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Abstract
The numerical investigation of cemented granular material (CGM) is a demand-
ing task that requires the combination of various scientific disciplines. At the
mesoscale, CGM is decomposed into the constituents of particles, cement matrix
and void pores. The combination of these constituents, as found in nature or
in civil infrastructure projects, creates a highly heterogeneous structure, whose
morphology defines the response of the CGM under mechanical loading. The
composite internal structure is quantified by means of x-ray Computed Tomog-
raphy, which provides 16-bit grayscale 3D images of the scanned microsamples.
These images are decomposed into the three constituent materials to be inves-
tigated and modeled. Still, the ability of simple Cartesian grids to adequately
carry information about curved geometries and provide accurate representa-
tions is questioned. In order to overcome staircase effect errors, the interfaces
of the material inclusions are smoothed and re-defined, making use of Gaussian
blurred signed distance fields (SDF). These level-set derived interfaces serve as
a reference for the volume reconstruction of the image via tetrahedra. The com-
parison of the raw and the smoothened images to analytical geometry Standards
suggests that the above reconstruction alleviates the grid’s inherited uncertaini-
ties. In addition, a comparison between a non smoothed and a smoothedmeshed
image is performed in terms ofmechanical response, utilizing the Finite Element
(FE)Method. The results suggest that even a slight change in the granular contact
fabric can alter the unfolding stress transmission mechanisms.

1 INTRODUCTION

The morphological and mechanical investigation of composites is a challenging field for scientists and engineers. During
the last decades, the structure of suchmaterials is quantified via approaches that combine nondestructive scanningmodal-
ities with three-dimensional image reconstruction algorithms, such as x-ray Computed Tomography [1]. In the specific
case of granular materials, the image processing and evaluation are not trivial, because of the randomness that character-
izes the shape and position of the incorporated particles. Due to the design of emission detectors, the reconstruction of
the images is done using a Cartesian grid (Figure 1A), which leads to geometrical inaccuracies, with impact on the actual
measurements made. One step beyond, such grid bias can be transmitted to an equivalent image based simulation.
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F IGURE 1 Image subdomain of cemented sand material: (A) voxel model, (B) tetrahedral mesh.

In this attempt, the transition from the typical Cartesian grid of the images to a tetrahedral mesh, as shown in Figure 1B
is presented and applied to a cylindrical subdomain of cemented sand material. The segmented image is transformed
into a continuous field that carries the phase interface information. Light blurring is applied to this continuous field to
achieve the smoothening and the new, debiased interfaces are extracted. This information serves as a reference for volume
reconstruction using tetrahedra and the final image outcome is verified by comparison to analytical geometry standards.
Ultimately, it is suggested that such transition grants greater objectivity to image measurements and aids image based
numerical modeling.

2 FROM VOXEL IMAGES TO EQUIVALENT SMOOTH CONTINUOUS FIELDS

The internal geometry of the scanned composite is related to the material phase boundaries. As displayed in Figures 1
(A,B), the current material configuration consists of three distinct interfaces between particles and matrix, particles and
surrounding void, cement and surrounding void. Despite the fact that such boundary is easily distinguishable and can
be derived via basic image analysis processes (signed distance field [SDF] [2, 3], gradient [4]), the grid representation of
the images carries biases. Specifically, uncertainty accumulates at positions of curved interfaces. Moreover, the cylindrical
boundaries of the domain are roughly captured. The staircase effect at the external boundaries provides visual evidence
of the weakness of a Cartesian grid to quantify curvature. Solutions for this problem are proposed for analytically defined
objects, like spheres [5], by introducing non-binary imaged shapes, whose edge surfaces partition the encountered voxels.
Nevertheless, in cases of arbitrary shaped objects, like sand particles, the imaged structures can be better handled by
altering the representation framework itself.
The piece-wise continuous three-dimensional segmented images are reconstructed by alternative geometrical entities;

tetrahedra, from now referred to as tet4. The choice of these geometrical entities is justified by their capacity to efficiently
discretize any arbitrary geometry in three dimensions [6], which is not the case for cuboidal voxels. The bias of the
Cartesian grid can be visually conceived as the staircase effect, which is evident even in high resolutions. In order
to derive the exact morphology of the scanned multiphased object, the signed distance field, from now on referred
to as SDF (Equation (1)), is individually applied to each label 𝑘 and its corresponding volume Ω𝑘 of the solid phases
(Figures 2A,C).

∀𝑘, 𝑆𝐷𝐹𝑘(𝒙) =

⎧
⎪
⎨
⎪
⎩

𝑑(𝒙, 𝜕Ω𝑘), if 𝒙 ∈ Ω𝑘

−𝑑(𝒙, 𝜕Ω𝑘), if 𝒙 ∉ Ω𝑘

(1)

where d represents the Euclidean distance.
In spite of being continuous, these fields inherit the staircase effect, as can be observed at the interfaces of the inclusions.

In order to smoothen these boundaries, a light Gaussian blur filter was applied (Figures 2B, D), which effectively tackles
the staircase effect and captures the information of edges angularity [7]. The extraction of the 3D envelope surfaces took
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F IGURE 2 Distance fields: (A) cement matrix (sharp), (B) cement matrix (smooth), (C) particles (sharp), (D) particles (smooth).

F IGURE 3 Three-dimensional object representations: (A) voxel image, (B) sharp tet4 image, (C) smooth tet4 image.

place by deriving the level-set function at the value of 0, as defined in Equation (2). Suchmagnitude corresponds exactly to
the boundary of the segmentedmaterial chosen, according to the definition of the SDF given before. The above processwas
realized by using the SDF generation, as implemented in the open source code software for practical analysis of materials
(SPAM) [8] and theMarching Cubes algorithm [9], adjusted to the value of zero, as implemented in the open source library
SciPy [10]. The output object is a very fine triangulated surface, which can be efficiently manipulated via the information
of its nodal positions and connectivity.

∀𝑘, 𝐿𝑆(𝑆𝐷𝐹𝑘) = {𝒙 | 𝑆𝐷𝐹𝑘(𝒙) = 0}, 𝒙 ∈ Ω (2)

3 TRANSITION TO TETRAHEDRALMESHES

After the smooth re-definition of the material inclusions, the envelope surfaces allow for the volume reconstruction of the
enclosed bulk. At a first step, a tet4 approximation of the volume is realized by using the open source library computational
geometry algorithm library (CGAL) [11], which produces an approximation of the solid material distinguished image
(Figure 3A) in the form of a tet4mesh (Figure 3B). This approximation is based on the sharp inclusion interfaces [12] and
is modified by an element optimization scheme [13], which improves the shape of the tet4, sometimes at the expense of the
precise morphological equivalence. In order to avoid this, the interface nodes of each material phase are projected onto
the corresponding smoothenedmaterial envelope surface, adjusting themesh to fit exactly the interfaces derived from the
blurred distance fields. Ultimately, the process produces a smooth tet4 image (Figure 3C).
Apart from the alleviation of staircasedmaterial boundaries, the transition from a Cartesian grid to a tet4 adaptivemesh

offers objectivity in volume representation. Vertical slices extending from the center of the image to the cylinder edgeswere
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F IGURE 4 Vertical slices area: (A) voxel image, (B) tetrahedral image.

studied at different angles. For each of these slices, the total area and the area of the constituent phases were computed via
basic pixel counting (Figure 4A). It is shown that for the grid aligned directions of 0, 90, 180 and 270 degrees, the surface
area of the slices agrees well with the theoretical surface area. On the other hand, the surface of the slice decreases in any
other direction, reaching local minima at the inclinations of 45, 135, 225 and 315 degrees. In contrast, the equivalent tet4
image shows quite better output by being closer to the theoretical slice surface at any direction (Figure 4B). It is worth
noticing that the bias affects the phase presence in a non analogous manner. It can be concluded that the amounts of
particle volume and cement mortar are not correlatable between the two volume representations on the 45, 135, 225 an 315
degrees oriented slices.

4 MECHANICAL SIMULATION OF IMAGE DERIVED TOPOLOGIES

The transition from voxel grids to tet4 meshes offers another convenient feature; the scanned object is represented in
a manner suitable for a Finite Element (FE) solver. In addition, the solving process becomes quite efficient, thanks to
tet4 elements. Numerical tests are performed in a FE framework using the commercial code Abaqus Standard [14], by
assigning the corresponding boundary conditions. Uniaxial compression tests are conducted, in order to evaluate the
capacity of linear elastic mesoscale simulation to capture unfolding mechanisms. Furthermore, a comparison between
sharp and smooth edged tetrahedral equivalents is made to estimate the influence of smoothening the simulation out-
put. In both domain versions, the numbers of nodes and elements are kept exactly the same. The visual inspection of
the sharp and smooth versions suggests a close match. The shape and size of the material inclusions seem to remain the
same. On the other hand, it can be noticed that the surface roughness is altered. The contact fabric is also slightly dif-
ferent in the two versions; the smooth representation presents more contact points and greater touching surface areas
(Figure 5).
In both cases, the load bearing mechanisms are in accordance with published numerical evidence in granular

micromechanics, which suggests the formation of intergranular transmission chains [15], but presents quantitative
differences between the sharp and the smooth versions. Intergranular load transmission is evident, which presents high
stress localization at the contact points. Considering shape and size, larger particles seem to attract greater magnitudes
of stress. Despite the size, a condition to contribute to the load arrangement relies on having contacts that are oriented
to the external loading direction. Furthermore, the cement matrix aids the load transfer by forming stress bridges in the
region in between close positioned grains. In a similar fashion, the distant contact area needs to be closely aligned to
the loading direction to be mobilized, this time with the help of the cement medium. Proceeding into the actual load
distribution through the bulk of the particle, bulbs are displayed, which have a quite close resemblance to the results
of experiments utilizing photoelasticity. Comparing the two versions, qualitatively and quantitatively, the following
conclusions can be drawn. First, staircase inherited roughness on the interfaces does not seem to alter the stress states
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F IGURE 5 Tetrahedral image domains: (A) sharp edged mesh, (B) smooth edged mesh, (C) phase cutline.

F IGURE 6 Intergranular stress transmission: (A) sharp edged mesh, (B) smooth edged mesh.

in the close neighborhood of these regions. Apart from the smooth particle shape, the smoothening does not seem to
change the magnitudes or the distribution of stresses close to the borders of the materials. It should be highlighted that
this conclusion refers to this specific case of externally loading an assembly of particles. Second, the smooth version
presents a slightly diverse prediction of the stress chain formation. This can be justified by the slightly diverse granular
contact network it presents. It is quite probable that the truth lies in between the two predictions. Still, what is important
to be highlighted by the evidence above is the significance of the contact network [16]. Even the lightest modification of
it can lead to quite a different stress distribution and thus to a different response (Figure 6).
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5 CONCLUSIONS

This work addresses the metrological and the numerical perspectives offered by the transition from voxel to tetrahedral
three-dimensional images. The grid framework of segmented images fails to display accurate information about curved
boundaries, due to the inability of cuboids to efficiently approximate arbitrarily shaped objects. Such representation can
cause the following issue; at non Cartesian aligned directions, there seems shape distortion to happen, which does not
allow the local volume measurements and investigations.
The segmented image was decomposed into the constituent materials of the cement matrix and the particle assembly.

Each component was transformed into a continuous SDF that carries the information of each solid material boundary.
The surrounding air is explicitly skipped in this procedure. A Gaussian blur filter on these fields rectified the staircase
effect on the boundaries, whichwere extracted from scratch by theMarching Cubes algorithm. Based on this smoothed re-
definition of edges, the solid volume was reconstructed by tetrahedra, which linearly approximate the enclosed volumes.
A simple comparison of the total volume of the two representations with analytical geometry standards suggests that the
tet4 images display information which is quite close to the actual topology. As a result, they present objectivity in any
radial direction chosen to locally analyze the cylinder.
Finally, mechanical simulations of uniaxial compression tests were performed to draw conclusions on the influence of

the smoothed interfaces on the mesoscale unfolding mechanisms. The stress output suggests that smoothening does alter
the stress distribution, but not on the material interfaces. Its application causes a slight change in the granular fabric,
which results in a relocation and reform of the stress transmitting chains. Such evidence shows how sensitive mesoscale
mechanical simulation of CGM can be, but at the same time it supports the statement that fabric is the dominant mor-
phological property which defines the response of coarse geomaterials. Future work shall focus on the derivation of mass
associated equivalents, such as the center of mass, the sphericity and the inertia tensors of incorporated particles based
on tetrahedral images and its comparison with measurements made directly on segmented voxel volumes.
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