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Abstract
X-ray near-field holography is an excellent tool for imaging objects with a resolution

in the nanometer range. Full-field measurements with a lens-free microscopic measure-

ment setup allow holograms of objects to be recorded at multiple magnifications. Un-

fortunately, these holograms can only be measured as an integral over a certain pe-

riod of time. The phase information of the hologram is lost and only the intensities are

recorded, commonly known as the phase problem. To recover the phase information,

a spatial support and/or the recording of several holograms at different detector dis-

tances are usually used as additional information in reconstruction approaches. How-

ever, both constraints are only feasible for a very closed set of experiments, require time

consuming optimization of hyper-parameters and a lot of computation time. Avoiding

both techniques is a necessity to enable in-situ/operando measurements but, in doing

so, reconstruction artifacts appear. Another challenge is the Autofocus problem. For

the reconstruction of holographic data, the numerical focus of the measurement setup

is part of the forward model and must be known very precisely. If the numerical fo-

cus is inaccurately embedded in the forward model of the reconstruction algorithm, it

will generate artifacts or result in blurred reconstructed images. In practice, it is of-

ten difficult to accurately determine the Fresnel number for a good reconstruction. In

the following work, the origin of possible artifacts as described above is investigated

in detail and countermeasures are developed by adjusting the raw data preprocessing,

by adjusting the reconstruction and by an automatic optimization of the forwardmodel.

The first part of this thesis addresses reconstruction artifacts with respect to a reference

method, a projected gradient decent approach, using a Nesterov accelerated gradient.

The reconstruction artifacts have the following identified causes: Truncation artifacts

are caused by the limited field of view of the detector. The real hologram is cut off and

as a result, the acquired image contains inconsistent areas at the borders. Mirroring the

hologram in all directions in combination with a modified window function is derived

as a countermeasure to reduce the impact of truncation edges. Low frequency artifacts

are identified to be mainly caused by a global normalization error in the empty beam

normalization or flat-field-correction. The normalization is corrected by introducing a

constant offset parameter into the reconstruction. Other artifacts are overestimation

artifacts, mainly caused by the Nesterov acceleration. The forward model amplifies this

effect, which is sensitive to high spatial frequencies. To reduce the overestimation of the

phase and absorption values, a regularization of the absorption values is applied, which

is sufficient for both parameters simultaneously. The insensitivity of the forward model

to low spatial frequencies leads to weak reconstruction artifacts. These are therefore re-

constructed slowly since they have a small impact on the reconstruction loss. A newly
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introduced frequency-dependent Nesterov momentum and iterations on multiple grids

explicitly accelerate the reconstruction of low frequencies. Both techniques also reduce

an overestimation of high spatial frequencies. The combination of all describedmethods

is summarized in a new artifact-suppressing reconstruction method (ASRM). Compared

to the reference algorithm, it suppresses all artifacts mentioned above and reduces the

reconstruction time significantly.

The second part of the thesis proposes a solution to the autofocus problem with an ap-

proach to automatically optimize the Fresnel number. The approach consists of three

problems to be solved. An error metric is required that quantifies the distance between

the estimated forward model and the correct one. A global optimization has to be de-

fined, which has to be solved by an appropriate solver. As an error metric, a model

fit error (MFE) metric is derived from data inconsistencies that are introduced when a

non-negative electron density constraint is applied to a defocused wave-field. The novel

error metric is evaluated by simulation and experimental results and finally compared

with other error metrics from the literature. On simulated data, the MFE metric per-

forms similarly to comparative error metrics and significantly better on experimental

data. For an automated solution of the autofocus problem, a global optimization prob-

lem with respect to the numerical focus is formulated. The expected uncertainty of the

setup geometry is added as a constraint to the target function. Since the gradients of the

target function are not trivially accessible, a gradient-less downhill simplex method is

chosen as a solver. As fine tuning, the parameters for the ASRM algorithm are adjusted

so that the MFE behaves optimally.
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Introduction 1
Imaging techniques are one of the most important tools for investigating condensed

matter. Microscopic measurement setups make it possible to decipher the properties of

matter down to the smallest details. In contrast to a classical light microscope, we can

significantly improve the properties of a microscopy experiment by using a coherent

light sources and thus enabling imaging with the holographic principle [1]. In recent

decades, light sources have been continuously improved up to the availability of syn-

chrotron radiation sources with high brilliance, that enable holographic measurements

with hard X-rays [2–8]. Such experiments allow a spatial resolution in the range of

nanometers.

In holography, the image contrast is the result of two types of interaction between

light and matter: The illumination attenuation and the shift of the phases, caused by a

measured specimen. The phase shift of the illumination produces the strongest image

contrast and encodes information that is otherwise unavailable when using an incoher-

ent illumination. Unfortunately, even modern detectors are not capable of completely

capturing a complex wave-field. The recordings are always integrated over a certain

period of time, whereby the phase information is lost and only the intensities remain

as a measured hologram. The resulting problem that the phases have to be recovered

is widely known as the phase problem [9–13]. To date, a variety of approaches have

been developed to determine the complex refractive index of a measured sample with

spatial resolution. The possible approaches range from one-step methods that directly

invert the contrast transfer function [14] to iterative algorithms such as the famous

Gerchberg-Saxton algorithm [15] and its successors [16–19]. Those algorithms are well

established and commonly used in the community of synchrotron radiation sources to

reconstruct weakly interacting samples from one or more intensity images. Strongly

interacting objects with high phase shifting values and non-negligible absorption are

much harder to reconstruct. For such objects, retrieving the complex refractive index

from mixed contrast holograms requires the incorporation of advanced prior knowl-

edge and prohibits typical simplifications like the linearization of the forward operator

or constraints on the measured material. Here, the appearance of reconstruction arti-

facts, phase wrapping, algorithm stagnation, long computation times and quantitatively

wrong results are omnipresent problems that need to be solved [20, 21].

With further advances the field of X-ray microscopy, the complexity of the measured

objects is continuously increasing, requiring the refinement of available algorithms and

the development of novel approaches. Furthermore, due to the increasing amount of im-

age data produced at synchrotron facilities, the demand for robust and fast reconstruc-
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1 Introduction

tion algorithms increases, and the automatic optimization of reconstruction parameters

becomes an obligation if in situ/operando studies are to be performed [22–25]. In such

scenarios, the reconstruction must be performed under very difficult conditions. The

algorithm must then reconstruct the refraction index of a large variation of different

objects as robustly as possible, generate a result as quickly as possible and have the

smallest possible number of parameters that need to be adjusted manually, while the

reconstruction parameters should be reduced to a minimum. This means that restrictive

or time-consuming measurement setups or algorithmic regularization techniques must

be avoided. The consequence is that we have to abandon commonly used techniques

like multi-distance measurements or regularization with a spatial support constraint

and total variation. Furthermore, all setup parameters must be known exactly during

the experiment, which requires automatic optimization of the model parameters.

1.1 Contributions
This thesis deals with the development of a reconstruction algorithm for X-ray near-

field holography (NFH). The aim is to reconstruct the projected complex refractive index

of an object from single holograms, without a spatial support constraint. As a reference,

Alg. 0, which is derived in Ch. 3 was used, which is based on the refAP algorithm of

Wittwer et al. [20] with an omitted spatial support constraint. The main contributions

are separated into two chapters. One chapter deals with the analysis of reconstruction

artifacts and the development of an artifact suppressing algorithm. The second chap-

ter extends this algorithm with the automatic optimization of the forward model. The

contribution in those chapters are as follows.

1.1.1 Development of an artifact suppressing reconstruction
algorithm

In Ch. 4, a novel algorithm for NFH is developed that suppresses reconstruction arti-

facts. Most parts of this chapter were already published in a peer-reviewed journal [21].

The data and code underlying the results of the publication were published in a soft-

ware framework in [26]. The publication and the content of this chapter contributes to

current research by the following:

• Removing the spatial support constraint of [20] yields multiple types of recon-

struction artifacts. The cause of reconstruction artifacts were identified and the

artifactswere divided into appropriatemeaningful categories. The categories could

be decoupled from the reference algorithm and thus be generalized which makes

them relevant for other reconstruction methods.

• For each artifact type, up to two techniques were developed for preprocessing

and the iterative reference algorithm in order to suppress them. The techniques

are generalized and independent from each other, making them relevant for other

reconstruction methods.
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1.1 Contributions

• Subsequently, all techniques were combined into a new artifact suppressing re-

construction method (ASRM). The computational time was reduced by a factor

of three with respect to the reference algorithm. In preparation for future in-situ

experiments at experimental stations of synchrotron radiation sources, this algo-

rithm is the first for NFH that fulfills all conditions in the following list:

– For time reasons, the reconstructions are carried out with only a single holo-

gram as input data. The recording of several holograms per reconstruction,

e.g. by ptychographic methods [27–29] or the recording of holograms at

several distances [30, 31], is dispensed with.

– A spatial support constraint [32, 33] is also omitted for reasons of time and to

enable the reconstruction of objects that are larger than the region of interest

(ROI). This applies to both a static constraint and automatic adaptation, e.g.

via shrinkwrap [34].

– To ensure the variability of the objects to be reconstructed, a material con-

straint [35, 36] is not used.

– The constraints used for the final reconstruction result are exclusively data-

driven or physical in nature to avoid quantitatively incorrect results. Specif-

ically, these are a data driven least-squares approach, the non-negative elec-

tron density and energy conservation constraints [37, 38]. All other devel-

oped techniques that alter the reconstruction result with respect to quanti-

tative results, are only used in a warm-up phase.

• The new algorithm was tested on experimental data with successively increas-

ing interaction strength. A reconstruction was carried out with a biodegradable

magnesium-based wire, which was also the first complete reconstruction. Previ-

ous publications on this dataset were only partly reconstructed [20, 23] although

additional constraints were used.

1.1.2 Development of an autofocus algorithm
In Ch. 5, an autofocus algorithm is developed that includes the proposition of a novel

error metric. Part of the forward model of the reconstruction algorithm is the so-called

Fresnel number. The Fresnel number summarizes the geometry of the measurement

setup into one scalar value and is often not known with sufficient precision. The beam-

line P05 at the PETRA III storage ring (DESY, Hamburg) uses a cone beam setup for

nano-tomography. The distance between the focus of the used optic and the sample 𝑧01
can only be determined up to a precision of ±5mm, during the experiment. Performing

a reconstruction with the algorithm developed in Ch. 4 and an imprecise value for 𝑧01
results in images that are blurred due to a defocus effect. Most parts of this chapter were

already published in a peer-reviewed journal [39]. The data and code underlying the re-

sults of the publication were published in a software framework in [40]. The content of

this chapter contributes to current research by the following:

3



1 Introduction

• This chapter investigated the requirements for an automatic optimization of this

value in an in situ/operando setting. The importance that a focus metric also con-

siders the used algorithm behind reconstructed images was outlined. This issue

is typically disregarded in current literature.

• A new focus metric called model fit error (MFE) was developed that quantifies the

reconstruction defocus by fitting the forward model to the measured hologram.

• Optimal reconstruction parameters for theMFE criterion in combination with the

algorithm of Ch. 4 were determined.

• The robustness was demonstrated on strongly interacting objects. The quality of

the generated metric curve yields comparable results with respect to a simulation

and outperforms previous focus metrics with respect to experimental data.

• The feasibility of an automatic optimization of 𝑧01 was demonstrated for experi-

mental data by applying a downhill simplex method.

1.2 Outline
The thesis is divided into the following chapters. Chapter 2 introduces the physical

fundamentals of lensless imaging with a NFH setup and the assumptions made for the

forward model. This is followed by Ch. 3, which derives the reference algorithm for the

reconstruction of complex refractive indices. Furthermore, the data used for the eval-

uations in this work are described and the experiments from which the data originate

are presented.

Chapter 4 analyzes the reconstruction artifacts that occur when using the reference al-

gorithm without additional constraints. The artifacts are categorized and their causes

are examined. For each category, up to two countermeasures are developed to suppress

the artifacts in the reconstruction. The countermeasures are each applied on the refer-

ence algorithm presented in Ch. 3 as part of the data preprocessing, the optimization

problem and the solver. The developed measures are then combined into a common

algorithm, resulting in the artefact suppressing reconstruction method. In the last part,

the new method is applied to several experimental data sets with increasing interaction

strength. A comparison is also made between the combined method and the individual

techniques with regard to remaining artifacts and the computing time required.

In Ch. 5, themethod fromCh. 4 is extended by the automatic optimization of the forward

model. First, the influence of imprecisely known distances on the reconstruction result

is shown. The conditions are listed that a combination of reconstruction algorithm and

error metric must fulfill so that the focus-to-sample distance can be optimized automat-

ically. In the second half, a new model-based error metric is developed and embedded

in an optimization problem, which is solved with a downhill simplex method. In the last

4



1.2 Outline

part, a comparison is made between the new metric and the existing metrics in current

literature. The comparison is carried out with simulated and experimental data. The

feasibility of the developed automatic optimization algorithm of the forward model is

demonstrated for experimental data.
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Physical Fundamentals 2
2.1 Complex Index of Refraction

In comparison to optical microscopy, the wavelength and the coherence of the illumi-

nation in full-field microscopy at a synchrotron radiation light source are significantly

different. The combination of a very short wavelength in the order of 1Å and high co-

herence exposes a large amount of information about the measured object. The signal

at the detector is dominated by two physical effects that occur during the interaction

of the illumination with a specimen in the beam. The first is the absorption, resulting

in the attenuation of the illumination. The second effect is the scattering of photons at

atoms. Here, we consider only the low-energy limit of the Compton effect, the Thomson

scattering.

Both effects alter the illumination during the wave propagation through the object and

leave a pattern in the wave-field that arrives at the detector. The effects can be encoded

as one common complex number, the complex index of refraction 𝑛. This is often ex-

pressed in the form

𝑛(𝑥,𝑦, 𝑧) = 1 − 𝛿 (𝑥,𝑦, 𝑧) + 𝑖𝛽 (𝑥,𝑦, 𝑧), (2.1)

along the spatial coordinates (𝑥,𝑦, 𝑧). Here, 𝛽 ∈ ℝ describes the absorption, i.e the

attenuation and 𝛿 ∈ ℝ the dispersion, i.e. phase shifting properties of an object.

In the following, we go into the details of the physical mechanism behind the complex

refractive index and how it is related to the measured hologram at the detector. We

further derive the projection approximation for weakly scattering and thin objects to

remove the 𝑧 coordinate dependency from Eq. 2.1 and to simplify the reconstruction

problem. Information can be found in [41] and [42], among others.

2.1.1 𝛽 - Photoelectric Absorption

The absorption of photons in matter is known as the photoelectric absorption and is

illustrated in Fig. 2.1a. In this case, an electron bounded to an atom is ejected from one

of the bounding shells into the continuum. The photon interacts with the atom and

excites it into a state, where an electron is ejected. Removing an electron from one of

the shells ionizes the atom and leaves it in an unstable energy state. The hole is then

refilled by the two following mechanisms.

The first one is illustrated in Fig. 2.1b and is the Fluorescent X-ray emission.

7
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K

M

L

(a) Photoelectric absorption

K

M

L

(b) Fluorescence radiation

K

M

L

(c) Auger electron emission

Figure 2.1: Illustration of the photoelectric absorption of X rays (a), followed by two

effects: (b) Fluorescence radiation and (c) Auger electron emission. Electron

movements are indicated by red arrows and radiation by an orange wave. (a)

The energy of the incoming X-ray radiation is transformed to an electron,

which is then ejected from its shell. The atom enters an unstable state with

an electron hole that needs to be refilled. (b) The electron hole is filled by

one of the outer shell electrons from the L or M shell. In the drawing, an

electron from the M shell moves to the K shell and the difference between

the binding energies of both shells is released as fluorescence radiation. (c)

Alternatively is the released energy transformed to a second electron in the

same atom. The second electron is then ejected and the remaining atom is

energetically stable.
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Here, an electron from one of the outer shells fills the created hole in the inner shell.

In this course, the electron releases energy in form of radiation that is called fluores-

cence radiation. The energy of the radiation is exactly equal to the difference between

the binding energies of the two involved shells. The radiation has thus a very discrete

energy spectrum. The fluorescence radiation can be emitted into every direction. To

measure fluorescence radiation, it is common to place the detector in a 90
◦
angle to the

illumination direction, where almost no Thomson scattering (Sec. 2.1.2) appears in the

signal.

The second mechanism is the Auger electron emission and is illustrated in Fig. 2.1c. An

electron from one of the outer shell fills the created hole in the inner shell. However,

instead of emitting fluorescence radiation, the released energy is transferred to a sec-

ond electron of the same atom, which is ejected in this course. The energy state of the

remaining atom is stable again and no further fluorescence radiation emitted.

The photoelectric absorption can be quantified by a differential, which is the number

of photons d𝑁 absorbed per material thickness d𝑧 with

d𝑁

d𝑧
= −𝑁𝑣𝜎. (2.2)

Here, the absorption is described by the total number of photons 𝑁 times the Naperian

attenuation coefficient 𝑣𝜎 with the absorption cross section 𝜎 of a specific molecule

and 𝑣 the number of molecules. The absorption cross section is material dependent and

given by

𝜎 = (𝜇Δ/𝜌)
𝑀

𝐿
(2.3)

where 𝜇Δ is the mass absorption coefficient, 𝜌 the mass density, 𝑀 the molar mass

and 𝐿 the Avogadro constant. From the perspective of photons as an electromagnetic

wave-field, Eq. 2.2 can be directly related to intensities by a differential of the intensity

attenuation dI per thickness d𝑧 with

dI
d𝑧

= −𝜇ΔI0. (2.4)

Solving the differential equation yields the Intensity I(𝑧), parameterized by the object

thickness 𝑧, which is also known as the Beer-Lambert law:

I(𝑧) = 𝐼0𝑒−𝜇Δ𝑧 . (2.5)

The attenuation coefficient 𝜇Δ can be derived from the absorption cross section Eq. 2.3

by a reformulation and a sum over all involved materials with

𝜇Δ = 𝐿
∑︁
𝑗

(𝜌 𝑗𝜎 𝑗 )/𝑀 𝑗 . (2.6)
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In the refractive index of a material, the absorption property is encoded into a single

scalar value 𝛽 :

Absorption : 𝛽 ∈ ℝ, 0 < 𝛽 ≪ 1. (2.7)

This value is related to the absorption coefficient 𝜇, by also taking the wave number 𝑘

of the illumination and the object thickness 𝑑 into account with

𝜇 = 2𝛽𝑘𝑑. (2.8)

The 𝛽 values of different materials can have been widely studied and can be e.g. found

in [43, 44].

2.1.2 𝛿 - wave-field Dispersion
The Thomson scattering describes the elastic scattering of X rays at a free electron.

It can be interpreted as the low-energy limit of the inelastic Compton scattering. The

scattering signal at the detector can be characterized by a differential, the so-called

differential scattering cross section. The cross section 𝜎 is a quantity that describes

the scattering efficiency of a material. The efficiency is given by the differential cross

section, defined by the scattered photons which arrive at the detector with respect to

the total number of incident photons, normalized to the areas. The differential cross

section for scattering at a single free electron is defined by

d𝜎

dΩ
=
Φdet

dΩ
· 1

Φref

, (2.9)

where Φref is the photon count per second of the illumination, Φdet is the photon count

per second at the detector and dΩ is the opening solid angle. This is illustrated in Fig. 2.2.

The solid angle is the detector area divided by the distance squared 𝐴/𝑟 2, where 𝐴 is a

circular area. This quantity is a discretemeasure from the particlemodel of a photon and

is related to the probability that a single photon is observed a the detector at a specific

point of time. For wave model based equations, we should express the differential cross

section with respect to an electromagnetic wave-field. The transition can be done by

first using the intensity Idet instead of photon counts per second:

d𝜎

dΩ
=
Idet(𝑟 2dΩ)

dΩ
· 1

Iref
, (2.10)

and then calculating the intensity as a time average < · > over the magnitude of the

Poynting vector ®𝑆 ∈ ℝ3
of the electromagnetic wave-field, perpendicular to the ob-

served area with

®𝑆 = ®𝐸 × ®𝐻 (2.11)

I =< | ®𝑆 | > . (2.12)

10
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Here, ®𝐸 ∈ ℝ3
is the electric field, ®𝐻 ∈ ℝ3

is the magnetic field strength and × is the

cross product. The differential cross section is then given by

d𝜎

dΩ
=
< | ®𝑆det | > 𝑟 2

< | ®𝑆ref | >
. (2.13)

Because we are only observing magnitudes, we can substitute the magnetic field ®𝐻 of

the Poynting vector with the electrical ®𝐸 field, without changing the result by:

< | ®𝐸 × ®𝐻 | >=< | ®𝐸 ×
®𝐵
𝜇0
| >= 1

𝜇0𝑐
< | ®𝐸 |2 >, (2.14)

where ®𝐵 is the magnetic flux density, 𝜇0 magnetic permeability of vacuum and 𝑐 the

speed of light. Inserting into the differential cross section yields

d𝜎

dΩ
=
< | ®𝐸det |2 > 𝑟 2

< | ®𝐸ref |2 >
. (2.15)

From the point of view of classical physics with a wave-field model, the scattering pro-

cess at a non-relativistic, free electron can be described by the following. The electric

field of the photon meets, which interacts with the electron charge and excites it into an

oscillation that follows the electric field. An oscillation always contains an acceleration

term, which, in the case of a charged particle, leads to the generation of radiation. This

effect is also known in the case of bremsstrahlung and the generation of synchrotron

radiation. Here, it leads to the scattering of X rays. Due to the periodic acceleration, the

electron becomes an oscillating electromagnetic dipole whose direction of oscillation

depends on the polarization of the incoming electric field. Since a dipole does not ra-

diate an electromagnetic field uniformly, the polarization of the arriving wave-field in

the cross-section is therefore observation position dependent and must be taken into

account. The illumination wave-field ®𝐸ref is our point of reference and remains position

independent. The electric wave-field magnitude | ®𝐸ref | at the detector with respect to the
reference attenuates by the observation distance and the polarization. The polarization

of ®𝐸det is given by the polarization of ®𝐸ref minus the orthogonal projection onto the

observation vector ®𝑟det, i.e. the proportion of polarization pol( ®𝐸det) in the direction of

observation with

pol( ®𝐸det) = ®𝑒ref − (®𝑒ref · ®𝑟det) · ®𝑟det. (2.16)

The intensity at the detector with respect to the reference then holds

< | ®𝐸det |2 >=
1

𝜇0𝑐
𝑟 2
0
(1 − (®𝑒ref · ®𝑟det)2)

1

𝑟 2
|𝐸ref |2, (2.17)

where · is the scalar product. The parameter 𝑟0 is the classical electron radius. Substi-

tuting this into Eq. 2.15 yields

d𝜎

dΩ
= 𝑟 2

0
(1 − (®𝑒ref · ®𝑟det)2), (2.18)

11
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where 𝑟0 is also known as the classical electron radius or Thomson scattering length:

𝑟0 =
𝑒2

4𝜋𝜖0𝑚0𝑐
2
. (2.19)

The derived equation Eq. 2.18 is the differential cross-section for scattering at a single

electron and is proportional to the classical electron radius squared 𝑟 2
0
. In matter, this

process takes place on a large scale. The scattering can also be described on the size scale

of atoms. For this purpose, the differential cross-section is extended with the so-called

atomic form factor 𝑓 (𝐾), which corresponds to the Fourier transform of the electron

density. With the assumption that a photon only scatters once, the cross section is then

calculated by:

d𝜎

dΩ
= 𝑟 2

0
(1 − (®𝑒ref · ®𝑟det)2) |𝑓 (𝐾) |2, (2.20)

where 𝐾 is the scattering vector towards observation point. The form factor magnitude

|𝑓 (𝑘) | can be measured experimentally, e.g. with crystallography.

From the polarization term of Eq. 2.20, it is evident that the smallest signal is measured

at a 90
◦
angle with respect to the propagation direction, i.e. in direction of ®𝑒ref. Conse-

quently, most of the scattering signal is recorded if the detector is placed at small angles

to the propagation direction of ®𝐸ref. In this case, it is also possible to acquire holograms

with X rays (Sec. 2.2) and to simplify the description of free-space propagation for small

scattering angles (Sec. 2.3).

Note that the Thomson scattering is an energy conservation mechanism and only re-

sults in the dispersion of the illumination, without absorbing energy. On the length scale

of image pixels, this effect describes the induced phase shift of the incoming wave-field,

depending on the material. In the refractive index, this property is encoded into a single

scalar value 𝛿 :

Dispersion: 𝛿 ∈ ℝ, 0 < 𝛿 ≪ 1. (2.21)

The dispersion quantity 𝛿 is related to the Thomson scattering by the atomic form factor

at 𝐾 = 0 and the Thomson scattering length 𝑟0 with

𝛿 = 𝑟0𝑓 (0)
2𝜋

𝑘2
𝐿
𝜌

𝑚𝐴

, (2.22)

where 𝑘 is the wave number of the illumination, 𝜌 is the mass density,𝑚𝐴 is the atomic

mass and 𝐿 is the Avogadro constant. This value is related to the induced phase shift 𝜙Δ
of a weakly scattering object of thickness 𝑑 by

𝜙 = −𝑘𝛿𝑑. (2.23)

The 𝛿 values of different materials can have been widely studied and can be e.g. found

under [43, 44].
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Φref

Φdet

d𝜎

dΩ

®𝑟det

𝑟

®𝑒ref

Figure 2.2: Illustration of the differential cross section that can be used to describe the

scattering signal strength at the detector. The differential cross section for

scattering at a non-relativistic single and free electron is described by the

photons flux Φdet at the detector with respect to the total photon flux Φref

inside of a unit area d𝜎 in the reference direction ®𝑒ref. The photons flux Φdet

describes only the photons that are scattered into the solid angle dΩ in ob-

servation direction ®𝑟det. The differential cross-section value is independent

from the observation distance r and depends only on the angle between ®𝑒ref
and ®𝑟ref as well as the Thomson scattering length 𝑟0 of Eq. 2.19.

2.1.3 Projection Approximation

In this thesis, a projection approximation for the measured object is applied, which is

described in [42] and works as follows. In the presence of a scattering and absorbing ob-

ject with the refractive index 𝑛(𝑥,𝑦, 𝑧) and with respect to a monochromatic wave-field

𝜓 (𝑥,𝑦, 𝑧) of wavelength 𝜆 and wave number 𝑘 = 2𝜋
𝜆
, the Maxwell equations describe the

wave properties whose solutions are also solutions of the modified Helmholtz Equation[
∇2 + 𝑘2𝑛2(𝑥,𝑦, 𝑧)

]
𝜓 (𝑥,𝑦, 𝑧) = 0. (2.24)

We choose a separation approach for𝜓 and introduce the X-ray beam𝜓 as a monochro-

matic plane wave exp (i𝑘𝑧) in vacuum, combined with an envelope function 𝐴, which

describes the amplitude variation such that

𝜓 (𝑥,𝑦, 𝑧) = 𝐴(𝑥,𝑦, 𝑧) exp (i𝑘𝑧) . (2.25)

We further assume that the direction propagation is 𝑧 and introduce the paraxial ap-

proximation that the amplitude of 𝜓 varies only slowly in propagation direction. The

second derivative of 𝐴 with respect to 𝑧 becomes:

𝛿2

𝛿𝑧2
𝐴(𝑥,𝑦, 𝑧) ≈ 0. (2.26)
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The scattering of the beam is then described by the inhomogeneous paraxial equation,

which we get by inserting𝜓 (𝑥,𝑦, 𝑧) in Eq. 2.24:

{2i𝑘 𝛿
𝛿𝑧
+ ∇2𝑥𝑦 + 𝑘2 [𝑛2(𝑥,𝑦, 𝑧) − 1]}𝐴(𝑥,𝑦, 𝑧) = 0. (2.27)

In this work, we assume a sufficiently thin object such that the scattering inside of the

object with refractive indices 𝑛(𝑥,𝑦, 𝑧) is sufficiently weak to assume that the paths

of the incoming beam rays do not change. We follow the projection approximation of

Paganin, Sec. 2.2, Eq. 2.39 [42]. We are then able to neglect the Laplacian ∇𝑥𝑦 of Eq. 2.27
and get the differential equation for the scattered beam

𝛿

𝛿𝑧
𝐴(𝑥,𝑦, 𝑧) = 𝑘

2i

[1 − 𝑛2(𝑥,𝑦, 𝑧)]𝐴(𝑥,𝑦, 𝑧). (2.28)

We can now calculate the exit wave-field𝜓exit behind a sample of thickness 𝑑 by solving

this differential equation under a known incident beam at position 𝑧 = 0 with descrip-

tion𝜓0 = 𝐴(𝑥,𝑦, 0) such that

𝜓exit(𝑥,𝑦) = 𝐴(𝑥,𝑦, 𝑑) = exp

(∫ 𝑑

0

𝑘

2i

[1 − 𝑛2(𝑥,𝑦, 𝑧)] 𝑑𝑧
)
𝜓0. (2.29)

We evaluate the term 1 − 𝑛2(𝑥,𝑦, 𝑧), while for readability neglecting the spatial coordi-

nates, which is given by

1 − 𝑛2 = −𝛿2 − 2i(1 − 𝛿)𝛽 + 2𝛿 + 𝛽2. (2.30)

In practice, 𝛿 and 𝛽 for the measured materials are usually much smaller than one by

some orders of magnitude. Under the condition 𝛿, 𝛽 ≪ 1, we assume

𝛿2, 𝛽2 ≈ 0, (2.31)

1 − 𝛿 ≈ 1, (2.32)

which yields the approximation

1 − 𝑛2 ≈ 2(𝛿 − i𝛽) (2.33)

Inserting this into Eq. 2.29 gives us the final projection approximation of the complex

refractive index for the exit wave-field𝜓exit behind the measured object with

𝜓exit(𝑥,𝑦) = exp

(
−i𝑘

∫ 𝑑

0

𝛿 (𝑥,𝑦, 𝑧) − i𝛽 (𝑥,𝑦, 𝑧) 𝑑𝑧
)
𝜓0. (2.34)
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To simplify the notation of these equations, we substitute the argument of the expo-

nential function and define the object 𝑂̃ in refractive notation by

𝑂̃ (𝑥,𝑦) = −𝑘
∫ 𝑑

0

𝛿 (𝑥,𝑦, 𝑧) − i𝛽 (𝑥,𝑦, 𝑧) 𝑑𝑧 = 𝜙 (𝑥,𝑦) + i1
2

𝜇 (𝑥,𝑦). (2.35)

We further also omit in the following the notation of the spatial coordinates for Eq. 2.35.

The reconstructions in this work will aim to recover the projected refractive index ap-

proximation 𝑂̃ from the measured data, where 𝜙 encodes the phase shifting properties

and 𝜇 encodes the attenuation properties of the object.

2.2 Full-Field X-Ray Microscopy

In microscopy, a divergent beam from a light source is typically used to optically mag-

nify an illuminated object and make very small structures visible. Microscopy with co-

herent and monochromatic hard X rays is an established method to investigate con-

densed matter since with coherent light, both effects of the complex refractive index,

as described in Sec. 2.1, can be exploited for imaging [1, 27, 30, 45]. With X rays, the

interior of closed samples can be investigated without mechanically damaging the ob-

ject and the hard X-ray regime allows a resolution up to nanometers and a considerable

penetration depth of the illumination [7]. Using a full-field microscopy setup [1, 45, 46]

is especially attractive for biological samples as structures in the length scale from mm

to nm [14, 46] can be made visible while minimizing the radiation dose by acquiring

whole images with one single exposure. Placed on a rotational stage, whole tomograms

of samples can be measured and reconstructed by using phase contrast and absorption

contrast information. This section describes the basics of the NFH setupwhichwas used

in this work. We go into the details of the setup for lensless imaging and the resolution

that can be theoretically achieved. Depending on the setup geometry, we further define

different measurement regimes that determine which forward model has to be used.

2.2.1 Lensless Full-Field Imaging

The following describes a lensless setup for full-field microscopy with hard X rays as

shown in [46], following the holographic principle. A sketch is shown in Fig. 2.3. Al-

though it contains a focusing optic, the setup is called lensless because there is no ob-

jective lens between the sample and the detector. The setup is as follows: An X-ray

source, outside of the scope of this figure, creates a coherent and monochromatic X-ray

beam which enters the sketch from the left side. The beam is focused by a fresnel zone

plate (FZP) [47–49]. An FZP is a focusing optic, which consists of a circular absorbing

or phase grating. For imaging, we are interested in the first order cone and so the others

have to be blocked. The zero order is the direct beam that would damage the detector

if let through. The direct beam is blocked by two systems, a beam stop and an order

sorting aperture (OSA). A beam stop that is positioned directly behind the FZP blocks
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the part of the zero order diffraction which coincidences with the first order diffraction.

In this setup, the beam stop not only blocks the direct beam but also the whole bottom

half of all cones, leaving the top half cone for imaging. In the focal spot at distance

f behind a FZP lies the OSA, which blocks the rest of the direct beam as well as the

cones from other diffraction orders. For full-field imaging, the sample has to be posi-

tioned behind the focus in a distance such that the sample is fully illuminated by the X

rays. Because of the cone shape of the beam, the image of the sample is magnified. The

magnification depends on the opening angle of the cone, the sample position and the

position of the detector. For the following, we define three numbers that correspond to

three coordinates in the experimental setup. The number 0 is the focal spot position of

the FZP, 1 is the sample position and 2 is the position of the detector. We further define

the following distances:

𝑧01: Distance between focal spot and sample, (2.36)

𝑧12: Distance between sample and detector, (2.37)

𝑧02: Distance between focal spot and detector. (2.38)

The focal length f is approximately given by the radius of the FZP 𝑟 𝑓 and the numerical

aperture 𝑁𝐴:

f ≈
𝑟 𝑓

𝑁𝐴
. (2.39)

2.2.2 Measurement Regimes

We consider an object that is illuminated by a coherent, monochromatic and a parallel

X-ray beam. The object interacts with the X rays according to Sec. 2.1 by absorption

and phase shifting. Behind the object exits a wave-front which in an idealized model

is still monochromatic, with amplitude variations and different phases, depending on

the spatial position. The propagation behind the object can be described by the Huy-

gens’ Principle, i.e. the wave-front starts to self-interact, described by the concept that

each spatial position behind the object is the source of a new spherical wave. This is

crucial to acquire a phase contrast image with only intensity measurements available.

The wave-front needs to be propagated far enough such that the detector, which has a

limited spatial resolution, is capable to capture the interaction above the signal-to-noise

ratio. Only then, the data contains sufficient information to reconstruct the object prop-

erties, i.e. the complex refractive index per spatial position. In this sense, the acquired

data by the detector can be sorted into different categories, depending on the overall

geometry of the measurement setup. For this purpose, the characteristic length 𝑧𝑐 de-

scribes when certain approximations of the free-space propagation become invalid. In

this holographic regime, the outgoing waves of all parts of the object interact with each

other. With respect to the size of the measured object 𝑤𝑜 and the wavelength 𝜆 of the

illumination, the characteristic length 𝑧𝑐 is given by
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Detector
FZP

X-rays
SampleOSA

Beamstop

zf 01 z12

Figure 2.3: Lensless, full-field imaging setup, based on a FZP for NFH microscopy. The

image has been adapted from [46]. The FZP focuses the incoming coherent

monochromatic X rays to the focal spot located at a distance 𝑓 behind the

FZP. There, an OSA is placed that blocks the higher diffraction orders of

the FZP. The sample is put on a sample holder on a rotation stage into the

diverging cone-shaped beam of the FZP at a distance 𝑧01. Behind the sample,

the X rays propagate to the detector that is placed at the sample-to-detector

distance 𝑧12. To protect the detector from radiation damage, the direct beam

is blocked by a beamstop behind the FZP.

𝑧c =
𝑤2

𝑜

𝜆
. (2.40)

The categories are then defined by comparing the characteristic distance to the effective

distance 𝑧eff between the illuminated sample and the detector. For very large distances,

the free-space propagation can be described by a simple Fourier transform with respect

to the spatial coordinates. The corresponding category is the Far-Field regime and holds

as long as

Far-Field: 𝑧eff ≫ 𝑧c. (2.41)

The approximation breaks down if the effective distance is reduced and reaches the

proximity of the characteristic length. The corresponding category is called Fresnel

regime and holds if

Fresnel: 𝑧eff ≈ 𝑧c. (2.42)

In this case, the description of the wave propagation becomes more complex and a

different convolution kernel than the Fourier transform is required. The convolution

kernel is presented in Sec. 2.3. Sometimes, this regime is also called Near-Field regime
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and somtimes additionally divided into two subcategories, the Fresnel and the Near-

Field regime. The Near-Field is then defined for distances that hold

Near-Field: 𝑧eff ≪ 𝑧c. (2.43)

The final regime is the contact region, where the measured data yields only images with

absorption contrast, if

Contact: 𝑧eff = 0. (2.44)

Given the projection approximation of Sec. 2.1.3, the intensities at each spatial point

can then be calculated by applying the Beer-Lambert law.

A visualization of the different hologram types that can be expected in these regimes is

shown in Fig. 2.4. The simulated object is a phantom which consists of four dots, two

pure absorption objects (black dots) and two pure phase objects (gray dots). In the con-

tact regime, only an absorption contrast is visible, given by the two absorption objects.

In the Far-Field regime, the hologram can be described by a two-dimensional Fourier

transform of all four objects. In between, near-field/Fresnel regime typical fringes ap-

pear around all objects. It can also be seen that phase-shifting results a stronger contrast

in this regime than absorption.

Note that the characteristic length and therefore the related propagation distance for

each regime, strongly depends on the length scales we want to measure. The conse-

quence is, that the regime is mostly predetermined and very difficult to change. In this

work, we consider the near-field/Fresnel regime.

2.2.3 Spatial Resolution
The theoretical resolution limit for imaging with FZPs is directly related to the length

scale of the outer most structure [46, 50]. In general, the resolution with a focusing optic

is limited by the Rayleigh criterion, which defines the numerical aperture size that is

at least required to achieve a certain resolution. Given a numerical aperture 𝑁𝐴, the

resolution Δ𝑟 is then approximately calculated by

Δ𝑟 ≈ 1.22
𝜆

2𝑁𝐴
, (2.45)

where 𝜆 is the wavelength of the illumination. The parameter Δ𝑟 is equivalent to the

diameter of the focal spot, which lies at distance 𝑓 with:

𝑓 ≈ 𝑟 2𝑛

𝑛𝜆
, (2.46)

where 𝑛 is the number of zones, 𝑟𝑛 is distance from the outer zone border to the center

of the FZP. For each zone 𝑛 on the FZP (phase shifting and free zone), the width 𝑤𝑛 of

the zone follows

𝑤𝑛 =
𝑟𝑛

2𝑛
. (2.47)

18



2.2 Full-Field X-Ray Microscopy

𝑧eff ≈ 0 𝑧eff ≪ 𝑧c 𝑧eff ≈ 𝑧c 𝑧eff ≫ 𝑧c

Phantom Contact Near-Field Fresnel Far-Field

X rays

Propagation Distance
0 ∞

Figure 2.4: Visualization of the different hologram types that can be expected in var-

ious detector distances. The simulated object is a phantom which consists

of four dots, two pure absorption objects (black dots) and two pure phase

objects (gray dots). The regimes are usually divided into the contact, the

near-field, the Fresnel and the Far-Field regime. In the contact regime, only

an absorption contrast is visible. In the Far-Field regime, the hologram can be

described by a two-dimensional Fourier transform. In between, in the near-

field and Fresnel regime, regime-typical fringes appear around the objects.

The numerical aperture is defined as the sine of the opening angle 𝛼 of the half cone,

which is approximately the ratio of the FZP radius to the focal length. For a circular

FZP in vacuum, where the blocking zones completely block the illumination, the nu-

merical aperture 𝑁𝐴,𝑚 for each diffraction order𝑚 can with this approximation also be

calculated by

𝑁𝐴,𝑚 = sin𝛼𝑚 ≈
𝑚𝜆

2𝑤𝑛
. (2.48)

Since we are only interested in the first diffraction order, we can set𝑚 = 1 and insert

Eq. 2.48 into Eq. 2.45 yielding the resolution limit Δ𝑟 , depending on the outer zone width
𝑤𝑛:

Δ𝑟 = 1.22𝑤𝑛 . (2.49)

The resolution limit Δ𝑟 describes the spot size of the focus. It thus defines the spatial
resolution for the axes orthogonal to the beam direction. For the depth resolution, we

also have to consider the shape of the focus in beam direction. The beam has a Gaussian

profile, such that the change of the beam width𝑤𝑏 is not linear, especially in the prox-

imity of the focus. The Rayleigh criterion in depth therefore results in different values

and the depth resolution Δ𝑑 is limited by

Δ𝑑 =
𝜆

𝑁 2

𝐴

. (2.50)
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The depth resolution is especially important for the projection approximation of Sec. 2.1.3.

It determines the length at which the two objects can no longer be distinguished in the

direction of the beam, i.e. their displacement is not recognizable. This is valid for dis-

placements in positive and negative directions and we can define the area, where an

object appears sharp as the depth of focus DOF:

f ± 1

2

DOF = f ± Δ𝑑 , (2.51)

DOF = 2Δ𝑑 . (2.52)

A necessary condition for the projection approximation is that the whole measured

object is smaller than the DOF. Is the object placed in a defocus position, like in Fig. 2.3,

it is also common to refer to the DOF as the depth of field.

2.3 Forward Model
The hologram is an intensity image of the arriving wave-field, integrated over time,

where the phase information of the complex quantity is lost. This problem iswell known

as the phase problem [9–13].

The measurement process of a hologram is modeled by propagating 𝜓exit of Eq. 2.29

to the detector and removing the phase information by taking the squared magnitude

of the propagated wave-field. With the assumption that the object is illuminated by an

aberration free coherent beam with constant amplitude, the equation for the exit wave

𝜓exit behind the object 𝑂̃ is given by

𝜓exit(𝑂̃) = exp

(
i · 𝑂̃

) √
𝑎0 exp (i · 𝜙0) , (2.53)

with 𝑎0 ∈ ℝ being the illumination amplitude and 𝜙0 ∈ ℝ being the illumination phase

offset. We summarize the processes of the object illumination, the interaction with the

X rays and the wave-field propagation to the detector into an operatorDFr(𝑂̃) and take
the squared magnitude to model the measurement Idet:

DFr(𝑂̃) = F −1 ◦ exp
(
−𝑖 · 𝜋

(𝑘2𝑥 + 𝑘2𝑦)
Fr

)
◦ F ◦𝜓exit(𝑂̃) (2.54)

Idet =
��DFr(𝑂̃)

��2 . (2.55)

The operator DFr is an approximation of the free space propagation for the near field

and is called the Fresnel propagator in operator form [42]. Here, the function F de-

scribes the 2D Fourier transform of the wave-field and F −1 its inverse respectively with
respect to the spatial coordinates (𝑥,𝑦) and frequency parameters (𝑘𝑥 , 𝑘𝑦). The Fresnel
number Fr, which is relevant for the reconstruction of 𝑂̃ , depends on the whole mea-

surement setup and includes the geometry of the focusing object, the spatial distances

between each setup component, the illumination energy and the dimensions of the de-
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tector pixel. In a parallel beam setting, the Fresnel number Fr is derived from the pixel

size of the detector Δ𝑥 , the wavelength of the source 𝜆 and the propagation distance

between sample and detector 𝑧12 with

Fr =
Δ𝑥2

𝜆𝑧12
. (2.56)

In order to enable microscopy through holographic imaging, the object has to be placed

into a divergent beam in a defocused position. The Fresnel number Fr must then also

incorporate the magnification through the cone beam, which can be derived from the

Fresnel scaling theorem [42]. The theorem states that the cone beam setup can be trans-

formed to an equivalent parallel beam setup by calculating a new effective propagation

distance 𝑧∗
12

= 𝑀𝑧12 from the object magnification 𝑀 . The divergent beam magnifies

the sample by a factor

𝑀 =
𝑧01 + 𝑧12
𝑧01

(2.57)

that is given by the proportion of the total propagation distance 𝑧01 + 𝑧12 to the focus-

object distance 𝑧01. The Fresnel number Fr for an equivalent parallel beam becomes

Fr =
Δ𝑥2

𝜆𝑀𝑧12
. (2.58)

2.4 Data Noise Models
The forward model is only an approximation of the actual measurement system with

simplifying assumptions about the physics, the measured object and the measurement

instruments, including a perfectly coherent and monochromatic illumination and a per-

fectly precise detector. However, no system is perfect and each component in the mea-

surement system, from the illumination, over the optics to the detector electronic, in-

troduces an error with respect to the forward model. This leads to data noise which is

either randomly distributed or results in patterns in the data with a distinct structure.

Commonly, both different types are called unstructured and structured distortions. For

a reconstruction, a noise model is needed that describes the assumptions how a mea-

sured hologram will deviate from an ideal hologram which is estimated by the forward

model. Both types of noise are visualized in Fig. 3.1. The following sections will go into

the details about the unstructured noise models that are common in X-ray imaging as

well as into the sources of structured distortions and the assumptions that are made.

2.4.1 Structured Distortions

Structured distortions (Fig. 3.1a) impose distinct patters in the data. The source of those

patterns are usually hardware components which are used in the measurement setup at

the beamline. These hardware components then leave visible patterns in the measured

hologram. Those patterns can for example be the structure of the FZP, dust particles
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on the hardware, windows of the vacuum tubes or fringes of the beamstop. Further-

more, the illumination during an experiment does not necessarily remain stable and

can drift or can change otherwise. Also, storage rings are typically refilled with new

electrons from time to time, resulting in sudden variations in illumination. Are these

variations too strong over time, it can become challenging to separate the illumination

from sample in a hologram. Even after normalizing the illumination, e.g. with a flat-field

approach (Sec. 3.1), there is then a risk that refilling causes remaining patterns in the

reconstruction input, i.e. structured distortions. For single shot imaging at free-electron

lasers, the illumination pattern can change drastically between each shot.

A simple approximation of the structured distortions caused by the illumination or ob-

jects in the beam, is to introduce it as an additional scattering object in themeasurement

system. We can also apply the thin object approximation of Sec. 2.1.3 to this object. The

beam 𝜓0 is then distorted by a multiplicative perturbation component 𝑃 such that the

forward model for the measurements Idet becomes

Idet =
�����F −1 ◦ exp

(
−i · 𝜋

(𝑘2𝑥 + 𝑘2𝑦)
Fr

)
◦ F ◦ exp

(
i𝑂̃

)
𝑃 𝜓0

�����2 . (2.59)

Modeling the structured distortions as a scattering objects in the setup allows for a

noise correction during the data preprocessing phase. The correction approach will be

described in Sec. 3.1. Another source of structured distortions are vibrations of the sys-

tem. Vibrations are rigid and non-rigid movements of the measurement components

over time. They result in shifts, rotations or deformations of large structures. We as-

sume here vibrations to be sufficiently small to ignore such type of deformations.

2.4.2 Unstructured Noise

Unstructured noise (Fig. 3.1b) is the most common type of noise that causes data distor-

tions. In the case of imaging with X rays, the most important source of noise is photon

noise and appears always for finite exposure times. Photon noise is a quantum effect

that originates in the discrete nature of photons. The arrival of photons at each detec-

tor pixels can be modeled by a stationary random process 𝑋 (𝑡), where 𝑡 is time point

of observation, and the outcome a binary number that states true if a photon arrived

and false if not. Typically, this process is integrated over a certain time interval Δ𝑡 , the
exposure time interval of an acquired image. For X-ray holography, it is appropriate

to consider only exposure intervals instead of single observations, leaving us with dif-

ferent random distributions 𝑋Δ𝑡 , which depend on the exposure time. We start with a

very short illumination, also called a low-dose image. The photon noise then follows a

Poisson distribution which is derived from the binominal distribution 𝑓𝑋bin
:

𝑓𝑋bin
(𝑘) =

(
𝑛

𝑘

)
𝑝𝑘 (1 − 𝑝)𝑛−𝑘 , 𝑘 ∈ ℕ0, (2.60)
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with a know probability of a photon event 𝑝 ∈ [0, 1], a known maximum number of

photon events 𝑛 ∈ ℕ and with an expected value of 𝐸{𝑋 } = 𝑛𝑝 . We get the Poisson

distribution 𝑓𝑋poiss
by removing the restrictions on the number of possible photons with

𝑛 →∞. We keep the expectation value unchanged, yielding:

𝑓𝑋poiss
(𝑘) = 𝐸{𝑋 }𝑘 · 𝑒−𝐸{𝑋 }

𝑘!
, 𝑘 ∈ ℕ0. (2.61)

Here, 𝐴 is the expected photon count with respect to a certain exposure time Δ𝑡 . For a
sufficient large exposure time, the discrete nature of photons will be averaged out and

we can change themodel at the detector from discrete photons to continuous intensities.

The Poisson distribution then approaches a Gaussian distribution 𝑓𝑋gauss
and the discrete

photon count parameter 𝑘 ∈ ℕ0 can be replaced by a continuous intensity parameter

𝑥 ∈ ℝ with

𝑓𝑋gauss
(𝑥) = 1

√
2𝜋𝜎

𝑒
− 1

2

(
𝑥−𝐸{𝑋 }

𝜎

)
2

, (2.62)

where 𝜎 is the variance with 𝜎 = 𝐸{(𝑋 − 𝐸{𝑋 })2}.
There are also other sources of noise in the measurement system with rather unknown

distributions that add to the photon noise at the detector. This includes readout noise,

which results from imprecise electronics, thermal noise and others. The specific random

distributions of every noise sources are currently unknown. The central limit theorem

could be in principle applied to assume in total a Gaussian distributed noise in the data.

However, the optimal unstructured noise model is still an open research question and

should be investigated in future works.

Unstructured noise is often handled by the reconstruction algorithm, for example by

creating the target function of the optimization problem accordingly, which will be

described in Sec. 3.2.1.
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The main topic of this work is the reconstruction of refractive indices from data of

a NFH microscopy setup at a synchrotron radiation light source. In contrast to many

other imaging methods, especially in the field of medical imaging where a relatively

well definable set of objects are measured, one has to expect that all kinds of objects

are probed. The range of samples includes very weakly interacting objects such as bio-

logical samples, which only phase shift, to strongly interacting objects with significant

absorption. The same holds for the shape of the samples, which have an infinite variety

in infinite combinations, from smooth and round structures to very edged objects with

high spatial gradients in the refractive index between the object and its surroundings.

The variety is even more increased by different possibilities for the realization of the

setup through different choices of the instrumentation. Different optics can be employed

to focus the X-ray beam. Each optic has different aberration characteristics and requires

a specific setup geometry. The X-ray energy and exposure time can also vary, which af-

fects the noise in the recorded data. The list of variations can be arbitrarily extended.

The consequence is that a large variety of measurement setups and reconstruction algo-

rithm to address scientific questions exists and a claim about what the state-of-the-art

system is cannot be easily made.

While the investigation in this work was done with respect to certain issues in the

reconstruction problem, which can be generalized, the reference of the developed im-

provements was nevertheless a very specific measurement setup in combination with

a specific reconstruction algorithm. Under these conditions, experimental data was ac-

quired, the simulation framework was designed and the basic algorithm implemented.

In this chapter, the projected gradient descent (PGD)-based reference algorithm is de-

rived, which is investigated and improved in the following chapters. For benchmarking,

four different experimental data sets have been acquired, which are presentedwith their

motivation. The experimental data is used in Ch. 4 and Ch. 5. For Ch. 5, additional sim-

ulation data is created to isolate certain features. The simulation data is also shown

here.

3.1 Data Preprocessing
Before performing a reconstruction with the idealized forwardmodel, most of the struc-

tured distortions in the data (Sec. 2.4.1) can be removed from the measured hologram
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in a preprocessing step by an empty beam correction, the so-called flat-field correction

(FFC). [51–53]. We define the Fresnel propagation kernelDFr(𝜓 ) for wave-fields𝜓 with

DFr(𝜓 ) = F −1 ◦ exp
(
−i · 𝜋

(𝑘2𝑥 + 𝑘2𝑦)
Fr

)
◦ F ◦𝜓 . (3.1)

The flat-field-correction assumes that the distortion of the hologram Idet in the detector
plane is given by a multiplication of the propagated perturbation function 𝑃 and the

original hologram Iraw with

Idet = |DFr(exp
(
i𝑂̃

)
𝑃 𝜓0) |2 ≈ IflatIraw, (3.2)

IflatIraw = |DFr(𝑃) |2 · |DFr(exp
(
i𝑂̃

)
𝜓0) |2. (3.3)

To remove the structured distortions from the raw detector data, it can then be divided

by the propagated perturbation function, which is called the flat-field or also empty

beam image since it represents the illumination without an object in the detector plane.

We get the corrected hologram Icor by

Icor =
Idet
Iflat

. (3.4)

An estimation of the flat-field is calculated by averaging multiple measurements with-

out an object over a certain time period. A principle component analysis (PCA) can

be performed, which creates orthogonal components, sorted by their statistical vari-

ance. A PCA is an orthogonal linear transformation which transforms the coordinate

system of the data. Removing an arbitarely number of the last components from the

PCA reduces the dimension of the measurement space to the modes that explain the

beam-dynamics the most. For each raw hologram the illumination is then extracted by

a projection onto those components. This removes the object, which is only explained

by the removed components. The flat-field of a measured hologram is calculated by a

projection P onto those components. Let Ω𝐶 be the selected flat-field components of

the PCA result. The flat-field Iflat of a measured hologram Idet is then given by

Iflat = PΩ𝐶
Idet, (3.5)

and consequently the flat-field corrected hologram Icor by

Icor =
Idet
PΩ𝐶
Idet

. (3.6)

Figure 3.1 demonstrates the effect of the FFC. In (a) an example of Idet is shown, without
an object in the beam. The image is distorted mostly by structured distortions. Applying

a FFC yields Icor, shown in (b). Reducing the structured distortions also reduces the

statistical dependence between pixel values and results in mostly uncorrelated pixels,
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which is important for the cost function for reconstruction, derived in the next section

Sec. 3.2.1. The requirements for the validity of the FFC approach have been investigated

in [51].

3.2 Reconstruction of Refractive Indices

A common approach to retrieve the projected refractive indices 𝑂̃ is to formulate the

inverse problem as an optimization problem.

The goal here is to find a cost function which minimum yields the desired reconstruc-

tion result under a given set of measured data. This form of reconstruction problem

is very typical in imaging systems and is intensively studied, so that a large variety of

algorithms already exists if a canonical formulation of a cost function is found. In the fol-

lowing, the cost function for NFH is derived and formulated as a common least squares

optimization problem. The reference algorithm of this work is presented that recon-

structs the projected refractive indices by solving the presented optimization problem.

3.2.1 Cost function

A basic cost function can be derived from the maximum likelihood (ML) principle. It

could be seen in Sec. 3.3, that the values of our measured holograms reach the order of

10
3−104 count, which lies in the same order of the actual photon counts at the detector.

Although a normal distribution would be a reasonable assumption, the reference algo-

rithm here is based on a Poisson distribution noise model and was already shown to be

feasible for the reconstruction of 𝑂̃ for strongly interacting objects.

We adapt the Poisson distribution function Eq. 2.61 such that it calculates the noise

distribution for measurements in NFH under a Poisson noise model.

The observation 𝑘 in the Poisson distribution Eq. 2.61 becomes the measured data set

and the expectation value becomes the estimation from the forward model. The result-

ing function calculates the likelihood 𝑝 (I 𝑗
det
|𝑂̃) that the measurements Idet for pixel

indices 𝑗 are observed under a given object 𝑂̃ , i.e.:

𝑝 (I 𝑗
det
|𝑂̃) = 𝐸{𝑋 }𝑘 · 𝑒−𝐸{𝑋 }

𝑘!
, (3.7)

𝐸{𝑋 } =
[��DFr(𝑂̃)

��2] 𝑗 , (3.8)

𝑘 = I 𝑗
det
. (3.9)

The reconstruction target is then the object 𝑂̃ that maximizes this likelihood function

for all pixels. The computational complexity of calculating the maximizing 𝑂̃ can be

reduced by maximizing the log likelihood function instead. Applying the natural loga-

rithm removes the exponential function while preserving the position of the maximum.
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(a) Statistical analysis of an image without an object in the beam. The image is distorted mostly

by structured distortions. Visible patterns are circles which result from the FZP, dust particles

on exit windows of vacuum tubes or the detector and horizontal stripes, probably from the

beam stop and/or the monochromator. For randomly distributed noise, the histogram on

the right would, due to the central limit theorem, produce a Gaussian curve. However, the

statistical dependence between neighbor pixels invalidates the central limit theorem and an

otherwise recognizable superimposed Gaussian shows heavy fluctuations.
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(b) Statistical analysis of the flat-field corrected image from (a), processed by the method of

Sec. 3.1. The image is distorted mostly by randomly distributed, unstructured noise. Some

patterns from the unprocessed image (a), like the horizontal stripes, are still imprinted. The

histogram on the right side becomes approximately a Gaussian distribution, which shows

the reduction of the statistical dependence between neighbor pixels.

Figure 3.1: Visualization of the flat-field correction. Empty raw hologramwith (a) struc-

tured distortions and corrected hologramwithmostly (b) unstructured noise.
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The reconstruction target 𝑂̃∗ is then defined as the object 𝑂̃ that maximizes the log like-

lihood function for all pixel indices 𝑗 , under the observation Idet with

𝑂̃∗ = argmax

𝑂̃

∑︁
𝑗

ln𝑝 (I 𝑗
det
|𝑂̃), (3.10)

ln𝑝 (I 𝑗
det
|𝑂̃) = I 𝑗

det
ln

{[��DFr(𝑂̃)
��2] 𝑗} − [��DFr(𝑂̃)

��2] 𝑗 − ln {
I 𝑗
det
!

}
. (3.11)

Since the last term does not change with a variation of 𝑂̃ , we can ignore this term for the

optimization problem. Additionally, in practice, the aim is often to find the minimum of

the negative log likelihood to convert it to a minimization problem. The reconstruction

problem then becomes

𝑂̃∗ = argmin

𝑂̃

∑︁
𝑗

− ln𝑝 (I 𝑗
det
|𝑂̃), (3.12)

𝑂̃∗ = argmin

𝑂̃

∑︁
𝑗

[��DFr(𝑂̃)
��2] 𝑗 − I 𝑗

det
ln

{[��DFr(𝑂̃)
��2] 𝑗} . (3.13)

For further reduction of the computational complexity, we remove the logarithm in

the cost function by using the Taylor expansion of second order T2 around the point√
Idet

𝑗
=

��DFr(𝑂̃)
�� 𝑗
[54], yielding

𝑓 (𝑥) = 𝑥2 − I 𝑗
det

ln

[
𝑥2

]
(3.14)

T2𝑓 (𝑥 ;
√︁
Idet

𝑗
) = I 𝑗

det
− I 𝑗

det
lnI 𝑗

det
+ 2(𝑥 −

√︁
Idet

𝑗
)2. (3.15)

The first two terms of this approximation are constant and can be ignored for the op-

timization problem. Also the constant factor can be removed. The remaining term on

the right side, summed over all pixels and normalized, gives us the basic cost function

in form of a least squares approach:

𝑂̃∗ = argmin

𝑂̃

1

2




��DFr(𝑂̃)
�� − √︁
Idet




2
2

, (3.16)

which is approximately equivalent to solving the maximum likelihood problem of Eq.

3.10. The amplitude-based least squares approach can also be interpreted as a data fi-

delity problem where, the goal is to find the best representation of the measured data in

the sense of the squared Euclidean distance. It is also possible to arrive at the same cost

function then, instead of a Poisson distributed photon noise (shot noise), an additive

Gaussian thermal noise is assumed [55]. For a Gaussian photon noise model, the result

would be an intensity based instead of an amplitude based least squares approach [54].

This inverse problem is ill-posed, highly under-determined and does not have a unique

solution [56, 57]. Additionally, there is a 2𝜋 ambiguity in the real part of 𝑂̃ when the exit

wave Eq. 2.53 is calculated. Mathematically, the least squares approach tries to solve an
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optimization problem on a non-convex set with a non-linear forward model because of

the magnitude operation. Physically, this manifests, among other things, in the twin-

image problem [57].

We can reduce the number of possible solutions by introducing constraints on the re-

constructed values. This can for example be done by restricting the reconstruction to

physically valid values. In the X-ray regime, it is known that the interaction with elec-

trons results in phase shifts that are only negative. Additionally, we can assume that

the measured object does not contain an X-ray source itself such that the absorption is

only positive. We model this non-negative electron density constrain by creating a set

Ω𝑃 as being the set of physically valid reconstruction values with

Ω𝑃 =
{
∀ 𝑥 ∈ 𝑂̃ : Re(𝑥) ∈ (−∞, 0], Im(𝑥) ∈ [0,∞)

}
. (3.17)

Given a single exposure hologram Idet, the reconstruction problem for the refractive

index in NFH can then be formulated using a regularized least-squares approach

𝑂̃∗ = argmin

𝑂̃

1

2




��DFr(𝑂̃)
�� − √︁
Idet




2
2

+ XΩ𝑃
(𝑂̃). (3.18)

The term XΩ𝑃
is an indicator functions, defined by

XΩ𝑃
(𝑂̃) =

{
0 𝑂̃ ∈ Ω𝑃
+∞ else

(3.19)

that models prior knowledge of the setup and the object. An alternative selection of the

cost function is Eq. 3.16, formulated as a constrained problem:

𝑂̃∗ = argmin

𝑂̃∈Ω𝑃

1

2




��DFr(𝑂̃)
�� − √︁
Idet




2
2

(3.20)

Both minimization problems can be solved by a PGD-based algorithm, which applies a

forward-backward splitting approach to the problem. The PGD-based reference algo-

rithm for this work is presented in the next section.

3.2.2 Projected Gradient Descent for phase retrieval

We begin with the construction of the basic solver that finds a solution for Eq. 3.18.

A PGD approach solves this problem by splitting the cost function into two separate

problems, (i) the data fidelity and (ii) the constraint. A global solution is then found

by an alternation between both problems which are solved by (i) a weighted gradient

descent towards the minimum of the data fidelity term and (ii) a projection onto the

convex set Ω = Ω𝑃 . A solution of the general minimization problem

𝑂̃∗ = argmin

𝑂̃

𝑓 (𝑂̃) + XΩ (𝑂̃), (3.21)

30



3.2 Reconstruction of Refractive Indices

is then calculated by a loop over the two basic operations. (i) A gradient descent step

or Landwer-iteration and (ii) a projection onto the constraint set Ω𝑃 , until a predefined
stopping criterion, e.g. a maximum iteration number, is reached:

(𝑖) 𝑂̃𝑖+1 = 𝑂̃ − 𝛼∇𝑓 (𝑂̃𝑖),
(𝑖𝑖) 𝑂̃𝑖+2 = PΩ𝑃

(𝑂̃𝑖+1).

Here, 𝛼 is the step size for the gradient descent and ∇𝑓 (𝑂̃) is theWirtinger-derivatives-

based gradient of the data fidelity term, given by [20, 58, 59] with

𝑓 (𝑂̃) = 1

2

∥|D𝐹𝑟 (𝑂̃) | −
√︁
Idet∥22, (3.22)

∇𝑓 (𝑂̃) = −𝑖 · exp
(
i𝑂̃

)
· D−1𝐹𝑟

(
D𝐹𝑟 (𝑂̃) −

√︁
Idet ⊙ sgn

(
D𝐹𝑟 (𝑂̃)

))
, (3.23)

sgn(𝑥) =
{
0 if 𝑥 = 0

𝑥
|𝑥 | else

. (3.24)

For gradient descent methods, it is in general not recommended to use a standard gra-

dient descent step for the optimization of a non-convex function 𝑓 in form of 𝑥𝑖+1 =

𝑥𝑖 − 𝛼∇𝑓 (𝑥𝑖) [60, 61]. This standard algorithm is known for having trouble with opti-

mizing functions that contain local minima, flat surfaces or ravines. Instead, we make

use of the Nesterov accelerated gradient (NAG) (NAG) [62, 63] with momentum 𝛾 and

step size 𝜂. The modified gradient ∇𝑔 is given by:

∇𝑔(𝑂̃𝑖) = 𝛾∇𝑔(𝑂̃𝑖−1) + 𝜂∇𝑓 (𝑂̃𝑖 − 𝛾∇𝑔(𝑂̃𝑖−1)) . (3.25)

with ∇𝑔(𝑂̃0) = 0 and ∇𝑓 (𝑂̃) is the non-accelerated gradient of the data fidelity term.

We get a projector PΩ𝑃
of 𝑂̃ onto Ω𝑃 by projecting the real and imaginary part sepa-

rately and pointwise onto the defined intervals:

PΩ𝑃
(𝑂̃) = min

(
0, Re(𝑂̃)

)
+ 𝑖 ·max

(
0, Im(𝑂̃)

)
. (3.26)

As a denoising method, a (iii) weak Gaussian filter is applied at the beginning of each

iteration. This yields the complete PGD algorithm:

(𝑖𝑖𝑖) 𝑂̃𝑖+1 = gauss_filt(𝑂̃𝑖)
(𝑖) 𝑂̃𝑖+2 = 𝑂̃𝑖+1 − ∇𝑔(𝑂̃𝑖+1)
(𝑖𝑖) 𝑂̃𝑖+3 = PΩ𝑃

(𝑂̃𝑖+2)

with a Nesterov momentum accelerated gradient ∇𝑔(𝑂̃𝑖) is shown in Alg. 0.
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3 Baseline Algorithm and Test Data Framework

Algorithm 0: Basic reconstruction of 𝑂̃

Input: Pre processed measurements Idet, update rate 𝜂 for the gradient step, Nesterov

momentum 𝛾 , filter coefficients Ω𝐹 , initial guess 𝑂̃0, maximum iterations 𝑘max

Output: Approximated solution 𝑂̃∗

𝑔0 ← 0

𝑘 ← 0

while 𝑘 < 𝑘max do

𝑦𝑘+1 ← 𝑂̃𝑘 − 𝛾𝑔𝑘
𝑔𝑘+1 ← 𝛾𝑔𝑘 + 𝜂∇

[
1

2



|D𝐹𝑟 (𝑦𝑘+1) | −
√
Idet



2
2

]
𝑂̃𝑘+1 ← PΩ𝑃

(𝑂̃𝑘 − 𝑔𝑘+1)
𝑘 ← 𝑘 + 1

end

𝑂̃∗ ← 𝑂̃𝑘max

return 𝑂̃∗

3.3 Experimental data

The experimental data that was used in this work was acquired at the P05 nano-end-

station at PETRA III at DESY, Hamburg, operated by Helmholtz-Zentrum Hereon. An

NFH setup was used for nano-tomography. Relevant literature of the setup can be found

in [8, 46, 64, 65] and a sketch of the setup is shown in Fig. 2.3 [46]. The distance between

the focal spot of the FZP and the sample is in the order of 133mm. The detector is placed

downstream behind the sample at a distance in the order of 20m.

With this setup, the detector is placed in the so-called near-field or Fresnel regime with

respect to the measured sample size. The detector is a scintillator (10 µm Gadox) sC-

MOS camera (Hamamatsu C12849-101U) with 6.5 µm pixel size at 16 bit image depth

and 2048 × 2048 pixels. The used FZP has two major disadvantages, which are impor-

tant for the experiments but also one very important advantage for the reconstruction

algorithm. First, the FZP has a low focusing efficiency and requires a setup with large

distances for 𝑧01 and 𝑧12. Furthermore, around 80% of the incoming beam is blocked

leaving only 20 % of beam intensity for the measurement. The consequence is a long

exposure time per hologram which lies between 500ms and 2 s for 2000 to 5000 counts

at the detector. The type of counts, photon or electron counts, depends on the detector.

The relevance of the count number is explained in Sec. 2.4. The advantage is that the

FZP produces a wavefront which can be assumed to be sufficiently precise spherical

wave-front such that an empty beam correction by the method described in Sec. 3.1 can

be performed.

A large variation of different objects is measured on the beamline. Some object prop-

erties are particularly important for the reconstruction in NFH. One is the interaction
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3.3 Experimental data

FZP

Beamstop

OSA Sample HolderAperture

Beam Direction

Figure 3.2: The image of the experimental setup was taken at the P05 endstation at PE-

TRA III at DESY, Hamburg. The hardware components correspond the com-

ponents at the same position like in the sketch of Fig. 2.3. The detector is

positioned 20m downstream from the image above.

strength between the sample and the illumination. The variation ranges fromweakly in-

teracting objects with a phase shift below the phase-wrapping limit of 2𝜋 rad, to moder-

ately strong interaction with phase shifts above 2𝜋 rad and weak absorption, to strongly

interacting objects with phase of multiple factors of 2𝜋 rad and strong absorption. An-

other important object property are the spacial frequencies in the refractive indices of

the object which are differently biased in the reconstruction. Strong jumps, e.g. at the

object/vacuum interface have a different reconstruction behavior than weak curvatures

and smooth surfaces.

For Ch. 4, the experimental test objects are selected with a focus on the interaction

strength of the object. The samples used in this work have a diameter between 8 µm

and 150 µm. The energy of the illumination was chosen to be in the hard X-ray regime

between 11 keV and 17 keV. The measured data in Fig. 3.3a covers weakly interacting

samples which do not exceed phase shifts of 𝜋 rad to multi material samples that pro-

duce a phase range beyond 6𝜋 rad. The samples are shortly introduced now:

A spider hair [66–68], which can be assumed to be a purely phase-shifting object with

values less than 𝜋 rad. A cactus needle and a piece of a human tooth, prepared by fo-

cused ion beam milling. Both with phase shift values in the proximity of 2𝜋 rad. A

biodegradable magnesium-based wire implant that is partially corroded and induces

phase shifts with values beyond 6𝜋 rad [23, 69, 70].

Further object specific properties are the following:

The spider hair possesses many fine structures fading into the background. The flat-
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Sample Energy 𝑟𝑛 𝑤𝑛 𝑧01 𝑧02 𝑡

Spider hair 11.0 keV 150 µm 50 nm 79.95mm 19.661m 1.0 s

Cactus Needle 17.0 keV 150 µm 50 nm 28.54mm 19.652m 0.8 s

Tooth 17.0 keV 150 µm 50 nm 81.708mm 19.652m 0.8 s

Magnesium-based wire 11.0 keV 150 µm 50 nm 43.70mm 19.661m 1.5 s

Table 3.1: Parameters according to Sec. 2.2, for the setup shown in Fig. 2.3. The illumi-

nation energy, the radius of the FZP 𝑟𝑛 , the width of its outer most structure

𝑤𝑛 , the cone beam geometry 𝑧01, 𝑧01 and the sample exposure time 𝑡 .

field-correction in the cactus needle and tooth samples left an area in the upper part

of the hologram which has a lot of noise. The tooth sample contains dense structures

on top and at the bottom, as well as a strongly interacting particle in the upper right

corner, which are residuals from the sample preparation. In the magnesium-based wire

sample, the flat-field-correction left a vertical gradient in the hologram background.

Most of the parameters for the Fresnel number of the forward model of Sec. 2.3 are

known very precisely, either by vendor specification or by measurements of the setup

itself. Sometimes, however, individual parameters can only be roughly estimated or the

overall accuracy of the Fresnel number is not sufficient for a reconstruction. In the

example of the P05 endstation, this is the case for the focus-to-sample distance 𝑧01,

which can only be determined up to a precision of ±5mm, during the experiment.

3.4 Simulation Data
An additional selection of simulated phantoms was used in Ch. 5 to test different fo-

cus criteria. The phantoms in Fig. 3.3b were created to isolate the properties of certain

shapes. The first phantom, a cell, simulates the measurement of a biological object.

The focus is on the presence of many small details without extreme edges or too large

smooth surfaces. The second phantom, a simple triangle, tests two edge cases: The trian-

gle has strong edges at the boundary between the object and object-free space, oriented

in three different directions: One in each orthogonal direction and one in a diagonal

direction. Furthermore, the triangle has a smooth surface in the center, i.e. a surface

that interacts with the illumination without spatial gradients. The next object, the pro-

jection of a sphere, targets the typical weakness of reconstruction algorithms to have

problems with weakly curved surfaces. The spatial gradient to the center of the sphere

is continuously decreasing while the absolute phase shift value is increasing.

The simulation of a measured hologram with respect to a reference object basically

results from the forward model of the setup in Fig. 2.3. To create the hologram, the

parameters of the cone beam setup have to be defined and the model then converted to

an equivalent parallel beam setup. The parameters to set for the Fresnel number Fr of

the cone beam model are as follows: (i) the illumination wavelength 𝜆, (ii) the detector

pixel size Δ𝑥 , (iii) the focus-to-object distance 𝑧01, (iv) the object-to-detector distance
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3.4 Simulation Data

𝑧12. The test objects for simulations in this work are defined as discrete phantoms on a

Cartesian grid. They are derived from two-dimensional images whose gray values are

normalized to the closed interval [0, 1]. With discrete pixel indices, the phantom can be

expressed as a function 𝑓 :

𝑓 : ℕ2

0
↦→ 𝐺, (3.27)

𝐺 := {𝑔 ∈ ℝ | 0 ≤ 𝑔 ≤ 1}, (3.28)

which maps the pixel indices 𝑥,𝑦 ∈ ℕ0 to a gray value. The phantoms are simulated as

single material phantoms with a fixed 𝛿/𝛽 ratio for a given wavenumber 𝑘 . A maximum

thickness𝑑max is specified for each of the phantoms and the projection approximation of

Eq. 2.35 is applied to obtain the projected complex refractive index, which is calculated

for each pixel with the thickness function 𝑑 :

𝑑 (𝑥,𝑦) = 𝑑max · 𝑓 (𝑥,𝑦). (3.29)

The pixel number of the phantom must match the setup geometry, which means that a

sufficient sampling rate of the Fresnel propagation operator in frequency space must be

ensured. This is at least 1/Fr pixel per spatial dimension orthogonal to the propagation

direction [71]. If required, the phantom has to be padded by a constant zero until the

required pixel number is reached. This number can be much larger than the simulated

pixel number of the detector. To create the hologram, a source illumination 𝜓0 has to

be defined and the result of the forward model Eq. 2.55 be calculated. The resulting

hologram is usually larger than the field of view (FOV) of the detector. To match the

detector size, the hologram has then to be cropped centrally to the number of pixels of

the detector.
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(a) Experimental data, showing the raw detector data (top) and the flat-field corrected holograms

(bottom). The objects were chosen due to their increasing interaction strength with X rays.

The data covers weakly interacting samples which do not exceed phase shifts of 𝜋 rad to

multi material samples that produce a phase range beyond 6𝜋 rad.

Cell Triangle Ball

Õ

−2 −1.5 −1 −0.5 0

𝝓 / rad
0 0.2 0.4 0.6 0.8 1

·10−2𝝁 / A.U.

(b) Simulated objects. The simulated objects are mixed objects, phase shiting (𝜙) and absorbing

(𝜇) according to the color bars. The following shapes were created: A biological cell with

lot of small and sharp features. A triangle with strong edges in combination with a smooth

surface. A ball object which contains a large range of small image gradients.

Figure 3.3: Experimental data (a) and simulated objects (b) that have ben used as test

objects in Chapters 4 and 5 of this work.
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Analysis and Suppression of
Reconstruction Artifacts 4

This chapter is based on the publication [21] and contains further background and de-

tails regarding the compensated reconstruction artifacts.

The goal of a reconstruction in NFH is to compute the complex refractive indices of a

measured object from a recorded hologram. Further information about the reconstruc-

tion target can be found in Sec. 2.1.3. In Sec.3.2, the reconstruction problem was derived

in its mathematical form and was described as ill-posed and highly under-determined

without a unique solution.

In practice, the available approaches that compensate for the missing information can

be split into experimental and algorithmic approaches. They reach from adaptions of the

experiment to the incorporation of prior knowledge into the reconstruction algorithm,

for example in form of additional object constraints or regularization schemes.

Naturally, some approaches alleviate the under-determination by performingmore than

one measurements per reconstructed ROI. For each measurement, the experimental

setup is then slightly changed to add more variation to the data. This includes for ex-

ample the scanning with overlaps like ptychography [27–29] or also the full-field mea-

surement setup, of this work but with measurements in multiple distances [14, 30, 31,

72, 73].

An additional object constraint which can be applied is the positive density constraint

and was already presented in Sec. 3.2.1. The combination of this prior together with a

spatial support constraint can be found in various algorithms [20, 32, 33, 72]. A different

kind of physics related constraint can be derived from the known relationship between

phase shift and absorption values, also called the 𝛿/𝛽 coupling [43, 44, 74]. This coupling
is in general linear and the proportional quantity material dependent. It can be used as

a prior in the reconstruction algorithm for example by explicit material constraints [72]

or by coupling with joint sparsity regularization [75].

Regularization techniques add more implicit priors about the object and can be applied

in arbitrary mathematical domains. Here, enforcing sparsity in wavelet, shearlet or in

the gradient domain with a Lasso regularization is a common choice [76–81], as well

as Tikhonov regularization which favors smoothness and smaller values [72, 75, 77, 82,

83].

Unfortunately, each of these approaches comes with certain trade-offs: Measuring more

data is not always possible or not always desired, be it because of limits in the available

measurement time or restrictions on the measurement setup. This is especially true in

the case of single-pulse imaging at X-ray free-electron lasers or in situ/operando studies
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4 Analysis and Suppression of Reconstruction Artifacts

[22–25, 53]. Employing a spatial support constraint is not always possible and can be

computationally very expensive to determine. Objects which are larger than the ROI

for example do not posses a compact support. Furthermore, the support has to be de-

fined. Amanual approach requires advanced knowledge about the reconstruction result

beforehandwhile an automatic adaption during the reconstruction adds further compu-

tational complexity [34, 53]. The required hyper-parameters can grow arbitarely. This

renders a spatial support constraint impractical, especially for time sensitive in situ and

operando measurements. The problem with domain specific regularization is that they

always introduce a bias into the reconstruction. The strength of the bias depends on

the regularized domain and the regularization weights. Is the bias too strong, artifacts,

blur or other effects can alter the reconstruction result.

This chapter performs an extended analysis of the artifacts that occur for reconstruc-

tions with the PGD-based reconstruction algorithm of Sec. 3.2.2, if the mentioned re-

strictions are abandoned. This includes measurements in multiple distances, employing

a spatial support constraint, constraints based on the 𝛿/𝛽 relationship and computa-

tionally intensive regularization such as total variation. The artifacts are divided into

categories. Each of the categories is dedicated to one section in this chapter, where the

cause is investigated and at least one counter-strategy is developed. In the last section,

different combination of the proposed methods are applied to the experimental data

from Sec. 3.4. The results are compared to each other with respect to remaining arti-

facts and computational time.

4.1 Truncation of the hologram

The wave field after interaction with object is propagated to the detector, where the

interference pattern is recorded as a hologram. However, due to a limited FOV of the

detector, it is not able to record the complete arriving wavefront such that the holo-

gram in the detector plane is truncated. In the following, we will derive a mathematical

expression for the truncation and use Idet for the hologram intensities at the detector

plane and Idet the captured hologram by the detector, which is truncated.

The hologram, captured by the detector, is an image of a rectangular area inside of the

wavefront in the detector plane. Outside of the detector area, no signal is recorded.

The truncation with respect to a non-truncated hologram can be described by defining

all values outside of the detector area to be zero. We define the truncation operation

trunc(Idet) of an non-truncated hologram Idet by a multiplication with a two dimen-

sional function trc(𝑥,𝑦), yielding the truncated measurements Idet(𝑥,𝑦) with:

Idet(𝑥,𝑦) = trunc(Idet(𝑥,𝑦)) = trc(𝑥,𝑦) · Idet(𝑥,𝑦). (4.1)
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4.1 Truncation of the hologram

If all values outside of the detector area should be zero, the truncation operator is a two

dimensional rectangular function trc0(𝑥,𝑦):

trc0(𝑥,𝑦) =

0, if |𝑥 | > 𝑤𝑥

2
or |𝑦 | > 𝑤𝑦

2

1

2
, if |𝑥 | = 𝑤𝑥

2
and |𝑦 | = 𝑤𝑦

2

1, if |𝑥 | < 𝑤𝑥

2
and |𝑦 | < 𝑤𝑦

2

, (4.2)

where (𝑤𝑥 ,𝑤𝑦) are the detector dimensions in each spatial direction and (𝑥,𝑦) the spa-
tial coordinates. The spatial coordinates (0, 0) are aligned to the center of the detector.

Using zeros as truncation values in the context of the PGD algorithm of Sec. 3.2.2 is

problematic, since it results in singularities in the gradient of Eq. 3.23. In practice, the

truncated hologram is often padded by a constant value different from zero. After the

flat-field-correction of Sec. 3.1, this value is typically one, since the flat-field-correction

aims to normalize the empty beam intensities. This is then equivalent to an object free

area of the beam. To account for that, the rectangular function can be modified to a

function trc1(𝑥,𝑦) by replacing the zero with a normalization factor 1/Idet, which is

the inverse of the non-truncated hologram.

trc1(𝑥,𝑦) =


1

Idet (𝑥,𝑦)
, if |𝑥 | > 𝑤𝑥

2
or |𝑦 | > 𝑤𝑦

2

1

2
(1 + 1

Idet (𝑥,𝑦)
), if |𝑥 | = 𝑤𝑥

2
and |𝑦 | = 𝑤𝑦

2

1, if |𝑥 | < 𝑤𝑥

2
and |𝑦 | < 𝑤𝑦

2

, (4.3)

The truncation of the hologram causes data inconsistencies and yields to reconstruction

artifacts, which are especially present at the border of the truncation area. In the next

section, we investigate the artifacts that appear when the truncation operators trc0(𝑥,𝑦)
and trc1(𝑥,𝑦) are used and analyze the source of those artifacts.

4.1.1 Truncation artifacts

There are multiple sources of inconsistencies at the detector edge. First, the scattering

angles and the propagation distance to the detector can be so large that not all informa-

tion can be captured by the FOV of the detector. This effect can for example be seen in

the Fresnel region hologram of Fig. 2.4 at the upper and bottom right hologram borders,

where the fringes are truncated. Nevertheless, the truncated area contains important

information about the scattering object, which are then unavailable. Second, objects

outside of the FOV can scatter into the FOV of the detector towards high propagation

distances. The resulting fringes then belong to areas that are not necessarily considered

during reconstruction and also lead to inconsistencies. However, the biggest issue with

respect to the forward model is the introduction of a strong edges after truncation. The

caused artifacts result from a combination of two effects: (i) spectral leakage and (ii) the

amplification of high frequency (HF) errors, caused by the forward model. The spectral

leakage results from the usage of the Fourier transform in the forward model and can

manifest in so-called Gibbs artifacts [84–86]. The multiplication of Idet with the rect-
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angular function in the spatial domain is equal to a convolution of the spectrum of Idet
with a sinc function. The sinc function is a sine function with an increasing damping

factor towards infinity. the one-dimensional sinc function is defined as

sinc(𝑥) = sin(𝜋𝑥)
𝜋𝑥

. (4.4)

The truncation operator in the Fourier domain is hence given as a convolution of the

Fourier transform of Idet with the Fourier transformed truncation operation trc(𝑥,𝑦).
Using trc0(Idet) of Eq. 4.2 for truncation, the Fourier transform F of the truncation

operator is the convolution of two one-dimensional sinc functions, one for each spatial

direction:

F ◦ trunc(Idet(𝑥,𝑦)) = 𝑤𝑥sinc(𝑤𝑥𝑘𝑥 ) ⊛𝑤𝑦sinc(𝑤𝑦𝑘𝑦) ⊛
[
F ◦ Idet(𝑥,𝑦)

]
, (4.5)

where (𝑘𝑥 , 𝑘𝑦) are the coordinates in the Fourier domain.

The truncation operation hence heavily distorts the frequency spectrum of the holo-

gram. The introduced error is amplified by the Fresnel free space propagator, which

is particularly sensitive to high spatial frequencies (Sec.4.4). The free space propaga-

tor is required to perform operations in the detector and the object plane. The error

which is introduced in the object plane is shown in Fig 4.1 with a simple example in a

one-dimensional space:

We define the non-truncated hologram Idet (Fig. 4.1a) as a constant intensiy and the

wave-field 𝜓
det

in the detector plane with zero phases and the square root of the holo-

gram as the amplitudes:

Idet(𝑥) = 1.2, (4.6)

𝜓
det
(𝑥) =

√︃
Idet(𝑦) exp (i0) . (4.7)

We then propagate this wave-field to the object plane, yielding the exit wave-field𝜓
exit

:

𝜓
exit
(𝑥) = D−1𝐹𝑟 (𝜓 det

(𝑥)) . (4.8)

The resulting intensity |𝜓
exit
|2 is shown in Fig. 4.1b. We now apply both truncation

operators, trc0(Idet) and trc1(Idet) to the hologram. The truncation results Idet are
shown in Fig. 4.1c and Fig. 4.1d. We again define the wave-field in the detector plane

by Eq. 4.7, but this time with the truncated holograms Idet. The results are propagated
back to the object plane and the intensities are shown in Fig. 4.1e and Fig. 4.1f.

The FOV of the detector corresponds to a certain area in the reconstruction result, that

is called ROI in this thesis. The observable effects in the ROI can be described as the

following:

The intensities of 𝜓
exit

, i.e. the back-propagated and non-truncated wave-field 𝜓
det

are

also just a constant and the image in the ROI is distortion free. Both truncation operation

causes a value jump, i.e. a sharp edge at the FOV border. The resulting effects on the
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Figure 4.1: Demonstration of how truncation of the signal in the detector plane affects

the signal in the object plane. (a) The non-truncated hologram Idet(𝑥) is
a constant. The coverage of the detector is the detector FOV, marked in

red. (b) The back-propagated hologram yields also a constant. (c) Because

of the limited FOV of the detector, the hologram is truncated. (d) The inten-

sities of the back-propagated and truncated hologram by function trc0(𝑥)
(Eq. 4.2) contains truncation (TR) artifacts inside of the ROI in the object

plane. They are a mixture of spectral leakage and propagation fringes of the

introduced edges. (e,f) The same problems appears if a hologram is paddded

by a constant of one, which can be represented by a second truncation func-

tion trc1(𝑥) (Eq. 4.3).
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4 Analysis and Suppression of Reconstruction Artifacts

object plane are similar. The edges in the truncated holograms Idet are interpreted as

real structure and back-propagated to the object plane. The distortions in the ROI follow

a sine like function and the width of the distorted area increases with the propagation

distance.

These type of structures also appear in the two dimensional case. The image in the ob-

ject plane is retrieved by reconstructing the refractive indices of the measured object

(Sec. 3.2.2). The same artifact structures are also present if a reconstruction is performed

with a truncated hologram, which is shown in the reconstruction results in Fig. 4.2. The

appearing distortions are slightly different for each object but follow all a sine like func-

tion. Most common artifacts are ring like or stripe artifacts, caused by the propagation

of object corners and edges. Without proper preprocessing of the hologram, the intro-

duced data inconsistencies by the truncation operation leads therefore to TR artifacts

that can affect the whole ROI in the reconstruction. In the next sections, we will derive a

new preprocessing approach to solve the truncation problem. The new preprocessing is

summarized in Alg. 1. Also, the reference PGD-based algorithm Alg. 0 will be extended,

which is shown in Alg. 2.

4.1.2 Compensation with padding
To develop a reasonable extension of the required hologram, we first investigate how

an extension of the hologram in the detector plane changes the image in the object

plane. In the beginning of this section, we have described the truncation operation in

Eq. 4.1 for the truncated hologram Idet(𝑥,𝑦) as a multiplication between Idet(𝑥,𝑦) and
trc(𝑥,𝑦). We can model the padding of the truncated hologram also by a multiplication

with a padding function pad (𝑥,𝑦), such that

Idet(𝑥,𝑦) pad (𝑥,𝑦) = trc(𝑥,𝑦) |DFr(𝜓 exit
(𝑥,𝑦)) |2 pad (𝑥,𝑦) . (4.9)

In the ideal case, the padding operation is the inverse of the truncation operation and

the original hologram Idet can be retrieved by

pad (𝑥,𝑦) = trc
−1(𝑥,𝑦), (4.10)

s.t. Idet(𝑥,𝑦) pad (𝑥,𝑦) = Idet(𝑥,𝑦). (4.11)

In the following, we try to find an approximate description of the padding operation in

the object plane. We have seen a similar structure of Eq. 4.9 already in the data prepro-

cessing of the base line algorithm Sec. 3.1 in Eq. 3.3. There, the effect of an illumination

disturbance in the object plane on a hologram can then be calculated approximately as

a multiplication between the non-disturbed hologram and the function of distortion.

We use here the same theory and assume that the padding function pad is a propa-

gated function of distortion 𝑃 from the object plane to the detector plane. We define the

truncation function as

pad (𝑥,𝑦) = |DFr(𝑃 (𝑥,𝑦)) |2. (4.12)
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Figure 4.2: TR artifacts appearing in reconstructed phase images. To illustrate the im-

portance of solving the truncation problem of recorded holograms, the ob-

jects were already reconstructed by the improved algorithm of Sec. 4.5, with-

out truncation correction. The results are heavily distorted by TR artifacts,

which are caused by a combination of spectral leakage and the free space

propagation of edge structures at the truncation border. Most common ar-

tifacts are ring like artifacts caused by the propagation of object corners

and lattice like stripes caused by propagated object edges and inconsistent

hologram padding. The truncation problem also resulted in a weakly recon-

structed magnesium-based wire, where we would expect phase shift values

of at least the double magnitude.
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4 Analysis and Suppression of Reconstruction Artifacts

We make use of the flat-field approximation of Sec. 3.1 and write down the padding of

the hologram Idet with respect to the object plane as

Idet = |DFr(𝑃) |2 |DFr(𝜓exit) |2 ≈ |DFr(𝑃 𝜓exit) |2. (4.13)

Since the padding function for the hologram is always real-valued, a possible solution of

the function 𝑃 in the object plane is then given by the back-propagation of the padding

function with zero phase from the detector plane to the object plane with

𝑃 = D−1𝐹𝑟 (
√︁
pad exp (i0)). (4.14)

We can use the same approximation for the truncation function, which is also always

real-valued and define the truncation operation 𝑇 in the object plane as

𝑇 = D−1𝐹𝑟 (
√
trc exp (i0)). (4.15)

The truncation and padding are then described in the object-plane as the following. The

original exit-wave𝜓
exit

is modified by both operations, yielding a wave-field𝜓exit which

is defined as

𝜓exit = 𝑃 𝑇 𝜓 det
. (4.16)

It is evident that in this model, the padding 𝑃 corrects the truncation operation 𝑇 , if

𝑃 = 𝑇 −1, (4.17)

s.t. 𝜓
exit

= 𝑃 𝜓exit. (4.18)

An example of the one-dimensional case is demonstrated in Fig. 4.3. The hologram Idet
(a) is truncated by the function trc1 of Eq. 4.3, yielding the truncated hologram Idet
in (c). As it was already seen in Fig. 4.1 of Sec. 4.1.1, the respective exit-wave 𝜓exit in

the object plane in (d) is distorted by TR artifacts around the truncation edges. The

truncation function trc1 is shown in (e), which we propagate to the object plane and

retrieve so 𝑇 , shown in (f). Multiplying the TR artifact distorted exit wave-field𝜓exit in

(d), by the inverse of the back-propagated truncation function 𝑇 −1, recovers again the

exit wave intensities𝜓
exit

, shown in (b).

Unfortunately, the true function trc1 of Eq. 4.3 is unknown, since it depends on the non-

truncated hologram Idet. We can, however, use an approximation trc𝑎 (𝑥,𝑦) and replace
the function Idet(𝑥,𝑦) in Eq. 4.3 by a constant 𝑎0 and get

trc𝑎 (𝑥,𝑦) =


1

𝑎0
, if |𝑥 | > 𝑤𝑥

2
or |𝑦 | > 𝑤𝑦

2

1

2
, if |𝑥 | = 𝑤𝑥

2
and |𝑦 | = 𝑤𝑦

2

1, if |𝑥 | < 𝑤𝑥

2
and |𝑦 | < 𝑤𝑦

2

. (4.19)

We set pad = trc
−1
𝑎 , calculate 𝑃 accordingly and repeat the steps of Fig. 4.3. The result is

shown in Fig. 4.4 and the truncation corrected exit-wave-field intensities in panel (b).
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Figure 4.3: Demonstration of the truncation correction in the object plane by a back-

propagated truncation-function. (a) Non-truncated hologram Idet(𝑥) in the

detector plane. (b) Intensities of non-truncated exit wave-field 𝜓
exit
(𝑥). (c)

Truncated hologram by function trc1(𝑥) (Eq. 4.3). (d) Intensities of 𝜓exit(𝑥),
the back-propagated and truncated hologram, distorted by TR artifacts. (e)

Truncation function trc1(𝑥). (f) Intensities of 𝑇1, the back-propagated trun-

cation function. Multiplying the TR artifact distorted exit wave-field𝜓exit in

(d), by the inverse of the back-propagated truncation function𝑇 −1, recovers

again the exit wave intensities𝜓
exit

, shown in (b).
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4 Analysis and Suppression of Reconstruction Artifacts

At the right truncation edge, the TR artifacts inside of the ROI are well corrected. The

small difference between the border value and 𝑎 yields a good suppression. At the left

truncation edge, the artifacts are suppressed, but this side still suffers from artifacts, due

to the large remaining offset. In general, the better 𝑎0 matches the border value of the

truncated hologram, the better the TR artifacts can be suppressed.

The correction of artifacts with this approach is limited to the accuracy of the 𝑎0 value.

In the one dimensional case, finding the optimal 𝑎0 value is trivial, which is just the

intensity of the border pixel in the hologram. However, in the two dimensional case,

a simple repetition of each border pixel will create edges in orthogonal and diagonal

directions. We therefore have to choose a different approach to extend the recorded

hologram other than choosing a constant value.

A possible solution for matching the marginal values in two directions is to mirror the

original hologram into each, orthogonal and diagonal direction. Mirroring matches the

border values at each pixel while providing a reasonable continuation in every spatial

direction. However, mirroring also shifts the truncation problem to the new borders,

where the mirrored hologram ends. This problem is solved in the next section, by ap-

plying an appropriate window function. We define two operations to represent padding

with a constant and mirroring as

pad𝑐 (Idet, 𝑎0) = padconst (Idet, 𝑎0) , (4.20)

pad𝑚 (Idet) = mirr (Idet) . (4.21)

4.1.3 Compensation with window functions
To find a reasonable solution of the truncation problem, we have to consider two as-

pects of the forward model that have an influence on the TR artifacts. The first aspect is

that the Fresnel propagation kernel amplifies inconsistent structures, especially struc-

tures with high spatial frequencies, like edges. The second aspect is that the truncation

causes spectral leakage in the discrete implementation of the Fourier transform in the

propagation kernel, the Fast Fourier Transform (FFT). Conveniently, spectral leakage is

a well studied problem in signal theory and a solution will also reduce the propagation

problem of edge structures, which we see in the following.

A common approach to reduce spectral leakage is to introduce a slow fade towards the

truncation edge. This is typically done by designing a window function to be applied to

the data [87, 88]. Such awindow is specifically designed to reduce the spectral leakage in

the Fourier domain. A common approach is to fade the data with a Hamming, Hann or

Blackman window function. However, applying these window functions significantly

changes the data and therefore alters the reconstruction result. Especially for the re-

construction of physical values, this is an undesired behavior. Since we are interested

in physical correctness of the reconstruction and not only in an optically appealing re-

sult, we need an alternative approach that (i) preserves the original data of the detector

FOV , (ii) reduces spectral leakage and (iii) does not introduce artificial edges that will

be propagated by the free-space propagation.
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Figure 4.4: Demonstration of the truncation correction in the object plane by an ap-

proximated truncation-function. (a) Non-truncated hologram Idet(𝑥) in the

detector plane. (b) Intensities of non-truncated exit wave-field 𝜓
exit
(𝑥). (c)

Truncated hologram by function trc1(𝑥) (Eq. 4.3). (d) Intensities of 𝜓exit(𝑥),
the back-propagated and truncated hologram, distorted by TR artifacts. (e)

Approximated truncation function trc𝑎 (𝑥). (f) Intensities of 𝑇𝑎 , the back-

propagated truncation function. Multiplying the TR artifact distorted exit

wave-field𝜓exit in (d), by the inverse of the back-propagated truncation func-

tion 𝑇 −1, removes most of the TR artifacts in the ROI, shown in (b).

47



4 Analysis and Suppression of Reconstruction Artifacts

0 200 400 600 800 1,0000

0.2

0.4

0.6

0.8

1

A
.U

.

a)

0 2,000 4,000 6,0000

0.2

0.4

0.6

0.8

1

A
.U

.

b) c)

0

0.2

0.4

0.6

0.8

1
A.U.

width/px width/px

Figure 4.5: Blackman window function. (a) A one dimensional Blackman function is

sampled to the size w of Eq. 4.22. (b) The window function is split in half

and the gap filled with ones, until desired fading start and fading end is

reached. From that, the two dimensional window functionW (c) is derived

by a repetition in each direction.

An assumption of the FFT is that the input data is periodic and the sampled data covers

a full period and can therefore be repeated into each spatial direction. If the input data

does not cover a full period of a signal, spectral leakage will occur again. The goal of

fading towards a constant value is to transform the data into a pseudo periodic signal,

before a Fourier transform is applied. As a value to which the data should be faded,

the already derived constant 𝑎0 of Sec. 4.1.2 can be used. Due to the previous mirroring,

fading can now be performed outside the original hologram, without leaving an edge at

its border. To this end, we have to modify the mentioned window functions that would

otherwise alter the original hologram. A one dimensional Blackman window 𝑦 (𝑥,𝑦),
for example, can be calculated by

𝑦 (𝑤, 𝑥) = 0.42 − 0.5 · cos
(
2𝜋𝑥

𝑤 − 1

)
+ 0.08 · cos

(
4𝜋𝑥

𝑤 − 1

)
. (4.22)

Here,𝑤 is the window width and 𝑥 the one dimensional spatial coordinate. The process

of creating a two dimensional fading window is shown in Fig. 4.5.

To preserve a fading free area in the center, we split the one dimensional window

Fig. 4.5a at the center and continue to fill the gap with the constant value one, until

the desired starting points and end points for the fading are reached. The result is then

zero padded to match the size of the input data. The new one dimensional window is

shown in Fig. 4.5b. From that, the two dimensional window function is derived by a

repetition of the one dimensional function into each spatial direction, yielding Fig. 4.5c

that leaves a rectangular shaped fading free area in the center. The extended hologram

is then faded to a constant value 𝑎0. Fading a mirrored hologram Idet with the two di-

mensional fading windowW to the constant 𝑎0 can than be realized by the function

fade (Idet, 𝑎0) with:

fade (Idet, 𝑎0) = [(Idet − 𝑎0) ⊗W] + 𝑎0, (4.23)
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4.1 Truncation of the hologram

where the operator ⊗ is the Hadamard product.

4.1.4 Preprocessing Approach
The developed compensation techniques for TR artifacts are summarized in a common

preprocessing algorithm. This includes the FFC from Sec. 3.1, the mirroring approach

of Sec. 4.1.2 and the window function approach of Sec. 4.1.3.

As a final step for data preprocessing, we still have to consider the required sampling

rate of the Fresnel propagation kernel, which determines the minimum data size. Ac-

cording to the Nyquist criterion, at least two times the maximum frequency of the Fres-

nel propagation kernel is required. Although the kernel is a chirp and does not have a

maximum frequency, it has been shown that this function should be sampled at least by

𝑁 ≥ 1

Fr
in each spatial direction, where Fr is the Fresnel number from Sec. 2.3 [71]. A

possible method to match the required resolution in the frequency domain is to apply a

constant padding operation on the hologram into each spatial directions. Since we have

already faded the extended hologram towards a constant value 𝑎0, we can pad with the

same constant towards each spatial direction, until the required sampling rate for the

Fresnel propagation kernel is reached. The final preprocessing algorithm is shown in

Alg. 1 and illustrated in Fig. 4.6.

Algorithm 1: Preprocessing of reconstruction input Idet
Input: Detector data Iraw, synthetic flat field Iflat, Offset 𝑎0
Output: Preprocessed detector data Icor

Icor ← Iraw
Iflat ⊲ Flat-field correction of the hologram

Icor ← pad𝑚 (Icor) ⊲ Mirroring of the corrected hologram in eight directions

Icor ← fade(Icor, 𝑎0) ⊲ Application of a two dimensional, modified window function

Icor ← pad𝑐 (Icor, 𝑎0) ⊲ Constant padding of the hologram with the value 𝑎0

return Icor
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(b) As an approach to solve the truncation problem, the flat-field-corrected hologram (left)

is mirrored in every spatial direction (right)
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(c) The hologram is then multiplied by a modified Blackman window (left) to smoothen

out the outer most borders after mirroring. The result is padded by a constant (right),

to match the required sampling rate of the Fresnel propagation kernel.

Figure 4.6: Preprocessing scheme for a raw hologram to reduce structured distortions

and to avoid TR artifacts.
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4.1.5 Application to the reference algorithm

We also incorporate the prior information of how the input data is preprocessed as a

regularization into the reference algorithmAlg. 0.We know that parts of the input holo-

gram are a copy of the original hologram, faded by a window function. We also know

that the marginal area has been padded by a constant value. In fact, the reconstructed

object by the algorithm is only the central part of the reconstructed data. We can make

use of this information in an additional step in the solver. At the end of each iteration,

the current ROI of the reconstructed object will be cut out. At the beginning of each

iteration, we repeat the preprocessing steps mirroring, fading and padding also for the

reconstructed object. The new algorithm is shown in Alg. 2.

Algorithm 2: Basic reconstruction of 𝑂̃ , which also considers the modified pre-

processing.

Input: Preprocessed measurements Icor, update rate 𝜂 for the gradient step, Nesterov

momentum 𝛾 , filter coefficients Ω𝐹 , initial guess 𝑂̃0, maximum iterations 𝑘max

Output: Approximated solution 𝑂̃∗

𝑔0 ← 0

𝑘 ← 0

while 𝑘 < 𝑘max do

𝑂̃ ′
𝑘
← gaussΩ𝐹

(
pad𝑐

(
fade(pad𝑚

(
𝑂̃𝑘

)
, 0), 0

))
𝑦𝑘+1 ← 𝑂̃ ′

𝑘
− 𝛾𝑔𝑘

𝑔𝑘+1 ← 𝛾𝑔𝑘 + 𝜂∇
[
1

2



|DFr(𝑦𝑘+1) | −
√
Icor



2
2

]
𝑛𝑘+1 ← PΩ𝑃

(𝑂̃ ′
𝑘
− 𝑔𝑘+1)

𝑂̃𝑘+1 ← cutroi(𝑛𝑘+1)
𝑘 ← 𝑘 + 1

end

𝑂̃∗ ← 𝑂̃𝑘max

return 𝑂̃∗

4.2 Offset in the Flat-Field-Correction

The FFC (Sec. 3.1) is a method to remove the structured distortions in the acquired

hologram. Prior to the actual measurement of the hologram Idet with an object, several

measurements without an object are carried out to characterize the empty beam. The

hologram is then corrected by a division with an synthetic flat-field. In the ideal case,

the division normalizes the model of the illumination to a constant one. Because of

the dynamic of the beam, the synthetic flat-field can often not completely characterize

fluctuations and this procedure only works up to a certain degree. After the flat-field-
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correction, we still observe noise, sometimes structured patterns of the measurement

setup and a global normalization offset from the targeted constant one. In the following,

we will investigate how a global offset in the normalization affects the reconstruction

and manifests in low frequency (LF) artifacts.

4.2.1 Low frequency artifacts
We start the investigation of the source of LF artifacts resulting from a normalization

offset, by first formally writing down the normalization of the global intensity.We recall

that a flat-field corrected image Icor can be obtained with a division of the detector

intensities Idet with an synthetic flat-field Iflat:

Icor =
Idet
Iflat

=
|𝜓det |2
Iflat

. (4.24)

The wave-field in the detector plane 𝜓det can be expressed as a multiplication of the

illumination function 𝜓0 with the object transfer function exp

(
i𝑂̃

)
and a subsequent

convolution with the Fresnel free-space propagator:

𝜓det = DFr

(
exp

(
i𝑂̃

)
𝜓0

)
, (4.25)

The illumination 𝜓0 contains a global intensity 𝑏0 which should be normalized by the

FFC. The synthetic flat-field also contains a global intensity 𝑐0. We get the flat-field-

corrected intensities Icor with:

Icor =

���DFr

(
exp

(
i𝑂̃

) √
𝑏0 ˆ𝜓0

)���2
𝑐0 ˆIflat

. (4.26)

Since a convolution is a linear operation and the illumination has no negative ampli-

tudes, the global intensity of the illumination can be isolated with

Icor =
𝑏0

𝑐0




DFr ⊛
(
exp

(
i𝑂̃

)
ˆ𝜓0

)���2
ˆIflat

. (4.27)

Part of the cost function Eq. 3.18 of the baseline algorithm is the regularization with

a non-negative electron density constraint. The complex non-negativity constraint de-

termines the physically correct interval of phase shift and absorption. While the for-

ward model is invariant to a global constant phase shift, the reconstructed absorption

is directly related to the global illumination amplitude of the input data for the recon-

struction, i.e. Icor. The absorption part of the non-negative electron density constraint

set Ω𝑃 was defined as

Im(Ω𝑃 ) =
{
𝑥 ∈ Im(𝑂̃) : 𝑥 ∈ [0,∞]

}
. (4.28)
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However, this is inaccurate. According to the Beer-Lambert law (Sec. 2.1.1), an absorp-

tion value is a relative value that is determined from the difference between the illu-

mination intensity and the intensity of the exit wave-field. The lower threshold of one

in Eq. 4.28 is therefore only correct for one specific illumination intensity, i.e. a value

of one. A normalization different from one should be respected in the lower threshold.

Specifically, the relationship between the normalization can be better described by the

following non-negativity constraint for the absorption:

Im(Ω𝑃 ) =
{
𝑥 ∈ Im((𝑂̃)) : 𝑥 ∈ [− log(

√︁
𝑏0/𝑐0),∞]

}
. (4.29)

The non-negativity constraint for the phase-shift values remains invariant with

Re(Ω𝑃 ) =
{
𝑥 ∈ Re(𝑂̃) : 𝑥 ∈ [−∞, 0]

}
. (4.30)

The problem is illustrated in Fig. 4.7, which shows a series of reconstructed phase im-

ages of the tooth sample, with different normalization factors. We observe the appear-

ance of nebular like LF artifacts. It can be seen that even a pattern which appears like

a global phase shift, can be in fact an LF artifact, caused by an inconsistent absorption

constraint. The forward model is invariant to global phase shifts and thus the artifact

is not the result of a missing global phase-shift in the illumination model.

In case of an ideal global intensity normalization, it holds that 𝑏0/𝑐0 = 1 and conse-

quently − log(
√︁
𝑏0/𝑐0) = 0, which matches the original constraint set Eq. 4.28. For devi-

ations of the normalization from one, the original constraint set is wrong, which results

in LF artifacts. In the following, we derive the modification Eq. 4.29 of the non-negative

electron density constraint Ω𝑃 .

4.2.2 Compensation with forward model adaption

In the following, we aim to correct for the global normalization error of the FFC.

We introduce a constant value 𝑎0 in the reconstruction problem, which characterizes

the normalization offset by the factor 𝑏0/𝑐0 of Eq. 4.27 with

𝑎0 =
𝑏0

𝑐0
. (4.31)

The incorporation of the offset correction can be done in multiple ways, depending on

the interpretation. There are at least three interpretations, for each of which we can de-

rive a separate reconstruction problem. They are all equivalent and can be transformed

into each other.

We start from the perspective of a flat-field-correction. Here, the offset 𝑎0 is a missing

scaling factor in the empty beam components which have been previously derived by

a PCA approach from empty beam images. Since the flat-field-correction is done by a

division with an artificial flatfield, we can account for the scaling factor by an addi-

tional division after flat-field-correction to neutralize the quotient 𝑏0/𝑐0 of Eq. 4.27. To
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Figure 4.7: LF artifacts caused by a global offset in the FFC. Shown here is a reconstruc-

tion series of the tooth sample if an artificially introduced offset. The offset is

achieved by a multiplication of the flat-field corrected image with a constant

intensity 𝑎0, whose value is shown in the upper right corner of each image.

The reconstruction is sensitive to at least the third decimal place of 𝑎0. The

objects were already reconstructed by the improved algorithm of Sec. 4.5, to

demonstrate this problem.

54



4.2 Offset in the Flat-Field-Correction

dynamically optimize the 𝑎0 value with this interpretation, the reconstruction problem

becomes

𝑂̃∗, 𝑎∗
0
= argmin

𝑂̃, 𝑎0

1

2







|D𝐹𝑟 (𝑂̃) | −

√︄
Icor
𝑎0

, 1








2

2

+ XΩ𝑃
(𝑂̃) (4.32)

with the non-negativity constraint

Ω𝑃 =
{
∀ 𝑥 ∈ 𝑂̃ : Re(𝑥) ∈ [−∞, 0], Im(𝑥) ∈ [0,∞]

}
. (4.33)

Another interpretation arises if we applied a truncation correction with constant pad-

ding, according to Sec. 4.1.2. The constant padding can be interpreted as the extension

of the hologram with an empty beam area. The intensity in this area in the hologram is

then equal to the intensity of the source |𝜓0 |2. This should be considered in the forward

model bymatching this value and introducing an additional constant illumination in the

cost function. To dynamically optimize 𝑎0 with this interpretation, the reconstruction

problem becomes

𝑂̃∗, 𝑎∗
0
= argmin

𝑂̃, 𝑎0

1

2




|D𝐹𝑟 (𝑂̃)
√
𝑎0 | −

√︁
pad𝑐 (Icor, 𝑎0)




2
2

+ XΩ𝑃
(𝑂̃) (4.34)

with the non-negativity constraint Ω𝑃 for this variant:

Ω𝑃 =
{
∀ 𝑥 ∈ 𝑂̃ : Re(𝑥) ∈ [−∞, 0], Im(𝑥) ∈ [0,∞]

}
. (4.35)

A reformulation of this reconstruction problem gives us the non-negativity constraint

that was shown in Eq. 4.29. To this end, we write down the Fresnel propagationDFr(𝑂̃)
as

DFr(𝑂̃) = ˆDFr ◦ exp
(
i𝑂̃

)
(4.36)

ˆDFr = F −1 ◦ exp
(
−𝑖 · 𝜋

(𝑘2𝑥 + 𝑘2𝑦)
Fr

)
◦ F (4.37)

and move the value 𝑎0 into the transmission exp

(
i𝑂̃

)
function by

DFr(𝑂̃)
√
𝑎0 = ˆDFr ◦ exp

(
i𝑂̃

) √
𝑎0

DFr(𝑂̃)
√
𝑎0 = ˆDFr ◦ exp

(
i𝑂̃

)
exp

(
log

√
𝑎0

)
DFr(𝑂̃)

√
𝑎0 = ˆDFr ◦ exp

(
i(𝑂̃ − 𝑖 log√𝑎0)

)
DFr(𝑂̃)

√
𝑎0 = DFr(𝑂̃ − i log

√
𝑎0).

(4.38)
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Normalizing the hologram (Eq. 4.32) or introducing a constant illumination in the for-

ward model (Eq. 4.34) is therefore equivalent to shifting the imaginary part of the re-

constructed values, i.e. shifting the point of zero on the imaginary axis. We obtain a

third reconstruction problem by considering this shift in the non-negativity constraint

and adapt the lower threshold. We get:

𝑂̃∗, 𝑎∗
0
= argmin

𝑂̃, 𝑎0

1

2




|D𝐹𝑟 (𝑂̃) | −
√︁
Icor




2
2

+ XΩ𝑃 (𝑎0) (𝑂̃), (4.39)

with the adapted non-negativity constraint Ω𝑃 for this variant:

Ω𝑃 (𝑎0) =
{
𝑥 ∈ 𝑂̃ : Re(𝑥) ∈ [−∞, 0], Im(𝑥) ∈ [− log(√𝑎0),∞]

}
. (4.40)

The flat-field-correction offset 𝑎0 can thus be both included as a hyper-parameter in the

objective function in at least three different ways. It can also be used to find the correct

value for the 𝑎0 value of the truncation correction with constant padding in Sec. 4.1.2.

4.2.3 Application to the cost function
We saw in Sec. 4.2.2, that there are at least three possibilities to compensate LF artifacts

by a correction of the global illumination offset. However, it is still an open research

question whether the loss functions Eq. 4.32, Eq. 4.34 and Eq. 4.39 offer a good metric

for the optimization of 𝑎0. The constant 𝑎0 could then be optimized for example by

including it as an additional optimization parameter into the downhill simplex-based

method of Ch. 5, which uses the same metric.

Until a goodmetric has been found, the cost function Eq. 3.18 here is therefore implicitly

modified by changing the non-negative electron density constraint with the approach

of Eq. 4.40. The value 𝑎0 is then not automatically optimized and set as a prior. The PGD

algorithm is not modified.

4.3 Overestimation of reconstructed values
The forward model of NFH is a non-linear model and the resulting reconstruction prob-

lem non-linear and non-convex. These types of inverse problems tend to have multiple

local minima, which can trap or slow down iterative algorithms as they try to find a

path to a global optimum. An algorithm may also converge to different local minima

depending on the initial values. To overcome this problem, acceleration techniques can

be used to speed up the algorithm and to escape local minima. One example is the NAG

which can be added to gradient-based reconstruction methods. The NAG accumulates

the gradient steps over multiple iterations and thereby increases the step size in the re-

spective directions. This approach however entails the risk of overestimating the result

in the direction of the accumulation. In NFH, the reconstruction is performed in a mul-

tidimensional space, where each dimension represents one pixel of the reconstructed

image. Overestimating the gradient then yields an overestimation of single pixel values
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in the reconstructed image. In practice, this effect can be observed in reconstructions

with an integrated Nesterov momentum by the appearance of extreme values in pixels

that are locally isolated. Although reconstruction acceleration techniques like the NAG

are needed to reduce trapping in local minima, overestimation prevents the application

of reasonable high momentum values. This affects especially those components in the

reconstructed objects, that have a low signal-to-noise ratio (SNR), i.e. that do not have

a good representation in the forward model anyway. Section 4.4 has shown that those

components are particularly low spatial frequencies of the reconstructed object. Over-

estimation due to high Nesterov momentum values has therefore two aspects that need

to be addressed simultaneously: (i) maintaining high momentum values for low spatial

frequency components while (ii) suppressing overestimation of single pixels, i.e. of high

spatial frequencies. Before we derive a solution, we begin a deeper investigation into

the source of the overestimation.

4.3.1 Overestimation artifacts
In the following, we investigate the appearance of overestimation (OE) artifacts in re-

construction results. The motivation of this chapter was the observation of those kind

of artifacts, when the spatial support constraint was removed for the baseline algo-

rithm Alg. 0. We therefore compare the algorithm behaviour with and without a spatial

support constraint.

Figure 4.8 demonstrates the appearance of such OE artifacts in the reconstruction of the

tooth sample. The number and strength of those artifacts increase with higher values

of the Nesterov momentum. These OE artifacts will disappear again in later iterations,

which can take a very long time. In general, there is a trade-off between acceleration

strength by the Nesterov momentum and the appearance of OE artifacts which have to

be balanced out. However, the reconstructionwith a PGD-based algorithm is time inten-

sive and thus a Nesterov momentum value as high as possible is desired. To maximize

the Nesterov momentum, further improvements of the Nesterov acceleration technique

are required that suppress the overestimation of single pixels.

We repeat the plot of Fig. 4.8 for both versions and also add the evolution of absorp-

tion values to the plot. The absorption is shown as the maximum absolute value in the

current reconstruction result as a function over the iteration number, for the phase and

absorption images respectively. The reconstruction was run with an enabled NAG for

5000 iterations. Figure 4.9a shows the results of a reconstruction without a spatial sup-

port. Here, it can be observed that the algorithm not only overestimates the result of the

phase-shift values as it was already demonstrated in Fig. 4.8, but also the values of the

absorption. Moreover, both components of the reconstructed refractive index follow a

similar pattern and have their peak at iteration 500. In the reconstruction result of the

phase-shift values we can mark a clearly visible OE artifact.

We now repeat the reconstruction but this time with a spatial support constraint that

has been manually tuned beforehand and is statically defined. The result is shown in

in Fig. 4.9b. Unlike the reconstruction result without a spatial support constraint, the

final result here does not suffer from an OE artifact. However, it can be observed in
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Figure 4.8: Overestimation of the phase shift values during a reconstruction. (a) Plot of

the maximum norm of the reconstructed phase image over iterations. The

overestimation happens during the first few hundred iterations and reaches

a peak at iteration 600 at 30 rad. The algorithm needs around 2500 further

iterations to recover. (b) Reconstructed phase image at iteration 600. The

related OE artifact can be identified in the top left corner of the object. (c)

Reconstructed phase image at iteration 5000. Residuals of the OE artifact

from iteration 600 still visibly distort the image.

the maximum plots that a spatial support constraint does not prevent overestimation

in general. On the contrary, the reconstruction process becomes rather more dynami-

cal. The overestimation is stronger in the beginning but also recovers faster. Although

the goal of the spatial support is to improve the final reconstruction result, the recon-

struction time is still prolonged by the recovering process from the overestimation. The

appearance of OE artifacts in the reconstruction result is therefore a general issue and

not an issue of removing the spatial support constraint. Removing the constraint only

changes the number of iterations that are necessary to recover from this type of artifact.

In the following sections we derive two compensation techniques for OE artifacts from

which we chose one for the final algorithm. The modification of Alg. 2 will be shown

as a new algorithm Alg. 3.

4.3.2 𝛿/𝛽 Coupling

In both previous examples, a reconstruction without (Fig. 4.9a) and with a spatial sup-

port constraint (Fig. 4.9b), we can observe a similar pair-wise progress pattern for the

maximumphase-shift and absorption values.We can argue from this behavior that there

is probably a coupling between the absorption and the phase-shifting part of the recon-

structed refractive index. A coupling is already known from physics, which is a material

dependent coupling of the refractive index. This coupling is known as the 𝛿/𝛽 coupling
and has been quantitatively analyzed for many materials which can be looked up in

various resources [43, 44, 74]. For single material objects, this coupling can be utilized

as a regularization for the reconstruction by adding a proportionality constraint to the

inverse problem. The regularization effectively reduces the required reconstruction val-

ues by half since either the real or the imaginary part of the refractive index is fixed by
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(a) Overestimation during a reconstruction without a spatial support constraint. The overes-

timation happens not only in the phase shift values (a) but also in the reconstructed ab-

sorption (b). The related intensity of the exit wave-field at the point of overestimation is

|𝜓exit | = exp (−60) ≈ 0 at iteration 600. In the maximum plot, the algorithm took around

2500 iterations to recover. In the reconstructed phase image at iteration 5000 (c), residuals of

the OE artifact from iteration 600 still visibly distort the image.
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(b) Overestimation during a reconstruction with a spatial support constraint. The overestima-

tion happens also here, not only in the phase shift values (a) but also in the reconstructed

absorption (b). The overestimation is stronger than compared to a reconstruction without a

spatial support constraint but also recovers fast. In the maximum plot, the algorithm took

around 2000 iterations to recover. In the reconstructed phase image at iteration 5000 (c),

residuals of the artifact are not visible.

Figure 4.9: Comparison of the overestimation effect between a reconstruction without

(a) and with (b) a spatial support constraint. In both versions, it takes more

than 2500 iterations to build up and recover the overestimation, which is a

significant prolongation of reconstruction time.
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Re(Õ)

Im(Õ)

O

Figure 4.10: Sketch of the complex value of the TF 𝑂 = exp

(
i𝑂̃

)
at an arbitrarily

pixel. The complex value can be drawn as a vector with the polar coor-

dinates ( |𝑂 |, 𝜙) = (exp
(
−Im(𝑂̃)

)
, Re(𝑂̃)). An overestimation of Im(𝑂̃), as

in Fig. 4.9, causes the vector magnitude to vanish. In this course, the con-

tribution of Re(𝑂̃) to the output of the forward model becomes negligible

and Re(𝑂̃) cannot be reasonable reconstructed until the algorithm recov-

ered. This effect potentially destabilizes the overall reconstruction.

the proportionality constraint. For multi-material objects however, this is not a feasi-

ble option because regularization with a 𝛿/𝛽 coupling becomes arbitarely complex. For

multiple materials, this approach requires advanced information about the measured

specimen, i.e. the exact composition of materials per pixel.

A second type of coupling between the phase-shift and absorption values is of numerical

nature, which can be exploited for a regularization. In the forward model Eq. 2.55, the

refractive index representation 𝑂̃ of the object is transformed into the transmission

function (TF) 𝑂 :

𝑂 = exp

(
i𝑂̃

)
, (4.41)

which essentially transforms 𝑂̃ into a polar coordinate representation of𝑂 . At each spa-

tial position of 𝑂 , the resulting vector has a magnitude related to |𝑂 | = exp

(
−Im(𝑂̃)

)
which consequently decreases with increasing Im(𝑂̃). The argument of the vector is re-

lated to arg(Re(𝑂̃)). The influences of Re(𝑂̃) and Im(𝑂̃) on the vector𝑂 are illustrated

in Fig. 4.10. For absorption values Im(𝑂̃) → ∞, the vector magnitude vanishes, which

also suppresses the contribution of the argument to the output of the forward model.

We have seen in Sec. 4.4, that the forward model and the respective loss function of

the reconstruction algorithm are sensitive to the Laplacian, the second derivative of the

refractive index. With a discretization of𝑂 , a numerical differentiation at any point can

be achieved by a weighted subtraction from the orthogonal neighbor points with the

convolution kernel 𝐷2

𝑥𝑦 :
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𝐷2

𝑥𝑦 =


0 1 0

1 −4 1

0 1 0

 . (4.42)

This is equal to the sum of four single subtractions of the center from neighbor points:

𝐷2

𝑥𝑦 =


0 1 0

0 −1 0

0 0 0

 +

0 0 0

0 −1 1

0 0 0

 +

0 0 0

0 −1 0

0 1 0

 +

0 0 0

1 −1 0

0 0 0

 (4.43)

The subtraction of two points is the subtraction of two vectors 𝑣1 = (𝑥1, 𝑦1) with angle

𝜙1 and 𝑣2 = (𝑥2, 𝑦2) with angle 𝜙2 which results in a vector 𝑣𝑟 = (𝑥𝑟 , 𝑦𝑟 ) of length |𝑣𝑟 |
and angle 𝜙𝑟 . Length and angle are then given by

|𝑣𝑟 | =
√︁
|𝑣1 |2 + |𝑣2 |2 + 2|𝑣1 | |𝑣2 | cos(𝜙2 − 𝜙1) (4.44)

𝜙𝑟 = 𝜙1 + arctan2( |𝑣2 | sin(𝜙2 − 𝜙1), |𝑣1 | + |𝑣2 | cos(𝜙2 − 𝜙1)). (4.45)

Let the two vectors be defined by

𝑣1 = exp

(
i𝑂̃1

)
(4.46)

𝑣2 = exp

(
i𝑂̃2

)
. (4.47)

For a very large absorption value of 𝑂̃2, the last terms of Eq. 4.44 and Eq. 4.45 vanish

and so does the contribution of the vector angle 𝜙2 to the result angle 𝜙𝑟 . Conversely,

the contribution of the angle 𝜙2 on the objective function is the largest for Im(𝑂̃2) = 0,

if the absorption is constraint to positive values. A strong overestimation of Im(𝑂̃2) in
one pixel therefore heavily interferes with the reconstruction of the phase-shift value

𝜙2. The same issue holds for 𝑂̃1, respectively. In the following we will consider two

regularization approaches for absorption values to suppress overestimation to enable a

better reconstruction of the phase values.

4.3.3 Compensation with phase-object constraint
An edge case for the regularization of absorption values during the reconstruction is

the introduction of a phase-object assumption. A phase object is a sample that does not

absorb and is purely phase-shifting. This prior can be added as a strong regularization

to the reconstruction by a modification of the non-negativity constraint such that

Ω𝑃 =
{
𝑥 ∈ 𝑂̃ : Re(𝑥) ∈ [−∞, 0], Im(𝑥) = 0

}
. (4.48)

We will now run another reconstruction without a spatial support constraint and with

the proposed phase-object assumption. The result can be seen in Fig. 4.11.

Herewe can observe that the overestimation disappears completelywith this constraint.

The reconstruction of the maximum phase-shift value follows a monotonous curve and
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Figure 4.11: Maximum norm of the phase shift and absorption values shown as a func-

tion of the iteration number for a reconstruction with a phase-object con-

straint and without a spatial support constraint. Although the same param-

eters have been used as before, the overestimation of the phase shift values

disappear completely. This is an indication that the vanishing vector theory

of Sec. 4.3.2 might indeed be the problem of the overestimation effect.

converges during the first few hundred iterations to a maximum value. In the further

progress, this value only increases slowly. The course of the curve can be interpreted as

the following. During the first few hundred iterations, the algorithm starts to resolve the

high gradient components, i.e. the edges of the reconstructed object due to the forward

model bias, c.f. Fig. 4.13. After the edges are resolved, more smaller gradient contribu-

tions are added to the reconstruction result. Adding the lowest gradient components to

the reconstruction result is then visible as a less steep curve in Fig. 4.11.

With this approach, we have introduced an absolute regularization bias into the result

which may be too strong for objects with a strong absorption. One solution could be to

remove the phase-object constraint after some time and also enable the reconstruction

of absorption values. For high absorbing objects however, the phase-object constraint

entails two issues. First, the reconstruction speed of the absorption will be reduced

since the reconstruction of absorption values is completely prevented during the first

few hundred iterations. Second, the induced error by the constraint scales up rapidly

with the interaction strength of the measured object. The consequences could be a per-

formance loss in total. A more reasonable approach would be a moderate regularization

of the reconstructed absorption values.

4.3.4 Compensation with regularization of Im(𝑂̃)
In this section we will derive a regularization of the absorption values, which, in con-

trast to a pure phase-object constraint, can be dynamically controlled by a regulariza-

tion weight. The regularization should consider each pixel individually and should be

self-scaling to avoid excessive regularization for high absorption values which are part

62



4.3 Overestimation of reconstructed values

of the reconstructed object and not the result of overestimation. The introduced recon-

struction bias by the regularization should be as conservative as possible to minimize

the induced reconstruction error, especially for strong interacting objects. The goal of

the regularization is to prevent vanishing transmission in the function 𝑂 of Eq. 4.41 as

described in Sec. 4.3.2. A Tikhonov regularization with an ∥·∥2
2
-term is a possible choice

which is a smooth function and is applied pixel wise. It also enables controlling of the

regularization strength with a prior weight factor 𝛽 . However, because of the square in

the regularization term, the regularization strength and therefore the introduced recon-

struction error scales quadratically. To have a better scaling for high absorption values,

we remove the square and get the non-quadratic and non-smooth regularization ∥·∥2.
To employ the regularization, we extend the objective function by an 𝐿2 term for the

absorption values, i.e. the imaginary part of 𝑂̃ . Themodified objective function becomes

𝑂̃∗ = argmin

𝑂̃

1

2




��DFr(𝑂̃)
�� − √︁
Idet




2
2

+ XΩ𝑃
(𝑂̃) + 𝛽 ∥Im(𝑂̃)∥2. (4.49)

There are two different ways to integrate the regularization into our solver, the PGD-

based algorithm. One possibility is to include a proximal operator. Our goal is to not

only apply the regularization onto the solution but also include the regularization into

the gradient or more specific, into the Nesterov acceleration. We can account for this

additional 𝐿2 regularization by a slight modification of the gradient. We first define a

new basis function
ˆ𝑓 (𝑂̃) for which the gradient step should be applied, which is then

the data feasibility term together with the weighted 𝐿2 regularization

ˆ𝑓 (𝑂̃) = 𝑓 (𝑂̃) + 𝛽 ∥Im(𝑂̃)∥2, (4.50)

ˆ𝑓 (𝑂̃) = 1

2




��DFr(𝑂̃)
�� − √︁
Idet




2
2

+ 𝛽 ∥Im(𝑂̃)∥2. (4.51)

For this new objective function, we can calculate the gradient, which is the original

gradient ∇𝑓 (𝑂̃) and the derivative of the 𝐿2 term, that is applied on the absorption

value, i.e. the imaginary part of 𝑂̃

∇ ˆ𝑓 (𝑂̃) =
{
0 if 𝑂̃ = 0

∇𝑓 (𝑂̃) + 𝑖 · 𝛽 · Im(𝑂̃)
∥Im(𝑂̃)∥2

else

. (4.52)

Since the derivative for the 𝐿2 norm is undefined at Im(𝑂̃) = 0, we have to account for

that by handling this case separately. The gradient 𝑓 (𝑂̃) was already defined for this

case, yielding a global definition which is just setting the gradient to zero.

We test the new approach with a reconstruction run and replace the phase-object as-

sumption from Sec. 4.3.3 with an 𝐿2 regularization on the absorption values. We should

switch off the strong regularization at a certain time point to remove the reconstruction
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Figure 4.12: Maximum norm of the phase shift and absorption values plotted against

the number of iterations for a reconstruction without a spatial support con-

straint. As an approach, the reconstruction here is extended by a warm-up

phase during the first 700 iterations, where the overestimation occurred

before. In the warm-up phase, the absorption values Im(𝑂̃) are strongly

regularized. This prevents vanishing magnitudes of the TF 𝑂 , while still

allowing the reconstruction of absorption values, in contrast to a phase-

object constraint of Sec. 4.3.3.

bias and give the algorithm time to converge to the best physically valid solution such

that the function
ˆ𝑓 (𝑂̃) for calculating the gradient becomes

ˆ𝑓 (𝑂̃) =
{
𝑓 (𝑂̃) + 𝛽 ∥Im(𝑂̃)∥2 for iterations ≤ 𝑁
𝑓 (𝑂̃) else

. (4.53)

For the next reconstruction run, we set the stopping criterion for the regularization

to an iteration number shortly after the previous overestimation peak in Fig. 4.8 with

𝑁 = 700. Since the algorithm is already in the recovering process after this point, we

can expect that further overestimation of single pixel will not be a significant issue af-

ter we switched of the regularization. The resulting maximum norm plots are shown in

Fig. 4.12. Here we can observe the following effects: Although phase-shift and absorp-

tion values are reconstructed simultaneously, the overestimation during the first few

hundred iterations is significantly suppressed. The absorption values converge during

the regularized reconstruction to regularization bias distorted values in the order of

10
−1
.

4.3.5 Application to the reference algorithm

We extend the algorithm Alg. 2 by the overestimation suppression approach of this

section. The approach is a regularization of the absorption values with an 𝐿2 term. The

regularization is weighted with a factor 𝛽 , which has to be specified as an input of the
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4.4 Forward model induced reconstruction bias

reconstruction. In addition to the main loop, the algorithm is extended by a second sub

loop to enable updates of the regularization weights during the reconstruction. The

𝐿2 term is applied in the gradient descent step, together with the gradient of the data

fidelity term. To separate the step-size of the gradient and the regularization weight of

the 𝐿2 term, the weight 𝛽 is divided by the step-size ∇. The resulting algorithm is shown

in Alg. 3.

Algorithm 3: Reconstruction of 𝑂̃ with 𝐿2 regularization for Im(𝑂̃)
Input: Preprocessed measurements Icor by Alg. 1, list of update rates 𝜂 for the gradient

step, list of Nesterov momentum values 𝛾 , list of filter coefficients Ω𝐹 , list of 𝐿2
regularization weights 𝛽 , initial guess 𝑂̃0, list of maximum iterations 𝑘max,

parameter 𝑗max is given by the list lengths

Output: Approximated solution 𝑂̃∗

𝑔0 ← 0, 𝑗 ← 0

// Regularization levels

while 𝑗 < 𝑗max do
𝑘 ← 0

// Iterate in given level

while 𝑘 < 𝑘
𝑗
max

do

𝑂̃ ′
𝑘
← gaussΩ 𝑗

𝐹

(
pad𝑐

(
fade(pad𝑚

(
𝑂̃𝑘

)
, 0), 0

))
𝑦𝑘+1 ← 𝑂̃ ′

𝑘
− 𝛾 𝑗𝑔𝑘

𝑔𝑘+1 ← 𝛾 𝑗𝑔𝑘 + 𝜂 𝑗∇
[
1

2



|DFr(𝑦𝑘+1) | −
√
Icor



2
2
+ 𝛽 𝑗

𝜂 𝑗 ∥Im(()𝑦𝑘+1)∥2
]

𝑛𝑘+1 ← PΩ𝑃
(𝑂̃ ′

𝑘
− 𝑔𝑘+1)

𝑂̃𝑘+1 ← cutroi(𝑛𝑘+1)
𝑘 ← 𝑘 + 1

end

𝑔0 ← 𝑔
𝑘
𝑗
max

𝑂̃0 ← 𝑂̃
𝑘
𝑗
max

𝑗 ← 𝑗 + 1
end

𝑂̃∗ ← 𝑂̃0

return 𝑂̃∗

4.4 Forward model induced reconstruction bias
The forward model is the core component of the inverse problem of Eq. 3.18. It does not

only describes the measured data with respect to the measured object but also amplifies

or damps certain features. In other words, it describes the contribution of each object
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4 Analysis and Suppression of Reconstruction Artifacts

feature to the detector signal and therefore simultaneously to the loss function. It is

reasonable to argue that algorithms based on the steepest gradient approach will prob-

ably reconstruct the features of the reconstruction target in the order of their impact

on the loss function value. The resulting behavior can be described as a forward model

reconstruction bias. For object features which have a large impact on the reconstruction

target, but a small impact on the loss function, this is quite problematic and can result

in artifacts in the order of the feature size. These artifacts can for example appear due

to an insufficient SNR, stagnation of the algorithm or an incomplete convergence.

This section aims to describe the reconstruction bias that is induced by a mathematical

property of the Fresnel propagation kernel in particular. We will assign the forward

model induced reconstruction bias to two types of artifacts and will also derive two

compensation techniques to counteract the bias. The two techniques will be combined

to a common approach.

4.4.1 Weak reconstruction artifacts

In the following, we investigate, which structures in the object 𝑂̃ have the most impact

on the cost function Eq. 3.18. For this purpose, we calculate the Taylor expansion of first

order of the convolution kernel ℎ of the Fresnel propagation operator Eq. 2.54, which is

ℎ(𝑘) = exp

(
−𝑖 · 𝜋

(𝑘2𝑥 + 𝑘2𝑦)
Fr

)
, (4.54)

with respect to the 𝑘-space coordinates 𝑘 = (𝑘𝑥 , 𝑘𝑦). The Taylor expansion T1 of first
order around the point (0, 0) yields the following:

T1ℎ(𝑘 ; 0) = 1 − 𝑖 · 𝜋
(𝑘2𝑥 + 𝑘2𝑦)

Fr

. (4.55)

The n-th derivative in the spatial domain can be expressed by a multiplication in the

Fourier domain with the factor (𝑖2𝜋𝑘)𝑛 . With a substitution for the second derivative,

we can rewrite the Taylor expansion T1 as

T1ℎ(𝑘 ; 0) = 1 + 𝑖

4𝜋Fr
(𝑖2𝜋)2(𝑘2𝑥 + 𝑘2𝑦). (4.56)

Replacing the convolution kernel in the Fresnel propagation operator gives us the ap-

proximated Fresnel propagation operator DFr(𝑂̃) as

DFr(𝑂̃) ≈ T1ℎ(𝑘 ; 0) ◦ exp
(
i𝑂̃

)
= exp

(
i𝑂̃

)
+ i

4𝜋Fr
∇2 exp

(
i𝑂̃

)
(4.57)
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4.4 Forward model induced reconstruction bias

and with the Taylor expansion of the expression exp

(
i𝑂̃

)
, a rough estimation of the

signal intensities Icor can be calculated by

Icor ∝ |1 + 𝑖𝑂̃ +
𝑖

4𝜋Fr
∇2𝑖𝑂̃ |2 ∝ |𝑖𝑂̃ | + |∇2𝑖𝑂̃ |. (4.58)

In other words, the detector signal is strongly related to the X-ray transmission and

the second spatial derivative of the measured object. For weakly interacting objects, i.e.

measured specimens that are nearly pure phase objects, the first term can be neglected

and the signal in the detector is dominated by the second spatial derivative. This has

significant consequences to the acquired data and the inverse problem. The detector

signal and hence the signal-to-noise ratio in the data decreases with the smoothness

of object features. Furthermore, the contribution to the function decreases with the

smoothness of features, which nevertheless can be large features. This can be observed

by the behavior of iterative reconstruction algorithms that object edges, i.e. high spa-

tial frequencies, are reconstructed first while smooth areas, i.e. low spatial frequencies,

require a high amount of iterations. This behaviour is illustrated in Fig. 4.13.

If the algorithm stops too early, this can lead to artifacts in form of low frequency pat-

terns (LF artifacts) andweakly reconstructed areas (weak reconstruction (WR) artifacts),

especially in areas where the object is smooth. This problem can also appear if the algo-

rithm is stuck in a local minimum and the weakly reconstructed area cannot be resolved

even with infinite iterations. Due to the low contribution of those smooth areas to the

objective function, it is difficult to judge the progress and quality of the reconstruction

only from convergence of the algorithm and the absolute loss value. For higher iteration

numbers, the residual loss can be low while the object lacks the reconstruction of large

areas.

4.4.2 Compensation with a multigrid approach

The contribution of object features to the data fidelity term of the loss function in

Eq. 3.18 decreases from high spatial frequencies to low spatial frequencies, which was

explained in Sec. 4.4.1. This can also be interpreted as a characteristic of different con-

vergence rates for different spatial frequencies. A common strategy to account for that

is to implement a multigrid method. For this purpose, the reconstruction is split into

multiple phases, each allowing for the reconstruction of different length scales with

different weights. A Cartesian grid is used which number of sampling nodes increases

successively during the reconstruction, i.e. down- and up-sampling. Cartesian down-

sampling of an image is a linear operation, a multiplication of the original image with a

down-sampling operator 𝑆↓. The inverse operation is an up-sampling operator 𝑆↑ that
interpolates the down-sampled data onto a finer grid. We get the inverse problem with

a Cartesian multigrid approach by adding both operators to the inverse problem such
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Figure 4.13: Demonstration of the forward model induced reconstruction bias. The fig-

ure shows the reconstruction progress of the phase image of the cactus

needle sample by a PGD-based approach for solving Eq. 3.18. The algo-

rithm reconstructs the object in the order of feature length scales. Due to

the derivation property of the forward model (Eq. 4.58), the edges with the

highest loss contribution are reconstructed first, while the smooth objects

interior with small spatial gradients takes many iterations to reconstruct.

For demonstration purpose, the Nesterov acceleration was turned off by

setting 𝛾 = 0. The number at the top right corner shows the iteration num-

ber, the scale bar indicates 20 µm.
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4.4 Forward model induced reconstruction bias

that we get a reconstruction result 𝑂̃ 𝑗 on grid 𝑗 and the respective solution 𝑂̃ on the

original grid with:

𝑂̃∗𝑗 = argmin

𝑂̃

1

2

∥|D𝐹𝑟 (𝑂̃) | −
√︃
𝑆
𝑗

↓Idet∥
2

2
+ XΩ𝑃

(𝑂̃), (4.59)

𝑂̃∗ = 𝑆 𝑗↑𝑂̃
∗
𝑗 . (4.60)

In an iterative algorithm approach, the reconstruction can iterate on different grids

𝑆
𝑗

↓, 𝑗 ∈ [0, 𝑁 ] starting with the highest downsampling factor 𝑗 = 0. The measured

data is than sampled onto this grid by the operation 𝑆
𝑗

↓Idet in the equation above. The

reconstruction on each grid is performed until a stopping criterion is reached, for ex-

ample a fixed iteration number. The solution 𝑂̃∗𝑗 is then interpolated onto a higher grid

by the operation 𝑂̃init = 𝑆
𝑗+1
↓ 𝑆

𝑗

↑𝑂̃
∗
𝑗 and can be used as an initial guess for further it-

erations on this higher grid. This process is repeated until the highest resolution grid

is reached. The reconstruction is thereby extended by new hyper-parameters, the grid

resolution and the iteration number for each grid. Although the algorithm complexity

is now increased by the introduction of hyper-parameters, there is a big advantage in

computational time. With the same number of iterations, by introducing a multigrid

approach, the computation time scales down with the reduction factor of grid nodes.

Furthermore, a multigrid approach is a convenient way to stabilize the algorithm since

certain critical weights like the gradient update rate and the Nesterov momentum can

now be chosen with respect to the reconstructed feature length scale.

4.4.3 Compensation with adaption of Nesterov momentum
weights

With the multigrid approach of Sec. 4.4.2, we increased the flexibility of the reconstruc-

tion algorithm by introducing length scale specific regularization. We now change the

perspective from the spatial domain and interpret the multigrid approach from the view

of the Fourier domain. For Cartesian sub-grids, down-sampling reduces the limit of HF

which will be included into the reconstruction. Depending on the down-sampling fac-

tor, HF and therefore details with small length scales are regularized in the reconstruc-

tion. We aim to further refine this length scale specific regularization by introducing

an additional non-linear approach to control the reconstruction strength of different

frequency components. The goal is to counter the reconstruction bias from the forward

model without altering too much with the reconstruction result. To this end, instead of

changing the loss function, we adapt the reconstruction acceleration step of the NAG

such that the acceleration of the low frequency components is increased. The NAG ∇𝑔
is given as

∇𝑔(𝑂̃𝑖) = 𝛾∇𝑔(𝑂̃𝑖−1) + 𝜂∇𝑓 (𝑂̃𝑖 − 𝛾∇𝑔(𝑂̃𝑖−1)) . (4.61)

Here, 𝛾 is the Nesterov momentum, a constant weight factor which is uniform dis-

tributed over all frequencies. To adapt the acceleration strength of different frequencies,
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4 Analysis and Suppression of Reconstruction Artifacts

we change the distribution of 𝛾 in the frequency domain to a Gaussian distribution in

the frequency domain with a mean of zero and a variance of 𝜎 . The gradient, which

will be accelerated, first needs to be transformed into the Fourier domain where the

non-uniform weight factor will be applied. We summarize the necessary steps into a

common operator 𝜏 (𝛾, 𝜎) that replaces the original Nesterov momentum 𝛾 with

𝜏 (𝛾, 𝜎) = 𝛾F −1 ◦ exp
(
−2𝜋2(𝑘2𝑥 + 𝑘2𝑦)𝜎2

)
◦ F . (4.62)

Note, that with the adaption of the Nesterov momentum, we did not change the length

scales of the reconstruction, which is defined by the grid 𝑆 𝑗 of the previous section,

but rather the acceleration of different length scales. The original gradient remains un-

touched, allowing for the reconstruction of every length scale on the defined grid. With

this approach, we get a new hyper-parameter to be tuned which is 𝜎 , the variance of

the Gaussian Nesterov momentum.

4.4.4 Algorithm Extension

We extend the algorithm Alg. 2 by a suppression of HF components with approaches of

this section. The HF suppression approach is a selective treatment of different spatial

frequency and is focused on improving the reconstruction of low spatial frequencies

while simultaneously reducing the reconstruction of high spatial frequencies. The first

technique is a multigrid approach. In addition to the main loop, the algorithm is ex-

tended by a second sub loop to enable iterations on different grids. The operator 𝑆
𝑗

↓
samples the measurement on the respective grid with index 𝑗 . The grid is updated out-

side of the sub loop by the operator 𝑆
𝑗

↑. The second technique is a modification of the

NAG. For this purpose, the Nesterov momentum 𝛾 of Alg. 2 is replaced by the operator

𝜏 of Eq. 4.62. The resulting algorithm is shown in Alg. 4.

4.5 Artifact suppressing reconstruction method

In this section, the single reconstruction artifact suppression techniques developed in

this chapter (sections 4.1 to 4.4) will be combined into a common ASRM. The algorithm

consists of three parts: (i) The data preprocessing, whose techniques were presented

in Sec. 3.1 and Sec. 4.1. (ii) The formulation of the objective function, which is to be

optimized to reconstruct the refractive index. This is based on Eq. 3.18 and is extended

by artifact reduction techniques from sections 4.2 to 4.4. (iii) The solver that minimizes

the objective function. This is based on the solver presented in Sec. 3.2.2.

4.5.1 Data Preprocessing

The data preprocessing prepares the raw data from the detector such that the assump-

tions for the respective reconstruction algorithm are met. This includes the removal of
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4.5 Artifact suppressing reconstruction method

Algorithm 4: Reconstruction of 𝑂̃ with HF suppression

Input: Preprocessed measurements Icor by Alg. 1, list of update rates 𝜂 for the gradient

step, list of Nesterov momentum operators 𝜏 , list of filter coefficients Ω𝐹 , list of

down- and upsampling operators 𝑆↓, 𝑆↑, initial guess 𝑂̃0, list of maximum

iterations 𝑘max, parameter 𝑗max is given by the list lengths

Output: Approximated solution 𝑂̃∗

𝑔0 ← 0, 𝑗 ← 0

// Regularization levels

while 𝑗 > 𝑗max do
𝑘 ← 0

// Iterate in given level

while 𝑘 < 𝑘
𝑗
max

do

𝑂̃ ′
𝑘
← gaussΩ 𝑗

𝐹

(
pad𝑐

(
fade(pad𝑚

(
𝑂̃𝑘

)
, 0), 0

))
𝑦𝑘+1 ← 𝑂̃ ′

𝑘
− 𝜏 𝑗𝑔𝑘

𝑔𝑘+1 ← 𝜏 𝑗𝑔𝑘 + 𝜂 𝑗∇
[
1

2




|DFr(𝑦𝑘+1) | −
√︃
𝑆
𝑗

↓Icor



2
2

]
𝑛𝑘+1 ← PΩ𝑃

(𝑂̃ ′
𝑘
− 𝑔𝑘+1)

𝑂̃𝑘+1 ← cutroi(𝑛𝑘+1)
𝑘 ← 𝑘 + 1

end

𝑂̃0 ← 𝑆
𝑗

↑𝑂̃𝑘
𝑗
max

𝑔0 ← 𝑆
𝑗

↑𝑔𝑘 𝑗
max

𝑗 ← 𝑗 + 1
end

𝑂̃∗ ← 𝑂̃0

return 𝑂̃∗
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structured distortions in the raw data and solving the truncation problem of the holo-

grams to reduce TR artifacts. All steps are shown in Fig. 4.6 and are the following.

The first step is the flat-field-correction, Sec. 3.1, which aims to remove most of the

structured distortions from the raw hologram. For this purpose, a stack of empty beam

images is measured and a statistical analysis with principal component analysis ap-

plied. The hologram is then normalized by a synthetic flat-field, generated from the

PCA components and the measured hologram itself. A flat-field-correction is usually

not sufficient to completely remove the structured distortions. For a residual global off-

set correction, we introduce the correction value 𝑎0 ∈ ℝ as a hyper-parameter.

To avoid TR artifacts, the preprocessing of Sec. 4.1.1 is applied. The flat-field corrected

hologram is extended bymirroring the data along each spatial axis, into the positive and

negative and also into the diagonal directions. This avoids sudden step at the hologram

edges and the appearance of artificial propagation fringes, as explained in Sec. 4.1.2. To

reduce the spectral leakage which results from the fast Fourier transform in the imple-

mentation of the forward model, a two dimensional window function is applied. As a

window function, we choose a modified Blackman function as derived in Sec. 4.1.3. The

function has been altered such that it is split into two parts and consists of a constant

area in the center. The fading by the window function is thus only applied to the holo-

gram extension and the original hologram in the center remains unchanged. The data

is faded by the functional towards the hyper-parameter 𝑎0 and then further padded by

the constant 𝑎0 until the Nyquist criterion is fulfilled. All preprocessing steps required

for the raw data were already summarized in Alg. 1. The preprocessing result is then

used as the input hologram for the reconstruction.

4.5.2 Minimization Problem
The ASRM is based on the original objective function Eq. 3.18 and Alg. 2, which we ex-

tend with further regularization approaches. The regularization will reduce OE artifacts

while improving the reconstruction of low frequency components, effectively reducing

WR artifacts. To suppress the OE artifacts, we use the regularization approach of Sec. 4.3

and extend the objective functionwith an 𝐿2 regularization of the absorption value. This

stabilizes the reconstruction of phase shift values.

The minimization problem is further modified to mitigate the forward model induced

reconstruction bias and suppressWA artifacts as stated in Sec. 4.4. One of the properties

of the forward model is the sensitivity to high spatial frequency components of the TF.

This leads to a disproportionately favored reconstruction of high spatial frequencies of

the reconstructed refractive indices and thus to instabilities and poor reconstruction of

low spatial frequencies. To compensate for this, we introduce a multigrid method and

solve the minimization problem on grids of different sizes. This controls the level of

details that are reconstructed by spatial filtering, while improving the computational

time of the algorithm. The grid is specified by a downsampling 𝑆↓ operator and an

upsampling operator 𝑆↑, respectively.
Additionally, the new hyper-parameter 𝑎0 of Sec. 4.1.1 and Sec. 4.2.2 is also introduced

to suppress LF artifacts. There are several ways to incorporate 𝑎0. The offset correction
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4.5 Artifact suppressing reconstruction method

in the preprocessing step of the raw data has to be for example considered in the non-

negative electron density constraint since an intensity offset changes the zero reference

for the reconstructed absorption values. We account for that by adjusting the physical

constraint Eq. 4.40.

Every introduced regularization induces a reconstruction bias and alters the reconstruc-

tion result. The bias can become significantly strong depending on the technique and

used regularizationweights. This can alsomanifest in artifacts like blurred objects intro-

duced by Tikhonov regularization [82, 83], missing features from sparsity regularization

[89, 90] or staircase artifacts from total variation regularization [79–81]. The aim of a

reconstruction in NFH, however, is to correctly reconstruct the refractive indices of the

measured object, not only optically but also quantitatively. This goal has not yet been

achieved and is the subject of ongoing research. Nevertheless, the reconstruction bias

has to be considered and should be minimized in the reconstruction result. To take this

into account, the regularization scheme is mostly introduced to warm up the algorithm.

The goal of this heuristic approach is to suppress the risk of artifacts, especially in the

first few hundred iterations. Starting with a strong regularization, the regularization

weights are successively reduced to zero over the course of the reconstruction. As the

gradient becomes progressively smaller over time, the accumulation effect of the NAG

also decreases, and with it the risk of artifacts due to forward-model-induced recon-

struction bias and OE. During the final iterations, the minimization problem contains

only physically relevant terms, in particular the data fidelity term and the non-negative

electron density constraint. The warm up approach can also be interpreted as using

the 𝐿2 regularization, the multigrid approach and the modified NAG to compute a good

initial guess. A good guess plays an important role in phase retrieval, because of the

non-convexity of the reconstruction problem. We obtain for the cost function

𝑂̃∗ = 𝑆↑

[
argmin

𝑂̃

1

2





��DFr(𝑂̃)
�� −√︃

𝑆↓Idet




2
2

+ XΩ𝑃
(𝑂̃) + 𝛽 ∥Im(𝑂̃)∥2

]
, (4.63)

under the modified non-negative electron density constraint Ω𝑃 (𝑎0):

Ω𝑃 (𝑎0) =
{
∀ 𝑥 ∈ 𝑂̃ : Re(𝑥) ∈ [−∞, 0], Im(𝑥) ∈ [− log

(√
𝑎0

)
,∞]

}
. (4.64)

For the final iterations, the regularization weights of the reconstruction are reduced to

zero, i.e. 𝛽 = 0 and the sampling operators are set to the identity 𝑆↓ = 𝑆↑ = 𝟙.

4.5.3 Solver

The solver of Eq. 4.63 is based on a PGD approach. The PGD algorithm of Sec. 3.2.2

solves a general minimization problem,

𝑂̃∗ = argmin

𝑂̃

𝑓 (𝑂̃) + XΩ (𝑂̃), (4.65)
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consisting of a differentiable function 𝑓 (𝑂̃), and a convex constraint set Ω with an in-

dicator function Eq. 3.19. The algorithm solves both terms of the minimization problem

in an alternating manner, using a forward-backward splitting and consists of two main

steps: (i) a gradient descent to minimize the function 𝑓 (𝑥) and (ii) a proximal mapping

to minimize the indicator functionXΩ𝑃
(𝑂̃). The algorithm in Sec. 3.2.2 also uses a weak

Gaussian smoothing filter applied in each iteration as a denoising method. In addition,

the gradient descent is extended by a NAG. The function 𝑓 (𝑥), originally consisting

of the data fidelity term, is modified by the proposed regularization scheme. To ensure

that the 𝐿2 regularization of the absorption is also taken into account in the Nesterov

acceleration, we integrate it in the function 𝑓 (𝑥) and thus also in the gradient descent

step. We define the new function 𝑓 (𝑂̃) as

𝑓 (𝑂̃) = 1

2

∥
��DFr(𝑂̃)

�� −√︃
𝑆↓Idet∥22 + 𝛽 ∥Im(𝑂̃)∥2, (4.66)

and calculate the gradient ∇𝑓 (𝑂̃) for the gradient descent. Since the first derivative of
the 𝐿2 term is undefined at the point zero, we introduce a separate definition for this

case. The resulting ∇𝑓 (𝑂̃) is the first derivative of the data fidelity term plus the first

derivative of the 𝐿2 term on the absorption with

∇𝑓 (𝑂̃) = −i · exp
(
i𝑂̃

)
· D−1

Fr

(
DFr(𝑂̃) −

√︃
𝑆↓Idet ⊙ sgn

(
DFr(𝑂̃)

))
+ R(𝑂̃), (4.67)

sgn(𝑥) =
{
0 if 𝑥 = 0

𝑥
|𝑥 | else

, (4.68)

R(𝑂̃) =
{
0 if 𝑂̃ = 0

i𝛽
Im(𝑂̃)
∥Im(𝑂̃)∥2

else

. (4.69)

Using a Nesterov acceleration in the gradient descent always carries the risk of overes-

timating the actual solution. Due to the forward model induced reconstruction bias, the

risk mainly concerns high spatial frequencies. Since high spatial frequencies are well

represented in the forward model, we are mainly interested in accelerating the recon-

struction of low spatial frequencies with a high Nesterov momentum without desta-

bilizing the reconstruction. We therefore adjust the NAG 𝛿𝑔, using the non-uniform

momentum method from Sec. 4.4.3 and obtain:

∇𝑔(𝑂̃𝑖) = 𝜏∇𝑔(𝑂̃𝑖−1) + 𝜂∇𝑓 (𝑂̃𝑖 − 𝜏∇𝑔(𝑂̃𝑖−1)), (4.70)

with the adjusted momentum operator 𝜏 :

𝜏 = 𝛾F −1 ◦ exp
(
−2𝜋2(𝑘2𝑥 + 𝑘2𝑦)𝜎2

)
◦ F , (4.71)

where 𝛾 ∈ ℝ is a scalar weight, 𝜎 ∈ ℝ is the variance of the Gaussian function, F
is the two-dimensional Fourier transform and (𝑘𝑥 , 𝑘𝑦) are the spatial frequencies in
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4.5 Artifact suppressing reconstruction method

the Fourier transform. The proximal mapping operation of the indicator function for a

convex set is a projection onto this set. We have already adapted the interval limits of

the set Ω𝑃 in Sec. 4.5.2. We get the new projector PΩ𝑃
(𝑂̃) with

PΩ𝑃
(𝑂̃) = min

(
0, Re(𝑂̃)

)
+ i ·max

(
− log (𝑎0) , Im(𝑂̃)

)
. (4.72)

The complete algorithm is summarized in Alg. 5.

4.5.4 ASRM Algorithm

Algorithm 5: ASRM reconstruction of 𝑂̃ created from a combination of Alg. 2,

Alg. 3 and Alg. 4

Input: Preprocessed measurements Icor by Alg. 1, list of update rates 𝜂 for the gradient

step, list of Nesterov momentum operators 𝜏 , list of 𝐿2 regularization weights 𝛽 ,

list of filter coefficients Ω𝐹 , list of down- and upsampling operators 𝑆↓, 𝑆↑, initial
values for 𝑂̃0, list of maximum iterations 𝑘max, parameter 𝑗max is given by the list

lengths

Output: Approximated solution 𝑂̃∗

𝑔0 ← 0, 𝑗 ← 0

// Regularization levels

while 𝑗 < 𝑗max do
𝑘 ← 0

// Iterate in given level

while 𝑘 < 𝑘
𝑗
max

do

𝑂̃ ′
𝑘
← gaussΩ 𝑗

𝐹

(
pad𝑐

(
fade

(
pad𝑚

(
𝑂̃𝑘

)
, 0

)
, 0

))
𝑦𝑘+1 ← 𝑂̃ ′

𝑘
− 𝜏 𝑗𝑔𝑘

𝑔𝑘+1 ← 𝜏 𝑗𝑔𝑘 + 𝜂 𝑗∇
[
1

2




|DFr(𝑦𝑘+1) | −
√︃
𝑆
𝑗

↓Icor



2
2

+ 𝛽 𝑗

𝜂 𝑗 ∥Im(()𝑦𝑘+1)∥2
]

𝑛𝑘+1 ← PΩ𝑃
(𝑂̃ ′

𝑘
− 𝑔𝑘+1)

𝑂̃𝑘+1 ← cutroi(𝑛𝑘+1)
𝑘 ← 𝑘 + 1

end

𝑂̃0 ← 𝑆
𝑗

↑𝑂̃𝑘
𝑗
max

𝑔0 ← 𝑆
𝑗

↑𝑔𝑘 𝑗
max

𝑗 ← 𝑗 + 1
end

𝑂̃∗ ← 𝑂̃0

return 𝑂̃∗
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4.6 Application to experimental data

4.6.1 Comparison of algorithms

In the following, the artifact reductionmethods developed in this chapter will be applied

to experimental data in the form of the algorithm derived in Sec. 4.5. In order to compare

the presented methods with each other, we divide the developed methods into different

categories and summarize them in respective algorithms. For a comparison, we consider

the following variants of the ASRM:

Alg. 2: Reference PGD method Alg. 0 with preprocessing Alg. 1

Alg. 3: Additional 𝐿2 regularization for the absorption values of 𝑂̃

Alg. 4: Suppression of HF

Alg. 5: Combination of Alg. 2 to Alg. 4 ↦→ ASRM

All algorithms contain the preprocessing approach Alg. 1 and the cost function exten-

sion Eq. 4.40 to suppress TR and LF artifacts. Algorithm 2 is the reference reconstruction

Alg. 0 modified by prior knowledge with respect to the preprocessing. Algorithm 3 adds

the 𝐿2 regularization for the absorption values to suppress OE artifacts. Alg. 4 does not

include the 𝐿2 regularization and only integrates the suppression of the reconstruction

of high spatial frequencies. This includes the multigrid method and the adaptation of

the NAG to suppress WR artifacts. Algorithm 5 combines all the methods described and

is the final algorithm ASRM from Sec. 4.5.

The algorithms were implemented in Python using the PyTorch library for GPU accel-

eration [91–93]. The reconstruction was performed on the Maxwell computing cluster

at DESY on a NVIDIA A100 GPU with 40GB memory [94]. During the reconstruction,

all data involved was retained on the GPU.

4.6.2 Choice of parameters

The reconstruction parameters for each sample are shown in Tab. ?? and Tab. 4.2 and

were heuristically determined for the four shown objects, based on the observation

of stable convergence and a visual inspection of the reconstructed phase images. All

reconstruction variants are controlled by fixed iteration numbers, also to compare con-

vergence. For the total iteration number, 2000 iterations seemed to be a good reference

for showing the artifact suppressing effects of the proposed approaches. For the multi-

grid approaches Alg. 4 and Alg. 5, 700 iterations were chosen on the first grid, which

is close to the observed overestimation peak in Fig. 4.9a of Sec. 4.3. For the up- and

downsampling 𝑆↑ and 𝑆↓, respectively, a bilinear interpolation was applied, provided as

part of PyTorch[92, 93]. The required downsampling factors and number of iterations

were determined by trial and error, but are consistent for the presented reconstructions.

Three out of the available parameters remained sample dependent and had to be tuned

beforehand and for each hologram separately: (i) the variance 𝜎 of 𝜏 (Eq. 4.71) as well as

the two model parameters (ii) 𝑎0 of Sec. 4.5.1 and (iii) the optimal Fresnel number Fr of
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the forward model (Eq. 2.54). The regularization parameter 𝛽 appeared to be in general

very robust and could be chosen in the range from 0.1 to 10.

Note, that in the last 500 iterations of each algorithm variant, the proposed regulariza-

tion was switched off as described in Sec. 4.5.2. This means 𝛽 = 0, 𝜏 = 𝛾 and no down-

sampling. This removes the regularization induced reconstruction bias of the proposed

approaches. The reconstruction result on the final iterations is then computed only on

data-driven and physical constraints, i.e. the data fidelity term and the non-negative

electron density constraint.

4.6.3 Analysis of reconstruction

The reconstructions should be evaluated with regard to the quality of the final result

and the suppression of artifacts according to the following aspects. (i) The interior of the

object, which is usually the thickest part of the measured object, should be sufficiently

reconstructed. At the same time, (ii) the edges of the object should be sharply recon-

structed, while (iii) the noise in the object-free area should remain small. We divide the

remaining artifacts after reconstruction into the following categories:

TR: Truncation artifacts (Sec. 4.1)

LF: Low frequency artifacts (Sec. 4.2)

OE: Overestimation artifacts (Sec. 4.3)

WR: Weak reconstruction artifacts (Sec. 4.4)

4.6.4 Experimental Data Acquisition

Four datasets were obtained at the beamline P05 at PETRA III, which is located at DESY

in Hamburg and operated by Helmholtz-Zentrum Hereon [8, 64, 65]. The data was ob-

tained using the FZP-based setup for NFH as described in Sec. 2.2 and Sec. 3.3. For the

demonstration of the artifact suppressing method, the following samples were mea-

sured: A spider attachment hair (Fig. 4.14)[66–68], the tip of a cactus needle (Fig. 4.15),

a sample of a human tooth prepared by focused ion beammilling (Fig. 4.16) and a partly

corroded biodegradable magnesium-based wire (Fig. 4.17)[23, 69, 70, 95]. The measure-

ment parameters for each of the samples are shown in Tab. 3.1. These test objects are a

good reference due to their interaction strength with X rays. The projected indices, i.e.

the phase shift and the absorption, increase step by step in the above-mentioned object

sequence. The decisive factor here was to cover objects that lead to several phase-wraps

in the reconstruction.

The raw datawas prepared for the reconstruction using themethod described in Sec. 4.5.1

(Alg. 1). For the component analysis of the flat-field-correction, 50 empty images were

used and the first 30 components of a principal component analysis (PCA)were selected.

The data was then reconstructed using the methods described above.
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4 Analysis and Suppression of Reconstruction Artifacts

FWHM for 𝜎 in 𝜏 at Downsampling

16× 4× 2× 1× 𝑎0

Spider hair 16 8 64 - 0.98

Cactus needle 16 8 64 - 0.98

Tooth 16 8 64 - 0.96

Magnesium-based wire 4 8 32 - 1.1

Table 4.1: Sample dependent parameters. Values of𝜎 in 𝜏 given as full width at half mag-

nitude (FWHM) in pixels. 𝜎 can be derived by calculating 𝜎 = 𝐹𝑊𝐻𝑀/2.35.
Value 𝑎0 for fading, padding and Ω𝑃 .

𝑈 𝜂 𝛾 𝛽

Panel Iterations

Down-

sampling

Update Rate Momentum 𝐿2 Weight Filter 𝑂̃

Alg. 2 2000 - 1.1 0.99 - 2.0 / 8.0

Alg. 3 1500 - 1.1 0.99 10.0 2.0 / 8.0

500 - 1.1 0.99 - 2.0 / 8.0

Alg. 4 700 16× 1.1 1.0 - 2.0 / 0.0

300 4× 1.1 1.0 - 2.0 / 8.0

500 2× 1.1 1.0 - 2.0 / 8.0

500 - 1.1 1.0 - 2.0 / 8.0

Alg. 5 700 16× 1.1 1.0 10.0 2.0 / 0.0

300 4× 1.1 1.0 1.0 2.0 / 8.0

500 2× 1.1 1.0 0.1 2.0 / 8.0

500 - 1.1 1.0 - 2.0 / 8.0

Table 4.2: Setup and sample independent reconstruction parameters for algorithms 2

to 5 that were used to generate results in Figs. 4.14 to 4.17. The filter 𝑂̃ values

are given in Full Width at Half Magnitude (FWHM) for real and imaginary

parts in form of FWHMreal/FWHMimag.

78



4.6 Application to experimental data

Sample

Alg. 2 Alg. 3 Alg. 4 Alg. 5

LF OE WR LF OE WR LF OE WR LF OE WR

Spider hair X X ↓ X ↓ ↓ X ↓ ↓ ↓ ↓ ↓
Cactus needle X ↓ X X ↓ X X ↓ ↓ ↓ ↓ ↓
Tooth X ↓ X X ↓ X ↓ ↓ X ↓ ↓ ↓
Magnesium-based wire X X X X X X ↓ ↓ X ↓ ↓ ↓

Table 4.3: Reconstruction artifacts that are present in the respective result panels of

Figs. 4.14 to 4.17. The TR artifacts issuewas already resolved by preprocessing

and is left out in this table. The abbreviations under the algorithm numbers

correspond to the respective artifact types. An arrow downwards ↓ indicates a
significant suppression of the artifact, an X indicates that the artifact is visibly

present.

4.6.5 Results

The resulting figures are shown in Figs. 4.14 to 4.18 and have all the same structure. Each

of the figures shows the reconstruction results of the phase shift of the four algorithm

variants as stated in the corresponding panel. In addition, a one-dimensional plot of a

horizontal cross-section per result is shown in the bottom panel. The position of the

cross-section is marked as a dashed line in the panel of the standard reconstruction.

For all samples and every algorithm variant, TR artifacts are significantly less visible

in the reconstruction results. The remaining artifacts are, depending on the algorithm

variants, LF, OE and WR that we summarized into Tab. 4.3, where we compared the

different samples for the algorithm variants and occurring artifacts.

The proposed algorithm variants perform as follows:

Algorithm 2, the basic algorithm, yields the worst results in all cases. It failed to re-

construct the object’s interior of the cactus needle, the tooth and the magnesium-based

wire. The results of the spider hair and the magnesium-based wire possess clearly visi-

ble OE artifacts. Also, LF artifacts are very prominent.

Algorithm 3 reduced the OE artifacts of Alg. 2 that were visible in the spider hair and

magnesium-based wire results. The algorithm still failed to completely reconstruct the

object’s interior of the cactus needle, the tooth and the magnesium-based wire. The

results also suffer from LF artifacts, either in form of a static offset for the spider hair

or background variations for the cactus needle, tooth and magnesium-based wire.

Algorithm 4 significantly suppressed all OE artifacts of Alg. 2. Compared to Alg. 3, the

algorithm also improved the background variations as well as the reconstruction of the

object’s interior. For the cactus needle, the algorithm succeeded to suppress artifacts

in the reconstructed phase image and almost reconstructed the object’s interior of the

tooth.

Algorithm 5 offers the best reconstruction quality if compared to the other approaches.

The combination of both approaches significantly reduced LF and OE artifacts. The
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4 Analysis and Suppression of Reconstruction Artifacts

Computation Time / s

Sample Array Size / px Alg. 2 Alg. 3 Alg. 4 Alg. 5

Spider hair 14336 × 14336
465 528 158 160

Cactus needle 14336 × 14336
Tooth 8192 × 8192

136 142 47 43

Magnesium-based wire 8192 × 8192

Table 4.4: The total computation time depends on the required sampling rate for the

Fresnel propagation kernel and the grid sizes of the multigrid approach. The

array size for the reconstruction and the computation time is shown in this

table. The computation time was determined by an average of 20 reconstruc-

tions without initialization overhead and intermediate plots.

algorithm also succeeded in the reconstruction of the object’s interior for all tested

objects.

The magnesium-based wire is the only sample with considerable absorption. The re-

construction result of the absorption is shown in Fig. 4.18. Similar to the phase recon-

struction, the presence of the OE artifacts decreased gradually in the order Alg. 2, Alg. 3

and Alg. 4. While the artifact suppression effect is already visible in Alg. 3 the strongest

artifact suppression effect had the multigrid approach Alg. 4 and the combination with

Alg. 3 leads to no improvement in the absorption (Alg. 5).

The computation times for each algorithm variant are shown in Tab. 4.4 and are an

average of 20 reconstructions, performed on a GPU as described in Sec. 4.6.1.

Due to the different Fresnel numbers of the forward model, the required sampling rate

and therefore array size were object dependent. The maximum computation time for

the largest array size was 8min 48 sec (spider hair, cactus needle) with Alg. 3. The fastest

reconstruction was performed in 43 sec with Alg. 5 (tooth sample). Independent of the

array size, the computation time could be reduced to 1/3 by the multigrid approach of

algorithm variants Alg. 4 and the ASRM method Alg. 5.

Further information of the behaviour of the algorithm variants can be extracted from

the evolution of the mean squared error (MSE) in Fig. 4.19 and Fig. 4.20. Here also the

variant of Alg. 2 without a Nesterov is shown for comparison. The MSE is only calcu-

lated inside of the ROI and the hologram extension ignored. The MSE describes how

well the reconstructed solution explains the input data. The algorithm variant Alg. 2

yielded the worst result in all cases. It can be seen that each approach improved the

reconstruction with respect to the MSE. The multigrid approach of algorithm variants

Alg. 4 and theASRMmethodAlg. 5 both improved theMSE bymultiple orders ofmagni-

tude. The combination of all approaches into the ASRMmethod yielded the best results

for the spider hair, the cactus needle and the tooth sample. For the magnesium-based

wire sample, the MSE result of the ASRM method was comparible to Alg. 4.
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Figure 4.14: Spider hair. The result of Alg. 2 shows a clearly visible OE artifact in the

dense area in the middle that emits fringes into the background. The object

itself is optically well reconstructed in panels of Alg. 3 and Alg. 4. However,

both approaches still show LF artifacts across the whole phase image. The

panel of Alg. 5 shows the best reconstruction. The dashed line indicates the

position of the cross section. The scale bar indicates 8 µm.
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Reference Im(Õ) Regularization Φ/rad
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Figure 4.15: Cactus needle. The algorithm Alg. 2 has not completely reconstructed the

object’s interior. In the background around the object are some LF vari-

ations visible. The panel of Alg. 3 offers a better phase reconstruction but

suffers from LF artifacts in the top area and LF variations in the background.

The panel of Alg. 4 and Alg. 5 reconstructed the object almost identical,

with significantly reduced LF variations. The dashed line indicates the po-

sition of the cross section. The scale bar indicates 20 µm.
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Reference Im(Õ) Regularization Φ/rad

R
ef

er
en

ce
Alg. 2 Alg. 3

−5

−4

−3

−2

−1

0

H
F

Su
pp

re
ss

io
n

Alg. 4 Alg. 5

C
ro

ss
Se

ct
io

n
/

ra
d

0 200 400 600 800 1,000 1,200 1,400 1,600 1,800

−4

−3

−2

−1

0

Position along profile / px

0 5 10 15 20 25 30 35 40 45 50

Position along profile / µm

Figure 4.16: Tooth. The algorithms Alg. 2 and Alg. 3 have not completely reconstructed

the object’s interior. In the background are some LF variations visible. In the

cross section, the error increases towards the image border. Alg. 4 andAlg. 5

significantly reduce the LF variation in the cross section. Alg. 5 posses the

highest rate of maximum reconstructed phase shift to noise in the object

free area. The dashed line indicates the position of the cross section. The

visible dense structure at the bottom of the image belongs to the sample

and is Gallium from a focused ion beam. The scale bar indicates 10 µm.
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Reference Im(Õ) Regularization Φ/rad
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Figure 4.17: Magnesium-based wire. Here, the effects of the regularization techniques

are particularly visible. The quality of reconstructed phase values increases

gradually in the panel order Alg. 2, Alg. 3, Alg. 4, Alg. 5. Alg. 3 reduced the

OE artifacts of Alg. 2, especially in the right area of the object but was

unable to reconstruct the object’s interior. The result of Alg. 4 is free of OE

artifacts but the object’s interior is still not completely reconstructed. Only

the combination of all approaches, Alg. 5, yields a well reconstructed phase

image with the completely reconstructed object’s interior and significantly

reduced artifacts. The dashed line indicates the position of the cross section.

The scale bar indicates 50 µm.
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Figure 4.18: Reconstructed absorption for the magnesium-based wire. The dashed line

indicates the position of the cross section and was positioned at the most

prominent OE artifact. The presence of the OE artifact decreases gradu-

ally in the panel order Alg. 2, Alg. 3 and Alg. 4. Left and right from the

artifact, fringes in Alg. 2 and Alg. 3 appear where the absorption is partly

reconstructed as zero. The fringes and the overestimation in the absorption

disappear with Alg. 4. In the combined variant Alg. 5, the cross section is

almost equal to the cross section of Alg. 4. The scale bar indicates 50 µm.
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Alg. 3 Im(Õ) Regularization
Alg. 4 HF Suppression
Alg. 5 ASRM

0 200 400 600 800 1,000 1,200 1,400 1,600 1,800 2,000

10−11

10−9

10−7

10−5

10−3

Iteration

M
SE

Alg. 2 Reference, γ = 0

Alg. 2 Reference, γ = 0.99
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Figure 4.19: Progress of the target function for the spider hair and the cactus needle

samples. The graphs show themean squared error (MSE) of the data fidelity,

i.e 1/𝑁 · ∥
��DFr(𝑂̃)

�� − √Idet∥2, for each algorithm as a mean value over all

pixel inside the ROI, plotted against the number of iterations.
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Figure 4.20: Progress of the target function for the tooth and magnesium-based wire

samples. The graphs show themean squared error (MSE) of the data fidelity,

i.e 1/𝑁 · ∥
��DFr(𝑂̃)

�� − √Idet∥2, for each algorithm as a mean value over all

pixel inside the ROI, plotted against the number of iterations.
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4.7 Discussion and Outlook
In this chapter, we investigated reconstruction artifacts that occur for reconstructions

with the PGD-based reconstruction algorithm of Sec. 3.2.2, if common used measure-

ment and regularization techniques are abandoned. This includesmeasurements inmul-

tiple distances, employing a spatial support constraint, constraints based on the 𝛿/𝛽
relationship and computationally intensive regularization such as total variation.

In Sec. 4.6, we tested our approaches with experimental data that was measured at the

beamline P05 at PETRA III, located at DESY in Hamburg. The objects covered inter-

action strengths from weakly interacting samples which do not exceed phase shifts of

𝜋 rad to multi material samples that have a phase range beyond 6𝜋 rad. The problem

of appearing phase-wraps that many algorithms have was not an issue for neither of

the algorithm variants. In general, each of the approaches show quality improvements

when compared to the PGD algorithm of Sec. 3.2.2:

• (i) The preprocessing scheme successfully suppressed TR artifacts.

• (ii) The correction of the offset of the FFC in Sec. 4.2 removed LF artifacts.

• (iii) The 𝐿2 regularization of the absorption values in Sec. 4.3 reduced significantly

OE artifacts and offered an improved reconstruction of the object envelope for

three of four objects.

• (iv) The HF suppression method in Sec. 4.4 resulted in strong improvements with

respect to OE and WR artifacts.

In comparison, the HF suppression method (iv) resulted in the best improvements of the

reconstruction quality, in all examples. NoOE artifacts were visible as well as previously

weakly reconstructed areas, i.e. WR artifacts, improved. For two of four objects only

applying (iv) was still not successful to reconstruct the complete object envelope. Only

the combination of all approaches, successfully suppressed artifacts in all cases with a

good reconstructed object envelope. This resulted in the ASRM algorithm.

With a multigrid reconstruction approach, we were able to decrease the computation

time. In particular by 1/3 for 2000 iterations and the tested data. The evolution of the

MSE values for each algorithm variant showed that the reconstructed results were not

only visually improved in terms of visible artifacts, but also represent objects that better

explain the measured holograms. Especially the issue of the forward model reconstruc-

tion bias could be well observed in the MSE curves of the magnesium-based wire. Al-

though significantly different in the horizontal profile, the results of (iv) and ASRM con-

verged to almost identical MSE values. The difference between the two reconstructed

results is the reconstructed object envelope, which consists mostly of low spatial fre-

quencies and indicates their weak contribution to the cost function.

The developed ASRM algorithm should be further improved in future work. Two object

dependent parameters, 𝜎 for the NAG weights and the constant value 𝑎0 of the prepro-

cessing and modified non-negative electron density constraint had to be tuned man-

ually. It should be investigated in the future how both parameters could be optimized

88



4.7 Discussion and Outlook

automatically. It is still unclear what features in the measured hologram influence the 𝜎

value. Also, a Gaussian function for 𝜏 of the NAGmay not be optimal. The optimization

problem of the 𝑎0 value is similar to the problem of the Fresnel number optimization,

which is discussed in the next chapter and could be adapted. One important issue here

is to find good metric for the optimization. In Sec. 4.2.2, it is suggested that the MSE

of the cost function could be used but it is still not sufficiently examined. The ASRM

should also be tested under different scenarios, beamline and optics. Especially the re-

construction of objects that exceed the detectors FOV at all borders are relevant for

many experiments. For those type of objects, the global phaseshift problem needs to be

solved. Other beamlines use different optics, which should be tested. Waveguides-based

experiments at the P10 GINIX endstation at DESY in Hamburg and CRL-based experi-

ments with a phase-plate at the free-electron laser XFEL in Hamburg Schenefeld were

already performed and seemed promising.
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A Solution to the Autofocus
Problem 5

In this chapter, an algorithm to autofocus (AF) the reconstructed images in NFH is de-

veloped. The chapter is based on the publication [39]. The problem of focusing images is

commonly known from photography where an analog or a digital camera automatically

adjusts the imaging geometry of the lens system such that a sharp image is recorded.

The AF in a camera can be performed with the help of additional hardware, for example

by adding extra sensors that measure the distance between objective and captured ob-

ject. However, additional hardware is not always desired or available. In such cases, the

AF must be performed numerically, using an approach that makes adjustments based

solely on a captured image. For the reconstruction of holographic data, the numeri-

cal focus is part of the applied forward model and needs to be known very precisely.

This problem has already been studied in the literature, especially in the field of op-

tical microscopy with coherent light probes [96–100]. In NFH, the Fresnel number of

the forward model, which was introduced in Sec. 2.3, is required for the reconstruction.

The Fresnel number summarizes the most important parameters of the measurement

setup into a scalar, including the wavelength of the X-ray beam, the pixel size of the

detector and the distances between the focus, sample and detector. For the reconstruc-

tion of sharp images of the measured objects, the parameters of the measurement setup

must be known very precisely. If these parameters are inaccurately embedded in the

forward model of the reconstruction algorithm, it will generate artifacts or result in

blurred reconstructed images. In practice, it is often difficult to determine the Fresnel

number accurately for a good reconstruction. The reasons for this can be inaccurate

hardware components as well as inaccurate or missing measurements to determine the

geometry of the measurement setup. In such cases, the fine-tuning of the Fresnel num-

ber has to be done in a complex post-processing step, e.g. by reconstructing an image

series, a manual method where the correct Fresnel number is determined according to

optical, subjective criteria. However, due to the increasing memory demand for mea-

sured data, it is becoming increasingly difficult to maintain a sufficient throughput of

reconstruction data, manual processing steps have to be gradually reduced. The de-

mand for fast reconstruction algorithms increases, making AF a necessity. This is es-

pecially true for in-situ/operando studies. However, the available AF studies have been
carried out under constraints, either for the object or for the reconstruction algorithms.

In particular, the dependence of available focus criteria on optically good reconstruc-

tions that are mutually consistent over variations of the numerical focus is a difficult

requirement. The reconstruction of objects from the near-field holographic data is in
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5 A Solution to the Autofocus Problem

itself very challenging and images can be distorted by artifacts or noise as shown in

Ch. 4. It is therefore desirable to develop a criterion that does not require optical analy-

sis of the reconstructed images. Furthermore, a fully automated algorithm suitable for

in-situ experiments is needed to minimize manual intervention in the optimization of

reconstruction parameters and thus save time.

In this chapter, we study the combination of different focus criteria in the context

of reconstructions with a projected gradient descent based algorithm as described in

Sec. 3.2.2, extended by the approaches of Ch. 4. We further develop a novel focus cri-

terion for NFH, which is able to identify the correct position of the numerical focus in

the reconstruction. Finally, the focus criterion is embedded into a common AF frame-

work and robust reconstruction parameters are determined. We evaluate the algorithm

and our criterion against criteria from the currently available literature. The chapter

concludes with a study of simulated and experimental data.

5.1 Defocus Blurring

We now assume a measurement setup according to Fig. 2.3 of Ch. 3 with focusing optics

such that the measured object is illuminated with a cone beam. Part of the calculation

of the Fresnel number are the respective distances from the focal point of the optic to

the object (𝑧01) and to the detector (𝑧02). These two distances are required to convert the

cone beam into an equivalent parallel beam, which then has the effective propagation

distance 𝑧eff. This distance is calculated by the Fresnel scaling theorem [42] with

𝑧eff =
𝑧02

𝑧01
(𝑧02 − 𝑧01). (5.1)

In the following, we investigate the error propagation of a small deviation of the re-

spective parameters and introduce a deviation Δ01 for the value 𝑧01 and a deviation Δ02

for the value 𝑧02. We get a new effective distance 𝑧eff which is 𝑧eff, perturbed by Δ
0𝑥
eff

and

for both perturbations respectively

𝑧eff = 𝑧eff + Δ01

eff
+ Δ02

eff
=
𝑧02 + Δ02

𝑧01 + Δ01

(𝑧02 − 𝑧01 + Δ02 − Δ01) (5.2)

(5.3)

For the error analysis of the effective propagation distance, we assume that both dis-

tances can be measured up to an uncertainty of ±5mm. The correct distances are 10 cm

for the focus-object distance 𝑧01 and 20m for the focus-detector distance 𝑧02. To com-

pare how such an inaccuracy affects the effective propagation distance in this setup, we

define the normalized error function 𝑓 as

𝑓 :=

����𝑧eff𝑧eff − 1
���� , (5.4)
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Figure 5.1: This plot shows the impact of inaccurate measurements on the effective

propagation distance when the equivalent parallel beam of the cone beam

setup is calculated by the Fresnel scaling theorem. The𝑥-axis shows themea-

surement aberration from the real value in millimeters. The 𝑦-axis shows

the aberration of the effective distance that has been normalized by the cor-

rect value. The calculation was done with an assumed measurement setup of

𝑧01 = 10 cm and 𝑧02 = 20m. It can be observed, that the impact of inaccurate

measurements of the 𝑧01 value (black curve) is by some orders higher then

the same inaccuracy in the 𝑧02 values (blue curve). They differ by a factor of

100. For comparison a 100 times larger inaccuracy is shown in the dashed

red curve.

which expresses the deviation in percentage. We then create two plots, parameterized

with 𝑓 (Δ01

eff
) and 𝑓 (Δ02

eff
). The deviations obtained for the effective propagation distance

over the measurement uncertainty in percentage are plotted in Fig. 5.1.

This emphasizes the robustness of the larger distance 𝑧02 to small variations while the

smaller distance 𝑧01 is very sensitive. A small error in the estimation of 𝑧01 has a much

greater effect on the effective distance than the same deviation in 𝑧01. For comparison,

the measurement inaccuracy of 𝑧02 in this example has to be 100 times greater than 𝑧01
to achieve the same deviation of 𝑧eff.

High accuracy of the estimation is necessary to reconstruct sharp phase or absorption

images of the reconstructed object. Fig. 5.2 demonstrates the impact on the reconstruc-

tion result with respect to the assumed measurement uncertainty. Here, the phase shift-

ing part of the reconstructed refractive object is shown. An uncertainty in the range of
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5 A Solution to the Autofocus Problem

±5mm results in a blurry reconstruction and produces fringes in the image. The fringes

result from an inaccurate back-propagation of the hologram with known phases by the

Fresnel propagator which still leaves a residual hologram in the reconstruction result.

Δ𝑧 = −5mm Δ𝑧 = 0mm Δ𝑧 = 5mm

−2

−1

0

𝜙 / rad

Figure 5.2: Reconstructed phase images of a spider attachment hair for distortions of

the focus-object distance 𝑧01 of the forward model (Fig. 2.3): deviation of

−5mm (left) correct distance (middle) deviation of +5mm (right). The scale

bars indicate 8 µm. An inaccurate measurement of the 𝑧01 distance results

in blurring and in the appearance of Fresnel fringes in the reconstruction

result. The reconstruction can also become unstable or produces artifacts

like the low-frequency nebular artifact in the center of (right).

To prevent blurring and the occurrence of fringes in the reconstruction result, a strategy

is necessary to refine the focus-object distance from only a single hologram.

One possibility to determine a more accurate value is by applying several different

focus-sample distances to the reconstruction and to pick the result which is the vi-

sually the most appealing. Visually appealing in the sense of sharpness where a human

eye selects the sharpest image from a bunch of multiple hundreds of reconstructions.

However, this approach requires a large time investment of a scientist and a high de-

mand of computational resources, which renders this method unpractical for certain

applications. In case of in-situ and operando measurements for example, the available

timeframe where calculations can be performed is limited. We therefore seek a method

that is capable of automatically finding the focus-sample distance 𝑧01 for all kinds of

measured objects under in-situ conditions.

To develop an automatic algorithm for focusing, we use the following approach. We

split the AF problem into three parts. First, the creation of an inverse problem which

contains a loss metric to be optimized. Second, the reconstruction of the complex re-

fractive object under a specified 𝑧01 as an input for the respective loss metric. Third, the

implementation of a solver for the combined inverse problem.

5.2 Model Fit Error (MFE) Criterion
For the creation of a loss metric, a method has to be found to quantify the defocus

error. The goal is to find a mathematical function that maps the reconstructed complex
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5.2 Model Fit Error (MFE) Criterion

refractive indices to the distance from the correct numerical focus, a so-called focus

criterion. A focus criterion should fulfill the following conditions:

• (i) The focus criterion should be a function 𝑓 : ℂ𝑁 ↦→ ℝ, which maps a recon-

struction result, i.e. a complex-valued input image, to a scalar. The input image is

a reconstruction that was parameterized with 𝑧01.

• (ii) The function should have an extremum, at the correct 𝑧01

• (iii) The function extremum direction, maximum or minimum, should be consis-

tently the same for every possible object and measurement setup.

• (iv) The curve generated by the function 𝑓 with a variation of 𝑧01 should approach

the extrema as uniformly as possible in the range of themeasurement uncertainty.

It should have no local extrema or jumps.

Themost challenging task is to find a criterion that reliably fulfills the above-mentioned

conditions over a wide range of different measurement setups and types of measured

objects. In the following, a new focus criterion is proposed that takes the measurement

system into account from which the reconstruction results were obtained. The system

includes the reconstruction model, the forward problem and the recorded hologram.

The core idea here is to combine Fresnel free-space propagationwith the non-negativity

constraint, just as in the reconstruction algorithm for refractive reconstruction, and

works as follows:

The non-negativity constraint defines a solution set Ω𝑃 for physically valid refractive

indices. We consider an object that is located in the correct focal plane at position 𝑧01. If

the exit wave of the object is propagated out of the focal plane with the Fresnel propaga-

tor, fringes appear in the phase and absorption images. These fringes contain nonphys-

ical values in the sense of Ω𝑃 . These are positive phase shifts or negative absorption

values. By a projection with the operator 𝑃Ω𝑃
onto this set, the nonphysical values are

removed from the propagated wave-field. This erases information from the wave-field

and makes the data inconsistent. The quantity of the inconsistency increases with the

propagation distance from the correct focal plane. The inconsistency can be quantified

by calculating the MSE between the propagated and projected wave-field and the mea-

surement data. If we summarize the associated operations, we obtain an error metric as

a function, which minimum is at the location of the correct distance 𝑧01. The metric is

derived in the following: We start with a simulation under ideal conditions and assume

that all values are known as ground truth. This includes

• Distance between the focus of the optics and the measured object 𝑧01.

• Distance between measured object and detector 𝑧12.

• The exit wave-field𝜓exit behind the measured object.

• The noise-free measured hologram at the detector Idet.
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Figure 5.3: Visualization of the setup of sketch Fig. 2.3 with disturbance in the distance

𝑧01. The image has been adapted from [46]. The distances are measured from

the focal point of the optics. The distance of the detector 𝑧02 is assumed to

be known. A hologram Idet in this setup is the squared magnitude of the

propagated exit wave-field 𝜓exit by a distance 𝑧12 to the detector. A distur-

bance Δ01 in 𝑧01yields new values for the distances, 𝑧01 and 𝑧12. It changes the

cone-geometry of the forward-model and the effective propagation distance

in the equivalent parallel beam.

The parameters are visualized in Fig. 5.3. In this setup, we assume that a refractive object

was examined. The object was illuminated with a coherent, monochromatic wave-field

of amplitude one and a hologram was acquired, which is described by the forward-

model Eq. 2.55.

The forward model is now disturbed in the value 𝑧01 by an imperfect measurement and

the real distance between the focus of the optics and the examined object 𝑧01 is therefore

unknown. The disturbance can be expressed in such a way that we have measured an

estimate 𝑧01 instead of the correct distance. This results from the actual distance 𝑧01 and

a further defocus distance Δ01, which are added together. This gives us the measured

estimate for the distance between focal point and object

𝑧01 = 𝑧01 + Δ01 (5.5)

and for the distance from the object to the detector

𝑧12 = 𝑧12 − Δ01. (5.6)

Due to the deviation Δ01, the known wave-field is also defocused, which we express by

propagating the exit wave-field by the distance Δ01. To do this, we use a propagation
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operator, DFr(𝜓 ), which has a wave-field 𝜓 as an argument instead of the refractive

object 𝑂̃ . The conversion is trivial with 𝜓 = exp(i𝑂̃) and we use both operators syn-

onymously in the following. We obtain a propagated wave-field
ˆ𝜓 to the distance Δ01

with:

ˆ𝜓 = DΔ01

Fr
(𝜓exit). (5.7)

We assume that instead of 𝑧01 and 𝑧12 and 𝜓exit, only the deviating values 𝑧01, 𝑧12 and
ˆ𝜓 are known. We now want to use a measured hologram Idet to quantify the deviation

Δ01 and thereby determine the correct focus-object distance 𝑧01. To do this, we take

the approach described above and first project the known wave-field onto the solution

set 𝑃Ω𝑃
defined by the non-negative electron constraint Ω𝑃 . We thus obtain a projected

wave-field
ˆ𝜓𝑃 by

ˆ𝜓𝑃 = PΩ𝑃
ˆ𝜓, (5.8)

with the non-negative electron density constraint Ω𝑃 for this variant:

Ω𝑃 = {∀ 𝑥 ∈ 𝜓 : arg(𝑥) ∈ [−∞, 0], |𝑥 | ∈ [0, 1]} . (5.9)

To quantify the defocus error Δ01, the projected wave-field is propagated into the detec-

tor plane and the average error square of the amplitudes to the measured hologram is

calculated. We call the newly generated focus criterion for a wave-field model fit error

(MFE𝑤 ), which is calculated by

MFE𝑤 =




|D𝑧12
Fr
( ˆ𝜓𝑃 ) | −

√︁
Idet




2
2

. (5.10)

Under the conditions 𝑧12 = 𝑧12 and ˆ𝜓𝑃 = ˆ𝜓 = 𝜓exit, we know that Δ01 = 0 and Eq. 5.10

becomes identical to the data consistency term in the inverse problem Eq. 3.18. If we

use Eqs. 5.5 to 5.8 in Eq. 5.10, we obtain the MFE𝑤 criterion, parameterized with the

measurement error Δ01:

MFE𝑤 =




 ���D−Δ01

Fr
(D𝑧12

Fr
(𝑃Ω𝑃
DΔ01

Fr
(𝜓exit)))

��� − √︁
Idet




2
2

. (5.11)

Instead of analyzing an image or a wave-field for optical criteria, the MFE criterion

measures the fitting of the forward model with respect to the measured hologram. The

value of the data consistency term decreases with decreasing Δ01 and reaches its mini-

mum for Δ01 = 0. It can also be seen here that the defocused and projected wave-field

ˆ𝜓𝑃 generated in the refractive representation is related to the inverse problem by the

non-negativity constraint used in Eq. 3.18. We assume therefore the following relation-

ship:

ˆ𝜓𝑃 = PΩ𝑃
DΔ01

Fr
(𝜓exit) ↦→ 𝑂̃∗ = −i log

[
PΩ𝑃
DΔ01

Fr
(𝑂̃)

]
, (5.12)

97



5 A Solution to the Autofocus Problem

and replace the wave-field of Eq. 5.10 by the reconstructed complex refractive index 𝑂̃ .

We thus obtain a MFE𝑟 focus criterion for reconstruction results of the refractive object

MFE𝑟

(
𝑂̃∗

)
=




|D𝑧12
Fr
(𝑂̃∗) | −

√︁
Idet




2
2

, (5.13)

which we can use to derive a combined optimization problem in the next section.

5.3 Optimizing 𝑧01
In this section, we will now derive the complete algorithm to optimize the distance

𝑧01 between the focus of the optics and the measured object in the forward model of

the reconstruction. The algorithm is divided into three parts, inverse problem, focus

criterion and the solver.

First, the formulation of the inverse problem is required. To do this, we create an ob-

jective function that is to be minimized using the 𝑧01 parameter and whose solution is

an approximation 𝑧∗
01
of the correct distance and is within a measurement uncertainty

interval. The minimization problem thus has the structure

𝑧∗
01

= argmin

𝑧01∈ℝ
𝑓 (𝑧01) + XΩ𝑧

(𝑧01) (5.14)

with a constraint on possible 𝑧01 values due to the measurement uncertainty Δ01. The

constraint set Ω𝑧 is defined as

Ω𝑧 = [𝑧est01
− Δ01, 𝑧

est

01
+ Δ01] ⊂ ℝ. (5.15)

Within the function 𝑓 (𝑧01), a focus criterion 𝑔(𝑂̃∗(𝑧01)) should be applied, which quan-
tifies the 𝑧01 distance based on reconstructed refractive objects 𝑂̃ . For this purpose, we

must first generate a reconstruction result depending on 𝑧01, which in turn is processed

by a focus criterion. Therefore, we define the error function 𝑓 (𝑧01) for 𝑔 with a maxi-

mum or a minimum as

𝑓 (𝑧01) = 𝑔(𝑂̃∗(𝑧01)), (5.16)

and parameterize the reconstruction result 𝑂̃∗ with the distance 𝑧01. We thus obtain

two variants of an constraint inverse problem for the 𝑧01 distance, depending on the

direction of the extremum of function 𝑔 in the constraint interval:

𝑧∗
01

= argmin

𝑧01∈ℝ
± 𝑔(𝑂̃∗(𝑧01)) + XΩ𝑧

(𝑧01). (5.17)

The above can be split into a two-stage inverse problem. First, a solution 𝑂̃∗ is recon-
structed based on a given 𝑧01 and in a second step the approximation 𝑧∗

01
is optimized.

An iterative algorithm can then be used to alternate between the two problems.

Since we do not have direct access to the gradient
𝛿
𝛿𝑧01

𝑓 (𝑂̃∗(𝑧01)) with this two-stage

method, we need a gradient-free method to solve the higher-level minimization prob-

lem Eq. 5.14. A method that is robust against noise is the so-called downhill simplex
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Figure 5.4: The NM method applied to an ideal and noisy parabolic function. (left)

Demonstration of the underlying principle. The method traverses a function

by probing single points. The first two connected points create a simplex

that shrinks over time. After some iterations, the method reaches a mini-

mum. The algorithm terminates when a certain predefined simplex length

is reached. (right) Demonstration of robustness against noise. It can be seen

that although the function is corrupted by noise, the NM method traverses

a similar path towards the minimum.

method, which is also known as the Nelder-Mead (NM) method. This is a numerical

method for optimizing multivariate objective functions, which can also be non-convex

and non-linear [101, 102]. It is an iterative method that optimizes an objective function

without requiring a calculation of derivatives in each iteration. Instead, the objective

function is probed by corner points of a multidimensional simplex, which shrinks iter-

atively towards a minimum. The iterative algorithm stops when the size of the simplex

falls below a predefined threshold. This numerical method can also be used as a tool to

optimize scalar functions where analytical gradients are not available and is very robust

to HF noise. The algorithm is also qualified to find a global minimum, if it falls inside of

a certain tolerance window. Figure 5.4 visualizes how the simplex algorithm traverses

a clean and a noisy function with only one scalar to optimize. For illustration, we chose

a simple parabolic function.

5.4 Reconstruction of 𝑂̃
The argument of the MFE focus criterion are the reconstructed projected refractive in-

dices 𝑂̃∗ at a sample point 𝑧01. Explicitly designing a reconstruction of 𝑂̃ for AF is a

particularly critical point that receives little or no attention in the AF literature [96–

100]. Typically, the AF problem is approached from the perspective of the criterion, not

regarding image quality or properties of the reconstruction algorithm for 𝑂̃ . However,

it would be more accurate to say that the criterion and the reconstruction are interde-

pendent. If a specific focus criterion depends on certain features to quantify the defocus
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error, the algorithm must be able to generate those features. Conversely, an image fea-

ture may be a particular property of the algorithm, e.g. image artifacts. Additionally,

in the setting of NFH, due to the non-convexity and non-linearity of the data fidelity

term in the inverse problem, a deterministic reconstruction result is in principle not

guaranteed and may converge to different images for different initial values. The re-

construction result will also always contain some level of noise which challenges the

robustness of focus criteria. Thus, to generate a focus curve with good properties there

is a combined problem to solve, and the criterion and the reconstruction algorithm

should always be analyzed as a unit. In general, the following requirements must be

met by the reconstruction algorithm

• (i) The reconstruction must produce mutually consistent results with respect to

the variation of the 𝑧01 distance. In AF, it is not enough to achieve a good result in

a single reconstruction. The features analyzed by the focus criterion must change

consistently and uniformly as 𝑧01 varies.

• (ii) For the analysis of the reconstruction result, the reconstructed image must

therefore be as free from artifacts and noise as possible. This is especially true for

artifacts with high spatial frequencies, sincemany criteria use the image gradients

as a basis for quantifying the defocus position.

• (iii) Since a new reconstruction result must be generated for each variation of

𝑧01, more iterations are required to solve the global AF problem than for the re-

construction of a single 𝑧01. The reconstruction might have to be run from the

beginning for each new 𝑧01 in some cases. The reconstruction algorithm should

therefore be able to produce individual results in a reasonable time.

The reconstruction problem 𝑂̃∗(𝑧01) is already known from Ch. 4. We only need to

slightly modify the inverse problem and parameterize it with 𝑧01. To do this, we pa-

rameterize the Fresnel number in the forward model, which then adapts as 𝑧01 changes.

With the methods for artifact reduction presented in Ch. 4, we obtain for the solution

𝑂̃∗(𝑧01) = argmin

𝑂̃

1

2





��DFr(𝑧01, 𝑂̃)
�� −√︃

𝑆↓Idet




2
2

+ XΩ𝑃
(𝑂̃)∥2 (5.18)

under the constraint set

Ω𝑃 =
{
∀ 𝑥 ∈ 𝑂̃ : Re(𝑥) ∈ [−∞, 0], Im(𝑥) ∈ [− log

(√
𝑎0

)
,∞]

}
. (5.19)

The application to experimental data showed that reducing the resolution of recon-

struction results is a good de-noising method and provided more stable and smoother

curves for the focus criterion. We therefore add a downsampling operation 𝑆↓ of the

measurement data. Furthermore, DFr(𝑧01, 𝑂̃) is the parameterized Fresnel propagation

kernel with

DFr(𝑧01, 𝑂̃) = F −1 ◦ exp
(
−𝑖 · 𝜋

(𝑘2𝑥 + 𝑘2𝑦)
Fr(𝑧01)

)
◦ F ◦𝜓exit(𝑂̃) (5.20)
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and the parameterized Fresnel number Fr(𝑧01). Depending on the known distances, ei-

ther 𝑧12 or 𝑧02, the Fresnel number derived from the Fresnel scaling theorem is

Fr(𝑧01) =
Δ𝑥2

𝜆
𝑧01+𝑧12
𝑧01

𝑧12
=

Δ𝑥2

𝜆
𝑧02
𝑧01
(𝑧02 − 𝑧01)

. (5.21)

We now have a complete reconstruction framework and can apply it to simulated and

experimental data in the next step.

5.5 Performance Evaluation

5.5.1 Criteria for Comparison

The criteria in literature [96, 98–100] usually refer to the optical sharpness that a human

would use as a criterion for manual analysis and attempt to quantify this sharpness

and derive a single scalar. The quantification can be carried out using different image

processing algorithms, which are combined with statistical methods.

There are multiple factors that influence whether an image is perceived as sharp by

a human. One is the presence of steep edges. This is also used in image processing

algorithms that artificially sharpen the image for the viewer, e.g. by adding an overshoot

of the edges using the convolution of the image with an unsharp mask. The mask adds

the result of a weighted Laplacian to the current image and the result then appears

sharper.

Mathematically, the image sharpness can be quantified by extracting the image gradi-

ents and applying a statistical analysis. There are several variants in the literature for

quantifying image sharpness with a simple, discrete differentiation. The gradient (GRA)

criterion [99] applies a difference operator to the image and sums up the result. This

can be expressed as

GRA(ℎ) =
∑︁
𝑥

∑︁
𝑦

∇ℎ𝑥,𝑦 (5.22)

where ℎ is the input image and (𝑥,𝑦) denotes the image pixel coordinates. The discrete

derivative operator is defined as

∇ℎ𝑥,𝑦 =
√︃
|ℎ𝑥,𝑦 − ℎ𝑥,𝑦−1 |2 + |ℎ𝑖, 𝑗 − ℎ𝑖−1, 𝑗 |2. (5.23)

A second variant, the laplacian (LAP) criterion [99], does not use the first but the second

derivative to quantify the image sharpness. Here, the image is convolved with a discrete

Laplace operator and the result is summed up again. The LAP criterion is

LAP(ℎ) =
∑︁
𝑥

∑︁
𝑦

∇2ℎ𝑥,𝑦, (5.24)
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5 A Solution to the Autofocus Problem

with the following discrete Laplace operator

∇2ℎ𝑥,𝑦 =
(
ℎ𝑥+1,𝑦 + ℎ𝑥−1,𝑦 + ℎ𝑥,𝑦+1 + ℎ𝑥,𝑦−1 − 4ℎ𝑥,𝑦

)
2

. (5.25)

Two other focus criteria complement the gradient approach to determine the image

sharpness and additionally analyze the sparsity of the image gradient. In the corre-

sponding literature [100], two approaches were compared for analyzing the sparsity.

One approach uses the Tamura coefficient (TC) [98], which makes use of the statistical

tools of variance 𝜎 (ℎ) and mean ℎ of the input. It results from

TC(ℎ) =

√︄
𝜎 (ℎ)
ℎ

. (5.26)

Another approach is based on the Gini index (GI) [103], which performs amore complex

calculation, with

GI(ℎ) = 1 − 2
𝑁∑︁
𝑘=1

𝑎𝑘∑
𝑖

ℎ𝑖

(
𝑁 − 𝑘 + 0.5

𝑁

)
. (5.27)

Here, the input image ℎ is sorted by size in descending order. The variable 𝑎𝑘 is then

the 𝑘-th entry of the sorted vector.

Two focus criteria Tamura coefficient of the gradient (ToG) and Gini index of the gradi-

ent (GoG) [100] are then derived from the two sparsity measures TC and GI by taking

the magnitude of the real-valued image gradient as the input value 𝑔 in each case. We

obtain with Eq. 5.23

ToG(ℎ) = TC(∇ℎ), (5.28)

GoG(ℎ) = GI(∇ℎ). (5.29)

The spectrum (SPEC) criterion [99] quantifies the image sharpness using the frequency

domain. As mentioned at the beginning, steep edges correspond to the HF components

of the image. The focus criterion picks up on this property and weights the frequency

components. The weight results from the natural logarithm, whereby the weight in-

creases with increasing frequency. The SPEC criterion is calculated with

SPEC(ℎ) =
∑︁
𝑘𝑥

∑︁
𝑘𝑦

log

(
1 + |(𝐵 ◦ F (ℎ)) (𝑘𝑥 , 𝑘𝑦) |

)
. (5.30)

The image ℎ is first filtered with a bandpass consisting of the convolution kernel 𝐵 to

exclude the constant at the zero frequency in particular and to increase robustness.

A final focus criterion follows a different approach. In contrast to analyzing the edge

strength in the image, the variance (VAR) criterion [99] determines the contrast of the
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Parameter Symbol Value

Illumination Wavelength 𝜆 0.112 nm

Detector Pixel Size Δ𝑥 6.5 µm

Focus Object Distance 𝑧01 10 cm

Focus Detector Distance 𝑧02 20m

Measurement Uncertainty Δ01 5mm

Table 5.1: Model parameters that were used for the simulation of the input hologram

for the MFE criterion.

input image. One method for this is to calculate the variance of the gray value distribu-

tion over the entire image with

VAR(ℎ) =
∑︁
𝑥

∑︁
𝑦

|ℎ(𝑥,𝑦) − ℎ |2
𝑁𝑥𝑁𝑦

. (5.31)

It should be noted that the criteria above were analyzed with certain restrictions in their

respective literature, which are discussed in Sec. 5.6. Since it is not known whether the

restrictionsmade in the literature can be liftedwith a different reconstruction algorithm,

these restrictions will be omitted for comparison. We perform a reevaluation using only

the reconstruction results of Ch. 4 without further constraints.

5.5.2 Simulated Data

In the following, an initial comparison of the MFE criterion presented in Sec. 5.2 with

the criteria of Sec. 5.5.1 is performed on simulated data. The forward model and the

phantoms are used according to Ch. 3 and the holograms are calculated respectively.

For testing, the cell, triangle and ball phantoms from Fig. 3.3b of Sec. 3.4 are chosen.

The parameter for the simulation with a setup according to Fig. 2.3) are listed in Tab. 5.1.

The illuminating beam is assumed to be a monochromatic, coherent beam with an in-

tensity of one, i.e. is assumed to be a planar wave. With these setup parameters, we gen-

erate a MFE focus curve with Eq. 5.13 for each of the phantoms. The curves are created

as follows: The parameter Idet is deviation independent and is a simulated hologram

from the applied parameters of Tab. 5.1 to the forward model of Sec. 2.3. The Fresnel

propagation kernelD𝑧12
Fr
(·) and the argument 𝑂̃∗ are both deviation dependent and have

to be adapted for each distance 𝑧
𝑗

01
.

For the simulation, the focus curves should be generated in a reasonable interval. This

interval is the complete range that the proposed NM based approach of Sec. 5.3 would

cover. The NM method is a gradient-free method and therefore the search direction is

unknown. Under the condition that it has been initialized with an estimated value 𝑧est
01

(Eq. 5.15), it will scan the focus curve in positive and negative directionwith amaximum
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5 A Solution to the Autofocus Problem

distance of Δ01. However, 𝑧
est

01
itself may deviate from the correct distance by Δ01. It is

therefore reasonable to create a focus curve in an interval of twice the measurement

uncertainty around the correct distance such that the values 𝑧
𝑗

01
for the propagation

kernel are chosen from the interval

𝑧
𝑗

01
∈ [𝑧01 − 2Δ01, 𝑧01 + 2Δ01] . (5.32)

The chosen distance 𝑧
𝑗

01
is used for propagation by using the Fresnel propagation kernel

of Eq. 5.20, i.e.

D𝑧12
Fr
(·) → DFr(𝑧01, 𝑂̃∗), (5.33)

which is parameterized by the distance with deviation 𝑧01. For each chosen 𝑧
𝑗

01
, the

related deviation Δ 𝑗
01
, which is needed for the calculation of 𝑂̃∗, is then implicitly given

by

Δ 𝑗
01

= 𝑧
𝑗

01
− 𝑧01. (5.34)

The argument 𝑂̃∗ above is given by assuming the relationship Eq. 5.12 and is calculated

by

𝑂̃∗ = −i log
(
PΩ𝑃
DFr(Δ 𝑗

01
, 𝑂̃)

)
, (5.35)

where the phantom 𝑂̃ ∈ {cell,triangle,ball} is propagated to the distance Δ 𝑗
01
and then

projected onto the non-negative electron density constraint Ω𝑃 . It should be noted that
the simulation of a reconstruction with this simple function is only valid as long as no

phase wraps occur. The values for the refractive object 𝑂̃ must be selected accordingly

or a phase unwrapping must be performed. The results of the simulation are shown in

Figs. 5.5 to 5.8, where 201 points were sampled for each curve.

5.5.3 Experimental Data

The MFE criterion and the focus criteria from Sec. 5.5.1 are also compared with respect

to experimental data. As test objects, the four experimental samples from Fig. 3.3a of

Sec. 3.4 are used under identical measurement conditions as in Sec 4.6.4. Additionally,

a magnesium-based wire was placed into an in-situ flow-cell, which was filled with

ethanol [22]. In Sec. 4.6, the 𝑧01 distances of the forward models for the reconstructions

were manually optimized using a reconstructed image series and by visually analyzing

the results. Before manual focusing, the distance value 𝑧01, as described in Sec. 5.1, was

roughly estimated with an accuracy of ±5mm using a ruler at the measurement station.

For a visual analysis of the image series, the reconstructed phase images were displayed

as gray-scale images and then the sharpest image from the series was selected. For

validation, a one-dimensional plot of the values orthogonal to an edge of the measured

object was also considered and the edge steepness was analyzed. We use the values for

𝑧01 determined in this way as a reference for centering the focus curves.
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Iterations 700 300 500

Downsampling 𝑈 16× 4× 4×
Udate Rate 𝜂 0.9 1.1 1.1

Momentum Weight 𝛾 1.0 1.0 1.0

Momentum Variance 𝜎 8 16 16

𝐿2 Weight 𝛽 10.0 10.0 1.0

Filter 𝑂̃ 2.0/8.0 2.0/8.0 2.0/8.0

Table 5.2: Reconstruction parameters for the solver of the minimization problem

Eq. 5.18, which was used to reconstruct 𝑂̃ (𝑧0𝑥 ). Applied stepwise from left to

right. The filter 𝑂̃ values are given in Full Width at Half Magnitude (FWHM)

for real and imaginary parts in form of FWHMreal/FWHMimag. The momen-

tum variance is given as FWHM in pixels where 𝜎 = 𝐹𝑊𝐻𝑀/2.35.

The focus curves should be generated in a reasonable interval for the objects and the fo-

cus criteria. The interval corresponds to twice the measurement uncertainty around the

previously manually determined distance value, which was described in Sec. 5.5.2. In

this interval, we sample 201 values for 𝑧01 at equidistant steps and perform at each point

a single reconstruction. To do this, we solve the minimization problem Eq. 5.18, which

includes the Fresnel propagator Eq. 5.20 parameterized for 𝑧01. As an additional denois-

ing method and to reduce computation time, we use an operator 𝑆↓ for the data with

a 4× downsampling factor for the final stage. This ensures that for in-situ experiments

the NM algorithm finds an existing extremum in a reasonable time. The reconstruction

parameters are summarized in Tab. 5.2. The reconstructed refractive indices are then

evaluated individually for each focus criterion. The results are shown in Figs. 5.5 to 5.8.

5.5.4 Results

The generated focus curves are shown in Figs. 5.5 to 5.8. Each plot has the same struc-

ture. On the 𝑥-axis is the deviation Δ01 from the reference 𝑧01 value inmm. On the y-axis

is the evaluated value of the respective focus criterion in the representation Eq. 5.16

of Sec. 5.3. Values between the sampling points were linearly interpolated. For better

comparability, the value range of the 𝑦-axis was normalized to an interval of [0, 1]. The
following analysis evaluates the different focus criteria. A good focus criterion should

fulfill the requirements from Sec. 5.2 to be compatible with a NM approach.

The properties of the focus criteria, applied to the simulated objects, differ significantly

from each other:

Five of seven criteria produced clear extrema in the generated curves that also point into
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5 A Solution to the Autofocus Problem

the same directions: MFE (Fig. 5.5a), GRA (Fig. 5.6a), LAP (Fig. 5.6b), GoG (Fig. 5.7a) and

ToG (Fig. 5.7b).

Two criteria, the VAR (Fig. 5.8a) and SPEC (Fig. 5.8b) criteria failed to produce distinct

peaks. The VAR criterion shows no consistent clear extrema for all objects and the

directions of the peaks of the SPEC criterion switched between the tested objects.

Four criteria produced curves that are continuously falling and rising to the extrema.

These criteria were the MFE, GRA, GoG and the ToG criteria.

The noise in the curves of one criterion, ToG, has partly a magnitude in the order of the

slope of the curves.

An application of the focus criteria to the data measured at the beamline show that

each curve appear to be heavily influenced by the kind of object that was measured.

Smooth objects like the cactus needle and the two magnesium-based wires produced

more smooth curves than objects that contain more structure in the projection images,

like the spider hair with many fine details and the tooth, which has step-like structures

induced by the focused ion beam. The spider hair and the tooth produced in most of

the criteria distinct peaks at the center. Although the peaks are not all aligned in the

center, they are still in a plausible range, where the visual analysis does not yield a

clear result for the sharpest position. In the range of the overall measurement uncer-

tainty of 𝑧01, many of the curves contain very distinct side peaks that are clearly not at

the sharpest position. Specifically, the criteria are LAP, ToG and GoG, GRA and SPEC.

The VAR criterion behaves similar to the simulation, where the sharpest position only

induces a significant gradient in the curve without producing a peak. At the positions,

were the objects produced side peaks in all other criteria, the impact on the MFE crite-

rion is more subtle. The MFE criterion appears to be more robust since these positions

produced only minor saddle points in the focus curve.

Eventually, the AF algorithm from Sec. 5.3 was applied to the experimental data. As the

objective function for optimizing 𝑧01, Eq. 5.17 was used together with the MFE criterion.

Based on the 𝑧est
01

value of Eq. 5.15, estimated at the beamline, an initial simplex was cre-

ated for each object. The initial simplex consists of two points, which are located in the

same interval as the plots of the focus curves. The optimization algorithm stops as soon

as the remaining simplex reaches a size of 100 µm. The initial simplex, the reconstructed

distance and the required number of sample reconstructions are shown in Tab. 5.3. The

Nelder-Mead approach required between 9 and 13 probing points on the MFE curve,

each consisting of a single reconstruction of 𝑂̃ . Depending on the array size, a single

reconstruction with the parameters of Tab. 5.2 needed between 6 s and 16 s. In total, the

optimization of 𝑧01therefore took between 66 sec for the smallest array and 208 sec for

the largest array. The full reconstructions at the positions found by the Nelder-Mead

approach are shown in Fig. 5.9
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(b) MFE Experimental Data

Figure 5.5: Focus curves of the developed MFE criterion for measurement deviations

of the 𝑧01 distance of ±10mm. The center was manually aligned according

to an optical focus impression. All curves show a pronounced minimum in

the center and smooth curves with high SNR. Local minima are only weakly

pronounced.
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(c) GRA Experimental Data
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(d) LAP Experimental Data

Figure 5.6: Focus curves of the GRA and LAP criteria for measurement deviations of

the 𝑧01 distance of ±10mm. The center was manually aligned according to

an optical impression of sharpness. Both criteria are based on the analysis

of image gradients. The GRA criterion calculates the first discrete deriva-

tive and generated a minimum at the center for all objects in the simulation.

Experimental data could reproduce the curve shape of the simulation only

for two datasets and only in the vicinity of the center. The LAP criterion

produced very noisy curves in the simulation with clear maxima in the cen-

ter. In experimental data, the criteria only produced a local peaks for two

datasets in the vicinity of the center and side peaks that are clearly not at

the sharpest position.
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(c) GoG Experimental Data
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Figure 5.7: Focus curves of the GoG and ToG criteria for measurement deviations of

the 𝑧01 distance of ±10mm. The center was manually aligned according to

an optical impression of sharpness. Both criteria are based on the statistical

analysis of the first-order image gradient. In the simulation, all curves have

a clear maximum in the center. The ToG criterion generates relatively flat

curves and has noise that is in the order of magnitude of the curve gradient.

The ToG curves become steep only in the center. In the experimental data,

the curves show similar patterns only for two objects and only near the cen-

ter but are oscillating curves otherwise. The side peaks of the oscillation that

are clearly not at the sharpest position.
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(d) SPEC Experimental Data

Figure 5.8: Focus curves of the VAR and SPEC criteria for measurement deviations of

the 𝑧01 distance of ±10mm. The center was manually aligned according to

an optical impression of sharpness. The VAR quantifies the image contrast

via the variance of the gray values. The SPEC criterion calculates a sum of

weighted image frequencies. The curves of the VAR criterion do not form

extremes in the simulation, but tend to form a maximum in the center. The

focus curves of the SPEC criterion form a maximum or a minimum depend-

ing on the object. In the experimental data, the VAR criterion behaves for

two objects similar to the simulation where the sharpest position introduces

a gradient in the curve . The SPEC criterion forms maxima in the vicinity of

the center for two objects and maxima in defocus for the other objects.
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Type Full Grid Size / px Down-sampled Grid Size / px Time /
s

Sample

(1) 14336 × 14336 3584 × 3584 16

(2) 8192 × 8192 2084 × 2084 6

Object Type Initial Simplex NM Result

Visually

Determined

Required

Samples

i (1) 74.8mm / 84.8mm 79.4mm 79.4mm 13

ii (2) 77.9mm / 87.9mm 80.9mm 81.0mm 11

iii (2) 281.1mm / 291.1mm 284.2mm 284.2mm 12

iv (1) 467.4mm / 477.4mm 470.8mm 470.7mm 9

v (1) 324.2mm/334.2mm 329.3mm 329.3mm 13

Table 5.3: Results of 𝑧01 optimizations with the developed AF algorithm of Sec. 5.3. A

downhill simplex method was used to find the minimum of a target func-

tion which is the MFE criterion from Sec. 5.2. The algorithm starts with an

initial simplex consisting of two points. The simplexes have a total length

of 1 cm, which are derived from the measurement uncertainty 𝑧est
01
± 5mm.

Upper Table: The measurements are sorted into two types: Depending on

the Fresnel number, the measurements needed to be padded to two different

array sizes [21]. The probing reconstructions of the Nelder-Mead approach

were performed on a 4× downsampled grid. Bottom Table: We tested the op-

timization of 𝑧01for the samples (i) spider hair, (ii) tooth, (iii) cactus needle,

(iv) magnesium-based wire, (v) magnesium-based wire in flow-cell. In 9 to 13

steps, each simplex reached a predefined length of 100 µm and the algorithm

found the minimum. The minimums match the point of optical sharpness

which was visually validated. At each step, a reconstruction was performed

with parameters that are shown in Tab. 5.2.
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Spider hair Cactus needle

8 µm 30 µm
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ϕ / rad
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Tooth Magnesium-based wire
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ϕ / rad
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Magnesium-based wire in flow-cell

50 µm
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Figure 5.9: Reconstructions of the test objects with the 𝑧01model parameters as deter-

mined by Nelder-Mead results of Tab. 5.3. The images here show phase im-

ages reconstructed in full resolution from single-shot near-field holograms.

The phase shifting strength (𝜙) is described by the color bars.
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5.6 Discussion and Outlook
In this chapter, we investigated the AF problem of NFH data, where the numerical focus

𝑧01 of the forward model in Sec. 2.3 needs to be optimized to be able to reconstruct sharp

images. In this course, the ASRM algorithm of Ch. 4 was modified to provide an input

for the optimization problem of Sec. 5.3 under an estimated. The requirements were

determined and the Fresnel propagation kernel parametrized by an estimation for 𝑧01.

In Sec. 5.5 the performance of the proposed MFE criterion was compared against ex-

isting criteria found in literature with respect to simulated and experimental data. For

the simulated data, the GRA, GoG, ToG and MFE criteria created all curves of sufficient

quality for an application with a NM optimization approach. Applied on the experimen-

tal data, the MFE approach outperformed the compared criteria and was the only one

that exhibits sufficient robustness such that the minimum of the optimization problem

lies at the position of the correct numerical focus.

Overall, it is difficult to determine whether the focus criterion is not robust enough if

the conditions are not met or whether the reconstruction algorithm for the input im-

age generates images that are too inconsistent. This problem was described in Sec. 5.4.

We can however identify differences between the studies of this work and of the com-

pared criteria from literature that may explain the performance results. The probably

most important difference is that the compared criteria perform a quantification by an

image analysis of the reconstructed projected refractive index without including the

assumptions made for the reconstruction or the raw data. The MFE criterion on the

other hand includes both and does not analyze the image but aims to find a good model

for the reconstruction. The available studies in literature were also done under certain

restrictions that limits the validity of the study results for the problem of this work.

The studies of [99] were performed for a different measurement setup, the off-axis mi-

croscopy which enables advanced knowledge of the illumination. The reconstruction of

the projected refractive index in this case becomes simpler by some order. The reference

algorithm refAP and the developed ASRM algorithm of this thesis are new approaches

that both prevent a phase wrapping problem. These were not available for the criteria

tested in literature. The criteria of [99] were therefore only applied on a real valued in-

put which was the amplitude distribution of the exit wave-field values, because of phase

wrapping problems. Application on phase values was not sufficiently tested. The recon-

structions of [100] for the ToG and GoG criteria were performed with a spatial support

constraint, which implicitly introduces a ROI selection. Especially the GoG criterion

was shown to require the manual selection of a ROI if the sample becomes too sparse.

Furthermore, the study avoided statements about the interaction strength of the tested

objects and the absolute phase-shift values are unknown for the reader. Since a simple

back-propagation without any phase retrieval was also performed for quantification, it

is very probable that the tested samples do not have a phase wrapping problem. A final

issue results from the non-negative electron density constraint Ω𝑃 used in ASRM. For

defocused objects, it removes parts of the propagation fringes that appear. While this

effect is exploited for the MFE criterion, it may cause problems for image analysis based

criteria.
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5 A Solution to the Autofocus Problem

This chapter demonstrated that the proposed AF algorithm for NFH is able to focus a

wide range of real objects and experimental setup conditions. The proposed model fit

error based focus criterion MFE yields a superior robustness compared to the statistical

analysis of reconstructed images. The AF problem and the results of this work are also

not only relevant for this specific setup but also extends to other microscopy setups and

reconstruction algorithms that use the Fresnel free-space propagation in the forward

model. The proposed algorithm can be adapted for any parameter that is part of the

Fresnel number in the forward model of an experimental setup, including propagation

distance, energy, pixel size and others. This flexibility and the demonstrated robustness

makes the method highly useful for in situ and operando studies.
For future work, the study should be extended and also include other types of objects.

Especially objects that exceed the FOV of the detector in all directions were not tested.

Since this requires also an available reconstruction result, the ASRM algorithm of Ch. 4

should previously be investigated for such objects. Alternatively, this reconstruction

may be approximated by performing a ROI selection on the reconstructed object and

the hologram. It would also be reasonable to explore the limitations of the focus crite-

rion with respect to reconstruction time and resolution in combination with an exper-

imental ground truth. Ground truth object for experiments at a synchrotron radiation

light source are in general very difficult to produce. A good start may be a simple object

of known dimension such as single polystyrene balls with a diameter of 5 µm to 10 µm.
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Summary and Outlook 6
In this thesis, a new reconstruction algorithm for X-ray near-field holography was de-

veloped. The goal was to reconstruct the projected complex refractive indices of an

object from a single hologram without a spatial support constraint. This unique com-

bination of requirements was an open reconstruction problem that had to be solved

to meet the long-term goal of this project to enable in situ/operando measurements at

synchrotron radiation sources. The main challenges were to deal with reconstruction

artifacts, to increase the reconstruction speed, and to reduce the number of parameters

that had to be set manually.

In Ch. 2, the physical fundamentals necessary to describe themeasured data were given.

The projection approximation for the complex refractive indexwas derived as the target

for the reconstruction. The reference setup for near-field holography in this work was

described, which is a lensless microscopy setup for full-field imaging with hard X rays.

The position of the detector was defined and the achievable resolution was calculated.

Furthermore, the physical forward model required for the reconstruction was derived.

A model for the present data noise was also build.

Chapter 3 dealt with the details of the reference reconstruction algorithm. The opti-

mization problem was developed from a maximum likelihood approach and from prior

knowledge of the measurement physics. A Poisson noise model was used and a non-

negative electron density constraint was applied. The data were preprocessed by a flat-

field correction approach to remove structure noise. To solve the optimization problem,

the reference algorithm chosen was the projected gradient descent based algorithm

refAP, where we removed the spatial support constraint. In the last section, the test

data for the reconstruction were presented, which were (i) four experimental data sets

from the P05 nano-endstation at PETRA III at DESY, Hamburg, operated by Helmholtz-

Zentrum Hereon, and (ii) three simulation data sets based on the forward model.

Chapter 4 dealt with the reconstruction problem. The results of the reference algorithm

suffered from various artifacts, which were divided into different categories. We found

that the limited field of view of the detector leads to stripe- and ring-like truncation arti-

facts in the reconstruction. Furthermore, the algorithm overestimates the reconstructed

values during the first few hundred iterations, caused by the Nesterov accelerated gradi-

ent, resulting in overestimation artifacts. It was also found that the algorithm has weak

reconstruction capabilities for small image gradients due to a weak contribution of low
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6 Summary and Outlook

spatial frequencies to the cost function, resulting in weak reconstruction artifacts. Low

frequency artifacts occur when the non-negative electron density constraint does not

match the reconstruction input. In sections 4.1.1 and 4.2 to 4.4, the identified categories

and the methods to reduce the artifacts were proposed. To increase the reconstruction

speed, a warm up scheme for the projected gradient descent based reconstruction was

introduced. The final algorithm developed in this chapter was named artifact suppress-

ing reconstruction method (ASRM) and employs several regularization techniques:

(i) To avoid truncation artifacts, the preprocessing of the measured holograms was im-

proved. This included deriving a suitable padding scheme by mirroring the hologram in

each direction and the application of a suitable window function. (ii) By adjusting the

constant padding value 𝑎0 and adapting the non-negative electron density constraint

with 𝑎0, a normalization offset in the flat-field correction was corrected, which reduced

low frequency artifacts. (iii) To suppress the overestimation artifacts, the absorption

values of the reconstructed refractive object were regularized with a weighted 𝐿2 term.

(iv) To increase the reconstruction capability of low spatial frequencies and thus re-

duce the weak reconstruction artifacts, a multigrid reconstruction was combined with

a suppression of high frequencies in the Nesterov accelerated gradient.

The application to experimental data shows that the implemented algorithm is robust

and fast with respect to a wide range of real objects that differ strongly in their interac-

tion strength with the X-ray illumination. The combination of the 𝐿2 regularization for

the absorption values and the high frequency suppression provides a better reconstruc-

tion quality than either of the individual approaches. Two object-dependent parame-

ters, 𝜎 for the Nesterov accelerated gradient weights and the constant value 𝑎0 of the

preprocessing and modified non-negative electron density constraint had to be tuned

manually. The remaining parameters were object-independent and a common set of pa-

rameter values was found to be well suited and generalizable across the tested objects.

The topic of Ch. 5 was the autofocus problem. An inaccurate estimation of the Fresnel

number of the forward model leads to blurred images as reconstruction results and

carries the risk of reconstruction artifacts. Part of the Fresnel number is the distance of

the numerical focus to the measured sample, which this chapter aimed to automatically

optimize. A list of requirementswas derived that needed to bemet to solve the autofocus

problem.

For this purpose, a novel focus criterion based on a model fitting approach was pro-

posed, that was called the Model Fit Error (MFE). The criterion directly quantifies the

fitting error of the forward model by exploiting the projection of the non-negative

electron density constraint. The novel criterion was then embedded in an optimization

problem, whose solution yields the correct numerical focus.

A gradient-less Nelder-Mead method as a solver was proposed for the optimization

problem. The solver finds the optimum of a one-dimensional function in the presence

of noise. The ASRM algorithm of Ch. 4 was modified to provide an input for a focus

criterion under estimated model parameters. For this purpose, the Fresnel propagation

kernel was parameterized with the value 𝑧01. Furthermore, a common set of parameter
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values was identified that proved to be well suited and generalizable across the tested

objects.

The developed metric was then compared to six available metrics found in the literature

with respect to simulation and experimental data. These metrics perform a statistical

analysis of the reconstructed values rather than quantifying the model used. On simu-

lated data, the MFE criterion and three of the compared criteria performed well under

the previously established requirements. When applied to experimental data, only the

curves of the developed MFE met all requirements. The minima are located at the cor-

rect numerical focus position, which was also verified optically and could be found

automatically by the developed algorithm. In addition, the number of steps required by

the Nelder-Mead-based algorithm was small enough to make autofocusing feasible for

online reconstruction.

With the advent of fourth generation synchrotron radiation sources [4, 5, 104–106], co-

herent full-field imaging techniques are gaining more interest in new application areas,

while for established scientific fields, the trend is towards dynamic studies of speci-

mens, i.e. in situ and operando studies. The latter is followed by increasing demands on

the measurement process in terms of acquisition parameters.Consequently, the require-

ments for the reconstruction process also increase. For supervising the experiment, a

control software is available, for example, at the P05 endstation at PETRA III at DESY,

Hamburg, operated by Helmholtz-Zentrum Hereon [8, 46, 64, 65]. The sample is usu-

ally placed on a rotation stage and many holograms have to be recorded from different

angles to reconstruct a tomographic image. In the course of this work, the beamline

control software was extended to include online reconstructions. The control interface

was connected to a server application that performs the ASRM reconstruction on the

Maxwell computing cluster at DESY. A new view offers the possibility to focus the im-

age automatically and to navigate towards the desired region of interest of the sample,

without relying only on holograms but with visually interpretable projection images.

With further performance improvements in the future, the results of this work could

enable real-time reconstructions for in situ/operando experiments, to monitor and con-

trol the state of dynamic measurements. An immediately reconstructed 3D volume of

the measured object could then give the operator direct feedback on the success of the

experiment instead of relying only on the post-processing results after the beamtime.

This requires further efforts to reduce the computation time for retrieving a projec-

tion image. The improved reconstruction algorithm should then be embedded in a fully

automated pipeline, from hologram acquisition to refractive index projection image re-

construction to tomographic 3D volume reconstruction in the shortest possible time.

It is also conceivable to reconstruct the volume directly from all holograms in a joint

approach instead of acquiring the projection images separately and then calculating the

tomogram. For this purpose, the target function has to be extended by a more sophis-

ticated model, which should include the three-dimensional object and a motion model

for the rotation and vibrations of the setup. In this setting, one could also exploit the

overlapping information between the holograms of different angles and additionally re-
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6 Summary and Outlook

trieve the probe instead of performing a flat-field correction. Nevertheless, the results of

the two core chapters of this thesis, the ASRM and the autofocus algorithm are already

a step closer to the goal of a fully automated tomographic reconstruction pipeline. They

offer simplified and automated processing of large amounts of holographic data sets in

laboratories with synchrotron radiation sources.
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