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1 Introduction

Stochastic computing has several important applications in science and engineering such as artificial neural
networks [10], stochastic analysis of biological information [6], simulation of probabilistic processes and
their simulation [8], probabilistic reasoning [8], population behaviour with random walkers [16], stochastic
dynamic programming [13].

2 Stochastic Finite Automata

A finite state automaton is a model of computation consisting of a set of states, an input alphabet, an initial
state, a set of transition rules, (each of which mappingthe current state and the actual input symbol to the
next state), and a set of final states. The transitions rules may be given by a function or a relation, mapping
or relating the current state and the actual input symbol to the next state. In the first case, the automaton is
called deterministic and in the second, non-deterministic. A finite state automaton can decide whether an
input string is accepted or not. To this end, the finite state automaton performs a computation beginning
with the initial state reading the first symbol from the input string. The computation consists of a series
of transitions. In each transition, the next input symbol is read from the input string and the current state
is changed according to the transition rules to establish a new state. The computation terminates when the
automaton has read the last symbol from the input string. The automaton will accept the input string if it
terminates in an accepting final state. The language of the automaton is the set of all accepted input strings
over the input alphabet (Fig. 1). For each non-deterministic finite state automaton there exists a deterministic
finite state automaton such that both accept the same language. So non-deterministic finite state automata
are not more powerful than determinstic ones.

A finite state automaton is called stochastic if the transition rules are defined by transition probabilities
and initial and final states are defined by probability distributions. A stochastic finite state automaton A
consists of an input alphabet X, a finite state set .S, an initial probability distribution ¢, on state set S, i.e.,
> s qo(s) = 1, a conditional probability distribution P(- | a, s) on state set .S for each pair (a,s) € X' x S,
ie, > P(s' | a,s) = 1forall (a,s) € ¥ x S, and a final probability distribution ¢ on state set S, i.e.,
5>, a5(s) =1 (Fig. 2).

A stochastic finite automaton A can decide whether an input string is accepted or not. For this, A perform
a computation by reading the first symbol of the input string starting in the initial state s with probability

* Supported by CONACYT and DAAD.
** Supported by DFG Heisenberg Foundation



A) Finite automata B) Computation

S0-abba  (S0—>S1
b a b
(\ RN /) S1-hba (51as1
@ Sl-ha  (
/ v
Sl-a (10
(

Even number of a‘s S0 final state)

The input is accepted

Fig. 1. A two-state two-symbol finite automaton with input alphabet {a,b}. S is the initial and final state. Labeled arrows represent
transition rules. The automaton’s language is the set of all strings over {a, b} which contain an even number of a’s. The figure is
adapted from Benenson et al. [3].
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Fig. 2. A two-state two-symbol automaton with input alphabet {a,b}. So is the initial and final state, i.e., ¢(So) = qf(So) = 1
and go(S1) = ¢f(S1) = 0. Labeled arrows represent transition probabilities. The figure is adapted from Adar et al. [1].

qo(s). The computation consists of a series of iterations. In each iteration, the next input symbol a is read. If
Ais in state s with probability ¢, then with probability P(s’ | a, s) - ¢ it enters the state s’. The computation
terminates when A has read the last symbol from the input string.

Formally, the behaviour of A can be described by extending the transition probabilities so that for the empty

word e,
lifs=¢,
P |es)=4 2"
0ifs# s/,

and for each nonempty word @ = a ... a,41 over X and states s, s’ € S,
P(s' | ay...anane1,8) = ZP(S/ | ant1,8")P(s" | ay...an,s).

That is, in order to reach the state s’ from the state s by reading a, all intermediate states s” need to be
considered that can be reached from s when the substring a; ... a,, is read.

It follows that ¢ (s")P(s" | @, s)qo(s) is the probability that A reaches the final state s’ when it reads input
string a starting in the initial state s. For instance, in view of the parser in Fig. 2, the probability of the input
string ab is

£ (S0)P(So | ab, So)qo(So) =

= q£(50) [P(So | b S0)P(So | a,S0) + P(So | b, 51)P (51 | a,50)] g0(So)

=1.0-[0.6-0.8+0.3-0.2] - 1.0 = 0.54.



The term 3°, o q¢(s")P(s" | @, s)qo(s) is the probability of a in A, i.e., the probability that A enters the
final states when it reads a starting from the initial states.

A stochastic finite automaton A becomes a stochastic finite parser by taking into account a threshold value
A € [0, 1]. A stochastic finite parser A will accept an input string if the probability of being in the final states
exceeds the threshold value. More formally, the language L) (A) of A with given threshold value X is given
by all input strings whose probability in A exceeds A, i.e.,

Ly(A) ={a | qu(s’)P(s’ | a,s)qo(s) > \}.

8,8’

For instance, the language of the parser in Fig. 2 consists of all input strings a with probability P(Sg |
a,Sy) > Aas Sy is the only initial and final state (Fig. 3).

Fig. 3. A computation of the stochastic finite automaton A in Fig. 2. The string abab has the probability 0.44 in A. The figure is
adapted from Adar et al. [1].

3 The Sticker Stochastic Automata M odel

Our DNA model of stochastic finite state automata will extend our previous DNA model of finite state au-
tomata [11]. It is also composed of three parts: input data, software, and hardware. Our model differs from
Shapiro’s model in several respects. Firstly, in our DNA model, input data and software are encoded by
single stranded DNA (stickers). Secondly, the software does not contain any recognition site for restric-
tion enzymes. Thirdly, the hardware is composed of one enzyme (either Mung Bean or S1) different from
Shapiro’s hardware. Fourthly, symbols and states of the automaton are separately encoded.



3.1 Representation of Information

An input string is encoded by a single stranded DNA molecule which has the following form: initiator (5’-
terminus), alternating sequence of symbols and spacers beginning and ending with a spacer, and terminator
(3“-terminus). Initiator, terminator, spacers and all symbols of the automaton’s alphabet are encoded by
single stranded DNA sequences. Let Sy, ..., S, denote the states of the automaton. A spacer encodes the
states by a single stranded DNA sequence in which n equally spaced locations correspond to the states in a
predefined order (Fig. 4a).
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Fig.4. Schematic encoding of the automaton given in Fig. 1. (a) Encoding of the input string abba. (b) Encoding of the four
transition rules. (c) Encoding of initial state. (d) Encoding of accepting final state. (¢) Schematic representation of the double
stranded DNA molecule encoding the accepted input string abba.

The transition rules form the heart of the sticker automata model (Fig. 4b). A transition rule S current symbol

Shext 1S given by an oligonucleotide encoded by the Watson-Crick complementarity of the 3° Scurrent part
of the spacer, the symbol, and the 5° S, .« part of the spacer (Fig. 5).

An initial state oligonucleotide is encoded by the Watson-Crick complementarity of the initiator followed
by the 5* S part of the space corresponding to the initial state S (Fig. 4c). A final state oligo is encoded by
the Watson-Crick complementarity of the 3° S part of the spacer associated with the final state .S and the
terminator (Fig. 4d).

3.2 Operation of the Automaton

Our molecular automaton operates in three steps: Data pre-processing, computation, and output verification.

The data pre-processing consists of the annealing and linking of all single stranded DNA molecules which
are encodings of input data, transition rules, initial states, and accepting final states. The intended proba-
bilities of the transitions are realized by the relative molar concentrations of the molecules encoding the
transitions. Similarly, the intended probabilities of the initial and final states are implemented by the relative
molar concentrations of the corresponding oligonucleotides encoding the initial and final states, respectively.
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Fig. 5. Encoding of the eight possible transition rules of a two-state two-symbol automaton.

After pre-processing, we can distinguish between two kinds of input strings. Firstly, there are input strings
which are completely processed by the automaton and correspond to complete double stranded DNA molecules
as shown in Fig. 4e. Secondly, there are input strings which are not completely processed by the automaton
and correspond to partial double stranded DNA (Fig. 6).

The computation is carried out by either Mung Bean Nuclease or S1 Nuclease. While Mung Bean degrades
single stranded DNA with extremely low exonuclease activity, S1 nuclease degrades single-stranded nucleic
acids. Mung Bean Nuclease is preferable to S1 Nuclease for most applications because it has lower intrinsic
activity on duplex DNA [9]. Therefore, both enzymes can degrade the single stranded region of a non-
accepted input string. As a consecuence, only the complete double stranded DNA molecules corresponding
to completely processed input strings will remains intact after digestion.

Finally, the relative concentration of the DNA molecules corresponding to completely processed input
strings can be measured. In particular, for given threshold A, we need to measure the relative molar concen-
tration of the DNA molecules corresponding to the accepting and non-accepting input strings. This requires
a relation between the relative molar concentrations and the threshold value.

4 Discussion
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Fig. 6. Annealing cases for non-accepted input strings. There are three annealing cases leading to the rejection of an input string
(illustrated by the automaton in Fig. 1): (a) non-existing transition rule, (b) illegal transition rule: S0-b-S0 followed by S1-b-S1, (c)
non-accepting final state, and (d) illegal initial state.
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