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Randomized benchmarking (RB) is the most commonly employed protocol for the characterization of
unitary operations in quantum circuits due to its reasonable experimental requirements and robustness
against state preparation and measurement (SPAM) errors. So far, the protocol has been limited to discrete
or fermionic systems, whereas extensions to bosonic systems have been unclear for a long time due to
challenges arising from the underlying bosonic Hilbert space. In this work, we close the gap for bosonic
systems and develop an RB protocol to benchmark passive Gaussian transformations on any particle-
number subspace, which we call passive bosonic RB. The protocol is built on top of the recently developed
filtered RB framework [J. Helsen et al., PRX Quantum 3, 020357 (2022), M. Heinrich et al., Randomized
benchmarking with random quantum circuits, arxiv:2212.06181 [quant-ph]] and is designed to isolate the
multitude of exponential decays arising for passive bosonic transformations. We give explicit formulas
and a Julia implementation for the necessary postprocessing of the experimental data. We also analyze
the sampling complexity of passive bosonic RB by deriving analytical expressions for the variance. They
show a mild scaling with the number of modes, suggesting that passive bosonic RB is experimentally
feasible for a moderate number of modes. We focus on experimental settings involving Fock states and
particle-number-resolving measurements, but also discuss Gaussian settings, deriving the first results for
heterodyne measurements.
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I. INTRODUCTION

The characterization of quantum devices, and, in partic-
ular, of the involved unitary operations, is a fundamental
task in quantum information processing [1,2]. While being
a well-studied field for discrete-variable systems, a sim-
ilar standing for continuous-variable (CV) systems has
not yet been achieved. In fact, there are only very few
works apart from CV tomography and the first rigorous
guarantees for the latter were proven only recently [3,4].
The required number of measurements is experimentally
extremely challenging [5–11] and as a result, full quantum
tomography is often not feasible for CV systems. More-
over, tomographic protocols typically suffer from state
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preparation and measurement (SPAM) errors, as in the
discrete-variable case.

Bosonic quantum systems play a major role in the
design of quantum computing platforms. Most promi-
nently, this includes photonic quantum computing as a
popular proposal for scalable quantum computers [12–17].
The biggest advantages of this model rely on the imple-
mentation of particle sources, detectors, and linear optical
circuits on the same integrated chips [18–21], and access to
mixed schemes for quantum error correction [22]. Bosonic
systems also offer interesting nonuniversal models of com-
putation to test quantum supremacy, such as (Gaussian)
boson sampling [23–25], which have been implemented
successfully in real experiments recently [26–28].

Most challenges in the characterization of bosonic sys-
tems can be attributed to the particularities of the bosonic
Hilbert space [5,29]. For instance, protocols that rely on
scrambling techniques via unitary designs are challenging
to adapt, since Gaussian unitaries only form a unitary 1-
design [30,31], and unitary 2-designs cannot exist for CV
systems, unless rigged Hilbert spaces are considered [32].
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Such issues constrain characterization protocols to very
specific settings, where the implemented unitary operators
(which may include non-Gaussian single-mode unitaries)
are only benchmarked with respect to a restricted set of
input states [33].

For discrete-variable systems, randomized benchmark-
ing (RB) [34–43] is the most widespread family of pro-
tocols for the estimation of average gate fidelities. Its
popularity is due to its robustness against SPAM errors and
its rather low demands on the measurement effort [44]. The
standard RB protocol is as follows: To a fixed initial state,
apply a sequence of Haar-random (Clifford) unitaries, fol-
lowed by a final inversion gate canceling the action of the
entire sequence. Then, the success probability of restoring
the initial state decays exponentially with the length of the
sequence, and the decay rate is a proxy for the average gate
fidelity of the gate set.

Recent efforts led to general guarantees for RB proto-
cols with general finite or compact groups [45–50] instead
of only unitary 2-designs. Due to the nonexistence of the
latter, this generality is clearly important when considering
RB of CV systems. However, there is still a fundamen-
tal problem: The RB signal generally consists of a linear
combination of exponential decays in correspondence with
the relevant irreducible representations (irrep) of the used
group [45–47]. Estimating these decay rates is already dif-
ficult in practice if more than a few irreps are involved
[47,50] and may become impossible in the CV setting.

Very recently, a bosonic randomized benchmarking pro-
tocol using random displacements has been put forward
[51]. Due to the Abelian character of the (projective)
Heisenberg-Weyl group and the considered noise mod-
els, the complicated behavior involving many decays is
avoided in this setting, allowing for a simple analysis.

However, for more complicated—in particular non-
Abelian—groups, one cannot hope for such a simple anal-
ysis. To resolve the problems coming with many irreps,
filtered RB has been recently proposed [47,50], building
on insights from character RB [46]. This protocol omits the
inversion gate and instead performs a suitable postprocess-
ing of the data. During the postprocessing, contributions
associated to individual irreps can be isolated in a SPAM-
robust way, allowing to handle compact groups with many
irreps.

In this work, we introduce a RB protocol for the bench-
marking of passive bosonic (Gaussian) transformations,
called passive bosonic RB, or short passive RB. The pas-
sive RB protocol can be understood as a bosonic incarna-
tion of the filtered RB framework [50], and we build on
its results to give a comprehensive analysis of passive RB,
including its sampling complexity, under the assumption
of gate-dependent, stationary, and Markovian noise.

In contrast to the discrete-variable systems explicitly
considered in Ref. [50], reasonable guarantees for a filtered
RB protocol in bosonic systems are harder to obtain. This

is because the action of passive transformation on the full
bosonic Hilbert space is considerably more complicated
than, e.g., the action of the qubit Clifford group, and thus
a well-behaved protocol requires a careful identification of
relevant and feasible experimental settings.

In the passive RB protocol, we navigate these compli-
cations by considering experiments where the input state
is a number state and particle-number-resolving (PNR)
measurements are performed, resembling boson-sampling
experiments [23]. For practical reasons, we propose to use
collision-free states with at most one particle per mode.
We then show that the passive RB successfully bench-
marks the average quality of passive transformations on
a fixed number of particles, thereby separating the effect of
particle-number-preserving noise from particle loss using
different postprocessing of the same experimental data. In
general, we prove that there are as many decay rates as we
have particles in the experiments—however it is sufficient
to only estimate a constant number of them in practice.
By representation-theoretic means, we derive explicit and
concise formulas for the functions used in the postprocess-
ing and provide a Julia implementation. As the protocol
involves non-Gaussian elements, the classical postprocess-
ing requires the computation of matrix permanents, and
it is therefore generally inefficient [23]. Specifically, we
expect the postprocessing to be feasible for approximately
30 particles and modes, thus allowing the protocol to target
an experimentally interesting regime. The inefficiency of
the postprocessing should not be unexpected, as a similar
behavior can be found in linear cross-entropy benchmark-
ing [50,52]. There, the postprocessing involves the simu-
lation of random circuit sampling, which is also known to
be computationally hard [53–56]. We simulate the passive
RB protocol for a small number of modes, demonstrating
that it works as intended. Finally, we analyze the sampling
complexity of our protocol by computing the relevant vari-
ances. We evaluate the obtained expressions numerically
and find a very mild scaling with the number of modes m,
which seems be logarithmic.

The effectively finite-dimensional setting is introduced
for a good reason: Probing the full bosonic Hilbert space
involves infinitely many relevant irreps and thus also
decay rates, which, a priori, render a meaningful analy-
sis impossible. Moreover, such irreps would also appear
with nontrivial multiplicities, making the protocol numeri-
cally challenging from a practical point of view, as it would
require fitting matrix exponential decays [47,50]. As a first
variation of the passive RB setup, we thus consider scenar-
ios in which the input state is still a number state, but the
measurement involves (balanced) heterodyne detectors.

The remainder of this work is structured as follows.
In Sec. II we highlight our main results: Sec. II B spells
out our passive RB protocol in full detail. In Sec. II C
we analyze our protocol, discuss the role of input states,
and prove rigorous guarantees including bounds on its
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sampling complexity. Section III is devoted to a general
discussion of the passive RB protocol, open problems,
and possible extensions. The technical details and proofs
are deferred to the technical part, Appendix B. Finally,
Appendix G contains an analysis of passive RB with
balanced heterodyne measurements.

II. MAIN RESULTS

A. Notation

We consider a bosonic system of m ∈ N≥2 modes
described by annihilation and creation operators ak and
a†

k (k = 1, . . . , m), respectively, satisfying the canonical
commutation relations (CCRs)

[ak, a†
l ] = δkl, [ak, al] = [a†

k , a†
l ] = 0, k, l = 1, . . . , m,

where δk,l is the Kronecker δ. These operators act on the
Fock-Hilbert space Fm :=⊕∞

n=0 Hm
n , where Hm

n is the
subspace of n bosons distributed over m modes of dimen-
sion dimHm

n = (n+m−1
n

)
. It is spanned by the Fock or

number states

|n〉 ≡ |n1, . . . , nm〉 :=
m∏

k=1

1√
nk!

a†nk
k |0〉, (1)

where |n| :=∑m
i=1 ni = n and |0〉 ≡ |0, . . . , 0〉 denotes the

vacuum state of m decoupled one-dimensional harmonic
oscillators [57]. We shall also consider coherent states,
defined as |α〉 = e−|α|2/2∑∞

n=0
αn√

n!
|n〉 for a single mode,

with a straightforward extension to the multimode set-
ting. The set of passive transformations is the group of
unitary operators on Fm that leave the total number of
particles invariant. These are exactly the unitaries that
induce a transformation of the bosonic operators as ak �→∑m

l=1 Ulkal for a unitary matrix U = (Ulk)
m
l,k=1. Hence, the

group of passive transformations can be identified with
the unitary group U(m) [58]. Practically, these can also
be thought as multimode interferometers, which can be
decomposed in quadratically many two-mode interferom-
eters and phase shift transformations only [16,59–62].

The mapping ρ : U(m) → U(Fm) of U(m) to the group
of passive transformations on Fm is an example of a
(unitary) representation. Generally, we require that a repre-
sentation is compatible with group operations, i.e. ρ(gh) =
ρ(g)ρ(h) and ρ(g−1) = ρ(g)−1. The above representa-
tion on Fm is reducible, i.e., there are subspaces V ⊂ Fm,
which are invariant under ρ: ρ(g)(V) = V for all g. The
restriction ρ|V to such a subspace V forms a represen-
tation in its own right, a so-called subrepresentation of
ρ. V is called irreducible if it does not contain another
nontrivial invariant subspace. We then call ρ|V an irre-
ducible subrepresentation (irrep) of ρ. Since any ρ(g) is

particle-number-preserving, one can show that the irre-
ducible subspaces of Fm are exactly given by the number
spaces Hm

n [63].

B. The passive randomized-benchmarking protocol

1. Description of the protocol

The passive RB protocol follows the general procedure
of the filtered RB framework [50], adapted to the group of
passive transformations acting on bosonic systems. Addi-
tionally, we use postselection to isolate particle-loss rates,
see Secs. II B 3 and II B 4 for details.

The protocol consists of two phases: During the data-
collection phase, a fixed number state ρ = |n0 〉〈n0| is used
as an input to passive transformations and particle num-
ber resolving (PNR) measurements {|n〉〈n|}n∈Nm are per-
formed on the output. The collected data then undergoes
a suitable postprocessing phase. Motivated from boson-
sampling experiments, we propose to use a collision-free
input state n0 = (1, 1, 1, . . . , 1, 0, . . . , 0) with n ≤ m parti-
cles [23], see also the discussion in Sec. II C 2 below.

The passive RB protocol can be summarized as follows.

(I) Data collection. For different sequence lengths l ∈
L, repeat the following steps T times:

(i) Prepare the state ρ = |n0 〉〈n0|.
(ii) Apply passive transformations g1, . . . , gl drawn

i.i.d. from the Haar-probability measure on
U(m).

(iii) Measure the output state using PNR detectors
and store the outcome together with the sampled
unitaries.

(II) Postprocessing. Fix a suitable irrep λ of U(m) and
use its later-to-be-defined filter function fλ(n, g|ρ).
Assuming the data {(n(i), g(i)

1 , . . . , g(i)
l )}T

i=1 has been
gathered, compute the following mean estimator:

F̂λ(l) = 1
T′

T∑

i=1

fλ(n(i), g(i)
1 · · · g(i)

l |ρ) , (2)

where T′ ≤ T is given in Sec. II B 3 below. We refer
to the data series (l, F̂λ(l))l∈L as the (filtered) RB sig-
nal. Finally, perform an exponential fit according to
the model F̂λ(l) = Aλrl

λ to extract the decay rate rλ.
Repeat for different irreps λ as needed.

The definition of the filter function is given in Sec. II B 3.
We also provide a numerical implementation of the proto-
col, including the filter function, on GitHub [64].

For this work, we restrict our attention to number state
inputs and PNR measurements and justify this choice in
more detail in Sec. II B 3. At the end of the main part,
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Sec. III B, we discuss extensions of the passive RB pro-
tocol to Gaussian states or measurements. We present the
first results, using balanced heterodyne measurements, in
Appendix G.

We would like to emphasize that Haar-random sampling
from U(m) can be substituted by any distribution, which
converges sufficiently fast to the Haar measure [50]. For
the main part of this paper, we resort to the Haar measure to
simplify the presentation. We refer the reader to Appendix
A 2 in the technical part for more details and comments on
the use of nonuniform distributions.

Finally, the procedure described above is sometimes
referred to as single-shot estimation, in the sense that only
a single shot (or measurement) is taken per sequence. In
practice, it is often advantageous to use multishot esti-
mation instead, where multiple shots per sequence are
recorded. Then, the estimator (2) changes in an obvious
way, but converges to the same expectation value as Eq.
(2). Except for the sampling complexity discussion in Sec.
II C 4 all results of this work also apply to the multishot
estimator.

2. Decay rates and fidelities

The decay rates can be combined into an average per-
formance measure of passive transformations on the n-
particle subspace using the formula, cf. Refs. [45, Corollay
10] and [47, Eq. (242)]

F = (dimHm
n )−2
∑

λ

dλrλ, (3)

where the sum runs over all relevant irreps λ with dimen-
sions dλ, see Sec. II C. As F corresponds to a weighted
average, it is typically sufficient to only consider the largest
weights, which coincide with the largest irreps. This means
that it may not be necessary to run the postprocessing
phase (II) of the protocol for every irrep λ. We justify this
statement and make it more precise later in Sec. II C 2.

Although commonly done, we remind the reader that
caution is advised if F is interpreted as the average entan-
glement fidelity of passive transformations. The intuition
behind this reasoning comes from the analysis of gate-
independent errors, for which it is straightforward to show
that F indeed coincides with the entanglement fidelity of
the “noise in-between gates” [45,47]. It should be clear,
however, that this noise model is highly unrealistic and the
relation to gate fidelities becomes more involved if gate-
dependent errors are considered. This is due to the inherent
gauge freedom of RB, a property, which RB shares with
other protocols that are agnostic against SPAM errors,
such as gate-set tomography [65–68]. This gauge free-
dom has sparked a vivid discussion of the interpretation
of RB experiments, see Refs. [41,47] for more details. In
particular, whether such a physical interpretation is jus-
tified or not cannot be deduced from RB results alone.

If additional information about, e.g., the physical origin
of noise processes is available, the interpretation of F as
fidelity may be justified—we however cannot draw such
a conclusion under the assumptions made in this paper.
Instead, we take the point of view of Ref. [47] in that RB
decays rates, and thus F in Eq. (3), should be regarded
as quantities in their own right, which provide a bench-
mark for the average quality of the used unitaries. Besides
the mentioned interpretational issues, let us note that, for
discrete-variable systems, a suitable affine transformation
is typically applied to Eq. (3) to produce a proxy for
the better-known average gate fidelity. This relies on the
well-known relation Favg = (dF + 1)/(d + 1) for discrete-
variable systems in d dimensions. In the setting considered
here, such a transformation would result in an expres-
sion akin to the average gate fidelity, where the average
is performed over input states in the n-particle subspace.

3. Details of the protocol

Choosing a number state |n0〉 as the input to the
protocol has the advantage that—ideally—the dynamics
should happen on the finite-dimensional n-particle sub-
space Hm

n ⊂ Fm only, where n = |n0|. On Hm
n , the passive

transformations U(m) act via the totally symmetric irrep
τm

n . To describe noise, we transition to the density operator
formalism, in which this action is described by conjuga-
tion, ωm

n (g)(ρ) := τm
n (g)ρ τm

n (g)†. If we assume—for the
sake of the argument—that the noise is particle-number-
preserving, we can model the noisy transformations by
quantum channels φm

n (g) on the space of bounded oper-
ators B(Hm

n ), provided that the noise is time stationary and
Markovian. Regarding the φm

n (g) as (small) perturbations
of ωm

n (g), the filtered RB framework [50] then predicts RB
decays in one-to-one correspondence with the irreps of the
reference representation ωm

n . As we show in Appendix B
1, the latter decomposes into exactly n + 1 distinct irreps
λk [69], and this is the number of decays to expect.

Arguably, particle loss is one of the major noise sources
in, e.g., photonic systems, hence assuming particle-
number-preserving noise is unrealistic. This can nev-
ertheless be accounted for in our framework, as we
are performing PNR measurements: By postselecting on
particle-number-preserving events, we obtain effective
dynamics described by completely positive, trace nonin-
creasing maps φm

n (g) on B(Hm
n ) and we can again rely

on the results in Ref. [50]. Note that this reasoning also
applies to noisy PNR measurements by modeling them as a
subnormalized positive operator-valued measure (POVM).
This approach is justified as long as the product of the
photon-loss probability and the one of photon gain (e.g.,
through thermal noise in detectors) is very small such that
the error introduced by ignoring photon gain is comparable
to the shot noise. We expect this to be the case in modern
photonic chips.
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Finally, we introduce the filter function, which iso-
lates the exponential decays for each irrep λ = λk in the
postprocessing of the collected data. Let Pλ be the pro-
jector on the carrier space of λ and let dλ be its dimen-
sion. Then, given the measurement channel M(A) :=∑

n∈Nm〈n |A|n〉|n〉〈n|, we define the filter function as [50]

fλ(n, g|ρ) := s−1
λ 〈n |ωm

n (g) ◦ Pλ(ρ)|n〉,
sλ := d−1

λ Tr[PλM] ∈ R≥0.
(4)

We will often simply write fλ(n, g|ρ) ≡ fλ(n, g) once the
input state ρ is fixed. We give a more concise formula for
fλ in Sec. II C as Theorem 1. In particular, we show that
sλ > 0 as long as the number of modes m is strictly larger
than 1. As the filter function is automatically zero if |n| �= n
due to Pλ, we can formally describe the postselection on
particle-number-preserving events by defining

Tpr := |{i ∈ [T] | |n(i)| = n}|, (5)

and using the mean estimator Eq. (2) with the choice
T′ = Tpr.

4. Estimation of particle-loss rates

The same postprocessing procedure can also be used
to capture the estimation of particle-loss rates as follows.
Define the filter function to be the indicator function [70]

f (n) :=
{

1 if |n| = n,
0 else,

(6)

and set T′ = T. Thus, the associated mean estimator F̂(l),
cf. Eq. (2), simply yields the ratio Tpr/T. To see that this
leads to the wanted result, let us model particle loss by a
beam splitter with transmittivity

√
p in every mode (i.e.,

p is the probability of not loosing a particle). In addition,
we assume transmittivities

√
pSP and

√
pM associated with

state preparation and measurement, respectively. Hence,
the probability that a sequence of l passive transformations
preserves the particle number is pn

SPpn
Mpnl = E[Tpr/T] =

E[F̂(l)]. Therefore, we can extract the transmittivity
√

p
from the data (l, F̂(l))l∈L using an exponential fit as before.

Note that the original filtered RB protocol does not per-
form the postselection in Sec. II B 3 above [i.e. T′ = T in
Eq. (2)]. This leads to a mixing of the decay rate of particle-
preserving noise with the particle-loss rate, resulting in a
combined decay (pnrλ)

l. By performing postselection, we
can consider these decays individually.

C. Analysis and guarantees

The filtered RB framework [50] implies a number of
guarantees for the passive RB protocol, which we spe-
cialize and extend in the following. We rely on the

implementation-map noise model, which we justified
using the postselection argument in Sec. II B. In this
model, the noise is modeled by replacing the representa-
tion ωm

n with an implementation map φm
n on U(m), which

takes values in the set of completely positive, trace non-
increasing superoperators on Hm

n . This model allows for
highly gate-dependent noise, which, however, needs to be
stationary and Markovian.

In the following, we use the short-hand notations ω ≡
ωm

n , τ ≡ τm
n , and φ ≡ φm

n whenever the parameters n and
m are clear from the context.

1. The RB signal

We now briefly sketch the arguments why the RB signal
F̂λ(l), cf. Eq. (2), is well approximated by an exponential
decay [50]. In the implementation-map model, a straight-
forward calculation shows that the expected RB signal
Fλ(l) := E[F̂λ(l)] is the contraction of a linear opera-
tor T̃l

λ, and can thus be expanded into a linear combi-
nation of its (complex) eigenvalues, Fλ(l) =∑j Aλ,j zl

λ,j .
To understand the eigenvalues zλ,i of T̃λ, we first con-
sider the noiseless case: Then, T̃λ reduces to Tλ(X ) =
Pλ

∫
U(m)

ω(g)†Xω(g) dg, also known as a channel twirl
in the quantum information literature, composed with the
irrep projector Pλ. As we show in the technical part,
Appendix B 1, Tλ has a single nonzero eigenvalue given
by 1. Inserting this into the expansion of Fλ(l), we imme-
diately see that it is constant in l, and in fact given by
[50]

Fλ(l) = Tr [ρPλ(ρ)] . (7)

In the presence of noise, we instead find the expression
T̃λ(X ) = Pλ

∫
U(m)

ω(g)†Xφ(g) dg. Given that the noise is
sufficiently weak, in the sense that T̃λ − Tλ is small, matrix
perturbation theory implies that T̃λ has a single domi-
nant real eigenvalue rλ := zλ,0, which is separated from
the remaining spectrum by a large gap and thus quickly
dominates the signal.

Proposition 1 ([50, Theorem 8], informal). Suppose
that the noise is sufficiently weak. Then, we have

Fλ(l) ≈ Aλrl
λ, (8)

up to an additive error α ≥ 0, which is suppressed expo-
nentially in l, and Aλ ∈ R, 0 < rλ ≤ 1. Moreover, rλ does
not depend on the initial state and measurement, thus
SPAM errors only affect Aλ.

In the filtered RB framework [50], noise is measured
by the operator norm δλ := ‖T̃λ − Tλ‖∞ and “weak noise”
is such that δλ ≤ 1/5. Then, Ref. [50] gives more precise
conditions on the error suppression in the expected signal.
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In particular, it is sufficient to choose the sequence length
as

l ≥
log dλ

sλ
+ 2 log 1

α
+ 4

2 log 1
2δλ

, (9)

where dλ is the dimension of the irrep and sλ is as in Eq.
(4). In the technical part of this work, Appendix B, Propo-
sition 2 and Theorem 3, we prove the following explicit
formulae for λ = λk:

dλk = 2k + m − 1
m − 1

(
k + m − 2

k

)2

, (10)

sλk = m − 1
2k + m − 1

(
k + m − 2

k

)−1

. (11)

In particular, we have (for m > 1)

dλk

sλk

=
(

2k + m − 1
m − 1

)2 (k + m − 2
k

)3

. (12)

Hence, it is sufficient to take sequences of length
O(k log((k + m − 2)/k)), which is O(m log m) in the non-
collision regime n ≤ m (as k ≤ n). However, we expect
that these bounds are not tight. In fact, Eq. (9) is not
tight in the first place [50], nevertheless improving the
bound is hard in the gate-dependent noise setting. Based
on the experience with discrete variable RB, we expect
that already very short sequences are sufficient and con-
jecture that the dependence on dλk/sλk in Eq. (9) can in
fact be dropped, meaning that constant-length sequences
are sufficient.

The signal form is concretely shown in Fig. 1, where
we show the results of a simulation of the protocol with
|n0〉 = |1〉4 ≡ |1111〉, assuming lossy gates for different
values of the transmittivity. By performing exponential
fits, we retrieve values of the transmittivity

√
p using T =

10 000 samples, matching the used transmittivities up to an
error of 10−3. We also simulated an experiment where the
transmittivity is chosen at random for each transformation,
resulting in decay rates that match the average over the
allowed random decay rates. We provide additional details
on numerical experiments in Appendix H.

2. Choice of input state

For standard RB on discrete-variable systems, the input
state is typically chosen to be the all-zeros state |0n〉, and,

FIG. 1. Passive RB signal, Eq. (2), using n = m = 4 and input
state |14〉 ≡ |1111〉 in the presence of particle-loss noise, using
T = 10 000 samples. The last (yellow) data set corresponds
to simulated gate-dependent noise where the transmittivities√

p are drawn uniformly at random from [0.9, 1] for every
transformation in the sequence. More details can be found in
Appendix H.

in fact, the choice of input state plays a minor role in this
case. The underlying reason is that we typically have a sin-
gle nontrivial irrep (i.e., the adjoint irrep) with respect to
which all states are equivalent.

In the finite-dimensional bosonic setting, we show in
Lemma 1 in Appendix B 1 that ωm

n decomposes into n + 1
irreps and thus there is a certain freedom in choosing the
input state ρ = |n0 〉〈n0|. In principle, the passive RB pro-
tocol is agnostic of the input state. However, its choice
influences the overall magnitude of the RB signal since
the latter scales with the overlap of the state with the irrep
of interest [50]. As the variance of Fλ exhibits the same
scaling behavior, the mean estimator F̂λ(l) also converges
more rapidly for smaller overlaps and hence the overall
scale set by the overlap does not influence the sampling
complexity of the protocol, see also Sec. II C 4. Never-
theless, it may happen that the input state has vanishing
overlap with an irrep, in which case the RB signal is iden-
tically zero and no information about decay rates can be
extracted. Moreover, very small overlaps, and thus signals,
may lead the numerical issues in the postprocessing.

Our proposal of using a collision-free state n0 = 1n =
(1, 1, 1, . . . , 1, 0, . . . , 0) is motivated by practical consid-
erations as generating higher Fock states can be a chal-
lenging task [71–73]. In Figs. 2(a) and 2(b), we show its
overlaps with the relevant irreps for n = m and for n ≤ m
with m fixed, respectively. We see that the largest over-
lap is always attained with the largest irrep k = n and
typically decreases with k, leading to small overlaps for
k � n if m is not too small. Generally, one can show that
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(a)

(b)

FIG. 2. Overlaps of the collision-free n-particle state 1n =
(1, . . . , 1, 0, . . . , 0) with the irreps λk, k = 0, . . . , m. Lines are
shown to enhance readability of data points and their relation-
ships. (a) For n = m, we observe no overlap with the adjoint irrep
λ1. For each m, the overlap is maximized by the largest irrep.
(b) Overlaps for n ≤ m = 6. As before, the maximum overlap is
obtained for the largest irrep λn. Note that the overlap with λ1 is
trivial only for n = m.

the collision-free state for n = m particles always has zero
overlap with the λ1 (adjoint) irrep. This behavior can be
avoided by optimizing n0, however likely leading to an
input state that is hard to prepare in experiments.

As a matter of fact, the problem of vanishing and very
small overlaps of the collision-free state is not severe:
Recall that the overall benchmarking quantity F , cf. Eq.
(3), is given as a weighted average of the decay rates rλk ,
where the weights are given by the irrep dimension dλk .
Since irreps with small k also have small dimension, their
contribution to the weighted average may be neglected.
More precisely, if we only take into account the u largest

irreps, their combined weight can be readily computed as

(dimHm
n )−2

u−1∑

i=0

dλn−i = 1 −
[

u∏

i=1

n − i + 1
n + m − i

]2

. (13)

In particular, if n is fixed and m → ∞, this converges to
1 for any u, and if n = m → ∞, the weight converges
to 1 − 4−u. As the convergence is fast in both cases, tak-
ing only a constant number of irreps (the largest ones) into
account gives an exponentially good approximation to F ,
already for a moderate number of modes. For instance, for
n = 5 particles in m = 10 modes, taking the three largest
irreps covers 99.9% of the total weight. This also implies
that it is sufficient to perform the postprocessing phase
(II) in the passive RB protocol, Sec. II B, only a constant
number of times.

3. Evaluation of the filter function

At the heart of the the passive RB protocol, Sec. II B,
lies the evaluation of the filter function (4) in the postpro-
cessing phase. We briefly sketch the central steps of its
computation leading to Theorem 1 in the following and
refer to the technical part, Appendices A 1 and A 4, for
more details and proofs. First, note that ω � τ ⊗ τ̄ can be
explicitly decomposed into irreps using a suitable general-
ization of the Clebsch-Gordan decomposition for the sum
of two angular momenta in quantum mechanics [74,75].
This yields the following expansion of Fock states:

|n〉〈n| � |n, n〉 =
∑

λ

∑

Mλ

C̃Mλ
n,n̄|Mλ〉, (14)

where λ runs over the irreps of ω and the |Mλ〉 form a
suitable basis of λ. The C̃Mλ

n,n̄ correspond to (generalized)
SU(m) Clebsch-Gordan coefficients, up to a phase. Then,
the projection onto a specific irrep λ acts by selecting
only the corresponding terms in Eq. (14). Re-expressing
the |Mλ〉 in terms of Fock states and inserting the expan-
sion into Eq. (4) produces so-called permanents, which are
defined for an arbitrary r × r matrix A as

Per(A) :=
∑

π∈Sr

r∏

i=1

Ai π(i), (15)

where Sr denotes the symmetric group over r symbols. Let
us define An,m to be the matrix obtained from A by taking
mj copies of the j th column of U and then taking ni copies
of the ith row of the resulting matrix. Then, the appear-
ance of permanents is due to the well-known fact that√

n!
√

m! 〈n |τ(g)|m〉 = Per(gn,m) [76], where we used
the multi-index notation n! := n1! . . . nm!.

Finally, we have the following concise formula that can
be used for numerical computation:
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Theorem 1 (PNR filter function—informal). The filter
function (4) is given as

fλk (n, g) = 1
sλk

∑

M

C̃M
n0,n̄0

∑

n1∈Hm
n

C̃M
n1,n̄1

|Per(gn,n1)|2
n!n1!

. (16)

Here, M labels a so-called Gelfand-Tsetlin basis of the
irrep λk and the coefficients C̃ coincide with Clebsch-
Gordan coefficients for SU(m) up to a phase.

We give more details on the Gelfand-Tsetlin basis,
the computation of Clebsch-Gordan coefficients, and the
occurring phases in the technical part, Appendix A 1, and
formally prove Theorem 1 in Appendix B 2. We also
give an alternative formula for fλk in Corollary 1 using
matrix coefficients of the irrep λk. These also correspond
to permanents, however, of a different dimension [77].

Generally speaking, the computation of filter functions
of the form (4) requires simulation of the entire exper-
iment. As the proposed protocol involves non-Gaussian
elements, the computation of filter functions is expected to
be generally inefficient. This is manifest in the occurrence
of permanents in our filter functions. The computational
complexity of evaluating permanents is central to the
complexity-theoretic arguments for boson sampling. It is
known that even approximating permanents is computa-
tionally hard [23,56]. Nevertheless, these quantities can be
computed efficiently in some scenarios [78–83].

This finding should not come as a surprise, as we find
a similar behavior in the discrete setting—namely linear
cross-entropy benchmarking [50,52]. There, the postpro-
cessing requires the simulation of random circuit sampling,
which is known to be computationally hard, analogous to
boson sampling [53–56].

In practice, Clebsch-Gordan coefficients can be com-
puted in polynomial time in the dimension of λ [75]. This
can be significantly sped up by taking advantage of the
symmetries of the weight diagrams under the action of the
Weyl group of SU(m) [84]. Specifically, we expect this
to be feasible for m ≈ 20–30 modes. In such a regime,
the computation of the permanents appearing in Eq. (16)
is also still possible, as we consider n ≤ m particles and,
by Ryser’s formula, it can be computed in time O(n · 2n)

[85,86].

4. Sampling complexity

In the following, we discuss the sample complexity of
passive RB, i.e., the number of samples needed to guar-
antee that the estimator F̂λ(l) is ε-close to its expected
value Fλ(l) with high probability. Recall from Eq. (2) that
F̂λ(l) is a mean estimator for the filter function fλ. Since
the latter is only poorly bounded, we compute the variance
Var[F̂λ(l)] = Var[fλ]/L (here the variance is still taken
over length-l sequences). Then, we can use Chebyshev’s

inequality to ensure |F̂λ(l) − Fλ(l)| < ε with probability
1 − δ given L ≥ ε−2δ−1Var[fλ] samples.

In general, analyzing the variance Var[fλ]—more pre-
cisely the second moment E[f 2

λ ]—can be quite cumber-
some, as the underlying probability distribution is given by
Born probabilities involving the noisy input state, the noisy
transformations, and the noisy measurements. In the fil-
tered RB framework [50] it is however shown that—under
reasonable assumptions on the noise [87]—this problem
can be reduced to analyzing the second moment E[f 2

λ ]ideal
in the ideal, noiseless case. In other words, the presence of
noise cannot decrease the efficiency of filtered RB. Using
this assumption, we have the following result bounding the
variance of passive RB:

Theorem 2 (Variance bound—informal). The variance
of the passive RB protocol is bounded as

Var[fλk ] ≤ E[f 2
λk

]ideal = s−2
λk

∑

n∈Hm
n

g̃k(n, n0), (17)

where g̃k(n, n0) is a function of Clebsch-Gordan coeffi-
cients of the representations ω and λ⊗2

k .

A formal version of Theorem 2 is given as Theorem
5 in the technical part and also proven there. It relies on
expressing the second moment E[f 2

λk
]ideal as a suitable inte-

gral of the representations λ⊗2
k and ωm

n over SU(m) [43,50].
Schur’s lemma then implies that the nontrivial contribu-
tions to this integral are given by the irreps of λ⊗2

k , which
are also contained in ω. We determine these irreps, which
allows us to finally write E[f 2

λk
]ideal in terms of suitable

Clebsch-Gordan coefficients.
Arguably, Eq. (17) is not very explicit and it is thus not

clear how E[f 2
λk

] scales with k, n, and m. Finding a mean-
ingful bound for the expression in Eq. (17) turns out to be
difficult and we are left with the trivial bound

E[f 2
λk

] ≤ s−2
λk

=
(

1 + 2k
m − 1

)(
k + m − 2

k

)2

, (18)

which suggests an exponential scaling like 24m in the worst
case k = n = m. This bound is however very loose: A
numerical evaluation of the second moment (see below)
reveals that the upper bound (18) already overestimates the
second moment for m = 2 by a factor of 10 and by a factor
of 104 for m = 5.

The shear number of Clebsch-Gordan coefficients that
need to be evaluated for the formula (17), however, limits
a numerical study to very low values of k, n, and m using
standard algorithms [75,88]. To increase the available data
a bit, we furthermore estimate the variance empirically
using T = 10 000 samples from the noiseless outcome dis-
tributions. From Fig. 3(b), we can observe that this number
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of samples is already enough to give reasonable estimates
of E[f 2

λk
]ideal. In Fig. 3(a), we show the empirical second

moments for m ≤ 5 using a collision-free input state 1n
with n ≤ m particles (cf. Appendix H for further details
on the sampling procedure). Similar to the behavior for the
ideal first moments (overlaps) in Fig. 2, the second moment
for a fixed m is maximized at the largest irrep k = n. In
addition, we analyzed the scaling of the empirical second
moments for m = n = k with m. Although we have too few
data points to make a conclusive statement, we find that
the scaling is best compatible with a logarithmic scaling in
m (or a polynomial of very small degree of order m1/20).
This would be a double-exponential improvement over the
trivial bound, Eq. (18).

III. DISCUSSION

A. Summary and open questions

Passive RB is the first RB protocol for the certifica-
tion of passive bosonic transformations. Naively adopt-
ing discrete-variable RB to this setting would result in
a complicated and challenging-to-analyze signal and thus
additional care in the protocol detail is necessary. Using
techniques from filtered RB [50], in combination with
careful choices of initial state and measurement, we find
an experimental setting in which a meaningful benchmark
is indeed possible.

Using a collision-free n-particle state |1, . . . , 1, 0, . . . , 0〉
as the input and PNR measurements, we effectively pro-
duce a finite-dimensional setting in which the RB signal
consists of only (n + 1) decays, which can be isolated
in postprocessing using filtering. In fact, we show that
it is sufficient to only estimate a constant number of
these decays to produce a meaningful benchmark for pas-
sive transformations on n particles. Moreover, the same
procedure can be used to estimate particle-loss rates.

In addition, we study the sampling complexity of
passive RB by computing the necessary variances. The
resulting expressions, involving many Clebsch-Gordan
coefficients, are difficult to analyze directly. We evaluate
this expression numerically and additionally estimate the
variance empirically for a small number of modes. The
obtained data suggests that the variance scales only very
mildly with the number of modes m (in the noncollision
regime n ≤ m), being best matched by a logarithmic func-
tion. A definite conclusion can only be drawn from a larger
data set. However, this observation allows us to be cau-
tiously optimistic that meaningful passive RB experiments
are possible with a low to moderate number of samples.

So far, a bottleneck of the protocol is the evaluation
of the filter function (16) during postprocessing, which
essentially involves the simulation of the experiment. This
can be reduced to the computation of permanents which
are known to be computationally hard. A similar prob-
lem is faced in linear cross-entropy benchmarking, which

(a)

(b)

FIG. 3. Second moments of the filter function fλk for a different
number of modes m, particles n, and irreps λk. Lines are shown
to enhance readability of data points and their relationships. (a)
Empirical second moment with T = 10 000 samples for differ-
ent values of n ≤ m and m ≤ 6. The largest second moment (for
fixed m) is always attained at the largest irrep k = n. The scaling
of the second moment for m = n = k with m seems to be log-
arithmic, however, there is insufficient data to make a definite
conclusion. (b) Empirical second moment with T = 10 000 sam-
ples compared to the exact second moment (17) for n = m ≤ 3.
We observe that this number of samples is already sufficient to
give reasonable approximations of the second moment.

requires the—equally hard—simulation of random circuit
sampling. Nevertheless, the latter can still be done for a
moderate and experimentally interesting number of qubits.
We expect this is also possible for passive RB by speeding
up the computation of Clebsch-Gordan coefficients using
symmetries [84], and reducing the permanents to the rel-
evant irreps (cf. Corollary 1). In principle, there are also
explicit formulas available that could lead to a speedup
[89–91]. We provide a Julia implementation of the post-
processing [64] and will study runtime improvements in
future work.
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The analysis of the behavior of passive RB in the pres-
ence of particle distinguishability is still an open problem,
which we believe can be tackled by suitable extensions
of the filtered RB framework. We leave this problem for
future work.

We note that—in principle—character RB is also able to
isolate the individual decay rates associated to irreps [46].
The main difference to filtered RB is that (i) an additional
random g ∈ SU(m) is inserted before measuring, and (ii)
the experimental data is postprocessed using the charac-
ter χλ(g) of the irrep of interest evaluated at g and the
dimension of λ. The randomization over g then effectively
implements the projector Pλ [as in the filter function (4)].
Although the computation of the character is efficient (in
n and m), the sampling complexity is much worse than for
passive RB. This is because sampling out the projector Pλ

converges very slowly: Using the results of this work, it
is not hard to show that the variance of character RB is
�(22n) for irreps with k ≥ n/2. Thus, both the total com-
putational and experimental effort is exponential, while for
passive RB, it is likely only the former. Another advantage
of passive RB is that our scheme can also be used with
nonuniform sampling, cf. Appendix A 2 b, while this is not
clear for character RB.

B. Extensions of the protocol

Arguably, the most straightforward—and experimen-
tally simplest—protocol would also involve a Gaussian
input state and measurement. As already noted in the intro-
duction, this would, however, correspond to a classical
linear optics experiment and one should not expect to
capture errors, which would occur in a quantum setting.
Hence, it is more instructive to consider a variation of the
passive RB protocol, in which either the input state or the
measurement is made Gaussian.

However, one needs to be careful when leaving the
effectively finite-dimensional setting, which we explored
in this work. Indeed, an “inherently infinite-dimensional”
RB protocol is ill behaved for the following reason:
Any passive transformation U ∈ U(m) is represented as
a unitary operator τm(U) on the full Fock space Fm :=⊕∞

n=0 Hm
n . Since U(m) is compact, τm is completely

reducible, and decomposes into infinitely many finite-
dimensional irreps acting on the boson number subspaces
[63]. Then, the conjugation representation ω ≡ τm( · )τm†

decomposes into infinitely many irreps, too. This means
we may find infinitely many decay rates (each associated
to one irrep) and it is unclear how to truncate those with a
regularization argument, as the irreps lack a clear phys-
ical interpretation. On top of that, the decomposition of
ω is not multiplicity-free [92], which may complicate the
postprocessing and affect its numerical stability [47].

As a first step, we consider a passive RB protocol
with a number input state and a balanced heterodyne

measurement at the end of each mode. We give some par-
tial results for this setting in Appendix G. In contrast to the
PNR setting, it is however not clear how to handle parti-
cle loss in such a protocol. We thus leave a more thorough
study of passive RB protocols with Gaussian input states
or Gaussian measurements for future work.

Lastly, we comment on the extension to other groups.
Broadly speaking, active Gaussian transformations play
a fundamental role in CV systems, for instance, in
Gottesmann-Knill-Preskill (GKP) encoding of qubits in
bosonic states [93], or in the preparation of input states for
Gaussian boson-sampling experiments [24,25,94]. How-
ever, randomized benchmarking of general Gaussian trans-
formations faces many challenging issues, most strikingly
the fact that this group—the symplectic group Sp(2m, R)

on m modes—is noncompact. As a consequence, a prob-
ability Haar measure cannot exist, and thus it is not even
clear how to “randomize” in this context. Hence, the fil-
tered RB framework focuses on compact groups [50].
Some of the ideas in Ref. [50] nevertheless carry over
to the noncompact case if one considers suitable ran-
dom walks on Sp(2m, R). By the central limit theorem
for reductive Lie groups [95,96], such random walks con-
verge to a Gaussian distribution on Sp(2m, R). However,
this does not clarify—to the best of our knowledge—the
behavior and convergence of the moment (or twirling)
operator. Since Sp(2m, R) has Kazhdan’s property (T)
[97], the characterization of the relevant representation the-
ory—capturing the action of active transformations onto
density operators—plays a central role. This involves the
well-known metaplectic (or oscillator) representation of
Sp(2m, R) and can—in principle—be approached using
Howe duality [98,99]. Due to infinite-dimensional irreps
[100] and open convergence questions, it is however far
from obvious whether a meaningful RB protocol can be
developed for active transformations. We leave the resolu-
tion of these questions for future work.

C. Parallel work

In parallel to this work, Wilkens et al. [101] indepen-
dently developed a randomized benchmarking protocol
for nonuniversal, bosonic (or fermionic) analog simula-
tors, called randomized analog benchmarking, which is
also based on filtered RB [50]. Instead of sampling Haar
randomly, they use randomized sequences generated by a
family of tunable Hamiltonians. In their “noninteracting”
case, their random sequences converge to the Haar mea-
sure on U(m) and thus the relevant representation theory
(and thus postprocessing) is the same as in this work. Their
work also provides a detailed numerical study of the proto-
col and the behavior under different noise models. Finally,
the authors also discuss an “interacting” case (with on-
site and in-mode interactions), which leads to a different
group than U(m) for which all nontrivial irreps are joined
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into a single one, similar as for discrete RB with unitary
2-designs.
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APPENDIX A: TECHNICAL BACKGROUND

1. Representation Theory

In this appendix, we review the main technical tools
used in the proofs of our main results, shown in Appendix
B. First, we review irreps of SU(m) and the Clebsch-
Gordan decomposition in terms of Gelfand-Tsetlin pat-
terns, then we briefly review additional technical details
concerning filtered randomized benchmarking.

a. Representations of SU(m)

As SU(m) is a compact Lie group, we can use weight
theory to understand its representation theory, see, e.g.,
Refs. [103–105]. To this end, we consider the diagonal
subgroup of SU(m), the elements of which can be written
as

diag(eiθ1 , . . . , eiθm−1 , e−i
∑m−1

j =1 θj ). (A1)

Hence, the diagonal subgroup is isomorphic to the (m −
1)-torus Tm−1 � (S1)×(m−1). Since Tm−1 is Abelian, the
restriction of any irreducible representation ρ of SU(m)

to Tm−1 decomposes into one-dimensional, irreducible

subrepresentations, given by characters of Tm−1:

ρ|Tm−1 �
⊕

w∈Zm−1

χw ⊗ 1mw . (A2)

Here, χw(θ) = eiw�θ , w ∈ Zm−1, are characters of Tm−1

and mw are the (inner) multiplicities. Then, the weights of
ρ are given by the vectors w for which mw �= 0. The weight
space of w is the isotypic component of w, i.e., the carrier
space of χw ⊗ 1mw , and has dimension mv . We can order
weights lexicographically, i.e., v > w if and only if vi > wi
for all i. We then say that the weight v is higher than w.
Importantly, the theorem of the highest weight [103, The-
orems 9.4 and 9.5] states that every irrep has a unique
highest weight and is uniquely determined by it. Hence,
we can characterize the irreps of SU(m) by studying the
structure of weights.

A convenient way of doing that is given by Young dia-
grams: Let n ≥ 0 be a non-negative integer and let λ =
(λ1, . . . , λm) be a partition of n, i.e., λ1 ≥ λ2 ≥ · · · ≥ λm ≥
0 with

∑m
i=0 λi = n. Any such partition is identified with

a Young diagram, namely a collection of boxes arranged
in left-justified rows with a weakly decreasing number of
boxes in each row, where the ith row contains λi boxes,
e.g.,

(A3)

corresponds to λ = (5, 3, 2). Young diagrams uniquely
determine irreps of SU(m) up to constant shifts, namely,
(λ1, . . . , λm) and (λ1 + c, . . . , λm + c) identify the same
irrep for any integer c. Therefore, as the rank of SU(m)

is m − 1, by convention we assume λm = 0 without loss
of generality. In the following we will not distinguish
between Young diagrams and the corresponding irreps,
unless otherwise specified.

For a given irrep λ, the dual (or contragredient) rep-
resentation λ∗ is defined as λ∗(g) := λ(g−1)T for each
g ∈ SU(m), acting on the vector space dual of λ’s carrier
space. Notably, λ∗ is also irreducible, see Ref. [103, Propo-
sition 4.22]. In a fixed orthonormal basis, we also have
λ∗ ∼= λ̄, where λ̄(g) := λ(g) for each g ∈ SU(m) denotes
the complex conjugate representation of λ (with respect
to the fixed basis). For any irrep λ = (λ1, . . . , λm), this
implies λ∗ is identified by the dual Young diagram λ̄ :=
(λ1 − λm, λ1 − λm−1, . . . , λ1 − λ2, 0). More practically, λ̄

is constructed by completing λ to a m × λ1 rectangular
Young diagram, and rotating the diagram formed by the
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newly added boxes by 180◦. For instance,

(A4)

are dual Young diagrams in SU(5).
A semistandard Young tableaux is a filling of a Young

diagram with entries taken from any totally ordered set
(here, N) such that the entries are weakly increasing across
each row and strictly increasing down each column. For
instance,

(A5)

are semistandard Young tableaux of shape λ = (5, 3, 2, 0).
For a fixed irrep λ of SU(m), the semistandard Young
tableaux of shape λ label an orthonormal basis of λ, some-
times referred to as the Weyl basis. For instance, the Young
tableaux

(A6)

identify an orthonormal basis for the SU(3) adjoint irrep
λ = (2, 1, 0).

b. Gelfand-Tsetlin patterns

A more convenient way of labeling basis vectors for
any irrep λ = (λ1, . . . , λm) of SU(m) is by Gelfand-Tsetlin
(GT) patterns. A GT pattern M of shape λ and length m is
represented by a triangular table with m rows, the j th row
containing j integers (counting from the bottom to the top)

M =

⎛

⎜
⎜
⎜
⎜
⎝

M1,m M2,m . . . Mm−1,m Mm,m
M1,m−1 M2,m−1 . . . Mm−2,m−1 Mm−1,m−1

. . .
...

...
M1,2 M2,2

M1,1

⎞

⎟
⎟
⎟
⎟
⎠

, (A7)

and Mi,m = λi for every i ∈ [m] (and, in particular, Mm,m =
0 by convention). The entries satisfy the interlacing or
inbetweenness condition:

Mi,j +1 ≥ Mi,j ≥ Mi+1,j +1 (A8)

for every i ∈ [m − 1] and j ∈ [m − 1]. We remark that
by convention the indices in a GT pattern are swapped,
namely the first one is the column index (which is increas-
ing from left to right, as usual), while the second one is the
row index. We denote the set of GT patterns of shape λ by
GT(λ).

An orthonormal basis for λ—referred as the Gelfand-
Tsetlin basis—is given by state vectors {|M 〉}, where M is
a valid GT pattern with top row M1 ≡ (M1,1, . . . , M1,m) =
λ. Hence, the dimension of λ is equal to the number of such
states, for which the following formula holds:

dim λ =
∏

1≤i≤j ≤m

(

1 + Mi,m − Mj ,m

j − i

)

. (A9)

In terms of the GT basis, the highest weight vector of λ

is identified by the pattern maximizing the inbetweenness
conditions, namely

Mmax =

⎛

⎜
⎜
⎜
⎜
⎝

M1,m M2,m . . . Mm−1,m Mm,m
M1,m M2,m . . . Mm−2,m Mm−1,m−1

. . .
...

...
M1,m M2,m

M1,m

⎞

⎟
⎟
⎟
⎟
⎠

(A10)
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(likewise, the lowest weight vector of λ is obtained by
minimizing the inbetweenness conditions).

GT patterns are in one-to-one correspondence with
semistandard Young tableaux. In fact, for a given Young
tableau T of shape λ, the shape of the corresponding GT
pattern M is the same shape as T and the entry Mj ,k of
M (remember the different indexing in Eq. (A7) compared
to matrix indices) is given by the number of entries in
the j th row of T, which are less or equal than k. Con-
versely, given a GT pattern M of shape λ, the shape of
the corresponding Young tableau T is determined by the
first row of M and Mj ,k − Mj ,k−1 is the number of k’s

in the j ’th row of T. Throughout this work, we assume
that all illegal coefficients are set to 0. For instance,
the Young tableaux in Eq. (A5) corresponds to the GT
patterns

⎛

⎜
⎝

5 3 2 0
5 3 2

4 2
2

⎞

⎟
⎠ ,

⎛

⎜
⎝

5 3 2 0
5 3 1

5 2
5

⎞

⎟
⎠ ,

(A11)

and the Weyl basis Eq. (A6) corresponds to the GT basis

⎛

⎝
2 1 0

2 1
2

⎞

⎠ ,

⎛

⎝
2 1 0

2 0
2

⎞

⎠ ,

⎛

⎝
2 1 0

2 1
1

⎞

⎠ ,

⎛

⎝
2 1 0

2 0
1

⎞

⎠ ,

⎛

⎝
2 1 0

1 1
1

⎞

⎠ ,

⎛

⎝
2 1 0

1 0
1

⎞

⎠ ,

⎛

⎝
2 1 0

2 0
0

⎞

⎠ ,

⎛

⎝
2 1 0

1 0
0

⎞

⎠ .

(A12)

For a given GT pattern M , the weight of |M 〉 is the (m −
1)-tuple wM := (w(M )

1 , . . . , w(M )

m−1) introduced in Eq. (A2).
Each entry w(M )

i can be determined by M as follows:

w(M )
j = 2

j∑

i=1

Mi,j −
j −1∑

i=1

Mi,j −1 −
j +1∑

i=1

Mi,j +1. (A13)

We remark weights generalizes the notion of magnetic
quantum number m for SU(2) in the quantum theory of
angular momentum to arbitrary many modes. In the latter
expression, we assume the convention that

∑j −1
i=1 Mi,j −1 =

0 if j = 1.
All states |M 〉 of the same weight w form a basis of the

weight space of w. Note that these are typically not one
dimensional, except for SU(2) [106–108]. For instance, the
GT patterns

M =
⎛

⎝
3 2 0

3 0
1

⎞

⎠ , M̃ =
⎛

⎝
3 2 0

2 1
1

⎞

⎠

(A14)

are such that wM = wM̃ = (−1, 0). Thus the dimension of
the weight space of w (the inner multiplicity) corresponds
to the number of GT states (or, equivalently, to the num-
ber of semistandard Young tableaux) with weight w. These
amount to Kostka’s numbers, and can be computed, e.g.,
with recursive algorithms [109].

It is worth recalling here a related definition of a weight
for U(m) [or GL(m)] representations. Gelfand-Tsetlin pat-
terns also label basis vectors of the corresponding irreps of
such groups. However, the condition Mm,m = 0 is dropped.
In this case, the weight of the GT pattern M is defined as
wM

U(m) := (wM
U(m),1, . . . , wM

U(m),m) with

wM
U(m),j :=

j∑

i=1

Mi,j −
j −1∑

i=1

Mi,j −1, (A15)

therefore

w(M )
j = wM

U(m),j − wM
U(m),j +1. (A16)

An equivalent definition that will be used in this work is
the following: The tableau weight is the m-tuple wT =
(wT

1 , . . . , wT
m) where wT

i is the total number of i entries in
T. If T is the semistandard Young tableau associated with
M , we also have

wT
j :=

j∑

i=1

Mi,j −
j −1∑

i=1

Mi,j −1. (A17)

The weights wM and wT are clearly related in a similar way:

w(M )
j = wT

j − wT
j +1. (A18)

We notice en passant that the tableau weight is always
a sequence of non-negative integers, which sometimes
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is more convenient for combinatorics. For instance, the
tableaux T and T̃ associated with the GT patterns M and
M̃ from the former examples are

T =
1 2 2
3 3

, T̃ =
1 2 3
2 3

and we have wT = wT̃ = (1, 2, 2).

c. Dual GT patterns

For a given GT pattern M of shape λ, we define the
dual GT pattern M̄ of shape λ̄ as the pattern with entries
satisfying the relation

M̄i,l := M1,m − Ml−i+1,l, (A19)

i.e., M̄ = M1,m + M̃ , where the sum shall be interpreted
as the elementwise constant shift of M̃ by M1,m, and M̃ is
given by

M̃ =

⎛

⎜
⎜
⎜
⎜
⎝

−Mm,m −Mm−1,m . . . −M2,m −M1,m
−Mm−1,m−1 −Mm−2,m−1 . . . −M2,m−1 M1,m−1

. . .
...

...
−M2,2 −M1,2

−M1,1

⎞

⎟
⎟
⎟
⎟
⎠

. (A20)

By construction, M̄ defines a basis state for the dual irrep
λ∗ ∼= λ̄. The conjugate operation is also such that each
state |M 〉 of λ is associated with a unique conjugate state
|M̄ 〉 of λ̄. Specifically, the conjugation operation is such
that [108]

|M 〉 = (−1)ϕ(M )|M̄ 〉, (A21)

for a suitable phase function that can be determined as
follows: For a GT pattern M , define the function

sM (k) =
k∑

j =1

j∑

i=1

Mi,j , (A22)

which corresponds to the sum of the labels of M in the first
k rows (counting from bottom to top). Then [108],

ϕ(M ) = sM (m − 1) − sMmax(m − 1), (A23)

where Mmax is defined in Eq. (A10). We remark that the
latter holds up to a redefinition of every GT basis state
by a global phase. In this work, we consider the Condon-
Shortley convention that fixes the global phase in such a
way that usual relations for SU(2) are retrieved.

d. Symmetric irreps in SU(m)

In this appendix, we summarize a few basic facts con-
cerning symmetric irreps of SU(m), as they are of central

importance throughout this work. By construction, the
space of n particles over m modes is maximally symmetric
under permutations over the modes. This implies that the
action of g ∈ SU(m) on such a space is described by the
irrep

(A24)

where the number of boxes has the interpretation of the
number of particles in the system. Formally, the Young dia-
gram on the right-hand side labels the maximally symmet-
ric irrep in SU(m). Notably, the weights of the maximally
symmetric irreps uniquely identify GT basis elements,
as it can be easily checked via the associated tableaux
weights.

In Hm
n , a common orthonormal basis is the Fock basis,

given by Fock states {|n〉 | n ∈ Nm,
∑m

i=1 ni = n}. We
remark that the GT basis, as well as the Weyl basis, labels
the same set of orthonormal vectors as the Fock basis. In
fact, for symmetric irreps, n is exactly the tableau weight
of the corresponding Young tableau, i.e., ni is the number
of boxes filled with i for each i ∈ [m], e.g.,

|3, 2, 1〉 =
∣
∣ 1 1 1 2 2 3

〉
,

(A25)
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from which follows the correspondence with the GT basis.
In particular, for any Fock state |n〉 = |n1, . . . , nm〉, the
corresponding GT pattern—that will be denoted by N
throughout this work—is given as follows:

N =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

n 0 . . . 0 0
∑m−1

i=1 ni 0 . . . 0 0
. . .

...
...

n1 + n2 0
n1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

(A26)

The complex conjugate representation (dual representa-
tion) on Hm

n
∼= (Hm

n )∗ is identified by the Young diagram

(A27)

Note that although τ̄m
n acts on Hm

n , it is not symmetric
(unless m = 2). We can construct the dual GT basis labeled
by GT patterns N̄ of the form [cf. Eqs. (A19) and (A26)]

N̄ =

⎛

⎜
⎜
⎜
⎜
⎝

n n . . . n 0
n n . . . n nm

. . .
...

...
n

∑m
i=3 ni∑m

i=2 ni

⎞

⎟
⎟
⎟
⎟
⎠

.

(A28)

By Eq. (A21), the dual GT basis again coincides with the
Fock basis of Hm

n , but modified with the phase function Eq.
(A23).

Finally, unlike the general case of arbitrary irreps of
SU(m), the weight spaces of symmetric irreps are clearly
one dimensional: Each Fock state corresponds to one and
only one Young tableau, as there are no degrees of freedom
for box labeling. Weight spaces of dual symmetric irreps
have the same property by duality.

e. Clebsch-Gordan coefficients

A crucial step for filtered RB is the decomposition of
the reference representation into irreps. In this section, we
recap the role of the Clebsch-Gordan series for SU(m) in
the decomposition of any tensor-product representation,
which will be employed in the remainder of this work.
This topic has been investigated extensively over the years

due to its relevance in particle physics, so we refer to
standard references such as Refs. [74,110,111] for further
details.

For two given irreps π1, π2 of SU(m), we consider
the (completely reducible) tensor product representation
π1 ⊗ π2 : SU(m) → U(Hπ1 ⊗ Hπ2). In the following, we
will identify the carrier space Hπ with π for any irrep
of SU(m). By the compact version of Maschke’s theorem
[112, Theorem 5.2], we have

π1 ⊗ π2 �
⊕

λ

λ⊕mλ , (A29)

where mλ is the multiplicity of λ in π1 ⊗ π2. For SU(m),
such decomposition can be computed in terms of Young
diagrams with Littlewood-Richardson’s rules that we sum-
marize in Appendix C.

In the context of second quantization, this decomposi-
tion can be interpreted as the generalization of the Clebsch-
Gordan decomposition of sums of angular momenta in
quantum mechanics [75,113–115]. In particular, there
exists a unitary matrix C—here referred as the Clebsch-
Gordan matrix—that realizes the isomorphism implicit in
Eq. (A29):

C (π1 ⊗ π2) C†=
⊕

λ

λ ⊗ 1mλ
, (A30)

where 1mλ
is the mλ × mλ identity matrix. We explicitly

define C as the basis change matrix that takes the prod-
uct GT basis on the left-hand side of Eq. (A30) to the
union of GT bases of every λ on the right-hand side. More
precisely, for GT patterns M1 ∈ GT(π1), M2 ∈ GT(π2),
we have

|M1, M2〉 =
∑

λ,r

∑

M∈GT(λ)

CM ,r
M1,M2

|M , r〉, (A31)

where r ∈ [mλ] denotes the rth copy of λ in π1 ⊗ π2. The
matrix coefficients CM ,r

M1,M2
of C are called the Clebsch-

Gordan coefficients. C is uniquely defined up to global
phases, and by convention it is chosen to be real. Hence,
we have the inverse transformation

|M , r〉 =
∑

M1∈GT(π1)

∑

M2∈GT(π2)

CM ,r
M1,M2

|M1, M2〉. (A32)

By unitarity of C, the following orthogonality relations
hold true:

∑

λ,r

∑

M∈GT(λ)

CM ,r
M1,M2

CM ,r
M3,M4

= δM1,M3δM2,M4 , (A33)

∑

M1∈GT(π1)

∑

M2∈GT(π2)

CM ,r
M1,M2

CM ′,r′
M1,M2

= δM ,M ′δr,r′ . (A34)
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As in the case of SU(2), selection rules for Clebsch-
Gordan coefficients of SU(m) are available: For GT pat-
terns M1 ∈ GT(π1), M2 ∈ GT(π2), M ∈ GT(λ), CM ,r

M1,M2
=

0 if

wM �= wM1 + wM2 , (A35)

where w(·) is the weight defined in Eq. (A13).

2. Filtered randomized benchmarking

a. Filter functions

In Sec. II B, we introduced the filter function, Eq. (4),
to isolate and analyze the exponential decays associated
with each irrep of the reference representation ωm

n . In
this appendix, for the sake of completeness, we briefly
motivate it in the bosonic case, before delving into the
main technical results of this work. For a comprehensive
discussion, we refer to Ref. [50].

In general, for an arbitrary compact group G represented
by ω, an input state ρ and a POVM {|x〉〈x|}x∈�, one defines
the filter function for an irrep λ ⊂ ω as

fλ(x, g) = 〈x |Pλ ◦ S+◦ω(g)†(ρ)|x〉, (A36)

where S+ is the Moore-Penrose pseudoinverse of the frame
operator S defined as

S :=
∫

�

dx
∫

G
dg Tr[ω(g)†(|x〉〈x|)(·)] ω(g)(|x〉〈x|)

=
∫

G
dg ω(g)†Mω(g), (A37)

where M = ∫
�

dx Tr[|x〉〈x|(·)] |x〉〈x| is the (possibly
infinite-dimensional) measurement channel associated
with the POVM {|x〉〈x|}x∈�.

This choice of filter function is such that, in the ideal
case of a noise-free, perfect implementation of the gates,
the filtered RB signal is of the form Fλ(l) = Tr[ρPλ ◦
S+ ◦ S(ρ)], where S+S coincides with the projector onto
the span of the POVM. In particular, in the case of
an informationally complete POVM, Fλ(l) = Tr[ρPλ(ρ)],
i.e., the filtered signal is the overlap of ρ with the filtering
irrep.

Then, Eq. (4) follows from the following observa-
tion: As the reference representation ω = ωm

n := τm
n (·)τm†

n

of G = U(m) preserves the number of particles, S acts
nontrivially on the nth Fock sector only, i.e.,

S =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
. . .

0
S(n)

0
. . .

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (A38)

where S(n) is obtained via the restriction of M to the
subspace of n particles. Moreover, since ωm

n decom-
poses as

⊕n
k=0 λk (see Lemma 1), Schur’s lemma implies

[50]

S(n) =
⊕

λ

S(n)
λ , S(n)

λ = sλ1λ, (A39)

where the direct sum is over all irreps of ωm
n and, in general

[50],

sλ = d−1
λ Tr[PλM] = d−1

λ

∫

�

dx Tr [|x〉〈x|Pλ(|x〉〈x|)] .

(A40)

Here, dλ ≡ dimHλ, with λ ∈ {λk}n
k=0, and Pλ is the cor-

responding projector onto its carrier space. In the second
step, we used the fact that the Bochner integral commutes
with the trace since the latter is a continuous linear opera-
tor in the trace norm and the trace of [|x〉〈x|Pλ(|x〉〈x|)] is
finite.

b. Nonuniform sampling

The filtered RB framework is not restricted to Haar-
random sampling and was, in fact, intentionally designed
for nonuniform sampling, e.g., from generators of the con-
sidered group [50]. As this work builds on the filtered
RB framework, it is straightforward to replace the Haar-
random sampling in the passive RB protocol, Sec. II B,
with the sampling from some other probability measure
ν on U(m). For our results to uphold, it is sufficient that
ν defines a random walk on U(m) that converges to the
Haar measure μH , that is ν∗l → μH with l → ∞. In fact,
we only need that ν is suitably gapped with respect to
the reference representation ωm

n , this is that the moment
operator

M(ν) :=
∫

U(m)

dν(g) ωm
n (g)†(·)ωm

n (g), (A41)
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has a spectral gap � > 0 such that

‖M(ν) − M(μH )‖∞ ≤ 1 − �. (A42)

This is for instance the case if ν has support on generators
of U(m).

Using such a gapped probability measure ν instead of
the Haar measure, typically has some advantages in prac-
tice. For instance, it might be easier to sample and to take
some practical limitations into account (perhaps not all
passive transformations are equally simple to implement).
In particular, one can simply generate passive transfor-
mations using random beam splitters and single-mode
rotations. Note that in such a case, the sequence length
l changes its interpretation from the number of passive
transformation to be applied to the number of elementary
transformations. The filtered RB framework [50] then pre-
dicts that the sequence of elementary transformations has
to be sufficiently long in order to “appear random enough”
and this threshold l0 scales with the inverse spectral gap
�−1. In practice, l0 seems to be reasonably small such
that we expect that already very short random sequences
can be used for passive RB. In particular, this should out-
perform the quadratic depth needed to decompose Haar-
random passive transformations in terms of elementary
transformations.

3. Further notation

As the Clebsch-Gordan decomposition is naturally
related with the direct sum decomposition of an Hilbert
space of the form H1 ⊗ H2, it will be convenient to intro-
duce a vectorized notation for operators and superoperators
on Hm

n .
We consider the basis of linear operators for B(Hm

n )

given by � = {|n〉〈m|}n,m∈Nm with
∑m

i=1 ni =∑m
i=1 mi =

n. Any linear operator A ∈ B(Hm
n ) can be vectorized to an

element |A〉 ∈ Hm
n ⊗ Hm

n with respect to � as

|A〉 =
∑

n,m

〈n |A|m〉|n, m〉, |n, m〉 ≡ |n〉 ⊗ |m〉. (A43)

Under vectorization, we have the induced mapping
τm

n (·)τm†
n �→ τm

n ⊗ τ̄m
n , where τ̄m

n denotes the complex con-
jugate representation of τm

n (in the Fock basis φ). More-
over, as long as it is clear from the context, we will not dis-
tinguish between superoperators and their corresponding
quantities acting on H1 ⊗ H2.

Then, the filter function defined in Eq. (4) becomes

fλ(n, g) = 1
sλ

〈n0, n0 |Pλ(τ
m
n ⊗ τ̄m

n )(g)† |n, n〉, (A44)

where ρ = |n0 〉〈n0| ∼= |n0, n0〉 is the input state and sλ =
(dλ)

−1∑
n∈Nm〈n, n |Pλ |n, n〉.

APPENDIX B: TECHNICAL DETAILS AND
PROOFS

Here, we provide proofs for the theorems introduced
in Sec. II: In Appendix B 2 we prove Theorem 1 and
in Appendix B 3 we prove Theorem 2 based on notation
and technical tools introduced in Appendix A 1. Through-
out this appendix we assume that the number of modes is
m ≥ 2.

1. Clebsch-Gordan decomposition of the reference
representation

In this appendix, we study the irrep decomposition of
ωm

n . From Sec. A 1, we have

ωm
n = τm

n ( · )τm†
n

∼= τm
n ⊗ τ̄m

n , (B1)

where again complex conjugate representation is taken in
the Fock basis. We can restrict our focus to the irreps
of SU(m) [or, equivalently, its corresponding Lie alge-
bra su(m)] as τm

n can be extended to irreps of U(m)

using nontrivial characters of the unit circle group [roughly
speaking, resulting in a multiplication by a global phase,
which vanishes in the conjugate action of B(Hm

n )]. The
decomposition of ωm

n into irreps can be computed using
Littlewood-Richardson’s rules, a general tool to classify
the decomposition of tensor-product representations. We
refer to Appendix C for a brief overview on how they can
be employed in the context of SU(m).

Lemma 1. Let τm
n : SU(m) → U(Hm

n ) be the irreducible
representation of SU(m) on the space of n bosons dis-
tributed over m modes as in Eq. (A24). Define the Young
diagram

(B2)

where λ0 and λ1 denote the trivial irrep and the adjoint
irrep of SU(m), respectively. Then, for any n, m ∈ N \ {0},

ωm
n =

n⊕

k=0

λk, (B3)

where each λk, k = 0, . . . , n, appears exactly one time.
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Proof. We will prove the following equivalent fact by
induction:

ωm
n = λn ⊕ ωm

n−1, ∀n ∈ N \ {0}. (B4)

First, notice that

(B5)

as ωm
0 = 1 trivially.

The conjugate representation is associated with the ten-
sor product of Young’s diagrams

(B6)

(swapping tensor factors does not influence the result). By
Littlewood-Richardson’s rules, we first have

(B7)

Notice that the second term in the right-hand side is by
definition ωm

n−1. Hence, we shall only prove that

(B8)

For this purpose, let us consider the factor

(B9)

Clearly, λ̃(r)
r = λr and λ̃

(0)

0 = 1. Notice that

(B10)
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With this notation, expanding the left-hand side of Eq. (B8) we get

(B11)

In the latter, we used the merging rule for Young’s
diagrams, see Appendix C. Finally, we have

ωm
n =

n∑

k=0

λk ⊕ ωm
n−1 =

n∑

k=0

λk ⊕
n−1∑

l=0

λl = λn ⊕ ωm
n−1,

(B12)

by the merging rule again. �

For instance, we have the following explicit decomposi-
tion for n = m = 3:

(B13)

since,

(B14)

(B15)

(B16)

The dimension of λk admits a nice closed-form expression
in terms of the dimension of the number subspace,

dimHm
k =
(

k + m − 1
k

)

, (B17)

as follows:

Proposition 2. For any k ∈ N, set dλk ≡ dim λk. Then,
the following holds:

dλk =
(

1 − k2

(k + m − 1)2

)
(
dimHm

k

)2

= 2k + m − 1
m − 1

(
k + m − 2

k

)2

. (B18)

We prove this fact in Appendix D.
We remark that for the one-to-one correspondence of

RB decays with irreps, it is important that the reference
representation ωm

n decomposes into multiplicity-free irreps
[47,50]. Moreover, these irreps should be of real type. This
is the case for the irreps λk, k = 1, . . . , n, because each
term in the decomposition is self-dual and multiplicity free
[this can also be checked using, e.g., Ref. [104, Proposition
26.24], where all the complex, real, and quaternionic irreps
of SU(m) are classified]. In general, both conditions are
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not necessarily fulfilled, which can lead to more than one
decay per irrep that may also be complex (i.e. oscillating).

2. Filter function for passive RB with PNR
measurements

As the irrep decomposition of ωm
n can be computed for

any n and m (cf. Lemma 1), we can evaluate explicit
expressions for the filter function. This will provide the
proof of Theorem 1.

By construction, ωm
n = τm

n (·)τm†
n ∼= τm

n ⊗ τ̄m
n acts on ele-

ments |n, n〉 (from here on referred as the uncoupled basis).
However, as pointed out in Appendix A 1 b, the second
entry shall be suitably interpreted as a basis element of
τ̄m

n , which requires the specification of the relative phases
between states of τm

n and its dual. In particular, we have

|n〉 = |N 〉 = (−1)ϕ(N )|N̄ 〉, (B19)

where |N 〉 is the GT pattern defined in Eq. (A26), |N̄ 〉 is
the dual state, cf. Eq. (A19), and the relative phase is given
in Eq. (A23). For the rest of this work, we fix the follow-
ing notation: For each Fock state |m〉, the corresponding
GT pattern will be denoted with the corresponding Latin
capital letter, namely the identification |m〉 ≡ |M 〉 holds.

From previous considerations, it follows:

ρ ∼= |n0, n0〉 = |N0, N0〉 = (−1)ϕ(N0)|N0, N̄0〉

= (−1)ϕ(N0)

n∑

k=0

∑

M∈GT(λk)

CM
N0,N̄0

|M 〉, (B20)

with {|M 〉}M∈GT(λk) being an orthonormal basis (referred as
the coupled basis from here on) for the carrier space of λk.
Notice that in Eq. (B20) we do not need to specify the mul-
tiplicity index of states and Clebsch-Gordan coefficients
since λk is multiplicity free for each k = 0, . . . , n.

Then, for a fixed irrep λ ∈ {λk}n
k=0, we have Pλ =∑

M∈GT(λ) |M 〉〈M | and the following relation holds true:

Pλ|N0, N̄0〉 =
∑

M∈GT(λ)

CM
N0,N̄0

|M 〉, (B21)

We remark that—by the selection rules of Clebsch-Gordan
coefficients Eq. (A35)—the sum is restricted to all the
basis vectors such that the associated weight corresponds
to the sum of the weights of the states |N0〉 and |N̄0〉, cf.
Eq. (A35). Specifically, by Eq. (A19), CM

N0,N̄0
is possibly

nonzero provided that

w(M )
j = w(N0)

j + w(N̄0)

j

= 2
j∑

i=1

N (0)
i,j −

( j −1∑

i=1

N (0)

i,j −1 +
j +1∑

i=1

N (0)

i,j +1

)

+ 2
j∑

i=1

N̄ (0)
i,j −

( j −1∑

i=1

N̄ (0)

i,j −1 +
j +1∑

i=1

N̄ (0)

i,j +1

)

= 2
j∑

i=1

N (0)

1,m −
( j −1∑

i=1

N (0)

1,m +
j +1∑

i=1

N (0)

1,m

)

= 0 (B22)

for each j = 1, . . . , m, i.e. wN0 + wN̄0
= 0.

Moreover, for the 0 weight spaces, the inner multiplicity
γλk (0) of 0 in λk can be easily computed, as we prove the
following fact:

Lemma 2. Let λk be an irrep of SU(m) as in Eq. (B2)
for any k ∈ N. Then,

γλk (0) =
(

k + m − 2
k

)

. (B23)

We prove this fact in Appendix E. This provides the
number of (possibly) nonzero terms in Eq. (B21) and is
relevant for the evaluation of the eigenvalues of the frame
operator of passive RB with PNR measurements, for which
we obtain the following simple expression:

Theorem 3. Let λk, k = 0, . . . , n be an irrep in ωm
n . For

a PNR measurement setting, the eigenvalues of the frame
operator of the passive RB protocol are given by

sλk = m − 1
2k + m − 1

γλk (0)−1, (B24)

where γλk (0) is as in Eq. (B23).

Proof. First, recall that a single mode (ideal) PNR
detector measures the number of particles in such mode
[116]. In the case of m modes, the (ideal) POVM is
therefore given by {|n〉〈n|}n∈Nm and the (vectorized) mea-
surement channel can be written as

M :=
∑

n∈Nm

|n, n〉〈n, n| =
∞∑

n=0

∑

n∈GT(τm
n )

|N , N 〉〈N , N |.

(B25)
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Denoting by Pλk the projector onto λk ∈ ω̂m
n , we have the

following:

sλk = 1
dλk

∑

n∈Nm

〈n, n |Pλk |n, n〉 (B26)

= 1
dλk

∑

N∈GT(τm
n )

〈N , N |Pλk |N , N 〉 (B27)

= 1
dλk

∑

N∈GT(τm
n )

(−1)2ϕ(N )〈N , N̄ |Pλk |N , N̄ 〉 (B28)

= 1
dλk

∑

N∈GT(τm
n )

∑

M∈GT(λk)

|CM
N ,N̄ |2 , (B29)

where in the second step we used the fact that Pλk acts
nontrivially on the n particle subspace, and in the fourth
step we used the fact that the phases ϕ(N ) introduced
in the labeling of GT dual patterns are integers by con-
struction, see Eq. (A23). Finally, recall that the nontrivial
Clebsch-Gordan coefficients are determined by the selec-
tion rule wM = wN + wN̄ = 0. Moreover, symmetric irreps
of SU(m)—and their dual—preserve the 1-to-1 correspon-
dence between weights and basis vectors, see Appendix
A 1 d. This implies

∑

N∈GT(τm
n )

|CM
N ,N̄ |2 =

∑

N∈GT(τm
n )

∑

N̄ ′∈GT(τ̄m
n )

CM
N ,N̄ ′CM

N ,N̄ ′ = 1

(B30)

by orthogonality relations, cf. Eq. (A33). Therefore,

sλk = γλk (0)

dλk

(B31)

and the assertion follows from Eq. (B23) and Proposition 2.
�

Notice that sλk scales exponentially in both k and m. In
particular, in the case k = n = m, it is proportional to the
mth Catalan number, and it scales as O(4m/

√
m) for large

values of m.

Theorem 4 (Restatement of Theorem 1—PNR version).
Let ρ = |n0 〉〈n0| ∼= |n0, n0〉 = |N0, N0〉 be a m modes state
and let {|n〉〈n|}n∈Nm be the Fock state POVM. Let N be the
GT pattern associated with n. Then, for a given irrep λk ∈

in ωm
n , and assuming sλk �= 0,

fλk (n, g) = 1
sλk

(−1)ϕ(N0)

n!

∑

M∈GT(λk)

CM
N0,N̄0

×
∑

N ′∈GT(τm
n )

(−1)ϕ(N ′)

n′!
CM

N ′,N̄ ′
∣
∣Per(gn,n′)

∣
∣2 ,

(B32)

where sλk is evaluated in Theorem 3, the sums are restricted
to all basis states such that Eq. (B22) is satisfied and
Per(gn,m) denotes the permanent of the matrix obtained by
g by taking mj copies of the j th column of U and then by
taking ni copies of the ith row of the resulting matrix, and
we used the multi-index notation n! := n1! . . . nm!.

Proof. By Eq. (B20), and denoting by N0 and N the GT
patterns associated with n0 and n, respectively, the filter
function defined in Eq. (4) becomes

fλk (N , g) = 1
sλk

〈N0, N0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |N , N 〉 (B33)

= 1
sλk

(−1)ϕ(N0)
∑

M∈GT(λk)

CM
N0,N̄0

〈M |(τ ⊗ τ̄ )(g)† |N , N 〉

(B34)

= 1
sλk

(−1)ϕ(N0)
∑

M∈GT(λk)

CM
N0,N̄0

×
∑

N1,N2∈GT(τm
n )

CM
N1,N̄2

〈N1, N̄2 |τm
n ⊗ τ̄m

n (g)† |N , N 〉

(B35)

= 1
sλk

(−1)ϕ(N0)
∑

M∈GT(λk)

CM
N0,N̄0

∑

N1,N2∈GT(τm
n )

(−1)ϕ(N2)

× CM
N1,N̄2

〈N1, N2 |τm
n ⊗ τ̄m

n (g)† |N , N 〉, (B36)

where in Eq. (B33) we used Eq. (B21) and relabeled
the second entries as dual basis vectors by introducing
the corresponding relative phases [cf. Eq. (A23)]. In Eq.
(B34), we used the Clebsch-Gordan decomposition M =∑

N1,N2
CM

N1,N̄2
|N1, N̄2〉, and in Eq. (B35) we relabeled N̄2

as a basis vector for τm
n . In particular, the latter implies that

fλk is manifestly related to the computation of permanents
[76], as each inner product resembles the boson sampling
problem when expressed in the Fock basis:

〈N1, N2 |τm
n ⊗ τ̄m

n (g)† |N , N 〉
= 〈n1, n2 |τm

n ⊗ τ̄m
n (g)† |n, n〉 (B37)

= 〈n1 |τm
n (g)† |n〉〈n |τm

n (g)|n2〉 (B38)

= 1
n!

√
n1!n2!

Per(g†
n1,n) Per(gn,n2). (B39)
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Finally, since weights for symmetric irreps of SU(m)

uniquely identify basis vectors, by selection rules of
Clebsch-Gordan coefficients we have that N2 = N1 [see
also Eq. (B30)], and the assertion follows by plugging in
Theorem 3. �

Clebsch-Gordan coefficients can be calculated in poly-
nomial time [75] for approximately 20 modes before mem-
ory overhead limits the application of such algorithms [84].
We remark that—using exact formulae for CG coefficients
for τm

n ⊗ τ̄m
n from Ref. [89]—one can compute the neces-

sary Clebsch-Gordan coefficients for a higher number of
modes m. Hence, the computational hardness of fλk comes
from the evaluation of the permanents appearing in Eq.
(B32).

Alternatively, fλk can be expressed as a linear combina-
tion of matrix coefficients of λk (in the corresponding GT
basis). To show this fact, we introduce the following tech-
nical result that will be used extensively in the rest of this
work:

Lemma 3. Let N , X be GT patterns, and let N̄ , X̄ be
their dual, respectively. Let τm

n be the n particles maximally
symmetric irrep of SU(m) and consider λk ∈ ωm

n
∼= τm

n ⊗
τ̄m

n . Let Pλk be the projector onto λk. Then, the following
holds:

〈N , N̄ |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |X , X̄ 〉
=
∑

M∈GT(λk)

CM
N ,N̄

∑

M ′∈GT(λk)

CM ′
X ,X̄ 〈M |λk(g)† |M ′〉.

(B40)

Proof. By construction, Pλk selects the λkth compo-
nent of |N , N̄ 〉, which can be conveniently isolated by the
Clebsch-Gordan decomposition of ωm

n
∼= τm

n ⊗ τ̄m
n . This

implies

〈N , N̄ |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |X , X̄ 〉
=
∑

M∈GT(λk)

CM
N ,N̄ 〈M |τm

n ⊗ τ̄m
n (g)† |X , X̄ 〉 . (B41)

To compute the inner product, recall that τm
n ⊗ τ̄m

n =⊕n
l=0 λl [cf. Eq. (B3)]. In particular, observe that M is

a basis element in λk, which implies the only nontrivial
contributions from τm

n ⊗ τ̄m
n are associated with its λkth

component. Likewise, the only relevant contributions to
the inner product coming from |X , X̄ 〉 are associated with
its restriction to λk that can be expressed as

|X , X̄ 〉∣∣
λk

=
∑

M ′∈GT(λk)

CM ′
X ,X̄ |M ′〉. (B42)

Hence,

〈M |τm
n ⊗ τ̄m

n (g)† |X , X̄ 〉 =
∑

M ′∈GT(λk)

CM ′
X ,X̄ 〈M |λk(g)† |M ′〉,

(B43)

from which the assertion follows. �

As mentioned before, a first consequence is the follow-
ing explicit expression for the filter function.

Corollary 1. For a given irrep λk ∈ ω̂m
n , and assuming

sλk �= 0, the following holds true:

fλk (n, g) = 1
sλk

(−1)ϕ(N0)+ϕ(N )
∑

M∈GT(λk)

CM
N0,N̄0

×
∑

M ′∈GT(λk)

CM ′
N ,N̄ 〈M |λk(g)† |M ′〉, (B44)

where the sums are restricted to all basis states such that
Eq. (B22) is satisfied.

Proof. By Eq. (B20), and denoting by N0 and N the GT
patterns associated with n0 and n, respectively, the filter
function defined in Eq. (4) becomes

fλk (N , g) = 1
sλk

〈N0, N0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |N , N 〉 (B45)

= 1
sλk

(−1)ϕ(N0)+ϕ(N )〈N0, N̄0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |N , N̄ 〉
(B46)

= 1
sλk

(−1)ϕ(N0)+ϕ(N )
∑

M∈GT(λk)

CM
N0,N̄0

×
∑

M ′∈GT(λk)

CM ′
N ,N̄ 〈M |λk(g)† |M ′〉. (B47)

In the last line, we used Lemma 3. �

Notably, explicit expressions for the matrix elements of
irreps of SU(m) are also available, see for instance [90,
Chapter 3] for SU(2) and [91, Chapter 9] for SU(m). More-
over, numerical implementations of the bosonic realization
of su(m) are available [77] and matrix coefficients can be
expressed as suitable permanents of λk(g).
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3. Moments of the filter function for PNR
measurement settings

In this appendix, we provide explicit expressions for
the first two moments of the filter function (4) with
respect to the ideal probability distribution p(n|g) =
〈n |ωm

n (g)(ρ)|n〉, n ∈ Nm. In particular, the ideal second
moment will provide an upper bound to the sampling
complexity of the protocol, cf. Sec. II C. Throughout this
appendix dg denotes the Haar measure on SU(m).

The following technical result will be useful.

Lemma 4. Let N , X be GT patterns, and let N̄ , X̄ be
their dual, respectively. Let τm

n be the n particles maxi-
mally symmetric irrep of SU(m) and let λk be an irrep in
ωm

n . Then, the following holds:

〈X , X̄ |(τm
n ⊗ τ̄m

n )(g)|N , N̄ 〉

=
n∑

j =0

∑

M ,M ′∈GT(λj )

CM
X ,X̄ CM ′

N ,N̄ 〈M |λj (g)|M ′〉 . (B48)

Proof. The expression follows immediately from the
Clebsch-Gordan decomposition. More specifically, we
have

|N , N̄ 〉 =
n∑

i=0

∑

M∈GT(λi)

CM
N ,N̄ |M 〉, (B49)

|M , M̄ 〉 =
n∑

j =0

∑

M ′∈GT(λj )

CM ′
X ,X̄ |M ′〉, (B50)

τm
n ⊗ τ̄m

n =
n⊕

k=0

λk, (B51)

cf. Eqs. (B20) and (B3). Hence, since M and M ′ are basis
elements of λi and λj , respectively,

〈M |λk(g)|M ′〉 �= 0 (B52)

only if i = j = k, from which the assertion follows. �

We will also need the following standard result in the
representation theory of compact groups, often referred as
Schur’s orthogonality relations, see Ref. [112, Theorem
5.8]: For a given irrep λ of SU(m) (or, in general, of any
compact group G), if M1, M2, M ′

1, M ′
2 ∈ GT(λ), then the

following relation holds true:
∫

dg 〈M1 |λ(g)|M ′
1〉〈M2 |λ(g)† |M ′

2〉 = 1
dλ

δM1,M2δM ′
1,M ′

2
,

(B53)

where dg denotes the Haar measure on G.
Before we prove the main results of this appendix, it is

worthwhile to quickly consider the first moment E[fλk ], as
the proof scheme is the same, but in the case of the sec-
ond moment is hidden behind additional technical details
concerning the representations involved.

Lemma 5. For a PNR measurement setting, ρ =
|n0 〉〈n0| as input state, and an irrep λk of ω(n) = τm

n ( · )τm†
n ,

the following holds:

E[fλk ] =
∑

M∈GT(λk)

∣
∣
∣CM

N0,N̄0

∣
∣
∣
2

, (B54)

where N0 is the GT pattern associated with n0, and N̄0 is
its dual.

Proof. Since ρ is an n-particle state and ωm
n is a passive

transformation, the outcome of a PNR measurement must
also be an n-particle Fock state. Hence, we have

E[fλk ] := 1
sλk

∑

n∈Hm
n

∫

dg 〈n0, n0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |n, n〉

× 〈n, n |(τm
n ⊗ τ̄m

n )(g)|n0, n0〉 (B55)

= 1
sλk

∑

N∈GT(τm
n )

∫

dg 〈N0, N̄0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)†

× |N , N̄ 〉〈N , N̄ |(τm
n ⊗ τ̄m

n )(g)|N0, N̄0〉 (B56)

= 1
sλk

∑

M∈GT(λk)

CM
N0,N̄0

∑

N∈GT(τm
n )

∫

dg

× 〈M |λk(g)† |N , N̄ 〉〈N , N̄ |
n⊕

j =0

λj (g)|N0, N̄0〉.

(B57)

The second line follows since the relative phases between
|M 〉 and |M̄ 〉 highlighted in Eq. (A21) are integers and
they appear an even number of times. In the third step,
we projected |N0, N̄0〉 onto its λkth component, see Eq.
(B21). Accordingly, the only nontrivial contribution to the
integral is determined by the λkth component of τm

n ⊗
τ̄m

n . Similarly, by orthogonality relations, the integral is
nonzero only if λj = λk. Hence, it is enough to consider
the restricted Clebsch-Gordan decomposition to the λkth
irrep, and the following holds:
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E[fλk ] = 1
sλk

∑

M∈GT(λk)

CM
N0,N̄0

∑

N∈GT(τm
n )

∫

dg 〈M |λk(g)† |N , N̄ 〉〈N , N̄ |λk(g)|N0, N̄0〉 (B58)

= 1
sλk

∑

M∈GT(λk)

CM
N0,N̄0

∑

N∈GT(τm
n )

∑

M1,M2,M3∈GT(λk)

CM1
N ,N̄ CM2

N ,N̄ CM3
N0,N̄0

(B59)

×
∫

dg 〈M |λk(g)† |M1〉〈M2 |λk(g)|M3〉
︸ ︷︷ ︸

= 1
dλk

δM ,M3 δM1,M2

(B60)

= 1
dλk

1
sλk

∑

M∈GT(λk)

∣
∣
∣CM

N0,N̄0

∣
∣
∣
2 ∑

N∈GT(τm
n )

∑

M1∈GT(λk)

∣
∣
∣CM1

N ,N̄

∣
∣
∣
2

(B61)

=
∑

M∈GT(λk)

∣
∣
∣CM

N0,N̄0

∣
∣
∣
2

. (B62)

In the second step, we expanded |N , N̄ 〉, |N0, N̄0〉 in the
coupled basis, and restricted the decompositions to the λkth
components. In the third step, we used Schur’s orthogonal-
ity relations to compute the integral, and in the final step we
used the definition of the frame operator, and in particular
the result in Theorem 3. �

In general, finding explicit expressions for the sec-
ond moment E[f 2

λ ] is more involved and the following
technical result is necessary.

Lemma 6. Let λk be a Young diagram as in Eq. (B2)
labeling an irrep of SU(m), m ≥ 3. Then,

λk ⊗ λk =
k⊕

l=0

λ
(l+1)

l ⊕
2k⊕

l=k+1

λ
(2k−l+1)

l ⊕ L , (B63)

where λ0 ≡ 1, λ1 ≡ Ad, λ
(i)
j denotes the ith copy of λj in

λ⊗2
l , and L is a suitable direct sum of irreps, which are not

of the form λl for any l ∈ N.

Specifically, all irreps λl in λ⊗2
k are computed by iden-

tifying all admissible ways of combining two copies of λk
to a fixed shape using Littlewood-Richardson’s rules. This
result is proved in Appendix F.

Hence, we derive an explicit expression for E[f 2
λk

] using
Eq. (B53).

Theorem 5. For a PNR measurement setting, ρ =
|n0 〉〈n0| as input state, and an irrep λk of ωm

n , the following
holds:

E[f 2
λk

] = 1
s2
λk

(−1)ϕ(N0)
∑

N∈GT(τm
n )

(−1)ϕ(N )gk(N , N0),

(B64)

where gk(N , N0) is a function of Clebsch-Gordan coef-
ficients of the representations τm

n ⊗ τ̄m
n and λ⊗2

k given
by

gk(N , N0) =
min(n,2k)∑

l=0

1
dλl

ml∑

r=1

∑

M ,M ′∈GT(λk)

L,L′∈GT(λk)

R,R′∈GT(λl)

CM
N0,N̄0

CM ′
N0,N̄0

× CR
N0,N̄0

CL
N ,N̄ CL′

N ,N̄ CR′
N ,N̄ CR,r

M ,M ′C
R′,r
L,L′ , (B65)

where ml is the multiplicity of λl in λ⊗2
k as in Lemma 6 and

dλl ≡ dim λl.

Proof. For any irrep λk ∈ ω̂m
n , and by relabeling the sec-

ond entries as basis elements of the dual irrep τ̄m
n , the
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second moment can be expressed as follows:

E[f 2
λk

] := 1
s2
λk

∑

n∈Hm
n

∫

dg 〈n0, n0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |n, n〉2

× 〈n, n |τm
n ⊗ τm

n (g)|n0, n0〉

= 1
s2
λk

∑

N∈GT(τm
n )

∫

dg 〈N0, N0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)†

× |N , N 〉2〈N , N |τm
n ⊗ τm

n (g)|N0, N0〉

= 1
s2
λk

∑

N∈GT(τm
n )

(−1)ϕ(N0)+ϕ(N )

×
∫

dg 〈N0, N̄0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |N , N̄ 〉2

× 〈N , N̄ |τm
n ⊗ τm

n (g)|N0, N̄0〉

= 1
s2
λk

(−1)ϕ(N0)
∑

N∈GT(τm
n )

(−1)ϕ(N )gk(N , N0),

(B66)

where

gk(N , N0) ≡
∫

dg 〈N0, N̄0 |Pλk (τ
m
n ⊗ τ̄m

n )(g)† |N , N̄ 〉2

× 〈N , N̄ |τm
n ⊗ τm

n (g)|N0, N̄0〉. (B67)

By Lemmas 4 and 3, we obtain

gk,l(N , N0) =
∑

M ,M ′∈GT(λk)

CM
N0,N̄0

CM ′
N0,N̄0

∑

L,L′∈GT(λk)

× CL
N ,N̄ CL′

N ,N̄

n∑

j =0

∑

J ,J ′∈GT(λj )

CJ
N ,N̄ CJ ′

N0,N̄0

×
∫

dg 〈M , M ′ |λk(g)†⊗2 |L, L′〉〈J |λj (g)|J ′〉
︸ ︷︷ ︸

≡I

.

(B68)

We compute the integral with Schur’s orthogonality rela-
tions. Specifically, this requires the irrep decomposition of
λ⊗2

k : By Lemma 6, we have

〈M , M ′ |λk(g)†⊗2 |L, L′〉 = 〈M , M ′ |
2k⊕

l=0

λ
⊕ml
l (g)† |L, L′〉,

(B69)

where ml ∈ {0, 1, . . . , k} is the multiplicity of λl in λ⊗2
k

worked out in Lemma 6. Then, consider the following
Clebsch-Gordan decompositions:

|M , M ′〉 =
2k∑

i=0

mi∑

ri=1

∑

R∈GT(λi)

CR,ri
M ,M ′ |R, ri〉, (B70)

|L, L′〉 =
2k∑

h=0

mh∑

rh=1

∑

R′∈GT(λh)

CR′,rh
L,L′ |R′, rh〉, (B71)

where ri, rh denote the rith and rhth copies of λi and λh in
λ⊗2

k , respectively. By orthogonality of irreps, it follows:

〈M , M ′ |λk(g)†⊗2 |L, L′〉

=
2k∑

l=0

ml∑

r=1

∑

R,R′∈GT(λl)

CR,r
M ,M ′C

R′,r
L,L′ 〈R, r |λ(r)

l (g)† |R′, r〉.

(B72)

By Schur’s orthogonality relations, this implies that the
only nontrivial contributions in I are associated with irreps
λl, which appears in the intersection of the sets of irreps of
τm

n ⊗ τ̄m
n and λk ⊗ λk, i.e., j = l provided that λl appears

in both decomposition. More specifically,

I =
2k∑

l=0

ml∑

r=1

∑

R,R′∈GT(λl)

CR,r
M ,M ′C

R′,r
L,L′

×
∫

dg 〈R, r |λ(r)
l (g)† |R′, r〉〈J |λj (g)|J ′〉

=
2k∑

l=0

δl,j

ml∑

r=1

∑

R,R′∈GT(λl)

CR,r
M ,M ′C

R′,r
L,L′

×
∫

dg 〈R, r |λ(r)
l (g)† |R′, r〉〈J |λl(g)|J ′〉

=
2k∑

l=0

1
dλl

δl,j

ml∑

r=1

∑

R,R′∈GT(λl)

CR,r
M ,M ′C

R′,r
L,L′δR,J ′δR′,J . (B73)

Therefore, we have
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gk(N , N0) =
∑

M ,M ′∈GT(λk)

CM
N0,N̄0

CM ′
N0,N̄0

∑

L,L′∈GT(λk)

CL
N ,N̄ CL′

N ,N̄

n∑

j =0

∑

J ,J ′∈GT(λj )

CJ
N ,N̄ CJ ′

N0,N̄0

×
2k∑

l=0

1
dλl

δl,j

ml∑

r=1

∑

R,R′∈GT(λl)

CR,r
M ,M ′C

R′,r
L,L′δR,J ′δR′,J

=
min (n,2k)∑

l=0

1
dλl

ml∑

r=1

∑

M ,M ′∈GT(λk)

CM
N0,N̄0

CM ′
N0,N̄0

∑

L,L′∈GT(λk)

CL
N ,N̄ CL′

N ,N̄

∑

R,R′∈GT(λl)

CR
N0,N̄0

CR′
N ,N̄ CR,r

M ,M ′C
R′,r
L,L′ , (B74)

from which the assertion follows. �

4. A worked out example

In the case of two-mode systems, Clebsch-Gordan coef-
ficients reduce to the usual ones, and the analysis of the
filter function and its moments drastically simplifies. In
this appendix, we show explicit expressions for such a
case, which will highlight some technicalities implicit in
the general case of SU(m).

In the SU(2) case, it is convenient to switch from the
bosonic realization of the SU(2) algebra to its spin real-
ization, where Clebsch-Gordan coefficients are naturally
introduced. This task is accomplished by the Jordan-
Schwinger map [63]: For given annihilation operators
a1, a2 acting on a two-mode system and satisfying the
CCRs, the Jordan-Schwinger map is such that

J1 := 1
2

(
a†

2a1 + a†
1a2

)
, J2 := 1

2

(
a†

2a1 − a†
1a2

)
,

J3 := 1
2

(
a†

1a1 − a†
2a2

)
, (B75)

where [Ji, Jj ] = iεijkJk, ε is the Levi-Civita’s pseudotensor,
and

J 2 = J 2
1 + J 2

2 + J 2
3 = n

2

(n
2

+ 1
)

,

n = n1 + n2, ni = a†
i ai. (B76)

This implies the normalized states |n1, n2〉 correspond to
the eigenstates |jm〉 of J 2 and J3, with the identification
[114,115]

n1 = j + m , n2 = j − m , (B77)

hence, in this appendix, we consider an input state
ρ = |jm〉〈jm| and the Fock state POVM becomes
{|j ′m′ 〉〈j ′m′|}, where j ′ ∈ 1

2N and m′ = −j ′, . . . , j ′. A spin
state |jm〉 and its dual are identified by the GT patterns

(
2j 0

j + m

)

,
(

2j 0
j − m

)

, (B78)

respectively, which implies the following relation:

|jm〉 = (−1)j −m|j − m〉. (B79)

Moreover, given any irrep λJ of SU(2), the following
relations hold:

PJ =
J∑

M=−J

|JM 〉〈JM |, sJ = 1
2J + 1

. (B80)

In particular, the expression for sJ follows from Eq. (B24),
the fact that the inner multiplicities of SU(2) basis vectors
are 1 (or, equivalently, each weight is uniquely associated
with a unique weight vector).

In this case, with the identification |x1, x2〉 �→ |j l〉, Eq.
(B32) becomes

fJ (l, g)= 1
2J + 1

(−1)2j −m−lCJ 0
jm,j −mCJ 0

jl,j −l〈J 0 |λJ (g)† |J 0〉,
(B81)
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or, equivalently, it can be expressed as [cf. Eq. (B44)]

fJ (l, g) = (−1)2j −m

2J + 1
CJ 0

jm,j −m

j∑

m′=−j

(−1)−m′

× CJ 0
jm′,j −m′ 〈jm′, j − m′ |(τ 2

n ⊗ τ̄ 2
n )(g)† |x1, x2〉

= (−1)2j −m

2J + 1
CJ 0

jm,j −m

j∑

m′=−j

(−1)−m′

× CJ 0
jm′,j −m′ |〈x1, x2 |τ 2

n (g)|n′
1, n′

2〉|2

= 1
2J + 1

(−1)2j −m

x1!x2!
CJ 0

jm,j −m

×
j∑

m′=−j

(−1)−m′

n′
1!n′

2!
CJ 0

jm′,j −m′ |Per(g(n′
1,n′

2),(x1,x2))|2,

(B82)

where we set |jm′〉 = |n′
1, n′

2〉 by the inverse Jordan-
Schwinger map.

The second moment expression also simplifies signifi-
cantly. First, notice that, for a given representation λJ ⊗
λJ , each λK , with K ∈ {0, . . . , 2J }, is multiplicity free as all
such irreps are clearly maximally symmetric. This implies
the decomposition of λ⊗2

J is formally the same as the one
of τ 2

n ⊗ τ̄ 2
n , i.e.,

(B83)

and the second moment expression of Theorem 5 simpli-
fies to

E[f 2
J ] = 1

s2
J
(−1)2j |CJ 0

jm,j −m|2
j∑

l=−j

(−1)m+l|CJ 0
jl,j −l|2

×
2 min(J ,j )∑

K=0

1
2K + 1

CK0
jl,j −lC

K0
jm,j −m|CK0

J 0,J 0|2. (B84)

APPENDIX C: LITTLEWOOD-RICHARDSON’S
RULES

In this appendix, we summarize Littlewood-
Richardson’s rules for the decomposition into irreps of the
tensor product of two irreps of SU(m). For more details,
see for instance Ref. [74, Sec. C.3]. In particular, let us
consider the unitary irreps πλ1 , πλ2 of SU(m) associated

with Young’s diagrams λ1, λ2. Then, the representation

πλ1 ⊗ πλ2 : SU(m) � g �→ πλ1(g) ⊗ πλ2(g)

∈ U(Hλ1 ⊗ Hλ2) (C1)

is in general reducible [in particular, it is completely
reducible, since SU(m) is compact].

For instance, in standard RB [50], one is interested in
the irrep U ⊗ Ū, where U : SU(m) → U(m) is the defin-
ing representation and Ū its dual. Diagrammatically, they
correspond to

(C2)

It is well known that

U ⊗ Ū = 1 ⊕ Ad, (C3)

where 1 denotes the trivial irrep and Ad : SU(D) � g �→
Adg ∈ Aut(su(D)) is the adjoint representation. Roughly
speaking, the decomposition is achieved by combining the
two Young diagrams in all possible ways, and summing up
the results. In this case, there are only two possibilities that
realize legal Young diagrams: λU can be attached on the
right of the top row of λŪ, or on the bottom of the column,
i.e.,

(C4)

The first diagram on the right-hand side is equivalent to
the diagram with no boxes associated with the trivial irrep,
while the second Young diagram identifies the adjoint
representation acting on traceless matrices.

In general, Littlewood-Richardson’s rules can be used
to decompose the tensor product of two arbitrary irreps
[74,117,118]. To spell out such rules, let us consider two
Young diagrams λ1, λ2 associated with irreps of SU(m).
The tensor-product representation λ1 ⊗ λ2 can be evalu-
ated algorithmically as follows [118, Sec. 13.5.3] (or also
Ref. [74, Sec. C.3]):

(1) Assign distinct labels to boxes in each row of
the Young diagram λ2. For instance, the boxes in
the first row will be labeled by “a,” the boxes in the
second row by “b” and so on.

(2) Attach boxes labeled by a to λ1 in all possible ways
such that no two a’s appear in the same column, and
the result is still a proper Young diagram.
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(3) Repeat the steps above for all rows of λ2.
(4) Elimination rule: For each box, assign numbers

na = number of a’s above and right to it, nb = num-
ber of b’s above and right to it, and so on. If, at any
point, the relations na ≥ nb ≥ nc ≥ nd ≥ . . . are not
satisfied, discard this diagram.

(5) Merging rule. If two diagrams are the same, then
they are counted as the same if the labels are the
same. Otherwise, they refer to distinct irreps.

(6) Cancel columns with m boxes (since they cor-
respond to constant shifts of the highest weight
vector).

(7) Remove all the labels after the cancellation and the
merging steps.

Example 1. Let us consider the following diagrams:

(C5)

Assigning labels to λ2 as in rule 1, and using the second
and third rules, we get

(C6)

In the second step we got few equivalent diagrams with labels in the same positions, hence they have been merged
according to the merging rule. Moreover, we ignored the diagrams with two a’s in the same column, in agreement with
the symmetric constraint.
By the elimination rule, all the diagrams with a b box attached on the top right shall be eliminated, yielding the following
decomposition:

(C7)
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Finally, suppose for instance that these diagrams are associated with SU(3) irreps. Then, all columns with three boxes
can be omitted, while any diagram with more than three boxes in a column is not allowed. This yields the following
decomposition:

(C8)

In the latter, notice that the diagram appears with
multiplicity 2 in the decomposition, as different labels are
assigned to the two copies.

In the high energy literature [118], this decomposition
is also written in terms of the dimension of the irrep
associated with each Young diagram as

8 ⊗ 8̄ = 27 ⊕ 10 ⊕ 10′ ⊕ 8 ⊕ 8 ⊕ 1. (C9)

Here, 10, 10′ indicates that the two irreps are inequivalent,
while repeated dimensions denote the same irrep appears
with a nontrivial multiplicity.

APPENDIX D: PROOF OF PROPOSITION 2

For convenience, we state again the proposition.

Proposition 3 (Restatement of Proposition 2). For any
k ∈ N, set dλk ≡ dim λk.

dλk =
(

1 − k2

(k + m − 1)2

)
(
dimHm

k

)2 . (D1)

Proof. For any irrep λ = (m1, m2, . . . , mm), the follow-
ing fact holds [75]:

dim λ =
∏

1≤j <j ′≤m

(

1 + mj − mj ′

j ′ − j

)

. (D2)

Let us denote the irrep defined in Eq. (B2) as λk =
(2k, k, . . . , k, 0). Hence, notice the following facts:

(1) For j = 1 and j ′ = 2, . . . , m − 1 we obtain the con-
tribution

∏m−1
j ′=2

(
1 + k

j ′−1

)
.

(2) For j = 1 and j ′ = m we obtain the contribution 1 +
2k

m−1 .
(3) For 2 ≤ j < j ′ ≤ m − 1 all the products are equal to

1.
(4) For 2 ≤ j ≤ m − 1 and j ′ = m we obtain the contri-

bution
∏m−1

j =2

(
1 + k

m−j

)
.

Using the latter facts, we have

dλk = 2k + m − 1
m − 1

m−1∏

j =2

k + m − j
m − j

m−1∏

l=2

k + l − 1
l − 1

(D3)

= 2k + m − 1
m − 1

1
((m − 2)!)2

m−1∏

j =2

(k + m − j )

m−1∏

l=2

(k + l − 1) (D4)

= 2k + m − 1
m − 1

1
((m − 2)!)2

(
1
k
(k)m−1

)2

(D5)

= 1
k2

2k + m − 1
m − 1

(
(k)m−1

(m − 2)!

)2

(D6)

= 1
k2

2k + m − 1
m − 1

(m − 1)2
(

(k)m−1

(m − 1)!

)2

(D7)

= (2k + m − 1)(m − 1)

k2

(
(k + m − 1)!
k!(m − 1)!

k
k + m − 1

)2

(D8)

= (2k + m − 1)(m − 1)

k2

k2(m − 1)

(k + m − 1)2

(
k + m − 1

m − 1

)2

(D9)

= (2k + m − 1)(m − 1)

(k + m − 1)2

(
k + m − 1

m − 1

)2

(D10)

=
(

1 − k2

(k + m − 1)2

)
(
dimHm

k

)2 . (D11)

In Eq. (D4) we factorized the denominators and observed
that the factors range between 1 and m − 2. In Eq. (D5)
we introduced the Pochhammer raising factorial symbol,
defined as (a)k := a(a + 1) . . . (a + k − 1) for a, k ∈ N. In
Eq. (D8) we recognized that, by definition,

(k)m−1

(m − 2)!
=
(

k + m − 2
m − 1

)

= (k + m − 2)!
(k − 1)!(m − 1)!

· k
k

.

(D12)

Finally, rearranging the terms and by symmetry of the
binomial coefficient, the assertion follows. �
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APPENDIX E: PROOF OF LEMMA 2

In this appendix, for convenience, we will say that a box
in a Young tableau is a k box if it is labeled by k ∈ [m].
Recall that for each N ∈ GT(τm

n ) we have

w(N )
j + w(N̄ )

j = 0, ∀j = 1, . . . m − 1. (E1)

Lemma 7 (Restatement of Lemma 2). Let λk be an irrep
of SU(m) as in Eq. (B2) for any k ∈ N. Then,

γλk (0) =
(

k + m − 2
k

)

. (E2)

Proof. From the point of view of Young tableaux, we
remark that a state with weight 0 implies that in the corre-
sponding Young tableau TM —where M ∈ GT(λk) satisfies
the latter selection rules—all the entries appear the same
number of times. Let Y(λk) be the set of semistandard
Young tableaux of shape λk and consider the set

Y (0)(λk) := {T | T ∈ Y(λk) s.t. wT
i

= wT
i+1 ∀i ∈ [m − 1]}. (E3)

It follows that γλk (0) = ∣∣Y (0)(λk)
∣
∣ is the inner multiplicity

of 0 in λk. Clearly, γ (w) = 1 for each weight w in SU(2),
and Eq. (B2) holds trivially.

In a similar fashion, counting Young tableaux Tλk for
SU(3) is straightforward: any Young tableau T ∈ Y (0)(λk)

contains the labels {1, 2, 3} exactly k times, with the 1’s
forced to be placed in the first k boxes of the first row, oth-
erwise T would not be a legal tableau. Then, if we consider
a starting Young tableau of the form

(E4)

all remaining T ∈ Y (0)(λl) can be obtained by permuting
the last 2 box in the first row with the first 3 box in the
second row. The total number of allowed swaps is k, which
implies γλk (0) = k + 1.

Consider now m > 3. As in the previous case, the 1
boxes are fixed to be placed at the beginning of the first
row. Suppose the m boxes are all placed in the m − 1th

row, i.e., we consider

(E5)

As long as the last row is fixed to contain m boxes only, the
total number of such Young tableaux is

(k+m−3
k

)
. Then, we

only have to count the remaining allowed configurations
of k boxes. For this purpose, observe that the remaining
allowed positions for m boxes are only in the first row,
and there are k such configurations. Hence, it is enough
to count all possible configurations for each placement of
m boxes in the first row, which is given by

(
k − l + m − 2

k − l

)

, (E6)

where l is the number of free boxes in the first row of the
tableau. Therefore, the total number of such configurations
is

k∑

l=1

(
(k − l) + m − 2

k − l

)

=
k−1∑

j =0

(
j + m − 2

j

)

=
k−1∑

j =0

(
j + m − 2

m − 2

)

=
(

k + m − 3
k − 1

)

, (E7)

where we used Fermat’s identity [119, Eq. (1.48)]

n∑

j =0

(
j + a

j

)

=
(

a + n + 1
n

)

. (E8)

Therefore, by Pascal’s identity, we have

γλk (0) =
(

k + m − 3
k

)

+
(

k + m − 3
k − 1

)

=
(

k + m − 2
k

)

(E9)

and the proof is complete. �

APPENDIX F: PROOF OF LEMMA 6

Lemma 8 (Restatement of Lemma 6). Let λk be a Young
diagram as in Eq. (B2) labeling an irrep of SU(m), m ≥ 3.
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Then,

λk ⊗ λk =
k⊕

l=0

λ
(l+1)

l ⊕
2k⊕

l=k+1

λ
(2k−l+1)

l ⊕ L, (F1)

where λ0 ≡ 1, λ1 ≡ Ad, λ
(i)
j denotes the ith copy of λj in

λ⊗2
l , and L is a suitable direct sum of irreps, which are not

of the form λl for any l ∈ N.

Proof. Consider for any k ∈ N the tensor product

(F2)

By Littlewood-Richardson’s rules, the number of Young
diagrams λl that can be constructed from λ⊗2

k is determined
by all possible allowed configurations we can attach the
a1 boxes to the first λk, since the way the remaining ai
boxes, i = 2, . . . , m − 1, are attached must follow accord-
ingly. First, notice that only the a1 boxes can be attached
to the first row of the first copy of λk due to the elimina-
tion rule. Hence, we have two different “generating” Young
diagrams conditioned by whether l ≤ k or k + 1 ≤ l ≤ 2k.

Suppose l ≤ k at first. The a1 boxes are attached to the
first copy of λk as follows: The first l boxes are attached
to the first row, the next k boxes are attached to the sec-
ond row and the remaining k − l boxes are attached to the
mth row. Then, all the ai boxes, for any i = 2, 3, . . . , m − 2
are attached to the i + 1th row. Finally, the am−1 boxes are
attached to the mth row. The resulting Young diagram is
given by

(F3)

Suppose now l ≥ k + 1. The a1 boxes are attached to the
first copy of λk as follows: The first l boxes are attached
to the first row, while the remaining ones are attached
to the second row of λk. Then, for the ai boxes, for any
i = 2, 3, . . . , m − 2, the first 2k − l are attached to the

ith row of λk, while the remaining ones are attached to
the i + 1th row of λk. The first am−1 boxes are attached
to the m − 1th row of Tk and the remaining ones will
form the mth row of the diagram. The resulting Young
diagram is
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(F4)

For notation purpose, let us refer to the latter two Young
diagrams as the generating Young diagrams.

At this point, we can generate all the remaining copies
of λl in the following way:

(1) For any i = 1, . . . , m − 2, replace the last ai box in
the i + 1th row with an ai+1 box.

(2) Replace the first am−1 box in the mth row of the
diagram with a1.

It follows that the multiplicity of λl in the decomposition of
λ⊗2

k is determined by the number of a1 boxes in the second
row of the generating Young diagram. �

APPENDIX G: PASSIVE RB WITH HETERODYNE
MEASUREMENT

In this appendix, we prove Theorems 1 and 2 for passive
RB with (balanced) heterodyne measurements. As before,
the filter function (A36) plays a central role and here
assumes the following form:

fλk (α, g) = 1
sλk

〈n0, n0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |α, α〉, (G1)

where ρ = |n0 〉〈n0| is the input state, λk is an irrep in τm
n ⊗

τ̄m
n and α ∈ Cm denotes an m-modes coherent state.

Throughout this appendix, we use the usual multi-index
notation [120, Sec. 9.1]: For elements n1, n2 ∈ Hm

n , n1 +
n2 denotes the componentwise sum. The multi-index fac-
torial of n ∈ Hm

n is defined as n! := n1! . . . nm!. Also, for
a given α ∈ Cm, we consider the power αn := α

n1
1 . . . αnm

m ,
and we set |α|p := α

p
1 + · · · + α

p
m for p ≥ 1. We also use

the shorthand notation
∫

d2α ≡
∫

d2α1 . . .

∫

d2αm, (G2)

where d2αi is the complex measure on C. With this nota-
tion, the multimode coherent state |α〉 can be expanded
as

|α〉 = e−|α|2/2
∑

n∈Fm

αn

√
n!

|n〉. (G3)

Consider now the following quantity for any K ∈ 2N:

I({ni}K
i=1) = 1√

n1!n2! . . . nK !

×
∫

d2α e−K/2|α|2 ᾱn1+...nK/2αnK/2+1+...nK .

(G4)

The latter can be evaluated writing down the integral in
polar coordinates and integrating by parts. Specifically, for
the single-mode integral, and for any η > 0, we have

∫

d2α e−η|α|2αa+bᾱc+d

=
∫ ∞

0
dr e−ηr2

ra+b+c+d+1
∫ 2π

0
dθ eiθ(a+b−c−d)

= π

(
a + b + c + d

2

)

!η− a+b+c+d
2 δa+b,c+d. (G5)

Notice that the expression in parenthesis is a proper facto-
rial due to the δ. This implies

I({ni}K
i=1)

= πm

(K/2)n

(
n1 + · · · + nK/2

)
!√

n1! . . . nK !
δn1+···+nK/2,nK/2+1+···+nK ,

(G6)
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where

δn1+···+nK/2,nK/2+1+···+nK

=
{

1, if
∑K/2

i=1 ni =∑K
i=K/2+1 ni,

0, otherwise
(G7)

and we used the fact that |ni| = n for each i = 1, . . . K .
Lastly, we recall the identification between Fock states

and GT patterns: we will write |ni〉 = |Ni〉, meaning that
Ni = Ni(ni).

The coherent state POVM {|α〉〈α|}α∈Cm is information-
ally complete [121], which implies sλk �= 0 for any λk ∈
ω̂m

n [50]. Specifically, we work out explicit formulae for
the eigenvalues sλk :

Theorem 3. Let λk an irrep of τm
n ⊗ τ̄m

n as in Eq. (B2).
For a balanced heterodyne measurement setting, the eigen-
values of the frame operator of the filtered RB protocol are
given by

sλk = πm2−n

dλk

∑

n1,n2

(−1)ϕ(N1)+ϕ(N2)

(
n1 + n2

n1

)

×
∑

M∈GT(λk)

CM
N1,N̄1

CM
N2,N̄2

, (G8)

where N1, N2 ∈ GT(τm
n ) are the GT patterns associated

with n1, n2, respectively, and

(
n1 + n2

n2

)

≡
(

n1,1 + n2,1

n2,1

)

. . .

(
n1,m + n2,m

n2,m

)

, (G9)

where ni = (ni,1, . . . , ni,m).

Proof. For the balanced heterodyne measurement set-
ting the corresponding (ideal) POVM is {|α〉〈α| ≡
Eα}α∈Cm , where |α〉 =⊗m

i=1 |αi〉 is an m modes coherent
state. The associated measurement channel is given by

M(·) :=
∫

Cm
d2α Tr[|α〉〈α|(·)] |α〉〈α|. (G10)

To evaluate Eq. (A39), we use the multimode expansion
defined in Eq. (G3). Moreover, since Pλk is defined onto
a subspace of Hm

n , such expansions of the copies of α are

truncated. Hence, by Eq. (G4), we have

sλk = 1
dλk

∫

d2α 〈α |Pλk (|α〉〈α|)|α〉 (G11)

= 1
dλk

∑

n1,n2∈Hm
n

m1,m2∈Hm
n

I(n1, n2, m1, m2)

× 〈n1 |Pλk (|n2 〉〈m2|)|m1〉 (G12)

= 1
dλk

∑

n1,n2∈Hm
n

m1,m2∈Hm
n

I(n1, n2, m1, m2)〈n1, m1 |Pλk |n2, m2〉

(G13)

= 1
dλk

∑

n1,n2∈Hm
n

m1,m2∈Hm
n

I(n1, n2, m1, m2)〈N1, M1 |Pλk |N2, M2〉

(G14)

= 1
dλk

∑

n1,n2∈Hm
n

m1,m2∈Hm
n

(−1)ϕ(M1)+ϕ(M2)

× I(n1, n2, m1, m2)〈N1, M̄1 |Pλk |N2, M̄2〉 (G15)

= 1
dλk

∑

n1,n2∈Hm
n

m1,m2∈Hm
n

(−1)ϕ(M1)+ϕ(M2)I(n1, n2, m1, m2)

×
∑

M∈GT(λk)

CM
N1,M̄1

CM
N2,M̄2

, (G16)

where the phase ϕ(M ) is defined in Eq. (A23) and in the
last step we used the definition of Pλk , cf. Eq. (B21):

〈N1, M̄1 |Pλk |N2, M̄2〉 =
∑

M∈GT(λk)

〈N1, M̄1 |M 〉〈M |N2, M2〉

=
∑

M∈GT(λk)

CM
N1,M̄1

CM
N2,M̄2

. (G17)

Since N1, N2 ∈ GT(τm
n ) and M1, M2 ∈ GT(τ̄m

n ), selection
rules for Clebsch-Gordan coefficients imply M1 = N1 and
M2 = N2. Hence,

sλk = 1
dλk

∑

n1,n2∈Hm
n

(−1)ϕ(N1)+ϕ(N2)I(n1, n2)

×
∑

M∈GT(λk)

CM
N1,N̄1

CM
N2,N̄2

. (G18)

By Eq. (G6), we have

I(n1, n2) = πm

2n

(
n1 + n2

n1

)

, (G19)
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with

(
n1 + n2

n2

)

≡
(

n1,1 + n2,1

n2,1

)

. . .

(
n1,m + n2,m

n2,m

)

, (G20)

from which Eq. (G8) follows. �

A result similar to Eq. (B32) is available for heterodyne
detectors:

Theorem 4 (Restatement of Theorem 1— heterodyne
version). Let ρ = |n0 〉〈n0| be a m modes state and let
{|α〉〈α|}α∈Cm be the coherent state POVM. Let λk an irrep
of τm

n ⊗ τ̄m
n as in Eq. (B2). Then, the filter function (4) is

given by

fλk (α, g) = (−1)ϕ(N0)

sλk

∑

M∈GT(λk)

CM
N0,N̄0

×
∑

N ′∈GT(τm
n )

(−1)ϕ(N ′)CM
N ′,N̄ ′ |〈α |τm

n (g)|n′〉|2,

(G21)

where |n′〉 = |N ′〉.

Proof. The proof is analogous to the PNR case. By a
slight generalization of Lemma 3 to include coherent state
measurements, we have

fλk (α, g) = 1
sλk

〈n0, n0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |α, α〉 (G22)

= 1
sλk

(−1)ϕ(N0)〈N0, N̄0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |α, α〉
(G23)

= 1
sλk

(−1)ϕ(N0)
∑

M∈GT(λk)

CM
N0,N̄0

× 〈M |τm
n ⊗ τ̄m

n (g)† |α, α〉 (G24)

= 1
sλk

(−1)ϕ(N0)
∑

M∈GT(λk)

CM
N0,N̄0

∑

N1,N2∈GT(τm
n )

× CM
N1,N̄2

〈N1, N̄2 |τm
n ⊗ τ̄m

n (g)† |α, α〉 (G25)

= 1
sλk

(−1)ϕ(N0)
∑

M∈GT(λk)

CM
N0,N̄0

∑

N1,N2∈GT(τm
n )

× (−1)ϕ(N2)CM
N1,N̄2

〈N1, N2 |τm
n ⊗ τ̄m

n (g)† |α, α〉
(G26)

= 1
sλk

(−1)ϕ(N0)
∑

M∈GT(λk)

CM
N0,N̄0

∑

N1∈GT(τm
n )

× (−1)ϕ(N1)CM
N1,N̄1

〈N1, N1 |τm
n ⊗ τ̄m

n (g)† |α, α〉.
(G27)

In Eq. (G23), we used the identification with GT patterns
and introduced the phases described in Eq. (A23). In Eq.
(G24), we projected |N0, N̄0〉 onto λk, cf. Equation (B21).
In Eq. (G25), we applied the Clebsch-Gordan decompo-
sition |M 〉 =∑N1,N2∈GT(τm

n ) CM
N1,N̄2

|N1, N2〉. In Eq. (G26),
we used again Eq. (A23), and in Eq. (G27) we used selec-
tion rules for Clebsch-Gordan coefficients, since N1, N2 ∈
GT(τm

n ). By the identification |n1〉 = |N1〉, we have

〈N1, N1 |τm
n ⊗ τ̄m

n (g)† |α, α〉 = |〈n1 |τm
n (g)|α〉|2, (G28)

and the assertion is proved. �

We remark that an expression analogous to Eq. (B44) as
a weighted sum of matrix coefficients of λk can be worked
out by considering the expansion of |α〉 in the Fock basis.

1. Moments for the heterodyne measurement setting

In this appendix, we provide explicit expressions for first
two moments of probability of the filter function (4) in
the case of heterodyne measurements, for which the ideal
probability distribution is p(α|g) = 〈α |ωm

n (g)(ρ)|α〉, α ∈
Cm. In particular, the ideal second moment will provide an
upper bound to the sampling complexity of the protocol,
cf. Sec. II C. As in Appendix B 3, the proofs rely on the
application of Schur’s orthogonality relations (B53).

Lemma 3. For a heterodyne measurement setting, ρ =
|n0 〉〈n0| as input state, and an irrep λk of τm

n ⊗ τ̄m
n , the

following holds:

E[fλk ] = 1
dλk sλk

∑

M∈GT(λk)

∣
∣
∣CM

N0,N̄0

∣
∣
∣
2

×
∑

n1,n2∈Hm
n

m1,m2∈Hm
n

(−1)ϕ(M1)+ϕ(M2)I(n1, n2, m1, m2)

×
∑

S∈GT(λk)

CS
N1,M̄1

CS
N2,M̄2

, (G29)

where |n0〉 = |N0〉, |n1〉 ≡ |N1〉, |n2〉 ≡ |N2〉, |m1〉 ≡ |M1〉,
|m1〉 ≡ |M1〉, I is as in Eq. (G4) and ϕ is defined in
Eq. (A23).

Proof. As in the proof of Theorem 3, considering the
multimode expansion of α, only the n-particle component
provides nontrivial contribution to the first moment, since
ωm

n acts nontrivially on Hm
n only. Recalling Eq. (G4), it

follows
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E[fλk ] = 1
sλk

∫

d2α

∫

dg 〈n0 |Pλk ◦ ωm
n (g)†(|α〉〈α|)|n0〉〈α |ωm

n (g)(|n0 〉〈n0|)|α〉 (G30)

= 1
sλk

∑

n1,n2∈Hm
n

m1,m2∈Hm
n

I(n1, n2, m1, m2)

∫

d2α

∫

dg 〈n0 |Pλk ◦ ωm
n (g)†(|n1 〉〈m1|)|n0〉〈n2 |ωm

n (g)(|n0 〉〈n0|)|m2〉.

(G31)

In particular,

H ≡
∫

d2α

∫

dg 〈n0 |Pλk ◦ ωm
n (g)†(|n1 〉〈m1|)|n0〉〈n2 |ωm

n (g)(|n0 〉〈n0|)|m2〉 (G32)

=
∫

dg 〈n0, n0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |n1, m1〉〈n2, m2 |τm
n ⊗ τ̄m

n (g)|n0, n0〉 (G33)

=
∫

dg 〈N0, N0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |N1, M1〉〈N2, M2 |τm
n ⊗ τ̄m

n (g)|N0, N0〉 (G34)

= (−1)ϕ(M1)+ϕ(M2)

∫

dg〈N0, N̄0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |N1, M̄1〉〈N2, M̄2 |τm
n ⊗ τ̄m

n (g)|N0, N̄0〉 (G35)

= (−1)ϕ(M1)+ϕ(M2)
∑

M∈GT(λk)

CM
N0,N̄0

∫

dg 〈M |λk(g)† |N1, M̄1〉〈N2, M̄2 |
n⊕

j =0

λj (g)|N0, N̄0〉. (G36)

In the last step, we projected |N0, N̄0〉 onto λk and we used
the irrep decomposition of τm

n ⊗ τ̄m
n , see Lemma 1. The

latter can be computed by slight modifications of Lemmas
3 and 4. In particular, by orthogonality relations, the inte-
gral is nonzero only if j = k and for basis vectors of λk.
In other words, it is enough to restrict the Clebsch-Gordan
decompositions to the λkth components:

|N1, M̄1〉
∣
∣
λk

=
∑

S1∈GT(λk)

CS1
N1,M̄1

|S1〉, (G37)

|N2, M̄2〉
∣
∣
λk

=
∑

S2∈GT(λk)

CS2
N2,M̄2

|S2〉, (G38)

|N0, N̄0〉
∣
∣
λk

=
∑

S3∈GT(λk)

CS3
N0,N̄0

|S3〉. (G39)

Therefore, Schur’s orthogonality relations (B53), we have

H = 1
dλk

(−1)ϕ(M1)+ϕ(M2)
∑

M∈GT(λk)

∣
∣
∣CM

N0,N̄0

∣
∣
∣
2

×
∑

S∈GT(λk)

CS
N1,M̄1

CS
N2,M̄2

(G40)

from which the assertion follows. �

Lastly, we have the following explicit expression for the
second moment:

Theorem 5. Consider a passive RB experiment with bal-
anced heterodyne measurement setting, initial Fock state
ρ = |n0 〉〈n0|, and λ is an irrep of ωm

n = τm
n ( · )τm†

n . Then,
the following holds:

E[f 2
λk

] = 1
s2
λk

(−1)ϕ(N0)
∑

n1,n2,n3,
m1,m2,m3

× (−1)
∑3

i=1 ϕ(Mi)I((ni)
3
i=1(mi)

3
i=1)gk(N, M, N0),

(G41)

where N ≡ (N1, N2, N3), M ≡ (M1, M2, M3), Ni ≡ N (ni),
Mi ≡ M (mi) are GT patterns associated with ni, mi,
respectively, I((ni)

3
i=1, (mi)

3
i=1)≡ I(n1, n2, n3, m1, m2, m3)

is as in Eq. (G6) and

gk(N, M, N0) =
min{n,2k}∑

l=0

1
dλk

ml∑

r=1

×
∑

M ,M ′∈GT(λk)

L,L′∈GT(λk)

R,R′∈GT(λl)

CM
N0,N̄0

CM ′
N0,N̄0

CR,r
M ,M ′CR

N0,N̄0
CR′

N3,M̄3
CL

N1,M̄1

× CL′
N2,M̄2

CR′,r
L,L′ . (G42)
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Proof. By Eqs. (G3) and (G4), we have, for any λk,

E[f 2
λk

] = 1
s2
λk

∫

d2α

∫

dg 〈n0 |Pλk ◦ ωm
n (g)†(|α〉〈α|)|n0〉2〈α |ωm

n (g)(|n0 〉〈n0|)|α〉 (G43)

= 1
s2
λk

∑

n1,n2,n3∈Hm
n

m1,m2,m3∈Hm
n

I((ni)
3
i=1, (mi)

3
i=1)

∫

dg 〈n0 |Pλk ◦ ωm
n (g)†(|n1 〉〈m1|)|n0〉 (G44)

× 〈n0 |Pλk ◦ ωm
n (g)†(|n2 〉〈m2|)|n0〉〈n3 |ωm

n (g)(|n0 〉〈n0|)|m3〉 (G45)

≡ 1
s2
λk

∑

n1,n2,n3,
m1,m2,m3

I((ni)
3
i=1, (mi)

3
i=1) Gk((ni)

3
i=1, (mi)

3
i=1, n0), (G46)

where

Gk((ni)
3
i=1, (mi)

3
i=1, n0)

≡
∫

dg 〈n0 |Pλk ◦ ωm
n (g)†(|n1 〉〈m1|)|n0〉

× 〈n0 |Pλk ◦ ωm
n (g)†(|n2 〉〈m2|)|n0〉

× 〈n3 |ωm
n (g)(|n0 〉〈n0|)|m3〉. (G47)

Introducing GT patterns, we have

Gk((ni)
3
i=1, (mi)

3
i=1, n0) ≡ Gk(N, M, N0),

N = (N1, N2, N3), M = (M1, M2, M3). (G48)

Then, by Eq. (A23), the latter assumes the following form:

Gk(N, M, N0) =
∫

dg 〈N0, N0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |N1, M1〉〈N0, N0 |Pλkτ
m
n ⊗ τ̄m

n (g)† |N2, M2〉 (G49)

× 〈N3, M3 |τm
n ⊗ τ̄m

n (g)|N0, N0〉 (G50)

= (−1)ϕ(N0)+∑3
i=1 ϕ(Mi)

∑

M ,M ′∈GT(λk)

CM
N0,N̄0

CM ′
N0,N̄0

(G51)

×
∫

dg 〈M , M ′ |λk(g)⊗2† |N1, M̄1, N2, M̄2〉〈N3, M̄3 |
n⊕

j =0

λj (g)|N0, N̄0〉 (G52)

≡ (−1)ϕ(N0)+∑3
i=1 ϕ(Mi)gk(N, M, N0) . (G53)

We compute the integral

gk(N, M, N0) ≡
∫

dg 〈M , M ′ |λk(g)⊗2† |N1, M̄1, N2, M̄2〉

× 〈N3, M̄3 |
n⊕

j =0

λj (g)|N0, N̄0〉 (G54)

as in the proof of Theorem 5: Consider the irrep decom-
position of λ⊗2

k as in Lemma 6. Then, by orthogonal-
ity of the matrix coefficients, the nontrivial contributions
to the integral come from irreps that appear–with their

multiplicities—in both ωm
n and λ⊗2

k . This implies

gk(N, M, N0) =
min{n,2k}∑

l=0

ml∑

r=1

∫

dg

× 〈M , M ′ |λ(r)
l (g)† |N1, M̄1, N2, M̄2〉

× 〈N3, M̄3 |λl(g)|N0, N̄0〉. (G55)

Therefore, by the Clebsch-Gordan decompositions

|M , M ′〉 =
∑

R∈GT(λl)

CR,r
M ,M ′ |R, r〉, (G56)
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(a) (b)

FIG. 4. Signal forms of passive RB with n = m = and input state |14〉 using T = 10 000 samples. (a) Postselection on particle loss
events under different values of transmittivity. (b) Passive RB signal in the presence of particles loss with transmittivity

√
p = 0.95.

|N3, M̄3〉 =
∑

J∈GT(λl)

CJ
N3,M̄3

|J 〉, (G57)

|N0, N̄0〉 =
∑

J ′∈GT(λl)

CJ ′
N0,N̄0

|J ′〉, (G58)

|N1, M̄1, N2, M̄2〉 =
∑

L,L′∈GT(λk)

CL
N1,M̄1

CL′
N2,M̄2

|L, L′〉, (G59)

|L, L′〉 =
∑

R′∈GT(λl)

CR′r
L,L′ |R′, r〉, (G60)

it follows

∫

dg 〈R, r |λ(r)
l (g)† |R′, r〉〈J |λl(g)|J ′〉 = 1

dλl

δR,J ′δR′,J

(G61)

by Schur’s orthogonality relations (B53). Hence,

gk(N, M, N0) =
min{n,2k}∑

l=0

1
dλk

ml∑

r=1

∑

M ,M ′∈GT(λk)

L,L′∈GT(λk)

R,R′∈GT(λl)

× CM
N0,N̄0

CM ′
N0,N̄0

CR,r
M ,M ′CR

N0,N̄0
CR′

N3,M̄3

× CL
N1,M̄1

CL′
N2,M̄2

CR′,r
L,L′ , (G62)

and the assertion follows from a suitable sorting of all the
terms. �

APPENDIX H: ADDITIONAL DETAILS ON
NUMERICAL EXPERIMENTS

Here we provide additional details and plots for the
numerical experiment discussed in Fig. 4 and the numeri-
cal implementation of the filter function (B32). Computa-
tion of the filter function was performed on a MacBook Pro
2020 with Intel Quad-Core i5 (1,4 GHz), 8 GB LPDDR3
(2133 MHz).

The specifics of the simulation are the following:
We consider the collision-free input state |n0〉 = |14〉 ≡
|1111〉 ∈ H4

n and filter onto the λk irrep for k = 0, . . . , 4.
Random unitaries g(i)

j ∈ SU(4), i ∈ [T], j ∈ [l] are drawn
from the Haar-probability measure according to the pro-
cedure described in Refs. [122,123], the sequence lengths
considered consisting of l = 1, . . . , 10 Haar random uni-
taries. We assume each gate comes with a probability
1 − p of losing a particle on each mode. In particular,
we consider experiments with gate independent noise,
where

√
p = 0.95, 0.975, 0.99 and simulate a gate depen-

dent noise experiment where the transmittivity √pj of the
j th unitary in the sequence is drawn uniformly at random
from the interval [0.9, 1]. Concretely, denoting with L(g)

the single-mode lossy channel, this means that the noisy
gate is modeled as ωm

n (g) ◦ L(g)⊗m for each gate g in the
sequence. Lastly, random Fock states are drawn perform-
ing a boson-sampling simulation using the Python module
Piquasso [102,124]. Additionally, we collected noiseless
samples for evaluation of E[f 2

λk
]ideal by simply letting p =

1. We collect T = 10 000 sampled pairs ((g(i)
j )l

j =1, n(i)) and
store them for postprocessing. We remark that the unitaries
g(i)

1 , . . . , g(i)
l are used to collect exactly one state from the

boson sampler, as throughout this work we consider the
so-called single-shot estimator (2) [50].

By postselecting on the outcome of the boson-sampling
experiment, we capture the estimation of particle loss rates
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as described in Sec. II B 4. The results, which employ the
indicator filter function (6) are shown in Fig. 4(a) (the
estimator is again the empirical average of the filter func-
tion). Since we run simulations under particle loss only,
the estimated decay rates are similar to the ones shown in
Fig. 4.

Next, we evaluate the filter function (B32) for each
sampled pair. Specifically, we compute Clebsch-Gordan
coefficients using the SUNRepresentations Julia library
[125], which implements Alex et al.’s algorithm for the
computation of SU(m) Clebsch-Gordan coefficients [75].
The algorithm can be sketched as follows: For each irrep
λk in τm

n ⊗ τ̄m
n (or—in the case of the second moment—for

each irrep in λ⊗2
k ) one shall first find the Clebsch-Gordan

coefficients of the highest weight state of λk (and pos-
sibly resolve the ambiguity on the multiplicities by a
suitable Gaussian elimination, in the case of λ⊗2

k ). Lower
weight states are obtained by repeated application of lad-
der operators. This implies the calculation of all remaining
Clebsch-Gordan coefficients by solving linear systems of
equations. We remark the computation of Clebsch-Gordan
coefficients can be sped up by exploiting the symmetries of
the weight spaces under the action of the Weyl group [84]
or using analytic expressions for the coefficients CM

N ,N̄ , with
N ∈ GT(τm

n ), M ∈ GT(λk) [89].
Lastly, we analyze the signal form for the irreps

λ0, . . . , λ4 (we do not include λ1 as there is no overlap with
the chosen input state). The results are shown in Fig. 4(b).
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