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Recently, Srimani and Xu presented a self-stabilizing algorithm that computes a weakly connected
minimal dominating set [2]. They prove an upper bound of O(2™) until stabilization but they do not
provide a lower bound. This paper verifies by giving an example that their algorithm indeed requires
O(2™) moves on a certain graph.
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1. Introduction

A distributed system is self-stabilizing if it can start at any possible global configuration and regain
consistency in a finite number of steps by itself without any external intervention and remains in a
consistent state. Detailed information and a more formal definition of self-stabilization can be found e.g.
in [1].

Let G = (V, E) be a connected undirected graph, |V| =n and |E| = m. A dominating set S of G is a
subset of V such that each v € V\S has at least one neighbor in S. S is a minimal dominating set if for
any node v € S the set S\{v} is not dominating. A dominating set S is called weakly connected if the
subgraph weakly induced by S, i.e. the graph (N[S], EN (S x N|[S])) is connected.

Recently, Srimani and Xu presented the first self-stabilizing algorithm that computes a weakly con-
nected minimal dominating set (WCMDS) [2].

2. Algorithm of Srimani and Xu

The algorithm of Srimani and Xu [2] requires a breadth-first spanning tree in the given graph. A
self-stabilizing algorithm that establishes such a tree is also presented in [2]. It assumes unique node
identifiers and the node with maximum ID is chosen to be the root of the spanning tree. This algorithm
initializes the variables P(i) that stores the parent node of a node ¢, and L(¢) which keeps the distance
in hops to the root node. The root node r has P(r) = r and L(r) = 0. The boolean variable F; denotes,
if node 7 is a member of the WCMDS or not. Algorithm 1 shows Srimani and Xu’s set of rules.

Via the first rule the root node enters the WCMDS, if it is not included already. The second rule makes
a node leave the set if its parent node is included. Otherwise it enters the set itself.

3. Complexity Analysis

Srimani and Xu prove that their Algorithm 1 stabilizes after at most O(2") moves. However, they
do not perform a worst-case analysis to verify that it in fact requires O(2") moves at all. The following
example provides a lower bound for Algorithm 1.

Let G, be a graph that is composed of two nodes, one of them regarded as root, and k circles Cy, ... Cy
one after another which consist of eight nodes each. Every C; contains a node v,; and a node v;; with
distance 4. For all components C; and Cj;1: vy ; = Vs 41. Figure 1 shows Gi.

It is possible to initialize circle C; in a way that allows node v;; to make twice as much moves as v; ;,
if vs,; gets enabled by a node with higher level. Figure 2 shows an execution of Algorithm 1 on C; that
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Algorithm 1 WCMDS Algorithm of Srimani and Xu
R1: (root node)
if P,=1
then F; := true

R2: (non-root nodes)
if (Py#14)A(3jeN() st Lj <L, ANFj =true)
then F; := false
else F; :=true

root

Figure 1. Graph G5

demonstrates this behavior (the nodes that enable v, 1 are not included in the figure). vy ; changes its
state twice and vy ; changes its state four times. Nodes with F; = true are colored black, the others are
white.

It is now easy to construct a graph and a initial configuration that leads to an exponential number of
moves until stabilization: Consider the initial configuration given in Figure 3: As shown above, v;; can
make twice as much moves as v, ;, if v, ; gets enabled by a node with higher level. In the worst case the
nodes of a circle C; do not perform a move if a node of a circle C; with 7 < j is enabled. Thus, there is
an execution of Algorithm 1 of G}, (consisting of 7k + 2 nodes) in which node vy j can make 2k moves.
Hence, O(2") is also a lower bound for Algorithm 1.

4. Conclusion

This paper analyzed the worst case complexity of an algorithm by Srimani and Xu that computes a
weakly connected minimal dominating set [2]. By giving an example it verifies that O(2") is not only an
upper bound but also a lower bound for the number of moves until stabilization.
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Figure 2. Execution of Algorithm 1 on a circle

Figure 3. Initial Configuration of the WCMDS algorithm on Graph Gy



