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It is well-known that the training of Deep Neural Networks (DNN) can be formalized in the language
of optimal control. In this context, this paper leverages classical turnpike properties of optimal control
problems to attempt a quantifiable answer to the question of how many layers should be considered in
a DNN. The underlying assumption is that the number of neurons per layer—i.e., the width of the DNN—
is kept constant. Pursuing a different route than the classical analysis of approximation properties of
sigmoidal functions, we prove explicit bounds on the required depths of DNNs based on asymptotic
reachability assumptions and a dissipativity-inducing choice of the regularization terms in the training
problem. Numerical results obtained for the two spiral task data set for classification indicate that the
proposed constructive estimates can provide non-conservative depth bounds.

© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
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1. Introduction

Machine Learning (ML) and Optimal Control (OC)—despite be-
ing seemingly distant topics—share fruitful and established in-
terconnections. For example, the well-known concept of back
propagation, popularized by Rumelhart et al. (1986),! enables
efficient gradient computation in the training of various ML algo-
rithms. This concept arises naturally in discrete-time OC disguised
as adjoint/co-state dynamics, see Bryson and Denham (1962)
and the overview by Baydin et al. (2017). Indeed the recently
exponentially growing interest in deep learning and artificial
neural networks was preceded by seminal results obtained in
systems and control. Consider, e.g., the analysis of approximation
properties of sigmoidal (activation) functions (Cybenko, 1989),
the works on controllability and reachability properties of recur-
rent neural networks (Sontag & Sussmann, 1997) and the more
recent works (Ruiz-Balet et al., 2022; Ruiz-Balet & Zuazua, 2023).
Moreover, it has been proposed to analyze the training of Deep
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Neural Nets (DNN) in optimal control frameworks (Esteve et al.,
2020; Li et al., 2017).

The classical works of Cybenko (1989), Hornik (1991), and a
large number of follow-up papers, have shown that the universal
approximation properties of multilayer feed-forward networks
hold when condensed to huge single hidden layer networks.
However, so-called shallow networks may encounter problems
when it comes to learning as well as generalization. They might
also have more parameters/weights then their multi-layered coun-
terparts, cf. the empirical study (Ba & Caruana, 2014). It stands
to reason that there is a substantial depth vs. width trade-off in
designing neural networks.

When training DNNs network depth and width are usually
chosen empirically by try-and-error. Another approach is the
additive construction of DNNs which requires many learning
cycles or conceiving the network depth as uncertain/random
variable (Antoran et al., 2020). Alternatively, one can address the
depth-design problem within the optimization/learning process,
e.g., by choosing zero weights or by choosing other network
architectures like deep residual networks featuring bypasses of
layers, see Goodfellow et al. (2016). In principle, one could also
re-phrase the depth-choice as a so-called hyper-parameter tuning
problem and apply Bayesian regression (Maclaurin et al., 2015).
An abstract view of network depth based on upper bounds of
empirical margin error along with possible measures is given
by Sun et al. (2016a).

In principle, the solution of supervised ML tasks via deep
learning and neural networks entails two different aspects. The
formulation of the training optimization problem and its numerical
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solution. While the former refers to the choice of loss functions,
regularization penalties and network DNN architectures, the lat-
ter is concerned with computing approximations to solutions of
the training problem in scalable and efficient fashion. In this
paper, we investigate the formulation of DNN training from the
perspective of Optimal Control Problem (OCP) similar to Esteve
et al. (2020) and Li et al. (2017). That is, we focus on the first
aspect mentioned above. Eventually, this allows us to propose and
prove constructive depth bounds using optimal control theory.

This way, we also do not take the functional analytic and func-
tion approximation route paved by Cybenko (1989) and Hornik
(1991) and others. Rather we regard a feed-forward neural net-
work as a dynamic system on a finite horizon and invoke reacha-
bility properties to derive depth bounds, while the width—i.e., the
number of neurons per layer—is kept constant. We show that
reachability properties of the neural network refer the ability of
the network to infer a suitable label from a given data point,
i.e., to the ability to solve a particular classification or regression
task. Specifically, we rely on dissipativity-based analysis tech-
niques of OCPs which leverage turnpike properties. The term
turnpike refers to a similarity property of solutions of OCPs for
varying initial conditions and horizon lengths. It has been coined
by Dorfman et al. (1958) and has received considerable interest
in economics, see Carlson et al. (1991) and McKenzie (1976).
There has been interest in turnpike properties and their rela-
tion to dissipation inequalities (Faulwasser et al., 2017; Griine &
Miiller, 2016), in turnpikes of PDE-constrained OCPs (Gugat et al.,
2016), mixed-integer problems (Faulwasser & Murray, 2020) and
economic MPC (Faulwasser et al.,, 2018). We refer to Faulwasser
and Griine (2022) and Griine (2022) for overviews. Moreover, the
results of Esteve et al. (2020) suggest analyzing turnpike prop-
erties in continuous-time OCPs arising from continuous training
problems of DNNs. Therein, ODE and PDE turnpike properties are
established using a finite-time reachability assumption for the
underlying DNNs and leveraging the structure of the optimality
conditions.

The present paper also takes a turnpike approach to the de-
duction of depth-bounds as well as the design of DNNs. Therefore
and in contrast to Esteve et al. (2020), we consider the training
of discrete DNNs with a constant number of units per layer.
We show, based on an established dissipativity notion for OCPs,
that the training of DNNs exhibits the turnpike phenomenon.
Moreover, we provide a constructive procedure to ensure that
the regularization stage cost induces strict dissipativity of the
OCP. Put differently, we investigate how suitable regularization
terms for the DNN training simplify the analysis of the DNN
training. Based on an asymptotic reachability assumption, we
derive explicit and constructive bounds on the DNN depth—
i.e., the number of layers—, while we limit the assumptions on
the considered loss functions. To the best of our knowledge, the
present paper appears to be the first, which derives explicit depth
bounds for DNNs. Additionally, we comment on the application of
our results to classification problems. We draw upon the example
of the classic Two Spiral Task (TST) to illustrate our findings
numerically. Numerical a-posteriori verification indicates that the
proposed depth bounds are not overly conservative.

The remainder of the paper is structured as follows: Section 2
introduced the problem statement and present preliminary re-
sults. Section 3 presents the main results, while in Section 4 we
turn towards a numerical example. The paper concludes with a
discussion and conclusions in Section 5.

2. An optimal control formulation of neural network training

We focus on Residual artificial neural Networks (ResNets), not
only because they can fulfill classification and regression tasks,
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e.g., image processing in the form of CNNs, but also because
they can be understood as dynamic data filters. Accordingly, they
form a bridge between artificial intelligence and control theory.
A ResNet can be modeled as the system

Xkr1 = X + 0 (A + b)), X =X € R (1)

where the discrete (time) index k € N enumerates the layers of
the network. The weights A, € R¥¢, b, € R? are chosen in the
training process. The initial condition x, of the state variable x €
RY corresponds to data propagated through the net. Specifically,
we consider a given set

D={x"y"), ..., y")

of D data points (x',y') where the vectors y¥' € R™ serve as
labels of the training data. We denote the x-projection of D as X
and, respectively, the y-projection as Y. The sequence of integers
ko, ko + 1, ...,k is written as Ny, ,). Notice that, with slight
abuse of notation, we write o (AiXx + by) to denote the element-
wise application of the scalar activation function ¢ : R — R to
the vector Agxy + by.

2.1. Problem statement

Training a neural net can be understood as an optimization
problem wherein, in principle, the depth of the network N € N
and the width dim(x) = d, the weight sequences A, by, k €
Njo,n—1}, and the activation function o are design parameters.
Here, we suppose a fixed and constant dimension dim(x) = d,
which implies that the number of neurons per layer is kept con-
stant. Primarily, we are interested in deriving a non-conservative
constructive bound on the depth N.

Assumption 1 (Activation Function o). The activation function
o : R — R is continuous on R and satisfies o(0) = 0. O

Similar to Esteve et al. (2020) and Li et al. (2017) we later
rewrite the training problem as an OCP. To this end, consider the
stacked data vectors
T DT]T

1T pT1T
X N

R

which allow writing D = {Xq,y}. Moreover, the stacked or
ensemble variant of the dynamics (1) reads

Xer1 =X+ 0 (1P @ Ax + 1° ® by) , Xo € R
= f(Xk. U), Xp € R4P (2)

Xo = [x

with uy = [vect(A)", b;]T e R¥+4 and IP is the identity matrix
of RP and 1P is vector of all ones in R”. The initial condition can
be understood as the vectorization of the available data, i.e., Xg =
vect(X). For a given depth N the problem can be written as the
following discrete-time OCP

N-1
Vi (%) = min B €(x, ) + v - £xn, Y) (3a)
k k=0

subject to Vk € Njg n—1)

Xir1 =f (X, W), Xo = vect(X) € RP. (3b)

The Lagrange term (or stage cost) £ : R4D x R&+d Ry captures
regularization terms (details see further below), while the Mayer
term (or loss function) ¢ : R¢? — RS“ describes the quality of
the neural net in terms of the given (classification/learning) task
at hand. Typically, one aims at minimizing the empirical loss

1S
Uik ¥) = 5 D G0, ¥, C)
i=1
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where £i(xy(x'), y') denotes the loss associated to the data sample
(x',y"). The scalar penalty parameter y € R is used to trade-off
the importance of the regularization against the loss function ;.
The horizon N € N corresponds to the depth of the net. Optimal
solutions to (3) are denoted as X;(Xo) and ug(Xo) where, whenever
necessary, the argument Xo highlights the dependence on the
given data D.

The key challenge in solving (3) is that the dimensionality of
the data xo might be largTe, while the weights A, and by, collected
in e = [vect(A)", b, | . have to provide suitable propagation
for all data points xé. Indeed the weights should provide suitable
propagation of data points even beyond X such as to allow using
the trained neural net as a predictor. This desired predictive or
extrapolating capability is also known as generalization in ma-
chine learning. A priori it is not clear what a suitable depth N
shall be. However, it is well-known—in systems and control as
well as in machine learning—that large values of N might lead to
over-fitting, which jeopardizes generalization.

2.2. Preliminaries

Throughout the remainder we assume that the loss function
¢ : RY? — RY is continuous and non-negative. We require

X*(y) = argmin {¢(X,y) # 0, (5)
xeRd-D

i.e., the set of unconstrained minimizers of the loss function ¢; is

non-empty. Moreover, the set Ry(Xg) € R4P

Ru(Xo) = {X | X = Xn(Xo), llull < 00, k € Non—11} (6)

collects all states reachable from X, within horizon N by bounded
control sequences {uy}. Similarly, the set Ry (Xo) C Ry(Xo) denotes
the set of states reached by optimal control sequences. Similar
to Esteve et al. (2020) we initially assume the following:

Assumption 2 (Zero-Loss DNN). GivendataD = {Xo,y}and N € N
it holds that Ry(x¢) N X*(y) # @. O

The previous assumption can be understood as a realizability
assumption, i.e., for sufficiently deep networks zero loss can be
attained for the given data D.

If the reachability assumption above holds, and assuming with
only minor loss of generality? that

& l(x,y) =0, (7)

we can rewrite the problem of attaining zero loss in (3) as
follows:

x € X*(y)

N—1

Vi(Xo) = min k; £(X, ) (8a)
subject to Vk € Ny n—_1]

Xep1 = f(Xg, W),  Xo = vect(X) (8b)

0 = £i(xn. Y), (8c)

wherein the loss function is replaced by the terminal equality
constraint 0 = #¢(Xy, y).

Proposition 1 (Exact Penalization of Losses). Suppose that Assump-
tions 1 and 2 hold, and let the optimal pairs (X;, uy) of OCP (8) and
(X, uy) of OCP (3) satisfy second-order sufficient conditions.> Then,

2 Indeed as £¢ is non-negative, we can always consider £¢(x, y) — ¢¢(X, y) with
X € X*(y) and £¢(X,y) < o0o.

3 The definition of these conditions is standard in nonlinear programming. It
is given in Theorem 8 in Appendix.
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for sufficiently large penalty values y > y* and N € N, the optimal
state trajectory X;;, k € Nyg ) of (3) satisfies Xy, € X*(y), respectively,
£(x3,. y) = 0. D

Proof. Observe that ¢; : R*? — R} is scalar and non-negative,
hence ¢¢(Xy,y) = |¢s(Xn,y)|. Consequently, OCP (3) can be con-
sidered as an exact penalty reformulation of OCP (8). Let u* be
the Lagrange multiplier of (8c) for the optimal solution (X, uj) of
OCP (8). Applying Theorem 14.3.1 given by Fletcher (2013) yields
that for y > y* = |u*| the assertion holds. [ ]

Though conceptually interesting, the above result has a num-
ber of pitfalls: (a) Proposition 1 relies on second-order suffi-
cient optimality conditions which may not hold for arbitrary
loss functions and which induce differentiability requirements,
cf. Appendix. (b) Moreover, Proposition 1 does not provide an
explicit estimate for the required depth N. (c) Finally, the ex-
act reachability condition of Assumption 2 is quite strong and
in general difficult to check. It may even be violated in some
cases (Steinberger & Zinner, 2000). For first results on the con-
trollability of neural ODEs we refer to Ruiz-Balet and Zuazua
(2023).

3. A dissipativity approach to DNN design

We turn towards an alternative approach, which does not
require exact reachability, while it provides an explicit depth
estimate. To this end, we recall a definition of dissipativity of
OCPs, which can be traced back to Angeli et al. (2012), while
the notion of dissipative dynamical systems was coined in the
seminal work of Willems (1972).

Recall that a scalar function « : R>g — Rs¢ which is strictly
increasing and satisfies «(0) = 0 is said to belong to class K. If
lim «(s) = oo
§— 00
the function « is said to belong to class K. We refer to Kellett
(2014) for a compendium of useful properties of these functions.

Definition 1 (Strict Dissipativity).

(1) System (2) is said to be dissipative with respect to a steady-
state pair (X, u), if there exists a non-negative function A :
X — Ry such that for all (x, u)

Mf(x, u)) — A(x) < €(x, u) — £(X, u). (9a)
(2) If, additionally, there exists o, € K such that
Mf(x, u)) — A(x) <

—ag (I(x, u) — (X, W) + £(x, u) — £(X, u). (9b)
then (2) is said to be strictly x — u dissipative with respect to
(x, u).

(3) If, for all N € N and all Xy € Xy, the dissipation inequalities
(9) hold along any optimal pair of (3), then OCP (3) is said
to be (strictly) x — u dissipative with respect to (X, ).

(4) Moreover, if (2) or (3) hold with oy (||(x, u) — (X, u)||) re-
placed by oy (||x — X||), then system (2), respectively, OCP
(3) are said to be strictly x dissipative with respect to (X, u).

g

Observe the fact that for the dynamics (2) any state X con-
stitutes a controlled equilibrium with corresponding u = 0.
Moreover, note that the dissipativity of OCP (3) only depends on
the regularization ¢ and not on the loss function ¢.

Finally, it is straightforward to show that strict dissipativity
with respect to (X, u) implies that (X, u) is a global steady-state
minimizer of £. We remark that the first part of our analysis of
Section 3 holds independent of how the regularization stage cost
£ is designed and thus is independent of how X is chosen. We will
detail this after Eq. (10) below.



T. Faulwasser, A.-J. Hempel and S. Streif

3.1. Turnpikes in DNN training

Consider the sets

Q, = {k e Non_y | % —%| <e},
Q. = Npon-1\ Q.

which capture the time points optimal trajectories stay e-close to
x and the complement, i.e., the time points optimal trajectories
stay outside of an e-neighborhood of x.

Assumption 3 (Strict Dissipativity of OCP (3)). For the given data
D = {Xo, Yy}, with Xg € Xg, OCP (3) is strictly x dissipative with
respect to (X, ). a

While Assumption 2 requires finite-time reachability of some
unconstrained minimizer of the loss function, the next assump-
tion defines an exponential reachability property with respect
to a specific equilibrium (X, u). To this end, we distinguish the
x-projection of the data X—which corresponds to the initial con-
dition Xq in the OCPs (3) and (8)—from the set of possible ini-
tial conditions X, € R%P of the ensemble dynamics (2). Put
differently, we have that vect(X) € X, € R%P,

Assumption 4 (Exponential Reachability). There exist constants
p € [0,1) and B > 0, an infinite-horizon control & : Njg o) —>
R*+4, and a class K function &, : Rf — R¢ such that, for all
Xp € X(),

Q|| e, ) — (X, @)||) < B
and £(x, u) < &(I(x, u) — (%, @)||) on RP x R+, O

First we analyze the structure of optimal solutions implied
by strict dissipativity, i.e., the next result establishes a turnpike
property in OCP (3).

Proposition 2 (Turnpikes in DNN Training). Suppose that Assump-
tions 3-4 hold. Let A be bounded on Xo. Then, there exist constants
A,V > 0 such that, for any y € R

A
o #9, > N —

1% , A4V
, respectively, #9Q, < ,
ay(e) a(e)

where #Q, is the cardinality of the set Q.. O

Proof. Without loss of generality, we set £(X, i) = 0. Moreover,

from Assumption 4 it follows that there exists V € R such that

V}(X0) < V. The strict dissipation inequality (9b) implies that
N—-1

MK = MKo) < — Y (X} — X[[) + £(x}, up).
k=0

Hence
N—-1

A0y) — 2(x0) + 3 el |t — &)
k=0

< V¥ (%0) — yLs(Xy, y).

Observe that by assumption the storage is bounded from above
on Xp and from below due to Definition 1. Hence there exists
A € R, AXy) — M(Xg) = —A. From the above, we obtain

N-1
(N —#Q.)e(e) < Y (X —X[) < A+ V.

k=0
Rearranging gives #9, > N — 44V and #3, < A4V n

ag(e) a(e)”
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It is worth to be remarked that the result above establishes a
turnpike property not only for X, = vect(X) but indeed for a set of
initial conditions Xg. This in turn implies that small perturbations
of the data D should not affect the statement (provided Assump-
tion 4 holds). So far, our analysis has not made any explicit
assumption on the structure of £—besides Assumption 4—which
could easily be re-formulated without reference to ¢. Moreover,
the turnpike property established in the previous result does not
depend crucially on the considered loss function ¢; but mostly on
the regularization stage cost £. Hence it makes sense to choose ¢
having the considered loss function in mind.

Subsequently, we consider

Xe X*(yo), (]O)

with q,r > 0. We summarize the hyperparameters of the stage
cost £ by writing w = (S, Su, Px> Pu> 4, 7). We say a choice of
hyperparameters 7 is admissible if g,r > 0, sy,s, > 1 and
Px» Pu € N[1,00]. Temporarily we set sy, = s, = 2, for the further
analysis. We will see in Proposition 6 that one may want to
consider p, = oo to reduce the dependence of the actual bounds
on the cardinality of the data set . That is, henceforth, we consider
a strictly convex regularization with respect to some unconstrained
minimizer X of £s.

ox, u) = qllx — x|I5; + riully:,

Lemma 3 (Strict Dissipativity of OCP (3)). Suppose that the regu-
larization stage cost satisfies (10) with q, r > 1, that Assumption 4
holds with respect to (X, 0) penalized in €. Then system (2) and OCP
(3) are strictly x — u dissipative with respect to (X, 0). Moreover,
A(x) = 0 and

o(lI(x, u) — (X, u)||) = vé(x,u), ve(0,1]. O

The proof follows directly from the available storage charac-
terization of dissipativity (Willems, 1972). It is thus omitted.

3.2. Depth bounds for DNNs

While Proposition 1 leverages an exact penalty function and
a finite time reachability condition to ensure zero loss, it fails to
provide an estimate on the required depth of the network under
weaker (i.e. asymptotic) assumptions. The next result addresses
this gap, i.e., it presents a quantitative bound on the network
depth ensuring ¢-loss. Let N;(X) denote an e-neighborhood of x.

Theorem 4 (Upper Bound on DNN Depth N).  Consider OCP (3)
with some user-chosen penalty parameters y > 0 and let Assump-
tions 1 and 4 hold. Suppose that the mixed input-state regularization
(10) is used with the parameters s, = s, = 2 = py = py and
q,r > 1, and that the loss function s is locally Lipschitz on N,(X)
with constant Ly,.

Then, for any desired ¢ > 0, the optimal solutions of OCP (3) with
network depth satisfying

oLV B

> = =
N=NE= e = 0= pee
whereby B, p > 0 are the controllability constants from Assump-
tion 4, satisfy

(11a)

* sz
xy.y) = —e. (11b)
Y

Moreover, it holds that dist(x}, X*(y)) < €. O

It deserves to be noticed this result entails a number of param-
eters which can be chosen. This includes the penalty parameter
y and the constant ¢. The former is used in (3a) to trade-off
between the regularization and the loss function. Note that y > 0
is needed in the performance estimate (11b). The latter constant
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& > 0 does not affect the optimization. Rather it specifies the
size of the neighborhood the optimal solutions shall reach at the
last hidden layer k = N. Note that in (11a) small ¢ implies large
N. However, (11b) shows that large y can be used to obtain a
reasonable performance even if ¢ % 0. Finally note that the
controllability constants 8, p from Assumption 4 appear in (11a).
Not surprisingly a small overshoot constant 8 and p &~ 1 improve
the bound. Likewise values of the weight q > 1, which penalize
the deviation from X in the regularization cost ¢ from (10), reduce
the bound N(¢).

Proof. First note that due to Assumption 4 and the choice of
the regularizing stage cost (10), we have that the constant V in
Proposition 2 is given by V = fp > 0. Moreover, Lemma 3 gives
that

ae(lx —X[) < €x, u) = a,(lI(x, u) — (X, W)

and A = 0. As i = 0 and s, = 2 we have «o,(g) = ge2. Hence the
bound of Proposition 2 equates to

_ B
ae)  (1—p)ge?’
In other words, the time the optimal solutions can spend outside
of the e-neighborhood of X is bounded from above by L
Hence, for sufficiently large N, there exists | € Ny y_1j for which
|xf —x| < e. Moreover, observe that if X}, € A;(X), then the

estimate £¢(Xy,y) < Y ¢ follows immediately. Therefore, we now
show x}, € N;(X) for sufficiently large N.

As the entire state space R%P corresponds to equilibria of (2),
for any ¢ > 0, the choice of Ay = 0, by = 0 renders N, (X) forward
invariant under (2). The performance associated to this choice
implies the following upper bound on the performance on the

truncated horizon Ny v

#Q, <

N—1
D U up) + yexy.y) < (N = Dge® + yLye, (12)
k=l

provided that £¢ is Lipschitz on A (X). By assumption, if ¢ is small

enough this will be the case.
Now, we distinguish three cases:

(i) the optimal trajectory X; leaves N;(X);

(ii) x}; leaves and re-enters N (X);
(iii) X} remains in NV, (X).
Observe that cases of leave-enter-leave can be reduced to enter-
leave by considering the final exit time. Moreover, Case (iii)

corresponds to the assertion and does not require further anal-
ysis.

Case (i): At time m > [, the optimal trajectory x; leaves N;(X),
ie, fx; — )_(|| > ¢ Yk > m. This implies the following perfor-
mance bound ZkN:_n]I (X5, up) + v (X, y) > (N — m)qs? + yLye,
which in turn contradicts the bound from (12) for | = m. Hence,
solutions permanently leaving A;(X) are suboptimal.

Case (ii): At time my > [, the optimal trajectory X; leaves N;(X)
and at my = m; + Am > my > | it re-enters. This implies the
lower bound on Ny,

N-1 N-1
> Uxp up) = Amgle + ) + Y U, up) (13)
k=m k=my

where n > 0 corresponds to a lower bounds of the distance of
X k € Ny, my) to Ng(X). For the left hand side of (13) to not
exceed the right hand side of (12), the optimal trajectory Xx; has
to enter Ns(X) with § < ¢ —n. So either, case (ii) does not happen,
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or the optimal trajectory X; enters Ns(X) on Nyy_z n; for some
m > m; + Am. Now, repeat the analysis for Nj(X). Induction
shows that xj,(xg) € N;(X).

Finally, we have to show that dist(x}, X*(y)) < &. Above we
have derived that Xj(Xo) € N:(X). As X € X*(y), we have that
IXy (Xo) — X|| > dist(x}, X*(y)). This concludes the proof. [ ]

Let N* denote the minimal horizon length N for which As-
sumption 2 holds and recall that y* denotes the minimal value
of y from Proposition 1, which ensures exact loss minimization.
This allows to formulate the following corollary to Proposition 1
and Theorem 4.

Corollary 5 (Zero Loss With Finite Depth). Let Assumptions 1 -
2 hold, suppose that the mixed input-state regularization (10) is
used with sy = s, = 2 = py = py and q,r > 1, that the
loss function ¢ is locally Lipschitz on N (X), and that second-order
sufficient conditions for OCP (3) hold at (X, uy). If y > y* with y*
from Proposition 1 and

N > N(e) = Lz > N*

(1—plge
holds in OCP (3), with B,p > 0 from Assumption 4, then
dist(xy, X*(y)) = 0. O

The proof follows directly from combining Proposition 1 and
Theorem 4. The result shows that if the horizon bound from
Theorem 4 is combined with a large value of y, then one may
even achieve zero loss, cf. (7). Observe that these results do not
directly depend on the considered loss function ¢;. Indeed, any
loss function for which one is able to solve (7) can be considered.

3.3. Bounds independent of the number of samples

At this point, it is fair to ask how to specify the remain-
ing degrees of freedom in the regularization ¢ from (10)? It is
straightforward to see that the choice sy = s, = 2 is not crucial in
the proofs of the results above. On other hand, from a numerical
point of view, it is promising to use py = py, = Sy = Sy = 2
and ¢ > r = 1, ie, a convex quadratic regularization stage
cost. Yet, employing the two-norm means that the bound N(e)
will scale with dim(x) = d - D, i.e., it increases with the number
of considered data samples D = #D. Observe that normalizing
the stage cost £ with D is not a viable remedy as in this case
o, has to be normalized by D as well. This suggests to consider
px = oo in £ from (16) as this choice does not scale with D = #D.
However, optimizing over oo-norm objectives with non-linear
equality constraints is not straightforward.

In this context, the next result shows how one may com-
pute an a-posteriori estimate N using the co-norm, while the
training considers a numerically more favorable norm. To this
end, let £(x, u; w) denote the stage cost (10) with parameters
7T = (Sx, Su, Px» Du» 4, 7). Any choice with q,r > 0, py,py > 1
and sy, s, > 1 is said to be admissible. Moreover, let N(e; ) and
VK,’ (Xo; 7r) denote the respective dependence on 7.

Proposition 6 (Transferring Depth Bounds). Let (X, ly) be an
optimal solution of OCP (3) with a mixed input-state regularization
£(x, u; ) from (10). Except for the choice of 7, let the conditions
of Corollary 5 hold. Then, for any admissible parametrization m =
(Sx» Sus Px»> Pus q, 1), the horizon

£;7)
£, y; ) > N* (14)
=0

1
q.55x

N Zﬂl(s;n)i

=~

in OCP (3) ensures £¢(xy,y) = 0. O
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Proof Observe that the depth bound can be written as N(s) :
w(s) i.e., as the quotient of an upper bound on the value function

V) (Xo; ) with the lower bound on ¢. The conditions of Corol-
lary 5 imply that £¢(Xy,y) = 0 and hence for any admissible stage
cost parametrization 7, the sum V = Zg“ ) 0(Re, fig; ) gives
an upper bound on the value function Vy (Xo; 7). Moreover, for

any admissible choice &, we have a,(¢) = q||e||px =q-&% ]

While at the first glance the above result is of merely tech-
nical value, it enables to use numerically favorable choices for
the parametrization of ¢ for training purposes, while the depth
bounds can rely on the oco-norm for the state regularization,
which does not depend on the cardinality of D, i.e., it is inde-
pendent on the number of labeled samples.

3.4. Empirical risk minimization and the choice of ¢

In principle, the choice ¢ > 0 may lead to a slight performance
degradation in terms of loss minimization. However, a valye of e
too small might render the bound of (11a) conservative as N = oo
for ¢ — 0. Hence, depending on the considered ML task at hand
(e.g., classification or regression), it may be advisable to choose
& not too small. In essence, in classification problems the choice
of ¢ is governed by the size of the neighborhood of x € X*(y)
which still allows to classify the data points. To elaborate this, let
g : R - R™ y = g(x) denote map from the Nth layer of (1)
to the label prediction y. That is, y*(x})) = g(xy(x})) is the multi-
step propagation of the data point xg through the DNN (1) using
optimal weights obtained via OCP (3) concatenated with g.

Suppose, as before, that (7) holds and let

»1T
g

x=[x X7

_ T
X LX)
i.e., X achieves perfect classification (= zero loss). Moreover, g may

be defined as follows

g(x) = {nx —X| <dy =y

' — || = 8y # '

where y' € Y is a finite set of classification labels and § > 0 is the
maximal radius of As(x') which still allows to exactly distinguish
the underlying classes for the entire data set D (provided it
exists). This choice of g suggests the loss function for the ith
data sample to be £ (xN( N, y) = ||g(xN(x0)) — yi|I%*, which is
not differentiable on ||x — X{| = & due to (15). In view of
Theorem 4—dist(X},, X*(y)) < e—one may consider the following
differentiable substitute

il (x), ¥) = lIxy(x) — %17 (16)
which reformulates the loss in terms of the squared distance to
X'. Recall that in the proof of Theorem 4 we have shown that
Xy (Xo) € N,(X). Hence the choice ¢ < § with § from (15) leads to

exact classification of all sample points in D.
Consider the index set

IvD) = {i € (1,..., D} | g(xy(xp)) # ¥'}
of misclassified samples from D. Then the empirical risk (of
misclassification) is defined as
#In(D)
#D

see Shalev-Shwartz and Ben-David (2014). The next result trans-
lates the findings of Theorem 4 to classification with zero empir-
ical risk.

: (15)

Rn(D) =

)

Proposition 7 (Zero Empirical Risk Classification). Consider OCP (3)
with y = 1 and let Assumptions 1 and 4 hold. Suppose that the
mixed input-state regularization (10) is used in same fashion as in
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Theorem 4 and consider the map g from (15) as well as the quadratic
loss K% from (16). Suppose that there exists a § > 0 which provides
perfect classification on the training data D. Then, if N > N(s =)
in OCP (3), it holds that Ry(ID) = 0 for trained network. a

Proof. The considered setting is such that Theorem 4 holds.
Hence if N > N(e = 8) is considered, we have that [x} — X|| <
8. The definition of g in (15) implies zero empirical risk. This
concludes the proof. [ |

Naturally, if the depth bounds N in (11a) are too conservative,
the potential price to pay for zero empirical risk classification as
per Proposition 7 are insufficient generalization properties—i.e., a
larger (true) risk of misclassification—due to over-fitting. Thus, in
Section 4 we will turn towards a numerical example to analyze
this aspect.

3.5. Comments and remarks

Remark 1 (Lack of Global Optimality?). Our formal analysis pre-
sented in Sections 3 and 5 works with some global minimizer x
of the loss function ¢;. Hence the question arises what if the pre-
computed X is only a local minimizer of ¢. In this case, provided
that Assumptions 1 and 4 hold, all the presented results remain
valid. The reason is that the design of the regularization term in
the training OCP (3) ensures its strict dissipativity, cf. Lemma 3 if
the controllability property from Assumption 4 holds. Note, how-
ever, that the performance of the trained network will depend on
the considered x. The question of the interplay between X and the
generalization properties of the trained network remains an open
problem at this point. a

Remark 2 (Extension to Other Architectures?). Our results pre-
sented above raise the question of whether the considered ap-
proach towards DNN training can be extended to other architec-
tures beyond ResNets. From the perspective of the information
propagation in ResNets are structurally similar to recurrent net-
works. Indeed, ResNets are a special case of an unfolded recurrent
neural network for an input sequence of constant length. A deep
ResNet can thus store information across many layers, especially
if the residuals are small or zero. This is a direct consequence of
the architecture with residual connections that create a kind of
“memory” for previous layers, cf. Liao and Poggio (2016) and Sun
et al. (2016b). Hence, conceptually, the presented results can be
transferred to other DNN designs such recurrent networks and
variations thereof with more complicated activation functions
such as LTSM or GRU. However, there are two properties of
ResNets which simplify the analysis.

(a) The ResNet dynamics (1) involve a skip connection (the x;
on the right hand side). Considering A, and b, as control
inputs, one can observe that the entire state-space of (1) is
covered by equilibria. This property simplifies the proofs of
some of the presented results.

(b) The fact that ResNets can be understood as Euler-forward
discretizations of neural ODEs can be used to analyze the
controllability properties of ResNets. For first results in this
direction we refer to Ruiz-Balet and Zuazua (2023).

Moreover, one may ask if the approach can be further refined for
specific loss functions. For first results considering the soft cross-
entropy loss function we refer to Piittschneider and Faulwasser
(2024). O

Remark 3 (Links to Other Approaches). The question of how many
neurons are necessary to learn an unknown function with a
certain accuracy is of major interest in deep learning. The fact that
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(a) D = 300, no noise, and N = 5.

o(t)
o

(d) Evolution of data samples for D = 300 with noise.

(b) D = 300, additive noise, N = 5.
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(c) D = 300, additive noise, N = 10.
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(e) Evolution of the network weights for D = 300 with noise.

Fig. 1. Results for TST example.

any continuous function defined on a compact set can be practi-
cally learned is known as the universal approximation property,
which states that a DNN with one hidden layer of sufficiently
large width suffices (Cybenko, 1989; Hornik, 1991). For RelLU
networks there exist tailored approximation results for depth and
width, which often appear to be quite conservative (Petersen &
Voigtlaender, 2018; Shen et al., 2022).

In essence, the OCP approach taken in our paper derives depth
bounds from controllability assumptions. Our numerical results
of Section 4 indicate that this is not overly conservative. One
can regard the required controllability property as an assumption
that requires that a finitely deep network can solve the learning
task at hand. The bottleneck is the verification of the controlla-
bility property. Section 4 presents numerical results which use an
a-posteriori estimate to this effect. Moreover, the analysis of Ruiz-
Balet and Zuazua (2023) indicate the beneficial controllability
properties of ResNets.

Moreover, notice that the estimation of bounds on the re-
quired network width via the proposed optimal control approach
appears to be conceptually difficult. The reason is that the optimal
control usually assume a known state dimension, while, from the
optimal control perspective width estimation for DNNs means to
bound the state dimension. O

4. Numerical example - Two spiral task

For the sake of illustration, we consider the two-dimensional
Two Spiral Task (TST) data set. The TST problem refers to a binary
classification of data points. As depicted in Figs. 1(a)-1(c), the
TST is build upon two intertwined spirals, which are not easy to

classify in the given feature space. This allows to check whether
the OCP-trained DNN is capable to represent complex decision
boundaries (classification) or to learn underlying manifolds (re-
gression). Since its first suggestion (Lang & Witbrock, 1988) this
problem has become a standard ML test case (Chalup & Wiklendt,
2007; Wah & Qian, 2000).

The underlying manifold for the 2D learning data generates
data samples via

i [J'vecos (" + @oc) i
Xy = |:jiv sin (ji + (/’Oc) +Xnoise’ (17)

where j increments angle and radius, v = % is the TST start radius,
and ¢o. determines the initial angles. The increments are given
by j' = 27”1’,1’ = 1,...,D. The start angle ¢q. is used for class
assignment, i.e., go; = 0 for the first class (red) and ¢p, = 7
for the second class (black), see Fig. 1(a). Except the benchmark,

each element of the learning data set x' € D is superposed with
uniformly distributed noise x! .. € [-0.2 0.2] x [-0.2 0.2].

noise

The goal of the classification is to map class one to y' = [1 0] ,
and class two to y' = [—1 O]T, known as one hot classification.

4.1. OCP formulation and solution
We consider OCP (3) to train the DNN. We use ¢ from (10)

with || - |15 for x — X and u, as well as ¢ = 1072 and r =
1073 Simulations are done using CasADi in Matlab (Version

4 Actually, for the sake of numerical stability, we rescale the inputs by factor
10? such that in re-scaled input variables we have r = 1077,
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3.55) (Andersson et al., 2019) and IPOPT as NLP solver. The
considered loss function is of mean-squared structure (16), where
the reference state for regularization coincides with the labels,
ie, X =y € {(1,0)7, (=1,0)7}. Observe that for this loss
function the set of minimizers is given by a singleton X(y) =
{x = y}. We set y = 10%D. The activation function is chosen
as o(s) = tanh(s). Solving the TST example for N = 10 and 300
noisy data points from Fig. 1(c), we obtain the solutions depicted
in Fig. 1(d) and Fig. 1(e). As one can see, the solution of OCP
(3) attains near zero loss. Moreover, the generalization properties
of the trained DNN are illustrated in Figs. 1(a), 1(b), and 1(c).
For sample data D has been perturbed by noise. Figs. 1(a), 1(b),
and 1(c) depict the decision-boundary as well the classification
over a set within the boundaries —2 to 2 for the case where the
number of data points D = 300 is kept constant. For comparison
the unperturbed data and its classification are given as a bench-
mark in Figs. 1(a). In all examples the decision-boundary remains
qualitatively similar, networks with more layers tend to give a
better generalization, see the areas, which are unsupported with
learning data in Fig. 1(c) or compare to ideal data Fig. 1(a).

4.2. Depth bounds from a-posteriori estimates

As the solution of OCP (3) delivers (near) zero loss on the
training data, we now compare three different approaches to
a-posteriori depth bounds:

(i) We estimate the exponential constants 3, p > 0 appearing
in Assumption 4 using the computed optimal trajectories
and then we evaluate (11a).

(ii) We use the bound from Proposition 6 in (14) with the two
norm.

(iii) We consider (14) for trajectories computed via the two
norm but the bound is evaluated in the co norm.

The depth bound from (i) is denoted as Nz(ﬂ p), the one from
(ii) as Nz, and the one from (iii) as N . Observe that in the
TST example classification is achieved if a data point propagated
through the DNN reaches the interior of Ns—1(X), cf. Proposition 7.
Hence we set ¢ = 1 in evaluating N in (14) and (11a). Also note
that due to the choice ¢ = 1072 in (10) we have a,(¢) = 10 for
Ny(B, p) and N,.

Approach (i): In a first step we solve the training problem given
in OCP (3) as described in Section 4.1. To the end of estimating 8
and p, we then solve the NLP:

min
Boert 1—p

subject to £(x}, u}) < Bo*, ke Non_1-
These estimated values of B and p are plugged into (11a) to
obtain the estimate N(8, p).

Approach (ii): We use the same optimal trajectories from above
and evaluate the bound from Proposition 6 in (14) to compute
N,.

Approach (iii): We leverage the result of Proposition 6 to esti-
mate the depth based on the trajectories computed for 7 =
(2,2,2,2,1072,1073) in the metric implied by = = (1, 2, o0, 2,
1, 1072). Recall that the co-norm penalization of the state devia-
tion is motivated by the co norm not growing with the cardinality
of the data set D. To obtain N, we evaluate (14) with the
computed optimal trajectories.

Table 1 summarizes the constants 8 and p computed via the
NLP above as well as the estimated depth bound N, for variations
of the network depth (used to solve (3)) and the number of
considered data points without noise.
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Table 1

Estimated net depths via (11a) for noise-free data.
N D B P Na(B. p) N Noo
5 20 0.75 0.61 2.42 . 10? 1.01-102 6.31
5 50 1.85 0.83 1.11-10° 3.21-10% 6.74
5 100 357 0.83 2.14-10° 6.11-10% 6.98
5 250 8.43 0.67 2.56 - 10° 1.23-10° 6.56
5 500 14.4 0.79 6.83-10° 3.36 - 10° 7.53
10 20 0.75 0.60 2.42.10° 1.09 - 10% 7.00
10 50 2.37 0.68 7.46 - 10° 3.69 - 10° 11.06
10 100 3.08 0.73 1.14-10° 5.34.10° 8.39
10 250 7.34 0.77 3.20-10% 1.44 - 10° 9.83
10 500 19.5 0.58 4.67-10° 2.05-10° 7.01

Table 2

Estimated net depths via (11a) for noisy data.
N D B p Na(B. p) N N
5 20 0.87 0.83 5.24 - 10? 1.45 - 102 7.42
5 50 1.48 0.83 8.88 - 10° 2.88 - 10° 7.20
5 100 3.67 0.83 2.20-10° 6.27 - 10° 7.15
5 250 8.83 0.83 5.30 - 10° 1.58-10% 8.57
5 500 15.9 0.83 9.53-10° 3.56 - 10° 8.40
10 20 1.01 0.75 4.02 - 10? 1.82-10? 11.50
10 50 1.65 0.68 5.07 - 10? 2.35.10° 8.02
10 100 2.86 0.79 1.34-10° 5.89 - 10° 11.38
10 250 7.91 0.72 2.80-10° 1.11-10° 8.50
10 500 13.8 0.83 7.94.10° 3.30 - 10° 18.75

_ As one can see, the obtained a-posteriori depth estimates
N,(B8, p) range from 242 to 6830 if the two norm is used. Observe
that the bound Nx(B, p) grows with increasing cardinality of
the data set #D = D. The bound N, which relies on (14) is
only marginally better ranging from 101 to 3360. In contrast the
bound N, which is based on the co-norm state penalization in ¢,
delivers much smaller e§timates ranging from 6.31 to 11.06. The
trends on Nx(B, p) and N, remain unchanged in Table 2 wherein
noisy data sets D are considered. The range of Nz(ﬂ p) spans
524 to 7940 and N2 is between 145 and 3560. In contrast, N
spans from 7.20 to 18.8. Again the co-norm state penalization in
£ delivers much smaller estimates. Observe that the trend of N
growing with D is much less pronounced for Ny,. The average of
values is centered around 7 — 8. The outliers > 11 and 18.75
are likely due to the training problem (3) being solved to local
optimality. Finally, the trend that for increasing number of sam-
ples D the estimated bounds N, but also N, increase, indicates
that the reachability properties of the ensemble dynamics (2)
are affected by the dimensionality of the stacked system state
dim(x) = D. Yet, in view of the generalization plot in Fig. 1(c),
we conclude that the reachability of x € X*(y) is sufficient but not
necessary for classification. This is also in line with the insights
of Proposition 7.

5. Discussion and conclusions

This paper has taken steps towards deriving constructive depth
bounds for deep neural networks via turnpike and dissipativity
theory. This work is focused on the estimation of depth bounds
for DNNs, not the development of a particular learning algorithm.
The example of the previous section has primarily assessed the
quality of the depth bound derived in Theorem 4. The a-posteriori
results of Tables 1 and 2 indicate that the structured design
of DNNs is accessible through analysis techniques derived in
context of turnpike properties of optimal control problems. Our
results do not exploit particular structures of the considered loss
function. Instead our approach combines reachability properties
with the design of tailored regularization terms in the objective.
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The design of these regularization terms requires to solve an
unconstrained optimization problem over all available data to
obtain a suitable target point. This problem is, however, nu-
merically straightforward compared to training an entire neural
network. Indeed, for ResNets the stationary minimization (5) is an
unconstrained optimization problem of manageable dimension.
Moreover, we have shown how one can use numerically favor-
able squared two norms in the regularization stage cost, while
building the depth estimates via the oo norm to avoid scaling
with the number of data points. However, several issues require
further and future research.

Arguably one of the most interesting questions is how to
extend the approach from the a-posteriori computation of B and
p based on a trained DNN to the a-priori prediction based on a
given loss function ¢, the activation function o, and available
data? Indeed, the results from Tables 1 and 2 indicate that esti-
mates could be obtained by considering only parts of the data D,
similarly to stochastic gradient techniques, which also rely only
on partial data sets.

One key feature driving the success of DNNs in ML applications
are their generalization properties, i.e., DNNs provide reasonable
classification/regression capabilities for data points not contained
in the training data set D. Yet, it is not fully clear how to de-
sign the loss function ¢ and the stage cost regularization ¢ to
foster generalization. This also requires further investigation. As
mentioned at the end of Section 4, reachability of X is sufficient
for classification but not necessary. Hence there is evident need
for further analysis on the choice of X or on the choice of more
general formulations of ¢. Intuitively, the OCP formulation of
the training problem also suggests the analysis of robustness
properties of solutions to (1).

Finally, the presented numerical results underpin the poten-
tial of systems and control approaches towards the analysis of
DNN training via OCPs. Evidently, further numerical examples
with other loss functions, larger data sets, larger data dimen-
sion, and considering established stochastic optimization meth-
ods (e.g. stochastic gradient methods which only consider a sub-
set of the training data in each optimization step) are of interest
and thus subject of future work. For first extensions towards
other loss functions we refer to Piittschneider and Faulwasser
(2024).

CRediT authorship contribution statement

Timm Faulwasser: Writing - review & editing, Writing -
original draft, Visualization, Software, Methodology, Formal anal-
ysis, Conceptualization. Arne-Jens Hempel: Writing — review &
editing, Visualization, Software, Methodology, Conceptualization.
Stefan Streif: Writing - review & editing, Methodology, Concep-
tualization.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Appendix. Second-order sufficient conditions

Proposition 1 requires second-order sufficient condition to
hold for (8). For the sake of self-containedness, we recall this
standard concept from nonlinear optimization below.

Consider an equality-constrained nonlinear program

min £(z) subjectto h(z)=0 (A.1)
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where z € R™ is the decision vector. The functions ¢ : R — R
and h : R™ — R™ are at least twice continuously differentiable.
Define the Lagrangian

£(z,v) = £z)+ v h(z)

and let #(z) be its Hessian at a point z. Furthermore, let z* and
the corresponding multiplier vector of the equality constraints,

v € R™, satisfy
V,L(z") =0 and h(z*) = 0.

Consider the index set 7 = {1, ..., ny} and the set of directions

(A2)

G (z) = {s €R™|s#0,Vh(z)'s=0,je J}.

The following result recalls well-known sufficient conditions cer-
tifying a local minimizer of the equality constrained NLP (A.1),
see, e.g., Fletcher (2013) or Chachuat (2009).

Theorem 8 (Second-order Sufficient Conditions). Let z* and v € R™
with v # 0 satisfy (A.2). If

sTH(z*)s > 0 forall s e G*(z*) C R™

holds, then z* is a strict local minimizer of (A.1). O
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