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Abstract
Radial basis function finite difference (RBF-FD) discretization has recently emerged
as an alternative to classical finite difference or finite element discretization of (sys-
tems) of partial differential equations. In this paper, we focus on the construction
of preconditioners for the iterative solution of the resulting linear systems of equa-
tions. In RBF-FD, a higher discretization accuracy may be obtained by increasing the
stencil size. This, however, leads to a less sparse and often also worse conditioned
stiffness matrix which are both challenges for subsequent iterative solvers. We pro-
pose to construct preconditioners based on stiffness matrices resulting from RBF-FD
discretization with smaller stencil sizes compared to the one for the actual system
to be solved. In our numerical results, we focus on RBF-FD discretizations based
on polyharmonic splines (PHS) with polynomial augmentation. We illustrate the per-
formance of smaller stencil preconditioners in the solution of the three-dimensional
convection-diffusion equation.
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1 Introduction

(Linear) partial differential equations can be solved numerically by a suitable dis-
cretization followed by the solution of a linear system of equations. Among possible
discretization techniques, the radial basis function finite difference (RBF-FD) method
can be viewed as a generalization of the finite difference method to unstructured point
sets. The earlier papers on RBF-FD include [45, 46]. Since then, it has gained in
popularity and entered into several applications including geosciences [13, 14], heat
flow [26], the financial sector [29], linear elasticity [42], fluid mechanics [8, 20], and
neuronal dynamics [33].

As in classical finite differencemethods,RBF-FD replaces (linear) differential oper-
ators by differentiation stencils which encode formulas for weighted sums of function
values at neighboring nodes. The weights are chosen such that the formulas become
exact for a set of test functions which typically include radial as well as polynomial
functions [13, 24]. There exists a large variety of radial basis functions that may be
used in RBF-FD. Sincemany recent papers suggest to use polyharmonic splines (PHS)
in combination with high-order polynomials [3–5, 10, 11, 18, 38, 39], we will also
follow this approach here. In this setting, an increase in polynomial order leads to
an improvement of the discretization accuracy but also requires (significantly) larger
stencils. We will review some recommendations from the literature about the relation-
ship between the degree of polynomial augmentation, the degree of the polyharmonic
spline, and the stencil size.

The stiffness matrices resulting from larger polynomial degrees and hence larger
stencils are less sparse and typically also worse conditioned compared to systems
resulting from smaller polynomial degrees (and stencils). In this paper, wewill address
the challenge of their iterative solution.While earlier papers onRBF-FDoften assumed
direct solvers for the linear systems,more recent literature includes discussions on iter-
ative solvers (and preconditioners) but mostly uses well-knownmethods in a blackbox
manner, i.e., without any adaptations taking into account the RBF-FD origin of the
linear systems. For example, a (restarted) generalized minimal residual (GMRES)
method is used in [6, 28, 39] while a stabilized biconjugate gradient (BiCGstab)
method solves the systems in [2, 5, 12, 18, 30, 51, 52]. Krylov solvers with ILU pre-
conditioners are used in [2, 5, 6, 12, 18, 28, 30, 39, 51, 52]. Iterative solvers with ILU
preconditioners typically suffer from an increase in the problem size and become less
efficient if the number of nonzeros in the matrix increases [5, 6]. Moreover, there exist
(ILU) preconditioners based on a (problem-dependent) simplified version of the orig-
inal PDE (e.g., with changed differential operator or boundary conditions) [6, 27, 39]
or preconditioners based on an approximate Schur complement [40]. Solvers relying
on multilevel or multigrid ideas are introduced in [1, 34, 49, 50] while a sparse direct
solver is proposed in [18].

In this paper, we propose to build preconditioners based on an auxiliary stiffness
matrix that results from RBF-FD discretization using a smaller stencil size. This aux-
iliary system in turn will be replaced by its approximate LU factorization where we
use either a sparse ILU or anH-LU factorization based on hierarchical (H-) matrices
[17]. An advantage ofH-matrices is their ability to construct high-accuracy precondi-
tioners (with storage and computation cost of almost linear complexity) [21, 23]. Our
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motivation for using smaller-size stencils is that the auxiliary matrices are better con-
ditioned and sparser compared to systems resulting from larger stencils. As a result,
their approximate LU factorizations can be constructed faster while still accelerating
convergence and hence yield efficient preconditioners with reduced setup times and
cost per iteration step.

The remainder of this paper is organized as follows. In Sect. 2, we briefly review
the RBF-FD discretization of linear partial differential equations. More details can be
found in most of the given references (see, e.g., [12, 13]). Section3 is devoted to the
constructionof smaller stencil preconditioners. InSect. 4,we illustrate the performance
of the proposed preconditioners through numerical tests. Our model problem is a
three-dimensional convection-diffusion equation on two different domains (unit cube
and bunny-shaped) with a recirculating convection and Dirichlet as well as mixed
(Dirichlet and Neumann) boundary conditions. Finally, a conclusion and an outlook
are presented in Sect. 5.

2 The RBF-FDmethod

In this section, we review radial basis functions as a tool for the approximation of
linear differential operators (Sect. 2.1) and explain the discretization of a partial dif-
ferential equationwithDirichlet boundary conditions bymeans of theRBF-FDmethod
(Sect. 2.2).

2.1 RBF and RBF-FD approximation

Radial basis functions typically refer to a set of functions that are characterized by
individual centers but are otherwise identical and radial in shape, i.e., shifted copies
of one another, the function value at a point depending only on its distance to the
center. We concentrate in this paper on radial basis functions which are based on
polyharmonic splines (PHS).

Definition 2.1 For a spatial dimension d ∈ N, a set of pairwise distinct nodes X :=
{x1, . . . , xN } ⊂ R

d with N ∈ N and some k ∈ N, we define PHS(k) radial basis
functions (RBFs) centered at nodes xi as

�xi : Rd → R, �xi (x) := ‖x − xi‖2k−1
2 , i ∈ {1, . . . , N }.

RBFs can be used to approximate the action of a linear differential operator L as
follows. Let u : � → R be a sufficiently smooth function on an open domain� ⊆ R

d ,
and let the boundary ∂� = �D ∪ �N be divided into two disjoint parts to allow for
different treatment of Dirichlet and Neumann (or mixed) boundary conditions. Let

X� ∪ X�N := {x1, . . . , xNI }, X�D ∪ XG := {xNI+1, . . . , xN } ⊂ R
d\�

be sets of distinct nodes in the interior (X� ⊂ �), on the Neumann boundary (X�N ⊂
�N ), neighboring �N outside of � ∪ ∂� (called ghost or fictitious nodes, XG ⊂
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R
d\�, here with #XG = #XN ) and the Dirichlet boundary (X�D ⊂ �D), resp., with

NI , N ∈ N, NI ≤ N . Such node sets X := X� ∪ X�D ∪ X�N ∪ XG also occur in
finite difference discretizations, but now, the nodes may be scattered and need not be
connected by edges of a (structured tensor product) grid. We add ghost nodes only in
the case of Neumann boundary conditions, i.e., �N 	= ∅. Ghost nodes are additional
nodes outside the domain � and may increase stability and accuracy by avoiding
lop-sided stencils [5, 18, 47].

For a node x j ∈ X�∪X�N , j ∈ {1, . . . , NI }, and stencil size n ≤ N , let X j ⊆ X
be a stencil associated with the (stencil) center x j . We use I j ⊆ {1, . . . , N } to denote
the index set of nodes included in the stencil X j , i.e.,

X j = {x
s j1

, . . . , x
s jn

} = {xi ∈ X : i ∈ I j } for I j := {s j1 , . . . , s jn }. (2.1)

The goal is to determine weights {w j
1 , . . . , w

j
n} ⊂ R such that the differential

operator applied to the function u and evaluated at x j can be expressed (approximately)
as a weighted sum of function values at the nodes in the stencil X j , i.e.,

Lu(x j ) := Lu(x)|x=x j ≈
n∑

i=1

w
j
i u(x

s ji
). (2.2)

PHSRBFs are usually augmented by polynomials.We denote the space of d-variate
polynomials of degree at most � ∈ N0 by �� and let {p1, . . . , pM } be a basis of ��

with M := dim�� = (�+d
d

)
. Furthermore, for each node x j ∈ X�∪X�N , we define

(L� j
)T :=

[
L�x

s
j
1

(x j ) · · · L�x
s
j
n
(x j )

]
,
(Lp j

)T := [Lp1(x j ) · · · LpM (x j )
]
,

and

[
A j Pj

PT
j 0

]
:=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�x
s
j
1

(x
s j1

) · · · �x
s
j
n
(x

s j1
) p1(xs j1

) · · · pM (x
s j1

)

...
. . .

...
...

. . .
...

�x
s
j
1

(x
s jn

) · · · �x
s
j
n
(x

s jn
) p1(xs jn

) · · · pM (x
s jn

)

p1(xs j1
) · · · p1(xs jn

) 0 · · · 0
...

. . .
...

...
. . .

...

pM (x
s j1

) · · · pM (x
s jn

) 0 · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The desired stencil weightsw j :=
[
w

j
1 , . . . , w

j
n

]T
in (2.2) (along with weights w̃ j :=

[
w̃

j
1 , . . . , w̃

j
M

]T
which can be viewed as Lagrange multipliers and will not be used

for the stencil) are then given by the solution of the linear system of equations
[
A j Pj

PT
j 0

] [
w j

w̃ j

]
=
[L� j

Lp j

]
(2.3)

(see, e.g., [13, 24] for further details).
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In the following, we discuss the (relationship between the) parameters involved in
the construction of the system (2.3):

• The degree � of polynomial augmentation (and resulting number M of polynomial
basis functions which yields the number of columns of the matrix block Pj )

• The stencil size n (which yields the size of the square block A j )
• The parameter k in the exponent of the polyharmonic spline PHS(k) (which influ-
ences the numerical entries in the block A j )

Typically, one first chooses the polynomial degree � since it determines the approxi-
mation order of the finite difference stencil [39]. Since the dimension M of the space
of polynomials of maximum degree � corresponds to the number of columns of the
matrix Pj in (2.3), the stencil size n (which corresponds to the number of rows and
columns of A j in (2.3)) needs to satisfy n ≥ M since otherwise the matrix in (2.3)
would be singular. We will follow the recommendation in [39] and set the stencil size
to

n = 2M + 
ln(2M)� with M =
(

� + d

d

)
. (2.4)

For the parameter k in the generating function r2k−1 of PHS(k), there hold the following
constraints: PHS(k) is conditionally positive definite of order k [9, 48]; hence, regu-
larity of the matrix in (2.3) can only be guaranteed for polynomial degree � ≥ k − 1
(and nodes that satisfy ��-unisolvency constraints, i.e., the only polynomial in ��

that is zero at all nodes is the zero polynomial). We will pursue the following two
possibilities [24]:

k = k1 :=
{
max{D, �+1

2 }, if � is odd,

max{D, �
2 }, if � is even

(2.5)

with D denoting the order of the differential operator (i.e., D = 2 in our numerical
examples) or

k = k2 :=
{

� + 1, if � ≤ 3,

�, if � ≥ 4.
(2.6)

The following Table 1 lists the parameter values obtained for polynomial degrees
� ∈ {2, 3, 4, 5, 8} (and spatial dimension d = 3) following (2.4), (2.5), and (2.6).

2.2 RBF-FD for partial differential equations

In the previous subsection, we reviewed an approximation of the application of a
linear differential operator to a function and its evaluation at a fixed node by a sum
of weighted function values at stencil nodes. We next extend this approach to the
discretization of a linear partial differential equation

Lu(x) = f (x) ∀x ∈ �, (2.7a)
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Table 1 Combination of parameters �, n, k in RBF-FD with PHS(k) in d = 3 spatial dimensions

Polym. degree � Stencil size n k = k1 in PHS(k) k = k2 in PHS(k)

2 22 2 3

3 43 2 4

4 74 2 4

5 116 3 5

8 335 4 8

u(x) = gD(x) ∀x ∈ �D, (2.7b)

n · ∇u(x) = gN (x) ∀x ∈ �N , (2.7c)

where ∂� = �D ∪ �N with disjoint �D, �N , f : � → R is a sufficiently smooth
function and gD : �D → R, gN : �N → R are functions to specify Dirichlet and
Neumann boundary conditions.

For each node x j ∈ X�∪�N , j ∈ {1, . . . , NI }, we compute a stencil X j ⊂ X of

size n (2.1) and stencil weights {w j
1 , . . . , w

j
n} by solving (2.3). The stencil weights are

used to compute approximations ui to the solution u(xi ) of (2.7a), (2.7b), and (2.7c)
at all nodes xi ∈ X�∪X�N , i.e., ui ≈ u(xi ) for all xi ∈ X�∪X�N , i ∈ {1, . . . , NI },
by enforcing equality in (2.2), i.e.,

n∑

i=1

w
j
i us ji

= f (x j ), j ∈ {1, . . . , NI }. (2.8)

Given the Dirichlet boundary data from (2.7b), we set u
s ji

:= g(x
s ji

) for all x
s ji

∈ �D ,

substitute this boundary information into (2.8) and obtain
∑

i∈{1,...,n}
s.t. x

s
j
i

/∈�D

w
j
i us ji

= f (x j ) −
∑

i∈{1,...,n}
s.t. x

s
j
i
∈�D

w
j
i g(xs ji

)

︸ ︷︷ ︸
=: f̃ j

, j ∈ {1, . . . , NI }.

Hence, we define the right-hand side vector f̃ := ( f̃1, . . . , f̃NI )
T ∈ R

NI and the
global stiffness matrix B̃ ∈ R

NI ,NI+NG where NG := #XG = #XG denotes the
number of ghost nodes, containing row-wise the weights of the (non-Dirichlet) nodes
of the j’th stencil,

B̃ j,� :=

⎧
⎪⎨

⎪⎩

w
j
i : ∃i ∈ {1, . . . , n} such that � = s ji ∈ I j ,

i.e., the non-Dirichlet node x� = x
s ji

is in the stencil X j ,

0 : else,
(2.9)

for all j ∈ {1, . . . , NI }, � ∈ {1, . . . , NI + NG}. The sparsity structure of this matrix
is illustrated in Fig. 1 for several combinations of polynomial degree � and stencil size
n and without using ghost nodes, i.e., XG = ∅.
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Fig. 1 Sparsity structures of the stiffness matrices B (2.9) for NI = 1000 nodes (N = 1728), polynomial
degrees � = 2, 5, 8 (from left to right), and stencil sizes via (2.4)

In the presence of a Neumann boundary (�N 	= ∅ in (2.7c)), we compute weights to
discretize the (left-hand side of the) Neumann boundary condition (2.7c) at each node
x j ∈ �N by solving (2.3) with an adjusted right-hand side according to the Neumann
differential operator. Together with the right-hand side in (2.7c), we obtain another
NG equations, resulting in the linear system

Bu = f̃ (2.10)

with B ∈ R
NI+NG ,NI+NG whose solution u ∈ R

NI+NG yields the RBF-FD approx-
imation u j ≈ u(x j ) to the solution of the partial differential equation (2.7a), (2.7b),
(2.7c) at the nodes x j for j ∈ {1, . . . , NI } (as well as values on the ghost nodes).

Remark 2.2 We have introduced the RBF-FD approximation using polyharmonic
splines (PHS) in combination with high-order polynomials since this has been sug-
gested in previous papers [3–5, 10, 11, 18, 38, 39]. However, the preconditioners that
wewill propose in the following section are applicable to RBF-FD discretization using
any other kernel function as well. In fact, for a given discretization accuracy, stencil
sizes do not differ much between different kernel functions such that the sparsity
patterns of the resulting stiffness matrices are comparable [11].

3 Smaller stencil preconditioners

In this section, we propose a novel type of preconditioner for the iterative solution of
the linear system (2.10) that results from an RBF-FD discretization. In Sect. 3.1, we
motivate and introduce the general framework of a smaller stencil preconditioner. In
the following two subsections, we then discuss particular implementations based on
sparse (Sect. 3.2) or hierarchical matrix (Sect. 3.3) incomplete LU factorizations.

3.1 General framework of smaller stencil preconditioners

The stencil size n determines the (maximum) number of nonzero entries per row in the
systemmatrix B defined in (2.9) and (2.10). According to Table 1, stencil sizes may be
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significantly larger than typical finite difference stencils (such as 7-point or 27-point
stencils in three spatial dimensions). Considering the construction of a preconditioner
for this (not so sparse) matrix B, we face two problems:

• Setup times for preconditioners as well as the computational cost to apply these
preconditioners will typically increase due to the larger number of nonzero entries.

• Preconditioners have to be computed at higher accuracies in view of the worse
conditioned stiffness matrices (matrices resulting from higher-order discretization
are typically worse conditioned than those from lower order discretization—this
is observed across various discretization schemes). This again increases setup and
application cost of the preconditioners.

Our proposed preconditioner is described fairly simple. In order to indicate the
polynomial order � that has been used to obtain the matrix B in (2.10), we now denote
it by B�. Let B�′ be the matrix that results from using some lower polynomial order
�′ < � instead (with D ≤ �′ to ensure convergence of the RBF-FD approximation of
an operator of order D [10, 24]). Following Table 1, B�′ will have (significantly) fewer
nonzero entries compared to B�. We propose to construct a preconditioner P�′ for B�′
and then use a Krylov iterative solver for the preconditioned system P−1

�′ B�u = P−1
�′ f̃

(or for B�P
−1
�′ ũ = f̃ , u = P−1

�′ ũ in case of preconditioning from the right) (2.10). We
will now discuss two particular choices for P�′ based on incomplete LU factorizations
of B�′ .

3.2 Smaller stencil ILU preconditioners

An incomplete LU (ILU) factorization decomposes a matrix B into B = LU +
R where L is a unit lower triangular matrix, U is an upper triangular matrix, and
R = (ri j ) denotes a remainder matrix. An exact (i.e., complete) LU factorization
is given when R = 0. This, however, typically implies substantial fill-in (additional
nonzero entries) in the matrices L and U compared to the (sparse) matrix B and is of
computational complexity O(N 3). The idea of an incomplete LU factorization is to
allow only a reduced number of fill-ins and enforce ri j = 0 only for the positions of
fill-in in L and U . The basic ILU(0) factorization allows no additional fill-in besides
the nonzero entries already present in B. There exist various strategies to select entries
for additional fill-in such as ILU(p) which uses the (Gauss) elimination graph or ILUT
which applies additional threshold strategies based on the magnitude and number of
entries per matrix row.

(Incomplete) LU factorizations depend on the ordering of the row and column
indices. The two most popular orderings in the context of LU factorizations are the
reverse Cuthill McKee (RCM) and the nested dissection (ND) ordering. RCM aims to
reduce the bandwidth, i.e., it reorders nonzero entries close to the diagonal since any
fill-in in the LU factorization occurs only within the bandwidth of the input matrix.
ND ordering first divides the index set into three subsets, two so-called domain index
subsets D1 and D2 that satisfy bi j = 0 for all (i, j) ∈ D1 × D2 and (i, j) ∈ D2 × D1,
i.e., the two respective matrix subblocks are zero blocks, and a so-called separator
index subset S containing the remaining indices. The indices in D1 are ordered first,
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the ones in D2 second, and those in S last. The zero blocks corresponding to D1 × D2
and D2 × D1 in the reordered matrix remain zero blocks during an LU factorization.
This ordering is applied recursively to the two domain index sets D1, D2.

We refer to [37] for further details on ILU factorizations, suitable reorderings, and
iterative solvers in general.

3.3 Smaller stencilH-LU preconditioners

Hierarchical (H-) matrices are a class of matrices with a hierarchical subdivision of
the block structure into so-called (large) admissible and (small) inadmissible blocks
[17]. The matrix data in the admissible blocks is given in factored low-rank form
B|s×t = UV T for matrices U ∈ R

#s,k, V ∈ R
#t,k with k � min{#s, #t} while

inadmissible blocks store all their entries explicitly in standard dense format. The
distinction into admissible and inadmissible blocks typically takes the source of the
matrix data into account. In the case of a sparse matrix (which includes RBF-FD
generated stiffness matrices), one may use a so-called weak admissibility condition
where blocks are admissible as long as they have no nonzero entries.

The storage and computational complexity of the resulting H-matrix depends on
the particular block subdivision and the ranks within the admissible blocks. For many
matrix classes from applications, it can be shown that there exist highly accurate H-
matrix approximations of complexity O(N logα N ) (with α ∈ {1, 2}). H-arithmetic
can be used to compute an approximate (block) LU factorization. Whereas the ILU
factorization in Sect. 3.2 enforces certain matrix entries in L,U to be zero, theH-LU
factorization enforces certain matrix subblocks in L,U to be of low rank.

The construction of hierarchicalmatrix approximations typically includes a reorder-
ing of the indices in order to obtain preferably large subblocks of low ranks. For a
subsequent H-LU factorization, the H-block structure can be aligned with a nested
dissection ordering such that off-diagonal blocks corresponding to different index
domain sets remain zero in the LU factorization.

Without going into further details, we just point out one important feature of H-
matrices thatwewill exploit: One can prescribe an accuracy δH that bounds the relative
error of the (low-rank) truncations inH-arithmetic. Decreasing δH allows to construct
more accurate factorizations, typically at only moderate additional cost. Hence, we
will be able to analyze the importance of the accuracy of the H-LU factorization of
B�′ for the performance as a preconditioner for B�.

For details on the theory and implementation of hierarchical matrices such as the
parameter nmin (which influences the maximal size of the full matrix blocks) and
in particular nested dissection based H-LU factorization, we refer to [15–17]. The
construction ofH-LU factorizations of the original system B� as preconditioners has
been developed in detail in [25]. We are not aware of any other literature that uses
H-matrices in the solution of RBF-FD systems.

In the following, we briefly list a few aspects to consider when applying H-
arithmetic to matrices arising from RBF-FD discretization (as opposed to finite
difference or finite element discretization).
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• The RBF-FD system matrix B typically has a non-symmetric sparsity pattern. We
use the matrix graph of the symmetrized matrix B + BT to determine the nested
dissection ordering and admissibility of blocks.

• The (nested dissection) index partitioning is stopped when an index set cannot be
subdivided into three (nontrivial) subsets where a separator subset S separates the
other two domain subsets D1, D2 in the sense that bi j = 0 for all i ∈ D1, j ∈ D2
(i.e., the matrix block corresponding to row indices in D1 and column indices in
D2 is a zero block). For larger stencil sizes as in RBF-FD, the index partitioning
typically stops for index sets that could still be partitioned for smaller stencil sizes
or in a finite difference or finite element discretization.

• Using the weak admissibility condition, there exist index block clusters that are
inadmissible for large stencil discretization but admissible for smaller stencil (or
FD/FEM) discretization.

• There exist index block clusters that are inadmissible for both large as well
as smaller stencil discretizations where, for smaller stencils, the block can be
subdivided such that some of its subblocks become admissible whereas such a
subdivision does not exist for the large stencil matrix. The latter hence has to store
the respective large block as a full matrix.

4 Numerical results

This section contains numerical tests for several smaller stencil preconditioner setups
for the iterative solution of the linear systems of equations arising in an RBF-FD
discretization of the convection-diffusion equation in d = 3 spatial dimensions on
two types of domain, a unit cube � = (0, 1)3 and a bunny-shaped domain (scaled to
a size comparable to the unit cube) shown in Fig. 2.

Fig. 2 Bunny domain (data from https://github.com/OpenGP/OpenGP/blob/master/data/bunny.off)
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In (2.7a), we setL = −ν�+bT∇ with ν = 10−3. The function b is the convective
flow from problem 3D1 in [32], namely b : R3 → R

3 with

b(x) =
⎛

⎝
2x1(1 − x1)(2x2 − 1)x3
−(2x1 − 1)x2(1 − x2)

−(2x1 − 1)(2x2 − 1)x3(1 − x3)

⎞

⎠ .

We choose the right-hand side functions f , gD, gN in (2.7a), (2.7b), and (2.7c) such
that the analytical solution u is given by the three-dimensional version of Franke’s
function F : R3 → R [22, 35] with

F(x) = 0.75 exp[−
(
(9x1 − 2)2 + (9x2 − 2)2 + (9x3 − 2)2

)
/4]

+0.75 exp[−(9x1 + 1)2/49 − (9x2 + 1)/10 − (9x3 + 1)/10]
+0.5 exp[−

(
(9x1 − 7)2 + (9x2 − 3)2 + (9x3 − 5)2

)
/4]

−0.2 exp[−(9x1 − 4)2 − (9x2 − 7)2 − (9x3 − 5)2]. (4.1)

In Sect. 4.1, we present some general information about the setting of the numerical
tests such as node and stencil generation as well as the computation of the approxi-
mation error.

In Sect. 4.2, we present numerical results for smaller stencil ILU preconditioners
whereas in Sect. 4.3, we present numerical results for smaller stencilH-LU precondi-
tioners. In particular, we will show numerical results for the following settings:

• A cube domain with Dirichlet boundary conditions (see Figs. 3, 6, and 8)
• A cube domain with mixed boundary conditions (Neumann on left and right faces,
Dirichlet on front, back, top, and bottom faces) (see Fig. 4)

• A bunny domain with Dirichlet boundary conditions (see Figs. 5, 7, and 8)

4.1 General information

For the cube, the number of interior (and boundary) nodes is chosen to be the (approx-
imately) the same as in a typical Cartesian grid, i.e., NI ≈ md interior nodes and
N ≈ (m + 2)d total nodes for some m ∈ N. In the interior of the cube, we generate
node distributions using PNP node generation [44] (created by [41]). On the cube’s
boundary, we use Cartesian nodes. We perform tests on node distributions with up to
N ≈ 863 = 636, 056 total nodes (NI ≈ 843 = 592, 704 interior nodes).

The bunny boundary is a polyhedron consisting of triangles. We use equidistant
nodes on the edges of the triangles and generate nodes inside the triangles as well as
in the interior of the bunny using PNP. The numbers N�, N� of interior and boundary
nodes, resp., are selected such that there holds N 1/2

� /N 1/3
� ≈ 2. We perform tests on

node distributions with up to N = 545, 229 total nodes (NI = 517, 610).
We use direct solvers based on LU factorizations with pivoting for the computation

of the stencil weights (2.3).
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Fig. 3 Smaller stencil ILUT preconditioners for a system with polynomial degree � = 5 on the cube with
Dirichlet boundary conditions, without preconditioner (“plain”) or with preconditioners with �′ ∈ {2, 3, 4}
or � = 5, PHS degrees via k1 (2.5) (top row) and k2 (2.6) (bottom row). Left: scaled iteration times (in
seconds). Middle: number of iterations w. r. t. the number of nodes. Right: approximation errors (4.2) w. r. t.
the computation time (without setup time of the nodes and the linear system)

We will perform tests using a preconditioned BiCGstab solver with the zero vector
as a starting vector.We stop the iteration if the relative residual satisfies ‖rk‖2/‖r0‖2 ≤
10−13 or a maximum number of 104 iterations has been reached.

In order to measure the approximation accuracy of the RBF-FD computed discrete
solution, we determine the relative 2-norm error between the exact solution (4.1) of the
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Fig. 4 Smaller stencil ILUT preconditioners for a systemwith polynomial degree � = 5 on the cube domain
with mixed boundary conditions, with preconditioners with �′ ∈ {2, 3, 4} or � = 5, PHS degrees via k1 (2.5)
(top row) and k2 (2.6) (bottom row). Left: scaled iteration times (in seconds). Middle: number of iterations
w. r. t. the number of nodes. Right: approximation errors (4.2) w. r. t. the computation time (without setup
time of the nodes and the linear system)

PDE (2.7a), (2.7b), (2.7c) evaluated at the nodes, us := (F(x j )
)NI
j=1, and the computed

solution u obtained by iteratively solving the system (2.10),

e2 := ‖us − u‖2
‖us‖2 . (4.2)

In particular, we do not distinguish between discretization and iteration errors in view
of our stopping criterion: If the relative residual accuracy has been reached, the error
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Fig. 5 Smaller stencil ILUT preconditioners for a system with polynomial degree � = 5 on the bunny
domain with Dirichlet boundary conditions, with preconditioners with �′ ∈ {2, 3, 4} or � = 5, PHS degrees
via k1 (2.5) (top row) and k2 (2.6) (bottom row). Left: scaled iteration times (in seconds). Middle: number
of iterations w. r. t. the number of nodes. Right: approximation errors (4.2) w. r. t. the computation time
(without setup time of the nodes and the linear system)

e2 is dominated by the discretization error (see also [24]). If the maximum number
of iterations has been reached, the error e2 is dominated by the iteration error (and
indicates divergence of the iterative solver).

In our plots, we will display timings (in seconds) for the setup time of the precon-
ditioners as well as for the iterative solution of the systems. Since the best asymptotic
complexity (of the overall solution time) that we observe w. r. t. the system size NI is
O(NI log2 NI ), we have scaled all timings by NI log2 NI .
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4.2 Numerical results for smaller stencil ILU preconditioners

In this subsection, we present numerical results for smaller stencil ILU preconditioners
in a right preconditioned BiCGstab solver. Here, we have used theMedusa library [43]
for the RBF-FD discretizations. Before the construction of an ILU preconditioner, the
nodes are reordered with a fill-reducing nested dissection ordering. For this, we use the
routineMETIS_NodeND of theMETIS reordering package [19] where all parameters
have been set to their default options. The ILUT factorizations have been computed
with a drop tolerance of 0.001 and a fill factor of 10 (see [36] for further details on
ILUT and its parameters). The computation time measurements in this subsection
were done for computations in double precision on twelve cores of a computer with
an Intel(R) Core i7-1365U @ 5.20 GHz processor and 32 GB of LPDDR5 memory.

Figure3 illustrates the performance of smaller stencil ILUT preconditioners on a
cube domain with Dirichlet boundary conditions. In the iterative solution of an RBF-
FD system obtained by a discretization with degree � = 5, we use the plain BiCGstab
solver without any preconditioner or with ILUT decompositions of (auxiliary) dis-
cretizations with polynomial degrees �′ ∈ {2, 3, 4} or � = 5 as preconditioners. The
stencil sizes are given by (2.4), and the PHS degrees are given by k1 (2.5) in the top
row and by k2 (2.6) in the bottom row. Each color/marker represents a different degree
of the (auxiliary) discretization.

We start with a discussion of the results in the top row where we used PHS(k1). The
left plot shows the scaled iteration times (in seconds). For larger problems sizes, the
lowest times correspond to the polynomial degrees �′ ∈ {2, 3} whereas larger degrees
require larger solution times. The middle plot shows the number of iterations and
demonstrates that for smaller problem sizes, a larger polynomial degree corresponds
to a smaller number of iterations. However, since the cost per iteration step increases
with the degree, the largest degree does not necessarily imply the smallest iteration
time as was seen in the left plot. The right plot illustrates the approximation errors (4.2)
w. r. t. the (unscaled) computation times (in seconds) which now include both the setup
times for the preconditioner (which includes the reordering) and the iteration times.
The markers correspond to different problem sizes ranging from NI ≈ 183 = 5832 to
NI ≈ 843 = 592, 704 interior nodes. This plot demonstrates that the fastest method
is obtained by using a preconditioner based on degree �′ = 2 whereas the slowest
solution (aside from the plain solver) corresponds to degree � = 5. The conclusion
from these numerical tests is that smaller stencil preconditioners have smaller setup
cost and can lead to smaller iteration times where the lowest total time to reach a
certain accuracy has been obtained for �′ = 2.

In the bottom row, we show results now using larger PHS degrees k2 (2.6) instead
of k1 (2.5), leading to systems of higher condition numbers which are in general
more difficult to solve iteratively. Especially for discretizations with a small number
of interior nodes NI , both the iteration times and number of iterations are now often
higher. For the smallest tested problem sizes, the plain BiCGstab solver even leads
to the lowest solution times (see top left area of bottom right plot). However, as the
problem size increases, the plain BiCGstab as well as the preconditioners for larger �′
typically lead to the highest overall computation times whereas the lowest times are
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again obtained for preconditioners for �′ = 2. The bottom right plot also shows that we
now may reach errors of approximately 10−7. Hence, for worse conditioned systems
obtained with k = k2, smaller stencil ILUT preconditioners are also advantageous.

In Fig. 4, we have performed numerical tests on the cube with mixed boundary
conditions (Neumann on left and right faces, Dirichlet on all other faces). Here, as
long as preconditioners with �′ = 2 converge (i.e., stop after reaching the relative
residual stopping criterion and not the maximum number of iterations), they are still
among the fastest methods to reach a certain accuracy. However, especially for larger
problem sizes, preconditioners with �′ = 2 often fail to converge. For this type of
problem, one may have to adjust the ILUT parameters (lower the drop tolerance,
increase the fill factor) or design entirely different types of preconditioners.

In Fig. 5, we show numerical results for tests performed on the bunny domain
with Dirichlet boundary conditions. For k1 (2.5) (top row), the results are qualitatively
comparable to those on the cube shown in Fig. 3: Increasing �′ leads to smaller iteration
numbers, but setup times and times per iteration step are increased such that the most
efficient solver to reach a certain accuracy is still given by �′ = 2. However, the
situation is different when using k2 (2.6) (bottom row). Here, the significantly smaller
number of iterations for � = 5 compensates for the larger setup time, making it the
most efficient solver.

4.3 Numerical results for smaller stencilH-LU preconditioners

In this subsection, we show numerical results obtained for smaller stencilH-LU pre-
conditioners in a left preconditioned BiCGstab solver on the cube and bunny domains
withDirichlet boundary conditions.Here, theRBF-FDdiscretization is based to a large
extent on our own implementation. For the computation of stencils, we use the ANN
library [31] that utilizes a kd-tree for the nearest neighbor search w. r. t. the norm ‖ ·‖μ

for someμ ∈ N. In our experiments, we use the Euclidean norm by setting μ = 2. We
use the H2Lib library [7] when working with hierarchical matrices. The computation
time measurements in this subsection were done for computations in double precision
on a single core of a computer with an Intel(R) Xeon(R) CPU E5-2665 0 @ 2.40 GHz
processor and 16 GB of DDR3 memory.

Figure6 illustrates the performance ofH-LUpreconditionerswith degrees �′ = 2 or
� = 5 for discretizations with polynomial degree � = 5 and up to NI = 683 = 314432
interior nodes on the cube. The stencil sizes are given by (2.4), and the PHS degrees are
determined as k1 (2.5) (top row) or k2 (2.6) (bottom row). Each color/marker represents
a different combination of degree �′ or � of the preconditioner and truncation tolerance
δH used in theH-arithmetic (i.e., the smaller the tolerance, the more accurate becomes
theH-LU factorization, see [17] for details).

The first five markers correspond to preconditioners of degree �′ = 2, tolerances
δH ∈ {1, 0.7, 0.1, 0.01, 0.001} and nmin = 35, whereas the last two markers represent
results for preconditioners based on the original system of degree � = 5, tolerances
δH ∈ {1, 0.1} and nmin = 50.

We first discuss the results shown in the top row. The left plot illustrates that the
setup times for theH-LU factorization of the auxiliary stiffness matrix for polynomial
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Fig. 6 Smaller stencil H-LU preconditioners on the cube: (Scaled) setup times (left), iteration times
(middle), and number of iterations (right) w. r. t. the number of nodes for a system with polynomial
degree � = 5. The first five markers show results for preconditioners with �′ = 2, tolerances δH ∈
{1, 0.7, 0.1, 0.01, 0.001}, and nmin = 35. The last two markers show results for preconditioners with
� = 5, tolerances δH ∈ {1, 0.1}, and nmin = 50. PHS degrees are set to k1 (2.5) (top row) and k2 (2.6)
(bottom row)

degree �′ = 2 (which includes the setup times of this matrix) are typically significantly
lower than the setup time of the H-LU factorization of the original stiffness matrix
(using δH = 0.1). However, higher setup times (by decreasing δH or using the original
system) typically result in lower computational times for the iterative solver (middle)
and smaller iteration counts (right).

In the bottom row, we report our results for using the higher PHS degree k2. It can
be observed that using the smaller stencil preconditioner with a low accuracy H-LU
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factorization leads to instabilities whereas there are hardly any differences in iteration
time and number of iterations when using accuracies δH ∈ {0.1, 0.01, 0.001}.

Figure7 illustrates the respective numerical results on the bunny instead of the cube
domain. The results are qualitatively similar: � = 5 with δH = 0.1 leads to the largest
setup times and smallest solver times and iteration numbers. Second best (w.r.t. solver
times and iteration numbers) are �′ = 2 with δH ∈ {0.1, 0.001, 0.0001} whereas less
accurate H-LU factorizations (δH ≥ 0.7) now often lead to divergence.

Fig. 7 Smaller stencil H-LU preconditioners on the bunny domain: (Scaled) setup times (left), iteration
times (middle), and number of iterations (right) w.r.t. the number of nodes for a system with polynomial
degree � = 5. The first five markers show results for preconditioners with �′ = 2, tolerances δH ∈
{1, 0.7, 0.1, 0.01, 0.001}, and nmin = 35. The last two markers show results for preconditioners with
� = 5, tolerances δH ∈ {1, 0.1}, and nmin = 35. PHS degrees are set to k1 (2.5) (top row) and k2 (2.6)
(bottom row)
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Plots that relate the approximation error e2 (4.2) of the iterative solution to the
computational time of both the preconditioner setup and the iteration (as in the right
columns of Figs. 3, 4, 5) are shown in Fig. 8 for both the cube (top row) and bunny
domain (bottom row).

The left and middle plots correspond to the cases tested in Figs. 6 and 7 (we left
out the tolerances δH ∈ {0.7, 0.001} for better visibility). The right plot shows tests

Fig. 8 Approximation errors e2 (4.2) w. r. t. the computation time (in seconds) for systems with polynomial
degrees � ∈ {5, 8}, H-LU preconditioners with �′ = 2 or � ∈ {5, 8}, nmin ∈ {35, 50, 70}, tolerances
δH ∈ {1, 0.1, 0.01}, and PHS degrees k1 (2.5) and k2 (2.6)
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for an original system of polynomial degree � = 8 with problem sizes ranging from
NI = 83 = 512 to NI = 513 = 132651, stencil size via (2.4), PHS degree k1
(2.5), and preconditioners with �′ = 2 (and nmin = 35) or � = 8 (and nmin =
70). Especially in the case of polynomial degree � = 8 (which is appealing if the
desired approximation accuracy is high [18]), smaller stencil preconditioners can reach
solutions of an accuracy e2 ∈ (10−7, 10−3) in significantly lower computational time
compared to preconditioners based on the original system.

5 Conclusion and outlook

We introduced and numerically illustrated preconditioners for RBF-FD systems (2.9)
based on (sparse or hierarchically structured) incomplete factorizations of auxiliary
stiffnessmatrices based onRBF-FDdiscretizationwith smaller stencil sizes. The setup
times of these smaller stencil preconditioners (including the cost to set up the auxiliary
stiffness matrix) can be significantly smaller than computing respective factorizations
for the original system. In the case of PHS(k) with the smaller k = k1, the reduced
setup times more than compensate for a (moderate) increase in iteration steps, leading
to overall time savings to reach the prescribed accuracy. In the case of PHS(k) with
the larger k = k2, the systems can be highly ill-conditioned and this has a negative
effect especially on low-accuracy preconditioners.

We have included ILU preconditioners in our study since they are well-established
and already included in many (numerical linear algebra) software packages. However,
as long as the (sparse) LU factorizations are incomplete, there exist no error bounds
for the quality of the factorizations (except for some very special model problems).
Hence, we also included H-LU preconditioners where we can control the accuracy
through the parameter δH. This allowed us to study the difference between less and
highly accurate H-LU factorizations of smaller stencil matrices as preconditioners.
In a direct comparison between these two preconditioners, the ILU preconditioners
are almost always superior due to the much larger setup costs ofH-LU factorizations.
Only for highly ill-conditioned systems where ILU preconditioners fail (or if systems
have to be solved for multiple right-hand sides), it may be advisable to use an H-LU
preconditioner.

In conclusion, smaller stencil preconditioners provide a promising option for the
iterative solution of RBF-FD systems. In this work, we restricted our attention to
PHS(k) with nearest neighbor stencils on PNP nodes. Future work will lie in the
analysis of smaller stencil preconditioners for further generating functions in RBF-
FD, stabilized versions, and other than nearest neighbor stencils.
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28. Milovanović, S.: Pricing financial derivatives using radial basis function generated finite differences
with polyharmonic splines on smoothly varying node layouts. arXiv:1808.02365, (2018)

29. Milovanovic, S., von Sydow, L.: Radial basis function generated finite differences for option pricing
problems. Comput. Math. Appl. 75, 1462–1481 (2018)

30. Mohammadi, V., Dehghan, M., DeMarchi, S.: Numerical simulation of a prostate tumor growth model
by the RBF-FD scheme and a semi-implicit time discretization. J. Comput. Appl. Math. 388, 113314
(2021)

31. Mount, D.M., Arya, S.: ANN: a library for approximate nearest neighbor searching. http://www.cs.
umd.edu/~mount/ANN/, (2010). Retrieved 25 June 2018

32. Notay, Y.: Aggregation-based algebraic multigrid for convection-diffusion equations. SIAM J. Sci.
Comput. 34, A2288–A2316 (2012)

33. Oruç, Ö.: A local hybrid kernel meshless method for numerical solutions of two-dimensional fractional
cable equation in neuronal dynamics. Numer. Methods Partial Differ. Equ 36, 1699–1717 (2020)

34. Radhakrishnan, A., Xu, M., Shahane, S., Vanka, S.P.: A non-nested multilevel method for meshless
solution of the Poisson equation in heat transfer and fluid flow. arXiv:2104.13758, (2021)

35. Renka, R.J.: Multivariate interpolation of large sets of scattered data. ACM Trans. Math. Software 14,
139–148 (1988)

36. Saad, Y.: ILUT: a dual threshold incomplete LU factorization. Numer. Linear AlgebraAppl. 1, 387–402
(1994)

37. Saad, Y.: Iterative methods for sparse linear systems, SIAM, (2003)
38. Santos, L.G.C., Manzanares-Filho, N., Menon, G.J., Abreu, E.: Comparing RBF-FD approximations

based on stabilized Gaussians and on polyharmonic splines with polynomials. Internat. J. Numer.
Methods Engrg. 115, 462–500 (2018)

39. Shankar, V., Fogelson, A.L.: Hyperviscosity-based stabilization for radial basis function-finite dif-
ference (RBF-FD) discretizations of advection-diffusion equations. J. Comput. Phys. 372, 616–639
(2018)

40. Shankar, V., Wright, G.B., Fogelson, A.L.: An efficient high-order meshless method for advection-
diffusion equations on time-varying irregular domains. arXiv:2011.06715, (2020)

41. Slak, J., Kosec, G.: Standalone implementation of the proposed node placing algorithm. http://e6.ijs.
si/medusa/static/PNP.zip (2021). Retrieved 11 Jan 2022

42. Slak, J., Kosec, G.: Refined meshless local strong form solution of Cauchy-Navier equation on an
irregular domain. Eng. Anal. Bound. Elem. 100, 3–13 (2018)

43. Slak, J., Kosec, G.: Medusa: A C++ library for solving PDEs using strong form mesh-free methods.
http://e6.ijs.si/medusa/, (2019). Retrieved 23 Feb 2024

44. Slak, J., Kosec, G.: On generation of node distributions for meshless PDE discretizations. SIAM J. Sci.
Comput. 41 (2019)

123

http://glaros.dtc.umn.edu/gkhome/metis/metis/overview
http://arxiv.org/abs/1808.02365
http://www.cs.umd.edu/~mount/ANN/
http://www.cs.umd.edu/~mount/ANN/
http://arxiv.org/abs/2104.13758
http://arxiv.org/abs/2011.06715
http://e6.ijs.si/medusa/static/PNP.zip
http://e6.ijs.si/medusa/static/PNP.zip
http://e6.ijs.si/medusa/


Numerical Algorithms

45. Tolstykh, A.I.: On using RBF-based differencing formulas for unstructured and mixed structured-
unstructured grid calculations. In: Proceedings of the 16th IMACSworld congress, vol. 228, pp. 4606–
4624 (2000)

46. Tolstykh, A.I., Shirobokov, D.A.: On using radial basis functions in a finite difference mode with
applications to elasticity problems. Comput. Mech. 33, 68–79 (2003)

47. Tominec, I., Larsson, E., Heryudono, A.: A least squares radial basis function finite difference method
with improved stability properties. SIAM J. Sci. Comput. 43, A1441–A1471 (2021)

48. Wendland, H.: Scattered data approximation. Cambridge Monogr. Appl. Comput. Math., Cambridge
University Press (2005)

49. Wright, G.B., Jones, A.M., Shankar, V.: MGM: a meshfree geometric multilevel method for systems
arising from elliptic equations on point cloud surfaces. arXiv:2204.06154, (2022)

50. Zamolo, R., Nobile, E., Šarler, B.: Novel multilevel techniques for convergence acceleration in the
solution of systems of equations arising from RBF-FDmeshless discretizations. J. Comput. Phys. 392,
311–334 (2019)

51. Zamolo, R., Parussini, L.: Geometric uncertainty propagation in laminar flows solved by RBF-FD
meshless technique. In: Journal of Physics: Conference Series, vol. 1599, IOP Publishing, (2020)

52. Zamolo, R., Parussini, L., Nobile, E.: Propagation of geometric uncertainties in heat transfer prob-
lems solved by RBF-FD meshless method. In: Journal of Physics: Conference Series, vol. 1868, IOP
Publishing, (2021)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

http://arxiv.org/abs/2204.06154

	Smaller stencil preconditioners for linear systems in RBF-FD discretizations
	Abstract
	1 Introduction
	2 The RBF-FD method
	2.1 RBF and RBF-FD approximation
	2.2 RBF-FD for partial differential equations

	3 Smaller stencil preconditioners
	3.1 General framework of smaller stencil preconditioners
	3.2 Smaller stencil ILU preconditioners
	3.3 Smaller stencil mathcalH-LU preconditioners

	4 Numerical results
	4.1 General information
	4.2 Numerical results for smaller stencil ILU preconditioners
	4.3 Numerical results for smaller stencil mathcalH-LU preconditioners

	5 Conclusion and outlook
	References


