallel robots. Further details on the utilized
hardware and software components are explained in the following. This shall
clarify important design decisions which can be helpful within the development
of flexible link parallel robots.

2.2.1 Mechanical Parts
Initially, selected mechanical parts are described to highlight important features.

2.2.1.1 Flexible Links
Spring steel is selected for the thin link parts 1, 21 and 3. This is especially
important for links 21 and 3 as they can be exposed to significant stresses. The
quite common austenitic stainless spring steel X10CrNi18-8 is used, which comes
from coils and needs to be flattened to be applicable as flexible link. For the
thick link 22 no spring steel is used.

2.2.1.2 Slider Limit Stop
Due to the lengths of link 1 and link 21 within the kinematic loop, the sliders are
able to pull on the joint between them when they are far enough apart. As this
is undesired and since pure software limits are not safe enough, the custom slider
limit stop depicted in Figure 2.7 ensures that the left slider is further limited in
its range of motion. Through its variable mounting it is compatible with different
link lengths within the kinematic loop of the robot.
Figures 2.8c) and d) confirm that the limit stop prevents the mentioned pulling on
the joint connecting link 1 and link 2, since the angle between them is never close
to 180○. Figure 2.8 also gives an impression of the nonlinear robot kinematics.

2.2.1.3 Contact Walls
For investigating contact scenarios a circular and a flat wood contact wall are
available, see Figure 2.9. They are mounted on an aluminum base which can be
clamped steplessly to the granite table to which the linear motors are attached.
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limit switch
with brass adapter

variable mounting
on linear drive

variable
mounting

damping mat

Figure 2.7: Slider limit stop.

2.2.2 Actuators
In many industrial applications only a precise positioning at the end location is
important. The focus of the conducted research however are trajectory tracking
scenarios. Therefore, a precise actuation of the robot is needed throughout the
whole motion and not only at the end location. Such a precise actuation also
enables an improved evaluation of the later applied model-based controllers.
Therefore, special actuators need to be selected for the robot motion, which are
discussed in the following together with the utilized actuators for gripping tasks.

2.2.2.1 Linear Drives
Several technologies exist to obtain a linear motion which in most cases rely on
the transmission from a rotating motor. A comparison of different linear drive
technologies is given in Table 2.2, with the ball screw having a rotating shaft
instead of a rotating nut. As the linear motor stands out in the needed precision
and is also very dynamic, this technique is selected. The high precision is related
to the fact that linear motors are direct drives, i.e., they have amongst others no
gearing which completely eliminates backlash effects. Despite the high acquisition
cost this choice prevents investing a significant amount of research time and cost
in tuning or compensating some of the errors of a less precise drive system.
Two LTSE165 profile rail slides from SKF are acquired which are driven by two
iron core 3-phase linear synchronous motors 1FN3050-2K from Siemens, see
Figure 2.10. These linear motors deliver up to 640N. At a rated force of 265N
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a) b)

c) d)

slider
limit
stop

angle
< 180○slider

Figure 2.8: Visualization of the nonlinear kinematics.

stepless
table
mounting

quadrant-
shaped wood

aluminum
base

flat shape

Figure 2.9: Circular and flat wood contact walls for force/motion control.

a maximum velocity of roughly 6.5m/s is possible, which enables high-speed
scenarios. Because of the iron core the disturbances of the occurring cogging
effect need to be compensated by the motion controller. The right drive has a
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Table 2.2: Comparison of linear drives based on Wittel et al. [48].

toothed rack& ball linear pneu-
criterion belt pinion screw motor matics
precision 1 2 3 4 0
velocity 4 3 2 4 2

maintenance 4 1 2 4 1
stiffness 1 3 3 3 0

feed force 2 3 3 2 1
cost 3 1 2 0 4

legend 0 ≡
not

suited

1 ≡
less

suited

2 ≡
suited

3 ≡
well
suited

4 ≡ very
well
suited

motor

permanent magnets

slider

limit switch

tape
measure

Figure 2.10: Linear motor with components.

stroke of 80 cm, while the left one uses a spring clamping element which reduces
the stroke to 74 cm without the slider limit stop. Thus, the left drive can be
reused in future vertical applications against gravity where the clamping element
can keep the slider at its current position even in the case of a power outage.
The incremental optical linear encoder LIA20 from Numeric Jena is used with
a tape measure period of 20 µm for both drives. However, via processing such as
interpolation of the analogue measurement a resolution of 50 nm can be obtained.
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2.2.2.2 Rotary Motor
In robotics, high gear ratios are commonly used for rotary actuation as the
speeds are usually drastically smaller than, e.g., in rotor applications. This also
applies to the rotary motor of Flexor, where a gear is necessary to obtain
reasonable velocities and torques. A detailed table comparing different gearing
techniques is provided by Isermann [49], with a small excerpt shown in Table 2.3.
Here, it is worth noting that parallel shaft and planetary gears have significantly
larger backlash than harmonic drive gears. This is especially problematic for the
necessary high gear ratio as parallel shaft and planetary gears need several stages
and with each stage the overall backlash increases. Depending on the length of
link 3, this can result in significant errors at the robot’s end-effector. In contrast,
only a single stage is needed when using a harmonic drive gear. Especially for
the later considered applications which can include lots of direction reversals a
harmonic drive gear with negligible backlash is very beneficial.
Based on these considerations, the AC synchronous servo motor FHA-14C from
Harmonic Drive is acquired, see Figure 2.11. This motor-gear combination is
selected with a ratio of 100 for the single-stage harmonic drive gear, resulting

Table 2.3: Gear comparison based on Isermann [49].

parallel shaft planetary harmonic drive
number of stages 1-15 1-5 1

gear ratio per stage 3-6 3-10 50-320
backlash <0.15○ <0.35○ <0.05○

strain gauges rotary gear motor
temperature sensor

link 22
link 3

rubber limit stop

Figure 2.11: Rotary motor connected to the robot.
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in a very compact design. At the output a maximum velocity of 2π rad/s and a
maximum torque of 28Nm are available. The high gear ratio further provides
sufficient torque over a longer time for contact and 3D scenarios. To ensure that
no overheating occurs in such scenarios, an external temperature sensor is used
on the motor housing surface as no internal sensor is available. The included
TTL incremental encoder has 2000 pulses per revolution on the motor side. The
resolution is doubled via processing and together with the gear ratio a resolution
on the output side of approximately 1○ × 10−3 is obtained. For a straightforward
referencing without additional sensor the rotary motor drives into contact with a
rubber limit stop.

2.2.2.3 Gripper
To investigate pick and place scenarios, a gripper with a large enough stroke is
needed for different objects sizes. Additionally, a small gripper weight is desired
to reduce the influence on the bending eigenmodes. Pneumatic grippers are well
suited as they are typically much lighter and more compact than electric grippers
for the same gripping force. They also do not need additional energy for a static
gripping force, are usually much cheaper and easier to use. The main downside
is that the position of the gripper fingers cannot be controlled, which is however
not needed for simple pick and place operations.
The pneumatic gripper KGG 80-30 from Schunk is selected, which is a 250 g
light parallel gripper, see Figure 2.12. It allows basic gripping tasks with a
relatively large stroke of 3 cm, i.e., 1.5 cm per finger. To ensure a safer handling
rubber can be used to increase the friction coefficient and the contact area for
round objects. A 5/2 bistable magnetic valve is used to operate the gripper,
which ensures that the gripper stays closed even in the case of a power outage.
Moreover, an exhaust air throttle reduces the closing speed of the gripper fingers
to prevent that handling objects get damaged.
For the planar setup of Flexor a handling object needs to be either dropped at
the target location or the target location needs to be vertically actuated. Here,
the easier dropping is chosen in combination with a hole to clearly visualize if a
placement is accurate. This concept is realized with the appliance depicted in
Figure 2.13. To prevent wobbling of the handling object after it is successfully
dropped, four coated metal fingers are used to keep it in place. Round and square
shapes of the inner top part allow placement of different handling objects.
Within 3D scenarios the three motors of Flexor only allow to control the
end-effector position to the target location but not the rotation. Therefore, a
spherical handling object is used in the form of a miniature basketball with basket,
which can be steplessly adjusted in height and rotation around the vertical axis.
Besides object placement the basket has also been used for object throwing, see
Figure 2.14. Object throwing can be used to overcome kinematic workspace
limitations. Especially flexible links are interesting for such applications, since
their spring-like behavior allows to notably increase the throwing distance. Still,
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flat finger
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throttle

gripper

pneumatics

Figure 2.12: Pneumatic gripper.

clamping
finger

hole for
table mounting

damping
mat

handling
object

interchangeable
top shape

Figure 2.13: Object placement appliance.

existing contributions are very rare. Figure 2.14 is taken from the author’s
publication [34] where an iterative learning controller is utilized to learn a
basketball free throw with a flexible link. Here, pre-learning based on simulations
with a flexible link model is used to reduce the subsequent experimental training
time. It is shown that with very few additional experimental trials, the learning
controller achieves the required free throw accuracy. As this topic is out of the
scope of this thesis it is pointed to [34] for details.
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Figure 2.14: Model-based learning of a free throw with a flexible link robot.

2.2.2.4 Midi Servo
Since Flexor is planar in the standard case gripping and moving an object would
always involve sliding the object on its base. This is typically undesired as the
involved friction effects disturb the robot. Therefore, a base is built which can
slightly move in vertical direction with low demands on accuracy. A cheap rotary
midi servo is used for the actuation, which can be straightforwardly controlled
via a micro controller such as the utilized Arduino Mega ADK. The base with
the servo is depicted in Figure 2.15. With a small lever arm at the output the
servo lifts all test objects without problems which weigh 630 g or less. At the
lower position internal limit stops within the base hold the weight of the handling
object to unload the servo.

2.2.3 Sensors
The previously discussed motors include encoders which are sufficient for typical
control purposes for rigid robots. However, for flexible link robots further sensors
are needed to quantify the link deformations and to measure the end-effector
pose. These sensors are covered in the following as well as a sensor for contact
scenarios.
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holes for table mounting

midi servo

base liftedbase at minimum

maximum
lift limiter

Figure 2.15: Base with vertical actuation for handling objects.

2.2.3.1 Strain Gauges
For validation and control, information is needed on the deflection of the flexible
links. An effective and popular method is to measure the strain at selected
locations on the flexible links. This could be done with optical fiber sensing
based on the fiber Bragg grating (FBG) technology. Franke et al. [50] report a
better signal-to-noise ratio of such optical sensors compared to classical electrical
strain gauges for their flexible link robot. These sensors are insensitive to
electromagnetic disturbances, mechanically robust and one measurement cable
can connect many sensors. Nonetheless, for the later discussed control concepts
only one measurement point per flexible link is needed, resulting in a high cost per
measurement point for the FBG technique. Therefore, very affordable classical
foil metal strain gauges are used. They are very well suited for dynamic real-time
measurements especially as they are lightweight [51], i.e., the influence on the
link oscillations is negligible. Their measurement principle relies on the resistance
change due to geometric deformation of the resistor [52, 53].
Since only bending is significant for Flexor, the strain gauge model DY4 from
HBM is selected which has two parallel measurement grids, see Figure 2.11.
Strain gauges need to be placed at locations where substantial strain can be
measured which is also not too large to damage the gauges. For the selected
locations on link 21 and on link 3, the strains stay below 2%� in very extreme
bending scenarios which rarely occur. In most cases, the strains stay below the
recommended 1%�. The relation between the measured output voltage Uo of
the implemented Wheatstone bridge circuit and its supply, i.e., input voltage Ui

follows according to Hoffmann [51] as

Uo

Ui
=
k

4
(ε1 − ε2 + ε3 − ε4). (2.1)

The gauge factor is here k = 2.06 and ε1, ε2, ε3, ε4 are the strains of the four strain
gauges utilized within a full bridge configuration. The strains with negative sign
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are related to gauges which are placed on the other side of the considered link.
For the rectangular cross section of the links bending leads to the same strain on
both link sides but with a different sign. Thus, the full bridge compensates to
a high degree effects which influence both sides equally such as normal strains
and thermal strains [51]. Also, torsion around the beam axis is not measured.
Consequently, Equation (2.1) can be written as

Uo

Ui
= kε (2.2)

with ε being the resulting bending strain.
In order to relate the measured voltage Uo to the flexible multibody model
introduced in Chapter 3, a relation between the strain and the elastic coordinates
of the model is needed. The Timoshenko or Euler-Bernoulli beam theory [54]
are popular approaches for the modeling of flexible links, which however should
be only applied for a sufficiently large slenderness ratio. Since the Timoshenko
beam theory includes first-order shear deformation a slenderness ratio

sr = GAL
2
/(EI) (2.3)

being larger than 30 is recommended [55]. Here, G is the shear modulus, A is
the cross-section area, L is the overall beam length and EI is the flexural rigidity.
The Euler-Bernoulli beam theory completely neglects shear deformation and
should only be used for relatively long and thin beams [54]. A slenderness ratio
larger than 1000 typically results in negligible differences to the Timoshenko
beam theory. For Flexor even the thickest link 22 with 6mm has a slenderness
ratio of roughly 10000. Hence, both beam theories are valid. The Euler-Bernoulli
beam theory assumes that there is a neutral beam axis which undergoes no
extension or contraction and that plane and perpendicular cross sections in an
undeformed state remain plane and perpendicular to the neutral beam axis in a
deformed state. Based on this, one can relate the strain to the curvature κ as [54]

ε = −dnκ. (2.4)

Here, dn denotes the signed distance from the neutral beam axis. Assuming a
small elastic rotation expressed as ψzqe, the curvature over the beam length can
be written as

κ(x, t) =
dψz(x)qe(t)

dx
=
∂ψz
∂x

qe, (2.5)

with ψz being the row vector of the rotational shape functions and qe being the
elastic coordinates. The shape functions are computed from the later discussed
finite element models, which are used within the flexible multibody model of
Flexor. The curvatures at the strain gauge measurement points of link 2 and
link 3 are denoted as κ2 and κ3 throughout this thesis and make up the vector
of curvatures κ = [κ2, κ3]

T. With Equations (2.2), (2.4) and (2.5) the measured
voltage Uo can be finally related to the elastic coordinates qe of the model as

∂ψz
∂x

qe = −
Uo

kdnUi
. (2.6)
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By measuring the strain on the surface, dn becomes half the thickness of the
considered links. If the neutral beam axis is extended or contracted against
the assumptions made, Equation (2.6) can still be used since the full bridge
compensates such normal strains which also do not affect the rotations in the
utilized linear model. This means that both sides of Equation (2.6) do not account
for such an effect and stay unchanged.

2.2.3.2 Rotary Joint Encoder
In its middle, link 2 is supported by a joint. Measuring the corresponding rotation
is an interesting alternative approach to strain gauges for quantifying the link
deformation. Based on a mechanical robot model the underlying rigid body
rotation can be canceled to obtain the part of the rotation which is caused by an
elastic deformation.
The absolute rotary optical encoder ECN425 from Heidenhain is utilized which
has a resolution of 25 bit per revolution. This corresponds approximately to a
resolution of 1○ × 10−5. The encoder can be conveniently attached to all revolute
joints of the robot. Since the axles of these joints have a threaded hole they are
simply elongated to mount the encoder, see Figure 2.16. Experimental tests show
that the strain gauges and the rotary encoder are similarly qualified to quantify
the link deformation. With an estimator, such as the later discussed UKF, fusion
of both sensor signals may be realized to increase the measurement reliability.

encoder attachment plate

rotary encoder
elongation of axle

link 22

link 21

Figure 2.16: Rotary encoder attached to joint.
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2.2.3.3 Force/Torque Sensor
For trajectory tracking of contact forces and manual guidance, a 6-axis force/
torque sensor is needed. In such a guidance scenario, the measurement of torques
allows an intuitive manual control of the end-effector rotation, see Section 5.1.2.
For the considered applications, a measurement principle with small drift and fast
dynamics is required to ensure an accurate measurement of static and dynamic
forces. Thus, piezoelectricity is not recommended since it tends to result in
significant drift [56]. Further principles are discussed in the book of Stefănescu
[57]. According to this reference, resistive force sensors are the most common,
they are reliable, simply constructed, have an adjustable resolution and use a
maintenance-free technology. Electrical resistance can also be regarded as the
easiest electrical property to be measured precisely over a wide measurement
range at moderate cost.
This well-suited principle is selected in the form of the resistive monolithic 6-
axis force/torque sensor Ftd-Gamma from Ati and Schunk, see Figure 2.6.
Besides being appropriate for dynamic measurements, the drift of static force
measurements is sufficiently small after a short warm-up period. For the sensor,
the calibration SI-32-2.5 is used, i.e., up to 32N can be measured for the lateral
forces and 2.5Nm for all torques. Also, a normal force up to 100N is measurable.
The 16 bit strain gauge data leads to a resolution of the normal force of 1/80 N
and of the lateral forces of 1/160N. The torques are resolved by 1/2000Nm.
Recalibration is possible if larger measurement ranges are needed. The sensor can
be overloaded by more than 30 times its measurement range. This is especially
advantageous for research environments to ensure that new controllers in their
test phase do not damage the sensor in the case of a malfunctioning.
Metal strain gauges as used for the flexible links rely on a resistance change
due to geometric changes of the resistor. The force/torque sensor however uses
semiconductor silicium strain gauges. They rely on the piezoresistive effect where
mechanical stress causes a change in resistivity of the material [52, 53]. A major
advantage of semiconductor strain gauges is a much higher sensitivity compared
to metal strain gauges. The resulting higher gauge factor allows to obtain a useful
signal from a very stiff sensor [58], with a high first eigenfrequency that has an
insignificant influence on the robot dynamics. The smallest eigenfrequency of
the sensor is at 1.4 kHz, with typical deformations being in the lower micrometer
range. As this is negligible compared to the link flexibilities, the sensor will later
be modeled as a rigid body.

2.2.3.4 Motion Tracking Camera
Tracking Technology
An accurate measurement of the end-effector pose is needed to evaluate the later
presented end-effector trajectory tracking controllers. Indirect methods using,
e.g., the previously discussed strain gauges and encoders within a kinematic robot
model are typically not very accurate as they include modeling errors of the
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links. In addition, a validation method for model-based controllers should be
available which is not based on the same models. Therefore, a direct measurement
technique with an external device is recommended. This also allows to track,
e.g., humans interacting with the robot, see Section 5.2.2. In order to use the
measurements for control purposes they further need to be real-time capable.
A large variety of possible localization techniques exists. The end-effector pose
could, e.g., be obtained via an inertial sensor, i.e., via accelerometers and gyro-
scopes by time integration. This can however lead to significant localization errors.
Further localization techniques are discussed in the survey paper by Mainetti
et al. [59]. Here, camera vision is reported as the most accurate technology
compared to infrared radiation, ultrasound, Bluetooth, RFID and WLAN. With
the increased interest of recent years in camera vision also lots of hardware and
software solutions exist. Based on these considerations, camera vision is used in
the following.
For this research, the motion tracking camera Prime 17W by Optitrack is
selected, see Figure 2.17. Typically, several of these IR cameras are used at
different positions for marker tracking on 3D objects such as human actors for
animation purposes. Utilizing several cameras together with a graphical user
interface (GUI) is also required by most companies for similar products. In
contrast, Optitrack allows to use a single camera via a free C++ software
development kit (SDK). The camera comes with onboard image processing to
extract the 2D position of visible markers in pixels. This is done with up to
360 frames per second (FPS) at the full resolution of 1664 pixels × 1088 pixels
with a latency of only 2.8ms. Thus, the onbard processing is fast enough such
that the extracted marker data can be used within the robot control. This is
typically not possible with standard video cameras. Therefore, e.g., Burkhardt
et al. [46] use the video material of a standard camera only within offline control
validation. Also, Cannon and Schmitz [6] report problems with ambient light for
their optical measurement of the end-effector position. This is not the case with
the IR technology of the utilized camera, which is overall a well-suited device for
tracking the end-effector pose of flexible link robots.

Figure 2.17: Motion tracking camera Prime 17W with active LED ring.
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Markers
The utilized camera can be applied with passive retroreflective markers and with
active IR light-emitting diode (LED) markers. For the passive markers the LED
ring around the camera lens is used to illuminate the scene with IR light, while
the active markers emit their own light. To reduce reflections when illuminating
the scene, shot peening is used for most metal parts. Setting the search area
close to the expected marker positions further excludes remaining disturbances
from reflections.
In this research, passive markers are used for tracking the robot’s end-effector
and humans interacting with the robot, as no long moving cables or batteries
are necessary. For a planar motion two markers are sufficient, see Figure 2.18.
Here, the rotation angle around the vertical axis is calculated from the positions
of these markers. A reasonable distance between them is required to ensure an
accurate reconstruction of the rotation. For the utilized 3D reconstruction at
least four markers are necessary. An asymmetrical shape of the marker pattern
should be used to ensure a unique result and occlusions need to be prevented.
To identify the intrinsic parameters of the camera a large number of markers is
beneficial. For such cases, retroreflective foil in the form of dots is used as it
is significantly cheaper than the spheres on the end-effector or active markers.
Nevertheless, the calibration board utilized for intrinsic parameter identification
also allows to use spherical markers via threaded holes, see Figure 2.19. This level
and stiff aluminum board enables an accurate calibration. Since the detection
of foil markers is much more angle dependent than of spherical markers, they
are only used for calibration purposes where the offline processing can easily
cope with a missed marker. Handles on the board ensure that the user does
not occlude markers while calibrating. Figure 2.20 shows the different passive
markers via a standard camera on the left and via the IR camera on the right.
The disturbances result from reflections of the camera light.
Active IR LED markers as shown in Figure 2.21 are attached to static positions
on the granite table. These markers are used as reference positions for extrinsic

2 markers
for 2D tracking

5 markers
for 3D tracking

Figure 2.18: Marker patterns for 2D and 3D motion tracking.
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threaded hole

small deepening
with centered
foil marker

shot-peened
aluminum surface

handle

Figure 2.19: Calibration board for intrinsic parameter identification.

disturbances
spherical
marker

calibration
board with
foil markers

Figure 2.20: Spherical markers and the calibration board taken with a standard and the IR
camera.

calibrations, i.e., to determine the pose of the camera relative to the robot. The
utilized marker pattern can be seen in Figure 2.22. In an uncalibrated case it
could be difficult to find passive markers when reflections are close, since search
areas for the markers in the camera image cannot be defined yet. Active markers
are here advantageous as no problems with reflections occur. Turning the active
markers on successively also directly provides a correct labeling by the camera.

Camera Mounting
To ensure accurate measurements the camera needs an appropriate mounting.
The realized solution is a simple design with 3 aluminum profiles from item, see
Figure 2.23. Two columns are fixed on the table to prevent a relative motion
between the camera mounting and the robot base. These columns are thin
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IR LED

hole for
table mounting

Arduino connection

Figure 2.21: Active IR LED marker for extrinsic parameter identification.

IR markerIR marker

Figure 2.22: Active IR LED markers taken with a standard and the IR camera.

enough to ensure that no collisions with the robot occur. The columns support
a lightweight crossbar which can be easily moved. As the camera has no zoom
lens, this might be desired in scenarios with a small range of motion in order to
exploit a larger part of the camera resolution for the actual measurement. The
first eigenfrequency of the mounting with camera is approximately at 11 Hz in the
worst case, i.e., with the crossbar at maximum height. For this case, a maximum
relative motion between a static marker on the table and the camera of 0.2 mm
has been measured for an excitation through significant robot motion. This is
sufficiently small to not disturb the later conducted measurements as, e.g., the
tracking errors of the end-effector are in the millimeter and centimeter range.

2.2.4 Infrastructure
Since Flexor shall be applied to a variety of scenarios, several industrial,
consumer and laboratory components are involved. To provide a better under-
standing of the relation between these components, the resulting software and
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column

crossbarIR motion
tracking
camera

2
.1
m

2.5m

0.1
m1.2

5m

Figure 2.23: Camera mounting.

hardware infrastructure, shown in Figure 2.24, is discussed in the following. This
infrastructure has been more compactly introduced by the author in [32].

2.2.4.1 Nondeterministic Layer
A distributed system is used for Flexor, which can be divided into a deterministic
and a nondeterministic layer. The nondeterministic layer consists mainly of the
human-robot interface and the motion tracking of the robot.
The Windows host runs a LabVIEW GUI which allows to control the functions
and parameters of the robot, visualizes signals online and collects measurement
data within the Hierarchical Data Format (HDF). The desired end-effector
trajectory can be applied via this GUI or by a standard USB game pad, which
gives the user vibration feedback via the XInput API. With this game pad the
user may also perform a gripping task.
The later designed trajectory tracking controllers are validated with the marker-
based IR tracking camera running at 360 FPS. The camera extracts the marker
centers in pixels onboard and in real-time. To access this data, the CameraSDK
from Optitrack needs to be used which has to run on a Windows operating
system. It is called within a Simulink C++ S-Function since Matlab/Simulink
allows an easy processing and visualization of the marker pixel data. This data
needs to be transformed into a physical pose with respect to the inertial system.
This is realized via additional Simulink C++ S-Functions, which call functions
from the computer vision library OpenCV. The complete Simulink camera
tracking program is built with the National Instruments (NI) VeriStand
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host with GUI

real-time target

Flexor

motion control

measurements

game pad

CompactRIO

control/motion
tracking design

▸ desired
trajectory▸ midi servo▸ gripper

force
feedback

HDF5

control
DLL

actuator
I/O

UDP

active
markers RS232

strain

ethernet

actuator
I/O strain

joint
encoder

camera tracking

deterministic
layer

nondeterministic layer

analog
file exchange

digital

force/
torque

▸ midi servo▸ RGB LEDs▸ active markers

Arduinomidi
servo

RGB LEDs

P
W
M

camera
DLL

Figure 2.24: Infrastructure of Flexor (with logos from Mathworks, OpenCV, HDF Group,
Microsoft Windows, National Instruments and Siemens).

Model Framework into a camera dynamic-link library (DLL) for Windows targets.
This export and by using a dedicated computer for the camera tracking program
with real-time priority yield a behavior close to deterministic, although Windows
is no real-time operating system. The processed data, such as the physical end-
effector pose, is sent via UDP to the real-time target for measurement and control
purposes. Compared to TCP, UDP offers typically smaller delay and delay
jitter [60] being especially important for real-time control. The complete latency
of the camera tracking system until the data is received on the real-time target
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is roughly only 3ms and highly constant. This value is obtained by measurement
comparison with an encoder of a linear motor assuming that it has no noteworthy
latency.
Besides, an Arduino Mega ADK is used to control the midi servo for gripping
tasks, RGB LEDs to provide visual feedback of the robot state and to turn on
the active IR markers. As a deterministic behavior is not required here, delays
are used for activating the markers successively to obtain the desired labeling by
the camera.

2.2.4.2 Deterministic Layer
The deterministic layer consists of the low-level control of current and speed for
the linear and rotary motors, of an embedded measurement device from NI called
CompactRIO and of a PC-based real-time target as the high-level controller.
The low-level control is done by the industrial motion controller Simotion D435-2
and the Sinamics S120 variable-speed drive from Siemens. The high-level control
is performed on a LabVIEW real-time target running on an Intel Core i7 CPU
at 4GHz with 4 cores. Here, the Phar Lap ETS real-time operating system is
used. The target runs the state machine of the robot, executes the deterministic
and nondeterministic communication between the different controllers, processes
measurement signals and runs the model-based control. The model-based control
consists of standard graphical Simulink components and is discussed in detail
in Section 2.2.5. The dynamic parts of the model-based control are generated
with the Matlab-based flexible multibody system toolbox Neweul-M2, which
also provides an export to C code. This C code is included within Simulink C S-
Function blocks. The complete Simulink model is built with the NI VeriStand
Model Framework into a DLL. This DLL is then embedded into the controller
software running on the real-time target. Since the scientifically relevant con-
trollers are all implemented in Simulink, researchers and students can directly
and automatically build their successfully simulated controllers and run them on
the hardware. This can significantly reduce research time.
The loop sample time of the low-level motion controllers for velocity and current
is 125 µs. The deterministic loop on the real-time target, which contains the
model-based control, runs at a sample time of T = 1 ms. The communication
between the target and the Simotion is done also at a rate of 1 kHz via Isochronous
Real-Time (IRT) PROFINET, where the Simotion is the master and the target
is the slave. Data acquisition is performed on an NI reconfigurable DAQ FPGA
board at higher rates in order to enable signal processing such as digital filtering
between two control time steps. The joint encoder from Heidenhain with its
digital EnDat interface is connected to this FPGA as well as the force/torque
sensor. Since the CompactRIO can be used with the available NI 9237 simulta-
neous bridge module the strain gauges are connected here. The converted data
is transferred via an 8 bit parallel data link implemented between the FPGAs
of the CompactRIO and the real-time target. This ensures deterministic data
transfer at rates significantly higher than 1 kHz.
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2.2.5 Overall Control Structure
A variety of control concepts will be discussed throughout this thesis. To clarify
the big picture, the overall model-based control structure is explained in the
following.

2.2.5.1 Overview
The overall control structure is shown in Figure 2.25. All visualized functions are
implemented in Simulink and run on the real-time target. Only the velocity and
current loop of the cascade control run on Siemens components, which realize the
desired actuator motion. In addition, the output functions such as data logging
and force feedback are performed within a LabVIEW environment.
The control structure in Figure 2.25 is divided into blocks which combine functions
of the same type. Several of these blocks include alternative control approaches
from which the user has to select one. The data transfer between the blocks is
implemented via a data bus. Hence, all signals are available in each block by
their names and the visual layout is very clean, which prevents programming
errors.
From the left of Figure 2.25 input signals such as measurements arrive. These
measurements are used for the subsequent estimation. Next, different ways of
trajectory generation are possible, e.g., via a game pad or an offline predefined
motion. Afterwards, the trajectory can be adapted, e.g., to prevent collisions
with the actuator limits or with external objects. The object collision avoidance
is the only controller which needs feedback of a subsequent block. Here, control
point positions on the robot are taken from a corresponding model inversion of
a rigid or a flexible robot model. Such model inversions are only meaningful if
trajectories are provided for the tracking output being typically the end-effector.
If no model inversion is selected the actuators are controlled directly. Finally,
active oscillation damping might be added. All listed controllers are explained
and applied throughout this thesis.
Before using the controllers within experiments, their real-time capability needs
to be confirmed. The computational load of the most complex model-based
controllers and estimators is depicted in Table 2.4. Here, link 1 is always modeled
as rigid body and the flexible links include only the first bending eigenmode. In
Table 2.4, the basic load is independent of the selected link setup. It includes
the data processing and communication within LabVIEW as well as basic
processing and signal filtering within the Simulink model which also runs inside
LabVIEW. The UKF uses the forward Euler method for time integration and
the model inversion with flexible links is integrated via the explicit fourth-order
Runge–Kutta method. Both use a step size of 1ms and lead to a significant load.
As the LQR and the feedback linearization do not contain a time integration
of the robot model, the computational load is much smaller. Besides, model
inversion with only rigid links is purely based on kinematics and causes therefore
negligible loads.
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Table 2.4: Computational loads of a single 4GHz i7 core of the real-time target.

link setup without link 3 with link 3
in 2D all rigid link 2 flexible all rigid links 2/3 flexible

basic load 20% 20% 20% 20%
UKF − 19% − 65%

model inversion <1% 19% ≈ 1% 42%
LQR - 5% - 21%

feedback - 5% - 10%
linearization

Table 2.4 clearly shows that the computational complexity rises significantly when
attaching a flexible link 3. As a result, the UKF and the flexible model inversion
cannot be used on the same core. Therefore, the UKF runs on a separate core
and sends its results in each time step to the main model-based control loop.
The resulting time delay of 1-2ms is unproblematic.
Based on Table 2.4, it can be concluded that the utilized hardware and the
later discussed modeling, estimation and control approaches provide real-time
capability.

2.2.5.2 Actuator Cascade Control
The basis of all experimentally applied control concepts is the actuator cascade
controller depicted in Figure 2.26. Here, qa is the position or rotation of the
considered actuator and q̇a is the corresponding velocity. The related desired
values are qa,d and q̇a,d. The current is denoted as i and uv is the voltage. The
cascaded structure can improve disturbance rejection and allows to implement
desired trajectories on position and velocity level instead of only forces or torques.
This helps to compensate to a large extent effects of, e.g., unmodeled friction in
the actuators. The desired motion can consequently be realized with only small
deviations.
According to Figure 2.26, the desired velocity is being adapted by the position
controller within Simulink and is then sent to the Siemens velocity controller. In

actuatorposition velocity current

+ −

within
Siemens control

+ PI
control

within
Simulink

qa,d PI
control

desired
inputs

+ −
+

−
+

cogging
force com-
pensation lookup

table

+
qa

q̇a i

qa

q̇a,d

eqa P
control

uv

Figure 2.26: Cascade control for a single actuator.
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the subsequent current loop an additional cogging force compensation is used for
the linear motors. The TTL encoder of the rotary motor is not suited for cogging
torque compensation. Not illustrated are filters and safety functions which
saturate the maximum currents and kinematic actuator values. The electrical
dynamics of the actuators is also not considered as it is much faster than the
mechanical dynamics. The AC motors are here controlled like DC motors since
the necessary transformations are done internally by Siemens components.
The loops of the cascade control are tuned from inside to outside since the inner
loop is the fastest. The current loop gains are provided by Siemens and typically
do not need to be adapted. The proportional gain of the velocity loop should be
tuned first and afterwards the integral part. All PI controllers have the form

Pe(t) + I ∫
t

0
e(τ)dτ, (2.7)

with e being the corresponding control error. The tuned proportional and integral
gains P and I of the cascade control are listed in Table 2.5. It should be noted
that in contrast to the linear motors the rotary motor has a transmission with a
gear ratio of 100. The Siemens motion controller controls the motor side being
the reason for the small velocity gains of the rotary motor which would be higher
by a factor of 10000 on the output side. Also, the results of the velocity control
can be transformed to ampere via the motor constants. With the utilized gains
the maximum absolute errors of the actuators on the output side typically stay
below 3 mm and 1○ even for a very dynamic motion. Still, the control gains are
not very stiff to ensure a safe operation in all scenarios especially for HRI. The
positioning accuracy at the start and end points of a motion is in the range of
the measurement resolution of the corresponding actuator.

2.2.5.3 Human-Robot Interaction
Since flexible link robots are compliant and typically much lighter than classical
industrial robots, they can notably decrease the potential of damage and injuries.
Therefore, such robots are predestined for HRI applications which have gained
increased interest in recent years. Still, contributions are very rare for HRI within
flexible link robotics. Because of the high relevance a compact outlook is given
here on the later presented HRI applications for Flexor. These are summarized
in Figure 2.27. A GUI is implemented in LabVIEW with a structure analog to

Table 2.5: Actuator cascade control gains.

linear motors rotary motor
loop P gain I gain P gain I gain

position 15 s−1 - 15 s−1 -
velocity 7000Ns/m 3500000N/m 0.045Nms/rad 9Nm/rad
current 100V/A 50000V/As 8.5V/A 4250V/As
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GUI game pad

collision
avoidance

manual
guidance

HRI

Section 5.1.2 Section 5.2.2

Section 5.2.1

Figure 2.27: Applications of human-robot interaction (HRI) for Flexor (with logos from
Microsoft Windows and National Instruments).

the control structure of Figure 2.25. Besides this standard way of interaction, the
concepts discussed in Section 5.2.1 allow to accurately control the end-effector
pose of Flexor in real-time via a game pad. With the settings of Figure 2.28 a
human user could perform, e.g., a pick and place task. Since in such a case the
user will focus on the end-effector, force feedback via the XInput API informs
the user when an actuator gets close to its limit stop.
In Section 5.1.2, manual guidance is investigated which can be used to collaborate
with the robot or to manually teach a desired end-effector trajectory. Finally, in
Section 5.2.2 marker-based camera tracking is used to prevent collisions between
human hands and Flexor.

gripping

desired
translational

speed

desired rotational speed

midi servo
up/down

Figure 2.28: Utilized game pad with two vibration motors and XInput support.
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Chapter 2. Flexible Link Robots
2.2.5.4 Safety Concepts
As Flexor is built to investigate amongst others HRI no safety fences are used.
Since additionally new controllers are tested, it is likely that unexpected behavior
occurs. Therefore, standard manual emergency stops and limitations within the
motion control are not sufficient. In order to realize a safer operation, compre-
hensive signal monitoring is conducted, see Figure 2.25. Here, measurements
and desired signals are checked for a limit crossing, if signals become imaginary
or not a number and if the selected control combination is feasible. Monitoring
of the link deflections, e.g., via strain measurements, is extremely important
in flexible link robotics since a slow actuator motion can still excite significant
oscillations. Moreover, checking desired values enables to immediately detect if,
e.g., a dynamic inversion of a flexible multibody model becomes unstable.
Visual feedback by RGB LEDs informs the user via traffic light colors if, e.g.,
a control scenario is currently running, see Figure 2.29. An additional blinking
effect attracts the attention of humans nearby to reduce the risk that somebody
accidentally walks into the robot’s workspace.

Figure 2.29: Visual feedback via traffic light colors.
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Since the focus of this research is model-based control of flexible link parallel
robots, an accurate but computationally efficient model is required. The electrical
time constant of actuators is usually much smaller than the mechanical time
constant, see Spong et al. [61, p. 235]. Therefore, only the mechanical model is
considered in this research. The main steps utilized in this chapter to obtain
such a model as well as the inversion and the solution are outlined in Figure 3.1.
Initially, the linear FEM is used to describe the flexible links. This enables a
straightforward representation of arbitrary geometries and with a large number
of finite elements a high model accuracy is provided. A subsequent modal model
order reduction (MOR) ensures computational efficiency by reducing the number
of elastic degrees of freedom and retaining only the significant eigenmodes. After
a conversion to the standard input data (SID) format [62] the flexible bodies are
combined with the rigid bodies within the framework of the floating frame of
reference (FFOR) [63]. Here, the elastic deformations are described with respect
to such reference frames which ensures that using linear finite element models is
adequate. The assembly of the different bodies results in a flexible multibody
system (FMBS) where kinematic loops are virtually cut open. In this research,
this leads to a system in chain/serial structure. The kinematic loops are closed
again via geometric constraints, which gives a system of DAEs that represents the
forward dynamics in loop/parallel structure. Afterwards, the model is inverted
by additional servo constraints, which incorporate the desired trajectory of the
tracking output on position level. The DAEs are then transformed to ODEs by
projections to simplify the numerical solution of the internal dynamics, i.e., to
further ensure computational efficiency.
The applicable solution method depends on the stability of the internal dynamics.
If it is stable classical inversion can be used to obtain a bounded solution online.
The term online denotes here a case where the complete desired trajectory is not
known in advance but it is obtained and processed successively. For sufficient
computational power, an online case might even be computed in real-time. In
contrast, when using the exact end-effector of flexible link robots as output the
internal dynamics is usually unstable. Then, trajectory optimization or stable
inversion can be used to obtain a bounded solution offline. The term offline
analogously denotes a case where the complete desired trajectory is known in
advance.
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Figure 3.1: Overview of the modeling process with inversion and solution.
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3.1. Classification
3.1 Classification
A classification of selected underactuated multibody system types is now dis-
cussed in order to clarify important system properties of flexible link robots.
An underactuated system can be understood as a system where not all degrees
of freedom can be controlled independently. This occurs when a system has
less control inputs than degrees of freedom. Underactuation is also possible for
the same number of inputs and degrees of freedom when a redundant actuation
occurs, which will however not be considered in this research.
Using the basic robot model of Figure 3.2 as illustrative example, the close connec-
tion between selected underactuated multibody system types is now demonstrated
but also fundamentally different system properties are highlighted. In the first
place, the example system represents a robot with a passive joint. This joint
is supported by a linear spring and a linear damper being characterized via
the constants c > 0 and d ≥ 0, respectively. In addition, such passive joints are
a simple approach to model flexible links being denoted as lumped parameter
method. As a result, the system of Figure 3.2 also represents a rudimentary
model of a flexible link robot with one elastic degree of freedom. Furthermore,
when setting `1 = 0 one obtains a basic flexible joint robot model which can be

`1 > 0

passive joint

α

`1

T
`2

c

d

β

flexible link

`1 = 0

▸ r = 2▸ unstable internal
dynamics▸ approximation
of flexible link

flexible jointflexible joint

▸ r = 2▸ unstable internal
dynamics

▸ without damping▸ r = 4▸ no internal
dynamics

▸ with damping▸ r = 3▸ stable internal
dynamics

d > 0 d = 0

case 1case 1

case 2 case 3

output y = α + β

Figure 3.2: Relation between selected underactuated multibody systems.
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Chapter 3. Modeling, Inversion and Solution
damped or undamped. The different system properties outlined in Figure 3.2 are
discussed in the following.

The equations of motion of the example system from Figure 3.2 read

[
I1 + I2 +m1`

2
1/4 +m2(`

2
1 + `

2
2/4) +m2`1`2 cosβ symmetrical

I2 +m2`
2
2/4 +m2`1`2 cos (β)/2 I2 +m2`

2
2/4
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
M

[
α̈

β̈
]

+ [
−m2`1`2β̇(α̇ + β̇/2) sinβ
m2`1`2α̇

2 sin (β)/2
] = [

0

−cβ − dβ̇
] + [

1
0
]

´¸¶
B

T. (3.1)

Here, m1 and m2 are the masses and I1 and I2 are the moments of inertia with
respect to the center of gravity of the two rigid homogeneous links. The absolute
angle of the second link is used as output

y = α + β. (3.2)

The inverse model is obtained by constraining the output y to a desired tra-
jectory yd(t). The dynamics of the inverse model corresponds to the so-called
internal dynamics which is a common term within feedback linearization, com-
pare Isidori [64] and Slotine and Li [65]. The trajectory yd is then set equal
to Equation (3.2), which gives α = yd − β. Incorporating this relation and the
corresponding time derivatives into Equation (3.1) yields the required torque
input

T = (I1 + I2 +m1`
2
1/4 +m2(`

2
1 + `

2
2/4) +m2`1`2 cosβ) ÿd

− (I1 +m1`
2
1/4 +m2`

2
1 +m2`1`2 cos (β)/2) β̈ −m2`1`2β̇(ẏd − β̇/2) sinβ (3.3)

from the first row of Equation (3.1). The unknown β and its time derivatives
are obtained from the remaining dynamics being expressed by the second row of
Equation (3.1) as

− (m2`1`2 cos (β)/2) β̈ + dβ̇ + cβ

= − (I2 +m2`
2
2/4 +m2`1`2 cos (β)/2) ÿd −m2`1`2(ẏd − β̇)

2 sin (β)/2. (3.4)

This is the mentioned internal dynamics, which is unobservable from the output
and is driven by the desired output. Since investigating the stability of such a
nonlinear time-variant system can be complex often stability analysis is done just
for the so-called zero dynamics. The zero dynamics corresponds to the internal
dynamics when keeping the output constantly at zero. This can be relaxed by
demanding the output only to be constant, which is with small abuse of notation
also termed zero dynamics in this thesis. By setting the time derivatives of the
desired output yd to zero within Equation (3.4) one obtains the zero dynamics

− (m2`1`2 cos (β)/2) β̈ + dβ̇ + cβ = −m2`1`2β̇
2 sin (β)/2. (3.5)
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3.1. Classification
To further simplify the stability analysis it is done locally via a linearization of
Equation (3.5) around the equilibrium at β = 0, giving

− (m2`1`2/2) β̈ + dβ̇ + cβ = 0. (3.6)

The internal dynamics and the (linearized) zero dynamics are then used to
deduce the system properties summarized in Figure 3.2. The corresponding
underactuated multibody systems are classified via the following cases:

▸ Case 1: For `1 > 0, the linearized zero dynamics (3.6) is unstable and
consequently also the internal dynamics. The internal dynamics (3.4) is of
order nid = 2. Since the state space of the system is of dimension n = 4 this
results in a relative degree of r = n − nid = 2. The relative degree r is the
number of time derivatives of the output until the input shows up explicitly
for the first time. It is thus usually obtained by time differentiation of the
output y.
Solving the internal dynamics (3.4) in state-space representation yields β
and β̇. Inserting them again into Equation (3.4) gives an algebraic expression
for β̈. Thus, all unknowns to calculate the input T (3.3) are directly obtained
from the internal dynamics which relies on the desired output up to its
second time derivative ÿd.

▸ Case 2: Setting `1 = 0 results in a basic flexible joint robot. The zero
dynamics (3.5) then reduces to dβ̇ + cβ = 0, being a stable dynamics for
nonzero damping. A linear or nonlinear system with a stable zero dynamics
is also called minimum phase. If the zero dynamics is unstable the system
is said to be non-minimum phase. The internal dynamics (3.4) reduces to

dβ̇ + cβ = − (I2 +m2`
2
2/4) ÿd, (3.7)

which also corresponds to a stable system but with a time-varying excitation
due to ÿd. Equation (3.7) is only an ODE of order nid = 1 leading to a
relative degree of r = n − nid = 3. Its solution gives β which can again
be inserted into the internal dynamics (3.7) to algebraically compute β̇.
Differentiating Equation (3.7) with respect to time leads to

dβ̈ + cβ̇ = − (I2 +m2`
2
2/4)

...
yd, (3.8)

where the known β̇ can be plugged in to compute β̈. Equations (3.7)
and (3.8) may also be used to replace β̇ and β̈ within the input equation (3.3),
which gives

T = (I1 + I2 +m2`
2
2/4) ÿd

+
I1
d
((I2 +m2`

2
2/4)

...
yd −

c

d
((I2 +m2`

2
2/4) ÿd + cβ)) . (3.9)

This demonstrates that the input T is related to the desired output up to
its third time derivative ...

yd.
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Chapter 3. Modeling, Inversion and Solution
▸ Case 3: If additionally to `1 = 0 the damping is also set to zero, i.e., d = 0,

there is no zero dynamics left but only the algebraic expression cβ = 0.
This can be confirmed via the internal dynamics (3.4) which reduces to the
algebraic equation

cβ = − (I2 +m2`
2
2/4) ÿd. (3.10)

The relative degree is consequently r = n = 4. Further differentiations of
Equation (3.10) with respect to time yield

cβ̇ = − (I2 +m2`
2
2/4)

...
yd (3.11)

and
cβ̈ = − (I2 +m2`

2
2/4)

....
yd. (3.12)

From these algebraic relations the unknowns β, β̇ and β̈ can be computed.
Also, with Equation (3.12) the input (3.3) follows as

T = (I1 + I2 +m2`
2
2/4) ÿd +

I1
c
(I2 +m2`

2
2/4)

....
yd, (3.13)

which uses the fourth time derivative of yd. It is concluded that all unknowns
depend purely algebraically on the desired output yd and its time derivatives.
This property is called differential flatness, see Fliess et al. [66].

Alternatively, for case 1 the relative degree of r = 2 may be confirmed with
the so-called decoupling matrix occurring after two time differentiations of the
output y, which yields

ÿ = α̈ + β̈ = [1 1]

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
H

[
α̈

β̈
] . (3.14)

Equation (3.1) is solved for the accelerations α̈ and β̈, which are then inserted
into Equation (3.14). This gives the decoupling matrix ∆̄, which here degenerates
to a decoupling scalar

∆̄ =HM−1B = −
m2`1`2 cos (β)

2det(M)
(3.15)

as a factor in front of the input T . This scalar needs to be nonzero to invert
it for the computation of T . With the mass matrix M being positive definite
the decoupling scalar is nonzero for `1 > 0 and cos(β) ≠ 0, confirming r = 2 for
case 1. Due to `1 = 0 for case 2 and 3 the decoupling scalar equals zero, i.e., it is
non-invertible, which confirms that r ≠ 2.
For the later considered multiple-input multiple-output systems the concept of
relative degree is extended to the so-called vector relative degree. It is the number
of time derivatives of each output until at least one input shows up explicitly for
the first time. Additionally, the corresponding decoupling matrix needs to be
invertible, assuming an identical number of inputs and outputs. See, e.g., [67,
p. 252] or [68, p. 93] for a formal definition.
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3.1. Classification
With the example of Figure 3.2 and based on Seifried [68, p. 124], selected types of
underactuated multibody systems are classified by means of the internal dynamics,
see Figure 3.3. It should be noted that the internal dynamics depends on the
specific system under consideration. Thus, the classification of Figure 3.3 shall
only give an overview of typical system properties. A much more detailed analysis
of the inverse dynamics of flexible joint robots has been carried out by De Luca
and Book [9]. Moreover, Seifried [69] provides an in-depth discussion of the
inverse model of robots with passive joints. In the present thesis, the focus lies on
flexible link robots with Flexor being the main application example. Its internal
dynamics is unstable when using the exact end-effector pose as output, which is
a typical property of flexible link robots. This is usually undesired since then the
solution of the internal dynamics has to be obtained offline and is much more
complex to compute. Therefore, in Section 5.2.1 three approaches are proposed
to gain a stable internal dynamics. These allow online model inversion, which
can even be performed in real-time for Flexor. As a result, flexible link robots,

without internal dynamics with internal dynamics

stable unstable

online

underactuated
multibody systems

online offline

cranes

flexible joints

passive joints

flexible linksdesired
trajectory yd(t)

actuation

flexible

Flexor

joint
flexibility

joint
flexibility

&
damping

passive

rigid

g

rigid

Figure 3.3: Classification of selected types of underactuated multibody systems based
on Seifried [68].
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Chapter 3. Modeling, Inversion and Solution
such as Flexor, are classified within two categories of Figure 3.3.
The need for solving an unstable internal dynamics offline is demonstrated by
means of the example system from Figure 3.2 with `1 > 0. For a smooth change of
the desired output angle yd(t) the behavior illustrated schematically in Figure 3.4
occurs. It can be seen that even before point 2 on the time axis, at which yd

starts to change the output y, the internal dynamics needs to be excited to reach
the required pre-deflection to fulfill the yd-trajectory. For the inverse system yd

is actually the input and the resulting output is the actuation T . Thus, in the
so-called pre-actuation phase the output, i.e., the actuation needs to occur before
the input, i.e., yd changes. This is an anticausal characteristics of the inverse
system due to the unstable part. Since the yd-trajectory needs to be known in
advance this inverse system is inherently not usable when yd shall be applied
online. At point 4 the change of the yd-trajectory ends and the post-actuation
phase starts. Here, the input yd is constant whereas the output T and the internal
dynamics slowly come to rest, which is a causal behavior. Such a combination of
a causal and an anticausal characteristics is called noncausal [70]. A noncausal
behavior often occurs for flexible link robots and also holds for Flexor when
using the exact end-effector pose as tracking output.

In this section, selected types of underactuated multibody systems and their
relation as well as their different properties are discussed. A variety of technical
terms is introduced to provide a basis for the following investigations. For more
detailed background information it is referred to Isidori [64], Sastry [71], Seifried
[68], Slotine and Li [65] and De Luca and Book [9].
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Figure 3.4: Schematic motion of a robot with a passive joint with pre-actuation and post-
actuation phases for a desired smooth change of the tip output angle.
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3.2. Finite Element Model
3.2 Finite Element Model
Modeling flexible bodies as continua results in partial differential equations. Since
such partial differential equations can often only be solved exactly for basic
problems, the continua shall be approximated by finite dimensional models. The
most popular approaches to obtain finite dimensional models for flexible links
are the [12]:

▸ Lumped parameter method
▸ Assumed modes method
▸ Finite element method (FEM)

The lumped parameter method is simple but tends to be not very accurate [5, 12].
Also, according to Junkins and Kim [72] for complex geometries it is very difficult
to establish the global shape functions for the flexible bodies via the assumed
modes method. Therefore, the FEM is applied in this research which discretizes
flexible bodies into small elements which are described by simple local shape
functions. Their assembly gives the global shape functions of the complete flexible
bodies even for very complex geometries and boundary conditions. Here, the Ritz
method [73] is used to approximate the elastic displacement of the j-th flexible
body as

uj(ROjP, t) ≈Φj(ROjP)qe,j(t) (3.16)

and the elastic rotation, if structural elements such as beams are considered, as

χj(ROjP, t) ≈Ψj(ROjP)qe,j(t). (3.17)

The Ritz method allows to approximate the partial differential equations of a
continuum by ODEs for the unknowns qe,j [74]. The matrices Φj ∈ R3×fe,j and
Ψj ∈ R3×fe,j contain the global shape functions of the displacements and the
rotations, respectively. They depend on the vector ROjP, which denotes the
relative position in reference configuration, compare Seifried [68, p. 33]. The
elastic coordinates qe,j ∈ Rfe,j correspond here to the nodal degrees of freedom
of the finite element model of the j-th flexible body.
In this research, the linear FEM is applied to obtain the linear equations of
motion of the flexible bodies. This means that a linear elastic behavior is as-
sumed without material and geometric nonlinearities. By describing the elastic
deformation with respect to so-called floating frames of reference [63] the linear
FEM is in many cases a reasonable approximation.

The general theory of the FEM is treated in detail in the literature, see, e.g., Bathe
[73]. Therefore, system specific details of Flexor are discussed instead. This
application example shall provide a closer insight into the different components
which can be used to model flexible links. The finite element models implemented
within Ansys are illustrated in Figure 3.5, which rely on the parameters of Ta-
ble 3.1. Three individual finite element models are used, i.e., each link represents
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Figure 3.5: Individual finite element models of the three links with corresponding support.

Table 3.1: Link parameters.

description parameter value
length link 1 `1 42 cm
length link 21 `21 60 cm
length link 22 `22 40 cm
length link 3 `3 40 cm to 52 cm

beam elements per link part n` 100 or 1000
density %` 7900 kg/m3

Poisson’s ratio ν` 0.3
link height h` 8 cm

Young’s modulus links 1, 21, 3 Esp 180GPa

Young’s modulus link 22 Est 200GPa

a separate flexible body which however also include rigid parts. The flexible link
parts are described by Beam188 elements being based on the Timoshenko beam
theory. As noted in Section 2.2.3.1, the difference to the Euler-Bernoulli beam
theory, which neglects shear deformation, is insignificant for the considered thin
beams and consequently both theories are applicable. Due to their high stiffness,
all other parts are modeled as rigid mass elements with corresponding inertia
and rigid connections.
With deformations in 2D being the focus, the translational degrees of freedom in
the corresponding zj-direction and the rotational degrees of freedom around the
corresponding xj-axis and yj-axis of all finite element model nodes are constrained.
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3.2. Finite Element Model
An exception are the nodes of link 3 other than at O3 where the rotation around
the x3-axis is unconstrained since a torsion mode with low frequency occurs here.
To reflect the physical supports of the robot appropriate reference frames are
selected which will serve later as floating frames of reference. The revolute joints
in Figure 3.5 represent chord reference frames for link 1 and 2 and a fixed support
forms the tangent reference frame utilized for link 3. The corresponding boundary
conditions in 2D are listed in Table 3.2. Exemplary deformations on the beam
axes that comply with these boundary conditions are included in Figure 3.5.
Also, a tangent reference frame is added to link 1 for illustration purposes of
the different behavior. This would result in a much larger deformation when
measured with respect to the tangent frame, which is undesired when using linear
models. Further details on reference frames are provided by Schwertassek et al.
[75].

The normalized shape functions related to the first eigenmodes of the highly
flexible links 2 and 3 are shown in Figure 3.6. These result from the finite element
models for the standard 2D configuration of Flexor with free end-effector. One

Table 3.2: Boundary conditions of the finite element models in 2D.

local displacement link 1 link 2 link 3
and rotation O1 PO2

O2 PB O3

displacement in x 0 0 0
displacement in y 0 0 0 0 0
rotation around z 0

0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

beam axis x2 [m]

no
rm

al
iz
ed

sh
ap

e
fu
nc

ti
on

link 2

2.21 Hz 20.80 Hz
61.35 Hz 87.68 Hz

0 0.1 0.2 0.3 0.4

beam axis x3 [m]

link 3

1.99Hz (bending)
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Figure 3.6: Normalized shape functions of the displacement of the first four bending eigenmodes
of link 2 and of the displacement of the first three bending eigenmodes as well as of the
rotation of the first torsional eigenmode of link 3.
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Chapter 3. Modeling, Inversion and Solution
can clearly identify the rigid parts at the revolute joint at 0.6 m of link 2 as well
as at the first 10 cm of link 3. At around 35 cm there is no additional torsion at
the end-effector since it is also a rigid part. Finally, it should be noted that the
bending shape functions only provide deformations in the local y-directions due
to the underlying linear modeling approach.

3.2.1 Model Validation
Since Flexor in its 2D configuration with a free end-effector is the main applica-
tion focus of this research, it shall now serve as example for a compact validation
of the effectiveness of the linear FEM to model flexible links. In this regard, the
frequency and damping of the first four eigenmodes of the highly flexible links 2
and 3 are experimentally measured and compared to the corresponding models.
To enable a meaningful comparison of experimental data to the finite element
models, the boundary conditions need to be in line with Figure 3.5. This is
realized by demounting link 3 and clamping the links within the utilized mea-
surement setup according to Figure 3.7. Here, a laser Doppler vibrometer from

clamped by
internal spring

clamped to
granite table

laser Doppler
vibrometer

clamped to
granite table

impact hammer
excitationimpact

hammer
excitation

laser Doppler
vibrometer

transverse
displacementtransverse

displacement

Figure 3.7: Sketch of the utilized measurement setup for the eigenfrequencies and damping of
Flexor.
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3.2. Finite Element Model
Polytec is used to conduct the measurements. The free eigenmodes of interest
are then described by decoupled equations of the form

q̈m,i + 2δiq̇m,i + ω
2
0,iqm,i = 0. (3.18)

The symbol qm,i denotes the i-th modal coordinate, δi is the linear damping
parameter and ω0,i =

√
ω2
i + δ

2
i is the undamped angular eigenfrequency, with ωi

being the damped angular eigenfrequency. The corresponding frequencies in hertz
are obtained as usual via fi = ωi/(2π) and f0,i = ω0,i/(2π). The general solution
of Equation (3.18) for a here considered weakly damped case, i.e., δ2

i < ω
2
0,i, reads

qm,i(t) = Aie
−δit sin(ωit − ζi) (3.19)

with the amplitude Ai and the phase shift ζi. Usually, the shape of the first bend-
ing eigenmode of a supported flexible link with a free end basically corresponds
to a static mode, which can be excited by applying a transverse displacement
at the free end, compare Figure 3.7. This allows to fit the resulting measured
oscillations to the time domain model of Equation (3.19) to obtain the measured
frequency and damping of the first bending eigenmode. Alternatively, an impact
hammer can be used to excite multiple modes. The eigenfrequencies and the
corresponding damping can then be identified within frequency domain, i.e.,
based on a fast Fourier transform (FFT). Within frequency domain the peaks
represent the damped eigenfrequencies and the damping is identified with the so-
called half-power bandwidth method [76, p. 83]. In this research, the time domain
approach is used to measure the first bending eigenmode of both links, since the
resulting oscillations closely match typical operation. All other eigenmodes are
identified via the frequency domain approach.
The results of the first four eigenmodes are shown in Tables 3.3 and 3.4, where
f and δ represent fi and δi of the different modes. The finite element models
are not tuned to match the eigenfrequencies of the experiments but they come
essentially directly from computer-aided design (CAD) and finite element data.
The damping values in Tables 3.3 and 3.4 clearly show the weakly damped system
behavior, which leads to negligible differences between the damped frequencies f
and the undamped frequencies f0. Thus, both tables show that the FEM can
deliver quite accurate undamped eigenfrequencies even for scenarios where a
physical system might not be available for identification purposes. Especially

Table 3.3: Eigenmodes of link 2.

measured modeled
type f 2δ f 2δ

bending 2.22Hz 0.25 s−1 2.21Hz 0.25 s−1

bending 20.68Hz 2.39 s−1 20.80Hz 1.27 s−1

bending 61.99Hz 8.72 s−1 61.35Hz 9.22 s−1

bending 83.45Hz 17.17 s−1 87.68Hz 18.59 s−1
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Chapter 3. Modeling, Inversion and Solution
Table 3.4: Eigenmodes of link 3.

measured modeled
type f 2δ f 2δ

bending 2.04Hz 0.41 s−1 1.99Hz 0.41 s−1

torsion 13.71Hz 2.14 s−1 15.65Hz 0.84 s−1

bending 18.52Hz 2.14 s−1 19.76Hz 1.10 s−1

bending 78.27Hz 11.28 s−1 84.54Hz 13.21 s−1

the frequencies of the dominant first bending eigenmodes match quite well. It is
important to note that the damping, however, usually needs to be identified on a
real system. For a basic linear damping description the so-called Rayleigh damp-
ing model [77] is applied. The exemplarily modeled damping within Tables 3.3
and 3.4 comes from such a Rayleigh damping model written as

2δi = rα + rβω
2
0,i. (3.20)

The real parameters rα and rβ are identified for each link via a least-squares
fit to the measured data, see Figure 3.8. Since the first bending eigenmode
of each link is clearly dominant in typical operation, the Rayleigh damping is
chosen to perfectly match the measured damping of this first mode. Figure 3.8
illustrates that such a simple model can often only roughly describe the real
damping properties. Also, since all damping parameters are measurable in this
example they could also be implemented directly within the finite element mod-
els instead of using Rayleigh damping. Nevertheless, the Rayleigh model is
discussed here to point out a convenient method which most importantly al-
lows to describe the damping of modes of which no measurement data is available.
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Figure 3.8: Rayleigh damping models ( ) based on the measured ( ) and applied to the
modeled ( ) first four eigenfrequencies of link 2 and link 3.
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3.2. Finite Element Model
In conclusion, the utilized finite element modeling approach is compactly vali-
dated within experiments. Identification and modeling approaches of the modal
damping are discussed, which can be used to obtain a basic description of the
real damping. Finally, the experiments conducted throughout this thesis which
use a flexible multibody model, being based on the linear FEM, further validate
the implemented modeling approach.

3.2.2 Model Order Reduction
Using a large number of elastic, i.e., nodal degrees of freedom within finite
element models of flexible links ensures a fine spatial discretization and high
accuracy of the eigenfrequencies. This, however, leads to a large computational
load. Therefore, a model order reduction shall be applied to reduce the number
of elastic degrees of freedom while keeping the significant dynamics. The aspired
computational efficiency is required to enable, e.g., model-based estimation and
control based on model inversion in real-time.
Since the finite element models considered in this research are linear, linear model
order reduction techniques can be directly applied. Here, exclusively the so-called
modal reduction technique is applied, which is also denoted as modal truncation.
The idea is that the eigenmodes with the highest frequencies are truncated, while
the remaining reduced number of elastic degrees of freedom corresponds to modal
coordinates of the remaining eigenmodes. Since this is a well-known technique,
it is not further explained here. Instead, it is pointed to the literature [78, 79],
where more information on modal reduction and on more complex model order
reduction techniques can be found.

The following serves to show that the classical modal reduction technique can be
highly effective in obtaining very small but accurate link models for flexible link
robots. In this regard, the complete flexible multibody model of Flexor in its
2D configuration is considered within an exemplary scenario, which represents a
typical operation. Here, all three actuators start at their zero position from which
the sliders move by 15 cm and the rotary motor by 45○ on the output side within
1 s in order to excite significant bending. Since end-effector trajectory tracking
is the main focus of this research, the errors of the exact end-effector pose are
used to evaluate how many elastic degrees of freedom fe,j , i.e., eigenmodes per
link are necessary for an accurate description. The maximum Euclidean norm
of the end-effector position error ep,max and the maximum absolute end-effector
rotation error er,max between a considered model and the reference model are
visualized in Figure 3.9. The reference model uses 30 elastic degrees of freedom,
i.e., the first 30 eigenmodes, for each of the three links. To ensure an accurate
discretization 1000 beam elements are used for each of the four link parts 1, 21,
22 and 3.
Figures 3.9a) and b) show the significant accuracy improvement from a com-
pletely rigid multibody model with zero elastic degrees of freedom to a flexible
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Figure 3.9: Comparison of the a), b) end-effector errors and c) computation times for an
excitation of the flexible multibody model with all three links being flexible ( ) as well as
with only link 2 and link 3 being flexible ( ) using a modal reduction.

multibody model with only one elastic degree of freedom for link 2 and link 3,
respectively. Addition of further elastic degrees of freedom then only leads to
insignificant changes compared to typical experimental errors within measurement
and actuation. This means that almost only the first two bending eigenmodes
are excited in usual scenarios. As a result, link 1 can be modeled as a rigid body
since it exhibits negligible oscillations being related to its supported ends.
Within Figure 3.9c), it can be seen that the computation times rise quickly with
an increasing number of elastic degrees of freedom. Besides the larger system
size, this is also connected to the rising frequencies of the flexible cases which
require smaller integration time steps. The case with only rigid links is obtained
purely based on kinematic calculations and is therefore very efficient. All other
flexible cases are computed using the later discussed formulation with kinematic
inputs of Figure 3.21. Only for very small models the computation time is less
than the considered simulation time span of 1 s, which is here sloppily denoted
as “real-time”. Nevertheless, it should be noted that these simulations have not
been done on the real-time target but on an Intel Xeon CPU at 3.60GHz with
4 cores. Also, the simulations including flexibilities are using Matlab’s variable-
step solver ode45 which can be slower than real-time at certain time instances.
Nevertheless, a rough impression of the computational cost of integrating the
flexible multibody system can be obtained, which apparently demands a small
number of elastic degrees of freedom for real-time applications.

In summary, the modal reduction can significantly improve the computation
times for flexible link robots while still ensuring high accuracy. In regard of
the simulations, all following investigations for Flexor use a rigid body model
for link 1 and link 2 as well as link 3 are described by only one elastic degree
of freedom, which corresponds to their first bending eigenmode. This drastic
reduction to only two elastic degrees of freedom overall will eventually enable the
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3.3. Flexible Multibody Model
exact inversion of the flexible multibody model in real-time within experiments,
see, e.g., Section 5.2.1.4. For such small models the number of beam elements
can also be decreased. Using in the following 100 beam elements for link 21,
for link 22 as well as for link 3 still guarantees a high accuracy of the retained
eigenmodes.

3.3 Flexible Multibody Model
When one or more deformable, i.e., flexible bodies are added to a rigid multibody
system one obtains a so-called flexible multibody system. In this research, it is
assumed that only the links contain flexibility and that the resulting underactua-
tion is exclusively due to this link flexibility. To obtain the equations of motion
of a flexible multibody system the floating frame of reference approach is used
which is covered, e.g., in the books of Shabana [63], Seifried [68] and Schwertassek
and Wallrapp [74]. With the floating frame of reference approach the motion of
a flexible body can be separated into a potentially large nonlinearly described
reference frame motion and possibly small elastic deformations described with
respect to this reference frame. In many applications it is then accurate enough
to use linear models for the elastic deformation. As discussed in Section 3.2,
these linear models come from the linear FEM in this research. This allows to
use linear model order reduction techniques, such as modal truncation, to obtain
computationally efficient models being necessary for control purposes.
Linear finite element models are also an acceptable approximation for the highly
flexible links of the application examples investigated in this research. For con-
trollers based on a flexible multibody model the deformations stay typically small
to moderate. Then, the influence of nonlinearities, such as the foreshortening
effect due to geometric nonlinearity, is not substantial and is therefore not con-
sidered in this research.
For the implementation of the reduced flexible bodies into the multibody system
they are expressed within the SID format [62, 74]. Here, only terms up to the first
order within the elastic coordinates are included via a linearization. This allows to
obtain the integrals over the considered flexible body within a pre-processing step
to ensure computational efficiency. The details of the floating frame of reference
approach and of the integration of flexible bodies into a multibody system are
well documented in the literature [63, 68, 74]. Therefore, a significantly shortened
discussion of the involved modeling steps is carried out in the following.

3.3.1 Flexible Multibody Model in Chain Coordinates
To ensure computational efficiency it is desirable to describe a multibody system
with a minimal set of coordinates. However, it is usually not possible to directly
describe parallel robots, i.e., multibody systems with kinematic loops, with
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minimal coordinates. Therefore, the idea is to dissolve existing kinematic loops
by virtually cutting them open at selected supports. This leads to a system in
chain or tree structure, which both are treated analogously. In this research, it is
assumed that a chain structure occurs, i.e., serial parts are obtained which can
be directly described with chain coordinates. The notion of chain coordinates
is introduced here to denote a minimal set of coordinates needed to describe
a system in chain structure. The cut kinematic loops are closed again via
nc algebraic geometric constraints c = 0 and cef = 0 for an additional contact at
the end-effector, which together with the system dynamics describe the forward
model in its original loop, i.e., parallel structure.
These modeling steps are illustrated exemplarily for Flexor in Figure 3.10. The
parallel robot is thus transformed to two serial subsystems. Each serial subsystem
can then be modeled with standard methods for serial flexible link robots and
are described with the chain coordinates q ∈ Rf . Afterwards, the subsystems and
the environment are connected by geometric loop closing constraints c = 0 and
cef = 0, which are enforced by the Lagrange multipliers λx, λy and λef .
The resulting general formulation of the forward dynamics of flexible link parallel
robots with contact at the end-effector reads
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λef chain/serial structure:▸ f chain coordinates q▸ add nc + 1 geometric loop
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Figure 3.10: Flexor a) in loop/parallel structure and b) in chain/serial structure with
reactions to enforce the geometric constraints.
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3.3. Flexible Multibody Model
which is a set of DAEs with differentiation index 3. According to Campbell [80],
the differentiation index is a measure of how singular a DAE is and a larger
index implies a higher complexity. An ODE has a differentiation index of 0. In
Equation (3.21), M ∈ Rf×f is the symmetric and positive definite mass matrix.
The input matrix B ∈ Rf×fa of the input-affine system is multiplied with the
control inputs u ∈ Rfa . It is assumed that the coordinates are chosen such that B
only has entries in the rows of the actuated accelerations q̈a. This form of B
is needed when using kinematic inputs, see Section 3.5.4. The vector f ∈ Rf
contains the contributions of the Coriolis, the centrifugal, the gyroscopic and of
the elastic inner forces as well as of the applied forces which are not related to
the control inputs u. Moreover, C = ∂c/∂q ∈ Rnc×f and cef = ∂cef/∂q ∈ Rf are
the Jacobians of the geometric constraints and λ ∈ Rnc as well as λef are the
corresponding Lagrange multipliers which represent the reactions to enforce these
constraints. For a case with a free end-effector the equations of motion (3.21) of
the forward dynamics reduce to

M(q)q̈ = f(q, q̇) +B(q)u +CT
(q)λ, (3.22a)

c(q) = 0. (3.22b)

The notation and further details for Flexor are visualized in Figure 3.11. Here,
the position ref and rotation ϑef describe the so-called exact end-effector. The
term exact is used to differentiate the end-effector from approximations such as an
equivalent rigid end-effector formulation. The utilized f = 7 chain coordinates q
consist of the fe = 2 elastic coordinates

qe = [qe,2 qe,3]
T
, (3.23)

which come from a modal reduction and correspond to the first bending eigenmode
of link 2 and 3, respectively. The elastic coordinates and the corresponding
curvatures κ2 and κ3 at the strain gauge measurement points of link 2 and 3
are defined to be positive for the exemplary bending deformation illustrated
in Figure 3.11. The chain coordinates further contain the fa = 3 actuator, i.e.,
actuated coordinates

qa = [a b γ]
T
. (3.24)

This vector is also called actuator positions, which for Flexor includes linear
and angular positions. The chain coordinates are completed by fu = 2 additional
unactuated coordinates

qu = [α β]
T
. (3.25)

These represent angles of link 1 and 2. The angle β, which includes an elastic
rotation, corresponds to the rotation of the revolute joint on slider B. This enables
a direct measurement of β via the attached rotary encoder. In contrast, the
angle βR corresponds to β but for an equivalent rigid system, which is also the
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Figure 3.11: Planar Flexor with notation.

rotation of the floating frame of reference of link 2. The part of B related to the
actuated coordinates contains the motor constants and reads

Ba =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

KT 0 0
0 KT 0
0 0 KR

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (3.26)

with KT = 80 N/A for the linear direct drives and KR = 15 Nm/A on the output
side of the gearing of the rotary motor. Consequently, B is constant for Flexor
and the inputs

u = [ua ub uγ]
T

(3.27)

correspond to motor currents.
For the geometric constraints c = 0 the position of the point O2, where the cut
loop shall be closed, is described with respect to the two serial subsystems via
the 2D position vectors ra and rb. Thus, the nc = 2 constraints can be written
as the difference

c(q) = ra∣I(q) − rb∣I(q) = 0, (3.28)
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3.3. Flexible Multibody Model
where the vectors are represented in the inertial frame I with respect to the
origin O. This leads to the Lagrange multipliers

λ = [λx λy]
T

(3.29)

in x- and y-direction of the inertial frame.

3.3.2 Lagrange Multipliers
To compute the Lagrange multipliers λ and λef within Equation (3.21), the loop
closing constraint equation (3.21b) is differentiated twice with respect to time.
This results in

ċ` =
∂c`
∂q
q̇ +

∂c`
∂t
=C`q̇ + c

′̀
= 0, (3.30a)

c̈` =C`q̈ + Ċ`q̇ + ċ
′̀
=C`q̈ + c

′′̀
= 0 (3.30b)

with

C` = [
C
cef
] . (3.31)

By solving Equation (3.21a) for q̈, plugging the result into Equation (3.30b) and
solving for the Lagrange multipliers one obtains

λ` = [
λ
λef
] = (C`M

−1CT
` )
−1
(−c′′̀ −C`M−1

(f +Bu)) . (3.32)

The inversion is possible when the constraints c` = 0 are independent, i.e., when
the rows of C` are linearly independent [81, p. 464], which is typically the case
and is assumed here. Then the differentiation index is 3 as mentioned before. To
evaluate the algebraic equation (3.32) the input u needs to be given and the state
q, q̇ must be known, e.g., from a time integration of the equations of motion.

3.3.3 Contact at the End-Effector
Since within contact scenarios the reactions at the end-effector are of major
interest, the previously introduced contact constraint cef = 0 is now further
highlighted and the modeling assumptions of the contact are justified. These
assumptions describe the contact with the following properties:

▸ Without deformation in the contact zone
▸ Permanent
▸ Point contact
▸ Without friction
▸ Geometric equality constraint
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Detailed effects in the contact zone such as local deformations are typically
complex processes, especially when considering impact scenarios, see Tschigg [82]
and Seifried [83]. Since such local deformations are in addition not of interest here
they are not further considered. Also, impacts or bouncing effects are extremely
difficult to account for within feedback control as their dynamics is very fast and
highly nonlinear. Furthermore, they typically only occur when the robot starts or
ends a contact scenario during which a permanent contact is aspired. Therefore,
in this research the transition between a free and a contact case is not considered
but a permanent contact is assumed. In experiments, predefined desired actuator
motions are applied to realize the required transition.
Moreover, a simple point contact model is adequate to obtain the normal contact
force being the value of interest. Additional friction effects in the contact zone are
neglected since they are difficult to model and can often be significantly reduced
by design. As pointed out in the book of Flores and Lankarani [84, p. 3], the
models for the contact response can be generally classified into contact force
based methods, also referred to as penalty or compliant methods, and methods
using geometric constraints. Within the former, the appropriate selection, e.g.,
of the contact stiffness is often difficult. Also, contact force based models tend
to require small integration time steps leading to large computation times. As
a result, contact force based models are usually not appropriate for real-time
applications and are in consequence not further considered.
Therefore, a geometric contact constraint cef = 0 is used for the assumed per-
manent point contact. This is especially advantageous for parallel robots which
are typically also described with geometric constraints such that an additional
contact constraint does not change the problem structure. The resulting DAEs
can then be transformed to ODEs analogously to the steps discussed later in
Section 3.5, which highly simplifies the numerical solution. The implemented
contact constraint

cef(q) = cef(ref ∣I(q)) = 0 (3.33)

ensures that the Cartesian position of the exact end-effector ref ∣I represented in
the inertial frame I with respect to its origin O is constrained to the environment,
being here a contact wall. Thus, the constraint describes the shape of this contact
wall.
It is worth noting that in this research not the actual contact point is constrained
since it is not a fixed point on the robot. Instead, ref ∣I corresponds to the center
of a circular or spherical contact element, which has an offset to the wall of the
contact element radius rce when being in contact. The utilized contact element
shape ensures that the normal contact force always points to the element center.
This allows that the element center, i.e., a fixed point on the robot, can be used
for the contact constraint, which simplifies the modeling.

For simulative force control design the physical normal contact force due to the
constraint cef = 0 needs to be computed based on the corresponding Lagrange
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3.3. Flexible Multibody Model
multiplier λef . This Lagrange multiplier may be obtained via Equation (3.32). It
can be shown that λef is related to the physical normal contact force fc∣I at the
exact end-effector within the inertial frame I via

fc∣I = ( ∂cef

∂ref ∣I )
T

λef , (3.34)

compare, e.g., Woernle [85]. For a normalized direction, the resulting Lagrange
multiplier corresponds to the signed magnitude of the physical normal contact
force Fc. This allows to directly use the Lagrange multiplier, e.g., within a force
feedback controller. When assuming that the Euclidean norm ∥∂cef/∂ref ∣I∥ is
constant, then a normalization may be implemented by using a contact constraint
of the form

cef

∥∂cef/∂ref ∣I∥ = 0. (3.35)

Equation (3.34) is then reformulated as

fc∣I = 1

∥∂cef/∂ref ∣I∥ (
∂cef

∂ref ∣I )
T

λ̄ef . (3.36)

The terms in front of λ̄ef represent obviously a unit vector. As a result, λ̄ef

corresponds exactly to the physical normal contact force Fc without further post-
processing. In this research, flat and circular contact wall shapes are considered,
see Figure 2.9. For these shapes the discussed normalization of the direction can
be applied since ∥∂cef/∂ref ∣I∥ is constant.

Example: circular contact wall
In the case of a contact wall describing a circle in the xy-plane, the constraint
equation for the exact end-effector ref ∣I = [xef , yef , zef]

T can be written as

cef(ref ∣I(q)) = R2
− (xef(q) − ox)

2
− (yef(q) − oy)

2
= 0. (3.37)

Here, R is the radius of the circle and its origin is located at x = ox and
y = oy. The magnitude

∥
∂cef

∂ref ∣I ∥ = ∥[−2(xef(q) − ox) −2(yef(q) − oy) 0]∥
(3.37)= 2R (3.38)

is indeed constant. Dividing Equation (3.37) by 2R then ensures that the
corresponding Lagrange multiplier λ̄ef equals the physical normal contact
force Fc.

3.3.4 Note on Gearing
It is well-known that the load inertia from the output side of rotary gear drives is
reflected to the motor by the factor 1/N2

g [86], where Ng is the gear ratio. This
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Chapter 3. Modeling, Inversion and Solution
also means that the motor inertia Im around the motor rotation axis is reflected
to the output side as ImN2

g . However, there is no reflected inertia when the
whole gear drive is rotated by an external motion. This behavior can be modeled
straightforwardly by adding a rigid motor body to the flexible multibody system,
which has an inertia of Im and rotates with the angle

γm = Ngγo, (3.39)

where γo is the output angle. With the description of the complete flexible
multibody system using, e.g., D’Alembert’s principle and with the implementation
of the kinematics to obtain a system in chain coordinates, a term of the form
JT

R,mImJR,m occurs within the mass matrix M [68]. Here, JR,m is the Jacobian
matrix of the motor rotation which includes the gear ratio Ng when assuming γo

belongs to the vector of chain coordinates. Also, Im is the motor inertia tensor
which includes Im. The evaluation of the mass matrix will eventually result in
the reflected inertia ImN2

g at the output side for the diagonal entry of M related
to γ̈o.
Including this reflected inertia is crucial for the LQR in Section 6.2 in order to
obtain reasonable desired actuator accelerations.

3.4 Inverse Flexible Multibody Model
The flexible multibody model of Section 3.3 allows to design model-based con-
trollers such as a feedforward control, which can be used for end-effector trajectory
tracking. Using for instance the quasi-static deformation compensation [87] for
this purpose does not lead to exact trajectory tracking by design as it relies on
approximations. Since in this research theoretically exact trajectory tracking
for the end-effector is desired, exact model inversion of the full dynamic flexible
multibody model is considered. This model inversion is discussed in the following
and is the basis for the later implemented feedforward controllers, see Chapter 5.

The model inversion is performed via so-called servo constraints [88]. These servo
constraints are additional algebraic equations which restrict the system’s tracking
output yo ∈ Rfo to a desired trajectory yd(t) ∈ Rfo . Since for the inverse model
of a contact scenario a desired trajectory shall be tracked at the end-effector, the
contact constraint cef = 0 in Equation (3.21) needs to be removed and replaced
by servo constraints. These servo constraints have to replicate the wall shape,
i.e., the shape of the environment, in order to track a trajectory on the wall.
Furthermore, the contact reaction force Fc shall be tracked, which is normal to
the wall. This is the only considered contact force since friction in the contact
zone is neglected in this research. Nevertheless, by removing cef = 0 also the
corresponding reaction force Fc due to the Lagrange multiplier λef has been
removed. For the inverse model this force needs to be reintroduced but it is now
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3.4. Inverse Flexible Multibody Model
constrained to a desired force trajectory according to

Fc = Fc,d(t). (3.40)

As opposed to geometric and servo constraints, the simple force constraint of
Equation (3.40) can be directly incorporated into the system dynamics. Here, it
is included within the term f which is therefore now explicitly time-dependent.
Thus, Fc is a reaction force in the forward model but it corresponds to an applied
force in the inverse model. The general formulation of the inverse dynamics is
then obtained by appending ns servo constraints s = 0 to the formulation of
Equation (3.22). This gives

M(q)q̈ = f(t,q, q̇) +B(q)u +CT
(q)λ, (3.41a)

c(q) = 0, (3.41b)
s(t,q) = yo(q) − yd(t) = 0. (3.41c)

This set of DAEs holds for cases with and without contact at the end-effector. The
only difference is that for a free end-effector the term f(q, q̇) is not explicitly time-
dependent since the incorporated desired normal contact force is constant zero,
i.e., Fc,d = 0. The servo constraints represent rheonomic holonomic constraints
and are here given on position level. Whereas the Lagrange multipliers λ enforce
c = 0, the control inputs u ∈ Rfa shall enforce s = 0, assuming fa = ns. Thus, the
control inputs represent applied forces in the forward model but can be regarded
as reactions in the inverse model. The analogy between geometric constraints
and servo constraints is visualized in Figure 3.12 for Flexor. In this example,
e.g., the 2D pose of the exact end-effector could be the output of interest, leading
to fo = 3 output components and accordingly ns = 3 servo constraints. It can be

λx
ua

ub

uγ

yd(t)

c(q) = 0

yd(t)

rb ra

Fc = Fc,d(t)
Fc,d(t)

λx

λyλy

b)a)

s(t,q) = 0

kinematic loops

Figure 3.12: Flexor a) in loop/parallel structure with desired trajectories and b) in
chain/serial structure with force constraint and reactions to enforce the geometric as well as
the servo constraints.
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Chapter 3. Modeling, Inversion and Solution
seen that the control inputs and the servo constraints are non-collocated which
is usually the case.

Overall, the concept of servo constraints is especially appealing for model inversion
of parallel robots since they are usually already in DAE form. For the considered
system type where geometric constraints lead to DAEs with differentiation index 3,
the inversion via servo constraints does not even change the index. The solution of
Equation (3.41) is a major focus of this research to enable end-effector trajectory
tracking. In this regard, it represents the considered problem class being input-
affine flexible multibody systems with holonomic geometric and servo constraints
with a vector relative degree of r = {2, ..., 2}. For details on the relation between
the differentiation index and the relative degree it is referred to Campbell [80].

3.4.1 Lagrange Multipliers and Inputs
Based on the inverse model of Equation (3.41) the Lagrange multipliers λ and
the control inputs u shall now be determined. These have been required, e.g., in
simulations for Flexor to dimension the actuators and they are also needed for
the input-output feedback linearization presented in Section 5.2.4.
Initially, the constraint equations (3.41b) and (3.41c) are differentiated twice
with respect to time which gives

ċ =
∂c

∂q
q̇ +

∂c

∂t
=Cq̇ + c′ = 0, (3.42a)

c̈ =Cq̈ + Ċq̇ + ċ′ =Cq̈ + c′′ = 0, (3.42b)

ṡ =
∂yo

∂q
q̇ +

∂yo

∂t
− ẏd =Hq̇ +h

′
− ẏd = 0, (3.42c)

s̈ =Hq̈ + Ḣq̇ + ḣ′ − ÿd =Hq̈ +h
′′
− ÿd = 0. (3.42d)

Despite the terms c′ and h′ vanish for the considered constraints, they are kept
for generality. The Jacobian matrices of the constraints and the input matrix are
summarized as

ΓT
= [CT HT] , (3.43a)

GT
= [CT B] . (3.43b)

Here, both matrices ΓT
∈ Rf×(nc+ns) and GT

∈ Rf×(nc+ns) have the same size,
being important for the following computations. Thus, the number of servo
constraints needs to match the number of utilized inputs. If more inputs are
available, a submatrix of the input matrix B would be used within GT. This
special case of kinematic redundancy is discussed in Section 3.5.2.
For underactuated systems the matrix GT cannot be inverted to solve Equa-
tion (3.41a) directly for λ and u. Nevertheless, they can be obtained in a form
which is independent of q̈. These accelerations are eliminated by combining
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3.4. Inverse Flexible Multibody Model
the system dynamics (3.41a) with the second time derivatives of the constraint
equations (3.42b) and (3.42d). This gives the intermediate result

CM−1
(f +Bu +CTλ) + c′′ = 0, (3.44a)

HM−1
(f +Bu +CTλ) +h′′ − ÿd = 0. (3.44b)

Analogously to [46], solving for λ and u leads to

[
λ
u
] = [

CM−1CT CM−1B

HM−1CT HM−1B
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∆

−1

[
−c′′ −CM−1f

ÿd −h
′′
−HM−1f

] . (3.45)

This is an algebraic equation to be evaluated with the system state q, q̇ coming,
e.g., from a time integration of the equations of motion of the inverse model.
Details on how to obtain the state are discussed in the following Sections 3.5
and 3.6. The matrix ∆ = ΓM−1GT needs to be regular and is here denoted as
extended decoupling matrix. The reason is that it can be regarded as an extension
of the usual decoupling matrix ∆̄ =HM−1B, compare [68].

3.4.2 Singularities
In the previous Section 3.4.1, it is indicated that the extended decoupling matrix ∆
needs to be nonsingular. However, a major drawback of parallel robots are possible
singularities [47]. With Flexor being the main application focus of this research,
it shall now serve as example to identify such singularities and their relevance for
experiments.
For the major part of Flexor’s configuration space ∆ of Equation (3.45) is
regular when using the end-effector as output. However, there are configurations
close to the slider limits where ∆ becomes singular due to the parallel part. Two
such cases are illustrated in Figure 3.13. Here, singularities occur at α = 0○ and
β = 90○ in steady state. For the configuration in Figure 3.13a), a motion of the
right slider A has no influence on the motion of the point O2 and therefore also
has no influence on the end-effector output. Thus, at this configuration only
two of the three actuators can control the 2D end-effector pose. Additionally,
when slider A is mirrored at an α = 0○ configuration, one obtains an identical
end-effector pose. This means that when considering besides α < 0○ also α > 0○
configurations one cannot relate the end-effector pose to a unique slider position a
anymore. In Figure 3.13b), the motion of both sliders results in a purely horizontal
translation at the rotary motor. Again, this causes that one degree of freedom of
the end-effector pose cannot be controlled independently anymore.
The slider positions a and b which result in such singular configurations are
obtained with the geometric constraint equations of the parallel part. In steady
state the constraints at O2 can be written as

c = [
(`1 cos(−α)) − (o + b − `21 cosβ)
(a + `1 sinα) − (−`21 sinβ)

] = 0. (3.46)
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α = 0○O2

β = 90○

a) b)

Figure 3.13: Exemplary configurations with singular extended decoupling matrix ∆.

By setting α = 0○ Equation (3.46) is reformulated as a circular equation

`221
= a2

+ (o − `1 + b)
2 (3.47)

and analogously for β = 90○ Equation (3.46) is rewritten as

`21 = (`21 + a)
2
+ (o + b)2. (3.48)

In Figure 3.14, both circular equations (3.47) and (3.48) are now compared to
the Euclidean norm condition number of ∆, which is calculated for feasible slider
positions. This condition number is the ratio of the largest singular value of ∆
to its smallest singular value and can be obtained, e.g., with Matlab’s cond
command. A high condition number indicates an ill-conditioned matrix, i.e., a
matrix which is close to singular. The color bar is limited to capture most of
the values but not the single extreme values going over 1010 to ensure better
readability. Also, for ∆ an equivalent rigid end-effector yr is used as output yo,
i.e., the elastic deformations are neglected in the 2D end-effector pose. The
fact that the circles go through the regions with the highest condition numbers
confirms that the singularities within ∆ related to the parallel part are indeed
due to the α = 0○ and β = 90○ configurations. In the upper right of the surface
plot the condition number is small since the circle implies a case with α = 0○
for which link 1 and link 21 are folded downwards at their connection. This is
however not possible due to the slider limit stop shown in Figure 2.7. This means
that not all configurations where the circles intersect the surface plot are singular.

In summary, Flexor has singular configurations in its workspace which is a
common property of parallel robots. As these occur however very close to the
slider limits they are not relevant for typical application scenarios. Therefore,
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Figure 3.14: Condition number of ∆ ( ) for an equivalent rigid end-effector at steady state
with γ = 0○ and the circles for α = 0○ ( ) and β = 90○ ( ).

within all following investigations it is assumed that ∆ is regular, resulting in a
differentiation index of 3 and a vector relative degree of r = {2, ..., 2} as mentioned
before. Further details on singularities within parallel robots are given, e.g., by
Merlet and Gosselin [47] as well as by Gosselin and Angeles [89].

3.5 Transformation to ODEs
The forward dynamics of parallel robots typically needs to be formulated as a
set of DAEs and the inversion via servo constraints also introduces algebraic
equations. For flexible link robots, the resulting DAEs usually have differentiation
index 3. Such DAEs tend to be difficult to solve, which renders index reductions
attractive. Kunkel and Mehrmann [90] as well as Altmann et al. [91] discuss the
concept of minimal extension in order to reduce the index of DAEs by introducing
new variables. Altmann et al. [91] compare their approach to the projection-based
approach of Blajer and Kołodziejczyk [88]. In this research also a projection
approach is used. Still, for the case of model inversion with the same number of
servo constraints and inputs, these control inputs are canceled from the system
dynamics via a projection, which is one difference to the approach of Blajer and
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Kołodziejczyk [88]. The presented approach is mainly based on Seifried et al. [15],
which allows to reduce the differentiation index of the occurring DAEs from 3 to 0,
i.e., to obtain ODEs. This highly simplifies the numerical solution. The resulting
formulation via ODEs might even be computationally efficient enough to enable
a forward integration in real-time. This is shown, e.g., in Section 5.2.1.4 for a
stable internal dynamics where a real-time model inversion is used as feedforward
control for Flexor within experiments.

As discussed in Section 3.4, for model inversion with end-effector contact the
contact constraint cef = 0 is replaced by servo constraints, which leads to an
identical formulation as for a free end-effector. Thus, Equation (3.41) represents
the considered inverse model in all cases.
For the forward model, the formulation of Equation (3.21) with end-effector
contact is only used for simulative test purposes in this research, where cef = 0
can be normalized according to Section 3.3.3. Here, the transformation to ODEs
can be performed, e.g., analogously to the later presented Section 3.5.3. However,
since within experiments the real system replaces the forward model with contact
this model will not be further considered. Instead, in the following only the
free end-effector formulation of Equation (3.22), i.e., without cef = 0, will be of
interest such as for estimator and control design.
Since the inverse model of Equation (3.41) can be regarded as an extension
of the forward model of Equation (3.22) by adding ns servo constraints, the
transformation of the inverse model from DAEs to ODEs is discussed first.
The transformation of the forward model to ODEs follows then by neglecting
the terms related to servo constraints. Furthermore, for the inverse model a
formulation with kinematic redundancy is discussed, which allows to pursue
additional objectives besides trajectory tracking. Finally, for the forward model
an alternative formulation with kinematic inputs is introduced, which neglects
the actuator dynamics to simplify, e.g., the estimator and control design.

3.5.1 Inverse Model
Initially, the standard inverse flexible multibody model is considered with an
equal number of inputs u and servo constraints, i.e., fa = ns. Three alternative
approaches are discussed to arrive at the ODEs. They all use a projection with
a null space matrix which cancels the unknown Lagrange multipliers λ and the
inputs u from the system dynamics (3.41a). Therefore, this can be denoted as
null space method.

3.5.1.1 Coordinate Partitioning
Firstly, the coordinate partitioning approach [68] is being extended to the case
with servo constraints. Here, the chain coordinates q ∈ Rf are manually split
up in independent coordinates qi ∈ Rfi with fi = f − nc − ns and in dependent
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coordinates qd ∈ Rfd with fd = nc + ns. Thus, the chain coordinates can be
written as q = [qT

i , q
T
d ]

T. It should be noted that this coordinate partitioning is
needed for the subsequent steps but it does not imply that the first fi coordinates
within q need to be selected as independent. Instead, the independent coordinates
can be chosen freely with a subsequent internal reordering within q. For systems
where the underactuation is due to the link flexibility, the elastic coordinates are
a possible choice of the independent coordinates.
Based on the partitioning of the coordinates q and with Equation (3.43a),
Equations (3.42a) and (3.42c) are rewritten as

[
ċ
ṡ
] = Γq̇ + γ′ = Γiq̇i +Γdq̇d + γ

′
= 0, (3.49)

where γ′ = [(c′)T, (h′ − ẏd)
T
]
T. Here, the matrices

Γ =
∂γ

∂q
, Γi =

∂γ

∂qi
, Γd =

∂γ

∂qd
(3.50)

are Jacobians with γ = [cT, sT
]
T
∈ Rnc+ns . Solving Equation (3.49) for q̇d gives

q̇ = [
q̇i

q̇d
] = [

Ifi
−Γ−1

d Γi
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Jr

q̇i + [
0

−Γ−1
d γ

′]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

θ′

, (3.51)

with Ifi being the identity matrix of dimension fi × fi and Jr being of dimension
f × fi. Similarly, with Equations (3.42b) and (3.42d) it follows on acceleration
level

q̈ = [
q̈i

q̈d
] = [

Ifi
−Γ−1

d Γi
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Jr

q̈i + [
0

−Γ−1
d γ

′′]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

θ′′

, (3.52)

with γ′′ = [(c′′)T, (h′′ − ÿd)
T
]
T. In order to transform the DAEs (3.41) to ODEs

a projection matrix J` ∈ Rf×fi needs to be found to cancel G, i.e., the Lagrange
multipliers λ and the inputs u from Equation (3.41a). A possible choice is

GJ` = [Gi Gd] [
Ifi

−G−1
d Gi

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
J`

= 0. (3.53)

Here, Gi ∈ R(nc+ns)×fi and Gd ∈ R(nc+ns)×fd can be obtained by a partitioning
of G analogously to Γ in Equation (3.49). The transposed projection matrix JT

`

is now multiplied from the left to the system dynamics (3.41a), where also the
accelerations q̈ are replaced by Equation (3.52), yielding

JT
` M (Jrq̈i + θ

′′
) = JT

` f + J
T
` G

T

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
0

[
λ
u
] . (3.54)
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The equation of motion (3.54) in ODE as well as in minimal form, i.e., for the
independent accelerations, is then rearranged to

q̈i = (J
T
` MJr)

−1
JT
` (f −Mθ′′). (3.55)

Now, solving Equation (3.51) for q̇i via a left multiplication with the transposed
non-square matrix Jr yields the independent velocities

q̇i = (J
T
r Jr)

−1
JT

r (q̇ − θ
′
). (3.56)

Plugging Equations (3.55) and (3.56) back into Equations (3.52) and (3.51) gives
the equations of motion in chain coordinates

q̇ = Jr (J
T
r Jr)

−1
JT

r (q̇ − θ
′
) + θ′, (3.57a)

q̈ = Jr (J
T
` MJr)

−1
JT
` (f −Mθ′′) + θ′′. (3.57b)

These ODEs in state-space representation, for the state x = [qT, q̇T
]
T, are in a

form which can be directly used within an integrator. Here, the right-hand side is
evaluated leading to the left-hand side needed by such an integrator. It is worth
noting that q̇ appears on both sides of Equation (3.57a). This, however, does not
indicate that it needs to be solved for q̇ but by inserting and projecting it with Jr

it is ensured that the obtained q̇ on the left side complies with the constraints
on velocity level. Consequently, the drift through integration is reduced to being
only linear within the constraint equations (3.41b) and (3.41c) on position level.

3.5.1.2 QR Decomposition
A manual selection of the independent and dependent coordinates as in the
preceding coordinate partitioning approach might lead to singularities within Γd

and also Gd can be singular, which will cause the algorithm to fail. Therefore, an
alternative approach is now presented which uses amongst others an automatic
selection of the independent and dependent coordinates. Based on [15, 92], this
approach relies on the QR decompositions

ΓT
= [CT HT] = [Qr Jr,q]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
QΓ

[
Rr

0
] =QrRr, (3.58a)

GT
= [CT B] = [Q` J`,q]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
QG

[
R`

0
] =Q`R`, (3.58b)

which yield the matrices Jr,q and J`,q. They have the same dimension and
purpose as Jr and J` from the coordinate partitioning approach but contain
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different values. With QΓ ∈ Rf×f and QG ∈ Rf×f being orthogonal matrices, it
follows

ΓJr,q =R
T
r Q

T
r Jr,q

´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
0

= 0, (3.59a)

GJ`,q =R
T
` Q

T
` J`,q
´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶

0

= 0. (3.59b)

Thus, analogously to the coordinate partitioning approach the columns of Jr,q

and J`,q span the null space of Γ and G, respectively. Based on the QR
decomposition, a new set of independent and dependent coordinates is introduced
according to

q =QΓ [
qd,q

qi,q
] = Jr,qqi,q +Qrqd,q, (3.60)

with qd,q ∈ Rfd and qi,q ∈ Rfi having the same dimension as in the coordinate
partitioning approach. This relates the independent coordinates to an orthonor-
mal basis of the constraint tangent plane and the dependent coordinates are
related to an orthonormal basis of the row space of the constraint Jacobian Γ.
These coordinates are in general not single elements of q, i.e., they have no direct
physical meaning anymore. Also, the selection changes automatically in each
time step depending on q. Its time derivatives can be written as

q̇ = Jr,qq̇i,q +Qrq
′
d,q = Jr,qq̇i,q + θ

′
q, (3.61a)

q̈ = Jr,qq̈i,q +Qrq
′′
d,q = Jr,qq̈i,q + θ

′′
q , (3.61b)

with q′d,q and q′′d,q to be determined. Inserting Equations (3.58a) and (3.61a)
into the constraint equation (3.49) on velocity level gives

[
ċ
ṡ
] = Γq̇ + γ′ =RT

r Q
T
r Jr,q

´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
0

q̇i,q +R
T
r Q

T
r Qr

´¹¹¹¹¹¹¸¹¹¹¹¹¹¶
Ifd

q′d,q + γ′ = 0. (3.62)

This yields q′d,q = −R−T
r γ′ where Rr ∈ R(nc+ns)×(nc+ns) is a square matrix. Analo-

gously, on acceleration level it follows q′′d,q = −R−T
r γ′′. Based on Equation (3.59b),

the Lagrange multipliers λ and the control inputs u are canceled by a left mul-
tiplication with JT

`,q, compare Equation (3.54). With analog steps to arrive at
Equation (3.57), the equations of motion in chain coordinates follow as

q̇ = Jr,qJ
T
r,q (q̇ − θ

′
q) + θ

′
q, (3.63a)

q̈ = Jr,q (J
T
`,qMJr,q)

−1
JT
`,q (f −Mθ′′q) + θ′′q . (3.63b)

These are again ODEs in state-space representation. The equation structure
is the same as for the coordinate partitioning. The only difference is that for
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Chapter 3. Modeling, Inversion and Solution
the QR decomposition the product JT

r,qJr,q yields the identity matrix and has
therefore been neglected within Equation (3.63a).
The model inversion in chain coordinates with the state x = [qT, q̇T

]
T is sum-

marized in Figure 3.15. Here, the superscript “iv” in the function symbol f iv
c

ODEs of the internal dynamics in state space

d

dt
[q
q̇
] = [Eq. (3.63a)

Eq. (3.63b)]

equations of motion
in chain coordinates ẋ = f iv

c (t,x)

via QR
decomposition

Figure 3.15: Model inversion for flexible multibody systems with geometric and servo con-
straints in chain coordinates.

denotes that an inverse model is utilized and the subscript “c” represents the
formulation in chain coordinates. Due to the prevention of singularities when
computing the projection matrices, exclusively the QR decomposition is used
in this research for this and further formulations in chain coordinates. For the
same reason, the formulation of Figure 3.15 is also of major interest for real-time
model inversion. This is implemented experimentally, amongst others, within
collision avoidance in Section 5.2.2 and within hybrid force/position control in
Section 5.2.3. There, the prevention of singularities enables a safe operation and
no potentially computationally expensive algorithms are needed to catch or treat
singularities.

3.5.1.3 Mixed Coordinate Partitioning
It is worth noting that it is possible to replace J` with J`,q within the coordinate
partitioning approach in order to prevent singularities, which might appear in Gd,
while still keeping the manually selected independent coordinates. This means
that a mix of both approaches from Sections 3.5.1.1 and 3.5.1.2 is possible to
benefit from the advantages of both methods. This mix is here denoted as mixed
coordinate partitioning. Based on Equation (3.55), the equation of motion in
minimal form then follows as

q̈i = (J
T
`,qMJr)

−1
JT
`,q(f −Mθ′′). (3.64)

The model inversion with the independent state xi = [q
T
i , q̇

T
i ]

T is summarized in
Figure 3.16. As depicted in step 1), it is required to internally solve for the depen-
dent coordinates qd. Thus, there is no drift of the constraint equations (3.41b)
and (3.41c) on position level. Also, the manual selection of the independent
coordinates qi ensures that the coordinate selection does not change throughout
operation. Since this often simplifies the implementation, a manual coordinate
selection is typically utilized for minimal forms in this research.
The formulation of Figure 3.16 is well suited for offline calculations where possible
singularities through a manual coordinate partitioning can be caught. This
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3.5. Transformation to ODEs

d

dt
[qi

q̇i
] = [ q̇i

Eq. (3.64)]

equations of motion
in independent coordinates ẋi = f iv

i (t,xi)
1) solve constraint equations
c(qi,qd) = 0 and s(t,qi,qd) = 0 for qd

2) evaluate constraint matrices
Γi(qi,qd) and Γd(qi,qd)

3) evaluate velocities via Eq. (3.49)
q̇d = −Γ−1d (Γiq̇i + γ′)

4) ODEs of the internal dynamics in state space

via mixed
coordinate

partitioning

Figure 3.16: Model inversion for flexible multibody systems with geometric and servo con-
straints in independent coordinates (minimal form).

renders it attractive when the solution is noncausal, which needs to be obtained
offline anyways. Such a case occurs in Section 5.3.1 where the model inversion is
formulated as a BVP and as a trajectory optimization problem. These problems
also benefit from the compactness of the minimal form and from the prevention
of a drift of the constraint equations.

3.5.2 Inverse Model with Kinematic Redundancy
So-called kinematic redundancy for underactuated systems occurs when more
independent control inputs are available than outputs to track. This means
that the dimension of u is larger than the number of servo constraints, i.e.,
fa > ns. The difference of such a redundant case compared to Section 3.5.1 is
that not all elements of u are needed to enforce the servo constraints. Therefore,
kinematic redundancy allows to perform secondary tasks besides the primary
task of end-effector, i.e., output trajectory tracking.
Without loss of generality, it is now assumed that the kinematic redundancy
occurs through a reduction of the servo constraints. Hence, the servo constraints
s = 0 are here renamed to reduced servo constraints s̄ = 0 and the constraints
γ = 0 to reduced constraints γ̄ = 0. This means that in this context the optional
bar symbols serve to highlight a difference to the non-redundant case from
Section 3.5.1. Initially, ns inputs ū` are manually selected from all elements of u
to enforce the ns servo constraints. Thus, u is partitioned according to

u = [
ū`
ūr
] . (3.65)

The additional inputs ūr due to the redundancy can then be freely used to realize
further control tasks. It should be noted that the partitioning of the inputs in
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Chapter 3. Modeling, Inversion and Solution
Equation (3.65) does not indicate that the first elements need to make up ū`
but rather an internal reordering may be done. After partitioning the inputs u
according to Equation (3.65), the inverse flexible multibody model can then be
transformed to ODEs analogously to Section 3.5.1.

3.5.2.1 QR Decomposition
The QR decompositions of the reduced constraint and input matrices

ΓT
= Γ

T
= [CT HT] = [Qr J̄r,q] [

Rr

0
] =QrRr, (3.66a)

GT
=GT

= [CT B`] = [Q` J̄`,q] [
R`

0
] =Q`R`, (3.66b)

give the projection matrices J̄r,q and J̄`,q. Here, H corresponds to H for the
reduced servo constraints and B` is the part of B related to ū`. Analogously to
Section 3.5.1.2, the equations of motion in chain coordinates then follow as

q̇ = J̄r,qJ̄
T
r,q (q̇ − θ̄

′
q) + θ̄

′
q, (3.67a)

q̈ = J̄r,q (J̄
T
`,qMJ̄r,q)

−1
J̄T
`,q (f +Brūr −Mθ̄′′q) + θ̄′′q . (3.67b)

Here, θ̄′q = −QrR
−T
r γ̄′ and θ̄′′q = −QrR

−T
r γ̄′′ hold where γ̄′ and γ̄′′ correspond to

γ′ and γ′′ for the reduced constraints. In contrast to Equation (3.63), the part
Brūr of Bu is still available in Equation (3.67) to control this internal dynamics.
This model inversion is summarized in Figure 3.17. The prevention of singularities

ODEs of the internal dynamics in state space

d

dt
[q
q̇
] = [Eq. (3.67a)

Eq. (3.67b)]

equations of motion
in chain coordinates ẋ = f̄ iv

c (t,x, ūr)
with kinematic redundancy

via QR
decomposition

Figure 3.17: Model inversion for flexible multibody systems with geometric and servo con-
straints in chain coordinates with kinematic redundancy.

when computing the projection matrices due to the QR decomposition renders this
formulation well suited for real-time model inversion. It is therefore implemented
within the state control with kinematic redundancy in Section 5.2.1.4. In the
corresponding experiments, the rotation of the end-effector of Flexor is not
tracked but only its position. The resulting redundancy allows then to use the
input ūr = uγ of the rotary motor as a design degree of freedom to achieve a
stable internal dynamics.
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3.5. Transformation to ODEs
3.5.2.2 Mixed Coordinate Partitioning
With the reduced constraints and the coordinate partitioning approach one
obtains the relation

q̈ = J̄rq̈i + θ̄
′′ (3.68)

analogously to Equation (3.52). It should be noted that for consistency with
other formulations the optional bar symbols are dropped for the independent
and dependent coordinates qi and qd as well as for their time derivatives. With
Equation (3.68) and J̄`,q of the QR decomposition (3.66b) as well as with the
system dynamics (3.41a), the equation of motion in minimal form for the mixed
coordinate partitioning then follows as

q̈i = (J̄
T
`,qMJ̄r)

−1
J̄T
`,q(f +Brūr −Mθ̄′′). (3.69)

In contrast to the non-redundant case of Equation (3.64), the part ūr of the
input u is still available to control this internal dynamics. The model inversion
is shown in Figure 3.18, where the matrices Γi and Γd correspond to Γi and Γd

d

dt
[qi

q̇i
] = [ q̇i

Eq. (3.69)]

equations of motion
in independent coordinates ẋi = f̄ iv

i (t,xi, ūr)
with kinematic redundancy

1) solve constraint equations
c(qi,qd) = 0 and s̄(t,qi,qd) = 0 for qd

2) evaluate constraint matrices
Γi(qi,qd) and Γd(qi,qd)

3) evaluate velocities based on ˙̄γ = 0 via
q̇d = −Γ−1d (Γiq̇i + γ̄′)

4) ODEs of the internal dynamics in state space
via mixed
coordinate

partitioning

Figure 3.18: Model inversion for flexible multibody systems with geometric and servo con-
straints in independent coordinates (minimal form) with kinematic redundancy.

for the reduced constraints. This minimal form is utilized within a trajectory
optimization in Section 5.3.1. There, the redundancy obtained by not tracking
the end-effector rotation allows to reduce the link deformations while tracking
the end-effector position.

3.5.3 Forward Model
The considered forward model of Equation (3.22) simply corresponds to the inverse
model of Equation (3.41) for a free end-effector but without servo constraints,
i.e., with ns = 0. This means that the equations introduced in Section 3.5.1 can
be analogously applied when omitting the terms coming from servo constraints.
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Chapter 3. Modeling, Inversion and Solution
3.5.3.1 Coordinate Partitioning
The matrices

J` = Jr = [
Ifi

−C−1
d Ci

] = Jc (3.70)

of dimension f × fi are now identical and are denoted as Jc. Here, only the
Jacobians of the geometric constraints

Ci =
∂c

∂qi
, Cd =

∂c

∂qd
(3.71)

are needed which have the dimension nc × fi and nc × fd, respectively. With the
projection matrix Jc the unknown Lagrange multipliers λ are canceled from the
system dynamics (3.22a). Based on a derivation analogously to Equation (3.55),
the equation of motion in minimal form follows as

q̈i = (J
T
c MJc)

−1
JT

c (f +Bu −Mθ′′c ) . (3.72)

Here, the control input u still occurs since a forward model is considered in
contrast to Equation (3.55). Also, the terms related to servo constraints within θ′′
vanish, which gives

θ′′ = [ 0
−C−1

d c
′′] = θ′′c . (3.73)

With Equation (3.72), the function for the equations of motion in independent
coordinates is established analogously to Figure 3.16, but without servo con-
straints. Thus, the system is now time-invariant and depends on the input u.
The involved steps of the resulting function ẋi = f

fw
i (xi,u) ∈ R2fi are shown in

Figure 3.19. Here, “fw” denotes that a forward model is considered.

d

dt
[qi

q̇i
] = [ q̇i

Eq. (3.72)]

equations of motion
in independent coordinates ẋi = f fw

i (xi,u)
1) solve constraint equations
c(qi,qd) = 0 for qd

2) evaluate constraint matrices
Ci(qi,qd) and Cd(qi,qd)

3) evaluate velocities based on ċ = 0 via
q̇d = −C−1d (Ciq̇i + c′)

4) ODEs of the forward dynamics in state space

via coordinate
partitioning

Figure 3.19: Forward model for flexible multibody systems with geometric constraints in
independent coordinates (minimal form).

In Section 6.2, this formulation is used to design an LQR, which is applied to
Flexor for oscillation damping. There, the minimal form ensures that the
system is stabilizable.
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3.5. Transformation to ODEs
3.5.3.2 QR Decomposition
With the matrices from Equation (3.43), which reduce to

G = Γ =
∂c

∂q
=C (3.74)

of dimension nc × f for the forward model, the QR decomposition follows as

CT
= [Qc Jc,q] [

Rc

0
] =QcRc. (3.75)

Besides Jc,q ∈ Rf×fi , this also givesQc ∈ Rf×nc and the square matrixRc ∈ Rnc×nc .
Moreover, the independent accelerations q̈i,q, which have no direct physical
meaning, need to be transformed back to the accelerations q̈ in chain coordinates.
Since here

J`,q = Jr,q = Jc,q (3.76)

holds one obtains in a similar way as for Equation (3.63b) the relation in chain
coordinates

q̈ =Jc,q (J
T
c,qMJc,q)

−1
JT

c,q (f +Bu −Mθ′′c,q) + θ′′c,q, (3.77)

with θ′′c,q = −QcR
−T
c c′′. Equation (3.77) is used to transform the control inputs

of the LQR in Section 6.2 from currents or forces to actuator motions. Via a
subsequent actuator cascade control this allows to reduce the influence of distur-
bances such as friction. Since the transformation needs to be done in real-time a
QR decomposition is recommended. It prevents possible singularities within Cd,
which could occur through manually selecting the independent coordinates.

3.5.4 Forward Model with Kinematic Inputs
An alternative formulation of the forward dynamics follows when the actuator
dynamics is neglected and the actuator kinematics qa, q̇a and q̈a is used as control
input. This formulation is here denoted as kinematic inputs. Since then the
actuated coordinates qa are no degrees of freedom anymore, the equations of
motion (3.22) for the free end-effector case reduce to

[
Mee Meu

MT
eu Muu

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Mk(q)

[
q̈e

q̈u
]

´¸¶
q̈k

= [
fe

fu
]

´¸¶
fk(q,q̇)

+ [
−Mea

−MT
au
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Bk(q)

q̈a + [
CT

e

CT
u
]

´¹¹¹¹¸¹¹¹¹¶
CT

k
(q)

λ, (3.78a)

c(q) = 0. (3.78b)

Here, it is assumed that the coordinates are chosen such that the matrix B of
Equation (3.22a) only has non-zero entries in the rows of the actuated accelera-
tions q̈a. This means that the control input u on force level completely vanishes
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Chapter 3. Modeling, Inversion and Solution
within Equation (3.78a) and instead the kinematics qa, q̇a and q̈a is treated as
input. Thus, the system dynamics (3.78a) is represented only by fk = f − fa

instead of f equations. These are given in the coordinates qk ∈ Rfk .
The fact that Equation (3.78) does not need a model of the actuator dynamics
can be highly advantageous since it is often difficult to describe this dynamics
accurately, e.g., due to friction effects. Consequently, to compare the system
responses of a real system and a forward model with kinematic inputs one can
simply apply the experimentally measured actuator motions to the forward model
instead of forces and torques. This can significantly improve the match of both
responses.

Since the coordinates qa are no degrees of freedom anymore, the time derivatives
of the nc geometric constraints c = 0 are rearranged according to

ċ =
∂c

∂qk

´¸¶
Ck

q̇k +
∂c

∂qa
q̇a +

∂c

∂t
=Ckq̇k + c

′
k = 0, (3.79a)

c̈ =Ckq̈k + Ċkq̇k + ċ
′
k =Ckq̈k + c

′′
k = 0. (3.79b)

The actuator velocities q̇a are now included within c′k. Therefore, c′k ≠ 0 as
opposed to Equation (3.42a) where c′ = 0. Similarly, the actuator accelerations q̈a

are incorporated within c′′k .

3.5.4.1 Coordinate Partitioning
The independent coordinates qi ∈ Rfi and the dependent coordinates qd ∈ Rfd
partition now qk and are therefore of dimension fi = fk − nc and fd = nc, respec-
tively. Equation (3.79b) can then be solved for the dependent accelerations q̈d.
Similar to Equation (3.52), this yields

q̈k = [
q̈i

q̈d
] = [

Ifi
−C−1

k,dCk,i
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Jk

q̈i + [
0

−C−1
k,dc

′′
k
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
θ′′

k

. (3.80)

The matrices Ck,i and Ck,d are the Jacobians of c with respect to qi and qd,
compare Equation (3.71), which are here related to the coordinates qk. A left
multiplication of Equation (3.78a) with the transposed projection matrix Jk ∈

Rfk×fi and replacing q̈k with the right side of Equation (3.80) yields the equation
of motion in minimal form as

JT
k MkJkq̈i = J

T
k (fk +Bkq̈a −Mkθ

′′
k) . (3.81)

The resulting forward model is shown in Figure 3.20. For systems where the
elastic coordinates qe can be selected as independent coordinates qi, which is
usually the case for flexible link robots, this formulation allows to consider only
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3.5. Transformation to ODEs

JT
k MkJkq̈i = JT

k (fk +Bkq̈a −Mkθ
′′
k)

equation of motion
in independent coordinates
with kinematic inputs qa, q̇a, q̈a

1) solve constraint equations
c(qi,qd,qa) = 0 for qd

2) evaluate constraint matrices
Ck,i(qi,qd,qa) and Ck,d(qi,qd,qa)

3) evaluate velocities based on ċ = 0 via
q̇d = −C−1k,d(Ck,iq̇i + c′k)

4) ODE of the forward dynamics (Eq. (3.81))

via coordinate
partitioning

Figure 3.20: Forward model for flexible multibody systems with geometric constraints in
independent coordinates (minimal form) with kinematic inputs.

the deformation dynamics. This is especially advantageous for the modal damping
controller introduced in Section 6.3 as it enables to focus on the eigenmodes due
to the link elasticity to actively increase their damping.

3.5.4.2 QR Decomposition
For kinematic inputs the QR decomposition is applied to the transposed Jacobian
matrix Ck ∈ Rnc×fk of the geometric constraints, which results in

CT
k = [Qk Jk,q] [

Rk

0
] =QkRk. (3.82)

This gives Qk ∈ Rfk×nc and Rk ∈ Rnc×nc as well as the projection matrix Jk,q ∈

Rfk×fi . Analogously to Section 3.5.1, the equations of motion in minimal form
follow as

q̇i,q = J
T
k,q(q̇k +QkR

−T
k c′k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶−θ′
k,q

), (3.83a)

q̈i,q = (J
T
k,qMkJk,q)

−1
JT

k,q(fk +Bkq̈a +MkQkR
−T
k c′′k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶−θ′′
k,q

). (3.83b)

This formulation is used for the UKF in Section 4.1.3. Due to the kinematic inputs
no model of the actuator friction is needed within this UKF. This formulation
also reduces the model size, which is beneficial for state estimation being usually
required in real-time. Additionally, the QR decomposition is advantageous for
such real-time calculations since it prevents singularities when computing the
projection matrix Jk,q.
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Chapter 3. Modeling, Inversion and Solution
Transforming Equation (3.83) back with a formulation analog to Equation (3.61)
yields the equations of motion

q̇k = Jk,qJ
T
k,q(q̇k − θ

′
k,q) + θ

′
k,q, (3.84a)

q̈k = Jk,q (J
T
k,qMkJk,q)

−1
JT

k,q(fk +Bkq̈a −Mkθ
′′
k,q) + θ

′′
k,q. (3.84b)

This formulation of the forward model is summarized in Figure 3.21, where
xk = [q

T
k , q̇

T
k ]

T holds. It is used for the validation of the model order reduction

d

dt
[qk

q̇k
] = [Eq. (3.84a)

Eq. (3.84b)]

equations of motion ẋk = f fw
k (xk,

kinematic inputs³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
qa, q̇a, q̈a)

ODEs of the forward dynamics in state space

via QR
decomposition

Figure 3.21: Forward model for flexible multibody systems with geometric constraints in
qk-coordinates with kinematic inputs.

in Figure 3.9 and for the parameter estimation in Figure 4.9. Especially for
the parameter estimation using kinematic inputs ensures a close correspondence
between experiments and simulations, since, e.g., no actuator friction needs to
be considered.

3.6 Solution of the Inverse Flexible Multibody Model
Solving the various ODE formulations of the forward model introduced in Sec-
tions 3.5.3 and 3.5.4 is usually straightforward since the model is stable. This
allows to use standard ODE integrators to solve an IVP via forward time inte-
gration. Consequently, this section only focuses on the solution of the inverse
flexible multibody model.
Such an inverse model typically has a dynamics, which corresponds to the in-
ternal dynamics being commonly known from feedback linearization [64]. The
existence and stability of the internal dynamics determine how the various ODE
formulations of Sections 3.5.1 and 3.5.2 can be solved.
When assuming that the underactuation is due to link flexibility neglecting this
flexibility leads to an equivalent rigid system which is fully actuated. A fully
actuated system can be understood as a system which has an equal number of
control inputs and degrees of freedom, where each degree of freedom can be
controlled independently. Here, it is also assumed that the same number of
tracking outputs is available. Such an equivalent rigid and fully actuated system
is typically differentially flat. Then, the inverse is algebraic, i.e., no internal
dynamics exists and the system state can be obtained via inverse kinematics, see
Section 3.6.1.
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3.6. Solution of the Inverse Flexible Multibody Model
If the link flexibilities are not neglected, then the inverse model is usually a
dynamical system itself, i.e., the system is not differentially flat. If this internal
dynamics is stable classical inversion can be used to obtain bounded results. Here,
an IVP needs to be solved via forward time integration, see Section 3.6.2. In
Chapter 5, it is shown that both approaches, inverse kinematics and classical
inversion, can even be computed in real-time for Flexor within experiments.
Nevertheless, if the internal dynamics is unstable classical inversion leads to
unbounded results. This is typically the case when tracking the exact end-effector
of flexible link robots, i.e., when using yef as output yo. The solution process
to obtain bounded results is clearly more complicated if the internal dynamics
is unstable. For flexible link robots, the unstable internal dynamics usually
also includes a stable part. In such a case, trajectory optimization or stable
inversion can be used to obtain a bounded but noncausal solution, with pre-
and post-actuation phases, which needs to be computed offline. In this research,
trajectory optimization is utilized via direct collocation, see Section 3.6.3. Then,
the trajectory optimization problem is often easier to construct and to solve
than the stable inversion problem, which relies on solving a two-point BVP as
explained in Section 3.6.4. To make it more likely that a solution is found for the
BVP, the trajectory optimization can be used to provide a suitable initial guess.
It should be noted that both methods, trajectory optimization and stable inversion,
can also be used for model inversion in the case of a stable internal dynamics.
This is, however, usually undesired since both methods are much more involved
than classical inversion via forward integration.

3.6.1 Rigid Inverse Kinematics
For a system where the underactuation is due to flexibilities, neglecting these
flexibilities yields an equivalent rigid system which is fully actuated. In such a
case, typically no internal dynamics exists and the inverse is purely algebraic.
Then, the projected parts of, e.g., Equation (3.57) vanish since no independent
coordinates qi exist, which gives q̇ = θ′ and q̈ = θ′′. Instead of time integration
the model inversion problem can also be solved by root finding of the constraint
equations (3.41b) and (3.41c) on position level as well as with the corresponding
first time derivatives (3.49). This corresponds to inverse kinematics, where the
rigid system state xr, i.e., x without elastic terms, depends only on the desired
output yd(t) and its first time derivative for an output on position level.
The model inversion via inverse kinematics is summarized in Figure 3.22. Here,
f iv

r indicates that a rigid inverse model is considered. This formulation represents
the classical rigid model inversion approach, which will be used mainly as refer-
ence throughout Chapter 5. Neglecting the flexibilities in the model inversion
usually performs unsatisfyingly when being utilized to control flexible link robots.
Nevertheless, in Section 5.1.2 it is shown that a rigid model inversion can be
advantageous when manually guiding a flexible link robot.
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Chapter 3. Modeling, Inversion and Solution
state xr = f iv

r (t) of the inverse kinematics of
the fully actuated equivalent rigid system

1) solve constraint equations
c(qd) = 0 and s(t,qd) = 0 for qd

2) evaluate constraint matrix
Γd(qd)

3) evaluate velocities based on γ̇ = 0 via
q̇d = −Γ−1d γ

′
4) assemble state of the inverse kinematics

of the fully actuated system

xr = [qd

q̇d
]

Figure 3.22: Inverse kinematics for fully actuated multibody systems with geometric and
servo constraints.

3.6.2 Classical Inversion
When the flexibilities are not neglected, the inverse model of flexible link robots
usually has a dynamics. If this internal dynamics is stable, classical inversion,
which originates from Hirschorn [93, 94], can be used to obtain a bounded solution.
A definition of the classical inversion problem can be found in [68, p. 79]. It
basically corresponds to an IVP for the inverse model to be solved by forward
time integration. This leads to a so-called causal solution, which is a solution
that does not have a pre-actuation phase. If the internal dynamics is unstable,
classical inversion still yields a causal solution, which results, however, in an
unbounded state x and input u. Thus, it cannot be meaningfully utilized.
Since for flexible link robots the internal dynamics is typically unstable when
tracking the exact end-effector yef , such as for Flexor, three approaches are dis-
cussed in Section 5.2.1 to render the internal dynamics stable. These approaches
allow to apply classical inversion to obtain a bounded and causal solution online
via forward integration of an IVP.
In this research, classical inversion is utilized for the ODE formulations in chain
coordinates ẋ = f iv

c (t,x) and ẋ = f̄ iv
c (t,x, ūr) introduced in Sections 3.5.1.2

and 3.5.2.1. In the case of considering only the first two bending eigenmodes of
Flexor, these formulations are computationally efficient enough to even enable
model inversion in real-time, see, e.g., Section 5.2.1.4. There, details can be found
on the utilized integration method for classical inversion, which is exclusively the
explicit fourth-order Runge–Kutta method within experiments.

3.6.3 Inversion via Trajectory Optimization
As mentioned before, tracking of the exact end-effector yef of a flexible link robot
usually results in an unstable internal dynamics. Consequently, classical inver-
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3.6. Solution of the Inverse Flexible Multibody Model
sion via forward integration leads to unbounded solutions. Such a problem can
however be solved with bounded results by trajectory optimization techniques.
According to Kelly [95], most trajectory optimization techniques can be classified
into direct or indirect methods. The indirect methods optimize first and then
discretize, while the direct methods discretize first and then optimize. Although
indirect methods tend to be more accurate, they are typically more difficult
to construct and solve, e.g., a more accurate initialization might be necessary.
Therefore, only direct methods are considered here, since on the one hand an
easier construction is preferred to ensure a straightforward adaptation to new
problem formulations. On the other hand, solutions based on an inaccurate initial
guess shall be found, e.g., with zero elastic deformation if a planar case without
contact is considered, since often almost no information exists on the trajectories
of the elastic coordinates.

Trajectory optimization problems for flexible and underactuated rigid systems,
solved with direct methods, have been considered before in the literature. For
instance, Springer et al. [96] investigate time-optimal trajectory planning for a
flexible link robot with flexible joints. They use a reduced lumped parameter
model with a flat output and conduct experiments. As opposed to this, in the
presented research trajectory optimization with fixed time is considered in order
to solve end-effector trajectory tracking problems with internal dynamics. This
has also been discussed by Seifried et al. [97] for an underactuated rigid manip-
ulator with two passive joints. Bastos et al. [18] deal as well with end-effector
trajectory tracking for underactuated rigid manipulators based on optimization
via a direct method and compare it to stable inversion via a two-point BVP.
Likewise, Lismonde et al. [98] treat an optimization problem for end-effector
trajectory tracking of a 3D flexible link robot, being solved via a direct method.
In contrast to [18, 97, 98], which consider serial robots without experiments,
the presented research applies end-effector trajectory tracking via trajectory
optimization to the flexible link parallel robot Flexor within experiments. Here,
geometric constraints and servo constraints are incorporated within transforma-
tions to ODEs. By using only the remaining internal dynamics for the independent
state xi within the optimization, the number of design variables is significantly
reduced. Besides, when only tracking the end-effector position but not its rotation,
it is shown that the optimization via a direct method can be used to obtain a
causal solution with reduced elastic link deflections.

This section gives a compact overview on the utilized optimization method. For
a more detailed discussion on trajectory optimization it is pointed to the review
paper by Kelly [95]. The experimental application to Flexor is then discussed
in Section 5.3.1.
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Chapter 3. Modeling, Inversion and Solution
3.6.3.1 Model Inversion
First, model inversion for end-effector trajectory tracking is considered for the non-
redundant case having the same number of control inputs and servo constraints,
i.e., fa = ns. This allows to cancel all control inputs to obtain the ODE formulation
of the inverse model from Figure 3.16. Thus, the system dynamics of the inverse
model, which corresponds to the internal dynamics, has the form

ẋi = f
iv
i (t,xi). (3.85)

Assuming that the underactuation is due to link flexibility, the independent
state can be chosen as xi = [q

T
i , q̇

T
i ]

T
= [qT

e , q̇
T
e ]

T. The considered trajectory
optimization problem is then stated as

min
xi

J(xi) =min
xi
∫

tF

t0

qT
e (t)Weqe(t)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

w(t)
dt (3.86a)

subject to ẋi = f
iv
i (t,xi). (3.86b)

Thus, within the objective function J only the so-called Lagrange term is used.
Similar to [97], We ∈ Rfe×fe is a diagonal matrix which here weights the elastic
coordinates qe. Since all actuators are needed to enforce the servo constraints, no
additional degree of freedom exists to actually minimize the elastic deformations
within J . This objective function is in fact only aimed at finding a bounded
solution. Then, no additional bounds or boundary conditions need to be enforced
on the states. This can be regarded as implementation advantage compared to
stable inversion via solving a BVP, since no complicated boundary conditions
need to be established [18].
In Section 5.3.1, the trajectory optimization problem of Equation (3.86) is
applied to the standard 2D case of Flexor with three control inputs and
three servo constraints, i.e., fa = ns = 3. In this case, the independent state
xi = [qe,2, qe,3, q̇e,2, q̇e,3]

T relies on the elastic coordinates of the first bending
eigenmode of link 2 and link 3, respectively. Within the objective function, they
are weighted equally according to

w(t) = q2
e,2(t) + q

2
e,3(t). (3.87)

In this research, the Hermite–Simpson direct collocation method is used to
discretize trajectory optimization problems. Thus, Equation (3.86) is converted
into a nonlinear programming problem. The problem is discretized in time into
N segments. This leads to 2N + 1 collocation points, i.e., grid points as each
segment midpoint is considered within the Hermite–Simpson method. As a result,
the time points t(0), t(0+1/2), . . . , t(N) are obtained as well as a finite set of design
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3.6. Solution of the Inverse Flexible Multibody Model
variables being summarized in the vector

ξ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

x
(0)
i

x
(0+1/2)
i

⋮

x
(N)
i

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (3.88)

which here consists of the discretized independent state. Since a fixed initial
time t0 and a fixed final time tF are used, they do not belong to the design
variables. The design variables are used to set up the so-called collocation
constraints for the system dynamics

x
(k+1)
i −x

(k)
i =

h(k)
6
(f

iv(k)
i + 4f

iv(k+1/2)
i + f

iv(k+1)
i ) , (3.89)

with h(k) = t(k+1)
− t(k) and k = 0,1, . . . , (N − 1). Since the collocation con-

straints are used here in the so-called separated form, the introduced design
variables x(k+1/2)

i occur within f iv(k+1/2)
i at the segment midpoints. These mid-

points are included by interpolation leading to

x
(k+1/2)
i =

1

2
(x
(k)
i + x

(k+1)
i ) +

h(k)
8
(f

iv(k)
i − f

iv(k+1)
i ) . (3.90)

The collocation constraints of Equations (3.89) and (3.90) are enforced on each
trajectory segment. Similarly, the objective function is discretized according to
the formula

J = ∫
tF

t0

w(t) dt ≈

N−1

∑
k=0

h(k)
6
(w(k) + 4w(k+1/2)

+w(k+1)
) . (3.91)

Further details on the utilized Hermite–Simpson collocation method can be found
in [95, 99].
To solve the discretized trajectory optimization problem Matlab’s nonlinear
programming solver fmincon is utilized with the interior-point algorithm. Here,
first a coarse mesh with a small number of collocation points is used to obtain an
easier problem but also an inaccurate solution. Then, the mesh is refined within
multiple steps to obtain a more accurate solution. This refinement strategy can
increase the efficiency of the solution process. Due to the considered unstable
internal dynamics, the solution is noncausal with a pre-actuation and a post-
actuation phase. To account for these phases, the initial time t0 and the final
time tF need to be selected accordingly.

3.6.3.2 Model Inversion with Kinematic Redundancy
When obtaining a bounded solution to the considered end-effector trajectory track-
ing problem with unstable internal dynamics, pre-actuation and post-actuation
phases occur as mentioned in Section 3.6.3.1. This might however be undesired
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Chapter 3. Modeling, Inversion and Solution
within an application. Therefore, a method is now presented to obtain a bounded
and causal solution which means that no pre-actuation occurs and additionally
no post-actuation shall arise.
Graichen et al. [100] also discuss a technique to obtain causal transitions between
stationary set points for an unstable internal dynamics by using free parameters
to design the desired output trajectory. This is formulated as a two-point BVP.
Seifried [68, chapter 4.3] investigates the same idea of parameterizing the output
trajectory and solving a two-point BVP, but applies it to a manipulator with a
passive joint and kinematic redundancy. The redundancy is used to introduce
free design parameters to obtain a bounded and causal solution without post-
actuation. Nevertheless, solving a BVP can be difficult. Also, suitable free design
parameters need to be found which render the BVP solvable. Thus, applying
these concepts to a completely different system is typically very involved.
Consequently, trajectory optimization via direct collocation is used in the fol-
lowing, which is typically easier to formulate and solve. Here, the kinematic
redundancy due to applying less servo constraints than available independent
control inputs, i.e., fa > ns, is used as a design degree of freedom to obtain a
causal solution. Additionally, this solution shall have no post-actuation. There-
fore, steady-state boundary conditions bc = 0 are enforced and the trajectory
optimization problem formulation from Equation (3.86) changes to

min
xi,ūr

J(xi, ūr) = min
xi,ūr

∫

tF

t0

qT
e (t)Weqe(t) + ū

T
r (t)Wuūr(t)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
w(t)

dt (3.92a)

subject to ẋi = f̄
iv
i (t,xi, ūr), (3.92b)

bc(xi(t0),xi(tF)) = 0, (3.92c)
b` ≤ xi(t) ≤ bu. (3.92d)

Here, Wu ∈ R(fa−ns)×(fa−ns) is also a diagonal weighting matrix. For this re-
dundant case, the inverse model ẋi = f̄

iv
i (t,xi, ūr) in ODE form is obtained as

described in Figure 3.18.
In Section 5.3.1, Equation (3.92) is applied to a 2D scenario without contact in
which the end-effector rotation of Flexor is not tracked. This means that only
two servo constraints are enforced although three actuators are available. This
could be utilized to handle rotational symmetric objects where the end-effector
rotation is not of interest but only its position. The independent state is then
selected as xi = [qe,2, qe,3, γ, q̇e,2, q̇e,3, γ̇]

T where the rotary motor angle γ is now
also treated as independent coordinate. The internal dynamics further depends
on ūr = uγ since the utilized transformations to ODEs based on two servo con-
straints only allow to cancel two control inputs being here ua and ub. This means
that an optimal control problem is considered. The boundary conditions bc = 0
ensure that qe,2, qe,3, q̇e,2, q̇e,3 and γ̇ are zero at initial time t0 as well as at final
time tF. Here, these times match exactly the start and end time of the interval
in which the desired end-effector trajectory changes. The lower and upper path
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3.6. Solution of the Inverse Flexible Multibody Model
bounds in Equation (3.92d) can additionally support that a feasible solution is
found. For Flexor the bounds

− π/2 ≤ γ(t) ≤ π/2 (3.93)

are used to guarantee that the rotary motor angle γ stays in a reasonable range.
It turns out that by not further restricting the start and end values of γ, smoother
solutions are possible. Compared to the non-redundant case of Section 3.6.3.1, the
objective function J of Flexor is extended by the motor current uγ according to

w(t) = q2
e,2(t) + q

2
e,3(t) + 0.5u2

γ(t), (3.94)

in order to yield reasonable inputs. Most importantly, due to the introduced
redundancy the elastic deformations within J will now in fact be minimized.
Thus, besides obtaining a causal solution without post-actuation for the consid-
ered end-effector trajectory tracking problem, the link deformations are reduced
simultaneously.
Next, the Hermite-Simpson direct collocation method is used again for discretiza-
tion, see Section 3.6.3.1. The vector of design variables now also includes the
additional control inputs due to the redundancy and reads

ξ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

x
(0)
i

x
(0+1/2)
i

⋮

x
(N)
i

ū
(0)
r

ū
(0+1/2)
r

⋮

ū
(N)
r

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (3.95)

Experimental results are presented in Section 5.3.1, which show the successful
realization of the proposed approach.

In summary, trajectory optimization via direct collocation can be applied to
a variety of interesting problems within flexible link robotics with only small
additional implementation effort. Still, since the computational cost of such an
optimization can be relatively high, it is especially advantageous for repetitive
tasks.

3.6.4 Stable Inversion
Alternatively to trajectory optimization, the so-called stable inversion, originating
from Chen and Paden [101] and Devasia et al. [102], can be utilized to obtain
a noncausal but bounded solution in the case of an unstable internal dynamics
which also includes a stable part. A definition of stable inversion is given, e.g., in
[101], which does not demand that the initial values are met but the results need
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Chapter 3. Modeling, Inversion and Solution
to be bounded. Thus, no IVP needs to be solved. Instead, stable inversion requires
that a typically much more complicated two-point BVP is solved. This means
that one cannot predefine the initial state but for the considered system type a
pre-actuation is needed to drive the system to the required state while keeping
the output constant. Additionally, a post-actuation occurs at the trajectory end.
For the stable inversion approach it is necessary that the equilibrium points of
the internal dynamics are hyperbolic, i.e., the linearization has no eigenvalues
on the imaginary axis. Also, the boundary conditions of the BVP demand
that the internal dynamics starts on an unstable manifold and ends on a stable
manifold. These stable and unstable invariant manifolds are the nonlinear analogs
of the corresponding stable and unstable eigenspaces, which are tangent to these
manifolds at the considered equilibrium [71]. Since these manifolds are typically
difficult to handle they are now locally approximated by the eigenspaces which
has also been done by Zhao and Chen [103]. The eigenspaces are obtained by
a linearization of the internal dynamics around the corresponding hyperbolic
equilibrium points at the trajectory start and end, where the output is held
constant via servo constraints. This linearization of the zero dynamics, i.e., the
internal dynamics with constant output yo, can be performed, e.g., by applying
finite differences to the state-space representation ẋi = f

iv
i (xi) or ẋ = f iv

c (x)
introduced in Section 3.5.1. This allows to obtain the partial derivative with
respect to xi or x giving the corresponding constant system matrix Aη of the
linearized zero dynamics. It can be consequently written as autonomous system

η̇ =Aηη. (3.96)

Then, the eigenvectors and eigenvalues of Aη are calculated. Subsequently,
the possibly complex diagonal form with the diagonal matrix of the complex
eigenvalues is transformed to real block-diagonal form, e.g., via Matlab’s cdf2rdf
command. This yields the real block-diagonal matrix Dη, which has the same
eigenvalues as Aη. The corresponding real transformation matrix T fulfills

Aη = TDηT
−1. (3.97)

The η-coordinates of the linearized zero dynamics can then be transformed to
new coordinates ϕ = T −1η, leading to

ϕ̇ =Dηϕ. (3.98)

Due to the block-diagonal form of Dη, the stable and unstable dynamics are
decoupled in this equation. With Ts being the rows of T −1 which are related to
the stable eigenvalues and Tu being the rows related to the unstable eigenvalues,
one can construct the boundary conditions. At the trajectory start time t = t0
the boundary condition

Ts(t0)η(t0) = 0 (3.99)

keeps the internal dynamics on the approximated unstable manifold and

Tu(tF)η(tF) = 0 (3.100)
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3.6. Solution of the Inverse Flexible Multibody Model
is used for the approximated stable manifold at the trajectory end time t =
tF [68, 71, 104]. As a result of the real block-diagonal form these boundary
conditions are expressed with real values.
As mentioned before, the eigenvalues of the linearized zero dynamics at the
equilibrium points need to be off the imaginary axis. If one applies the discussed
approach to a formulation in chain coordinates the rows of T −1 related to the
additional 2fd zero eigenvalues, introduced through the constraint equations,
need to be removed. To make up for the now missing boundary conditions, e.g.,
c = 0 and s = 0 might be used at one boundary and ċ = 0 and ṡ = 0 at the
other boundary. Nevertheless, in this research exclusively the formulation in
independent coordinates ẋi = f

iv
i (t,xi) is used for stable inversion, which makes

the problem more compact.
Finally, the noncausal solution for the control inputs and state trajectories can
be obtained by solving the two-point BVP, e.g., with Matlab’s bvp5c solver.
To make it more likely that a solution to the BVP is found, an appropriate initial
guess is necessary. Using the solution from a trajectory optimization as initial
guess is often an effective approach. Alternatively, output redefinition, introduced
in Section 5.2.1.1, can be used to adapt the internal dynamics which then might
be easier to solve. When a solution is found it can be implemented as initial
guess for the original problem. The effectiveness of the stable inversion approach
is validated experimentally for Flexor within Section 5.3. For further details on
stable inversion it is pointed to the work of Chen and Paden [101], of Devasia
et al. [102] and to the book of Seifried [68].
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For state and output feedback control it is necessary to estimate the system
state and the considered output in real-time. In this regard, a Kalman filter
is discussed in this chapter to filter measurement signals and to obtain their
time derivatives. In the case that the independent coordinates of a flexible link
parallel robot, described with geometric constraints, can be measured the filtering
gives the independent state. The complete state in chain coordinates is then
obtained from the geometric constraints and the corresponding time derivatives.
This procedure is denoted as linear state estimator since only Kalman filtering
for a linear model is involved. Smoother signals can however be obtained with
a nonlinear state estimator which makes use of the nonlinear dynamic flexible
multibody model from Chapter 3. In this context, the popular unscented Kalman
filter (UKF) is applied but with an adaption to the underlying system of DAEs.

For validation of the later considered end-effector trajectory tracking controllers,
a direct measurement with a motion tracking camera is used. The necessary steps
for the reconstruction from marker pixel data to the physical end-effector pose
are discussed. Finally, it is demonstrated that flexible multibody models can be
utilized to estimate unknown parameters such as the mass of a handling object.
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4.1 State Estimation
First, signal filtering is used to reduce noise within measurements and to obtain
their time derivatives. The filtered signals are then utilized within state estimators.
On the one hand, within a simple linear state estimator which is based on a
kinematic robot model. On the other hand, filtered signals are used within a
UKF which incorporates a nonlinear dynamic flexible multibody model. The
UKF further reduces noise and observation spillover. The obtained smoothed
signals through filtering can significantly improve the performance of the later
applied feedback controllers.

4.1.1 Signal Filtering
Often, measurements are noisy and their time derivatives are needed. To filter
measurement signals, an effective and computationally efficient approach is to
model each signal independently as a linear single degree of freedom system. The
neglected dynamics is then represented by process noise. Based on Singer [105],
the discrete equations of motion of each sensor signal can be written as

⎡
⎢
⎢
⎢
⎢
⎢
⎣

sn
ṡn
s̈n

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 T (αT − 1 + e−αT ) /α2

0 1 (1 − e−αT ) /α
0 0 e−αT

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

sn−1

ṡn−1

s̈n−1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

+wn−1, (4.1a)

yn =sn + vn. (4.1b)

Here, sn is the current sensor signal of the model. The term yn is the system
output which is measured by the considered sensor. The vector wn−1 is a discrete
time white noise sequence, which is a function of the correlation coefficient α,
being empirically chosen for each sensor, and the sample time T . The extensive
terms within wn−1 can be found in [105]. Also, vn is white Gaussian noise. A
Kalman filter for linear systems is here used for state estimation, see, e.g., the
book of Thrun et al. [20]. This gives the filtered, i.e., estimated sensor signal ŝ,
denoted by the hat symbol, as well as its time derivatives ˆ̇s and ˆ̈s.

The filter performance can be seen in Figure 4.1 for Flexor with T = 1 ms. Here,
the encoder measurements of slider A as well as the strain gauge measurements
on link 2, represented as curvature κ2, are considered. The Kalman filtered
signals are much smoother than the measurements. Especially the obtained
time derivatives benefit from filtering. Without filtering the velocities have
extreme jumps and cannot be meaningfully used within feedback control. These
measurement time derivatives are calculated with the difference quotient

ẏn =
yn − yn−1

T
. (4.2)

In contrast, the filtered velocities are directly provided by the Kalman filter.
It should be noted that a major benefit of the presented method over simple
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Figure 4.1: Measurements and corresponding time derivatives obtained via Equation (4.2)
compared to Kalman filtered measurements.

low-pass filtering is that it typically introduces negligible time delay. Also, the
filter performs effectively even for slider A although the measurements show steps
instead of the modeled white Gaussian noise.
Throughout this thesis, all sensor related signals will also be denoted as mea-
surements even if they are Kalman filtered. This serves to focus on fundamental
differences such as if signals are only simulated.

4.1.2 Linear State Estimator
If enough sensors are available to measure the independent coordinates qi of a
flexible link parallel robot, the geometric constraints and the signal filtering of
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Section 4.1.1 allow to estimate the complete state x in chain coordinates. In the
following, this approach is directly applied to Flexor for clarification purposes.
Here, the estimated system output

ŷf = [κ̂2 κ̂3 â b̂ γ̂ ˆ̇κ2
ˆ̇κ3

ˆ̇a
ˆ̇
b ˆ̇γ]

T
, (4.3)

obtained via Kalman filtering as described in Section 4.1.1, together with the
kinematics of Flexor shall be used to estimate the system state x = [qT, q̇T

]
T

with
q = [qT

e qT
a qT

u ]
T
= [qe,2 qe,3 a b γ α β]

T
. (4.4)

Therefore, observability is needed. A definition and sufficient condition of global
observability of nonlinear systems can be found, e.g., in the book of Adamy
[106, pp. 288/295]. It is typically difficult to show but for the considered system
type and the available output ŷf the complexity reduces significantly. From the
output ŷf , the quantities q̂a and ˆ̇qa are directly available. Based on the utilized
beam model, the curvatures κ are linearly related to the elastic coordinates qe by

κ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂ψz/∂x ∣xs,1

⋮

∂ψz/∂x ∣xs,i

⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
C̃e

qe, (4.5)

see Equation (2.5). Here, xs,i denotes the i-th strain gauge measurement location
on the flexible links. In the considered case of using as many strain gauge
measurements as elastic coordinates, namely two for both, the sensors can be
appropriately placed such that the constant output matrix C̃e has full rank. This
means that C̃e ∈ R2×2 can be inverted to calculate the elastic coordinates q̂e,2,
q̂e,3 from the measured curvatures κ̂2, κ̂3. Since analogously

κ̇ = C̃eq̇e (4.6)

holds, q̂e and ˆ̇qe are determined. Thus, only the additional unactuated coordi-
nates q̂u, i.e., the angles α̂ and β̂ as well as the corresponding time derivatives are
missing to complete the state x̂. Due to the kinematic loop at the sliders, qu can
be regarded as dependent coordinates qd while qi = [q

T
e , q

T
a ]

T are the indepen-
dent coordinates. With available estimates of the independent coordinates, the
dependent coordinates are obtained by solving the constraints c(q̂i, q̂d) = 0 for q̂d.
This may be done numerically by root finding via the Newton-Raphson method.
Analogously to step 3) of Figure 3.19, with available q̂ and ˆ̇qi the velocities are
then computed via

ˆ̇qu = ˆ̇qd = −C
−1
d (Ci

ˆ̇qi + c
′
). (4.7)

This delivers the complete state x̂ and consequently observability is provided in
all feasible system configurations.
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Chapter 4. Estimation
Within the presented method, all measured signals rely on Kalman filtering based
on the linear model of Equation (4.1). Since the nonlinearity of the constraint
equations c = 0 is introduced after the actual estimation, the method is denoted
as linear state estimator throughout this research.

4.1.3 Unscented Kalman Filter for DAEs
The linear state estimator from Section 4.1.2 is a simplified and computationally
efficient method to estimate the state of flexible link parallel robots. Nevertheless,
more effective filtering of noise and unmodeled higher-order modes can be neces-
sary for feedback control. Also, a possibility for systematic sensor data fusion
is desired, e.g., to include the rotary joint encoder measurements for Flexor.
Therefore, the well-known UKF [20, 107] will now be applied for nonlinear state
estimation. As opposed to the linear state estimator, it incorporates the nonlinear
system dynamics. The UKF framework is chosen because of its ability to handle
noisy measurements and it provides straightforward sensor data fusion. Also,
it is well suited for real-time estimation for nonlinear systems since Kalman
algorithms are not computationally expensive [108]. Instead of linearizing the
nonlinear system dynamics as within the extended Kalman filter (EKF), the
UKF uses the so-called unscented transformation. According to Wan and van
der Merwe [109], this renders the UKF typically more accurate than the EKF
while sharing a similar level of complexity.
To apply the UKF to parallel robots described by DAEs, the algorithm needs
to be adapted. For instance, Teixeira et al. [22] discuss four algorithms for
nonlinear equality-constrained state estimation based on the UKF. The presented
research, however, uses a different approach via minimal coordinates. It is similar
to [21] but a projection tangential to the constraint manifold is used based on a
QR decomposition instead of coordinate partitioning. This prevents singularities
within the calculation of the projection matrix. Subsequently, the standard
UKF algorithm is applied to the resulting ODEs in minimal, i.e., independent
coordinates. Here, the minimal form reduces the necessary sigma points. The de-
pendent coordinates are obtained by satisfying the algebraic constraint equations
with the Newton-Raphson method in each time step. The details are discussed
in the following which are based on the publication [30] of the author.

First, an appropriate system description needs to be selected for the considered
flexible link parallel robots. Since there are unknown and potentially significant
friction effects within the actuators, kinematic inputs are used instead of motor
current, i.e., force inputs. This means that the actuator motions are no degrees
of freedom anymore, which reduces the system dimension of the model for the
estimator. The problem of estimating the kinematic actuator quantities is thus
shifted to the Kalman filter which uses the linear single degree of freedom system
of Equation (4.1) for each actuator encoder measurement. This is meaningful since
Kalman filtered encoder measurements are typically very smooth and accurate
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4.1. State Estimation
such that no further filtering based on a dynamic robot model is needed. Only
using the Kalman filter for the actuators is also computationally very efficient.
In the case of Flexor, the remaining coordinates qk ∈ Rfk consist of the two
angles α and β as well as of the elastic coordinates qe,2 and qe,3 of link 2 and
link 3, respectively. The main idea of the nonlinear state estimator is to transform
the DAEs of the model of a flexible link parallel robot to ODEs for which the
standard UKF algorithm can be applied. The transformation is performed via
a projection based on a QR decomposition in each time step. Consequently,
Equation (3.83) is used to describe the forward dynamics in minimal form which
yields

ζ̇ = JT
k,q (q̇k +QkR

−T
k c′k) , (4.8a)

ζ̈ = (JT
k,qMkJk,q)

−1
JT

k,q (fk +Bkq̈a +MkQkR
−T
k c′′k) (4.8b)

for the new independent coordinates ζ ∈ Rfk−nc . Here, nc dependent coordinates ν
occur, with nc = 2 for Flexor due to the kinematic loop at the sliders. This means
that in this research the UKF is used only for an unconstrained end-effector within
the model. Nevertheless, for an end-effector with contact Equation (4.8) can still
be used but with an additional force input at the end-effector to incorporate force
measurements. This is especially meaningful if the environment is unknown and
can therefore not be modeled. Following the local coordinate method of Hairer
et al. [110, chapter 4] the coordinates qk and q̇k can be decomposed as

[
qk

q̇k
]

´¸¶
xk

= [
qk,0

q̇k,0
]

´¹¹¹¹¹¸¹¹¹¹¹¶
xk,0

+ [
Jk,q 0
0 Jk,q

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
J̃k,q

[
ζ

ζ̇
]

´¸¶
z

+ [
Qk 0
0 Qk

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Q̃k

[
ν
ν′]
´¸¶
n

, (4.9)

with z ∈ R2(fk−nc) and n ∈ R2nc being the local coordinates. In the estimator,
the start value xk,0 represents x̂+k,n−1 with the plus denoting a posterior quantity
and n− 1 being the last time step before the current time step n. A minus would
describe a prior quantity. With the error covariance matrix P +zz,n−1 of the last
time step the origin-centered sigma points Zi,n−1 are generated in z-coordinates,
with bold calligraphic letters representing vectors. Based on Equation (4.9), the
results are inserted into

X i,n−1 = x̂
+
k,n−1 + J̃k,qZi,n−1, (4.10)

which is used to evaluate Equation (4.8). The results are then integrated with
a forward Euler step to obtain Z∗i,n for each sigma point denoted by i. Now,
in accordance with the usual UKF algorithm, see, e.g., [20], the prior mean ẑ−n
is obtained and utilized to calculate the prior error covariance matrix P −zz,n.
Thereby, the new sigma points Zi,n are generated. Analog to Equation (4.10)

X i,n = x̂
+
k,n−1 + J̃k,qZi,n (4.11)
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Chapter 4. Estimation
is then used within the output function h leading to

Yi,n = h(X i,n). (4.12)

The following necessary steps are the remaining standard UKF calculations but
applied to the independent coordinates from which the posterior quantities ẑ+n
and P +zz,n are obtained. Based on this, the starting value

x̂+k,n,0 = x̂+k,n−1 + J̃k,qẑ
+
n (4.13)

can be found. It is then used within the Newton-Raphson method in order
to obtain ν which fulfills the algebraic constraints on position level c = 0, see
Equation (3.78b). A discussion on the Newton-Raphson Method with optimal
basis can be found, e.g., in the thesis of Burkhardt [104, p. 66]. Based on
Equations (3.82) and (4.9) it follows

∂c

∂ν
=
∂c

∂qk

∂qk

∂ν
=CkQk =R

T
k Q

T
kQk

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
Inc

=RT
k . (4.14)

The Newton-Raphson steps are written as

νj = −R
−T
k c(q̂+k,n,j−1, q̂a,n), (4.15)

with

q̂+k,n,j = q̂+k,n,j−1 +Qkνj . (4.16)

Here, j denotes the iteration step of the jmax iterations. To fulfill the constraints
on velocity level, i.e., ċ = 0, the result of the Newton-Raphson method can be
used within Equation (3.79a) which is solved for ν′. This yields the velocities

ˆ̇q+k,n = ˆ̇q+k,n,jmax
= ˆ̇q+k,n,0 +Qkν

′. (4.17)

Finally, the output of interest such as the estimated end-effector pose and velocity
can be calculated from the estimated state x̂+k,n.
The discussed algorithm is summarized in Figure 4.2. Here, the filtered actuator
positions q̂a,n at the current time step as well as the corresponding time deriva-
tives ˆ̇qa,n and ˆ̈qa,n are treated as kinematic inputs. Also, Qn and Rn denote
the process and the measurement noise covariance matrices which are sources of
additive white Gaussian noise.
For Flexor, the system output yn utilized within the measurement corrections
includes the curvatures κ̂2 and κ̂3 obtained via Kalman filtered strain gauge
measurements. The output also includes the corresponding curvature velocities
as these ensure that small offsets of the zero-point of the strain gauges do not
cause the estimated first time derivatives of the elastic coordinates to drift. These
offsets typically result from static deflections of the spring steel links which are
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Figure 4.2: Algorithm of the UKF for flexible multibody systems in DAE form.

not perfectly straight. For the Newton-Raphson method four iteration steps are
used which typically leads to negligible Euclidean norms for c and ċ.

To experimentally validate the UKF it is applied to Flexor, where the actuators
are directly controlled via a gamepad. The obtained arbitrary motion is well
suited to show the excitation of higher-order modes. The resulting curvature κ2

of link 2 is illustrated in Figure 4.3. Here, the measured curvature corresponds
to the Kalman filtered measurement signal used within the output yn for the
UKF. The curvature of the UKF is obtained by transforming the estimation of
the elastic coordinate qe,2 via Equation (4.5). Moreover, the simulated curvature
is computed via forward time integration of Equation (3.84). The integration
is done with the forward Euler method running at a step size of 1 ms, which is
what the UKF also relies on.
In the magnification of Figure 4.3 at around 3 s a significant higher-order frequency
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Figure 4.3: Measured ( ), estimated by a UKF ( ) and simulated ( ) curvature κ2

of link 2.

can be seen in the measurement signal, which is related to the second bending
eigenmode of link 2. Since the model within the UKF incorporates only the
first bending eigenfrequency of link 2 as well as of link 3, higher frequencies are
filtered effectively without introducing significant delay. Filtering such unmodeled
frequencies is very important considering the so-called spillover effect. The later
utilized feedback controllers are designed for a finite number of controlled modes,
being the first two bending eigenmodes in the case of Flexor. But they are
applied to real flexible links which possess an infinite number of additional
uncontrolled modes when assuming continua. This results in two types of
spillover, the control spillover meaning the excitation of uncontrolled modes, and
the observation spillover meaning that uncontrolled modes contaminate the sensor
measurements [111, 112]. Spillover can deteriorate the control performance and
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even cause instability [113]. According to Balas [112], filtering may substantially
reduce observation spillover. Especially low-pass filtering is discussed by Liu and
Hou [113] as a natural solution, which can however introduce significant delay.
Also, the Kalman filtering approach from Section 4.1.1 is not appropriate to
filter frequencies which are close to each other. Thus, the UKF is typically much
better suited to cope with observation spillover in order to prevent feedback of
uncontrolled modes.
In the magnification of Figure 4.3 at around 40 s it is also seen that the estimation
further reduces noise and tends to zero while the measurement shows a small
offset. This offset may reflect the reality better since the spring steel of the
flexible links is not perfectly straight when no oscillations occur. Nevertheless,
such offsets are typically unwanted within, e.g., state controllers as the system
never comes to rest when a zero deformation is desired. The offset also differs
with the slider positions such that a simple zeroing at the start is not sufficient.
Thus, the estimation by the UKF ensures that controllers get a signal where
such undesired offsets are significantly reduced. The estimated curvature of the
UKF also matches closely the amplitude and phase of the measurements over the
whole scenario time. This is not the case for the simulation which is expected
since it is not updated with measurements as opposed to the UKF.
The estimation performance for the state variables other than qe,2, which are not
illustrated here, is similarly effective. In particular, the reduced noise leads to a
much smoother q̇e,2 and q̇e,3 for the UKF compared to Kalman filtering of the
single curvature signals.

In conclusion, the presented investigation shows that the proposed UKF algorithm
can be used to obtain a smooth state estimate with highly reduced observation
spillover for flexible multibody systems in DAE form.

4.2 Output Pose Estimation
In robotics the end-effector pose is typically the output of interest. However,
measurements of the end-effector of a flexible link robot cannot be obtained
only via motor encoders. Based on such encoders together with strain gauge
measurements and a flexible robot model indirect estimations could be conducted
via the UKF presented in Section 4.1.3. Nevertheless, for validation purposes
of model-based controllers a direct measurement method is needed which is not
based on such a robot model. Therefore, marker-based real-time end-effector
reconstruction with the IR motion tracking camera from Section 2.2.3.4 is dis-
cussed in the following.
Before the reconstruction a two-step calibration is performed with the camera
being mounted at a fixed pose with fixed focus. In the first step, the intrinsic
camera parameters are identified. They are needed to convert marker data from
pixels into physical coordinates with respect to a camera-fixed coordinate system.
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In the second step, the extrinsic parameters are identified being the pose, i.e.,
the position and rotation of the camera relative to the inertial system of the
robot. Afterwards, the utilized methods for output reconstruction in 2D and in
3D are discussed. The main calculations are based on the C++ version of the
open source computer vision library OpenCV, which is well suited for real-time
applications.

Starting point is the ideal pinhole camera model, see, e.g., [114, chapter 11],
where the aperture of the camera is reduced to a point, see Figure 4.4. Here,
the standard 2D case of Flexor with gripper and without contact is used for
visualization purposes. The approaches of this section, however, can be utilized
for general 2D and 3D pose estimation. In reality the image plane of Figure 4.4

optical axis

v

marker
M (x, y, z)

u

image plane

(u, v)

yx
z

yc

xc Oc

zc

O

principal point(cx, cy)

camera

inertial
frame I

camera frame C
(fixed to camera)

yt

xt

zt Ot

tracking object frame T
(fixed to markers)

Figure 4.4: Pinhole camera model applied to Flexor.
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4.2. Output Pose Estimation
occurs behind the pinhole denoted by Oc and is mirrored. For simplification this
is prevented in the model by positioning the image plane between the camera and
the marker M under consideration. The goal is now to find the marker position
with respect to the origin O being represented in the inertial frame I.

4.2.1 Intrinsic Parameters
Firstly, the relation between image coordinates u and v in pixels and physical
Cartesian coordinates with respect to the camera coordinate system C needs to
be formulated. Based on [114, 115], this can be written as

⎡
⎢
⎢
⎢
⎢
⎢
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1

⎤
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. (4.18)

Here, the u- and xc-axis point in the same direction as well as the v- and yc-axis.
The parameters fx and fy are the focal lengths in pixels. The coordinates cx
and cy describe the principal point being typically the image center expressed in
pixels. These four intrinsic parameters characterize the camera via the so-called
camera matrix.
Since real cameras are subject to lens distortion the ideal pinhole camera model
needs to be extended to obtain more accurate localization results. Here, tangential
and radial distortion is considered up to terms of 6th order according to [115,
p. 382] by

x̃ =
xc

zc
, (4.19a)

ỹ =
yc

zc
, (4.19b)

r2
= x̃2

+ ỹ2, (4.19c)
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) + 2p2x̃ỹ. (4.19e)

With these distortion terms Equation (4.18) is adapted to
⎡
⎢
⎢
⎢
⎢
⎢
⎣

u
v
1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

fx 0 cx
0 fy cy
0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

d
⎛
⎜
⎝

1

zc

⎡
⎢
⎢
⎢
⎢
⎢
⎣

xc

yc

zc

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠
=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

fx 0 cx
0 fy cy
0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

x̄
ȳ
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. (4.20)

Here, d( ) is the distortion function which maps the camera coordinates xc, yc

and zc to distorted coordinates x̄ and ȳ as described by Equations (4.19a)–(4.19e).
The coefficients k1 to k6 describe the radial distortion and p1 as well as p2

describe the tangential distortion. These 8 distortion coefficients also belong to
the intrinsic parameters which are camera dependent.
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4.2.2 Extrinsic Parameters
Secondly, the extrinsic camera parameters are needed which describe the rotation
and translation between the camera system C and the inertial system I. The
vector from the origin Oc of the camera coordinate system C to the center of the
marker M represented in the camera system C can be expressed as
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Here, SCI is the matrix describing the rotation from the inertial to the camera
system and rOcO∣C is the translation from Oc to O expressed in the camera
system C. They both represent the extrinsic camera parameters and characterize
the camera pose relative to the inertial system. The vector rOM∣I is the marker
position in the inertial frame which shall finally be calculated. Together with the
intrinsic relation of Equation (4.20) the complete projection of a marker M from
the inertial system to the image plane follows as
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4.2.3 Calibration
The objective of the calibration is to identify the discussed intrinsic and extrinsic
camera parameters. The utilized calibration workflow is depicted in the middle
column of Figure 4.5. It also summarizes the later covered 2D and 3D recon-
structions.
To obtain the intrinsic parameters, i.e., the camera matrix and the distortion
coefficients, the calibration board shown in Figure 2.19 is used. Several shots of
the board are taken within different poses. The camera extracts all 110 foil marker
centers which are equally distributed over an area of 45 cm×50 cm. The resulting
2D image points in pixels of each shot together with the physical positions of the
markers in the tracking object frame, i.e., the 3D marker pattern are handed
to the OpenCV function calibrateCamera. This function is based on Zhang
[116] and uses the Levenberg-Marquardt optimization algorithm to minimize
the reprojection error between image points and projected object points. The
function output are the required intrinsic parameters. The effect of the identified
lens distortion is shown in Figure 4.6. With larger distance from the center,
a significant distortion can be seen. This confirms the need to take the lens
distortion into account. The edges of the image are not included since they are
not of interest for the considered measurements.
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With the identified intrinsic parameters, the extrinsic parameters can be obtained
via the OpenCV function solvePnP. It uses the 3D pattern of n markers and
the corresponding 2D image points within the arising Perspective-n-Point (PnP)
problem. To obtain the camera pose in relation to the inertial system, the 3D
marker positions need to be provided in the inertial frame I. Instead of a board,
10 active IR LEDs are used as illustrated in Figure 2.21, which are attached to
the granite table of the robot as shown in Figure 2.22. Again, the reprojection
error is minimized with the Levenberg-Marquardt optimization algorithm. For
the utilized setup, the calibration turns out to be sufficiently accurate with a
maximum absolute error in the xy-plane of around 1.3mm between actual LED
position and reconstructed LED position. If the intrinsic distortion parameters
are not used, i.e., when they are all set to zero in the intrinsic calibration and a
subsequent extrinsic calibration is performed, typically much higher errors occur.
For the LEDs a test resulted in a roughly three times larger absolute error in the
xy-plane on average. This confirms again the need to consider the lens distortion.
Finally, the output of solvePnP yields the extrinsic parameters, i.e., the rotation
vector which is transformed via Rodrigues’ rotation formula [115] to the rotation
matrix SCI and the translation vector rOcO∣C.

4.2.4 2D Reconstruction
If it is known that the motion to be tracked is only in 2D, such as for the standard
setup of Flexor, a simplified reconstruction process is applicable. With a given
third coordinate it is possible to directly obtain the 2D position of single markers.
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4.2. Output Pose Estimation
Without loss of generality, the considered 2D motion is in the xy-plane with
known marker z-coordinate. Tests confirm that reconstructing a motion in the
zc-direction, i.e., in the direction of the optical axis, typically involves larger errors
than in the xc- and yc-direction. Therefore, the camera is mounted vertically
over the 2D motion which results in a zc-axis and a z-axis being very close to
parallel. Since the z-coordinate is known an increased reconstruction accuracy of
the xy-coordinates is ensured. The reconstruction process to obtain a marker
position in the inertial system can be regarded as the inversion of the projection
of these marker coordinates from the inertial system to the image plane as
described by Equation (4.22). Here, the OpenCV function undistortPoints is
applied to compensate the identified lens distortion. It needs the intrinsic camera
matrix and the distortion coefficients as well as the observed, i.e., distorted image
coordinates u and v of the considered marker. The undistortPoints function
iteratively calculates the left side of the rearranged Equation (4.22)
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Here, d−1
( ) denotes the inverse distortion function. With the left side calculated

and with identified extrinsic parameters on the right side as well as with a given
marker z-coordinate, Equation (4.23) can be solved analytically for the three un-
knowns. These are the camera zc-coordinate and the required x- and y-position of
the marker in the inertial system. Repeating these computations for at least a sec-
ond marker allows to calculate the complete tracking object, i.e., end-effector pose.

For validation of the proposed 2D reconstruction a marker is attached to slider B
of Flexor. The position of the marker on the slider is manually measured
and added to the linear encoder measurements. The result is then compared to
marker camera measurements, see Figure 4.7. These camera measurements come
directly from the 2D reconstruction with the identified intrinsic and extrinsic
parameters. The processed marker data arrives with a latency in the control
loop of the real-time target, which can be seen when comparing the encoder and
the camera measurements. Due to the typically smooth motions and the small
camera latency, a simple linear extrapolation of 3ms based on 9 past values of
the camera measurement signal is used since it effectively reduces the errors
coming from the latency with negligible computational load. Alternative and
more complex possibilities are discussed, e.g., by van der Merwe et al. [117] in
order to compensate sensor latency within Kalman filters for linear or linearized
systems and for nonlinear systems.
In Figure 4.7a) the x-coordinate, i.e., the direction of motion of the slider coordi-
nate b, is visualized. For a movement of over 20 cm the maximum Euclidean error
norm between encoder and camera measurements is 2mm without extrapolation
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Figure 4.7: Marker attached to slider B for 2D reconstruction: camera measurements with
extrapolation ( ) and without ( ) compared to linear encoder measurements ( ).

and 1.3mm with extrapolation. As a result of these small errors one can hardly
see any difference in the upper plot. A magnification in the middle plot shows
that the camera measurements without extrapolation have significant steps. The
reason is that the camera sample time is 2.8ms while the curves are sampled
with 1ms since they come from the real-time target.
Figure 4.7b) confirms that no significant motion occurs in the y-direction since
slider B only moves in the x-direction. Here, the constant offset of the encoder
measurements comes from the marker being attached slightly off the slider center.
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4.2. Output Pose Estimation
In conclusion, the 2D marker reconstruction is successfully validated. The
demonstrated accuracy is relatively high but can worsen in different areas of the
camera image. Nonetheless, it is well suited to assess the end-effector trajectory
tracking performance of the later considered control concepts, which lead to
errors of several millimeters for Flexor.

4.2.5 3D Reconstruction
To reconstruct a 3D motion with the tracking camera at least four markers are
necessary, that form a rigid body with known relative positions, to ensure a
unique solution. Again, the OpenCV function solvePnP is used which needs the
intrinsic parameters being the camera matrix and the distortion coefficients as
well as the 2D image coordinates in pixels. By utilizing the last reconstructed pose,
after a successful initialization, as initial guess for the next pose the robustness
of the algorithm is increased. In contrast to the extrinsic calibration the marker
positions are defined in a local object fixed coordinate system and not in the
inertial system. Consequently, solvePnP computes the rotation matrix SCT

and the translation vector rOcOt ∣C between the tracking object frame T and
the camera frame C. A simple coordinate transformation with the extrinsic
parameters gives the required translation and rotation

rOOt ∣I = ST
CI (rOcOt ∣C − rOcO∣C) , (4.24a)

SIT = S
T
CISCT, (4.24b)

between the tracking object frame and the inertial frame.

The presented 3D reconstruction is now experimentally validated for the five
marker setup of Flexor as shown on the right of Figure 2.18. The sliders are
fixed to their zero positions and link 3 is replaced by a rigid link and is rotated
by 90○ analogously to Figure 2.5 on the right. Then, link 3 is raised slowly to
ensure that no oscillations are excited in the flexible link 2. The camera-based
reconstruction of the resulting end-effector motion is compared to a reconstruction
based on the rotary motor encoder together with the utilized link kinematics.
The reconstructed end-effector positions are shown in Figure 4.8. The maximum
absolute errors are 4mm in x- and y-direction as well as 8mm in z-direction. The
occurring higher errors compared to the much simpler 2D reconstruction from
Section 4.2.4 are expected. Also, with the z-axis being almost exactly parallel
to the optical axis of the camera the reconstruction of the z-coordinate has the
smallest accuracy. The accuracy additionally varies for different end-effector
poses. Still, the camera- and the encoder-based approach perform quite similar,
which confirms the effectiveness of the presented 3D camera-based reconstruction.
Finally, it should be noted that the marker pattern needs to be known very
precisely as small deviations can lead to significant differences in the reconstruction
results. Also, for a large camera distance compared to the depth of the object
along the optical axis two solutions could be obtained [118] while one is correct
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Figure 4.8: Encoder- versus camera-based 3D reconstruction for a rigid link 3.

and one is wrong. Therefore, the utilized marker pattern is not coplanar to
further increase the robustness of the reconstruction.

4.3 Parameter Estimation
Section 3.2.1 shows that flexible link models being essentially purely based on
data from CAD and FEM tools can describe the flexibilities quite accurately
without any experimental system identification. Only for the damping such
identifications are needed. However, there might be cases with further uncertain
parameters such as an unknown mass of a handling object. If this mass cannot
be identified it could introduce severe errors and instability in the later applied
model-based control concepts.
In the literature, adaptive controllers have been applied for such cases. Feliu
et al. [119] use an adaptive controller for a flexible single-link manipulator with
changes in payload by estimating the variations in the eigenfrequency of the
link. Pradhan and Subudhi [120] discuss a real-time adaptive controller for
end-effector trajectory tracking of a robot with two flexible links and variable
payloads. In contrast, in the presented approach the identification is not done
online to prevent an initially large model mismatch and the connected potential
instabilities when using elastic feedback signals. Instead, the system response
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4.3. Parameter Estimation
from a short excitation is used in a post-processing step to identify the new
payload, i.e., handling object mass via a nonlinear flexible multibody model.

In the investigated scenario Flexor in a 2D configuration grasps a bottle. It is
assumed that the position of its center of gravity relative to the gripper is known
but its mass is assumed to be unknown. With all actuators at their zero positions,
a fast motion of slider A of -15 cm is performed to excite significant oscillations.
It should be noted that while the damping of the first eigenmode for the single
flexible links could be measured quite accurately, it turns out that the overall
system damping can nevertheless vary noticeably. This might be caused amongst
others by variations in wiring and tubing. Therefore, the mass of the bottle
being modeled as point mass and the linear damping of link 2 are determined
via optimization. Here, the damping parameter of the first eigenmode of link 2
identified in Section 3.2.1 serves as initial guess to reduce the optimization time
and to ensure convergence. For the optimization the nonlinear least squares
method is used to minimize the sum of the squared error between the response
of the experiment and the simulations. Here, the measurements of the rotary
encoder in the middle of link 2 are used as response which are compared to the
simulated angle β. For the simulations the measured actuator motions are used
as kinematic inputs within a forward time integration of Equation (3.84).
The results for the optimized parameters for a case with and a case without the
handling object mass are shown in Figure 4.9. This means that the case without
actual handling object is also optimized to ensure an accurate reference mass.
The difference between this reference mass and the optimized mass for the case
with the handling object is then used as estimated bottle mass. It results in 578 g
instead of the actual 630 g, being a difference of 52 g and a relative error of 8.3%.
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Figure 4.9: Estimation of handling object mass.
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Chapter 4. Estimation
It can be concluded that the close match of the estimated and the real bottle
mass as well as of the measurements and the simulations in Figure 4.9 compactly
shows the applicability of flexible multibody models also in scenarios with initially
unknown parameters. It is demonstrated that such parameters can change the
system dynamics significantly, which renders an accurate identification essential
for an effective and safe model-based control performance.
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In the previous chapters, the flexible link parallel robot Flexor has been intro-
duced. Also, modeling, inversion and solution techniques as well as state and
end-effector output pose estimation have been discussed for such system types. In
this chapter, these different parts are combined in order to track the end-effector
trajectory of flexible link parallel robots, being the centerpiece of this research.
Here, Flexor serves as main application example to experimentally validate the
proposed approaches.
For the most part, the end-effector trajectory tracking control approaches are
based on model inversion. An overview of the presented approaches is shown
in Figure 5.1. The internal dynamics of the utilized models decides on how the
controllers are implemented and for which applications they are suited. Therefore,
the approaches are classified according to the existence and the stability of the
internal dynamics, analogously to Figure 3.3. Throughout this research, the
standard 2D setup of Flexor with free end-effector is the main application focus.
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Figure 5.1: Overview of the presented end-effector trajectory tracking control approaches.

Nevertheless, Figure 5.1 shows that an admittance control, a hybrid force/motion
control and a 3D case with contact are also considered.
In this chapter, firstly control approaches are discussed which rely on an equiv-
alent rigid model without internal dynamics. Here, the rigid end-effector yr is
tracked instead of the exact end-effector yef . Secondly, to enable classical inver-
sion of flexible multibody models, via the solution of an IVP, three concepts are
proposed to obtain a stable internal dynamics. Ensuring stability for a nonlinear
time-variant system, such as the internal dynamics, is often difficult. Therefore,
in this research, the stability of the internal dynamics is investigated locally
for a constant output, i.e., by examining the linearized zero dynamics. For the
considered robotic systems and trajectory tracking scenarios the stability of the
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linearized zero dynamics even results in a stable internal dynamics. For Flexor,
the control approaches without internal dynamics and with stable linearized zero
dynamics, i.e., with stable internal dynamics, are not only computed online but
are even real-time capable. Based on the concept where a redefined output yre

close to the exact end-effector yef is tracked, two output feedback controllers
are applied. Here, feedback linearization additionally uses state feedback, which
tends to be difficult to realize robustly within experiments for flexible link robots.
Therefore, the focus of this chapter clearly lies on model inversion control. Thirdly,
two concepts are discussed for an unstable internal dynamics, which is typically
the case when tracking the exact end-effector of flexible link robots. Here, the
model inversion needs to be pre-calculated offline. Such concepts are mainly
interesting for repetitive tasks, since the solution is quite involved.
The section references depicted in Figure 5.1 show where the different approaches
are introduced. Nevertheless, the rigid model inversion without internal dynamics
is used throughout this chapter to compare the developed controllers, which
use a flexible multibody model, to the classical rigid body approach. In most
cases, this will emphasize the importance of using a flexible multibody model.
Likewise, the redefined output concept is also compared to the controllers with
unstable internal dynamics in order to show similarities and differences. Within
experiments, this will demonstrate that concepts which introduce small modeling
errors to obtain a stable internal dynamics often perform similarly effective as
concepts without such errors.

5.1 No Internal Dynamics
To cope with an unstable internal dynamics caused by flexible links, which
often occurs within end-effector trajectory tracking, a trivial approach is to
neglect the flexibility. Thus, the end-effector of an equivalent rigid model can
be tracked which has no internal dynamics. Instead of eliminating it, it can
also be rendered stable by redefining the end-effector output of a flexible model
to being the equivalent rigid end-effector output yr. In this case the system is
usually minimum phase with a stable internal dynamics, which could then also be
counted to Section 5.2. This is related to the fact that for such an equivalent rigid
end-effector the zero dynamics typically does not contain any rigid body motion
but consists only of the stable dynamics of the structural oscillations, compare
Seifried [68, p. 189]. For Flexor, both approaches lead to the same actuator
motions within a model inversion. Only different forces and a different torque
occur for the actuators which however cannot be passed to the utilized Siemens
velocity controller. Therefore, both approaches can be used interchangeably.
In this section, an equivalent rigid model is inverted by solving the algebraic loop
closing constraints and servo constraints as well as the corresponding first time
derivatives via root finding. This corresponds to inverse kinematics of the fully





5.1. No Internal Dynamics
actuated equivalent rigid system, see Section 3.6.1. The purpose of this section is
to show that it is typically inappropriate to use such a rigid model inversion for
a free end-effector trajectory tracking scenario for flexible link robots. However,
for HRI, such as manual guidance where the end-effector is in contact with a
human hand, a rigid model inversion can be very effective and safe.

5.1.1 Trajectory Tracking
First, it shall be demonstrated that it is usually inadequate to use a rigid model
inversion for end-effector trajectory tracking of a flexible link robot. The utilized
control structure is shown in Figure 5.2. Here, a user input velocity is generated
on the host computer via a game pad. It is sent to the real-time target for
limitation as well as smoothing via a low-pass filter with a cutoff frequency at
1.4Hz, giving the desired end-effector velocity trajectory ẏd as well as its time
derivative ÿd. If the rigid model inversion is purely based on kinematics then ÿd

is not needed. The filter is crucial as the input velocities applied by the game pad
can be extremely steep with edges being not feasible. The forward Euler method
is then used to integrate the velocity signals giving yd. For the standard 2D case
of Flexor it contains the desired xy-position and the desired rotation angle
around the z-axis according to yd = [xd, yd, ϑd]

T. For the rigid model inversion
the rigid end-effector is used as tracking output, i.e., yo = yr. Analogously to yd,
yr = [xr, yr, ϑr]

T here contains the corresponding rigid end-effector 2D position
and rotation, represented in the inertial frame with respect to its origin O. The
rigid inversion thus uses ns = 3 servo constraints and transforms the desired
end-effector trajectory to actuator motions, which need to be realized by the
robot. Here, disturbances such as friction in the actuators can significantly reduce
the control performance. Therefore, the desired actuator trajectories qa,d on
position and q̇a,d on velocity level are sent to the actuator cascade control for each
actuator, which accurately realizes the desired motions. Here, the voltages uv and
the currents i incorporate the corresponding uv and i element of each actuator.
The xy-position xef and yef as well as the rotation ϑef around the z-axis of the
exact end-effector yef = [xef , yef , ϑef]

T, which are represented in the inertial
frame with respect to its origin O, are reconstructed from two passive markers,
see Section 4.2.4. This yields ŷef being used to judge the control performance.

system

actuator
cascade
control

(Sec. 2.2.5.2)

rigid model
inversion
(Fig. 3.22)

user input
yd

ẏd

end-effector
reconstruction
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ersuv ŷef
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Figure 5.2: Control structure of the rigid model inversion.
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Chapter 5. End-Effector Trajectory Tracking Control
The control structure is applied to Flexor within an experiment, which is
visualized in Figure 5.3. The rigid model inversion is straightforward and real-
time capable but large undesired oscillations are clearly visible. The corresponding
camera-based measurements are shown in Figure 5.4. Here, an end-effector motion
solely in y-direction is commanded via the game pad. Still significant oscillations
of several centimeters occur in the x-direction. The maximum absolute rotation
error of the end-effector amounts to 13○.

desired
trajectory

via gamepad

large
oscillations

Figure 5.3: Rigid model inversion leads to significant oscillations for a free end-effector.
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Figure 5.4: End-effector trajectory tracking experiments based on the rigid model inversion:
desired ( ) and measured ( ) end-effector position.
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5.1. No Internal Dynamics
It can be concluded that the rigid model inversion tends to perform very poorly
in trajectory tracking scenarios for a free end-effector of flexible link robots. This
motivates the application of a flexible multibody model in Sections 5.2 and 5.3.

5.1.2 Manual Guidance
In Section 5.1.1, the poor performance of a rigid model inversion for Flexor
has been presented for trajectory tracking of a free end-effector. However, the
robust and straightforward behavior can be advantageous for contact scenarios
involving HRI, such as within manual guidance, i.e., when a human pushes or
drags the robot onto a trajectory by hand. Using a rigid model inversion for
manual guidance of a flexible link robot is reasonable since:

▸ it is safe in contrast to a flexible model inversion which is unstable or could
become unstable when guiding the robot, putting the human worker at
risk;

▸ the human prevents or damps most oscillations automatically by keeping
contact. This leads to oscillations of significantly higher frequencies and
typically much smaller amplitudes;

▸ the human corrects occurring errors in the position and rotation tracking
automatically which makes a flexible model inversion unnecessary;

▸ oscillations after the guidance when the contact is released can be handled
by switching to an oscillation damping controller of Chapter 6.

Manual guidance can be used amongst others to teach trajectories for repetitive
tasks or to use a robot as helping hand for object manipulation. Robots with
flexible links are especially advantageous for such HRI scenarios, as they have a
smaller weight and a reduced stiffness which leads to an increased safety.

Robots with flexible links are inherently compliant but the steady-state end-
effector pose can usually not be reasonably changed by manual contact. Therefore,
the idea is to impose a compliant behavior onto the end-effector pose to enable
manual guidance. In this regard, an indirect force control law shall be used, i.e.,
which does not explicitly control the contact force and torque to desired values.
Popular and very suitable methods are impedance and admittance control which
are very similar. Here, the end-effector error is related to the contact force by a
mass-spring-damper system. Details can be found in the comprehensive chapter
by Villani and De Schutter [121].
As opposed to rigid robots, impedance control for flexible link robots has been
rarely covered in the literature [122–124]. These three references also only include
simulations. Likewise, very few publications exist on HRI for flexible link robots
especially for manual guidance. A rare result is documented by Malzahn and
Bertram [125], who use an admittance controller for manual guidance of a flexible
link serial robot within experiments. It is realized on joint basis using strain
measurements at the links. In contrast, the presented research considers a flexible
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Chapter 5. End-Effector Trajectory Tracking Control
link parallel robot within experiments and an admittance control is applied to
the end-effector, which is manually guided based on a force/torque sensor.

For Flexor in the considered 2D case, the admittance controller has the form

⎡
⎢
⎢
⎢
⎢
⎢
⎣

mp 0 0
0 mp 0
0 0 mr

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(ÿc − ÿd) +

⎡
⎢
⎢
⎢
⎢
⎢
⎣

dp 0 0
0 dp 0
0 0 dr

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(ẏc − ẏd)

+

⎡
⎢
⎢
⎢
⎢
⎢
⎣

cp 0 0
0 cp 0
0 0 cr

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(yc − yd) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Fs,x

Fs,y

Ts,z

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (5.1)

This is a system of three decoupled mass-spring-dampers, one for the end-effector
position in x-direction, one for the y-direction as well as one for the rotation ϑ
around the z-axis. Equation (5.1) is treated as IVP and integrated with the
forward Euler method to obtain the reference trajectories yc and ẏc. These
references are then tracked, with the rigid end-effector used as tracking output,
i.e., yo = yr, instead of the desired trajectory yd and its time derivatives. Thus,
the desired trajectory, which needs to be provided by the user, is smoothly
adapted based on measurements of the force/torque sensor from Section 2.2.3.3.
Here, Fs,x, Fs,y and Ts,z denote the measured forces and the torque at the sensor
in the corresponding directions of the inertial system I.
The complete control structure is shown in Figure 5.5. The algorithm is denoted
as admittance control since no end-effector feedback is used within the mass-
spring-damper system. Still, in contrast to the classical admittance control
discussed by Villani and De Schutter [121], the usage of a subsequent end-effector
feedback is neglected. The reason is that feedback of the exact end-effector of
Flexor destabilizes the system due to the non-minimum phase system property.
Therefore, this feedback is replaced by a rigid model inversion and the actuator
cascade controller. This ensures that the equivalent rigid end-effector tracks the
trajectories which come from the mass-spring-damper system. The link elasticity
is only needed to obtain the end-effector, i.e., force/torque sensor rotation ϑ̂ef .

robotic
system

uv

qa,d
q̇a,d

actuator
cascade
control

(Sec. 2.2.5.2)rigid model
inversion
(Fig. 3.22)

end-effector
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Figure 5.5: Control structure with admittance controller applied to the end-effector of a
flexible link parallel robot.
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5.1. No Internal Dynamics
This is then used to transform the filtered forces F̂s,xs and F̂s,ys from coordinates
of the sensor system to the inertial system. The direction of the torque T̂s,zs does
not change with the 2D force/torque sensor rotation.

The conducted experiment is illustrated in Figure 5.6. First, a motion is per-
formed in y-direction, then in x-direction. Afterwards, the gripper is rotated via
a torque around the z-axis and a torque around the force/torque sensor y-axis
results in opening the gripper to place the handling object. Via the sensor, the end
of the manual guidance can be detected in order to switch, e.g., to an oscillation
damping controller. The selected parameters within the experiment are shown
in Table 5.1. Since the spring constants cp and cr are set to zero the value yd

is not used and the robot will not return to its starting pose, when assuming
that yd is constant. The desired velocities and accelerations are permanently set
to zero, i.e., ẏd = ÿd = 0, which is also needed for a typical guidance scenario.
Furthermore, the control parameters for the rotation need to be scaled down as
the measured torque values are much smaller than the occurring forces. This
depends on the lever arm between sensor and guidance contact point and needs to
be chosen appropriately for every robot. In the considered experiment, maximum
absolute curvatures of around 0.15m−1 for κ2 at link 2 and of around 0.4m−1

for κ3 at link 3 occur. Especially for link 2, this is a very small value which is
directly connected to the admittance control gains. They are tuned such that
the compliant movement of the robot is not too large but significant enough to
keep the deformations small. This is confirmed by Figure 5.6, where hardly any
deformations of the links can be seen.
The corresponding measurements are shown in Figure 5.7. In the path plot
of Figure 5.7a) the desired motion applied by the human hand is compared to
the actually measured end-effector position. The difference at the start point
is related to measurement and modeling errors. The tracking differences when
moving are however related to the fact that a rigid model inversion is used, that
does not take the deformations of the links into account which are caused by the
human hand. This difference should not be considered as error since the objective
here is not to exactly track the desired motion, but to ensure that the directions
and the shape are similar. As this is the case, the human user can simply adjust
the position and rotation as needed to compensate for such differences.
In the end-effector trajectories of Figure 5.7b) it can be observed that oscillations
only occur after the guidance when the contact is released at around 14 s. This
can be detected with the force/torque sensor to switch to an oscillation damping
controller. Additional dead zones are applied to the force/torque sensor measure-

Table 5.1: Admittance control parameters for manual guidance.

mass damper spring
x, y-position mp = 5kg dp = 20kg/s cp = 0kg/s2
rotation ϑ mr =mp/(20 rad/m2) dr = dp/(20 rad/m2) cr = cp/(20 rad/m2)
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Figure 5.6: Manual guidance within an object placement scenario.
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Chapter 5. End-Effector Trajectory Tracking Control
ments at 1 N and 0.15 Nm. This stops the input to the admittance controller and
ensures that no small forces and torque or noise excite the system. These dead
zones are the reason for the extremely straight desired motion in Figure 5.7a).
They are also applied in the forces and torque plot in Figure 5.7b), which are the
signals used within the admittance control. When comparing the end-effector
trajectories with the force and torque trajectories it can be seen that they are
directly related as intended. First, mainly a motion in y-direction is introduced
through the force Fs,y, then in x-direction via Fs,x and afterwards mainly a
rotation around the z-axis is commanded via the torque Ts,z.

In conclusion, a rigid model inversion together with an admittance controller
can be an effective approach for manual guidance also for robots with highly
flexible links. In the following sections it is shown how trajectories, which could
be generated via such a manual guidance scenario, can be tracked closely also for
a free end-effector of a flexible link robot.

5.2 Stable Internal Dynamics
End-effector trajectory tracking for robots with flexible links has been extensively
investigated in the last decades [11, 126, 127]. However, a significant part of the
literature reports just theoretical and numerical results or experiments for robots
with only a single flexible link. Amongst others, Kwon and Book [128] use an
offline computed inverse dynamics control for a flexible single-link manipulator
being limited to linear systems. End-effector trajectory tracking for a two-link
parallel robot with one flexible link is conducted by Burkhardt et al. [46] based
on the inversion of a dynamic flexible multibody model. The calculations are
also performed offline, based on stable inversion [101]. Still, in [23–25, 129]
serial robots with two flexible links are controlled experimentally but based on
rigid inverse kinematics. Also, Zhang et al. [13] use input shaping and inverse
kinematics for a parallel robot with three flexible links within experiments.
The focus of this section is to extend the related literature by using a dynamic
flexible multibody model inversion in real-time for end-effector trajectory tracking
of a parallel robot with flexible links in experiments. However, flexible link robots
are typically non-minimum phase for the exact end-effector as output, i.e., the
zero dynamics is unstable as well as the internal dynamics. Classical inversion
then leads to unbounded results. Stable inversion of such systems usually results
in a noncausal solution which is bounded but it has to be computed offline as
a two-point BVP [68, 101]. Therefore, in Section 5.2.1 three approaches are
proposed to render initially non-minimum phase flexible link robots minimum
phase. They result even in a stable internal dynamics for the considered scenarios
for Flexor and enable real-time model inversion based on classical inversion via
forward time integration. Experiments then show that using such a stable flexible
model inversion, instead of rigid inverse kinematics often applied in the literature
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5.2. Stable Internal Dynamics
as well as in Section 5.1.1, can highly improve the end-effector trajectory tracking
control performance.
Flexible model inversion in real-time paves the way for further scenarios where:

▸ the desired end-effector trajectories are provided in real-time by a user;
▸ the desired end-effector trajectories need to be adapted in real-time;
▸ errors in the end-effector pose shall be controlled in a feedback loop.

From the three approaches to obtain a minimum phase system the most universal,
being output redefinition, is implemented within such scenarios. This includes
collision avoidance in Section 5.2.2 as well as hybrid force/motion control in
Section 5.2.3. Feedback linearization using a redefined output is also considered
in Section 5.2.4, where however algebraic model equations are utilized since the
state comes from a UKF, see Section 4.1.3.

5.2.1 System Optimization
In contrast to previous works, which are typically based on offline pre-calculations
or rigid body inverse kinematics for online control of flexible link robots, a flexible
multibody model shall be inverted online for end-effector trajectory tracking. Due
to the flexible links, the inverse model is a dynamic system itself. The dynamics of
this inverse model corresponds to the internal dynamics. To perform the inversion
of the flexible multibody model online the unstable internal dynamics, being
typically the case when using the exact end-effector yef as tracking output yo,
needs to be rendered stable. Together with the modal reduction, the floating
frame of reference approach and the transformation from DAEs to ODEs from
Chapter 3 even real-time capability can then be provided for Flexor.
Butterworth et al. [130] describe systematic ways for linear non-minimum phase
systems to obtain stable approximate inverse models. However, for nonlinear sys-
tems no general design methodology exists. Therefore, in this section alternative
ways are investigated to obtain a stable internal dynamics.

As mentioned on page 47, it is often difficult to ensure stability for a nonlinear
time-variant system such as the internal dynamics, which is driven by the desired
trajectory. As a result, stability analysis is often performed only for the zero dy-
namics [131]. For the investigated systems it turns out that the stability property
of the zero dynamics is independent of the considered robot poses. Therefore, only
a single working point is considered where the stability analysis is done locally by
linearizing the zero dynamics. The linearization can be executed, e.g., with finite
differences applied to Equation (3.63) for a constant output. For Flexor in 2D,
the actuator middle positions a = b = γ = 0 and zero deformations qe = 0 with the
system being at rest are used as linearization point in all following investigations.
Since the algebraic constraints c = 0 and s = 0 lead to dependent coordinates
within q one obtains two zero eigenvalues for each constraint equation. As they do
not contribute to the zero dynamics and its stability, they are removed from the
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Chapter 5. End-Effector Trajectory Tracking Control
results. It should be noted that for designs with stable linearized zero dynamics
large undesired oscillations can still occur within the actuator trajectories. Thus,
the smoothness and robustness of the inversion should be verified within time
simulations for the optimized designs. Since a dynamic real-time model inversion
shall be utilized, which does not use state feedback, one can quite safely rely on
time simulations. In contrast, concepts such as feedback linearization, where an
estimated state is fed back often using disturbed elastic measurements, tend to
demand a more conservative design for experiments.
Three different system optimization approaches are now discussed to obtain a
stable linearized zero dynamics being summarized in Figure 5.8 and applied
to Flexor. Firstly, one can redefine either the input or the output to gain a
minimum phase system, i.e., a stable zero dynamics. The former is rarely done
as it typically involves hardware changes. For instance, in [132, 133] the torque
application point is relocated for a single flexible link with an experimental trans-
mission mechanism. The more straightforward output redefinition is considered
in the following by directly weighting the elastic deformations and rotations of
the links. Secondly, a change of the system dynamics via a counter weight is
discussed, which is attached at an advantageous location on the robot so that
it has only a minor influence on the significant bending eigenmodes. Lastly,
the rotational degree of freedom of the end-effector is used to stabilize the zero
dynamics with a small motion of the rotary motor. The following content of this

1 output
redefinition Sec. 5.2.1.1

elastic weights
wp,2,wr,2,
wp,3,wr,3

2 counter weight
Sec. 5.2.1.2

distance dw

of counter
weight

3 state control
Sec. 5.2.1.3

weighting of
γ, γ̇,qe, q̇e

in uγ

distance dw
end-effector
tracking error

max. absolute
weight and

max. eigenvalue
real part

zero dynamics

linearize and
check stability

nonlinear
constraints

uγ
yre

yef

optimization
parameters

minimize
optimization

objective

Figure 5.8: Overview of the system optimization approaches to render the linearized zero
dynamics stable.
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5.2. Stable Internal Dynamics
section is highly based on the author’s publication [32] where more details can
be found.

5.2.1.1 Output Redefinition

Output redefinition is a well-known approach to obtain a minimum phase system
and only involves a different output selection. It has been applied to flexible link
robots before. For example, De Luca and Lanari [134] vary the output along a
single flexible link to achieve the minimum phase property. Another application
to a flexible single-link robot is provided by Chodavarapu and Spong [135], who
define a virtual angle of rotation including a weighted value of the tip slope
in order to obtain a minimum phase system. In [15–17] serial robots with two
flexible links are considered within trajectory tracking simulations using a linearly
combined output. As opposed to this, the presented research does not use a
linear output approximation but directly weights the elasticity in the nonlinear
output function. Furthermore, this approach is experimentally applied to Flexor.

Instead of choosing the exact end-effector yef as output yo a so-called redefined
end-effector yre shall be found which yields a minimum phase system. A straight-
forward approach is to choose an equivalent rigid end-effector yr, which typically
results in such a minimum phase system as described on page 119. This however
comes at the cost of a poor tracking performance. Thus, the objective is to find
an output yre which is close to the exact end-effector yef and additionally renders
the system minimum phase. Since for flexible link robots the elasticity usually
introduces an unstable internal dynamics for the exact end-effector as output,
a promising approach is to weight this link elasticity in the output function.
This also results in zero steady-state redefinition error for scenarios without
static deflections, e.g., without gravitational effects and without contact to the
environment. It should be noted that this weighting is similar to the single scalar
weighting factor µ within the so-called µ-tip rate, which results for the flexible
systems in [136–138] even in passivity.
A weighting of the elasticity has also been done by the author in [28, 31] for a
single flexible link. The considered robot Flexor, however, has two flexible links
in series for the standard 2D setup and the end-effector rotation is also part of the
system output. Instead of weighting each of the two elastic coordinates with one
parameter it turns out that using separate weights wp,2, wp,3 for the deflections
and wr,2, wr,3 for the elastic rotations can significantly improve the tracking
performance. The position rre and rotation ϑre of the redefined end-effector
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output yre = [r

T
re, ϑre]

T follow as

rre = [
o + b

0
] + [

cos (βR) − sin (βR)

sin (βR) cos (βR)
] [

`22

wp,2φ2qe,2
] (5.2a)

+ [
cos (γR) − sin (γR)

sin (γR) cos (γR)
] [

`3
wp,3φ3qe,3

] ,

ϑre =γR +wr,3ψ3qe,3. (5.2b)

When all elastic weighting parameters wp,2, wr,2, wp,3 and wr,3 are set to 1,
then yre corresponds to the exact end-effector output yef . This means that the
term rre yields the exact end-effector position ref ∣I in 2D, represented in the
inertial frame I with respect to its origin O. Also, in this case ϑre describes the
rotation ϑef of the exact end-effector with respect to the inertial frame. When
all four elastic weighting parameters are set to 0, one obtains an equivalent
rigid end-effector yr. In Equation (5.2a), the parameter o denotes the offset in
x−direction between the inertial frame and the zero position of the coordinate b,
see Figure 3.11. The parameters `3 and `22 are the undeformed lengths of link 3
and of the left part of link 2. The angles βR and γR describe the rotation of
the second and the weighted rotation of the third floating frame of reference
with respect to the inertial frame. Here, βR corresponds to the angle β of an
equivalent rigid system. The angle γR consists of βR, the elastic rotation of link 2
at the rotary motor weighted by wr,2 and of the actuator angle γ, i.e.,

γR = βR +wr,2ψ2qe,2 + γ. (5.3)

The shape functions for the deflections in the local y−directions and for the elastic
rotations around the z-axis, evaluated at the tips of link 2 and 3, are denoted
by φ and ψ with corresponding indices.
The objective is now to find a parameter setting for the four elastic weights
such that the linearized zero dynamics becomes stable at the considered working
point and such that a minimal end-effector tracking error is introduced. Here,
the error between the exact and redefined end-effector is calculated for a static
deformation scenario caused by a force of 5N applied in negative y-direction at
the end-effector. To obtain a scalar error measure the translational and rotational
errors are combined, whereby the rotational error is scaled by the factor 2 mm/1○.
Using a brute-force search in the weighting parameter interval [0,2] results in
wp,2 = 0.78, wr,2 = 0.92, wp,3 = 0.86 and wr,3 = 0.50, which also leads to smooth
and robust time simulations of the inverse model.
In order to provide an impression of the highly nonlinear problem the three
weighting parameters wp,2, wp,3 and wr,2, which influence the end-effector position,
are varied. At the same time the weight wr,3 is changed in the interval [0,2]
to check if the linearized zero dynamics can become stable for the different
combinations of the other three weights. The obtained boundary of the stable
region is shown in Figure 5.9. This stable region is large for the three weights
being between 0 and 1. Only for values close to 1 the linearized zero dynamics
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5.2. Stable Internal Dynamics

Figure 5.9: Region with stable linearized zero dynamics for the redefined output.

becomes unstable. For weights above 1 no general statement can be made as the
shape is very irregular.

5.2.1.2 Counter Weight
A second concept is to change the system itself, such as by modifying the mass
distribution of the robot, to render it minimum phase. Seifried [69] uses small
counter weights in passive joint rigid manipulators to ensure the minimum phase
property. In the work of Bastos et al. [18], a rather large mass close to the
end-effector turns a passive joint rigid manipulator minimum phase. The flexible
single-link robot considered by De Luca [19] becomes minimum phase when
increasing the tip inertia. The idea of changing the mass distribution is now
applied to Flexor. Instead of adding mass and inertia close to the end-effector
similar to [18, 19], the presented solution adds a small counter weight near the
actuators on the robot base. Its effectiveness is later confirmed within experiments
which has not been done within the cited references.

The design and placement of such a counter weight is nontrivial and typically
needs to be supported by a brute-force search or optimization. Addition of mass
has been tested for the connections of the flexible links, i.e., for the joints on
the sliders, the joint at O2 connecting link 1 and 2, the rotary motor and the
end-effector. It turns out that for reasonable parameters only a placement of mass
either at the joint at O2 or at the rotary motor can make the system minimum
phase, whereas mass at O2 has a much larger impact. Moreover, attaching mass
at O2 in negative x2-direction is much more efficient than in positive or negative
y2-direction. A placement in positive x2-direction does not affect the stability of
the zero dynamics. The utilized counter weight consists of 1 cm thick plates made
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of brass. Its high density makes it very compact and its color helps to differentiate
it from the original robot. For the selected material and the shape matching the
joint, the required distance dw between the center of gravity of the counter weight
and O2 can be calculated. Four such plates turn the system minimum phase for
the exact end-effector as output with a robust behavior within time simulations
of the inverse model. Thus, no additional output redefinition is necessary. The
resulting counter weight is shown in Figure 5.10, having the mass mw = 1.334 kg,
the inertia Iw,zz = 450.3 kg mm2 and the distance dw = 43.3 mm. Due to the
position of the counter weight and its small mass, only a minor influence occurs
on the significant bending eigenmodes of the robot.
Finally, it should be noted that one does not need to actually attach the counter
weight to the real system. By only adding the weight in the model inversion
control a small modeling error is introduced, similar to output redefinition,
without physically changing the system, see Section 5.2.1.4. This can be helpful if
changes to the real system are difficult to perform or undesired. In this research,
this modeling error does not introduce any stability issues since no feedback
of the robot state or output is used within the model inversion for the counter
weight case.

5.2.1.3 State Control with Kinematic Redundancy
As third approach a controller shall be used to stabilize the internal dynamics.
This is done by Das et al. [139] for a quadrotor using a robust control term. For
flexible link robots almost no control approaches exist to make such systems

counter weight

link 1 x2

z2y2

dw

O2

link 2 1

Figure 5.10: Counter weight.
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5.2. Stable Internal Dynamics
minimum phase. A rare result is documented by Wang and Chen [140], who sta-
bilize the unstable part of the zero dynamics with a controller within simulations
for a flexible single-link manipulator. The control approach shows macroscopic
tracking errors. In contrast, an approach is introduced in the following which
can be used for exact end-effector tracking with only numerical errors for flexible
multi-link robots with kinematic redundancy.

For Flexor kinematic redundancy exists when not all three servo constraints
need to be fulfilled. This could be the case for rotationally symmetric handling
objects where the end-effector rotation might not be of interest. The obtained
redundancy can then be used to make the system minimum phase.
Thus, one constraint is removed from Equation (3.41c) reducing the number of
servo constraints to ns = 2. With these two servo constraints only the end-effector
position but not its rotation shall be tracked. For Flexor a stable linearized
zero dynamics typically leads to a stable internal dynamics. Therefore, the idea
is now to find a linear controller for the rotary motor input of the form

uγ = (
2f

∑
i=1wγ,ixi)/KR, (5.4)

which stabilizes the linearized zero dynamics. Here, KR is the motor constant,
xi are the elements of the state vector x = [qT, q̇T

]
T and wγ,i are the weights,

i.e., control gains to be optimized. Equation (5.4) internally feeds back the state
within the model inversion. This means that the controller feedback is only
present within the inverse model and no measurements from the physical system
are needed. To implement this control approach one needs to separate the input
matrix B and the control inputs u = [ua, ub, uγ]

T according to

Bu =B` [
ua

ub
]

´¸¶
ū`

+b̄γuγ(q, q̇). (5.5)

For solving the inverse model it is again transformed from DAEs to ODEs. But
now the reduced input matrix B` instead of B needs to be used to obtain the
projection matrix and the term b̄γuγ is not canceled by this projection. Details
can be found in Section 3.5.2, where Br = b̄γ and ūr = uγ hold for the considered
application.
Now, the weights wγ,i are varied via Matlab’s genetic algorithm command ga.
Since feeding back a, b,α and β prevents the robot to come to rest at the end
point and as their time derivatives typically did not improve the results, only the
angle γ and the elastic coordinates qe,2, qe,3 as well as their time derivatives are
used within the optimization. Here, the nonlinear constraint is imposed that the
linearized zero dynamics has to be stable, i.e., all eigenvalues λj need to be in
the left half-plane. The objective function to be minimized is chosen as

J =max ∣wγ,i∣ +max (Re(λj)). (5.6)
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It balances small control gains to reduce the control effort and fast stable eigenval-
ues. The latter shall ensure that the eigenvalues are not too close to the stability
limit. For the exact end-effector position as tracking output an optimized state
controller is

uγ = (46.9γ + 2qe,2 + 28.5qe,3 + 18.4γ̇ − 2.2q̇e,2 + 66.7q̇e,3)/KR. (5.7)

It should be noted that the elastic coordinates qe,2 and qe,3 are positive for
positive deformations at the link tips in the y-direction of the corresponding
floating frame of reference. Typically, they take values between −1 and 1 with 0
being the undeformed state. The SI units of the control gains have been neglected
in Equation (5.7) for readability. Although Equation (5.7) renders the system
minimum phase it leads to significant oscillations within the actuator motions and
the elastic coordinates. This is not desired and is challenging for the integrator
of the inverse model. It makes a reduction of the step size necessary or the use of
a variable-step solver which is not suitable for real-time control. This issue can
be avoided by combining the state control approach with the output redefinition
from Section 5.2.1.1. Thus, the redefined end-effector position is used as tracking
output, i.e., yo = rre. As wr,3 has no influence since the end-effector rotation is
not being tracked only the other elastic weights need to be selected. By choosing
wp,2 = wp,3 = wr,2 = 0.97 only a small approximation is introduced, which is
significantly closer to the exact end-effector compared to the elastic weights of
Section 5.2.1.1. An optimized control law is

uγ = (−6.6γ − 6.3qe,2 + 6.6qe,3 − 5.9γ̇ − 2.3q̇e,2 + 6.6q̇e,3)/KR, (5.8)

which yields much smoother results than Equation (5.7) without output redefini-
tion.
It is worth noting that since the rotation is not tracked one could also conveniently
set γ to zero by fixing the motor instead of using a control law for uγ such as
Equation (5.8). As in this case much smaller elastic weights are necessary for
the output redefinition the tracking performance would deteriorate substantially.
Therefore, a control action in uγ is needed.

5.2.1.4 Experiments
In this section, experiments are conducted on Flexor to validate the real-time
applicability and the end-effector trajectory tracking performance of the model
inversion control via the three approaches proposed in the previous sections. The
utilized control structure is depicted in Figure 5.11. Analogously to Section 5.1.1,
the user input velocity is generated via a game pad and is smoothed with a
low-pass filter with a cutoff frequency at 1Hz. This is especially important when
using a flexible model, since badly conditioned signals can be difficult for the time
integration within a model inversion and might lead to an internal dynamics with
significant oscillation amplitudes. The filter gives the desired end-effector output
velocity trajectory ẏd as well as its time derivative ÿd. The need for this desired
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system
actuator
cascade
control

(Sec. 2.2.5.2)

model
inversion
(Tab. 5.2)

user input yd

ẏd

ÿd

end-effector
reconstruction

mark-
ersuv ŷef

qa,d

q̇a,d

qa, q̇a, i

Figure 5.11: Control structure of the real-time model inversion.

acceleration is the only difference to the control structure of the rigid model
inversion of Figure 5.2. The simple forward Euler method is used to integrate
the velocity signals which yields yd. It contains the desired xy-position and in
the case the rotation is tracked also the desired angle ϑ around the z-axis. Thus,
ns = 2 or ns = 3 servo constraints are used, depending on the model inversion.
The desired output trajectory with its time derivatives are then passed to the
inverse model. It is realized without measurement feedback, i.e., as feedforward
control. Thus, typically no stability issues arise being especially important when
humans interact with the robot such as via a game pad. Using no feedback to
the model inversion requires an accurate description of the flexibilities. Even
if feedback would be utilized, an accurate model is needed to ensure a stable
operation. Moreover, despite no feedback of the end-effector tracking error is
used, the long-term drift through modeling errors between a flexible model and
the real robot will be small for typical scenarios which include short stops where
both come to rest.
When flexibilities are considered within the inverse model, the desired actuator
trajectories, qa,d on position and q̇a,d on velocity level, are obtained via a time
integration in real-time. These trajectories are then sent to the actuator cascade
control which feeds back the corresponding actuator measurements.
Now, the three developed approaches which render the dynamic inverse of the
flexible multibody model stable are compared to classical inverse kinematics for
an equivalent rigid multibody model. The utilized settings are summarized in
Table 5.2. For the three cases which rely on a flexible model, the formulation via a
QR decomposition in chain coordinates is used. This prevents singularities, which
can occur for a classical coordinate partitioning, being especially advantageous
for the considered real-time model inversion. To solve dynamic inverse models
on the real-time target the explicit fourth-order Runge–Kutta method is used
for time integration with a step size h being fixed at 1ms. The definition of
explicit Runge-Kutta methods can be found, e.g., in the book of Hairer et al.
[110, pp. 28-30]. This is slightly modified by explicitly adding the input u.

Definition
For the general system of non-autonomous first-order ODEs

ẋ = fg(t,x(t),u(t)), (5.9)
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5.2. Stable Internal Dynamics
an s-stage explicit Runge-Kutta method is given by

xt1 = x(t0) + h
s

∑
i=1 biki, (5.10a)

with ki = fg(t0 + cih,x(t0) + h
s

∑
j=1aijkj ,u(t0 + cih)), (5.10b)

ci =
s

∑
j=1aij . (5.10c)

The value xt1 denotes the numerical approximation of x(t1) = x(t0 + h)
and the coefficients bi as well as aij are real numbers with aij = 0 for i ≤ j.

The coefficients of the utilized explicit fourth-order Runge-Kutta method displayed
according to Butcher [141] are

c1 a11 ⋯ a1s

⋮ ⋮ ⋮

cs as1 ⋯ ass

b1 ⋯ bs

Ô⇒

0
1
2

1
2

1
2

0 1
2

1 0 0 1
1
6

2
6

2
6

1
6

. (5.11)

Within end-effector trajectory tracking experiments, the input u to the considered
model inversion actually corresponds to the desired end-effector output trajectory
on position, velocity and acceleration level. In real-time experiments where the
desired trajectory is generated online, this input u is only known at previous
and the current time step tn. Thus, the future inputs u(tn + cih) need to be
approximated. For the output redefinition approach and for the state control it
is sufficient to use the current value as approximation, i.e.,

u(tn + cih) ≈ u(tn). (5.12)

For the counter weight, however, it turns out that the numerical integration
errors noticeably influence the experimental performance. Therefore, a linear
extrapolation

u(tn + cih) ≈ u(tn) + u̇(tn)cih (5.13)

is performed, where u̇(tn) is either given or approximated by the difference
quotient

u̇(tn) ≈
u(tn) −u(tn−1)

h
. (5.14)

This straightforward extrapolation significantly reduces the occurring integration
errors, when compared to the standard of Equation (5.12) which keeps the input
constant within one integration step. Since the desired end-effector trajectory
is given on position, velocity and acceleration level, the difference quotient only
needs to be applied for extrapolating the accelerations. When considering, e.g., a
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Chapter 5. End-Effector Trajectory Tracking Control
velocity signal the related element of the time derivative u̇(tn) corresponds to an
already given acceleration signal. In the following the extrapolation method is
exclusively used for the counter weight case.
It is worth noting that instead of extrapolation, the inputs could be delayed
by one time step. Then the delayed but actual user inputs can be used and
interpolated. Besides extrapolation, reducing the step size also helps but even
with h = 0.5 ms the integration errors are significant and the computational load
for real-time control exceeds the performance of a single core. Increasing the
counter weight mass reduces the integration errors as well. Since the influence
on the system dynamics rises, this method is also not pursued further.

To ensure repeatable experiments, the raw user input signals coming from a
game pad are recorded once and applied in real-time to signal filtering and the
model inversion. The game pad based desired end-effector trajectory yd can
be seen in Figure 5.12. This smooth line trajectory lets the end-effector move
roughly 0.5m in 2 s with constant rotation. The other curves within Figure 5.12

a)

0.8 0.9 1 1.1 1.2 1.3

0.5

0.6

0.7

0.8

xef -position [m]

y
e
f
-p
os
it
io
n
[m

]

desired
rigid
redefined
counter weight
state control

b)

0 0.5 1 1.5 2
40

50

60

70

80

time t [s]

ro
ta
ti
on

ϑ
e
f
[○ ]

Figure 5.12: Desired and measured end-effector a) positions and b) rotations for the line
trajectory.
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5.2. Stable Internal Dynamics
come from camera measurements showing the end-effector trajectory tracking
performance. Here, classical rigid multibody model inversion demonstrates a
poor tracking behavior since significant bending is induced for the considered
trajectory. The three flexible minimum phase cases perform very effectively and
quite similar within the path plot of Figure 5.12a). In Figure 5.12b), the huge
difference within the end-effector rotation of the state control compared to the
redefined and counter weight case can be seen. Since the state control does not
track the end-effector rotation it leads to a completely different final end-effector
angle. Also, ripples can be seen within the counter weight case, where the counter
weight is used in the model inversion and on the actual robot. They come most
likely from the underlying steeper actuator trajectories as the exact end-effector
is tracked.
Figure 5.13 shows the robot at the end of the considered trajectory tracking
scenario, using the rigid case as well as the flexible case with redefined output.
Here, the significant difference within the end-effector rotation angle and the
larger bending for the rigid case is visible.
The corresponding tracking errors are quantified in Figure 5.14 for the experiments
and simulations. Here, the maximum Euclidean norm of the position errors and
the maximum absolute rotational error are given. Each bar of the experiments is
the mean of three measurements which are very repeatable. In the simulations
the errors come solely from the inverse model, i.e., no forward model is utilized.
Thus, the errors introduced through output redefinition and by not tracking
the end-effector rotation in the case of the state controller can be identified.
In the experiments other error sources such as parameter deviations, friction,
measurement errors and unmodeled dynamics occur.
In Figure 5.14, the huge errors for the rigid model inversion and the large rotational
deviation of the state control can be seen again. For such significant tracking
errors and for moderate errors within simulations, such as for the redefined
output, these simulations match the experiments quite closely. However, for the
counter weight, being attached to the inverse robot model, one only has numerical
errors in the simulation as the exact end-effector is tracked. Here, both counter

a) b)

significant
bending

negligible
bending

Figure 5.13: Snapshots of the test rig at the end of the desired line trajectory for a) the rigid
case and b) the flexible redefined output case.
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Figure 5.14: Simulated a) and measured b) end-effector trajectory tracking errors for the
redefined output ( ), the counter weight ( ), the counter weight only within the model
inversion ( ), the state controller ( ) and the rigid model ( ) for the line trajectory.

weight simulations perform identically since they rely on the same inverse model.
Applying this model inversion to the experimental setup leads to much higher
errors. The reason are the mentioned error sources such as measurement and
modeling errors as well as actuator tracking errors, which contribute to a base
error within all experiments. Nevertheless, with tracking the exact end-effector
the experimental counter weight errors are the smallest. Even with the counter
weight only in the model inversion but not on the real robot, the experimental
errors are only slightly larger than without this modeling error. This confirms
that the effect of the counter weight on the elastic oscillations is very small.
It can be concluded that all flexible cases perform effectively within simulations
as well as within experiments. Also, it might be worthwhile to accept tracking
errors in the control design, such as for the output redefinition or by not using
the counter weight on the real robot, since experimental errors can prevail.

The corresponding actuator motions of the end-effector trajectory tracking ex-
periments are visualized in Figure 5.15. Here, the redefined case shows still
some internal dynamics after the desired end-effector motion slowly fades out,
which is however stable. This can be seen in the magnification of the slider
position a in Figure 5.15a) which oscillates even at the depicted 2.7 s and beyond.
Nevertheless, the amplitudes are small enough to ensure a safe operation and
to have a negligible influence on the end-effector. These oscillations do not
occur for the counter weight but a rather sharp startup motion is present at
around 0.25 s, which can again be seen in the magnification of the slider position a
in Figure 5.15a). With tracking the exact end-effector this approach tends to
produce actuator trajectories which are more difficult to realize than the other
cases. This leads here to a slightly increased error within the actuator cascade
control.
It should be noted that the initial conditions of the robot let the motor angle γ
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Figure 5.15: Measured actuator positions for the redefined output ( ), the counter
weight ( ), the state controller ( ) and the rigid model ( ) for the line trajectory.

start at zero being useful for the state control to prevent control inputs at startup.
It turns out that for the state control the motion of the rotary motor is extremely
small with a change in γ below 3.5○ from the starting point compared to the other
cases with around 45○. Also, the sliders perform a much smaller motion with a
reduction of around 50% in position a. In specific scenarios, the state control
could consequently be helpful to reduce energy consumption if the end-effector
rotation is not of interest.

In summary, three approaches are proposed to render the internal dynamics of
Flexor stable, based on the linearized zero dynamics. They show an effective
end-effector trajectory tracking performance using a dynamic model inversion in
real-time experiments. The necessity of taking the flexibilities into account within





Chapter 5. End-Effector Trajectory Tracking Control
the control design is also confirmed. It is demonstrated that control concepts
with small errors in the design, such as by using a redefined output, can indeed
result in a very comparable experimental performance as concepts without such
design errors. The proposed approaches are also valuable for other controllers
such as feedback linearization and when the end-effector trajectory needs to be
adapted or controlled in real-time, being discussed in the subsequent sections.

5.2.2 Collision Avoidance Control
Flexible link robots are well suited for HRI since they offer increased safety.
Although such robots are compliant, for the interaction with humans it is still
required to implement collision avoidance control in real-time. This is necessary
to prevent injuries and damage as the occurring impacts and deformations in the
case of a collision can still be devastating.
In this section, collision avoidance is combined with end-effector trajectory
tracking. For the collision avoidance two control concepts are considered, one
preventing collisions with the actuator limits and the other one avoiding robot
collisions with external dynamic obstacles. Since the objective is not to provide
optimal collision avoidance algorithms but to show the applicability to flexible
link robots, computationally efficient concepts are used. This ensures real-time
execution, as the computational complexity of flexible models typically does not
allow to implement costly approaches such as optimization. Common real-time
collision avoidance algorithms issue commands on actuator level which can cause
large oscillations within flexible link robots. Thus, in this research the needed
evasive motions at the points which are about to collide are used to adapt the
desired end-effector trajectory, even for actuator limits and points other than
the end-effector. In contrast to existing real-time collision avoidance concepts,
which are essentially completely based on rigid models, a dynamic real-time
flexible model inversion is then used for trajectory tracking. Thereby, output
redefinition leads to a minimum phase system and a classical rigid model inversion
is utilized for comparison. This means that the rigid and the redefined output
cases from Table 5.2 will be considered throughout this section, only that the
weighting parameters of Table 5.3 are used. These weights, being iterated via
time simulations, tend to provide a more robust behavior compared to the output
redefinition weights of Table 5.2. Especially as feedback to the model inversion
is needed to avoid collisions and as mainly HRI scenarios are of interest, an
increased robustness is advantageous. Since the redefined output is the only case
which uses a flexible model, it is also referred to as flexible model inversion in
this section.
The main contribution of this section is the extension of the related rigid body
literature on collision avoidance to flexible link robots and combining it with
end-effector trajectory tracking. The following results are highly based on the
author’s publication [33], where more details can be found for further reading.
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5.2. Stable Internal Dynamics
Table 5.3: Output redefinition weights for actuator limit and obstacle collision avoidance.

link position rotation
2 wp,2 = 0.8 wr,2 = 1.07

3 wp,3 = 0.8 wr,3 = 0.5

5.2.2.1 Actuator Limit Avoidance
A significant part of the literature related to actuator limit avoidance focuses on
rigid redundant robots, where the desired end-effector trajectory can often still
be realized. The pseudoinversion with null space projection is a popular method
used for such scenarios [142]. This is applied by Flacco et al. [143], who discuss
the iterative online inversion of the differential task kinematics for redundant
robots in the framework of hard joint limits. In contrast, the presented research
uses a flexible underactuated robot where the desired end-effector trajectory
needs to be adapted to prevent collisions. Therefore, concepts relying only on
pseudoinversion of the differential task kinematics are inapplicable. As mentioned
before, existing real-time collision avoidance concepts typically directly adapt the
desired actuator motion of rigid robots, which can excite significant oscillations
in flexible link robots. Therefore, in the proposed approach the actuator motions
are adapted only indirectly by changing the desired end-effector trajectory. A
flexible model inversion is then used to ensure an effective trajectory tracking
performance. Since here a dynamic model has to be integrated in real-time,
optimization such as reported by Bosscher and Hedman [144] and other iterative
approaches are usually infeasible.

Within this section an actuator limit avoidance control is introduced which also
avoids self-collisions for Flexor, in the case of reasonable link deformations. The
considered scenario is that a user provides desired end-effector trajectories, e.g.,
with a game pad, which leave the workspace of the robot. To prevent a collision
an automatic braking command is issued to this desired end-effector motion when
an actuator limit position is approached. Thus, the user input is adapted such
that the actuators do not hit their limits. This results in end-effector trajectories
that stay in the robot’s workspace. While checking each individual actuator is
straightforward it is also computationally more efficient than surveilling if the
end-effector is close to the workspace boundaries. To provide smooth braking a
standard sigmoid function or logistic curve with an absolute value is used of the
form

f(qa) =
1

1 + e(∣qa ∣−ha)r . (5.15)

This yields braking factors between 1 and 0 for each actuator when qa, denoting
an element from the actuated coordinates qa, approaches the corresponding
actuator limit. Within Equation (5.15), ha > 0 specifies the value of ∣qa∣ where
f(qa) gives a half and a large r > 0 results in a steep transition rate between
minimum and maximum values. Individual parameters ha and r are chosen
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Chapter 5. End-Effector Trajectory Tracking Control
for each actuator so that braking is initiated at a reasonable distance from the
limits without being too sharp. As mentioned before, such smooth signals are
particularly necessary for flexible link robots as badly conditioned signals can be
challenging for the time integrator within a flexible model inversion and might
lead to an internal dynamics with substantial oscillation amplitudes.
In Figure 5.16 the braking factors for Flexor are plotted. It can be seen that
the sigmoid function from Equation (5.15) is symmetric to the zero, i.e., middle
position of each actuator. At these points cubic splines are used to obtain a
smooth transition. Slider B has a smaller range of motion due to the slider limit
stop, see Figure 2.7. Note that the factors are only depending on the current
position and also slow down a motion away from the actuator limits when being
close to one. This seemingly conservative choice helps to avoid jumps and edges
in the braking factor for direction changes. This is very important since the
actuators can oscillate as part of the internal dynamics of the later used flexible
model inversion.
The resulting end-effector trajectory tracking control structure with actuator limit
avoidance is shown in Figure 5.17. Here, the user inputs the velocity trajectories
online for the end-effector translation and rotation in 2D. If these inputs come
from a game pad they are low-pass filtered with a cutoff frequency at 1.4 Hz to
remove steps. This ensures a physically meaningful translational and rotational
end-effector input velocity ẏi. The product of all three braking factors provides
the conservative but smooth braking factor bΠ between 0 and 1 being multiplied
to all three components of ẏi. Using the same factor for each component prevents
a direction distortion of the user input. Afterwards, a low-pass filter is applied
with a cutoff frequency at 30Hz. This ensures that no high frequencies are fed
back, being important for a numerically stable model inversion, while providing
a small delay for braking maneuvers. With the filter ẏd as well as its time
derivative ÿd are obtained and integration of ẏd via the forward Euler method
gives yd. Then, ÿd, ẏd and yd are passed to the model inversion, which is in ODE
form if flexibilities are considered. Again, the model inversion does not use state
feedback which ensures a more robust behavior. This is particularly important for
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Figure 5.16: Braking factors realized by the sigmoid function.
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ẏ
d

b
Π

actuator
cascade
control

(S
ec.

2
.2
.5
.2
)

q
a
,d

q̇
a
,d

m
odel

inversion
(T

a
b
.
5
.2

&
T
a
b
.
5
.3
)

q
a ,
q̇

a ,
i

F
igure

5.17:
C
ontrol

structure
of

the
actuator

lim
it

avoidance
w
ith

m
odel

inversion.

rob
otic

system
u

v
user

input

end-eff
ector

and
obstacle

tracking

m
ark-
ers

ŷ
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Chapter 5. End-Effector Trajectory Tracking Control
the involved HRI in the considered collision avoidance scenarios. As previously
discussed, the calculated desired actuator positions qa,d and velocities q̇a,d are
then accurately realized by the cascade control. Also, the end-effector pose is
reconstructed from camera measurements.
For a convenient comparison, the control structure of the obstacle collision
avoidance is also illustrated here, see Figure 5.18. Its differences and details will
be clarified in the subsequent section.

Experiments are now conducted to validate the necessity and effectiveness of the
actuator limit avoidance for user defined end-effector trajectories, coming here
from a game pad. To provide repeatable and comparable results the user input is
recorded once and then applied online. The actuator motions of the considered
scenario are shown in Figure 5.19. Here, limited actuator motion is compared
to unlimited actuator motion. Not using a limit avoidance, i.e., bΠ = 1, leads
to a desired motion hitting the physical actuator limits such as for the slider
position a at around 1.7 s. This is independent of using a flexible or rigid model
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Figure 5.19: Experimentally measured actuator positions with limit avoidance and flexi-
ble ( ) as well as rigid ( ) inversion, and simulated actuator positions without limit
avoidance and flexible ( ) as well as rigid ( ) inversion.
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5.2. Stable Internal Dynamics
inversion. Since this would result in a crash or emergency stop motion with large
and dangerous oscillations, unlimited cases are only applied within simulations.
With active actuator limit avoidance the motion diverges from the unlimited cases
when approaching the limits. This starts at around 1 s where bΠ begins to drop
from a value of 1. For both cases, flexible and rigid, there is still a substantial
safety distance which the user can only reduce with extremely small velocity
as the underlying sigmoid functions quickly approach zero close to the limits.
For the flexible model inversion braking at the end-effector does not directly
lead to a stop motion in the actuators. This is due to the internal dynamics
which will come to rest shortly afterwards. Therefore, the actuator curves for the
flexible case are more uneven. Further significant differences between the rigid
and flexible cases can be seen within the position a and the rotation γ, which are
required to ensure an effective end-effector trajectory tracking performance.
The superior trajectory tracking performance of the flexible model inversion
can be seen in the end-effector measurements of Figure 5.20. Here, the flexible
model inversion tracks the position and rotation, adapted by the actuator limit
avoidance, very effectively leading to a fast and safe braking maneuver. The
poor results of the rigid inversion, even before the actuator limit avoidance
becomes significant, are clearly visible for the considered trajectory as it excites
substantial bending. In the path plot of Figure 5.20a), one can also see that the
limit avoidance does not distort the direction of the user input since the desired
paths from the flexible and rigid case lie exactly over the infeasible case without
limit avoidance, which eventually leaves the robot’s workspace. A difference
between the desired motion of the flexible and rigid case can only be observed in
Figure 5.20b), where the change over time is taken into account. Finally, since
the desired rotation is constant, Figure 5.20c) shows three horizontal lines which
are closely tracked in the flexible case.

The presented experimental results clearly show the effectiveness of the actuator
limit avoidance and the significant advantage of the flexible model inversion,
compared to the classical rigid body approach, in a realistic scenario. It is
concluded that the proposed control approach enables a safe HRI, e.g., by using
inputs from a game pad, for flexible link robots.

5.2.2.2 Obstacle Collision Avoidance
Many real-time concepts for dynamic obstacle collision avoidance are based on
the artificial potential field method [145, 146]. Also, a large part of the utilized
concepts directly adapts the actuator motions which is, as explained before, not
appropriate for flexible link robots. The elastic strip method of Brock and Khatib
[147] is better suited as it adapts the desired trajectory in the task space instead
of the configuration, i.e., joint space. However, its computational complexity
is higher than potential field methods [148]. Again, optimization approaches,
discussed, e.g., in [149, 150], might be used in real-time for rigid robots. This
is however usually not possible for flexible link robots which rely on a dynamic
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Figure 5.20: End-effector trajectory tracking experiments with actuator limit avoidance for
flexible (desired , measured ) and rigid (desired , measured ) model
inversion, as well as a case without actuator limit avoidance (desired ).
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5.2. Stable Internal Dynamics
model that needs to be solved via time integration.
Collision avoidance for flexible link robots is very rarely found in the literature
and, as opposed to the here presented research, it is not implemented within
real-time experiments and only considers static obstacles as well as only serial
robots. Ata and Myo [151] implement obstacle avoidance as a planning task
within simulations, which are based on optimization, for a robot with a rigid
and a flexible link. Also, Karray et al. [152] and Mclean and Cameron [153]
show path planning with obstacle avoidance for kinematically redundant flexible
manipulators being however not implemented in experiments.

In this research, an algorithm is used which applies repulsive velocities to avoid
external dynamic obstacles. It has been proposed by Flacco et al. [154, 155] for
rigid robots. The algorithm can be regarded as efficient and simple form of the
classical artificial potential field method, which guarantees fast calculations being
necessary for a safe HRI in real-time. To enable the application to flexible link
robots, the algorithm is adapted. A major difference of the presented research in
contrast to [154] is that the distances between obstacles and the control points on
the robot body, other than the end-effector, are not translated into joint velocity
constraints. As this is not feasible for flexible link robots repulsive actions are
used instead, both for the end-effector and the other control points on the robot.
These actions are combined into a single adapted end-effector trajectory. Then,
as opposed to [154], the actuator motions are not kinematically obtained by
pseudoinversion but by inversion of a dynamic flexible link robot model. The
adapted algorithm is summarized in Figure 5.21 and its details are discussed in
the following.

The utilized obstacle collision avoidance algorithm aims to avoid a collision
between nmax control points, where the n-th control point is located at pn ∈ R3

on the robot, and imax obstacles, where the i-th obstacle is located at oi ∈ R3.
Initially, for a single control point described by the position vector p and one
obstacle described by the position vector o a repulsive translational velocity is
introduced as

vr(p,o) = v(p,o)d(p,o) (5.16)

Eq. (5.16) Eq. (5.31)

multiple control pointssingle control point

full body collision
avoidance

Eq. (5.20)

end-effector
collision avoidance

combined velocitysingle obstacle multiple obstacles

Figure 5.21: Overview of the obstacle collision avoidance algorithm.
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Chapter 5. End-Effector Trajectory Tracking Control
to prevent a collision, with

d(p,o) =
p − o

∥p − o∥
. (5.17)

Here, d(p,o) is the normalized position vector between p and o with its direction
pointing away from the obstacle and ∥∥ denotes the Euclidean norm. The term

v(p,o) =
vmax

1 + e(∥p−o∥( 2
ρ
)−1)σ (5.18)

is the magnitude of the repulsive velocity. It consists of the maximum speed vmax

at which the control point p can move and is shaped by a sigmoid function. Thus,
the shape is similar to Figure 5.16, but is defined only for a positive distance
between obstacle and control point. Equation (5.18) depends on the parame-
ter ρ > 0 which defines at which distance between control point p and obstacle o
the repulsive velocity becomes significant. It can be regarded as the radius of a
collision avoidance zone around the control point p. The parameter σ > 0 is used
to shape the slope of the sigmoid function.
So far the repulsive velocity vr provides a straightforward way of collision avoid-
ance for a single obstacle. However, for multiple obstacles the repulsive velocity vr

needs to be adjusted, such that the control point can avoid all obstacles. By
combination of the repulsive velocities vr(p,oi) the new direction of the repulsive
velocity for all considered obstacles is obtained as

dall(p,o1, ...,oimax) =
∑
imax
i=1 vr(p,oi)

∥∑
imax
i=1 vr(p,oi)∥

. (5.19)

To ensure a collision avoidance only the closest obstacle omin is taken into account
for the magnitude, which yields the repulsive velocity for all considered obstacles

vr,all(p,o1, ...,oimax) = v(p,omin)dall(p,o1, ...,oimax). (5.20)

Until now, the collision avoidance algorithm is only introduced for a single control
point, e.g., only for the end-effector. For a safe collision avoidance between a
human and a robot more control points need to be added to realize a full body
collision avoidance. Since only the end-effector shall be tracked the repulsive
velocities for the other control points need to be transformed into an end-effector
velocity.
Starting point is the time derivative of a general position vector

rg(q) = rg(qi,qd(qi)), (5.21)

which gives the corresponding translational velocity

vg =
drg(qi,qd(qi))

dt
=
∂rg

∂qi
q̇i +

∂rg

∂qd

∂qd

∂qi
q̇i. (5.22)
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5.2. Stable Internal Dynamics
As discussed in Section 3.3.1, the coordinates q = [qT

e , q
T
a , q

T
u ]

T contain the elastic
coordinates qe, the actuated coordinates qa and further unactuated coordinates qu.
For the forward model of Flexor, the independent coordinates are chosen as
qi = [q

T
e , q

T
a ]

T and the dependent coordinates as qd = qu. Furthermore, the
variation of the geometric constraints for fixed time yields

δc(qi,qd(qi)) =
∂c

∂qi

´¸¶
Ci

δqi +
∂c

∂qd

´¸¶
Cd

∂qd

∂qi
δqi = 0, (5.23)

which needs to hold for all independent variations δqi. From Equation (5.23),
the partial derivative

∂qd

∂qi
= −C−1

d Ci (5.24)

required within Equation (5.22) is obtained. In regard of the considered planar
setup of Flexor, a 2D case is now discussed. Thus, Equation (5.22) can be
used to express the planar translational end-effector velocity vef ∈ R2 and any
other control point velocity vpn ∈ R2, with the time derivative of the independent
coordinates q̇i, according to

vef = Jef(q) [
q̇e

q̇a
]

´¸¶
q̇i

, (5.25a)

vpn = Jpn(q) [
q̇e

q̇a
] . (5.25b)

Here, Jef and Jpn are Jacobian matrices. The end-effector also has a rotational
degree of freedom which is not directly relevant for obstacle avoidance and thus
needs to be selected by the user. Therefore, the collision avoidance motion of the
control points of Equation (5.25b) is extended by the rotational velocity ωef of
the end-effector as

[
vpn

ωef
] = Jmix,pn(q) [

q̇e

q̇a
] , (5.26)

with the mixed Jacobian Jmix,pn ∈ R3×(fa+fe). While the control point velocity vpn

is determined by the collision avoidance algorithm, setting ωef = 0 shall avoid
a change of the end-effector rotation through a collision avoidance motion. By
rearranging Equations (5.25a) and (5.26), the control point velocity is transformed
into an end-effector velocity

vef,pn = Jef(q)J
+
mix,pn(q) [

vpn

0
] . (5.27)

Since the considered system is underactuated, with the elastic coordinates qe being
not directly actuated, Jmix,pn is non-square with more columns than rows. Using
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Chapter 5. End-Effector Trajectory Tracking Control
a pseudoinverse, denoted by +, for Equation (5.26) will thus lead to necessary
elastic deformation velocities q̇e that cannot be directly controlled. Consequently,
only taking the kinematics of a dynamic inverse system into account could result
in an undesired behavior. Using alternatively a dynamic inverse for each control
point is typically not feasible since this often involves a non-minimum phase
system behavior. Even if this is not the case, the computational cost of a dynamic
model inversion would significantly limit the number of control points. Therefore,
the idea is to use the Jacobians of the equivalent rigid system instead, turning
Equation (5.27) into

vef,pn = Jef,r(qa,qu)J
−1
mix,pn,r(qa,qu) [

vpn

0
] . (5.28)

As the columns of the Jacobians with respect to the elastic velocities q̇e vanish,
the rigid Jacobian Jmix,pn,r ∈ R3×fa is square with fa = 3. The rigid Jacobians of
Equation (5.28) adapt the end-effector velocity vef,pn again via kinematic rela-
tions. Using this as desired end-effector velocity later within a dynamic flexible
model inversion will also not result in the original desired vpn. Nevertheless,
this approach aims at preventing collisions for the underlying rigid body motion,
which is usually an effective way for obstacle avoidance since the flexible system
basically oscillates around this motion. Occurring errors due to simplifications
are treated by the algorithm through running in a feedback loop. Additionally,
this straightforward adaption of the end-effector velocity is computationally more
efficient than calculating the pseudoinverse of the Jacobians of the flexible system.
This is advantageous for the required real-time capability.
Calculating all repulsive velocities vr,all,pn at each control point via Equa-
tion (5.20) and transforming them via Equation (5.28) into vr,all,ef,pn then yields
the combined repulsive velocity

vc = vr,all,ef +
nmax

∑
n=2 vr,all,ef,pn. (5.29)

Here, vr,all,ef is the repulsive velocity at the end-effector control point which does
not need to be transformed. Since vc might exceed the maximum allowed velocity
only its direction is used by normalizing analogously to Equation (5.19) as

dc,all =
vc

∥vc∥
. (5.30)

The magnitude is chosen similar to Equation (5.20), which gives the final combined
repulsive velocity

vc,all = v(pmin,omin)dc,all. (5.31)

Here, pmin and omin denote the closest control point and obstacle pair. Since
this pair can change throughout operation, the resulting minimum or critical
distance is low-pass filtered with a cutoff frequency at 12 Hz to remove edges.
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5.2. Stable Internal Dynamics
Applying vc,all to avoid a collision moves the end-effector away from its original
trajectory. Therefore, a high-pass filter is used for each component of vc,all, such
that the robot smoothly returns to the original trajectory when the obstacles are
not in range anymore. The filter is realized via the state-space model

yf = ẋf = afxf + uf . (5.32)

In Equation (5.32), the input uf is a component of vc,all. To ensure an effective
collision avoidance, a scalar af = −1.2 s−1 is used to obtain a slow filtering. Finally,
the output yf , being the filtered combined repulsive velocity component, is
added to the end-effector input velocity ẏi. The resulting control structure with
model inversion can be seen in Figure 5.18. Here, the same low-pass filter as in
Section 5.2.2.1 with a cutoff frequency at 30Hz is applied, which provides the
time derivative ÿd for the model inversion.

The obstacle collision avoidance control is now applied to Flexor within two
different experimental scenarios. For the considered 2D setup the obstacles are
assumed to occur in the same plane as the robot. Therefore, a single marker is
sufficient to track the center of each dynamic obstacle, which are here the hands
of a human worker. For a full body collision avoidance the amount of control
points, their positions and the corresponding radius ρ need to be selected such
that the area of interest is completely covered. Still, the covered area needs to
be small enough to avoid unnecessary collision avoidance movements. In this
research, five control points including the end-effector are utilized for link 3 of
Flexor, see Figure 5.22. For control purposes, the current positions of the
control points on the robot are fed back from the corresponding model inversion,
compare Figure 5.18. For the flexible case this prevents difficult marker-based
tracking on the flexible link or the need for a state estimator, based, e.g., on
strain gauge measurements to reconstruct the control point positions. For the
rigid case this ensures a stable operation, since feeding back large oscillations
from a flexible link robot into a rigid model inversion can cause instability.
To provide repeatable and comparable results the user input and the obstacle
motions are recorded once and are then applied online. Nevertheless, the delay
of the camera system with data processing is with around 3ms small enough

control
point

collision
avoidance
zones

ρ

Figure 5.22: Control points used for obstacle collision avoidance on link 3 with ρ ≈ 0.29 m.
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Chapter 5. End-Effector Trajectory Tracking Control
to successfully avoid obstacles also without pre-recording marker data. This is
demonstrated in the accompanying video of the author’s article [33].

In the first experimental scenario, two static obstacles, represented by the hands
of a human worker, collide with a desired end-effector trajectory. This trajectory
describes a line in xy-coordinates. The obstacle collision avoidance control is
used to prevent such a collision. Snapshots from the scenario with a rigid and a
flexible model inversion are shown in Figure 5.23. Here, the markers on the hands
represent the obstacle centers. It can be seen that the obstacle collision avoidance
algorithm adapts the desired line trajectory between start and endpoint. This
results in a curvy motion, which successfully avoids a collision for the rigid and
the flexible model inversion. Nevertheless, the rigid model inversion leads to
heavy oscillations at the endpoint which can be dangerous if the obstacles and
the robot approach each other before they are damped out.
The corresponding measurements are shown in Figure 5.24. The utilized parame-
ters for all control points are listed in Table 5.4, where the choice depends on the
considered scenario. In Figure 5.24a), the path plot visualizes the successful colli-
sion avoidance and the return close to the trajectory endpoint. Here, the flexible
model inversion tracks the desired trajectory very closely, while the significant
oscillations of the rigid case can be seen again. In contrast to the end-effector
position, which needs to be adapted to avoid a collision, the desired end-effector
rotation still follows the original constant user input, see Figure 5.24b). As
expected, the flexible case also tracks the rotation much better than the rigid case.

a)

significant
oscilla-
tions

negligible
oscilla-
tions

b)

marker

Figure 5.23: Snapshots of the test rig for a) the rigid and b) the flexible model inversion
combined with static obstacle collision avoidance for a motion from right to left.

Table 5.4: Obstacle collision avoidance parameters for static obstacles.

parameter value
ρ 0.29 m

σ 5

vmax 0.6 m/s
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Figure 5.24: Static obstacles: end-effector trajectory tracking experiments with obstacle
collision avoidance for the flexible (desired , measured ) and rigid (desired ,
measured ) model inversion, as well as the desired motion without obstacle collision
avoidance ( ).

Finally, in Figure 5.24c) the critical distance is shown. This denotes the distance
between the closest obstacle and control point pair, which for this scenario is
always with respect to the end-effector. Therefore, the critical distance is here
based on camera measurements of the end-effector. The minimal critical distance
for both the flexible and the rigid model inversion is quite similar. But more
importantly, it is also significantly larger than without the obstacle collision
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Chapter 5. End-Effector Trajectory Tracking Control
avoidance, which would lead to a collision between the robot and the fingers of
the human worker.

In the second experimental scenario, a dynamic obstacle approaches multiple
control points on the robot. The obstacle is again a human hand, which now
approaches link 3 of Flexor at rest. Thus, the user input trajectory is reduced to
a fixed point to show how the robot behaves just by avoiding a collision. The hand
first moves closely parallel to link 3, approaches it and then moves away from it.
Here, for a full body collision avoidance the utilized control points as shown in
Figure 5.22 become crucial. In Figure 5.25 the corresponding measurements are
shown. The parameters from Table 5.4 are used again but now with ρ = 0.35 m
to obtain larger avoidance zones. Clearly, Figure 5.25a) and b) confirm that the
flexible model inversion is required to keep the end-effector oscillations small.
Figure 5.25a) also demonstrates that the end-effector successfully returns to its
start position when the obstacle is far enough away. In Figure 5.25c) the critical
distance can be seen which depends on the control point being closest to the
hand. As the control points on link 3, except the end-effector, are not measured
by the camera the illustrated critical distance depends on data from the flexible
multibody model. The results indicate that both cases, rigid and flexible, avoid
the hand with almost the same minimal critical distance of approximately 0.12 m.
This represents a substantial improvement compared to the scenario without
obstacle collision avoidance. Nevertheless, further approaching the robot when
using the rigid model inversion can be dangerous due to the significant oscillations.

In summary, the discussed experiments validate the effectiveness of the obstacle
collision avoidance algorithm in combination with a flexible model inversion. As a
result, the proposed control approach enables a collision-free interaction between
human workers and flexible link robots.

5.2.3 Hybrid Force/Motion Control
Up to now it was not necessary to control the end-effector trajectory tracking
error due to the high accuracy of the utilized flexible multibody model. However,
especially in contact scenarios having a good model can be difficult since often
the environment is only roughly known. In such scenarios, moderate modeling
errors can lead to completely different contact forces. Also, flexible link robots are
especially promising for scenarios with contact to a basically rigid environment.
The inherent compliance of the links reduces contact forces and the connected
risk of damage. Therefore, feedback of the tracking output error shall be used
within the framework of hybrid force/motion control. In this research, the contact
force and the end-effector motion shall be controlled on position level, which is
commonly denoted as hybrid force/position control.

Hybrid force/motion control is a well-known technique on which detailed back-
ground information is provided, e.g., by Villani and De Schutter [121]. It is
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Figure 5.25: Dynamic obstacle: end-effector trajectory tracking experiments with obstacle
collision avoidance for the flexible (desired , measured ) and rigid (desired ,
measured ) model inversion, as well as the desired motion without obstacle collision
avoidance ( ).

a direct force control technique, which explicitly controls the contact force to
desired values via a force feedback loop. The main idea is to control the force
along the constrained task directions and the motion along the unconstrained
task directions. Thus, the end-effector motion and the normal contact force
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Chapter 5. End-Effector Trajectory Tracking Control
are controlled simultaneously within two independent subspaces. Therefore, in
contrast to indirect force control methods, such as the admittance control of
Section 5.1.2, the environment needs to be known relatively accurately.
For flexible link robots, hybrid force/position control has been investigated for
several decades. In the work of Lew and Book [156] from 1993, hybrid force/
position control for flexible link manipulators with multiple contacts is considered.
However, they use a quasi-static assumption and only look at regulation instead
of trajectory tracking. Matsuno et al. [157] also utilize a quasi-static assumption,
where static relations between the contact forces and the elastic deformations are
used. Based on this, a hybrid force/position control is derived for flexible link
manipulators. Matsuno et al. [158] also use the singular perturbation method
for reducing the dynamic model of flexible manipulators to a slow and a fast
subsystem. This serves to design a hybrid force/position controller. In the
article of Madani and Moallem [43] from 2011, hybrid force/position control
of a flexible link parallel manipulator is investigated. However, the controller
only uses kinematic relations. In contrast, the presented research includes the
complete system dynamics via model inversion based on servo constraints, to
control the normal contact force error and the end-effector error on position level.
Thus, a dynamic flexible model inversion in real-time analog to Section 5.2.2,
which has proven to be quite robust, is now combined with output feedback
control within a contact scenario.

The utilized control structure is illustrated in Figure 5.26. Here, the desired
end-effector trajectory yd and its time derivatives are provided similar to the
previous sections. For the considered 2D scenario in the xy-plane of the inertial
system, this includes trajectories for the desired end-effector x, y-positions as well
as for its rotation ϑ. However, now also a trajectory of the desired normal contact
force Fc,d is required. To simplify the results the flat contact wall of Figure 2.9 is
used which is aligned parallel to the y-axis. The utilized linear output controllers
of the hybrid force/position control read

Fv = Fc,d + Ic ∫
t

0
(Fc,d − Fc)dτ, (5.33a)

ÿv = ÿd +

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Dx 0 0
0 Dy 0
0 0 Dϑ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(ẏd − ẏo) +

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Px 0 0
0 Py 0
0 0 Pϑ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(yd − yo) . (5.33b)

The forward Euler method is used for the integration of the integral force control
within Equation (5.33a) and for ÿv of the PD position control. The resulting
term yv and its time derivatives are then utilized to replace the corresponding
yd terms within the model inversion. Also, Fv replaces Fc,d within the model
inversion.
In the framework of hybrid force/position control it needs to be ensured that
only the unconstrained direction is controlled via the utilized PD position control
to not interfere with the integral force control. The decoupling is realized by
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ÿ
d

linear
state

estim
ator

(S
ec.

4
.1
.2
) κ

q
a

red
efi

n
ed

en
d
-eff

ecto
r

(E
q
s.(5

.2
),(5

.3
6
))

ŷ
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Chapter 5. End-Effector Trajectory Tracking Control
using PD gains only for the direction tangential to the wall and for the rotation.
Thus, within Equation (5.33) positive control gains Ic, Py, Pϑ, Dy, Dϑ > 0 are
applied whereas Px =Dx = 0, since the force control acts in x-direction. Hence,
the end-effector y-position and its rotation ϑ are feedback controlled but not the
x-position. Then, for an accurate model inversion Equation (5.33) leads to a
stable error dynamics.
The normal contact force Fc corresponds here to the sensor force Fs,x in the
x-direction of the inertial frame. Therefore, the sensor force measurements
fs∣S = [Fs,xs , Fs,ys , Fs,zs]

T in the sensor frame S need to be transformed to the
inertial frame I. This is done via the camera-based estimate of the exact end-
effector rotation ϑ̂ef , which is inserted into the force/torque sensor rotation
matrix

SIS =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

cos (ϑef) − sin (ϑef) 0
sin (ϑef) cos (ϑef) 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (5.34)

For a flexible model inversion exclusively the redefined output case is used in this
section, with the weights of Table 5.3. Thus, the servo constraints

s(t,q) = yo(q) − yd(t) = 0 (5.35)

then use the tracking output yo = yre to ensure a stable internal dynamics. The
influence of the contact force on the stability of the linearized zero dynamics
turns out to be small. Within tests instability occurred only for relatively large
forces, which will not be considered within experiments. The time derivative
of yo(q) = yre(q) within Equation (5.33) can be obtained via

ẏre =
∂yre

∂q
q̇. (5.36)

This can be evaluated with the state x = [qT, q̇T
]
T, being estimated based on

the measured actuator coordinates qa and the link curvatures κ.
It is worth noting that the flexible model inversion constrains the redefined
end-effector to the wall, while on the real robot the exact end-effector is at the
wall. This can be regarded as small modeling error which the control approach
needs to handle. Also, similar to the previous cases without output feedback, a
typical scenario with short stops, where the model and the real robot come to
rest, will prevent long-term drifts through modeling errors. This ensures that the
state of the flexible model inversion stays close to the state of the real robot.
As reference, again an equivalent rigid model inversion is considered. Here, the
hybrid force/position control is not utilized, i.e., the corresponding PID gains
are all set to zero, but only rigid inverse kinematics is applied. The reason is
that using feedback of the flexibilities of the robot together with a rigid model
inversion can lead to instability. Additionally, the normal contact force Fc does
not occur in the algebraic constraint equations, which completely define the
actuator motions of the rigid model.
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Figure 5.27: Snapshots of the hybrid force/position control scenario.

The considered scenario is illustrated in Figure 5.27. The end-effector shall follow
a line, i.e., a flat wall of 0.25m in 2 s with constant rotation and a normal contact
force which smoothly changes from -7N to -3N. As the normal contact force Fc

is always aligned with the x-axis, the negative sign implies that the end-effector
shall be pushed into the negative x-direction.
Here, the rigid model inversion without hybrid force/position control is compared
to the flexible model inversion with hybrid force/position control using the gains
of Table 5.5. The advantages of the hybrid force/position control become clear
especially in scenarios with moderate modeling errors. Therefore, the wall is
shifted by 2.5 cm in positive x-direction, i.e., to the left. This shall introduce a
realistic error, since the environment is often not exactly known. This error causes
the rigid case to lose contact throughout the whole scenario, see Figure 5.27,
despite permanent contact is desired. Also, the loss of contact leads to visible
oscillations at the trajectory end. In contrast, the flexible case leads to link
deformations right at the start. Therefore, the spring-like behavior of the flexible
links ensures that the contact is not lost despite the wall position error. In
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Chapter 5. End-Effector Trajectory Tracking Control
Table 5.5: Hybrid force/position control gains.

force control position control
I gain P gain D gain

x-position - Px = 0 s−2 Dx = 0 s−1

y-position - Py = 1 s−2 Dy = 1 s−1

rotation ϑ - Pϑ = 1 s−2 Dϑ = 1 s−1

normal contact force Fc Ic = 0.8 s−1 - -

combination with the hybrid force/position control, the flexible case is able to
closely track the desired trajectory with permanent contact. The permanent
contact also keeps the occurring oscillations highly reduced. The active output
control can be seen in the second frame of the flexible model inversion. Here, the
end-effector has moved slightly downwards, even before the desired trajectory
starts to change, in order to correct initial output errors.
As mentioned in Section 3.3.3, the contact wheel center shall follow a desired
trajectory, which has an offset from the wall surface of the wheel radius rce when
having contact. The circular wheel shape ensures that the normal contact force
always points to the wheel center. This simplifies the modeling since with the
wheel center a fixed force application point can be chosen. Moreover, using a
rolling contact highly reduces friction effects at the end-effector such that they
can be neglected in the model. As a result, it is assumed that only the normal
force Fc occurs at the contact.

The corresponding measurements are shown in Figure 5.28. It can be seen that
both the rigid and the flexible case without hybrid force/position control perform
very unsatisfyingly. While the rigid case has no contact to the wall throughout
the whole scenario, Figure 5.28c) shows that the flexible case loses contact near
the trajectory end due to the unmodeled shifting of the wall by 2.5 cm. This loss
of contact causes the clearly visible oscillations in Figure 5.28a) and b). When
the end-effector is in contact, oscillations of significantly higher frequencies occur
with highly reduced amplitudes.
For the flexible case with hybrid force/position control, the errors for the feedback
controlled redefined end-effector all converge to zero. However, since the exact
end-effector is plotted in Figure 5.28a) and b), the desired steady-state values are
not exactly reached. This is amongst others related to the fact that the exact
and the redefined end-effector also differ within steady state due to the static
deformations in contact scenarios. Nevertheless, the steady-state errors for the
exact end-effector are very small when using the flexible case with hybrid force/
position control. Since the visualized normal contact force Fc is also feedback
controlled, it converges to the desired value in Figure 5.28c).
As mentioned before, the link elasticity is especially advantageous for contact
scenarios, where it highly reduces the contact forces and the related risk of
damage. The inherent compliance also helps to reduce the effect of modeling
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Figure 5.28: End-effector trajectory tracking experiments with contact for the rigid model
inversion ( ), the flexible model inversion without ( ) and with hybrid force/position
control ( ) as well as the desired trajectory ( ).

errors on the contact force. This can be seen in Figure 5.28c) where the flexible
cases only lead to an initial force error of around 2.5N. If in contrast a rigid
link robot would slightly push into a wall due to modeling errors, the occurring
contact forces can be devastating.

In summary, it is shown that the proposed real-time inversion of a dynamic
flexible multibody model can also be successfully used within the framework
of hybrid force/position control. Despite the complexity of contact scenarios,
which involve amongst others uneven force measurements and moderate modeling
errors of the environment, simultaneous force and position control is effectively
realized in an experiment. Moreover, the utilized control structure can be applied
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Chapter 5. End-Effector Trajectory Tracking Control
analogously to free end-effector scenarios, whereby no force feedback would be
used.

5.2.4 Feedback Linearization
In the previous Section 5.2.3, it is shown that the proposed real-time model
inversion approach can also be used together with output feedback control to
account for tracking errors. Still, no state feedback is used, which tends to be more
robust and consequently renders the experimental implementation often much
easier. However, scenarios are possible where the internal state of such a model
inversion differs significantly from the real flexible link robot. Therefore, the well-
known and highly systematic concept of feedback linearization, which uses output
and state feedback, is now adapted to flexible link parallel robots. Due to the
existence of an internal dynamics when using a flexible model, full state feedback
linearization is not possible. Since no rigid reference approach is considered,
this section consequently focuses on input-output feedback linearization using a
flexible multibody model.

The concept of feedback linearization [64] has been applied to flexible link robots
before. Nevertheless, due to the typically non-minimum phase system property
when tracking the exact end-effector, input-output feedback linearization has
been mainly used to track joint trajectories for flexible link robots [11]. Such
as by Li [159], who considers end-effector trajectory tracking of a serial robot
with a flexible and a rigid link. Hereby, a collocated output, being the joint
angles, is used for the input-output feedback linearization. Also, Jiang [129]
performs end-effector trajectory tracking of a serial robot with two flexible links
via computed torque, being a special form of full state feedback linearization,
but based only on a rigid body model. Boyer and Khalil [160] discuss the theory
of a computed torque method for serial flexible link robots, which only controls
the rigid coordinates onto a desired trajectory. An additional stabilization of the
elastic oscillations is then superimposed. Still, De Luca and Siciliano [126] track a
point along a one-link flexible arm via input-output feedback linearization within
simulations. The idea of output redefinition is also employed by Moallem et al.
[161], who use an output close to the exact end-effector for trajectory tracking
of a serial two-link robot with one flexible link. The tracking is realized via
input-output linearization being validated within experiments.
The presented research also experimentally applies the concept of input-output
feedback linearization for trajectory tracking of a redefined output close to the
exact end-effector. However, in contrast to the cited literature, the considered
system type are flexible link robots which also have a parallel part. Here, a
systematic approach to realize the input-output feedback linearization is proposed
via servo constraints.
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5.2. Stable Internal Dynamics
5.2.4.1 The Lambda-Kinematics
The Lambda-Kinematics depicted in Figure 2.2j) has been used as test rig before
and during the major development phase of Flexor, which finished in 2019.
Therefore, some concepts have only been tested for the Lambda-Kinematics,
which is located at the University of Stuttgart at the Institute of Engi-
neering and Computational Mechanics. One of these concepts is feedback
linearization. Due to its systematic approach, universality and high relevance
for many applications it is discussed in this thesis but with an experimental
validation using the Lambda-Kinematics. As both, the Lambda-Kinematics
and Flexor, are flexible link parallel robots the modeling and control design are
analogue. Therefore, no details are discussed here on the flexible multibody model
of the Lambda-Kinematics. Instead, the application of feedback linearization
to flexible link parallel robots is the focus.
The different components of the Lambda-Kinematics are shown in Figure 5.29.
In regard of the similarities to Flexor, the same notation is used for the sake of
comprehensibility. Here, the motor currents u = [ua, ub]

T are the control inputs
of two ironless linear motors from KML which actuate the system. Three 2mm
thin spring steel sheets are used for the short link 1 and the long link 2. The
connection of both links at the point L forms the parallel part, i.e., the kinematic
loop. The robot owes its name to the resulting shape, which resembles the letter λ.
Similar to Flexor, link 1 is approximated as rigid body since it exhibits only
negligible oscillations for normal operation. Link 2, however, can show substantial
deformation amplitudes being exemplarily visualized in Figure 5.29 via a dashed
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Figure 5.29: Overview of the Lambda-Kinematics.
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Chapter 5. End-Effector Trajectory Tracking Control
curve. Here, only the first bending eigenmode is significant. Thus, the elastic
coordinates qe only consist of the corresponding scalar qe,2. The utilized sensors
comprise strain gauges in Wheatstone bridge circuits, attached to link 2, in order
to obtain information on the curvature κ at different positions. Furthermore,
incremental optical linear encoders measure the actuated positions qa = [a, b]

T

of the sliders, each having a range of motion of ±30 cm. The main differences
compared to Flexor are that the Lambda-Kinematics does not have:

▸ a third serial link with a rotary motor;
▸ end-effector variations such as a gripper or a force/torque sensor with a

contact element;
▸ a real-time capable motion tracking camera system.

Due to the first two bullet points, the Lambda-Kinematics only allows the
investigation of rather academic scenarios. Regarding the third point, a camera
is mounted vertically over the experimental rig similar to Flexor. However, it
can only be used with offline image processing to identify the end-effector motion,
based, e.g., on two retroreflective foil markers. Since the robot moves in the
xy-plane, the 2D-position of this end-effector ref ∣I in the inertial frame I forms
the output of interest. Besides, the utilized image processing is not automatically
synchronized to the time stamps of the real-time system. Also, for feedback
linearization a stable zero dynamics is realized by output redefinition. Since
processing the camera measurements is cumbersome as well as not real-time
capable and as the virtual redefined output shall also be evaluated, all outputs
are exclusively obtained via a UKF, analogously to Section 4.1.3. The camera
measurements have only been used to validate this UKF, but are not further
used in this research for the Lambda-Kinematics. The sample time of the
real-time target is 0.5ms, which is also the sample time of the estimators and
the model-based controllers within experiments.
The Lambda-Kinematics was mainly developed by Markus Burkhardt. For
further details it is therefore referred to his doctoral thesis [104] and to the article
of Burkhardt et al. [46].

5.2.4.2 Feedback Linearization with Servo Constraints
For input-output feedback linearization a minimum phase system is again ob-
tained by output redefinition, analogously to Section 5.2.1.1. For the Lambda-
Kinematics the redefined output yre to be tracked only contains the 2D end-
effector position but no rotation, i.e., yre = rre. The redefinition is done by
weighting the only retained elastic coordinate qe,2, related to the first bending
eigenmode of link 2, by the factor wp,2 for the elastic deformation. If this weight
is chosen as wp,2 = 1 the exact end-effector is obtained and wp,2 = 0 gives an
equivalent rigid end-effector.
The fulfilled sufficient conditions for the proposed input-output feedback lin-
earization based on geometric and servo constraints, via a static state feedback
law, can be summarized as:
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5.2. Stable Internal Dynamics
1) The system is minimum phase, due to the tracking of an appropriate

redefined output yre.

2) The number of inputs and outputs, introduced via servo constraints, is
equal.

3) The vector relative degree related to the geometric and servo constraints,
being r = {2, ...,2}, is well-defined with a regular extended decoupling
matrix ∆ of Equation (3.45).

In regard of condition 2), for the Lambda-Kinematics two inputs and two
outputs are available. It is worth noting that when α is −90○ or β is 90○, or when
being close to such an angle depending on the elastic deformation, the actuators
can move the end-effector only in the x-direction and ∆ becomes singular. This
behavior is similar to Flexor, for which the singular constellations are discussed
and visualized in Section 3.4.2. Since such singular constellations are only reached
close to the actuator limits, for both the Lambda-Kinematics and Flexor,
they do not prevent the fulfillment of condition 3) for a typical operation.

The implemented control structure, without contact at the end-effector, is illus-
trated in Figure 5.30 being explained in the following. Feedback linearization is
usually applied to systems without geometric constraint equations. Still, for the
considered system type geometric constraints due to the parallel part exist but
also servo constraints are utilized. To apply the concept of input-output feedback
linearization nonetheless, these constraints are incorporated via their second
time derivatives. Together with the system dynamics equation (3.45) has been
obtained, see Section 3.4.1. This equation already represents the static state feed-
back law of the input-output feedback linearization to obtain the required control
inputs u, as well as the Lagrange multipliers λ. To evaluate Equation (3.45)
the state x = [qT, q̇T

]
T is needed, which is estimated via a UKF based on the

measured actuator coordinates qa and the link curvatures κ.
It should be noted that no transformation to the (Byrnes-Isidori) input–output
normal form [162] is needed to obtain the input-output linearizing controller.
Similarly, in Section 3.5.1 the internal dynamics is directly obtained via projec-
tions instead of a transformation to such an input–output normal form. The
internal dynamics is also not needed to calculate the input-output linearizing
controller, but it is required for stability analysis. Here, the internal dynamics is
used to find a redefined output that renders this internal dynamics stable, similar
to Section 5.2.1.1.
By applying the control u obtained via Equation (3.45) all nonlinear terms are
theoretically canceled, which yields a linear differential input-output relation
between the new control input ÿv and the tracking output yre. This is ensured
by adapting the servo constraints according to

s(t,q) = yo(q) − yd(t) = 0 → s(t,q) = yre(q) − yv(t,q) = 0. (5.37)
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5.2. Stable Internal Dynamics
This means that the redefined end-effector is implemented as tracking output,
i.e., yo = yre and the desired trajectory yd is replaced by yv. In contrast to
Flexor, for the Lambda-Kinematics the velocity control is not done within the
motion controller but within Simulink. Therefore, in Figure 5.30 the calculated
model-based current control inputs u are as well provided to the actuator cascade
control. Nevertheless, the overall control approach can be applied to both systems
and to other flexible link robots.
Selecting the new control input as the second time derivative of the desired output
trajectory, i.e., ÿv = ÿd, gives ÿre = ÿd in an ideal scenario. Obviously, the input-
output feedback linearization is an exact linearization of the nonlinear system
leading to such a linear relation, which is much easier to control. Therefore, to
compensate occurring errors in the control output yre the simple linear controller

ÿv = ÿd + [
D 0
0 D

] (ẏd − ẏre) + [
P 0
0 P

] (yd − yre) (5.38)

is used for the Lambda-Kinematics, which yields a stable output error dynamics
for P,D > 0. Regarding the Lagrange multipliers λ as additional control inputs
one can analogously stabilize the geometric constraints c(q) = 0 [163]. This is
however not necessary when using a real system where these constraints cannot
drift.
As a next step, the motor currents u are transformed to actuator motions to
guarantee amongst others an effective friction compensation via the utilized
actuator cascade control. This transformation is simply done by plugging the
available control inputs u and the Lagrange multipliers λ as well as the state x
into the system dynamics (3.22a). This gives

q̈ =M−1
(f +Bu +CTλ) , (5.39)

where q̈ contains the needed actuator accelerations q̈a. Evaluating Equation (5.39)
is computationally very efficient since the inverse of M is already known from
using Equation (3.45) and the forward Euler method is accurate enough for the
subsequent time integration. The resulting desired actuator motions qa,d and q̇a,d

are then closely reproduced via the actuator cascade control.
Alternatively, if the currents u are not needed, e.g., to apply the control only
on position and velocity level, the desired actuator accelerations q̈a,d can be
obtained directly via Equation (3.63b). Here, again a replacement of ÿd by ÿv is
needed within θ′′q .
It is worth noting that a major difference to the previously discussed dynamic
model inversion controllers, which use an internal time integration in real-time,
is that the feedback linearization only uses an algebraic, i.e., static control law
which is computationally much more efficient, compare Table 2.4. Nevertheless,
the feedback linearization needs a state estimator which can be computationally
expensive. This is especially the case for the utilized UKF which internally
integrates the system dynamics.
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Chapter 5. End-Effector Trajectory Tracking Control
Now, the feedback linearization is applied experimentally to the Lambda-
Kinematics for a desired line trajectory with a length of 0.2

√
2 m to be tracked

within 0.5 s, see Figure 5.31. Within these plots it can be observed that a
weight wp,2 closer to a value of 1, i.e., choosing a redefined output yre closer
to the exact end-effector output yef , yields a more effective trajectory tracking
behavior of yef . Also, the redefined output, which is actually tracked by the
controller, is kept very close to the desired end-effector trajectory yd.
It should be noted that all results in this section, whether of the exact or of the
redefined end-effector, are based on estimations of the UKF which does not use
camera measurements. Thus, as opposed to Flexor the results are not directly
measured and consequently they do not show all errors coming from the robot
model. Also, the utilized SI units for the PD gains are dropped for the sake of
readability.

The corresponding maximum tracking errors for the line trajectory are shown in
Figure 5.32a) for different weights wp,2 and PD control gains. The bars represent
mean values of three different experiments. Here, the errors for the redefined
end-effector yre are quite small, such that only a minor improvement is visible
when using non-zero PD gains. Nevertheless, the PD gains help to reduce the
errors in all cases and also have a positive effect on the exact end-effector yef . The
main error within the exact end-effector comes obviously from output redefinition
being needed to obtain a minimum phase system. This redefinition error can
only be safely decreased if, e.g., disturbances are reduced to allow a higher value
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Figure 5.31: End-effector trajectory tracking experiments for input-output feedback lineariza-
tion with P =D = 10 showing a) the end-effector y-position and b) the end-effector path for yef

with wp,2 = 0.75 ( ), for yre with wp,2 = 0.75 ( ) and for yef with wp,2 = 0.3 ( ),
as well as for the desired trajectory ( ).
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than the robust value of wp,2 = 0.75. The experimental setup under consideration
turned out to become unstable roughly at wp,2 = 0.85. This is still somewhat
away from the numerically robust weight of wp,2 = 0.9625, which can be safely
used within a model inversion to obtain a minimum phase system. Thus, the
redefinition error for the feedback linearization is significantly higher than for
the model inversion. As a result, the feedback linearization based on output
redefinition is mainly useful for scenarios where using a state feedback is so
advantageous that it can outweigh this error discrepancy.
Nevertheless, for a case in which the desired end-effector trajectory is known
in advance, such as for repetitive tasks, the error introduced through output
redefinition can be pre-compensated. Initially, the trajectory tracking problem,
formulated, e.g., as a BVP, is solved offline for the exact end-effector as output.
The calculated states from this model inversion can then be used to evaluate
the corresponding redefined end-effector motion. Applying this motion, denoted
as adapted “line” trajectory, as new desired trajectory will ensure that a close
tracking of yre of this adapted line results in a close tracking of yef of the
original line. The highly reduced tracking errors of the original line for the exact
end-effector via this trajectory adaption method can be seen in Figure 5.32b).
Furthermore, the PD gains now improve the exact end-effector trajectory tracking
error by a significant percentage. Interestingly, the wp,2 = 0.3 case performs better
than the wp,2 = 0.75 case for such an adapted trajectory. However, as this could
not be confirmed within simulations it is most likely an experimental effect
occurring through the different weighting of the elastic coordinate.

In summary, the concept of input-output feedback linearization, based on servo
constraints, is successfully applied to a parallel robot with a flexible link. The
effective end-effector trajectory tracking is validated experimentally. The tracking
performance is even further improved by adapting the desired trajectory offline
based on tracking of the exact end-effector. Due to the resulting unstable internal
dynamics a BVP is solved. Consequently, this approach involves an element
which actually belongs to the next Section 5.3 and thus offers a first outlook on
its advantages. Section 5.3 will compare the redefined output case and the BVP
case in closer detail.
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Chapter 5. End-Effector Trajectory Tracking Control
5.3 Unstable Internal Dynamics
In the previous Section 5.2, approaches are proposed to obtain a minimum
phase system description for flexible link robots. These approaches even lead
to a stable internal dynamics within different real-time end-effector trajectory
tracking scenarios and result in an effective control performance. Nevertheless,
when using the exact end-effector as output flexible link robots usually exhibit a
non-minimum phase system behavior. In some instances it might be undesired or
difficult to adapt this system property resulting in an unstable internal dynamics.
As calculating a bounded solution for such an unstable inverse system is much
more involved and needs to be done offline, it is mainly useful for repetitive tasks.
Throughout this section it is shown that non-minimum phase system descriptions
lead to a similar experimental end-effector trajectory tracking performance as
the output redefinition approach based on Section 5.2.1.1, which results in a
minimum phase system.
The structure utilized for all controllers in this section is shown in Figure 5.33.
Here, the user provides a complete desired end-effector trajectory yd with corre-
sponding time derivatives in advance. In a scenario with end-effector contact,
a nonzero desired normal contact force Fc,d needs to be provided as well. For
all cases the model inversion is then pre-calculated offline for consistency. Nev-
ertheless, equivalent rigid and minimum phase systems can be inverted online
if needed. The obtained desired actuator motions qa,d on position and q̇a,d on
velocity level are sent to the actuator cascade control. Thus, like in Section 5.2.1
only feedback of the actuator measurements is used, but neither measurements
of the elastic deformations nor measurements of the contact forces are fed back.
This ensures a stable operation since the model-based part is implemented as
feedforward control. Similar to Section 5.2.1, the control performance is therefore
highly dependent on the model of the flexibilities. Even if feedback is used within
model-based controllers, a relatively accurate model is necessary to ensure a
stable behavior.
It should be noted that it is not possible to use output feedback if the system is

system in 2D,
or 3D with
contact

actuator
cascade
control

(Sec. 2.2.5.2)

model
inversion
(Tab. 5.6)

predefined
trajectory yd

ẏd

ÿd

end-effector
reconstruction

mark-
ers

ŷef

qa,d

q̇a,d

offline

uv

normal contact force
reconstruction

(Eq. (5.44))

fs∣S
contact element
position/rotation

F̂c

Fc,d

qa, q̇a, i

Figure 5.33: Control structure of the offline model inversion.
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5.3. Unstable Internal Dynamics
non-minimum phase. Nevertheless, one could use feedback of the elastic defor-
mations via the LQR or the modal damping controller which will be discussed
in Chapter 6. They can be implemented between the model inversion and the
actuator cascade control. As the model inversion also calculates the desired
elastic state qe,d, q̇e,d these controllers allow to reduce tracking errors within
the link deformations being measured, e.g., by strain gauges. Since the resulting
structure would be analog to Chapter 6 and as both controllers are mainly useful
for scenarios with larger modeling errors, which is not the case here, they are
however not further considered in this section. For more information on using
these controllers for end-effector trajectory tracking of flexible link robots it is
pointed to the author’s publications [29, 36].
Finally, as visualized in Figure 5.33 the control performance is evaluated with the
camera-based end-effector reconstruction ŷef and with the reconstruction of the
magnitude of the normal contact force F̂c based on the force measurements fs∣S
and the camera measurements.

For the Lambda-Kinematics described in Section 5.2.4.1, feedforward control
based on an offline performed stable inversion of the full dynamic model has been
applied before within experiments, which also only rely on feedback of actuator
measurements [46]. These results are now extended to Flexor which has an
additional flexible link and besides a 2D scenario also a 3D scenario with contact
to a wall is considered. Here, stable inversion from Section 3.6.4 is compared to
model inversion via an equivalent rigid kinematic model from Section 3.6.1, to
model inversion via output redefinition from Section 5.2.1.1 and to the trajectory
optimization approaches from Sections 3.6.3.1 and 3.6.3.2. For the implementation
details it is referred to the referenced sections. In the following the focus lies on
the experimental comparison in order to show the different properties of these
alternative methods to solve the end-effector trajectory tracking problem for
flexible link robots.

5.3.1 Two-Dimensional System
Initially, the standard 2D setup of Flexor with a free end-effector is considered.
For the investigated end-effector trajectory tracking problem the five different
model inversion cases outlined in Table 5.6 are compared. The output which is
tracked within the model and the resulting internal dynamics determine which
solution methods are applicable. For the rigid case no internal dynamics exists
and the problem reduces to inverse kinematics which can be solved by root
finding. In this case, the rigid end-effector is tracked which corresponds to
the redefined output of Equation (5.2) with zero weighting parameters, i.e.,
wp,2 = wp,3 = wr,2 = wr,3 = 0. For such a redefined output but, e.g., with
the weighting parameters of the collision avoidance scenario from Section 5.2.2,
the flexible system is minimum phase and a simple IVP can be solved for
model inversion. In contrast, for the exact end-effector, which corresponds to
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5.3. Unstable Internal Dynamics
wp,2 = wp,3 = wr,2 = wr,3 = 1, the system is non-minimum phase and either a BVP
or a trajectory optimization problem, converted to a nonlinear programming
problem, has to be solved. For the considered BVP and optimization cases
the equations of motion are used in minimal form which makes the problem
formulation more compact.
It is worth noting that in the optimization case with two servo constraints the
obtained solution is causal, i.e., no pre-actuation phase occurs. Also, a post-
actuation is prevented. As a result, slider A might need to perform very steep start
and end motions with large accelerations in order to excite the required bending
deformation for trajectory tracking of the exact end-effector. This is numerically
and experimentally challenging. Therefore, a slight output redefinition is used as
in Section 5.2.1.3, which has a negligible effect on the experimental end-effector
tracking performance but significantly smooths the actuator motions.

Experimental snapshots of selected cases are shown in Figure 5.34 for a desired
line trajectory of 0.5m with constant rotation within 1.5 s. As the motion is
mainly transverse to the longitudinal axis of the elastic links, the rigid case leads
to extreme oscillations at the trajectory end. In contrast, the other two cases
which are based on a flexible model result in very small oscillations. For the BVP
case the line with constant rotation is closely tracked, whereas the optimization
with two servo constraints only tracks the line but not the rotation, which is not
constant anymore. Consequently, the overall motion as well as the start and end
pose is completely different since the obtained kinematic redundancy is amongst
others used to reduce the link deformations, see Section 3.6.3.2.
The corresponding measurements are plotted in Figure 5.35. In the path plot of
Figure 5.35a) the inaccurate position tracking performance of the rigid model
inversion is again visible while all other approaches track the line trajectory
closely. Figure 5.35b) confirms the completely different end-effector rotation
for the optimization case with two servo constraints. The maximum Euclidean
norm of the position errors and the maximum absolute rotational error in Fig-
ure 5.35c) quantify these observations. Here, each bar represents the mean of
three experiments which are very repeatable. It can be clearly seen that the large
effort for solving a BVP or an optimization problem, when tracking the exact
end-effector, does not lead to notable improvements compared to the compu-
tationally efficient and real-time capable redefined output case. This is caused
by modeling and measurement errors. Tracking the exact end-effector would
therefore be mainly advantageous for systems where no redefined output close to
the exact end-effector can be found to render the system minimum phase. Also,
within purely simulative studies the tracking of the exact end-effector leads to
negligible errors which clearly outperforms the tracking of a redefined output,
see Figure 5.14a).
It should be noted that both optimization cases have been solved based on an
initial guess of zero for all design variables, which includes zero link deformations.
In contrast, the BVP could not be solved for the exact end-effector with an initial
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significant
oscillations

1 - start 2 - transition 3 - end

rigid

BVP

optimization without rotation tracking

negligible
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negligible
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different
pose
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changes

≈ constant
rotation

desired line
trajectory

Figure 5.34: End-effector line trajectory tracking with constant rotation based on three
different model inversion cases.

guess of zero deformation, i.e., a rigid initial guess. An often promising approach
to obtain an appropriate initial guess is output redefinition. Already a minor
output redefinition, which still results in a non-minimum phase system, can sim-
plify the solution of the BVP. Here, the weights wp,2 = wp,3 = wr,2 = wr,3 = 0.99
allow to solve the BVP even with an initial guess of zero deformation. The result
can then be used as initial guess to solve the BVP for tracking of the exact
end-effector. Alternatively, the result of the redefined minimum phase case or of
the trajectory optimization with three servo constraints can be used as initial
guess for the BVP. The key difference is that a more accurate initial guess makes
it more likely to find a solution for the BVP in a shorter amount of time.
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Figure 5.35: End-effector trajectory tracking experiments: measured end-effector pose and
errors for the rigid case ( , ), the redefined output case ( , ), the BVP
case ( , ), the optimization case with three servo constraints ( , ) as well as
with two servo constraints ( , ) and the desired trajectory ( ).

Figure 5.36 shows the corresponding actuator motions. In the magnification plot
of the slider position a the pre-actuation phase becomes apparent for the BVP
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Figure 5.36: End-effector trajectory tracking experiments: measured actuator positions for the
rigid case ( ), the redefined output case ( ), the BVP case ( ), the optimization
case with three servo constraints ( ) and with two servo constraints ( ).

case and the optimization case with three servo constraints. This pre-actuation
starts before the desired end-effector motion which begins at 0.5 s. It is needed to
introduce a link deformation before the output moves in order to track the desired
trajectory with the exact end-effector. As mentioned before, the optimization
case with two servo constraints yields a causal solution, i.e., no pre-actuation is
needed. Also, its completely different actuator motions can be seen.
These different motions are needed to minimize the link deformations, i.e., curva-
tures, see Figure 5.37. Especially the curvature for link 2 is significantly reduced.
Although it is very small, the measured and simulated signals match qualitatively
quite well. These results confirm that the presented modeling and control ap-
proach allows to make accurate simulation-based predictions and optimizations
which can be transferred almost directly to an experiment. For the other three
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Figure 5.37: End-effector trajectory tracking experiments: measured curvatures for the rigid
case ( ), the redefined output case ( ), the BVP case ( ) and the optimization
case with three servo constraints ( ). The optimization case with two servo constraints is
measured ( ) and simulated ( ).

flexible model inversion cases the elastic deformation is much larger, which is
necessary to also follow the desired end-effector rotation. They perform very
similar, while for the BVP and the optimization case with three servo constraints
the pre-actuation phase leads to a small minimum just after 0.5 s within link 2.
This excites a minor bending in the opposite direction to ensure an accurate
tracking of the exact end-effector.

In summary, the need for a flexible model to obtain close trajectory tracking
of the end-effector is again confirmed. The four presented flexible cases are
almost equally effective in tracking the considered line trajectory. Thus, the most
appropriate approach depends mainly on the application and the user preferences.
For real-time trajectory adaptions a minimum phase system, e.g., via output
redefinition, is needed. If such a redefined minimum phase output close to the
exact end-effector cannot be found for a repetitive task, the BVP or trajectory
optimization is recommended. In such an instance the trajectory optimization is
well suited to find an accurate initial guess for the BVP to simplify its numerical
solution. In the case of kinematic redundancy, the trajectory optimization enables
a straightforward realization of additional objectives, such as the minimization of
the link deformations, besides end-effector trajectory tracking. This also allows
to obtain a causal solution without pre-actuation.
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5.3.2 Three-Dimensional System with Contact
To further validate the effectiveness of the proposed offline calculated model
inversion approach of Figure 5.33, a 3D trajectory tracking scenario is considered
for Flexor. Through flipping the rotary motor by 90○ as shown in Figure 2.5 on
the right, link 3 now rotates upwards. Since the additional gravitational effects
together with a motion can lead to extreme deformations of link 3, its thickness
is increased from 1mm to 1.5mm. As contact scenarios are experimentally more
challenging, this section focuses on the contact between the spherical 3D contact
element introduced in Figure 2.6 and a higher version of the quadrant-shaped
wood wall of Figure 2.9.

From the model inversion cases introduced in Table 5.6 a reduced set is considered
to cover one case of each system type. It comprises the rigid case without internal
dynamics, the redefined case with stable internal dynamics and the BVP case
with unstable internal dynamics. From a modeling stand point no structural
changes occur in the equations of motion, including the constraint equations,
compared to the free end-effector case in 2D. As explained in Section 3.4, the
desired normal contact force Fc,d is simply nonzero now and gravity needs to be
taken into account.
Firstly, the rigid model inversion has been investigated. Large undesired forces,
which occurred already at the initial conditions, confirm that a flexible model
is required for the considered 3D contact scenario to a stiff wall. To prevent
damaging the robot no trajectory tracking experiments are conducted based
on the rigid model inversion. Secondly, the utilized redefined output yre in 3D
corresponds to the position vector rre

yre = rre =

⎡
⎢
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⎢
⎢
⎢
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0
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⎤
⎥
⎥
⎥
⎥
⎥
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. (5.40)

In Equation (5.40), the motor angle γ is zero when the undeformed link 3 is
horizontal and an increasing γ raises link 3. For such a horizontal link 3, its center
is at the constant height z0 from the table surface of the robot. The other variables
and parameters are analog to Equation (5.2). Similar to the 2D case, if all three
elastic weighting design parameters are set to 1, i.e., wp,2 = wp,3 = wr,2 = 1,
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then rre equals the exact end-effector 3D position

ref ∣I =
⎡
⎢
⎢
⎢
⎢
⎢
⎣

xef

yef

zef

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (5.41)

It is located in the center of the contact element sphere and given in inertial
coordinates with respect to the origin O of the inertial frame. It should be noted
that for 3D and contact scenarios link deformations also occur in steady state.
As a result, the redefined output differs from the exact end-effector also at the
trajectory start and end, in contrast to the 2D scenario with free end-effector of
the previous Section 5.3.1. For model inversion of the redefined output case the
servo constraints

s(t,q) = yo(q) − yd(t) = 0 (5.42)

use the tracking output yo = yre = rre with yd = [xd, yd, zd]
T. To obtain a

minimum phase system and even a stable internal dynamics, the setting of
Table 5.6 is used with the same weighting parameters. The only difference is that
the parameter wr,3 is not needed since the end-effector rotation is not included
in the 3D redefined output of Equation (5.40).
Thirdly, for the BVP case also the settings from Table 5.6 are applied where
the exact end-effector position is utilized as tracking output, i.e., yo = yef = ref ∣I.
Here, the solution of the redefined output case is used as initial guess.

The considered scenario and kinematic details are shown in Figure 5.38. For
trajectory tracking, the 2D position of the contact element on the wall as well

s(t,q) = 0

ς

ox, oy

ref

γ

z0

Figure 5.38: Contact scenario in 3D.





Chapter 5. End-Effector Trajectory Tracking Control
as the magnitude of the normal contact force are of interest. This means that
the tracking output yo of the model, being a 3D position vector, differs from
the output of interest for control and evaluation purposes. The 2D position on
the wall is described by the height zef and the angle ς, which corresponds to
cylindrical coordinates with constant radius. The angle ς is defined in the first
quadrant according to

ς = arctan ((yef − oy)/(xef − ox)). (5.43)

Here, the origin of the circle described by the wall is at x = ox and y = oy. The
normal contact force fc∣I = [Fc,x, Fc,y, Fc,z]

T in the inertial frame needs to be
reconstructed from the force measurements fs∣S = [Fs,xs , Fs,ys , Fs,zs]

T and the
torque measurements ts∣S = [Ts,xs , Ts,ys , Ts,zs]

T at the sensor origin Os given in
the sensor frame S. To clarify the relation, a free body diagram of a general
contact scenario is illustrated in Figure 5.39. It can be seen that besides the
different orientation of the inertial and the sensor frame the unknown friction
force ff ∣I = [Ff,x, Ff,y, Ff,z]

T and the mass mce of the spherical contact element,
which includes the mass of the sensor adapter plate, need to be taken into account.
Since it is difficult to accurately model friction effects and a detailed description
is out of scope of this research, they shall be substantially reduced. This could
be done with a rolling contact similar to Section 5.2.3. Since available solutions
such as ball casters typically only allow a small range of contact angles, as over
the half of the contact ball needs to be inside the housing to be form locked, a
rolling contact is not applied here. Instead, the utilized contact sphere is rigidly

mceg

xs

y

x

z

inertial
frame I

directions
spherical
contact
element

force/torque
sensor

contact wall

force/torque
sensor frame S

Fc,x +Ff,x

zs

ys

Fs,xs

Fs,ys

Ts,ys

Ts,xs

Ts,zs

Fs,zs
Fc,y+Ff,y

cef+rce

Fc,z+Ff,z

Os

Figure 5.39: Free body diagram of the contact element in 3D.
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5.3. Unstable Internal Dynamics
attached to the robot and allows a wide range of contact angles while sliding on
the wall. The occurring friction between these two contact bodies is significantly
reduced by a dry lubrication with Teflon spray. The remaining small friction
force ff is neglected in the following also since an accurate quantification is
difficult. Therefore, the principle of linear momentum is sufficient to obtain the
unknown normal contact force as

fc∣I = SISfs∣S +mce

⎛
⎜
⎝
r̈ef ∣I +

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0
0
g

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠

(5.44)

and the measured torques ts∣S are not needed. Equation (5.44) incorporates the
minor approximation that the center of gravity of the contact element lies in
the sphere center at the end-effector point. The force/torque sensor rotation
matrix SIS equals the rotation matrix SIT, which comes from the marker-based
camera 3D reconstruction described in Section 4.2.5. This reconstruction also
delivers the 3D end-effector position ref ∣I, which is differentiated twice via Kalman
filtering as described in Section 4.1.1. The gravitational constant is denoted by g.
For the considered contact scenario, the wall is vertical so that no normal contact
force in z-direction occurs. With the remaining xy-components of Equation (5.44)
the magnitude of the normal contact force is obtained via

Fc =
√
F 2

c,x + F 2
c,y, (5.45)

which completes the output of interest.

The corresponding measurements of the three components of this output are
shown in Figure 5.40 for the output redefinition and the BVP case. The trajectory
tracking performance of both cases is again very similar. The overall larger errors
compared to the 2D case with free end-effector are expected. On the one hand, the
accuracy of the camera-based end-effector reconstruction in 3D is smaller than in
2D. And on the other hand, errors in the wall placement and in the wall shape as
well as neglected friction in the contact zone disturb the trajectory tracking. The
influence on the contact force tends to be more severe than on signals on position
level. For instance, only in the force measurements of Figure 5.40c) a steep change
occurs just after the first second at the trajectory start. Still, both the end-effector
pose on the wall as well as the normal contact force are tracked relatively closely.
The close force tracking is also enabled by the considered motion which makes use
of the link elasticity. This inherent compliance is a major advantage of flexible
robots in contact scenarios. In contrast, small modeling errors for a rigid robot
can lead to very large undesired contact forces and damage.

In summary, the proposed modeling and control concepts are able to yield an
effective end-effector trajectory tracking performance also within 3D contact
scenarios. The minimum phase case with redefined output performs again very
similar to the non-minimum phase case which tracks the exact end-effector. Since
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Figure 5.40: End-effector 3D trajectory tracking experiments with contact for the redefined
output case ( ) and the BVP case ( ) as well as the desired trajectory ( ).

accurate tracking of the normal contact force is difficult especially in a 3D scenario
with sliding contact, the real-time capable redefined output case could be used
in future investigations with additional output feedback control analogously to
Section 5.2.3.
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In this chapter active oscillation damping of flexible link parallel robots is
discussed. The two proposed concepts can be used amongst others:

▸ for working point changes after which the system shall quickly come to rest;
▸ to damp oscillations caused by external disturbances;
▸ after a trajectory tracking scenario to damp the remaining oscillations.

The damping of occurring oscillations is ensured by enforcing desired elastic
deformations and corresponding time derivatives of zero within the controllers.
In experiments, this chapter exclusively considers the planar case for Flexor,
since the damping of the coupled oscillations between link 2 and link 3 is of major
interest. Also, only the free end-effector case is investigated as within permanent
contact scenarios the oscillations are of much higher frequencies and typically of
significantly smaller amplitudes.

A large variety of oscillation damping approaches exists in the literature. An
interesting method is based on internal resonance which has been applied in [164]
to a cantilever beam simulation. Here, an internally resonant pair is generated via
a controller, which is used to damp the plant. Since the torque requirements of
the presented internal resonance controller are unidirectional it suits applications
which are actuated by, e.g., thrusters or tendons, but it is in this form not
applicable to classically actuated robots such as Flexor. Springer et al. [165] use
model predictive control for oscillation damping of a flexible link robot. However,
as model predictive control tends to be computationally expensive it is not further
considered in this research. Input or command shaping [9, 166] can also be used
to reduce vibrations of the flexible links. But being a feedforward approach
renders it not meaningful for the desired application scenarios which include
unmodeled disturbances.
Another oscillation damping approach is wave-based control proposed by O’-
Connor and Lang [167]. The idea is that an actuator motion launches waves and
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6.1. Overview
simultaneously absorbs the echoed, i.e., returning waves in the considered flexible
structure. The approach has been applied experimentally to a single flexible link
in [168]. While for such a single link and for a serial flexible link robot in [169]
wave-based control proved to be effective, still several open questions regarding
the theory of wave-based control need to be solved according to Malzahn and
Bertram [169]. Nevertheless, these authors showed the equivalence of the resulting
control structure of wave-based control and a modal damping approach based
on direct strain feedback. Therefore, such a well-understood modal approach
is pursued in Section 6.3 which applies the basic idea of direct strain feedback
control, being the feedback of the time derivative of the link curvatures in order
to directly increase the system damping [170]. A modal approach very similar
to [169] has been discussed earlier by Brüls [171, p. 201], which is based on
inertial damping schemes. Here, the modal damping is increased via the rigid
variables which are used to feed back the velocity of the modal coordinates.
These approaches of direct strain feedback and inertial damping control lead to
the same control structure and are very similar to the presented approach in
Section 6.3. However, on the one hand within direct strain feedback the strain is
often finally used instead of the time derivative and it does not automatically
imply a modal decomposition. On the other hand, the inertial damping schemes
are developed for macro/micro-manipulators. Therefore, the approach discussed
in this research is denoted as modal damping control to differentiate it from the
techniques in [169, 171]. It is compared to the LQR from Section 6.2 being applied
to oscillation damping, since both concepts are systematic, well-understood and
effective.
In [23–25], LQRs are applied experimentally to serial robots with two flexible links.
There, the desired state trajectories come from rigid body inverse kinematics. In
opposition to this, here parallel instead of serial robots are considered, which
complicates the control design. In this regard, the DAEs are transformed to
ODEs via projection, which allows to use the standard LQR algorithm after a
linearization of the minimal form.
The main contribution of this chapter is to discuss and relate these two active
oscillation damping approaches, being the modal damping control and the LQR,
to design them for parallel flexible link robots and to show their promising
experimental performance on Flexor.

6.1 Overview
The main steps to arrive at the proposed oscillation damping controllers for
flexible link parallel robots are summarized in Figure 6.1, which are discussed
throughout this chapter. After modeling of the flexible links, two different
formulations of the equations of motion of the forward model are utilized. For
the LQR the standard formulation is used with actuator forces or corresponding
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Figure 6.1: Overview of the LQR and the modal damping controller for oscillation damping
of flexible link parallel robots.

currents as inputs. This ensures that the complete state can be controlled. For
the modal damping control only the damping of the structural oscillations shall
be increased. Here, a formulation with kinematic inputs for the actuators is
advantageous.
Initially, a transformation from DAEs to ODEs in minimal form is performed
via coordinate partitioning. Such a formulation in minimal, i.e., independent
coordinates qi ensures that the damping control designs work since the equations
of motion related to the dependent coordinates and the corresponding zero
eigenvalues are canceled. Then, linearizations are conducted at different steady-
state working points for the considered planar case, i.e., with zero deformations
and inputs u = 0. This is reasonable as typically the nonlinearity mainly comes





6.2. Linear-Quadratic Regulator
from the underlying rigid body poses and the flexible links oscillate around these
points. All these steps eventually enable that powerful linear techniques such
as the considered LQR and a modal decoupling to increase the damping can be
applied to parallel robots like Flexor. The obtained controllers are interpolated,
i.e., gain scheduled between the linearization points to account for nonlinearities
within the kinematics. In future investigations, linear parameter-varying models
might be used for a more systematic analysis and design of such gain-scheduled
controllers, compare Hoffmann and Werner [172].
Besides, a reduction of the formulation from force inputs to kinematic inputs
can be done within DAE form as shown in Section 3.5.4. Nevertheless, this
reduction can be also performed at a later step of the procedure such as after
the linearization.

6.2 Linear-Quadratic Regulator
Using an LQR for oscillation damping of flexible link robots can be advantageous
as it not only damps the oscillations but controls the complete state, which
also ensures a correct robot positioning. The LQR formalism, see, e.g., [173],
is designed for linear forward models in state-space representation. Therefore,
in the first step the DAEs (3.22), which describe a general forward model of
flexible link parallel robots, are transformed to state space via projections. Here,
a representation in independent coordinates, i.e., in minimal form, is necessary
as the dependent coordinates introduce zero eigenvalues which render Flexor
to be not stabilizable. Consequently, the forward model of Figure 3.19, i.e., the
function ẋi = f

fw
i (xi,u), is utilized for the LQR.

In the second step, this function needs to be linearized to enable the application
of the LQR formalism. The linearization is done with respect to xi and u in order
to obtain a linear system with independent state variables. The linearization
is performed at steady-state points, i.e., the state xi = [q

T
i , q̇

T
i ]

T is chosen as
xi,s = [q

T
i,s, 0T

]
T and the input u is chosen as us = 0. For Flexor, qi is now of

dimension

fi = f − nc − ns = 7 − 2 − 0 = 5. (6.1)

Here, the fixed set qi = [q
T
e , q

T
a ]

T is used where qe consists again only of the
first two bending eigenmodes of link 2 and link 3, respectively. This is different,
e.g., from the model inversion formulated as a BVP in Section 5.3, where only
the elastic coordinates qe are selected as independent. For qi,s different actuator
positions are chosen at each linearization point with zero link deformation.
Analogously to f fw

i within Figure 3.19, the output yo(q) ∈ Rfo can also be written
as a function yo(qi) with internal root finding for the dependent coordinates qd =

qd(qi). Thus, this output function can also be linearized with respect to the
independent state xi, where the derivatives with respect to q̇i are zero. The
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Chapter 6. Oscillation Damping Control
linear state-space representation in independent coordinates then follows as

˙̃xi =
∂f fw

i

∂xi
∣

us

xi,s
x̃i +

∂f fw
i

∂u
∣

us

xi,s
u = Ãix̃i + B̃iu, (6.2a)

ỹo =
∂yo

∂xi
∣

xi,s

x̃i = C̃ix̃i, (6.2b)

with x̃i = xi − xi,s representing variations around the considered steady-state
working point xi,s. Here, Ãi ∈ R2fi×2fi is the constant system matrix, B̃i ∈ R2fi×fa
is the constant input matrix and C̃i ∈ Rfo×2fi is the constant output matrix. The
linearization to obtain numerical values for these matrices can be done, e.g., via
finite differences.
For the LQR the cost function being minimized for infinite final time reads

J = ∫
∞

0
x̃T

i Q̃ix̃i +u
TR̃iu dt. (6.3)

Selecting Q̃i = C̃
T
i C̃i ∈ R2fi×2fi minimizes ỹT

o ỹo ≥ 0, which guarantees that Q̃i is
positive semi-definite. Since the output yo does not depend on the velocities q̇i,
the Q̃i-matrix contains nonzero elements only in the upper left block. The
matrix R̃i ∈ Rfa×fa is chosen as diagonal with positive elements to obtain a
positive definite matrix. The control gains Klqr ∈ Rfa×2fi for the state feedback
control law

u = −Klqrx̃i (6.4)

can then be calculated, e.g., via Matlab’s lqr command, which solves the
arising algebraic Riccati equation. For each linearization point an individual gain
matrix Klqr is computed. To account for nonlinearities nonetheless, these gain
matrices are interpolated, i.e., a gain scheduling is performed for Klqr. This is
possible since the same fixed set of independent coordinates qi is used for all
linearization points.
The proposed control structure is shown in Figure 6.2. Here, it can be seen
that the standard LQR control law from Equation (6.4) is slightly adapted by

system

∫xi,d u

x̂i
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q̇a,d
+−
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cascade
control
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(Sec. 4.1.2)

q̂a for gain
scheduling

system
dynamics

(Eq. (3.72) or
Eq. (3.77))

∫ uv−Klqr

qa

κ

qa, q̇a, i

Figure 6.2: Control structure of the LQR applied to oscillation damping of flexible link parallel
robots.
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6.3. Modal Damping Control
feeding back a trajectory tracking error. This is the error between the indepen-
dent state x̂i, obtained by a linear state estimator, and the desired independent
state xi,d. This ensures that the state trajectories xi,d are closely tracked. To
provide oscillation damping, the desired elastic coordinates and the corresponding
first time derivatives within xi,d are permanently set to zero.
Directly applying the inputs u on current, i.e., force level is usually not mean-
ingful because of friction effects within the actuators. Therefore, the inputs
are converted to actuator motions via the projected system dynamics and the
estimated state in order to realize these motions via the actuator cascade control,
compare Figure 6.2. Here, Equation (3.72) can be used, which is based on the
coordinate partitioning approach. However, since the incorporated projection
needs to be applied in real-time it is advisable to use Equation (3.77) where the
projection matrix Jc,q is computed based on a QR decomposition. This prevents
possible singularities within Cd which can occur through a manual selection of
independent coordinates. By evaluating the right side of Equation (3.77) q̈ is
obtained, from which the actuator accelerations q̈a are selected. These acceler-
ations are then integrated via the simple forward Euler method. Finally, the
resulting desired actuator motions qa,d and q̇a,d can be accurately reproduced
via the actuator cascade control.
As pointed out in Section 3.3.4, for the LQR an appropriate modeling of available
gearings within the actuators is crucial. If they are neglected, the transformation
from input currents or forces to accelerations can lead to very large actuator accel-
erations even if inputs u of zero come from the LQR. This renders a meaningful
control design and tuning almost impossible especially within experiments where
several other unmodeled effects and disturbances complicate the application.

6.3 Modal Damping Control
The idea of modal damping control is to actively increase the damping of the
eigenmodes of a flexible multibody system which are related to structural os-
cillations. It has been applied to the Lambda-Kinematics, being discussed
in the papers [26, 27, 29] of the author. This section extends these results by
applying the modal damping control to Flexor, which has an additional flexible
link leading to coupled oscillations for the considered planar case. This renders
especially the experimental realization more difficult.
Starting point of the modal damping control is a reduction of the equations of
motion by using kinematic inputs, see Equation (3.78). Utilizing the actuator
kinematics as inputs is reasonable since it can be controlled quite accurately by
the actuator cascade controller outlined in Section 2.2.5.2. With the transfor-
mation discussed in Section 3.5.4.1 ODEs are obtained in minimal form. Here,
the elastic coordinates are chosen as independent, i.e., qi = qe, which is usually
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Chapter 6. Oscillation Damping Control
possible for flexible link robots. This allows to focus only on the deformation
dynamics. Then, a linearization, e.g., with finite differences, of the forward
model within Figure 3.20 needs to be performed. This eventually gives the linear
equations of motion

M̃eq̈e + D̃eq̇e + K̃eqe = B̃eq̈a, (6.5a)

κ̇ = C̃eq̇e, (6.5b)

at each steady-state working point. It is worth noting that for the considered
system type the linearizations with respect to qa and q̇a vanish in steady state.
Here, the fe × fe matrices M̃e, D̃e and K̃e are the constant mass, damping
and stiffness matrices of the linearized dynamics of the elastic coordinates. For
Flexor, D̃e and K̃e correspond to the constant matrices coming from the
linear finite element models of the single links, but M̃e changes at the different
linearization points when varying the actuator positions. Thus, M̃e accounts for
the different mass distribution which significantly changes the eigenmodes over
the workspace. The new input matrix is B̃e. For the outputs it is proposed that
the time derivatives of the link curvatures κ̇ are used, which are linearly related
to the elastic coordinates q̇e by

C̃e =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂ψz/∂x ∣xs,1

⋮

∂ψz/∂x ∣xs,i

⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (6.6)

see Equation (2.5). Here, xs,i denotes the i-th measurement location on the
flexible links where, e.g., strain gauges are used. For Flexor, the encoder on
slider B could also be used to quantify the elastic coordinate of link 2. Then, one
would need to extract the elastic rotation from the overall encoder rotation.
As the elastic coordinates are coupled via the mass matrix M̃e and the objective is
to increase the modal damping, it is necessary to perform a modal transformation
to decouple the eigenmodes. A modal matrix V can be calculated for an
undamped version of Equation (6.5a). Then, Equation (6.5) is transformed
to

Iq̈m +V
TD̃eV
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Dm

q̇m +V
TK̃eV
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Km

qm = V
TB̃e

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
Bm

q̈a, (6.7a)

κ̇ = C̃eV
´¹¸¹¶
Cm

q̇m. (6.7b)

The mass matrix is transformed to the identity matrix I, since V here consists of
massorthonormal eigenvectors. The vector of the modal coordinates qm follows
from

qe = V qm. (6.8)
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6.3. Modal Damping Control
The diagonal matrix Km consists of the squared undamped eigenfrequencies.
In general, Dm is not a diagonal matrix but is often diagonally dominant such
as for the measured damping of Flexor. Thus, according to the decoupling
approximation [174] the off-diagonal elements are neglected.
For the modal damping control it is assumed that an equal or larger number of
inputs is available than significant eigenmodes. This condition is true for Flexor
to which the following control design steps are explicitly applied to simplify the
explanations. Nevertheless, these steps are applicable in an analog way to other
flexible link robots where the discussed conditions are also fulfilled. As still
only the first two link bending eigenmodes are significant for Flexor one can
either apply a modal reduction to the single flexible links before assembling the
flexible multibody system or now by reducing the matrix V to the corresponding
eigenvectors. Thus, Equation (6.7) results in the decoupled equations of motion
of the first two bending eigenmodes of the robot

[
q̈m,1
q̈m,2
] + [

d1 0
0 d2

] [
q̇m,1
q̇m,2
] + [

k1 0
0 k2

] [
qm,1
qm,2
] =Bmq̈a, (6.9a)

κ̇ = [
κ̇2

κ̇3
] =Cm [

q̇m,1
q̇m,2
] =Cm ˙̄qm. (6.9b)

Here, one strain measurement point for link 2 and one for link 3 is used resulting in
a square Cm ∈ R2×2 matrix. Also, Bm ∈ R2×3 is non-square as three accelerations
within q̈a ∈ R3 actuate two eigenmodes. To obtain direct control of the modal
damping, the control law then follows as

q̈a = −B
+
mPmC

−1
m κ̇. (6.10)

With + denoting the Moore-Penrose pseudoinverse and

Pm = [
P1 0
0 P2

] (6.11)

being the control gains which need to be tuned. Inserting Equations (6.10)
and (6.11) into Equation (6.9) gives

[
q̈m,1
q̈m,2
] + [

d1 + P1 0
0 d2 + P2

] [
q̇m,1
q̇m,2
] + [

k1 0
0 k2

] [
qm,1
qm,2
] = 0. (6.12)

With positive control gains, i.e., P1, P2 > 0 the damping is increased and both
decoupled equations are asymptotically stable due to d1, d2, k1, k2 > 0. Since
for Flexor three actuators damp out two eigenmodes, they are redundantly
actuated rendering the use of a pseudoinversion in Equation (6.10) meaningful.
As the complete robot is still underactuated, the modal damping control, which
only considers the structural oscillations, will cause a drift of the actuator
positions. This is typically undesired especially as the actuator limits could
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Chapter 6. Oscillation Damping Control
be reached. It is prevented by a filter for the actuator accelerations q̈a which
structurally corresponds to a mass-spring-damper system of the form

ẋhp = (
0 1
−4 −2

)xhp + (
0
1
) q̈a, (6.13a)

yhp = xhp, (6.13b)

for each actuator. The complex eigenvalues of this filter are well below the
significant bending eigenmodes to keep the influence on the oscillation damping
small. Here, the input q̈a is the acceleration of a single actuator and yhp = xhp

contains the position and velocity that belong to the filtered version of q̈a.
When damping the oscillations the input q̈a finally becomes zero which leads
to xhp → 0, i.e., the desired zero drift in the filtered position and velocity is
obtained. Therefore, the filter is just denoted as high-pass filter in the following.

The resulting control structure is shown in Figure 6.3. Here, the overall modal
damping controller motion denoted by qa,mdc and q̇a,mdc is sent to the actuator
cascade controller to ensure an accurate realization. Within an application, the
system is disturbed, e.g., by an actuator motion denoted as qa,d, q̇a,d or by
an external contact. The oscillations due to these excitations of the system
are eventually damped out by the modal damping controller. To ensure an
effective performance over the whole workspace, the controller uses different
actuator positions for the linearization points. The matrices C−1

m and B+m are
then scheduled accordingly. It should be noted that it is crucial to sort the
eigenmodes and use the same sign for the eigenvectors within V at the different
linearization points to provide a meaningful gain scheduling.
In Figure 6.4 the element of B+m related to the lower eigenmode and to ä is
plotted at γ = 0○ over the slider positions at steady state. In the lower right,
the circle describing α = 0○, see Equation (3.47), lies over the zero line of the
gains, i.e., where a direction change happens. This corresponds to the result
shown in Figure 3.14 as slider A cannot actuate the system at α = 0○. Here, the
change of sign is unproblematic since two modes are redundantly damped by

system

qa,mdc

q̇a,mdc

high-pass
filter

(Eq. (6.13))
−PmC−1m

B+m
ˆ̄̇qm uv

qa,d, q̇a,d++

signal
filtering
(Sec. 4.1.1)

qa

κ

q̂a for gain
scheduling

q̂a for gain
scheduling

ˆ̇κ
actuator
cascade
control

(Sec. 2.2.5.2)

qa, q̇a, i

Figure 6.3: Structure of the modal damping controller for oscillation damping of flexible link
parallel robots.
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control at γ = 0○ as well as the circle for α = 0○ ( ) of Equation (3.47).

three actuators. Nevertheless, it again confirms the highly nonlinear actuation of
Flexor which needs to be taken into account within the control design.

6.4 Experiments
For the experiments with Flexor, both oscillation damping controllers are
computed in a pre-processing step at linearization points where the slider positions
are varied in steps of 4 cm and steps of 20○ are used for the rotary motor
angle γ. The pre-processing allows to catch possible singularities through a
manual coordinate partitioning before applying the controllers and it significantly
reduces the computational load within experiments. Here, computationally
efficient linear interpolations are used to schedule the controllers at the current
actuator positions. Now, a typical placement scenario is investigated, where an
unmodeled but very light box of 83 g needs to be dropped into the corresponding
appliance, see Figure 6.5. Here, the first oscillation near the end-point is shown
as well as the placement of the handling object with and without oscillation
damping. The significant improvement with the LQR is clearly visible, which
reduces the undesired oscillations quickly to ensure a safe object placement.
The corresponding curvature measurements are presented in Figure 6.6, showing
the weak passive damping of the flexible links. The coupling of the link oscillations
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Figure 6.5: Placement scenario without and with oscillation damping via an LQR.
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Figure 6.6: Working point change experiments without oscillation damping ( ), with
modal damping control ( ) and with an LQR ( ).

can be seen especially in the plot of link 3 as the shape of the oscillation without
damping controller differs significantly from a damped sine wave. Both proposed
oscillation damping controllers introduce substantial damping and the maximum
curvatures are highly reduced, which can provide a much safer operation. The
detailed performance depends on the chosen gains and the filter for the modal
damping control. The utilized control parameters for the LQR are

R̃i =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0.1 0 0
0 0.1 0
0 0 0.2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

A−2. (6.14)

Additionally using the exact end-effector yef as output, i.e., yo = yef , ensures that
its error is kept small via Q̃i = C̃

T
i C̃i. This is crucial for the considered object

placement scenario. It should be noted that since the LQR is still no output
controller, no problems occur when using the exact end-effector for the control
design. For the modal damping controller a constant gain matrix

Pm = [
4 0
0 8

] s−1 (6.15)

is used. A higher gain is utilized for the higher mode to provide a somewhat
similar damping behavior. As shown in Figure 6.6 such a straightforward choice
can perform very effectively. Nevertheless, selecting the gains is up to the needed
damping behavior. Thus, P1 and P2 could also be scheduled, e.g., such that the
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damping matches a fixed portion of the corresponding critical damping. With
these control parameters and the filter from Equation (6.13) the modal approach
results in larger maximum curvatures for the considered scenario, but tends to
damp the significant oscillations within a similar time as the LQR.
The corresponding actuator motions can be seen in Figure 6.7. Here, the actuator
differences aδ, bδ and γδ are the differences of the case without damping control
compared to the cases with modal damping control and with the LQR, respectively.
The LQR performs a more significant corrective motion. While for aδ the shape
is quite similar for both controllers, the difference motion of the other actuators
varies substantially in phase and amplitude. Nevertheless, both controllers damp
the oscillations effectively and closely reach the end point in few seconds. This
considerably shortens the needed time to safely place a handling object when
compared to the case without oscillation damping.

For both controllers an estimator is used which does not rely on a dynamic
robot model. They are therefore directly applicable to typical scenarios with
external disturbances, e.g., where the robot is manually pushed at different points,
see Figure 6.8. Here, both controllers are robust enough to quickly damp the
occurring oscillations even with the utilized unmodeled bottle weight of 630 g
which lowers the smallest eigenfrequency by 23%. Using, e.g., the UKF from
Section 4.1.3 for such scenarios would require trusting the measurements to a large
extent which significantly reduces the advantage of using a dynamic robot model
within the estimation. Nevertheless, it should be noted that as no such robot
model is utilized for the estimation, additional low-pass filters are used to further
smoothen the signals. This reduces observation spillover as described on page 103.
High-pass filters additionally ensure that the strain gauge measurements go to
zero when the robot is at rest.

The LQR leads to a load of 21% on a single core of the real-time target, while the
load of the modal damping control stays around 1% or less. The reason is that
the inverse matrices C−1

m and B+m of the modal approach are all pre-calculated
and linearly interpolated within lookup tables to realize the actuator position
dependent gain scheduling. The computational load of the part of the LQR to
obtain the control currents u is also below 1% as here the pre-calculated values for
Klqr are again only linearly interpolated within lookup tables. But transforming
the control currents u to accelerations q̈a,d via the system dynamics significantly
increases the load. This renders the modal approach more suitable in cases with
minor computational power. Furthermore, as the modal damping control only
uses the time derivative of the curvature it has no problems with offsets in the
curvature, i.e., the strain gauge measurements. These typically result from static
deflections of the spring steel links which are not perfectly straight. The modal
approach is also easier to tune since only two gains need to be chosen, whereas for
the LQR the Klqr-matrix has to be recalculated at all linearization points. Also,
the system dynamics needs to be implemented on the real-time target for the
LQR, which increases the implementation effort. Nevertheless, the LQR controls
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Figure 6.7: Working point change experiments without oscillation damping ( ), with
modal damping control ( ) and with an LQR ( ).
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Figure 6.8: Oscillation damping scenario with external disturbance and modeling error.

the complete state and thus does not need an additional filter to ensure a correct
actuator positioning.

As mentioned on page 174, both the LQR and the modal damping control can also
be applied to end-effector trajectory tracking scenarios. Here, a flexible model
inversion should provide the desired state trajectory xi,d and control inputs for
the LQR as well as the trajectories of the desired curvature time derivative κ̇d,
of qa,d and of q̇a,d for the modal damping controller. Using these trajectories
and not a desired deformation of zero eventually enables end-effector trajectory
tracking. For both controllers this has been applied to the Lambda-Kinematics,
for which results can be found in the publications [29, 36] of the author. Here,
both control approaches tend to be especially useful for scenarios with large
modeling errors within the flexible model inversion to limit the deformation and
to quickly damp remaining oscillations.
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Conclusions
With modern lightweight designs and the need for inherent compliance within
human-robot interaction, an increasing amount of flexibility is introduced in
robots nowadays. Through a reduction of the robot mass energy consumption
can be decreased and interactions are safer. Flexible link robots are a natural way
to approach these topics. Nevertheless, the obtained compliance within flexible
links introduces several challenges. These include amongst others underactuation,
undesired oscillations and often an unstable internal dynamics when controlling
the end-effector. Therefore, it is typically not possible to directly apply established
methods from rigid body robotics but more sophisticated approaches are necessary.
The presented research deals with a variety of the occurring difficulties for flexible
link robots with serial and parallel parts, such that it is possible to eventually
benefit from the advantages which they offer. In this regard, the complete
process is discussed from the development of a new flexible link parallel robot,
over the compact as well as accurate modeling and model inversion, over state
and output estimation, to end-effector trajectory tracking control and active
oscillation damping. As this research focuses on concepts which are systematic
and experimentally promising, several well-known control techniques are adapted
to flexible link parallel robots with a focus on computational efficiency.
Initially, to validate the developed concepts and to outline the implementation
details a new parallel flexible link robot called Flexor is built. This robot and a
structurally similar robot called the Lambda-Kinematics are used as application
examples throughout this research to confirm the experimental relevance of the
presented concepts. Hardware and software details are given to provide ideas on
how the occurring challenges can be handled when designing a flexible link robot.
The flexible multibody modeling approach based on the floating frame of reference
formulation is applied to accurately and efficiently describe the robot dynamics.
The underlying linear finite element models allow to use linear model order
reduction such as the straightforward modal truncation. This leads to compact
equations of motion to ensure computational efficiency. Model inversion is
performed with the concept of servo constraints and transformations to ordinary
differential equations via projections simplify the numerical solution process.
These modeling steps even enable classical model inversion in real-time for
Flexor if the internal dynamics is stable. If the internal dynamics is unstable,
which is usually the case when tracking the exact end-effector of flexible link
robots, classical inversion leads to unbounded results. For such cases trajectory
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optimization and the concept of stable inversion are considered to obtain bounded
solutions offline.
To enable state feedback controllers, state estimation is required. In this regard,
it is presented how the standard unscented Kalman filter can be applied to
flexible link parallel robots. For such robots output estimation based on a direct
measurement technique is essential to accurately evaluate end-effector trajectory
tracking controllers. Therefore, a vision-based approach by tracking markers on
the robot is implemented. With a motion tracking camera for the markers and
by applying algorithms from the OpenCV library the end-effector reconstruction
for Flexor runs in real-time with very small delay.
The centerpiece of this research is end-effector trajectory tracking control. First,
it is shown that for manual guidance scenarios often a rigid inverse model together
with the elastic end-effector rotation is sufficient. However, for a free end-effector
the complete consideration of the link flexibility is crucial. Connected to this a
real-time capable dynamic inverse model is needed for online trajectory adaptions.
This leads to the development of three different methods to obtain a stable internal
dynamics. These are output redefinition by weighting the elastic deformations
and rotations, adding a small counter weight at an advantageous location or using
kinematic redundancy for stabilization. All three approaches perform effectively
within real-time inversion experiments based on a full dynamic flexible multibody
model. Since output redefinition is the most general of these approaches and
straightforward to apply, it is considered within a variety of further scenarios.
This includes the avoidance of collisions with the actuator limits and with
dynamic obstacles, such as human hands, in real-time. It is also successfully
utilized within the dynamic model inversion for a hybrid force/position controller.
Moreover, using an input-output feedback linearization controller based on output
redefinition and servo constraints confirms that state feedback control based
on the presented unscented Kalman filter is viable for end-effector trajectory
tracking.
Then, trajectory tracking results are shown for the exact end-effector, which
results in a non-minimum phase system, i.e., an unstable internal dynamics.
Firstly, trajectory optimization is applied to model inversion which is also used
to simultaneously minimize the link deformations. Secondly, the concepts which
render the internal dynamics stable or the trajectory optimization results provide
an initial guess for the boundary value problem within the stable inversion
approach. In experiments, the end-effector trajectory tracking performances with
redefined minimum phase output and with exact end-effector output prove to be
very similar. In applications, it might therefore be advantageous to use a redefined
output which enables model inversion in real-time for sufficient computational
power.
Finally, the end-effector trajectory is tracked within 3D experiments. These also
include contact at the end-effector where a desired motion and a desired contact
force trajectory need to be fulfilled. The resulting desired actuator motions
originate from a model where the contact is realized by algebraic constraint
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equations, i.e., no contact force based models are used.
After an actuator motion or after external disturbances residual oscillations
occur within flexible link robots. This often requires active oscillation damping
controllers. In this regard, a linear-quadratic regulator and a modal damping
controller are applied to flexible link parallel robots. The nonlinearity of the
experimentally considered parallel robot is included by gain scheduling between
linearization points. The large potential of both controllers for oscillation damping
is then shown within a placement scenario.
In summary, this research shows that it is indeed possible to cope with a variety
of inherent difficulties within flexible link parallel robots. All control concepts
are experimentally validated with two flexible multi-link parallel robots. The
promising performance and the practical relevance of the discussed controllers are
confirmed in realistic experimental scenarios. In the course of the experiments
with flexible link robots, the necessity for modern controllers based on flexible
models becomes apparent as they clearly outperform controllers based on classical
rigid multibody models in most scenarios. This thesis can thus serve as a basis
for future research within model-based control designs or for the extension to
different scenarios such as state or output feedback control within 3D. A transfer
to industrial lightweight applications is also possible.

Compliance in industrial robotics is amongst others driven by the demand for
collaborative robots. In many cases such robots use flexible joints whereas flexible
links are still very rare. A main reason is that the involved control challenges are
significant. However, since it is possible to deal with many of these problems as
outlined in this research and since the need for lightweight designs or completely
compliant robots is increasing, a growing interest in robots which can exhibit
structural oscillations is very likely.
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Acronyms
AC alternating current
API application programming interface

BVP boundary value problem

CAD computer-aided design
CPU central processing unit

DAE differential-algebraic equation
DAQ data acquisition
DC direct current
DLL dynamic-link library
DOF degree of freedom

EKF extended Kalman filter

FBG fiber Bragg grating
FEM finite element method
FFOR floating frame of reference
FFT fast Fourier transform
FMBS flexible multibody system
FPGA field-programmable gate array
FPS frames per second

GUI graphical user interface

HDF Hierarchical Data Format
HRI human-robot interaction

I/O input/output
IR infrared
IRT Isochronous Real-Time
IVP initial value problem

LED light-emitting diode
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Acronyms
LQR linear-quadratic regulator

MOR model order reduction

NI National Instruments

ODE ordinary differential equation

PC personal computer
PWM pulse width modulation

RFID radio-frequency identification

SDK software development kit
SID standard input data

TCP Transmission Control Protocol
TTL transistor-transistor logic

UDP User Datagram Protocol
UKF unscented Kalman filter
USB Universal Serial Bus

WLAN wireless local area network
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With modern lightweight designs, driven by the need for material and 
energy efficiency, and the demand for inherent compliance within hu-
man-robot interaction an increasing amount of flexibility is introduced 
in robots nowadays. Through a reduction of the robot mass energy con-
sumption is decreased and interactions are safer. Flexible link robots are 
a natural way to approach these topics. Nevertheless, the obtained com-
pliance within flexible links introduces several challenges. These include 
amongst others underactuation, undesired structural oscillations and 
often an unstable internal dynamics when controlling the end-effector. 
Therefore, it is typically not possible to directly apply established meth-
ods from rigid body robotics but more sophisticated approaches are nec-
essary.

The presented research deals with the challenges occurring for flexible 
link robots with serial and parallel parts, such that it is possible to even-
tually benefit from the variety of advantages which they offer. In this re-
gard, the complete process is discussed from the development of a new 
modular flexible link parallel robot, over the compact as well as accu-
rate modeling and model inversion, over state and output estimation, to 
end-effector trajectory tracking control and active oscillation damping.
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