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ABSTRACT

An efficient computation of the fluid-structure interaction (FSI) between mechan-
ical structures and ocean waves is an important topic in many ocean engineering
and naval architecture applications. For example, the form and parameters of
wave energy converters (WECs) should be optimized to harvest a large amount
of energy in ocean waves. To this end, the corresponding hydrodynamic forces
acting on the WECs must be computed for many designs. In addition, nonlinear
wave effects must be considered to model the temporal behavior of larger or faster
waves. This is, for example, interesting when ships are excited by rogue waves
and the corresponding hydrodynamic forces acting on the hull of a ship should
be calculated.

For many applications, it is often sufficient to consider the FSI within the
potential flow theory instead of using the Navier-Stokes equations. However,
the numerical solution of the governing equations of the potential flow theory
is still computationally expensive. This thesis contributes to the improvement
of the currently available numerical schemes, which compute the FSI in random
nonlinear ocean waves. The approach used in this thesis is based on the nonlinear
Schrodinger equation (NLS). Compared to the governing equations of potential
flow theory, solutions of the NLS can be computed much more efficiently. This
efficiency is used to develop a method that allows a fast computation of the FSI
in nonlinear water waves.

In addition, an approach is proposed that enables the computation of random
nonlinear water waves by perturbing analytical solutions of the NLS using irregular
sea surfaces. This leads to the proposed approach, where random nonlinear water
waves are computed using the NLS. This makes it possible to describe a method
that employs the NLS to compute the FSI between a structure and random
nonlinear water waves.

The new method is investigated with regard to its application areas, accuracy,
stability, and computational efficiency. Here, numerical results for the water
wave dynamics, the hydrodynamic forces acting on mechanical structures, the
resulting motion of the structures, and the effect of the presence of the structures
on the surrounding water waves are analyzed. All these results are compared
with those obtained using classical random nonlinear water waves, in which the
computation of corresponding wave-wave interactions is time-consuming. It is
found that the NLS offers an interesting possibility to efficiently investigate the
behavior of structures excited by random nonlinear ocean waves.
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INTRODUCTION

Ships and offshore structures in the ocean differ widely in their geometric shape
and submersed depth. When designing these structures, it is important that
appropriate safety limits are taken into account. This can be done by knowing
the hydrodynamic loads acting on the different mechanical structures. Here, the
fluid-structure interaction (FSI) between the various mechanical structures and
the incoming water waves must be analyzed.

In addition, the system response of mechanical structures to ocean waves can be
of interest. This is the case, for example, when wave energy converters (WECs)
are considered. These mechanical systems are placed in the ocean, and electrical
energy is harvested from their motion. To increase the amount of harvested energy,
the mechanical system has to be designed in such a way that the system shows
large and fast motions in ocean waves. Again, this can be done by computing
and analyzing the FSI between the corresponding mechanical structures and
incoming water waves.

These are only two scenarios in which the FSI between waves and mechanical
structures is of great importance. Since real ocean seas are nonlinear and random,
an efficient analysis of the FSI between mechanical structures and random
nonlinear water waves is of great interest in many areas of application.

1.1 Background and Motivation

In general, the behavior of fluids can be modeled using the Navier-Stokes equations.
However, the numerical solution of these equations is computationally expensive.

For many applications, however, it is often sufficient to consider the FSI within
the potential flow theory [GreavesIglesias18, Lin08]. The nonlinear governing
equations of the potential flow theory can be used to model the behavior of
homogeneous, non-viscous, incompressible, and irrotational fluids, where surface
tension effects are neglected.

The nonlinear governing equations of the potential flow theory contain boundary
conditions at the unknown free water sea surface, which makes the computation of
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1.1. Background and Motivation

solutions very difficult. Therefore, the nonlinear governing equations are simplified
in many ocean engineering applications by applying Taylor series expansions,
see e.g. [Mei83, MalenicaMolin95]. If only the corresponding first-order terms
are considered, the linearized equations can be obtained, which can be solved
with lower computational effort than the nonlinear governing equations.

The corresponding linearized wave theory can very well model the dynamics of
water waves with small wave heights H and low wave velocities [Newman18].
However, a nonlinear wave theory must be used to model the behavior of larger
and faster waves accurately. Corresponding nonlinear wave theories can be
derived by considering the i-th order terms in the Taylor series expansions of
the nonlinear governing equations, see e.g. [HollmSeifried23, MalenicaMolin95].
Figure 1.1 shows the limits of validity of the linear wave theory and the nonlinear
wave theories of different orders according to [Le Méhauté76]. Here, g describes
the acceleration due to gravity, h the water depth, 7 the wave period, and A
the wavelength. It has to be noted that water waves cannot be assumed to be
arbitrarily high, as they start to break at certain wave heights H and potential
flow theory cannot be used to simulate wave breaking [Lin08]. It can also be
seen that the limits of validity of the various wave theories depend on the water
depth h.

Compared to the linear theory, nonlinear wave theories include additional wave
effects that significantly influence the dynamics of waves. For example, the group
velocity of waves is independent of the wave amplitude in linear wave theory.
However, this changes when nonlinear wave theories of third order are used. Here,
waves with a larger wave amplitude move faster than waves with a smaller wave
amplitude [Newman18].

Also, within the linear theory, the sum of two solutions is also a solution. In
this way, irregular seas can be calculated within the linear wave theory by
the superposition of many regular waves, see e.g. [Faltinsen93]. However, the
sum of two solutions is not a solution within nonlinear wave theories. Here,
interactions between the different solutions must be calculated. Concerning
the linear spectrum, this results in waves with the sums and differences of the
frequencies, see e.g. [SharmaDean79]. If these frequencies coincide with the
eigenfrequency of a given mechanical system, this can lead to relatively large
movements of the system. For example, this could also have a positive effect
on the performance of a WEC, as more energy can be harvested from a faster
motion of a WEC.

Ocean waves have on average a wave steepness H/X of H/A ~ 0.03 — 0.04
[OnoratoEtAl13, TrulsenEtAl00]. Using the normalizations from Fig. 1.1, this
means H/(gr?) = 0.005 — 0.006 for deep water waves. Such a wave steepness of
an average ocean wave can approximately be observed also by considering data of
water waves, which have been measured at different positions in the North Sea and
Baltic Sea. Data from corresponding real sea states are made publicly available
in [BSH]. In addition to time series, monthly and annual statistics are provided
in [BSH]. Figure 1.2 shows the locations of the buoys in the North Sea and Baltic
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Figure 1.1: Limits of validity of different wave theories according to [Le Méhauté76]. The
red dots illustrate how the data points from Tab. 1.1 are classified in the different
wave theories.

Map data from OpenStreetMap

Figure 1.2: Positions of the buoys listed in Tab. 1.1 taken from [BSH]. Map data is taken
from [OpenStreetMap].

Sea, which have measured the data. The corresponding measured average sea
state parameters are summarized in Tab. 1.1. Here, the significant wave height
describes the mean value of the highest third of all measured waves. The peak
period is defined as the wave period corresponding to the wave frequency, at
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Table 1.1: Annual average real sea state parameters measured by buoys in the North Sea
and Baltic Sea, taken from [BSH].

Name of buoy Water depth Significant Peak h/(gm) | H/(g7%)
(year of measurement) h [m] wave height [m] | period [s] - [-]
Arkona (2021) 46 0.84 3 0.5210 0.0095
Elbe (2020) 25 1.05 4 0.1593 0.0067
FINO 1 (2021) 30 1.30 6 0.0849 0.0037
FINO 2 (2021) 24 0.76 3 0.2718 0.0086
FINO 3 (2021) 25 1.43 6 0.0708 0.0040
Helgoland Nord (2021) 30 1.15 5 0.1223 0.0047
Helgoland Siid (2021) 20 1.16 5 0.0815 0.0047
NSB-2 (2009) 42 1.55 6 0.1189 0.0044
NSB-3 (2012) 40 0.70 6 0.1133 0.0020
Westerland (2021) 13 1.04 5 0.0530 0.0042
Zingst (2019) 21 0.76 3 0.2379 0.0086

which the highest energy waves occur in the entire wave spectrum [ClaussEtAl88].
While the values of the significant wave height are given in [BSH], the values of
the peak period were read from plots provided in [BSH]. The normalizations
according to Fig. 1.1 are given to classify the measured values in a better way.
The respective data from Tab. 1.1 are visualized as red dots in Fig. 1.1. It can be
seen that an average sea state has been measured at all locations, which requires
a nonlinear wave theory for accurate modeling according to the classification
of [Le Méhauté76]. Thus, nonlinear random sea states should be used to analyze
the behavior of mechanical systems in real ocean waves.

Various free and commercial codes are available to calculate the FSI with moving
structures. Many codes, like OpenFOAM, STAR-CCM+ and REEF3D, solve
the fully nonlinear Navier-Stokes equations with the inclusion of appropriate
turbulence closure models. In theory, this set of equations can handle very
complex phenomena with almost no limitations [Lin08]. However, solving this
set of equations needs a large computational effort, which often requires high-
performance computer facilities and well-trained staff [Greaveslglesias18]. This
is a particular problem with stochastic sea states, as many simulations with long
simulation times must be performed to describe the dynamics of a structure in
random waves representatively.

Models using potential flow theory are the second most capable of simulat-
ing complex flows after those, which are based on the Navier-Stokes equa-
tions [Greaveslglesias18]. The nonlinear governing equations of potential flow
theory can be solved, for example, using the Quasi Arbitrary Lagrangian-Eulerian
Finite Element Method, which was first developed in [MaYan06]. Simulations
using potential flow theory are faster than those using the Navier-Stokes equa-
tions in combination with an appropriate turbulence closure model, but their
computational costs are still high [GreaveslIglesias18, Lin08]. Even for the case
that the nonlinear governing equations of potential flow theory are simplified
applying the Taylor series expansions mentioned above, the calculation of the FSI
in nonlinear water waves still requires long computation times. This is because
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wave-wave interactions must be calculated for random nonlinear water waves,
which can be very time-consuming [SlunyaevEtAll4].

However, there are other ways to describe nonlinear water waves. One is offered
by using the nonlinear Schrodinger equation (NLS), which is a partial differential
equation for the wave envelope of the water waves. The NLS can be used to
accurately model nonlinear water waves in deep water with a narrow spectral
bandwidth and moderate wave steepness H/A of H/A < 0.05 [Dysthe79, Witt19,
Osbornel0]. Using the normalizations from Fig. 1.1, this means H/(g7?) < 0.008.
It has to be noted that, on average, real ocean waves have a wave steepness
H/X of H/X = 0.03 — 0.04 [OnoratoEtAl13, TrulsenEtAl00]. Furthermore, the
ocean waves measured by buoys in [BSH] show such values for the wave steepness,
see Tab. 1.1. Therefore, if the corresponding waves show a narrow spectral
bandwidth, water waves presented in Tab. 1.1 can be modeled using the NLS.
The NLS has several advantages compared to the nonlinear governing equation
of the potential flow theory. For example, a variety of analytical solutions of the
NLS have been presented, see e.g. [CarterEtAl20, Peregrine83, SlunyaevEtAll3a].
Moreover, numerical solutions of the NLS can be computed much more efficiently
than solutions of the nonlinear governing equation of the potential flow theory.
These advantages make it interesting to use the NLS to compute the FSI between
structures and nonlinear water waves.

1.2  Aim of the Work

An efficient calculation of the FSI between structures and real ocean waves is an
important topic in many ocean engineering and naval architecture applications.
The aim of this work is to establish a method, which can be used to calculate
the FSI between a mechanical structure and random nonlinear water waves
efficiently. The corresponding approach is based on the NLS. Compared to the
nonlinear governing equations of potential flow theory, solutions of the NLS can
be computed much more efficiently. The aim of this work is to use this efficiency
to develop a method that allows the fast computation of the FSI between a
mechanical structure and nonlinear water waves.

In contrast to the nonlinear governing equations of potential flow theory, several
analytical solutions of the NLS are known. However, these analytical solutions of
the NLS do not allow a description of irregular seas. To this end, an approach
is proposed that enables the computation of random nonlinear water waves by
perturbing analytical solutions of the NLS using irregular sea surfaces. This leads
to the proposed approach, where random nonlinear water waves are computed
using the NLS. This makes it possible to describe a method that employs the NLS
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to compute the FSI between a structure and random nonlinear water waves.
The new method is investigated with regard to its application areas, accuracy,
stability, and computational efficiency. Regarding the computational efficiency,
the aim of this work is to show that the NLS can be used to compute the FSI in
random nonlinear water waves more efficiently than the use of classical random
nonlinear water waves, in which the computation of corresponding wave-wave
interactions is time-consuming.

1.3 Structure of the Work

Chapter 2 introduces the nonlinear governing equations, which can be used to
describe the fluid motion within the potential flow theory. Furthermore, the
corresponding linearized equations are introduced. Various solutions of the
linearized equations are presented in the absence of any structure. Afterward,
the effects of the presence and motion of a structure on the dynamics of the
surrounding water waves are discussed.

The dynamics of a WEC for harvesting wave energy is investigated in the
framework of linear wave theory in Chap. 3. The equations of motions of the
WEC are presented for regular and random incoming water waves. The change
in dynamics of a wave energy converter for different wave and system parameters
is investigated. A control strategy for increasing the amount of harvested energy
is presented.

Chapter 4 deals with nonlinear approximations of the nonlinear governing equa-
tions of fluid motion. Using Taylor series expansions and Stokes perturbation
expansions, the nonlinear governing equations of fluid motion are transformed
into a sequence of linear equations. Solutions of this sequence of linear equations
are presented for incoming regular and random water waves. Based on this
sequence of linear equations, it is presented how the FSI between a structure and
nonlinear water waves can be calculated.

The NLS is introduced and investigated in Chap. 5. Based on the method
described in Chap. 4, it is presented how the NLS can be used to compute
the FSI in nonlinear water waves. The accuracy and stability of the developed
method is investigated. Conclusions are drawn about the computational efficiency
of the described scheme. Furthermore, an approach is proposed, which allows
the consideration of random nonlinear water waves by perturbing analytical
solutions of the NLS through irregular sea states. The effects of the corresponding
perturbations on the dynamics of the water waves are shown by investigating the
trajectories of water particles.

Chapter 4 and Chap. 5 presents the theoretical fundamentals and equations to
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compute the FSI using the NLS. Afterward, a scheme is presented in Chap. 6
to compute the FSI numerically. The developed numerical scheme is verified
and validated by comparing exemplary results of the presented scheme with
corresponding results found in literature. Furthermore, the order of convergence
of the presented numerical scheme is estimated.

In Chap. 7, the developed methods and numerical schemes are used to simulate the
FSI between the WEC and nonlinear water waves using the NLS. Corresponding
numerical results for the FSI are analyzed by studying the acting hydrodynamic
forces and the motion of the WEC. Furthermore, effects of the presence of
the WEC on the surrounding water waves are investigated. All results are
presented using a linear and nonlinear wave theory, respectively. Furthermore,
the effects of a perturbation of the analytical solutions of the NLS on the FSI
are analyzed. Finally, the FSI is investigated in nonlinear water waves calculated
using the classical approach where wave-wave interactions must be considered for
computing random nonlinear water waves. In this way, the areas of application
and computational efficiency of the developed scheme, which computes the FSI
using the NLS, are investigated. Finally, Chap. 8 summarizes the results achieved
in this work.






FUNDAMENTALS OF WATER WAVES

In marine hydrodynamics, the effects of the wave environment on floating or
fixed structures are studied. Of particular interest are the hydrodynamic loads

acting on the various structures and the resulting motion of floating structures.
Here, the motion of the bodies is purely resulting from the excitation of the waves.

In addition, of engineering importance are the waves, which are generated by the
presence and motion of structures [Newman18]. These problems are solved by
describing and computing the fluid-structure interaction (FSI) between water
waves and a floating or fixed structure. Depending on the underlying assumptions
about the fluid, which has to be modeled, different descriptions can be used.

In this thesis, the behavior of homogeneous, incompressible, and non-viscous
fluids is considered, where surface tension effects are neglected. Here, the fluid
behavior is modeled using potential flow theory. Details about the potential flow
theory can be found, for example, in [Newman18]. In general, water is viscous,
and viscosity effects affect the motion of floating mechanical structures. However,
they can be neglected if both the water amplitude and the wavelength of the
incoming waves are small compared to the characteristic length of the mechanical
structure [Faltinsen93]. Furthermore, surface tension effects are negligible if the
wavelength of the water waves is substantially longer than 1.7 cm, at which point
gravitational and surface tension effects are equal [YuenLake80].

This chapter introduces all fundamental equations to model the FSI between ocean
waves and floating mechanical structures. The fully nonlinear governing equations
of fluid motion are presented to model the dynamics of an inviscid, incompressible,
and irrotational fluid. Furthermore, the boundary condition (BC) at the wetted
surface of the structure is formulated. Here, it is assumed that the structure
is impermeable to water. Knowing the temporal behavior of the water waves
as well as the dynamics of the water beyond the sea surface, the hydrodynamic

pressure acting on mechanical systems is computed using Bernoulli’s equation.

This allows the calculation of the corresponding hydrodynamic loads and the
motion of structures floating in the real sea.

The content of this chapter is as follows: In Sect. 2.1, all fundamental equations
are introduced to describe the nonlinear FSI. Then, the corresponding linearized
governing equations are presented in Sect. 2.2, which are used to model linear
regular and random waves. Finally, it is shown in Sect. 2.3 how the disturbance
of a fixed or floating mechanical structure on the wave dynamics can be modeled
using the linearized governing equations.
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2.1. General Theory

2.1 General Theory

The behavior of homogeneous, non-viscous, incompressible fluids, where sur-
face tension effects are neglected, is considered. Let ¢ denote the time and K:
{O, z,y, z} be a Cartesian coordinate system, whereby z = 0 describes the plane
of the undisturbed free sea surface and the z-axis is positive upwards, see Fig. 2.1.
The vertical displacement of any point on the free sea surface may be defined by
the function z = n = n(z,y,t). Here, it is assumed that the water waves are not
breaking such that the value of n(z,y,t) is uniquely defined everywhere.
Furthermore, it is assumed that the fluid is irrotational. This means that the
curl of the flow velocity v € R® vanishes everywhere in the fluid, i.e. it holds

V xv=0. (2.1)

Here, V is the gradient operator. It can be shown that a fluid, which is not viscous
and in which the fluid motion starts from an initial rest state, remains irrotational
for all times [Stoker57]. Then there exists a velocity potential ¢ = ¢(z,y, 2, t)
such that the gradient of the velocity potential V¢ is the velocity vector v of
the fluid flow, i.e. V¢ = v. Using this notation, the governing equations of fluid
motion are given by, see e.g. [Newman1§],

V2 = Guw + dyy + b2z =0, for —h<z<n(z,y,t), (2.2a)
N+ Gatle + Gyny = ¢z, for z=n(x,y,1), (2:2b)

1
¢t + §V¢>V¢+g’l’]:0, for Z:n(x7yat)7 (22C)
¢. =0, for z=—h. (2.2d)

Here and in the rest of this work, fs denotes the partial derivative of a function f

of

with respect to the coordinate s € {z,vy,2,t}, i.e. fs := s Furthermore, V2
S

denotes the Laplace operator in space, g is the gravitational acceleration, and h
is the constant water depth. The sea bottom is assumed to be a rigid plane that
is impermeable to water. Here, Eq. (2.2a) is the conservation of mass, Eq. (2.2b)
is the kinematic BC at the free sea surface, Eq. (2.2c) is the conservation of
momentum at the free sea surface, and Eq. (2.2d) is the kinematic BC at the
bottom. The governing Eqs. (2.2a)-(2.2d) are diagrammed in Fig. 2.1. It has to
be noted that the external pressure exerted on the sea surface 7 is assumed to be
Zero.

The dynamics of water waves on the open sea can be computed by solving
Eq. (2.2). However, if there are additional boundaries like the surface of walls or
mechanical structures like ships and offshore structures, additional equations have
to be formulated to model the corresponding FSI. In this section, general floating
and submerged bodies are considered, which are rigid and impermeable to water.
They can be fixed or freely floating structures, as well as the intermediate category
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Figure 2.1: Governing equations of the nonlinear water wave problem and the FSI with a
floating body of arbitrary shape.

of moored structures. In order to obtain water impermeability, the fluid at a
point next to the moving structure must have the same velocity in the normal
direction as the body itself at that point. Let Sg be the wetted surface of the
mechanical body and u the velocity of a point on Sg. Then the kinematic BC at
the surface of the body is given by

Vé-n=u-n, for(z,y,z)€ Sp, (2.3)

whereby n denotes the normal vector at Sg pointing out of the fluid and hence
into the body. Equation (2.3) as well as the wetted surface Sg of a floating body
of arbitrary shape is also shown in Fig. 2.1. The velocity vector u at any point
on S can be described using the velocity @c of the geometric center C of the
body, the vector of angular velocity w, and the position vector r from C to the
corresponding point on Sg. Then the kinematic BC at the surface of the body
reads accordingly, see e.g. [Newman18],

V¢é-n=(ktc+wxr) -n, for(z,y,z) € Sp. (2.4)

It has to be noted that in the presence of the body, Eq. (2.2) only holds for all
points inside the fluid and outside the rigid body. However, in order to simplify
the notation, these restrictions are neglected in the notation of Eq. (2.2). This
simplified notation is also applied to the simplified and linearized equations,
which are presented in the further course of this thesis.

After computing the velocity potential ¢ and the surface displacement 7, the
hydrodynamic pressure p can be calculated by means of Bernoulli’s equation as

M%yﬂi)I—ﬁ<¢r+%V¢-V¢+g%- (2.5)

Here, p denotes the density of the fluid.

11
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2.2. Linearized Theory

Finally, integrating the pressure over Sg, the hydrodynamic force F' and torque M
with respect to C acting on the body are given by

F= [[mas Mzé/p(rxn)ds. (26)

SB

2.2 Linearized Theory

The nonlinear BCs (2.2b) and (2.2¢) at the unknown location of the free sea
surface make the computation of a solution of the nonlinear governing equations of
fluid motion (2.2) very difficult. Therefore, the corresponding linearized equations,
which can be solved with lower computational effort, are considered in many fluid
dynamics applications.

If the sea surface displacement 7 is sufficiently small, the slopes 7, and 7, are
small quantities and of the same order of magnitude as 7. Similarly, if the
fluid velocity is a small quantity that is proportional to the wave motion, the
derivatives ¢, ¢, and ¢. are also small [Newman18]. Then the nonlinear terms
in Egs. (2.2b) and (2.2c) become quadratically small and the corresponding BCs
reduce to

ne =@z, for z=0, (2.7a)
ot +gn =20, for z=0. (2.7b)

It has to be noted that these BCs should be applied on the free sea surface z = 7.
However, under the assumption of small sea surface displacements 7, it is common
to apply these linearized BCs on the undisturbed free sea surface at z = 0. Taking
the derivative of Eq. (2.7b) with respect to time, the two linearized BCs at z = 0
can be combined to

o1 + gp. = 0, for z=0. (2.8)

Using Eq. (2.8) as BC at z = 0, the velocity potential ¢ can be computed below
the still water level at z = 0.

It has to be noted that Eq. (2.8) does not apply when a floating structure, like
a ship, has a steady forward velocity or a current is present around the struc-
ture [Faltinsen93]. Extended versions of Egs. (2.7) and (2.8), which include the
effects of a steady forward velocity of a floating structure or a current, are derived
and discussed in [Faltinsen93, SkourupEtAl00, ShaoFaltinsen13]. To make the
scope of this thesis not too extensive, the effects of a steady forward velocity of
a floating structure or a current on the FSI are not discussed. In the following,
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it is assumed that the floating structure has no steady forward velocity and no
current is present around it.

The BC at the wetted surface of the structure Sg, which is time-dependent, is
given by Eq. (2.4). However, computing the velocity potential ¢ only below the
still water level at z = 0, it is sufficient to satisfy the BC (2.4) only on the surface
of the body Sgo, which is located below the still water level at z = 0, i.e.

Spo = {(z,y, z) € surface of body | z < 0}. (2.9)
Then Eq. (2.4) becomes
Vo-n=(tc+wxr)-n, at (z,y,2) € Spo. (2.10)

Therefore, using Egs. (2.2a), (2.2d), (2.8), and (2.10), the linearized governing
equations of fluid motion are given by

V20 = Guw + dyy + ¢z = 0, for —h<2<0, (2.11a
it + g9 =0, for z=0, (

¢, =0, for z= —h, (2.11c

Vo -n=(xc+wxr)-n, at (z,y,2) € Sgo. (2.11d

After solving these equations to obtain the velocity potential ¢, the corresponding
sea surface displacement 7 can be computed by rearranging Eq. (2.7b). It holds

1
n= _5@7 for z=0. (2.12)

The total pressure inside the fluid can be obtained using the linearized Bernoulli
equation, which can be obtained by retaining only the first-order linear terms of
Eq. (2.5). Then, the total linearized pressure is given by
0
p(z,y,2,1) = —p (fo + 92) : (2.13)
In the following, different solutions of the linearized governing equations of fluid
motion from Eq. (2.11) are presented.

2.2.1 Regular Waves

In the absence of a structure, regular waves are the simplest waves, which satisfy
the linear wave equations (2.11a)-(2.11c). For incoming regular waves with wave
amplitude A and angular frequency w, which is referred to in the following as
the wave frequency, the sea surface displacement 7 is given by

n(z,y,t) = Acos (k[cos(x)z + sin(x)y] — wt + B) . (2.14)

13
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Here, k is the wave number, x is the angle between the wave direction and
the z-axis, and 8 is a phase shift. As presented, for example, in [SharmaDean79,
MalenicaMolin95], the corresponding velocity potential ¢ is given by

gA cosh(k(z + h))

w  cosh(kh) sin (k [cos(x)x + sin(x)y] —wt + B).  (2.15)

¢(m? y’ Z7 t) =
Substituting Eq. (2.15) into Eq. (2.8), it results that the upper BC (2.8) is
satisfied only if the wave frequency w and wave number k are related by

w? = kg tanh(kh). (2.16)

This relation, which is the so-called dispersion relation, can be used to implicitly
compute the wave number k for a given wave frequency w and water depth h.
Having calculated k& and w, the wave period 7 and wavelength A of the regular
wave from Eq. (2.14) are given by

ko,

-~ . (2.17)

Conversely, for a given wavelength A and water depth h, Eq. (2.16) can be used
to calculate the wave frequency w.

Let wpa(z,y) := cos(x)z + sin(x)y be the propagation direction of the wave
described by Eq. (2.14). For an observer moving with the water wave, the shape of
the wave does not change if the velocity of the observer is chosen in such a way that
the phase ¥(wpd, t) := kwpa — wt + B remains constant [ClaussEtAl188]. It has to
hold ¥(wpd, t) = Hwpa + dwpa, t + dt), whereby dwpq and dt are infinitesimally
small shifts in space and time. This is true if the observer moves with the velocity

_dwpa  w A

— _Y_A 2.1
T TR T (2.18)

This is the so-called phase velocity of the water wave. Using Eq. (2.16), it follows

_ /9
Cph = 4/ p tanh(kh). (2.19)

It can be seen that the phase velocity cpn depends on the wave number k and the
water depth h. It results that water waves with a longer wavelength A = 27/k
propagate faster than waves with a shorter wavelength. This phenomenon is
generally known as dispersion. For this reason, Eq. (2.16) is called the dispersion
relation. For very long waves resulting, for example, from a seaquake or a volcanic
eruption, propagation speeds of over 500 km/h have already been observed on
the open sea [ClaussEtAlI88].

For very large water depths, the dispersion relation from Eq. (2.16), as well as the
expressions for the velocity potential ¢ from Eq. (2.15) and the phase velocity cpn
from Eq. (2.19), can be simplified. In the field of fluid dynamics, it is common
to define deep water conditions when the water depth is larger than half the
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1
wavelength of the present water waves, i.e. h > 5)\, see e.g. [ClaussEtAl88]. In
this case, the velocity potential corresponding to the sea surface displacement
from Eq. (2.14) is given by

o(z,y,2,t) = %ekz sin (k [cos(x)z + sin(x)y] — wt + B) . (2.20)

Here, the wave number k and frequency w have to fulfill the dispersion relation
w? = kyg. (2.21)

In the same way, the expression for the phase velocity cpn from Eq. (2.19)

simplifies to
Con = \/% . (2.22)

2.2.2 Irregular Seas

The sea surface displacement 7 from Eq. (2.14) as well as the corresponding
velocity potential ¢ from Egs. (2.15) and (2.20) only describe regular water waves.
In general, a realistic sea surface is not regular but irregular or random. In order
to model a realistic irregular sea surface, a superposition of many regular waves
can be used. In the linear theory described by the linearized Egs. (2.11), the sum
of regular solutions is also a solution. Interactions between regular waves are not
considered.

In this section, irregular seas are modeled by superposing regular waves with
frequencies w, corresponding wave numbers k, amplitudes A, propagation di-
rections x and phase angles 3. Here, the amplitudes are obtained from the
corresponding one-sided spectral density S(w) [Faltinsen93, ClaussEtAlI88], which
can be found by measurements of the free sea surface displacements. Common
sea spectral densities S(w) are the Pierson-Moskowitz (PM) spectrum for deep
water and the Joint North Sea Wave Project (JONSWAP) spectrum for shallow
water waves. Both spectra can be expressed as a function of peak frequency wyp
and significant wave height Hs, see e.g. [ClaussEtAl88]. The peak frequency is
defined as the wave frequency at which the highest energy waves occur in the
entire wave spectrum. The significant wave height describes the average value of
the highest third of the waves. Using these two parameters, the PM-spectrum
and JONSWAP-spectrum are given by, see e.g. [Sichermann09],

YW wp\
Spm(w) = 0.3125H; —g exp |—1.25 (—p> (2.23)
w w
and
4 4 exp|—0.5(w—w 2/ bwp)?
Sjon(w) = 0.2059H52% exp [—1.25 (%) } fYPEpF[ (w=wp)™/(bwp) ]7 (2.24)
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with the peak enhancement factor yprr = 3.3 and b = 0.07 for w < wp and
b =0.09 for w > wp. Similar to Sjon, there are other spectra with different peak
enhancement factors ypgr, see e.g. [LeeEtAl22, GraingerEtAl21]. A review about
the common models of the wind wave spectrum can be found in [RyabkovaEtAl19)].
Figure 2.2a shows the spectra Spm and Syon for wp = 1rad/s and Hs = 2. It can
be seen that the JONSWAP-spectrum contains most of its energy in a narrower
frequency band than the PM-spectrum.

The angle x describes the propagation direction of the individual regular waves.
The distribution of the propagation directions is given by the spread function D(x),
which causes a scattering in the propagation directions of the regular waves. The
spread function D(x) has to be normalized in such a way that

/ D(x)dx =1 (2.25)
is fulfilled.

One of the simplest used spread functions is the Cosine-squared distribution
[Hughes85, CorbellaStretch14]. An example of such a spread function with an
adjustable spreading width is given by

2
D(x) = —— cos’ (’T (x - xo>) Cor e —xol < X, (2:26)
XR XR

see [DostalEtAl23, Lloyd89]. Here, the propagation directions of the regular
waves are distributed around the main direction of progress of the waves xo by
means of a quadratic cosine function. The coefficient xr indicates the range of
propagation directions from which regular waves can come. Figure 2.2b shows the
spread function D(x) for xo = 0 and xgr = 7. Alternative propagation functions
can be found in [MitsuyasuEtAl75].

Given a sea spectrum S(w) and spread function D(x), an irregular sea surface
displacement can be determined by, see e.g. [Faltinsen93, SharmaDean79)].

M, Nx

n(@,y,t) = Y cos(k(wn) [0s(xn)z + sin(xn)y] = wint + B@m, Xn))

m=1n=1

X \/25(wWim) D (xn) Awm Axn.

(2.27)

Here, the spectrum S(w) is discretized in M., parts with respective widths Awp,
and frequencies Wy, € [Wmin, Wmax), which do not need to be equidistant. In the
same way, the propagation directions are discretized in N, parts with respective
widths Ax, and directions x, € [—m,7]. Furthermore, 8(wm, x») is a random
phase shift, which is uniformly distributed in the interval [0, 27). Since the phase
shifts are randomly distributed, waves of the form as in Eq. (2.27) are so-called
random waves.
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Figure 2.2: (a): PM-spectrum and JONSWAP-spectrum with the parameters wp = 1rad/s
and Hg = 2. (b): Spread function D(x) for xo = 0 and xr = 7.

Waves calculated using Eq. (2.27), whose components propagate in different
directions, are so-called short-crested waves [Newman18]. As a simpler alternative,
all wave components can be assumed to be unidirectional with propagation
direction xo. Irregular seas of this form are so-called long-crested seas because
the wave crests are parallel and the fluid motion is two-dimensional [Newman18].
The sea surface displacement 7 of long-crested water waves can be determined
by, see e.g. [Faltinsen93],

M,

n(z,y,t) = Z cos(k(wm) [cos(xo0)x + sin(x0)y] — wmt + B(wm)) v/ 25 (wm) Awn, .
m=1

(2.28)
Figure 2.3 depicts a short-crested as well as a long-crested sea using Hs = 2m
and wp, = lrad/s. The wave surfaces of both seas have been calculated us-
ing M, = 50 components of the spectrum and yxo = 0. For the short-crested
sea, regular waves propagating in N, = 41 different directions are used, ranging
from —xr/2 to xr/2 with xgr = 7.
Comparing the Eq. (2.27) with Eq. (2.28), it can be seen that the calculation of
the long-crested seas requires much lower computational effort. While a short-
crested sea consists of M, x N, regular wave components, a long-crested sea
consists only of M, regular wave components. Therefore, the number of regular
function evaluations and the computation time is reduced significantly going
from short-crested to long-crested waves.
After calculating the sea surface displacement of a random wave, which is obtained
from the superposition of various regular wave components, the corresponding
velocity potential ¢ can be calculated by superimposing the potentials of the
related regular wave components. The velocity potential of a regular wave is
given by Eq. (2.15).
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Figure 2.3: Example of a (a) short-crested and (b) long-crested sea.

2.3 Influence of the Body

In the previous section, various solutions of the linearized governing equations
of fluid motion from Eq. (2.11) have been presented in the absence of any body.
However, in the presence of a body, the fluid dynamics are disturbed by the body.
The effects of the disturbance is discussed in the following.

From a physical point of view, the incoming water waves are diffracted on the
wetted surface of the body and scattered in all directions. Furthermore, the
incoming water waves set the body into motion. This motion generates additional
waves, which move out in all directions. In mathematical terms, the linearity of
the problem allows the velocity potential of the fluid to be decomposed into a
sum of different velocity potentials of the form

6
$=do+or+ Y @5 (2.29)

Jj=1

see e.g. [Newmanl18, ClaussEtAl88, Mei83]. The different velocity potentials are
defined as follows:

e ¢o: This is the incident potential of the incoming water waves, which are
not disturbed by the presence of the body. The potential ¢ is given by
Eq. (2.15) for incoming regular water waves.

e ¢7: This is the scattering potential representing the reflections of the
incoming waves at the surface of a non-moving body.

e ¢; for j =1,...,6: These are the radiation potential caused by the motion
of the body in direction j. Here, 7 = 1,2,3 represent the translational
motion of the body in the z-, y- and z-direction and j = 4, 5, 6 the rotational
motion about the x-, y-, and z-axis, respectively.
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It is also convenient to define two combinations of the velocity potentials men-
tioned above, see e.g. [Newman18]:

e ¢p = ¢o + ¢7: This is known as the diffraction potential.

o OB = 7+ 23:1 ¢;: This is known as the potential corresponding to the
body disturbance.

While the incident velocity potential ¢y can be written in closed-form expres-
sions, the scattering and radiation potentials can generally only be computed
numerically. The governing equations to calculate these potentials are presented
in the following.
In the linear case, the interaction between the fluid and the body is described by
Eq. (2.10). Substituting Eq. (2.29) into Eq. (2.10) yields
6
V¢oon+V¢7»n+ZV¢j ‘n=(ctwxr) n at (z,y,2) € Seo. (2.30)

j=1

Algebraic calculations show that this equation is fulfilled for

V¢ -n=(&c-n);, for (z,y,2) € Spo, j € {1,2,3}, (2.31a)
Vi -n=((wxr) n), 5, for(z,y 2) € Spo, j € {4,5,6}, (2.31b)
Vér-n=—-Voo - n, for (z,y,z) € Sno. (2.31c)

Here, (z); describes the j-th component of the vector x € R®. Equation (2.31)
describes the BCs at the interface between the fluid and the body.

It has to be noted that the linearized governing equations of fluid motion from
Egs. (2.11a)-(2.11c) are satisfied by the incident velocity potential ¢o. Therefore,
substituting Eq. (2.29) into Egs. (2.11a)-(2.11c¢) shows that the scattering and
radiation potentials have to fulfill the Egs. (2.11a)-(2.11c) as well. Together with
the BC (2.31), the velocity potentials ¢;, 7 =1,...,7, have to satisfy

V3¢, =0, for —h<2z<0, (2.32a)

@it + gdj,. =0, for z =0, (2.32b)
;.- =0, for z = —h, (2.32¢)

Vi -n=(xc n), for (z,y,2) € Spo, j € {1,2,3}, (2.32d)
V¢j-n=((wxr) n), 5, for(z,y,z2)€ Spo, j€{4,56}, (2.32)
Vor-n=—-Voo-n, for (z,y, z) € Spo. (2.32f)

However, the boundary-value problem described by Eq. (2.32) does not offer a
unique solution. In particular, if ¢;, 7 = 1,...,7, is a solution of Eq. (2.32),
then ¢; + c(¢o + ¢7) is also a solution of Eq. (2.32) for any constant ¢ € R.
In order to overcome this problem, a radiation condition at infinity has to be
imposed. This condition has to state that the waves on the free sea surface, other
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than those due to the incident velocity potential ¢ itself, are resulting from the
presence of the body [Newman18]. Therefore, the waves corresponding to the
velocity potentials ¢;, j = 1,...,7, have to propagate away from the body. For
time-harmonic motion excited by waves of the form from Eq. (2.14) with wave
number k, the radiation condition to be satisfied is given by [Wehausen71] as

lim 7 (@jr —ike;) =0, forj=1,...,7, r=+/22+y2. (2.33)

r—>00

Here, it has been assumed that the velocity potentials ¢; are harmonic in
time and can be expressed in the form ¢; = Re{Ap;e '} for some function
v; = @;(z,y,2), 7 = 1,...,7. It has to be noted that the incident velocity
potential ¢¢ is excluded from the radiation condition.

After calculating the scattering and radiation potentials ¢;, 7 = 1,...,7, using
Egs. (2.32) and (2.33), the corresponding hydrodynamic pressure can be computed
by substituting Eq. (2.29) into the linearized Bernoulli equation (2.13). Finally,
the hydrodynamic forces and torques acting on the body can be computed using
Eq. (2.6). Since only small sea surface displacements 7 are considered in the
linearized wave theory, the forces and torques will be computed by integrating
the pressure over Spo instead of Sg. It results

6
F = —p// (¢o,e +¢7,t)nd8—p// (Z(ﬁj’t) ndS—pg//zndS (2.34)
SBo Sgo I=1

SBo

Fy Fy F3

and

6
M :—p//<¢o,t+¢7,t><r x n)dS—p// S 65 | (r % m)ds
SBo Spo M1

M;
—pg//z('r'xn)dS.
SBo

M3

The related terms in Egs. (2.34) and (2.35) represent distinctly different con-
tributions to the total force and torque acting on the body, respectively. The
first components, F} and M, are the excitation force and torque, which are
proportional to the amplitude of the incoming wave. The second components, F5
and Mo, result from the motion of the body. They are dependent on the velocity
and acceleration of the structure. The third components, F3 and M3, are the
hydrostatic components representing the buoyancy force and the corresponding
torque acting on the body. These three contributions are discussed separately
in the next chapter, where the FSI between a given mechanical body and linear
water waves is investigated.

Mo (2.35)




ANALYSIS OF A WAVE ENERGY
CONVERTER USING LINEAR WAVE
THEORY

In the previous chapter, fundamental equations have been introduced to model

the dynamics of a fluid without and with the presence of a mechanical structure.

Analyzing the linearized equations (2.11), it has been shown that the velocity
potential of the fluid, which is disturbed by the presence of a structure, can be
computed by a sum of components ¢;. The different components ¢; lead to
different load components acting on the structure, see Egs. (2.34) and (2.35). In
this chapter, the FSI between a linearized sea and a prescribed floating mechanical
structure is analyzed. Here, the effects of the introduced load components on
the motion of the structure are investigated. In addition, the effects of various

system and fluid parameters on the dynamics of the structure are investigated.

Relevant parameters could be, for example, the mass and size of the mechanical
system or the amplitude and frequency of the incoming water waves.

As a given mechanical system, a wave energy converter (WEC) is considered.

These systems are placed in the real sea, and electrical energy is harvested from
their motion. Because of its high power density compared to solar and wind

energy, wave energy is promising for future power generation [McCormick13].

Therefore, several new concepts for WECs have been investigated in the last years,
see e.g. [VaziriEtAl14, YurchenkoAlevrasl8, DostalPick19]. Moreover, many ways
to harvest energy from water waves are summarized in [DrewEtAl09]. However,
there are still big challenges in wave energy harvesting, since up to now only a
very small amount of energy is harvested from ocean waves. This is because ocean
waves are highly irregular and produce only low-frequency forcing, which makes
it difficult to use standard generators for electrical energy production.

A well-known WEC type is the so-called point absorber. Examples of points
absorbers are shown in Figs. 3.1a and 3.1b. Generally, point absorbers are
devices that possess small dimensions relative to the wavelength of the incoming
waves. Compared to other types of WECs like attenuators or terminators, point
absorbers have the advantage that, due to their small size, the wave direction is
not important [DrewEtAl09]. Point absorbers can be of floating structure type
which heaves up and down at the wave surface, see e.g. [WatersEtAl07]. Other

designs are submerged below the water surface and excited by pressure differences.

One example is the Archimedes Wave Swing, see [PolinderEtAl04].

Moreover, point absorbers differ in the number of moving components from
which energy can be extracted. In the first generation, point absorbers have
been constructed using a single body oscillating in heave. Examples of this

m
[0 d
L
-
o
<
I
O

21



22

Figure 3.1: Sketch about different WECs. (a), (b): Two examples of classical point absorbers.
(c): Multi-body WEC consisting of a combination of several point absorbers.

type can be found in [HollmEtAl22c, WatersEtAl07, LejerskogEtAll5] or in
Fig. 3.1a. However, point absorbers only harvest the maximal amount of energy
if the eigenfrequency of the oscillating body corresponds to the frequency of
the incoming waves, see e.g. [BudarFalnes75, DrewEtAl09, PrudellEtAl110]. This
is a serious disadvantage. Since the typical frequencies of water waves are
usually very low (0.1Hz — 0.2Hz), the dimensions of the mechanical system
have to be impractically large [LiangZuol7]. Therefore, two-body WECs have
been constructed, whereby an additional body is designed beneath a floating
body. Examples of such WECs can be found in [HarmsEtAl22, BeattyEtAll5,
HadiEtAl20] or in Fig. 3.1b. Energy can then be harvested from the relative
heave motion of the two bodies. The second body can be used to improve the
performance of the whole system. Nevertheless, [WuEtAll4] have found that
the performance of a two-body wave energy converter highly depends on the
parameters of the system and the incoming waves. Therefore, finding suitable
system parameters that allow the associated system to harvest a large amount
of wave energy is challenging. This becomes even more challenging for WECs,
which consist of more than two movable components. An example of such WECs
can be found in [HollmEtAl22a] or in Fig. 3.1c.

In order to find suitable system parameters in the early design phase, the
motion behavior of a WEC has to be modeled and simulated in the presence
of different water waves. This simulation model forms the virtual prototype,
which is the basis for a later possible system optimization. In this chapter,
a WEC floating on the sea surface is presented, and its dynamic behavior in
regular and random water waves is studied. To limit the scope of this work,
a single-body point absorber WEC is presented and analyzed in the following.
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Further results for the two-body and multi-body WEC from Figs. 3.1b and 3.1c
can be found in [HarmsEtAl22, HollmEtAl22a].

In this chapter, possible improvements of the resulting dynamics and the averaged
energy harvesting output of a single-body point absorber WEC are analyzed.
The content of this chapter is as follows: First, the WEC is introduced in
Sect. 3.1. The derivation of the equation of motion of the WEC excited by
regular and random waves is presented Sect. 3.2 and Sect. 3.3, respectively.
Then, experimental results of the point absorber in a wave flume are shown for
different setups in Sect. 3.4. Based on the experimental results and parameters,
simulation results are presented in Sect. 3.5 for different setups of the considered
point absorber to analyze the motion of the WEC and the corresponding energy
harvesting performance. Finally, a simple control strategy for increasing the
averaged energy harvesting output is proposed in Sect. 3.6. The following results
have been published in [HollmEtAl22c| and this chapter follows this publication
in an extended version.

3.1 System Setup

A wave energy converter, which consists of a single cylindrical floating body (CFB)
moving along a guidance, is considered. Figures 3.2a and 3.2b show a corre-
sponding experimental rig in the wave flume of the Institute of Mechanics and
Ocean Engineering at Hamburg University of Technology from two different
angles. The WEC mainly consists of the CFB and an electrical generator. The
CFB moves along the guidance rods with the generalized coordinate £. The
guidance is inclined by the adjustable angle a. The CFB has a radius of R
and a draft of d. A sketch of the mechanical system is shown in Fig. 3.2c. A
large dynamic response of the CFB due to incoming waves is desirable. From
this guided linear motion, electrical energy can be harvested using the electrical
generator. There are various power take-off systems that convert linear motion
into electrical energy, see [VermaakKamper12]. Some of them convert the linear
motion of a point absorber to rotary motion, which is, for example, described
in [ChandrasekaranRaghavil5].

A mechanical system similar to the one shown in Fig. 3.2 has been investigated
by [YeungEtAl12]. However, [YeungEtAl12] have studied the system behavior
only for an inclination angle of @ = 90°, which results in a WEC that only
performs heave motion. It has to be noted that a point absorber oscillating only
in heave motion has a eigenfrequency higher than common frequencies of the
incoming water waves. Using the WEC depicted in Fig. 3.2 with an inclination
angle a # 90°, forces in the traveling direction of the water waves can also excite

23



24

3.2. System Response in Regular Waves

Figure 3.2: (a), (b): Experimental rig in the wave flume of the Institute of Mechanics and
Ocean Engineering from two different perspectives. (c): Sketch of the WEC.

the WEC. In the further course of this chapter, it is investigated whether the
introduction of an inclination angle « leads to higher displacements £ of the CFB
compared to the case a = 90°.

3.2 System Response in Regular Waves

In this section, the system response of the considered WEC in regular water
waves is described. To this end, the corresponding equation of motion is derived
and the dynamic behavior of the CFB is described by the response amplitude
operator.



Chapter 3. Analysis of a Wave Energy Converter using Linear Wave Theory

3.2.1 Equation of Motion of the Wave Energy Converter

Let F be the vector of hydrodynamic forces given by Eq. (2.34). In the following,
the components of F' in z-, y-, and z-direction are denoted by Fi, F>, and F3,
respectively. The components of the normal vector n, which points inside
the WEC and is shown in Fig. 2.1, are denoted similarly. It holds

, n= |;;| . (3.1)

Applying the balance of linear momentum in the direction £ yields

F
F>
F3

F =

ME = cos(a)Fy + sin(a){Fg — Mg — sin(a)Avis,zé}—Fdamp(f'). (3.2)

Here, M is the mass of the CFB and the guiding rods, Fyamp is the velocity-
dependent damping force accounting for mechanical friction effects and damping
due to the harvested energy, and Ayis,. is the viscous damping in the z-direction
resulting from the fluid, as described in [YeungEtAl12]. Here, it is assumed that
in the horizontal direction, the water flows around the hull of the cylinder without
any viscous damping, such that no viscous damping forces act in the z-direction.
In the following, incoming regular water waves with a sea surface displacement
of the form

n(z,t) = Acos (kx — wt) (3.3)

are considered. Therefore, compared to the regular water waves from Eq. (2.14),
incoming water waves are considered in the following that propagate in the
z-direction and have a vanishing phase shift, i.e. x =8 =0.

For further calculations, it is advantageous to describe the incoming water waves
using a complex notation. Equation (3.3) becomes

n(z,t) = Re{Ac' "1}, (3.4)

Next, it is assumed that the body has been oscillating in these regular waves for
such a long time that the transient motion has decayed. Then the displacement &
of the CFB becomes harmonic with frequency w and complex amplitude A, i.e.

£(t) = Re{Ae }. (3.5)

The corresponding velocity and acceleration of the CFB can be calculated by
taking the derivative of £ in time. The respective amplitude of the displacement
in z- and z-direction is given by

Ay = cos(a)A, As =sin(a)A. (3.6)

Next, the velocity potential of the fluid disturbed by the CFB is investigated. In
the linearized case, the velocity potential is given by Eq. (2.29). Since the WEC
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only shows translational motion in z- and z-direction, ¢ is given by the sum
of ¢o, ¢1, ¢3 and ¢7. For regular water waves with frequency w, these velocity
potentials ¢; are also regular with the same frequency. In the definition of these
components ¢;, it can be seen that ¢o and ¢7 depend on the incoming water
wave. In contrast, ¢1 and ¢3 depend on the velocity of the body, which can also
be deduced from the BC (2.32d). Therefore, the velocity potential disturbed by
the CFB can be written as

d(x,y,2,1) = ¢o(,y, 2, t) + ¢7(x, Y, 2, 1) + d1(z, 9, 2, 1) + ¢3(z,y, 2, 1)
= Re{Alpo(x,y, 2) + pr(x,y,2)]e "}
=do+67 (3.7)
+ Re{(—iw) (A1p1(, y, 2) + Asps(w,y, 2))e '}
=¢1+¢3

The values of ¢1, p3 and @7 can be computed numerically solving Eq. (2.32).
For incoming regular water waves, the value of o can be computed from the
corresponding velocity potential given by Eq. (2.15).

Having computed the different velocity potentials, the hydrodynamic forces Fi
and F3 can be computed substituting Eq. (3.7) into Eq. (2.34). The force Fy
results in

= —p// (do,t + d7.¢) 1 dS—p// (1.t + P3,¢) N1 dS—pg//zm ds.
SBo SBo

SBo
————
)
(3.8)
Here, equation (x) holds since the cylinder is rotational symmetric and the
hydrostatic pressure is equal at each side of the cylinder.
Next, the representation for ¢o, ¢1, ¢3, and ¢7 from Eq. (3.7) and the represen-

tation for £ from Eq. (3.5) are substituted into Eq. (3.8). It results

Fy = Re{Afie ™"} — 1 1 cos(@)€ — p1 3 sin(a)€ — A1 1 cos(a)€ — A1 3 sin(a)€,
(3.9)

whereby f;, pjx, and Aj i, are given by

= iwp / (o + rlnydS, for j € (1,3}, (3.10)

SBo

by
k41225 = p// prn;dS, with pjk, A\jx € R for j, k€ {1,3}. (3.11)

w
SBo

Here, f; is the complex amplitude of the exciting force in the j-direction for an

incoming wave of unit amplitude. Furthermore, p; 1 is the added mass coefficient
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and Aj x is the hydrodynamic damping coefficient in the j-direction, which result
from the motion of the body in k-direction [Newman18]. It has to be noted that
for the considered CFB, a motion of the CFB in the z-direction does not result
in a force in the z-direction. Therefore, it holds p1,3 = A1,3 = 0.

The force F3 can be computed in a similar way. The only difference is that the
integral pg f f zn3 dS does not vanish but becomes the buoyancy force of the

SBo
body. Therefore, the forces Iy and F3 result in

Fi = Re{Afie ™"} — cos(a)u1,1€ — cos(a)A11€, (3.12a)
F3 = Re{Afse ™"} — sin(a)us 3€ — sin(a) A3 3€ + pgmR* (d — sin()f) .
(3.12b)

It has to be noted that the hydrodynamic force acting in the y-direction, F5, can
be computed similarly. However, since the considered CFB is only moving in the
x — z-plane, the force F3 does not affect the motion of the CFB.

If the mechanical system is in its equilibrium position in still water at £ = 0, the
balance of forces in z-direction results in

pgrR*d = Mg. (3.13)

Substituting Eqgs. (3.12) and (3.13) into Eq. (3.2), the equation of motion of
the CFB, which is excited by regular water waves of amplitude A and frequency w,
is given by

(M + capuna+sipss)é + (cEA1 4 sadss + Sadvis 2 )€

: . 3.14
+ Faamp(§) + SZPQWR2§ = Re{A(Cafl + SafS)e_lwt)}- ( )

Here, the abbreviations
Sa :=sin(a), cq := cos(a) (3.15)

are used. In order to compute the values of f1, f3, pj,;, and A; ;, the velocity
potentials ¢;, 7 = 1,...,7, have to be computed, see Egs. (3.7), (3.10), and (3.11).
These potentials have to satisfy Eq. (2.32). For a cylindrical body, the poten-
tials ¢; and corresponding hydrodynamic coefficients fi1, fs, w5, and A; ; have
been computed by [Yeung81] and [Garrett71]. Here, [Yeung81] and [Garrett71]
have separated the water domain into an interior domain below the cylinder and
an exterior domain beside the cylinder. Solutions for the different velocity poten-
tials are obtained by matching eigenfunctions of the interior and exterior problems,
whereby the eigenfunctions fulfill the different boundary conditions summarized
in Eq. (2.32). In this way, [Yeung81] and [Garrett71] have determined analytical
expressions for the hydrodynamic coefficients fi, fs, p;;, and Aj ;. It has to
be noted that f1, f3, itj,5, and A;; depend on the radius R and draft d of the
cylinder, the wave frequency w, and the water depth h.
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3.2.2 Modeling of Damping Force and Harvested Energy

In Eq. (3.14), the damping force Fyamp considers all energy extracted from the
motion of the system, which occur due to mechanical friction and the energy
harvesting of the electrical generator. The damping due to mechanical friction
is modeled using the damping force Fiech. In this work, a general nonlinear
mechanical damping force Fiech of the form

Fineen (§) = dié + da€]€ + ds&® (3.16)

is used. The damping coefficients d1, d2, and d3 are determined by means of free
decay tests.
Furthermore, the electrical generator converts kinetic energy from the motion
of the CFB into electrical energy. The conversion of kinetic energy introduces
a damping force in Eq. (3.14), which is also contained in the general damping
force Faamp. Let neg be the energy conversion efficiency of the electrical generator.
Additionally, let Peec the amount of harvested electrical power and let Peonvert
the corresponding mechanical power converted from the motion of the CFB. Then
it holds

Pelec = 7]efchonvert- (317)

The converted mechanical power Peonvers can be computed by the product of
the velocity 5 of the CFB and some force Feonvert, i. €. Peonvert = FCOI,VertS. The
force Feonvert affects the motion of the CFB when the electrical generator harvests
electrical energy.

Since electrical energy can only be harvested from the motion of the CFB,
the force Feonvert depends on the velocity & of the CFB. In this thesis, the
force Feonvert is assumed to be linearly dependent on the velocity of the CFB
with some damping constant dejec, i. €.

Fconvert = delec£~ (318)

Such a modeling approach for the force Feonvert has also been used, for exam-
ple, in [ErikssonEtAl05, OlayaEtAll4]. In order to indicate that the damping
force Fionvert results from energy harvesting, the damping constant deec is called
the electrical damping constant in this thesis.

It can be summarized that energy harvesting introduces the damping force Feonvert
in the equation of motion (3.14). This force is considered in Eq. (3.14) in the
damping force Fyamp. Furthermore, the corresponding amount of converted
electrical power, Peiec, is given by

Peolec = 77eff]3<:onvert = UeHFconverté = neffdelec£2~ (319)

Considering the mechanical friction effects and the effects of energy harvesting,
the damping force Faamp in Eq. (3.14) is given by

Fdamp (6) = Fiech (5) 4 Feonvert (5) (320)
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In the further course of this chapter, the electrical power Pelec is investigated by
simulating the dynamics of the CFB over a prescribed time domain. Afterward,
the electrical power Pelec is integrated over this time domain to obtain the
corresponding amount of harvested electrical energy.

3.2.3 Response Amplitude Operator

After the transient motion has decayed, the dynamic behavior of a linear mechan-
ical system excited by regular forces becomes periodic, see Eq. (3.5). In order
to harvest as much energy as possible, the velocity of the CFB has to be high.
Therefore, the behavior of the amplitude of the CFB motion for different frequen-
cies is of interest. The amplitude of the CFB can be analyzed by introducing the
response amplitude operator (RAO), see e.g. [Newman18, YeungEtAll2]. For
regular water waves, the RAQO is defined by the quotient of the amplitude of the
incoming water waves A and the response amplitude of the CFB A.

In the following, it is assumed that the mechanical damping force Fiech is only
linearly dependent on the velocity of the CFB, i.e.

Fmech(é) = dliné (321)

with corresponding damping constant djin. Furthermore, all hydrodynamic
coefficients are assumed to be constant. Substituting Eq. (3.5) into the equation
of motion (3.14), the RAO results in

A Co fl + Sa f3

AO(w) = 2 — 22
R O(W) A Sapgﬂ'Rz — W2Cmass - iLUCdamp (3 )

with
Cmass =M + Ci/ll,l + 33#3,3,

(3.23)
Odamp = diin + delec + Ci)\l,l + Si)\3,3 + SiAvis,z-

If the mechanical damping force Fiech is of the general nonlinear form shown in
Eq. (3.16) and if the hydrodynamic coefficients are not assumed to be constant,
the RAO can only be calculated numerically. This can be done by computing &
numerically and dividing the amplitude of £ by the wave amplitude A.

For energy harvesting, it is important that the velocity of the WEC is high, see
Eq. (3.19). So the question is, with which parameters of the system and the
fluid does the WEC move at high velocities. This question can be answered by
investigating the response amplitude operator of the velocity of the WEC, which
is given by £. Since in regular waves the amplitude of ¢ is given by —iwA, the
corresponding response amplitude operator of the velocity, RAOy, is given by

—iwA . —iw(cafi + Saf3)

RAO(w) = 1= —iwRAO(w) =

. (3.24
sgngﬂ'RQ — w2Cmass — iwcdamp ( )

29



30

3.3. System Response in Random Waves

3.3 System Response in Random Waves

After investigating the system response of the WEC excited by regular waves,
the system response of the WEC due to incoming random waves is investigated.
Equation (3.14) describes the motion of the CFB in regular waves. In order to
extend this model to irregular seas consisting of many regular waves as presented
in Sect. 2.2.2, the equation of motion (3.14) has to be modified.

An ansatz of computing the motion of a floating system in an irregular sea is to
use average values for the added mass and hydrodynamic damping coefficients and
include the excitation forces of each regular wave component in the right-hand
side of Eq. (3.14), see [Wehausen71]. Hence, in this work, this ansatz is followed,
and constant frequency independent values for p;;, A;;, 7 € {1,3} are used. The
excitation forces f1 and f3 are computed individually for each incoming regular
wave component. For a given sea spectrum with prescribed peak frequency wyp,
the coefficients y; ; and \; ; are computed at w = wy,. In this way, the response of
water waves with frequency wp, which have the highest amplitude in the irregular
sea, can be computed.

In the following, long-crested random water waves propagating in the x-direction
are considered. Based on Eq. (2.28) with xo = 0, the corresponding sea surface
displacement is given by

n(,t) =Y cos(k(wn)a = wmt + Bwm)) /25 (@m) Awpm. (3.25)

Defining

fj.5 = 135 (We), Ajg = Ajj(we), forj€{1,3}, (3.26)
the equation of motion (3.14) of the CFB can be written as

(M + Ciﬂm + Siﬂ&s)é + (Czj\l,l + 825\3,3 + Si)\vis,z)é + Fdamp(é)
My,
+ s2pgmR*€ = Z Re{\/2S(wm)Awm (ca f1(wm) + safg(wm))e_iwmt'*'w“m)}.

m=1

(3.27)

It has to be noted that solving Eq. (3.27) needs the computation of the values
of fij.5, Ajj, fi(wm) and f3(wm). Since all these values depend on the actual
position of the CFB, this can get time-consuming for large M,,. In order to
reduce the computational effort, the values of fi; ;, Aj;, fi(wm) and f3(wm) are
determined only once for the equilibrium position of the CFB in still water.
These values are then used for the entire simulation. Here, it is assumed that
the CFB does not make large amplitude motions and is always in the vicinity of
this equilibrium. Due to the small displacements of the CFB, the exact values
of the hydrodynamic coefficients, which continuously depend on the position of
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the CFB, are then close to the corresponding values in the equilibrium position.
This approach has also been proposed by [Wehausen71].

In the following, the hydrodynamic coefficients u; ;, Aj,j, fi and f3 are always
computed for the equilibrium position of the CFB. This means that these coef-
ficients are kept constant over the entire simulation time when computing the
motion of the CFB in regular and random waves solving Eq. (3.14) and Eq. (3.27),
respectively.

3.4 Experimental Results

In order to validate the influence of the inclination angle «, corresponding
experimental tests have been executed. The facility used to undertake the
experiments is the wave flume of the Institute of Mechanics and Ocean Engineering
at the Hamburg University of Technology. A sketch of the wave flume is shown
in Fig. 3.3, and details of the wave flume are given in Tab. 3.1. The waves are
generated by a back-and-forth motion of a spindle actuated wave flap with flap
angle vwe. The type of movement of the flap generates different water waves,
such as regular and random waves. A beach is installed at the end of the wave
flume to reduce the reflection of water waves.

The dimensions of the floating system, which is shown in Fig. 3.2, are given
in Tab. 3.2. The displacement of the CFB has been measured using a linear vari-
able differential transformer, which is mounted on the guidance. The resolution
of the position measurement is about a tenth of a millimeter. The corresponding
velocity is obtained by differentiation of the numerical displacement.

In the following, it is described how the mechanical damping coefficients d1, dz, ds,

___ wave flap .
Yot § P still water surface A WEC beach
L : ”
N V 4 I
’ ' 1.5m
=~ [~ |~ =~ [~
\\:\i\:Et\:\\
[ - [ [

L 12m
-

Figure 3.3: Sketch of wave flume at the Institute of Mechanics and Ocean Engineering at
Hamburg University of Technology.
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3.4. Experimental Results

Table 3.1: Parameter values of the wave flume.

Maximum wave | Maximum wave
height [m] frequency [Hz|
12 | 150 | 150 | 0.6 \ 2

Length [m] ‘ Width [m] ‘ Depth [m] ‘

Table 3.2: Parameter values of the floating system.

ol | ol | ol | 4[] | [38] | o [F5] | o [

2
0.09 | 045 | 1.06 | 4442 | —99.23 | 73.00 | 18.00

and djin are determined using free decay tests. Afterward, measurements for
the displacement £ are presented for different inclination angles a and wave
frequencies w.

3.4.1 Estimation of Mechanical Damping Coefficients

The damping coefficients d1, dz2, ds, and din, which are used to approximate
the influence of mechanical friction, can be determined by means of free decay
tests. The CFB is moving outside the water and is not connected to the electrical
generator. However, in the direction of coordinate &, the CFB is connected to
an additional spring with stiffness constant ksp. The equation of motion of this
system is given by 3 )

ME 4 Frueen(§) + ksp& = 0. (3.28)

Here, Fech is given by Eq. (3.16) for the nonlinear case and by Eq. (3.21) for
the linear case, respectively. For an inclination angle of a = 60°, Fig. 3.4a shows
the displacement of the CFB measured in the experiment in blue. The values
of the damping constants di, dz, d3, and djin have to be determined such that
the difference between the experimentally measured displacement &meas and the
simulated displacement &sim becomes small for all times. These values have been
obtained by mathematical optimization with respect to the objective function

I
minimize G =Y _ [Emeas (t:) = &uim () (3.29)

i=1
Here, t1,...,t; are discrete time points for which measured data are available.

For the computation of this optimization problem, a gradient-based optimization
method has been used.

The damping coefficients d1, d2, d3, and diin depend on the inclination angle a.
For an inclination angle of a = 60°, the resulting values of di, d2, d3 and diin
are presented in Tab. 3.2. The corresponding simulated displacements &sim are
presented in Fig. 3.4a. It can be seen that using a linear model for the damping
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force Fmech from Eq. (3.21), the displacement &sim decays not as fast as the
measured data &meas- In contrast, using nonlinear modeling of the damping
force Fmech from Eq. (3.16), the simulated data &im approximates the temporal
behavior of the measured data &meas for all times very well.

Furthermore, Fig. 3.4b shows the damping force Fimech against the velocity f
using the values of d1, dz2, d3 and diin presented in Tab. 3.2. It can be seen that
for 0.36 m/s < £<1 m/s the linear modeling approach of the damping force leads
to larger values of Finech than the nonlinear approach. The nonlinear damping
force exceeds the linear one for all other velocities £. In Sect. 3.5, the effects of the
different modeling approaches of Fi,ech on the behavior of the WEC is analyzed.
There, the dynamic behavior of the WEC is investigated using simulation results.
However, before coming to simulation results, corresponding experimental results
about the motion of the CFB are presented.

15 40
10 (a) ——linear damping (b)
30 ——nonlinear damping
0 3
g §20
w g
-10 ——&mens, €xperimental data €Y 10
15 ——&sim, linear damping
B ——&sim, Nonlinear damping
-20 0
0 1 2 3 4 0 02 04 06 08 1 1.2
t [s] & [m/s]

Figure 3.4: (a): Comparison between measured and simulated data for displacement & result-
ing from free decay tests. (b): Comparison of linear and nonlinear mechanical
damping force Fech-

3.4.2 Experimental Investigation of the Motion of the Wave
Energy Converter

In the following, experimental result are shown, which present the motion of
the WEC in regular waves for different inclination angles without the presence of
an electrical generator. Figure 3.5 shows for the wave frequency w = 2.57 rad/s
the measured temporal behavior of the displacement in the direction of the
coordinate £. It is depicted that the displacement increases if the inclination
angle « is changed from o = 90° to a = 45°. Since higher displacements are
reached in the same time domains, the velocities also get higher, from which
more electrical energy can be harvested.

In order to illustrate the influence of a changing inclination angle for different
wave frequencies w, various RAOs can be computed. Here, the RAOs are related
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3.4. Experimental Results

0.2
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-0.3 ‘ ‘ ‘
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Figure 3.5: Experimental results for the response of the CFB for water waves of frequency
w = 2.57 rad/s and for different inclination angles «.

to the measured amplitude of the incoming water waves and the displacements of
the CFB. In Fig. 3.6, the RAOs of the displacement and velocity are depicted for
different inclination angles o and frequencies w € [2rad/s,4rad/s]. It is shown
that the displacement and the velocity of the CFB increases if the inclination
angle « is changed from a = 90° to @ = 60° and a = 45°, respectively. From
Eq. (3.19), it follows that more electrical power can be harvested from the
increased velocity &.

It has to be noted that the finite length of the wave flume leads to wave reflections
at the end of the wave flume. The amplitudes of the wave reflections depend on
the wave frequencies of the incoming waves. Consequently, the amplitudes of
the waves exciting the WEC also depend on the corresponding wave frequencies.
However, due to the nonlinear mechanical damping, the motion of the CFB does
not depend linearly on the amplitude of the water waves. Therefore, experimental
results in a wave flume of finite length represent the dynamic behavior of the

5 14
—a =45° (a) _qol[a= (b)
0 ——a =60
— = 10 H—a =90°
= £ 8
: 5
— 2
0
2 23 26 29 32 35 38 2 23 26 29 32 35 3.8
w [rad/s] w [rad/s]

Figure 3.6: Experimentally determined RAOs for the (a) displacement and (b) velocity of
the CFB for different inclination angles a.
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mechanical system in an open sea only in a limited way.

Moreover, it should be noted that a realistic irregular sea mainly contains regular
wave components in the frequency range w € [0.5, 1.5] rad/s. Since the wave flume
has only a limited length, only waves with small wavelengths fit into the wave
flume. Therefore, waves with frequencies in the range of w € [2rad/s,4rad/s]
have been chosen in the experiments to show the angular dependency on the
dynamics of the WEC and on energy harvesting.

3.5 Simulation Results

In the following, simulations of the mechanical system are studied to obtain more
details about the influence of the inclination angle on the motion of the mechanical
system. Here, the simulated dynamic behavior of the WEC is computed by solving
the equations of motion (3.14) and (3.27) in regular and random waves. In order
to relate the simulation results to the results from the experiment, the geometric
and damping parameters from the experiment given in Tab. 3.2 are used in the
following. It has to be noted that the mechanical damping coefficients depend
on the inclination angle a. However, the damping coefficients given in Tab. 3.2
are used for all considered values of a. In this way, only the effect of different
inclination angles and incoming water waves on the dynamic behavior of the WEC
is investigated. The effects of the change in damping coefficients at different
inclination angles are not considered.

Simulation results are presented for a water density of p = 1023kg/m?® and
without considering an electrical generator, i.e. delec = 0. Moreover, a viscous
damping coefficient of Avis, = 13.69kg/s is chosen, which represents the force due
to viscous drag. The value of Avis , appears in Egs. (3.14) and (3.27) and has been
taken from the work of [YeungEtAl12]. It has to be noted that [YeungEtAl12]

use a cylinder of different size than described by the parameters stated in Tab. 3.2.

In order to study the effect of the inclination angle at the motion of the cylinder,
the stated value for Ayis , is used in this study.
In Fig. 3.7, the RAOs of the displacement and velocity are shown for different

inclination angles a using linear and nonlinear mechanical damping, respectively.

For the case of linear mechanical damping, the Egs. (3.22) and (3.24) are used
to calculate the value of RAO and RAOy, respectively. For the case of nonlinear
mechanical damping, the values of RAO and RAO, are computed using simulation
results. For this, Eq. (3.14) is solved for waves of amplitude A = 0.1 m. Comparing
Figs. 3.6 and 3.7, it can be seen that simulations and experiments lead to the
same general dynamic behavior of the WEC. This means that a reduction of the
inclination angle from a = 90° to @ = 60° and a = 45° leads to a growth of
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Figure 3.7: Simulated RAOs of the (a) displacement and (b) velocity for the case of linear
damping and (c) displacement and (d) velocity for the case of nonlinear damping.

the displacement and velocity of the CFB. Furthermore, an increase of the wave
frequency w to a value larger than 4rad/s leads to a decrease in the displacement
and velocity of the CFB.

Considering Fig. 3.7 and comparing linear with nonlinear mechanical damping,
it can be seen that both modeling approaches for the damping result in the same
general dynamic behavior described so far. Only the response amplitude changes
depending on the used damping approach. For a = 90°, the linear mechanical
damping approach leads to a larger CFB response amplitude, while for a = 60°
and a = 45°, the nonlinear mechanical damping approach leads to a larger CFB
response amplitude. For o = 75°, both modeling approaches for the mechanical
damping force Fiech result in nearly the same response amplitude. The described
behavior of the amplitude response can be explained considering the velocities §
of the CFB. For regular incoming water waves, the amplitude of the velocity £ can
be computed from the used water amplitude A = 0.1 m and value of RAO, shown
in Figs. 3.7b and 3.7d by |£| = |RAO,| - A. Therefore, the velocities achieved by
the CFB for a = 90° have small amplitudes compared to the other considered
inclination angles a. From Fig. 3.4b, it can be seen that the linear mechanical
damping force Fiech exceeds the nonlinear force only for 0.36 m/s < f <1lm/s.
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As a result, the response amplitude of the CFB is smaller for the case of linear
mechanical damping than for nonlinear damping if the amplitude of £ is between
0.36 m/s and 1m/s. Therefore, for a = 90°, the linear mechanical damping
results in a larger response amplitude of the CFB than the nonlinear mechanical
damping approach. For the other considered inclination angles, the behavior
of the response amplitude going from linear to nonlinear mechanical damping
approach can be explained in a similar way.

The results shown in Figs. 3.7b and 3.7d are extended by the results presented
in Fig. 3.8, where surface plots of RAO, are shown about the inclination an-
gle oo € [10°,90°]. It can be seen that with a decrease of «, the RAOs of the
velocity get higher maximal values at lower frequencies w. This results from
the fact that due to the multiplication of the stiffness term pgrR? in Eq. (3.14)
with sin(a)?, the eigenfrequency of the mechanical system gets lower for decreas-
ing a. In both damping cases, the maximal velocity is obtained for w = 2.3rad/s
and o = 38°. Generally, the lowest velocity response is obtained for the vertically
inclined case, i.e. for a = 90°, which has been investigated in literature so far,
see e.g. [YeungEtAll12)].
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Figure 3.8: (a), (b): RAO of the velocity for the case of linear mechanical damping shown
from two different perspectives. (c), (d): RAO of the velocity for the case of
nonlinear mechanical damping shown from two different perspectives.
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3.5. Simulation Results

Next, it is investigated whether the WEC can harvest more energy when con-
sidering inclination angles > 90°. To this end, the velocity response of the
WEC is studied for angles o € [10°,170°] in the following. Figures 3.9a and 3.9b
shows the RAO of the velocity for the case of linear damping from two different
perspectives. The values of RAO, for « = 90° are marked in red. It can be
seen that the amplitude value of RAO, is nearly symmetric around a = 90°,
i.e. RAOy(a = 90° + &) =~ RAO, (o = 90° — &) for some & < 90°.

However, the use of inclination angles a > 90° affects the phase of RAO, and the
motion of the CFB. In order to show this, Fig. 3.9c depicts the displacement £ of
the CFB in regular waves with amplitude A = 0.1 m and frequency w = 2rad/s for
the inclination angles o = 60° and o = 120°. The displacements £ are calculated
considering linear mechanical damping. It can be seen that the displacements &
of the CFB are shifted in time. This shows that the additional consideration of
inclination angles o > 90° does not result in an increasing velocity response of the
CFB. Only the phase of the displacement £ against the sea surface displacement n
is changed. Therefore, only inclination angles o < 90° are considered in the rest
of this work.
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Figure 3.9: (a), (b): RAO of the velocity for the case of linear damping shown from two
different perspectives. (c): Comparison of the dynamic behavior of the CFB
considering the inclination angles o = 60° and o = 120°.
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Finally, the mechanical behavior of the point absorber is investigated for the case
of a random wave excitation. In Fig. 3.10, the displacement and velocity of the
mechanical system are depicted for different inclination angles in the presence of a
random water wave with M,, = 100 regular wave components. The corresponding
wave amplitudes are obtained using the PM-spectrum from Eq. (2.23) with peak
frequency wy, = 1rad/s and significant wave height Hs = 2m. Nonlinear damping
and a water depth of h = 10m are used. It can be seen that the CFB follows
the sea surface displacement 7 for an inclination angle of @ = 90°. However,
by decreasing the inclination angle o from o = 90° to o = 30°, the response
amplitude of the CFB gets larger, which results in higher velocities. Although
the simulated velocities reduce if « is decreased further from o = 30° to oo = 10°,
a higher amount of electrical energy can also be harvested in irregular seas
if the CFB is inclined compared to the case where the CFB only exerts pure
heave motion.

3 T T T
—a—n (wave) ¢ for a =30° ——¢ for a =90° (a)
2H ¢ for @ =10° —£ for o =60° 7

displacement [m]

3 T T
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=2 2r £ for a =30° ——¢ for a =90° ]
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Figure 3.10: (a) Displacement and (b) velocity of the WEC for the case of a random wave
excitation, nonlinear damping, and different inclination angles a.
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3.6. Simple Control Strategy for the Wave Energy Converter

3.6 Simple Control Strategy for the Wave Energy
Converter

A known disadvantage of point absorbers is the strong dependency of their energy
harvesting performance on the wave frequency of incoming waves. Point absorbers
harvest the maximal amount of energy if the eigenfrequency of the oscillating
body corresponds to the frequency of the incoming waves, see e.g. [BudarFalnes75,
DrewEtAl109, PrudellEtA110]

In order to match the eigenfrequency of the presented WEC to the frequency of
the incoming waves, a useful control strategy could be to adjust the inclination
angle of the CFB. This adjustment can be performed very slowly since the mean
frequency of incoming waves changes slowly in real seas. Typically, a considerable
change of the sea state can be observed after about 20 minutes [ClaussEtA188].
The effect of an adjustment of the inclination angle o on the amount of harvested
energy is discussed for the first time in [HollmEtAl22¢] and this chapter follows
this publication in an extended version.

To adjust the inclination angle «, the hydrodynamic forces due to incoming water
waves can be used to tilt the guidance. In this way, no external electrical energy
has to be used to tilt the guidance to the desired inclination angle. The guidance
is locked as soon as the desired inclination angle is reached.

In the following, the effect of a fixed or controlled inclination angle o on the amount
of harvested energy is investigated. For this purpose, the dynamic behavior of
the WEC with the system parameters given in Tab. 3.2 is simulated in regu-
lar waves with frequencies w € {0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5} rad/s. Each
dynamic behavior of the WEC is simulated for one hour. In order to compute
the amount of harvested energy, the corresponding electrical power given by
Eq. (3.19) is integrated with respect to time and summed up over all considered
wave frequencies. Here, the electrical power is computed using Eq. (3.19) with
an electrical damping constant of deiec = 10kg/s and an efficiency constant
of et = 0.8. The electrical damping constant deiec = 10kg/s is also considered
in the calculation of the dynamic behavior of the system.

In all simulations, the tilt angle « is fixed or controlled based on the incoming
wave frequencies so that the CFB reaches high velocities. The results can be
seen in Fig. 3.11 for linear and nonlinear mechanical damping. No significant
differences between the case with linear and nonlinear damping can be observed.
For the uncontrolled case, a fixed inclination angle of av = 40° leads to the highest
values of harvested energy outputs in both cases.

If the proposed control strategy is used to adjust the inclination angle «, the
energy harvesting performance is further increased. In Fig. 3.11, it can be seen
that the controlled case leads to an increase of the energy harvesting output
of 34% compared to the best case with a fixed inclination angle «. It can also be
seen that a too small or too high fixed angle a results in lower energy outputs.
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Figure 3.11: Amount of harvested energy for the case of (a) linear and (b) nonlinear damping.

Moreover, compared to the case & = 90°, which corresponds to the standard
case of a vertically moving point absorber, the controlled case leads to an energy
increase of 605%.

In summary, it can be concluded that the proposed adjustment and control
of the inclination angle a exposes an efficient way to increase the amount of
harvested energy. However, it should be noted that the dynamic behavior of the
presented WEC has only been studied using a linear wave theory. The question is
how the dynamic behavior of the CFB and the averaged energy harvesting output
change when moving from linear to nonlinear wave theory. This is investigated

in the following chapters.






NONLINEAR WAVE THEORY

In order to model the behavior of homogeneous, incompressible, and inviscid
fluids, the nonlinear governing equations of fluid motion have been presented in
Chap. 2, see Eq. (2.2). However, the nonlinear BCs at the unknown position of
the free surface z = n(x,y,t) make the computation of a solution of the nonlinear
governing equations very difficult. Therefore, these BCs have been linearized in
Sect. 2.2 by neglecting higher-order terms in the wave amplitude and associated
fluid motion. However, using the linearized wave theory, nonlinear wave effects
have been neglected, which can significantly influence the wave motion for higher
or faster waves. For example, the phase velocity cpn of waves modeled by the
linear wave theory is independent of the wave amplitude, see Eq. (2.19). However,
this changes when nonlinearities as present in nonlinear governing equations of
fluid motion from Eq. (2.2) are considered. Here, waves of larger wave amplitude
move faster than waves of smaller wave amplitude [Newman18]. Therefore, it is
impossible, for example, to precisely model the temporal behavior of real random
waves with high wave heights over a longer time span with a linear theory.

A second simplification resulting from using the linear wave theory is that
the sum of two solutions of the linearized governing equations from Eq. (2.11)
is also a solution of those equations. However, this changes when using the
nonlinear governing equations. Here, two different solutions of the nonlinear
governing equations interact with each other, such that the interactions between
the different solutions have to be calculated, see e.g. [SharmaDean79]. If the
frequencies corresponding to these interactions are related to the eigenfrequency
of some floating mechanical structure, this can lead to relatively large movements
of the structure. This can positively affect the performance of the WEC presented
in Chap. 3.

The described nonlinear effects motivate the generalization of the linear wave
theory presented in Sect. 2.2 to corresponding nonlinear wave theories, where
the effect of higher-order terms are considered. This is done using Taylor series
expansions of the BCs (2.2b) and (2.2¢) at z = 7 in Sect. 4.1. Depending on the
order up to which terms in the Taylor series expansions are considered, nonlinear
theories of different orders are obtained. However, the resulting nonlinear theories
are based on nonlinear partial differential equations (PDEs), which can only
be solved numerically using a large computational effort. Therefore, Stokes’
expansions are introduced, which are applied to the velocity potential ¢ and
sea surface displacement 7. As a result, ¢ and n can be calculated by solving a
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4.1. Fundamental Equations for the Nonlinear Fluid-structure Interaction

sequence of linear PDEs [MalenicaMolin95].

Having computed the velocity potential ¢ and sea surface displacement 7, it is
presented how the nonlinear FSI between a structure and nonlinear water waves
can be described. The resulting equations of motion are derived in Sect. 4.2
for the WEC introduced in Sect. 3.1. Afterward, the regular and random wave
solutions of the linear wave theory, which have been presented in Sect. 2.2.1 and
Sect. 2.2.2, respectively, are generalized to solutions of the nonlinear wave theories
in Sect. 4.3. Finally, this chapter ends with Sect. 4.4, which gives a summary
over the whole procedure for the computation of the nonlinear FSI between the
WEC introduced in Sect. 3.1 and nonlinear water waves. This chapter has partly
been published in [HollmSeifried23].

4.1 Fundamental Equations for the Nonlinear
Fluid-structure Interaction

In this section, the fundamental equations for the calculation of nonlinear water
waves are presented. This is done by developing a procedure that computes
the velocity potential of the sea, which is disturbed by the presence and motion
of a structure. As already assumed in Sect. 2.2, it is assumed in all following
calculations that the structure has no steady forward velocity and no current is
present around the structure.

In order to simplify the given problem, the dynamics of nonlinear water waves
are first considered in the absence of any structure in Sect. 4.1.1, Sect. 4.1.2,
and Sect. 4.1.3. Afterward, the corresponding equations to calculate the influence
of a structure on the water waves are presented in Sect. 4.1.4. At the end of
Sect. 4.1.4, a schematic representation of the overall procedure for calculating
the nonlinear wave dynamics is shown in Fig. 4.2.

411 Derivation of Nonlinear Higher-order Equations

Since the nonlinearity of the governing equations of fluid motion from Eq. (2.2)
comes from the BCs (2.2b) and (2.2c) at z = n, this section focuses on an
approximation of these BCs by equations which are easier to solve. The first step
is to combine the two BCs (2.2b) and (2.2¢) into one single BC. To this end, the
substantial derivative of Eq. (2.2c) is considered [Newman18], i.e.

0

(a+v¢-v) [¢t+%v¢.v¢+gn] —0, for z=nylzyt).  (41)
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Here, the substantial derivative expresses the time rate-of-change in a coordinate
system moving with the fluid. Using Eq. (2.2b), Eq. (4.1) can be rewritten to,
see e.g. [Mei83, Newman18],

o1t + 9o, + 2V - Vi + %V(b -V (V¢-Vo¢)=0, for z=mn(z,y,t). (4.2)

This BC is exact and only depends on ¢, except that it has to be applied at
the unknown position of the sea surface z = 7. The formulation of an exact
analytical theory is therefore almost impossible. Retaining only the linear terms,
Eq. (4.2) reduces to Eq. (2.8).

Next, the exact BC (4.2) is expanded from the exact free sea surface z = n(z, y, t)
to z = 0. This is done by approximating all occurring derivatives of ¢ in the
exact BC (4.2) by Taylor series expansions around z = 0 of form

¢(l‘, Y1, t) = ¢($7y7 O»t) + 77¢z($7yy 07 t) + %ﬁ2¢22 (JZ‘, y,()? t) + 0(773) (43)

Depending on the approximation order of the Taylor series expansion, a sequence
of BCs valid on z = 0 is obtained. The value of 7 appearing in Eq. (4.3) can be
computed using Eq. (2.2b), which has to be expanded to z = 0 as well. The first
three members of the resulting sequence of BCs are given by

Gu + gd- =0+ O(¢?), (4.42)
bit + 9P, + 2V - Vo, — *(f)t (¢tt +9¢.) =0+ 0(115 ), (4.4b)

it + 9o +2V - Vo + §V¢ -V (V¢ Vo)

- *(f’t (¢’tt +g¢. +2V¢p-Vay)

1 (4.4¢)

- (—¢t¢tz+ 1o, w) O (6rc+902)

+ g3 (60 o (0 +.96:) =0+ 06",

see e.g. [Newmanl8]. It can be seen that the complexity of the systematic
procedure increases rapidly with increasing order of accuracy.

In the same way, the sea surface displacement 7 can be expressed by a sequence
of expressions, which differ in their order of approximation. Applying the Taylor
series expansion from Eq. (4.3) on Eq. (2.2¢), for the first three approximation
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orders, the sea surface displacement 7 can be expressed as
n= {—Qﬁt} +0(6%), (4.5a)

—{ <¢z+ Vo- V¢) (@%ﬂ + 0(¢°), (4.5b)

2=0
=[ <t+ 194 w) (@@zﬁi(@vww)ﬂ
z=0

1 0 2 4
{2(9((@) ¢tz>]zzo+0(¢ )-

Equations (4.5a)-(4.5b) have also been stated by [Newman18]. Summarized, the
following two steps of computation have to be done:

Qw‘ —_ RDM‘ —_

(4.5¢)

o Compute the velocity potential ¢ by solving the corresponding equations

V20 = ¢uw + byy + G2z = 0, for —h<2z<0, (4.6a)
BC (4.4a), (4.4b) or (4.4c), for z=0, (4.6b)
¢. =0, for z = —h, (4.6¢)

which depend on the used order of approximation.

e Compute the corresponding sea surface displacement 7 using Eq. (4.5)
with the same approximation order, which is used describing the BC (4.4)
at z =0.

Using the BC (4.4a), which depends linearly on ¢, Eq. (4.6) becomes the linearized
governing equations of fluid motion from Egs. (2.11a)-(2.11c).

4.1.2 First Example of Nonlinear Water Waves

In this section, nonlinear effects are examined, which occur when the linearized
BC (4.4a) is replaced by the nonlinear BCs (4.4b) and (4.4c). This exemplary
study is done by investigating long-crested deep water waves. Considering
the linearized governing equations of fluid motion from Eq. (2.11), the velocity
potential corresponding to regular water waves is given by Eq. (2.20). Considering
waves propagating in z-direction and for 8 = 0, Eq. (2.20) simplifies to

o(z,2,t) = %ekz sin (kz — wt) . (4.7)

Here, the wave frequency w and the wave number k has to fulfill the dispersion
relation from Eq. (2.21). Direct substitution of the velocity potential from
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Eq. (4.7) into the second-order BC (4.4b) reveals that the velocity potential from
Eq. (4.7) is also a solution of the second-order boundary value problem from
Eq. (4.6). Moreover, it can be found that the velocity potential from Eq. (4.7) is
even a solution of the third-order BC (4.4c¢) provided that the dispersion relation
from Eq. (2.21) is corrected for a second-order effect of the form

w? = kg(1 + kA% + Ok A®), (4.8)

see e.g. [Newman18]. This relation can be used together with Eq. (2.19) to obtain
the corresponding correction of the phase velocity

e =2 = \/%/1 T R2AZ 4 O(KPA%) = \/% (1 + %k2A2) L O A%). (4.9)

This shows that for nonlinear wave theories, the phase velocity cpn depends on
the amplitude of the water waves. Larger waves travel faster than smaller waves.
This dependence is known as amplitude dispersion. As a result, the behavior of
random waves consisting of wave components with high peak amplitudes cannot
be modeled precisely by linear wave theory over a long period. While in the linear
wave theory they have the same phase velocity, higher waves pass the smaller
waves in the nonlinear theory.

Although the velocity potential from Eq. (4.7) satisfies the different BCs from
Eq. (4.4) by just adjusting the dispersion relation, the free sea surface displace-
ment 7 has to be corrected by some higher order terms. Inserting the velocity
potential from Eq. (4.7) into Eq. (4.5), the respected first-, second-, and third-
order sea surface displacement 11, 12, and 73 are given by

km = kAcos(9), with w® = kg, (4.10a)
ks = kA cos(d) + %(kA)Q cos(20), with w® = kg, (4.10b)

ks = kA cos(9) + %(1@4)2 cos(219)+%(kA)3 cos(30) — g(kAﬁ LS.

with w? = kg(1 + k*A?),

whereby ¢ = kx — wt. Figure 4.1 compares the sea surface displacements 71, 12,
and 73 for the wave amplitude A = 0.3 m, wave number k¥ = 1m™~'! and water
depth h = 5m. Here, Fig. 4.1a presents these sea surface displacements at t =0
varying in space and Fig. 4.1b at z = 0 varying in time. It can be seen that
while the sea surface displacements 71, 72, and 13 have the same wavelength, the
third-order sea surface displacement 73 has a smaller wave period. This follows
from the fact that all sea surface displacements are computed for the same wave
number k, but the dispersion relation from Eq. (4.8) increases the value of w
compared to the linear dispersion relation from Eq. (2.21).

Moreover, Fig. 4.1 shows that higher approximation orders lead to steeper water
waves. The sea sea surface displacement 73 is steeper than 72, which is in turn
steeper than 7;. For regular water waves, the wave steepness is defined by the
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Figure 4.1: Comparison of surface displacements of first- (n1), second- (72), and third-
order (n3) for the wave amplitude of A = 0.3 m and wave number k = 1m™!.
(a): Solutions at t = 0 varying in space. (b): Solutions at z = 0 varying in time.

quotient of the wave height H and the wavelength A. However, it has to be noted
that the water waves break if the wave steepness is too high. In this case, the
value of 7 is not uniquely defined anymore, such that the behavior of the water
waves can no longer be described by the governing equations of fluid motion from
Eq. (2.2). Therefore, the question arises, up to which maximum wave steepness
do water waves not break. On a sloping beach, there is no simple theory yet for
predicting the maximal wave height for which a water wave does not break [Mei83].
However, the maximal wave height for non-breaking waves has been computed
for strictly horizontal bottoms. Here, it is assumed that wave breaking occurs
when the maximum horizontal velocity of the water particles at the wave crest
exceeds the phase velocity cpn of the wave. The condition for the maximal wave
height has been computed by [Miche44] and is given by [ClaussEtAl88, Mei83] as

H

(7) — 0.142 tanh(kh). (4.11)

)\ max
Alternatively, the wave steepness can be expressed by the product of the wave
amplitude A and the wave number k. Using H = 24 and A = 27 /k, Eq. (4.11)
results in

(kA)

In this work, the expressions H/A and kA are both referred to as the wave
steepness of a regular water wave. It has to be noted that the factor kA plays
a significant role in the description of the nonlinear dispersion relation, the
phase velocity cpn, and the surface displacement 7, see Eqgs. (4.8)-(4.10). When
generalizing kn; to the higher-order surface displacements k72 and kns, additional

= 0.142 7 tanh(kh). (4.12)

max
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terms are considered, which depend on exponents of the wave steepness kA,
see Eq. (4.10). Therefore, the magnitude of kA can be used to decide which
approximation order has to be used to model the water waves appropriately. This
is used again in the following, where general perturbation series of ¢ and 7 are
introduced.

4.1.3 Stokes’ Expansions of Higher Order

By deriving Eq. (4.6), the calculation of the velocity potential ¢ has been
decoupled from the free sea surface displacement 7. However, the nonlinearity of
the BC (4.4) makes the computation of solutions still very difficult. Especially
there is the question of how nonlinear random wave solutions can be computed
efficiently. Therefore, the BC (4.4) is approximated by a sequence of linear
equations in the following.

Motivated by the fact that the nonlinear sea surface displacement 7 has been
expressed in Eq. (4.10) by terms dependent on different orders of the wave
steepness kA, it is assumed that ¢ and 7 can be expressed by perturbation series
of the form, see e.g. [MalenicaMolin95],

¢ =M 429 + %6 + O, (4.13a)
n=enM + 2@ 433 L o@Eh. (4.13b)

Here, ¢ is a perturbation parameter related to the wave steepness kA and is
assumed to be small. Based on the pioneering work of Stokes [Stokes47], who
used this approach to find periodic solutions of nonlinear water waves, these
perturbation series are known as Stokes’ expansions. The terms ¢(i> and 77<i)
are called the i-th Stokes component of the velocity potential and sea surface
displacement, respectively. If all terms of the perturbation series from Eq. (4.13)
up to €™ are considered, it is said that Stokes’ theory of n-th order is used.

It has to be noted that no velocity potential ¢(°) of zero-th order is considered
in Eq. (4.13a). This zero-order term ¢(O> would correspond to the steady po-
tential induced by a weak current or a steady forward motion of the structure
[SkourupEtAl00]. However, the corresponding effects of a weak current or a
steady forward motion of the structure are not considered in this thesis.
Substituting Eq. (4.13a) into the Laplace equation (4.6a) and the BC at the sea
bottom (4.6¢), it can be found that all velocity potentials ¢V, i = 1,2,3,...,
have to satisfy these equations as well. This results in

V2 = ¢l 4+ 68) + 1) = for —h<2<0, (4.14a)
W =0, for z=—h. (4.14b)

Difficulties appear for the BC at z = 0. Substituting Eq. (4.13a) into the
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third-order Eq. (4.4c) and sorting for the resulting exponents in €, it holds

(¢<1> +g¢(1>) ( @) | gp® _ F(¢<1))) ( @) | gp® _ Q(¢<1)7¢<2>))

=0+ 0(h).
(4.15)

Here, the functions F' and @ are defined as
FO") = =2V90 Vol + 2oV L (6 +90). (@10)

Qs1),6®) 1= —2ve!) . vg? —2ve® . velV
1v¢(1) B v4 (V(,b(l) 'V¢<1)) + ¢(2) 0 ( (1) +g¢(1))

1 0 g
o) (o + 90 ) + fczsi”— (vczs“) Vo)
g g 0z

1 9

. ( OFON V¢<1) ,V¢<1>> = (¢$> +g¢g>)
L) 9% (Lo 1

~ g (o) g (018 +00).

The BC (4.15) holds if the terms multiplied by & vanish for each i = 1,2,3. As
a result of this, the BCs for the first three velocity potentials ¢(*), ¢ and ¢®
are given by

<

(4.17)

0@e) : o)) + g0 =0, for z=0, (4.18a)
O(e?) : <2> +g6? = F(¢™M), for z=0, (4.18b)
O : <3> + 96 = QoM ), for z=0. (4.18¢)

It has to be noted that BCs (4.18a), (4.18b) have been found several times
in literature, see e.g. [Eatock TaylorHung87, RahmanEtAl99]. In contrast to
this, BC (4.18c) has not been found by the author of this thesis in this form in
literature. However, [MalenicaMolin95] have computed this BC for regular water
waves. If such waves are substituted into Eq. (4.18c), the same equations are
obtained as in [MalenicaMolin95]. This verifies Eq. (4.18¢c).

An advantage of using the BCs (4.18) instead of the BCs (4.4) is that the
BCs (4.18) are linear with respect to the corresponding highest-order velocity
potential. Furthermore, the lower-order velocity potentials are independent of the
higher-order potentials. This means that the velocity potentials ¢(i), i=1,2,3,
can be computed in increasing order by solving the linear Eqgs. (4.14) and (4.18).
Having computed the first three potentials ¢(1), ¢(2), and ¢, the corresponding
sea surface displacements 77<1), 7](2>7 and 77<3) can be computed in a similar way.
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In order to derive the corresponding expressions for 77(1), 77(2), and 77(3), the
expansions from Eq. (4.13) have to be substituted into Eq. (4.5¢). The first three
sea surface displacements n(l), 77<2), and 77(3) are given by

1
o[ (4150
9 z=0

n® = [—1< @4l SVol cha“)) ( ”qﬁ(l))] : (4.19b)
9 g z=0
1 1
17(3) — |: < (3) + V¢ V¢<2))+2( gl) (2) + ¢t2>¢ 1)):|
9 9 z=0
L0 e o) L 0 ( (1))2 1
+ |:292 92 <¢t Vo Ve 293 0z t tz z:().

The expressmns for n¥ and 1® can also be found in [Eatock TaylorHung87].
Comparing 77 ) from Eq. (4.19a) with the linearized sea surface displacement 7
from Eq. (2.12), it can be seen that ¥ exactly represents the sea surface
displacement resulting from the linear analysis presented in Sect. 2.2. It can be
concluded that n = en® + 5277(2) and n = en™® + 5277(2) +&3n® are the second-
and third-order generalizations of the linear sea surface displacement n presented
in Eq. (2.12), respectively.

(4.19¢)

4.1.4 Body Disturbance

In the previous sections, it has been shown how the velocity potential ¢ is
calculated in the case of nonlinear wave theory by solving a sequence of linear
PDEs. All presented calculations have been performed in the absence of any
mechanical body. However, if a mechanical body is considered, the wave dynamics
are disturbed by the presence of the body. In the case of linear wave theory, the
corresponding effects of a body on the wave dynamics have been discussed in
Sect. 2.3. In this section, it is shown how these disturbances can be computed
when nonlinear wave theory is used.

In this thesis, only mechanical bodies are considered that are impermeable to
water. Furthermore, as the general case, floating bodies are considered, which
include static bodies as a special case. For floating bodies, which are impermeable
to water, the fluid at a point next to the moving bodies has the same velocity
in the normal direction as the body itself at this point. The resulting BC at
the wetted surface of the body is given by Eq. (2.3). It can be seen that the
BC depends on the total velocity vector u of the wetted surface of the body.
Following the Stokes expansion procedure from Eq. (4.13), the vector u is also
expanded into perturbation series of form, see e.g. [BaiTengl3],

w=cuV +2u® + S0 4 (4.20)
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In this way, it is possible to specify BCs for each order of €, i = 1,2,3, ..., at the
surface of the moving body, whereby the BCs are of the same form as BC (2.3).
In general, the presence of the bodies disturbs the dynamics of the incoming water
waves. Some occurring effects have been discussed in Sect. 2.3. There, the velocity
potential of the linearized problem has been separated into the velocity potential
of the incoming water waves, the scattering potential, and the radiation potentials,
see Eq. (2.29). Each potential can be calculated independently of each other by
solving the Laplace equation with different BCs, see Eq. (2.32). However, in the
nonlinear problem, the nonlinearity of the BC at the sea surface does not allow
such an independent computation of the different velocity potentials. Therefore,
instead of separating the total velocity potential ¢ into incident, scattering, and
different radiation potentials, ¢ is divided only into two velocity potentials: the
potential ¢o of the incoming water waves and the potential ¢p corresponding to
the body disturbance.

To replace the nonlinear BC (4.2) at the sea surface z = 1 by a sequence of linear
BCs at z = 0, both velocity potentials, ¢o and ¢g, are expanded following the
Stokes expansion procedure presented in Eq. (4.13). This results in

¢ =do+¢p =c (85 +05)) +e (65 + o12)) +e° (85 + 65)) +O(*). (4.21)
=¢1) =¢(2) =¢(3)

Here, d)f)i) and ng) are the respective velocity potentials coming from the Stokes
expansion of ¢o and ¢p. Comparmg Eq. (4.21) with Eq. (4.13a), it can be seen
that the velocity potentlals ¢ (@) are split into a part corresponding to the 1n01dent
velocity potential, <150 , and a part corresponding to the body disturbance, qﬁ

It has to be noted that in the absence of the body, the velocity potential
corresponding to the body disturbance, ¢, vanishes. It results ¢ = ¢o. This
means that the velocity potentials d)é have to satisfy Eq. (4.14) along with a
sequence of BCs at z = 0, where the first three members are given by Eq. (4.18).
For the incident velocity potentials qﬁél) and qb , some analytical solutions
corresponding to regular and random water Waves are given in the Sect. 4.3.
Knowing the incident velocity potentials (b 2 , BCs at z = 0 for the velocity
potentials correspondmg to the body dlsturbance gzﬁ , can be formulated by
substituting qb(’) = ¢0 ngB into Eq. (4.18). Since the incident velocity po-
tentials (;3(()” satisfy Eq. (4.18), the BCs for the computation of the first three
velocity potentials corresponding to the body disturbance ¢](31), ](32), and 43;33) are
given by

O(e) - ¢B T 9¢<1) = for z=0, (4.22a)
O : ¢35, + 905 = (¢01> + M) — F(e),  for z=0, (4.22b)

O(e%) : ¢Btt+g¢§§L:Q<¢é”+¢§% &+ 0F) — Qo ¢y,  for z=0.
(4.22¢)
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In order to compute the values of the velocity potentials ¢](3i ), BCs at the surface
of the floating body also have to be formulated. These BCs can be calculated by
substituting Egs. (4.20) and (4.21) into Eq. (2.3). This results in

ICOE V(j)g)n = 7V¢>éi)-n+u(i>~n, at (z,y,2) € Spo, 1t =1,2,3,.... (4.23)

It has to be noted that the BCs (4.23) are not formulated at the actual wetted
surface of the body Sg, but at Spo. Here, Spo is defined in Eq. (2.9) and denotes
all points at the surface of the body, which are located below the still water
level. The BCs (4.23) are not formulated at Sg, but at Sgo, since the velocity
potentials ¢g) are only calculated at positions located below the rest position of
the sea surface, i.e. for z < 0.

Furthermore, it has to be noted that, as in the linear case, a radiation condition
has to be formulated, which determines the behavior of qbg) far away from the
floating body. In the linear case, this condition is given by Eq. (2.33). Radiation
conditions for the higher-order velocity potentials ¢g>, i > 1, can be found, for
example, in [MalenicaMolin95, GrueBiberg93, MalenicaEtAl95]. In this thesis,
the velocity potentials d)S ) are computed numerically on a domain of finite length.
Instead of radiation conditions, appropriate absorbing BCs are formulated here
at the end of the considered spatial domain. These prevent the reflection of the
outgoing water waves from propagating back into the domain. Details about the
absorbing BCs can be found in Sect. 6.2.

In Fig. 4.2, the nonlinear scheme for the computation of the total velocity
potential ¢ = ¢o + ¢p is summarized. All corresponding equations for the
calculation of the first three components ¢V, $®), and ¢® of the potential ¢
are presented. Let u(l)7 u®, and u® be the components of the actual body
velocity u, see Eq. (4.20). It is assumed that the position of the surface Sgo as
well as the velocities u(l)7 u®, and u® are known. In the first step, the incident
velocity potentials (;3((]1), (()2), and qﬁég) have to be computed. Afterward, the
velocity potentials corresponding to the body disturbance, 43](31)7 }(32)7 and qzﬁg),
have to be calculated. These depend on the geometric shape, the position, and

the dynamics of the moving body. Therefore, the velocity potentials <Z>](31), (;5](32),

and qﬁg ) can generally only be calculated numerically.
To summarize, the total velocity potential ¢ = ¢o + ¢ and its components ¢,

#?, and ¢® are calculated using the nonlinear scheme presented in Fig. 4.2.

Afterward, these potentials can be used to compute the sea surface displacement n
of the sea, which is disturbed by the presence of the body, using Egs. (4.19)
and (4.13b).
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Given: — Position of body surface Sgo,

Define the functions F(¢) and Q(¢¥, ¢?) as in Eq. (4.16) and Eq. (4.17).

— Components of body velocity u?, i =1,2,3, see Eq. (4.20).

v

V2¢(()1) -0 V2¢§,2) —0
I &
e + 9961 = 0 e + 9962 = F(95”)
V26 =0
=0

S+ 905) = Qa8 657)

Compute the incident potentials <f)(<)l)7 i =1,2,3, solving the following equations:

for —h < 2<0
for z=—h

forz=0

for —h < 2z<0
for z=—h
forz=0

Y

i =1,2,3, solving the following equations:

vy =0
_— 0 o

e+ 903 =0
Vol n=-Vol) nt+u.n

v2y =0

(2) _
B,z —

P + 905 = F(o5) + 03)) — F(ol")

V@ n=-V¢® .ntu®.n
Y
3
@ 0

Ve n= -V n+u®.n

O + 905 = QO + 65, 6% + 0%)) — Qa5 657)

Compute the velocity potentials corresponding to the body disturbance qbg),

for —-h<z<0
for z=—h
for z=10

for (z,y,2) € Sgo

for —h < 2<0
for z = —h
forz=0

for (z,y,2) € So

for —h<2z<0
for z = —h
for =10

for (z,y, z) € Sgo

Y

Compute the total velocity potential ¢ and its components ¢ using Eq. (4.21).

Figure 4.2: Schematic representation of the method for calculating the total velocity po-
tential ¢ disturbed by the presence of a body of arbitrary shape, and its
components ¢(1), 45(2), and d)(s).
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4.2 Dynamics of Mechanical Structures in Nonlin-
ear Water Waves

After showing how the velocity potential of waves disturbed by a moving me-
chanical structure can be calculated in the nonlinear case by solving a sequence
of linear PDEs, it is presented how this potential can be used to calculate the
motion of the structure. To this end, general expressions for the hydrodynamic
loads acting on a structure are presented. Afterward, the hydrodynamic loads
are used to formulate the equations of motion of a floating mechanical system.
In the following, it is presented how the dynamics of the WEC described in
Sect. 3.1 can be computed in nonlinear water waves. This is done by determining
the acting hydrodynamic forces and the equations of motions of the WEC. The
hydrodynamic torques acting on the WEC do not need to be calculated here
since the WEC can only perform translational but no rotational motions.

4.2.1 Calculation of Hydrodynamic Forces

The hydrodynamic forces acting on a general mechanical structure are calculated
by integrating the hydrodynamic pressure over the wetted surface Sg of the
structure, see Eq. (2.6). Here, the hydrodynamic pressure can be computed by
means of Bernoulli’s equation (2.5), which depends on the velocity potential
¢ = ¢o + ¢B.

One difficulty in calculating the hydrodynamic forces is that the wetted surface Sp
is time-varying. This means that the hydrodynamic forces depend not only on
the velocity potential ¢ but also on the sea surface displacement 7. Therefore,
the integral over the wetted surface of the mechanical structure is split into
the surface Spo from Eq. (2.9) and some time-dependent part AS(t). Using
the vertical coordinate z, the surface Sgo denotes the surface of the mechanical
structure with z < 0, while AS(¢) is varying with the sea surface displacement 7.
Thus, it holds for the hydrodynamic forces

F://pndSz//pndS+//pndS. (4.24)

Sp Spo AS(t)

If the mechanical structure is a cylindrical floating body (CFB) that only performs
a translational motion, the cross-section of the surface Spo and the still water
level at z = 0 does not change over time. This cross-section is denoted by Cp.
The surface Spo and cross-section Cy are illustrated in Fig. 4.3. Then the integral
over AS(t) can be determined by means of Co and the sea surface displacement 7.
It follows that hydrodynamic forces acting on a CFB, which is only able to
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z y still water level
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Figure 4.3: Sketch of cylinder in water waves, including the cross-section Cy and surface Sgg.

perform translational motions, can be computed by

//pndS+// pndzdC. (4.25)

SBo

Substituting the perturbation series of ¢ from Eq. (4.13a) into Bernoulli’s equa-
tion (2.5), the pressure p can be computed as a function of ¢(i), 1=1,2,3,...
Using this and ordering all appearing terms with respect to the corresponding
order of ¢, the first integral in Eq. (4.25) becomes

//pndS:_// gzndS—E//P@El)"dS
SBo
// p¢(2> +p§V¢(1)'V¢(1)) nds (4.26)

— & // p¢§3> +pVo) . V¢<2>) ndS + O(eh).

For the calculation of the second integral in Eq. (4.25) and when 0 < n(t), it has
to be noted that the pressure p has to be integrated over 0 < z < n(¢). However,
using the nonlinear scheme presented in Fig. 4.2, the velocity potentials ¢
are only determined for —h < z < 0. In order to be able to compute the pressure
p =p(z) for 0 < z < n(t), Taylor series expansions of p(z) around z = 0 are used.
Furthermore, it is assumed that the water comes only in contact with the lateral
surface of the cylinder. Then the normal vector n is constant in z. Expressing n
by the corresponding Stokes’ expansion from Eq. (4.13b) and using the calculated
expressions for nV and n® from Eq. (4.19), it results

" 1 2 1 2
/ pndz = (625/)9 (n)" +¢° (pgn(l)n@) + 5o () ) +0(E") |n
0

(4.27)
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Finally, substituting Eqs. (4.26) and (4.27) into Eq. (4.25), the hydrodynamic
forces acting on a CFB are given by

F= //p” dS =F© 4+ 'FY 4 2F® L SFO L o), (4.28)
SB

with

FO = f// pgznds, FO = 7// pdVnds,
SBo

SBo
1 1 2
F® = —// (mﬁ” +p5 Vo' ~V¢“>) ndS+/§p9 (nV) ndc,
BO Co
F® = _ // (p¢§3) + Vot V¢<2)) ndsS
Sgo

1 2
+/(pgn“>n<2>+§pn§t” (n) )ndG
Co

(4.29)

The formulas for FV and F® have also been presented in [Eatock TaylorHung87].
For the case of incoming regular water waves, the formula for F® has successfully
been compared with the corresponding formula presented in [MalenicaMolin95].
Comparing the forces from Eq. (4.28) and Eq. (4.29) with the hydrodynamic
forces acting in the linear case, which are given by Eq. (2.34), it can be
seen that F(© 4+ ¢! FY exactly represents the hydrodynamic forces resulting
from a linear analysis. It can be concluded that FO 4 A FW 4 2F® and
FO L AF® 4 2F® 4 S3FO are the respective second- and third-order gen-
eralizations of the hydrodynamic forces formulated in Eq. (2.34) for the linear
case.

4.2.2 Nonlinear Equations of Motion of the Wave Energy Con-
verter

After computing the nonlinear hydrodynamic forces acting on a CFB, the equa-
tions of motion of the WEC introduced in Sect. 3.1 are formulated. For simplic-
ity, it is assumed that the WEC moves only translationally in the x — z-plane,
see Fig. 3.2. The considered WEC consists of a CFB, which moves with the
displacement £ against its resting position in the direction of a. The equation of
motion of the CFB is given by Eq. (3.2). The CFB is the only part of the WEC,
which comes in contact with the water waves.
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4.2. Dynamics of Mechanical Structures in Nonlinear Water Waves

The integrals of the hydrodynamic pressure about the wetted surface Sp of
the CFB are given by Egs. (4.28) and (4.29). As already defined in Eq. (3.1),
the components of the force F in z-, y-, and z-direction are denoted by Fi, Fs,
and Fj, respectively. Using a similar notation for the forces F(*), it holds

i) _ Py
F=|R|, FO=|F"|, i=1,23,.... (4.30)
F3 Fs(i>

In the following, the hydrodynamic forces resulting from a third-order Stokes
theory are considered. Using the notation from Eq. (4.30) and substituting
Eq. (4.28) into Eq. (3.2), it follows
ME = — Faamp(€) + cos(a) (EFI(I) + 52F1(2) + ESFI(S))
N (43D
+ sin(a) {Féo) + €F3(1) + 52F3(2) + €3F§3) — Mg — sin(a))\vis,zﬁ}‘

Again, M is the mass of the CFB and the guiding rods that are part of the WEC,
Fyamp is the velocity-dependent damping force accounting for mechanical friction
effects and damping due to the harvested energy, and Avis,- is the viscous damping
in the z-direction resulting from the fluid. In deriving Eq. (4.31), it has been
used that the force F1(0> becomes zero for the considered CFB, since the CFB is
rotational symmetric about the z-axis. On the other side, F3(O) represents the
buoyancy force. For the CFB, which has been introduced in Sect. 3.1 and which
moves in direction a with displacement &, it holds

Fg@ = pgnR*d — sin(a)pgn R*¢. (4.32)
Inserting Eq. (3.13) in Eq. (4.32) yields
Féo) — Mg = —sin(a)pgrR*¢. (4.33)

In the next step, a similar perturbation expansion for the displacement & is
assumed as has been presented in Eq. (4.13a) for the velocity potential ¢, i. e.

E=ctW +%P 1 2B L oet). (4.34)

Finally, the Egs. (4.33) and (4.34) are substituted into Eq. (4.31). Furthermore,
a damping force Faamp of the form given in Eq. (3.20) is used, which considers
mechanical friction effects and the effects of energy harvesting. Here, the corre-
sponding mechanical damping force Fiech is modeled to be linearly dependent
on the velocity f of the CFB, i.e. Finech = d1in£, see Eq. (3.21). Rearranging the
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resulting Eq. (4.31) by the different orders of ¢, the corresponding equations for
€W €@ and ¢ are given by

MEYD 4 (din + deree + 2 Mvis,2) €0 + sapgm €D = ca PV + sa Y, (4.350)
ME® + (diin + detee + 82 Avis,z) €2 + s2pgm R*E® = ca PP + 5o Fy®), (4.35D)
MED + (din + detee + s2Avie,) € + s2pgn RZED = co F*) + 50 F®). (4.35¢)

Here, the abbreviation sq = sin(a), ca = cos(a) are used once again.

After solving numerically the ordinary differential equation (4.35), the total
displacement ¢ of the CFB can be computed using Eq. (4.34). After computing €W
and £ using the Eqgs. (4.35) and (4.34), the velocity vector u of the CFB and its
components u”) are given by

cos(a) _ _ [cos(a)
u—é[ 0 ] u(”_g’“)l 0 ] i=1,2,3,... (4.36)

sin(a) sin(«)

The values of w and its components u(” are needed in the BC (4.23) at the
surface Spo to calculate the total velocity potential ¢ of the water waves, which
are disturbed by the presence and motion of the CFB.

4.3 Analytical Solutions for Higher-order Stokes
Waves

In the previous sections, the fundamental equations for modeling the FSI between
nonlinear water waves and a moving mechanical body have been derived. The
basic idea is that the total velocity potential ¢ of the waves disturbed by the
presence of the body is decomposed into the velocity potential of the incoming
undisturbed waves ¢o and the potential ¢p corresponding to the body disturbance,
see Eq. (4.21). In Fig. 4.2, all equations have been summarized, which must be
satisfied by the Stokes components of ¢g and ¢g. It can be seen that the values
of qﬁ( ) have to be known to compute qu).

The velocity potentials ¢B are dependent of the geometry and motion of the
body and can in general only be computed numerically. However, the incident
velocity potentials ¢é’> are independent of the geometry and motion of the body
and can be calculated in advance. In the case of regular waves, analytical
solutions for (jz((f) are known, which are presented and analyzed in Sect. 4.3.1
for ¢ = 1,2. Analytical formulations for the random water waves, which are
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presented in Sect. 2.2.2 for the linear case, are generalized by corresponding
nonlinear second-order components in Sect. 4.3.2.

In this thesis, based on the Stokes perturbation expansion introduced in Eq. (4.13),
the undisturbed incoming water waves considered in this section are called the
Stokes waves. For the case of a linear wave analysis, these waves are also called
linear Stokes waves. Similarly, for the case of a nonlinear wave analysis, these
waves are also called nonlinear or higher-order Stokes waves. The incoming
Stokes waves are characterized by the incident velocity potentials d)((f), for which
analytical solutions are presented in this section. Having computed the incident
velocity potentials d)ff), the corresponding sea surface displacements (¥ can be
computed using Eq. (4.19). By introducing the term Stokes waves, the incoming
water waves considered in this section are distinguished from the waves that are
considered in Chap. 5.

For the case of regular higher-order Stokes waves, formulas for the second-
order component (;5(()2) of the incident velocity potential are generally known,
see e.g. [RahmanEtAl199, Eatock TaylorHung87, SharmaDean79, Molin79]. Ana-
lytical solutions for the third-order component qﬁ(()?’) are not as widely used as the
results for the second-order component qﬁ(()Q). It can be shown that (;5(()3) consists of
two terms, whereby one term is computed in [MalenicaMolin95]. The other term
in (;5(()3) has not received much interest in literature. Still, this term would also
be needed in this work to compute the FSI between the fluid and a mechanical
structure up to a modeling error of order O(¢?). However, in order to make
the scope of this work not too extensive, the corresponding analytic expressions
of ¢(<)3) are not derived. In the following chapters, the calculation of the FSI is
performed only in the presence of the second-order nonlinear wave theory, which
leads to a modeling error of order O(e?).

4.3.1 Regular Higher-order Stokes Waves

All results presented in this section are based on [MalenicaMolin95]. For the

case of regular incoming water waves, the linear incident velocity potential ¢(()1)
behaves harmonically in time with frequency w. For some function ¢ = ¢(z,y, 2),

the linear incident velocity potential qﬁ(()l) can be written as
6 (@, 2,1) = Re{p! (z,y,2)e”"}. (4.37)

Recall that the second-order velocity potential qbém has to satisfy the BC (4.18b)
at z =0, i.e. ¢>§f,2t + gcb((fi = F(gzﬁ(()l)). Here, the function F = F(¢")) is defined
in Bq. (4.16). Evaluating the function F = F(¢™1) at ¢V = gbél) given by
Eq. (4.37), it can be found that F'( 81)) is of the form

F(65") = Re{ D (2,y, 2)e” 2"} + Re{f (2,4, 2)}. (4.38)
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Substituting the form of F( (()1)) from Eq. (4.38) into the BC (4.18b), it can be
deduced that qb((Jz) is of the form

D (@,y, 2, t) = Re{p® (2,9, 2)e '} + Re{p® (z,9,2)}  (4.39)

This means that (;3(()2) generally consists of a part oscillating with frequency 2w and
a time-independent part. Therefore, the time-independent functions go(l) <p(2)
and go(g) have to be computed to calculate the incident velocity potential
g0 = o + %05 + O(e).

In order to simplify the notation in the following, the phase function
¥ = k(cos(x)z + sin(x)y) —wt + 8 (4.40)

is introduced. Here, w is the frequency, k is the wave number, x is the angle
between the wave direction and the z-axis, and B is the phase shift of the
considered regular water waves. In water of depth h, the wave frequency w and
wave number k are related by the dispersion relation from Eq. (2.16). Considering
a water wave of amplitude A and frequency w, the first-order incident velocity
potential ¢,(()1) is given by

0 = { _iﬁA Cosiléflf(zkt)h)) e’ }: % % sin(d).  (4.41)

This is exactly the result that has already been presented in Eq. (2.15).
Substituting qﬁ(()l) into F( (()1))7 it can be found that the function f® from
Eq. (4.38) becomes zero. Therefore, the time-independent part ¢ of qbff) also
becomes zero. The second-order incident velocity potential q&gf) can be found to
be, see e.g. [MalenicaMolin95],

sin(249).

(4.42)
Before the velocity potential of random nonlinear Stokes waves is discussed, it
has to be noted that there exist no unique solution for the incident velocity

- ¢(2) —3iwA? cosh(2k(z + h))ezm _ 3wA? cosh(2k(z + h))
8 sinh*(kh) 8 sinh?(kh)

potentials qbéi), 1=1,2,3,.... For example, if ¢gj) is a solution of the Egs. (4.14)
and (4.18) for some j = 1,2,3,..., then also qbé]) + cgg)t + cé” is a solution
for given constants cgj), cgj), j = 1, 2,3,.... However, a change of the j-th

velocity potential ¢)(] ) also affects the velocity potentials qb(()i) with ¢ > 5. If
the constants c(J ) and c(] ) are introduced, corresponding values for these con-
stants have to be chosen. This can be done by considering the physical effects
that result from taking into account additional higher-order velocity potentials,
see e.g. [Chen06, Whitham99]. However, to make the study not too extensive,
the constants ¢, ¢/, j =1,2,3,..., are all set to zero in this thesis.
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4.3.2 Random Nonlinear Stokes Waves of Second Order

In the following, the incident velocity potential of a random water wave is
discussed, which satisfies the equations of Stokes’ theory of second order. For the
linear case, the velocity potential czbél) corresponding to random water waves is
discussed in Sect. 2.2.2. In the following, the computation of the corresponding
second-order velocity potential qzﬁ((f) is sketched. All results presented in this
section are based on [SharmaDeanT79].

The first-order sea surface displacement 577(1) of an irregular short-crested water
wave can be written in the absence of any structure as

M
en(z,y,t) = Z am cos(Im) (4.43)
m=1
with
Om = km (cos(xm )T + sin(xm)y) — wmt + B(Wm, Xm)- (4.44)

Here, 8 is a random phase shift, which is uniformly distributed in [0, 27). If
the amplitudes an, are described by the sea spectrum S(w) and the spread
function D(x), Eq. (4.43) represents a generalization of the irregular short-
crested sea surface displacement presented in Eq. (2.27). The corresponding
first-order incident velocity potential sd)é” is given by

1 cosh(k h+z)) . . _ Gmyg B
£pq Z m coshk B sin(¢m)  with bm——wm ,m=1,..., M.

(4.45)
For the computation of the second-order incident velocity potential ¢(()2), the
first-order incident velocity potential (f)él) from Eq. (4.45) has to be substituted
into Eq. (4.18b) to formulate the corresponding BC at z = 0. In this way, the
BC (4.18b) becomes

M M
[ Eft)t + g(b(Q)} = Z Z bmbn [d;m Sin(Vm — 9n) + difr sin(9, + ﬁn)} .
2=0
m=1n=1
(4.46)
Here, d,,,, and d',,, are constants whose values can be found in [SharmaDean79].

The incident velocity potential qﬁéZ) has to satisfy the Laplace equation for z < 0
together with the BC (4.46) at z = 0 and ¢(()22 = 0 at z = —h. Since all these equa-

tions are linear in ¢(<)2), the following ansatz for ¢>(()2> presented in [SharmaDean79)
is used

(2) cosh(|km — kn|(h + 2)) . B
Zl Z‘; i cosh (o — kalR) S~ 0) a47)
. cosh(|km + kn|(h + 2)) .
+c cosh ([ + knlh) sin(Um + In).
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Here, kv = km[cos(Xm),sin(xm)]T is the vector consisting of the wave-numbers
in the z- and y- direction, respectively. Then qb((f) from Eq. (4.47) satisfies the
Laplace equation and the BC at z = —h. The constants c;,,,, and ¢, have to be
specified such that Eq. (4.46) at z = 0 is fulfilled. These constants are calculated
as

bob 2(wim —wn) (km kn+Rm Rn) —[(wm k2 —wnk2,) —(wm R2 —wn R2))]
= men 4[(wm_wn)2_gtanh(l"’wt_kn‘h”khn_kn”

, for m # n,

cmn -
0, for m =n,

(4.48a)
Wi+ wi) (K - k. — R Rp) + [(Wmk?2 + wik?) — (WmR2 + wnR2,)]

A (wm + wn)? — gtanh(|km + kn|h)|km + knl]
Ym,ne€1,2,..., M,
(4.48b)

whereby Ry, = km tanh(k,h), 1 =1,2,..., M. For M = 1, Egs. (4.47) and (4.48)
results in the second-order incident velocity potential ¢(()2) from Eq. (4.42) for
regular waves.

Considering Eq. (4.47), it can be seen that interactions between the components
of the first-order incident velocity potential ¢él) have to be considered to compute
the corresponding second-order incident velocity potential ¢(()2). The number of
interactions is given by M2, i.e. by the square of the number of wave components
used to calculate (;581) . It follows that the calculation of all nonlinear interactions
becomes inefficient for an increasing number of regular components in the irregular
first-order sea. As a result, a second-order Stokes theory in the presence of
the random nonlinear Stokes waves considered in this section requires a large
computational effort. This is a big drawback when, for example, the system
parameters of the WEC are optimized so that a large amount of energy is
harvested. In this optimization process, the motion of the WEC has to be
computed in a large number of different irregular sea states with a long simulation
time. If the incident velocity potential ¢¢ and its components cannot be calculated
efficiently, the same holds for the computation of the total velocity potential ¢
disturbed by the presence of the WEC. Therefore, the FSI between the WEC
and the water waves also cannot be computed efficiently. The optimization
process can then only be performed using a substantial amount of simulation
time. Consequently, a scheme has to be found to calculate the incident velocity
potential ¢ of random nonlinear waves more efficiently. In the next chapter, it
is investigated how the FSI with nonlinear water waves can be computed more
efficiently.
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4.4 Summary of the Developed Method

In this chapter, it has been shown how the nonlinear FSI between a structure
and nonlinear water waves can be calculated. The corresponding equations to
compute the velocity potentials qb((f) and ¢g>, the sea surface displacements n(i),
the hydrodynamic forces F?, and the displacements £ of the CFB have been
presented. While analytical solutions for the incident velocity potentials ¢gz) have
been presented for nonlinear regular and random water waves, all other quantities
can in general only be computed numerically. In order to solve all appearing
differential equations numerically, the time domain has to be discretized and the
numerical solution has to be computed at several timepoints ¢,. To obtain an
overview of the corresponding procedure, Fig. 4.4 shows the computational steps
that have to be performed to move from the current timepoint ¢, to the next
timepoint ¢p41.

It is assumed that at the actual timepoint ¢,, the position of the CFB and the
velocity components u? are known. This information is needed to compute the
total velocity potential ¢ and its components ¢<i) at the next time point tp4+1
using the scheme depicted in Fig. 4.2.

After computing the different velocity potentials, the sea surface displacement n
and its components ¥ can be calculated using Eq. (4.13b) and Eq. (4.19),
respectively. The values of 17(1'> and ¢)(i) are needed to calculate the hydrody-
namic force F and its components F* which act on the CFB. The forces can
be computed using Eq. (4.28) and Eq. (4.29), respectively. Finally, the total
displacement ¢ of the CFB and the components of the velocity u¥ of the CFB
at time point ¢,41 can be calculated using Eqgs. (4.34), (4.35), and (4.36), respec-
tively. This completes the procedure that has to be applied to move from the
current time point ¢, to the next timepoint t,41.

It has to be noted that the scheme presented in Fig. 4.4 can be applied to compute
the nonlinear FST up to a modeling error of order O(£*!) by calculating the first i
velocity potentials ¢<j)7 7 =1,2,... 1. Here, the incident velocity potentials <Z>éj),
7 =1,2,...,4, have to be known, before the velocity potentials d)g), i=12...,4
corresponding to the body disturbance can be calculated. So far, however, only
analytical solutions for the first two incident velocity potentials d)(()l) and ngQ)
have been presented for Stokes waves. For czb((f), different and often inconsistent
expressions can be observed [TsuchiyaYasuda81]. In order to make the scope of

(()3> are not

this thesis not too extensive, the different analytical expressions for
analyzed here.

Considering the first two incident velocity potentials qbél) and (;582) using the
analytical expressions discussed in Sect. 4.3, the nonlinear FSI can be computed
up to a modeling error of order O(¢®). However, the methodology presented in
this work remains the same for higher orders of accuracy if the incident velocity

potentials qbéj ) are computed numerically. This can be done by solving the PDEs
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Given at actual timepoint ¢,:
— displacement £ of the CFB,
— components of the velocity u of the CFB.

Y

Compute the total velocity potential ¢ and its components ¢
at t,+1 using the scheme depicted in Fig. 4.2.

Y

Compute the sea surface displacement n and its components n“)
at tp4+1 using Eq. (4.13b) and Eq. (4.19), respectively.

v

Compute the hydrodynamic force F and its components F( acting
on the CFB at ¢,4+1 using Eq. (4.28) and Eq. (4.29), respectively.

Y

Compute the position £ and the components of the velocity u® of the
CFB at tny1 using Eq. (4.34), Eq. (4.35) and Eq. (4.36), respectively.

Figure 4.4: Schematic representation of the whole procedure for the computation of the
nonlinear FSI between nonlinear water waves and the WEC presented in Sect. 3.1.

numerically, which are summarized Fig. 4.2. However, in order to make the
scope of this thesis not too extensive, the incident velocity potential of Stokes
waves of j-th order with j > 3 are not computed numerically. Instead, since the
computation of random nonlinear Stokes waves requires a large computational
effort, it is investigated in the next chapter how the FSI with nonlinear water
waves can be computed more efficiently.
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NONLINEAR SCHRODINGER EQUATION

Calculating nonlinear water waves by solving the Navier-Stokes equations or
the nonlinear governing equations of fluid motion form Eq. (2.2) requires a
large computational effort. Even if the computational intensity is reduced by
simplifying the nonlinear governing equations of fluid motion from Eq. (2.2) using
Stokes perturbation expansions from Eq. (4.13), the computation of incoming
second-order random Stokes waves still requires a large computational effort,
see Sect. 4.3.2. This directly affects the calculation time of the nonlinear FSI
between a body and random nonlinear Stokes waves.

In order to calculate nonlinear water waves more efficiently, the nonlinear
Schrédinger equation (NLS) can be solved instead. The NLS consists of a
PDE that can be used to describe weakly nonlinear deep water waves with a nar-
row spectral bandwidth and a moderate wave steepness of H/X < 0.05 [Dysthe79,
Witt19, Osbornel0]. The solution of the NLS is the envelope 1 of the water
waves.

It has been shown by [Zakharov68] that weakly nonlinear solutions of the gov-
erning equations of fluid motion from Eq. (2.2) can be reduced to solutions
described by complex envelopes, which satisfy the NLS. The NLS offers an
universal model that rules the dynamics of weakly nonlinear gravity waves,
whose spectrum is narrowbanded [OnoratoEtAll3]. Furthermore, it has been
found that the NLS can describe many of the features of the dynamics of rogue
waves, which are found to arise as a result of nonlinear self-focusing phenom-
ena [OnoratoEtAl01]. Moreover, it has been conjectured in different studies
that specific solutions of the NLS are prototypes of rogue waves in the ocean,
see e.g. [DystheTrulsen99, ShriraGeogjaev10, DostalEtAl20].

As is shown in this chapter, the nonlinear interactions between regular compo-
nents of an irregular sea state are automatically taken into account by solving
the NLS. Therefore, nonlinear wave-wave interactions do not require extensive
computation, as in the case of the Stokes waves presented in Sect. 4.3.2. Since
the NLS can be solved numerically efficiently, it is well suited for approximating
the associated solutions of the nonlinear governing equations of fluid motion
from Eq. (2.2).

A disadvantage of the NLS is that it accurately models only weakly nonlinear
deep water waves with a narrow spectral bandwidth and with moderate wave
steepness of H/X < 0.05 [Dysthe79, Witt19, Osbornel0]. Recall that individual
regular deep water waves do not break up to a wave steepness of H/\ = 0.142,
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see Eq. (4.11). However, real ocean waves are on average weakly nonlinear
with a moderately narrow bandwidth and have an average wave steepness
of H/X ~ 0.03 — 0.04 [OnoratoEtAll13, TrulsenEtAl00]. Here, it should be noted
that real water waves measured in [BSH] from buoys located in the North and
Baltic Sea have such a wave steepness on average, see Tab. 1.1 and Fig. 1.1. This
justifies the weakly nonlinear approach to model ocean waves with a narrow
spectral bandwidth using the NLS.

Starting from the wave envelope 9, [CarterEtAl120] derived a general representa-
tion for the associated incident velocity potential ¢o. As has been presented in
Chap. 4, the incident velocity potential ¢¢ provides the basis for calculating the
hydrodynamic forces and the associated motion of floating structures in nonlinear
water waves. Since the theory of [CarterEtAl20] is very new, it has not yet been
used to calculate the acting FSI between floating structures and nonlinear water
waves. For the efficiency reasons described above, the NLS is used in this work
to calculate the nonlinear FSI. The application areas, accuracy, and stability of
the method using the NLS are investigated in this chapter. In later chapters, a
comparison with Stokes waves presented in Sect. 4.3 shows the advantages of this
method in terms of computational efficiency.

In Sect. 5.1, the NLS is introduced. Afterward, it is presented in Sect. 5.2 how
the NLS can be used to compute the FSI between a structure and nonlinear
water waves. After that, the NLS is investigated in more detail. Analytical
solutions of the NLS are given in Sect. 5.3. Furthermore, numerical schemes
are presented in Sect. 5.4 and Sect. 5.5, which are used to compute numerical
solutions of the NLS and the corresponding incident velocity potentials ¢Ef).
Based on numerical results, Sect. 5.6 briefly shows to what extent solutions of
NLS are stable against small sideband perturbations. This knowledge is needed in
Sect. 5.7, where nonlinear random water waves are generated based on solutions
of NLS. Finally, the effects of regular and random water waves on the trajectories
of water particles are investigated in Sect. 5.8. This chapter has partly been
published in [HollmEtAl121, HollmEtAl22b, HollmEtAl24].

5.1 Formulation of the NLS

In this section, the most important equations regarding the NLS are intro-
duced. All formulas presented in this section result from the derivations given in
Sect. 5.2.1.

Besides water waves, the NLS can be used to describe the propagation of waves
in many different physical systems, such as fiber optics [DudleyEtAl14], Bose-
Einstein condensates [BludovEtAlQ9], and plasma waves [El-TantawyEtAl22].
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However, in this thesis, the NLS is only used to describe the behavior of water
waves and to compute the FSI with a mechanical structure. For water waves,
the derivation of the NLS is sketched in Sect. 5.2.1.

It has been shown that weakly nonlinear solutions of the governing equations
of fluid motion from Eq. (2.2) can be reduced to solutions described by com-
plex envelopes [Zakharov68]. In the case of long-crested waves in deep water,
whose spectrum is narrowbanded, these complex envelopes satisfy the NLS. Such
reduction can be achieved by the method of multiple scales, see e.g. [Mei83,
Dysthe79, CarterEtAl20]. Here, similar to the Stokes perturbation expansions
from Eq. (4.13), the velocity potential ¢ and sea surface displacement 7 are
expanded with respect to the small parameter €, which represents the wave
steepness.

In terms of the coordinates

X :=¢ex, T:=¢t, (5.1)
the NLS is given by
i(Yr + carpx) = vihxx + 39", (5:2)
Here, the constants v and ¢ are defined as
wo 1 2
V= E@, 6= 6§wok0. (53)

Additionally, ¢ = (X, T) € C describes the wave envelope of the oscillations of
a carrier wave with wave number ko and wave frequency wo. Here, wo and ko are
linked by the linear dispersion relation in deep water from Eq. (2.21), i.e. wi = gko.
Furthermore, cg; is the group velocity of the carrier wave, which is defined by

. Wo
o 1= (5.4)

The NLS yields the complex wave envelope 1, from which the sea surface
displacement 7(z,t) of the corresponding water waves can be computed by

1 5[3 5 1
n(x,t) = Re{a/;E + §€2k0w2E2+53 [8k§1/;3E3 - §iwaE2

v (eom) )| o

Here, it is B = ¢/*0#=0Y) and #H denotes the Hilbert transform. Using the
Fourier transform F and its inverse F !, which are defined by

Tk = F (£(x)) / F(X)e Y dx,

(5.5)

_ —1 A 1kX
100 =77 (7)) = o / Flk)e .
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the Hilbert transform of a function f = f(X) can be computed by
H (X)) =F " (~isgn(k)F () (5:7)

Here, sgn(k) is the signum function returning the sign of the real-valued wave
number k.

Figure 5.1 shows an example of the wave envelope ¥ and the associated sea
surface displacement 7, whereby only the leading order term in ¢ is used to
calculate 1. From Eq. (5.5) and Fig. 5.1, it can be seen that n changes with kox
in space and wot in time. In comparison, the wave envelope 9 = ¥(X,T) changes
only slowly in time and space. Since the wave envelope ¢ depends on X and T,
which are given by Eq. (5.1), the variables X and T are called the slow variables
in the following.

Having computed the wave envelope 1, the velocity potential ¢ of the correspond-
ing water waves is given by

o(z,2,t) = Re{ { lewo 7 P+ £ ]:)20 Yx +¢€ <1k08w0 C+ 31:50 1/»()()} Feko?

+26%¢o + 2% 1 }+(9(54).

(5.8)

Here, it is ¥(X, Z,T) := (X —iZ,T), C = [¢>y, C(X, Z,T) := C(X —iZ,T),
and

Z:=¢z (5.9)

is the slow vertical variable. Furthermore, ¢o = ¢o(X, Z,T) and ¢1 = ¢1(X, Z,T)
are velocity potentials representing a mean flow of the water waves. The velocity
potential ¢o is given by

Re{2¢o}— Go+¢5=F" (%m sgn(k) 7 ([¢1°) e"“‘z) . (510)

whereby ¢} denotes the complex conjugate of ¢o. As is shown later in Sect. 5.2.2,
the velocity potential ¢, is not needed for the computational method for the FSI
formulated in this thesis and is therefore not further specified here.

For the computation of ¥ and C, it has to be noted that ¢ and C' are unknown
at the location X —iZ if no analytic expression for v is given. However, ¢ can
be determined by solving the complex transport equation

vz = —ivyx, for Z <0, (5.11a)
U =1, for Z = 0. (5.11b)

An analog complex transport equation has to be solved to compute C.
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Figure 5.1: Example of the wave envelope 9 together with the associated sea surface dis-
placement 7.

It should be noted that [CarterEtAl20] has presented formulas for the sea surface
displacement 1 and velocity potential ¢ for waves corresponding to solutions
of the NLS. However, [CarterEtAl20] considered the complex conjugate of the
NLS (5.2). In order to calculate the potential of the NLS (5.2) itself, the
approach of [CarterEtAl20] has to be adapted using the complex conjugate of
the Egs. (24a-27h) from [CarterEtAl20]. The resulting velocity potential is given
by Eq. (5.8). This formula is the corrected version of the result of [CarterEtAl120],
who have not considered the last two terms in Eq. (5.8) representing the mean flow
velocity potentials. Equation (5.8) has also been published in [HollmEtA124]. The
corresponding derivations of Egs. (5.2), (5.5), and (5.8) are given in Sect. 5.2.1.

5.2 Computation of the FSI using the NLS

In this section, it is presented how the NLS can be used to compute the FSI
between a structure and nonlinear water waves. For this, it must first be
understood on which theory the NLS is based. In order to understand how the
theory of the NLS is related to the nonlinear wave theory presented in Sect. 4.1.1,
the derivation of the NLS is shortly outlined first. The derivation is based
on [Mei83, Dysthe79, CarterEtAl20]. In the following, only deep water waves are
considered, which propagate in the z-direction.
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5.2.1 Derivation of the NLS

The governing equations of fluid motion are given by Eq. (2.2). At the beginning
of Sect. 4.1.1, it is shown that the two BCs (2.2b) and (2.2c) at the free sea
surface at z = 1 can be combined to Eq. (4.2). Considering deep water waves and
using the combined BC (4.2) together with the Egs. (2.2a), (2.2¢), and (2.2d),
the governing equations of fluid motion from Eq. (2.2) result in

V%) = ¢uo + ¢22 =0, for z <n(z,t), (5.12a)
it + 9o +2Ve -V + %Vd) "V (Vg-Vg¢)=0, for z=n(zt), (512b)

¢t + %V(]ﬁ . V¢ +gn= 0, for z = 7](1:, t)7 (5412C)
¢. — 0, for z— —oo. (5.124d)

In the next step, the BCs (5.12b) and (5.12¢) are expanded from the free sea
surface at z = n(z,t) to z = 0 using Taylor series expansions, see e.g. [Mei83].
Here, it is assumed that ¢, = O(k¢) for a characteristic wave number k. Then,
for the wave amplitude A and the sea surface displacement n = O(A), the
successive terms in the Taylor series expansions become progressively smaller with
increasing powers of kA. Considering only the terms up to third-order O ((kA)S),
the expanded equations at z = 0 are given by

1 2
bt + gd- + 77% [Gre + gb:] +2V -V, + 57]2% (et + g9-)

0

1 (5.13a)
tng 2V Vil + 5V6- V (Ve V) =0, for 2 =0,

1 1 o1
—gn = ¢t + NPz + §V¢ Vo + §n2¢tzz + ”& [§V¢ . Vqﬁ} , for z=10. (5.13b)

These equations has also been presented, for example, by [Mei83]. Following
[CarterEtAl20, Dysthe79], a generalized Stokes perturbation expansion is used
of the form

B(w,2,t) = ¢ + e A1eFOF Y g2 2 RoFH) Ly e (5.14a)
n(z,t) = e’ + eBe™ + e Bae®™ + °B3e® 4+ .. 4 c.c. (5.14b)

Here, it is ¥ = kox — wot, c.c. represents the complex conjugate, and ¢ and 7
are functions slowly varying in space and time, which represent the mean flow
and mean surface elevation. Furthermore, the complex functions A;, Aa, ...,
B, Bs, Bs, ... are slowly varying in time and space. As will be defined later, the
complex envelope v appearing in the NLS (5.2) is given by 1) = 2B.

It has to be noted that the BC (5.12d) is directly fulfilled for ¢ given by Eq. (5.14a),
if . — 0 and A;, A; . are bounded for z — —co, i = 1,2,3,...



Chapter 5. Nonlinear Schrédinger Equation

Finally, as it is described in [CarterEtAl20], it is assumed

b=¢(X,Z,T)=¢o(X, Z,T) + e (X, Z,T) + >¢2(X, Z,T) + ..., (5.15a)
Aj = Aj(X,Z,T) = Ajo(X,Z,T)+eAj (X, Z,T)
+&%A(X,Z,T)+..., forj=1,2,3,..., (5.15b)
7=0(X,T) =7(X,T) + e (X,T) + *R(X, T) + ..., (5.15¢)
B = B(X,T), (5.15d)
Bj = Bj(X,Z,T) = Bjo(X,Z,T) +eBj1(X, Z,T)
+&°Bja(X,Z,T) + ..., forj=234,... (5.15¢)

Next, the expressions from Egs. (5.14) and (5.15) are substituted into the Laplace
equation (5.12a) and the BCs (5.13a) and (5.13b) at z = 0. Doing this, expressions
appear, which consist of terms depending on different orders of € and e*0**+17
respectively. In the following, all terms depending on different orders of &
and e**F¥ are considered separately. Inserting the Egs. (5.14) and (5.15)
in Eq. (5.12a) and sorting the terms according to the different orders in ¢, the
resulting terms of order O(e?) have to satisfy for Z < 0

52{%0 [A10,z +iA10,x] €*0* T 4 2k [Afo 2 — iATo x| e‘“ozw} =0. (5.16)

Here, A7y denotes the complex conjugate of Aig, which results from the c.c. part
in Eq. (5.14). Inserting the Egs. (5.14) and (5.15) in the BCs (5.13a) and (5.13b)
and sorting the terms according to the different orders in ¢, the resulting terms
of order O(¢e) have to satisfy

s{ [—wg + gkg} Aqoe + [—wg + gko] A’{oew} =0, for Z=0 (5.17a)
5{[98 — iwoA10,x] e’ + [gB* + iwoATO,X] ew} =0, for Z=0. (5.17b)

Equation (5.17a) directly reveal the dispersion relation w§ = gko. Equations (5.16)
and (5.17b) result in

iUJO =

B*, with B(X,Z,T)= B(X —iZ,T). (5.18)

in o *
Ajp=——B, Ajg=—
10 kO ) 10 kO
In the same manner, the functions A;x, Bj, g?)j, and 7;, which appear in Eq. (5.14)
and Eq. (5.15) in combination with a higher order in ¢, can be computed. The
resulting PDEs and BCs at Z = 0 for the unknowns A;; and ¢;, which appear in
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Eq. (5.15) up to the order O(£%), are given by

Azoyz + iA20,X =0, for Z < 0, (5 19&)
Az =0, for Z=0, ’
Au z+idn,x = ﬁ (A0, xx + Aro,zz), for Z <0, (5.191)
= QkZBX’ fOI"ZIO, '

A3oz+1A3ox—0 fOI‘Z<O7 (5 19(3)
A30 = O for Z = 0 '
A iA -1 (A A , for Z <0,

21,7z +1A21, x 4 ( 20,xx + A20,22) or (5.19d)
A21 = 0 fOI‘ 7 = 0
Aio,z +1A12,x = 1 (Au,xx + A,zz), for Z <0, (5.19)
A12—71k0w0|B‘ B—F?:;Bxx, fOI“Z:O7 e

0]

doxx + ¢0,zz + ¢6 xx + Po.zz =0, for Z <0, (5.19f)
$o,z + ¢5.2 = 2wo (IB]?) , for Z=0. '

It has to be noted that along with the functions appearing in Eq. (5.19), the mean
velocity potential ¢; also appears in Eq. (5.15) with order O(e?). However, as is
shown in Sect. 5.2.2, the mean velocity potential ¢, is not needed to formulate
the FSI method used in this thesis. Furthermore, it can be observed that the
complex conjugate functions Aj; also appear in Eq. (5.15), which are solutions of
the complex conjugate equations to Egs. (5.19a)-(5.19e).

Solving Eq. (5.19), the functions A;;, which appear in Eq. (5.14a) up to the
order O(e?), are given in terms of B by

_dwo 3 wo =~ . i ~  3iwg =~
Ao = o —B, A = T Bx, A2 = 161k0w00+ 8k3 Bxx, (5.20)
Ao =0, A1 =0, A3z =0,
with
C(X,T) = 8|B(X,T)*B(X,T), C(X,Z,T)=C(X —iZ,T). (5.21)

Furthermore, the functions B;; and 7o + 75, which appear in Eq. (5.14b) up to
the order O(e®), are given in terms of B and ¢o by

Bao = koB?, Bsp = %kSB‘*, By, = —ikoBBx,

' (5.22)
ﬁ0+ﬁ6:—§(¢0+¢8)T, for Z=0.

At this point, the mean velocity potential ¢¢ and the mean surface displacement 7o
still need to be determined in terms of B. For the computation of ¢o, Eq. (5.19f)
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has to be solved. This is done using the Fourier transform F and its inverse F~*,
which are both defined in Eq. (5.6). Furthermore, the solution approach presented
in [LoMei85] is followed. Applying the Fourier transform with respect to the
coordinate X on Eq. (5.19f) and using F (ggo’x) =ikF (q;o), the mean velocity

potential ¢ can be calculated to be
$o(X,Z,T) + 65(X, Z,T) = F~ ' (2iwo sgn(k)F (|B]*) *'7). (5.23)

Having computed ¢o, the mean sea surface displacement 7 is given by

— — % 1 i Tk 2 a 2
7]0+770_—g[(¢0+¢0)T]ZO_ZOM(H (|B\ )) (5.24)

Here, H defines the Hilbert transform, which can be computed using Eq. (5.7).
Now, all functions A, Bjk, ¢;, and 7;, which appear in Eq. (5.15) up to the
order O(£%), have been calculated in terms of B. It remains to calculate the
function B. This is done is two steps. First, the functions A;; and (;30, which are
given in Egs. (5.20) and (5.23), are substituted into Eq. (5.14a). In this way, the
velocity potential ¢ is computed up to an error of order O(s*). Afterward, the
resulting velocity potential ¢ is substituted into the BC (4.4c). The BC (4.4c)
forms a combination of the two BCs (5.13a) and (5.13b) at Z = 0, which have
been used to compute A;; and qgo.
Substituting the resulting velocity potential ¢ from Eq. (5.14a) into the BC (4.4c)
and then considering only the terms up to order (9(53)7 it is found that B has to
satisfy

ie? (BT + 2“’TOOBX) = (;]%BXX + 2w0k333|2) . (5.25)
After solving Eq. (5.25), the corresponding velocity potential ¢ and sea sur-
face displacement 7 can be computed by substituting Eqs. (5.20), (5.22), (5.23)
and (5.24) into Eq. (5.14).
The resulting expressions for 77 and ¢ can sightly be simplified by introducing

W(X,T) =2B(X,T). (5.26)

Substituting Eq. (5.26) into Eq. (5.25), the NLS (5.2) is obtained. The corre-
sponding formulas for the sea surface displacement 7 and velocity potential ¢ are
given by Eq. (5.5) and Eq. (5.8), respectively.

It has to be noted that only the terms from Eq. (5.14) up to the order O(?)
were considered and computed in this section. The nonlinear BC (4.4c) at z =0
was also approximated accurately to the order O(¢®). Terms of order O(e*) or
higher have been neglected in this section. Therefore, the NLS is accurate to
the third order in the wave steepness €. This has also been stated, for example,
in [ShemerDorfman08].

0]
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5.2.2 FSlusing the NLS

In Sect. 5.2.1, it has been shown that the behavior of nonlinear water waves can
be computed by solving the NLS (5.2), which results in the wave envelope .
Starting from 1, the corresponding sea surface displacement 7 and velocity
potential ¢ can be determined using Eq. (5.5) and Eq. (5.8), respectively. In
this section, it is presented how the FSI between nonlinear water waves and a
mechanical structure can be computed efficiently using the NLS.

In Fig. 4.2, the nonlinear scheme for the computation of the total velocity
potential ¢ and its components ¢*) is sketched. There, it has been assumed that
the total velocity potential ¢ can be written as the sum of the incident velocity
potential ¢o and the velocity potential corresponding to the body disturbance ¢z,
see Eq. (4.21). Before ¢p can be calculated, the incident velocity potential ¢o
has to be known. This has to fulfill the PDEs summarized in the second
block of Fl% 4.2. Analytic formulas for the components of incident velocity
potential, ¢ ) , for regular and random Stokes waves are given in Sect. 4.3. It has
been shown that an analytic formulation of the incident velocity potentials gz&(i)
i > 1, gets complicated if random nonlinear Stokes waves are considered. However
the NLS forms a possibility to compute the incident velocity potentials quO in a
simpler way.

The computation of the nonlinear FSI sketched in Fig. 4.2 and 4.4 assumes that
the incident velocity potential ¢y can be expressed by perturbation expansions
with perturbation parameter ¢, see Eq. (4.21). In the derivation of the NLS, a
generalized perturbation approach has been applied to ¢ and 7, see Eq. (5.14).
Comparing Eq. (4.21) with Eq. (5.14), it can be seen that the i-th order incident
velocity potential (Z)f)i) from Eq. (4.21) is given in Eq. (5.14) by the sum of all
terms multiplied by ‘. Therefore, for the velocity potential ¢ from Eq. (5.8),
which can be computed after solv1ng the NLS, the first three corresponding
incident velocity potentials (;50 ,1=1,2,3, are given by

(2, 2,t) = Re{—IZOJEe’“OZ}, (5.27a)
0
O (@, 2,t) = Re{;,;JerkOZ + 2<Eo}, (5.27b)
0
(3) . ikowo ~ = 3iwo ~ ko= I
o (z,z,t) = Re 3 C+ S Uxx | Be™” 4+ 2¢1 p. (5.27¢)

The mean velocity potential ¢o is given by Eq. (5.10).

The following can be concluded: after solving the NLS (5.2) for the wave enve-
lope 1, the first three incident velocity potentials ¢((f) can be computed using
Eq. (5.27). Furthermore, the approach via the NLS is more efficient than the use
of the analytic formulas for qb((f), which have been presented in Sect. 4.3 for Stokes
waves. There, it has been observed that nonlinear interactions between water
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waves of first order have to be considered to formulate the velocity potential of
random nonlinear water waves of second order. Therefore, the calculation of
Stokes waves of higher order can lead to large computation times. However, using
the NLS, nonlinear wave-wave interactions must not be computed in an additional
step, but nonlinear water waves can be computed solving the NLS (5.2) and
using Eq. (5.27) to calculate the incident velocity potentials qﬁéi), 1=1,2,3. As
it has been shown in the derivation of the NLS, solutions of the NLS can be used

to accurately model water waves up to the third order in the wave steepness €.

This makes the approach using the NLS more efficient than the computation
of ¢((f> presented in Sect. 4.3.

In the following, several remarks about the incident velocity potentials (;3(()”

from Eq. (5.27) and the computation of the corresponding FSI are presented.

Afterward, this section ends with a summary of how the NLS can be used
to compute the nonlinear FSI between nonlinear water waves and the WEC
presented in Sect. 3.1.

Mean Velocity Potential ¢;

First, it is explained why the mean velocity potential ¢ is not needed in the
formulation of the FSI considered in this thesis. The nonlinear FSI is computed
using the method, which is sketched in Figs. 4.2 and 4.4. In this method, only
the velocity potentials up to order O(e®) are considered. Going through the
PDEs summarized in Fig. 4.2, which need to be solved to compute the body
disturbance potentials ¢§; ), it can be seen that the incident velocity potentials qb(()i)
appear in these equations only in combination with derivatives with respect
to x, z, and t. However, the mean potential ¢ depends only on the slow
variables X = ex, Z = ez, and T = et. At this point, it holds

b4 =eb1r, Pre=chix, 1,2=cb1z. (5.28)

Since (;_31 is of order (9(53), the derivatives q;l,t, q_ﬁl,z, and q§1,z are of order (9(54).

Therefore, considering ¢; only affects the nonlinear FSI of order O(e"). Since
the effects of order O(e*) are not considered in this thesis, ¢1 is not specified
here. In the further course of this thesis, ¢1 is not considered.

Boundary Condition at z = —h

A corresponding BC at the sea bottom has to be considered in the numerical
computation of the FSI. In the formulation of the NLS, only deep water is
considered. As a result of this, the value of ¢, vanishes only for z — —oo,
see Eq. (5.12d).

In contrast, the FSI between nonlinear water waves and a mechanical structure
is computed numerically in this thesis using the method sketched in Figs. 4.2

and 4.4. There, it is assumed that the value of (;Séz)z vanishes at z = —h.

Therefore, in the numerical calculation of the FSI, where no spatial domain

7
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of infinite size can be considered, it is assumed that the value of qﬁffl vanishes
at z = —h. However, as stated before, this condition is not fulfilled by the
incident velocity potentials ¢((f) of the NLS for any A < co. Therefore, the use of

the incident velocity potentials gzﬁéi) of the NLS leads to errors in the numerical
results. However, due to the exponential dependency of the incident velocity
potentials ¢87,) in z, see Eq. (5.27), this error becomes small for a large water
depth h. Therefore, for the case that the FSI is computed using the NLS, the
value of the water depth h is always selected so that the deep water condition is
fulfilled, i.e. h > 3\ = 7.

Boundary Conditions at z = 0

The next remark refers to the BCs at z = 0 given in Eq. (4.18), which have to be
satisfied by ¢él)7 (()2>, and (;583), respectively. Substituting ¢él) from Eq. (5.27a)
into Eq. (4.18a) yields

: 1

[ 821: + g¢82} = e®Re{ — =2 ( hrr — 20 Logwxx + swokg|¥*| | E .
z2=0 ]C() 8]430 2

(5.29)

Here, the relations wé = kog, "ZZ = —ilzx, 52— = #% and the NLS (5.2) have

been used to derive Eq. (5.29). Equation (5.29) shows that the first-order velocity
potential (;5(()1) from Eq. (5.27a) does not satisfy the BC (4.18a) exactly, but only

up to an error of order O(e?). In the same way, substituting ¢81), ¢(()2>, and ¢>(<)3)
from Eq. (5.27) into the BCs (4.18b) and (4.18¢c) at z = 0 results in

e+ 905) = eg (do.z + 85 2) + O(e2),
F(ol) = —2aw8Re{¢*wT}+O<¥), (5.300)
()
= 050 + 905 — F(og") = 0(e?),
(600 +9682] =00,

z=

e gf>):Re{ikowg|w|2w}+o<e>, (5.300)

= 650 + 905 — Qo 857) = —Re{ikow8|w2¢E}+O(a).

The equality (%) in Eq. (5.30a) is obtained using Eq. (5.19f) and the NLS (5.2),
from which follows

ipr = —icgthx + vihxx + 0|y = —i%wx +0(e). (5.31)

As a result of Egs. (5.29) and (5.30), it can be concluded that the incident veloc-
ity potentials ngl), 62), and <Z>63) from Eq. (5.27) do not satisfy the BCs (4.18)
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exactly. This results from a simplification that has been used in deriving the
BCs (4.18). The BCs (4.18) have been derived by substituting the velocity po-
tential ¢ = g™ + 292 + 293 + O(*) into the nonlinear BC (4.4c) at z = 0.
Here, all terms are sorted by the corresponding exponents of €, which results in
Eq. (4.15). Afterward, it has been used that the BC (4.15) holds if each term
multiplied by &’ vanishes on its own, i = 1,2,3,.... In contrast, however, the
NLS has been derived by substituting the generalized Stokes perturbation expan-
sion from Eq. (5.14) into Eq. (5.13). Therefore, the incident velocity potential
Po = 5¢61) + €2¢§)2) + 53¢é3) satisfies the BC (4.4c) up to an error of order O(e?).
In other words, the incident velocity potentials of the NLS do not fulfill all
terms multiplied by €’ on their own but the sum of all terms multiplied by the
different exponents ¢, This can also be seen by inserting the incident velocity
potentials ¢ from Eq. (5.27) into the BC (4.15), which results in

€ ( (()Tgt + gfi)(l)) + e ( é?gt + 9¢<2) (¢(<)1>)>

& (00 + 968 - QU o)) (5.32)

= 53Re{—izjo0 <¢TT - (;];>2¢xx> }-f—(')( ) = @ O(h).

The equality (*) is obtained using the derivative of the NLS (5.2) with respect to
the slow variable 7T'.

It can be concluded that ¢og = sq&él) + 52¢é2> + €3¢é3) fulfills the BC (4.15) up
to an error of order O(e*) and thus up to an accuracy of order O(¢*). On the
other side, the incident velocity potentials d)éi) from Eq. (5.27) do not fulfill the
corresponding BCs (4.18) up to an error of order O(*). However, using the
scheme, which is sketched in Figs. 4.2 and 4.4 to compute the nonlinear FSI,
a corresponding accuracy of order O(e?) can only be obtained if the incident
velocity potentials ¢6i) satisfy the BCs (4.18). Therefore, if the nonlinear FSI
is computed for waves corresponding to the NLS, an accuracy of order O(e®)
cannot be obtained using the scheme sketched in Figs. 4.2 and 4.4.

In order to maintain an accuracy of order O(e®), the BC (4.4c) at z = 0 can
be used in the computation of the FSI, since the BC (4.4c) is satisfied by the
incident velocity potential ¢o = aqbgl) +52¢g2) +€3¢83) up to an accuracy of
order O(£*). However, the BC (4.4c) is nonlinear in the velocity potential ¢.
This makes the numerical computation of the FSI not efficient, since a system of
nonlinear equations has to be solved in each time step.

However, the BCs (4.18) and the method sketched in Figs. 4.2 and 4.4 can be
used to compute the nonlinear FSI up to an accuracy of order O(?). Sub-
stituting the incident velocity potentials of the NLS into the BCs (4.18) and
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using the Egs. (5.29) and (5.30), it results

( S +g¢“’) O, (5.33a)
2 (62 + 9087 = F@")) = 0(=*), (5.33b)
£ (82 + 0682 - Q6266 = 0, 5330

It can be seen that the BCs (4.18) are fulfilled up to an error of order O(¢?) and
thus up to an accuracy of order (9(52). Using the method sketched in Figs. 4.2
and 4.4, this shows that it is possible to compute the nonlinear FSI between
nonlinear water waves corresponding to the NLS and a mechanical structure if a
modeling error of order O(e®) is accepted.

It has to be noted that the incident velocity potential ¢g1) fulfills the first-order
BC (5.33a) only up to an error of order O(¢?). This means that the use of the
incident velocity potential ¢(()3) does not further increase the order of accuracy.
Therefore, it is enough to use the incident velocity potentials qzﬁ(()l) and ¢>(<)2) of the
NLS to compute the nonlinear FSI up to a modeling error of order O(g?).

Sea Surface Displacement 5

The final remark refers to the sea surface displacement n. Having computed the
wave envelope 1, the corresponding sea surface displacement 7 of the incoming
water waves corresponding to the NLS (5.2) is given by Eq. (5.5). On the other
side, using Eq. (5.27) to compute the first three components of the incident
velocity potential ¢g, i.e. (b(()i) for i = 1,2,3, the Stokes components of the
corresponding sea surface displacement 7, i.e. n(i) for i = 1,2, 3, can be computed
using Eq. (4.19). It has to be noted that using Eq. (4.19) instead of Eq. (5.5)
to calculate the sea surface displacement n(i) for ¢ = 1,2,3 can lead to different
results, whereby the differences are of higher order in the wave steepness €. This
is explained in the following.
The first Stokes component of the sea surface displacement 7, i.e. V), is given by
Eq. (4.19a). To calculate 77<1) for incoming waves corresponding to the NLS, the
time derivative of the velocity potential gbél) from Eq. (5.27a) is needed, which is
given by

#5) = Re{—lkwo {(_iwo){z + EJT} Eek} (5.34)

0

Using Eq. (4.19a), J(X, T,Z =0) =9(X,T), and the dispersion relation from
Eq. (2.21), the first component of the sea surface displacement, 77(1), results into

enM =¢ {; 812] = Re{ed)E}JrRe{lE 0y E} (5.35)
z=0
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However, by definition, the first-order component 77(1) of the total sea surface
displacement 7 should only consist of all terms, which depend linearly on e.
Therefore, using Eq. (5.5) to compute the sea surface displacement 7 correspond-
ing to the NLS, the first-order component n* is given by en® = Re{eyyE}. On
the other side, using Eq. (4.19a) to compute the first-order component of the
sea surface displacement, the result for 7](1) also includes contributions of second
order in ¢, see Eq. (5.35). These second-order contributions of 7 have to be
remembered when the value of V) is computed using Eq. (4.19a) instead of
Eq. (5.5). This fact is taken into account in Chap. 7 when investigating the FSI
between a mechanical structure and waves corresponding to the NLS.

A similar results holds for the second-order component of the sea surface dis-
placement, n®. Considering all terms in Eq. (5.5), which are of order O(e?),
yields

2@ Re{ kot B}, (5.36)

On the other side, using the formula for 7® from Eq. (4.19b) and considering

the velocity potentials (;581) and qb((f) from Egs. (5.27a) and (5.27b), algebraic
calculations result in

2@ :52{ ;( <2)Jr V¢><1 qu(”) <¢(l)¢élfz)]
z=0
—Re{;52k0¢2E2}+R{ 2¢X } O(EY).

Comparing the results for n® from Eqgs. (5.36) and (5.37) with each other, it
can be seen that the use of Eq. (4.19b), which leads to Eq. (5.37), introduces
additional effects of order O(¢?) in n®. With E = ¢!(F02=«0% it can be seen that
the value of ® from Eq. (5.36) oscillates in time with frequency 2wg. In contrast,
the value of n® from Eq. (5.37) also includes a component which oscillates in
time with frequency wo. Furthermore, the value of 7® from Eq. (5.37) contains
components of third order in €. These different additional contributions of 77<2)
are taken into account in Chap. 7 when the FSI between a mechanical structure
and waves corresponding to the NLS is investigated.

As a result, it has been shown that Egs. (4.19) and (5.5) lead to different values
for the sea surface displacements n(i), i = 1,2. However, it has to be noted
that Egs. (4.19) and (5.5) both lead to the same result for the total sea surface
displacement 7, which is computed by adding the sea surface displacements 77<i),
i=1,2 ien=en®+e*n® 4 O(e*). To be more precise, an addition of
Eq. (5.35) and Eq. (5.37) leads to the total sea surface displacement

(5.37)

n=en +2n® + 0@
ia2w3
29k

s 2
— Re{awE n li]k“o VrE + vx E +;a2k0¢2E2}+(9(s3). (5.38)
0

=0+0(e3), with Eq. (5.31)
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This gives the same result as Eq. (5.5) when considering all terms up to or-
der O(£?).

In summary, it has been shown that the use of Eq. (4.19) instead of Eq. (5.5)
leads to different values for the sea surface displacements . However, both
computation approaches lead to the same total sea surface displacement 7.

5.2.3 Summary of the Computation of the Nonlinear FSI us-
ing the NLS

Using the NLS, the corresponding nonlinear FSI can be computed up to an error
of order 0(63). Here, the total velocity potential ¢ = ¢o + ¢B is calculated using
the first- and second-order potential components, i.e.

b= ¢o+dn = (@) +04)) + (8 + o). (5.39)

The incident velocity potentials qﬁél) and ¢>(<)2) are given in Eq. (5.27). The velocity

potentials d)g ) and qzﬁg ) corresponding to the body disturbance can be calculated
solving the PDEs summarized in Fig. 4.2. When the hydrodynamic forces acting
on a floating structure and the resulting motion of the structure are computed,
only the corresponding first- and second-order components of the forces and
motions must be considered. For the WEC presented in Sect. 3.1, an overview of
the computation of the FSI can be found in Fig. 4.4.

Summarized, the FSI between nonlinear water waves corresponding to the NLS
and a mechanical structure can be computed using the following steps:

1. Compute the wave envelope 1) by solving the NLS (5.2).

2. Compute the incident velocity potentials (;3(()1) and ¢(<)2) using Eq. (5.27).

3. Compute the velocity potentials ¢](31 ) and qﬁ](; ), which correspond to the

body disturbance, using the PDEs summarized in Fig. 4.2.

4. Compute the corresponding hydrodynamic forces acting on the mechanical
structure as well as the motion of the structure. For the WEC presented in
Sect. 3.1, the corresponding method is summarized in Fig. 4.4.

It should be noted that the first- and second-order incident velocity potentials
qu(()l) and qb((f) are calculated using the wave envelope, which satisfies the NLS (5.2).
Since the NLS is accurate to the third order in the wave steepness, the NLS also
accounts corresponding nonlinear wave effects. For example, the NLS can be used
to calculate waves whose phase velocity cpn depends on the wave amplitudes. This
is also shown in the next section. Therefore, the algorithm summarized above
computes the dynamics of the incident nonlinear water waves with a modeling
error of order (9(54). However, as shown, the corresponding nonlinear FSI is
calculated with a modeling error of order O(e?). In Fig. 5.2, this is illustrated
for the WEC presented in Sect. 3.1.
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- Compute nonlinear FSI
- Modeling error of
order O(e®)

- Compute nonlinear
water waves

- Modeling error of
order O(g*)

o

free sea
surface

Y
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Figure 5.2: Illustration of the computation of the FSI between the WEC presented in
Sect. 3.1 and water waves, which are calculated using the NLS.

So far, two different approaches for the calculation of the incident velocity
; (%) .
potentials ¢’ have been presented:

o Calculate the incident velocity potentials gzﬁél) and cf)ff) of regular and
random Stokes waves using the equations presented in Sect. 4.3.

o« Compute the incident velocity potentials qﬁ(()l) and ¢52) corresponding to
the NLS using Eq. (5.27).

Both approaches have different advantages and disadvantages. Table 5.1 sum-
marizes the PDEs and BCs that are satisfied by the corresponding incident
velocity potentials gb(()z). Moreover, Tab. 5.1 summarizes the properties that both
approaches have. Again, it is shown that the computational method, which uses
the NLS, computes the corresponding FSI accurately only up to a modeling
error of order O(e®). However, the computation of the incident velocity poten-
tials ¢(()1) and qﬁé?) depends only on the wave envelope ¥, which has to satisfy
the NLS (5.2). As it is shown in the next sections, several analytical solutions of
the wave envelope ¢ are well-known, and numerical solutions of the NLS can be
computed very efficiently. Therefore, the computation of the incident velocity
potentials qbél and ¢(()2> corresponding to the NLS can also be executed very
efficiently. Furthermore, nonlinear wave-wave interactions are directly considered
in the formulation of the NLS when computing random waves. This does not
apply to the approach via Stokes waves, where nonlinear wave-wave interactions
have to be explicitly calculated in the case of nonlinear random water waves. As
is shown in Sect. 4.3.2, the computation of these nonlinear wave-wave interactions
becomes more expensive the more components the linear irregular sea state
include. All this makes the approach via the NLS very promising for an efficient
computation of the nonlinear FSI.

83



84

5.2. Computation of the FSI using the NLS

Table 5.1: Comparison of the two presented approaches for the computation of the incident
velocity potentials (z)(()l).

Use incident potentials ¢éi)

Use incident potentials d)éi)

Properties (@ :}1‘17}12) of Stokest VSaYeSv (i = 1,2) from NLS, which are
which are presented in in BEq. (5.2
Soct. 4.3 presented in Eq. (5.27)
v2¢() = 07 Fulfilled Fulfilled
() —0at 2= —h? Fulfilled Not fulfilled, error (.:lecreases
0,z exponentially in h
(1) 1) _ _ Not fulfilled, error of order
boty + 9¢o,z —0at z =07 Fulfilled O(e2)
¢(2) + ¢(2) = F(¢(1)) at Not fulfilled, error of order
0,tt T 90,2 = o )3 Fulfilled e
z =07 O(e”)
o Straightforward and effi-
cient computation
o Nonlinear wave-wave inter-
« All PDEs and BCs are ox- act(ljons are directly consid-
Advantages actly fulfilled ore
« Nonlinear wave effects from
the use of a third-order
wave theory are taken into
account
o Interactions between water
waves have to be explicitly
considered in the irregular
case
‘ + Computation tOf “(t’?h“e?r « All PDEs and BCs are only
Disadvantages wave-wave teractlons 1s fulfilled up to a small error

very time-consuming

« Nonlinear wave effects from
the use of a third-order
wave theory are not consid-
ered

Before the FSI between water waves corresponding to the NLS and a floating
structure is computed and analyzed in Chap. 6 and Chap. 7, the NLS is investi-
gated in more detail in the next sections. In the further course of this chapter,
the waves are studied in the absence of any structure. In this way, solutions of the
NLS as well as the corresponding incident velocity potentials ¢(()1> and d)E,Q) are
investigated in more detail. For this, in the next section, analytical solutions for
the wave envelope 1 are introduced. Afterward, numerical methods are presented,
which are used to compute numerical solutions of the NLS and the corresponding
incident velocity potentials d)(()l) and (;3((]2).
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5.3 Analytical Solutions of the NLS

In contrast to the governing equations of fluid motion from Eq. (2.2), analytical
solutions for the NLS (5.2) are well-known and closed-form expressions are
available. In the following, three of these solutions are presented and discussed.

5.3.1 Plane-wave Solution

The plane-wave solution of the NLS has an amplitude that is constant in time
and space, and is given by

(X, T) = woeikpw(X*Xs)*i(kprgr*Vk§w+5w(2))T7 (5.40)
see e.g. [CarterEtAl20]. Here, 1 € R is the amplitude of the solution, Xs € R
is a shift in space, and kpw € R is an arbitrary constant. Substituting ¢ from
Eq. (5.40) into Egs. (5.5) and (5.8), the corresponding sea surface displacement n
and velocity potential ¢ for kpw = 0 becomes

n(x,t) = eyo cos(P) + %621601/)3 cos(29) + %s3k3¢8 cos(39) + O(e*), (5.41a)
d(z, 2, t) = [e%wo sin(¥) — éegkowowg sin(9) | €% 4+ 2e°Re{¢1} + O(e*),
0
(5.41b)

whereby ¥ = koz—wo(l—i—%ezk?}w%)t. It has to be noted that for kpw = 0, the mean
terms ¢o and 7o are zero [CarterEtAI20]. Figure 5.3 shows the amplitude |1|
of the plane-wave solution and the sea surface displacement n = Re{eyE}
for ko = 0.5m™ !, 1o =2m, e = 0.1, Xy = 0, and kpy, = 0.

Considering Eq. (5.41) and Fig. 5.3, it can be seen that the plane-wave solution
of the NLS leads to regular water waves. The corresponding velocity potential ¢
and sea surface displacement 7 from Eq. (5.41) oscillate in time with the wave
frequency wnis, which is given by

1 2
whus = (w0l + 5%309)) = kog(L+%k303) + O).  (5.42)

For A = et)o, this results in the nonlinear dispersion relation from Eq. (4.8),

which is induced by the nonlinear wave theory of third-order, see Sect. 4.1.2.

Therefore, the NLS recovers the nonlinear dispersion relation from Eq. (4.8).
It has to be noted that the amplitude g of the plane-wave solution from Eq. (5.40)

cannot be chosen independently from the wave number ko and wave steepness ¢.

Recall that € is related to the wave steepness of the wave. For a random water
wave, the wave steepness varies in space. However, for a regular wave, the wave
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9] [m]

¢ [s] 0 -1000 x [m] t [s]

Figure 5.3: (a): Amplitude of wave envelope 1 of the plane-wave solution for kg = 0.5 m~?,

Yo = 2m, € = 0.1, Xg = 0, and kpw = 0. (b): Corresponding sea surface
displacement n = Re{ey)E} at z = 0.

steepness is given by € = Ako, see Eq. (4.12). Together with A = e1)o, which has
been already stated above, it holds

A=evg

g = Ako ) (’lﬁo]fo) = ’l/Joko =1. (5.43)

Therefore, for the plane-wave solution from Eq. (5.40), the parameters ¢ and ko
have to satisfy ®oko = 1. However, this is not the case for other solutions of the
NLS, where the amplitude of 1 is not constant in time and space. Here, the wave
steepness of the sea surface displacement 7 cannot be expressed accurately by a
single value € in the whole spatial and temporal domain.

In the following, two analytical solutions of the NLS (5.2) are presented, where
the amplitude of ¢ varies in space and where ¢ is assumed to be a characteristic
or mean wave steepness of the whole wave.

5.3.2 Peregrine Breather Solution
An important analytical solution of the NLS, which is localized in time and space,

has been found by Peregrine [Peregrine83] and is known as the Peregrine breather
solution. This solution is given by

1 efusng

o v (1 - 2i605T)
VXT) = do | — [+ (2003T)%] + 2003 (X — T — X.)’

(5.44)

Figure 5.4a shows the amplitude |i| of the Peregrine breather solution for
Yo = 1.5m, ko = 0.5 nrfl7 € =0.1, and X = cgre - 200s = 44.29 m. The spatial
shift X5 is chosen in such a way that the Peregrine breather solution gets its
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peak value for t = —200s at * = Om, see Fig. 5.4a. In order to get a better
view of the Peregrine breather solution, Fig. 5.4b illustrates the same solution
with respect to the moving space coordinate { = & — cgrt, which moves with the
group velocity cg,. Figure 5.4c shows the corresponding sea surface displacement
n = Re{eyE} at x = X /e = 442.9m, where the Peregrine breather solution
reaches its maximal peak amplitude over time.

The Peregrine breather solution represents a regular water wave, which contains a
small perturbation at a specific location in the past. This perturbation amplifies
over time until it shows an amplitude three times as high as the amplitude of
the regular background waves. As the amplitude of the wave envelope of the
regular background waves is given by o, this means that the peak amplitude
of the Peregrine breather solution is given by [|max = 3%, see also Figs. 5.4a
and 5.4b with ¢y = 1.5m.

In Figs. 5.4a and 5.4b, it is clearly shown that the Peregrine breather solution is
doubly localized. Therefore, the Peregrine breather solution describes a unique

|| [m]

-0.45 ‘ ‘
- -20 0 20 40 60 80

t [s]

80 -60 -40

Figure 5.4: (a): Amplitude of wave envelope 1 of the Peregrine breather solution for
ko = 0.5m~!, 9pp = 1.5m, e = 0.1, and X, = 44.29m. (b): Corresponding
Peregrine breather solution from (a) shown with respect to the moving space
coordinate { = x — cgt. (c): Sea surface displacement n = Re{eyE} at
z = Xs/e =442.9m.
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wave event in which large amplitude waves seem to come out of nowhere and
disappear without a trace [ChabchoubEtAl12]. In different studies, it has been
conjectured that the Peregrine is a prototype of rogue waves in the ocean,
see e.g. [DystheTrulsen99, ShriraGeogjaev10, DostalEtAl20]. According to the
definition of oceanographers, rogue waves are very rare events in random ocean
waves with an extraordinarily large wave height, which exceeds the significant
wave height Hy of a measured wave train, also known as wave packet, by a factor
of 2.2, see [OnoratoEtAl01, Chabchoubl13]. One example of a measured rogue
wave is the Draupner wave, which has been recorded on January 1st 1995 in
the central North Sea [AdcockEtAlll]. The remarkable height of the Draupner
wave is 25.6m. As has been shown, for example, in [Chabchoub13, Witt19],
the Peregrine model fits very well to the wave records of the Draupner wave,
although the Peregrine breather solution is just a single distorted regular wave
train solution.

In [ChabchoubEtAl12], laboratory experimental results are presented on the
study of doubly localized surface wave events that can be modeled using the
Peregrine breather solution. A very good agreement between the theory and the
experiments is shown for small steepness values of the background carrier wave of
€ < 0.116. For higher steepness values, the Peregrine breather solution starts to
break. In order to prevent breaking, in this work, the Peregrine breather solution
is always considered for waves with a wave steepness of ¢ < 0.1.

5.3.3 Soliton Solution

One important solution of the NLS is an isolated and stationary sech-shape
nonlinear wave group on zero background. This solution is known as the soliton
solution and is given by

(X, T) = osech | 1o/ % (X — cuT — Xa) | e 29%07 (5.45)

see e.g. [SlunyaevEtAll3a]. Figure 5.5a shows the amplitude of the soliton solution
for ko = 0.5m™!, o = 1.5m, € = 0.1, and X, = 0. In order to get a better view
of the soliton solution, Fig. 5.5b illustrates the same solution with respect to the
moving space coordinate ( = x — cgrt. It can be seen that the solution represents
a wave packet on an otherwise calm sea surface. The shape of the envelope
of the wave packet remains unchanged in propagation. Figure 5.5¢ shows the
corresponding sea surface displacement n = Re{ey)E} at © = cg - 200s = 442.9m,
where the soliton solution reaches its peak amplitude at t = 200s.

In [SlunyaevEtAll3a], laboratory experimental results are presented on the dy-
namics of the soliton solution. Soliton solutions with a wave steepness at the crest
of the solution of about € ~ 0.3 have been successfully reproduced in laboratory
experiments. For higher steepness values, the soliton solutions are found to be
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Figure 5.5: (a): Amplitude of wave envelope v of the soliton solution for kg = 0.5 m~!,
Yo = 1.5m, e = 0.1, and Xs = 0. (b): Corresponding soliton solution from
(a) shown with respect to the moving space coordinate ¢ = & — cg,t. (c): Sea
surface displacement n = Re{ey)E} at = cgr - 200s = 442.9 m.

structurally unstable or start to break. In order to prevent breaking, in this work,
soliton solutions are always considered for waves with a wave steepness of € < 0.3.

5.4 Numerical Solution of the NLS

In order to compute the velocity potential of the NLS, two PDEs have to be
solved, namely the NLS (5.2) and the complex transport equation (5.11). In this
section, a numerical method is presented to solve the NLS (5.2) numerically. In
the next section, it is dealt with the complex transport equation (5.11).

In order to solve the NLS (5.2) numerically, the relaxation pseudo-spectral (ReSP)
scheme is applied, which has been used, for example, in [AntoineDuboscql5]. In
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the ReSP scheme, the time derivative is discretized by finite differences, and a
spectral approximation is performed in space. In contrast to Crank—Nicolson-type
schemes, the ReSP scheme does not need to fulfill a Courant—Friedrichs-Lewy
condition. The ReSP scheme is sketched in the following.

Since the NLS (5.2) is defined on an unbounded domain, the temporal and spatial
computational domain has first to be bounded, for which the numerical solution
is calculated, i.e.

(Y1 + cahx) = vibxx + 0|Y[*¢,  for X € (—Xmax, Xmax), T € (0, Tmax),
w(X,T = O) = wIC(X)7 for X € [_Xmaxmeax}v

Y(=Xmax, T) = P(Xmax, T); ¥x (—Xmax, T') = x (Xmax, T'), for T € (0, Tmax]-
(5.46)

Here, the length X,.x is assumed to be so large that the basic physical behavior
takes place in (—Xmax, Xmax). Furthermore, the maximal simulation time Tmax
is smaller than some time 7, whereby it is assumed that the solution exists up
to time 7. At T = 0, the solution % is equal to a given initial condition (IC)
denoted by v1c. Periodic boundary conditions are applied in space.

Next, the temporal and spatial domain are discretized using equidistant grids of
the form

Tn :=nAT, forne{0,...,N}, AT = Tr;;x,

X; = jJAX — Xmax, forj€{0,...,J}, AX = 2X}“‘“.

(5.47)

Using this notation, the ReSP scheme applied at the NLS (5.46) is given by,
see e.g. [AntoineDuboscql5],

An+% + Anfé

_ n|2
n+1l _ n n+1 n n+1 n n+1 n
i\I/ v — ey )\ + v e v + v —|—A”+%\P + v
AT 2 < 2 xx 2
V(X)) = dre(X;), ATVAXG) = v|W0(X)
(5.48)

Here, U is a grid function with ¥} = U(X}, T, ), which approximates the exact
solution 9 of the NLS (5.46) at the grid points, i.e. ¥} = (X, Ty).

Using the ReSP scheme from Eq. (5.48), the cubic nonlinearity of the NLS (5.46)
is circumvented by an additional intermediate time step using the auxiliary
variable A. Thus, it is not necessary to solve a nonlinear system of equations at
each time step.

)
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The computation of the spatial derivatives appearing in Eq. (5.48) is based on
truncated Fourier series expansions of ¥ of the form

J/2—1 J—1
= i . = 1 —i .
U= Z TretmXi with UT = 5 Z\I/;?e X (5.49)
m=—J/2 =0
whereby i = XT::X . Then the corresponding first- and second-order derivatives

with respect to X are given by

J/2—1 J/2-1
(U7) = D i Tme N, (97) = Y —pnWnetm YL (5.50)

m=—J/2 m=—J/2

The presented ReSP scheme from Eq. (5.48) can be implemented such that a linear
system of equations is solved in each time step. It is an implicit method, which
is second-order accurate in time and spectrally accurate in space. Furthermore,
it is unconditionally stable [AntoineDuboscql5].

5.5 Numerical Integration of the Complex Trans-
port Equation

After solving the NLS (5.2) for the complex wave envelope v, the velocity
potential ¢ can be calculated using Eq. (5.8). However, for the computation of
the variables {/; and 6, the complex transport equation (5.11) has to be solved.
Although this equation is much simpler than the NLS (5.2), there are two issues
that make solving the complex transport equation (5.11) difficult: the instability
of the velocity potential ¢ from Eq. (5.8), which corresponds to solutions of the
NLS, in large water depths and the instability of numerical methods solving
the complex transport equation. These two instabilities are dealt with in the
following.

5.5.1 Instability of Solutions of the NLS in the Depth

In [CarterEtAl20], it is noted that the velocity potential corresponding to solutions
of the NLS (5.2) can have singularities at z = O (671). However, the origin of
these singularities is not known.
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In this section, the behavior of these singularities is investigated. This inves-
tigation extends the study presented in [CarterEtAl20]. It is studied where
the singularities are located and how the wave parameters (1o, wo,e) affect the
location of the singularities. It is found that the appearance and behavior of the
singularities depend on the considered solution of the NLS (5.2).

In the following, the singularities are investigated for the three analytical solutions
presented in Sect. 5.3. In order to simplify the investigation, only the singularities
appearing in ¢ are considered in detail. For C, only the results for the locations
of the singularities are presented.

Singularities of the Plane-Wave Solution
The plane-wave solution ¥ (X, T) of the NLS (5.2) is given by Eq. (5.40). The

corresponding auxiliary variable v is then given by

WX, Z,T) = ¢Oeikpw(X—Xs)—i(kprgr—l/kgw-!—&J)g)T okowZ _ (X, T)ekpwz. (5.51)

$(X,T)

Since Z < 0, it can be observed that {/; decays exponentially for an increasing
water depth. Consequently, ¢ shows no singularities. The same holds for
the variable C, which is given by C(X,Z,T) = ¢2¥ (X, Z,T). Therefore, the
corresponding velocity potential ¢(z, z,t) can be computed for each depth z < 0.

Singularities of the Peregrine Breather solution
The Peregrine breather solution (X, T) of the NLS (5.2) is given by Eq. (5.44).

The corresponding auxiliary variable 1 is given by

~ ( Yodv (1 — 2i63T)

— o efwng

xED =1 [1+ (2003T)°] + 2002 (X —iZ — cuT — Xs)*

(5.52)
It can be seen that 1; can contain singularities by forming poles. Therefore, the
question arises whether the denominator in Eq. (5.52) can reach zero for some
depth Z. It can be found that the imaginary part of the denominator vanishes
for Z=0or X —cexT — Xs =0. For Z =0, it holds ¥(X,Z =0,T) = ¢(X,T)
and the denominator in Eq. (5.52) is nonzero for all X,T € R. However, for
X — ¢geT — X5 = 0, the denominator in Eq. (5.52) reaches zero for

_ v 22
Z =+ /25% + 2wSY2T2. (5.53)

Since the square root is strictly monotonically increasing in its argument, |Z|
reaches its smallest value for ' = 0. Substituting v and ¢ from Eq. (5.3) into
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Eq. (5.53), it is found that the denominator of {/; reaches zero for
_
2/ 29k

Here, only the negative choice of Z is considered since the water domain is located
at Z < 0. It has to be noted that the Peregrine breather solution from Eq. (5.44)

T=0 X=X, and Z=— (5.54)

reaches its peak amplitude at 7= 0 and X = X with (X = X, T = 0) = 3.

This means that the singularity, which is located at the position given in Eq. (5.54),
is located below the location of the peak amplitude of the Peregrine.

It can be concluded that v contains poles for depths Z < —m. The same
-~ 0
is true for C, which is given by
~ X, Z,T ~
C(X,Z,T) =g H(X,2,T) SU(X, Z,T)
{y [1+ (20037)°] + 2602 (X —iZ — cuT — XS)Q}
(5.55)

with some function f = f(X, Z,T). Since the denominator appearing in Eq. (5.55)
is the same as in Eq. (5.52), C has a singularity at the same depth as 1; This
means that the velocity potential ¢(z, z, t) corresponding to the Peregrine breather
solution can be computed without any singularity only for water depths

1

Ao (5.56)

Z = — > Zper :=
€
Singularities of the Soliton Solution

The soliton solution ¥ (X,T) of the NLS (5.2) is given by Eq. (5.45). The
corresponding auxiliary variable 1) is given by

W(X, Z,T) = yosech <¢0, / % (X —iZ — ceuT — Xs)> e TOT (557

In order to investigate whether {/; contains any singularity, it has to be noted
that for any variables a,b € R, the relation
1 1

sech (a —ib) = cosh (a — ib) ~ cosh (a) cos (b) — isinh (a) sin (b) (5.58)

holds. This term gets singular for a = 0 and b = £5 2n+1), n =0,1,2,...
Applying this to Eq. (5.57), it can be observed that 1 contains poles periodically
in Z. The poles are located at

T 2v T
X=c,T+Xs and Z=x+—/—2n+1)=x———2n+1). (5.59
s 2\ 5 D = E g (Gnt ). (559)
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The same poles are contained by C , which is given by

C(X, Z,T) = b2 sech? (wo, / % (X —iZ — ceeT — Xs)> O(X,Z,T). (5.60)

It has to be noted that poles from Eq. (5.59) are located below the position,
where the soliton solution reaches its peak amplitude [¢)| = 1)o.

Since the water domain is located at Z < 0, only the poles with a negative value
of Z are considered in the following. The presence of the poles leads to the fact
that the velocity potential ¢ can only be computed up to the depth of the first
pole. For n = 0 and substituting v and ¢ from Eq. (5.3) into Eq. (5.59), it is
found that the velocity potential ¢(z, z,t) of the soliton solution can be computed
without any singularity only for depths

™

N (5.61)

Z
Z = — > ZSol :=
13

Summary and Conclusions for the Calculation of the FSI

It has been shown that some analytic solutions of the NLS (5.2) lead to velocity
potentials, which contain a singularity at z = O(¢~'). This is due to the fact
that 1; can contain poles.

For the computation of the FSI between a structure and nonlinear water waves,
the parameters 1o, €, and ko have to be chosen in such a way that the structure
never reaches the corresponding positions of the singularities. Moreover, for
the numerical computation of the FSI, the water depth A has to be prescribed.
However, the NLS (5.2) is only valid for deep water. Using the wavelength A\ = %7

the water depth h has to satisfy the deep water condition, i.e. h > %)\ = % On
the other hand, A should be small so that the numerical effort for the calculation
of the FSI does not become too expensive.

It can be concluded that the wave parameters 1o, ko, and € have to be chosen in
such a way that the singularities from Egs. (5.56) and (5.61) are located below h,
which should be small. For example, this is possible for the parameter combination
{400, ko,e} = {1.5m,0.5m™",0.1}, which results in o > 27, zper = —9.43m,
and zgol = —29.62m. The corresponding solutions for the wave envelope ¢ are
depicted in Figs. 5.4 and 5.5.

It has to be noted that the wave steepness € appears in the denominator in
Eq. (5.56) and (5.61), respectively. This means that steeper water waves lead to
smaller values of zpe, and zso) and thus to smaller water depths up to which the
velocity potential ¢ can be computed without containing singularities. However,
it has to be remembered that the NLS can only be used to accurately model
weakly nonlinear deep water waves with a moderate wave steepness of H/\ < 0.05
or £ < 0.15 [Dysthe79, Witt19, Osbornel0]. Therefore, only a wave steepness
with a value of € < 0.15 should be used in Eq. (5.56) and (5.61), which in turn
leads to larger values of zper and zso1, respectively.
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5.5.2 Instability of the Numerical Method Solving the Com-
plex Transport Equation

In order to calculate the velocity potential ¢ corresponding to solutions 1 of
the NLS (5.2), the auxiliary variables ¢(X, Z,T) and C(X, Z,T) have to be
computed. However, if no analytical expression for 1) is given, 1 can in general
only be computed numerically by solving the complex transport equation (5.11).
The variable 5(X, Z,T) can be computed in the same way using a different IC
at Z =0.

In this section, it is investigated how the complex transport equation can be
solved numerically. As is shown below, the stability of numerical schemes is a
big issue. In order to simplify the notation in this section, it is only referred to
the calculation of 3. The calculation of C' follows analogously.

Since the complex transport equation (5.11) is defined on an unbounded domain,
the X — Z-domain has first to be bounded, for which the solution is computed, i. e.

TZZ = —11’/‘}’){, fOI‘ X S (_XmaX7Xmax)7 4 S [Zmirﬂo)’

W(X, 2 =0) = $(X), for X € [~ Xumax, Xmax],

J(_Xma:n Z) = J(Xmax,Z)7 JX(_Xma)uZ) = ’IZX(Xmax, Z) for Z (S [Zmin70)~
(5.62)

The length Xax is the same as used in Sect. 5.4, where the ReSP scheme
has been presented to solve the NLS. Furthermore, the value of the water
depth Znin < 0 is larger tban some Z < 0, i.e. Z < Zmin < 0. Here, it is
assumed that the solution 1 exists without singularity up to the depth Z. For
the Peregrine breather and soliton solution, the respective values of Z are given
by 2 = fm and Z = fm, see Egs. (5.56) and (5.61). Periodic
boundary conditions are applied in X-direction.

Next, the domain [—Xmax, Xmax] X [Zmin, 0] is discretized using the equidistant
grid

Zn=nAZ, forne{0,...,N}, Az = Zmn g
N
- (5.63)
X; = JAX = Xoax, for j € {0,...,J}, AX = 2% 5,

Finally, the grid function P is introduced with P/ = P(Xj, Z,), which ap-
proximates the exact solution of the complex transport equation at the grid
points, i.e. Pj" = ¢(X;, Zy).

The complex transport equation (5.62) is discretized on the grid defined in
Eq. (5.63) by replacing all derivatives with corresponding finite difference approx-
imations. The Z-derivative is replaced by a forward and the X-derivative by a
central finite difference. This combination is standard and can be found in many
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standard textbooks like [GrossmannEtAl07, Loganl4]. The resulting scheme is
given by

PR LB =B (5.64)

AZ 2AX

This scheme has consistency order two in X and consistency order one in Z.
However, it is not stable when solving the complex transport equation. This is
shown below using a von Neumann stability analysis, which is a standard and
powerful tool for analyzing the stability of finite difference methods. Information
about the von Neumann stability analysis can be found in many standard
textbooks like [TveitoWinther98, Marsal76].
Let the numerical approximation error be defined as

e; =P/ —pj. (5.65)
Here, P} is the solution of Eq. (5.64) in the absence of any rounding errors, and p}
is the numerical solution obtained in a finite precision arithmetic. Both P}* and pj
satisfy Eq. (5.64). Therefore, the numerical error €} also satisfies Eq. (5.64), i.e.

et e

€ € — €7
J R A A (5.66)

AZ 2AX

Since periodic boundary conditions are assumed, €}

truncated Fourier series expansion of the form

can be expressed as a

J/2—1
= ane N with i, = ;” . (5.67)

max

m=—J/2

Inserting Eq. (5.67) into Eq. (5.66) and considering only the m-th component of
the Fourier series yields

eptleim Xy _gneltmXy _i/é\:ﬁei”mxf“ —emeltmXi—1 (5.68)
AZ B 2AX '
Dividing Eq. (5.68) by €e*m*i and introducing the amplification factor
’gn+1
G =" (5.69)
€m
yields
o AZ ax cipgaxy _ g, AZ
G=1 YN (e e ) 71+AX sin(pmAX). (5.70)

=2isin(pumAX)

The numerical scheme is stable if the error €] does not increase in depth Z. This
is the case if |G| < 1 for all p., € R. However, for each choice of AZ and AX,
there exist some ., such that |G| > 1, see Eq. (5.70). Therefore, the finite
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difference method from Eq. (5.64) is unstable when solving the complex transport
equation. _
A natural way to overcome this problem is to use other schemes to approximate 1
numerically. Table 5.2 lists other famous finite difference methods, which are
frequently used to discretize the general transport equation ¥z + cix = 0 for an
arbitrary constant c. These schemes can be found, for example, in [Langtangen03,
LeVeque92]. The corresponding computation rule and the amplification factor |G|
for ¢ =1 are also stated in Tab. 5.2. For completeness, the first row summarizes
the results for the finite difference scheme from Eq. (5.64). In order to simplify
the notation, the abbreviation ¢ = u,, AX is introduced. However, the stated
amplification factors G show that all of these methods are unstable if they are
applied to the complex transport equation (5.62).

To further investigate the stability of the schemes listed in Tab. 5.2, Fig. 5.6 shows
the corresponding maximal value of G for ¢ € [0, 27| against AZ/AX. It has to
be noted that the explicit forward and implicit forward difference scheme lead to
the same amplification factors as the explicit backward and implicit backward
scheme, respectively. Furthermore, the explicit forward, implicit forward, and the
Leapfrog scheme lead to approximately the same values of |G|. Therefore, results
for the implicit forward, explicit backward, implicit backward, and Leapfrog
scheme are not shown in Fig. 5.6. However, Fig. 5.6 shows that all schemes listed
in Tab. 5.2 result in amplification factors G with a maximal value larger than one
for all AZ/AX # 0. Therefore, they are all unstable when solving the complex
transport equation. "

However, in order to compute 1, the complex transport equation (5.62) has
to be solved numerically. Figure 5.6 shows that of all the schemes considered,
the Lax-Friedrichs scheme gives the smallest value of |G| for different values
of AZ/AX. The question arises as to whether the Lax-Friedrichs scheme is
the most suitable of the presented schemes for the discretization of the complex
transport equation (5.62). This is investigated in the following:

The Lax-Friedrichs scheme can be derived from the scheme presented in Eq. (5.64)
by replacing P;" with its spatial average, i.e. P]" ~ % ( 1+ Pf,l). This cor-
rection is equivalent to the introduction of numerical diffusion. In order to see
this, the Lax-Friedrichs scheme is written in the form

+1 n n n n n n
P - B e i~ Py AX? PRy — 2P + P

AZ 2AX 207 AX?2 (5.71)
This represents a finite difference discretization of the equation
~ ~ 2 ~
vz +evx = 5 vxx. (5.72)
AXx?

It can be seen that a diffusion term is introduced, which is proportional to 55~ .
Since the complex transport equation (5.62) does not contain such a diffusion
term, numerical solutions of the Lax-Friedrichs scheme only approximate solutions

of the complex transport equation (5.62) well if ?TXZZ is small.
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Table 5.2: Listing of schemes, which are frequently used to discretize the general transport equation ¥z + cypx = 0 for an arbitrary
constant c. For each scheme, the computation rules are stated. Furthermore, the corresponding amplification factors _Qim are
given for ¢ =i with 9 = p,,, AX.

5.5. Numerical Integration of the Complex Transport Equation

Name of scheme

Computation rule for PDE QHN + QWX =0

|G|? for c =i

Explicit central
difference scheme

n+1l __ mn AZ n n
Pl =pr ¢ (Pl = Py)

(1+ 4% EEEVN

Explicit forward
difference scheme

(1+ 2% sin(®)” + 225 (1 - cos(9))?

Explicit backward
difference scheme

AX
n+1 __ n AZ n n
Pt = pr 22 Tw.t |$v
A

ﬂ:t — pn _ cAZ Aww _ wva

(1+ 2% sin(®))” + 225 (1 - cos(9))?

Implicit central
difference scheme

PP = pr - c AL (PRAY - P

i+l i1

1/ 1~ 2% sin()]”

Implicit forward
difference scheme

Pt = pr —c3%

n+1 n+1
! Az (prtt _ p v

J+1 J

Implicit backward
difference scheme

J j—1

1/ 7 ~ 8%sin@)" + 225 (1 - ooévﬁ
A

1/ T ~ 8%sin())" + 225 (1 - SMEVL

(
prtl — pn _ Az T&;: - Etv
+

Lax-Wendroff J— ; 2 . 2 2

scheme P; = W%Inmbbwm TUNNC - P, c? NDDWN AﬁﬁE —2P]" + NU%\HV T + ‘WM sin(9) + WMM (1- OOmA%VL
Lax-Friedrichs 2

+1 _ 1 X AZ AZ o

scheme P =3 Awﬁ: + QWQ ~ C32AX Aﬂ:t B ﬂ.:Lv Tou@v + &% VEQL

Crank-Nicolson 2
+1 _ AZ +1 +1 . .
scheme ﬂd = P]' —ciax :ﬂﬁ: - m.%\ﬂ + Toﬁt - ﬂﬁwgi :H +32% m:a?wvv / T - 2% mEAEZ

Leapfrog scheme

n+l _ pn—1 AZ n n
P; =P; InmAﬁTllﬁu\uv
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Figure 5.6: Amplification factor |G| for different schemes, which are applied to the complex
transport equation (5.62). The maximal value of |G| for 9 € [0, 27] is shown
against AZ/AX.

On the other side, the value of AZ/A X should be small such that the amplification
factor G becomes small, see Fig. 5.6. Going from Z, to Zn4t1, it has to be
remembered that numerical errors are amplified by |G|. Therefore, going from Z =
0 to Z = Zmax, errors in the IC at Z = 0 are amplified in total by a factor of
|G|!#max/AZ] — |G|V, For a given maximal depth Zpay, this means that N has to
be small to obtain only small numerical errors. However, this also means that AZ

must be large. As the value of ﬁ—)z( should also be small, it must hold AX > AZ.

However, this also means that the diffusion coefficient gTXZQ, which appears in the

Lax-Friedrichs scheme given by Eq. (5.71), becomes large. In this case, however,
numerical solutions of Lax-Friedrichs scheme do not approximate the solutions of
the complex transport equation (5.62) very well. Therefore, the Lax-Friedrichs
scheme should not be used to approximate solutions of the complex transport
equation (5.62).

Looking again at Fig. 5.6, it can be seen that the explicit central difference
scheme from Eq. (5.64) offers the second smallest amplification factor of all
studied numerical schemes after the Lax-Friedrichs scheme. Therefore, the
explicit central difference scheme from Eq. (5.64) is used in this thesis to solve
Eq. (5.62) numerically. However, the values of AX and AZ have to be chosen
with care. If these values are too large, the consistency error O(AZ + AX?) will
also become large. If AZ/AX is too large, the amplification factor |G| becomes
large, and rounding errors will significantly affect the behavior of the numerical
solution. If AZ is too small, the effect of rounding errors will also significantly
affect the solution behavior, since |Zmax/AZ| = N and thus |G| will become
large. Therefore, the values of AX and AZ have to be chosen with care.
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5.6 Benjamin-Feir Instability

In Sect. 5.5, numerical instabilities that occur in the computation of the velocity
potential ¢ corresponding to the NLS (5.2) have been investigated. In this section,
the stability of propagating water waves is discussed.

It is a common experience in the laboratory that a regular wave train with
relatively steep water waves is difficult to maintain in a long wave tank [Mei83].
This difficulty was explained theoretically by Benjamin and Feir [BenjaminFeir67],
who found that Stokes waves are unstable to sideband disturbances. These are
disturbances whose frequencies deviate slightly from the fundamental frequency
of the carrier waves. The instability of Stokes waves to sideband disturbances
is also known as Benjamin-Feir instability and has been found in an enormous
amount of experimental and theoretical investigations, see e.g. [TulinWaseda99,
OnoratoEtAl01, DeconinckOliverasll, Akers15].

The Benjamin-Feir instability may also be the reason for the high occurrence of
rogue waves. Although a superposition of many regular waves, like in Sect. 2.2.2,
can generate extremely high waves, it has been noticed that rogue waves oc-
cur more often than such a linear theory predicts, see e.g. [OnoratoEtAl04,
OnoratoEtAl06]. Instead, it is nowadays believed that the nonlinear effect of the
Benjamin-Feir instability of deep-water wave trains is the main reason why the
occurrence of rogue waves is so high compared to the predictions of the linear
wave theory [SlunyaevEtAl13b].

The Benjamin-Feir instability is briefly sketched in this section by means of a
stability analysis of the NLS (5.2). The corresponding stability analysis is based
on [YuenLake82, Mei83, Osbornel0]. The results of this analysis are needed to
explain the temporal behavior of solutions of the NLS (5.2), which are perturbed
by irregular sea surfaces in the following sections.

The plane-wave solution of the NLS (5.2) is given by Eq. (5.40). In the following,
for kpw = 0, the plane-wave solution from Eq. (5.40) is perturbed using a sideband
perturbation of the form

. 2 . 2 s 2
P(X,T) = woe V0T 4y (X, T)e 0T = [gho + (X, T)]e 0T, (5.73)
plane-wave solution
whereby
(X, T) := ,.Y+eiwnlodT+iknlod(X_Cng) + ,.y_eiwrnodT_ikmod(X_Cng). (5.74)

Such a perturbation has also been used, for example, in [Osbornel0, Chabchoub13].
Using Eq. (5.73), the plane-wave solution from Eq. (5.40) is perturbed by the
term v(X, T)e_i‘w’gT. The perturbation is described by the small modulation
amplitudes v+, the modulation wave number kmoq, and the modulation wave
frequency wmod-



Chapter 5. Nonlinear Schrédinger Equation

Substituting Eq. (5.73) into the NLS (5.2), a linearization results in the modula-
tion dispersion relation, see [Osbornel0)],

2 2
2 wo ( kinod 2,2 2
Wmod = Skg ( 8]{(2) - k0'¢'0) kmod' (575)

The perturbed wave from Eq. (5.73) becomes unstable if wmoq is imaginary. This
is the case for

0 < kmoa < 2V2kg1)o. (5.76)
In terms of the so-called Benjamin-Feir parameter
2v/2k
Ipp = @ (5.77)
mod

the nonlinear modes of the NLS become unstable if Igr > 1, which leads to an ex-
ponential growth of the perturbed solution. The growth rate is given by the imag-
inary part of wmod. The growth rate is zero for kmoa = 0 and kmod > 2\/§k§¢0,
and gets maximal for kmoa = 2k3w0 with wmeda = i%iwokgqu.

In other words, if the wave envelope is disturbed by a sideband perturbation
as in Eq. (5.73) and the corresponding modulation wave number kmoq is too
small, i.e. kmoda € (0, 2\/§k§¢0), the perturbation grows exponentially with time.
Therefore, a small amplitude modulation in the far past evolves into an extreme
wave event in the present [Osbornel0].

In the following, the described instability is illustrated. Therefore, the temporal
behavior of the perturbed plane-wave solution from Eq. (5.73) is calculated using
the ReSP scheme presented in Sect. 5.4. Here, the perturbed plane-wave solution
at T =0 is taken as IC using ko = 0.5m™!, 9o = 2m, € = 0.1, y+ = 0.01m,
and different modulation wave numbers kmod. The corresponding unperturbed
solution is shown in Fig. 5.3. Figure 5.7 shows the respective temporal behaviors
of the perturbed solution for kmea = 1 m~ ! and kmoqa = 2m ! with respect to
the moving coordinate { = & — cgrt. While kmoa = 2m~! leads to Igr = 0.71
and a stable behavior, kmoq = 1 results in Igr = 1.41 and an unstable solution.
An exponential growth of the solution can be observed. However, it can be
seen that the solution does not grow for all times but increases to a maximum
value and decrease for later times. This oscillation repeats periodically over time.
It has already been observed in different experimental and numerical studies
and is known as the Fermi-Pasta-Ulam recurrence phenomenon [YuenLake80,
Osbornel0], which has been first discovered in [FermiEtAl55].

Finally, the effect of the Benjamin-Feir instability on the Peregrine breather
and soliton solution is investigated. Therefore, the temporal behavior of the
corresponding perturbed solutions is calculated using the ReSP scheme presented
in Sect. 5.4. As IC, the function ¥1c perturb(X) is used, which is defined by

wIC,pcrturb(X) = <1 + f>/(fl)(o’0)> w(X, T()) (578)
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Figure 5.7: Perturbation of the wave envelope of the plane-wave solution using different
modulation wave numbers kmod. (a): kmod = 2m™1, resulting to Igr = 0.71.
(b): kmoda = 1m™?!, resulting to Igp = 1.41.

The perturbation function « is given by Eq. (5.74), whereby a modulation ampli-
tude of v+ = 0.01 m is used. In Eq. (5.78), the wave envelope v is given by the
respected analytical solutions from Eq. (5.44) and Eq. (5.45) with ko = 0.5m ™",
o = 1.5m, and € = 0.1. The unperturbed wave envelope ¥ is evaluated at
some time point Ty and the perturbation < is evaluated at T' = 0. Here, the
perturbation « is evaluated at T' = 0, such that an initial exponential growth
resulting from a possible imaginary modulation frequency wmod is not considered.
The time point Tp is chosen as Ty = —500s for the case of the Peregrine breather
solution and Ty = 0 for the soliton solution.

Corresponding numerical results for the perturbed Peregrine breather and soliton
solution are depicted in Figs. 5.8 and 5.9. In both cases, modulation wave numbers
of kmoda = 0.5m ™! and kmoqa = 2m ™! are used, which result in a Benjamin-Feir
parameter of Igr = 2.12 and Igr = 0.53, respectively. It can be seen that a
Benjamin-Feir parameter of Igr = 2.12 leads to an unstable temporal behavior
of the Peregrine breather solution. However, as in the case of the plane-wave
solution, this instability does not grow for all times but increases to a maximum
value and decreases for later times. In comparison, the temporal behavior of the
perturbed soliton solution does not show an instability for both used modulation
wave numbers kmoa and resulting Benjamin-Feir parameters Igr. Therefore, the
soliton solution from Eq. (5.45) is stable against modulation instabilities. Further
details about the instabilities of deep water waves can be found, for example,
in [YuenLake80].
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Figure 5.8: Perturbation of the wave envelope of the Peregrine breather solution using
different modulation wave numbers kmod. (a): kmod = 2m™?, resulting to
Igr = 0.53. (b): kmoa = 0.5 m ™!, resulting to Ipp = 2.12.
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Figure 5.9: Perturbation of the wave envelope of the soliton solution using differ-
ent modulation wave numbers kmoa. (a): kmod = 2m~ 1, resulting to
Isr = 0.53. (b): kmoa = 0.5m™ !, resulting to Ipp = 2.12.

5.7 Perturbation of Solutions of the NLS

In Sect. 5.4, the ReSP scheme for the numerical computation of solutions of the
NLS (5.2) is presented. Here, an IC ¢1c(X) = (X, 0) has to be given. The IC
can be generated, for example, using the analytical solutions of the NLS (5.2),
which have been presented in Sect. 5.3. However, in contrast to the water waves
corresponding to the introduced analytical solutions of the NLS, real water waves
are irregular. In this section, it is presented how an irregular sea state can be
modeled using the NLS by adding an irregular sea surface to the IC ¢ic.

In Sect. 2.2.2, it has been introduced how realistic random water waves can be mod-
eled by the superposition of many regular water waves. Let nLc(z,y,t) be the sea
surface displacement of a corresponding long-crested random water wave. For sim-
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plification, it is assumed that the main direction of progress of the waves is xo = 0.
Based on Eq. (2.28), the sea surface displacement nLc(z,y,t) = nuc(z,t) of a
random water wave is given by

mo(@,t) = Y cos(k(wm)z = wnt + Bwm)) /25 (@m) Awn. (5.79)

Again, the spectrum S(w) is discretized in M, parts with respective widths Awy,
and frequencies wm € [Wmin, Wmax|, which do not need to be equidistant.

In order to obtain a perturbed IC 1c perturb from an analytical solution ) of the
NLS (5.2), the phase and the amplitude of 1 have to be adjusted. In this thesis,
the adjustment is simplified by only perturbing the amplitude of ¥, whereby the
approach originally presented in [HollmEtAl21, HollmEtAl22b] is used. Here,
based on some unperturbed IC v¢ic of the NLS (5.2), the corresponding per-
turbed IC #1¢,perturb is given by

nue(z(X),0)
[Y1c (X))

Using this approach, the amplitude of ¢ is perturbed by nrc. It results

Y10, perturb(X) = (1 + ) Pic(X), with z(X) = X/e.  (5.80)

|¥1¢,perturt (X)| = [[¢10(X)] + nro(z(X), 0)]. (5.81)

Therefore, the amplitude of ¥1c perturb i given by the absolute value of the
sum of the amplitude of the unperturbed wave envelope ¥1c and the perturba-
tion nrc (X, 0). Using Eq. (5.80), ¥1c,perturb and ti¢ differ in their amplitude, but
not in their phase angles. This means that ¥1c perturb and 91c do have the same
phase angles. Figure 5.10 visualizes this by showing the values of 11c perturb(Xo)
and ¥1c(Xo) at some given point Xo in the complex plane.

Figure 5.11a shows the sea surface displacement nrc(z,0) of a random water
wave calculated by means of Eq. (5.79), which is generated using the Pierson-
Moskowitz spectrum Spm from Eq. (2.23) with peak frequency wp = 0.25rad/s
and significant wave height Hs = 1 m. The effect of this perturbation on the Pere-
grine breather solution with wave number ko = 0.5m™!, amplitude 1o = 1.5m,
and wave steepness ¢ = 0.1 is shown in Fig. 5.11b. It can be seen that the
sea surface displacement 71,c, which has been used to perturb the Peregrine
breather solution of the NLS, can be found directly in the amplitude of the
perturbed IC ¥1c perturb. It has to be noted that the perturbation of ¢ by an
irregular sea surface with significant wave height H; results in a sea surface
displacement 7, which is perturbed by an irregular sea with significant wave
height eHs due to the parameterization of Eq. (5.5).
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Figure 5.10: Values of ICs 91c(Xo) and ¥1¢,perturb(X0) at some given point Xg, shown in
the complex plane.
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Figure 5.11: (a): Example of the sea surface displacement nrc(z,0) of a long-crested
random water wave. (b): Comparison of an IC with and without the irregular
perturbation shown in (a).

5.8 Particle Trajectories

In this section, the effect of the irregularity introduced by the IC ¥ic perturb from
Eq. (5.80) on the temporal behavior of solutions of the NLS is studied. This is
done by investigating the temporal behavior of trajectories of water particles,
which move due to the motion of water waves corresponding to solutions of
the NLS. Furthermore, the contribution of the different orders of the incident

105



106

5.8. Particle Trajectories

velocity potentials qbé” on the overall dynamics of the water waves and the
trajectories of water particles is investigated. Since the hydrodynamic forces
acting on a mechanical structure result from the corresponding hydrodynamic
pressure, an investigation of the trajectories of the water particles gives first
insights into the temporal behavior of the forces acting on the structure.

In this section, the Peregrine breather and soliton solution of the NLS, which
have been introduced in Sect. 5.3, are considered for kg = 0.5m™*, ¢ = 1.5m
and € = 0.1. The effects of an initial perturbation by an irregular sea surface
are investigated. The corresponding sea surface displacements nrLc = nLc(z, 0)
are calculated using the Pierson-Moskowitz spectrum Spy from Eq. (2.23) with
peak frequency wp, = 0.25rad/s and different significant wave heights Hs. Here,
it has to be mentioned that the numerical scheme presented in Sect. 5.4 assumes
a periodic IC. In order to make the perturbed IC #ic perturb periodic in X, the
value of nr,c is set to zero at the boundaries of the considered spatial domain by
multiplying nr.c with appropriate tanh(X) functions. Figure 5.11a depicts the
sea surface displacements nrc (X, 0) of a resulting random water wave.

All numerical solutions are computed using the ReSP scheme presented in Sect. 5.4,
which is applied on the spatial domain X € [—120m, 120 m] using J +1 =2 +1
spatial grid points. This leads to a spatial step size of AX = 240 1{][1/211 =0.117m.
The results for the Peregrine breather and soliton solution are computed on the
time domain T € [—20s,20s] and T € [0,405s], respectively. The corresponding
time domains are discretized using N + 1 = 8001 temporal grid points, which
leads to a temporal step size of AT = 40s/8000 = 0.005s. To calculate the
corresponding velocity potential ¢, the auxiliary variable 1; is computed numeri-
cally. Here, the complex transport equation (5.11) is solved numerically using
the scheme introduced in Eq. (5.64), which is applied on the spatial domain
Z € [-0.7m, 0] using N 4+ 1 = 29 spatial grid points. This leads to a step size
of AZ = —0.7m/28 = —0.025m in Z-direction.

It has to be noted that T, X, and Z denote the slow temporal and spatial
coordinates. These coordinates can be computed from ¢, x, z by T = et, X = ex,
and Z = ez, see Egs. (5.1) and (5.9). Therefore, since ¢ = 0.1 is used in this
section, all results shown in this section are presented for the spatial domain
z € [-1200m, 1200m]|, z € [-7m, 0] and the time domains ¢t € [-200s, 200 5]
and ¢ € [0,400s].

5.8.1 Behavior of the Unperturbed and Perturbed Peregrine
Breather Solution

First, the effect of the irregularity introduced by the IC from Eq. (5.80) on the
temporal behavior of the Peregrine breather solution is studied. Therefore, the
NLS (5.2) is solved numerically, whereby the unperturbed and perturbed IC
shown in Fig. 5.11b are used. Here, the perturbed IC 1c,perturb is computed using
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an irregular sea surface displacement nr,c with significant wave height Hs = 1 m.

The corresponding numerical solutions are compared in Fig. 5.12. Although
fluctuations in the amplitude can be observed, it is shown that the Peregrine

breather solution can clearly be identified in the considered temporal domain.
However, it can also be observed that the fluctuations are increasing in time.

At the end of the considered time domain at ¢ = 200s, the fluctuations even
become larger than the peak amplitude of the unperturbed Peregrine breather
solution at ¢ = 200s. Therefore, the structure of the Peregrine breather solution
is destroyed for larger times. The solution behavior is unstable against the
induced irregularity. This effect has already been observed in Sect. 5.6, where
the Benjamin-Feir instability has been considered. There, it has been shown that
the Peregrine breather is unstable for small sideband perturbations.

It has to be noted that Fig. 5.12b shows only one realization of the Peregrine
breather solution, which is initially perturbed by an irregular sea surface. Different
realizations of the corresponding irregular sea surface would lead to different
temporal behaviors of the perturbed Peregrine breather solution.

In order to investigate the effect of the introduced irregular perturbation on
the fluid dynamics, the temporal behavior of different particle trajectories is
investigated. Since the gradient of the velocity potential, V¢, computes the
velocity of the water at any point in the water domain, the trajectory (x(t), z(t))
of a water particle starting at (z(0) = xo, 2(0) = 20) is described by

dz 09

= = Z(x(t), 2(b), 1),

dt Oz

a (5.82)

OGN}

Here, ¢ is the velocity potential of the NLS, which can be computed from the wave
envelope ¢ using Eq. (5.8). Equation (5.82) is solved using the classical Runge-
Kutta fourth order method. Figure 5.13a shows the paths of water particles

-200 -1200

t[s] 2 [m)] £ [s] -200 -1200

Figure 5.12: Comparison of the temporal behavior of the wave envelope of the Peregrine
breather solution (a) without and (b) with an initial perturbation nrc, which
is generated using a significant wave height of Hy = 1 m.
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during the propagation of the unperturbed Peregrine breather solution presented
in Fig. 5.12a. The water particles are starting at xo = 442.94m and heights
going from zp = —0.5m to zo = —6.5m. With the chosen value of z, the
water particles start at the z-position where the analytical Peregrine breather
solution reaches its maximal peak amplitude. For the background waves of the
Peregrine breather solution, the particles move in ellipsoidal orbits with a drift
in the positive z-direction. As is shown in Fig. 5.13a, this horizontal drift decays
exponentially in z. The ellipsoidal paths get larger when the peak amplitude of
the Peregrine breather solution reaches the water particles. In order to show this
in a better way, Fig. 5.13b presents the trajectory of the water particle starting
at (zo, z0) = (442.94m, —0.5 m) during the propagation of the Peregrine breather
solution without an initial irregular perturbation.

Next, the effect of the introduced irregular perturbation on the fluid dynamics
is examined. Figure 5.13c shows the path of a water particle starting at the
same initial position as before, but during the propagation of the perturbed
Peregrine breather solution shown in Fig. 5.12b. It can be seen that due to the
induced irregularity, the temporal behavior of the particle trajectory changes.
Furthermore, after the peak amplitude of the perturbed Peregrine breather

0
-1t = (2)
2L — —— 7
_ ——
3 =
w4 T 1
5k b 1
-6 i 4
-7 I I I I I I
442 443 444 445 446 447 448 449 450 451
z [m]
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(b)
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Figure 5.13: Particle trajectories during the propagation of the Peregrine breather solution
(a)-(b) without and (c) with an initial perturbation n,c, which is generated
using a significant wave height of Hy = 1 m.
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solution reaches water particle, the ellipsoidal path gets larger once again at
the location around x = 450m. This is due to the fluctuations, which can be
observed in the solution behavior presented in Fig. 5.12b.

It has to be noted that Figs. 5.12 and 5.13 show results corresponding to the
Peregrine breather solution, which is initially perturbed by an irregular sea
surface with significant wave height Hs = 1 m. The question arises about how
the results change with a different value of Hs. Therefore, Fig. 5.14 shows
the temporal behavior of the Peregrine breather solution and the correspond-
ing particle trajectories if the IC is perturbed by a realization of an irregular
sea surface with significant wave height Hs € {0.3m,0.75m,1.5m,2m}. Com-
pared to the background amplitude 19 = 1.5 m of the used analytical Peregrine
breather solution, this corresponds to a relative perturbation of the IC of about
H, /1o = {20 %, 50 %, 100 %, 133 %}. It can be seen that the fluctuations in ¢
increase faster in time for larger values of Hs. Corresponding to this, the temporal
behavior of the considered water particle starting at (zo, z0) = (442.94m, —0.5 m)
experience larger changes for larger values of Hs. Furthermore, the induced
perturbation can lead to larger shifts of the water particles in the horizontal di-
rection for larger values of Hs. This becomes obvious when comparing Figs. 5.14b
and 5.14f. Therefore, it can be concluded that the perturbation of the Peregrine
breather solution of the NLS (5.2) considerably influences the corresponding
water wave dynamics. In Sect. 7.2, it is shown how this influences the dynamics
of the WEC presented in Sect. 3.1.

5.8.2 Behavior of the Unperturbed and Perturbed Soliton So-
lution

After investigating the influence of an initial perturbation on the temporal
behavior of the Peregrine breather solution, the temporal behavior of the soliton
solution in the presence of a perturbation introduced in the IC from Eq. (5.80) is
studied in this section. Here, a soliton solution with ko = 0.5m ™!, ¢ = 1.5m,
and € = 0.1 is considered. Figure 5.15 shows the corresponding temporal behavior
of the soliton solution without and with an initial irregular perturbation nr,c.
Here, the irregular perturbation n.c is generated using the Pierson-Moskowitz
spectrum Spyv from Eq. (2.23) with peak frequency wp, = 0.25 rad /s and significant
wave height Hs = 1 m. It can be seen that the initial irregular perturbation does
not destroy the structure of the soliton solution. Especially, no time-increasing
fluctuations can be observed. This agrees with the results presented in Sect. 5.6,
where it has been shown that the soliton solution is stable against sideband
perturbations.

The influence of the initial perturbation on the trajectory of a water particle is
shown in Fig. 5.16. Here, the water particle starts at (zo, z0) = (442.94m, —0.5m).
It can be observed that the introduced perturbation leads to small motions of the
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Figure 5.14: Comparison of the temporal behavior of the wave envelope of the Peregrine
breather solution and particle trajectories, considering initial irregular pertur-
bations nrc with different significant wave heights Hy. (a)-(b): Hg = 0.3m,
(¢)-(d): Hs = 0.75m, (e)-(f): Hs = 1.5m, (g)-(h): Hs = 2m.
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Figure 5.15: Comparison of the temporal behavior of the wave envelope of the soliton solution
(a) without and (b) with an initial perturbation ny,c, which is generated using
a significant wave height of Hs = 1 m.
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Figure 5.16: Particle trajectories during the propagation of the soliton solution (a) without
and (b) with an initial perturbation nrc, which is generated using a significant
wave height of Hs = 1 m.

water particle before and after the main amplitude of the soliton solution reaches
the water particle. Regarding the wave excitation of a prescribed mechanical
structure, this would lead to small hydrodynamic forces acting on the structure
over the whole time domain. Furthermore, since the perturbation leads to a
larger maximal amplitude of the soliton solution, the water particle experiences
larger vertical and horizontal displacements.

Next, it is observed how the soliton solution behaves in the presence of ini-
tial irregular perturbations nrc, which are generated using different significant
wave heights Hs. Figure 5.17 shows the soliton solution, which is initially per-
turbed by irregular sea surface displacements nr,c with significant wave height
H, € {0.3m,0.75m,1.5m,2m}. Furthermore, Fig. 5.17 shows the corresponding
particle trajectories of water particles starting at (zo, z0) = (442.94m, —0.5m).
It can be observed that a perturbation does not necessarily lead to a larger
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maximal amplitude of the soliton solution. Moreover, the structure of the soliton
solution is clearly visible for smaller significant wave heights Hs. However, this
changes for larger values of Hs, for which the perturbation can be as large as
the amplitude ¥9 = 1.5m of the used unperturbed soliton solution shown in
Fig. 5.15a. Moreover, it is shown that the maximal displacements of the water
particles in horizontal and vertical directions significantly change depending
on the corresponding irregular sea surface, which is used to perturb the IC.
Therefore, the considered initial perturbation of the soliton solution can also
significantly affect the hydrodynamic forces, which act on structures floating in
the corresponding water waves. This is investigated in more detail in Sect. 7.3,
where the FSI between water waves corresponding to the soliton solution and
the WEC presented in Sect. 3.1 is studied.

It has to be noted that in contrast to the study about the Peregrine breather
solution, none of the numerical solutions presented in Fig. 5.17 shows rapidly
increasing fluctuations. However, not all perturbed soliton solutions show a stable
temporal behavior. For example, Fig. 5.18a shows the temporal behavior of a
soliton solution, which has been initially perturbed by an irregular sea surface
with significant wave height H; = 3m. The corresponding trajectory of a water
particle starting at (zo, 20) = (442.94m, —0.5m) is shown in Figure 5.18b. It
is shown that the initial fluctuations at ¢ = 0 increase rapidly in time. Such
behavior can already be observed for smaller values of Hs. However, in order
not to make the scope of this study too extensive, a study on the occurrence of
rapidly increasing fluctuations for different significant wave heights Hs of the
corresponding irregular sea surfaces is not included here.

5.8.3 Influence of Different Orders of the Velocity Potential

Given the wave envelope v, the corresponding velocity potential ¢ can be com-
puted using Eq. (5.8). It can be seen that ¢ consists of components ¢, whereby
the first three components ¢<1), (;3(2), and q5<3) are given by Eq. (5.27). However,
in Sect. 5.2.2, it has been shown that a FSI between a structure and nonlinear
water waves corresponding to the NLS can only be computed accurately up to an
error of order O(e?). Here, it has been shown that it is enough to use only the
first two components ¢ and ¢® of the velocity potential ¢ to compute the FSI
accurately up to an error of order O(e?). The third-order component ¢ will not
lead to a higher accuracy for the FSI. However, if ¢ is used in addition to the
first two components ¢(1) and ¢(2) of the velocity potential ¢, the dynamics of
the water waves corresponding to the NLS can be described accurately up to an
error of order O(e?) instead of an error of order O(?), see Fig. 5.2. The question
is whether the third-order velocity potential ¢® nevertheless has a significant
effect on the dynamics of the water waves or not.

In this section, it is studied how the overall dynamics of the water waves cor-
responding to the NLS change if only the first two components of the velocity
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Figure 5.17: Comparison of the temporal behavior of the wave envelope of the soliton solution
and particle trajectories, considering initial irregular perturbations nrc with
different significant wave heights. (a)-(b): Hs = 0.3m, (c)-(d): Hs = 0.75m,
(e)-(f): Hs = 1.5m, (g)-(h): Hs =2m.
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Figure 5.18: Temporal behavior of the wave envelope of the soliton solution and particle
trajectory, considering an initial irregular perturbation nc with significant
wave height Hs = 3m.

potential ¢, i.e. qb(l) and ¢<2), are considered instead of the corresponding first
three components. To this end, different particle trajectories are computed solving
Eq. (5.82), whereby the velocity potential ¢ includes only the components of
lower-order. Let ®® be the velocity potential resulting from the NLS, which
includes only the components of the velocity potential ¢ up to order ¢, i.e.

oM — 8(15(1), (5.83a)
@ — 5¢(1) + 52¢(2)7 (5.83b)
o® — 6¢(1) + 52¢(2) + 83¢(3)- (583C)

Figures 5.19 and 5.20 show different particle trajectories during the propaga-
tion of the Peregrine breather and soliton solution, respectively. Here, the
Peregrine breather and soliton solution are computed using ko = 0.5m™?,
Yo = 1.5m, € = 0.1, and are initially perturbed by irregular sea surfaces with
significant wave height Hs = 1m. In all cases, the water particles start at
(z0, 20) = (442.94m, —0.5m). The velocity potentials ¢ = oD § =1,2,3, are
used in Eq. (5.82) to compute the corresponding particle trajectories.

In Figs. 5.19 and 5.20, the particle trajectories resulting from the computation
using ¢ = ®® are shown in blue. These are the same particle trajectories,
which are presented in Fig. 5.13c and Fig. 5.16b, respectively. In Figs. 5.19a
and 5.20a, the corresponding particle trajectories are presented in red, which
result from solving Eq. (5.82) using ¢ = &M Finally, Figs. 5.19b and 5.20b
show the corresponding trajectories in green, which result from solving Eq. (5.82)
using ¢ = o,

It can be seen that the particle trajectories experience a large change if ®@) is
used instead of ®® to compute the particle trajectories. In contrast to this,
using ®® instead of ®® leads only to small changes in the trajectories. Similar
results can be obtained, if the behavior of the particle trajectories presented in
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Figure 5.19: Comparison of water particle trajectories, which are computed using the
velocity potentials <I>(1), <I>(2), and <I>(3), respectively. The particle trajectories
are computed for a Peregrine breather solution, which is initially perturbed by
an irregular sea surface with significant wave height Hs = 1 m.
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Figure 5.20: Comparison of water particle trajectories, which are computed using the
velocity potentials <I>(1)7 3 and <I>(3), respectively. The particle trajectories
are computed for a soliton solution, which is initially perturbed by an irregular
sea surface with significant wave height Hgs = 1 m.

Figs. 5.14 and 5.17 is computed and investigated using the different orders of the
velocity potential ¢ = @ =1,2 3. It can be concluded that the use of &
instead of ®®) introduces only a small error in the modeling of the dynamics of
the considered water waves. Therefore, the third-order component ¢® of the
velocity potential ¢ does only slightly affect the dynamics of the considered water
waves.

It has to be noted that all results shown in this section have been presented
for a wave steepness of ¢ = 0.1. If larger values for the wave steepness ¢ are
considered, the higher-order velocity potentials ¢, i = 2, 3, will contribute more
to the velocity potential ¢ = &) = ¢ + 29 1 393 As a result, for
example, if a wave steepness of € > 0.1 is considered and the particle trajectories
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are computed using ®? instead of ®® the resulting particle trajectories will
show larger differences than those presented in Figs. 5.19b and 5.20b. However,
it has to be remembered that the NLS can only be used to accurately model
weakly nonlinear deep water waves with a moderate wave steepness of H/\ < 0.05
or ¢ < 0.15 [Dysthe79, Witt19, Osbornel0]. For waves with such values of the
wave steepness ¢, the results presented in this section show that the use of ®(
instead of ®®) introduces only a small error in the modeling of the dynamics
of the water waves. Therefore, in the next chapters, the velocity potential ¢ of
the water waves corresponding to the NLS is computed using only the first two
components of ¢, i.e. ¢ = o = sgb(l) +e2¢®,

After the incident velocity potential of the incoming water waves has been
calculated, the nonlinear F'SI with a structure can be calculated using the method
summarized in Figs. 4.2 and 4.4. It remains only to develop a scheme to compute
the nonlinear FSI between a structure and nonlinear water waves numerically. A
corresponding numerical scheme is developed in the next chapter.



NUMERICAL COMPUTATION OF THE
NONLINEAR FLUID-STRUCTURE
INTERACTION

In the previous chapters, the theoretical fundamentals and equations to compute
the FSI between a structure and nonlinear water waves have been derived. It has
been shown that the presence of a structure disturbs the dynamics of the incoming
water waves. This disturbance has to be considered in the computation of the
hydrodynamic forces acting on the structure. Since the disturbance depends
on the position, geometry, and dynamics of the structure, the FSI between
water waves and the structure can generally only be computed numerically. The
numerical computation of the FSI includes the calculation of the body disturbance
potential ¢, the hydrodynamic forces acting on the structure, and the resulting
motion of the structure.

Several methods have been presented in literature to calculate the FSI between
water waves and moving structures of specific or general geometry. Here, the fully
nonlinear governing equations of fluid motion from Eq. (2.2) have been solved
using different schemes. Among others, these schemes are based on the

e boundary element method [BaiEatock Taylor09, ZhangTeng21],
o finite element method [WangWu06, SunEtAl15],
o finite difference method [BinghamZhang07, DucrozetEtAl14], and

o harmonic polynomial cell method [HanssenEtAll8, TongEtAl21].

However, solving the fully nonlinear equations of fluid motion from Eq. (2.2) with
the methods mentioned above takes too much computation time to be heavily
applied in the design of offshore structures [ShaoEtAl122]. Therefore, the governing
equations of fluid motion from Eq. (2.2) have been simplified using, for example,
the Stokes perturbation expansions presented in Chap. 4. Within the second-order
nonlinear wave theory, analytical and numerical methods have been presented in
literature to solve the associated water wave problems. Here, pioneering works
started in the 1970s. Examples are given by [FaltinsenLgken79, Molin79]. For
simple structures like truncated or bottom-mounted vertical cylinders, semi-
analytical solutions have been developed, see e.g. [Eatock TaylorHung87]. These
solutions become relevant to validate numerical methods, which compute the
FSI between nonlinear water waves and a structure of arbitrary geometry. In
this regard, efficient and accurate frequency-domain and time-domain schemes
have been developed. Examples of frequency-domain methods can be found
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in [Molin79, ChenEtAl195, CongEtAl21]. However, considering transient effects or
nonlinear effects like restoring forces from a mooring system, it can be necessary
to solve directly for the particular solution in the time domain. Examples
of time-domain schemes can be found in [BiichmannEtAl98, SkourupEtAl0O,
FerrantEtAl03, WangWu07, BaiTengl3, ShaoFaltinsen13, ShaoEtAl22].

In this thesis, the advantages and limitations of using the NLS to compute the
FSI are investigated. To this end, this chapter presents a numerical scheme to
calculate the FSI between nonlinear water waves and the WEC introduced in
Sect. 3.1. Here, the incoming water waves are not further specified, such that
nonlinear waves corresponding to the NLS presented in Sect. 5.1 or the Stokes
waves presented in Sect. 4.3 can be used. The WEC introduced in Sect. 3.1
is used as an application example here to show the potential of the presented
method. The WEC consists of a cylindrical floating body (CFB) moving along a
guidance. Only the CFB has contact with the water. Therefore, the numerical
computation of the FSI between the WEC and water waves can be reduced to
the calculation the FSI between one CFB and water waves.

In order to calculate the FSI with lower computational effort, the following
assumptions are made for the CFB:

e The considered CFB and the considered computational water domain are
rotationally symmetric along the vertical axis.

e The CFB can only perform translational motion in the vertical direction.

e The CFB does not contain sharp edges or corners.

The CFB, which is considered in this chapter, is sketched in Fig. 6.1 and has
the radius R and draft d. However, compared to the CFB, which has been used
in Chap. 3, the CFB shown in Fig. 6.1 contains a semispherical bottom now.
Here, the sharp corners of the bottom of the cylinder are replaced by a spherical
segment of radius Rs. This spherical segment prevents numerical difficulties,
which would occur in the numerical discretization of the water domain around
the sharp corner. Concerning the motion of the CFB, it should be noted that the
hydrodynamic damping of a floater with a semispherical bottom can decrease by
up to 50% compared to the damping of a floater with a flat bottom [TomYeungl3].
Therefore, going from a flat-bottom geometry to a semispherical bottom can also
increase the motion of the WEC presented in Chap. 3.

In the following sections, a numerical scheme for the computation of the FSI
between the CFB sketched in Fig. 6.1 and nonlinear water waves is presented
and analyzed. First, the computational domain is introduced in Sect. 6.1, for
which the velocity potential ¢ corresponding to the disturbance of the CFB is
computed numerically. Since the computational domain has a finite length, it is
necessary to specify a BC at the outer boundary of the domain. An absorbing BC
is presented in Sect. 6.2. Afterward, a numerical scheme to compute the velocity
potential ¢p is introduced in Sect. 6.3 and Sect. 6.4. Here, a time-domain finite
difference method is used. Using the numerical values for ¢g, the corresponding
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Figure 6.1: Sketch of the considered CFB, which is used for numerical computations.

hydrodynamic forces acting on the CFB are computed in Sect. 6.5. A numerical
scheme to calculate the displacement of the CFB is presented in Sect. 6.6, which
solves the equations of motion from Eq. (4.35). Finally, the empirical order of
convergence of the presented numerical method is analyzed in Sect. 6.7.

6.1 Specification of the Computational Domain

First, the computational domain is specified, for which the velocity potential ¢ is
computed numerically. Since the CFB shown in Fig. 6.1 is rotationally symmetric,
the spatial computational domain is not only considered in Cartesian coordi-
nates (z,y, 2) € R® but also in cylindrical coordinates (1,0, z) € Ry x (0,27] x R.
Here, R4 is defined as R4 := {z € R| > 0}. The origins of the cylindrical and
Cartesian coordinate systems are the same and are located in the geometric center
of the CFB at the height of the still water level, see Fig. 6.1. The Cartesian
coordinates can be computed from the cylindrical coordinates by

xz =rcos(f), y=rsin(0), z=-=z. (6.1)
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6.1. Specification of the Computational Domain

The set of all points, which are located inside the CFB shown in Fig. 6.1, is
denoted by Cs. Using cylindrical coordinates, C5 is defined as

Cs :—{(r,@,z)eRB|(0§7’§R,0<0§27r, —d+Rs < z<0)
(6.2)
V (r < R— Rs + Rgcos(¢s), 0 < 0 <27, —d§z<—d+Rs)}

with ¢ = arcsin (|z + d — Rs|/Rs). Since the CFB is moving in vertical direction,
the boundary of C3 changes in time.

The corresponding computational water domain has to be bounded for the
numerical computation of the velocity potential ¢g. In z-direction, it is bounded
by the still water level at z = 0 from above and by the sea bottom at z = —h
from below. In r-direction, it is bounded by some arbitrary value Ro € Ry.
Let 23 denote the computational water domain. Then it holds

Q3 :={(r,0,2) ER*\C3 | 0<r < Ro,0<0<2r, —h<2z<0}.  (6.3)

Figure 6.2 shows a sketch of the domains 23 and C5 for a CFB with Rs = 0.

In order to calculate the body disturbance velocity potential ¢, the corresponding
components qbg), 1=1,2,3,..., have to be computed. Knowing the components
of the incident velocity potential d)éi), a scheme for the computation of ¢§;) is
sketched in Fig. 4.2. However, in Chap. 5, it has been shown that the NLS
can only be used to calculate the corresponding FSI accurately up to an error
of order O(e*®). Therefore, in this chapter, only the first two components of
the body disturbance velocity potential ¢z, i.e. (1)1(31) and (;31(32), are calculated.
Considering Fig. 4.2 and using the notation introduced in this section, the

corresponding equations for }(3”, i = 1,2, in Cartesian coordinates are given by
qubg) =0, in Q, (6.4a)

Vol n=-ve{" n+u n, on 9Cs, (6.4b)

](3i,)z =0, for r < Rq, z = —h, (6.4c)

¢]<31’)tt i 9¢1(31,)z =0, for R<r<Rg,z=0, (6.4d)
b+ 905 = F(0§) +05)) ~F(6§), for R<r<Ro,z=0. (6.4e)

Here, the function F is given by Eq. (4.16), 5 denotes the interior of the set Qs,
and 0Cj3 is the boundary of the set Cs.

Additionally to Eq. (6.4), a BC at r = Rq has to be formulated. This is done in
the next section.
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still water

surface

bottom

Figure 6.2: Sketch of the domains C3 and Q3 for a CFB with Rg = 0. The used Cartesian
and cylindrical coordinate systems are also shown.

6.2 Absorbing Boundary Conditions at the Outer
Boundary

The presence and motion of a structure disturbs the dynamics of the incoming

. . (i)
water waves and generate water waves corresponding to the velocity potential ¢y,
which propagate to the outside of the computational domain. In order to prevent
these waves from being reflected at the non-physical outer boundary of the
computational domain at r = Rq, corresponding absorbing BCs have to be
formulated. These BCs let the waves exit the domain as they would in the open
sea.

Several methods are frequently used in literature to implement absorbing BCs.

Some of them are sketched in Sect. 6.2.1. Afterward, an absorbing BC is
implemented, which is used in this thesis to compute the potentials qbg).

6.2.1 Introduction to Absorbing Boundary Conditions

The determination of absorbing BCs is a common problem in the numerical
modeling of wave propagation in many fields of physics. A variety of methods
have been developed in the past. An extensive review of absorbing BCs in the
numerical solution of wave problems can be found in [Givoli91]. Examples of
absorbing BCs are given by
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6.2. Absorbing Boundary Conditions at the Outer Boundary

(i
(ii
(iii

i
(iv

)
)
)
)

periodic BCs,
Orlanski’s condition,
simple far field solutions, and

the introduction of artificial damping using sponge layers.

The basic ideas of these four examples of absorbing BCs are stated in the following:

(i)

(if)

(iii)

Period BCs has been favored in most two-dimensional nonlinear mod-
els [Romate92]. The solution is assumed to be periodic in space, so un-
knowns on two different vertical boundaries of the domain can be set equal.
This method is straightforward to implement, and the domain boundaries
can be located at very short distances equal to the largest modeled wave-
length [CaoEtAl93]. However, the application of this method is limited due
to the requirement of periodicity.

Orlanski’s condition [Orlanski76] states a differential equation as BC at the
outer boundary of the computational domain. However, Orlanski’s condition
contains the phase velocity cpn of the waves, which must be absorbed. For
regular waves, the phase velocity is given by Eq. (2.19). However, it is not
clear which value should be used for the phase velocity cpn for random water
waves. As a result, some schemes have been developed to determine the value
of the phase velocity cpn, see e.g. [Orlanski76, Pearson74, Jagannathan88].
However, in [Clément96], it has been pointed out that the application of
Orlanski’s condition should be limited to cases of regular incident waves
of known frequency or very long waves. This is because, in both cases,
the phase velocity cpn of the outgoing waves becomes constant after the
transient phase of the flow from rest.

However, since both regular and random waves are considered in this thesis,
an absorption strategy is sought independent of the incident water waves.

When using simple far field solutions, the whole spatial domain is decom-
posed into an interior and an exterior part. While the considered mechanical
structure and other complicated boundary geometries, like a changing sea
bottom, are located in the interior domain, boundaries and boundary con-
ditions in the exterior domain are simplified. This allows the finding of
closed-form analytical solutions in the exterior domain, which are usually
expressed as eigenfunction expansions [Romate92]. At the interface between
the interior and exterior domain, the analytical solution in the exterior do-
main is then matched with the solution of the interior domain. In this way,
the FSI between mechanical structures and incoming water waves has been
computed by many authors, see e.g. [LiuAbbaspour82, TsayLiu83]. More
works in which this approach has been used are cited by [Romate92].

However, the disadvantage of this method is that the search for analytical
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solutions becomes complicated when random or nonlinear incoming water
waves are considered.

(iv) The introduction of artificial damping using sponge layers does not prevent
reflections at the outer boundary of the computational domain from being
generated. However, the reflected waves are prevented from reaching the

mechanical structure, which is located within the computational domain.

This is done by adding a dissipative term in the BC at z = 0 in a limited
area that is far away from the considered structure. Water waves lose energy
if they pass through this damping zone on their way out of the domain and

then, for the part that is reflected at the outer boundary, on their way back.

In this way, the waves are entirely absorbed if the damping zone is sufficiently
long and the magnitude of dissipation is large enough. This method is
sometimes called the sponge layer method [IsraeliOrszag81, Romate92,
BiichmannEtAl98] or the numerical beach method [Clément96].

The drawback of this method is that the resulting computational domain has
to be larger than the domain considered in the other methods since it has
to contain an additional damping zone. This increases the computational
effort. However, regular and random waves are absorbed completely for a
sufficiently long damping zone. Furthermore, the method can be applied to
linear and nonlinear wave theories.

Considering the methods mentioned above, method (iv) is most promising for
the investigations taken in this thesis and is used in the further course of this
thesis to implement an absorbing BC for the given problem. In the following,
method (iv) is further explained and applied to Eq. (6.4)

6.2.2 Application of the Absorbing Boundary Conditions

The nature of the dissipative term, which is added to the BC at z = 0, is
arbitrary. The dissipative term can be introduced in several ways and can
be chosen to depend on the velocity potential ¢, sea surface displacement 7,
water particle velocity, or any combination of them [Clément96]. In this work,
the dissipative term depends on the sea surface displacement 1 and velocity
potential ¢, respectively. It is introduced by reformulating the BCs (2.2b)
and (2.2¢) to

Nt + Galle + Gyny + u(x,y)n = ¢=, for R <r < Rq, z=n(z,y,t), (6.52)

1

Here, p = p(z,y) is a function which has still to be defined. A similar approach
for introducing the dissipative term has been used several times in literature,
see e.g. [BlichmannEtAl198, SkourupEtAl00, ShaoFaltinsen13].
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6.2. Absorbing Boundary Conditions at the Outer Boundary

Next, the computational domain Q3 from Eq. (6.3) is divided into an inner layer
of radius R; and a damping zone with length L, whereby Ro = R; + L. Damping
is only considered in the damping zone. This is achieved by setting p = 0
in the inner layer and p # 0 in the damping zone. A sketch of the resulting
computational domain is shown in Fig. 6.3 for y = 0 and = > 0. At the end of
the damping zone, reflecting BCs are implemented using a Neumann BC, i.e.

Vé-n=0, forr=Rq, 0<0<2r, —h<2z2<n. (6.6)

It has to be mentioned that the efficiency of the presented approach to absorb
reflections coming from the outer boundary strongly depends on the ratio between
the wavelength A of the incoming water waves and the length L. The larger the
wavelength A\ of the incoming water waves, the larger the length L must be to
achieve a certain absorption level [Clément96]. Therefore, this absorbing method
behaves like a low-pass filter for the incoming water waves. Here, the cutoff
frequency of the filter has to be tuned in such a way that the spectral content of
the incoming water waves is absorbed.

Furthermore, it has to be mentioned that the function p has to be chosen with
care. For small values of pu, there is little dissipation, and waves reflected at the
end of the damping zone could reach the mechanical structure in the inner layer.
For large values of p, the damping zone itself acts as a boundary, i.e. waves are
reflected at the beginning of the damping zone [Romate92]. This work uses the
same value for p as in [ShaoFaltinsen13]. In terms of the cylindrical coordinate r,
the damping p is defined as

0, for0<r <R,

p(r) = Moﬂ[_2<r—LRi)3+3(r—LRi)2]7 for i <r <Ry &7

Here, A is the wavelength of the incoming waves, which is given for regular waves
with wave number k by Eq. (2.17). In [ShaoFaltinsen13], the length L of the
damping zone has been chosen to be twice as large as the wavelength, i.e. L = 2.
Finally, for incoming regular waves with wave frequency w, the empirical damping
coefficient po in Eq. (6.7) is proposed in [ShaoFaltinsenl3] as

gIn(0.5 x 107%) /X
For incoming random waves, w is replaced in Eq. (6.8) by the peak frequency wy
of the corresponding sea spectrum S(w) and X is replaced by the wavelength
of waves, which oscillates in time with peak frequency wp. In this way, wave
components of the irregular sea with wave frequencies w > w, are absorbed.
Recall that for w = wyp, the highest energy waves occur in the entire wave
spectrum. These waves are absorbed using the method described above.
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Figure 6.3: Sketch of the domains C3 and Q3 for y = 0 and = > 0. Here, Q3 is divided into
an inner layer and a damping zone.

In the presented way, dissipative terms have been introduced in the BCs (2.2b)
and (2.2¢), which results in Eq. (6.5). However, to compute the velocity poten-
tials qbg), dissipative terms have to be introduced in Eq. (6.4). In the following,
the derivation of equations is sketched that correspond to Eq. (6.4) but include
dissipation effects. Here, the method is followed, which is presented in Sect. 4.1.1
and Sect. 4.1.3 to derive the equations summarized in Fig. 4.2 and Eq. (6.4),
respectively. First of all, the substantial derivative of Eq. (6.5b) is considered, i.e.

0= (% +V¢)~V) [d)t + %V¢~V¢+gn+u¢ , for z=mn(z,y,t). (6.9)
Next, Eq. (6.5a) is used to compute ;. The resulting expression for 7, is inserted
in Eq. (6.9), which becomes

Gt + 9dz + ppr — gun +2V¢p -V + uVeo - Vo + ¢ (Vo - V)

1 (6.10)

Using Eq. (6.5b) to compute 7 and inserting the expression for 7 in Eq. (6.10), it
results

Gut + 62 + b+ 156+ IVG - Vou + SV Vo + (Vo V)
(6.11)

+3V6V(V6-Ve) =0, for z=n(zy1)

Next, Eq. (6.11) is expanded from z = n to z = 0 by applying Taylor series
expansions of the form given in Eq. (4.3). Considering all terms up to order O(¢?),
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6.2. Absorbing Boundary Conditions at the Outer Boundary

Eq. (6.11) results in

<Z5tt+g¢z+2M¢z+u2¢+2V¢>~V¢t+§MV¢-V¢+¢(V¢-VM)
(6.12)
—*[¢t+u¢] (¢tt+g¢z+2u¢t+u ¢) =0+0(¢%), for z=0.

For 4 = 0, Eq. (6.12) simplifies to Eq. (4.4b). This means that Eq. (6.12)
represents a generalization of Eq. (4.4b) by including dissipative effects.

The nonlinearity of the BC (6.12) makes the computation of solutions ¢ very
difficult. Therefore, the BC (6.12) is approximated by a sequence of linear equa-
tions by applying Stokes’ perturbation expansions. Substituting the perturbation
expansions from Eq. (4.13a) for ¢ into Eq. (6.12), it is found that the first two
velocity potentials ¢ and ¢® have to satisfy

O@) : ¢f + 9ol + 2u(" + pP¢ =0, for z=0, (6.13a)
OE) : o7 + 96 +2u6” + 42 = F*(¢V),  for z=0. (6.13b)

Here, the function F'* is defined as
Pro0) == 2960 V) = 24960 w6 — oM (Vo - Vi)

17 9 ) (6.14)
= [0 40| o (0 + 900 + 260 + %6
g 0z
For = 0, F* simplifies to the function F' defined in Eq. (4.16).
Finally, the velocity potentials ¢, ¢ = 1,2, are divided into the velocity po-
tential qSO) of the incoming undisturbed water waves and velocity potential d)B)
corresponding to the body disturbance. The respective decomposition has also
been presented in Eq. (4.21) for the general case. It has to be noted that in
the absence of any mechanical structure, the potentials ¢ consists only of the
velocity potentials of the incoming water waves qbél). Therefore, the potentials
¢gl) and qﬁgf) have also to satisfy Egs. (6.13a) and (6.13b), respectively. Using
this fact and substituting ¢¥ = ¢(()i) + ng) into Eq. (6.13), it is found that the
velocity potentials ¢](3i) have to satisfy

Ofe) + ¢l + 905, + 205, + 1’6y’ =0, (6.15a)
O o5, + 905, +2u6), + 1’6 = F*(85 + 63)) — F*(¢") (6.15b)

at z = 0. For p = 0, the BCs (6.15a) and (6.15b) simplify to Eq. (6.4d) and
Eq. (6.4e), respectively. This means that the BCs (6.15a) and (6.15b) represents
a generalization of Egs. (6.4d) and (6.4e) by including dissipative effects.

In summary, with the presented approach to absorb reflections coming from the
outer boundary, the body disturbance velocity potentials d)g), i=1,2, can be
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computed by solving

vl =0, in Qs, (6.16a)

qug) n = —V¢éi) n+u?.n, on 9Cs, (6.16b)

v, =0, on Q3N {z=—h}, (6.16¢)

S5 + 905 ). + 2105, + 10y = GV (6(Y,65)), on 005N {z =0}, (6.16d)

qug) ‘n =0, on 903 N{r = Ra}, (6.16¢)
whereby

o) = {0 ), wrica O

A numerical scheme to solve Eq. (6.16) is presented in the following sections.

6.3 Transformation of Governing Equations

Before a numerical scheme to solve the governing equations of fluid motion
given by Eq. (6.16) is presented, it is shown how the computational effort can
be reduced by transforming Eq. (6.16) from a three-dimensional problem to
multiple uncoupled two-dimensional problems. Here, the assumptions are used
that the CFB only performs translational motion in the vertical direction and that
the computational domain 23 is rotationally symmetric along the vertical axis.
The transformation from a three-dimensional problem to multiple uncoupled
two-dimensional problems is done in three steps, which are described in the
following.

6.3.1 Step 1: Transformation to the Resting Position

Since the CFB is moving, the domains C's and €23 are time-dependent. Therefore,
Eq. (6.16) has to be solved for a different computational domain at each time point.
In order to simplify the study, it is possible to consider the resting position of
the CFB for the whole computation time and to transform the corresponding BC
at the wetted surface of the CFB accordingly. This procedure is explained in the
following;:

Let C5 be the domain Cs for the case that the CFB is located at its resting position.
Furthermore, let dC5 the denote the boundary of C5 and thus the corresponding
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6.3. Transformation of Governing Equations

mean wetted surface of the CFB in its resting position. If the CFB does not
show any displacement against its resting position, i.e. £ = 0, the boundary 9Cs
becomes dCs. Computing the body disturbance velocity potentials quB ,i=1,2,
and considering only the mean wetted surface C3 instead AC3, the BC (6.16b)
at the surface of the CFB has to be transformed from 9C35 to dCs. Since
the CFB considered in this thesis only performs translational motion in the
vertical direction with displacement ¢, a Taylor series expansion around 9C3
results in

0
VOl (ay.sycocs = [Vl oy 2yeoc, T [EV +0(%). (6.18)

:| (z,y,2)€0C3

Using the Stokes perturbation expansion of £, which is given in Eq. (4.34), and
applying Eq. (6.18) on the BC (6.16b), it results

Vo n=-Ve ntu n+ VO e €W), on aCs,  (6.19)

whereby

VO (g0, g0, V) = {0’

fori=1,

6.20
§<1>a V(o) +¢3)) - n, fori=2. (6.20)

In [Ogilvie83], the corresponding transformation of the BC (6.16b) from 9Cs
to OCs is presented for the case of a general three-dimensional motion. For the
case of a translational motion in the vertical direction, the formulas presented
in [Ogilvie83] simplify to Eq. (6.19).

Replacing the BC (6.16b) by Eq. (6.19), it is possible to compute the velocity

potentials ¢](3Z) considering the CFB in its resting position. It should be noted
that the change from 9C3 to dC5 also changes the computational water domain
from Q3, which is given by Eq. (6.3), to

Q3 :={(r0,2) ER*\C3 | 0<r < Ro,0< 0 <2m, ~h<2<0}.  (6.21)

6.3.2 Step 2: Consideration of Equations in Cylindrical Coor-
dinates

In the next step, the Egs. (6.16) and (6.19) are considered in cylindrical co-
ordinates. This is done by considering the velocity potentials ¢g) and d)é,l) in

(Z) ¢g>(a¢, Y, z, t) denotes the ve-

cylindrical coordinates. In the following, ¥
locity potential ¢B in Cartesian coordinates, while ¢>g) =2 B (r 0, z,t) denotes
the velocity potential ¢g) in cylindrical coordinates. The same notation applies

to the incident velocity potential qb(()i). It holds for the coordinate transformation

“on (1,0,2,1) = “o5) ((r,0),y(r,0), 2, 1), (6.22)
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and
7867 (r,0,2,1) = 6" (a(r,0),y(r,0), 2,1). (6:23)

Using cylindrical coordinates, the Laplace equation (6.16a) can be written as

Z (i) (3)
V2K¢1(3i): Bzz+ ¢Byy+ ¢Bzz:Z](3?,)rr+%+ f96+ ¢Bzz*0'
(6.24)
Here, it has been used that derivatives of Zq&f?(r,@,z,t) with respect to r, 0,
and z can be expressed in terms of derivatives of Kd)S)(r, 0, z,t) with respect
to x, y, and z. For example, it holds

z g?r = qu(i) T+ K¢<i) yr = ](32)1 cosf + Kd)%?y sin 6, (6.25a)
Z(j)g,)g = (Z) LTo + d)B Yo = _K g?zr sin @ + K(ﬁg?yr cos 0, (6.25b)
Yo = §3> (6.25¢)

When considering the BC (6.16b) in cylindrical coordinates, it has to be noted
that the intersection of planes parallel to the x — y-plane with the rotationally
symmetric CFB sketched in Fig. 6.1 always results in circles. Therefore, a normal
vector n pointing out of the fluid and inside the rotationally symmetric floating
body has, in cylindrical coordinates, the form

,',LT‘
“n = [0] , with n” < 0,n* >0, and \/(n")* 4+ (n*)* = 1. (6.26)
nz

Using Eq. (6.1), the normal vector in Cartesian coordinates is given by
n1 n” cos(6)
Kn=|na| = |n"sin®) | . (6.27)
ns n”®
Therefore, with regard to the BC (6.16b), it holds
Kd)g) Kn=n" (K ](32)1 cos(0) + Kqﬁg?y sin(&)) + K¢§;}Z n”.
——

‘ (6.28)
=%y

o),

As a result of this and using the fact that the CFB can only perform translational
motion in the vertical direction, the BC (6.19) at dC5 becomes in cylindrical
coordinates

(1) n’+ ¢(1) _Z¢él;)T ¢(1)n +u(1) V(i)(Z¢gl)7Z¢g)7§(1>). (6.29)

Here, u:(,f> is the component of u® in the z-direction, i.e. u(® = [O, 0, uéi)}
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In the same way, the BC (6.16e) can be transformed into cylindrical coordi-
nates. Here, it has to be noted that the BC (6.16e) is valid on the vertical
wall at 7 = Rg. Therefore, the normal vector ?n has components only in
r-direction, i.e. “n =[1,0,0]". The BC (6.16e) becomes in cylindrical co-
ordinates _

Zon) =0 (6.30)

Since derivatives with respect to t and z do not change going from Cartesian
to cylindrical coordinates, the BCs (6.16¢) and (6.16d) do not change as well.
Therefore, the governing equations (6.16) for computing the body disturbance
velocity potentials ¢g)7 i = 1,2, are given in cylindrical coordinates by

z 4 (%) (%)

Z¢>§),T + fur B, 99 + ¢B = in Q3, (6.31a)

260 7 4 20 n? o ¢(z> n® + ufn® )
( ) @) Z.(1) 1) on 0Cj3, (6.31Db)

+ V ( ¢0 bl (bB 76 )7

z <i) =0, on O3 N{z = —h}, (6.31c)
Y650 a0 +2p” “) 2708 = 6D (2 21y, on 80 N {2 = 0},
(6.31d)
z ](32.7)7” =0, on Q3 N {r = Ra}. (6.31e)

Here, Q5 denotes the interior of Qs.

6.3.3 Step 3: Application of Fourier Transform

Finally, the velocity potential qu](; ) is approximated by a Fourier series expansion.

Since the solution Z¢]<3i) is periodic in 6, it can be approximated by a truncated
Fourier series of the form

Np/2—1
z g)(r,e,z,t): Z de;];,)m(r,z,t)eime. (6.32)
m=—Ng/2

Here, the complex Fourier coefficients (,b are given by

Np—1
z () (T2, 1) N Z ¢53) (r,0;,z,t)e” ™% (6.33)
i
j=

whereby 6; = 2jm/Nr and N is the number of grid points along a circle. If Ny
is a power of two, the transformation mentioned above between the physical
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space and Fourier space can be efficiently implemented using the algorithm of
the fast Fourier transform (FFT), which has been introduced in [CooleyTukey65].
Using the FFT algorithm, the transformation mentioned above can be performed
with O(Nr log,(Nr)) arithmetic operations.

Next, equations for the Fourier coefficients 20Q)

B.m are derived by substituting
Eq. (6.32) into Eq. (6.31). Since the functions ™% and ™2 are independent
of each other for m; # mg, the Fourier coefficients % g) m, and (;S(l) m, Can also
be computed independently of each other Substituting Eq (6 32) into Eq. (6.31)

shows that the Fourier coefficients 2 (;5B ‘M= —%, ce T — 1, have to satisfy
U R | 3

z 1(31,>m,r7" + % - ’f'2 z I(B’Z)m + Z(Z/;(Bz,)m,zz =0, in Q27 (6348‘)
“O e+ P n = =00, =00, o " n T + VD, on 0Cs,
(6.34b)
ZAg?m’z =0, ondQen{z=—h}, (6.34c)

Za;](;,)m,tt + gZA](;,)m z + 2” d)B m,t + /142 Z;b\](;,)m = as:l)’ on 802 N {Z = 0}7
(6.34d)
264 . =0, ondQN{r=Ra}. (6.34e)

Here, the sets Q> and Cs are defined by

Q2 :={(r,2) €R*| (1,0,2) € Q3,0 < 0 < 21}, and (6.35a)
Co:={(r,2) eR*| (1,0,2) € C3, 0 < 0§ < 2r}. (6.35b)

Furthermore the respective m-th Fourier coefﬁcrent of the mcrdent velocity po-
tential (;50 m and the right- hand side functions Gm and V is defined similarly
to Eq. (6.33). Furthermore, 1., is the m-th Fourier coefficient of the constant func-
tion f(r,0,z) = 1. The Fourier coefficient 1,, has to be considered in BC (6.34b),
since the term ugi)nz is independent of 6.

A sketch of the domains Co and Qs is shown in Fig. 6.4 along with Eq. (6.34).
For a better understanding of the components n” and n* of the normal vector Zn,
which is pointing into the domain Cs, the vector %f := [n”, nz]T is shown in
Fig. 6.4 as well.

Considering Fig. 6.4, it has to be noted that no BC has yet been defined at
the boundary (r,z) = {0} x [—h, —d], where Eq. (6.34a) contains a singularity.
However, as will be shown in Sect. 6.4.1, it is not necessary to define a BC
at 7 = 0 to compute the Fourier coefﬁments Z¢B 'm Dumerically.

Allin all, it can be seen that the velocity potentials 2 qb () ,4=1,2, can be computed
by solving Eq. (6.34) for the Fourier coefficients qSB s = 1\;F e % -1,
and using Eq. (6.32) to get back from the Fourier space to the physical space.
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z Rao o
o
T
K 7 270 _ A .
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/\](3,)m,rr + ,,.m . ,’.2 Z gt + d)B m,zz
OIS e
Zq/;](;,)m,z =0
L A Vs

Figure 6.4: Sketch of the domains C2 and Qs together with the PDE and BCs, which have
to be solved to compute ;;(Bl)m

In this way, the problem of computing the velocity potentials Z(ﬁg) in a three-
dimensional spatial domain was simplified to computing Nr Fourier coefficients
in a two-dimensional spatial domain. However, it has to be noted that the
computational effort can be reduced even further. Since Zd)g) € R, it holds

* Np—1 *
(Z ](_;)_m(nz,t)) <NF Z ¢(1) r, HJ,Z t) 1m9j>
\—,_/

J=0
[ (6.36)
F—
= NF Z (;SBZ) (r,0;,z,t)e ™% ZAg?m(r,z,t).
7=0

Therefore, it is not necessary to calculate all Nr Fourier coefficients Z¢B s

m = —]—VQE, ey %F- — 1, numerically. Instead, the Fourier coefficients Z¢B s
m=— ]\g ,...,—1, can be computed by taking the complex conjugate of Z/\(B,)m,
m=1,... . It follows that only the coefficients ¢B m, m=0,..., %, have

to be computed to calculate the velocity potential ¢B corresponding to the
body disturbance in cylindrical coordinates. In this way, the computational effort
is reduced by half.
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6.4 Numerical Computation of the Body
Disturbance Velocity Potential ¢g

So far, it has been shown how the computational effort for calculating the velocity
potential of the body disturbance, ¢g, can be reduced. Here, it has been assuming
that the CFB only performs translational motion in the vertical direction and that
the computational domain Q3 is rotatlonally 5ymmetrlc along the vertical axis.
Solving Eq. (6.34), the Fourier coefficients ¢B of the velocity potentials (;31(3)
are computed. In this section, a finite difference scheme is presented Wthh is
used to discretize Eq. (6.34) and to compute the Fourier coefficients “ ¢B . Here,

only one index m € {—2E,..., ZF — 1} and i € {1,2} is considered. In order to
simplify the notatlon for readablhty7 the 1ndlces Z,m, (i) and B are omitted in

this section, i.e. m becomes simply ¢

For some numbers N7 M,P € N and some time 7' € R4, the solution qAS is
computed on the (r, z,t)-grid with the grid points

0<ri<ra<...<rn+1 = Rq,
0=2z1>22>...>2ym+1 = —h, (6.37)

o=t'<t?<...<tftt =1

Fori=1,.... N+1,57=1,..., M+1landp=1,...,P + 1, the grid points are
defined as

rei= (i — %)Ar, 2= —(j—1)Az, 7= (p— DAL (6.38)
with R B T
pyp— Q L —

Ar = Nti2 Az: T At : 7 (6.39)

Furthermore, N; € N is chosen such that vy, < R < ry;4+1. Since R is the
radius of the CFB at the still water level, this means that IN; denotes the
number of grid points inside the CFB at the level of the still water surface.
Therefore, (rn,+1,z = 0) is the first point at the level of the still water surface,
which is located outside the CFB or at the boundary of the CFB.

Using the chosen grid in r, which has also been used in [LaiEtAl02], it holds
ry = %. Therefore, the polar singularity at » = 0, which would occur deal-
ing with Eq. (6.34a), is omitted. Furthermore, it is shown in Sect. 6.4.1
that Eq. (6.34a) can be discretized at (r1,z;) without introducing some BC
at (r,z) = {0} x [—h, —d].

The numerical approximation of qAS at the space point (r;, z;) and time point ¢? is
defined by quZ o lee qAﬁzj = (;Aﬁ(n, zj,t?). In the following, Eq. (6.34) is discretized
to compute numerically the solution (Zf’j at time point ¥ at all (N + 1)(M + 1)
space points (r;,2;),i=1,...,N+1,5=1,..., M + 1. It has to be noted that
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some of these (N +1)(M +1) space points are located in C2. Most unknowns QASZ].
corresponding to these points located inside the CFB are set to zero. However,
it is necessary that interior grid points (i, z;) in C2, which have at least one

horizontal or vertical neighbor in Q\g, must be treated separately. These points are
needed to compute the unknowns qbf} ;» which have a neighbor in C>. Points (74, 25)

in O3, which have at least one horizontal or vertical neighbor in Qs, are so-called
ghost points.

Figure 6.5 shows the resulting spatial grid defined in Eq. (6.37) and the CFB,
which is considered in this chapter. The mentioned ghost points are colored green.
The boundary dC5 of the CFB is colored blue and the boundary IO \86’2 is
colored red. Using the grid, which is defined in Eq. (6.37), Eq. (6.34) is discretized
in the following using a finite difference method with an accuracy of second order
in time and space.

6.4.1 Laplace Equation Inside the Fluid

At grid points (r;,2;) € Qa, which are located inside the fluid, it holds at time
point t?

(/57-7' + ﬂ

ri

2
m2~ ~

- TT¢ + ¢zz - 07 (640)

see Eq. (6.34a). In order to discretize Eq. (6.40), a central finite difference

approximation of second order is applied. The corresponding approximation has

also been used in [LaiEtAl02]. At the grid point (r,z;) € Q2 and timpoint ¢?,

the corresponding approximation of Eq. (6.40) reads

op v o op v
D1,y = 2055 T iy n 1 Gy, — by
Ar2 /o 2Ar

P =200, 0 0
Az2 e

(6.41)

2
m=
— ¢ +
2 i

Note that for i = 1, the grid points (i, z;) € Q2 do not have a neighbor in the
P

negative r-direction. However, for ¢ = 1, all terms depending on i1 simplify
to
1 1 7o rm=4 { 1 1 } ~
_ A — ——— |, . =0 6.42
[ATQ o Ar] 7L Ar? Ar2] 7oL ( )

Therefore, the values of (fol, ; are not needed for i = 1, and the approximation
from Eq. (6.41) can also be applied for i = 1.

However, at all other grid points (73, z;) € Q» with some neighboring point

(rit1,2zj+1) ¢ s, a corresponding BC has to be discretized. This is done in the
following.
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i=1 t=N; i=N+1

j=M+1
AT‘ (I | |
5 T Arm e
Figure 6.5: Sketch of the discretized computational domain using the grid, which is defined
in Eq. (6.37). Ghost points are colored green, the boundary dC of the CFB is
colored blue, and the boundary 993 \ 0C3 is colored red.

6.4.2 Boundary Conditions at the Outer Boundary and Bot-
tom of the Sea

For ry+1 = Rao, —h < z; <0, and time point tP, the BC at the outer boundary
is given by Eq. (6.34e) and reads

ér = 0. (6.43)

Furthermore, for 0 < r; < Ro, zm+1 = —h, and time point tP, the BC at the
bottom of the sea is given by Eq. (6.34c) and reads

- = 0. (6.44)

The respective second-order approximations of Eqgs. (6.43) and (6.44) at the outer
boundary and the bottom of the sea are given by

ON_1, — 4N, + 3PN,

= i=1,... 1 .
SAr 0, for j yoes M+ 1, (6.45)
gi,Mfl - 4¢A5i,M + 3(ZA5¢,M+1 . .
oA =0, for i=1,...,N+1. (6.46)

It has to be noted that both Egs. (6.45) and (6.46) can be applied at the corner
point (rn+41,2m+1). Therefore, two equations can be used to compute the

unknown ¢n41,m+1. In this thesis, the sum of those two equations is used to
obtain a single equation that is used to calculate ¢n1,rr+41-
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6.4.3 Boundary Condition at the Sea Surface

For z1 =0, R < r; < Rq, and time point ¥, the BC at the sea surface is given
by Eq. (6.34d) and reads

but + 9= + 2udy + 12 = G. (6.47)

Equation (6.47) is the only BC summarized in Eq. (6.34) that contains derivatives
with respect to time ¢. Therefore, not only space derivatives must be discretized,
but also the time derivative ¢¢. In the following, a discretization of Eq. (6.47) is
performed, which is accurate up to second order in time and space.

A second-order approximation of the derivative ¢+ is given by

(r/b\(rh 21, tp+1) 7 25(7‘2'7 21, tp) + (/z;(riy 21, tp_l)
At?

e (ri, 21,87 = +O(A#) (6.48)
fori=N;i+1,...,N + 1. For the term $Z in Eq. (6.47), it has to be decided at
which time point (Zz is evaluated. In the following, an implicit discretization of
Eq. (6.47) is considered since it offers much better stability than an explicit dis-
cretization. Since a system of equations must be solved anyway when discretizing
Eq. (6.40) by the scheme presented in Eq. (6.41), an implicit discretization of
Eq. (6.48) increases the computational effort only slightly. An implicit scheme,
which is used to discretize Eq. (6.47) accurately up to second order in time, is
given by

;5\(7“1'7 21, tp+l) — 2$(Ti7 Zlvtp) + ;Z)\(Tiz 21, tp_l)

At?

+ g$z(ria 21, D) 20 (14, 21, 17) + s (14, 21, 1P H)

oy N2 ! 1 (6.49)
+ 2111(7,')‘15(7'1’, Zlatp+ ) — (25(7“1', 21,77 )

' 2At

/\T‘i,z 7tp+1 _’_2/\7,1,’2, 7tP +ATZ‘,Z ,tp71 =R

+M2(m)¢( 1 ) + 26( : 1,t7) + @(ri, 21 ) _ Glri, 21, %)
for i = N;i+1,...,N 4 1. Here, the second-order accuracy in time follows from

the Taylor series expansion

~ ~ ~ At2 ~
G(ri, 21,8711 = @(ri, 21,17) + At (ri, z1,7) + T@t(?“uzlatp) +0(At%),
(6.50)
which results in
(;;(Ti, 21, tp+1) + 2$(Ti7 21, tp) + a(riz 21, tp_l)
4 o (6.51)
= Qb(ria Zlatp) + Td)tt(’f'i, Z1,tp) —+ O(AtS)
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In Eq. (6.49), the derivative ngSZ still needs to be discretized at the time points
t?~1 t? and 7!, This is done using backward differences in the z-direction of
second order. The resulting numerical scheme to discretize the BC (6.47) at z = 0
is given by

¢P+1 _ 2;5?71 + 5?,;1 L9 {3¢p+1 4$§7 ¢p+1 . 23;[55771 _ 4&;57’2 + a;ZS
4

At? 2Az 2Az
P Rt YRR P Ak R A S et Y
2Az 2At b 1

~

= G(ri,zl,tp), for i = N; + 1,,N—|— 1,
(6.52)

whereby u; := ,u(rz) In order to compute the solution at p+1 = 1, corresponding
initial values quz e ¢ 5.0 J =1,2,3, have to be defined. In the further course of this

thesis, corresponding initial values qbi’j, g/ii_ ]1 are always stated when numerical
results are presented.

The overall consistency order of the proposed scheme from Eq. (6.52) can be
obtained using two-dimensional Taylor series expansions with respect to ¢ and z.
Substituting the resulting Taylor series expansion into the numerical scheme from
Eq. (6.52), the consistency error of the scheme from Eq. (6.52) can be computed
to be

G(ri, 21, t7Y) = 20(ri, 21, 17) + d(ri, 21,17 )

At?
+ g 3$(Ti7 21, tp+1) — 4$(Ti7 22, tp+1) + a(riz 23, tp+1)
4 2Az
+ 23¢(T17215 ) 4¢(T’L7227 ) + g(ri7z3atp)
2Az
v P=1\ _ A7 (0. p—1 . p—1
+ 3¢(T1,21,t ) 4¢(T1272:t ) + ¢(Tl7z37t ) } (653)
G(rs, 21, t711) = G(ra, 21,7 ")
2u(r;
+ 2p(ri) 5A:
. p+1 . p v p—1 N
Jrug(ri)qﬁ(m,zm )+2¢(m,421,t )+ P(ri, 21,877 7) — Gri, 2, 17)
_ 2 ¢tt gqutt /Mgm ,Uzz(gtt QAZ

Here, all derivatives of gg, which appear in the last line of Eq. (6.53), are evaluated
at (7, 21, t7). Equation (6.53) proves that the proposed method has a consistency
error of second order in time and space.
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It has to be noted that both Egs. (6.45) and (6.52) can be applied at the corner
point (ry41,21). Therefore, two equations can be used to compute $N+1,1. To
make the computation rule for $N+1,1 uniquely defined, similar to Sect. 6.4.2,
the sum of those two equations is used to obtain a single equation that is used to
calculate ¢pn41,1.

6.4.4 Boundary Condition at the Surface of the Cylindrical
Floating Body

In Sect. 6.4.1, the Laplace equation (6.40) has been discretized at all grid

points (r;, z;) € Q. However, at grid points, which are neighbored to the
boundary 8Cs of the CFB, the discretization of the Laplace equation (6.40) needs
information of the unknown $ located inside the CFB. As already mentioned at
the beginning of Sect. 6.4, corresponding points (r;, z;) € C>, which have at least

one horizontal or vertical neighbor in Qs, are called ghost points. In Fig. 6.5,
ghost points have been marked in green. In this section, equations are derived to
compute the unknown ¢ at the ghost points inside the CFB. For this, the BC at
the boundary dC> of the CFB at time point ¢ is discretized. The corresponding
BC is given by Eq. (6.34b) and reads

arnr + ¢.n® = —(Zo,,»nr - ao,znz +usn® T+ V. (6.54)

The approach of discretizing the BC (6.54) using ghost points is similar to that
approach used in [CocoRussol3]. Here, the authors present a numerical method
for solving elliptic equations in an arbitrarily shaped domain on Cartesian grids
using finite difference discretization and non-eliminated ghost values.

Let G be the set of all ghost points and grid points on the boundary of the CFB, i.e.

Gi={g=(ri,z), (,5) €{l,...,N+1} x {1,..., M +1} |

gedCyV (g € Co A (1i41,25) € Qz) Y (g € Co A (riyzj+1) € Qz)}.
(6.55)

Let g = (r4,2;) € G and let p be the nearest point to g on 9Cs, i.e.

p € 9C>, such that p = argmin ||z — g, . (6.56)
xcdCq

Here, ||x||, = v/& - @ denotes the Euclidean norm of the vector @. Let 2 = (n”, n®)
be the normal vector in p at 8C%, which points inside the CFB. Furthermore,
let § :=p— g = (6",6%) be the directional distance from g to the boundary dCs.
For g ¢ 9Cs, it holds 2 = —§/ ||8||,. Figure 6.6a shows for one considered ghost
point g € G the nearest point p € OCs, the distance vector —8 from p to g, and
the normal vector 7 in p at Cs.
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It has to be noted that the vectors p, §, and f2 depend on the point g. However, to
simplify the notation, it is refrained to give the vectors p, 8, and 7 a corresponding
index.

Moreover, it has to be noted that the boundary 8C5 passes through at least one

of the cells, which is adjacent to g, see Fig. 6.6a. It results ||d]|, < VAr2 + Az2.

Therefore, defining Ay := max(Ar, Az), it holds O(||d]|,) = O(Awm).

In the following, it is assumed that g, p and fi are known. Since p € 0C5,
the BC ( .54) also holds at p. Therefore, an approximation of the term
qﬁrn + ¢zn at p has to be found using the value of qu at g and other grid
points. In order to approximate the term qﬁTn + ¢zn at p, the grid points
(ri, 2z;) are used, which correspond to the index set

Z:={(,7),(¢+1,5),(¢+2,5), (4,5 +1), (4,5 +2), e+ 1,5+ 1)} (6.57)

Figure 6.6b shows for one ghost point g € G the corresponding point p € 9Cs,
and the grid points corresponding to the index set Z.

In order to approximate the value of ¢>Tn + qbzn at p using the value of gb at
the grid points defined by Z, Taylor series expansion of qS around p are used.

Let (a,b) € {(0,0),(1,0),(2,0),(0,-1),(0,-2),(1,—1)}. Using g = p — 6,

9C i i+1 i+2
(a) (b)
4 J
Jj+1
Qs
i+2

Figure 6.6: (a): One ghost point g € G and the corresponding nearest point p € 3Cs,
distance vector —8 from p to g, and normal vector no in p at C2. (b): Grid
points, which correspond to the set Z from Eq. (6.57). The considered ghost
point g € G is colored green, the nearest point p € 9C4s is colored red, and
the grid points corresponding to the index set Z are colored blue. Other ghost
points in G are colored purple.
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holds

o iar]) (oo i
=(p) + (aAr — ")
(aAr —§7)?
2
+ w@z( )+
n (aAr — 6T)2(bAz —0%) ~
N (aAr — §7)(bAz — §7)?

-(p) + (bAz — 57)$.(p)

Grr(p) + (alkr = 67)(bA2 = 57)6,2 (p)
(aAr 5)3

+

¢T7‘T‘ ( )

Az — 67 3 _
%qbzzz(p)

¢rzz( ) + O(A%/[)

¢7”T’Z (p) +

[\

(6.58)

Here, a and all derivatives of a are evaluated at time tP.

Let gr € R? denote the grid point corresponding to the index I € 7. Using the
expansion from Eq. (6.58), an approximation of ¢,n" + qbzn of second order is
searched of the form

Gr(p,t")n" + 6= (p, )" = Y hid(ar,t). (6.59)

IeZ

Replacing the terms g/g(qf,tp) in Eq. (6.59) by the corresponding Taylor se-
ries expansions from Eq. (6.58) and aiming for an approximation error of the
form O(A%), the coefficients hr, I € Z, can be computed by solving a linear
system of equations of the form

0 hi,
TLT hi+1,]’
Bh=|" |, with BER*® and h= | M+ | ¢RS. (6.60)
0 hi j+1
0 hijt2
0 Rit1,j4+1

Since the entries of the matrix B depend on Ar, Az, ¢", and 67, also the
coefficients hy, I € Z, depend on these values.

In the described way, Eq. (6.59) is fulfilled up to an approximation error of the
form O(A3;). Therefore, the BC (6.54) can be approximated with a consistency
error_of order two. R

Let ¢7 be the finite difference approximation of ¢, which is evaluated at (qr,t?),
ie. a’; ~ cg(q], t?). Then the approximation of the BC (6.54) of second order is
given by

S0 = =G0 (0, )" — G (p. )" +usnT+T. (6.61)



Chapter 6. Numerical Computation of the Nonlinear Fluid-structure Interaction

If the radius R of the CFB coincides with the value rn;+1, the point (rn;+1,21)
also becomes part of the boundary of the CFB. In this case, BC (6.54) can also
be applied at the point p = (rn;+1,21). However, the BC (6.47) at z = 0 also
holds at the grid point (rn;+1,21). As a result of this, Egs. (6.52) and (6.61) can
both be applied at the corner point (rn,+1,21) to compute $Ni+1,1- To make
the computation rule for aNiH,l uniquely defined, similar to Sect. 6.4.2, the
sum of those two equations is used to obtain a single equation that is used to
calculate ¢on,+1,1-

6.4.5 Summary of the Finite Difference Method

In this section, a numerical method has been presented to solve Eq. (6.34). Here,
the proposed scheme shows a consistency error of second order in time and space.
Table 6.1 summarizes the equations, which are used to solve Eq. (6.34) numeri-
cally. Using the proposed method, the values of the Fourier coefficients Z(}ﬁ\g’)m
and Z(}ﬁ\g)m at the spatial grid points (r;, z;) and time point t?, i =1,...,N + 1,
j=1,.. yM+1,p=1,...,P+1, are approximated by corresponding finite
difference approximations Zd)ﬁ ;- Here, the values quf’ ; are computed by solving
a linear system of equations.

It has to be noted that Eq. (6.52) introduces an implicit discretization of the
BC (6.34d) at z = 0 and contains values of the finite difference approximations quSf j
at the time points t € {t?~*,¢?,t?T'}. In order to compute g/i;f;'l at the still
water level at z = z; = 0, equations for the values qAbf ;1 inside the fluid have to
be known. To obtains these equations, the Eqgs. (6.41), (6.45), (6.46), and (6.61)
have to be evaluated at time point P, R R
After finite difference approximations of the Fourier coefficients qug’)m and Zqﬁgy)m

Table 6.1: Overview of the Egs. (6.34a)-(6.34¢), which need to be solved to compute the

Fourier coefficients of the velocity potentials Z(bg) and Zd)](;) and the correspond-
ing approximating equations using a finite difference method.

Equation, which needs to ‘Where does the equation Approximating equation
be approximated hold? pp geq
(6.34a) Inside the fluid: (r,z) € Q» (6.41)
. On the boundary of the
(6.34b) CFB: (r,z) € 8C2 (6.61)
On the bottom of the sea:
(6.34c) (r,z) € 9Q2 N {z = —h} (6.46)
At the sea surface:
(6.34d) (r.2) € 009 1 {2 = 0} (6.52)
At the outer boundary of
(6.34e) the computational domain: (6.45)
(r,z) € Q2 N{r = Ra}
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have been computed, the velocity potentials qug ) and ? ¢](32 ) can be calculated
using Eq. (6.32). Adding these velocity potentials with the incident velocity
potentials Zd)él) and Z¢§f>, the velocity potentials ¢ and ¢® can be computed,
which are the Stokes components of the total velocity potential ¢, see Eq. (4.21).
With ng(l), ¢?, and ¢, the velocity potentials are determined that correspond to
the fluid motion of the water waves, which are disturbed by the presence of the
CFB.

Having computed the values of the total velocity potential ¢ and its Stokes
components ¢(1) and ¢(2), the hydrodynamic forces acting on the CFB can be
computed numerically. This is done in the next section.

6.5 Numerical Computation of the Hydrodynamic
Forces

After computing the velocity potentials ¢, i = 1,2, the hydrodynamic forces
acting on the CFB can be calculated using Eqs. (4.28) and (4.29). Recall
that the FSI is computed in this chapter only up to an approximation error of
order O(g®). Therefore, it is sufficient to consider only the first two components
of the hydrodynamic force vector F' acting on the CFB. Using the notation,
which has been introduced in this chapter, Egs. (4.28) and (4.29) become

F= //pKndS =FO 4+ FY L 2F® 1 0P (6.62)
SB
with
FO = _ // pgandS, FO = // (;5(1) K
KaCs Kacs
F@ — _ // (qub,EQ) +p%VK¢<1> .VK¢(1)) KndsS + / %pg (Kn(1)>2 K dC.
KaCs Co
(6.63)

Here, all integrals are evaluated in Cartesian coordinates, which is also indicated
by the left superscript K. Furthermore, X9Cs, ¥n, K(ﬁ(i), and Kn(l) denote the
boundary 8Cs of the CFB, the normal vector n, the velocity potential ¢ and
the sea surface displacement (Y in Cartesian coordinates. From ¥¢(®) the sea
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surface displacement Kn(l) can be computed using Eq. (4.19a). For the considered
CFB, Cy denotes a circle with radius R.

Considering Eq. (6.63), it has to be noted that all appearing integrands are
integrated over the wetted surface ¥9C3, which 15 changing in time with the
moving CFB. However, the velocity potentials ¢B have only been computed
in the inside of the domain Qs. In order to compute the forces FY and F(z),
the corresponding integrals must therefore be transformed from ¥9C3 to ¥9Cs.
Here, the results presented in [Ogilvie83] are used, which transform the integral
from ¥9C3 to ¥OCs for a structure of general shape that can move freely in all
directions.

In this thesis, the considered CFB performs only a translational motion in
the vertical direction, whereby the displacement is given by & = e€™) 4 £2¢(®)
Transforming the integrals from ¥9Cs to ¥9Cs according to the corresponding
results presented in [Ogilvie83], the forces F") and F® become

FO __// K Kp g

K9Gy
@ _ @ ) M) 4 e Kg) K
F _—// +p V¢ VESW 4 pe ) ndS (g6
Koy
[ Loy (0 ey R g
509 ("0 =€) :
Co

Since F© does not depend on any velocity potential and the position of the
boundary ¥9C3 is known, it is possible to directly compute F© without any
transformation of the corresponding integral.

In the numerical evaluation of the integrands appearing in Eq. (6.64), the time
derivatives of the occurring velocity potentials qu(l) and K¢(2> are approxi-
mated using second-order backward finite difference approximations. The gra-
dient VX¢® includes the derivatives of X¢*) with respect to the Cartesian
coordinates z, y, and z. This gradient is evaluated by first computing the
derivatives with respect to the cylindrical coordinates r, 6, and z on the spatial
grid defined in Eq. (6.37). Here, the derivatives with respect to r, 6, and z are
computed using second-order finite difference approximations. Afterward, the
derivatives with respect to r, €, and z are used to calculate the derivatives with
respect to the Cartesian coordinates x, y, and z.

Next, the forces F(O)7 F(l), and F® are computed by evaluating the correspond-
ing integrals from Eq. (6.64). Going from Cartesian to cylindrical coordinates,
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the second integral in F® becomes

/%pg (“nD (@, y,t) — €D (1)) “n(z,y,z = 0,£) dC(a,y)

“ 6.65
— cos(0) (6.65)

_ /2” %pg (“nV(r = R,6,t) — 5(1>(t))ZR l_sm(e)l do.
0 0

Here, “n™ denotes the sea surface displacement ¥ in cylindrical coordinates.
Using Eq. (6.65), the second integral in F® from Eq. (6.64) can be evaluated
using a numerical integration over 6.

Next, the surface integrals are evaluated, which occur in the forces F(0>, F(1>7
and F®. Exemplary, it is shown for the force F') how these surface integrals
can be evaluated efficiently. Going from Cartesian to cylindrical coordinates, the
force F can be calculated by

FO = _ / / X060 (@, g, 2,8) nle,y, 2, 1) dS (@, y, 21 1)
Koy

= _//ngégl)(r,ﬂ,z,t) Zn(r,&,z,t) rdS(r,0,z,t).
C

oC3

(6.66)

Here, 26" denotes the velocity potential ¥¢®) in cylindrical coordinates. Recall
that the domain C3 has been expressed in Eq. (6.2) in cylindrical coordinates.
Since dCs denotes the boundary of Cs in the resting position of the CFB, the
superscript Z is not needed here to indicate that 9Cs is expressed in cylindrical
coordinates.

In order to evaluate the integral from Eq. (6.66) over 0Cs, it is necessary to
parameterize the boundary dCs. Let s be the path coordinate along the contour
of the CFB. Here, the contour of the CFB is given by the boundary C%, which
represents the boundary of the CFB in the (7, z)-plane. The boundary of the
set Co can be seen, for example, in Fig. 6.4. A possible parameterization of the
boundary 8Cj is given by

= : (0,27 x [0, 53) — 9Cs, m - l 9 (6.67)

(11 [1]
@ =
) ()
N N
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whereby s1 =d — Rs, s2 = s1 + $ Rs, s3 = s2+ R — Rs, and

R
0 i s €10,81),
=1 (s) _(R — Rs) + Rs cos (S }—3881>
E(0,s) = [ 0 ] = 0 18 € [s1,82), (6.68)
Zs(s) | (Rs —h) - Rssin (8 }_%:1)
[(R— Rs) — (s — )
0 i 8 € [s2,83).
L —h

Here, d is the draft of the CFB in its resting position. For a fixed value of 0, the
function E maps on the boundary 9C5.
Finally, using the transformation rule for surface integrals, Eq. (6.66) results in

FY = — / / p? o (r,0,2,t) "n(r,0,2,t) rdS(r, 0, 2, t)
aC3
(6.69)

27 s3

= 7//pz (20, 5), 1) “n(E(0, 5), 1) E1(s) | |Ee x B, dsdb.

Therefore, the force F) can be computed using a numerical integration over 6
and s. In the same way, the surface integrals appearing in the expressions for FO
and F® can be computed.

Using the method and formulas presented in this section, the hydrodynamic forces
acting on the CFB can be calculated. After calculating the hydrodynamic forces,
the equations of motion of the CFB can be solved numerically. A corresponding
numerical scheme is presented in the next section.

6.6 Numerical Solution of the Equation of Motion

In Sect. 3.1, a WEC has been introduced, where the corresponding CFB moves

along guidance rods with the displacement £ in a plane inclined by the angle .

Expanding ¢ in a Stokes expansion of the form ¢ = e£®) 4 26 4 3¢ L O(e?),

the corresponding equations of motions for £V, i = 1,2, 3, are given by Eq. (4.35).
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In this chapter, a CFB is considered, which can only perform vertical motion
with inclination angle o = 90°. Furthermore, the FSI is computed only up to an
error of order O(¢?) in this chapter. Therefore, Eq. (4.35) simplifies to

Mf(l) dlin + dclcc + >\vis,z) §<1) + P97R2§<1) = F?ED’ (670&)
MS(Q) dlin + dclcc + >\vis,z) §<2) + pgﬂ—RQé-(Z) = F352> (670b)
Here, Fél) and FBSQ) are the z-components of the forces FD and F(Q), which are
given by Eq. (6.63).
In order compute the displacements f(l) and 5(2), Eq. (6.70) has to be trans-

formed in state space. Defining y1 = &M, yo = €W, ys = €@ gy, = €@ and
y=1[y1,y2,93,52]", Eq. (6.70) can be rewritten as

+(
+(

y(t) = £y, 1), (6.71)
with
1 Y2
M |:F?El) - (dl + delec + Avis,z) Y2 — pgﬂRle}
Fly,t) = » (6.72)
1
M |:F5(2) - (dl + detec + Avis,z) Ya — pgﬂRng}

In order to solve the ordinary differential equation (6.71), different numerical
methods can be applied. Let the numerical approximation of y at time point t*
be denoted by yp, i.e. yp =~ y(¢¥). The corresponding evaluation of f is denoted
by fp, i.e. fo = f(yp,t?). It has to be noted that the hydrodynamic forces
Fé” have to be computed in each function evaluation of f. Therefore, also the
velocity potentials <Z>](3i )= 1,2, have to be computed in each function evaluation
of f. Depending on the step sizes Ar, Az, and the size of the computational
domain, the computation of qﬁg) can be computationally expensive. Therefore,
the number of evaluations of f should be small in each time step.

In this thesis, the fourth-order Adams-Bashforth-Moulton predictor-corrector
scheme is used to solve Eq. (6.71). Going from time point t¥ to time point tP™*, an
approximation of the value y,11 is computed using the third-order explicit Adams-
Bashforth scheme. The resulting approximation of y,4+1 is denoted by gp+1. In
order to compute a correction yp+1 from ¢,+1, the implicit fourth-order Adams-
Moulton scheme is used. After each computation of yp+1 and gp+1, an evaluation
step is necessary to compute fpi1 = f(Gpr1,t?) and foi1 = Flypr, tP1Y),
respectively. The resulting fourth-order numerical scheme is given by

. _ At
Predictor step: ¥p+1 = yp + - (5fp—2 — 16fp—1 +23fp),

Evaluation step: fp+1 = f(§ps1, "),
P fpt1 f(yp+1 ) (6.73)

At :
Corrector step: Yp+1 = Yp + 21 (fp,Z —5fp—1+19f, + 9fp+1) ,

Evaluation step: fpi1 = f(ypr1, "),
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Using this scheme, the function f must be evaluated twice in each time step. In
order to apply this scheme, three initial conditions yo, y—1, and y_2 are needed.
In all numerical simulations presented in this thesis, the CFB starts from its
resting position, i.e. yo =y-1 =y—2 = 0.

6.7 Analysis of Numerical Results

In the previous sections, numerical methods to compute the velocity poten-
tials qﬁ](; , the hydrodynamic forces F¥ acting on the considered CFB, and the
resulting displacements 5(” of the CFB, ¢ = 1,2, have been presented. These
methods can be used to compute the FSI between the CFB and nonlinear water
waves. In this section, the numerical solution of the resulting FSI simulation is
verified, and a convergence analysis is presented.

In all numerical results presented in this section, the CFB is excited by incoming
regular Stokes waves, which have been introduced in Sect. 4.3. The CFB is
starting from its resting position. In order to compute the BC at the sea
surface, corresponding initial values of the Fourier coefficients of the velocity
potential, % g?m, have to be defined, see Sect. 6.4.3. These initial values are
set to zero. This corresponds to a vanishing body disturbance potential ¢
at the beginning of the computation. However, a vanishing body disturbance
potential ¢ occurs only for an incoming water wave with vanishing amplitude.
Therefore, the incident velocity potentials ¢(()Z) of the regular Stokes waves, which
have been presented in Sect. 4.3, are multiplied by a factor of the form

Fiannh = tanh(at — b), with a,b > 0. (6.74)

In this section, the constants a and b are set to a = 0.4, b = 0. Multiplied by the
factor Fiann, the incoming waves reach 99% of their amplitude after t = 6.6s.
In the first step, results are presented in Sect. 6.7.1, which show the temporal
behavior of the CFB in the presence of regular Stokes waves of first and second
order. Here, the results are compared with corresponding results shown in Chap. 3
and results published in [KinoshitaBao00]. In this way, the numerical results
computed by the numerical method, which has been presented in the previous
sections, are validated. In the second step, the convergence of the numerical
results with respect to a decreasing spatial and temporal step size is investigated
in Sect. 6.7.2.

The CFB is not connected to an electrical generator in this section, so the
electrical damping dejec vanishes. Furthermore, the linear mechanical and viscous
damping add together to 3000kg/s, i.e. din + Avis,- = 3000kg/s. The CFB
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is moving in salt water with density p = 1023kg/m?®. Only long-crested water
waves are considered, which propagate in the z-direction.

6.7.1 Validation of Numerical Results

In the following, the temporal behavior of the CFB in the presence of regular
Stokes waves of first and second order is presented. The corresponding used
parameter values of the floating system and incoming water waves are given
in Tab. 6.2. Using these parameters, the respective wave number k£ and wave-
length A of the incoming water waves is given by k = 0.171m~! and A = 36.673 m.
Using the damping p from Eq. (6.7) and the settings used in [ShaoFaltinsen13],
the length of the inner layer R; and the length of the damping layer L shown
in Fig. 6.3 is set to Ri = 37m and L = 74m, respectively. Therefore, the
radius of the computational domain is given by Ro = 111 m. Corresponding
numerical results are calculated on the time domain ¢ € [0, 50 s] using the step
sizes Ar = Az = 0.04m and At = 0.05s.

The velocity potentials Zd)g), i = 1,2, are computed using Fourier series expan-
sions with Ng = 16 Fourier coefficients. Further investigations have shown that
larger values for Ny do not change the numerical results significantly for the
considered system parameters.

Figure 6.7 presents the hydrodynamic forces acting on the CFB in the x- and
z-direction. Here, the system is considered in its steady state, which is obtained
after 30s of simulation time. The first- and second-order components of the
forces and the total forces up to the second order are presented. It can be seen
that while the first-order force components oscillate in time with frequency w, the
second-order force components oscillate in time with frequency 2w. Therefore,
the transition from linear to nonlinear wave theory leads to higher frequency
components in the spectrum of the acting hydrodynamic forces.

Furthermore, it has to be noted that while the first-order component forces EFl(l)
and s:F?E1> are oscillating in Fig. 6.7 around zero, the second-order component

forces 52F1<2> and €2F3(2) contain some non-oscillating drift forces. However,
these drift forces are well-known in literature, see e.g. [Eatock TaylorHung87].
Therefore, they will not be discussed further.

In the considered case, the amplitudes of the second-order wave forces are rel-
atively large compared to those of the corresponding first-order wave forces.
Denoting the amplitude of the force F by |F| and considering the quotient

Table 6.2: Parameter values of the floating system and incoming water waves.
rad

R | Rs ] | dm) | hfw) | w[=5] ] 4w

1 | o [ 15| 4 | 1 | o4
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Figure 6.7: Forces in (a) z-direction and (b) z-direction, which act on the CFB in regular
Stokes waves of first and second order. Furthermore, the forces are shown, which
result from the linear method presented in Chap. 3.

of the amplitude of the second-order and first-order wave forces, it results
1E2F 2| /|1eFM| = 36.6%, \EQF?EQ)|/|EF?§1)| = 14.9%. Therefore, the second-order
component of the forces, e2F®, contribute significantly to the total forces,
F=eF® 4+ £2F®  and cannot be neglected in the computation of the FSI for
the considered water wave and structure.

The corresponding motion of the CFB is shown in Fig. 6.8. Here, the displacement
and velocity of the CFB is depicted. The first- and second-order components of
the motion and the total motion up to second order are presented, i. e. €€ (N e%¢ @)
€§<1> + s2§<2>, and the corresponding time derivatives. As has already be seen
in the results for the acting hydrodynamic forces, the second-order components
of the motion, 52§<2), contribute largely to the total motion E£<1) + 525(2). This
is also important for the WEC investigated in Chap. 3. The amount of energy,
which is harvested by the WEC, depends on the velocity of the CFB. Since the
temporal behavior of the velocity of the CFB changes significantly going from a
linear to a nonlinear analysis, the amount of harvested energy can also change
significantly. This again shows the importance of efficiently calculating the FSI
between nonlinear water waves and a moving structure.

In order to validate the numerical results for the first-order components of the
motion and forces, Figs. 6.7 and 6.8 also show the corresponding results obtained
using the linear method presented in Chap. 3. Here, the related hydrodynamic
forces are computed using Eq. (3.12), and the motion of the CFB is calculated by
solving the equation of motion from Eq. (3.14). It can be seen that the numerical
results for the first-order components of the motion and hydrodynamic forces,
which are obtained using the method presented in the previous parts of this

chapter and using the linear method presented in Chap. 3, agree with each other.

The relative errors between the corresponding results on forces, displacements,
and velocities are all between 0.1 % and 0.22 %. This validates the results on the
first-order components of the motion and forces.
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Figure 6.8: (a) Displacement and (b) velocity of the CFB in regular Stokes waves of first
and second order. Furthermore, the motion is shown, which results from the
linear method presented in Chap. 3.

In order to validate the results for second-order components of the hydrodynamic
forces, the numerical results are compared with the semi-analytical results pre-
sented in [KinoshitaBao00]. Here, the authors investigate the forces acting on a
cylinder that is unable to move.

First, the amplitudes of the second-order hydrodynamic forces 52F 2 and 52F
are studied for incoming regular Stokes waves with a varying wave number k.
The results are presented in Fig. 6.9. The forces are normalized according
to [KinoshitaBao00]. A CFB is considered with radius R = 1m, Rs = 0, and
draft d = 4m, which is positioned in water of depth h = 10 m. The amplitude
of the incoming regular Stokes waves is A = 0.15m. Figure 6.9 also shows the
corresponding results presented in [KinoshitaBao00, Fig. 5]. It can be seen that
both results agree well with each other.

Next, the amplitudes of the first- and second-order components of the hydro-
dynamic forces are studied, which act on a CFB with a varying draft d in the
horizontal and vertical direction. Again, the CFB is unable to move. The
results are presented in Fig. 6.10, where the forces are normalized according
to [KinoshitaBao00]. A CFB is considered with radius R = 1m and Rs = 0
in water of depth A = 10m. The incoming regular Stokes waves have the am-
plitude A = 0.4m and wave number £ = 0.5m™*. Figure 6.10 also shows the
corresponding results, which are presented in [KinoshitaBao00, Fig. 7]. Again, it
can be seen that both results agree well with each other. Therefore, all numerical
results presented in this section, which are obtained using the method presented
in the previous parts of this chapter, are validated by the corresponding results
computed by the linear method from Chap. 3 and shown in [KinoshitaBao00],
respectively.

(2)
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Figure 6.9: Amplitudes of the second-order hydrodynamic forces acting in the horizon-
tal and vertical direction against a varying wave number k, normalized by
the radius R. The numerical results are compared with the values presented
in [KinoshitaBao00, Fig. 5].
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Figure 6.10: Amplitudes of first two components of the hydrodynamic forces acting in the
(a) horizontal and (b) direction against a varying draft d, normalized by the
wave number k. The numerical results are compared with the values presented
in [KinoshitaBao00, Fig. 7].

6.7.2 Analysis of Convergence Rate

After validating the numerical results, the order of convergence of the numerical
method is analyzed. The methods presented in Sect. 6.4, Sect. 6.5, and Sect. 6.6
approximate all considered differential equations by second-order finite difference
approximations. It is now examined whether and to what order the overall
corresponding numerical results converge. This is done by computing the FSI
between the CFB and incoming Stokes waves, whereby different step sizes in
time and space are used.

Before showing the corresponding numerical results, it has to be noted that very
small temporal and spatial step sizes are considered in the following. In order to
make the numerical calculation of the corresponding results feasible concerning
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used memory and computation time, the radius Rq of the computational domain
is decreased. However, the computational domain still consists of an inner layer of
length R; and a damping layer of length L. In all upcoming results, the radius R
is chosen so that the numerical calculation is feasible concerning used memory and
computation time, and the reflections coming from the outer boundary at r = Rq
do not affect the FSI between the waves and the moving CFB. In particular,
Ri, L, Rq are given by R; = L = 5m, Ro = 10m. All upcoming results are
computed on the time domain ¢ € [0, 30s].

First, the CFB and the incoming water waves are considered, which are described
by the parameter values summarized in Tab. 6.2. In particular, a CFB with a sharp
edge at its bottom is considered, i.e. Rs = 0. Numerical results are computed for
decreasing step sizes in time and space, whereby Az and Ar are set equal, and the
quotient At/Ar is kept constant over all calculations with A¢/Ar = 4.25s/m. The
resulting time series of the hydrodynamic force €2F3(2> acting on the moving CFB
are presented in Fig. 6.11a for different values of Ar. In Fig. 6.11b, the results are
zoomed in around the time point ¢ = 22.2s. Furthermore, Fig. 6.11c shows the
corresponding maximal values of the force 52F§2> around the time point ¢t = 22.2s
against the used values of Ar. It can be seen that the different discretizations
do not affect the phase of the hydrodynamic forces. Furthermore, the amplitude
of the forces is for all considered discretizations of the same order of magnitude.
However, the forces are not converging for decreasing values of At, Ar, and Az.
This is due to the corner of the CFB at (r,z) = (R, —d), which leads to some
difficulties. For example, the normal vector is not defined at such a corner.
Furthermore, the existence and regularity of weak and classical solutions ¢g) of
Eq. (6.31) is not guaranteed if the boundary of the considered computational
domain is not sufficiently smooth. Details about this topic can be found, for
example, in [KnabnerAngermann03, HinzeEtAl09, Evans10, Jost13].

To avoid the mentioned difficulties, the corner of the CFB at (r, z) = (R, —d) is
replaced by a spherical segment with radius Rs = 0.2m. The resulting system
parameters, which are used in the further course of this section, are summarized
in Tab. 6.3.

In the following, the orders of convergence are calculated for the hydrodynamic
forces acting on the CFB and the motion of the CFB. Here, it is investigated
how the corresponding errors behave with decreasing step sizes in time and
space. It should be noted that no analytical solutions are available for the
hydrodynamic forces and motion of the CFB that could be used to calculate the
corresponding convergence rate. Instead, the convergence rate is calculated by
comparing the results obtained with a given discretization to those obtained with
the corresponding discretization of half the step size in time and space.

In the following, a sequence of different discretizations is considered. For the n-th
discretization, the obtained numerical solution of the hydrodynamic force F' and
motion £ of the CFB is denoted by " F and "¢, respectively. The corresponding
solutions, which are used to calculate the related errors and which are obtained
using the corresponding discretization of half the step size in time and space, are
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Figure 6.11: Time series of the force 52F§2), which is calculated using different discretiza-
tions. (a): Complete time series. (b): Zoom into the results from (a) around

the time point t = 22.2s. (c): Corresponding maximal values of force 62F3(2)
around the time point ¢t = 22.2s against the used values of Ar.

Table 6.3: Parameter values of the floating system and incoming water waves.
rad
Rim] | Rsm] | d[m] | nm] | w [T} A [m]
1 | 02 | 15 | 4 | 1 | 04

denoted by “* F and ©¢, respectively.

For the hydrodynamic force F' acting on the CFB in the z- or z-direction and the
displacement & of the CFB, the respective total error of the n-th discretization is
defined by

Ep :=max |"F — " F|, (6.75a)
t
Eg = max ["¢ — Orgl. (6.75b)
After computing a sequence of real-valued scalar errors E", n =1,..., N, with

decreasing step sizes in time and space, the corresponding empirical order of
convergence is defined by

q¢" = ——%+, n=1,...,N - 1. (6.76)
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Here, A" is some discretization parameter of the n-th discretization and can be
chosen, for example, to be equal to the step size Az, Ar, or At used in the n-th
discretization. The empirical order of convergence from Eq. (6.76) is motivated
by the fact that if convergence exists with order ¢ in Ar, then there exists a
constant C' € R such that

" a2 C(Ary)? (6.77)

Here, Ar,, is the step size in r-direction used in the n-th discretization. Then it

holds
E™ N Ary, a
En+1 - AT’»,H_l ’

Using algebraic transformations, Eq. (6.76) results for A" = Ary,.

In the following, a sequence of discretizations is considered, whereby Az and Ar
are set equal, and the quotient At/Ar is kept constant over all discretizations
with At/Ar = 4.25s/m. The discretization parameter A" is set to Ary,.

First, the convergence of the hydrodynamic forces acting on the CFB is inves-
tigated. Figures 6.12a and 6.12b present the empirical order of convergence ¢"
of the first- and second-order components of the hydrodynamic forces acting
in the z- and z-direction. The corresponding errors Ep, which are defined in
Eq. (6.75a), for the first- and second-order hydrodynamic forces are shown against
the step size Ar in Figs. 6.12¢ and 6.12d. Figures 6.12c and 6.12d show that the
errors Ep decrease for a decreasing step size Ar. This indicates a convergence of
the numerical results. Moreover, Figs. 6.12a and 6.12b show that all numerical
results for the hydrodynamic forces converge on average with an empirical order
of convergence of two.

It has to be noted that the hydrodynamic forces acting on the CFB are computed
by 1ntegrat1ng the hydrodynamic pressure p, which depends on the velocity
potentials qu , @ = 1,2. Therefore, the convergence of the hydrodynamic forces

(6.78)
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Figure 6.12: Convergence analysis for the hydrodynamic forces acting on the CFB. (a),(b):
Empirical order of convergence for the first- and second-order components of
the hydrodynamic forces. (c),(d): Corresponding error Ef against the step
size Ar.
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shows that the numerical values for the velocity potentials Zqﬁg) also converge.

However, to investigate the order of convergence of the velocity potentials qug ),
the order of convergence of each Fourier coefficient Z/\g)m has to be analyzed. In
addition, since the Fourier coefficients are space-dependént, it is also necessary to
specify the norm that is used in space to calculate the corresponding error of the
n-th discretization E™. All this makes the study of convergence of the velocity
potentials qug) difficult. To make the scope of this convergence analysis not too
extensive, the convergence behavior of the corresponding velocity potentials Zgbg )
is not investigated in further detail. But as has been already described, the
convergence of the hydrodynamic forces indicates a convergence of the velocity
potentials % g), i=1,2.

Furthermore, it has to be noted that the hydrodynamic forces acting on the CFB
with Rs = 0 have not converged with respect to a decreasing step size in time
and space, see Fig. 6.11. Therefore, as follows from the previous investigations,
replacing the corner of the CFB at (r,2) = (R, —d) by a spherical segment with
radius Rs = 0.2m leads to a convergence of the numerical results.

Next, the convergence of the motion of the CFB is studied. Figure 6.13a shows the
empirical order of convergence ¢" of the first- and second-order components of the
displacement £. The corresponding errors Ef', which are defined in Eq. (6.75b),
for the first- and second-order component of the displacement £ are shown against
the step size Ar in Fig. 6.13b. It can be seen that both components of the
displacement £ are converging with an empirical order of two.

It can be concluded that the numerical approximations for the unknown hy-
drodynamic forces and motion of the CFB are converging with order two if
the corner of the CFB at (r,z) = (R, —d) is replaced by a spherical segment
with radius Rs = 0.2m. Together with the results presented in Sect. 6.7.1, this

074 | . |
0.007 0.01 0.02 0.03 0.04
Ar [m]

Figure 6.13: Convergence analysis for the displacement of the CFB. (a): Empirical order of
convergence of the first- and second-order component of the displacement &.
(b): Corresponding error E" against the step size Ar.
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verifies and validates the numerical results calculated by the method presented
in this chapter. After introducing a scheme to calculate the FSI numerically and
presenting first results for the FSI between the CFB and regular Stokes waves,
this method is applied in the next chapter to calculate the FSI between the CFB
and water waves corresponding to the NLS.



ANALYSIS OF THE FLUID-STRUCTURE
INTERACTION BETWEEN A WAVE
ENERGY CONVERTER AND NONLINEAR
WATER WAVES

When designing fixed or free-floating structures that are excited by real ocean
waves, the hydrodynamic loads acting on the structures and the system response
of the structures to the water waves must be estimated. To this end, a method
for calculating the nonlinear FSI between a structure and nonlinear water waves
has been presented in the previous chapters. Here, it has been shown how the
NLS (5.2) can be used to compute the nonlinear FSI between a mechanical
structure and nonlinear water waves. The use of the NLS instead of the Stokes
waves introduced in Sect. 4.3 to calculate the incoming nonlinear water waves is
motivated by the following facts:

e The computation of the incoming nonlinear water waves is computationally
less expensive using the NLS. This results from the fact that the nonlinear
interactions between regular components must not be explicitly considered
using the NLS, see Sect. 5.2.2.

e In different studies, it has been conjectured that the Peregrine breather
solution of the NLS, presented in Sect. 5.3.2, is a prototype of rogue waves

in the ocean, see e.g. [DystheTrulsen99, ShriraGeogjaev10, DostalEtA120].

Therefore, using the Peregrine breather solution of the NLS, it can be
estimated with low computational effort which hydrodynamic loads a fixed
or free-floating structure must withstand in extreme wave events.

In this chapter, the FSI between the WEC introduced in Sect. 3.1 and the

incoming water waves corresponding to the NLS is simulated and analyzed.

Recall that the WEC introduced in Sect. 3.1 consists of a cylindrical floating
body (CFB) moving along a guidance. Only the CFB has contact with the
water. Therefore, the FSI between the WEC and water waves can be analyzed
by studying the FSI between the CFB and water waves. In the following, the
FSI between the CFB of the WEC and nonlinear water waves corresponding to
the NLS is simulated and analyzed.

In Sect. 6.7.2, it has been shown that numerical results might not converge if the
CFB contains sharp edges or corners, see Fig. 6.11. Therefore, the CFB shown in
Fig. 6.1, which contains a semispherical bottom, is used in this chapter. The used
system and damping parameters of the CFB are given in Tab. 7.1. Furthermore,
the CFB is moving in salt water with density p = 1023 kg/mS. Only long-crested
water waves are considered, which propagate in the z-direction.
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7.1. Analysis of FSI in Regular Waves

Table 7.1: System and damping parameters of the used CFB.
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In all numerical results presented in this chapter, the CFB is starting from its
resting position. The initial values for the Fourier coefficients of the velocity
potential corresponding to the body disturbance, Z(bg?m, are set to zero. As

in Sect. 6.7, the incident velocity potentials gzﬁf)i) of the incoming water waves
are multiplied by the factor Fiann, which is given in Eq. (6.74). Here, the
constants a and b are set to a = 0.4, b = 0.

First, the FSI between the plane-wave solution from Eq. (5.40) of the NLS (5.2)
and the CFB is investigated in Sect. 7.1. The corresponding results are com-
pared with those obtained by using regular Stokes waves. Afterward, the Pere-
grine breather and soliton solutions of the NLS, which are given by Egs. (5.44)
and (5.45), are used in Sect. 7.2 and Sect. 7.3 to compute the respective FSI
with the CFB. The corresponding effects of the presence of the CFB on the
surrounding water waves are analyzed in Sect. 7.4. Then, the FSI between the
CFB and random nonlinear Stokes waves is investigated in Sect. 7.5. This is
done to analyze the advantages of exciting the CFB with waves corresponding
to solutions of the NLS instead of exciting the CFB with random nonlinear
Stokes waves. Finally, this chapter ends with a discussion of the found results in
Sect. 7.6.

7.1 Analysis of FSI in Regular Waves

The plane-wave solution from Eq. (5.40) of the NLS (5.2) has been introduced
in Sect. 5.3.1 and can be used to describe regular water waves, which fulfill the
nonlinear dispersion relation from Eq. (4.8). However, regular water waves can
also be described using Stokes waves. The corresponding velocity potential of
regular Stokes waves is presented in Sect. 4.3.1.

In this section, the nonlinear FSI between nonlinear regular water waves and the
CFB, which has been presented in Fig. 6.1, is investigated. The incoming water
waves are described using regular Stokes waves and the plane-wave solution of
the NLS, respectively. It is studied whether the use of regular Stokes waves and
the plane-wave solution of the NLS leads to the same results for the FSI. Here,
the incident velocity potential of the Stokes waves is computed analytically using
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the formulas presented in Sect. 4.3.1. On the other side, the wave envelope 1 and
the corresponding velocity potential ¢ of the plane-wave solution of the NLS are
computed numerically. Here, the wave envelope v is computed numerically using
the ReSP scheme presented in Sect. 5.4. The first- and second-order component
of incident velocity potential ¢o, i. e. d)(()l) and ¢((]2>, are computed using Eq. (5.27)
and the numerical method presented in Sect. 5.5.

It has to be noted that analytical expressions for ¢ and ¢ corresponding to
the plane-wave solution of the NLS have been given in Eqs. (5.40) and (5.41b).
However, numerical values for ¢ and ¢ are used in this section, since only
numerical solutions for ¥ and ¢ can be used in the following sections to compute
the corresponding results for the FSI. Therefore, the investigations presented
in this section also serve to analyze how the numerical errors occurring in the
calculation of the wave envelop 1 and velocity potential ¢ corresponding to the
NLS affect the FSI results.

In the following, Stokes waves are considered with amplitude A = 0.2m and
wave number k = 0.5m ™' in a sea with depth h = 7m. Using these parameters,
the resulting waves have a steepness of Ak = 0.1. Furthermore, the condition
for deep water is fulfilled, i.e. h > %/\ = 7 = 2m. The corresponding wave
frequency w of the Stokes waves can be calculated using the dispersion relation
from Eq. (2.16).

Moreover, water waves are considered, which correspond to the plane-wave
solution of the NLS. Here, the wave envelope v is computed numerically using
the ReSP scheme presented in Sect. 5.4. The necessary initial condition at
time ¢ = 0 is determined using the analytical plane-wave solution from Eq. (5.40)
with 9o =2m, ko =0.5m™ !, ¢ = 0.1, X, =0, and kpw = 0. The corresponding
carrier wave frequency wo is given by wo = v/kog. The resulting wave envelope
and sea surface displacement 7 of the analytical plane-wave solution have been
presented in Fig. 5.3. Using the stated values for v, ko, and €, it holds A = e1)o,
k = ko and ¢ = Ak. In this way, the waves corresponding to the plane-wave
solution of the NLS have the same amplitude, wave number, and steepness as
the considered Stokes waves.

In order to compute the incident velocity potential ¢o corresponding to the
NLS, the NLS is solved on the spatial domain X € [-120m,120m] using
J = 2" 4 1 spatial points and time domain T € [0,40s] using N + 1 = 8001
temporal grid points. This results in the step sizes AX = 240m/2'" = 0.117m
and AT = 40s/8000 = 0.005s. To calculate the velocity potential ¢ correspond-
ing to the plane-wave solution of the NLS, the auxiliary variable ¥ is computed
numerically. Here, the complex transport equation (5.11) is solved numerically
using the scheme introduced in Eq. (5.64), which is applied on the spatial domain
Z € [-0.7m, 0] using N + 1 = 29 spatial grid points. This leads to a step size
of AZ = —0.7m/28 = —0.025m in Z-direction.

It has to be noted that 7', X, and Z denote the slow temporal and spatial
coordinates. These coordinates can be computed from ¢, x, z by T = et, X = ex,
and Z = ez, see Egs. (5.1) and (5.9). Therefore, since ¢ = 0.1 is used in this
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section, the velocity potential ¢ corresponding to the plane-wave solution of the
NLS is computed on the spatial domain z € [-1200m, 1200 m], z € [—7 m, 0] and
the time domain ¢ € [0,400s].

All corresponding results for the FSI are computed using Nr = 16 Fourier modes.
Absorbing BCs are implemented using the damping p from Eq. (6.7) and the
settings used in [ShaoFaltinsen13]. Since the wavelength of the incoming waves
is given by A = 27 /k = 12.56 m, the length of the inner layer R; and the length
of the damping layer L are set to R; = 13m and L = 26 m, respectively. The
computational domain Q, from Eq. (6.35) is discretized using the spatial step
sizes Ar = Az = 0.04 m. Finally, all corresponding numerical results for the FSI
are computed on the time domain ¢ € [0,400s], which is discretized using a
temporal step size of At = 0.05s.

In the following, the hydrodynamic forces acting on the CFB are investigated.
Excited by the hydrodynamic forces, the CFB can perform translational motion
in the vertical direction. Figure 7.1 shows the hydrodynamic forces resulting from
the use of Stokes waves and the waves corresponding to the NLS, respectively.
Here, Figs. 7.1a and 7.1b show the respective first- and second-order component
of the force acting in the vertical direction, i.e. , 5F3(1> and €2F3<2). The system
is considered in its steady state. In order to visualize the differences in the
oscillation periods, the results for the hydrodynamic forces are shifted in time so
that the forces have a maximum at time ¢ = 0. Due to the small scale of EQF?EQ),
the total force F3 = sFél) + 62F3(2) is not shown in Fig. 7.1.

It can be seen that the calculated hydrodynamic forces differ slightly in their
oscillation periods and their heights. Compared to the forces, which result from
regular Stokes waves, the use of the NLS results in forces 5F§1) and 52F§2) with
a higher frequency. The relative difference between the heights of corresponding
forces sFél) is 1.64%. For 52F3(2), the relative difference between the heights of
the corresponding forces is given by 2.95%.

The difference in the oscillation periods results from the fact that the Stokes
waves include only nonlinear wave effects resulting from the use of a second-order
nonlinear wave theory. However, the NLS includes nonlinear wave effects re-
sulting from the use of a third-order nonlinear wave theory. In particular, this
means that the plane-wave solution of the NLS satisfies the nonlinear disper-
sion relation from Eq. (5.42) and the Stokes waves satisfy the linear dispersion
relation from Eq. (2.16). Therefore, the regular waves corresponding to the
plane-wave solution of the NLS oscillate in time with frequency wnrs > wo,
whereby wnrLs depends on the wave amplitude. On the other side, the Stokes
waves oscillate in time with frequency w. Using the dispersion relation from
Eq. (2.16), wo = v'kog, and ko = k, it follows that w and woy are related by
w = y/kgtanh(kh) = wo+/tanh(kh). Since h fulfills the deep water condition, it
holds tanh(kh) ~ 1 and w = wo < wnrs. This shows that the waves correspond-
ing to the plane-wave solution of the NLS have a smaller oscillation frequency
than the considered Stokes waves. Furthermore, this explains the difference in
the oscillation periods presented in Fig. 7.1.
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Figure 7.1: (a) First- and (b) second-order component of the hydrodynamic force acting
on the CFB in the vertical direction. The CFB is excited by Stokes waves and
waves corresponding to the plane-wave solution of the NLS.

It has to be noted that the amplitude of the hydrodynamic forces acting on the
CFB and the motion of the CFB are frequency-dependent. For linear waves, this
has been shown in Sect. 3.2.3, where the RAO has been introduced. However,
the question arises whether the difference in the heights of the forces presented in
Fig. 7.1 only results from the different frequencies of the incoming water waves.
In order to answer this questions, additional Stokes waves have been considered,
which oscillate in time with the frequency wnt,s. In this way, the relative difference
between the heights of acting hydrodynamic forces Fg(l), which results from the
Stokes waves with frequency wnrs and the waves corresponding to the plane-wave
solution of the NLS, have been reduced from 1.64% to 0.38%. For 52F3(2), the
relative difference has been reduced from 2.95% to 0.23%. These differences can
be even further reduced by increasing the water depth h. Here, it has to be
noted that the NLS is only valid for h — oco. Additional simulations have shown
that increasing the water depth from h = 7m to h = 10 m reduces the difference
between the heights of the forces e F\" from 0.38% to 0.04%. For e2F.”, the
relative difference is reduced from 0.23% to 0.01%.

Therefore, it has been shown that the different behaviors of the hydrodynamic
forces presented in Fig. 6.1 result from the different frequencies of the incoming
waves and the use of a too small water depth h. As a result, it is also shown that
the numerical schemes presented in Sect. 5.4 and Sect. 5.5.2, which are utilized to
compute the incident velocity potential ¢ corresponding to solutions of the NLS,
can be used to calculate the FSI in regular waves accurately. The instability, which
is analyzed in Sect. 5.5.2 and occurs when the complex transport equation (5.11)
is solved numerically, has a negligible influence on the presented numerical results.
This validates the use of the NLS to compute the results for the FSI.
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7.2 Interaction with the Peregrine Breather Solu-
tion

Next, the FSI is investigated, which results when the CFB is exited by waves
corresponding to the Peregrine breather solution of the NLS. The influence of an
initial perturbation of the Peregrine breather solution on the FSI is also studied.
First, the interaction between the CFB and the waves corresponding to the
unperturbed Peregrine breather solution of the NLS is considered. Afterward,
the effects of an initial perturbation of the Peregrine breather solution on the FSI
are studied.

7.2.1  FSlI with the Unperturbed Peregrine Breather Solution

Before the FSI can be investigated, the wave envelope i of Peregrine breather
solution has to be computed. This is done numerically using the ReSP scheme,
which has been introduced in Sect. 5.4. To apply the ReSP scheme, an IC has
to be specified. The IC is computed using the analytical Peregrine breather
solution from Eq. (5.44) at time T = —20s with ky = 0.5m™!, 19 = 1.5m,
e = 0.1, and X5 = 44.29m. The corresponding carrier wave frequency is given
by wo = vkog = 2.21rad/s. Here, X; has been chosen so that the IC has its
peak amplitude at x = 0. The corresponding analytical solution of the wave
envelope ¥ has been presented in Fig. 5.4.

In order to compute the incident velocity potential ¢o of the incoming water
waves, the NLS is solved on the spatial domain X € [-120m, 120 m] using
J = 2" 4+ 1 spatial points and time domain T € [—20s,20s] using N + 1 = 8001
temporal grid points. This results in the step sizes AX = 240 1{][1/211 =0.117m
and AT = 40s/8000 = 0.005s. To calculate the velocity potential ¢g correspond-
ing to the Peregrine breather solution of the NLS, the auxiliary variable v is
computed numerically. Here, the complex transport equation (5.11) is solved
numerically using the scheme introduced in Eq. (5.64), which is applied on the
spatial domain Z € [—0.7m, 0] using N + 1 = 29 spatial grid points. This leads
a step size of AZ = —0.7m/28 = —0.025m in Z-direction.

The corresponding numerical results for the FSI are computed for h = 7m. Fur-
thermore, the same domain Q and step sizes Ar, Az, and At are used as specified
in the Sect. 7.1. The FSI is computed on the time domain ¢ € [—200s, 2005s].
For the results presented in this section, the CFB is located at the position
x = Xs/e = 442.94m. In this way, the waves corresponding to the peak amplitude
of the analytical Peregrine breather solution reach the CFB at t = 0s.

Figure 7.2a shows the sea surface displacements Eni(jc) and 52771(32 of the incoming
water waves of first- and second-order. These are the waves which would be
measured in the absence of the CFB. They are measured at the location of
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Figure 7.2: FSI between the CFB and waves corresponding to the unperturbed Peregrine
breather solution of the NLS. It is shown the first- and second-order components
of (a) the incoming water waves, the hydrodynamic forces acting in the (b)
horizontal and (c) vertical direction, and (d) the displacement of the CFB.

the center of the CFB. Given the incident velocity potentials gbél) and (;5(()2)

from Eq. (5.27), 771(,}2 and n'?) are computed using Eq. (4.19a) and Eq. (4.19Db),

inc
(1) and 52771(:2 are presented in Fig. 7.2a to better

respectively. The values of en;,.
understand the corresponding results for the hydrodynamic forces acting on the
CFB and the displacement of the CFB. As the wave envelope 1 of the Peregrine
breather solution has its peak amplitude at ¢ = 0, the time series of the incoming
water waves nl(ic) and 771(35) also have their peak amplitude around ¢ = 0.

The corresponding first- and second-order components of the hydrodynamic forces,
which act on the CFB in the horizontal and vertical direction, are presented
in Figs. 7.2b and 7.2c, respectively. Here, it has to be noted that the presence
of the CFB also disturbs the surrounding water waves, which in turn leads to
additional hydrodynamic forces acting on the CFB. The hydrodynamic forces
presented in Figs. 7.2b and 7.2c do not only contain the forces resulting from an
excitation of the incoming water waves 5771(12 and azni(fc) presented in Figs. 7.2a.
However, the presented forces also include the hydrodynamic forces resulting
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from the disturbance of the water waves through the presence of the CFB. This
is done by computing the hydrod;rnarnlc forces acting on the CFB using the
velocity potentials ¢(Z = ¢, )4 qu and Eq. (4.29).

Finally, Fig. 7.2d shows the resulting first- and second-order components of the
displacement of the CFB. It has to be noted that all results have been calculated
over the time period [—200s,200s]. However, to show the effect of the peak
amplitude of the Peregrine breather solution on the FSI in a better way, all
results are only depicted over the time period [-50s, 50s].

Furthermore, it has to be noted that the CFB can only perform translatory
motion in the vertical direction. Therefore, the forces e F} fl) and e°F 1(2), which act
on the CFB in the horizontal direction, do not influence the dynamics of the CFB.
However, in order to investigate the loads that the CFBs have to withstand in
the open sea, these forces are also presented in Fig. 7.2.

Considering Fig. 7.2a, it can be seen that the sea surface displacements en

and 527]1([)2 oscillate in time, whereby the oscillation frequency of 52771(nc) is higher

1)

inc

than the oscillation frequency of Enfig. This result has also been found in Chap. 5.

Here, it has been presented in Eqs. (5.35) and (5.37) that en!) oscillates in time
with a frequency around wp, while 6277522 includes contributions oscillating in time
with frequencies around wp and 2wp. It has to be noted the different contributions
of Enmc and Eni(jg are not oscillating in time exactly with frequencies wo and 2wy,
since all contributions are multiplied in Egs. (5.35) and (5.37) with the complex-
valued wave envelope 1. The multiplication with 1 can lead to time-dependent
phase shifts of the sea surface displacements 57782 and 5277536).

In the following, the magnitude of the second-order component of the incoming
water wave, eznifc, is compared to the corresponding magnitude of the first-

order component of the incoming water wave, snmc For this, the corresponding

wave heights of 577 and 5277(nc) are computed and compared. Let |n|u denote

the time- dependent wave height of the sea surface displacement 7. For some
given timepoint ¢, |n|u is defined as the difference between the next maximal and
minimal value, which 7 takes on around the timepoint ¢. For example, considering
the wave height \Enfr}g | of the sea surface displacement 5771(112 presented in Fig. 7.2a
around t = 30s, it is shown that 57](1) has a maximum of 0.1395m at ¢t = 30.45s

and a minimum of —0.1384m at ¢t = 29s. Therefore, Enmg has a wave height
of len' | = 0.1395m + 0.1384m = 0.2779m around ¢ = 30s. Similar to the
definition of the height |n|u of the sea surface displacement 1 around a given
timepoint ¢, the height of some acting force F' and the displacement of the CFB &

are defined in the same way and are denoted by |F'|u and |€|u, respectively.

fnc and €%z
behave regularly. For t ¢ [~30s,30s], the quotient of the wave heights of en'\)
and £2n2) is about 3.7%, i.e. |02 | /len'!) |4 = 3.7%. This means that the

wave height of the second-order component 5277}“2 is only about 3.7% of the wave

height of the first-order component 577-(1)

inc*

Outside the time period [—30s, 30 s], the sea surface displacements en

However, considering the wave height of
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the incoming water waves around ¢ = 0, it results |e1>)|u/|en) |u = 14%. This

means that the influence of the nonlinear second-order component 52171(32 on the
total sea surface displacement 7inc = eni(]}g + EQni(fc) increases significantly during
the peak of the Peregrine breather solution around ¢ = 0. This results directly
from the fact that the wave envelope ¥ of the Peregrine breather solution
becomes higher and steeper around its peak amplitude. Recall that 517&2 depends
linearly on 1, while 5277532 depends quadratically on v, see Egs. (5.35) and (5.37).
Therefore, once again, it is shown that the influence of nonlinear wave effects
on the overall behavior of water waves becomes larger for higher and steeper
water waves.

The results for the sea surface displacements 67]1(;2 and 5277532 can be directly
transferred to the results for the acting hydrodynamic forces and the displacement
of the CFB. Outside the time period [—30s,30s], Figs. 7.2b-7.2d show that
the effect of the second-order components of the forces and displacement is
small compared to the corresponding first-order results. However, the effect
of the corresponding second-order components becomes significant during the
developing of the peak amplitude of the Peregrine breather solution in the time
period [—30s,305s].

Qualitatively, it can be observed that the first-order quantities EFI(I), €F3(1),
and 65(1) presented in Figs. 7.2b-7.2d are all oscillating around zero outside the
time period [—30s, 30s]. However, it can also be observed that the second-order
quantities 52F1(2) and E2F§2) include non-zero mean values in the time period
[—30s,30s]. This shows that e2F* and 52F3(2) include drift forces. For regular
waves, such drift forces have already been observed in the results presented in
Sect. 6.7.1. Further analyses show that the second-order forces €2F1(2) and 62F3(2)
also include non-zero mean values outside the time period [—30s, 30s|, but these
are very small. Also the second-order displacement £2¢?) includes a non-zero
mean value over the whole time domain, but this mean value is also very small.
Comparing the forces acting in the horizontal and vertical direction with each
other, it can be seen that the forces acting in the horizontal direction are much
larger than those acting in the vertical direction. This means that the dynamics
of the CFB can strongly be increased if the CFB is not moving in the vertical
direction but in a plane inclined by some angle . This effect has already been
presented in Chap. 3, where an inclined WEC is investigated. Looking at the
harvested energy of the WEC presented in Chap. 3, this also means that the
second-order components of the hydrodynamic forces and displacement of the
inclined WEC can also significantly affect the amount of harvested energy.

In Sect. 5.3.2, it is noted that the Peregrine breather solution of the NLS is
conjectured in different studies to be a prototype of rogue waves in the ocean.
Therefore, Fig. 7.2 shows that nonlinear wave effects can contribute significantly
to the corresponding FSI during extreme wave events. As a result, the scheme
presented in this thesis can be used to estimate the linear and nonlinear hydrody-
namic loads acting on structures during extreme wave events. These loads must

165



166

7.2. Interaction with the Peregrine Breather Solution

be known to make, for example, mechanical structures resistant to rogue waves.

7.2.2 FSl with the Perturbed Peregrine Breather Solution

To compute the wave envelope 1) of the Peregrine breather solution, which is ini-
tially perturbed by an irregular sea surface, the IC used in Sect. 7.2.1 is perturbed
using the approach presented in Eq. (5.80). The corresponding sea surface dis-
placement nr.c(z,t) from Eq. (5.79) of a long-crested random water wave, which
is needed to compute the perturbed IC, is calculated using the Pierson-Moskowitz
spectrum Spum from Eq. (2.23) with peak frequency wp = 0.25rad/s and different
significant wave heights Hs. The numerical solution for the wave envelope 1, the
corresponding incident velocity potential ¢o, and the corresponding numerical
results for the FSI are computed using the same spatial and time domains and
discretizations as specified in Sect. 7.2.1.

First, the Peregrine breather solution is initially perturbed by an irregular sea
surface with significant wave height Hs = 1.5m. Using this value for Hs, the
perturbing irregular sea surface has the same significant wave height Hg as the
amplitude ¥o = 1.5 m of the background wave envelope of the Peregrine breather
solution. The corresponding wave envelope v of the perturbed Peregrine breather
solution has been presented in Fig. 5.14e.

In the following, the FSI is investigated, which occurs between the CFB and
waves corresponding to the perturbed Peregrine breather solution presented in
Fig. 5.14e. The corresponding results for the FSI are presented in Fig. 7.3. Here,
Fig. 7.3a shows the sea surface displacements 5771(,;2 and 52771(33 of the incoming
water waves of first- and second-order, which are measured at the position of
the center of the CFB. The corresponding hydrodynamic forces of first- and
second-order, which are acting on the CFB in the horizontal and vertical direction,
are presented in Figs. 7.3b and 7.3c, respectively. Finally, Fig. 7.3d shows the
first- and second-order components of the displacement of the CFB.

Compared to the results from Fig. 7.2 for the FSI with the unperturbed Peregrine
breather solution, it can be seen that the initial perturbation of the Peregrine
breather solution has only an influence on the amplitude of the results for n, F1, Fs,
and &, but not on the frequency. This is due to the fact that the considered initial
perturbation only changes the amplitude of the IC, see Eq. (5.81). However, it
can again be seen that the effect of the second-order components of the forces
and displacement becomes significant during the evolution of the peak amplitude
of the Peregrine breather solution in the time interval [—30s,30s]. However, the
second-order components of the forces and displacement become small outside
the time interval [—30s,30s]. This was also the case for the FSI between the
CFB and the water waves corresponding to the unperturbed Peregrine breather
solution, see Fig. 7.2.

Knowing that the considered perturbation only influences the amplitude of the
displacements and hydrodynamic forces acting on the CFB but not the frequency,



Chapter 7. Analysis of the FSI between a WEC and Nonlinear Water Waves

— e,
"

00
00
o o =
88§ ‘"""""""'A““‘A'A'A'A'A"' ' ' "'"A'A'A'A‘A'A'A'A'A'A'A'A'A 752F3(2)
00

-50 -40 -30 -20 -10 O 10 20 30 40 50

@ T T [
= 0.15H ]
% 43,1% ""‘ " ""'""""""“A'A'A" """""'A'A'A'A'A'A'A'A'A'A'A'A'A —— 2@

50 -40 -30 20 <10 0 10 20 30 40 50
t [s]

Figure 7.3: FSI between the CFB and waves corresponding to the Peregrine breather solution
of the NLS, which is initially perturbed by an irregular sea surface with significant
wave height Hs = 1.5m. It is shown the first- and second-order components
of (a) the incoming water waves, the hydrodynamic forces acting in the (b)
horizontal and (c) vertical direction, and (d) the displacement of the CFB.

only the amplitude of the displacements and forces are investigated in more detail
in the following. Here, the peak envelopes of the displacements and hydrodynamic
forces are considered. The peak envelope of a function f can be computed by
connecting all maxima or minima of f. Connecting all maxima results in the
upper peak envelope (UPE), connecting all minima results in the lower peak
envelope (LPE). To show this in a better way, Fig. 7.4 presents the values of
the upper and lower peak envelope for some hydrodynamic force sFél) + 62F3(2)
acting on the CFB in the vertical direction.

In the following, the effect of an initial perturbation of the Peregrine breather
solution on the FSI with the CFB is investigated for different significant wave
heights Hs. Recall that the significant wave height Hs describes the average value
of the highest third of the waves in an irregular sea. Therefore, the amplitudes
of the initial perturbation of the Peregrine breather solution become larger for
larger significant wave heights Hs. The investigation is performed by studying
the value of the upper peak envelope for the total hydrodynamic forces acting
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Figure 7.4: Example for the upper and lower peak envelope.

in the horizontal and vertical direction and the total displacement of the CFB.
Let Fy, F3, and £ denote the total hydrodynamic forces acting in the horizontal
and vertical direction and the total displacement of the CFB, respectively. Using
the Stokes perturbation expansions from Egs. (4.13b), (4.28), and (4.34), and
considering only the terms of first- and second-order, it results

Fi=eFV +2FP, Fy=cF{" +2F?, and ¢ =etM +2@. (1.1

The values of the upper peak envelopes of F', F3 and ¢ are presented in Fig. 7.5
for different significant wave heights Hs. Here, the wave envelopes 1 of the
perturbed Peregrine breather solutions shown in Figs. 5.12 and 5.14 have been
used to compute the corresponding incident velocity potential ¢ of the incoming
water waves. The result with Hs = 0 represent the results for the Peregrine
breather solution without any initial perturbation.

Figure 7.5 shows that the perturbation of the Peregrine breather solution strongly
affects the corresponding F'SI with the CFB. The higher the value of the significant
wave height Hs, the more the results for F}, F3 and £ differ from the corresponding
result with Hs = 0. For example, it can be seen that the upper peak envelopes
of F1, F3 and & strongly decrease at time point ¢ = 0 for Hs = 1.5m and Hs = 2m
compared to the corresponding values for Hs = 0.

For Hy = 2m, Fig. 7.5 also shows that the upper peak envelopes of Fi, F3
and £ has higher values at timepoint ¢ = 120s than at ¢ = 0. This means
that the perturbation of the Peregrine breather solution can also lead to high
hydrodynamic forces and displacements outside the time period [—30s,305s],
where the unperturbed Peregrine breather solution reaches its peak amplitude.
Furthermore, this means that nonlinear wave effects can largely affect the FSI
over the whole simulation time and not only in the time period [-30s,30s].
To present this in a better way, Fig. 7.6 shows the time series of the first- and
second-order components of the hydrodynamic forces acting on the CFB in the
vertical direction for H; = 2m and ¢ € [—180s,180s]. Here, it is shown that the
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Figure 7.5: Upper peak envelopes for the FSI between the CFB and water waves correspond-
ing to the Peregrine breather solution, which is initially perturbed by irregular
sea surfaces with different significant wave heights Hs. Shown are the upper
peak envelopes of (a) Fi, (b) F3, and (c) &.

force 62F3(2) can contribute significantly to the total hydrodynamic force F3 over
the whole simulation time.

It can be concluded that an initial perturbation can strongly affect the behavior
of the Peregrine breather solution. Furthermore, nonlinear wave effects can
contribute significantly to the corresponding FSI over the whole simulation
time. Compared to the FSI between the CFB and waves corresponding to the
unperturbed Peregrine breather solution, an initial perturbation considerably
affects the water waves and the resulting FSI.

It has to be noted that all results presented in this section have only been

computed for one realization of the stochastic perturbation for each value of Hs.

A stochastic analysis should be performed using many given realizations of the
stochastic processes to better analyze the effect of an increasing significant wave
height Hs on the corresponding FSI. However, to make the scope of this thesis
not too extensive, a corresponding study is not shown here.
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Figure 7.6: Hydrodynamic forces acting on the CFB, which result from waves corresponding
to the Peregrine breather solution that is initially perturbed by an irregular sea
surface with significant wave height Hs = 2m.

7.3 Interaction with the Soliton Solution

Next, the FSI between the CFB and the waves corresponding to the soliton
solution of the NLS is considered. The influence of an initial perturbation of
the soliton solution on the FSI is also investigated here. Again, all results are
computed numerically.

7.3.1 FSI with the Unperturbed Soliton Solution

First, results are presented for the FSI between the CFB and water waves
corresponding to the unperturbed soliton solution of the NLS. The initial condition
for the ReSP scheme, which is described in Sect. 5.4, is computed using the soliton
solution from Eq. (5.45) at time T' = 0 with ko = 0.5m™", 20p = 1.5m, € = 0.1,
and Xs = 0. In Sect. 5.3.3, the wave envelope ¥ and sea surface displacement 7
of the corresponding analytical soliton solution are shown in Fig. 5.5.

The numerical solution of the NLS and the corresponding incident velocity
potential ¢ are computed using the same spatial domain and corresponding step
sizes AX and AZ as specified in Sect. 7.2.1. Furthermore, the numerical solution
of the NLS and the corresponding incident velocity potential ¢o are computed
on the time domain 7" € [0, 40s| using a temporal step size of AT = 0.005s. The
corresponding numerical results for the FSI are computed using the same spatial
domain Q and water depth h as specified in Sect. 7.2.1. In addition, the same
step sizes Ar and Az are used as in section 7.2.1. The numerical results for the
FSI are computed on the time domain ¢ € [0s,400s] using a temporal step size
of At =0.05s.

To compute the corresponding FSI with the CFB, the CFB is placed at loca-
tion & = 442.9m. In this way, the peak amplitude of the unperturbed soliton
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solution reaches the CFB at time ¢ = 200s.

Figure 7.7a shows the sea surface displacements Eni(ic) and 62771(32 of the incoming
water waves of first- and second-order, which are measured at the position of the
center of the CFB. The first- and second-order components of the hydrodynamic
forces, which act on the CFB in the horizontal and vertical direction, are presented
in Figs. 7.7b and 7.7c, respectively. Finally, Fig. 7.7d shows the resulting first-
and second-order components of the displacement of the CFB. It has to be
noted that the sea surface displacements Eni(jg and sanjg of the incoming water
waves become significantly small outside the time domain [150s, 250s]. Therefore,
the corresponding FSI with the CFB is shown in Fig. 7.7 only for the time
domain ¢ € [150s,250s].

First, the heights of the first- and second-order quantities shown in Figs. 7.7a-7.7c
are compared with each other. Here, it can be observed that the quotient
of |577$2|H and \€2ni<fc>|H at time ¢t = 200s is about 4%, i. e. ‘52771(fc>|H/|5771(n12|H = 4%.

Similar results are observed for the corresponding forces acting on the CFB. At

2
150 175 200 225 250

Figure 7.7: FSI between the CFB and waves corresponding to the unperturbed soliton
solution of the NLS. It is shown the first- and second-order components of (a) the
incoming water waves, the hydrodynamic forces acting in the (b) horizontal and
(c) vertical direction, and (d) the displacement of the CFB.
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time ¢ = 2005, it holds [e?F{? [ /|e F{" | = 5.4% and |2 F? |u/|e F\" |u = 5.2%.
Therefore, it is observed that the second-order quantities 52771(327 52F1(2) and €2F§2)
presented in Figs. 7.7a-7.7c do not contribute as much to the total quantities n, F1
and F3 as it has been the case during the peak amplitude of the unperturbed
Peregrine breather solution, see Fig. 7.2. However, the nonlinear effects coming
from the force components of second-order are small, but not negligible. Therefore,
they should still be considered for constructing cylindrical offshore structures,
like jacket structures and piles, operating in real ocean waves.

Finally, the displacements e£*) and £2¢(? of the CFB are investigated. First,
Fig. 7.7d shows that the incoming sea surface displacement of first-order, 6171(32,
becomes maximal at time ¢ = 199s. In contrast, the displacement 55(1) be-
comes maximal at time ¢ = 202.5s. This shift in time results from the inertia
effects of the CFB. Considering the displacement €2¢(®| it can be observed
that 525(2) becomes small at time ¢t = 202.5s. However, in the time periods
[1505,2005s] and [205s, 250s], where the respective amplitude of £ increases
and decreases, the displacement 2£® reaches its highest amplitudes. Here, the
quotient of the heights of the displacements €& M and £2¢®@ reaches values up
to 4%, i.e. [e26@ | /|e€W | = 4%. Therefore, also considering the displacement
of the CFB, it can be concluded that the nonlinear effects appearing in the
FSI should be considered for the construction of cylindrical offshore structures
operating in real ocean waves.

7.3.2 FSI with the Perturbed Soliton Solution

To compute the wave envelope 9 of the soliton solution, which is initially per-
turbed by an irregular sea surface, the IC used in Sect. 7.3.1 is perturbed using
the approach presented Eq. (5.80). The corresponding sea surface displace-
ment nrc(z,t) from Eq. (5.79) of a long-crested random water wave, which is
needed to compute the perturbed IC, is calculated using the Pierson-Moskowitz
spectrum Spum from Eq. (2.23) with peak frequency wp, = 0.25rad/s and different
significant wave heights Hs. The numerical solution for the wave envelope 1, the
corresponding incident velocity potential ¢, and the corresponding numerical
results for the FSI are computed using the same spatial and time domains and
discretizations as specified in Sect. 7.3.1.

First, the soliton solution is initially perturbed by an irregular sea surface with
significant wave height Hy = 1.5 m. The corresponding wave envelope 1 of the
perturbed soliton solution has been presented in Fig. 5.17e.

In the following, the FSI is investigated, which occurs between the CFB and the
perturbed soliton solution presented in Fig. 5.17e. The corresponding results for
the FSI are presented in Fig. 7.8. Here, Fig. 7.8a shows the sea surface displace-
ments sni(ig and 52771(32 of the incoming water waves of first- and second- order,
which are measured at the position of the center of the CFB. The corresponding
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Figure 7.8: FSI between the CFB and waves corresponding to the soliton solution of the
NLS, which is initially perturbed by an irregular sea surface with significant
wave height Hy = 1.5m. It is shown the first- and second-order components
of (a) the incoming water waves, the hydrodynamic forces acting in the (b)
horizontal and (c) vertical direction, and (d) the displacement of the CFB.

forces of first- and second- order, which are acting on the CFB in the horizontal
and vertical direction, are presented in Figs. 7.8b and 7.8c, respectively. Finally,
Fig. 7.8d shows the first- and second-order components of the displacement of
the CFB.

In contrast to the results shown in Fig. 7.7 for the soliton solution without
any initial perturbation, it can be seen that the incoming water waves shown
in Fig. 7.8a are exciting the CFB over the whole presented time domain,
see e.g. Figs. 7.8b-7.8d for ¢ < 180s. Therefore, also the walls of the CFB
have to resist the acting hydrodynamic forces over the whole time domain. Re-
garding the WEC, which has been introduced in Chap. 3, this means that energy
can be harvested over the whole time domain. This would not be the case, if the
WEC is excited by the waves corresponding to the unperturbed soliton solution,
since the CFB would only move during a short time period, see Fig. 7.7d.
Investigating the results presented in Figs. 7.8b and 7.8c, it can be seen that the
largest amplitude of the first-order components of the hydrodynamic forces are
acting on the CFB during the peak amplitude of the perturbed soliton solution
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at t =~ 200s. Therefore, also the first-order components of the displacement of
the CFB reach their highest amplitudes around ¢ ~ 200s. However, compared to
the results presented in Fig. 7.7 for the unperturbed soliton solution, it can be
seen that the peak amplitudes of snfr}g, sFl(l), 5F3(1), and e€) are shifted in time.
Therefore, an initial perturbation of the soliton solution does not only affect the
amplitudes of 5F1(1), 5F3(1), and & M) but also the locations of the corresponding
maximal amplitudes in time.

Considering the second-order quantities 62F1(2), g2 Féz), and 2¢ @) Figs. 7.8b-7.8d
show that the amplitudes of these quantities become relatively large in the time
around ¢ = 200s, where also the unperturbed soliton solution has its peak
amplitude. However, Figs. 7.8b-7.8d also show that 52F1(2), EQFS(Q), and 525(2)
have large amplitudes at time ¢ = 185s, where the corresponding first-order
quantities have low amplitudes. In order to show this is a better way, Fig. 7.9
shows a zoom into the results presented in Figs. 7.8b-7.8d around ¢ = 185s.
Therefore, if the soliton solution is initially perturbed by an irregular sea surface,
it is observed that the contribution of the second-order quantities to the overall
results for the FSI can become significant for short time periods.

Next, the influence of different significant wave heights Hs on the results for
the FSI is investigated. Again, this is done by considering the upper peak
envelopes of F, I3, and £. The values of the upper peak envelopes of Fi, F3 and £
are presented in Fig. 7.10 for different values of Hs over the time period [20s, 380 s].
Here, the corresponding wave envelopes 9 of the initially perturbed soliton
solutions shown in Figs. 5.15 and 5.17 are used to compute the corresponding
incident velocity potential ¢o of the incoming water waves. The results for Hs = 0
represent the results for the unperturbed soliton solution.

Figure 7.10 shows that an initial perturbation of the soliton solution strongly
affects the corresponding FSI with the CFB. Hydrodynamic forces are not
only acting on the CFB in the time period [150s,250s], where water waves
corresponding to the unperturbed soliton solution act on the CFB, but over the
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Figure 7.9: Zoom into the results presented in Figs. 7.8b-7.8d around ¢t = 185s. It is shown
the first- and second-order components of the hydrodynamic forces acting in the
(a) horizontal and (b) vertical direction, and (c) the displacement of the CFB.
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Figure 7.10: Upper peak envelopes for the FSI between the CFB and water waves corre-
sponding to the soliton solution, which is initially perturbed by irregular sea
surfaces with different significant wave heights Hs. Shown are the upper peak
envelopes of (a) Fy, (b) F3, and (c) &.

whole time domain. Therefore, the CFB also performs translational motion over
the whole time domain.

Considering the maximal amplitudes of the upper peak envelopes of Fi, F3,
and £ around t = 200s, it can be seen that the initial perturbation of the soliton
solution by an irregular sea surface can lead to a small shift of the corresponding
maximal amplitudes in time. For example, the maximal amplitude of the upper
peak envelopes of I} for H; = 0.75m and Hs = 1.5m are shifted against each
other by about 3s. Such a shift in time has already been observed in the results
presented in Fig. 7.7. Furthermore, Fig. 7.10 shows that the perturbation of the
soliton solution has a significant effect on the maximal amplitude of the upper
peak envelopes of Fi, F3, and £. For example, it can be seen that the maximal
value of UPE(F3) around ¢ = 200s changes between 1163 N for Hy = 2m and
2370N for Hs = 1m.

It has to be noted that all results presented in this section have only been
computed for one realization of the stochastic perturbation for each value of Hs.
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Therefore, considering different stochastic perturbations with the same significant
wave heights H might even lead to larger maximal values of UPE(F}), UPE(F3),
and UPE(&). To make the scope of this thesis not too extensive, a corresponding
stochastical analysis about the range of the maximal values of UPE(F}), UPE(F3),
and UPE() for other realizations of the stochastic perturbations is not shown
here. However, it has been shown that an initial perturbation can strongly
affect the behavior of the soliton solution and the corresponding FSI with a
cylindrical structure.

7.4 Influence of the Presence of the Body on Non-
linear Water Waves

In the previous sections, the influence of the water waves on the motion of
the CFB has been investigated. However, the presence the CFB also disturbs
the incoming water waves. In Sect. 4.1.4, the velocity potential ¢ corresponding
to the water waves, which are perturbed by the presence of the CFB, has been
separated into the velocity potentials ¢o and ¢, see Eq. (4.21). Here, ¢ is the
velocity potential of the incoming water waves, and ¢p is the velocity potential
corresponding to the body disturbance.

In this section, the influence of the CFB on the surrounding water waves is
studied. Such an investigation is interesting, for example, if a second structure is
moving next to the CFB considered in this chapter. In this case, the water waves
are disturbed by the presence of the CFB, whereby the disturbance can lead to
hydrodynamic forces acting on the second structure and vice versa. Investigating
the influence of the CFB on the incoming water waves, it can be analyzed
whether these hydrodynamic interaction forces between the two structures can
be neglected in the computation of the corresponding motion of each structure
or not.

In the following, the influence of the CFB on the surrounding water waves is
investigated by studying the frequency spectrum of the sea surface displacement.
Here, the spectrum of the incoming water waves 7inc, which are not disturbed
by the presence of the CFB, are compared with the spectrum of the water
waves Niotal, Which are disturbed by the presence of the CFB. First, the FSI
between the incoming water waves and the CFB is computed over a time period
of length 400s. This includes the calculation of Miota1. Afterward, the time
series of Ninc and 7otal at a given spatial position are considered. Physically, this
corresponds to a sensor that measures the sea surface displacement at a given
spatial position. In this section, the sensor is placed 1 m away from the CFB.
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Based on the direction of the incoming long-crested water waves, the sensor is
located exactly behind the cylinder. Figure 7.11 depicts the position of the used
sensor. It has to be noted that the computed frequency spectra depend on the
location of the sensor. However, to make the study not too extensive, only one
sensor location is considered in this section.

In the following, the frequency spectra of the first- and second-order component

of Tine and Miotar, Which are given by enly), ey, enlyl,, and iz, are

compared with each other. After calculating the time series of Eni(nlc), Ezni(fg,

6n£c1)2a1, and 5217522&1 at the given spatial position, the corresponding frequency
spectra are calculated using a discrete Fourier transform. To eliminate the
influence of the transition phase of the CFB motion on snéigal and 6277532&1,
the time series of Eni(ig, 62171(32, 5778231, and 5277522&1 are only considered during
the steady state of the CFB. In addition, all considered time series have been
truncated so that they start and end with a maximum. However, since the
considered time series are not periodic, the corresponding time series are also
windowed using a Hann filter.

Since the resulting frequency spectra are complex-valued, only the amplitudes of
the spectra are considered. Denoting the frequency spectra by P = P(w), the

1 2 1 2 . .
i(nc>7 52771(1;27 Entgozal’ and 5277‘502:11 are anEStlgatEd

values of | P(w)| corresponding to en
in this section.

The described investigations are performed for the case that the CFB is excited
by waves corresponding to Peregrine breather and soliton solution of the NLS,
respectively. The solutions of the NLS are considered without and with an initial
perturbation by an irregular sea surface with peak frequency wp = 0.25rad/s and
significant wave height Hs = 1.5 m. All numerical results are calculated using the
same wave parameters, time domains, spatial domains, and step sizes as specified

in Sect. 7.2 and Sect. 7.3, respectively.
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water waves
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Figure 7.11: Position of sensor, which measures the sea surface displacements.
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7.4.1 Influence of the Peregrine Breather Solution

First, the effect of the presence of the CFB on the waves corresponding to the
unperturbed Peregrine breather solution of the NLS is investigated. The time
series of sr]i(ic) and 5277532, which are analyzed in the following, are the same as

presented in Fig. 7.2a. The corresponding frequency spectra of Eni(jc), 527]5327

snéizal, and 627752');31 are presented in Fig. 7.12. Here, Fig. 7.12a and Fig. 7.12b
show the same frequency spectra using a linear and logarithmic vertical axis
scale, respectively.

Figure 7.12 shows that the frequency spectrum of the first component of the
incoming undisturbed water waves, sni(ig, has a high peak around w = 2.2rad/s.
This peak corresponds to the carrier wave frequency wo = v/kog = 2.2147rad/s,
with which the background wave of the undisturbed Peregrine breather solution
oscillates in time. This background wave can also be seen in Fig. 7.2a outside the
time period [—30s,30s]. The remaining components of the frequency spectrum
of sni(nlg result from the rise of 5771(:3 during the peak amplitude of the Peregrine
breather solution in the time period [—-30s,30s].

Considering the spectrum of the second component of the incoming undis-
turbed water waves, 52771(32, it can be seen that the spectrum has a high peak
around w = 4.4rad/s. This indicates that the corresponding sea surfce displace-
ment 5277532 oscillates in time with frequency w = 2wg. This has also been
observed in the analysis of the results presented in Fig. 7.2a. However, the
spectrum of 52171(32 also includes components around wp. These components have
already been observed in the general formula for 52771(52 presented in Eq. (5.37).
However, instead of containing only a single frequency component at w = wp,
the spectrum of 52771(32 contains many frequency components around wp. This
results from the rise of 52771(32 during the peak amplitude of the Peregrine breather
solution in the time period [—30s, 305].

Comparing the frequency spectra of the incoming water waves with the corre-
sponding frequency spectra of the waves disturbed by the presence of the CFB,
it can be seen that the spectra of Eni(jc) and EWEizal only differ slightly from each
other. For w < wo, both spectra are approximately the same. For w > wo, only a
small change in the frequency spectra can be observed. This means that the CFB
has only a minor influence on the higher frequency components of the first-order
components of the surrounding water waves.

However, comparing the spectra of 5%7532 and 6277532&1 with each other, it can
be seen that the CFB significantly affects the amplitude of the spectrum of
the second-order components of the surrounding water waves. It is shown that
the presence of the CFB does not introduce new components in the frequency
spectrum, but the amplitudes of the frequency components around w = 2wq are
significantly increased. Furthermore, it can be seen that the presence of the
CFB does not change the frequency components around w = wo. The frequency

components around w < 1rad/s are changed, but the corresponding amplitudes
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Figure 7.12: Frequency spectra of water waves measured at the position of the sensor, which
correspond to the unperturbed Peregrine breather solution of the NLS. The
spectra are shown using a (a) linear and (b) logarithmic vertical axis scale.

are small. Moreover, a nonzero component at w = 0 is introduced, which indicates
that 5277t(§2a1 includes a constant shift in time. Therefore, it can be concluded
that the presence of the CFB has only a small effect on the spectrum of the
first-order components of the surrounding water waves but a significant effect on
the spectrum of the corresponding second-order components.

Next, the frequency spectra of 877“27 EZni(:C), E’I]éigal, and 527783&1 are investigated
for the case that the CFB is excited by waves corresponding to the Peregrine
breather solution of the NLS, which has been initially perturbed by an irregular
sea surface with significant wave height H; = 1.5 m. The corresponding results are
presented in Fig. 7.13. Again, all results are shown using a linear and logarithmic
vertical axis scale. The time series of sni(r}g and 52771(32, which are analyzed in the
following, are the same as presented in Fig. 7.3a.

Compared to the the frequency spectra presented in Fig. 7.12, it can be seen that

a perturbation of the Peregrine breather solution (d())es no(t )charig;e the described
1) 2 (2 i

qualitative behavior of the frequency spectra of en;\l, €15, €N;orars and 5217532&1.

Again, the frequency spectra of 5771(30) and 52771(30), which are presented in Fig. 7.13,
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Figure 7.13: Frequency spectra of water waves measured at the position of the sensor, which
correspond to the Peregrine breather solution of the NLS initially perturbed by
an irregular sea surface with significant wave height Hs = 1.5 m. The spectra
are shown using a (a) linear and (b) logarithmic vertical axis scale.

contain components around w = wo and w = 2wy, respectively. Going from
sni(ig to 6277£c1)2a1 and from 52171(32 to 527782&17 it can be seen that the presence of
the CFB only slightly changes the spectrum of the first-order components of
the surrounding waves, but has a considerable influence on the corresponding
second-order components.

Figure 7.13 also shows large noise in all presented frequency spectra. This noise
result from the initial perturbation of the Peregrine breather solution, but also
from the windowing of the corresponding time series by the Hann filter.

It can be concluded that the presence of the CFB does not significantly affect the
frequency spectra of first-order components of the surrounding water waves, but
the frequency spectra of the corresponding second-order components. Therefore,
for the considered wave and system parameters, when analyzing the motion of
two structures moving side by side in the ocean, the corresponding hydrodynamic
interaction forces between the two bodies can become small if a linear FSI is
considered. However, they can become significant if a nonlinear FSI is considered.
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7.4.2 Influence of the Soliton Solution

In this section, the effect of the presence of the CFB on the waves corresponding

to the soliton solution of the NLS is investigated. Again, the frequency spectra of
sni(ig, 52771(52, 577t(c1>2a17 and 6277‘532&1 are compared with each other. Considering the
interaction with the CFB and the unperturbed soliton solution, the corresponding
frequency spectra are presented in Fig. 7.14. The time series of 5771(;2 and 6277i(fg,

which are analyzed in the following, are the same as presented in Fig. 7.7a.

The same qualitative behavior of the frequency spectra of 5171(32, 52171(32, snéigal,

and 5217t(§za1 can be observed as has been presented in Fig. 7.12 for the unper-

(1)

inc

turbed Peregrine breather solution. For example, the frequency spectra of en
and 6277532 shown in Fig. 7.14 contain components around w = wo = 2.2147rad/s

and w = 2wy, respectively. By comparing the frequency spectra of 5771(;2 and Eng(l)z al
with each other, it can be seen that the presence of the CFB only slightly changes
the amplitude of the spectrum of the first-order components of the surrounding

water waves. In contrast, the presence of the CFB significantly affects the spec-
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Figure 7.14: Frequency spectra of water waves measured at the position of the sensor, which
correspond to the unperturbed soliton solution of the NLS. The spectra are
shown using a (a) linear and (b) logarithmic vertical axis scale.
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trum of the corresponding second-order components. Considering the frequency
spectra of 52771(32 and e ntozal, it can be seen that the presence of the CFB changes
the amplitude of the frequency components around w = 2wy and w < 1.2rad/s.
Compared to the corresponding results for the unperturbed Peregrine breather
solution presented in Fig. 7.12, it has to be noted that the frequency spectra shown
in Fig. 7.14 do not have high single peaks at w = wg and w = 2wg. This results
from the fact that the incoming water waves corresponding to the soliton solution
do not propagate on a background wave with frequency wo, see Fig. 7.7a.

For the sake of completeness, the frequency spectra of Eni(ig, € 171(52, 8775(1)2&17

and 6277502&1 are investigated next for the case that the CFB is excited by waves

corresponding to the soliton solution of the NLS, which has been initially per-
turbed by an irregular sea surface with significant wave height Hs = 1.5m. The
corresponding results are presented in Fig. 7.15. Again, all results are shown using
a linear and logarithmic vertical axis scale. The time series of eni(ic) and 527]1(32,
which are analyzed in the following, are the same as presented in Fig. 7.8a.
Compared to the results presented in Fig. 7.14, it can be seen that a perturbation
of the soliton solution does not change the described qualitative behavior of the
frequency spectra of 6771(32, 62771&?0, 577tota17 and 52n§§2a1- Again, as it has been the
case going from the unperturbed to the perturbed Peregrine breather solution of
the NLS, the perturbation of the soliton solution only introduces large noise in
all presented frequency spectra. This noise result from the perturbation of the
soliton solution but also from the windowing of the corresponding time series by
the Hann filter.

Again, it can be concluded that the presence of the CFB does not significantly
affect the frequency spectra of the first-order components of the surrounding water
waves, but the frequency spectra of the corresponding second-order components.
This can again be important when the motion of two structures, which are moving
side by side in the ocean, is analyzed considering a nonlinear FSI.

7.5 Interaction with Random Nonlinear Stokes
Waves

In the previous sections, the FSI between the CFB and water waves corresponding
to solutions of the NLS has been investigated. Here, the influence of the water
waves on the dynamics of the CFB has been studied. In addition, the influence
of the presence of the CFB on the surrounding water waves has been analyzed.
In this section, corresponding results are presented for the FSI between the CFB
and the random nonlinear Stokes waves introduced in Sect. 4.3.2. Afterward, the
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Figure 7.15: Frequency spectra of water waves measured at the position of the sensor, which
correspond to the soliton solution of the NLS initially perturbed by an irregular
sea surface with significant wave height Hy = 1.5m. The spectra are shown
using a (a) linear and (b) logarithmic vertical axis scale.

obtained results are compared with those presented in the previous sections. In
this way, the similarities and differences between the FSI with random nonlinear
Stokes waves and waves corresponding to the NLS can be investigated.

The first-order component of the used long-crested incoming random water
waves, 5771(52, is computed using Eq. (2.28) with xo = 0. The amplitude
of 577&2 is described using the PM-spectrum Spy from Eq. (2.23) with peak
frequency wp = %’T rad/s and significant wave height Hs = 0.7m. Using this
peak frequency, the corresponding random water waves have a peak period
of 27 /wp = 3s. The PM-spectrum Spw is discretized in M, = 120 parts with
respective widths Aw,, and frequencies wm, € [Wmin, Wmax] = [0, 10rad/s].

The corresponding first- and second-order components of the incident velocity
potential of the incoming water waves, 5(;581) and €2¢82)7 are computed using
Egs. (4.45) and (4.47), respectively. The corresponding numerical results for the
FSI are computed for h = 7m. Furthermore, the same domain Q and step sizes
Ar, Az, and At are used as specified in the Sect. 7.2.1. All numerical results are
computed for the time domain ¢ € [0, 400s].
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First, the FSI between the CFB and the random nonlinear Stokes waves of
second order is investigated. Corresponding results for the FSI are presented in
Fig. 7.16. Here, Fig. 7.16a shows the sea surface displacements sni(nlc and 6277522
of the incoming water waves of first- and second-order, which are measured at
the position of the center of the CFB. It is shown that 6277i(fg contributes largely
to the overall incoming water waves over the whole time domain. Compared
to sni(iz, the amplitude of 52771(32 can become relatively large. For example,
at t = 555, the quotient of the wave heights of 67)1(;2 and 6%}532 is about 41%,
ie. \E2nl(fc>|H/|s77$2|H = 41%. Furthermore, it can be observed that EZni(fz is
oscillating with a higher mean frequency than Enfjg. Therefore, for the used
wave parameters, a linear wave theory is not sufficient to compute the temporal
behavior of the incoming water waves. A nonlinear wave theory must be used here
to accurately simulate the temporal behavior of the incoming water waves.

Figures 7.16b and 7.16¢ present the hydrodynamic forces of first- and second-order,
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Figure 7.16: FSI between the CFB and random nonlinear Stokes waves, which are described
using the PM-spectrum with peak frequency wy, = 277' rad/s and significant
wave height Hs = 0.7m. Shown are the first- and second-order components
of (a) the incoming water waves, the hydrodynamic forces acting in the (b)
horizontal and (c) vertical direction, and (d) the displacement of the CFB.
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which act on the CFB in the horizontal and vertical direction, respectively. It can
be seen that the second-order components of the corresponding hydrodynamic
forces contribute largely to the overall forces over the whole time domain. This
means that the amplitudes of e?F, 1(2) and €2F§2) can become relatively high com-
pared to the amplitudes of sFl(l) and 6F3$1). Moreover, it can be seen that €2F1(2>
and SQFPEZ) are oscillating with a higher frequency than sFl(l) and 5F§1). The
hydrodynamic forces 52F1(2) and E2F3(2) are also not oscillating around zero, but
they contain positive and negative shifts, respectively. The higher oscillation
frequencies and shifts have already been observed in the results presented in
Sect. 7.2 and 7.3, where the CFB has been excited by waves corresponding to
solutions of the NLS.

Finally, Fig. 7.16d shows the first- and second-order components of the dis-
placement of the CFB. Here, it can be seen that £26(?) contributes to the total
displacement of the CFB over the whole simulation time. However, this contri-
bution is small compared to the contribution of the forces 52F1(2) and €2F3(2) to
the total acting hydrodynamic forces. For the amount of harvested energy of the
point absorber presented in Chap. 3, this means that the second-order component
of the displacement of the WEC, £2£ | would not significantly affect the amount
of harvested energy. However, this is only the case for the considered system and
wave parameters. For different water waves, £2¢ ? can largely affect the amount
of harvested energy. This has been shown, for example, in Fig. 7.2d, where
the response of the CFB excited by waves corresponding to the unperturbed
Peregrine breather solution of the NLS is presented. Here, it has been presented
that £2¢® has a significant contribution to the overall displacement during the
time period [—30s, 30s].

Next, the influence of the CFB on the surrounding random nonlinear Stokes
waves is investigated. Again, this is done by comparing the frequency spectra
of 577533, 52771(327 61753)2&1, and 5277532&1 with each other. The CFB is excited by the
incoming water waves snfig l(fg presented in Fig. 7.16. The corresponding
frequency spectra of 8771(127 52771(527 57]83&1, and 5277532&1 are presented in Fig. 7.17.
Again, all results are shown using a linear and logarithmic vertical axis scale.
Considering Fig. 7.17, it can be observed that the frequency spectrum of 5771(;2

consists of many larger peaks in the domain w € [0, 10rad/s]. Between these peaks,
1)

inc

and &%n

the frequency components of ;.. have small amplitudes. This is due to the fact

that Eni(jc) has been computed using the superposition of M,, = 120 regular water
waves with wave frequencies w € [0,10rad/s|, see Eq. (2.28) with xo = 0. Using
the PM-spectrum Spwm, the amplitudes of the peaks of the frequency components
of sni(ig are given by 1/2Spm(w)Aw. This can also be seen in Fig. 7.17, where

the amplitude function f(w) = 1/2Spm(w)Aw is presented for w € [0, 10rad/s].
(1)

It has to be noted that the amplitudes of the frequency components of en;, .
shown in Fig. 7.17 are not exactly given by \/2Spm(w)Aw. This is due to the

fact that the frequency spectrum has been discretized too roughly. This can be
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Figure 7.17: Frequency spectra of random nonlinear Stokes waves measured at the position
of the sensor. The spectra are shown using a (a) linear and (b) logarithmic
vertical axis scale.

fixed by simulating Eni(;c) over a longer simulation time. For the results presented
in Fig. 7.17, sni(jg has been simulated over a simulation time of 400s.

Considering the second-order component of the incoming water waves, it can
be observed that the frequency spectrum of 5277513 contains components with
w € [0,20rad/s]. This results from the fact that 52771(32 contains interactions
between the frequency components of the incoming water waves of first order.
This has also been described in Sect. 4.3.2, where the nonlinear incident velocity
potential of random water waves has been discussed. Therefore, since the spectrum
of 5171(;2 contains wave components with frequencies w € [0, 10rad/s], the spectrum

of 52171(32 contains wave components with frequencies w € [0, 20rad/s]. Here, the

frequency components of 52171(32 with frequencies w € [4rad/s, 11rad/s] have the
highest amplitudes.

Next, the effect of the presence of the CFB on the surrounding water waves is
investigated. Comparing the frequency spectra of Eni(ig and snt(izal with each
other, it is observed that the presence of the CFB only affects the frequency

components of the surrounding water waves with frequencies w > wy, whereby
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the peak frequency wp is given by wp, = 2—” rad/s = 2.09rad/s. However, the
effect of the CFB on the correspondln% amphtudes is small. In contrast, by
comparing the frequency spectra of € nm and &2 ntotal with each other, it can be
seen that the CFB significantly affects the amplitude of the frequency spectrum
of the second-order components over the whole frequency domain, i.e. for all
w € [0,20rad/s]. Especially for w € [4rad/s, 8rad/s], the presence of the CFB

strongly increases the amplitude of the corresponding frequency components.

This shows that the presence of the CFB only slightly affects the first-order
components of the surrounding water waves but largely affects the corresponding
second-order components.

It has to be noted that the presence of the CFB does not introduce additional
frequency components of large amplitude in the first-order component of the
surrounding water waves. This means that the amplitudes of the spectrum
of snt(cl)zal decays significantly for frequencies w > 10rad/s. However, Fig. 7.17b
shows that the CFB introduces frequency components in the spectrum of snt(izal
around w = 16rad/s. However, these introduced frequency components have
very small amplitudes. They are related to the eigenfrequency of the considered
mechanical system. Using the system parameters of the CFB summarized
in Tab. 7.1, the resulting CFB has a mass of 4768 kg and an eigenfrequency
of 16.04rad/s. Recall that also the motion of the CFB disturbs the incoming
water waves. Therefore, Fig. 7.17b shows that the motion of the CFB introduces
frequency components in the spectrum of snéizal, which are oscillating in time
with the eigenfrequency of the CFB. However, these frequency components have
only a small effect on the motion of 5’7*Eiza1'

Similar to the results presented in Fig. 7.17b, it has to be noted that frequency
components around w &~ 16rad/s can be observed in the frequency spectra of the

waves corresponding to the NLS, which are disturbed by the presence of the CFB.

However, because their effect on the motion of 8775(1)2&1 is small, these frequency
components have not been presented in Figs. 7.12-7.15.

The introduction of components in the wave spectrum, which have frequencies
around the eigenfrequency of the CFB, can also be very important for the motion
of two structures moving next to each other. If both structures have similar
eigenfrequencies, which also lie in the range of the frequency components of the
incoming water waves, the hydrodynamic interaction forces between these two
structures can significantly affect the motion of the structures. This must be
considered when analyzing the motion of two structures moving side by side in
the ocean.
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7.6 Discussion

In the previous sections, the FSI between the CFB and different incoming water
waves has been investigated. In Sect. 7.2 and Sect. 7.3, it was shown that the
interaction between the CFB and unperturbed solutions of the NLS leads to large
nonlinear components in the acting hydrodynamic forces and the displacement
of the CFB. However, for the used wave parameters, these nonlinear components
only contribute significantly to the total hydrodynamic forces and displacement
during a short time period, see Figs. 7.2 and 7.7.

This changes when solutions of the NLS are initially perturbed by irregular
sea surfaces. Here, it has been shown that the considered initial perturba-
tions can strongly affect the behavior of the Peregrine breather and soliton
solution. Furthermore, nonlinear effects can contribute significantly to the cor-
responding FSI. Recall that the Peregrine breather solution of the NLS has
been conjectured in different studies as a prototype of rogue waves in the ocean,
see e.g. [DystheTrulsen99, ShriraGeogjaev10, DostalEtAl120]. Therefore, it has
also been shown that nonlinear effects can contribute significantly to the cor-
responding FSI during extreme wave events. As a result, the proposed scheme
presented in this thesis can be used to estimate the linear and nonlinear hydrody-
namic loads acting on mechanical structures during extreme wave events. These
loads must be known to make, for example, mechanical structures resistant to
rogue waves.

In Sect. 7.5, the interaction between the CFB and random nonlinear Stokes
waves has been computed. For the used wave parameters, it was shown that
the nonlinear components of the incoming water waves and hydrodynamic forces
largely affect the corresponding total quantities over the whole time dome. This
shows that random nonlinear Stokes waves can be used to simulate the motion
of floating bodies in irregular seas and that the results for the FSI can change
significantly if nonlinear effects are considered.

Studying the FSI between the CFB and incoming water waves, the effect of the
presence of the CFB on the incoming water waves has also been investigated.
Excited by random nonlinear Stokes waves and waves corresponding to solutions
of the NLS, it has been shown that the presence of the CFB has only a minor
effect on the first-order components of the surrounding waves but a large effect
on the corresponding second-order components. This can become important, for
example, when analyzing the motion of two bodies moving side by side in the
ocean.

However, although the frequency spectra of random nonlinear Stokes waves and
waves corresponding to the NLS show some similarities, there are also differences.
Considering the frequency spectra corresponding to the excitation of random
nonlinear Stokes waves, Fig. 7.17 has shown that the frequency spectra of all
considered sea surface displacements contain components over a wide frequency
range. This is because the corresponding incoming water waves are calculated
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by superimposing many regular waves with frequencies over a wide frequency
range. On the other side, Figs. 7.12-7.15 show the frequency spectra of waves
corresponding to solutions of the NLS. Here, it is presented that the corresponding
spectra only contain frequency components in a small range around wo and 2wp.
The corresponding frequency spectra are narrow-banded. This also does not
change if the corresponding solutions of the NLS are initially perturbed by
irregular sea surfaces. Therefore, water waves corresponding to solutions of the
NLS cannot be used to compute the temporal behavior of random water waves
occurring in the ocean, which have a broad-banded frequency spectrum. For this
case, random nonlinear Stokes waves have to be used to calculate the temporal
behavior of broad-banded incoming water waves. Furthermore, random nonlinear
Stokes waves have to be used to compute the corresponding FSI between a
structure and broad-banded nonlinear water waves.

Finally, it has to be noted that the computations of the FSI with different water
waves also differ in their computational effort. In Sect. 4.3.2, it has been shown
that the computation of random nonlinear Stokes waves needs the calculation
of wave-wave interactions between regular wave components. For the results,
which have been presented in Sect. 7.5, this means that the computation of the
random nonlinear Stokes waves needs the calculation of M, = 120 linear wave
components and M2 = 14400 nonlinear wave interaction. On the other side,
when calculating water waves using the NLS, the calculation of the nonlinear
wave interactions is not required, see Sect. 5.2.2. As a result, the calculation of
the FSI between a mechanical structure and waves corresponding to solutions of
the NLS needs less computation time than the calculation of the FSI between
a mechanical structure and random nonlinear Stokes waves. In this way, the
calculation of the results presented in Sect. 7.2 and Sect. 7.3, where the FSI
between the CFB and waves corresponding to solutions of the NLS is analyzed,
took about 8.5h each. In contrast, the calculation of the results, which have been
presented in Sect. 7.5 for the FSI between the CFB and random nonlinear Stokes
waves, took about 100 h. The stated computation times include the calculation
of the incoming water waves and the calculation of the corresponding FSIs. All
calculations were performed in Matlab. No parallel computing was used.
Compared to the computation times mentioned above, the computation of the FST
between the CFB and incoming regular waves, which was presented in Sect. 7.1
for a water of depth of h = 7m, took about 5.5h. Therefore, the computation of
the FSI with waves corresponding to the NLS is slower than the computation
of the FSI with nonlinear regular waves. However, it is much faster than the
computation of the FSI with random nonlinear Stokes waves.

It can be concluded that Stokes waves and waves corresponding to the NLS
can both be used to compute the FSI between floating structures and nonlinear
water waves. It has been shown that Stokes waves can be used to investigate
the motion of a floating structure in irregular nonlinear seas. Moreover, it has
been shown that the NLS can be used to simulate the motion of a floating

structure in ocean waves with narrow spectral bandwidth and in rogue waves.
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7.6. Discussion

Here, the investigations show that the NLS approach is much more efficient
for the considered scenarios. In addition, the presented approach to initially
perturb a solution of the NLS offers a possibility to model water waves with the
NLS, which are irregular in their amplitude. Therefore, it is found that the NLS
offers an interesting possibility to efficiently investigate the behavior of structures
excited by random nonlinear ocean waves.



CONCLUSION

An efficient computation of the FSI between mechanical structures and ocean
waves is an important topic in many ocean engineering and naval architecture
applications. For example, the form and parameters of WECs should be optimized
to harvest a large amount of energy in ocean waves. To this end, the corresponding
hydrodynamic forces acting on the WECs must be computed for many designs.
In addition, nonlinear wave effects must be considered to model the temporal
behavior of larger or faster waves. This is, for example, interesting when ships
are excited by rogue waves and the corresponding hydrodynamic forces acting on
the hull of a ship should be calculated.

This work presents a new computational method for the FSI in nonlinear water
waves using the NLS. To this end, the application areas, accuracy, stability, and
computational efficiency of this method are analyzed in a comprehensive manner.
The individual chapters are summarized in the following, and contributions are
pointed out.

First, Chap. 2 introduces the nonlinear governing equations of fluid motion. Here,
the behavior of homogeneous, incompressible, and non-viscous fluids is considered,
whereby surface tension effects are neglected. The fluid behavior is modeled
using potential flow theory. Since nonlinear BCs at the unknown location of the
free sea surface make the computation of solutions of the nonlinear governing
equations of fluid motion complicated, the corresponding linearized equations
are considered. Various solutions of the linearized equations are presented in the
absence of mechanical structures. Furthermore, the effects of the presence and
motion of a mechanical structure on the fluid dynamics of the surrounding water
waves are discussed.

Afterward, the dynamics of a WEC for harvesting wave energy is investigated
in the framework of linear wave theory in Chap. 3 using simulation and ex-
perimental results. Based on the corresponding results, it is found that using
an inclined WEC, the averaged energy harvesting output can be increased up
to a factor of about 4.52 compared to the corresponding standard vertically
heaving WEC. Furthermore, a simple control strategy is proposed, where the
inclination angle is adjusted according to the frequency of the incoming water
waves. Compared to the standard vertical point absorber, using such a control
strategy leads to an even higher increase in the energy harvesting output by a
factor of about 6.05.

However, using the linearized wave theory, nonlinear wave effects are neglected,
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which can significantly influence the wave motion for higher or faster waves. The
question is how the dynamic behavior of the WEC and the average harvested en-
ergy output change when moving from linear to nonlinear wave theory. Chapter 4
shows how the nonlinear FSI between a structure and nonlinear water waves can
be calculated. Here, Stokes perturbation expansions of the velocity potential and
sea surface displacement with respect to the wave steepness are used. In this way,
the nonlinear governing equations of fluid motion are transformed into a sequence
of linear equations that have to be solved. Solutions of the sequence of linear
equations are presented for incoming regular and random water waves. These
are the so-called Stokes waves of higher order. Here, it is shown that nonlinear
wave-wave interactions between the regular wave components of an irregular sea
state have to be computed when considering random nonlinear water waves. This
can be time-consuming.

As an alternative to computing the FSI using Stokes waves, Chap. 5 introduces
the NLS to compute the nonlinear FSI between a structure and deep water
waves. The NLS consists of a partial differential equation for the wave envelope.
Compared to the nonlinear governing equations of fluid motion, which contain
nonlinear BCs at the unknown location of the sea surface, the NLS can be solved
much more efficiently. Based on solutions of the NLS, it is presented how the
velocity potential of the corresponding incoming water waves can be computed
numerically. This velocity potential is needed to compute the FSI between the
corresponding incoming water waves and a mechanical structure. Here, it is
shown that the corresponding FSI can be modeled up to an error of third-order in
the wave steepness of the incoming water waves. Nonlinear wave-wave interaction
between regular wave components of an irregular sea state must not be computed
to consider random nonlinear water waves. This makes this approach more
efficient than the computation of random nonlinear Stokes waves.

Furthermore, Chap. 5 shows how random nonlinear water waves can be generated
by initially perturbing analytical solutions of the NLS. The effects of the initial
irregular perturbation on the fluid dynamics of the incoming water waves are
investigated. Here, it is shown that the initial irregular perturbation of the water
waves significantly affects the temporal behavior of the water particles during
the propagation of the corresponding waves.

A numerical method for the computation of the nonlinear FSI for given nonlinear
water waves is presented in Chap. 6. The computation of the FSI includes
the numerical calculation of the velocity potentials disturbed by the presence
of the structure, the hydrodynamic forces acting on the structure, and the
dynamics of the structure. Absorbing BCs are introduced to prevent the reflections
from waves at the outer boundary to the inside of the computational domain.
Corresponding numerical results are analyzed for the WEC presented in Chap. 3.
A comparison with the results presented in Chap. 3 and found in literature shows
good agreement. Furthermore, in the absence of sharp corners and edges, all
numerical approximations for the hydrodynamic forces and motion of the WEC
converge with an empirical order of two.



Chapter 8. Conclusion

The nonlinear FSI between a WEC and nonlinear water waves is investigated
in Chap. 7. Furthermore, the similarities and differences between the FSI with

random nonlinear Stokes waves and waves corresponding to the NLS are studied.

Here, the first- and second-order components of the hydrodynamic forces and
the displacement of the WEC are investigated. Furthermore, the effects of the
presence of the WEC on the surrounding water waves are studied. It is found that
nonlinear effects can contribute significantly to the corresponding FSI using both
Stokes waves and waves corresponding to the NLS. Furthermore, it has been shown
that Stokes waves and waves corresponding to the NLS lead approximately to
the same results for incoming regular water waves. The corresponding differences
result from the fact that the NLS assumes an infinite water depth and includes
nonlinear wave effects coming from the use of a third-order nonlinear wave theory,
which affect the corresponding dispersion relation.

The computation of the FSI using Stokes waves and waves corresponding to
the NLS show differences in the areas of application and in the computation
times. Stokes waves can be used to simulate general random nonlinear ocean
waves. However, nonlinear interactions between regular wave components must
be computed, which is very time-consuming. On the other hand, the NLS can be
used to simulate ocean waves with a narrow spectral bandwidth and moderate
wave steepness. Considering the presented method of perturbing analytical
solutions of the NLS by irregular sea surfaces, water waves with a narrow spectral
bandwidth and moderate wave steepness can be simulated, which show a random
perturbation in their amplitude. For these waves, the investigations show that
the NLS approach is significantly faster by a factor of up to ten when computing
the FSI for the considered scenarios.

From the above contributions, the following conclusions can be drawn. In addition
to Stokes waves, the NLS offers an interesting possibility to compute the FSI
with nonlinear water waves. Using the NLS, nonlinear wave-wave interactions
between regular wave components must not be computed to calculate nonlinear
irregular seas. Also, nonlinear wave effects are directly considered in the FSI
using the NLS.

However, there are some restrictions and challenges that need to be considered.

First of all, it is shown in Chap. 5 that different instabilities appear in the

computation of the velocity potential corresponding to solutions of the NLS.

These instabilities depend on the considered solution of the NLS and on the
numerical scheme, which is used to compute the corresponding velocity potential
below the sea surface. Due to these instabilities, the corresponding velocity
potential can only be computed accurately up to a finite depth. However, the
value of this finite depth can change significantly for different wave parameters
and step sizes of the used numerical scheme. Here, it has to be noted that it
is often not even necessary to determine the velocity potential down to the sea
bottom. This is the case, for example, for mechanical structures floating on the
sea surface, which have a small draft. Since the velocity potential corresponding
to the incident water waves must only be known on the sea surface and the
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surface of the floating structure, an instability of the velocity potentials of the
NLS in large depths does not affect the FSI.

Secondly, the NLS can only accurately describe the behavior of ocean waves with
a narrow spectral bandwidth and a small wave steepness. Random waves with a
broad spectral bandwidth and a large wave steepness cannot be described using
the NLS. However, it is shown that the nonlinear FSI can be simulated very
efficiently using the NLS. Therefore, the NLS could be used, for example, to study
the behavior of a mechanical system in nonlinear water waves with a narrow
spectral bandwidth efficiently. In this way, in a first step, it can also be estimated
efficiently whether nonlinear wave effects significantly affect the motion of the
considered system. If the corresponding nonlinear wave effects cannot be neglected,
Stokes waves can be used in a second step to calculate the motion of the structure
in random nonlinear waves with a broader spectral bandwidth. Furthermore,
specific analytical solutions of the NLS, like the Peregrine breather solution,
have been conjectured in different studies as a prototype of rogue waves in
the ocean. By computing the FSI with waves corresponding to the Peregrine
breather solution, it can be estimated with a low computational effort which
hydrodynamic loads a fixed or free-floating structure must withstand in extreme
wave events.

Due to its efficiency, it is found that the NLS offers an interesting possibility
to investigate the behavior of structures excited by nonlinear ocean waves. In
addition, the presented approach of initially perturbing analytical solutions of
the NLS provides a way to model water waves with the NLS, which are random
in their amplitude. In future studies, it would be interesting to extend the
presented approach to random nonlinear water waves, which can have a larger
wave steepness or a broader spectral bandwidth. This could be done using an
extended version of the NLS, with which such water waves can be simulated very
well. Corresponding extended versions of the NLS, which can consider waves
with a larger wave steepness or a broader spectral bandwidth, can be found, for
example, in [Dysthe79, TrulsenDysthe96, ToffoliEtA110, AdcockTaylor16]. After
computing the velocity potential corresponding to an extended version of the
NLS, the approach presented in this work could be very promising to efficiently
simulate the FSI in nonlinear random waves with a larger wave steepness or
broader spectral bandwidth.

Additionally, based on the approach presented in this thesis, it would be interesting
to consider the effects of stochastic wind excitation on the motion of the water
waves. Using a corresponding extended version of the NLS, waves excited by
a stochastic wind excitation could be simulated, and the corresponding FSI
with a given structure could be investigated efficiently. Therefore, the approach
presented in this work, which is based on the NLS, offers interesting possibilities
to efficiently investigate the temporal behavior of nonlinear water waves and the
corresponding F'SI with mechanical structures.
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