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Abstract

In this paper we generalize the automated multi—level substring method to certain
classes of nonlinear eigenvalue problems which can bdipa#gd into an essential li-
near and positive definite pencil and a small residual. Thei@ficy of the method is
demonstrated by numerical examples modeling damped whsaof a structure with
nonproportional damping, a gyroscopic eigenproblem, anatianal eigenproblem
governing free vibrations of a fluid—solid structure.
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1 Introduction

In this paper we consider the nonlinear eigenvalue problem
TNz =0 (1)

whereT'(\) € C™*™ is a family of large and sparse matrices depending on a paeame
A € D C C.Asinthe linear casé(\) = \B—A a parametek is called an eigenvalue
of T'(-) if problem (1) has a nontrivial solutian # 0 which is called a corresponding
eigenvector.

Problems of this type arise in damped vibrations of str@suwibrations of ro-
tating structures, stability of linear systems with re&tédrgument, lateral buckling
problems, vibrations of fluid-solid structures, or numakgmulation of quantum dot
heterostructures, to name just a few.

Over the last few years, a new method for huge linear eigaavaloblems

Kx =AMz (2)



where K € C™*™ and M € C™* are Hermitian and positive definite, known As-
tomated Multi-Level Substructuring (AML$)&s been developed by Bennighof and
co-authors, and has been applied to frequency responsesisaicomplex structures
[3, 4, 5, 6]. Here the large finite element model is recurgigiVided into very many
substructures on several levels based on the sparsityiseuwrf the system matrices.
Assuming that the interior degrees of freedom of substrastdepend quasistatical-
ly on the interface degrees of freedom, and modeling theatiewi from quasistatic
dependence in terms of a small number of selected substeueiygenmodes the size
of the finite element model is reduced substantially yetyng satisfactory accuracy
over a wide frequency range of interest. Recent studies {[1522], e.g.) in vibro-
acoustic analysis of passenger car bodies where very |l&gedelels with more than
six million degrees of freedom appear and several hundredigenfrequencies and
eigenmodes are needed have shown that AMLS is consideradtiyr fthan Lanczos
type approaches.

From a mathematical point of view, AMLS is nothing else but@j@ction method
where the large problem under consideration is projectedsisbspace spanned by a
small number of eigenmodes of undamped clamped substesctur several levels.
With respect to this basis the projection of the stiffnessrixds becomes diagonal,
and the mass matri¥/ is projected to a generalized arrowhead form.

In this presentation we discuss the generalization of AMbL&& nonlinear eigen-
value problem (1). To this end we identify an essential lingat of the nonlinear
eigenproblem, i.e. we rewrite problem (1) as

T(\) =Kz —AMz+ RNz =0 (3)

where K € C™*™ andM € C"*™ are Hermitian and positive definite matrices, and
R(\) € R™*™ is small. We construct the ansatz space for the projectichéAMLS
approach using the matricésand M only, and apply all transformations and projec-
tions to the nonlinear paf(-) simultaneously. Thus, we obtain a nonlinear eigenpro-
blem of the same type as (1) but of much smaller dimensioniwtén be solved by
any appropriate method, i.e. by a dense solver if the pregeetoblem is small, by li-
nearization if the underlying problem is a polynomial eigeyblem, or by an iterative
projection method of Arnoldi [26] or Jacobi—Davidson tyR&].

The efficiency of the method is demonstrated by three clasispoblems, a gy-
roscopic eigenproblem modeling a rotating tire, a rati@génvalue problem

p
1
Kx+w2Mx—Zl+bw
J

J=1

modeling the damped vibrations of a structure with nonpropaal damping where a
viscoelastic constitutive relation is assumed to desdtieebehavior of the material,
and a rational eigenvalue problem governing free vibratiofrfluid—solid structure.



Fig. 1: Substructure tree

2 AMLS for linear eigenproblems

In this section we summarize theitomated Multi-Level SubstructuritgMLS) me-
thod for the linear eigenvalue problem

Kx =Mz (5)

which was developed by Bennighof and co-workers over thedasiears [4, 6, 15],
who applied it to solve frequency response problems inmglvarge and complex
models. Here K is the stiffness matrix and/ the mass matrix of a finite element
model of a structure.

Similarly as in the component mode synthesis (CMS) the straas partitioned
into a small number of substructures based on the spardigrpaf the system ma-
trices, but more generally than in CMS these substructurésrimare substructured
on a number of levels yielding a tree topology for the sulzstmes. Fig. 1 shows an
example were each substructure has at most two children.

We stress the fact that substructuring does not mean tisatlittained by a domain
decomposition of a real structure, but it is understood irueely algebraic sense,
i.e. the dissection of the matrices can be derived by applgigraph partitioner like
CHACO [13] or METIS [16] to the matrix under consideration. Hower, because of
its pictographic nomenclature we will use terms like sulngtire or eigenmode from
frequency response problems when describing the AMLS ndetho

Substructures on the lowest level consist of a small numbaegrees of freedom,
which are partitioned into two sets: interface degrees @édom which are shared
with an adjacent substructure, and interior or local degoédreedom which are only
connected to degrees of freedom in their own substructaordemonstrate the AMLS
method we distinguish only between two substructures otothest level (correspon-
ding to index setg; andl,), the interface between these substructures (with index se
I3) and the remaining degrees of freedom (index Isgt Partitioning the displace-
ment vectorz correspondingly and reordering the matridgésand M the eigenvalue



problem (5) obtains the following form

Kii O K3 Ku T My O M3z My x
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To remove the off-diagonal blocKs;;,i = 1,2, j = 3,4 in K we apply the congruent
transformation with
TTKTy = XTT"MTy, y=T 'z

where
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'=lo o 1 o | 0
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Then problem (5) is equivalent to
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where
K = K- Y KJK;'K;, j=34
i=1,2
Ky = K34—ZK1T3K¢;1K1'4
i=1,2
My = My~ Mk Ky, i=1,2, j=3,4
My = My —> (MIKG'Ky — KRG My — KK MK KG), = 3,4
i=1,2
My = Mz — Y (MEK;' Ky — KEK; My — KEKG MK Ky).
i=1,2

Taking advantage of the modal representation

of the substructures under consideration, and applyinfuttieer congruent transfor-
mation by the block diagonal matrik = diag{®,, ., I, I} we obtain the equivalent
eigenvalue problem
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where )

M = ®] My, i =1,2, j =3,4.
These transformations are applied to all substructuresefirtest level. The resulting
eigenproblem is a quasistatic-modal representation dSttiaeture which is known as

Craigh-Bampton form in component mode synthesis method.

It is well known that the high frequency modes of the substm&s do not influ-
ence the low frequency modes of the entire structure veryhmidence, similarly as
in the component mode synthesis method we can reduce the@sioneof the eigen-
value problem (9) considerably if we delete rows and columhih correspond to
frequencies of the substructures exceeding a given cltegftiency.

In a recent paper Bai and Lia [1] suggested a different choiadrapping rows
and columns based on a moment—matching analysis. Examghesrdtrate that the
approximation properties can be improved slightly, ugulatiwever, the extra cost do
not pay. Moreover, its generalization to several levelisabvious.

The resulting eigenproblem is the projection of problemt@the subspace span-
ned by all interface degrees of freedom and the kept modé®dubstructures of the
finest substructuring. It obtains the same block form aslprol§9), although the two
leading blocks are of much smaller dimension.

Once substructures on the lowest level have been transfioam@ projected they
are assembled to parent substructures on the next leveh Agarface and local de-
grees of freedom are identified, and the substructure madelsansformed similarly
as on the lowest level.

For instance, for the parent substructure consisting ofttrez leading block rows
and columns of (9) we remove the off-diagonal bldck, by a congruent transforma-
tion similar to (7) yielding

~
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with

My = My— MKy Kag, i =1,2,3,

My = My — ML Koy — KL Ko Ny + KL K M Ko Ko,
Instead of solving the eigenvalue problem correspondingedocal degrees of free-
dom of the parent substructure under consideration

Ql O O U1 I O MlS V1
O QQ ~O (%) = W O I M23 Uy | . (11)
O O K33 (%3 Mlj;’ MQE Mss U3
we only take advantage of the eigenproblem of the diagowakbl
Kya®3 = M35, ©F Mg®s = 1. (12)



Fig. 2: Transformed mass matrix

Applying the congruent transformation with = diag{/, I, ®3, I} to problem (9),
and dropping all rows and columns in the third block if theresponding eigenvalue
exceeds the cut-off frequency we further reduce the dinoensi the eigenproblem.

Assembly to higher-level substructures, transformatmoguasistatic-modal repre-
sentation, and projection to subspaces spanned by modésguoingl blocks not ex-
ceeding the cut-off frequency continues, until we arrivamBpproximate model for
the entire structure. We end up with a projected eigenpnoble

Ky =AMy, (13)

where the stiffness matriX has become diagonal, and the mass matrix is projected
to a matrix M the diagonal of which is the identity, and the only off-diagbblocks
containing non-zero elements are the ones describing th@ing of the substructures
and its interfaces. Fig. 2 shows the structure of the reguthass matrix.

Once the multi-level substructuring transformation of pineblem (5) has been ac-
complished, the substructure modes can be collected inrixndat, s, and if (A, y) is
an eigenpair of the projected problem (13) thignr) = (A, Pusy) IS an approximate
eigenpair of problem (5) called Ritz-pair.

The cost of performing the projection above consists of th& of obtaining the
submatricesp; of ®,,s, and transforming the substructure stiffness and mass-matr
cesK andM. Notice that for every substructure only a partial eigebjgm has to be
solved, and only a small number of eigenpairs is needed. derethe eigenproblems
are usually very small because most of the local degreegefiém of a substructure
are local degrees of the substructures of the next lowel Velhigh form the current
substructure. Hence, the part of the substructure stafregrix corresponding to the-
se degrees of freedom is already diagonal, and we only carsidse local degrees of



freedom which did not have this property on the next loweeleve. those interface
degrees of freedom of the next lower level which are not fater degrees of freedom
on the current level.

Differently from the iterative projection methods like Leaos, rational Krylov or
Jacobi—Davidson where approximations to the wanted egjenpre obtained from
projections of problem (5) to subspaces which are expanuéuki course of the al-
gorithm, AMLS is a one shot method, i.e. after having choseunteoff frequency or
another dropping rule the method produces one fixed subsparel the correspon-
ding projected eigenproblem. If the computed approximaenpairs turn out to be
not accurate enough there is no way to expand the sub3$paeasing the projected
problem but one has to repeat the reduction with a higheoffdtequency.

Bekas and Saad [2] identified the level-one version of AMLSieakization of
a rational eigenproblem, which motivated them to suggesetmodifications, a se-
cond order approximation, expanding the projection spgdeérblov subspaces, and
a combination of these two modifications. For the multi-letgstructuring method,
however, these modifications do not seem to be useful.

In a recent paper Yang et al. [29] considered the componedersgnthesis me-
thod, and they obtained a simple heuristic for choosingtsplezomponents from each
substructure suggesting to drop all eigenpéirsy) of substructures in the reduction
process such that

M <rT
w—)\1 o

pr(w) =

where \; is the smallest eigenvalue of the problem under consideraéindr is a
given tolerance.

Taking advantage of a minmax characterization of eige®gabi nonlinear eigen-
problems in [10] we proved that this is an a priori bound togshmallest eigenvalue of
problem (5). More generally we proved the following theorem

THEOREM 1 Let0 < A\; < Ay < --- < )\, be the eigenvalues of problem (5),
and let

A <

>
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A
=
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be the eigenvalues of the projected eigenproblem by AMLS& wievels of substruc-
turing where on the-th level eigenvalues exceeding are neglected. Then it holds

(V)
j< 1+ -1, j=1,...,m. (14)

Numerical examples demonstrate that these a priori bouvelestimate the real
relative errors by a factor up t)?. They suggest the following cut-off rule for fre-
guencies: if one is interested to obtain the eigenvaluesthesio with relative errors
not exceeding % then a cut-off frequency0w usually suffices.



3 AMLS for nonlinear eigenproblems

In this section we consider the nonlinear eigenvalue prable
TNz =0 (15)

whereT'(\) € C"*" is a large and sparse matrix depending on a parameteD C
C. As in the linear cas@ € D is an eigenvalue of problem (15), if there exists a
nontrivial solutionz # 0 of (15) which we call a corresponding eigenvector.

To generalize the AMLS method we identify an essential limeat of 7°(-), i.e. we
rewrite problem (15) as
Kz — MMz — R(A\)x =0, (16)

whereK € C*™ andM € C"*™ are Hermitian and positive definite matrices, and
R\ =K —XM —T()\) (17)

is a perturbation of the linear eigenproblétx = AMx, which is small in the eigen-
parameter set of interest.

Once the multi-level substructuring transformation oflthear pencil( K, M) has
been accomplished with a given cut-off frequency we obtamadrix @, s of sub-
structure modes, and a projected eigenproblem

Ky =AMy (18)

of much smaller dimension wheie = &7
This information can be used in two ways to solve the nonlieegenvalue problem
approximately: First, we may project the nonlinear eigebfgm (15) to the subspace

of C™ spanned by substructure modes which were kept in the AMLGctemh, i.e.

K(DAMLS andM - @H M¢AMLS'

AMLS

q)gALsTO‘)(DAMLSy =Ky — My — (I)g/ILSR()Oq)AMLsy =0. (19)

In particular this projection can be performed easily if thenainderR(\) has the
form

RO =3 NG

where f;(\) are given complex functions ard; € C"*" are given matrices, which
quite often have the same sparsity structure as the p@ciV/) or some other simple
structure. In this case the projectid’, . R(\)®.us could be determined simulta-
neously with the matrice§ and M in the course of the AMLS reduction.

Secondly, we may determine Ritz pai{ts;, Pausy;), j = 1,...,m of the linear
problem Kz = AMux corresponding to eigenvalues in the wanted region from the
projected problem (18), and project the nonlinear problethe subspace spanned by
these Ritz vectors. Thus we get

XITNXz=Az - Az — X R\ Xz =0 (20)



whereA = diag{\, ..., A\, andX = (z1,...,2,).

Problem (20) is equivalent to the projection of problem (t®dhe space spanned
by the eigenvectors,, ..., y,, of (18) corresponding td, ..., \,,. Hence, we can
expect, that the first approach will yield better approxiora. Examples, however,
demonstrate that the loss of accuracy is often negligible.

In either case we arrive at a projected nonlinear eigenyaiolelem of much smal-
ler dimension which can be solved by a dense solver or artiitenarojection method
depending on the dimension. The following subsections detnate how AMLS can
be applied to some classes of nonlinear eigenproblems safatlg.

3.1 Gyroscopic problems

Consider the gyroscopic eigenvalue problem
Q(w)r = Kz + iwGx — w*Mz =0 (21)

governing eigenvibrations of rotating structures. HErés the stiffness matrix modi-
fied by the presence of centripetal forcés,is the mass matrix, and is the gyros-
copic matrix stemming from the Coriolis force. Clearly,and M are symmetric and
positive definite, and- is skew—symmetric.

For example, problem (21) arises when modeling noise oingpliires which is
the major source of traffic noise for passenger cars at spezbding 60 km/h (cf.
[19, 20]). Due to the complicated interior structure of atéeltire the matricesy,
M and G of a sufficiently accurate FE model are very large and spaiseeover,
for the acoustic analysis many eigenpairs not necessdrityeaend of the spectrum
are needed. Therefore, well-established sparse eigemsaf/Arnoldi type with shift
and invert techniques [18] for a linearization of problem)(®r iterative projection
methods for nonlinear eigenproblems [28] are very costigesiLU factorizations of
complex valued matriceQ(w;) for several parametets; are required.

Since the influence of the gyroscopic maitibon the eigenvalues of (21) is usually
not very high compared to the mass and stiffness matrixy@gasonable to neglect the
linear termiwG when defining the essential linear eigenprobl&m = w?Mx.

Since the sparsity pattern 6f matches the ones & and M one gets the reduced
model

Ky + iwGy — w?> My = 0, (22)

when applying the AMLS reduction t&’z = w?Mz, and projecting the matrig
simultaneously. Here the stiffness and mass matrix haveahe structure as in the
linear case, and the gyroscopic mawixs a skew-symmetric block matrix containing
diagonal blocks corresponding to the (reduced) substrestand interfaces, and only
off—-diagonal blocks describing the coupling of a substiteeand its interface contain
non—zero elements. Notice, that all projectors are redltla@refore the reduction can
be performed in real arithmetic.



If the dimension of problem (22) is very small, a method atchsrto consider the

linearization G K M O
(3 wy . wy
(K o) (7)o %)) @)

of problem (22) and to apply any dense solver.

For very large gyroscopic problems (for instance a realisibdel of a rolling tire)
the dimension of the projected problem (22) will still be tguarge. In this case (22)
can be solved by an iterative projection method taking aggnof the minmax cha-
racterization of its positive eigenvalues [23] or by a spa@ver of (23) like ARPACK
[18]. In both cases the solution requires complex arithoeti

As a numerical example we consider a tire model with 39204kbelements,
124992 degrees of freedom and 20 different material grawpating with 50 km/h.
Our aim is to determine approximations to the smallest 1§6reialues with relative
error less than% and the corresponding eigenvectors.

Linearizing problem (21) in the usual way

(7 2) ()=« ) (24)

or by the Hermitian problem

(% o)) == ) ) (25)

and applying the shift-and-invert Arnoldi method requised_U factorization of)(w)
for every shiftw, which is a complex matrix. Determining the factorization®uper-
LU [9] requires a memory of 6.04 GByte and a CPU time of 3910 sés@mn one
PA-RISC (750 MHz) processor of an HP superdome.

Applying the nonlinear Arnoldi method [23] the preconditers can be chosen as
real matricesk — w?M, the LU factorization of which requires 2.7 GByte storage
and 1940 seconds with SuperLU, and 2.86 GByte storage andsEa®nds with the
multi frontal solver MA57 of HSL [14]. Since the LU factoritzan has to be updated
several times a total CPU time of more than 12 hours resultierpoocessor of the
superdome.

AMLS demands much less storage and the problem under coasafecan be
solved on a personal computer, namely a Pentium 4 procesdoBW GHz and 1
GByte storage. With a cut-off frequencyof = 2 x 10° the problem is projected to a
gyroscopic eigenproblem (22) of dimension= 2697 requiring a CPU time of 1187
seconds. Solving the linearization (23) of the projectaxbf@m (22) byei gs (i.e. by
ARPACK) under MATLAB 7.0 requires another 166.1 seconds.

Figure 3 shows the relative errors of all 180 eigenvalueschviaire all less than
0.67%. Results from the nonlinear Arnoldi method are used as nefergalues.

Projecting problem (21) to the subspace spanned by the Ritargecorresponding
to eigenvalues of the linear problem

Ky =AMy (26)

10
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Fig. 3: Relative errors of smallest 180 eigenvalues

not exceedind.5w?, . wherew,,., = 12000 is the maximal wanted eigenvalue one
gets a gyroscopic eigenproblem of dimension 262. The acguithe approximati-
ons to the 180 smallest eigenvalues of (21) is deterioratgdstightly. The maximum

relative error is raised only 1©.69%.

Numerically this can be done by solving problem (26) by a spdinear solver
(ei gs, e.g.), projecting problem (22) to the invariant subspameesponding to the
chosen eigenvalues, and solving a linearization of theeptefl problem by a dense
solver. This way the computing cost is decreased to 30.5nsksctm solve (26), 5.2
seconds to obtain the projected problem, and 3.9 second$vit

3.2 Nonproportional damping

We consider a finite element model of a vibrating structuté wonproportional dam-
ping. Using a viscoelastic constitutive relation to ddserihe behavior of a material
in the equations of motions yields a rational eigenvaludiemo for the case of free
vibrations [12]. A finite element model obtains the form

J
T(w)x = (sz + K — Z

Jj=1

1
1+bjw

where M is the consistent mass matrix; is the stiffness matrix with the instan-
taneous elastic material parameters used in Hooke’s Jadenotes the number of
regions with different relaxation parametéysandA K; is an assemblage of element
stiffness matrices over the region with the distinct reteraconstants. The real part
of an eigenvalue is the exponential rate with which the nmotiescribed by the corre-
sponding eigenvectar decays. The imaginary part is the (damped) angular frequenc
with which the motion described byoscillates.

We consider the feeder clamp in Fig. 4 from the model librdriFEMLAB [11]
which is clamped at its bottom. The instantaneous Young'dulus is set toF =

11



30 eigenvalues of damped clamp
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Fig. 4: feeder clamp / eigenvalues

2.06 x 10*, the instantaneous Poisson’s rate is- 0.3, and the density is set {p=
7800. For the nonproportional damping we use in addition theofaihg parameters,
Av = 0.28, andAE = 6 x 10'°, and the relaxation constant is sebte- 1 x 1072,

Discretizing this problem by linear Lagrangian elementsob&ained the rational
eigenproblem (27) of dimensiar93617. For symmetry reasons we determined only
eigenvalues with negative imaginary part, and we compgfesf them one after ano-
ther with decreasing imaginary part. We solved this proldbenthe nonlinear Arnoldi
method [26] where we preconditioned by an incomplete LU dgmasition and ac-
cepted an eigenpair if the residual was less th@rt. This required a CPU time of
8309 seconds on an AMD Opteron Processor 248 x86@ith 2.2 GHz and 4 GB
RAM under MATLAB 7.0.

Applying the AMLS method to the linear eigenvalue problem
Kz =AMz (28)

with cut-off frequency\. = 1.2¢7 and \. = 2.4¢7, respectively, and applying the
transformations and projections to the matti¥< simultaneously, we obtained an
eigenvalue problem

<w2/\/l + K — AIC) y=0 (29)

1+ bw
of dimensiond; = 1262 andd, = 2808, which required®37 and996 seconds, respec-
tively.

Multiplying (29) by 1 + bw one gets a polynomial eigenvalue problem of degree 3
which is equivalent to the linearized eigenvalue problem

O I @) Y I O O Y
O O I wy | =w O I O wy (30)
AK-K -k —-M w3y O O M wly

of dimension3d;, j € {1,2}. Approximations to the desired 30 eigenvalues of (27)
can be obtained from problem (30) by the MATLAB functiengs (i.e. by ARPACK)

12
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Fig. 5: Relative errors of 30 eigenvalues

requiring7.1 and24.2 seconds, respectively. The maximum relative err@.is — 3
for the projected problem of dimensi@262 and9.1¢—4 for the problem of dimension
2808. Fig. 5 shows the relative errors of the AMLS method for thedir eigenproblem
(28) marked by circles and the rational eigenproblem (2#kethby plus signs.

The solution time for the projected problem can be furthduoed to4.7 and5.6
seconds, respectively, if we project problem (29) furtlwethie space spanned by the
eigenvectors of the linear eigenproblédy = AMy corresponding to eigenvalues
not exceeding\. = 1.5|w,|%. This approach obviously is equivalent to determining
Ritz vectors of the linear probletkz = AMax corresponding to eigenvalues not
exceeding\. and projecting problem (27) to the space spanned by these&ttars.
The maximum relative error is raised only slightlyd@e — 4.

3.3 Vibrations of fluid-solid structures

We consider free vibrations of a tube bundle immersed ingh#yi compressible
fluid under the following simplifying assumptions: The tstare assumed to be rigid,
assembled in parallel inside the fluid, and elastically medm such a way that they
can vibrate transversally, but they can not move in the doegerpendicular to their
sections. The fluid is assumed to be contained in a cavity lwisianfinitely long,
and each tube is supported by an independent system of sigvitnich simulates the
specific elasticity of each tube). Due to these assumptibnse-dimensional effects
are neglected, and so the problem can be studied in any &@ad\section of the
cavity. Considering small vibrations of the fluid (and theds)paround the state of
rest, it can also be assumed that the fluid is irrotational.

Mathematically this problem can be described in the follaywvay (cf. [7, 8, 21]).
Let ) C R? (the section of the cavity) be an open bounded set with lp¢afischitz
continuous boundary. We assume that there exists a fanfily # 0, j = 1,...,p,
(the sections of the tubes) of simply connected open setsthat); C (2 for every
7,Q;NQ; = 0 for j # i, and eacl2; has a locally Lipschitz continuous boundaty.

13



With these notations we s := Q\ [J/_, ©;. Then the boundary db, consists of
p + 1 connected components which drandT’;, j = 1,...,p.

We denote byH!(Qo) = {u € L*(Qp) : Vu € L*()?} the standard Sobolev
space, and consider the subspace

H:={ue H(Q) : /u(x)dx:()}

Qo

equipped with the usual scalar product

(u,v) = /Vu(x) -Vou(x) du.

Qo

Then the eigenfrequencies and the eigenmodes of the fllidistoucture are gover-
ned by the following variational eigenvalue problem (cf)[8

Find A € R andu € H such that for every € H

p
02/Vu-Vvdx:)\/uvdx—i-z%/unds-/vnds. (31)
Q0 j:1 j_ ijj Fj

Qo

Hereuw is the potential of the velocity of the fluid,denotes the speed of sound in the
fluid, p, is the specific density of the fluid, represents the stiffness constant of the
spring system supporting tubem is the mass per unit length of the tupeandn is

the outward unit normal on the boundary(ey.

The eigenvalue problem is non—standard in two respects:eigenparametek
appears in a rational way in the boundary conditions, andbthendary conditions
are nonlocal. Using methods from linear functional analy@onca, Planchard and
Vanninathan [7, 8] proved that this problem has a countadtlefseigenvalues which
are positive and real and which converge to infinity. To timd ¢hey transformed the
rational eigenproblem to a linear compact eigenproblem Biillzert space which is
nonselfadjoint but can be symmetrized easily. The samdtriEdlows more easily
from the fact that the eigenvalues of of problem (31) can l@atterized as minmax
values of a Rayleigh functional [25].

In particular we consider the rational eigenvalue problaf) (vhere) is the ellipse
with center(0,0) and length of semiaxe$ and4, and(2;, j = 1,...,9 are circles
with radius0.3 and center$—4, —2), (0, —2), (4, —2), (—5,0), (0,0), (5,0), (—4,2),
(0,2) and(4, 2). We assume that= 1, py = 1 andm; = 1 for all 5. For the stiffness
constants:; we assumeéy = ky = k3 = 1, ky = ks = k¢ = 2, andk; = ks = kg = 3.

Discretizing problem (31) by linear Lagrangian elements gets a rational matrix
eigenvalue problem

A A A

14



where K and M are symmetric and positive (semi-)definite, afid € R"*6, j =
1,2, 3, collects the contributions of the three groups of tubefé@rtonlocal boundary
conditions. In our example the dimensiomis= 143064.

Problem (32) ha$8, 15, and14 eigenvalues in the intervdl, = (0, 1), J, = (1, 2),
and J; = (2,3), respectively, and a large number of eigenvalueg3inc), 18 of
which are contained i/, := (3,5). In each of the intervald; the eigenvalues can
be characterized as minmax values of a Rayleigh functior&| ghd they can be
determined one after the other by the nonlinear Arnoldi me{23]. Preconditioning
by the LU factorization ofl'(o) for fixed o € J; and starting with initial search
spaces according to [24] the Arnoldi method required 799s@€ to determine all
eigenvalues ino0, 5] on an AMD Opteron Processor 248 x8@ with 2.2 GHz and 4
GB RAM under MATLAB 7.0.

The reduction of the problem by AMLS with the base probl&m = A\Mx and a
cut-off frequency ofl 00 generated a rational eigenvalue problem

—Ky + MMy + %&ny + %Czcgy + %Cgcgy =0 (33)
of dimensiors88. In principle this problem could be multiplied By—\)(2—X)(3—\)
yielding a polynomial eigenvalue problem of deg#e&inearization would resultin a
linear eigenvalue problem of dimensidfb2 which could be solved by a sparse solver
like ARPACK. However, since rark;) = 6, j = 1,2, 3, the polynomial eigenpro-
blem and its linearization have eigenvaluge;s: j, j = 1,2,3 each of multiplicity
882, which would impede the computation of the eigenvalneke interval0, 5].

Since the projected problem (33) inherits the symmetry @tgs of problem (32)
we solved it by the nonlinear Arnoldi method, which requirgd .42 seconds for
reducing the base problekix = A\Mx by AMLS and transforming the matricés,

C,, andCj5 simultaneously, and5.64 seconds for solving the projected problem (33)
by the nonlinear Arnoldi method. Hence, the total CPU time ¥¢8s06 seconds. The
gain in computing time by the AMLS method for this 2 dimensibproblem is not
as pronounced as in our previous examples since the madnedsss populated, and
the preconditioner in the nonlinear Arnoldi method regsiineuch less storage and
arithmetic operations .

The relative errors are displayed as plus signs in Fig. 6. mhgimum error is
0.063 which is quite large for a cut-off frequency being 20 timagéa than the largest
wanted eigenvalue. This difficulty is caused by the fact thatrational eigenproblem
(32) is not just a small perturbation of the base problEm = AMzx used in the
AMLS reduction (for instance, (32) has 18 eigenvalues initiberval [0, 1) whereas
the linear problemiz = AMxz has only 12). There are eigenvectors of problem (32)
which have large amplitudes close to some of the tubes wiaicimot be approximated
well by the AMLS basis consisting of eigenmodes of interfaaed substructures. Fig.

7 and Fig. 8 show two of these eigenfunctions.

It is interesting to note that these eigenfunctions do natespond to eigenvalues
which are close to a pole. Fig. 9 shows the eigenfunctioresponding to an eigen-
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AMLS with (0) and without (+) interface DoF
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Fig. 6: Relative errors for fluid—solid structure

lambda(13)=0.7506

Fig. 7: Eigenvector corresponding k@; = 0.7506

lambda(27)=1.5988

Fig. 8: Eigenvector corresponding kg; = 1.5988
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lambda(18)=0.9585

Fig. 9: Eigenvector corresponding kgs = 0.9585

value \;g close to the poler; = 1 which can be easily approximated by the base
vectors.

To improve the approximation properties of AMLS we complatee the503 in-
terface degrees of freedom on the coarsest level which warergted by METIS for
the base problemXz = AMx by the1728 components corresponding to nonzero row
entries of the matriXxC}, Cs, C3]. Applying AMLS with the cut-off frequency 100 we
obtained a reduced problem of the type (33) of dimensSi@hwhich we solved by
the nonlinear Arnoldi method. The maximum relative errosweaduced td@).0096.
The relative errors are displayed in Fig. 6 as circles. Thal ©OPU time wa$27.03
seconds480.89 for the AMLS reduction, and6.14 seconds for the solution of the
reduced problem.

The alternative way of solving the nonlinear eigenproblenplojecting it to a
subspace spanned by a moderate number of Ritz vectors abtaome the AMLS
method for the linear base problem leads to bad approximatiothis problem. For
instance, if problem (32) is projected to the space (of dsr@n88) spanned by the
Ritz vectors corresponding to the Ritz values not exceedin¢the double of the
maximal wanted eigenvalue), the maximum relative errortlier eigenvalues in the
interval[0, 1) is 0.15.

4 Conclusions

The Automated Multi-Level Substructuring method (AMLSkisown to be very ef-

ficient for huge linear definite eigenvalue problefis = A\M . Here the joint graph
of K and M is partitioned into many subgraphs on several levels, aadgthblem

is projected to a subspace spanned by eigenmodes of theesatorresponding to
subgraphs and a hierarchy of interfaces.

In this paper we generalized this approach to nonlineamgajae problems iden-
tifying a linear base problem and projecting the underlypngblem to the subspace
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generated by applying AMLS to the base problem.

The method works well for nonlinear problems which are smpatturbations of
a linear definite problem. For problems where the nonlitygdsi more pronounced
the AMLS method can be improved by complementing the interfdegrees of free-
dom on the coarsest level by further degrees of freedom wdmelsuitable to catch
the nonlinear behavior. Numerical methods from structdyalamics demonstrate the
efficiency of the method.
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