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Zusammenfassung
Die Infrarot- und Röntgenabsorptionsspektroskopie haben sich als leistungsfähige experimentelle
Instrumente zur die elektronischen und strukturellen Feinheiten von Biomolekülen, insbesondere
Peptiden und Proteinen, aufzuklären. Parallel dazu haben die bemerkenswerten Fortschritte bei
den Rechenkapazitäten die Fähigkeit beschleunigt die Fähigkeit, Chemie, Physik und maschinelles
Lernen in einer echten Symbiose zu kombinieren, wodurch die präzise Modellierung und Verständnis
komplexer biomolekularer Prozesse auf atomarer Ebene und die Validierung von experimentell
beobachteten Spektralmerkmalen. Doch die inhärente Komplexität von Peptiden und Proteinen,
gekoppelt mit den Rechenanforderungen quantenmechanischer Methoden für große Systeme stellen
jedoch eine große Herausforderung dar, wenn es darum geht, die inhärenten Eigenschaften dieser
Biomolekülen. Um diese Herausforderungen zu bewältigen, ist die Einbeziehung von überwachten
und unüberwachten Techniken des maschinellen Lernens in die Molekulardynamik-Simulations-
Toolbox erleichtert die das komplexe Zusammenspiel interatomarer und intermolekularer Wech-
selwirkungen zu entschlüsseln und den Weg für die den Weg für die Vorhersage verschiedener
Eigenschaften dieser Systeme. Diese Dissertation befasst sich mit Feature und Techniken des
unüberwachten maschinellen Lernens (z. B. Clustering und Dimensionality-Reduction), die auf
atomistische Datensätze angewandt werden, um zu untersuchen, wie diese Techniken die komplexe
Strukturlandschaft eines Modellpeptids beleuchten können. Darüber hinaus werden in dieser
Arbeit Graph neuronale Netze als leistungsstarker und e�zienter Ansatz zur Entschlüsselung der
komplizierten





Abstract
The investigation of biomolecular structures and the prediction of their spectra using experimental
and theoretical studies in the gas phase represent fundamental steps in comprehending their intrinsic
properties and biological functions. Nonetheless, the complexity of the potential energy surface
of biomolecules, combined with limitations in computational resources, limits the interpretation
of experimental observations. Integrating supervised and unsupervised machine learning (ML)
techniques into theoretical calculations is considered as an e�ective way to address these challenges.

Infrared (IR) and X-ray absorption spectroscopy (XAS) has proven to be powerful experimental
techniques to study the electronic and spatial structure of biomolecules such as peptides and proteins.
Reproducing and validating the features observed in spectra resulting from these experiments
often requires the use of sophisticated ab initio calculations and comprehensive understanding of
biomolecules’ configurational space.

In this thesis, I introduced a novel approach in interpretation of IR experimental spectrum
of a peptide which aims enhancing the exploratory power of searching configurational space by
combining REMD simulations, unsupervised machine learning, and ab initio calculations. This
scheme relies on a set of structural descriptors and data-driven clustering technique which accounts
for canonical ensemble of real experimental condition to obtain an accurate computed spectrum.
We show that by partitioning the configurational space into subensembles of similar conformations
i.e. clusters, an accurate IR spectrum can be calculated by averaging the IR contribution of
each representative conformer in each cluster, weighted according to the population of each
cluster. While this approach unravels important fingerprints of experimental spectroscopic data,
the calculation of IR and particularly XAS spectra, due to its inherently expensive theoretical
computation, is often computationally prohibitive task for even medium-sized molecules.

To remedy the computational obstacles associated with spectra prediction, we develope a
data-driven supervised ML frameworks, i.e. graph neural networks which are trained on a
custom-generated XAS dataset to find a mapping between structures and spectroscopic signals,
thus bypassing the need for expensive ab initio quantum chemistry calculations. To insure the
interpretability of GNN models’ predictions, we employ feature attribution to determine the
respective contributions of various atoms in the molecules to the peaks observed in the XAS
spectrum. Within this approach, we show that it is possible to link the peaks observed in the
spectra to certain core and virtual orbitals from the quantum chemical calculations and obtain an
in-depth understanding of the ML predicted XAS spectrum.



The results presented in this thesis show that the integration of supervised and unsupervised
ML techniques can e�ectively enhance the interpretation of spectroscopic data and make e�cient
use of the expensive ab initio calculations.
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1. Introduction to Investigation of Biomolecules

Biomolecules such as peptides and proteins are building blocks of living organisms and perform
the most important functions in biological processes. The study of biomolecules is driven by the
multitude of biological processes they participate in and their applications across various fields.
Peptides and proteins play crucial role in numerous areas including therapeutics [1], drug delivery
systems [2], biotechnology, industrial enzymes [3], agricultural applications [4], structural biology,
and drug discovery [5]. The functionality of peptides and proteins relies on the chemical properties
of their amino acids and their conformation. Therefore, understanding their structure is pivotal
for gaining insights into their molecular-level functionality across various fields. A significant
portion of biomolecule research focus on understanding the 3-dimensional structure and their
impact on their function, using di�erent experimental techniques such as X-ray crystallography [6],
Nuclear Magnetic Resonance (NMR) spectroscopy [7] and gas-phase X-ray absorption spectroscopy
(XAS) [8, 9]. Notably, one can observe a trend where these experimental techniques are used
together with computational modeling and simulations of biomolecules to provide insight into
their dynamics, folding mechanisms, and interactions, while keeping the computational expense of
this investigation at a�ordable scale [10, 11, 12]. However, understanding the biological processes,
driven by complex biological systems in both spatial and temporal scales, still remains a challenging
task despite the emergence and evolution of new experimental and theoretical techniques. These
challenges often arise from time complexity of simulating complex biological systems [13], di�culty
in experimental validation [14], and lack of su�cient data for modelling and analysis of many
biomolecules [15]. Furthermore, conformational space of biomolecules is highly complex which
makes these molecules undergo transitions involving large numbers of atoms between an enormous
number of di�erent conformations [16, 17]. This poses a challenge for an accurate and quantitative
description of the experimental data by theoretical approaches.

The conformational space in high-dimenesional potential energy surface (PES) of biomolecules
is determined by many factors which influence the number of possible conformations and the
di�culty of exploring the entire space. Number of degrees of freedom, size of the biomolecule,
conformational flexibility, complex non-covalent interactions within the biomolecule, and solvent
e�ects are just a few to mention but are often the main contributors to the complexity of
PES. To explore the conformational space of peptides and proteins, sophisticated computational
methods including molecular dynamics simulations, Monte carlo simulations and ab initio quantum
mechanics are the common approaches [18, 19, 20, 21]. While exploring the PES of biomolecules is
conceptually a well defined problem in obtaining a fundamental understanding of structure-property
relationships, thoroughly exploring complex PES of biomolecules proves to be prohibitive in terms
of computation for already many medium-sized biomolecules. To remedy this problem, enhanced
sampling techniques such as metadynamics [22], umbrella sampling [23], and replica exchange
molecular dynamics [24] are often employed in coarse-grained models to overcome energy barriers
and sample rare events in reduced computational complexity. Enhanced sampling techniques
partly elucidate the intricate relationships between biomolecule properties and complex PES, which
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account for the conformational diversity observed in measured spectroscopic spectra. However,
directly validating theoretical spectra and establishing connections with experimental measurements
remains a formidable challenge because of the above mentioned many influencing factors which
possibly need to be included [12].

A relevant portion of research on biomolecules continues to strive for advanced and e�cient
investigation of their intrinsic physical properties to answer fundamental questions about electron
dynamics and the interplay between the electronic and spatial structures of peptides and proteins [25,
26, 9]. Infrared (IR) and soft X-ray spectroscopy which are often combined with mass spectrometry,
are proposed as analytical tools to reveal the secondary structure and study the electron dynamics
of peptides and proteins [27, 28, 29, 30]. A useful approach to facilitate direct comparison of
experimental spectra to theoretical predictions is to neglect the solvation e�ects and study the
biomolecule in gas phase. Investigating di�erent secondary structure motifs in the gas phase is
thus a valuable approach that eases the investigation of structure-property relationships and helps
disentangling the delicate balance between enthalpic and entropic contributions in an unperturbed
environment [31, 32] Additionally, these studies can provide insights into the molecule’s inherent
behavior in a solvent environment [33]. Among gas-phase experimental techniques, IR spectroscopy
is widely used as it provides detailed insights into the three-dimensional molecular structure, as
well as into intra- and intermolecular interactions of gas-phase protein ions [30, 34, 35, 36] and
polymers [37]. In gas-phase experiments, electrospray ionization (ESI) [38] gives the opportunity
to bring molecular ions into solvent-free gas phase in which the native-like conformations in the
absence of solvent remains intact [39]. These molecular ions can then be guided in vacuum using
ion manipulation tools such as ion mass filters and ion traps. Removing solvation e�ects in both
theory and experiments simplifies the understanding of the intrinsic behavior of biomolecules.
However, the low free-energy barriers between conformations and the vast conformational space of
even relatively small peptides, especially for intrinsically disordered proteins and peptides, result
in overlapping signals from the many nonspecific, i.e. nonhelical or sheet-like, conformations
commonly encountered in experimental measurements [40, 41]. Discrepancies between theoretical
predictions and experimental observations, particularly for intrinsically disordered peptides and
proteins with highly complex configurational spaces, presents a significant challenge [27, 42, 43,
44, 45]. Addressing discrepancies between theory and experiments has been carried out in several
studies using di�erent organic materials [45, 44, 43, 46]. As it will be demonstrated in this thesis,
considering only a few individual conformations in theoretical predictions without taking into
account their correct statistical ensemble weight (which is common practice in computational
spectroscopy) can hamper the interpretation of experimental results and lead to discrepancies
between theory and experiment. The computational expenses of ab initio calculations for large
biomolecules is yet another common problem faced in calculating their spectra and investigating
their secondary structure motifs in the gas phase [47].
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1. Introduction to Investigation of Biomolecules

The development of Machine Learning (ML) techniques has promoted the role of data as a
promising and powerful catalyst in discovery of previously unknown insights into biomolecules.
ML techniques are being increasingly applied to various areas of theoretical and computational
chemistry given their ability to infer structure-property relationships on the basis of large amounts
of data [48, 49, 50]. Both supervised and unsupervised ML approaches have been extensively
incorporated into theoretical calculations to analyze atomistic datasets and predict crucial chemical
properties of biomolecules [51, 48, 52, 53]. The combined growth of computational resources
and these ML techniques has enabled several investigations to avoid many costly experiments by
leveraging a substantial amount of data available for training and inference [54]. For instance, the
application of supervised and unsupervised ML to data coming from atomistic simulations has
provided a broad spectrum of theoretical breakthroughs ranging from understanding the complex
configurational space of biomolecules to predicting ab initio level properties such as IR or XAS
spectra [55, 56, 57].

With the introduction of dimensionality reduction and clustering techniques compatible to
datasets of atomic trajectories obtained from atomistic simulations, theoretical prediction of
experimental observations is often initialised with obtaining the structural motifs, i.e. recurring
low energy conformations of PES, from raw atomisic datasets [51, 58]. This analysis can often
be hampered due to high dimensionality and redundancy of atomistic datasets. In this case, the
combination of unsupervised ML and feature engineering e.g. use of atomic descriptors, on the
atomistic dataset creates an e�cient pipeline which helps to condense the vast amount of data in
the raw atomistic dataset into meaningful information of the conformational space. This narrowed-
down information can then be utilized for further theoretical calculations of important biomolecular
properties. In particular, a careful choice of unsupervised ML techniques in combination with
enhanced sampling simulation pave the way of incorporating a realistic representation of the
canonical ensemble into spectra prediction. While understanding the conformational space of
biomolecules is crucial in prediction of experimental spectra, accurately calculating XAS and IR
spectra yet requires sophisticated and expensive ab initio quantum chemistry.

Integration of supervised ML frameworks to investigating biomolecules has opened the path
of bypassing expensive electronic structure calculations and predicting accurate spectroscopic
properties by training a predictive model which infers the spectra of a biomolecule based on its
structure [59, 60, 61, 62, 63, 64, 65, 66]. Among those ML techniques, graph neural networks
(GNN) and deep neural networks (DNN) are promising candidates to predict the properties
of matter such as the electronic structure [67] at a higher computational speed already made
them favorable for high-throughput calculations in materials design and drug discovery [68, 69].
Thus, the ability to perform e�cient computations with high accuracy has demonstrated that
ML techniques are advantageous in domains such as various types of spectroscopy including
vibrational and optical [67, 59, 70, 60, 61, 62, 71, 63, 12, 64, 65, 66]. While these methods are very
e�ective in spectra prediction by capturing both local and global chemical environment of atoms,
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understanding the rationale behind the predictions made by these black-box models, remains a
challenge which requires integrating explainability techniques into these ML frameworks.

The overall goal of this thesis is to implement supervised and unsupervised ML on atomistic
datasets to not only understand the importance of conformational ensemble of biomolecules for
an accurate and robust spectra prediction but also leverage them to extend high-throughput
calculations for predicting the spectra of biomolecules beyond traditional approaches. This
investigation has led to the introduction of data-driven approaches to explore and include the
conformational space of a biomolecule in reproducing and interpreting experimental IR spectra.
Additionally, by implementing supervised ML for spectra prediction of biomolecules, we introduce
a framework to predict XAS spectra by GNN models, while integrating further the explainability
of the predicted XAS peaks through these ML models.

The thesis is structured as follows: In chapter 2; an introduction of experiments as well as
machine learning techniques in atmostic datasets is given; in chapter 3; after a brief introduction on
general overview of using unsupervised machine learning in exploring the conformational space of
a model peptide, we show the reconstruction of IR spectrum by considering the canonical ensemble
of the peptide and, ultimately, in chapter 4, we introduce a recipe of integrating explainability
techniques into GNN models trained on custom-generated dataset for fast and e�cient XAS
prediction.
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2. Machine Learning and Spectroscopy Methods for Biomolecules

2.1 Experiments

Infrared multiphoton dissociation spectroscopy (IRMPD) at room temperature is a technique
used in mass spectroscopy to fragment molecules in gas phase for investigating the vibrational
properties, gaining insight into the molecular structure and dynamics [72]. IRMPD utilizes the
principles of multiphoton absorption, where multiple photons of infrared light are absorbed by
a molecule simultaneously, leading to the excitation of vibrational modes [73, 74]. Through the
careful selection of laser wavelengths and intensities, it becomes possible to selectively excite specific
vibrational modes within a molecule. In IRMPD experiment, the laser light which has inherently
high intensity and many coherent photons, causes the intense vibration of the bonds by multi
photon absorption. The excitation energy finally surpasses the dissociation energy of a particular
bond, the molecule undergoes fragmentation, leading to the formation of fragment ions. To identify
the vibrational modes, the yield of the fragments dependent on the photon wavelength is plotted.
The technique has been previously used to obtain insights into the three-dimensional molecular
structure, as well as into intra- and intermolecular interactions of gas-phase biomolecules [75, 76,
77].

For the data represented in chapter 3, room temperature IRMPD experiments in the fingerprint
region, 600 ≠ 1800 cm≠1, were performed at the Free Electron Laser for Infrared eXperiments
(FELIX) laboratory in Nijmegen (The Netherlands). The Free-Electron Laser (FEL) was coupled
to a Bruker AmaZon ETD quadrupole ion trap mass spectrometer which was modified to have
optical access to the ion trap [78]. The IR frequency was calibrated using a grating spectrometer.
Protonated biomolecular ions were generated from solution by electrospray ionization (ESI) source,
mass-to-charge isolated in the trapping region, and irradiated with a single infrared laser pulse
from the FEL (5-100 mJ per pulse, bandwidth 0.4% of the IR frequency) to induce wavelength-
dependent IRMPD. Precursor and fragment ion intensities were determined from six averaged
mass spectra at each IR frequency. IRMPD spectra in the 2700 ≠ 3700 cm≠1 range were recorded
at the Centre Laser IR d’Orsay (CLIO) FEL facility in Orsay (France) [79] using a modified 7 T
hybrid FT-ICR mass spectrometer (APEX-Qe Bruker) coupled to the table-top optical parametric
oscillator/amplifier (OPO/OPA, Laser Vision). This experimental setup for the first time here
implemented with a 10 Hz Nd:YAG pumped OPO/ OPA system (Surelite II,10-Continuum, Laser
Vision). The protonated biomolecular ions were delivered from the solution to the gas phase by
ESI with a typical extraction voltage of 4 kV and desolvation temperature of 150 ≠ 200 ¶C. Ions
were accumulated, pre-mass-selected and thermalized in a quadrupole-hexapole interface and then
pulse extracted towards the FT-ICR cell maintained under high vacuum (< 10≠9 mbar) and at
room temperature. Mass-selected ions were stored and irradiated for 2 s with the OPO/OPA light
in the frequency range of interest. In order to increase fragmentation, ions were also exposed to an
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2.2 Atomistic simulations

auxiliary broad-band CO2 laser synchronized with the OPO/OPA (Universal Laser System, 10 W,
continuous wave operation centered at ⁄ = 10.6 µm), at the beginning of the OPO/OPA irradiation
period and for times varying between 7 to 12 ms. The CO2 laser pulse length was adjusted to
avoid photo-dissociation of the molecule by the CO2 laser alone while promoting the fragmentation
in the presence of the OPO/OPA. The IR spectra in both ranges are obtained by plotting the
IRMPD yield as a function of IR frequency, where the yield is defined as ≠ ln (Ip/

q
(If + Ip))

with the precursor and fragment ion intensities (Ip and If). In the 600 to 1800 cm≠1 fingerprint
region, the IR yield was further linearly corrected for the frequency dependent variation of the
FEL pulse energy [80].

2.2 Atomistic simulations

This section focuses on describing the atomistic simulations which is necessary in describing the
behavior and properties of biomolecules [81]. Employing atomic-level simulations on biomolecules,
such as peptides and proteins, in short timescales of milliseconds or nanoseconds enables to uncover
key biochemical processes including protein folding [82], drug binding [83] and conformational
changes critical to the biomolecules’ functions [84]. Such simulations, beside experimental
techniques, serve as an important supplement to reveal biomolecular processes in spatial and
temporal scales which are otherwise di�cult to investigate in experiments [81].

The potential energy surface (PES) of a biomolecule that is a multi-dimensional surface
describing how the energy of a biomolecular system changes based on the geometry [85] (shown
schematically in Figure 2.1), is known to be highly complex due to the number of atoms and
their intricate interactions in the molecule. PES can be defined classically as an energy function
E(R1, . . . , RN ) in which the atomic positions (x,y,z coordinates) of N atoms are R1, . . . , RN . In
intrinsically disordered biomolecules, often a number of local minima along with global minimum
exists on the PES which is closely related to thermodynamic variables such as pressure, temperature,
entropy, and volume. Elucidating the PES and free energy surface of a biomolecule, which govern its
folding and structural formation, provides insights into the molecule’s behavior in experiments [85].
Due to computational expensive ab initio approaches (which solve the many body electronic
problem), force fields molecular dynamics (MD) is often used to thoroughly investigate the PES of
biomolecules.

2.2.1 Force fields Molecular Dynamics in gas phase

Investigation of structure-property relationships and other important properties of the biomolecule
such as protonation or interactions with ions, can be studied with gas-phase simulations, allowing
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2. Machine Learning and Spectroscopy Methods for Biomolecules

Figure 2.1: Schematic representation of a model PES with the free energy as a function of two
coordinates. Examples of corresponding conformations of some local and global minima is shown,
indicating the relationship between the geometry and the potential energy of the biomolecule.

a direct validation of gas-phase experimental results. Performing gas-phase molecular dynamics
not only provides the opportunity to investigate various secondary structure motifs of a peptide
or protein but also helps to disentangle the delicate balance between enthalpic and entropic
contributions in an unperturbed environment.

In summary, MD simulations solve Newton’s equations of motions for N interacting atoms in
which the forces between the atoms are the negative gradients of a potential function. The equations
are solved in small time steps (typically in femtosecond range) while keeping the temperature and
pressure in required values. To run the MD simulations in canonical ensemble NVT (constant-
number (N), constant-volume (V), and constant-energy (E)), velocity-rescaling thermostat [86] was
used. This themostat is essentially a Berendsen thermostat [87] with an additional stochastic term
that ensures a correct kinetic energy distribution. Temperature fluctuations can still occur with
NVT at MD simulations. These fluctuations which can lead to inadequate sampling of PES [88],
often occur due to force fields errors, i.e. truncation of forces and energies. Velocity-rescaling
thermostat produces a correct canonical ensemble and still has the advantage of the Berendsen
thermostat: first order decay of temperature deviations and no oscillations [89]. The output of
the MD simulation is the coordinates of the atoms as a function of time, representing a trajectory
in the high-dimensional PES of the biomolecule. To allow a computationally easier approach to
explore the biomolecule’s PES and estimate the proper free energies, empirical approximation,
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2.2 Atomistic simulations

namely force fields commonly used in MD simulations. Empirical potentials in force fields divide
in di�erent terms which correspond to di�erent interactions exists in the system [85]. The terms in
the force fields are based on several parameters that can either be obtained from experiments or
from reference quantum mechanical (e.g. Density Functional Theory). The commonly employed
functional form found in many biomolecular force fields can be written as,

E(R1, . . . , RN ) = Ebond + Eangle + Etorsion + Eelectrostatic + Evan der waals (2.1)

in which R1, . . . , RN are the atomic positions of N atoms. The first three terms correspond to
bonded interactions between the atoms. Bonded interactions are based on fixed list of atoms which
are not exclusively pair interactions but include 3- and 4-body interactions as well. Bond stretching
(2-body), bond angle (3-body), and dihedral angle (4-body) interactions are some of these bonded
interactions. The remaining terms in the above equation correspond to non-bonded interactions
between the atoms. The non-bonded interactions contain a repulsion term, a dispersion term, and
a Coulomb term. The repulsion and dispersion term (long range Van der Waals interactions) are
combined in the Lennard-Jones. Additionally, (partially) charged atoms act through the Coulomb
term.

Unlike ab initio methods, the electrons of the system are not explicitly considered in force fields.
However, due to large computational costs of ab initio calculations for even small to medium size
biomolecules, force fields MD simulations are often used to get statistical information and sample
the large conformational space of biomolecules.

Although performing molecular dynamics (MD) simulations o�ers numerous advantages in
understanding the intrinsic properties of peptides and proteins, there are several challenges
associated with force fields based MD simulations in the gas phase. The primary problem arise
from the lack of comprehensive force fields which are specifically designed for simulation of gas-
phase biomolecules [90, 91]. Solution-based force fields are often used for simulating gas-phase
biomolecules even if certain parameters such as charge distributions around surface-exposed atoms
may di�er in gas phase [92]. To remedy this problem, polarizable force fields can be used to
consider the charge distributions in MD simulations [93, 94]. However, the higher computational
cost of these force fields compared to simple point charge simulations, limit the use of them and
make fixed charge solution force fields more favorable. As a solution force fields are parameterized
from ab initio vacuum data of small molecules, such force fields perform quite well in the gas
phase [95, 91]. Moreover, the atoms in large biomolecules such as proteins, mostly not “feel” the
gas-phase environment since the atoms are buried in the interior [91, 90].
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2.2.2 Temperature Replica Exchange Molecular Dynamics

Complex free-energy landscape of biomolecules with large number of local minima (or metastable
states) has urged the need to enhance comformational sampling in MD simulations and to obtain
reliable free-energy landscapes of biomolecules [96, 97, 98]. Replica-exchange molecular dynamics
(REMD) is a method used to more extensively explore the PES of biomolecules [99, 100]. In
temperature REMD simulations, copies of the biomolecule, denoted as replicas, are simulated at
di�erent temperatures in parallel. Pair of replicas exchange temperatures using the Metropolis
algorithm in MD simulations [100]. Metropolis algorithm ensures that the equilibrium distribution
of configurations is preserved. It calculates the acceptance probability based on the energy
di�erence between the proposed exchange and the current configuration (atomic positions) when
attempting to exchange configurations between replicas. In temperature REMD, low and high
temperatures are experienced by each replica, passing the large energy barriers and thoroughly
searching the conformational space of the system. Each replica searches large conformational
changes at high temperature as well as stable conformations with low potential energies at low
temperatures [100]. Therefore, REMD provide the opportunity to improve conformational sampling
and provide accurate thermal statistical information of the system in various conditions. Figure 2.2

Figure 2.2: Schematic representation of temperature replica-exchange molecular dynamics. The idea
of this figure is adopted from [100].

demonstrates how di�erent replicas at various temperatures are simulated in temperature REMD.
During temperature REMD, the pair of replicas exchange their temperatures when the Metropolis
criteria is satisfied for the transition probability, w(X æ XÕ)

w(X æ XÕ) =

Y
]

[
1, for � Æ 0

exp (≠�), for � > 0
(2.2)

where X = {R1, . . . , RN } and XÕ = {RÕ
1, . . . , RÕ

N
} are the replica states (i.e. atomic positions)

before and after the replica exchange. Assuming an exchange between replicas i and j, simulated
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at temperatures Ti and Tj , the � can be written as,

� =
A

1
kBTj

≠ 1
kBTi

B

(Ej ≠ Ei) (2.3)

in which kB is the Boltzmann constant and Ei, Ej are the potential energy of the target system as
a function of the replica states Xi and Xj , respectively [100].

In this thesis, simulations of biomolecules in the canonical ensemble (NVT) were run for 200 ns.
The leap-frog MD algorithm [101, 102] was used for the simulations in the gas phase with a time
step of 0.5 fs with no cuto�s for non-bonded interactions and no periodic boundary conditions
applied. In addition, temperature REMD simulations were performed on the basis of the Amber
�14SB force field [103] in GROMACS version 2018.8 to e�ciently sample the PES. Exponentially
distributed [104] REMD simulations were carried out at temperatures of 300, 352, 413, 481, 559,
and 648 K. Temperature coupling during the simulation was realized with the velocity rescaling
temperature control of Bussi, Donadio, and Parrinello [86] and in absence of any bonded constraints,
i.e. no SHAKE or RATTLE [105, 106].

2.2.3 Ab initio calculations

2.2.3.1 Infrared spectra calculation

In this thesis, harmonic vibrational frequency calculations were performed to interpret IRMPD
experimental results. The structural identification and comparison to IRMPD spectra were mainly
performed in two steps, namely conformational search using classical force fields augmented by
temperature REMD simulations and electronic structure calculations.

As the first step, the conformational space of the biomolecule was thoroughly searched by REMD
simulation at room temperature, similar to conditions in IRMPD experiment. In brief, by employing
unsupervised machine learning on the raw REMD output, recurring molecular motifs were extracted
as introduced in chapter 3. These motifs were subsequently sorted based on their REMD energies,
allowing for later structural optimizations and electronic structure calculations of infrared(IR)
absorption spectra through ab initio calculations. The Born-Oppenheimer approximation simplifies
the molecular Schrödinger equation by decoupling the electronic motion and the nuclear motion in
molecules,

Â(R, r) = Âe(R, r)Ân(R) (2.4)

H(R, r) = He(R, r) + Hn(R) (2.5)

in which R and r are the coordinates of the nuclei and the electrons. He(R, r) and Hn(R) represent
the Hamiltonian for electrons and nuclei, respectively. For a given solution of the Schrödinger
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equation as the result of Born-Oppenheimer approximation,

He(R, r)Âe(R, r) = EeÂe(R, r) (2.6)

vibrational energy levels can be obtained by solving the electronic Schrödinger equation. Several
theoretical methods exist for calculating the electronic Schrödinger equation for a set of molecular
conformations obtained from the REMD simulation. In this thesis, Density Functional Theory
(DFT) was used to calculate the ground state [107]. The guiding principle of DFT theory is to
substitute 3N dimensional wave function by the electronic density. Two fundamental theorems of
DFT provides rigorous proof that all the observables of the system can be written as a function of
the electronic density. First theorem states that there is a one to one correspondence between the
external potential and the density of the ground-state. This means that the external potential
is fully determined by the density and the other way around. Second theorem states that it is
possible to show that the ground-state energy is minimum for the exact (Born-Oppenheimer)
ground-state density. Kohn-Sham scheme [108] provide a practical way to solve the equations
and obtain the densities and build the external potential from them. The idea of Kohn-Sham
scheme is to map the system of interacting electrons into fictitious system of non-interacting
electrons. The kinetic energy is addressed by splitting it into two parts, one corresponding to a
system of non-interacting electrons and another corresponding to the part that accounts for the
correlations. Therefore, the total energy of the system is given as the sum of kinetic energy of
non-interacting electrons, external potential energy due to the nuclei and other external fields,
and the exchange-correlation energy. The functional form for the exchange-correlation potential
is unknown and an approximation is necessary for this term. For the description of the electron
exchange energy, BP86 [109, 110] was used. Minimizing the total energy of the system with respect
to the electron density using the iterative self-consistent field method [111], gives the ground-state
energy.

The theory of vibrational structure is based on time-independent vibrational (nuclear)
Schrödinger equation in which Born-Oppenheimer approximation still applies [112]. In this
case, the electronic structure is reduced to the role of the source of an external potential upon
which the motion of nuclei depends [113]. To obtain the vibrational frequencies for the equilibrium
structure of the molecule, the geometry of the molecule is first optimized to its minimum energy
using DFT, as explained previously. The geometry optimisation is considered as minimizing
the molecule’s potential energy with respect to its atomic coordinates. In case of harmonic
approximation to IR calculations, the vibrational Hamiltonian is constructed by neglecting the
third and higher terms in the expansion. To obtain the mass-weighted second-derivative of the
potential (i.e. Hessian matrix), the potential energy in the vicinity of the equilibrium is then
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approximated as a Taylor series. Diagonalization of the mass-weighted Hessian matrix yields a
matrix which describes the vibrational motion of the system within harmonic approximation, the
so-called mass-weighted normal modes. The intensity of IR absorption band for those normal
modes is directly proportional to the square of the change in the dipole moment µ of the molecule
during vibrational motion. Therefore, the IR intensities can be calculated from the dipole moment
derivatives of the molecule. During vibrational motion, the dipole moment derivative quantifies
the extent to which the molecule’s dipole moment changes as its normal vibrational modes are
excited. For detailed mathematical explanation of how to obtain the vibrational frequencies, see
Appendix A.

2.2.3.2 Linear-response time-dependent density functional theory

Time-Dependent Density-Functional Theory (TDDFT) [114], as an extension to ordinary ground-
state DFT, is often used to consider the influence of an external electromagnetic field to a
biomolecule, i.e. excitation absorption spectra. TDDFT can be viewed as an alternative formulation
of time-dependent quantum mechanics. However, the basic variable of TDDFT is the one-body
electron density n(r, t), in contrast to the normal approach that relies on wave-functions and
on the many-body Schrödinger equation. The density is a simple function which depends only
on 3 variables x, y, and z, in contrast to many-body wave-function which is a very complex
mathematical object since it is a function in a 3N -dimensional space (N is the number of electrons
in the system). n(r, t) can be obtained with the help of a fictitious system of non-interacting
electrons, the Kohn-Sham system. These electrons feel an e�ective potential, i.e. time-dependent
Kohn-Sham potential which has to be approximated. As the simplest approximation to the
Kohn-Sham potential, linear-response theory can be used to study the system and calculate the
spectra. In linear-response TDDFT, X-ray absorption spectra is calculated by perturbing the
system with an external electromagnetic field and then calculating the linear response of the system
to the field. Linear-response TDDFT is relatively e�cient and can be used to calculate X-ray
absorption spectra spectra for a wide range of biomolecules [115, 116]. As a general overview to
linear-response TDDFT calculations, the ground-state density of the system is first calculated
using DFT. The linear response function is then constructed from the ground-state density and
the exchange-correlation functional used in TDDFT. Finally, the linear response equations are
solved to find the excitation energies and oscillator strengths of the system. For full mathematical
explanation, see Appendix A.
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2.3 Unsupervised machine learning

The di�culties faced by systems relying on hard-coded knowledge suggest that artificial intelligence
(AI) systems need the ability to acquire their own knowledge, by extracting patterns from raw data.
This capability is known as machine learning. Machine learning is a data-driven approach where
the algorithms are trained based on a large amount of data allowing them to infer correlations
from the training data and identify patterns, relationships, and hidden insights.

Machine learning is a fundamentally interdisciplinary field which finds application in broad
range of domains, including image and speech recognition [117], natural language processing [118],
recommendation systems [119] and in particular quantum chemistry [120, 121]. The inherent power
of machine learning approaches lies in their capability to generate models that capture complex
phenomena through training with examples. This bypasses the requirement of finding analytical
models or conducting expensive underlying calculations, whenever they are available.

In a machine learning algorithm, the process of learning involves the increase in the model’s
performance by gaining experience through the training data. The scope of a successful machine
learning algorithm is to model the correlation between the inputs and the outputs (labels) encoded
in the data, in the best possible way to ensure trust in new outputs given an unseen set of inputs.

Machine learning algorithms are broadly categorized into two main types, supervised learning
and unsupervised learning. In unsupervised learning, the algorithms are trained based on unlabeled
data which aims to discover hidden patterns or structures in the data without any specific guidance.
The objectives of unsupervised learning can be divided into two main aspects. The first is to
explore the dataset and uncover hidden correlations between input points through dimensionality
reduction techniques. The second aspect involves identifying patterns and rules to group the data
using clustering analysis.

2.3.1 Dimensionality reduction

Dimensionality reduction involves reducing the number of variables or features in the data,
while still preserving the structure of the data and important information contained within
the high-dimensional dataset. A collection of N points in a D-dimensional space is defined as,
X = {xi}i=1,...,N with xi œ RD.

In datasets obtained through sampling from an underlying distribution, the data points often
lie in a subspace of its full feature space. The e�ective dimensionality of this low-dimensional data
is often called intrinsic dimensionality. The accurate estimation of intrinsic dimensionality finds
application in image recognition [122], text classification [123] and protein structure prediction [124].
Therefore, the primary goal of dimensionality reduction techniques is to simplify the data
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representation by removing irrelevant or redundant features, noise and correlations and find
the optimal d < D dimensional space which preserve the topology of full-dimensional space.
Dimensionality reduction techniques are often used to transform high-dimensional data into two or
three dimensions, making it easier to visualize and interpret patterns such as outliers or clusters.

2.3.1.1 Principal Component Analysis

Principal Component Analysis (PCA) is a widely used statistical technique for dimensionality
reduction and data exploration [125]. PCA reduces the number of correlated dimensions in the
data into smaller number of uncorrelated variables, called principal components (PC), by applying
the orthogonal transformation to the feature space.

The fundamental concept behind PCA is to identify uncorrelated variables that are linear
combinations of the original variables. These principal components are ordered in a manner that
the first component captures the highest variance present in the data. To extract the principal
components from a set of N data points with dimension of D, the eigenvalue-eigenvector problem
of the symmetric matrix is solved. The eigenvalue-eigenvector problem (or shortly eigenvalue
problem) is defined as Ax = ⁄A in which an eigenvalue of a square matrix A is scalar ⁄ such that
there exists a non-zero vector x. The vector x is called an eigenvector of A corresponding to the
eigenvalue ⁄.

As the first step, the distribution of X is centered around the mean of the data by,

X̃ = X ≠ 1
N

Nÿ

i=1
xi (2.7)

we can then calculate the covariance matrix,

C = X̃T X̃ (2.8)

we then perform eigendecomposition on the covariance matrix to obtain the eigenvalues and
eigenvectors ek of the covariance matrix. By sorting the eigenvectors in descending order of their
corresponding eigenvalues, we can cut the expansion of data points until d (d < D) large enough
eigenvalues. We can then project our data points into a new coordinates by rewriting the coordinate
of every point as,

yi =
dÿ

k=1
pi,kek (2.9)

where yi are the transformed samples and the projection of point xi is written as pi,k in dimension
k.
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2.3.1.2 Kernel trick

Kernel trick is the fundamental concept of machine learning that enables algorithms to implicitly
operate in high-dimensional space without explicitly computing the transformations. Using kernel
trick provide the opportunity to handle non-linearly separable data and improve the performance
of learning algorithms. This means that kernel trick avoids the explicit mapping needed to get
linear learning algorithms to learn a nonlinear function or decision boundary. The kernel function
operates in the original input space X and maps the data into higher dimensional space (feature
space) V to capture the similarities and relationships between data points. The function k is
referred as kernel function. A kernel function is defined as any symmetric, real-valued function
which is a positive definite function. Positive definite condition amounts to finding a symmetric
function k which satisfies k(xi, xj) = k(xj , xi) and,

Nÿ

i,j

cicjk(xi, xj) Ø 0 (2.10)

for every x1, . . . , xN œ X and real-valued coe�cients c1, . . . , cN œ R. The kernel can be written
in the form of a feature map „ : X æ V which satisfies k(x, xÕ) = È„(x), „ (xÕ)Í

V
. This means

that as long as V is an inner product space, explicit representation of function „ is not required.
Positive definite kernel ensures that it induces a valid inner product between two feature vectors
in a Hilbert space. This results in simple linear kernels by considering the Gram matrix which is a
symmetric matrix obtained on the feature space V . The Gram matrix which sometimes also called
kernel matrix K with respect to {x1, . . . , xN } can be written as,

K =

S

WWWU

„ (x1)T „ (x1) „ (x1)T „ (x2) · · ·

„ (x2)T „ (x1) . . .
...

T

XXXV . (2.11)

As shown in Figure 2.3, the key idea of using such mathematical construction is to define a kernel
function that compute the inner product between the transformed representations of two data
points without explicitly referencing to their underlying Hilbert space. Higher order correlation
between the data is considered by adopting kernel functions such as Gaussian, radial basis and
polynomial kernels which enables the mapping of highly non-linear input data. Alternatively, the
distribution of points in the feature space can be represented through the measurement of pairwise
distances between data points. The distance function is considered between the kernels,

d(xi, xj) =
Ò

k(xi, xj) + k(xi, xj) ≠ 2k(xi, xj) (2.12)
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Figure 2.3: The set of points {xi}i=1,...,7 in the space X can be characterised by either their coordinates
x1, . . . , x7 œ X or by a kernel representation of their pairwise similarity. The same spatial correlations
can be encoded by symmetric matrix K where Kij = k(xi, xj) which has 7 ◊ 7 dimensions. In order to
predict a new point x, the similarity of it is compared with respect to the initial embedding set and a
new similarity matrix between this new point and the training set is built.

By using kernel representations, one can use this equation in many distance based techniques.

2.3.1.3 Kernel Principal Component Analysis

Kernel Principal Component Analysis (Kernel PCA) is the non-linear extension of PCA by using
the kernel trick. Kernel PCA projects the data into higher-dimensional feature space which allows
to discover the non-linear patterns in data and easier visualisation of high-dimensional manifolds.
Considering that our data is mapped into feature space V , „(x1), . . . , „(xN ) where x1, . . . , xN œ X
and the function is nonlinear mapping „ : XD æ V and is centered, i.e.

q
N

k=1 „(xk) = 0.
Considering the kernel matrix in equation 2.11 in subsection 2.3.1.2, an inner product of two
arbitrary elements xi and xj in its reproducing kernel Hilbert space can be written as,

Kij = È„(xi), „ (xj)Í
V

= „(xi)T „(xj) (2.13)

The covariance matrix associated with the mapped distribution is calculated by,

C„ = 1
N

Nÿ

i=1
„(xi)T „(xi) (2.14)

By solving the eigenvalue problem of the covariance matrix, the eigenvectors V and their
corresponding eigenvalues ⁄ will be given, satisfying ⁄V = C„V. By spanning all the solutions in
V from the collection of {„ (xi)}N

with coe�cients –i, we can rephrase the solution to eigenvalue
problem,

⁄(„(xk) · V) = („(xk) · C„V) and V =
Nÿ

i=1
–i„(xi). (2.15)
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We can combine equations 2.14 and 2.15 and write,

⁄
Nÿ

i

–i („ (xk) „ (xi)) = 1
N

Nÿ

i

–i(„ (xk) ·
Nÿ

j

„ (xj)) („ (xj) „ (xi)) for k = 1, . . . , N (2.16)

where k means the principal component k. We can define the eigenvalue problem as N⁄K– = K2–

(where – denotes the column vector with entries –1, . . . , –N ) by recalling the matrix element of
kernel matrix is Kij = „(xi)T „(xj). To find the solution of such a system, we solve the eigenvalue
problem N⁄– = K– for non-zero eigenvalues. Considering all the eigenvalues ⁄i of K from
above and their corresponding eigenvectors –, we can impose that their non-zero eigenvalues
corresponding vectors in V are normalised, i.e. (Vk · Vk) = 1 (where superscript k means the
principal component k),

1 =
Nÿ

i,j=1
–k

i –k

j Kij = (–k · K–k) = ⁄(–k · –k) (2.17)

To extract the principal component, we compute the projections of the image of a test point „(xtest)

onto to the first d eigenvectors Vk according to,

(Vk · „(xtest)) =
Nÿ

i=1
–k

i („(xi) · „(xtest)) (2.18)

The above results can be used to extend the use of PCA to non-linear mapping of the input data.

2.3.1.4 Multidimensional Scaling and sketchmap

Multidimensional Scaling (MDS) is a dimensionality reduction technique which aims to find a
low-dimensional Cartesian projection while preserving their pairwise distances of points in high-
dimensional space. The optimization technique used in metric Multidimensional Scaling is stress
loss function which accumulates the residuals of the lower dimensional embedding compared to the
high dimensional space. The stress loss function (fl) is a residual loss function defined as,

fl(x1, x2, . . . , xN ) = 1
N

Ûÿ

i,j

(dp

ij
≠ ||xi ≠ xj ||)2 (2.19)

The p term is a metric scaling to weight the distances in the high-dimensional space with di�erent
intensities. dij is the dissimilarity between points, i.e. the Euclidean distance between embedded
points i and j. The metric scaling assumes that the dissimilarities between data points represent
actual distances in the underlying space. The e�ect of metric scaling is that a more accurate
representation of the underlying data is produced since the magnitude of the dissimilarities (i.e.
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the relationship between data points) is considered. Metric Multidimensional Scaling can be
reformulated and extended to introduce elements of nonlinearity by distorting the distances in
the stress function. The distortion of the distances is a way to characterise the topology of the
high-dimensional space.

Sketch-map algorithm [17] is another very e�ective way to introduce non-linearity into
dimensionality reduction of the data, in particular for datasets generated from atomistic simulations,
such as MD simulations. Sketch-map is essentially multidimensional scaling in which the distances
in both high- and low-dimensional spaces are transformed by sigmoid function. One advantage of
using this approach in datasets of MD simulations is that one can obtain a picture of the complex
free-energy landscape of the molecule by reproducing the relations and connections between nearby
energy basins [126]. Sketch-map method demonstrates that there is a characteristic distance at
which the most valuable topological information of free energy landscape is encoded. To maintain
the relationships between points, nearby points are mapped close together while points that are
farther apart are mapped farther apart. The stress function (X ) in obtaining the low-dimensional
embedding is defined as,

X =
ÿ

i”=j

1
wiwj

ÿ

i”=j

wiwj [F (Rij) ≠ f(rij)]2 (2.20)

where wi is the weight of point i, Rij = ||Xi ≠ Xj || with X œ RD and rij = ||xi ≠ xj || with x œ Rd

are the distances between points i and j in the high and low-dimensional spaces, respectively. F

and f are both sigmoid functions of the form,

s‡,a,b(r) = (1 ≠ (1 + (2a/b ≠ 1)(r/‡)a))≠b/a (2.21)

By adjusting the parameter ‡, the user can specify the threshold for the characteristic distance.
By setting ‡, we can essentially decide what features will be displayed in the projection. For length
scales less than ‡, sketch-map makes little to no e�ort to accurately reproduce these distances [127].
The value of ‡ should be chosen by examining the data, i.e. deciding which short-range features
should be ignored. In case of molecular dynamics trajectory data, the internal structure of energy
basins, i.e. the thermal fluctuations can be ignored. The exponents a and b determine the rate at
which the function approaches 0 and 1, respectively, i.e. tuning the steepness with which the points
falling before or after ‡. Therefore, carefully fine tuning these parameters give an opportunity to
focus on more important distances between points which finally give rise to project relations and
connections between energy basins and discard all the high-dimensionality, unfittable data on the
internal structure of energy basins and the relative positions of distant basins [17].
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Computational complexity of using MDS algorithms scales with the number of points N to
embed, i.e O(N) ≥ N2. Therefore, a two-step process of finding the low-dimensional embedding
can be applied to reduce the scaling to O(N) ≥ NM (M are the number of landmarks). To
build such a process, an explicit embedding for a reduced set of representative configurations or
landmarks M is first produced and then the stress function for distances of every other point X
from the M landmarks is minimised:

X 2(x) =
A

Mÿ

i

wi

B≠1
Mÿ

i=1
wi[F (||X ≠ Xi||) ≠ f(||x ≠ xi||)]2 (2.22)

where wi is the weight associated with the i-th landmark, e.g. corresponding to the number of
points within Voronoi cell of the landmark.

This formulation is applicable to embedding molecular dynamics simulation, which often involve
millions of points, where thermal vibrations introduce degrees of freedom that may not be crucial
for the analysis. An example of application for this approach is describing the potential energy
surface of a biomolecule, allows the recognition of recurring structural motifs [128].

2.3.1.5 Other dimensionality reduction techniques

t-distributed stochastic neighbor embedding (t-SNE) is another dimensionality reduction technique
for visualising high-dimensional data [129]. t-SNE is a non-linear technique which is based on
stochastic neighbor embedding and consists of two main steps. First, a probability distribution is
constructed over the pairs of high-dimensional points, considering higher probability for similar (or
closer) points while lower probability for dissimilar points. Then, a similar probability distribution
over the points in low-dimensional map is defined. The two distributions with respect to the
location of the points in the map is minimized by using Kullback–Leibler (KL) divergence. t-SNE
first computes probabilities pij , proportional to the similarity of objects xi and xj , for a given set
of high-dimensional objects x1, . . . , xN (xi œ RD). The similarity of data point xj to data point xi

is the conditional probability pj|i that can be written as,

pj|i =
exp

1
≠ Îxi ≠ xjÎ2 /2‡2

i

2

q
k ”=i

exp
1
≠ Îxi ≠ xkÎ2 /2‡2

i

2 (2.23)
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Figure 2.4: Basic architecture of an autoencoder. In autoencoder, a compressed low dimensionality
representation of the input is obtained by reconstructing the input by encoder and decoder.

then to reflect the pij distribution as much as possible, t-SNE learns the d-dimensional map
y1, . . . , yN , with distribution qij where yi œ Rd and d << D. The qij distribution is defined as,

qij =

1
1 + Îyi ≠ yjÎ2

2≠1

q
k

q
l ”=k

1
1 + Îyk ≠ ylÎ2

2≠1 (2.24)

the location of the points yi in low-dimensional map is obtained by minimising the KL divergence
of the distributions P from the distribution Q,

KL(P ||Q) =
ÿ

i”=j

pij log pij

qij

(2.25)

The minimisation of KL divergence results in a low-dimensional map with similar distribution of
high-dimensional points.

The autoencoder is a novel approach in dimensionality reduction designed for feature learning
in unsupervised ML. It is a type of artificial neural network specifically designed for this purpose.
Autoencoders reconstruct the input data at the output layer, having an intermediate or hidden layer
that represents the compressed or encoded representation of the input. The encoder architecture
consists of encoder, decoder and the bottleneck (feature representation), as shown in Figure 2.4.
This bottleneck encourages the network to capture the patterns in the data and map the input
vectors into the latent space. During the training process, the autoencoder learns to minimize the
di�erence between the input data and the reconstructed output.

In general, reducing the dimensionality is useful in visualisation and interpretation of complex
data as well as removing noisy and redundant features to focus on more important aspects of the
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data. In case of atomistic simulations, reducing the dimensionality of the data is an opportunity
to unravel the complexity behind the data and use the obtained features for further analysis such
as clustering of similar molecular structures.

2.3.2 Clustering

Clustering is another type of unsupervised machine learning which aims to automatically partition
points into groups (or clusters). In clustering, a suitable metric is used to reflect the similarity
between points belonging to the same group and draw di�erences between points of di�erent groups.
The choice of distance metric depends on the nature of the data and specific clustering algorithm
being used. For example, regarding the nature of the data, if the data is categorical, the distance
metric is di�erent from when the data is continuous. The k-means clustering algorithm assumes
that the data follows a spherical distribution, which is why it utilizes the Euclidean distance metric
However, Euclidean distance may not be a good choice for density-based spatial clustering since
it assumes that clusters are dense regions of points [51]. The goal of using clustering techniques
is to discover the patterns and underlying structures of the data without prior knowledge of
the labels of data. Applying clustering techniques often reflects into obtaining finite and clear
number of clusters. Some common application of clustering consists of document clustering in text
mining [130], image segmentation in computer vision [131], anomaly detection [132] and pattern
recognition in atomistic simulations data [51]. In atomistic simulations, clustering is an e�ective
way of representing the multidimensional probability distribution of data. At the core of each
clustering technique, a cost function is used to measure the quality of grouping achieved in each
iteration as a function of every point’s assignment. The assignment of points to each cluster is
either with boolean value (hard clustering) or with a probablity (soft clustering).

Clustering techniques in atomistic simulations data can be categorised into two di�erent classes,
namely partitioning schemes and density-based schemes [51]. In partitioning schemes, similar
structural configurations are grouped into the same cluster and are di�erent from configurations
belonging to other clusters. These clusters define a partition or tessellation of the space in which
the configurations are defined and every point has to be assigned to a group. k-means clustering
is the simplest example of clustering technique in partitioning scheme. On the other hand, in
density-based clustering, the clusters correspond to the peaks of the probability distribution from
which the data are harvested (or, equivalently, to the free energy minima in case of molecular
dynamics simulations) [51]. Therefore, data points of di�erent clusters are not necessarily far as
the clusters are separated with low probability density.
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2.3.2.1 k-means

k-means is a popular clustering used for partitioning the data into kmax distinct clusters [133]. It is
based on minimising the sum of squared distances between data points and their assigned cluster
centroids. The k-means objective is to partition a feature data X = {xi}i=1,...,N , with xi œ RD,
into kmax (Æ N) sets S = {S1, . . . , Skmax} sets by minimising the within-cluster sum of squares,

arg min
S

kmaxÿ

i=1

ÿ

xœSi

||x ≠ µi||2 with µk = 1
Nk

ÿ

xœSk

x (2.26)

where the vector µi represents the average value of the points in the cluster i (xi œ Si). Therefore,
in case of molecular dynamics data, the loss function in k-means is defined as sum of the square of
the distances from each configuration in the data set to the cluster center to which the configuration
is assigned. Considering this loss function, k-means is an optimisation problem of finding the best
set of cluster centers. The algorithm follows an iterative procedure to find an approximate solution
as follows:

1. Initialization: Randomly selecting kmax points from the dataset as initial cluster centroids

2. Assignment: Based on the distance metric (commonly considered as the Euclidean distance),
each data point is assigned to the closest center

3. Update: The centers of the clusters are recalculated by taking the mean of the data points
assigned to that cluster

4. Repeat: The assignment and update steps are repeated until the convergence.

As the outcome of the algorithm depends heavily on the initialization step, it is often necessary
to start over this iterative process with di�erent initial centers in order to obtain reasonable
results [51]. Mini-batch k-means is another version of k-means clustering technique that is designed
to handle large and complex datasets. In this technique, random batches of data is used to update
the cluster centroids, rather than using the entire dataset. Since all the data points simultaneously
used in the optimisation, faster convergence to a lower minimum of the associated cost function
can be obtained and thus the problem of trapping into local minima can be alleviated [134].

2.3.2.2 Gaussian Mixture Models

In k-means, hard clustering approach is considered as a limitation since every point can be assigned
to only one cluster. This limitation becomes particularly problematic when dealing with scattered
distributions that exhibit varying intensities and lack clear boundaries between cluster nuclei. To
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alleviate the hard clustering limitation, one can consider assignment vector as probabilities of each
point being part of a cluster.

Gaussian mixture models (GMM), as probabilistic models, are used to model and represent
probability distributions which have underlying normal distributions. A Gaussian mixture model
is a probabilistic model that assumes all the data points are generated from a mixture of a finite
number of Gaussian distributions with unknown parameters. GMMs consist of a weighted sum of
multiple Gaussian distributions in which each Gaussian component represent the mode of a cluster
in data distribution. Normal distributions in GMMs are represented with center of the cluster
and the covariance matrix which is optimised to maximize the likelihood of the spread of points
around them. In GMM, the probability P (x) of each point belonging to a certain cluster which
depends on the sum of k models (Gaussians) is defined as,

P (x) =
kÿ

i=1
„iN (x|µi, �i) with

kÿ

i=1
„i = 1 (2.27)

where „i is the weight of each model and N (x|µi, �i) = 1
(2fi)k|�i| exp

Ó1
1
2(x ≠ µi)T �≠1

i
(x ≠ µi)

2 Ô

represent a multivariate normal distribution with µi representing the means vector and �i

representing the covariance matrix.

Given a dataset, the parameters of GMM are estimated in an iterative algorithm called
expectation-maximization (EM) algorithm. The first step is called expectation step and involves
calculation of the component assignment’s expectation Ck for each xi œ X given the set of model
parameters („k, µk, ‡k) with ‡k as the spherical Gaussian. In the maximization step, the aim is to
maximize the expectations coming from the previous step over the model parameters. This step
results in updating the model parameters to („k+1, µk+1, ‡k+1). This iterative process will continue
until the convergence of model parameters which results in maximum likelihood estimate. In case
of univariate distribution, the iterative process for finding the optimal („k, µk, ‡k) parameters is
defined as follows,

1. Finding the probability of a point xi to be in cluster k in the expectation step,

“i,k = „kN (xi|µk, ‡k)
�k

j=1„jN (xi|µj , ‡j)
(2.28)

2. Updating the models’ parameters in maximisation step,

„k = �N

i=1
“i,k

N
, µk = �N

i=1“i,kxi

�N

i=1“i,k

, ‡2
k = �N

i=1“i,k(xi ≠ µk)2

�N

i=1“i,k

(2.29)
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This iterative process can also be extended to multivariate cases which allows to capture clusters
with anisotropic distributions.

The ability to perform soft clustering and detect clusters which has non-globular (i.e. non-
spherical symmetry) shapes, using anisotropy in multivariate covariance matrices, makes GMMs
more versatile compared to k-means clustering.

2.3.2.3 Density-based clustering

Density-based clustering is a technique that groups data points depending solely on the density of
their neighborhood. Unlike k-means clustering, this scheme does not require specifying the number
of clusters in advance and can discover clusters of arbitrary shapes and sizes. In density-based
clustering, the clusters are regions with high density of data points separated by regions of lower
densities. To first find core points, the algorithm identifies the data points that have su�cient
number of neighboring points within a specified distance. From these core points, reachable points
that have a density above a certain threshold will be iteratively added to expand the clusters.

Density-based spatial clustering of applications with noise (DBSCAN) [135] is a popular
algorithm to perform density-based clustering in which closely packed points are labeled into
di�erent clusters and outlying points in sparse regions are considered as noise. In DBSCAN, there
are two parameters namely ‘ and Nmin, indicating the cuto� distance connecting two points and
the minimum number of points defining a dense neighbourhood, respectively. By inputting a
dataset in DBSCAN, points are tagged as whether they are core points, reachable points and noise,
based on the previous parameters and the pairwise distances between the samples. All points
below the value of ‘ are considered to be noise. The clusters are formed by all the core points and
their corresponding reachable points.

DBSCAN has the ability of discovering clusters of arbitrary shape and is robust to noise and
outliers, without the need to specify the number of clusters in advance. However, when it comes to
distributions with regions of varying densities, DBSCAN is not so powerful. The solution to this
problem has been introduced in the hierarchical DBSCAN (HDBSCAN) which does not require
the definition of a ‘ distance and depends only on the defined number of Nmin.

2.3.2.4 Clustering technique for atomistic datasets

The increased complexity of data produced from atomistic simulations requires developing a
data-driven and unbiased approach to fully characterize the conformational space of complex
biomolecules. In typical molecular dynamics simulations, a trajectory represents the time dependent
exploration of the conformational phase space. Each frame of that trajectory represents moreover
a point in the high dimensional phase space. Clustering algorithms can aid to partition the
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conformational ensemble into distinct subensembles according to the (usually high-dimensional)
distances between points. Partitioning the free-energy landscape into groups of metastable basins,
and demonstrating the connection between them, is particularly useful to reproduce qualitatively
the system’s dynamical behaviour and to identify the transformation pathways between di�erent
states [17, 136, 137].

Probabilistic Analysis of Molecular Motifs (PAMM) [128, 138] is a clustering technique to
recognize recurring molecular conformations of di�erent metastable states sampled during the MD
simulation. PAMM is specifically designed to perform clustering on high-dimensional datasets
produced from atomistic simulations and is able to partition the underlying probability distribution
function into modes corresponding to di�erent configurations. In PAMM, a kernel density estimation
(KDE) is first performed on a grid representing the data which was extracted by choosing a small
set of landmarks from the full data set by using a farthest point sampling (FPS) algorithm [127].
FPS attempts to span the conformation space homogeneously by selecting landmark molecular
configurations {Xi}, where i = 1, . . . , N and N is the total number of landmarks to select from
the points in the feature dataset. An adaptive multivariate kernel bandwidth for the KDE on the
landmark points results then from a localized version of Silverman’s rule defined by the smoothing
parameter fpoints [128]. This parameter can be used to optimize the number of identified clusters
if done with due care, as it sets the automatically selected bandwidth for kernel density estimation
either by a fraction of the total number of points fpoints or by a fraction of the variance of the
entire dataset fspread. Apart from this, a slight change in the quick-shift cuto� (usually by changing
the so-called scaling factor –) can also help to divide the data into more clusters [138]. A careful
parameter search should be first performed to find the optimal number of grid points and Gaussian
kernel widths to obtain a robust and smooth estimate of the high-dimensional probability density
function underlying the data [128, 139]. Following this, a localized quick-shift variant [128] is
used to identify to which cluster the landmark configurations belong. PAMM produces a set of
fingerprints or more specifically probability motif identifiers (PMI), which are simple Gaussian
naive Bayes classifiers in the original formulation [138], trained to distinguish between di�erent
recurrent motifs in the simulation, while providing at the same time a probabilistic interpretation.
Since often di�erent metastable structures are sampled from di�erent free-energy basins that are
very close (hence very similar), it is convenient to merge multiple PMIs together in an hierarchical
clustering approach. One can see this step as a coarse-graining of the structural landscape often
employed to properly extract informative structure-property relationships, e.g. to capture the
hierarchical nature of a biomolecule’s free-energy landscape [12, 139, 140]. Briefly, identification of
such macroclusters is done by bootstrapping [141] the clustering step to determine an adjacency
matrix, A © (aij), capturing the overlap between clusters. The metric used to compare two distinct
PMIs i and j during the hierarchical clustering is given by dij = ≠ ln(aij/

Ô
aiiajj), where aii values
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are the diagonal elements indicating how robust the determination of the i-th cluster was, while
aij are the o�-diagonal terms, indicating the fuzziness of the cluster borders.

2.4 Supervised machine learning

In supervised ML, the models are trained on a dataset containing features, but each sample of the
dataset is also associated with a label or target. The objective of supervised learning is to observe
several examples of a random vector x and an associated value or vector y, and learning mapping
function f to predict y from x. The input for training the model can be an image (encoded with
RGB arrays), graph data (set of nodes and edges) [142] or a vector, while the output can be an
array of floats, a set of binaries (multi-output classification) or encoded labels. The training of
the mapping function is based on learning a series of parameters, W = {wi}iœmodel. Considering
all the input X = {xi}i=1,...,N and all the labels Y = {yi}i=1,...,N , the model’s loss function, L, is
minimised to find the optimal Wú, fitting the training dataset,

Wú = minwL(W, X, Y) (2.30)

in which the minimization is done on the training dataset and the learning process of the model
is analyzed and monitored from the loss values of the validation dataset that is a subset of the
training dataset. The optimal choice of weights can be extracted numerically, e.g. through gradient
descent optimization [143] and conjugate gradient method [144].

Classification and regression are two types of supervised ML algorithms. In classification, the
model learns from the labeled data to classify new instances into discrete class labels. Decision
trees, support vector machines and random forests are common classification algorithms. On the
other hand, regression algorithms aim to find a function that approximate the relationship between
inputs and outputs and predict continuous or numerical values. Linear regression, polynomial
regression, kernel ridge regression, and neural networks are common regression algorithms although
neural networks can also be used in case of classification of the inputs.

Overfitting is a common problem faced in training ML models in which the model learns
the training data too well and performs poorly on new data rather than learning the underlying
true patterns in the data. In this scenario, the model learns all the bias, noise and random
fluctuations existing in the training data, leading to poor generalisation. Common solutions to
address overfitting issues are dropout regularization [145], cross-validation [146], regularization [147]
and early stopping [148]. As the most important solution to overfitting, regularization is a technique
that adds a penalty term to the model’s loss function. The penalty term avoids the model from
assigning large weights to features, reducing the complexity of the model. L1 regularization (Lasso)
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and L2 regularization (Ridge) are common regularization techniques which add the absolute or
squared values of the weights as penalties, respectively. In L1 regularization (Lasso), the model is
penalized more severely for having large coe�cients, which can lead to the coe�cients of some
features being shrunk to zero. On the other hand, ridge regularization does not force any coe�cients
to be exactly zero, which can help to prevent the model from losing important information.

2.4.1 Feedforward Neural Networks

An artificial neural network (ANN) is a computational model, loosely inspired by the functioning
and structure of biological neural networks. ANNs consists of interconnected processing units called
neurons which are organised into layers and apply non-linear activation function to its inputs [149].
Figure 2.5 depicts the flow of information into an artificial neuron. A feedforward neural network is

Figure 2.5: An artifical neuron in a multilayer neural network.

a type of ANN in which the flow of information move in forward direction from input layer, hidden
layer(s) and to output layer. The goal of a feedforward neural network is to approximate some
function f which maps input X to Y. A feedforward network learns the value of the parameters W
that result in the best function approximation. Arranging artificial neurons into groups known as
layers and stacking these layers together leads to the formation of a multilayer feed-forward neural
networks. The connections between the nodes (or neurons) have their associated weights which
shows the strength of the connections. These models are called feedforward because information
flows through the function being evaluated from X, through the intermediate computations used
to define f , and finally to the output Y. Feedforward neural networks are typically represented by
composing together many di�erent functions. For example, we might have three functions f (1), f (2),
and f (3) connected in a chain, to form f(x) = f (3)

1
f (2)

1
f (1)(x)

22
. In this case, f (1) is called the

first layer of the network, f (2) is called the second layer and so on. The overall depth of the chain
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gives the depth of the model. The final layer of feed forward neural networks called the output
layer. Feedforward networks introduce the concept of a hidden layer which requires to choose the
activation functions that will be used to compute the hidden layer values. In the training process of
feedforward neural networks, the weights of the connections are adjusted through backpropagation
method [150] based on the loss value between the network’s output and the target. This iterative
process improve the ability of the model to make accurate predictions.

To explain the functioning of feedforward neural networks, we consider a very simple feedforward
network with one hidden layer containing two hidden units. This feedforward network has a vector
of hidden units h that is computed by a function f (1)(x; ◊, c), where ◊ provides the weights of
linear transformation and c the biases. The values of these hidden units are then used as the input
for a second layer which is the output layer of the network in this case. The output layer is still just
a linear regression model, but now it is applied to h rather than to x. The network now contains
two functions chained together: h = f (1)(x; ◊, c) and y = f (2)(h; Ê, b), where Ê provides the
weights of the second linear transformation and b is the bias. The complete modeling can then be
written as f(x; ◊, c, Ê, b) = f (2)

1
f (1)(x)

2
. To describe the features with non-linear function, most

neural networks do so using an a�ne transformation controlled by learned parameters, followed
by a fixed, nonlinear function called an activation function. We can use this strategy by defining
h = g(x; ◊, c), where g is the activation function. The default recommendation of activation
function in modern neural networks is to use the rectified linear unit or ReLU [151, 152, 153],
defined as g(z) = max{0, z}. We can now specify the complete network as,

f(x; ◊, c, Ê, b) = ◊€ max
Ó

0, Ê€x + c
Ô

+ b (2.31)

Deep Neural Networks (DNN) consists of multiple hidden layers which are designed to
learn complex patterns and hierarchy of features in data, employing multiple layers of non-
linear transformations. The term “deep” in these ML models refer to the successive layers of
representations. Deep learning models involve tens or even hundreds of successive hidden layers.
Although some fundamental principles of deep learning draw inspiration from the human brain’s
neural structure, the learning mechanisms employed in modern deep learning models diverge
from the complex processes underlying the brain’s functioning. Schematic representation of DNN
is shown in Figure 2.6. The flow of inputs into DNN can be seen as a process of information
distillation where details of the inputs are learned through successive filters in the network.

2.4.2 Graph Neural Networks

Graph neural networks (GNN) are type of neural network models designed to learn on graph-
structured data [154]. GNNs are based on representation learning in which the goal is to fully rely
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Figure 2.6: Schematic representation of deep neural network. Depending on the type of layers in
DNN, the input of network can be graphs, images or feature data.

on the structure of data and extract su�cient but minimal features from data in order to avoid
human e�orts and biases in feature engineering based on prior knowledge and domain expertise on
the data and tasks.

2.4.2.1 Graph data

Graph data structures are commonly used to model interactions, dependancies and relationships in
di�erent domains such as social networks [155], knowledge graph [156] and biological networks [157].
Graph data is represented as a collection of nodes (or vertices) connected by edges (or links).
Nodes represent entities or objects and edges represent the relationship between them. Therefore,
a graph formally defined as a tuple of G = (V, E) of a set of nodes vi œ V and a set of edges
ei,j = (vi, vj) œ E, which defines the connection between nodes. Further information on nodes
and edges is incorporated in form of feature vectors added to tuple G. Categorical attributes of
nodes and edges can be converted into numerical vectors using one-hot encoding. Biomolecules
can also be represented as graphs, in which atoms and the bonds between them are represented
as nodes and edges respectively. Further information about each atom and bond in a molecular
graph is incorporated in the form of feature vectors added to the tuple G of each graph in the
dataset. For instance, an atomic feature vector represents information such as the atom type (e.g.
’C’, ’H’, ’N’, or ’S’) or the number of hydrogen atoms attached to it. Similarly, edge feature vectors
are representatives of properties such as bond lengths between two atoms or bond multiplicity.
Figure 2.7 shows an example of molecular graph where atoms and their relationship with other
atoms in the molecule are represented with node and edge features. Depending on the target
property, certain local information (with a cuto�) surrounding each atom can be encoded into the
node and edge features of the graph representation.
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Figure 2.7: An example of a molecular graph. Depending on the prediction task, di�erent type of
information on the atoms and bonds can be added as node and edge features to the tuple G.

In GNNs, the complex relationships and dependencies among nodes in a graph are captured
by aggregating and transforming information from neighboring nodes. Figure 2.8 demonstrate

Figure 2.8: Basic representation of GNN. In GNN layer, the aggregation function aggregates
information from the neighboring nodes and edges in the graph. The transformation function f
(e.g. neural networks) is used to obtain the latent vector information of the node.

the process of learning the relationships between nodes and edges in a graph. A GNN layer
takes as input a graph with certain node and edge features and outputs a graph with the same
topology where the node, edge, and global graph information are updated. To achieve this, the
node and edge information represented as feature vectors are first transformed by a transformation
function, into vectors in higher dimensional space (feature space) referred to as node and edge
states respectively. Depending on the GNN architecture, transformation functions can be fully
connected layers, convolutional layers, or recurrent layers. As the fundamental part of GNNs,
the so-called propagation (or message-passing) function is used to update these nodes’ states by
aggregating information from the neighboring nodes and edges in the graph. The readout function
comprises the ultimate process of aggregating this updated latent information into a solitary latent
vector, which can subsequently be used for predicting the target property for the graph. Depending
on the GNN architecture, the propagation and readout functions vary on how the node, edge
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and graph latent vectors are calculated. The next sections explain di�erent GNN architectures
according to [158].

2.4.2.2 Message Passing Neural Network

Message Passing Neural Network (MPNN) [159] is a GNN architecture which is originally proposed
to learn molecular graph data, by propagating messages between nodes. Message and updating
functions are two important functions in MPNNs,

H(k)
i

= U (k)(H(k≠1)
i

, m(k)
i

) with m(k)
i

=
ÿ

jœNi

M (k)(H(k≠1)
i

, H(k≠1)
j

, eij) (2.32)

where Ni denotes the connected neighboring nodes of node i and the message Mk exchanged
between nodes i and j in the k-th layer depends on their respective node representations and
the edge features connecting them. Hi is the node representation of node i. Uk is the node
updating function in the k-th layer. To aggregate the messages from the neighbors and the node
representation itself, Uk is used to update the node’s status in the k-th layer. Aggregate function
is another function in MPNNs to sum up all the messages from the neighbors.

Message passing occurs in two steps, the first step involves gathering the information of the
nodes (or edges) surrounding a target node by collecting their node states. In the second step,
these states, along with the state of the target node are aggregated using an aggregate function
such as sum or average. If the final task is to predict the property of a graph, then these updated
node states are further aggregated using a graph-level aggregation function, termed readout. A
feed-forward neural network as the output layer can be used to map the updated nodes and edges
of the graph to the target property.

2.4.2.3 Graph Convolutional Neural Network

Graph convolutional networks (GCN) [160] is the most popular GNN architecture due to their
simplicity and e�ectiveness in variety of applications. In GCN, the graph input data is represented
by an adjacency matrix that describes the connections between nodes in the graph, and the features
associated with each node. In case of multiple layers of GCNs, each layer aggregates information
from neighboring nodes in the graph, taking into account both the feature information associated
with nodes and the graph structure itself. After each graph convolutional operation, a non-linear
activation function such as ReLU is typically applied to introduce non-linearity into the network.
The propagation rule to update the node representations in each layer is written as,

H(k+1) = ‡
3

D̃≠ 1
2 ÃD̃≠ 1

2 H(k)W(k)
4

(2.33)
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where Ã = A + I is the adjacency matrix of the given graph G which defines the connections
between nodes as well as self-connections in the graph. The adjacency matrix allows to incorporate
the node features in updating the node representations. I œ RN◊N (N is the number of nodes) is
the identity matrix and D̃ is a diagonal matrix with D̃ii =

q
j

Ãij and ‡(.) (dot as the placeholder)
is an activation function such as ReLU. W(k) is the layer-wise linear transformation matrix in the
k-th layer which will be trained during the optimization.

In the final layers of the network, fully connected layers can be added for tasks such as node
classification or graph-level prediction. The final layer of the network produces the desired output,
which could be node-level or graph-level predictions.

2.4.2.4 Graph attention Neural Network

Graph attention neural network (GAT) [161] implements attention mechanism instead of considering
static weights between nodes. Unlike GCNs where the importance of node j is determined by the
weight of their edge –ij , GAT automatically learns the importance of each neighbor. Attention
mechanism has been widely used in natural language processing [162] and computer vision [163].

Graph attention mechanism defines how to transfer the hidden node representations at layer
k ≠ 1 denoted as H(k≠1) œ RN◊F (with F filters or number of hidden units) to the new node
representation H(k) œ RN◊F

Õ . Shared linear transformation, denoted as W œ RF ◊F
Õ is applied

to every node to insure su�cient expressive power by transforming the node representation from
lower level to higher level. Shared linear transformation involves applying a single weight matrix to
the feature vectors of all nodes in the graph. This transformation projects the node features into a
high-dimensional space, enabling the attention mechanism to e�ectively capture the relationships
and dependencies between nodes. Self-attention is defined for every node in order to measure the
attention coe�cients for every pair of nodes through a shared attentional mechanism a [158],

e(k)
ij

= a(WH(k≠1)
i

, WH(k≠1)
j

) (2.34)

e(k)
ij

indicates the relationship strength between node i and j in the k-th layer. To take into account
the graph structural information, the first-order neighbors of each node (below denoted as Ni for
node i) are used in attention mechanism. The attention coe�cients are then normalized with the
softmax function to make the coe�cients comparable across di�erent nodes,

–ij = softmaxj({eij}) = exp (eij)
q

lœNi
exp (eil)

. (2.35)

–ij can also be interpreted as the transition probability from node i to each of its neighbors j [158].
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As it was discussed by Veli�koviÊ, Cucurull, Casanova, Romero, Liò, and Bengio [161], the
attention mechanism a is a single-layer feedforward neural network, parametrized by a weight
vector a, and applying a LeakyReLU nonlinear activation function. LeakyReLU is a variant of the
ReLU activation function, which allows for a small, non-zero gradient when the unit is saturated
and not active [164]. This can help to prevent the “dying ReLU” problem, which occurs when
ReLU units consistently output zero, e�ectively killing o� that neuron. Therefore, the attention
coe�cient can be calculated as,

–(k)
ij

=
exp

1
LeakyReLU

1
aT

Ë
WH(k≠1)

i
ÎWH(k≠1)

j

È22

q
lœNi

exp
1
LeakyReLU

1
aT

Ë
WH(k≠1)

i
ÎWH(k≠1)

l

È22 (2.36)

where the concatenation of two vectors is denoted by [. . . || . . . ]. The new node representation is
calculated by a linear combination of the neighboring nodes multiplied by their corresponding
weights determined by the attention mechanism,

H(k)
i

= ‡
1 ÿ

jœNi

–ijWH(k≠1)
j

2
(2.37)

For learning stability of attention coe�cients, multi-head attention mechanism is used in which
di�erent similarity functions over the nodes are determined instead of using only one single attention
mechanism. This means that the importance of neighboring nodes to each node is calculated
multiple times in parallel. The final node representation will be a concatenation (denoted as || . . . )
of the node representations learned by di�erent attention heads,

H(k)
i

= ||Tt=1‡
1 ÿ

jœNi

–t

ijWtH(k≠1)
j

2
(2.38)

where T is the total number of attention heads. –t

ij
and Wt are the calculated attention coe�cient

and the transformation matrix of the t-th attention head, respectively.

2.4.2.5 Graph Networks

Graph networks (GraphNet) are specifically designed to capture the relationships and interactions
between entities represented as nodes and edges in a graph, enabling learning of complex graph
structures [165]. Message passing is the key concept of GraphNets where nodes exchange information
through messages and update their states respectively. In GraphNets, the messages are computed
based on the attributes of the neighboring nodes, edges and global attributes which contain
the overall properties and characteristics of the entire graph. The messages capture the local
interactions and dependencies in the graph. Node, edge and global update functions incorporate
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the received messages and current attributes to compute new representations for nodes, edges
and global properties. To obtain the graph-level representations, the readout function aggregates
the information of nodes or edges which summarises the overall individual nodes or edges. The
flexibility of GraphNets allows the design of various architectures by specifying the message passing,
update and readout functions. Incorporating relational inductive biases, such as symmetry, locality
and compositionality enable the e�ective learning and generalisation on the data [165].

2.5 Explainability Artificial Intelligence

Explainable artificial intelligence (XAI) is a field of ML which consists of several techniques to
understand the behavior of a model and provide explanations as to how a model made a prediction.
Using XAI techniques in ML provides an opportunity to understand how the behavior of the model
is influenced by its training data and to build confidence in their predictions by understanding
when the model makes the wrong assumptions. XAI techniques foster trustworthy predictions by
providing quantitative metrics and by illuminating the internal workings of the model, enhancing
human comprehension [166, 49]. Therefore, XAI gives new abilities to improve the weaknesses of
the model in predicting a specific target and make the model’s actions comprehensible to everyone
using the model’s predictions.

As the complexity of DNN and GNN models increases, a large number of layers, as well as
a high parameter count, implies that such models are black-box ML models [167], which means
understanding the rationale behind predictions is a challenging task. Thus, the integration of XAI
techniques becomes increasingly important in DNNs and GNNs. There are numerous techniques
to incorporate XAI into DNN and GNN models [168, 169]. The focus of this thesis is on a
straightforward explainability method known as attribution [170]. Attribution methods have found
widespread use in applications where input data consists of images, text, and graphs [171, 172,
170, 173]. Attribution scores highlight specific regions of an image, characters or words in text,
and particular nodes and edges in graphs, which have an impact on the decision-making process of
the ML model employed for the task.

Feature attribution techniques which are common throughout XAI, are based on attributing
the model behavior to features in the dataset. A feature attribution represents the influence of
that feature on a specific target property. In case of GNNs, the attribution scores are assigned
to nodes and edges to highlight the importance of them to the final prediction of the model. To
visualise the attribution scores of nodes and edges, an heatmap is usually overlaid on top of the
graph data. For instance, in case of a molecular graph, the attribution scores can be visualised by
heatmaps to highlight the importance of individual atoms to the traget property of the molecule.
From these heatmaps, one can deduce structural correlations between the model’s rationale for
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good or bad predictions, and compare them to existing knowledge (i.e. the ground truth) of why
the prediction should be so.

Gradient-based approaches in explainability are common to obtain the feature attributions in
GNNs. GradInput (GI) [174], class activation map (CAM) [175] and gradient class activation map
(GradCAM) [176] are examples of explainability approaches which have been shown to successfully
explain predictions made by GNN models for molecular structure-property prediction models, [170]
i.e. they can reveal the contribution of individual atoms or atom pairs to the model’s decision.

In this thesis, we use CAM method to obtain the feature attributions in the GNN model. To
generate the CAM weights, the final GNN convolutional layer or feature map is first utilized. The
weights of the fully connected layer at the output layer are then used to obtain the weighted
combination of the feature map. The resulting weighted combination represents the importance of
each spatial location i.e. the nodes of the graph in the feature map for the specific class [177, 178].

2.6 Machine learning in investigating the structure-property

relationship

Experimental and theoretical data serve as the foundation for uncovering the intricate connection
between material structure and properties [179]. Statistical analysis of these data, when available
in su�cient quantities, complements this exploration by providing an additional lens to examine
relationships between material structure and properties. With sophisticated but computationally
expensive theoretical methods originating in ab-initio techniques, the integration of ML techniques
into various areas of theoretical and computational chemistry becomes increasingly important
given their ability to infer structure-property relationships on the basis of large amount of data
produced by this ab-initio techniques. [48, 49, 50].

In case of biomolecules, supervised and unsupervised ML, as data-driven methods, have been
shown promising in predicting the geometric and electronic structure determination in proteins and
peptides [12, 67] as well as the prediction of protein folding, protein-protein interactions, and protein
stability [180]. Unsupervised ML, such as dimensionality reduction and clustering algorithms, is
usually used to extract information from atomistic datasets, such as molecular dynamics dataset,
to understand the simulated systems on a physical level. The analysis of biomolecular simulation
data, using unsupervised ML, can provide satisfactory description of thermodynamic and kinetic
properties of the system [51]. Among supervised ML techniques, GNNs are designed to handle
molecular graph data and capture the intricate relationships between atoms, bonds, and functional
groups for prediction of quantum mechanical properties of biomolecules. Predicting spectra for
biomolecules, such as IR [181, 63] and XAS spectra [67], are examples of using GNNs.
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2.6.1 Feature engineering and unsupervised machine learning on atomistic

datasets

The atomistic dataset obtained by molecular dynamics simulations of biomolecules are often
extremely large in terms of number of data points and dimensionality, i.e. the number of
configurations in the saved MD trajectory and the number of particles in the biomolecule,
respectively. Extracting meaningful insights from the vast expanse of MD data requires a
feature engineering technique that transforms the raw dataset into a lower-dimensional feature
representation. This transformation, achieved through the selection of appropriate collective
variables (CVs), can be a challenging task [182].

Due to the presence of significant number of similar configurations in raw MD datasets,
it becomes crucial to account for symmetries like the invariance of physical properties under
translation, rotation, or permutation of equivalent particles when examining the kinetics of complex
conformational changes [183, 184, 185, 186]. To consider these physical invariances, the analysis of
MD datasets of biomolecules is performed by first choosing a set of collective variables, which are
usually complex and nonlinear functions of the atomic coordinates, to represent the raw dataset.
However, determining important structural features characteristic of metastable states is far from
trivial due to the highly dynamic exploration of the free-energy landscape. Moreover, identifying
significant motifs is a tedious task given the often vast amount of simulation data. Thus, it is
necessary to convert the atomic coordinates of the trajectory frames from the MD simulation into
some set of useful CVs to calculate relevant statistical quantities [187].

In this thesis, the Smooth Overlap of Atomic Positions [188, 189, 190, 191] (SOAP) was used
to obtain the feature representation of the MD datasets. SOAP kernels are generic descriptors
of local structures which discretize three-body correlation functions centered around each atom,
capturing its relationship with neighboring atoms, and the relationships between neighboring local
environments [189, 192]. Moreover, SOAP kernels are designed to capture physical symmetries
such as invariances to translations, rotations and permutations of atoms [193, 194]. Within the
SOAP formalism, a local atomic environments fl–

i
of an atom i of chemical species – is described

by a set of atomic densities, represented by Gaussians centered on neighboring atoms j,

fl–

i (r) =
ÿ

j

exp(≠ |r ≠ rij |2

2‡2 )fc(|rij |) (2.39)

where fc is a cuto� function that selects smoothly atoms from a local environment within a radius
rc, from the central atom. The width of the Gaussians is set here to ‡, which is typically given in Å.
To prevent the number of local environments becoming prohibitively large for further calculations,
SOAP environments can be created only for certain atoms in the biomolecular backbone. It should
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be noted, though, that these environments contain all the atomic contributions of other chemical
species within the cuto�. A kernel between local environments of two biomolecule conformations
in MD dataset, denoted Ai and Bj (i and j refer to local environment of each atom), is usually
formed via a rotationally-averaged squared overlap kernel [195] of the smooth atomic densities,

k(Ai, Bj) =
⁄

SO(3)

-----
ÿ

–

⁄

R3
fl–

Ai
(r)fl–

Bj
(r)dr

-----

2

dR̂ (2.40)

The advantage of SOAP environments is that this integral is analytically solvable with spherical
harmonics, controlled by lmax the maximum angular degree of the spherical harmonics, and
orthogonal radial basis functions, controlled by nmax the maximum number of the radial basis
functions [188].

Pairwise environment similarities of two biomolecule conformations A and B are stored in a
similarity matrix Cij(A, B) = k(Ai, Bj)/

Ò
k(Ai, Ai)k(Bj , Bj). To construct a kernel K between A

and B from the SOAP kernel k, we averaged over all possible pairs of environments,

K(A, B) = 1
NANB

ÿ

iœA,jœB
k(Ai, Bj) (2.41)

where NA, NB are the number of atoms in molecules A and B. Having defined the kernel between
the conformations, a kernel distance [196] for conformers A and B is obtained from

D(A, B) =
Ò

K(A, A) + K(B, B) ≠ 2K(A, B) (2.42)

The kernel distance D can then be used as the metric for representing the MD dataset via
dimensionality reduction and clustering the similar molecular conformations. The workflow of
analysing the raw MD dataset in case of unsupervised ML is shown in figure 2.9.

2.6.2 Supervised machine learning on molecular graph datasets

Biomolecules, particularly peptides and proteins, can be represented as molecular graphs, enabling
the utilization of GNNs to capture the intricate interactions between atoms and predict specific
molecular properties [197]. A GNN layer takes as input a graph with node and edge features,
i.e. atoms and their relations with neighboring atoms, and outputs a graph with the same
topology where the node, edge, and global graph information are updated. To achieve this, the
node and edge information represented as feature vectors are first transformed into vectors in
higher dimensional space (feature space) referred to as node and edge states respectively, using a
transformation function. Transformation functions can be fully connected layers, convolutional
layers, or recurrent layers, depending on the GNN architecture. A fundamental part of GNNs is
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Figure 2.9: The workflow of unsupervised ML with atomistic datasets. The obtained feature dataset
from feature engineering can be represented in low dimensions via dimensionality reduction techniques.
Density estimation with clustering techniques can also be applied on the feature dataset to categorise
the biomolecule conformations based on their similarities in the feature dataset. The idea of the figure
was adapted from [17, 51].

the so-called propagation (or message-passing) process used to update these nodes’ (or edge) states.
Figure 2.10 shows how training a GNN model is applied to find a mapping between molecular
structures and the molecular properties, in this case X-ray absorption spectrum.
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Figure 2.10: Workflow of training a GNN model based on molecular graph dataset. Several GNN layers
can be used to learn the local and global structure of atoms in graph molecular datasets. Depending on
the GNN architecture, each GNN layer aggregates the node features (Hi) (for better visualisation, the
node features are colored in the figure) to update each node representation. The final output layer
is used to obtained the final mapping with the target property, e.g. X-ray absorption spectrum. The
di�erent colors of the neurons in the output layer denote the di�erent weights of these neurons with
respect to the activation values of last GNN layer.
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3
Reconstructing the Infrared Spectrum of

a Peptide using Unsupervised Machine
Learning

“This chapter reproduces the contents of reference [12], with minor adjustments. The contribution
of the author of this thesis is the development and design of the machine learning analysis on
the atomistic dataset. Moreover, the author has performed the simulations, data processing and
analysis of experimental data.”
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Dynamic processes in biomolecules, such as secondary structural changes in peptides and
proteins, pose a challenge for the accurate and quantitative description of experimental data by
theoretical approaches. Several structure-determining factors, such as the intramolecular hydrogen-
bonding (H-bonding) pattern, play an important role in the rapid transformation between structural
motifs. Moreover, the coupling between di�erent vibrational modes lead to anharmonicity and
complex intra- and intermolecular energy exchanges [198]. Although parts of these intricate
relationships can be explained by the conformational diversity evident in all measured spectra, as
shown in this chapter, it should be kept in mind that this still cannot lead to perfect agreement
between experiment and theory, since anharmonicities (i.e., combination bands, overtones, and
Fermi resonances) are di�cult to treat even with very sophisticated theoretical approaches.

A useful approach to gain a fundamental understanding of these processes is to predict
theoretical spectra and relate those to experimental measurements [199]. However, to facilitate
direct validation of theoretical predictions, solvation e�ects are often neglected or considered by
frequency maps [200, 201] and predictions are usually made on isolated systems. Frequency maps,
either from ab initio [202], empirical [203] or using machine learning [204], correct the vibrational
frequencies for solvent e�ects by using maps connecting the vibrational frequency shifts with
the local electrostatic environment. Frequency maps have also been successfully used to correct
vibrational frequencies for intermolecular H-bonding, although only for a rather simple system of
liquid water [205]. Thus, although the link between gas-phase studies and biologically relevant
reactions is discussed controversially, many important properties (e.g., protonation or interactions
with ions and solvation e�ects) can be studied in gas-phase experiments, allowing a comparison
with theoretical methods, such as first-principles and molecular mechanics approaches [31, 32, 206].

In this chapter, we explore the structural landscape of leucine enkephalin (LeuEnk), an
experimentally well-studied biologically active endogenous opioid pentapeptide, by combining
Replica-Exchange Molecular Dynamics (REMD) simulations with machine learning, as discussed in
section 2.2.2 of chapter 2. Moreover, we discuss that considering only a few individual conformations
in theoretical predictions without taking into account their correct statistical ensemble weight can
result to discrepancies between theory and experiment. LeuEnk is a well-established standard
in ESI-based biomolecular mass spectrometry [207, 208] and has been investigated extensively
using IR-UV double resonance photofragment spectroscopy to obtain conformer-specific spectra
at cryogenic temperatures [27, 42, 46, 209] as well as infrared multiphoton dissociation (IRMPD)
at room temperature [74, 73]. LeuEnk lies here in an interesting size regime: small enough to
e�ciently use sophisticated computational methods while, on the other hand, large enough to
allow insights into the low-lying minima of the conformational space [210, 211] and competing
H-bonded networks. IRMPD experiments have been extremely useful in understanding key features
of theoretical predictions [27, 44, 212].

44



In this chapter, comparisons with IRMPD experiments in the gas phase are performed based on
representative peptide conformations identified from extensive REMD simulations and clustering.
IR spectra were calculated at ab initio levels for each identified representative conformer. The
influence of the conformational ensemble was assessed by means of a hierarchical clustering using
the Probabilistic Analysis of Molecular Motifs (PAMM), as it was explained in section 2.3.2.4 of
chapter 2. While spectra from LeuEnk were experimentally measured in the gas phase at room
temperature using IRMPD, the above mentioned methods were used to study the conformational
averaging of recurring motifs to finally predict the theoretical IR spectrum at a finite temperature
with high accuracy.
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3.1 Exploring the configurational space of leucine enkephalin

Principal Component Analysis (PCA) was used to project the entire structural landscape of
an N-terminal protonated LeuEnk (amino acid sequence[YGGFL+H]+) shown in Figure 3.1,
sampled during the REMD at the experimental relevant temperature of 300 K. The first principal

Figure 3.1: 2D structure representation of N-terminus protonated LeuEnk

component can be defined as a direction that maximizes the variance of the projected data. Hence,
the cumulative explained variance ratio was used as a function of the number of components in
order to reduce the dimensionality of the Smooth Overlap of Atomic Positions (SOAP) kernels.
Consequently, Figure 3.2 shows the cumulative explained variance versus the first 40 principal
components. On the basis of the first two principal components, the SOAP feature space results

Figure 3.2: Relationship of the cumulative explained variance of the SOAP kernels to the number of
principal components (eigenvectors) of the PCA. The cumulative explained variance is a statistical
measure of how much information, i.e. variation, can be retained in the data set as more and more
principal components are included.

in an easily interpretable two-dimensional map given in Figure 3.3a, where points are coloured
additionally according to the PAMM cluster they belong to. The conformation with the lowest
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3.1 Exploring the configurational space of leucine enkephalin

Figure 3.3: Low-dimensional conformer map of the gas phase LeuEnk SOAP feature space at 300 K. The
first two Principal Components (PC) of a Principal Component Analysis (PCA) and the classification
identified using PAMM are shown (a). More details on the PCA are found in the SI. Colored molecular
line representations correspond to the most energetically favorable (i.e. representative) conformer
of each cluster, while the gray shaded configurations were randomly selected from the same cluster
and shown for comparison. Hierarchy of clusters (b) illustrating the similarities of clusters as they
result from hierarchical clustering to facilitate grouping of similar conformer clusters. Color coding
corresponds to molecular conformers and to the dots in the low-dimensional conformer map in (a).
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energy of each identified PAMM conformer cluster was selected, and after confirming that they
belonged to the same PAMM cluster after geometry optimization with DFT, its SOAP distance
was recalculated. The geometry-optimized conformers were embedded in the two-dimensional
map shown in Figure 3.4. These selected conformers with the lowest energy of each cluster is

Figure 3.4: 2D-PCA representation of LeuEnk conformers from a REMD simulation along with an
embedding of DFT geometry optimized conformers of each identified representative PAMM conformer.
Circles and crosses indicate the position of the original PAMM conformer and the geometry optimized
conformers in the 2D PCA map, respectively.

considered as the representative motif of the corresponding cluster and those are shown around the
map in Figure 3.3a. The dendrogram in Figure 3.3b shows the hierarchical merging of conformer
clusters and the structural metastability represented by this dendrogram reveals the connection
between the free-energy basins (and associated conformers). The colors correspond to the coloring
of the molecules in Figure 3.3a and are intended to visually help to group similar conformer
clusters together. The hierarchical merging is done in a controlled way by checking how fuzzy the
cluster boundaries are [128]. As in reality biomolecules actively explore the free-energy landscape
continuously [140], a weighting factor w which estimates the statistical relevance of the various
metastable states is introduced. w resembles in principle a canonical ensemble weight and is
obtained from the population of structures within a cluster normalised with the overall population
and is given in percentage in Table 3.1. Remarkably, cluster 7, the conformer with the highest
relevance, is also the one identified in a previous work of Burke et al.[27, 42] in terms of its
secondary structure and H-bond configuration. While cluster 5, the cluster with the second highest
relevance, is quite similar to cluster 7 in its secondary structure, the side chain angles di�er (a
detailed conformer comparison of both cluster is shown in Figure 3.5).
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3.2 Hydrogen bonding statistics

Figure 3.5: 3D-representation of the two clusters (5 and 7) with the highest weight, given in percent.
Oxygen and nitrogen atoms are highlighted with blue and red colors, respectively. Hydrogen bonds
formed between NH···O and OH···O are indicated by corresponding colored dotted lines.

3.2 Hydrogen bonding statistics

In general, the REMD simulation showed highly dynamic changes in the H-bonding patterns
throughout the simulation. Figure 3.6 shows the H-bonding free energies of N ≠ H · · · O at 300 K
obtained from the full REMD trajectory at that temperature. As will be explained a little later,
N ≠ H · · · O is the predominant H-bonding motif in the gas phase of LeuEnk where no water is
present. In Figure 3.6, sA and sD denote the number of H-bonding accepted and donated in
N ≠ H · · · O triplets, while sH is the number of hydrogen bonds in which a hydrogen is involved.
More specifically, the H-bonding definition provided by PAMM consists of a continuous function
that given in input a specific triplet [138] returns a real number between 0 and 1, with 1 being a
perfect match with the typical H-bonding pattern found in the training data. Thus, summing and
averaging over all the possible triplets in which a specific tagged atom is involved we can define a
collective variable that e�ectively corresponds to an H-bonding counting function. In the example
reported in Figure 3.6, sD is defined as the sum over all the possible triplets in which a generic
tagged N is acting as donor in a N ≠ H · · · O pattern. Similarly, sA is defined as the sum of all the
possible triplets in which a generic tagged O is acting as acceptor in a N ≠ H · · · O pattern. sA,
sD and sH are calculated for each snapshot of the REMD trajectory using the HBPAMM [138]
implementation from the PAMM package. The probabilities P for these values are obtained from
the normalized and smoothed histograms of these quantities, i.e. the probability distributions, and
consequently used to calculate the free energy equivalent via F = ≠kBT ln(P ), where P denotes an
unbiased probability of the di�erent H-bond configurations, as obtained from the histograms of sA,
sD, and sH calculated from the REMD trajectory at 300 K, while kB is the Boltzmann constant
and T is the temperature. Note that sD indicates the number of hydrogens donated by nitrogen in
general, independent of the specific nitrogen and the total number of nitrogens in the molecule
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Figure 3.6: Hydrogen bonding statistics of LeuEnk from the REMD trajectory at 300 K. Probability
distributions have been smoothed with triangular kernel of width 0.025 and are represented in terms of
F = ≠kBT ln(P ), expressed in kcal/mol. We also report the integrated (joint) probabilities (in percent)
for the corresponding region of di�erent integer values of sA, sD and sH. Schematic representations of
two exemplary H-bonding configurations are given in the insets.
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(nitrogens that do not donate hydrogens are ignored in the calculations). This is similarly true for
sA and sH. A consequence of this definition is that whenever sD is greater than 1, the N-terminal
NH3

+ is definitely involved in H-bonding, since otherwise there are only NH groups in the molecule
that can donate only a single hydrogen. On the other hand, if sD is very close to two or even above,
it means that basically only the NH3

+ group is involved in H-bonding (another possibility which
would give sD = 3 would be a rather unlikely configuration in which NH3

+ donates three hydrogen
bonds while another single NH donates one). sD = 0 means, obviously, that no H-bonding occurs
in the N ≠ H · · · O triplets.

Integration over probability distributions in the di�erent H-bonding regions in Figure 3.6
resulting in the mentioned percentages is used to explain the (often just subtle) di�erences between
the identified PAMM clusters. Percentages reported in the free energy surface of Figure 3.6
denote the integrated joint probability of finding a configuration in the vicinity of the di�erent
integer numbers of donors and acceptors. The percentages in the free energy profiles on the
sides of Figure 3.6 denote the integrated probabilities in the vicinity of the integer number of
hydrogen bond acceptors (or donors), regardless of the number of donors (or acceptors, respectively).
Consequently, the (averaged) H-bonding pattern of N ≠ H · · · O, denoted by ÈsDÍ and ÈsAÍ, and
the most probable H-bonding configuration (sA, sD) along with its joint probability are calculated
for each subensemble and are given for each identified cluster in Table 3.1. While the averaged

Cluster ÈsAÍ ÈsDÍ Most probable (sA, sD) w %
1 1.82 ± 0.64 1.69 ± 0.78 (1,1) 49% 13.0%
2 1.71 ± 0.56 1.92 ± 0.74 (1,3) 52% 4.6%
3 1.41 ± 0.26 1.67 ± 0.58 (1,1) 37% 9.8%
4 1.54 ± 0.40 1.69 ± 0.57 (1,1) 40% 14.2%
5 1.59 ± 0.42 1.77 ± 0.48 (1,2) 30% 20.1%
6 1.53 ± 0.40 1.65 ± 0.41 (1,1) 34% 2.5%
7 1.34 ± 0.29 1.74 ± 0.31 (1,2) 42% 29.3%
8 1.95 ± 0.01 0.95 ± 0.01 (2,1) 60% 0.2%
9 1.67 ± 0.42 1.82 ± 0.58 (2,1) 30% 6.3%

Table 3.1: Summary of LeuEnk H-bonding. ÈsDÍ and ÈsAÍ denotes the weighted averaged number
of donated and accepted NH· · · O and its standard deviation. w quantifies the weight of each cluster
with respect to the relative population of each cluster to the total number of conformers found in the
REMD trajectory at 300 K. Most probable (two-dimensional) H-bonding configurations are given as
tuples along with their joint probability.

H-bonding values ÈsAÍ and ÈsDÍ show some di�erences between subensemble clusters, the most
probable H-bonding patterns (sA, sD) are more distinct and are quite di�erent for each conformer
indicating a more or less pronounced involvement of the NH3

+ group. Moreover, the observed high
standard deviations of the averaged values are further evidence of the quite dynamic H-bonding
observed during the REMD. Both the N- and C-termini are usually involved in H-bonding and
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thus LeuEnk often resembles a —-hairpin or –-helix secondary structure motif. Clearly, the NH +
3

group plays an important role in forming these secondary structures due to the engagement of
this group with several nucleophilic regions of the molecule. Interaction between amide hydrogens
and carbonyls and the strong COO≠H · · · O≠≠C at the C-terminal are characteristic of “-turns
and noticeable interactions for most clusters. Although the involvement of the carboxyl or phenol
in the formation of O ≠ H · · · O hydrogen bonds is often of great importance, especially when
water is nearby, we neglect this type of otherwise quite important H-bonding in our analysis
for simplicity, since H-bonding of the type N ≠ H · · · O is able to explain most of the conformer
structural di�erences. Moreover, if there are O ≠ H · · · O H-bonds (in cluster 2, 3 and 9 this
H-bonding is not apparent) they are always formed between the first and second glycine and the
carboxyl and phenyl group, respectively. Thus, this type of H-bonding does not contribute to the
highly dynamic H-bonding behavior. Motifs of the clusters 1 and 4, which have lower probability,
form usually –-helix-like motifs. However, the motif of cluster 3 contains probably a ”-turn, which
is sterically quite improbable. It is worth pointing out that clusters 2, 3 and 9 lack a strong
COO≠H · · · O≠≠C at the C-terminal. While the carbonyl in the third glycine of LeuEnk shows
typically just one H-bond with amides for most clusters, the motif of cluster 9 has interactions
of this group with phenylalanine and leucine amides and an absent H-bonding between N- and
C-terminus.

Overall, H-bonding strongly correlates with the wavenumber and intensity of di�erent vibrational
bands[213, 214]. Thus, combining the information on the contribution of H-bonding in both the
C≠≠O and N≠H groups to the overall IR bands in the following elucidates the impact of the
H-bonding of the di�erent conformers on the final IR signal.

3.3 Infrared spectroscopy of identified recurring structural motifs

Armed with the information on the LeuEnk conformers and their H-bonding network, we are now
in the position to evaluate the influence of the subensembles from the REMD simulation on the
IR signatures of LeuEnk. It should be noted, however, that the broadening and shape intensity
of the peaks in the experiment are influenced only partly by e�ects related to conformational
dynamics of the molecules [35]. One has to take into account that the formation of the lowest
energy conformation is driven by a balance between kinetic, enthalpic, and entropic e�ects. The
kinetic trapping, specific to the experimental conditions, can be entering into the final balance
and cause the formation of di�erent conformers [76]. The conformational distribution depends
thus strongly on the thermodynamic conditions in the experiments as these have a strong impact
on the formation pathway to the metastable conformations. Another issue that should be taken
into consideration is that experimental IRMPD spectra are usually compared to calculated linear
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3.3 Infrared spectroscopy of identified recurring structural motifs

absorption spectra. In reality, IRMPD spectra depend on very complex mechanisms involving
sequential photon absorption, stimulated and spontaneous emission, energy distribution, and
fragmentation, all of which have their own time scales and will a�ect the peak shape [14]. Despite
the theoretical complexity of the interpretation, it has been shown that IRMPD spectra agree with
calculated ones if the comparison is performed carefully. Hence, it is generally accepted that the
peak positions obtained from theory can be trusted [41]. As it is shown in this chapter, consideration
of representative conformers can improve the IRMPD spectrum prediction significantly.

In this chapter, harmonic vibrational modes of representative conformers for each identified
PAMM cluster have been calculated in order to compare the vibrational modes of the obtained
conformational families – represented by a single conformer – to experimentally observed
spectroscopic fingerprints. It should be noted, however, that while this approach should be
able to capture the main features of the vibrational spectra of the corresponding conformational
family, some particular features may be missing as a result of neglecting other important local
minima, anharmonicity, and other e�ects. Figure 3.7 shows the weighted average IR spectra of the
amide I/II/III/V and amide A/B regions of the 9 PAMM conformers from Figure 3.3 using their
corresponding weighting factor and compares the prediction with the experimental IRMPD spectra
along with Pendry reliability factors. Table 3.2 reports the IR shift of amide I peak of PAMM

Figure 3.7: Comparison between experimental IRMPD and predicted average IR spectra using the
PAMM conformers. Calculated IR intensities are convoluted by Gaussians with a 10 cm≠1 full-width
of half-maximum. Pendry reliability factors RP are 0.56 for the left panel and 0.7 for the right panel.

representative conformations with respect to IRMPD experimental spectrum. Pendry reliability
factors [215] RP are often used for unambiguous comparisons of theoretical and experimental IR
spectra [41]. In short, the RP factors are sensitive to peak positions because they take into account
information about the intensities and approximate half-widths of the peaks. A perfect match
between two spectra gives RP = 0, while RP = 1 means no correlation. As RP is quite sensitive
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Cluster w% Amide I peak shift (cm≠1)
1 13% 3.6
2 4.6% 10.1
3 9.8% 13.8
4 14.2% 10.2
5 20.1% 2.3
6 2.5% 23.2
7 29.3% 3.1
8 0.2% 18.2
9 6.3% 28.6

Table 3.2: IR shift of amide I peak of PAMM representative conformations with respect to IRMPD
experimental spectrum.

to small kinks, the rather noisy high wavenumber part of the spectrum was smoothed and is
shown consistently in the following, while the low wavenumber part of the experimental spectrum
was smoothed only for calculating RP factors and is otherwise shown unsmoothed. A detailed
explanation of this factor and practical examples can be found elsewhere [212]. The averaged
estimated IR spectrum shows an overall good agreement in the intensity pattern, particularly for
the lower wavenumber range as indicated by the low RP value, indicating that the probabilistic
PAMM clustering is able to provide adequate statistical weights for the prediction of the IR spectra.

The assumption of representing the vibrational modes of obtained conformational families
by a single conformer from each cluster was further examined by assessing whether spectra
within a cluster are more similar to each other than to other clusters. We calculated RP values
for all conformers from cluster 7 – selected using farthest point sampling (FPS) (explained in
section 2.3.2.4 of chapter 2) – and all other representative conformers, and summarized them in
Table 3.4. Comparison of the values in the table shows that the similarity with the representative
IR signal of FPS-selected conformers within the cluster 7 is generally better than for other clusters,
as the average values are higher than the value within the cluster for both low and high wavenumber
regions. The same procedure was applied to the FPS-selected conformers of all other clusters, with
the similar result that the RP were more consistent within each cluster than to others.

IR peaks in the amide I/II/III region are characteristic of the covalent bonds of the peptide
backbone [216]. Normal modes in the amide III region (1200≠1400 cm≠1), which are combinations of
N≠H in-plane bending, C≠N stretching, and C–≠N bending vibrations, are complexly interrelated
but are considered structurally sensitive bands for polypeptides [217]. The complexity of amide III
vibrational modes makes deciphering the correlation between di�erent secondary structures and
this region of the vibrational spectrum much more di�cult than for the amide I/II regions [218].
Not surprisingly, most DFT studies that proposed to relate the intensity in this range to the full
range of possible backbone dihedral angles did not provide satisfactory insight into the structural
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3.3 Infrared spectroscopy of identified recurring structural motifs

sensitivity [217]. This is most likely due to the contribution of several e�ects, such as the dependence
of the bond strengths on the backbone dihedral angles, the role of coupling between the amide III
and C–≠H vibrations, and, most probably, the e�ect of intramolecular H-bonding. Peak positions
in the amide I/II regions (≥ 1500 ≠ 1700 cm≠1) are sensitive to various secondary structures but
considered only weakly a�ected by side-chain conformations. [44, 219]. However, this region is
particularly interesting when solvent comes into play as it is influenced strongly by it. Many studies
have hence investigated this particular region and developed frequency maps that correct the
peaks for solvent e�ects [200, 201, 202, 203, 204]. To establish a link to these frequency maps and
illustrate the e�ects of specific H-bonding in the representative conformers on the IR band of amide
I, we summarize the peak shift along with the specific H-bonding pattern of the representative
conformers to the experimental spectra in Table 3.2. Interestingly, the most favorable clusters
show the smallest peak shift. Moreover, a strong coupling between NH +

3 scissoring modes and
C≠≠O stretches in this region has been reported [220]. Apart from this, it should be noted that the
use of more than one conformation for the prediction of IR spectra of peptides in the amide I/II
regions leads to better agreement with experiments, as shown previously[44, 221]. However, given
the overlap of bands in this region due to the many di�erent interactions between C≠≠O and NH +

3

of the di�erent conformers, direct mixing of these signals in the amide I/II regions was not yet
possible because the relative weights of the conformers were not previously known. In contrast,
the excellent agreement of these regions with the experimental IRMPD spectrum in Figure 3.7
elucidates these complex interactions by incorporating the many di�erent contributions of the
conformations of the protonated LeuEnk through a thorough exploration of the potential energy
surface.

Peaks in the higher wavenumber range between 2700 and 3600 cm≠1 are often influenced by a
more dynamic H-bonding and are inherently more complex to interpret due the anharmonicity.
However, the agreement of the intensities in the 2900 ≠ 3100 cm≠1 range shows that an appropriate
weighting of the di�erent contribution via the PAMM conformer clusters, implicitly taking into
account the H-bond statistics, is able to reproduce partly this normally highly red-shifted range
after applying the standard scaling factor [222]. Particularly, it has been reported by Burke,
Redwine, Dean, Mcluckey, and Zwier [27] that vibration modes from N≠H of NH +

3 interacting
with phenol rings of the side chains or C≠≠O are broadened, although the extent of their shift has
been underestimated by DFT calculations [209, 42]. The presence of a broad low-intensity band
at 3100 cm≠1 is consistent with the dynamic H-bonds observed across the PAMM clusters, where
NH +

3 is highly likely to donate two hydrogen atoms, indicating that NH3
+ (and the other amides)

interact strongly with electron-rich regions of the peptide.

Closer examination of the contributions of individual conformations in Figure 3.8 shows that
the calculated IR spectra of the 4, 5, and 7 clusters agree well with the IRMPD result, indicating
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Figure 3.8: IR spectra of all PAMM conformer clusters and IRMPD spectrum. Spectra are
colored according to the assigned representative conformer of each cluster which is shown next to the
corresponding spectrum. Associated weights of each conformer cluster are shown in each panel.
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3.3 Infrared spectroscopy of identified recurring structural motifs

that the higher-weight motifs are the most abundant conformers in the experiment. The peak in
the amide A region at 3643 cm≠1 is commonly assigned to phenol O≠H stretches of tyrosine, which
is well reflected in the averaged spectra in terms of peak position and intensity. The phenol O≠H
vibrational mode was previously reported to be rather insensitive to conformational variations in
LeuEnk [74], which is confirmed when looking at individual contributions of conformers as shown
in Figure 3.8. Surprisingly, however, there the clusters 3 and 5 actually have no signature of this
peak around 3643 cm≠1 due to the involvement of the phenol O≠H in H-bonding.

The tendency of involving COO≠H and the phenylalanine carbonyl in H-bonding, visible in
almost all conformers of Figure 3.8 with the exception of clusters 2, 3 and 9, is represented by a
strongly shifted peak at 3012 cm≠1 from the “free” position at 3584 cm≠1[223, 27]. Near the N-H
stretch region, the shoulder-like feature between 3400 and 3500 cm≠1, which has not been observed
for single conformation spectra, could be related to the presence of weak and slightly longer
NH· · · C≠≠O H-bonds or free NH stretches (excluding NH +

3 ), which shift to higher wavenumbers
and are less abundant in the peptide and consequently not as prominent[224, 223]. The broadening
and nature of the multiple peaks between 3200 and 3400 cm≠1 suggest that it is unlikely to assign
a single conformation with a specific NH· · · O≠≠C bonding to this feature. However, the here
presented conformational weighting sheds light on this particular region in terms of the intensity
pattern and shape of the peaks.

The selected representative conformers via the lowest REMD energy were further investigated
to verify whether they robustly identify the corresponding geometry optimized ab initio conformer
with comparably low energy. Farthest Point Sampling (FPS) was applied to the distance kernel D

(equation 2.42) to achieve a homogeneous exploration and sampling of the high-dimensional phase
space. The 10 conformers indicated by large dots in Figure 3.9 were randomly selected from the
7 cluster in this way. To calculate vibration frequencies using ab initio methods, the conformers
selected by FPS had to be geometrically optimized, which are indicated by the crosses in Figure 3.9.
Table 3.3 summarizes the changes in pairwise kernel distances as well as the relative DFT energies
of the FPS conformers to the representative conformer. Taking into account the initial position
of the conformers, the position of the geometrically optimized conformers illustrates the highly
complex transition pathways between conformations and the complex and shallow landscape of
conformational free energies. In summary, random selection with FPS usually does not lead to the
global minimum of a representative cluster. However, selection via the conformer with the lowest
energy from the REMD energies seems to work very well here, since the resulting ab initio energy
of the representative conformer is still lower than all geometry-optimized FPS-selected conformers.

The resulting IR spectra of the FPS-selected conformers, ordered by their pairwise distances
from the representative conformer of cluster 7, are shown in Figure 3.10. The distinct peak
position and shape of the amide I band in Figure 3.10 is an indicator that all conformers possess a
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Figure 3.9: Scatter plot of cluster 7. Points are colored according to the logarithm of the KDE
determined from PAMM, which illustrates the free energy landscape (blue: low free energy; red: high
free energy). FPS selected conformers, before and after ab inito geometry optimization, are indicated
with circles and crosses, respectively. The white cross indicates the position of the representative
conformer.

Conformer DREMD DDFT �EDFT / eV
1 0.0052 0.0018 0.46
2 0.0089 0.0043 0.38
3 0.0053 0.0067 0.68
4 0.0114 0.0077 0.24
5 0.0159 0.0078 0.57
6 0.0113 0.0109 0.16
7 0.0075 0.0114 0.16
8 0.0058 0.0123 0.40
9 0.0192 0.0155 0.10
10 0.0101 0.0162 0.13

Table 3.3: Kernel distances (equation 2.42) of FPS-selected conformers to the representative conformer
of cluster 7 before, denoted by DREMD, and after ab inito geometry optimization, denoted by DDFT. The
relative ab initio energy di�erence between the representative conformer and FPS selected conformers
is given in the last column.
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3.3 Infrared spectroscopy of identified recurring structural motifs

similar backbone conformation. The ‡-NH-scissoring mode at 1500 cm≠1 [213], which is sensitive
to the angle between the donor and acceptor of the H-bond, appears in all FPS-selected conformer
spectra, but in di�erent shapes and intensities, indicating, however, some backbone flexibility.
Controversially, the IR peaks in the amide A/B regions of FPS-selected conformers are highly
variable and probably strongly influenced by dynamic H-bonding, which is observed even in the
same cluster. This becomes clear when looking at the main peaks of the N≠H and C≠H stretching
modes between 3000 and 3300 cm≠1, which are more or less visible in all IR spectra of the
FPS-selected conformers, but vary greatly in intensity and shape.

Figure 3.10: IR spectra of the 10 FPS-selected conformers from cluster 7.

In addition, FPS was used to select 10 conformers from each of the clusters. For each conformer,
the ab initio IR spectrum was calculated, and the resulting (unweighted) average spectrum is shown
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Figure 3.11: Averaged IR spectra for each cluster calculated from 10 conformers selected via FPS
from all REMD conformers of each cluster.
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3.3 Infrared spectroscopy of identified recurring structural motifs

in Figure 3.11. It should be noted that the geometry optimization of the conformers performs
a kind of implicit, and physical, weighting, as the 10 conformers selected with FPS are shifted
to their nearest local minimum. The bands in the low-frequency region are relatively consistent
with each other, although di�erences are observed in the low-frequency region of the amide bands,
suggesting di�erent backbone configurations between the clusters – as a comparison with the
conformers shown in Figure 3.3a would suggest. Changes in amide I/II regions (1200 - 1750 cm≠1)
in the averaged IR spectra of Figure 3.11 could serve as a marker for conformational changes when
comparing the signals to di�erent conformers shown in Figure 3.3a. In addition, the variations in
the high-frequency region are quite large, which can be attributed to the larger hydrogen bonding
dynamics of the peptide motifs in this region.

Table 3.4 summarizes the RP values of IR spectra for all FPS-selected conformers from cluster
7 and all other representative conformers.

FPS conformer from 7 ÈRPÍ to all other
representatives (low/high)

RP to
representative of 7 (low/high)

1 0.73 ± 0.02 / 0.92 ± 0.03 0.66 / 0.85
2 0.75 ± 0.01 / 0.94 ± 0.01 0.70 / 0.87
3 0.71 ± 0.03 / 0.95 ± 0.03 0.65 / 0.81
4 0.74 ± 0.05 / 0.94 ± 0.02 0.68 / 0.89
5 0.78 ± 0.03 / 0.96 ± 0.04 0.72 / 0.90
6 0.80 ± 0.04 / 0.98 ± 0.02 0.75 / 0.95
7 0.78 ± 0.04 / 0.97 ± 0.01 0.74 / 0.95
8 0.73 ± 0.03 / 0.95 ± 0.01 0.69 / 0.94
9 0.70 ± 0.05 / 0.91 ± 0.02 0.64 / 0.89
10 0.74 ± 0.03 / 0.93 ± 0.02 0.67 / 0.90

Table 3.4: Pendry reliability factors, RP, comparison for the low and high wavenumber (low/high)
IR signal of FPS-selected conformers of cluster 7 with IR signals of representative conformers of all
other clusters. ÈRPÍ values denote average values along with their standard deviation in the absence of
the representative IR signal of cluster 7. The “RP to 7” column denotes the RP of the FPS-selected
conformers to the representative IR signal of the cluster 7. Note that smaller RP values indicate a
better match.
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Figure 3.12: Average IR spectra for di�erent number of merged PAMM clusters compared to the
experimental IRMPD spectra of LeuEnk. Spectra are ordered by the number of PAMM clusters used
and merged hierarchically as indicated by the dendrograms in the left panel. The top panel shows the
spectrum considering all conformer clusters, while the bottom shows the spectrum of a single merged
conformer cluster. Reliability factors RP are reported individually for both amide A/B (middle) and
amide I/II/III/V (right) regions.

3.4 Hierarchical Infrared Spectroscopy Prediction

Hierarchical clustering was used as illustrated by the dendrograms in Figure 3.12 to mix similar
conformer clusters based on their adjacency and Ward’s linkage criterion [51]. The conformers with
the lowest energy of the resulting macroclusters were again selected as representative conformers
for each cluster, and ab initio IR spectra were calculated for them as before. Since PAMM searches
for peaks in the probability distribution using a Gaussian smearing (with a user-selected width to
obtain a localized version of the Silverman rule), a narrower “probe” distribution is used to increase
the number of peaks identified (i.e., fpoints = 0.008 and, additionally, a quick-shift cuto� scaling of
– = 0.9). Again, the lower wavenumber range between 600 ≠ 1800 cm≠1 shows good agreement
according to the RP factors. Upon closer inspection, the peak positions of the amide I and II
regions agree better with the IRMPD spectrum when more conformer contributions are included.
It should be noted, however, that the Pendry reliability factors here serve more as a quantitative
comparison to show improvements and di�erences between the various obtained spectra, and their
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3.4 Hierarchical Infrared Spectroscopy Prediction

absolute values should not be overrated, as they are highly dependent on smoothing. The relatively
broad band at 1630 cm≠1, corresponding to the umbrella vibrations of the NH3

+ group, shows
improved similarity with the experimental signal in terms of intensity pattern and broadening
when more conformers are included. Inclusion of more conformers also improves the amide II
region and leads to a more similar shoulder as observed in the experiment at wavenumbers below
1500 cm≠1. This band could be attributed to a ‡-NH scissoring mode, sensitive to the orientation
of the H-bonds in which its found[219].

In the amide A region, the phenol OH stretching mode remains unchanged, further
demonstrating the insensitivity of this band to conformational changes. On the other hand, the
amide A/B regions, which include localized CH and NH stretching vibrations, improve dramatically
as more conformations are included in the averaged IR spectrum. High-frequency CH and NH
vibrational modes of molecules are often coupled with degenerate overtone and combination bands,
as the vibrational configuration interaction causes intermixing of the high-frequency stretching
states.

To support the argument that a single representative conformer from each cluster represents
the contribution of the whole cluster to the complete spectra, a comparison of the IR signal of 10
randomly selected conformers within cluster 7 is given in Figure 3.10. After geometry optimization,
these conformers are generally pushed to some local minima within the cluster, which could be
identified by finer probing of the conformational phase space, i.e., by tuning fpoints, with PAMM.
Thus, di�erences are expected in the calculated IR spectra from the individual conformers within
each cluster (cf. Figure 3.10). Although the low-frequency region does not seem to be a�ected
as much as the high-frequency region, as shown by the averaging of the spectra in Figure 3.11,
suggesting greater structural similarity associated with this wavenumber range. Most importantly
is that the representative structure is the energetically preferred structure even after geometry
optimization (cf. Table 3.3). Signals from other conformers in this cluster will thus most likely
not contribute to the same extent as the representative conformer. Related to this, increasing
the number of clusters to a still reasonable number seems to improve the IR prediction as more
local minima and their associated IR signals are considered. Keeping this in mind, it is in general
quite di�cult to assign specific conformers to IR signals, especially when multiple conformers with
di�erent H-bonding patterns are present in the experiment but not in the conformational ensemble
(cf. high frequency part of the IR spectrum in Figure 3.10). However, further breakdown of the
cluster facilitates the interpretation of this region in terms of intensity patterns and peak positions.
Nevertheless, one must carefully consider when to stop adding conformations, as this may result in
adding conformations that are incorrectly weighted if too large a number of clusters are identified
and clusters are incorrectly populated due to missing samples.
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3.5 Conclusion and discussion

At finite temperatures, multiple peptide conformers separated by low-energy barriers and a�ected by
di�erent intramolecular H-bonding are present in a macroscopic ensemble and hence contribute to
the experimental observations [225, 40, 226, 199]. In this chapter, the importance of conformational
ensembles for a robust IR prediction was investigated which resulted in a good qualitative agreement
with the experimental IRMPD spectrum for protonated LeuEnk in the gas phase. In particular,
unsupervised machine learning with replica-exchange molecular dynamics (REMD) simulations
and ab initio calculations was combined to incorporate a realistic representation of a canonical
ensemble in the spectra prediction. An important part of the study of conformations generated
by free-energy methods such as REMD is the partitioning of the conformational space using an
agnostic analysis approach to avoid potential biases that could lead to contrived results and thus
misleading conclusions [128, 227]. As a possible solution to this, it was shown how a PAMM
clustering analysis applied to a calculated collective variable space of SOAP kernels is able to
categorize the conformational ensemble into di�erent recurrent molecular motifs based on a kernel
density estimation. Furthermore, it is shown that investigating the H-bonding dynamics, as
obtained by a PAMM analysis, shed further light on specific H-bonding influences on the secondary
structure motifs of LeuEnk.

In gas-phase experiments with biomolecules, the intact H-bonding network and the enhanced
electrostatic interactions can render native-like conformations that are stable in solution metastable,
leading to rather unusual transitions pathways between conformations [228, 229]. Thus, the
experimental preparation is crucial, as it can a�ect the final outcome of the spectroscopic experiment,
e.g., through kinetic trapping [76]. To address this better, previous IRMPD spectroscopy
experiments with LeuEnk were repeated, with particular attention to the preparations. In contrast
to previous experimental and theoretical studies of LeuEnk [27, 73], the current preparation leads
to a very good agreement with our predicted IRMPD spectrum, which is probably related to
a better agreement between the two ensembles in the theoretical and experimental approach.
As it was shown, considering only a few lowest energy conformers and neglecting the relative
importance of the conformers, as it is often common practice in simulation approaches, leads to an
inadequate description of the conformational space explored by LeuEnk in gas-phase experiments
and, consequently, to a misleading interpretation of IR spectroscopy. Averaging the calculated
IR spectra of representative motifs, based on the weighting factor obtained from the relative
population of a PAMM cluster, can be used as a reasonable approach for representing the general
structural canonical ensemble. Specifically, the comparison between the averaged IR and the
IRMPD spectra illustrates that the averaged spectrum reproduces well the intensity pattern and
the main peak positions, capturing the main features of the vibrational spectra although some
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particular features may be missing due to the specific way a representative conformer is chosen
here. Especially in the high wavenumber region that is strongly influenced by H-bonding, it was
concluded that the existence of multiple low-energy conformers should not be neglected. For a
further evaluation of the importance of the conformational ensemble, a hierarchical clustering
was performed based on the information of a PAMM analysis to evaluate the e�ect of breaking
down “macroclusters” on the averaged IR spectra. The improvements observed in the Pendry
reliability factor RP for amide A/B and amide I/II/III regions indicate that the importance of
unravelling non-Gaussian features in the potential energy surface to explain the IR fingerprints are
strongly correlated to changes in the backbone conformation and H-bonding patterns. However,
the stabilizing role of the NH3

+ group in H-bonding networks defines a cut-o� in the number of
conformations contributing to the experimental IR spectra due to the appearing discrepancies in
peak positions and intensity patterns in amide A/B regions.
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4
Integrating Explainability into Graph

Neural Network Models for Prediction of
X-ray Absorption Spectroscopy

“This chapter reproduces the contents of reference [12], with minor adjustments. The author
contribution is the development and design of the machine learning model, data engineering/analysis,
and training of the models. Moreover, the author has performed the simulations and data processing
for creating the datasets. The code used to train the models and generate the figures in this
chapter is publicly available at https://github.com/AI-4-XAS/XASNet-XAI. The QM9-XAS is
available at https://dx.doi.org/10.5281/zenodo.8276902.”
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4. Integrating Explainability into Graph Neural Network Models for Prediction of X-ray
Absorption Spectroscopy

X-ray absorption spectroscopy (XAS) is an important characterization technique in chemical
analysis to unveil the atomic structure of matter, having a broad range of applications in material
science [230], biomedical research [231] and identification of metals and solids [232]. XAS is
particularly useful in the investigation of the electronic and geometric structure of bio-molecules,
nanoparticles, and metal complexes [9, 233, 234]. However, understanding XAS spectra obtained
experimentally is entangled with complexity, which arises from the complex electronic structure
interplay with the adsorption of X-ray photons by atoms and is influenced by factors such as
the chemical environment of the atom, the presence of solvents, and the energy of the incident
X-rays [235]. Therefore, sophisticated – but computationally also expensive – theoretical methods
from ab-initio quantum chemistry can accurately predict XAS and are often a necessary complement
to interpret experimental results [236].

Several studies have focused on X-ray spectroscopy using ML methods with the additional aim
to improve the understanding of the contribution of di�erent atomic environments to the peaks
occurring in the spectra [64, 65, 66]. Accurate prediction of XAS spectra has been accomplished by
employing some of the more sophisticated ML models such as graph neural networks (GNN) and
deep neural networks (DNN) [237, 61, 238]. However, a large number of layers in the underlying
neural network, as well as a high parameter count implies such models are black-box [167], which
means it is only possible to reason about the input and output of ML models, but not to understand
the rationale behind predictions. While these models are extremely e�cient at predicting spectra,
it is not straightforward to understand which correlations in the feature data contribute to specific
predictions. On the other hand, ML models designed to predict XAS spectra must provide clear
peak assignments, as this option for interpretation is typically required in spectroscopy experiments
and often necessitates theoretical calculations. The comprehensibility of why ML models can achieve
this peak assignment capability must be transparent to users to ensure trust in the predictions,
given the diverse range of applications of XAS in material and biochemical sciences [239, 235, 240].
It is therefore imperative to develop an understanding of the XAS predictions made by complex
ML models and ascertain whether the predictions align with human logic and decision-making
as incorporated in the quantum-mechanical equations. This can be achieved using explainable
artificial intelligence (XAI) methods, which provide a window into the ML model’s decision-making
process and correlations uncovered by the model through data analysis [241].

To incorporate explainability in GNN model, we use attribution method [170]. We implement
class activation map (CAM) as an attribution method to highlight the importance of particular
regions in the graph with respect to the target property. Validating explanations for chemical
property prediction is challenging since a property is often the result of a complex interplay between
the geometric and electronic structure of the atoms in a molecule. This gives rise to intricate
structure-property connections within molecules, especially complex properties such as X-ray
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absorption spectra, which only find interpretation by the examination of each individual peak
detected through a combination of experiments and simulations [12]. Therefore, the validation
of explanations generated using attributions also requires the creation of a robust ’ground-truth’
benchmark using such domain-specific knowledge, which is often a challenging task in molecular-
property prediction.

In this chapter, a framework that uses a combination of graph attributions and ground-truth
data generated from linear-response time-dependent density functional theory (TDDFT) [114]
is introduced, to provide explainability on GNN models trained to predict carbon K-edge XAS
spectra of organic molecules. Carbon atoms play a central role in the structure and function
of numerous molecules, making them an ideal choice for training the GNN models in this case.
Therefore, carbon K-edge XAS o�ers a unique perspective, providing valuable insights into the
structure, function, and reactivity of these molecules [242, 243]. Additionally, among the XAS
calculations, K-edge spectroscopy on a main group element is less complicated than, e.g., the
spectroscopy on the transition metal L edge, and can be computed via TDDFT on a time scale
that allows the creation of a large dataset. To train the di�erent GNN architectures, an in-house
QM9-XAS dataset, based on a subset of the QM9 dataset of small organic molecules, [244] was set
up. The performance of the trained models was compared in predicting the XAS spectra on the
test dataset. In order to evaluate the explainability of GNN models, the ability of these models to
identify the contribution of atoms and their surrounding environment toward the distinct peaks in
the XAS spectrum was analyzed. For creating the ‘chemical’ ground truth pertaining to XAS, a
data pipeline was created which inputs the output of TDDFT calculations and renders the labels
to atoms, indicating whether or not an atom contributes to a specific excited state in XAS. These
ground-truth values are then finally quantitatively compared with the attribution scores obtained
from GNNs. By integrating domain expertise with interpretability, the approach here establishes
statistical and instance-based correlations between explainability and model performance. Applying
this method to di�erent GNN models, specific GNN architectures, which incorporate both global
and local information on atoms, o�ered superior explanations for the peaks observed in carbon
K-edge XAS spectra. Additionally, the robustness of the GNN models, by randomly perturbing
molecules in the test dataset, was investigated to rationalize the di�erence in the explainability
power of various used GNN architectures.
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Absorption Spectroscopy

4.1 The QM9-XAS dataset

While X-ray absorption spectroscopy is a popular technique in chemistry, to the best of our
knowledge there is no XAS data set for organic molecules that is large enough and available for
training ML models. Therefore, the QM9 dataset [244] containing 132,531 organic molecules
composed of the first- and second row of main group elements H, C, N, O, and F, was used. A
random subset of the QM9 dataset, containing 56,000 molecules, was chosen, termed as QM9-XAS
for the purpose of the dataset in this study. Carbon K-edge XAS spectra was calculated with the
linear response time-dependent density functional theory (TDDFT) [245] method (explained in
section 2.2.3.2 of chapter 2), which is in general a useful complement to experiments and allows for
the interpretation of spectral peaks. More specifically the ORCA electronic structure package [246]
was used to calculate TDDFT at the B3LYP/TZVP [109, 247] level of theory. All calculated XAS
spectra were obtained in the energy range Emin = 270 eV and Emax = 300 eV and peaks broadened
using Gaussians of widths 0.8 eV. The resulting curves were discretized into Ngrid = 100 points.
This step ensures that the length of the target output to be learned for ML applications is consistent
across all spectra. Further processing is then performed to generate tuples of molecular graphs and
their spectra to convert them into a format optimal for training GNN models. Molecular graphs
were generated from the SMILES strings of the molecules, which were available in the original QM9
dataset using the RDKit [248] python library. Since the models developed here are implemented
using the Pytorch Geometric [249] library, the graph and spectrum tuples were converted into the
native dataset class of this library.

4.2 Molecular graph data

As explained in section 2.4.2.1, molecular structures can be represented as graphs by considering
atoms and bonds, more abstract, the relationships between atoms as nodes and edges, respectively.
In this work, atom types exists in the QM9-XAS dataset as well as the number of hydrogens
attached to the atoms were presented as node feature vectors. The bond lengths between two
atoms and bond multiplicity were used to represent the edge (bond) feature vectors. One-hot
encoding was used to convert most of the node and edge features, including atom types and other
categorical attributes, into numeric vectors. All encodings used in this chapter are summarized
in Table 4.1. In this work, the GNN models were trained based on three di�erent architectures,
namely GCN, [250], GraphNet, [165], and the multi-head graph attention network (GATv2) [251].
In GAT, the attention weights for each node are fixed throughout the entire training process.
On the other hand, GATv2 addresses this limitation by introducing dynamic attention weights.
Using GATv2 layers makes the model more expressive and able to better capture the complex
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Table 4.1: Features of node and edges (atoms and bonds) as represented in the encoded vector in
conjunction with their respective type of encoding.

Node feature Encoding
Atom type One hot

Hybridisation One hot
Aromaticity One hot

Number of H atoms Integer
Edge feature Encoding
Bond distance Real

Bond type One hot

relationships between nodes. Training a multi-head GATv2 converges faster at a moderately higher
computational cost, while also increasing the robustness of the final model since it is in principle
trained on multiple attention instances in parallel. The details of these GNN algorithms are
discussed in chapter 2.

4.3 Training

In order to assess various trained models, the QM9-XAS dataset was shu�ed and divided into a
training set of 50k samples and a test set of 6k samples, with the training data further partitioned
into an 80:20 ratio for training and validation. The GNNs and all fully connected layers were
trained for 1000 epochs with a learning rate of 1 ◊ 10≠3, and a batch size of 100 samples. A
learning rate scheduler was implemented to reduce the learning rate by a factor of 0.8 every 100
epochs. For all the models, three GNN hidden layers with sizes of 128, 256, and 512 were used
for node updates, and a fully connected layer as the output layer for predictions. The AdamW
optimizer [252] and the root mean squared error (RMSE) as the loss function to train the models
were implemented. In order to keep track of over-fitting, the RMSE loss on the validation set after
every 50 epochs was monitored. All models were trained on a single NVIDIA Tesla A100 64GB
GPU. The model which has the best RMSE loss and relative spectral error (RSE) [71] was selected
on the validation data set. RSE is obtained by dividing the RMSE among the target ytar and the
predicted ypred intensities of the signal at energy E, by the total spectral energy of the target. In
the discretized spectrum in steps of �E = (Emax ≠ Emin)/Ngrid, the RSE is approximated as

RSE =

Òq
N

i
(ytar

i
≠ ypred

i
)2 · �E

q
N

i
ytar

i
· �E

(4.1)
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A small relative spectral error indicates that the predicted spectrum is a good prediction of the
original spectrum. The quality of XAS spectra predictions made by di�erent GNN architectures
was compared by calculating the average RSE on the test dataset.

4.4 Graph attribution

Attributions or feature attributions are one of the most popular techniques used to explain a
model’s predictions [253]. The attribution method assigns scores to each input feature that reflects
the contribution of that feature to an ML model’s prediction, thereby explaining the role played
by that feature in the prediction [254, 255, 173]. In the case of GNNs, attribution methods assign
attribution scores to graph nodes and edges based on their contributions to the final prediction
of the model. As explained in section 2.5 of chapter 2, we used CAM attributions to integrate
explainability into our GNN models.

4.5 Ground truth evaluation

In addition to evaluating attributions, it is crucial to establish a ground truth logic that enables
the assessment of attribution quality. Hence, the agreement between CAM weights of the model’s
prediction and ground truth logic should be quantified. To this end, a definition for a numerically
measurable ground truth for the excitations underlying the spectra is needed. In other instances
of XAI in chemistry, a suitable ground truth was developed by directly considering the molecular
fragments or functional moieties that experts knew to be important for decision making [256],
such as binding mechanism learned by DNNs [173]. Nevertheless, when it comes to predicting
XAS, comparing attribution scores to ground truth becomes more complex since it necessitates
careful examination of all atoms in the molecule and a comprehensive understanding of the
quantum mechanics behind X-ray excitations. Furthermore, delocalized molecular orbitals present
yet another challenge for understanding the precise contribution of atoms to virtual orbitals in
excitation states of XAS [257]. Therefore, in this work, a method is developed, which assigns the
ground-truth contributions of various atoms in a molecule to a peak in the TDDFT spectrum. It
uses a combination of orbital populations of all the initial and final states underlying the respective
X-ray excitations and their oscillator strengths to obtain the contribution of each atom to a
specific peak in the XAS spectrum. To derive atomic contributions in the ground truth, the core
excitations were computed within the energy range of the peak in XAS spectra and then the
atoms contributing to both core and virtual orbitals of a certain excitation state were determined.
The atom contributions were weighted according to the oscillator strength of the corresponding
excited state as well as the atom population per molecular orbital. As explained in section 2.2.3.2
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of chapter 2, in XAS, the oscillator strength of the corresponding excited state is a measure of
the probability of a core electron being excited to that state by an X-ray photon. In cases where
the calculated weights in the ground truth necessitate (i.e. being above the average weights as
a threshold) the presence of particular atoms in a peak of the XAS spectrum, those atoms were
labeled as 1 and all other atoms as 0. Figure 4.1 depicts the process of obtaining the ground-truth

Figure 4.1: Ground truth evaluation based on TDDFT data. The process of evaluating the TDDFT
data starts with selecting a specific peak in the XAS spectrum. The oscillator strength and orbital
contributions for each excitation state in the peak are used to determine the final atomic contributions
to the peak. Atoms in the molecule are then labeled based on the calculated weights, i.e. 1 for atoms
contributing to the peak and 0 otherwise.

labels for atoms. Given the fact that the core level transitions obtained from TDDFT are discrete
lines and that the ML spectra are distributed on a grid and have wide peaks, for the comparison
it is necessary to unify all CAM scores of a given peak to a given line from TDDFT spectrum.
Hence, the CAM scores were summed up of all atoms in the molecule for all energy points in a
range equivalent to the full width of half maximum of a peak.
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4.6 Model explainability

Explaining a model’s predictions involves comparing the ground truth to the attributions obtained
from the model using an XAI method. To measure to what extent the ML models learn the correct
atomic contributions to the XAS spectra, the area under the curve (AUC) of the receiver operating
characteristic (ROC) was used [258, 173]. The ROC itself is a curve formed by plotting the rate
of true positive outcomes and that of false positive ones at various classification thresholds, that
divide the assignments between the true and false classes. A true positive outcome occurs when
a model tasked with distinguishing two or more classes, correctly predicts the class to which an
instance belongs. In this case, the CAM weight assigned to an atom at a certain peak matches the
ground truth of the atom belonging to an orbital. Similarly, a false positive occurs when the class
under investigation is incorrectly predicted by the model, i.e. when atom contribution in ground
truth and CAM disagree. The AUC thus quantifies the performance of a classification model into a
single value between 0 and 1, where an area of 0.5 means a model works only as good as a random
classifier. A value of 1.0 means that the model has the ability to perfectly discriminate between
di�erent classes. In this particular case, the AUC is indicative of whether the model can correctly
identify if an atom contributes to a peak in the spectrum or not.

Figure 4.2 illustrates the workflow to make a GNN prediction of a spectrum, determine the
CAM attribution, and compare it in the last step to the ground truth, i.e. the contribution of
atoms to core and virtual orbitals obtained from TDDFT, here shown for a prediction made by
the multi-head GATv2 model. More explicitly, a model with a large AUC close to 1.0 would
perfectly assign the labels 0 and 1 to each atom in the spectrum for all the molecules in the test
set. Moreover, we identify the baseline of AUC as 0.5 which is basically a model classifier that
randomly assigns these labels to the atoms in a molecule.

The attribution AUC values were computed at each peak in a TDDFT spectrum and were
averaged over all the peaks to arrive at a final score that explains the degree of agreement between
ground truth logic and CAM attribution scores. The AUC is determined for the di�erent model
architectures in section 4.8. To demonstrate that the explainability method is stable, we perturb a
randomly chosen set of molecules from the test dataset and evaluate the change in attribution
AUC in section 4.9.

4.7 Model performance

To first visualize the predictions made by these GNN models, the best, average, and worst prediction
of the XAS spectrum is demonstrated for each model based on RSE values in Figure 4.3 (b). While
the best prediction across all models is a near-perfect replica of the TDDFT spectrum, the average,
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Figure 4.2: Workflow of the ML and explainability of XAS spectrum. This process consists of
converting a molecule to a molecular graph, training a GNN, comparison of the ML predicted and
TDDFT spectra for obtaining the RSE, and finally applying the XAI technique to obtain here the CAM
weights (green). In this example, the CAM weights are compared to ground truth attributions for core
(red) and virtual (blue) orbitals at the highlighted 277 eV peak of the spectrum, using a heatmap [259]
on the molecular structure. These ground truth labels are then compared to CAM weights, giving the
AUC values for core and virtual contributions.
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and worse ones predict general features of the spectrum correctly, but miss out on the finer peak
structure or incorrectly predict peak intensities. In Figure 4.3 (a) all RSE for one model are plotted
in a histogram and the average RSE is determined. The GATv2 model has a slightly lower average
RSE value of 0.031 compared to 0.042 for GraphNet and 0.047 for GCN. The distributions look
similar. They have their onset with a small slope at RSE = 0.0 and then quickly grow to their
maximum around the average RSE. The decline is slow following the shape of a skewed distribution
with a long tail leading to a low number of structures with RSE values above 0.1. Such structures
are fewer for models with the GATv2 and the GraphNet GNN architectures, demonstrating their
superiority for XAS predictions compared to GCN.

The above results are consistent with the findings of earlier research, which suggest that
integrating an attention mechanism [162] and applying combinatorial generalization [165], i.e.
enabling the network to reason about the global structure of a graph, while learning the graph
representation, as done in the GATv2 and GraphNet models, help enhance the learning of target
properties related to both local and global structures of the graph [260, 261]. In the case of the
GATv2 model, computing the importance of the neighboring atoms for a target atom in a molecule
using the weighted attention mechanism assigns relevance to a local region of the molecule to a
specific excitation energy in the spectrum, which di�ers from traditional GCN layers with fixed
weights for connections between atoms. On the other hand, by incorporating relationships and
interactions among nodes, edges, and global graph attributes, GraphNet significantly improves the
acquisition of structure-properties relationships in XAS spectra [165].

4.8 Explainability of XAS predictions

While comparing the prediction performance of di�erent ML models is crucial, the similarity
observed in the RSE distributions in the previous section motivates the exploration of the
interpretability of these models. Figure 4.4 illustrates the peak assignment via core and virtual
orbitals from the TDDFT calculation as red and blue spheres on participating atoms and via
the CAM scores given as green spheres. The AUC values for the respective orbitals quantify this
assignment. We compare an accurate GATv2 prediction at about 288 eV, in which the intensities
of both curves lie on top of each other, with one with a larger deviation from the TD-DFT data at
about 292 eV. In both cases, the core orbitals are accurately matched by the CAM score giving
AUC values of above 0.9, significant quality di�erences occur for the virtual orbitals. Those
contribute the most to an XAS spectrum in general. Hence, a good prediction comes with a good
assignment of the peak with a large AUC of 0.88. By contrast, the poorer XAS prediction with
about 10 % peak intensity di�erences also leads to a much reduced AUC of 0.52 only. In this
case, one can already visually see that the CAM is much more significantly spread over the entire
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Figure 4.3: Evaluating the performance of various GNNs on the test dataset. RSE histogram for all
GNN models (a). While average RSE performances are close, GATv2 has a more left-skewed histogram
distribution, indicating better performance over large portions of the data. Best, worst, and average
predictions of the three GNN models with their respective RSE values (b).
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molecule, while the orbitals contributing are based only on two atoms of which one is not a part of
the CAM at all.

Figure 4.4: The attributions (green) are compared with the ground truth of core (red) and virtual
(blue) orbitals via AUC values for two peaks of an XAS spectrum predicted by the GATv2 model. The
model has higher AUC values when a peak in the predicted spectrum follows the TDDFT result.

Figure 4.5 gives a close-up visualization of the derivation of the CAM and the core and virtual
orbital ground truth, by relating both to local excitations and the latter also to orbitals relevant to
the respective excitation. This is done for the first three excitation states of the TDDFT calculation
underlying the first signal of the broadened spectrum. Note that later signals are composed of a
much larger number of transitions, making the visual comparison very cumbersome. We observe
that the first two peaks originate from a transition of an electron on the cyano carbon atom to
one of the fiú orbitals of the CN group. This is exactly reflected in the CAM weights obtained at
exactly the transition energy. The CAM weights show a low contribution at other atoms, which is
insignificant. The third peak belongs to the s æ fiú transition on the amide group at the other
end of the molecules, which is likewise highlighted by the local CAM. The total CAM overlays
both transitions, and likewise does the ground truth of the contributing core (red) and virtual
(blue) orbitals highlight the two C atoms or multiple bonds, respectively.

To further analyse the explainability of the best performing GNN model (i.e. GATv2), we
performed TDDFT calculation of local atom XAS spectra of individual carbon atoms of a sample
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Figure 4.5: Exploring the correlation between CAM attributions of atoms and transition densities of
a peak in XAS spectrum. CAM attributions (green) and transition densities of three excitation states
are visualised for a sample molecule in the test dataset in the bottom part of the figure. The transition
densities highlight the starting C core orbital, which is encircled for better visibility), in the bottom,
and above the virtual orbital on the cyanide group for the two lower-energy peaks and the amide group
for the third peak. The overlay of the three transition densities for the core (red) and the virtual (blue)
states are shown on the left side of the close-up spectrum, while on the right side, the CAM of the
entire peak is shown.
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molecule in the test dataset with the CAM attribution weights assigned to these carbon atoms for
which the comparison is displayed in Figure 4.6. The CAM attribution weights, which are X-ray
photon energy dependent and hence appear as spectra in themselves, exhibit a reasonably accurate
alignment with the main features of localized XAS spectra, although they do not entirely replicate
all the peaks. In particular, CAM attribution weights of the carbon C1 (shown in Figure 4.6)

Figure 4.6: TDDFT(black) and GATv2(red) predicted C K edge XAS spectra for an entire sample
molecule shown (a). Calculated local XAS spectra (black) and CAM attribution weights(multiple
colours) of individual carbon atoms in the molecule (b).

next to the hydroxy group appear to show discrepancies, which can be due to the attribution
technique or weaknesses in the model’s explainability concerning this specific atom. Although
training a GNN model using localized XAS spectra to predict the spectra of individual carbon
atoms is achievable and could potentially enhance the alignment between TDDFT and ML in
terms of spectral shape and CAM attribution, generating a dataset with atom-localized spectra
through various methods require more computational resources. CAM attributions of atoms from
a complete molecular spectrum can provide an opportunity for creating a dataset of localised
spectra based on arbitrary XAS methods. Moreover, since the ultimate goal is to compare the
predicted XAS to experimental spectra, training a model based on entire XAS spectra in certain
energy ranges is more favorable.

With this rationalization, the next step is to evaluate the attribution quality over the entire
dataset. Figure 4.7 shows box plots of the attribution AUC for core and virtual orbitals of the three
GNNs evaluated over the full test dataset. As seen from the figure, the GCN model gives an average
attribution AUC close to 0.5, which means the model barely outperforms a random classifier. This
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combination of good spectra predictions on the test data, as shown in Figure 4.3, and low average
attribution AUC value by the GCN model is in line with a previous study, suggesting that the
combination of near-perfect model performance and low attribution AUC indicates that the model
fails to learn the ground truth logic [173]. In contrast to this, the GNN models with multi-head
GATv2 and GraphNet layers have a superior agreement with our developed ground truth logic, with
median values greater than 0.7 for both virtual and core orbitals. As a general trend, it is shown
that the spread of core AUC values is lower across all models, while the AUC values for virtual
orbitals are more widely spread out, as indicated by the high variances in the figure. Nevertheless,
it should be noted, that within the presented approach it is not possible to learn to distinguish
between the more localized core orbitals and the more delocalized virtual orbitals, which could be
useful information for the model to be included. Models that have higher attribution AUC values

Figure 4.7: Attribution AUC score boxplots for the core and virtual orbitals of the three GNN models.
The vertical line within the box indicates the median AUC value on the test data, while the length of
the horizontal lines indicates the variance in AUC values for each model. Points beyond this range are
considered outliers.

for core and virtual orbitals, i.e. GraphNet and GATv2, demonstrate a greater ability to learn the
contribution of atoms to the excitation energies of the XAS spectrum. GraphNet models associate
and encode global graph context in addition to the message-passing on node and edge level, and
this perhaps positively influences CAM attributions giving them information beyond the local
environment. For XAS analysis, the peaks in the spectra are strongly influenced by the local atomic
arrangement and electronic configurations of the atoms [262, 263]. GraphNet models can e�ectively
capture these complex relationships between atomic coordination and specific excitation states
in the XAS spectrum by considering the interconnectedness of nodes and the overall structure of
the molecular graph. It is expected that using multi-head GATv2 and GraphNet architectures as
GNNs for learning XAS spectra aligns with the essential understanding of the delocalized nature
of molecular orbitals, which is crucial for accurate XAS prediction. Vaswani, Shazeer, Parmar,
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Uszkoreit, Jones, Gomez, Kaiser, and Polosukhin [162] have shown previously that multi-head
attention in multi-head GATv2 model can improve the performance of models by enabling them
to attend to di�erent parts of the input molecular graph simultaneously. Wiegre�e and Pinter
[264] have additionally shown that models that use the attention mechanism can provide better
interpretability compared to non-attention frameworks, since they allow the visualization of which
parts of the input are being emphasized by each head, making it easier to understand how the
model is making predictions.

Thus, when it comes to XAS analysis, it can be inferred that the attention framework, which
dynamically assigns importance weights to nodes surrounding a target node, yields superior
attribution values compared to the static node-weighting scheme employed by the GCN framework.
Moreover, combinatorial generalization in GraphNets, which enhances their ability to generalize
and perform well on new, unseen graph structures and tasks, is crucial for their applicability to
XAS predictions in diverse molecular structures. On the other hand, robustness and generalization
in GraphNet models, which incorporate relational inductive biases, have achieved improvement
compared to traditional GNNs such as GCNs, over a range of graph classification and regression
tasks [265, 266, 267]. Relational inductive biases in GraphNet models are assumptions about
the relationships between entities in a graph that guide the learning process. These biases help
GraphNet models to learn e�ective representations of graph-structured data and to generalize well
to unseen data.

4.9 Robustness of the explainability

Having shown that CAM attributions allow the explanation of the individual peaks in predicted
XAS, the next task is to determine how robust this explainability is with respect to the prediction
accuracy itself and to the changes in the dataset. To address the influence of prediction quality on
interpretability, the variation of attribution AUC scores across di�erent RSE values for the three
GNN models are explored. This is performed for each model by first subdividing the molecules of
the test dataset into ten evenly-large groups based on their RSE values. For these RSE deciles
the average attribution AUC scores are computed and plotted in Figure 4.8 for both the virtual
(a) and the core (b) orbitals. For the multi-head GATv2 (red line) and the GraphNet (green line)
models, the attribution AUC scores decline with increasing RSE values. The GATv2 sets on at
the overall largest AUC of 0.83 (0.70) for the virtual (core) orbitals and then drops slightly below
the GraphNet prediction to a value of about 0.6 (for both models). With the understanding that
a larger counter of the RSE decile means a poorer prediction of the XAS spectrum, it becomes
apparent that large AUC values are obtained when the overall spectrum prediction itself is reliable
as well. Aligning this observation with the broader knowledge of quantum chemistry, we can
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infer that if ML predicts the spectrum more accurately, its understanding of orbital contributions
improves correspondingly. In contrast, the GCN model’s average attribution AUC exhibits no
variation across RSE deciles, staying close to the random baseline value of 0.5. This suggests
that the model has a similar level of understanding of the ground truth for both strong and weak
performances at XAS prediction, which is consistent with the attribution AUC scores of the GCN
model shown in the last section.

Figure 4.8: Variation of attribution AUC values for virtual (a) and core (b) orbitals with RSE decile
values for three GNN models GraphNet (green triangles), GATv2 (red squares), and GCN (blue points).

The robustness of model predictions (and explainability) usually decreases when there are
biases in the training dataset that the model erroneously learns [173]. The QM9 dataset is only a
small representation of the vast chemical space of organic molecules, and as such is biased towards
molecules with certain functional groups. Furthermore, choosing a random subset of structures
from this dataset means that the resulting structures in the smaller QM9-XAS dataset could also
be further biased toward one or several types of functional groups. To identify whether such biases
are learned by the model, one approach is to analyze the attributions of the model’s predictions
and inspect whether CAM attributions are allocated to incorrect features of the input [268]. In
this case, the robustness of model predictions is tested by looking at how the model performance
varies for predictions across similar chemical environments. The simplest way of doing so is by
perturbing the chemical space around a molecule, e.g. by adding one or several functional groups
at di�erent places. The impact of the addition of one methyl group was investigated on randomly
selected molecules from the test dataset on both the attribution AUC and the RSE value obtained
with the GNN models. For these novel 40 perturbed structures, XAS spectra were calculated as a
reference for RSE determination using the same TDDFT method as above. Adding a methyl group
at di�erent positions in a molecule leads to changes in the TDDFT spectrum, as well as in the ML
predictions as illustrated in the three right panels of Figure 4.9. The three GNN architectures
respond di�erently to this change and give vastly varying predictions of the new spectrum as
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indicated by their increased RSE values as well. Overall the ML spectra deviate significantly from
the TDDFT spectra. This di�erence in predictions across all molecules is summarised in the left
panel of Figure 4.9 which illustrates the change in the RSE performance of the models for the 40
selected structures before and after perturbation. The RSE distributions of the unperturbed set
of molecules have slightly di�erent shapes for the di�erent models, but all give mostly the same
average RSE value of approximately 0.03. With the perturbation, the RSE of the GCN and the
GATv2 both shift to an RSE average of 0.18, while the GraphNet model gives about 0.13. The
altered RSE distributions of the perturbations of these structures clearly indicate a decrease in
model performance for perturbed molecules, with the GraphNet model demonstrating superior
performance compared to the others. This di�erence indicates that the GraphNet model can
generalize better to chemical environments that are rarely encountered in the dataset and are less
susceptible to biases.

The changes in RSE are significant, even for the GraphNet model. This change can be
attributed to the fact that when a methyl group is included and replaces a hydrogen atom, the size
of the molecule increases. The largest molecules within the original QM9-XAS dataset consist of a
maximum of nine heavy atoms (C, N, O, F), while the perturbed structures, on average, contain
more than nine heavy atoms. This increase in molecular size potentially represents outliers to the
trained model thereby leading to a decline in performance when predicting spectra.

Previous studies have demonstrated[173, 170] that when a model fails to learn the ground-truth
logic, it can result in misplaced attributions and the misclassification of atoms within the molecule
after perturbations. We therefore now look at how attribution AUC changes for the spectra of the
perturbed structures when compared to the AUC values of the original molecules. Figure 4.10 shows
the �-attribution AUC across all the models for the perturbed structures, where �-attribution
AUC is the percentage-di�erence in the attributions of the 40 perturbed structures compared to
the AUC values of the unperturbed molecules. While the multi-head GATv2 model shows a 30%
decline in the attribution AUC of core orbitals after perturbation, GCN and GraphNet models
experience over 40% change. In the case of virtual orbitals, GraphNet and multi-head GATv2
models decrease by 25% and 30% respectively, while the GCN model shows a 35% drop. The drop
in relative attributions uniformly across all the models aligns with the increase in RSE values for
these molecules, discussed in Figure 4.9. Such large changes in both core and virtual orbitals in all
GNN models can originate from the e�ects of changes in both local and global molecular features
on the spectrum after perturbations which results in changes in atomic contributions to the peaks
in the spectrum. Hence, while the local environment of an atom, which refers to the atoms in close
proximity to the absorbing atom, strongly a�ects the spectral features in the XAS spectrum, the
global environment of that atom and changes caused by perturbations can also play a significant
role in determining the electronic structure and thus the final XAS spectrum. This is also in line
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Figure 4.9: The impact of a perturbation through the replacement of functional groups. The left
side of each row displays alterations in the RSE distribution for all GNN models when predicting the
spectra for unperturbed structures selected from the dataset (blue) and the perturbations of these
structures (orange). Additionally, XAS spectra for di�erent exemplary perturbations are shown (right),
where a methyl group (highlighted in the grey circle) is added at di�erent positions. The changed
TDDFT spectra are shown in black, and their ML predictions are in red.

Figure 4.10: Attribution accuracy measured after perturbing random structures. (a) One specific
molecular example to demonstrate the addition of ≠CH

3
group as perturbation along with the change

of AUC values according to the GraphNet model. (b) �-AUC plots for the perturbed set of test
molecules across the three GNNs.
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with previous research which showed that the presence of long-range interactions between atoms,
as well as the coordination number, chemical nature, and distance of these neighboring atoms,
can have strong influences on the spectral features, such as the position and width of the XAS
peaks [269, 236]. These findings demonstrate the importance of incorporating the local and global
environment of nodes while learning structure-property relationships using GNNs [270].

In addition, we examine whether the GNN model with best performance (i.e. GATv2) mimics
the changes expected with structural distortions. To obtain distorted molecules, we choose a
distortion parameter ‡ œ {0.02, 0.05, 0.1} Å to perturb randomly the atomic coordinates, i.e.
in x-, y- and z-direction, in the respective molecule [271]. Figure 4.11 demonstrates how the
TDDFT calculation and model’s prediction change with respect to di�erent distortion values. Upon

Figure 4.11: Evaluating the performance of the GATv2 model with structural distortions. The
predicted spectra show that the model can learn the changes for larger distortions (i.e. 0.1 Å).

distortion of already only 0.02 Å, the TDDFT spectra change mostly in peak intensities and slightly
in peak positions. These changes become more pronounced for a stronger distortion. The model’s
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prediction of small distortions looks similar to the undistorted one, i.e. predicting the general
features of the spectrum which, however, results in an increasing RSE with increasing distortion.
For the largest distortion of 0.1 Å, the models mimics more closely the changes of the TD-DFT
spectra while the RSE values increase again. Such changes in XAS spectra prediction suggest
that the representation of small molecular conformation changes would require more structural
information in node and edge feature vectors beyond bond lengths. This could be the atomic
pairwise distances, dihedral angles, etc. Additionally, training on datasets obtained with canonical
ensemble at certain temperature, similar to approaches discussed in chapter 3, can perhaps include
rich information about the representative conformers to enhance the robustness of the model to
such changes in the conformation.

4.10 Conclusion and Discussion

The aim of this chapter is to assist in the interpretation of peaks in X-ray absorption spectra
(XAS) using a black-box machine learning (ML) model, i.e. Graph Neural Networks (GNNs), as
opposed to obtaining such information from purely conventional quantum chemical calculations.
Yet, the underlying ground truth is based on the latter. In order to achieve this, the explainability
technique is implemented on various architectures of GNNs trained on a custom-developed carbon
K-edge XAS dataset of 56,000 small organic molecules, denoted as QM9-XAS which is a subset of
the original QM9 dataset.

The main di�culty in explaining properties with GNN models, as complex as the physical
origin of peaks in XAS spectra already is, is the inherent lack of knowledge about the internal
mechanisms of the model and how to correlate the properties of the model with the knowledge
gained from quantum chemical calculations. In this chapter, an approach was introduced that
reflects a chemist’s understanding of the XAS phenomenon as electronic excitations originating from
individual atoms, which treats the underlying excitations of XAS peaks as a linear combination
of core-to-valence orbital transitions and calculates the individual atom’s contribution to the
participating core and valence orbitals. This produces atom labels denoting whether a particular
atom contributes to an XAS peak within a specified energy range, allowing the acquisition of the
chemical ground truth and assessment of the extent to which an ML model comprehends the XAS
spectra.

The rationale behind peaks observed in ML-predicted XAS spectra is unraveled via the so-called
class activation map (CAM) attributions, highlighting the importance of individual nodes (atoms)
in a molecular graph to the target signal of the spectrum. For a quantitative assessment of the
graph attributions, the true and false positive rates of CAM attributions were characterised by
calculating the area under the curve of the receiver operating characteristic (AUC-ROC), which
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is e�ectively a measure of how well the node attributions match the atomic contributions from
the ground truth. Through this comparison between the chemical ground truth, i.e. here the
core-to-valence orbital transitions, and CAM attributions, it is shown that while it is important to
consider the overall performance of the GNN model in accurately predicting XAS features, the
degree of explainability of the di�erent architectures of GNN models di�erentiates them. It is
found that GNN models such as GraphNet and multi-head GAT layers, which are in principle able
to capture both the local and the more global chemical environment of an atom in a molecule, not
only perform well in their spectra predictions but the explanations obtained from these models are
also consistent with the quantum chemical interpretation of XAS.

To examine model robustness, a methyl group is added as a perturbation to a random set of
molecules of the test dataset of QM9-XAS. A decrease in performance is observed for all GNN
models, with the GraphNet model showing the least decrease in performance, as assessed by the
increase in Relative Spectral Error (RSE). Perhaps the di�erences in the learning mechanisms
between the three GNN architectures used have a significant impact on the changes in the RSE
distribution and AUC attributions. The observed changes in attribution AUC highlight the
importance of integrating explainability into GNN models instead of relying only on the prediction
accuracy obtained on a test dataset to evaluate the performance of a model.

In conclusion, the approach presented here provides a recipe for incorporating explainability
into GNN models using custom-generated data which provides insight into the physical origin
of spectroscopic predictions. Although the GNN models in this work are trained to predict the
entire XAS spectrum, the model’s attributions provide an opportunity to obtain some insights into
local XAS spectra i.e. for individual carbon atoms, with cost-e�ective computational resources.
While our framework was demonstrated for carbon K-edge XAS prediction, the approach can
be easily extended to other energy regimes, such as nitrogen and oxygen edges of molecules and
metal complexes, or even other spectroscopic techniques. Further, since this approach relies on
theoretical data obtained from quantum chemical calculations, it can also be used to obtain ground
truth data for models trained on experimental data.

Direct comparison of predictions made in this approach to experimental spectra is challenging
due to several factors influencing the experimental observations including solvent e�ects,
experimental conditions like temperature and pressure, and structure-determining factors such
as coexistence of multiple meta-stable conformers contributing to the experimental spectra.
Incorporating these e�ects is often not so trivial using the existing theoretical approaches, and
thus corrections to theoretical spectra are necessary, often done on a case-by-case basis, depending
on the molecular system and its environment. Considering the configurational phase space of
the molecule in dataset generation for training the model is one of the ways one can improve the
discrepancy between a model’s prediction and experimental spectra. For large molecular structures
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such as proteins and nano-particles, computation of spectra at ab initio level of theory is often
a challenge, although their XAS spectra can give insights into their di�erent local environments.
While traditionally these have been tackled by the use of fingerprints determined on an ad-hoc basis,
we believe that the development of more sophisticated and e�cient machine learning frameworks,
while maintaining explainability, o�ers a promising avenue for predicting spectra at low costs, as
well as getting insights into local molecular environments.
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High-throughput investigations of biomolecules’ structure and their spectra prediction in gas
phase have become essential components for comprehending the underlying biological processes
of these systems. These investigations can be accelerated through the implementation of novel
machine learning techniques.

The emergence of enhanced sampling techniques in molecular dynamics, coupled with
unsupervised machine learning (ML) techniques, has made it possible to overcome the computational
expenses associated with thoroughly investigating the intricate conformational space of biomolecules.
Such investigations would otherwise be infeasible with expensive ab initio calculations. In particular,
the approach presented in chapter 3 can provide experimentalist a fundamental starting point to
take into account the macroscopic ensemble in which multiple conformers separated by low-energy
barriers contribute to experimental observations at finite temperatures.

Implementing supervised ML such as graph neural networks (GNN) represents a key milestone
in the roadmap toward predicting biomolecule’s spectrocopic properties including X-ray absorption
spectroscopy (XAS) and potentially infrared (IR) spectroscopy. Nevertheless, explaining properties
as complex as the physical origin of XAS peaks predicted by GNN models benefits heavily the
application of explainability techniques on these black-box models. This enables to shed light on
the correlation of the model’s predictions with the knowledge obtained from ab initio calculations.

In this thesis, we have introduced an approach to consider the realistic representation of canonical
ensemble to reproduce and interpret experimental infrared (IR) spectrum of a peptide in gas phase
using a combination of replica-exchange molecular dynamics simulations (REMD), unsupervised
ML, and ab initio calculations. In gas-phase experiments conducted at room temperature, we
demonstrate that considering the coexistence of recurring molecular conformations, including
both stable and metastable states, along with the relative importance of each conformer can
significantly improve the discrepancies between theoretical predictions and experimental results.
Therefore, using the weighting factors calculated from relative populations of clusters, obtained by
Probabilistic Analysis of Molecular Motifs (PAMM) technique, for averaging the calculated IR
spectra of these recurring molecular conformations is a reasonable approach to capture the main
features of the vibrational spectra. Enhancing the agreement between theory and experiment can
be achieved by unraveling the non-Gaussian features present in the potential energy surface. This
approach aids in explaining the IR fingerprints that are correlated with changes in the backbone
conformation and H-bonding patterns.

Harmonic frequency calculations employed in this approach neglects the local anharmonic
contributions from representative conformer of each energy basin in the conformational space.
However, sampling the conformational space with REMD and decomposing the clusters containing
similar conformations into even smaller subensemble, implicitly account for some of the
anharmonicity.

Investigating the potential energy surface of biomolecules and considering it in interpretation of
experimental observations is an active field of research, with strong e�ort to include more advance
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enhanced sampling methods with novel ML techniques to this process. To further extend this
study, the next step could involve exploring the canonical ensemble of the biomolecule under
investigation to interpret more complex experiments at room temperature such as near-edge X-ray
absorption mass spectrometry in the gas phase. Additionally, the approach presented here serves
as an excellent starting point for extracting recurring molecular motifs from the conformational
space and use these motifs to conduct costly ab initio calculations for generating a dataset suitable
for supervised machine learning.

Furthermore, we have developed a supervised ML technique using Graph Neural Networks
(GNNs) to predict X-ray absorption spectrum (XAS). As the explainability of these model’s
predictions remains a challenge, we introduced a framework to have a rigorous understanding
of the predicted XAS generated by such ML models. This framework performs an in-depth
investigation of the respective black-box ML model, here based on di�erent architectures of GNN
on custom-generated XAS dataset for small organic molecules. The result of the analysis shows that
a thorough analysis of the di�erent ML models with respect to the local and global environments
of atoms considered in each ML model, is essential for the selection of an appropriate ML model
which allows a robust XAS prediction. Furthermore, feature attribution is shown as a promising
candidate to determine the respective contributions of various atoms in the molecules to the peaks
observed in the XAS spectrum. This study demonstrate that it is possible to relate the atomic
contributions via these orbitals to the XAS spectrum, by comparing this peak assignment to the
core and virtual orbitals from the quantum chemical calculations underlying our dataset.

To summarise, the methods presented in this thesis o�er a pathway to tackle the challenges
associated with comprehending the behavior of biomolecules in the gas phase. They achieve a
balance between costly ab initio calculations and the lower computational expenses of molecular
dynamics by integrating both supervised and unsupervised machine learning techniques. Although
the methods developed in this thesis were applied to small molecules, they can be extended to
larger molecular structures like proteins and nanoparticles to reveal intricate structure-property
relationships and identify metastable configurations that are crucial for comprehending and
predicting the spectroscopic behavior of these systems.
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A
A.1 Harmonic approximation for IR spectra calculation

As mentioned in section 2.2.3.1 in chapter 2, the geometry optimisation is first performed using
DFT in order to calculate the harmonic approximation for IR spectra and obtain the vibrational
frequencies. The following details of harmonic approximation is written based on ref [113].
The molecule’s potential energy V (Q) is a many-parameter function of its atomic coordinates,
represented as the vector Q = {q1, q2, . . . , q3N≠Ninv } where 3N is the total number of degrees of
freedom and N is the number of atoms. Ninv represents the translational and rotational degrees of
freedom which are set apart from the vibrational degrees of freedom (vibrational modes). Geometry
optimisation is then a purely mathematical optimisation problem of finding Q that minimizes
V (Q). For a stationary point on the PES, the energy gradient which is the derivative of the energy
with respect to all atomic coordinates ˆV

ˆqi
, is zero. In case of a polyatomic oscillator, the vibrational

Hamiltonian can be written as,

H = ≠1
2

ÿ

i

1
mi

ˆ2

ˆq2
i

+ 1
2
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i

miÊ
2
0iq

2
i +

ÿ

iÆjÆk

kijkqiqjqk +
ÿ
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kijklqiqjqkql + · · · (A.1)

where mi is the reduced mass of the i-th normal mode and Ê0i is the corresponding harmonic
frequency which is given as,

Ê0i =
Û

ki

mi

(A.2)

where ki is the harmonic force constant. The third and higher terms in the expansion describe the
anharmonic contributions to the vibrational Hamiltonian via the associated cubic and quartic force
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constants, kijk and kijkl, respectively. Taking into account anharmonic contributions increases the
complexity of obtaining vibrational frequencies. However, the contributions from the anharmonic
terms in equation A.1 is relatively low for a number of molecular vibrations and hence harmonic
approximation is constructed. Based on this approximation, no coupling between modes is
permitted. Therefore, kijk, kijkl, and higher-order constants are set to zero. In other words, the
normal vibrations of harmonic oscillator are entirely independent [113]. As the next step, the
potential energy in the vicinity of the equilibrium is approximated as a Taylor series,

V (Q) = V0(Q) + �QT · g(Q) + 1
2�QT H�Q + · · · (A.3)

with the higher terms in the expansion being neglected. At a stationary point on the PES (minima
and transition states), the gradient g(Q) and hence the second term of equation A.3 is equal to zero.
This results in a quadratic function as the approximation of the potential which corresponds to a
harmonic potential. The mass-weighted second-derivative matrix of the potential, or mass-weighted
Hessian matrix H is introduced, which elements are written as,

Hmw

i,j = 1
Ô

mimj

ˆ2V (Q)
ˆqiˆqj

. (A.4)

Diagonalization of the mass-weighted Hessian matrix yields a matrix with 3N ≠ Ninv columns
which consists of orthonormal eigenvectors describing the vibrational motion of the system within
the harmonic approximation, the so-called mass-weighted normal modes. The 3N ≠ Ninv diagonal
elements of the eigenvalue matrix h are proportional to the square frequency of the associated
normal mode.

h = UT HU (A.5)

A.2 Linear-response time-dependent density functional theory

In linear-response TDDFT, the external perturbation is small enough that the system’s response
can be described in terms of linear response functions. All the properties of DFT can be used to
calculate the ground-state density of the system. The linear response function is then constructed
from the ground-state density and the exchange-correlation functional used in TDDFT.

A system of N electrons with coordinates r = (r1 . . . rN ) is known to obey the time-dependent
Schrödinger equation;

i ˆ

ˆt
�(r, t) = Ĥ(r, t)�(r, t), (A.6)

|�(r, t)|2 is interpreted as the probability of finding the electrons in positions r. The Hamiltonian
can be written in the form;

T̂ (r) + Ŵ (r) + V̂ ext(r, t). (A.7)
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A.2 Linear-response time-dependent density functional theory

in which the kinetic energy of the electrons is written as;

T̂ (r) = ≠1
2

Nÿ

i=1
Ò2

i , (A.8)

Ŵ accounts for the Coulomb repulsion between electrons;

Ŵ (r) = ≠1
2

Nÿ

i,j=1(i”=j)

1
|ri ≠ rj | . (A.9)

V̂ ext(r, t) represents the influence of a generic, time-dependent potential on the electrons.
Full solutions to the time-dependent Kohn-Sham (KS) equation can be expensive to calculate for

even medium-sized systems. Linear response of the system is considered as the first approximation
to the full solution to alleviate this cost. It has been shown that linear response can also produce
exact excitation energies in the limit of the exact exchange-correlation kernel [272]. The linear
response can be calculated using the perturbation theory. Following the work of [273] and according
to [274], this can be shown as follows. Response of the system to a small perturbation ‚(r, t) can
be written as a Taylor series;

fl(r, t) ≠ fl0(r, t) = fl1(r, t) + fl2(r, t) + fl3(r, t) + · · · (A.10)

where the subscripts indicate the order of the external perturbation and fl0(r, t) is the ground-state
density of the unperturbed system. The first order response can then be written as;

fl1(r, t) =
⁄⁄

‰
!
r, t, rÕ, t

"
v1

!
rÕ, t

"
d3rÕdt (A.11)

where ‰ is the density response of the interacting system;

‰
!
r, t, rÕ, tÕ" = ”fl [vext] (r, t)

”vext (rÕ, t)

----
v0

. (A.12)

The time-dependent KS equation has the form of;

i
ˆÏj(r, t)

ˆt
=

C

≠Ò2

2 + vKS[n](r, t)
D

Ïj(r, t) (A.13)

in which n(r, t) is the density of both the fictitious system and the physical system and is written
as;

n(r, t) =
Nÿ

j=1
|Ïj(r, t)|2 . (A.14)

The one-to-one mapping between densities and potentials guarantees a unique local e�ective
potential vKS[fl](r, t) for the non-interacting system which generates the same density as the
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interacting system [275]. Therefore, the potential vKS(r, t) is uniquely determined from this density
and it can be defined as;

vKS = vext(r, t) + vH(r, t) + fXc(r, t). (A.15)

vH(r, t) is the time-dependent Hartree potential;

vH[fl](r, t) =
⁄

fl (rÕ, t)
|r ≠ rÕ| (A.16)

And fXc(r, t) is the exchange-correlation kernel. The exchange-correlation kernel is unknown
(similar to the exchange-correlation potential in ground state DFT) and the TDDFT equation will
yield exact results in the limit that the exchange-correlation kernel becomes exactly known. By
applying the chain rule for the functional;

‰
!
r, t, rÕ, tÕ" =

⁄⁄
”fl(r, t)

”vKS(y, ·)
”vKS(y, ·)
”vext (rÕ, tÕ)

----
v0

d3yd·. (A.17)

As the next step, we take the functional derivative of equation A.15 with respect to the external
potential;

”vKS(r, t)
”vext (rÕ, tÕ) = ”

!
r ≠ rÕ" ”

!
t ≠ tÕ" +

⁄⁄ 3
”(t ≠ ·)
|r ≠ y| + ”vxc(r, t)

”fl(y, ·)

4
”fl(y, ·)

”vext (rÕ, tÕ)d3yd· (A.18)

inserting equation A.18 into equation A.17 gives;

‰
!
r, t, rÕ, tÕ" = ‰KS

!
r, t, rÕ, tÕ" +

⁄
d3y

⁄
d·

⁄
d3yÕ

⁄
d· Õ‰KS

!
r, t, rÕ, tÕ"

◊
3

” (· ≠ · Õ)
|y ≠ yÕ| + fxc [fl0]

!
y, ·, yÕ, · Õ"

4
‰

!
yÕ, · Õ, rÕ, tÕ"

(A.19)

in which ‰KS (r, t, rÕ, tÕ) is the Kohn-Sham response function;

‰KS
!
r, t, rÕ, t

"
:= ”fl [vKS] (r, t)

”vKS (rÕ, tÕ)

----
vKS[fl0]

(A.20)

and fxc [fl0] (r, t, rÕ, tÕ) is the exchange-correlation kernel;

fxc [fl0]
!
r, t, rÕ, tÕ" := ”vxc[fl](r, t)

”fl (rÕ, tÕ)

----
fl0

(A.21)

Equation A.19 relates the fictitious non-interacting system to the physically relevant interacting
system and it is the key equation in TDDFT theory. By inserting equation A.19 into equation A.11,
the linear response of the density can be written as;

fl1(r, t) =
⁄⁄

‰KS
!
r, t, rÕ, t

$4
vKS,1

!
rÕ, t

"
d3rÕdtÕ (A.22)
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A.2 Linear-response time-dependent density functional theory

where the e�ective potential is;

vKS,1
!
rÕ, t

"
= v1(r, t) +

⁄
fl1 (rÕ, t)
|r ≠ rÕ| d3rÕ +

⁄⁄
fxc [fl0]

!
r, t, rÕ, tÕ" fl1(r; , t)d3rÕdtÕ (A.23)

and it holds the external perturbation v1(r, t), the Hartree Coulomb potential and the unknown
exchange-correlation potential. To this point, all equations were considered in real-space. For
calculating properties such as polarizabilities or excitation energies, the same equations should be
considered in frequency space. Therefore, a Fourier transform of equations A.22 and A.23 must be
performed for transition into frequency space. The frequency-dependent linear response equation
can be written as;

fl1(r, Ê) =
⁄

‰KS(r, y; Ê)v1(y, Ê)d3y

+
⁄⁄

‰KS(r, y; Ê)
3 1

|y ≠ yÕ| + fxc [fl0]
!
y, yÕ; Ê

"4
fl1

!
yÕ, Ê

"
d3yd3yÕ

(A.24)

the frequency-dependent Kohn-Sham response function ‰KS can also be expressed in terms of its
sum over states, which is

‰KS
!
r, rÕ; Ê

"
=

ÿ

j,k

(fk ≠ fj) Âj(r)Âú
k
(r)Âú

k
(r)Âj (rÕ)

Ê ≠ (‘j ≠ ‘k) + i÷
(A.25)

in which fk is the occupation number of ground state Kohn-Sham orbital Âk(r) with orbital energy
‘k.

Equation A.25 can be transformed into a matrix representation according to the work of
Casida [276]. For this aim, the equation A.25 can be expanded as;

‰KS
!
r, rÕ; Ê

"
=

ÿ

j,k

(fk ≠ fj)
Âj(r)Âk (rÕ) Âú

k
(r)Âú

j
(rÕ)

Ê ≠ (‘j ≠ ‘k) + i÷

=
Nÿ

k=1

Œÿ

j=1

Âj(r)Âk (rÕ) Âú
k
(r)Âú

j
(rÕ)

Ê ≠ (‘j ≠ ‘k) ≠
Nÿ

k=1

Œÿ

j=1

Âk(r)Âj (rÕ) Âú
j
(r)Âú

k
(rÕ)

Ê + (‘j ≠ ‘k)

=
ÿ

i,a

3
Âa(r)Âi (rÕ) Âú

i
(r)Âú

a (rÕ)
Ê ≠ (‘a ≠ ‘i)

≠ Âi(r)Âa (rÕ) Âú
a(r)Âi (rÕ)

Ê + (‘a ≠ ‘i)

4

(A.26)

where the subscript i takes values 1 through N , representing the occupied orbitals, and a takes
values N + 1 through Œ, representing the virtual orbitals of a complete basis set. Let;

Pai(Ê) =
s

Âi (rÕ) Âú
a (rÕ) vKS,1 (rÕ, Ê) d3rÕ

Ê ≠ (‘a ≠ ‘i)
(A.27)

and;

Pia(Ê) =
s

Âa (rÕ) Âú
i

(rÕ) vKS,1 (rÕ, Ê) d3rÕ

≠ (Ê + (‘a ≠ ‘i))
(A.28)
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then the linear density response can be shown as;

fl1(r, Ê) =
ÿ

i,a

Âa(r)Âú
i (r)Pai(Ê) + Âi(r)Âú

a(r)Pia(Ê). (A.29)

A small rearrangement of equations A.27 and A.28 gives;

(Ê ≠ (‘a ≠ ‘i)) Pai(Ê) =
⁄

Âi

!
rÕ" Âú

a

!
rÕ" vKS,1

!
rÕ, Ê

"
d3rÕ (A.30)

and;
(Ê + (‘a ≠ ‘i)) Pia(Ê) = ≠

⁄
Âa

!
rÕ" Âú

i

!
rÕ" vKS,1

!
rÕ, Ê

"
d3rÕ. (A.31)

By writing the Hartree and exchange-correlation potentials as;

fHxc

!
r, rÕ, Ê

"
= 1

|r ≠ rÕ| + fxc

!
r, rÕ, Ê

"
(A.32)

the matrix elements vai(Ê) can be defined as;

vai(Ê) :=
⁄

Âi(r)v1(r, Ê)Âú
a(r)d3r (A.33)

and;
Kkl,mn(Ê) =

⁄⁄
Âk(r)Âú

l (r)fHxc

!
r, rÕ, Ê

"
Âm

!
rÕ" Âú

n

!
rÕ" d3rd3rÕ. (A.34)

These, along with the equations A.29 and A.30 gives the matrix form of the frequency dependent
linear response of the density as;

(Ê ≠ (‘a ≠ ‘i)) Pai(Ê) = vai(Ê) +
ÿ

j,b

(Pbj(Ê)Kai,bj(Ê) + Pjb(Ê)Kai,bj(Ê)) (A.35)

which is quivalent to;

ÿ

j,b

{[”ij”ab (‘a ≠ ‘i ≠ Ê) + Kai,bj(Ê)] Pbj(Ê) + Kai,bj(Ê)Pjb(Ê)} = ≠vai(Ê). (A.36)

Using equation A.31 instead of A.30 will give;

ÿ

j,b

{[”ij”ab (‘a ≠ ‘i + Ê) + Kai,jb(Ê)] Pjb(Ê) + Kai,bj(Ê)Pbj(Ê)} = ≠via(Ê). (A.37)

By defining;
Xjb(Ê) = Pjb(Ê) (A.38)

Yjb(Ê) = Pbj(Ê) (A.39)

Aia,jb(Ê) = ”ij”ab (‘a ≠ ‘i) + Kai,jb(Ê) (A.40)
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A.2 Linear-response time-dependent density functional theory

Bia,jb(Ê) = Kia,bj(Ê) (A.41)

Qia(Ê) = ≠vai(Ê) (A.42)

Ria(Ê) = ≠via(Ê) (A.43)

we can write a very compact notation of equations A.36 and A.37 in matrix form;
CA

A(Ê) B(Ê)
Bú(Ê) Aú(Ê)

B

≠ Ê

A
≠1 0
0 1

BD A
X(Ê)
Y (Ê)

B

=
A

Q(Ê)
R(Ê)

B

. (A.44)

The equation A.44 can be turned into a pseudo-eigenvalue problem if the orbitals are real valued
and fxc is independent of the incident frequency. To see this, we first take the sum and di�erence
respectively of each of the equations in A.44. Doing so gives;

(A + B)(Y + X)q = �q(Y ≠ X)q (A.45)

(A + B)(Y ≠ X)q = �q(Y + X)q (A.46)

where the q index indicates which eigenvector is being considered. Solving the equation A.46 and
putting that into equation A.45 gives;

(A ≠ B)(A + B)(X + Y )q = �2
q(X + Y )q (A.47)

the matrix (A ≠ B) has only positive values on its diagonal as it is positive definite. Therefore,
equation A.47 can be written as;

(A ≠ B)1/2(A + B)(A ≠ B)1/2(A ≠ B)≠1/2(X + Y )q = �2
q(A ≠ B)≠1/2(X + Y )q (A.48)

which is usually written as;
WFq = �qFq (A.49)

where;
Fq = (A ≠ B)≠1/2(X + Y )q (A.50)

W = (A ≠ B)1/2(A + B)(A ≠ B)1/2. (A.51)

As noted in the work of Casida [276], the eigenvalues of W are the squares of the excitation
energies.
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