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1 | INTRODUCTION

The purpose of this paper is twofold. First, we present a general mechanism how to transfer a strong linearization of
a locally convex Hausdorff space F(Q) of scalar-valued functions on a nonempty set Q to a vector-valued counterpart.
Second, we characterize those spaces among the spaces 7(Q) that have a (strongly) unique predual in certain classes of
locally convex Hausdorff spaces. Strong linearizations are special preduals. Recall that a locally convex Hausdorff space
X is called a dual space and a tuple (Y, ¢) a predual of X if the tuple consists of a locally convex Hausdorff space Y and
a topological isomorphism ¢ : X — Yl’7 where Yl’) is the strong dual of Y. In [25], we derived necessary and sufficient
conditions for the existence of preduals and strong linearizations of bornological spaces such that the predual has certain
properties like being complete and barrelled, a DF-space, a Fréchet space, or completely normable (cf. Proposition 3.5
and Corollary 3.6). A strong linearization of a locally convex Hausdorff space F(Q) of K -valued functions on a nonempty
set Q where K = R or C is a triple (6,Y,T) of a locally convex Hausdorff space Y over the field K,amapé : Q > Y
and a topological isomorphism T : F(Q) — Ytl> if T(f)od = f forall f € F(Q) (see [10, p. 683], [17, pp. 181, 184], and [25,
Proposition 2.6, p. 1595]).

We show that one can lift a strong linearization (8, Y, T) of the scalar-valued case F(Q) to the vector-valued case in Theo-
rem 4.5 and unify preceding results on strong vector-valued linearizations from Aron, Dimant, Garcia-Lirola, and Maestre
[1], Bonet, Domanski, and Lindstrdém [6], Gupta and Baweja [16], Jorda [19], Laitila and Tylli [26], Mujica [29], and Quang
[33], where F(Q) is a weighted Banach space of holomorphic or harmonic functions, and from Beltran [2, 3], Bierstedt,
Bonet, and Galbis [5], Bonet and Friz [8], and Galindo, Garcia, and Maestre [11], where F(Q) is a weighted bornologi-
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cal space of holomorphic functions, and Grothendieck [15] where F(Q) is the space of continuous bilinear forms on the
product Q := F X G of two locally convex Hausdorff spaces F and G. Further, our results on strong linearizations augment
results on continuous linearizations, where § is continuous but T need not be continuous, by Carando and Zalduendo [10]
and Jaramillo, Prieto, and Zalduendo [17]. Linearizations are a useful tool since they identify (usually) nonlinear functions
f with (continuous) linear operators T(f) and thus allow to apply linear functional analysis to nonlinear functions. They
are often used to transfer results that are known for scalar-valued functions to vector-valued functions, see, for example,
[6,8,15,17, 19, 26]. We give an example of such an application to an extension problem in the case that 7(Q) is a complete
bornological DF-space in Theorem 4.8.

However, our main motivation in considering strong linearizations in this article does not stem from transferring results
from the scalar-valued to the vector-valued case. We use strong linearizations to study the question whether a predual is
unique up to identification via topological isomorphisms. This question is usually only treated in the case of Banach spaces
and even then mostly in the isometric setting, that is, in the case of Banach spaces X having a predual (Y, ¢) such that
Y is a Banach space and ¢ an isometric isomorphism. We refer the reader to the thorough survey of Godefroy [14] in the
isometric setting and to the paper [9] of Brown and Ito in the nonisometric Banach setting. Since we are interested in the
general setting of locally convex Hausdorff spaces, our isomorphisms ¢ are in general only topological and we also have
to choose a class C of locally convex Hausdorff spaces in which we strive for uniqueness of the predual. Such a class C
has to be closed under topological isomorphisms because otherwise there is no hope for uniqueness of the predual up to
identification via topological isomorphisms. Using such a class C, it is possible to introduce two notions of uniqueness of
a predual that are already known in the Banach setting. First, we say that a dual space X has a unique C predual if for all
preduals (Y, ) and (Z, %) of X such that Y, Z € C, there is a topological isomorphism 4 : Y — Z. Second, we say that a
dual space X has a strongly unique C predual if for all preduals (Y, ¢) and (Z, %) such that Y,Z € C and all topological
isomorphisms «a : le> - Yl’), there is a topological isomorphism A : Y — Z such that ' = a. The second definition might
seem a bit strange at first but we will see that it takes the topological isomorphisms of a predual into account, so it does not
forget the additional structure, and it fits quite well to strong linearizations. Strong uniqueness of a predual in C means
that all preduals of X are equivalent in the sense that for all preduals (Y, ¢) and (Z, %) of X such that Y,Z € C, there
is a topological isomorphism A : Y — Z such that 1' = poy)~!, see Proposition 2.7. We note that this definition of the
equivalence of preduals is an adaptation of a corresponding definition in the Banach setting by Gardella and Thiel [13].
The notion of equivalence of preduals allows us on the one hand to show in Corollary 5.9 how our construction of a strong
linearization is related to the continuous linearization of Carando and Zalduendo, and on the other hand to characterize
the bornological spaces F(Q) of K-valued functions, which have a (strongly) unique C predual, see Corollary 5.10 and
Corollary 5.11. We refer the reader who is also interested in the corresponding results of this paper in the isometric Banach
setting to [24].

2 | NOTIONS AND PRELIMINARIES

In this short section, we recall some basic notions from the theory of locally convex spaces and present some preliminary
results on dual spaces and their preduals (cf. [25, Section 2]). For a locally convex Hausdorff space X over the field K := R
or C, we denote by X’ the topological linear dual space and by U° the polar set of a subset U C X. If we want to emphasize
the dependency on the locally convex Hausdorff topology 7 of X, we write (X,7) and (X,7)’ instead of just X and X’,
respectively. We denote by o(X’, X) the topology on X’ of uniform convergence on finite subsets of X and by (X', X) the
topology on X’ of uniform convergence on bounded subsets of X. Further, we set X l’j = (X', B(X’, X)). For a continuous
linear map T : X — Y between two locally convex Hausdorff spaces X and Y, we denote by T' : Y/ — X', y' — y'oT,
the dual map of T and write T := (T")". Furthermore, we say that a linear map T : X — Y between two locally convex
Hausdorff spaces X and Y is (locally) bounded if it maps bounded sets to bounded sets. Moreover, for two locally convex
Hausdorff topologies 7, and 7; on X, we write 7, < 1, if 7 is coarser than 7. For a normed space (X, || - ||), we denote by
By :={x € X | [|Ix]| <1} the || - [|-closed unit ball of X. Further, we write 7, for the compact-open topology, that is, the
topology of uniform convergence on compact subsets of Q, on the space C(Q) of K-valued continuous functions on a
topological Hausdorff space Q. In addition, we write 7,, for the topology of pointwise convergence on the space K of K-
valued functions on a set Q. By a slight abuse of notation, we also use the symbols 7, and 7, for the relative compact-open
topology and the relative topology of pointwise convergence on topological subspaces of C(Q) and K, respectively. For
further unexplained notions on the theory of locally convex Hausdorft spaces, we refer the reader to [18, 27, 31].
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Definition 2.1. Let X be a locally convex Hausdorff space.

(a) We call X a dual space if there are a locally convex Hausdorff space Y and a topological isomorphism ¢ : X — Y;.
The tuple (Y, p) is called a predual of X.

(b) Let X be a dual space. We say that two preduals (Y, ¢) and (Z, %) of X are equivalent and write (Z,9) ~ (Y, ¢) if there
is a topological isomorphism A : Y — Z such that A’ = gop)~!.

The preceding definition of a predual is already given in [25, Definition 2.1, p. 1593] and for Banach spaces, for example, in
[9, p. 321]. In the setting of Banach spaces, the definition of the equivalence of preduals is given in [13, Definition 2.1]. It is
also easily checked that ~ actually defines an equivalence relation on the family of all preduals of a dual space. Further, if
we have a predual (Y, ¢) of a dual space X and another locally convex Hausdorff space Z that is topologically isomorphic
to Y, we can always augment Z to a predual, which is equivalent to (Y, ¢).

Remark 2.2. Let X be a dual space with predual (Y, ¢) and Z a locally convex Hausdorff space. If there is a topological iso-
morphism A : Y — Z,thenthemapg, : X — Z],¢; := (A7")'op, isa topological isomorphism with ¢ ' (z') = ¢~!(z'02)
forallz’ € Z’ and A' = googo;l. In particular, (Z, ;) is a predual of X and (Z, ¢;) ~ (Y, ¢).

If X is a dual space with a quasi-barrelled predual, we may consider this predual as a topological subspace of the strong
dual of X.

Proposition 2.3 [25, Proposition 2.2, p. 1593]. Let X be a dual space with quasi-barrelled predual (Y, ¢). Then the map
D, 1Y = X,y [x = p(0O)],
is a topological isomorphism into, that is, a topological isomorphism to its range.

Now, if we want to study whether a dual space has a unique predual by identification via topological isomorphisms, we
have to restrict the range of preduals we consider because even a Banach space may have a predual which is also a Banach
space, and another predual which is not a Banach space (see [25, Example 3.15, p. 1601]). Two such preduals cannot be
topologically isomorphic.

Definition 2.4. Let X be a dual space and C a class of locally convex Hausdorff spaces that is closed under topological
isomorphisms, that is, if Y € C and Z is a locally convex Hausdorff space, which is topologically isomorphic to Y, then
ZeC.

(a) We say that X has a unique C predual if for all preduals (Y, ¢) and (Z, ) of X such that Y, Z € C there is a topological
isomorphism A4 : Y - Z.

(b) We say that X has a strongly unique C predual if for all preduals (Y, ¢) and (Z, %) such that Y, Z € C and all topological
isomorphisms & : Z; — Y, there is a topological isomorphism 4 : Y — Z such that A = a.

In the context of dual Banach spaces, where C is the class of Banach spaces, Definition 2.4(a) is already given in, for
example, [9, p. 321] (to be more precise, in the setting of dual Banach spaces, C in Definition 2.4 is not the class of Banach
spaces but of completely normable spaces since Z in the definition of closedness under topological isomorphisms is a
locally convex Hausdorff space, which need not be a normed space initially). Definition 2.4(b) is inspired by a similar
definition of a strongly unique isometric Banach predual of a Banach space in, for example, [14, p. 134] and [37, p. 469].
We frequently consider four classes C of preduals in this paper: the class of complete barrelled locally convex Hausdorff
spaces, the class of complete barrelled DF-spaces, the class of Fréchet spaces, and the class of completely normable spaces.

Remark 2.5. Let X be a dual space, C; and C, be classes of locally convex Hausdorff spaces that are closed under topological
isomorphisms, and C; be contained in C,. If X has a (strongly) unique C, predual and there is a predual (Y, ¢) of X such
that Y € C;, then X has also a (strongly) unique C; predual.
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Proposition 2.6. Let X be a dual space and C a class of locally convex Hausdorff spaces that is closed under topological
isomorphisms. Then the following assertions are equivalent.

(@) X has a unique C predual.
(b) For all preduals (Y, ) and (Z,%) of X such that Y,Z € C, there is a topological isomorphism u : X — Z,; such that

(Z’ M) ~ (Y9 §0)

Proof. Let (Y, ¢) and (Z, ) be preduals of X such thatY,Z € C.

(a)=(b) Since X has a unique predual, there is a topological isomorphism 4 : Y — Z. Now, statement (b) follows from
Remark 2.2 with u := ¢;.

(b)=>(@)Lletu : X > Z ; be a topological isomorphism such that (Z, u) ~ (Y, ¢). Then there is a topological isomorphism
A Y — Zsuch that A’ = pou~!. Thus, X has a unique C predual. |

Proposition 2.7. Let X be a dual space and C a class of locally convex Hausdorff spaces that is closed under topological
isomorphisms. Then the following assertions are equivalent.

(a) X has a strongly unique C predual.
(b) All preduals of X in C are equivalent (in the sense of Definition 2.1 (b)).

Proof. Let (Y, ) and (Z, ) be preduals of X such thatY,Z € C.

(a)>(b)Themapa : Z {7 - Yl’7, a := pop~, is a topological isomorphism. Since X has a strongly unique predual, there
is a topological isomorphism A : Y — Z such that A' = a = poy~!. Thus, we have (Z,9) ~ (Y, ¢).

(b)=>(a)Leta : Z 1,7 - Yl; be a topological isomorphism. The tuple (Y, o) is also a predual of X. Since all preduals are
equivalent, there is a topological isomorphism A : Y — Z such that A’ = (xo)oyp~! = a. Thus, X has a strongly unique
C predual. |

In the context of dual Banach spaces, Proposition 2.7(b) is used in [13, Definition 2.7] to give an equivalent definition of
a dual Banach space having a strongly unique Banach predual. Clearly, reflexive locally convex Hausdorff spaces are dual
spaces. The bornological ones among them also have a strongly unique complete barrelled predual.

Example 2.8. Let X be a reflexive bornological locally convex Hausdorff space. Then X has a strongly unique complete
barrelled predual. In particular, every complete barrelled predual of X is reflexive.

Proof. Since X is reflexive and bornological, the strong dual X I’) is a reflexive, hence barrelled, predual of X (equipped with
the canonical evaluation map Jx : X — (X 1,9 ;, x — [x" » x'(x)]), and also complete by [20, Section 39, 6.(4), p. 143].
Let (Y, ¢) be another complete barrelled predual of the reflexive space X. Then Yl’) is reflexive and thus (Y;)Z aswell. Since
Y is complete and barrelled, it is a closed subspace of (Y}’)); via the map Jy by [18, 11.2.2 Proposition, p. 222], implying
that Y is reflexive by [18, 11.5.5 Proposition (a), p. 228]. Therefore, the map 1 : X 1,) =Y, A:=7 Lo(Jxop™1)! Ong’ isa
topological isomorphism and

A = J%, o(Jyop™ ) o(T Y = Tk, o(Jyog™ ) o(Ti) ™!
b b’b

-1 O(JXogo—l)ltoJYL :J_l

- o »
e, (X;);°‘7(X;)g°(r7x°¢ ) = Jxop~L.

We conclude that (Y, ) ~ (X], Jx). Due to Proposition 2.7, this means that X has a strongly unique complete barrelled
predual. D

If X is a reflexive Fréchet space, then X 1,9 is a complete reflexive DF-space by [18, 12.4.5 Theorem, p. 260] and so X has
a strongly unique complete barrelled DF-predual by Remark 2.5. Similarly, if X is a reflexive bornological DF-space, then
X t,) is a complete reflexive Fréchet space by [18, 12.4.2 Theorem, p. 258] and so X has a strongly unique Fréchet predual.
If X is a reflexive Banach space, then X 1,; is a completely normable reflexive space and so X has a strongly unique Banach
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predual. Let us turn to linearizations of function spaces whose definition is motivated by the notion of strong Banach
linearizations [17, p. 184, 187].

3 | LINEARIZATION AND UNIQUENESS
We begin this section with the definition of a linearization.
Definition 3.1 [25, Definition 2.3, p. 1593]. Let () be a linear space of KK-valued functions on a nonempty set Q.

(a) We call a triple (8,Y,T) of a locally convex Hausdorff space Y over the field K, a map § : Q — Y, and an algebraic
isomorphism T : F(Q) — Y’ a linearization of F(Q) if T(f)od = f forall f € F(Q).

(b) Let Q be a topological Hausdorff space. We call a linearization (8, Y, T) of F(Q) continuous if § is continuous.

(c) Let F(Q) be a locally convex Hausdorff space. We call a linearization (8, Y, T) of F(Q) strong if T : F(Q) — Y,’J isa
topological isomorphism.

(d) We call a (strong) linearization (8, Y, T) of F(Q) a (strong) complete barrelled (Fréchet, DF-, Banach) linearization if Y
is a complete barrelled (Fréchet, DF-, completely normable) space.

(e) We say that F(Q) admits a (continuous, strong, complete barrelled, Fréchet, DF-, Banach) linearization if there exists a
(continuous, strong, complete barrelled, Fréchet, DF-, Banach) linearisation (6, Y, T) of F(Q).

Clearly, the tuple (Y, T) of a linearisation (6, Y, T) is a predual of F(Q). If we have two strong linearisations of a common
function space F(Q) such that the corresponding preduals are equivalent, then we have the following relation between
the §-maps.

Proposition 3.2. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q and (6,Y,T) and
(8, Z, ) strong linearizations of F(Q). If there is a topological isomorphism A : Y — Z such that A' = Top™!, then it holds
A(6(x)) = 6(x) forall x € Q.

Proof. We note that
Z'(A6(x))) = A'(2')(6(x)) = (Top™")(2')(6(x)) = T(p~"(2')N(6(x))
= 971 (2)(x) = (e~ (ZN(E()) = 2/ (8(x))
forall z/ € Z' and x € Q. Since Z is Hausdorff, our statement follows from the Hahn-Banach theorem. O
Further, we observe that the map § which makes a predual a strong linearization is unique.

Remark 3.3. If F(Q) is a locally convex Hausdorff space of K-valued functions on a nonempty set Q and (8,Y,T) and
(8,Y,T) are strong linearizations of 7(€), then it holds § = §. Indeed, this follows from Proposition 3.2 with Z :=Y,
¢ :=T,and A :=1id.

Now, we recall two conditions, named (BBC) and (CNC), that we need to guarantee the existence of a strong complete
barrelled linearization of a bornological function space (see [4, p. 114], [4, 2. Corollary, p. 115], and [28, Theorem 1, p. 320-
321)).

Definition 3.4 [25, Definition 3.1, pp. 1596-1597]. Let (X, ) be a locally convex Hausdorff space.

(a) We say that (X, 7) satisfies condition (BBC) if there exists a locally convex Hausdorff topology 7 on X such that every
7-bounded subset of X is contained in an absolutely convex t-bounded 7-compact set.

(b) We say that (X, 7) satisfies condition (CNC) if there exists a locally convex Hausdorff topology 7 on X such that 7 has
a 0-neighborhood basis U, of absolutely convex 7-closed sets.
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If we want to emphasize the dependency on 7, we say that (X, 7) satisfies (BBC) resp. (CNC) for 7. We say (X, 7) satisfies
(BBC) and (CNC) for 7 if it satisfies both conditions for the same 7.

In order to obtain a candidate for the predual (Y, T) of a given function space F(Q2), we recall the following space of
linear functionals from [4, 25, 28, 30]. Let (X, 7) be a locally convex Hausdorff space, B the family of 7-bounded sets, and
7 another locally convex Hausdorff topology on X. We denote by X* the algebraic dual space of X and define

X, - i={x" eX*| xl’}; is 7-continuous for all B € B}
and observe that (X,7) C X ! - as linear spaces. We equip X ! > with the topology § := = B’
convergence on the 7- bounded subsets of X.

B (X, 7)) of uniform

Proposition 3.5 [25, Proposition 3.7, p. 1599]. Let (X, 7) be a bornological locally convex Hausdorff space satisfying (BBC)
for some T and B the family of T-bounded sets. Then the following assertions hold.

() X 'B,? is a closed subspace of the complete space (X, ‘L');). In particular, (X ;35, B) is complete.
(b) If(X,7) is a DF-space, then (X ;35, B) is a Fréchet space.
(c) If(X,7) is normable, then (X ;3 - B) is completely normable.

We recall from [25, pp. 1611-1612] that a topological space Q is said to be a gkr-space if for any completely regular space
Y and any map f : Q — Y, whose restriction to each compact K C Q is continuous, the map is already continuous on
Q. Examples of Hausdorff gkr-spaces are Hausdorff k-spaces, metrizable spaces, locally compact Hausdorff spaces, and
strong duals of Fréchet-Montel spaces (DFM-spaces). Further, for a locally convex Hausdorff space 7(Q) of K-valued
functions on a nonempty set Q, we define §,, : F(Q) - K, §,.(f) := f(x), for x € Q.

Corollary 3.6 [25, Corollary 4.1, Remark 4.3, Theorem 4.10, pp. 1609, 1612]. Let (F(Q), 7) be a bornological locally convex
Hausdorff space of K-valued functions on a nonempty set Q satisfying (BBC) and (CNC) for some T < 7, and B the family of
7-bounded sets. Then the following assertions hold.

(@) Alx) =68, € F(Q);ﬁ forall x € Qand (A, F(Q)’B’?, 1) is a strong complete barrelled linearization of F(Q) where

I (FQ).70) — (FQ)y ) f— [f' = F1(L.
(b) IfQis a gkr-space and F(Q) a space of continuous functions, then the map A : Q — (F(Q);s = B) is continuous.

We note that the conditions (BBC) and (CNC) for some T < 7, are also necessary for the existence of a strong complete
barrelled linearization of a bornological function space F(Q) (see [25, Theorem 4.5, p. 1609]).

Let us turn to some examples from [25]. Let Q be a nonempty topological Hausdorff space. We call V a directed fam-
ily of continuous weights if V is a family of continuous functions v : Q — [0, c0) such that for every v;,v, € V, there
are C > 0 and vy € VY with max(vy,v,) < Cvy on Q. We call a directed family of continuous weights V point-detecting if
for every x € Q, there is v € V such that v(x) > 0. For an open set Q C R?, we denote by C*(Q) the space of K-valued
infinitely continuously partially differentiable functions on Q. The next examples are slight generalizations of [8, p. 34]
and [4, 3. Examples B, pp. 125-126] where the weighted spaces HV(Q) and VH(Q) of holomorphic functions on an open
connected set Q C C¢ are considered and V is a point-detecting Nachbin family of continuous weights. Using Proposi-
tion 3.5 and Corollary 3.6, we get the following examples of continuous strong complete barrelled (Fréchet, DF-, Banach)
linearizations.

Example 3.7 [25, Examples 3.3, 3.25, 4.11, pp. 1597-1598, 1607-1608, 1613]. Let Q c R? be open and P(3) a hypoelliptic
linear partial differential operator on C*(Q).

85UB017 SUOLILLIOD AINBID 3(edtdde 8y} Aq peuIenob 88 SodILEe O ‘SN JO S8INI 0} ARIq1T 8ULUO AB|IM UO (SUONIPUOD-PUB-SWSIA0 A8 | I AReiq 1 U1 |Uo//:SdNY) SUONIPUOD pue swis | 8y} 88S *[5202/c0/2T] Uo Akeiqi auliuo A8|Im ‘uewiiedeq oueuld s1uem L 1O AISAIUN A SSE00YZ0Z eUeW/Z00T 0T/I0p/W0d A8 | ARiq1puljuo//Sdny Wwols pepeojumod ' 'SZ0z '9T9222ST



MATHEMATISCHE
KRUSE NACHRICHTEN s

(i) Let V be a point-detecting directed family of continuous weights. We define the space
CpY(Q) :={feCp(@)|VveV: Ifl, = sup |f()[v(x) < oo},
xe

where Cp(Q) :={f € C*®(Q) | f € ker P(0)}, and equip CpV(Q) with the locally convex Hausdorff topology 7y
induced by the seminorms (|| - ||,)vey- If the space (CpV(Q), 7)) is bornological, then (A, CPV(Q)%’TCO, 1) is a con-
tinuous strong complete barrelled linearization of CpV(Q). If V is countable and increasing, that is, v,, < v,,4; for all
n € N, then (4, CPV(Q);SJCO’ T) is a continuous strong complete barrelled DF-linearization of C; V(Q), and if V = {v},
then (A, CPU(Q);S,TCD’ T) is a continuous strong Banach linearization of Cpv(Q).

(i) LetV := (v,)nen be a decreasing, that is, v, < v, for all n € N, family of continuous functions v,, : Q — (0, 00).
In addition, let V be regularly decreasing, that is, for every n € N, there is m > n such that for every U C Q with

inf,.cpy U, (x)/v,(x) > 0, we also have inf ¢y U (x)/v,(x) > 0 for all k > m + 1. We define the inductive limit

VCP(Q) = 121;1 CpUn(Q)

neN

of the Banach spaces (Cpv,(Q), || - [lv,), and equip VCp(Q) with its locally convex inductive limit topology 7. Then
(VCp(Q),y1) is a (ultra)bornological Hausdorff DF-space and (A, VC P(Q);ﬁ ,I) is a continuous strong Fréchet
linearization of VCp(Q).

Now, we turn to the relation between strong linearizations and (strong) uniqueness of preduals. Let X be a dual space
with predual (Y, ¢). Considering X as the dual space of Y, we define the system of seminorms

pn(x) :=sup lp(x)W)|, x€X,
YEN

for finite sets N C Y, which induces a locally convex Hausdorff topology on X w.r.t. the dual paring (X,Y, ) and we
denote this topology by 0, (X, Y).

Proposition 3.8. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, C be a subclass
of the class of complete barrelled locally convex Hausdorff spaces such that C is closed under topological isomorphisms, and
(8,Y,T) astrong linearization of F(Q) such that Y € C. Consider the following assertions.

(@) F(Q) has a strongly unique C predual.

(b) Forevery predual (Z, @) of F(Q) such that Z € C and every x € Q, thereis a (unique) z, € Z with T(-)(6(x)) = @(-)(z).

(c) For every predual (Z, ¢) of F(Q) such that Z € C and every x € Q, it holds T(-)(6(x)) € (F(), 0,(F(Q), 2)).

(d) For every predual (Z,¢) of F(Q) such that Z € C, there is a (unique) map & : Q — Z such that (8,Z,¢) is a strong
linearization of F(Q).

Then it holds (a)=(b)(c)<(d). If the family (6(x))yeq is linearly independent, then it holds (b)=(a).

Proof. (b)< (c) This equivalence follows directly from [36, Chapter IV, Section 1, 1.2, p. 124].
(a)=>(b) Let (Z, ) be predual of F(Q) such that Z € C. Since F(Q) has a strongly unique C predual, there is a topological
isomorphism 4 : Y — Z such that 1' = Togp~! by Proposition 2.7. For x € Q, we set z,, := A(5(x)) € Z and observe that

P(f)(z:) = p(HAEB))) = A (P(fNEG() = (Top™H@(FNEC)) = T(HH(E(x))

for all f € F(Q). The existence of such a z, already implies that it is unique by [36, Chapter IV, Section 1, 1.2, p. 124].
(b)=(d) Let (Z, @) be a predual of 7(Q) such that Z € C. We set & : Q — Z, 8(x) := z,.. Then we have ¢(f)(5(x)) =
T(f)(6(x)) = f(x) for all f € F(Q), which implies that 6,2, @) is a strong linearization of (). The uniqueness of 5
follows from Remark 3.3.
(d)=(b) This statement follows from the choice z, := 8(x) € Z for x € Q.
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(b)=>(a) if the family (6(x)),cq is linearly independent. Let (Z, ¢) be a predual of F(Q) such that Z € C. We set Y, :=
span{d(x) | x € Q}and Z, := span{z, | x € Q} and note that the linear map 4, : Y, —» Z, induced by 4,(6(x)) := z, for
x € Qiswell defined since (6(x)),cq is linearly independent. Clearly, 4 is surjective. Next, we show that it is also injective.
Let y € Y, such that 13(y) = 0. Then y can be represented as y = Y __ a,8(x) with finitely many nonzero a, € K. We
note that

xeQ

0=2() = %( > axé(x)> = ) 4z
xX€Q xeQ

and

0= qo(f)( D axzx> = Y ap(f)z) = T(f)< D axa(x)> = o (Y)(f)

xeQ x€Q xeQ

for all f € F(Q). Due to the injectivity of ®; by Proposition 2.3, we get that y = 0. Thus, A, is injective.
We claim that A, is a topological isomorphism. Indeed, for every x € Q, we have

Dy (2x) = p()(zx) = T()(8(x)) = Dr(8(x))

and hence 1,(6(x)) = (CI>_10<I>T)(5(x)) implying our claim as (<I)_10CI)T)|Y 1Yy = Z, is a topological isomorphism by
Proposition 2.3. Due to [18 3.4.2 Theorem, pp. 61-62] and the density of Y, in the complete space Y by [25, Proposition
2.7, p. 1596], we can uniquely extend A, to a topological isomorphism 4 : Y — Z, where Z, denotes the closure of Z, in
the complete space Z.
Next, we show that Z, = Z. Suppose there is some z € Z such that z ¢ Z,. Since Z, is closed in Z, there is z’ € Z’ such
that zl’Z_ = 0 and z'(z) = 1 by the Hahn-Banach theorem. It follows that 0 # (Top~1)(z') € Y’ and
0

(Top™)(Z)(B(x)) = T(p~ (zN)(S(x)) = p(p~'(2))(zy) = 2'(z) = 0

for all x € Q. The density of Y, in Y implies that (Top~1)(z’) = 0, which is a contradiction.
Therefore, 1 : Y — Z is a topological isomorphism. Further, we have for every z’ € Z’ with y’ := (Top~!)(z/) € Y’
that

AH(ZN)(E(x)) = 2/ (A8(x))) = 2/ (Ae(8(x))) = 2/ (2,) = (poT~ )Y )(zx)
= (T (")(z,) =TT Y NEE)) = y'(6(x))
= (Top~")(z')(6(x))

for all x € Q. Again, the density of Y, in Y implies that A = Tog~!, which means that (Z, ¢) ~ (Y, T). We deduce from
Proposition 2.7 that 7(Q) has a strongly unique C predual. O

Corollary 3.9. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, C be a subclass
of the class of complete barrelled locally convex Hausdorff spaces such that C is closed under topological isomorphisms, and
(8,Y,T) a strong linearization of F(Q) such that Y € C. Consider the following assertions.

(a) F(Q) has a unique C predual.

(b) For every predual (Z, ) of F(Q) such that Z € C, there is a topological isomorphism ¢ . F(Q) — Zl; such that for every
x € Q thereis a (unique) z,, € Z with T(-)(8(x)) = P(-)(zy).

(c) Forevery predual (Z, ¢) of F(Q) such that Z € C, there is a topological isomorphism ¢ : F(Q) — ZL such that for every
x € Q, itholds T(-)(6(x)) € (F(Q), 0y (F(Q), Z)) .

(d) For every predual (Z,¢) of F(Q) such that Z € C, there is a topological isomorphism 3 : F(Q) - Zl’) and a (unique)
map & 1 Q — Z such that (8, Z,) is a strong linearization of F(<).

Then it holds (a)=(b)e(c)<(d). If the family (6(x))yeq is linearly independent, then it holds (b)=(a).
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Proof. This statement follows from the proof of Proposition 3.8 with ¢ replaced by 1 and Proposition 2.7 replaced by
Proposition 2.6. Ol

Looking at statement (b) of Proposition 3.8 and Corollary 3.9, we also see that continuous point evaluation functionals
naturally appear in the context of strong complete barrelled linearizations.

Remark 3.10. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, (6,Y,T) a strong
linearization of 7(Q) such that Y is quasi-barrelled. Then we have &, = T(-)(6(x)) and &, € F(Q) for every x € Q by
Proposition 2.3 since T(-)(6(x)) = ®7(6(x)).

In our last section, we will show in Corollary 5.10 and Corollary 5.11 how the condition of linear independence for the
implication (b)=>(a) in Proposition 3.8 and Corollary 3.9 can be avoided.

Remark 3.11. Let F(Q) be a linear space of K-valued functions on a nonempty set Q such that for every finite set A C Q
and x € A, there is f € F(Q) such that f(x) # 0 and f(z) =0forall z € A\ {x}. If (§,Y,T) is a linearization of F(Q),
then the family (6(x)),cq is linearly independent. Indeed, for a family (a,),eq in K with finitely many nonzero a,, we
have

T(f)( > ax5<x)> = ) a f(x)

xeQ xeQ

for all f € F(Q), which implies our claim.

The condition on F(Q) in Remark 3.11 is, for example, fulfilled if Q ¢ C and F(Q) contains all polynomials of degree
less than |Q] where |Q| denotes the cardinality of Q.

4 | LINEARIZATION OF VECTOR-VALUED FUNCTIONS

In this section, we derive a strong linearization of weak vector-valued functions from a strong linearization of scalar-valued
functions. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q with fundamental
system of seminorms I'z(q). For alocally convex Hausdorff space E over the field K with fundamental system of seminorms
I'g, we define the space of weak E-valued F-functions by

FQE), :={f: Qo E|Ve €eE : eof € F(Q)}

For p € Ty weset U, :={x € E | p(x) < 1} and recall that U}, denotes the polar set of U, w..t. the dual pairing (E, E').
We define the linear subspace of F(Q, E), given by

7:'(Q’E)cr,b = {f € F(Q;E)a | v qe FF(Q)s b€ 1—‘E . ”f”a,q,p = ,Sup Q(E'Of) < oo}
e EU;

F(Q, E)s p equipped with the system of seminorms (|| - |ls g,p)geryq) per, becomes a locally convex Hausdorff space. We
note that 7(Q, K), , = F(Q, K), = F(Q). Further, for a large class of spaces 7(), namely, BC-spaces such that the point
evaluation functionals belong to the dual, the spaces 7(Q, E), and F(Q, E), , actually coincide for any E. Let us recall
the definition of a BC-space from [32, p. 395]. A locally convex Hausdorff space X is called a BC-space if for every Banach
space Y and every linear map f : Y — X with closed graph in Y X X, one has that f is continuous. A characterization of
BC-spaces is given in [32, 6.1 Corollary, pp. 400-401]. Since every Banach space is ultrabornological and barrelled, the [27,
Closed graph theorem 24.31, p. 289] of de Wilde and the Ptdk-Kdmura-Adasch-Valdivia closed graph theorem [20, §34,
9.(7), p. 46] imply that webbed spaces and B,-complete spaces are BC-spaces. In particular, the Fréchet space CpV(Q) for
a countable point-detecting increasing family V and the complete DF-space VCp(Q2) for a countable decreasing family V
from Example 3.7 are webbed and thus BC-spaces.
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Remark 4.1. If F(Q) is a BC-space of K-valued functions on a nonempty set Q such that §, € F(Q) forall x € Q and E is
a locally convex Hausdorff space over the field K, then F(Q, E), = F(Q, E), ; by [22, 3.18 Proposition, p. 319].

Remark 4.2. Let F(Q) be a locally convex Hausdorff space of [K-valued functions on a nonempty set Q, Y a locally convex
Hausdorff space over the field K and § : Q — Y. Then condition (i) of [25, Proposition 2.5, p. 1595] is equivalent to § €
F(Q,Y),.

For two locally convex Hausdorff spaces Y and E over the field K, we denote by L(Y, E) the space of continuous linear
maps from Y to E. Moreover, we write L, (Y, E) if the space L(Y, E) is equipped with the topology of uniform convergence
on bounded subsets of Y.

Proposition 4.3. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, (8,Y,T) a strong
linearization of F(Q) and E a locally convex Hausdorff space over the field K with fundamental system of seminorms I'f.
Then the following assertions hold.

(a) The map
X Ly(Y,E) - F(Q,E)sp, x(u) :=uod,

is well defined, linear, continuous, and injective.

() If (F(Q), || - 1) is a Banach space such that §,, € (F(Q), || - ||) forall x € Q, (Y, || - |ly) a normed space, and the map
T : (FQ), - 1D = Y- Nly), Nl - llyr) an isometry, then F(Q,E), = F(Q,E),, and y is a topological isomorphism
into and forall p € Ty

Ix@llo,p = sup p(u(y)), ue€LY,E).
y

Iylly<t

Proof.

(a) We note that e’ou € Y’ for all ¢’ € E’ and u € L(Y, E). Therefore, ¢’oy(u) = (¢/ou)od € F(Q) for all ¢’ € E’ and
u € L(Y, E), which yields that y(u) € F(Q, E),.

Let g € I'r(q) and p € T'y where I'r(q) is a fundamental system of seminorms of 7(Q). For all u € L(Y,E) and

e/ € E/, there is foo, € F(Q) such that e’ou = T(fero,) and T(f o0, )08 = f o0, because (8, Y, T) is a linearization of

F(Q) and ¢’ou € Y’. Due to the continuity of T~! : Yl’7 — F(Q), there are C > 0 and a bounded set B C Y such that

”}((u)”a,q,p = Ssup q(e’ouoé) = sup q(T(ferou)o8) = sup q(ferou)
e'el;

/ o ’ o
el el

= sup (T (T(feou)) < C sup sup [T(fero)¥) @

e’eUp e'eUp YEB

= C sup sup |(e’ou)(y)| = Csup p(u(y)) < e
e'ely yeB YEB

for all u € L(Y, E), where we used [27, Proposition 22.14, p. 256] for the last equation. Therefore, y(u) € F(Q, E); ,
which means that the map y is well defined. The map y is also linear and thus the estimate above implies that it is
continuous. The map y is also injective as the span of {5(x) | x € Q} is dense in Y by [25, Proposition 2.7, p. 1596].
(b) We have F(Q,E), = F(Q,E),, by Remark 4.1 since Banach spaces are webbed and so BC-spaces. The rest of part (b)
follows from part (a) since we have equality in (1) withg = || - ||, C = 1and B = B, . O

Remark 4.4. Let the assumptions of Proposition 4.3(b) be fulfilled. If (E, || - ||) is also a normed space and L(Y, E) equipped
with operator norm given by |[ully g) := sup{lluMllz | y €Y, llylly <1}, u € L(Y, E), then the map y is an isometry
by choosing I'y :={|| - |Ig}-
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Next, we prove the surjectivity of the map y if E is complete. The proof is quite similar to the one given in [21, Theorem
14(i), p. 1524]. We identify E with a linear subspace of the algebraic dual E’* of E’ by the canonical linear injection x ——
[e/ = e'(x)] =: (x,¢).

Theorem 4.5. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, (6,Y,T) a strong
linearization of F(Q) such that Y is quasi-barrelled, and E a complete locally convex Hausdorff space over the field K. Then
the map
X Ly(Y,E) - F(Q,E)sp, x(u) :=uod,

is a topological isomorphism and its inverse fulfils

XHHO) ey =T of)y), fEFQE),yy€EY, ' €E.
In particular, F(Q, E), j, is quasi-complete. If Y is even bornological, then the space F(Q, E), j, is complete.
Proof. Due to Proposition 4.3(a), we only need to show that y is surjective and its inverse continuous. Fix f € F(Q, E), .
Forally € Y,themapW(f)(¥) : E' = K, (¥()(),e') := T(e'of)(y), is clearly linear, thus W(f)(y) € E’*. Let I'; denote

a fundamental system of seminorms of E. We set for p € I'g

*
lzlus = sup |z(e) <o, zEE,
e’eU‘f7

and note that p(x) = |, x)lU; for every x € E. Further, we define Ry(e’) := ¢’of for ¢’ € E’ and denote by I'y a funda-

mental system of seminorms of Y. We observe that R;(U}) is a bounded set in () and that there are C>0andgeTly
such that

(W = sup IT®I = sup |FyONT (W) < Cq(y) )
hERJ‘(U;) ]’lERf(U;)

for all y € Y since Y is a quasi-barrelled space and thus the canonical evaluation map Jy : Y — (Yl’) )g continuous by [18,
11.2.2. Proposition, p. 222]. Next, we show that ¥(f)(y) € E for all y € Y. First, we remark that

(E(H(x)),e") =T(of)(8(x)) = (o f)(x) = (f(x),¢'), x€Q,
for every e’ € E’, yielding W(f)(6(x)) € E for every x € Q. By [25, Proposition 2.7, p. 1596], the span of {§(x) | x € Q} is
dense in Y. Thus, for every y € Y, there is a net (), in this span such that it converges to y and ¥(f)(y,) € E for each

t € I. For every p € I', we have

PN = ¥HWPlug (% Cqy, —y) = 0.

Hence (Y(f)(3,)).cr is a Cauchy net in the complete space E with a limit g € E. For every p € ', we get
lg =Y WNlug < 18 =Y(HOINug + PG = PO
5 I8 = ¥(N0Il; +Cq0: - )
and deduce that ¥(f)(y) = g € E. In combination with (2), we derive that ¥(f) € L(Y, E). Finally, we note that
X(P(Nx) =¥()(x) = f(x), x€Q,

implying the surjectivity of y.
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Let I'z(q) denote a fundamental system of seminorms of 7(Q). Let B C Y be bounded and p € I'. Due to the continuity
of T : F(Q) — Y}, there are C > 0 and q € T'y(q) such that

sup p(¥(f)(y)) = sup sup |e'(P(f)(¥))| = sup sup|T(e'of)(»)| <C sup g(e'of)

YEB e'eUp e'eUp yeB e'el;
= C”f”o',q,p»

where we used [27, Proposition 22.14, p. 256] for the first equation, which implies the continuity of ¥ = y~!

The space L (Y, E) is quasi-complete, thus F(Q, E), ; as well, by [20, Section 39, 6.(5), p. 144] since Y is quasi-barrelled
and E complete. If Y is even bornological, then Ly (Y, E) is complete by [20, Section 39, 6.(4), p. 143] and hence F(Q, E), j,
as well. O

Due to weak-strong principles for holomorphic, harmonic, and Lipschitz continuous functions special cases of The-
orem 4.5 and Remark 4.4 for Banach spaces E over C were already obtained before, for instance, in [29, Theorem 2.1,
p. 869] for the Banach space F(Q) = H*(Q) of bounded holomorphic functions on an open subset Q of a Banach space,
in [6, Lemma 10, p. 243] for a Banach space F(D) of holomorphic functions on the open unit disc D C C such that its
closed unit ball is 7.,-compact, in [26, Lemma 5.2, p. 14] for a Banach space (D) of harmonic functions on D such that
its closed unit ball is 7., -compact, in [19, Proposition 6, p. 3], which also covers [16, Theorem 3.1 (Linearization Theo-
rem), p. 128] and [1, Proposition 2.3 (c), p. 3029], for a closed subspace F(Q) of the Banach space Hv(Q) such that its
closed unit ball is 7.,-compact where Q is an open connected subset of a Banach space and v : Q — (0, c0) a continuous
function, and in [11, Theorem 1, pp. 239-240] where F(Q) = Hp(Q) is the space of holomorphic functions defined on a
balanced open subset Q of a complex normed space, which are bounded on Q-bounded sets. Hp,(Q) is a Fréchet space
if equipped with the topology of uniform convergence on Q-bounded sets, and we note that its predual Y :=,(Q) in
[11, pp. 238-239] is an inductive limit of a sequence of Banach spaces and thus ultrabornological, in particular barrelled,
by construction. For Banach spaces E over C Theorem 4.5 and Remark 4.4 also generalise [3, Lemma 2.3.1, p. 67] where
(8,Y,T) :=(A,G,J) is a strong Banach linearization of a Banach space F(Q) of C-valued functions on a nonempty set
Q with Banach predual (G,J) such that §, € G for all x € Q, as well as [3, Corollary 2.3.4, p. 68] where F(Q) = HV(Q)
is the weighted Fréchet space of holomorphic functions on a complex Banach space Q and V := (v,),en an increas-
ing sequence of continuous functions v,, : Q — (0, o). Further, Theorem 4.5 for Banach spaces E over C also covers |2,
Theorem 2, p. 283] where F(Q) = VH(Q) is the inductive limit of the weighted Banach spaces Hv,(Q) of holomorphic
functions on a complex Banach space Qand V := (v, ),en a decreasing sequence of continuous functionsv,, : Q — (0, o0)
if VH(Q) satisfies (CNC) for 7., or (WH(Q)p,,,B) is distinguished by [25, Corollary 4.7, pp. 1610-1611]. For complete
locally convex Hausdorff spaces E over C, Theorem 4.5 also generalizes [5, 3.7 Proposition, p. 292] combined with [5, 1.5
Theorem (e), pp. 277-278] where F(Q) = HV(Q) is the weighted space of holomorphic functions on a balanced open
subset of Q ¢ C¢ and V a family of radial upper semicontinuous functions v : Q — [0, c0) such that the weighted topol-
ogy 7y induced by V fulfils 7., < 7y, (see [5, pp. 272, 274]), HV(Q) is bornological and the polynomials are contained
in HYy(Q) :={f e HY(Q) | Vv €V : fuv vanishes at co}. However, we note that in contrast to Theorem 4.5, quasi-
complete E are allowed in [5, 3.7 Proposition, p. 292]. Theorem 4.5 for complete locally convex Hausdorff spaces E over
C also improves [8, Theorem 3.3, p. 35] where F(Q) = HV(Q) is bornological, Q an open connected subset of C¢, and V
a point-detecting Nachbin family of continuous nonnegative functions on Q. If E is a complete locally convex Hausdorff
space and F(Q) = Z(F X G, K) the space of continuous bilinear forms on the product Q := F X G of two locally convex
Hausdorff spaces F and G, then Theorem 4.5 also covers [15, Chapter I, Section 1, n°1, Proposition 2, pp. 30-31] (cf. [18,
15.1.2 Theorem, p. 325]) if the projective tensor product Y := F ®,. G is quasi-barrelled (instead of F ®, G, one may also
use its completion F® .G by [18, 3.4.2 Theorem, pp. 61-62]). For instance, F ® G is (quasi-)barrelled (and F® G bar-
relled by [18, 11.3.1 Proposition (e), p. 223]) if F and G are metrizable and barrelled by [18, 15.6.6 Proposition, p. 337], or
if F and G are quasi-barrelled DF-spaces by [18, 15.6.8 Proposition, p. 338]. However, we emphasize that [15, Chapter I,
Section 1, n°1, Proposition 2, pp. 30-31] in contrast to Theorem 4.5 does not need the restrictions that E is complete and
F ®, G quasi-barrelled. Moreover, Theorem 4.5 also complements [10, Theorem 3, p. 690] where a special continuous lin-
earization (e, F,.(Q), L) of a linear space F(Q) of scalar-valued continuous functions on a nonempty topological Hausdorft
space Q instead of a strong linearization is considered and it is shown that the map L(F.(Q),E) — F(Q,E), N C(Q, E),
u — uoe, is an algebraic isomorphism if E is a complete locally convex Hausdorff space. Here, C(Q, E) denotes the space
of continuous maps from Q to E. We refer the reader to [17, pp. 182-184] for a summary of the construction of (e, F..(Q), L).
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Remark 4.6. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, Y a quasi-barrelled
locally convex Hausdorff space over the field K and (8, Y, T) a strong linearization of 7(Q). For any complete locally convex
Hausdorff space E over the field K, we have uod € 7(Q, E),;, for allu € L,(Y, E) and there is a topological isomorphism
Tg : F(Q,E),, — Ly(Y,E), namely Ty := y~' = ¥, with Tp(f)o6 = f for all f € F(Q,E),; by Theorem 4.5. Looking
at Definition 3.1, we may consider (6, Ly(Y,E), T) as a strong linearization of 7(Q, E), ;. In particular, the following
diagram commutes:

Q*f>E

[
Af)

Y

If Y is complete, then Y is also a free object generated by Q in the category C, of complete locally convex Hausdorff spaces
with continuous linear operators as morphisms in the sense of [12, p. ] once the spaces Q belong to a category C; such that
d and any f € F(Q, E), is a morphism of C; and there is a “forgetful” functor from C, to C;.

Next, we generalize the extension result [19, Theorem 10, p. 5]. For this purpose, we need to recall some definitions. Let
E be a locally convex Hausdorff space. A linear subspace G C E’ is said to determine boundedness of E if every o(E,G)
-bounded set B C E is already bounded in E (see [7, p. 231]). In particular, such a G is o(E’, E)-dense in E’. Further, by
Mackey’s theorem G := E’ determines boundedness. Another example is the following one.

Remark 4.7. Let (E, 7) be a bornological locally convex Hausdorff space, 3 the family of 7-bounded sets, 7 a locally convex
Hausdorff topology on E, and ¥ denote the finest locally convex Hausdorff topology on E, which coincides with 7 on z-
bounded sets. Suppose that a subset of E is 7-bounded if and only if it is y-bounded (see [25, Definition 3.12, p. 1600]).
Then (E,7)" determines boundedness of (E, 7). Indeed, (E,7)’ C (E,7)’ by [25, Remark 3.13(c), pp. 1600-1601]. Let B C E
be o(E, (E,7)")-bounded. Then B is 7-bounded by Mackey’s theorem. It follows that B is 7-bounded by assumption.

Moreover, let (F(Q), 7) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q. A set U C Q
is called a set of uniqueness for F(Q) if for each f € F(Q) the validity of f(x) = 0 for all x € U implies f = 0 on Q (see
[19, p. 3]). If (F(Q), 7) is bornological and satisfies (BBC) and (CNC) for some 7 such that 7, <7, then U C Q is a set
of uniqueness for F(Q) if and only if the span of {6, | x € U} is U(F(Q)’ = F(Q))-dense. For instance, a sequence U :
(z)nen C D of distinct elements is a set of uniqueness for F(D) = H°°(ID) 1f and only if it satisfies the Blaschke cond1t10n
ZneN(l —|z,|) = o (see, e.g., [35, 15.23 Theorem, p. 303]). Further examples of sets of uniqueness for the spaces Cpv(Q)
are given in [23, pp. 102-103]. Now, we only need to adapt the proof of [19, Theorem 10, p. 5] a bit to get the following
theorem.

Theorem 4.8. Let (F(Q), 7) be a complete bornological DF-space of K-valued functions on a nonempty set Q satisfying (BBC)
and (CNC) for some T such that T, <7, U C Q a set of uniqueness for F'(Q), E a complete locally convex Hausdor{f space,
and G C E' determine boundedness. If f : U — E is a function such that e’ o f admits an extension f, € F(Q, E), for each
e’ € G, then there exists a unique extension F € F(Q,E), of f.

Proof. Let Yy; denote the span of {6, | x € U}. Since U is a set of uniqueness for 7(Q) and 7, <7, Yy is a(T’(Q)’ = F(Q))
-dense and thus also 8 -dense by [18, 8.2.5 Proposition, p. 149] as (F(Q)', e o(F(Q)), - P(Q)))’ =F(Q) = (F(Q), - B) (as
linear spaces). We note that the linear map A : Yy — E determined by A(5 ) = f (x) for x € U is well defined because G
iso(E’,E)-dense. Let B C P(Q)’Bf be B -bounded, x’ € BN Yy ande’ € G.Then x’ can be represented as x’ = Y. a0y

with finitely many nonzero a, € K and
< Z ax5x>(fe’)
xeu

Hence, by the 8 -boundedness of B, there is some C > 0 such that |e/(A(x"))| < C for all x’ € BN Yy. We deduce that
the set A(BNYy) is o(E,G) -bounded and thus bounded in E because G determines boundedness. We observe that

xeU

le’(A(x))| = Y afex)| = = X' (fo)l.

xeUu

Y ace'(f(x)| =

xeU
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(T’(Q)’ ~,ﬁ) is a Fréchet space by Proposition 3.5(b) and so its linear subspace Y;; is metrizable. We conclude that
A: (YU,B|Y ) — Eiscontinuous by [27, Proposition 24.10, p. 282] as the metrizable space (Y, B}y, ) is bornologlcal by [27,
Proposition 24.13, p. 283]. Since Y; is 8 -dense in F(Q)’ > there is a unique continuous linear extension A : P(Q)’ - E

of A by [18, 3.4.2 Theorem, pp. 61-62]. Setting F := )(oA € F(Q, E), by Corollary 3.6(a) and Theorem 4.5, we observe that
F(x) = (xoA)(x) = A(8,) = A(S,) = f(x)

for all x € U, which proves the existence of the extension of f. The uniqueness of the extension follows from U being a
set of uniqueness for F(Q) and G being o(E’, E) -dense. O

In particular, Theorem 4.8 is applicable to the spaces F(Q) = VCp(Q) from Example 3.7(ii) by [25, Corollary 4.7,
pp- 1610-1611].

5 | EQUIVALENCE AND UNIQUENESS OF PREDUALS

Having two strong linearizations (6,Y,T) and (8,Z,T) of a locally convex Hausdorff space F(Q) of K-valued functions
on a nonempty set Q, one might suspect that the preduals (Y, T) and (Z, T) are equivalent. This section is dedicated to
deriving necessary and sufficient conditions for this to happen. Our candidate for the topological isomorphismA : Y — Z
such that A' = ToT ! is the map T,(8) with T, from Remark 4.6 for complete Z if 5 € F(Q, A

Proposition 5.1. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q and (8,Y,T) a
strong linearization of F(Q) such that Y is quasi-barrelled. Let (5,Z,T) be a linearization of F(Q) such that Z is complete
and § € F(Q,Z), p. Then the following assertions hold.

(a) The map Tz(g) 'Y — Z is linear, continuous, injective, and has dense range, T~ : ZI’J — F(Q) is continuous and
T,(8) = ToT 1.
M) If
(i) Zl’j is webbed and F(Q) ultrabornological, or
(ii) Z; is B.-complete and F () barrelled,
thenT : F(Q) = Zl,: is a topological isomorphism.
(c) IfY is complete, Z barrelled, and T : F(Q) — Zl’) continuous, then T,(8) is surjective.
(@) IfT : F(Q) — Z; is continuous and
(1) Y is complete and webbed and Z ultrabornological, or
(ii) Y is B,-complete and Z barrelled,
then T,(8) is a topological isomorphism.

Proof.

(a) We note that Tz(g) is a continuous linear map by Theorem 4.5 and thus T Z(g)t : Zl’) - Yl’) as well. We observe that
T2(8)'(Z)¥) = (2. T,)¥) = (X E)¥).2') = T(2'26)(¥)
= T(T(T~4(2"))od)(y) = T(T~X "))
for all z/ € Z’ and y € Y by Theorem 4.5 and using that T,(8) = y 1(5). In particular, T,(8)" : Z, =Y, isa
continuous algebraic isomorphism. Since T~ = T~1oT,(8)!, we get that T~! : Z; — F(Q) is continuous.

Further, lety € Y such that T;(8)(y) = 0. Forevery y’ € Y/, thereisz’ € Z’ with T;(8)'(z’) = y' by the surjectivity
of T,(8)!, which implies

Y ) =T2(8)'(2)) = 2 (T2(B)(¥) = 2/(0) = 0

for all Y € Y. Hence y = 0 by the Hahn-Banach theorem and T(8) is injective.
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Moreover, (the restriction of) Tz(g) is a bijective map from the span of {§(x) | x € Q} to the span of {8(x) | x € Q},
which is dense in Z by [25, Proposition 2.7, p. 1596], because TZ(E)(é(x)) = 8(x) for all x € Q. Thus, TZ(g) has dense
range.

(b) This statement follows from part (a) and [27, Open mapping theorem 24.30, p. 289] in case (i) and [18, 11.1.7 Theorem
(b), p. 221] in case (ii).

(c) We denote by jy : Y — (Y}’))’ and j; : Z — (ZI’))’ the canonical linear injections and observe that the map T,(&)!" :
(Y}), — (Z}), is linear, continuous, and bijective, and its inverse fulfils

(T(8))™! = (TZ(&))!) = (ToT~)!

by part (a). We note that jy : Y — (Y}); and j; : Z — (Z}); are topological isomorphisms into by [18, 11.2.2 Propo-
sition, p. 222] as Y and Z are (quasi-)barrelled. Since T : F(Q) — le> is continuous by assumption, we get that
(T4(8)")~ is also continuous and hence T,(8)"* a topological isomorphism.

Let z € Z. Since the span of {8(x) | x € Q} is dense in Z by [25, Proposition 2.7, p. 1596], there is a net (z,)ie1 con-
verging to z and where all z, can be represented as z, = Zx <0 ax,lg(x) with finitely many nonzero a,, € K. Using
that T,(8)"ojy = j;oT,(8) and setting y, 1=} @, ,0(x) €Y fort € I, we get

T7(8) (y () = (jzoTz(ENM.) = ]Z( > aﬁ(x)) = jz(2)

x€Q

and so

Jy@) = (T2 (jz(2))

forall: € I, which implies that the net (jy (¥,)),e; converges to (T,(8)'))"1(jiz(z)) in (Y}); since T,(8)" is a topological
isomorphism and (j;(z,)),e; converges to j;(z) due to the barrelledness of Z. The quasi-barrelledness of Y implies
that (y,),¢s is a Cauchy net in Y. From the completeness of Y, we deduce that (y,),c; converges to some y € Y, yielding

(zeTz(ENW) = (Tz(8) "0 jy)(¥) = jz(2)

and thus T,(5)(y) = z by the injectivity of j,, which means that T,(8)is surjective.

(d) The statement follows from part (a) and (c) and [27, Open mapping theorem 24.30, p. 289] in case (i) and [18, 11.1.7
Theorem (b), p. 221] in case (ii) combined with the observations that ultrabornological spaces are barrelled, and B,-
complete spaces are complete by [18, 9.5.1 Proposition (b), p. 183].

O

Proposition 5.1 complements [10, Corollary 2, p. 695] where for a special continuous linearization (e, F,.(Q), L) of F(Q)
instead of a strong linearization, it is shown that 7, (Q) is topologically isomorphic to Z for any other continuous lineariza-
tion (€, Z, T) of F(Q) such that Z is a Fréchet space. Looking at part (b), we note that Z {) is a Fréchet space, so B,.-complete
and webbed, by [18, 9.5.2 Krein-Sthulian Theorem, p. 184] and [18, 12.4.2 Theorem, p. 258] if Z is a complete gDF-space.
Further, Zz/) is a complete DF-space, so webbed, by [18, 12.4.5 Theorem, p. 260] and [18, 12.4.6 Proposition, p. 260] if Z is a
Fréchet space.

Proposition 5.2. Let (F(Q), || - ||) be a Banach space of K-valued functions on a nonempty set Q such that 8, € (F(Q), || - |I)/
forallx € Q,(8,Y,T)alinearization of F(Q) such that (Y, || - |ly) isa Banach spaceand T : (F(Q), || - ) = (X, 1l - ly), |l -
llyr) an isometry. If(g, Z,T)is alinearization of F(Q) such that (Z, || - ||;) is a Banach space and themap T : (F(Q), || - |) =
Z N 125 W+ lzr) an isometry, then the map Tz(g) (YL lly) = (Z |- |lz) is an isometric isomorphism.

Proof. First, we note that 7(Q,Z),;;, = F(Q,Z), by Remark 4.1 because the Banach space (F(Q), || - ||) is a BC-space.
Due to Proposition 5.1(a) and (d), we know that T,(8) is a topological isomorphism and T,(5)" = ToT'. Thus T,(8)" :
@10z = (- ) - ly) is an isometric isomorphism since T and T are isometries. Hence we have
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TZ(S)I(BH-HZ/) = B||'||y/ and

ITz )Wz = sup |Z(T@) = sup [T )P = sup [y Q)

Z'€B, Z'EBy |, Y'€Bjjiys
= lIylly
for all y € Y. Thus T,(8) is an isometry. O

Proposition 5.1(d) combined with Proposition 5.2 improves [1, Proposition 2.3 (c), p. 3029], [16, Theorem 3.1 (Lineariza-
tion Theorem), p. 128], [29, Theorem 2.1, p. 869], and [33, Theorem 3.5, p. 19] since it shows that the Banach space
Y of a strong linearization (5,Y,T) of a Banach space F(Q) such that T is an isometry is uniquely determined up to
an isometric isomorphism without the need of existence of isometric isomorphisms Ty : F(Q,E), — L(Z, E) such that
Tr(f)od = f forall f € F(Q) for every Banach space E over K. Further, Proposition 5.1(d) combined with Proposition 5.2
also implies the corresponding result for the (completion of the) projective tensor product of two Banach spaces given in
[34, Proposition 1.5 (Uniqueness of the Tensor Product), p. 6] and [34, Theorem 2.9, p. 22].

Proposition 5.3. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, (8,Y,T) a strong
linearization of F(Q) and Z a locally convex Hausdorff space. If there exists a topological isomorphism ¢ : F(Q) - Z l’) such

that (Z,¢) ~ (Y, T), then there exists 8 : Q — Z such that (8, Z, @) is a strong linearization of F(Q).

Proof. Since (Z, ) ~ (Y, T), there exists a topological isomorphism 1 : Y — Z such that A’ = Top~!. We set §:Q—2Z,
d(x) := A(8(x)), and note that

(@(f)e8)(x) = p(NAS())) = A1 (@(fNE(x)) = (Top~ )@(/))(S(x))
=T(f)6(x)) = f(x)
for all f € F(Q) and x € Q. Hence 4,2, @) is a strong linearization of F(Q). O

Theorem 5.4. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, (8,Y,T) a strong
linearization of F(Q), (Z,T) a predual of F(Q) such that Z is complete, and let

(i) Y be complete, barrelled and webbed and Z ultrabornological, or
(ii) Y be B,-complete and barrelled and Z barrelled.

Consider the following assertions.

(a) There exists 5 € F(Q, Z),.p such that 5,2,Tisa strong linearization of F(Q).
(b) Itholds (Z,T) ~ (Y, T).

Then it holds (a)=(b). If F(Q) is a BC-space such that 8, € F(Q) for all x € Q, then it holds (b)=>(a).

Proof. (a)=>(b) Since (5,2,T) is a strong linearization of F(Q), the topological isomorphism T:FQ) -~ Zl’) fulfils
T(f Yod = f forall f € F(Q). We conclude statement (b) from Proposition 5.1(a) and (d).
(b)=(a) This implication follows from Proposition 5.3 with ¢ := T and Remark 4.1. O

Corollary 5.5. Let (F(Q), t) be a bornological BC-space of K-valued functions on a nonempty set Q satisfying (BBC) and
(CNC) for some T, < T and (F(Q);s - ) webbed, where B is the family of t-bounded sets, and (Z,T) a predual of (F(Q), 1)
such that Z is complete and ultrabornological. Then the following assertions are equivalent.
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(a) Thereexists & : Q — Z such that (8,Z,T) isa strong linearization of F(Q).
(b) It holds (Z,T) ~ (F(Q);3 = 1).

Proof. Due to Corollary 3.6(a) (A, F(Q);S - 1) is a strong complete barrelled linearization of 7(Q). Hence our statement
follows from Theorem 5.4(i) since A(x) = &, € (F(Q), ) for all x € Q by Proposition 3.5(a). O

In particular, (P(Q)’ = B) is a complete DF-space (see [25, Corollary 3.23, p. 1606]) and thus webbed by [18, 12.4.6
Proposition, p. 260] if (F(Q) 7) is a Fréchet space.

Corollary 5.6. Let (F(Q), ) be a complete bornological DF-space of K-valued functions on a nonempty set Q satisfying
(BBC) and (CNC) for some T, < T and B the family of T-bounded sets as well as (Z, T) a predual of (F(Q), ) such that Z is
complete and barrelled. Then the following assertions are equivalent.

(a) Thereexists § : Q — Z such that (8,Z,T) isa strong linearization of F(Q).
(b) Itholds (Z,T) ~ (F(Q);S = 1)

Proof. Due to Proposition 3.5(b) and Corollary 3.6(a) (A, P(Q);s - 1) is a strong Fréchet linearization of 7(Q). By Proposi-
tion 3.5(a), it holds A(x) = &, € (F(Q), 1)’ for all x € Q. Since the Fréchet space (F(Q)’ = B) is B,.-complete by [18, 9.5.2
Krein-Sthulian Theorem, p. 184] and the complete DF-space (F(Q), t) webbed by [18 12 4.6 Proposition, p. 260], so a
BC-space, our statement follows from Theorem 5.4(ii). O

Using [25, Propositions 3.16, 3.17, p. 1602], Proposition 3.5(c) and Corollary 3.6(a), we get the following corollary for
completely normable spaces F(Q).

Corollary 5.7. Let (F(Q), 1) be a completely normable space of K-valued functions on a nonempty set Q satisfying (BBC)
Jor some t, <7 and (Z, T) a predual of (F(Q),7) such that Z is complete and barrelled. Then the following assertions are
equivalent.

(a) Thereexists 8 : Q — Z such that (5, Z,T) is a strong linearization of F(Q).
(b) Itholds (Z,T) ~ (F(Q),7),1).

Let (8,Y,T) be a strong linearization of F(Q) such that Y is quasi-barrelled. If we not only have a linearization
(8,2,Tk) of F(Q) in the scalar-valued case as in the results above but also of F(Q,Y), in the vector-valued case, we
may get rid of some of the assumptions in Proposition 5.1(d) on T, Y, and Z.

Proposition 5.8. Let F(Q) be a locally convex Hausdorff space of K-valued functions on a nonempty set Q, (8, Y, T) a strong
linearization of F(Q) such that Y is quasi-barrelled, and 6 € F(Q,Y), . If Z is a complete locally convex Hausdorff space and
s e F(Q, Z)o p Such that for all E € {K, Y} there is an algebraic isomorphism Ty, : F(Q, E)sp — L(Z E)with Tg(f)o8 = f
forall f € F(Q,E); p, then the map T,(8) : Y — Z isa topological isomorphism with inverse T(8) ! = Ty(8), the map Ty
is a topological isomorphism and T,(8)! = TKoT L In particular, it holds (Z, T) ~ (Y, Ti).

Proof. First, we prove that T;(8) : Y — Zisa topological isomorphism. Due to Proposition 5.1(a), we only need to show
that TY(5) is surjective and its inverse continuous. We do this by proving that TZ(S) 1 = Ty(8) holds.

There is an algebraic isomorphism T : P, Y),p = L(Z,Y) with T(f Yod = fforall f € F(Q,Y), where weset T :=
Ty. Since § € F(Q, Y), » by assumption, we get the commuting diagram:
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Furthermore, there is a topological isomorphism T := T, : F(Q,Z),}, = Ly(Y,Z) withT(f)od = fforall f € F(Q,Z),
by Remark 4.6. Since § € F(Q, Z), ,, by assumption, we obtain the commuting diagram:

Q zZ

8

\ \Lmz
o
s
o
N

Y

Combining both diagrams, we get the commuting diagram:

Q zZ

H
)

Y

Now, we note that T(8)oT(8) € L(Z), T(8)oT(5) € L(Y), and (T(8)oT(8))(8(x)) = T(8)(8(x)) = 8(x) as well as
(T(8)oT(8))(8(x)) = T(8)(8(x)) = 8(x) for all x € Q. Since the span of {8(x) | x € Q} is dense in Z and the span of
{8(x) | x € Q} dense in Y by [25, Proposition 2.7, p. 1596], we obtain that T(8) and T(6) are topological isomorphisms
with T(8) = T(6)™".

Second, we know by Proposition 5.1(a) that T is continuous and TZ(5)t TKoT 1 Since

Ty = (T2(6)) o Ty = (Tz(8)™") o Tk

and Ty as well as T,(8) are topological isomorphisms, we get that Ty is a topological isomorphism, too. This implies that
(Z,T) ~ (Y, Ty). d

The proof of T,(8)~! = Ty(&) in Proposition 5.8 is an adaptation of parts of the proof of [10, Corollary 1, p. 691]. Further,
Proposition 5.8 complements [10, Corollary 1, p. 691] where a continuous linearization (e, F,.(Q2), L) of F(Q) instead of
a strong linearization is considered. In comparison to [10, Corollary 1, p. 691], we do not need that Ty is an algebraic
isomorphism for all complete locally convex Hausdorff spaces E over K (even though an inspection of its proof tells us
that this is not needed there either) and we get more importantly that (Z, Ti) ~ (Y, Ti). The latter equivalence also allows
us to show how the continuous linearization (e, F,.(Q), L) is related to our strong linearizations from Section 3 in many
cases.

Corollary 5.9. Let (F(Q), 1) be a bornological BC- space of K-valued continuous functions on a nonempty Hausdorff gkp-
space Q satisfying (BBC) and (CNC) for some 7, . Then the maps 1,(e) : F(Q) — F.(Q) and L are topological
isomorphism such that I,(e)' = ToL™!, the trlple (e F.(Q),L) is a continuous strong complete barrelled linearization of
F(Q) and (F.(Q),L) ~ (F(Q);Sf, 7).

Proof. The triple (8,Y,Tk) := (4, F(Q);s - 1) is a continuous strong complete barrelled linearization of 7(Q) by Corol-
lary 3.6, and A(x) = &, € (F(Q), 1) for all x € Q by Proposition 3.5(a). Furthermore, since (F(Q), 7) is a BC-space and A
continuous, we have

F(Q,E)sp = F(Q,E), = (F(Q,E); NC(Q,E)) =: wF(Q,E)

for any complete locally convex Hausdorff space E by Remark 4.1 and Theorem 4.5. Due to [10, Theorems 2, 3, pp. 689-690]
Z :=F,.(Q) is complete, e € wF(Q, F,(Q)), and for any locally convex Hausdorff space E, there is an algebraic isomor-
ph1sm Ly : wF(Q,E) - L(F.(Q),E) with Lp(f)oe = f for all f € wF(Q, E). Hence it follows from Proposition 5.8 with
§ :=eand Ty, := Ly that the maps I,(e) and L are topological isomorphism with Z,(e)' = ToL™, the triple (e, F..(Q), L)
is a continuous strong complete barrelled linearization of 7(Q), and (F,(Q),L) ~ (F(Q), B D). O
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In the case that (F(Q), ) is a Banach space of continuous K-valued functions on a topological Hausdorff space Q
satisfying (BBC) for some 7, < 7, it is already known that (e, F.(Q), L) is a continuous strong Banach linearization of
F(Q) by [17, Theorem 2.2, p. 188].

In our last results of this section, we show how to get rid of the condition that the family (§(x)),cq should be linearly
independent for the implication (b)=(a) of Proposition 3.8 and Corollary 3.9, at least if it is a family of point evaluation
functionals.

Corollary 5.10. Let (F(Q), 1) be a bornological BC-space of K-valued functions on a nonempty set Q satisfying (BBC) and
(CNC) for some 7, < 7. Let C be a subclass of the class of complete barrelled locally convex Hausdorff spaces such that C is
closed under topological isomorphisms and T‘(Q);ﬂ € Cwhere Bis the family of T-bounded sets. Then the following assertions
are equivalent.

(@) (F(Q), 1) has a strongly unique C predual.
(b) For every predual (Z, ) of (F(Q), ) such that Z € C and every x € Q, there is a (unique) z, € Z with 8, = @(-)(zy).

Proof. (a)=(b) This part follows from Proposition 3.8 since (A, F(Q);ﬁ, T) is a strong complete barrelled linearization by
Corollary 3.6(a), F(Q),B,? € C by assumption and Z(f)(A(x)) = Z(f)(6,) = 6,(f) forall f € F(Q) and x € Q.

(b)=>(a) Let (Z, ) be a predual of (F(Q), 7) such that Z € C. Due to [25, Proposition 3.21 (a), p. 1605] (F(Q), 7) satisfies
(BBC) and (CNC) for 0,(F (L), Z) because Z is complete and barrelled. By assumption for every x € Q, there is z, € Z
with 6, = ¢(-)(z,) and thus §,, € P(Q);S,%(r(g),z) by [25, Proposition 3.21 (b), (c), p. 1605]. Hence (A, F(Q)

is a strong complete barrelled linearization of F(Q) by Corollary 3.6(a). Further, F(Q)
/
F(Q)B,%(F(Q),Z)

morphisms. By Proposition 3.5(a), we know that A(x) = &, € (F(Q), 1) for all x € Q. Applying Theorem 4.5 combined
with Remark 4.1 to the triple (A, F(Q) 1,), where

/
B0, (F(Q).,Z)’ Ip)

, .
B.oy(F(@).2) € C since Z and

are topologically isomorphic by [25, Proposition 3.21 (b), p. 1605] and C closed under topological iso-

;3,%(?(9),2)’
I, : (FQ@.7) = (FQy, )20 B [ — 1 = (L

we get that for all complete locally convex Hausdorff spaces E there is a topological isomorphism Tg : F(Q,E), —
Lb(F(Q);S 6o (F(Q) Z),E) with T(f)oA = f forall f € F(Q,E),, where Ty = 1, by [25, Proposition 3.21 (b), p. 1605]. Thus,
£l (p > -
it follows from Proposition 5.8 with § :=Aand Y := F(Q);ﬂ that (F(Q)’B,%(r(mz), I,) ~ (F(Q)’B,T, 7). We also know
that (P(Q)’B o (F).2Z) 1,) ~ (Z, ) by [25, Proposition 3.21 (b), p. 1605], which implies (Z, ) ~ (F(Q)'; ., I). Therefore,
Ty : :
(F(Q), 7) has a strongly unique C predual by Proposition 2.7. O

Corollary 5.11. Let (F(Q),T) be a bornological BC-space of K-valued functions on a nonempty set Q satisfying (BBC) and
(CNC) for some T, < T. Let C be a subclass of the class of complete barrelled locally convex Hausdorff spaces such that C is
closed under topological isomorphisms and P(Q)’Bf € Cwhere Bis the family of T-bounded sets. Then the following assertions
are equivalent.

(a) (F(Q),7) has a unique C predual.
(b) For every predual (Z, ) of (F(Q), T) such that Z € C, there is a topological isomorphism ¢ : (F(Q), 1) — Z{) such that
for every x € Q there is a (unique) z,, € Z with 6§, = P(-)(z,).

Proof. This statement follows from Corollary 3.9 and the proof of Corollary 5.10 with ¢ replaced by 3 and Proposition 2.6
instead of Proposition 2.7 in the end. O
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