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Abstract

The estimation of kinetic parameters based on experiments is an important element in un-
derstanding the reaction mechanisms of enzymes and their intrinsic properties. However,
increasing model complexity by introducing multiple parameters can lead to overparame-
terisation, resulting in poor parameter identifiability and potentially causing the model to
describe noise rather than underlying biochemical mechanisms. In this study, we use the
total quasi-steady-state assumption to clarify whether the parameters of multi-parameter
models can be correctly identified even with a high number of parameters. Therefore,
a basic model was used, and the number of parameters was increased successively. A
Bayesian optimisation approach was applied, which predicted the next experiments with
the highest information density in order to reduce the experimental effort required for the
experiments. The results show, on the one hand, that the parameters of multi-parameter
models can indeed be correctly identified. On the other hand, it also shows that under
certain conditions, incorrect values were estimated, even though the consideration of
confidence intervals suggested correct identification.
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1. Introduction

Biotechnology is a key enabling element in the transition of the chemical industry
toward sustainable processes. Accordingly, the share of biotechnological products in the
chemical industry has steadily increased over the past few decades [1,2]. The advantages
of biotechnological processes are evident: their high selectivity generally results in lower
waste generation, particularly for complex molecules; the use of water as a solvent sup-
ports sustainability; and optimal operating conditions are typically achieved under mild
conditions, leading to reduced energy demand [3]. Despite these advantages, biotechno-
logical processes must also remain economically competitive with conventional routes. In
this context, process intensification provides an opportunity to increase the efficiency of
biotechnological processes and to enhance their economic attractiveness [3]. In particular,
computer-aided methods offer substantial potential [4], with process modelling being
especially important [5], as it enables the systematic development and optimisation of
processes [6].

The core of any model is the mathematical description of the individual unit operations.
In biocatalysis, this applies in particular to enzyme kinetics. A correct description of enzyme
kinetics enables the identification of optimal process conditions [7]. In addition, such a
description provides insight into the reaction mechanism, which is essential for both the
course of the reaction and its mechanistic interpretation [8].
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The most fundamental enzymatic rate expression is the Michaelis-Menten equation,
as given in Equation (1):
d[A] _ [Eliotkeat[A]

o dt - KM+[A] e

where [A] represents the concentration of the substrate, [E]iot represents the amount of
enzyme, keat represents the catalytic constant, and Kys denotes the Michaelis constant,
representing the affinity of the substrate. This equation represents the differential form of
an enzyme-kinetic model. A widely used method to obtain data for parameter estimation
according to Equation (1) is initial rate experiments [9]. These experiments are simple and
robust. However, they rely on simplifying assumptions, and their interpretability must
therefore be treated with caution. These limitations include [10-12]: the assumption of
negligible substrate depletion and product formation during the measurement; the neglect
of reverse reaction contributions; sensitivity to pipetting/mixing dead time and the choice
of the fitting window, which can introduce systematic errors; and the fact that initial rates
often provide limited information content, making parameter estimation less identifiable
and more susceptible to correlated parameters, especially when more complex mechanisms
are considered.

As an alternative approach, progress curve analysis can be performed [13-16]. This
more closely reflects the actual reaction conditions. However, they come with different
challenges, primarily of a mathematical nature. In particular, parameter estimates obtained
from progress curves can depend on the numerical method used to integrate the differential
model equations [13]. Moreover, the results can be strongly influenced by the initial
parameter values supplied to initialise the iterative optimisation algorithm [13,17,18].

Equally important as the experimental approach used to determine kinetic parameters
is an understanding of the reaction mechanism [8]. The classical Michaelis-Menten equation
(Equation (1)) assumes an irreversible uni—uni mechanism. Most real reaction mechanisms,
however, are substantially more complex. Many reactions require two or more substrates,
inhibition by substrates or products may occur, and equilibria can limit conversion in
closed systems, independent of whether the reaction is studied in the forward or reverse
direction [8]. This increases the number of parameters and may therefore appear to make
identification of the correct parameter set more challenging. In practice, however, the naive
application of complex models often seems to “work” surprisingly well. This is because
additional parameters increase model flexibility, allowing the model to adapt more easily
to experimental data [19]. If the quality of a parameter estimate is assessed using simple
goodness-of-fit criteria such as the coefficient of determination (R?), seemingly suitable
parameters can be obtained easily, yet they may be determined with insufficient precision
or even with good precision but not reflecting the intrinsic characteristic of the enzyme. To
complement this metric, the normalised root mean square error (nRMSE) was calculated,
providing a more sensitive measure of deviations between simulated and reference data.

The literature contains several examples of enzyme-kinetic models that employ a
comparatively large number of parameters to describe enzyme kinetics. The majority of
these models concern lipase-catalysed esterification or transesterification reactions, typically
described by ordered bi-bi or ping—pong-type mechanisms including multiple inhibition
terms. Garcia et al. [20] propose, by their account, a generally applicable mechanism
for an esterification reaction catalysed by an immobilised lipase, comprising a total of
13 parameters. Their study investigated the esterification of long-chain fatty alcohols
and acids. Overall, Garcia et al. consider, for their reference systems, both forward and
reverse reactions, as well as uncompetitive inhibition by all components and competitive
inhibition by the alcohol, the acid, and the ester. The proposed rate equation implies
an ordered mechanism in which the acid preferentially binds to the enzyme as the first
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substrate. In another example, Yadav and Devi [21] propose an 11-parameter reaction
mechanism for the transesterification of ethyl butyrate and tetrahydrofurfuryl alcohol
catalysed by a lipase, in which five inhibition terms are considered in addition to forward
and reverse reactions. Other examples from the literature for lipase-catalysed esterification
employ, for instance, models with six [22] or five [23,24] parameters. However, also critical
studies do exist: van Hecke et al. [25] propose a substantially simpler second-order model
for the lipase reaction, as the confidence intervals calculated from their measurements
indicate non-identifiability of classical Michaelis—-Menten parameters and thus suggest
over-parameterisation. A similar approach to model simplification is also recommended by
Heeres et al. [26], likewise on the basis of non-identifiability. This situation is referred to as
over-parameterisation or sloppiness, i.e., a kinetic model contains more (or overly flexible)
parameters that cannot be uniquely determined from the available measurement data. As a
result, excellent fits may be achieved, while the parameter values are neither unique nor
mechanistically representative of the intrinsic characteristics of the enzymes [19].

It was already recognised in earlier studies [27] that, in progress curve analysis using
the simple Michaelis—-Menten kinetics as an example, the standard quasi-steady-state as-
sumption (sQSSA) allows the ratios of ket and Ky to be estimated reliably, whereas the
exact parameter values are difficult to determine and, in many cases, cannot be identified
uniquely without substantial experimental and computational effort. It is therefore entirely
appropriate to determine the quotients directly [28]. In this context, it has been shown
that adopting the total quasi-steady-state approach (tQSSA) can be used successfully to
enhance the parameter identifiability and to enable unique parameter estimation. The
tQSSA extends the classical sSQSSA framework by formulating the dynamics in terms of
total variables [29], most notably the total substrate ([A]iot = [A] + [EA]) (free substrate A
plus enzyme-substrate complex EA), rather than relying on the free substrate concentration
alone [30]. In the sQSSA, the central assumption is that the enzyme-substrate complex
rapidly relaxes to a quasi-steady state, i.e., (d[EA]/dt =~ 0). This approximation is typically
accurate when the total enzyme concentration is small compared with the relevant substrate
scale, commonly expressed as [E]iot << [A]y + Kyp. The sQSSA approach does not require
substrate depletion to be negligible, although in practice, sQSSA is often combined with
initial-rate measurements where substrate and product changes are small. In contrast, the
tQSSA assumes [Al]iot as the primary variable and thereby accounts explicitly for enzyme
sequestration, which becomes relevant when the enzyme is not negligible relative to the
substrate. Consequently, tQSSA can remain accurate in regimes where [E];ot is comparable
to [A]p [31], in which case the sSQSSA may lose accuracy. From a data-analysis perspec-
tive, using tQSSA-based formulations can lead to numerically better-conditioned model
equations for progress-curve fitting and may improve the practical identifiability of the
kinetic parameters [30]. However, it does not create additional information; identifiability
remains determined by the experimental design, the measurement noise, and the structural
properties of the chosen model.

So far, it has been successfully demonstrated that the unique identification of keat
and Ky according to Equation (1) by the application of the tQSSA approach is possi-
ble [27]. However, it is unknown if this identifiability is also possible for more complex
reaction mechanisms. Within the present study, we will demonstrate the application of
the tQSSA approach for complex reaction mechanisms and address the question of when
over-parameterisation begins and which parameters can still be identified uniquely by the
use of tQSSA. To this end, we consider the example of an irreversible two-substrate kinetics
according to Equation (2) following a ping-pong mechanism, which is often used in the
literature to describe, e.g., the reaction of a lipase [21-24].
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_d[A] _ _ d[B] _ [E] orkeat[A][B] )
dt dt — (Kya[B]) + (Kus[A]) + ([A][B])

This comparatively simple kinetic model comprises three parameters that fully de-
scribe the system: kcat, Ky o, and Ky g. The ping-pong mechanism involves two substrates
(A, B) where the first substrate (A) binds to the enzyme, transfers a group to the enzyme (E),
releases product, and leaves the enzyme modified (E*). Then the second substrate (B) binds
to E*, accepts the group, releases the product, and regenerates the original enzyme (E).
The rate expression can be extended in a modular manner to account for different reaction
mechanisms. For example, if a mechanism is assumed where substrate A must bind to
the enzyme first, competitive inhibition of B with respect to A can occur. This effect can
be represented by the inhibition constant Kic g, which modifies the term (Kys A [B]) in the
denominator by introducing the factor (1 + [B]/Kjcp) [11,32]. Analogously, competitive
inhibition can occur on the modified enzyme (E*) by the substrate (A), which is described
by introducing the factor (1 + [A]/Kjc a) to the term (Kygp [A]) [32]. If uncompetitive inhi-
bition by A or B to the enzyme-substrate complex is assumed, it modifies the denominator
term ([A][B]) by multiplication with (1 + [A]/Kyy a) or (1 + [B]/Kyy ), respectively [33].
If water acts as the second substrate, as in hydrolytic reactions, its concentration can be
considered constant and effectively non-limiting. Under these conditions, the Ping-Pong
Bi-Bi mechanism reduces to a pseudo-uni-bi reaction scheme, and the resulting kinetic
parameters must be interpreted as apparent parameters that lump contributions from both
half-reactions.

For the simple irreversible two-substrate kinetics according to Equation (2), these
modular extensions yield 16 distinct model variants, while product inhibition and reversible
reaction steps are not considered at this stage. Using this setting, the present study aims
to demonstrate how many parameters can still be identified reliably and at which point
over-parameterisation—or, more critically, mis-parameterisation—sets in. To this end, we
employ in silico studies, as they allow the true kinetic parameters of an enzyme to be
defined unambiguously.

2. Materials and Methods

Our study comprises two key steps. First, two in silico progress curves of the con-
centrations [A] and [B] are generated for different initial concentrations using pre-defined
kinetic parameter values. In the subsequent step, the kinetic parameters are estimated
by bounded nonlinear least-squares fitting (log-parameterisation), and two new initial
concentrations are proposed to improve parameter identifiability by a Bayesian approach.
Using these newly suggested initial concentrations, additional progress curves of [A] and
[B] are generated, and the procedure is iterated accordingly. Each in silico progress curve
consists of ten data points. Overall, up to ten iteration rounds are performed, resulting in a
maximum of twenty experiments. Our methodology is illustrated by Scheme 1. All code is
generated in Python 3.12.3 and is openly available in our repository (cf. data availability
statement). The code generation itself was supported by the use of ChatGPT 5.2 Thinking.

The kinetic parameters considered in this study are defined according to Table 1. We
acknowledge that these values do not necessarily correspond to a specific real-world system.
However, when using in vitro experimental data, the true parameter values as well as the
reaction mechanism are likewise unknown, such that the success of parameter estimation
cannot be rigorously validated. The aim of this study is not to characterise enzyme kinetics,
but to demonstrate to what extent it is possible to successfully identify (the true) intrinsic
characteristics of an enzyme under the given conditions.
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Define kinetic Set design Simulate Parameter
model parameters experiments estimation
f if rounds < 10
. Propose new Profile Uncertainty
Final output ) _ .
P . experiments likelihood analysis

if rounds = 10

Scheme 1. Flow diagram of the iterative modelling and experimental design workflow applied in
this study.

Table 1. Kinetic parameters used for this study.

Keat Kwm,a Kwm,s Kic,a Kics Kiya Kius
551 10 mM 25 mM 50 mM 60 mM 70 mM 80 mM

For the initial conditions, the concentrations [A]y, [B]o, and [E]tot can be specified.
For all experimental series, these were chosen as listed in Table 2. The simulation of the
progress curves according to Equation (2), as well as the modularly implemented inhibition
expressions, was performed using a second-order Runge-Kutta method (explicit midpoint)
with adaptive sub-stepping between measurement times. Simulated measurements were
perturbed with normally distributed noise with ¢ = 1 mM, while negative concentrations
were excluded by setting them to zero.

Table 2. Initial conditions for the initial experiments for all case studies.

Experiment [Eltot [Alp [Blo
1 1 mM 1 mM 1mM
2 10 mM 20 mM 10 mM

For a given set of experiments, each experiment i provides measured time points t;;
and noisy observations (Agps jj and Bgps ). For a candidate parameter vector 0, the model
predicts Apreq ij(0) and Bpreq (0) by simulating the progress curve. Accordingly, parameter
estimation is performed by minimising the weighted residual sum of squares over all
experiments and both observables, as given in Equation (3):

2

[A]Predfii (0) — [Algbs,j iy ( [Blpred,(©) — [Blobs ) ’ 3)

o o

min
2

ij

In the implementation, the residual vector is constructed by linking the [A] residu-
als and [B] residuals across all experiments. To enforce positivity and improve numer-
ical robustness, the optimisation is carried out in log-parameter space with x = log(6)
and 0 = exp(x) to avoid negative parameters. The objective is then minimised using
scipy.optimize.least_squares with the trust-region reflective algorithm under explicit bounds
in log-space. Tight termination tolerances are used with a maximum of 350 function eval-
uations. It is well known that the result of a parameter estimation depends on the initial
parameters and the method used [13,17,18]. In our study, we assume that no prior knowl-
edge of the true parameters is available. We therefore initiate the estimation with parameter
values of 1 mM each, as this is often the default value used in commercial software.
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After the initial experiments are specified as given by Table 2, each subsequent round
proposes two new experimental conditions using a model-informed design criterion. First,
admissible ranges for the decision variables [A]y, [Bly, and [E] are defined, and a finite
candidate pool is generated within these bounds. For each candidate condition, the cur-
rent model fit and its parameter uncertainty are used to predict how informative that
experiment would be, following the decision-theoretic view of Bayesian experimental
design [34]. Local sensitivities of the predicted measurements with respect to the param-
eters are approximated numerically to construct a Fisher information measure for each
candidate [35]. This candidate information is then combined with the current uncertainty
via a Laplace/Gaussian approximation around the fitted parameters to approximate how
much the overall parameter uncertainty would shrink if the candidate experiment were
performed, and candidates are ranked by a D-optimal objective by maximising the ex-
pected reduction in the uncertainty [35]. Finally, two experiments are selected, updating
the expected precision after the experiments done before, so that the two new experiments
add complementary information.

After convergence, an approximate covariance matrix in log-space is computed from
the Jacobian J returned by least_squares via Cov(x) ~ gnt, using a pseudo-inverse. Stan-
dard errors (SE) are taken as the square roots of the diagonal entries. Two-sided 95%
intervals are then computed as X = 1.96SE, clipped to a finite range for numerical sta-
bility, and exponentiated back to obtain confidence intervals on the original parameter
scale. This approach is often used as it is computationally fast, but it relies on asymptotic
normality and a well-approximated quadratic objective near the optimum. In strongly
nonlinear models, with parameter bounds or strong parameter correlations, as is often
reported for enzyme kinetics, it can underestimate or misrepresent uncertainty and tends to
produce overly symmetric intervals as alternative likelihood profiles are calculated. Here,
one parameter at a grid of values is fixed, and the remaining “nuisance” parameters are
re-optimised, accepting values for which the likelihood deterioration A(—2logL) remains
below the cut-off X21,0.95 (numerically about 3.84). The profile statistic is computed from
the increase in the sum of squared errors relative to the MAP fit, according to Equation (4):

_ SSE(x) —SSE(0)
= =

$(x) ()

3. Results

For the selected model system, an irreversible two-substrate kinetics without any
influence of products on the reaction, different reaction mechanisms can be postulated due
to the possible occurrence of substrate-induced inhibition effects. The simplest mechanism
is a reaction without inhibition, for which the model is defined by three parameters. The
most complex case comprises four inhibition effects occurring simultaneously, resulting
in a model with seven parameters. Although it is unlikely in practice that all four inhibi-
tion mechanisms are present at the same time, this scenario is sufficient for a systematic
analysis. This is particularly justified given that the literature reports models with up to
13 parameters [20] when product effects and the reverse reaction are included.

According to the FAIR principle, all results can be reproduced by any person by
running the Python files in our repository (cf. data availability statement). Since an
evaluation is carried out after each round, any interested researcher can independently
compile interim results. However, there is a marginal stochastic element, as noise is
introduced in a random manner. In the code, the seed for the random noise is set so all
“random” results are reproducible. Alternatively, the seed can be set to a random value
itself, so slight differences may occur when re-running our code. In our repository, we
provide all 16 candidates of the various combinations of substrate inhibitions that occur.
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However, only nine candidates are presented in the case studies. Researchers are free
to investigate candidates not covered here independently using our code. To facilitate a
clearer understanding of the dynamic behaviour of the different case studies, representative
time-course data from the 20th experiment of each case study scenario are provided in the
Supplementary Materials. These curves illustrate the characteristic progression.

3.1. Case Study 1: No Inhibition, Described by Three Parameters

The first case study under investigation is the simplest one. No inhibitions are assumed,
and the model is defined by the three parameters, kcat, Ky a, and Ky g. The reaction rate
can be described by Equation (2). Table 3 reports the estimated parameters together with
their confidence intervals as well as the value for the coefficient of determination (R?).

Table 3. Parameters estimated in various rounds for a reaction without inhibition. Values in brackets
represent the lower and upper limits of the 95% confidence interval.

Round No. ket [s71 Ky a [mM] Ky g [mM] RZ[-] nRMSE [-]
1.35 2.17 0.001
1 [0.94,1.92] [0.16,29.36] [1.93 x 10722,5.18 x 10%!] 0.98 0.1782
5.01 9.44 25.90
2 [4.99,5.02]  [8.49,10.49] [24.76, 27.09] 1.00 0.0058
5.00 9.95 25.07
10 [4.99,501]  [9.63,10.28] [24.73,25.41] 1.00 0.0017

For the simplest 3-parameter model, the first round, which represents two experiments,
yields parameter estimates that deviate strongly from the true values and exhibit very wide
confidence intervals. Furthermore, the width of the confidence intervals, especially that
for Ky g, indicates a bad parameter estimation. In the second round, when two more
experiments are performed, a clear transition occurs, with estimates close to the true values.
The narrow confidence intervals indicate a good parameter estimation. From rounds 3 to
10, the estimates remain stable with parameters changing only marginally, and there is
no additional gain. The R? values, which indicate the goodness-of-fit of the model to the
experimental data, increased from 0.98 in round 1 to 1.00 from round 2 onward. In round
1, R? was already high, indicating a good fit (if un-reflected used), despite the parameter
estimates deviating strongly from the true values. The nRMSE value decreases sharply
between the first and second rounds and then continues to decrease in small steps with
each subsequent round.

The profile likelihood plots shown in Figure 1 correspond to round 10 for all three
parameters, Keat, Ky o and K, g. The dotted line indicates the cut-off X21,0.95 for the 95%
confidence interval. Each profile exhibits a single, sharp minimum located close to the true
parameter value with a steep rise on both sides of the minimum and extremely narrow
confidence intervals below the threshold line. Profile likelihood plots from earlier rounds
show behaviour that is consistent with the corresponding parameter estimates reported in
Table 3.

3.2. Case Study 2: One Inhibition Described by Four Parameters

This subchapter handles the common case of one inhibition by one of the two sub-
strates. The inhibition can either be competitive to the enzyme E or modified enzyme E* or
uncompetitive to the enzyme-substrate complex. In all cases, the model is described by an
addition parameter K.
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— kcat KmA —— KmB
100

80 1

60

40 1

A(-2 log L) (shifted)

20 A

Parameter Value

Figure 1. Likelihood profile of parameter estimation after 10th round for a reaction without inhibition.
Blue line represents keat in s~!, orange line represents Kyj o in mM, and green line represents Ky p in
mM. The dashed line marks the threshold corresponding to the 95% confidence interval.

3.2.1. Competitive Inhibition by Component B

In this example, component B induces a competitive inhibition of the free enzyme,
which implies an ordered mechanism, as usual for a ping-pong mechanism, where A must
bind first. The additional parameter describing the model is Kjc . An example of this type
of reaction is given by Zhang et al. [36]. The reaction can be described by Equation (5).

djA] _ d[B] _ [EJiotkeat[A][B] )
)

dt At (Ko (1+ o) [B]) + (Knis[A]) + ([A][B])

Table 4 shows the estimated parameters for this 4-parameter model with parameters
Keat, Knmoa, Ky and Kic . The estimate of keat in round 1 differs from later rounds and is
associated with a comparatively wide confidence interval, similar to the estimation of keat
from the previous model. From round 2 onward, keat values are tightly clustered around
5 s~ 1, with narrow and stable confidence intervals that remain unchanged through to round
10. For Ky, a, Ky g, and Kjc g, round 1 shows extremely wide confidence intervals spanning
several orders of magnitude, indicating a bad estimation. In round 2, all three parameter
estimates improve with substantially reduced confidence intervals. From round 3 onward,
which is represented by six experiments, the estimates stabilise, and the confidence intervals
become narrower. For this model, round 3 can be identified as a suitable stopping round, as
from this round onward, the parameter estimates are very close to the true values and show
only minor changes in the subsequent rounds. Similar to the previous case, the R? value
is 0.98 in round 1, despite the wide confidence intervals and poor parameter estimates.
From round 3 onwards, the R? indicates a very close fit to the data. As in case study 1, the
nRMSE value decreases sharply between the first and second rounds and then continues to
decrease in small steps with each subsequent round.

The profile likelihood plots of the four parameters shown in Figure 2 correspond to
the last round. Similar to the 3-parameter model, all profiles show a single, sharp minimum
located near the true parameter value. A steep increase is also visible on both sides of the
minimum with very narrow confidence intervals. The profile likelihood plots from the
earlier rounds show behaviour consistent with the trends reported in Table 4.
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Table 4. Parameters estimated in various rounds for a reaction with a competitive inhibition by
component B. Values in brackets represent the lower and upper limits of the 95% confidence interval.

Round No. Knp,a [mM] Km,p [mM] Kic,g [mM] R? [-] nRMSE [-]
2.17 0.001 1000.00
1 (094, 191] [7.77 x 10797, [1.93 x 1072, [1.93 x 102, 0.98 0.1780
T 6.08 x 10°] 5.19 x 1021] 5.19 x 10%1]
10.36 24.95 61.96
3 [5.00, 5.01] [6.97,15.39] [21.35, 29.16] [41.37, 92.79] 1.00 0.0020
9.82 25.35 58.74
10 [5.00, 5.01] [8.98, 10.73] [24.65, 26.07] [53.53, 64.45] 1.00 0.0015
— kcat KmA — KmB — KicB
100
80
% 60 1
I
201
e e — S —
0 20 40 60 80 100

Parameter Value

Figure 2. Likelihood profile of parameter estimation after 10th round for a reaction with a competitive

inhibition by component B. Blue line represents keat in s !

, orange line represents Ky; 4 in mM, green
line represents Ky g in mM and red line represents Kjc g in mM. The dashed line marks the threshold

corresponding to the 95% confidence interval.

3.2.2. Uncompetitive Inhibition by Component B

For the case of an uncompetitive inhibition by component B, it is assumed that B
inhibits the enzyme-substrate complex before the first product is released and leaving the
modified enzyme E*. Here the additional fourth parameter is Kyy g. The reaction can be
described by Equation (6).

dlA]_ dB] _ E] orkeat A][B] ©

dt At (Ky 4 [B]) + (Knis[A]) + ([A][B](1+ L))

Kius

Table 5 reports the parameter estimates of the 4-parameter model with this uncom-
petitive inhibition by B. For ke, across all rounds, the value increases gradually around
2-2.7 5! and remains well below the true value of 5 s~!, despite consistently narrow
confidence intervals from round 2 onward. These narrow confidence intervals suggest a
good parameter estimation, which is not the case here, and the same can be said about the
R? value. Ky A stays fixed at very small values with extremely wide confidence intervals in
most rounds, showing only small deviations in rounds 6 and 7. A similar trend is evident
for Ky g, where its estimates are poor with very high confidence intervals until round 7,
after which estimates with narrower confidence intervals are achieved; however, they re-
main far from the true value of 25 mM. Kyy g shows stable and narrow confidence intervals
from round 2 onward; however, the estimates decrease from 230 mM to 140 mM, remain-
ing substantially higher than the true value of 80 mM. Overall, none of the parameters
converges to their true values for the given set of data, but only the confidence intervals of
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Kwm A suggest a bad estimation. The R? values increase from 0.98 in round 1 to 0.99 in later
rounds. Notably, even in early rounds where the parameter estimates deviate strongly from
the true values, R? is already high, indicating a close fit to the data despite poor parameter
estimation. As described before, the nRMSE value decreases sharply between the first and
second rounds. However, from the second round onward, the value fluctuates around 0.02,
indicating no consequent improvement.

Table 5. Parameters estimated in various rounds for a reaction with an uncompetitive inhibition by
component B. Values in brackets represent the lower and upper limits of the 95% confidence interval.

Round No. Keat [s71] Km,a [mM] Kpm,p [mM] Ky g [mM] R2[-] nRMSE [-]
0.05 333.43
2.04 3.67
1 [1.93 x 1072, [1.93 x 1072, 0.98 0.1754
[0.44, 9.38] 519 x 107 [0.015, 919.83] 519 x 107
0.006 0.001
2.67 146.04
5 [1.93 x 102, [1.93 x 102, 0.99 0.0211
[2.66, 2.67] 526 x 1019] 519 x 107] [145.70, 146.37]
0.001
2.80 _» 1.72 140.31
10 [2.79,2.81] [é'?g z 1821]' [1.46,2.03] [140.00, 140.62] 0.99 0.0180

The profile likelihood for this model with uncompetitive inhibition by B is presented
in Figure 3 for round 10. Only ket has a minimum near its true value of 5 s~ 1. The
minima of Ky; 4 and Ky p are effectively at zero, while Kyy g is near 100 mM. The narrow
confidence intervals imply a good estimation, even though the estimated values do not
represent the true values at all (Kyj 4 =~ 0mM vs. true 10 mM, Ky g =~ 2 mM vs. true 25 mM,
Ky g ~ 100 mM vs. true 80 mM). Since the display of profiles is limited to 100—which, on
the other hand, covers the correct solution space—the value at the boundary is estimated
when estimating the profile likelihood for Ky .
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Figure 3. Likelihood profile of parameter estimation after 10th round for a reaction with an uncom-

1

petitive inhibition by component B. Blue line represents ket in s, orange line represents Ky o in

mM, green line represents Ky; g in mM and brown line represents Ky g in mM. The dashed line
marks the threshold corresponding to the 95% confidence interval.

3.2.3. Competitive Inhibition of Component A

In this case, a competitive inhibition of component A on the modified enzyme E* is
assumed. The additional parameter is therefore Kjc 4. The reaction can be described by
Equation (7).

https://doi.org/10.3390/appliedchem6020025


https://doi.org/10.3390/appliedchem6020025

AppliedChem 2026, 6, 25 11 of 24
d[A] _ d[B] _ [E] orkeat[A][B] .
dt dt (K o [B]) + (Knis(1+ gol)[A]) + ([A][B])

The parameter estimates are shown in Table 6 for all four parameters. In round 1, all
parameters show very wide confidence intervals with parameter estimates far from their
true values. From round 2 onward, ket and Ky o converge to values very close to their
true parameter values with narrow confidence intervals, which remain consistent through
round 10. Ky g and Kjc o also attain better estimation from round 2, with confidence
intervals narrowing across rounds. However, both Ky g and Kjc A stabilise at values below
their true parameters, and also, the confidence intervals do not cover the true values. The
R? values increase from 0.98 to 0.99 from round 1 to round 2 onward, remaining stable
across the estimation process. After a clear decrease between the first rounds, the nRMSE
value fluctuates from the second round onwards, thus indicating no improvement in model
quality. Overall, keat and Ky o are identified quite early correctly, while Kys g and Kyc o do
not converge to their true values despite improved precision in later rounds, ending up in
a mis-parameterisation.

Table 6. Parameters estimated in various rounds for a reaction with a competitive inhibition by
component A. Values in brackets represent the lower and upper limits of the 95% confidence interval.

Round No. Keat [s71] Kyp,a [mM] K g [mM] Kic 4 [mM] R2[] ARMSE []
1.79 ] 1.35 ) 6.92 .
 eile T e ween o o
2 [4.99, 5.04] [9.217(,)'?(?.97] [12.9199,.(;5;.88] [25.33,%26.08] 0.99 0.0026
10 [5.00,5.01] [9.6%%(,).11(()).59] [16.5177,.71(5)5.91] [32.5%,%67.32] 099 0.0043

Figure 4 presents the profile likelihoods for the four parameters keat, Kpa, Ky g and
Kic a in the model with competitive inhibition by A. kcat exhibits a single, sharp minimum
at its true value of 5s~1. Kwm A reaches a minimum at 15 mM with very narrow confidence
intervals; although slightly above the true value of 10 mM, the deviation is moderate. While
the other two parameters, Ky g and Kjc o, both attain their true values with very narrow
confidence intervals, indicating precise and reliable parameter estimation.
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Figure 4. Likelihood profile of parameter estimation after 10th round for a reaction with a competitive

inhibition by component A. Blue line represents ket in g1

, orange line represents Ky o in mM, green
line represents Ky g in mM and red line represents Kjc o in mM. The dashed line marks the threshold

corresponding to the 95% confidence interval.
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3.2.4. Uncompetitive Inhibition by Component A

Analogous to the uncompetitive inhibition by component B, this model also assumes
an inhibition of the enzyme-substrate complex, before the first product is released. In this
case, the inhibition is induced by component A, so the additional parameter is Ky o. The
reaction can be described by Equation (8).

dlA] _ d[B] [Eliotkeat [A][B]

_ - _ — 8)
dt dt Ky a[B]) + (Kns[A]) + ([A][B] (1 + g2L))

Kiua

The parameter estimates for the model with competitive inhibition by A show a clear
progression across the 10 rounds (cf. Table 7). In the first four rounds, most parameters
have narrow confidence intervals, but their estimates remain far from the true values. From
round 5 onward, a sharp transition occurs, with estimates approaching the true values and
maintaining narrow confidence intervals. While most parameters remain stable with the
estimation in the subsequent rounds, Ky p shows a deviation in round 6, rising above its
true value and ultimately stabilising around 31 mM in the final round, compared to the
true value of 25 mM. Despite poor parameter estimates in the first round, R? is already high
at 0.98. It increases slightly to 0.99 in subsequent rounds, and from round 5 onward, R?
reaches 1.00. Like the confidence intervals, the nRMSE value shows a clear improvement
between the fourth and fifth rounds. No further improvement is observed thereafter.

Table 7. Parameters estimated in various rounds for a reaction with an uncompetitive inhibition by
component A. Values in brackets represent the lower and upper limits of the 95% confidence interval.

Round No. Keat [s71] Kyp A [mM] Km,p [mM] Ky a [mM] R2 [-] nRMSE [-]

13 2.13 0.002 998.42

1 [0 93 1 871 [1.93 x 102, [1.93 x 102, [1.93 x 10-22, 0.98 0.1775

o 5.19 x 10%'] 5.19 x 102!] 5.19 x 10%']
0.002

2.30 1.35 150.44

4 [1.93 x 102, 0.99 0.0494

[2.28,2.31] 519 x 109] [0.80, 2.28] [149.38, 151.51]

4.99 9.77 25.56 70.07

5 [4.97,5.02] [8.92,10.70] [23.86, 27.38] [69.79, 70.36] 1.00 0.0018
4.99 9.69 31.24 70.21

10 [4.97,5.00] [9.02,10.41] [29.79, 32.75] [70.00, 70.42] 1.00 0.0033

The likelihood profiles in Figure 5 are presented for round 10 for this 4-parameter
model with uncompetitive inhibition by component A. The parameters keat, Kpa and Ky a
exhibit minima at their true values with extremely narrow confidence intervals. Ky p also
has a minimum very close to its true value with narrow confidence intervals; however, an
additional local minimum is observed near the true value, close to the likelihood threshold.
This indicates the presence of a second minimum for this parameter, given the current data,
but quite close to the true minimum.

3.3. Case Study 3: Two Inhibitions Described by Five Parameters

This subchapter handles two exemplary cases with two inhibitions. They represent a
mixture of the candidates from the second case study, where the parameters were identified
correctly or incorrectly, with a wide confidence interval indicating a non-identifiability or
even with narrow intervals, ending up in a mis-parameterisation. Other model candidates
with five parameters are available in our repository, but they will not be discussed in
this section.
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Figure 5. Likelihood profile of parameter estimation after 10th round for a reaction with an uncom-
petitive inhibition by component A. Blue line represents ke, in s 71, orange line represents Ky 4 in
mM, green line represents Ky g in mM and pink line represents Kyy o in mM. The dashed line marks
the threshold corresponding to the 95% confidence interval.

3.3.1. Competitive Inhibition by Components A and B

For this 5-parameter model, it is assumed that the enzyme is subject to competitive
inhibition by components A and B. Here, component A is competitive to the modified
enzyme E*, while B is competitive for the enzyme E if the mechanism is ordered and
component A must bind first. This setup introduces two additional parameters: Kjc o
and Kjc g. An example was reported by Stromme and Theodorsen [37] and Waghmare
et al. [32]. The reaction can be described by Equation (9).

dlA] _ d[B] [Eliotkeat [A][B]

_ [ = 9
dt At (Kypa (14 ZZ0)[B]) + (Kns(1+ g21)[A]) + ([A][B]) v

Kica

The parameter estimates in Table 8 show rapid convergence across the 10 rounds. keat
stabilises very close to its true value from round 2 onward with very narrow confidence
intervals. Ky o and Ky g approach their true values in round 3 onward with slightly wide
confidence intervals. Kjc o converges near its true value of 50 mM, and Kjc p stabilises
around 65 mM, slightly over-estimating its true value of 60 mM. Overall, by round 10, all
parameters have achieved estimates close to their expected values with reasonably narrow
confidence intervals, covering all true values. Also, for this complex model, the R? value
after the first round is 0.98, indicating a good fit, even if the estimated parameters are far
away from the true values. The R? value already increases to 1.00 from round 3 onward. In
this scenario as well, the nRMSE value only shows a clear decrease after the first round and
fluctuates afterwards, indicating that further model accuracy is not represented.

Table 8. Parameters estimated in various rounds for a reaction with a competitive inhibition by
component A and a competitive inhibition by component B. Values in brackets represent the lower
and upper limits of the 95% confidence interval.

Round No. Keat [s71] Ky,a [mM] Kwm,p [mM] Kic,a [mM] Kic,g [mM] R%Z[-] nRMSE[-]

170 1.36 0.58 2.75 4.73

1 05 A5 37] [1.93 x 10722, [1.93 x 10722, [1.93 x 1072, [1.93 x 10722,  0.98 0.1702

R 519 x 1041] 519 x 10%'] 519 x 10?!]  5.19 x 10%']

5.00 10.39 24.50 48.93 62.33

3 [4.98,5.02]  [7.33,14.72] [20.87,28.76]  [41.55,57.63]  [42.94,90.47] 1.00 0.0018
5.00 10.87 24.08 48.06 65.62

10 [4.99,5.01] [859,13.76] [21.59,26.85] [43.00,53.72] [51.39, 83.78] 1.00 0.0022
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In Figure 6, the likelihood profiles of this 5-parameter model after the 10th round
are shown. All parameters reach minima very close to their true value with extremely
narrow confidence intervals—except for Kyc g, which slightly overestimates the true value
of 60 mM—consistent with the parameter estimation derived from the Jacobian matrix
approach. Despite this, each parameter displays a well-defined, single minimum, indicat-
ing reliable identifiability and reasonable convergence across the model, and meet their
respective true parameter values.
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Figure 6. Likelihood profile of parameter estimation after 10th round for a reaction with a competitive
inhibition by component A and a competitive inhibition by component B. Blue line represents keat in
s1, orange line represents Ky; o in mM, green line represents Ky g in mM, red line represents Kic a
in mM and purple line represents Kjc g. The dashed line marks the threshold corresponding to the

95% confidence interval.

3.3.2. Competitive Inhibition by Component A and Uncompetitive Inhibition by
Component B

In the model with competitive inhibition by A and uncompetitive inhibition by B,
A is assumed to inhibit the modified enzyme E*, while B inhibits the enzyme—substrate
complex. The additional parameters are Kjc o and Kjy p, representing the respective
inhibition constants. An example of competitive and uncompetitive substrate inhibition
for a ping-pong mechanism is given by Picott et al. [38]. The reaction can be described by
Equation (10).

_dA]_d[B] _ [E] o kcat[A][B] 10)
dt At (Kya[B]) + (Kmp (1 + g2)[A]) + ([A][B](1+ L))

The parameter estimates across different estimation rounds in Table 9 show that keat
converges near its true value around 3 s ! from round 2 but shows no further improvement.
In general, there is no improvement in the estimated values from round 3 onward. Ky o
is close to zero, and therefore, misses the true value. Ky g converges at a value of 10 mM,
which is below the true value. Kjc a stabilises around 42 mM from round 3 onward, below
its true value, while Ky g consistently converges near 128 mM, failing to reach its true
value. The R? values are 0.98 in round 1 and then slightly increase to 0.99 from round
3 onward, showing a good fit to the data despite the parameter estimates not reaching their
true values. In all cases, the confidence intervals also indicate a good estimation, but as
the estimated parameters do not reflect the true values, this case study demonstrates a
mis-parameterisation. Here as well, the nRMSE value only shows a clear decrease after the
first round and fluctuates afterwards, so that further model accuracy is not represented.
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Table 9. Parameters estimated in various rounds for a reaction with a competitive inhibition by
component A and an uncompetitive inhibition by component B. Values in brackets represent the
lower and upper limits of the 95% confidence interval.

Round No.  keat [s71] Ky,a [mM] Kwm,p [mM] Kic,a [mM] Kiu,s [mM] R2[-] nRMSE [-]

171 2.20 0.58 2.84 64.07

1 [0 53 5 50] [1.93 x 10722, [1.93 x 10722, [193 x 10722, [1.93 x 1072, 098 0.1698

e 5.19 x 102!] 5.19 x 10%!] 5.19 x 1021] 5.19 x 102!]

3.09 0.37 10.87 4197 128.64

3 [3.09,3.09] [0.01, 16.08] [8.26,14.31]  [31.69,55.58] [128.50, 128.78] 0.99 0.0181
3.09 0.37 10.87 41.97 128.64

10 [3.08,3.10]  [0.048, 2.94] [9.72,12.17]  [37.38,47.12]  [128.26,129.02] 0.99 0.0205

Figure 7 shows the profile likelihood plots of this 5-parameter model for the final
round. Parameters Ky; o and Ky g exhibit single, sharp minima with extremely narrow
confidence intervals; however, the values are very close to zero. Kyy g also shows a sharp,
single minimum, but it is offset from its true value of 80 mM. For Kjc 4, three distinct
minima are visible, with the lowest touching the threshold at a value around 30 mM,
considerably below its true value of 50 mM. The remaining two minima, however, do not
touch the threshold, which indicates the presence of multiple local minima in the likelihood
landscape for this dataset, not to be considered results of a reliable estimation. Only the
parameter ket is estimated correctly. Although the confidence intervals for all values
indicate good identifiability, only some of the estimated value of ke, is close to the true
values. In contrast, some parameters show clear mis-parameterisation.
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Figure 7. Likelihood profile of parameter estimation after 10th round for a reaction with a competitive
inhibition by component A and an uncompetitive inhibition by component B. Blue line represents
Keat ins™ 1, orange line represents Ky o in mM, green line represents Ky g in mM, red line represents
Kic,a in mM and brown line represents Ky g. The dashed line marks the threshold corresponding to
the 95% confidence interval.

3.4. Case Study 4: Three Inhibitions Described by Six Parameters

In this case study, only one candidate is investigated in detail, with a total of three
inhibitions by components A and B being assumed. For this model, competitive inhibition
by A and both competitive and uncompetitive inhibition by B are assumed. The reaction
can be described by Equation (11).
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_da] _ _d[B]
e« Elotkcst[Al[B a
Ky (1 o )[B)) + (K1 + o) [A]) + (A][B(1+ )
iC,B iC,A iU,B

Here, the component A inhibits the modified enzyme E*, while component B inhibits
the free enzyme (competitive), and also inhibits the enzyme-substrate complex (uncompet-
itive). The additional parameters in this model are Kjc a, Kic p, and Ky g. The parameter
estimates across different rounds in Table 10 show that k., remains stable around 3.3 s 1
from round 2 onward; however, it stays below its true value. While Ky g stabilises near
2.4 mM with moderate confidence intervals, Ky o stays very low throughout the rounds
with wide confidence intervals, indicating high uncertainty. Kjc p stabilises around 15 mM,
considerably below its true value, with wide confident intervals, and Ky g consistently con-
verges near 119 mM, also above its true value. Kjc o shows little variation for all 10 rounds,
remaining around 21 mM as compared to its true value of 50 mM, with relatively narrow
confidence intervals. Apart from a reduction in the confidence intervals, the estimated
parameters remain constant from the second round onwards. The confidence intervals are
wider than in the case studies before, but still imply a good parameterisation, despite being
an incorrect one. R? remains high, ranging from 0.98 to 0.9 across all rounds, despite the
parameter estimates not converging to their true values across the 10 rounds. As before, the
nRMSE value only shows a clear decrease after the first round. The fluctuation afterwards
shows no further improvement in the model accuracy.

Table 10. Parameters estimated in various rounds for a reaction with a competitive inhibition by
component A and a competitive as well as an uncompetitive inhibition by component B. Values in
brackets represent the lower and upper limits of the 95% confidence interval.

R? RMSE
Round No. ket [s711 Ky [mM]  Kyg [ImM]  Kic g [mM] Ky,p [mM] Kica [mM] [-] ! [-]
176 0.75 2.32 15.37 115.45 21.32
1 [0 47‘ 6.63] [1.93 x 10722, [1.93 x 10722, [193 x 10722, [1.93 x 10722, [193x 1072, 098  0.1690
s 519 x 1021 519 x 10211 5.19 x 10?!] 5.19 x 10%] 5.19 x 1021]
0.70 15.70
3.30 245 119.75 21.28
2 [1.50 x 1076, [3.00 x 107, 0.99  0.0295
[3.29, 3.32] 325 x 109] [0.62, 9.69] 8.20 x 10°] [118.62,120.89] [4.15,109.06]
3.30 0.70 245 15.70 119.75 21.28
10 [3.28,3.33]  [0.14,3.42] [1.55, 3.86] [3.14,78.40]  [118.91,120.60] [13.42,33.75] 0.99  0.0342

Figure 8 shows the profile likelihoods for this 6-parameter model. Parameters kcat and
K1y g exhibit sharp, well-defined minima close to their true values, with extremely narrow
confidence intervals. Ky o, Ky g, and Kjc a each display a single sharp minimum. How-
ever, Ky g and Kjc s converge to values substantially different from their true parameters,
while Ky; o converges very close to zero, with all showing very narrow confidence intervals.
For Kjc , three distinct minima are observed, all reaching the confidence threshold, with
the lowest minimum around 5 mM, far below the true value of 60 mM, indicating the
presence of multiple minima. Overall, while two parameters are well-estimated, others
remain ambiguous due to the complex likelihood landscape for the given dataset.
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Figure 8. Likelihood profile of parameter estimation after 10th round for a reaction with a competitive
inhibition by component A and a competitive and an uncompetitive inhibition by component B. Blue

1

line represents kc,; in s™*, orange line represents Ky; o in mM, green line represents Ky g in mM,

purple line represents Kjc g in mM, brown line represents Ky g and red line represents Kjc 4. The
dashed line marks the threshold corresponding to the 95% confidence interval.

3.5. Case Study 5: Four Inhibitions Described by Seven Parameters

For this final case study, both substrates are assumed to exert competitive inhibition
on the enzyme or modified enzyme, represented by Kic p and Kjc o, and uncompetitive
inhibition on the enzyme-substrate complex before product release, represented by Ky o
and Kjy , resulting in a total of seven parameters. The reaction can be described by
Equation (12).

_dia] _ _d[B]
v Elokea(Al[B] 12
(Kapa(1+ 225 B]) + (Kny (1 + ek ) [A]) + ([A][B)(1 + ) (1 + g55))

Table 11 presents the parameter estimates for this 7-parameter model. In rounds 1
through 4, most parameters exhibit extremely wide confidence intervals, often spanning
many orders of magnitude, reflecting high uncertainty, and the estimates deviate sub-
stantially from the true values. From round 5 onward, ke.t stabilises with very narrow
confidence intervals while the other parameters remain far from their true values. A sharp
transition occurs in round 10, where all parameters attain estimates close to the true values;
however, confidence intervals remain wide for most parameters except Kjy g and Ky a. R2
values remain high throughout the estimation process in the range of 0.98 to 0.99, despite
most parameters not reaching their true values until the final round, where R? shows the
correct representation of the estimated parameters. Overall, early rounds exhibit high
uncertainty and instability, mid rounds show partial stabilisation for some parameters, and
full convergence of all seven parameters is achieved only by round 10. Interestingly, the
nRMSE shows a slight increase between rounds 2 and 4, followed by a consistent decrease,
which suggests a better model estimate.
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Table 11. Parameters estimated in various rounds for a reaction with a competitive inhibition by
component A as well as B, and an uncompetitive inhibition by component A as well as B. Values in
brackets represent the lower and upper limits of the 95% confidence interval.

2 RMSE
R;;Lnd Keat [s71] Kp,a [mM] Km,p [mM] Kic,a [mM] Kic,p [mM] Kuy,s [mM] Kiy,a [mM] E] n -] S
199.99 34.34 467.11 5.41 1000.00 1000.00 1000.00
1 [1.93 x 10722, [1.93 x 1072, [1.93x10722, [193x1072, [193x10°2, [193x10°%2, [193x10"2, 098 0.1693
5.19 x 1021] 5.19 x 1021] 5.19 x 1021] 5.19 x 1021] 5.19 x 1021] 5.19 x 1021] 5.19 x 10?1]
0.001 1000.00
4.62 2.90 0.97 39.87 217.64
5 [1.93 x 10722, [1.93 x 1072, 0.99 0.0138
[4.60, 4.63] 519 x 107] [0.73, 11.60] [0.24, 3.95] 519 x 107 [39.32,40.43]  [211.98, 223.44]
10 498 10.16 25.32 50.85 62.73 79.97 70.39 099  0.0015
[4.88, 5.08] [5.89,17.52]  [20.08,31.92] [38.43,67.29] [34.60,113.73]  [78.59, 81.38] [69.18, 71.63] ’ :

The likelihood profiles for this 7-parameter model are shown in Figure 9. Similar to
the 6-parameter model, keat, Kjy p and Kyy o show sharp, single minima with steep rise
on both sides of the minimum. Ky o (a) and Kjc g (b) exhibit highly oscillatory profiles
with multiple local minima, similar to the previous model. Ky; g shows three minima in
this model, with the lowest minimum corresponding to the true parameter and narrower
confidence intervals. The newly introduced parameter, Kyc 5, displays two minima, with
the lower minimum near the true value and slightly wider confidence intervals.
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Figure 9. Likelihood profile of parameter estimation after 10th round for a reaction with a competitive

KicB

inhibition by component A as well as B and an uncompetitive inhibition by component A as well

as B. (a) Blue line represents kcat in s~1

, orange line represents Kyj o in mM, green line represents
Ky g in mM, red line represents Kjc o in mM, brown line represents Kyy g, and pink line represents
Kiy,a and (b) violet line Kjcg. The dashed line marks the threshold corresponding to the 95%

confidence interval.

4. Discussion

Previous work has shown that the tQSSA approach presented here enables clear
identification of the kinetic parameters of a simple single-substrate reaction with two
parameters [27]. However, there have been no reports in the literature to date on the extent
to which this approach can also be applied to more complex models. In our repository, we
provide 16 candidates of a ping-pong mechanism with various combinations of substrate
inhibitions that occur. However, in this chapter, we use the same structure as in Section 3
and discuss the different case studies presented in the results.

First, the overall result of the coefficient of determination and the normalised root
mean square error is examined: In all cases, some parameters were far from their true values
despite a good fit. This happens because R? only measures how well the model reproduces
the observed data, not whether the individual parameter values are correct. Multiple
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combinations of parameter sets can produce very similar estimation results, especially in
complex models, leading to high R? even when the parameters are inaccurate. Therefore,
R? alone cannot guarantee correct parameter identification and should be considered
alongside confidence intervals and parameter trends in the estimation process. The nRMSE
scores somewhat better. In all case studies, it consistently shows an improvement in the
value from the second round onward. However, the results vary considerably between the
individual case studies thereafter. Particularly with complex models, the nRMSE also fails
to demonstrate a consistent improvement in parameter estimation.

4.1. Discussion for Case Study 1

For the application of a 3-parameter model equation, all kinetic parameters could be
identified very early on and without ambiguity. After the first round, which corresponds to
two experiments, the values were estimated incorrectly, but this was evident from the large
confidence intervals. After just the second round, which corresponds to the performance
of four experiments in total, the parameters were correctly identified, and the accuracy in
the form of confidence intervals is also acceptable. This applies both to the calculation of
parameters and confidence intervals using the classic method via the Jacobi matrix and
to the more complex representation via likelihood profiles. Thus, as a first step, it was
successfully demonstrated that the method of parameter estimation via the total quasi-
steady-state assumption (tQSSA) is possible and leads to correct results beyond simple
2-parameter models, and over-parameterisation does not occur here.

4.2. Discussion for Case Study 2

Case study 2 dealt with four different examples. In each case, inhibition caused by
one specific substrate component occurred. The inhibition was either competitive or non-
competitive. The results reveal initial inconsistencies: the kinetic parameters of competitive
inhibition by B were correctly identified in this study and covered approximately accurately
by the confidence intervals. However, the kinetic parameters of uncompetitive inhibition
by B could not be correctly identified. When the confidence intervals were calculated
via the Jacobian matrix, only the confidence interval for one parameter indicated that
identification was not possible. Normally, this would be interpreted to mean that this
parameter—especially since the value was estimated to be 0.001 mM—is not present and
therefore the assumed reaction mechanism would be incorrect. However, this is not the
case in this example. If the method of likelihood profiles was used, only the ke, parameter
was estimated correctly, while in all cases, the profile indicated a good estimation for all
parameters, but did not match the true parameters. This shows for the first time that the
tQSSA assumption may not be able to correctly estimate a 4-parameter model under the
given circumstances.

If uncompetitive inhibition by component A is assumed, the underlying parameter
values were, in general, correctly estimated in the example shown here and also very well
identified within the confidence intervals. For the Jacobian method, only one parameter
was overestimated, but within an acceptable error, while the profile likelihood results
in a correct estimation of all values. Remarkably, the model equation is extended in the
same way for the individual uncompetitive inhibitions. In the denominator, the term
([A][B]) is extended by (1 + [A]/Ky a) or (1 + [A]/Kyy ), respectively. It can thus be seen
that the estimation algorithm was able to estimate the values correctly in one example
but was unable to do so in another. Even with the effort of 10 rounds (corresponding to
20 experiments), no correct identification could be achieved for the uncompetitive inhibition
caused by component B. Thus, the interaction of the randomly selected kinetic parameter
values, as well as the selected initial concentrations for the first round of experiments, has
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a decisive influence on identifiability. However, it should be noted that the unsuccessful
estimation of Kyy p is indicated by the wide confidence intervals for Ky o, which is only
the case with the Jacobian matrix method. So, mis-parameterisation can occur.

The correct estimation in the case of competitive inhibition by A also shows weak-
nesses. Two parameters could be correctly identified, and the confidence intervals also
show clear identification. However, using the Jacobian matrix method, two parameters
were incorrectly estimated and were not covered by the confidence intervals. Nevertheless,
the incorrectly estimated values are still within the same order of magnitude as the true
parameter values, so this misestimation can be considered acceptable. In contrast, the
likelihood profile method shows a significantly better estimate. All four parameters were
correctly identified, which demonstrates an advantage of this more complex method.

4.3. Discussion for Case Study 3

Also, for the application of the tQSSA approach for a 5-parametric model, the results
are inconsistent. For the example of two competitive inhibitions, the identification of
all parameters was successful, and all true parameters were met within the confidence
intervals of each parameter. However, if a competitive inhibition by component A and an
uncompetitive inhibition by component B is assumed, the algorithm fails in identifying the
correct parameters, even though the confidence intervals suggested a correct identification.

Even when considering the other model candidates (data can be generated via the
repository), there is no consistent trend. It is neither the case that certain K; values are
always estimated correctly, nor are certain Kj values always estimated poorly. Thus, in the
case of this study, no consistent statement can be made for model depths of five parameters
or more. However, under certain circumstances, a correct identification is possible.

4.4. Discussion for Case Study 4

In the 6-parameter model presented in this study, the parameters underlying the
model could not be estimated correctly, although the confidence intervals suggest good
identifiability. However, a comparison of this example with other 6-parameter models (cf.
repository) shows that six parameters are not the limit. In this study, for example, all six
parameters could be well identified within an acceptable tolerance range in a model with
competitive and uncompetitive inhibition by component A and uncompetitive inhibition
by component B. This shows that six parameters are not the limit of over-parameterisation
when using the tQSSA approach. However, this is not a generally valid statement, as in
a broader comparison of all candidates with six parameters, no K; value stands out in
either direction.

4.5. Discussion for Case Study 5

The last example considered a model with a total of four inhibitions and thus seven
parameters in total. Although in the previous case studies with fewer parameters, the
parameters were not correctly identified in some models, in this example, all parameters
could be correctly identified. This shows that the tQSSA approach can be applied to
very complex models and is capable of correctly estimating the intrinsic parameters of an
enzyme. In this particular case, over-parameterisation was not visible.

4.6. General Aspects to Improve Parameter Estimation

The aim of this study was to generally examine whether the tQSSA approach can also
be applied to enzymatic kinetics for the successful estimation of kinetic parameters when
more than two parameters are present. This was successfully demonstrated for a three-
parameter model. Another aspect was the question of whether this approach could also
be used to counteract the over-parameterisation mentioned in the literature. In principle,
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the approach was also able to correctly identify parameters when four or more parameters
were present. However, this is also the range in which the first mis-parameterisation occurs.
This shows that the tQSSA approach certainly has the potential to correctly identify the
parameter values of highly parameterised models; however, there is no guarantee of this.
The approach, therefore, needs to be improved in future work.

It should be noted that the focus here was on feasibility. It is well known that the
number of data points per experiment also has an influence on the success of the estimation.
Similarly, there are different sections in progress curves with significant substrate depletion:
initially, the concentration curve is almost linear; in the middle, there is a curved area;
towards the end, there are hardly any changes in the concentration. It should be noted
here that the highest information density is in the curved area [39]. Therefore, the best
time to take a sample can also be implemented into the decision [40]. The mathematical
method of integration used also has an influence on the result, as do the starting values of
the estimation [13]. Based on these topics, the parameter estimation can still be adjusted to
improve the estimation method.

5. Conclusions and Outlook

In this study, the total quasi-steady-state assumption (tQSSA) approach was success-
fully applied for the first time to identify parameters in kinetic models with more than
two parameters by progress curve analysis. Model-based optimised experimental design
was used for this purpose. The questions of when the tQSSA approach fails and when
over-parameterisation in the form of non-identifiability of the parameters occurs were also
investigated. To this end, the complexity of the kinetics was increased step by step and
the number of parameters was increased from 3 to 7. In silico studies were used because
this is the only way to specify the intrinsic characteristics of an enzyme through kinetic
parameters. In order to cover a real case, the experimental data on which the estimation is
based were noisy. Overall, the picture is very mixed: in one case, the model parameters
could not be correctly identified with only four parameters. In another case, however, up
to seven parameters could be correctly identified. Possibilities for improving parameter
estimation in general were also discussed, which would enable correct identification even
for models that cannot be correctly identified in this study.

This shows that the tQSSA approach offers a very good opportunity to meet the chal-
lenge of over-parameterisation. At present, however, there are still limitations that need
to be addressed in future research. In particular, optimal experimental design strategies
could be extended to jointly optimise sampling times, initial concentrations, and experi-
mental conditions based on sensitivity or Fisher information analyses in order to maximise
parameter identifiability. Such approaches would allow a more systematic extraction of
information from experimental data.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/appliedchem6020025 /51, Figure S1: Time course data of a reaction
without inhibition; Figure S2: Time course data of a reaction with competitive inhibition by component
B; Figure S3: Time course data of a reaction with uncompetitive inhibition by component B; Figure S4:
Time course data of a reaction with competitive inhibition by component A; Figure S5: Time course
data of a reaction with uncompetitive inhibition by component A; Figure S6: Time course data of a
reaction with competitive inhibition by components A and B; Figure S7: Time course data of a reaction
with competitive inhibition by component A and uncompetitive inhibition by component B; Figure S8:
Time course data of a reaction with competitive inhibition by component A and competitive and
uncompetitive inhibition by component B; Figure S9: Time course data of a reaction with competitive
and uncompetitive inhibition by component A and competitive and uncompetitive inhibition by
component B.
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Abbreviations

The following abbreviations are used in this manuscript:

FAIR Findable, Accessible, Interoperable, Reusable

Keat Turnover number

Km Michaelis-Menten constant, with subscript for the respective substrate

Kic Inhibition constant (for a corresponding substrate) for competitive inhibition
Ky Inhibition constant (for a corresponding substrate) for uncompetitive inhibition
MAP Maximum a posteriori

SE Standard error

sQSSA  Standard quasi-steady-state approach

SSE Sum of squared error

tQSSA  Total quasi-steady-state approach

o Standard deviation

1O Nuisance parameter of profile likelihood

X21,0_95 Chi-square for a level of significance of 0.05
Concentration of substrate A, with subscript 0: initial concentration; with subscript obs:

[A] observed concentration; with subscript pred: predicted concentration
[B] Concentration of substrate B, with subscript 0: initial concentration; with subscript obs:
observed concentration; with subscript pred: predicted concentration
[E] Concentration of enzyme, with subscript tot: total enzyme concentration
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