A Block Householder Based Algorithm for the
QR Decomposition of Hierarchical Matrices

Vom Promotionsausschuss der
Technischen Universitat Hamburg

zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften (Dr. rer. nat.)

genehmigte Dissertation (Monographie)

von

Vincent Eric Griem

aus

Hamburg, Deutschland

2025



Gutachter:

1. Gutachter: Prof. Dr. Sabine Le Borne
2. Gutachter: Prof. Dr. Steffen Borm

Tag der miindlichen Priifung: 09. Mai 2025

https://orcid.org/0009-0004-7508-5632
DOI: https://doi.org/10.15480/882.15934

Creative Commons Lizenzvertrag

Der Text steht, soweit nicht anders gekennzeichnet, unter der
Creative-Commons-Lizenz Namensnennung 4.0 (CC BY 4.0). Das bedeutet, dass er
vervielfaltigt, verbreitet und o6ffentlich zugénglich gemacht werden darf, auch
kommerziell, sofern dabei stets der Urheber, die Quelle des Textes und o. g. Lizenz
genannt werden. Die genaue Formulierung der Lizenz kann unter
https://creativecommons.org/licenses/by/4.0/legalcode.de aufgerufen werden.


https://orcid.org/0009-0004-7508-5632
https://orcid.org/0009-0004-7508-5632
 https://doi.org/10.15480/882.15934
https://creativecommons.org/licenses/by/4.0/legalcode.de

Acknowledgements

Foremost, 1 would like to thank Professor Dr. Sabine Le Borne for her support and
guidance throughout this work. Her thoughtful advice and steady encouragement were
invaluable at many points along the way. I'm also grateful to Professor Dr. Steffen Bérm
for taking the time to review this thesis and for the interesting discussions.

I owe a special thanks to my family for their continuous support during this journey.
Most of all, I want to thank my wife Sandra. Without her love and encouragement,
this would not have been possible. I also want to thank my daughters Anna, Clara,
and Sophie. All three were born while I was working on this thesis, and their presence
brought both joy and perspective to this time in my life. I also owe gratitude to my
parents, who always supported me in my love for mathematics.

Finally, I want to thank my colleagues at the Institute of Mathematics for the friendly
and supportive atmosphere.






Summary

Hierarchical matrices are dense but data-sparse matrices that use low-rank factorizations
of suitable submatrices to reduce storage and computational cost to linear-polylogarithmic
complexity. In this thesis, we propose a new approach to efficiently compute QR factor-
izations in the hierarchical matrix format based on block Householder transformations.
To avoid unnecessarily high ranks in the resulting factors and to increase speed and accu-
racy, the algorithm carefully tracks for which intermediate results low-rank factorizations
are available.

This is done by introducing special admissibility functions that only allow admissible
blocks if a low-rank factorization can be directly derived from the low-rank factorizations
in the matrices involved. We also employ a special implicit storage scheme for the block
Householder reflector to further reduce computational and storage cost.

We develop a way to directly describe these induced admissibility functions and, by
finding an extensive set of upper bounds for them, we also find a bound on the computa-
tional cost. This is done without resorting to the often-used idempotency constant Cjg.
We also provide rather weak conditions under which these upper bounds are reached
when no further data sparsity in the matrix has been taken into account.

Numerical tests on 2D Laplacian boundary element matrices, various RBF interpolation
matrices, and square matrices with typical hierarchical matrix structures but filled with
random entries, illustrate the performance of the new algorithm compared to some other
QR algorithms for hierarchical matrices from the literature.

Unfortunately, the application of the algorithm to rectangular matrices was not as suc-
cessful. However, this unsatisfactory result is supported by theoretical considerations
that show why most QR factors of rectangular matrices are unlikely to allow an H-matrix
approximation in the absence of further data sparsity.

We also implement a version of the standard H-LU decomposition that uses the induced
admissibility function. Numerical results for the latter show that the application of this
idea may also be beneficial for other computations of the H-matrix.






Contents

List of Figures . . . . . . . . . . e
List of Algorithms . . . . . . . . . . . . . .
List of Assumptions . . . . . . . . .. L
Nomenclature . . . . . . . . . . . e
1 Introduction
1.1 Contribution of this Thesis . . . . . . . . ... ... ... .. .......
1.2 Notation . . . . . . . . . e
1.3 Structure of this Thesis . . . . . . . . .. ... ... ... .. .......
2 Preliminaries
2.1 Linear Algebra . . . . . . . . . ..
2.2 Hierarchical Matrices . . . . . . . . . . . . ...
2.2.1 Introduction . . . . . .. ... ..
2.2.2  Construction of a Hierarchical Matrix . . . .. ... ... ... ..
2.2.3 Hierarchical Matrix Arithmetics . . .. .. ... ... ... ....
2.3 Further Matrix Formats . . . . . . . . ... .. ... ... .........
2.3.1 Sparse Matrices . . . . . . ... L
2.3.2 Hp-Matrices . . . ...
2.3.3  HZEMatrices . . . .. .o
2.4  Representation of Hierarchical Matrices in the Software Package H2Lib
2.5 Radial Basis Functions . . . . . . . . . ... ... .. ... ... ... ..
2.6 Boundary Element Method . . . .. .. ... ... ... ... .
3 QR Decomposition for Hierarchical Matrices
3.1 Known QR Decompositions for Hierarchical Matrices . . . . . .. ... ..
3.1.1 Cholesky-based H-QR Decomposition . . . . ... ... ... ...
3.1.2  Gram-Schmidt H-QR Decomposition . . . . . ... ... ... ...
3.1.3 Bebendorf’s H-QR Decomposition . . . ... ... ... ......
3.2 Block Householder Based Algorithm for the H-QR Decomposition .
3.2.1 Highest Level . . . . . .. ...
3.2.2 Lower Levels . . . . . . . . . . . .. . . ...
3.2.3 Update Matrices . . . . . . . . . . . . e

19
20
22
23

25
25
34
34
52
o7
70
70
71
73
75
7
80



Contents

3.3 Complexity Analysis . . . . . . . . ...

3.3.1
3.3.2
3.3.3
3.34
3.3.5
3.3.6
3.3.7

Upper Bounds for the Induced Admissibility Functions . . . . . . .
Conditions for the Exactness of the Upper Bounds . . . . . .. ..
Induced Admissibility Functionof @Q . . . . . . .. ... ... ...
Parameter Bounds . . . . .. . ... oo oo
Cost, Estimate for the H-QR Decomposition . . . . . . . ... ...
Reusing the Original Admissibility Function . . . . . . . ... ...
The Rectangular Case . . . . . . .. .. ... .. ... .. .....

3.4 Implementation in the Software Package H2Lib . . . . . . . ... ... ..

4 Numerical Results
4.1 Square Matrices. . . . . . . . ... e

4.1.1
4.1.2
4.1.3
4.14
4.1.5

2D Laplace Operator . . . . . . . .. .. .. .. ...
3D Laplace Operator . . . . . . . .. . ... ... ... .......
1D RBF Interpolation . . . . . .. .. .. .. ... ..
2D RBF Interpolation . . . . . .. ... .. ... ... ...
Randomly Filled Hierarchical Matrix with X-like Structure

4.2 Rectangular Matrices . . . . . . . . . ... oL oL

4.2.1
4.2.2

Random H,-Matrices . . . . ... ... ... .. ..........
1D RBF Approximation . . . . . . . ... ... L.

4.3 Summary . o.o. ..o e

5 Induced Admissibility for the H-LU Decomposition
5.1 Partially Induced Admissibility Function . . . . . . . . .. ... ... ...
5.2 Numerical Results . . . . . . . . .. .. .

6 Conclusion and Outlook

173
176
176
180
183
189

. 191

191
192
194
198

201
202
208

213



List of Figures

2. Preliminaries 25
2.1 Illustration of the blocks in the recursive Householder block QR factor-
ization. . . . . ... L 31
2.2 Illustration of an admissibility function. . . . . .. .. ... .. ... ... 40
2.3 Computing the H-matrix product on different levels. . . . . . .. ... .. 43
2.4 Induced matrix product admissibility function. . . . . ... ... ... .. 45
2.5 Oriented H-matrices. . . . . . . . . . . . . e 47
2.6 Two H-matrices and their bandwidth Cy,, and sparsity constant Cg,. . . . 49
2.7 Adaptive cross approximation. . . . . . ... ... 55
2.8 Visualization of Definition 2.45. . . . . . . . . . . .. .. ... ... .... 65
2.9 Related sparse matrix formats. . . . . .. ... ... ... ... ... 71
210 Hp-matrix. . ..o 72
2.11 Nested cluster basis for an H2-Marix. . . . . . ... .. ... .. ..... 74
2.12 TMlustration of Gaussian RBFs. . . . . . . . ... ... ... ... ..... 77
2.13 llustration of the interior domain D and the boundary S. . . .. ... .. 80
3. QR Decomposition for Hierarchical Matrices 85
3.1 Vertical splitting during the block Householder QR decomposition. . . . . 92
3.2 Application of Algorithm 3.7 to the matrix H from Example 3.1. . . . . . 93
3.3 Factors Y and R of a rectangular matrix. . . . ... ... ... ... ... 102
3.4 The set P}ngght for a given H-matrix. . . . . ... ... ... ... .. .. 111
3.5 Partnerindexset.. . . . . . . . . ... e 117
3.6 H-Matrix examples to illustrate Assumption D. . . . . . . ... ... ... 138
3.7 Comparison of the admissibility function admy and the admissibility func-
tion of the bound for admy7. . . . . . . . . . . ... .. .. 140
3.8 The factor Y for square and rectangular matrices. . . . . ... ... ... 148
3.9 Sequence of all factors described in Theorem 3.24. . . . . ... ... ... 151
4. Numerical Results 173
4.1 (Square) H-matrices used in our numerical tests. . . . . . ... ... ... 174
4.2 QR factors of a 2D Laplacian H-matrix. . . . . .. ... ... ... .... 177
4.3 Numerical results for 2D Laplacian matrices I. . . . . . ... ... .. .. 178
4.4 Numerical results for 2D Laplacian matrices II. . . . . . . .. .. ... .. 179
4.5 Numerical results for 2D Laplacian matrices III. . . . . . . . . ... ... 179



List of Figures

4.6 QR factors of a 3D Laplacian H-matrix. . . . . .. ... ... ... .... 181
4.7 Numerical results for 3D Laplacian matrices I. . . . . . . ... ... ... 182
4.8 Numerical results for 3D Laplacian matrices IT. . . . . . . ... ... ... 183
4.9 QR factors of a 1D RBF interpolation matrix. . . . . . . . ... ... ... 184
4.10 Numerical results for 1D RBF interpolation matrices. . . ... ... ... 185
4.11 QR factors of a randomized 1D RBF interpolation matrix. . . . . . . . . . 186
4.12 Numerical results for randomized 1D RBF interpolation matrices. . . . . . 187
4.13 QR factors of a 2D RBF interpolation matrix. . . . . . . ... .. .. ... 188
4.14 Numerical results for 2D RBF interpolation matrices. . . . ... ... .. 189
4.15 QR factors of a random X-like H-matrix. . . ... ... ... ... .... 190
4.16 Numerical results for random X-like H-matrices. . . . . . . ... ... .. 192
4.17 QR factors of a random rectangular Hy-matrix. . . . .. ... ... 193
4.18 Numerical results for random rectangular H,-matrices. . . . . . .. .. .. 194
4.19 QR factors of a 1D RBF approximation matrix. . . . . . . . ... ... .. 195
4.20 Numerical results for 1D RBF approximation matrices. . . . . . . . . . .. 196
4.21 QR factors of a randomized 1D RBF approximation matrix. . . . . . . . . 197
4.22 Numerical results for randomized 1D RBF approximation matrices. . . . . 198
5. Induced Admissibility for the H-LU Decomposition 201
5.1 LU factors of a randomized 2D RBF interpolation matrix. . . . . . . . .. 208
5.2 Numerical results (LU) for randomized 2D RBF interpolation matrices I. 209
5.3 Numerical results (LU) for randomized 2D RBF interpolation matrices II. 210

10



List of Algorithms

2. Preliminaries 25
2.1 Adaptive cross approximation with partial pivoting. . . . . ... ... ... 57
2.2 Truncation using the singular value decomposition. . . . . ... ... ... 59
2.3 Fast truncation of H-matrices. . . . . . . . .. . ... ... 63

3. QR Decomposition for Hierarchical Matrices 85
3.1 Cholesky decomposition of a symmetric positive definite H-Matrix A. . . . 85
3.2 Forward substitution. . . . . . ... ... 86
3.3 Backward substitution. . . . . ... ... oL 87
3.4 Cholesky-based QR decomposition. . . . . ... .. ... ... ....... 88
3.5  Gram-Schmidt H-QR decomposition - the recursion start. . . . . . . . . .. 89
3.6  Gram-Schmidt H-QR decomposition. . . . . ... .. .. ... ... .. .. 90
3.7 Householder-based H-QR decomposition - the recursion start. . . . .. .. 97
3.8 Recursive Householder-based QR decomposition for H-matrices. . . . . . . 99
3.9 Update algorithm computing Ay = Q{Ag .................... 100
3.10 Combine results of the recursive calls for the column subblocks. . . . . .. 101
3.11 Multiplication of a low-rank H-matrix with 7" given in its reduced form 7. 153
3.12 Multiplication of an H-matrix with T given in its reduced H-matrix T. . . 155
3.13 Vertically split H-matrices in H2Lib. . . . . . . ... .. ... ... ... .. 168
3.14 Induced structure for the H-matrix sum in H2Lib. . . . . . ... ... ... 169
3.15 Induced structure for the H-matrix product in H2Lib. . . . . . . .. .. .. 170

5. Induced Admissibility for the H-LU Decomposition 201
5.1 LU decomposition for H-matrices. . . . . . . . . .. . ... ... ... ... 202

11






List of Assumptions

2. Preliminaries
A All blocks in the hierarchy of block partitionings have zero, two or four
non-trivial direct descendants. . . . . . . . ... ... ... L.

3. QR Decomposition for Hierarchical Matrices

B For every admissible block A,x, = U VT, the factor U has orthogonal
columns. . . . ...

C For every H-matrix block column on the highest level, we can find a unique
block row that contains a square inadmissible block. . . . . . . ... ...

D In every H-matrix we can find a sequence of inadmissible blocks from the
top left to the bottom right. . . . . . . ... .. ... ... ... ... ..

E The block column sizes of the near-field of every H-matrix are balanced. . .

F  The blocks on the highest level of the hierarchical partitioning of the rows
and the columns are each roughly the same size. . . . . . ... ... ...

13






Nomenclature

Acronyms

ACA Adaptive cross approximation

BEM Boundary element method

FDM Finite difference method

FEM Finite element method

Flop Floating point operation

HODLR Hierarchically off-diagonal low-rank (matrix)
RBF Radial basis function

SVD Singular value decomposition

Sets and Spaces
H(P} ;, k,adm)  Set of H-Matrices

HP (P}, k,adm) Set of H,-Matrices

I, Identity matrix with n rows and columns
Ppylreak Diagonal-like subset of PILX’ j
P}ngght Blocks used in the superior structure of T'

2( PH \%4
HA (P g0 kY Set of H2-Matrices

kW adm, V, W)

Matrices

range(A) Range of matrix A
rank(A) Rank of matrix A

Algorithm 2.1
Section 2.6
Section 2.6

Section 2.6

Definition 2.51
Section 2.5

Theorem 2.10

Definition 2.23

Definition 2.51

Assumption D

Definition 3.4

Definition 2.54

Definition 2.1

Definition 2.1

15



Nomenclature

AO’T

)

Submatrix of A induced by the row index set o and the
column index set 7

Hierarchical Structure

%(7)
o(T)

adm®

admext

adm”™"

anc(I,g)
ance([ﬁl,)
depth(P}t ;)
deptheq (P ;)

depth, o, (P} ;)

row(
diam(o)
dist 4 (o, o)
distg(c, o)
disteop (o, 0”)

distyouw; A (7, 77)

level(o)
L?inal (J’ A)

Icol (0.’ J)
Lz’ntersec(a7 v, J)
[max (0.7 v, J)

Low(r, Iy

16

Set of partners for lower diagonal blocks in Y Definition 3.6
Union set of all elements from (1) Definition 3.6

Admissibility function that is forced to be Definition 3.7
column-wise oriented

Extended admissibility function Definition 3.6
Admissibility function that is forced to be row-wise Definition 3.7
oriented

Direct ancestor of 1 ,ﬁ; Definition 2.18
Ancestor of [ ,ﬁi on level £ Definition 2.18
Depth of H-block partition PIHX J Definition 2.20
Column-wise depth of H-block partition PIHX J Definition 2.20
Row-wise depth of H-block partition PIHX J Definition 2.20
Diameter of the cluster o Subsection 2.2.2
Distance of two index sets in the H-matrix A Definition 2.26
Distance between the clusters o and o’ Subsection 2.2.2

Distance of two column index sets in the H-matrix A Definition 2.26
Distance of two row index sets in the H-matrix A Definition 2.26

Representative level of the partition in the hierar- Definition 2.18
chy of partitionings that contains the index set o

Index of the last non-zero block in the row induced by ¢ Definition 3.17
on level £

All levels of (Pf;)f:JO containing partners of ¢ in Pl¢’  Definition 2.19
Set of all intersecting levels for a block o x v € PP Definition 2.25
Maximum of L"¢s¢¢(q, ~, J) Definition 2.25

All levels of (PIE)EL:I , containing partners of 7 in P Definition 2.19



Lfloor(07 Tis A)

H,+
PI><J

H,—
PI><J
H
PI><J

P]hier
Ug(o x )

Constants

Chy (adm, A)

wa,r (adma A)

Cpw(adm, A)

Replaces the index ¢ by L?mal(a, A)if 0 x 7; is a
zero block

Far-field of the H-block partition PIHX J
Near-field of the H-block partition P;'i J
‘H-block partition based on (Pf)eL:I 0

Set of all subsets of the hierarchy of partitionings
given by (PI@) eL:O

Partner clusters of o and  or their ancestors

Column-wise bandwidth constant of A respective to
adm

Row-wise bandwidth constant of A respective to adm

Bandwidth constant of A respective to adm

Cia (P?X x PH K) Idempotency constant of P?X x relative to P} -

Cimp(1, )
Clap.e(PIL)
Clp.r (Pfy)

Cap(PL )

L

Imbalance constant of (PIZX J) /=0

Column-wise sparsity constant of P;'i J
Row-wise sparsity constant of PIHX 7

Sparsity constant of P;i J

Computational and Storage Cost

NpLs
N+ (Av B> C)

Nj_ast (A, B, C)

Nk

Computational cost for the fast truncation of an
‘H-matrix from rank gk to k

Computational cost for the additional truncation
during the H-matrix multiplication A- B = C

Computational cost for the additional fast truncation
during the H-matrix multiplication A- B = C

Computational cost for the truncation of an H-matrix
from rank k to &’

Nomenclature

Definition 3.17

Definition 2.22

Definition 2.22

Definition 2.20

Definition 2.18

Definition 2.45

Definition 2.29

Definition 2.29

Definition 2.29

Definition 2.32

Definition 2.33

Definition 2.28

Definition 2.28

Definition 2.28

Theorem 2.44

Theorem 2.47

Theorem 2.47

Theorem 2.42

17



Nomenclature

NF,mv (m, TL)
N{SH(A, B, C)

NMV(P}Lijvk)

NR,EB (n7 m, k)
Nrwr(m,n)

SF(m’ n)
SR(ma n, k)

NH,@(P]?-ijv k)
Nlorth(A)

Ny (A, B, C)

NQR,comb

Noghigh(Y)

NQR,upd

NRmo(m,n, k)

Sy (P ;. k)

18

Computational cost for the matrix-vector multi-
plication with a m by n dense matrix

Computational cost for the multiplication A- B = C
with fast truncation

Computational cost for the H-matrix-vector product

Computational cost for the formatted addition of two
rank n by m rank k matrices to a rank k matrix

Computational cost for truncation by an SVD of an
n by m rank k matrix to arbitrary rank &’ < k

Storage cost for a m by n dense matrix
Storage cost for a m by n rank k£ matrix

Computational cost for the formatted addition of two
rank k H-matrices to a rank k H-matrix

Computational cost for the left orthogonalization of an
‘H-matrix
the exact H-matrix

Computational cost for

product A-B=C

Computational cost for the recursive combination of
the factors during the block Householder QR decom-

position

Computational cost for the block Householder QR
decomposition on the highest level

Computational cost for all updates during the block
Householder QR decomposition

Computational  cost for  the  matrix-vector
multiplication with a n by m rank k& matrix

Storage cost for an H-matrix derived by P;'i 7 with
rank k

Theorem 2.35

Theorem 2.47

Theorem 2.41

Theorem 2.38

Theorem 2.37

Theorem 2.35

Theorem 2.36

Theorem 2.43

Theorem 3.22

Theorem 2.47

Theorem 3.28

Theorem 3.23

Theorem 3.27

Theorem 2.36

Theorem 2.40



Chapter 1

Introduction

‘H-matrices, short for hierarchical matrices, are hierarchically structured matrices that
use some underlying data sparsity to approximate certain suitable submatrices by a low-
rank factorization. They were first introduced in 1998 by Hackbusch [42]. The observa-
tion that certain dense matrices allow for low-rank factorizations of suitable submatrices
has already been used before, most notably in fast multipole methods [39, 5].

‘H-matrices offer advantages in storage cost and allow efficient approximations of matrix
operations, including matrix-matrix multiplications and the LU decomposition [36, 7,
37, 38]. In general, these operations have almost linear complexity

O(nlog®n) for 1 < a <2,

but aside from the matrix-vector multiplication, the results are approximations. This
is because the result has to fit into a given hierarchical structure, which is done ei-
ther by decreasing the rank of a submatrix that is already in a low-rank factorization
or by approximating a dense submatrix by a low-rank factorization. To achieve the
desired complexity, these approximations are addressed during the computation itself,
often based on algorithms involving the singular value decomposition. To find low-rank
approximations of matrices that are only implicitly known - a use case that is highly rel-
evant for the creation of the H-matrix in the first place - techniques such as the adaptive
cross-approximation [34, 6, 9] are used.

The choice of an appropriate structure for the result of an H-matrix operation has
received the most attention in the context of (theoretical) cost analysis. It is necessary
to know how often dense blocks interact to produce a dense block in the result in order
to estimate the cost of the whole operation. However, the exact structural result is not
explicitly used as the target structure. Furthermore, these considerations are mainly
focused on H-matrix addition and multiplication because the costs of other operations
can often be traced back to these two cases.
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Chapter 1 Introduction

In practical applications, such as the use of the H-matrix LU decomposition, the reuse
of the original structure of A for the factors L and U is the primary approach [7, 37,
4, 61]. This is very different from the situation for sparse matrices, which can be seen
as a simple variant of H-matrices, where zero entries are (1 x 1) matrices of rank 0 and
non-zero entries are (1 x 1) dense matrices. For sparse matrices, a lot of research has
been devoted to finding suitable sparsity patterns through reordering (e.g., bandwidth
reduction or nested dissection) because often not the sparsity pattern of the original
matrix is reused, but some or all emerging non-zero entries are kept. Therefore, it is
essential to choose a sparsity pattern at the beginning that leads to the least fill-in. Note
that, in the case of keeping all emerging non-zero entries, the sparse LU decomposition
is exact.

Unfortunately, these techniques cannot be applied to H-matrices in a similar manner due
to their hierarchical structure. The H-matrix structure of the original matrix depends
on the problem it describes, and reorderings are generally not possible. Nevertheless, a
decision has to be made as to which H-matrix structure will be used for the result. Due
to the possibility of using adaptive ranks in H-matrix computations, the choice of an
ill-fitting H-matrix structure mainly leads to an increase in computational and storage
costs and not necessarily to a loss of accuracy.

Algorithms for the QR decomposition of H-matrices have also been developed [66, 65,
8, 10] but they all suffer numerical drawbacks that limit their use in many applications,
especially if the matrix is ill-conditioned [60]. Furthermore, computing the (full) QR
decomposition for rectangular H-matrices was not explicitly done, although most of
the suggested methods are generally applicable but may only compute reduced QR
factorizations.

The QR factorization is useful for the solution of various linear algebra problems, such
as solving systems of linear equations or least squares problems. Specifically, as shown
in [53], square RBF kernel matrices from an interpolation scheme can be approximated
as H-matrices, and a transfer of these results to rectangular RBF kernel matrices and
an approximation scheme seems natural. Access to an efficient QR decomposition would
then allow the approximation problem to be solved efficiently. A full QR factorization
can also be used to find an orthogonal basis of a nullspace, which is needed in so-called
nullspace methods [64, 72].

1.1 Contribution of this Thesis

The main focus of this thesis is to develop a Householder-based alternative to the existing
QR decomposition algorithms for H-matrices that is stable and applicable to a wide
range of H-matrices.

20



1.1 Contribution of this Thesis

Our approach was inspired by [60], which introduced a Householder-based QR decom-
position for hierarchically off-diagonal low-rank (HODLR) matrices. HODLR matrices
have a fixed hierarchical block structure in which all off-diagonal blocks are not further
refined. A first goal was to generalize the Householder-based QR decomposition from
[60] to more general (arbitrary) hierarchical matrix structures. This opens up flexibility
not only for the input matrix A whose QR factors are to be determined, but also for the
hierarchical matrix structures of the QR factors themselves. Therefore, in addition to
the (primarily technical) generalization of the QR algorithm from HODLR to the general
‘H-matrix format, another novelty lies in the introduction of new induced admissibility
functions and the resulting H-block partitions for all occurring matrices.

The orthogonal matrix @ will not be computed explicitly but in the form Q = I -YTY 7T
for trapezoidal matrices Y and 7. Another notable contribution lies in the introduction
of a reduced form to store and compute with the matrix 7" in this factored representation

of Q.

Furthermore, we were also able to bound the cost of this algorithm with respect to the
changing structures. This, in itself, is different compared to the cost estimates of other
‘H-matrix algorithms that, in most cases, use predefined target structures with their cor-
responding parameters. To do that, we bound the admissibility functions, meaning that
we find admissibility functions that only induce more and not fewer inadmissible blocks,
for all intermediate results until we have computed the complete QR decomposition.
This allows us to express the admissibility functions of the resulting factors using the
admissibility function of the initial matrix. Using this result, we can then relate further
parameters of the QR decomposition to the corresponding parameters of the starting
matrix and thus let the cost estimate depend only on the initial matrix.

Using the same technique, we are also able to show why existing methods for computing
QR decomposition have problems for many H-matrices. We also apply this method to
the LU decomposition and are able to easily describe the change in the structure of
the LU factors. The result itself is not surprising because it is a simple transfer of the
well-known result regarding the sparsity of the LU factors of a sparse matrix. Still, it
shows that this way of defining the admissibility functions of computational results can
be applied elsewhere. Hence, this thesis may serve as a starting point to apply this
technique in other H-matrix operations, especially if several steps of computations are
involved.

Finally, another contribution lies in numerical tests to illustrate the new H-QR. factor-
ization compared to methods from the literature. Parts of this thesis - including most
of the numerical analysis but excluding the cost estimate and further related results -
were also published by us in [40].
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Chapter 1 Introduction

1.2 Notation

Due to the hierarchical structure, especially when rectangular 7-matrices are involved,
the notation can appear convoluted. An often used resort is only to use square or
even symmetric H-matrices. Unfortunately, this is not possible because even if we start
with such an H-matrix after our algorithm'’s first step, we get two non-symmetric and
rectangular H-matrices. Hence, we need to introduce and use rectangular H-matrices
throughout this thesis.

However, we try to simplify whenever possible without sacrificing general applicability.
An essential part of this endeavour are assumptions that are scattered throughout this
thesis. If not declared otherwise, we implicitly assume them to hold from the point of
their introduction onwards. In most cases, they do not substantially change for which H-
matrices our statements are true; they only force a specific way in which their structure
is described.

Another attempt to simplify the notation are abbreviations for often-used variables that
depend on a variety of different arguments. They are all formally introduced in the re-
spective chapters and summarised in the nomenclature at the beginning of this thesis.

Special care has been taken to keep the notation consistent. We follow the Householder
notation for matrices and vectors, meaning matrices are denoted by capital letters and
vectors by lower roman letters. Greek letters, however, are reserved for sets of indices.

For two index sets o and 7, we denote by A, » the submatrix of A that is induced by the
column index set o and the row index set 7. Usually, 0 and 7 induce a connected set of
rows and columns. If not more than one H-matrix is involved and the H-matrix itself
is rectangular, then o will generally denote a row index set and 7 will denote a column
index set.

We will define a special version of the matrix 7" involved in the decomposition of Q,
denoted by T'. T will always refer to this reduced version, and 1" will always refer to the
original.

The letters U and V are reserved for the low-rank factorization of admissible blocks or,
in some rare cases, for the factors used in the singular value decomposition.

‘H-matrices are often visualized as block matrices. We will generally show inadmissible
blocks in red, admissible blocks in green, and if the admissibility of a certain block is
not relevant, it is shown in grey. Blocks containing only zeros are transparent. Any
other intricacies of the notation or visualization will be explained when they are first
introduced.
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1.3 Structure of this Thesis

The main focus of this thesis is the QR decomposition of H-matrices, which is reflected
by its structure. After the introductory remarks of Chapter 1, we follow up with Chapter
2, which lays the groundwork for our results. This includes a short overview of some,
mostly basic, linear algebra facts and some results regarding the QR decomposition of
dense matrices in Section 2.1, an introduction to H-matrices, including cost and storage
estimates, in Section 2.2, some related matrix formats in Section 2.3, information about
the programming library we use in Section 2.4 and our two model problems, interpolation
and approximation using radial basis functions in Section 2.5 and the boundary element
method in Section 2.6.

Chapter 3 deals with the theoretical framework of computing QR decompositions for
‘H-matrices. We begin by introducing already known approaches to compute the QR
decomposition of an H-matrix in Section 3.1 and present our own algorithm based on a
block Householder approach in Section 3.2. We continue with a complexity analysis of
this approach in Section 3.3, where we also give a short overview of the changes in this
result if we had reused the original H-matrix structure and give some thoughts about
the application to rectangular matrices. We finish this chapter by providing some details
about the implementation in Section 3.4.

In Chapter 4, we then present our numerical results in which we test the new block
Householder approach in various settings, including our two model problems from Sec-
tions 2.5 and 2.6. In Chapter 5, we transfer some of our ideas regarding the hierarchical
structures that arise during the computation of the QR decomposition to the LU de-
composition and provide some numerical tests. Chapter 6 summarises our results and
offers some concluding remarks.
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Chapter 2

Preliminaries

This chapter aims to provide the necessary background information for our further work.
Most of it is well known, although some results are not widely used or are presented in
a slightly modified form. If a statement is important to us or if there is no proof for its
exact formulation in the literature, we provide one. Otherwise, we refer to an appropriate
source.

We begin with important results, definitions, and theorems for standard dense matri-
ces. The main focus is on the QR decomposition, low-rank factorizations, and related
theorems.

After that, we introduce H-matrices mainly following the notation and definitions from
[53], which differ from the standard approach, e.g. given in [43]. This deviation will
lead to better readability of the proofs in Section 3.3. We then give a short overview
of the actual construction of an H-matrix for a given problem and show some general
complexity estimates. Since we slightly modify or extend the results compared to the
primary sources, we provide all the proofs, although they are mostly very similar to
those in the literature.

We then present some related matrix formats and introduce our two model problems,
interpolation and approximation using radial basis functions and the boundary element
discretization of the 2D and the 3D Laplacian.

2.1 Linear Algebra

We start by recalling the definition of the rank of a matrix, which is equal to its maximal
number of linearly independent columns.
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Chapter 2 Preliminaries

Definition 2.1 (Range and rank) Let A € R™*™. Then the range of A is defined by
range(A) := {Azx € R™ | x € R"}
and the rank of A by

rank(A) = dim (range (A)) .

We continue with this well-known result.

Theorem 2.2 Let A€ R™** If A= B.-C for B€R™" and C € R™*, then
rank(A) < min{rank(B), rank(C)}.
If A= B+ C for B,C € R™* then

rank(A) < rank(B) + rank(C).

We further define matrices with additional properties.

Definition 2.3 (Diagonal matrix) Let A € R™" be a square matriz, and let a;;
denote the entry in the i-th row and j-th column. If A satisfies

) 75] = Qi = 0
for all 0 < i,j <mn, then A is a diagonal matriz. If A is diagonal and
a; =1

holds for all 0 < i < n, then A is the identity matriz of size n and we denote it by
A=1,.

Definition 2.4 (Trapezoidal and triangular matrix) Let A € R™*". If
1> 7 = A5 = 0

holds for all0 < i <m and 0 < j <n, then A is an upper trapezoidal matriz. If m =n,
then A is an upper triangular matriz. If AT is upper trapezoidal, then we call A lower
trapezoidal and, in case m = n, lower triangular.

Definition 2.5 (Orthogonal matrix) Let @ € R™*" be a square matriz. Q is called
orthogonal if

Q'Q=QQ" =1,

where I, € R™™™ s the identity matriz.

26



2.1 Linear Algebra

Definition 2.6 (Positive definite matrix) Let A € R"*" be a square matriz. A is
called positive definite if

2T Az >0

holds for all x € R™\ {0}.

Many matrices allow for decompositions into matrices with special properties.

Theorem 2.7 (LU decomposition, [75]) Let A € R™™" be an invertible matriz, mean-
ing there is an A1 € R"*™ such that

ATV A=,
Then it can be factored as
A= PLU,

where P € R™ ™ s a permutation matriz, meaning it has exactly one entry of 1 in
each row and column and zeros elsewhere, L € R"*" is lower triangular with 1 as every
diagonal element and U € R™™™ is upper triangular.

Theorem 2.8 (Cholesky decomposition, [75, 49]) Let A € R™ ™ be a symmetric
positive definite matriz. Then it can be factored as

A=UTU

where U € R™™ is upper triangular with positive diagonal elements.

The LU decomposition can be computed in 2n3/3 floating point operations (flops), and
the Cholesky decomposition can be computed in n?/3 flops using the inherent symmetry
[50].

Theorem 2.9 (QR decomposition, [30]) Let A € R™ "™ be a matriz with linearly
independent columns. Then it can be factored as
A=QR,

where Cj € R™" has orthonormal columns and B € RV s upper triangular with
non-zero diagonal elements. This decomposition is called the reduced [80] or thin [33]
QR decomposition. It can be extended to the full QR decomposition by adding further
orthogonal columns C~2 to @ to obtain a square orthogonal matriz Q € R™*™ and adding
zero rows in R to obtain a rectangular R € R™*"™, Then we have the full QR factorization

A:QH:@ @-Gﬂ:@ﬁ
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Chapter 2 Preliminaries

There are different approaches to computing this decomposition, such as variants of
the Gram-Schmidt orthogonalization [30], and Givens rotations [31, 33]. Our work will
mainly be based on the Householder reflectors first introduced in [52] and defined by us
in the upcoming Definition 2.13.

We now introduce the singular value decomposition (SVD).

Theorem 2.10 (Singular value decomposition, [32]) Let A € R™ ™. [t can be
factored as

A=UxVT,

where U € R™<E V € Rk have orthonormal columns, k = min{m,n} and S € Rkxk g
a diagonal matriz with non-negative diagonal elements in decreasing order. The diagonal
entries o; of S with 1 <i < k are called stngular values, and the decomposition itself is
called the compact singular value decomposition (SVD). By adding orthonormal columns
UtoU orV toV to _get orthogonal matrices U € R™*™ gnd V € R™™ and adding zero
rows or columns to S to get the rectangular matriz X € R™*™ it can be extended to the
full SVD

A=UxVT.
If only k' < k singular values are positive, we can also compute a thin SVD
A=U VT,

where Uy € R™F v, € R™F contain only the first k' columns of U respectively V and
¥ € RFXK 45 g diagonal matrix containing only the positive singular values, again in
decreasing order.

The SVD can be computed in 21mn? + 8n? flops [50]. The SVD plays an essential role
in the context of finding a low-rank approximation for a given matrix. If the SVD of a
matrix is known, the best approximation of any rank k is available directly.

Theorem 2.11 (Best approximation by SVD, [23]) Let A € R™*" be a matrix
with rank k and thin singular value decomposition given by

A=UxvT

with U € R™*k Ve Rk gnd X € RF*F. Let k' < k and let Uy € R™K 1, e RWK
contain only the first k' columns of U or, respectively, V and 31 € RF'>K be q diagonal
matriz containing only the first k' singular values of A, again in decreasing order. Set

A* =U 5, Ve
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2.1 Linear Algebra

Then A* is a best approzimation of A among all matrices of rank k' with respect to the
Frobenius norm, meaning

A* = argmin |A— A p
AeRmxn
rank(A)=k'

with

m n
1A= A"p = | D> lay — a2,

i=1 j=1

as well as a best approximation of A among all matrices of rank k' with respect to the
2-norm, 1i.e.

A* = argmin |4 — A
AeRrmxn

rank(A)=k'
with

[A =A%z = owrga

An extensive discussion of this and other low-rank approximation techniques can be
found in [58]. We will take a brief look at a heuristic approach to the (non-optimal)
low-rank factorization of a matrix in the upcoming Subsection 2.2.2 by introducing the
adaptive cross approximation. Another direct consequence of Theorem 2.10 is that there
exists a factorization for any matrix where the sizes of the factors depend on the rank
of the matrix.

Theorem 2.12 Let A € R™*™ be a matriz with rank(A) = k. Then there exist matrices
U e R™F and V€ R™* with

A=UvT.
PrROOF By Theorem 2.10 there exists a thin SVD of A
A=U VT,

where U; € R™*F v, € R"*F and £; € R¥**. Let u; denote the columns of U; and v;
the columns of V for 1 < ¢ < k. By rewriting this using

U= [Ulul o2Uu2 ... akuk],

V=[viva ... v,

we have shown the statement. =
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Chapter 2 Preliminaries

Theorem 2.12 shows the connection between the rank of a matrix and the amount of
unique data saved in it. If the rank of a matrix is low, then the same information could
be saved without any loss simply by saving the low-rank factorization shown in Theorem
2.12. From now on, whenever we use matrices with a low rank, we assume that they are
given in this factorized form.

This idea also extends to full-rank matrices that are numerically low-rank, meaning most
singular values are close to zero. As shown in Theorem 2.11, the loss of information
in the 2-norm is bounded by the first dropped singular value, and thus the low-rank
approximation contains nearly all of the information of the original matrix.

Before we can go over the definition of H-matrices, we need to make some additional
statements regarding the computation of the QR decomposition of a matrix. At first,
we introduce Householder reflectors and then show a special factorization of () based on
them recursively.

Definition 2.13 (Householder reflector) Letv € R". Then v defines a Householder
reflector by

2 T

P=h-om

It can be shown that Householder reflectors are orthogonal and symmetric [33]. Further-
more, they can be used to transform one vector into another, arbitrarily defined vector
of the same length. This allows us, among other things, to introduce zeros into vectors,
and hence we can use them to compute the QR decomposition. The way in which the
appropriate vector v can be found is shown in the following theorem.

Theorem 2.14 ([33]) Let x € R™ be an arbitrary vector with first entry x1 € R and
e1 € R™ the first unit vector, i.e.

1
0
€1 = .
0
Set
v = + sign(z1)||z||2e1,
where
3 ( ) 1 1 2 07
stgn(xy) =
g ! -1 z1 < 0,
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2.1 Linear Algebra

and let P be the Householder reflector corresponding to v. Then

Pz = —sign(x1)||z||2e1.

In the computation of v we chose addition instead of subtraction (x — sign(xy)||x| €1
would also eliminate all except the first entry of z) to avoid any cancellation error in the
case where z1 and ||z||2 are almost equal. Using repeated applications of Householder
reflectors that are chosen such that entries below the diagonal are eliminated, the QR
decomposition of a given matrix A € R™*" can be computed in 2n?(m —n/3) flops [33].
Furthermore, the computation of the Householder vector and the multiplication of the

corresponding Householder reflector with another matrix are well known to be stable
[48].

The following Theorem 2.15 is based on results in [74, 12, 24, 62] and presents a re-
cursive block version of the Householder QR factorization, which will be the basis for
our proposed QR factorization using (efficient but only approximate) matrix arithmetic
provided by hierarchical matrices.

If a matrix A = (z) € R™*! consists of only a single column, then its (full) QR factor-
ization is by Definition 2.13 and Theorem 2.14 given by the Householder reflector

2 2
Q=1In——Fv0" =I-YTY" withY =veR™! T=— R,
vl vl
where v is defined as in Theorem 2.14 and R = —sign(x1)||x||2e1 is an upper trapezoidal
matrix, where e; € R denotes the first unit vector. If A consists of more than one
column, its QR factorization can be computed recursively, as given in the following

Theorem 2.15. The respective matrix subblocks occurring in this Theorem are illustrated
in Fig. 2.1.

Agg

Figure 2.1. Hlustration of the blocks in the recursive Householder block QR factorization.

Theorem 2.15 Form >n > 1, let

A= (A1 Ap) e R™X"
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be split into two column blocks Ay € R™* ™ Ay € R™*™2 with ny +ngy = n. Let

Ry

A= <R;]1> with Q1 € R™ ™, Ry € R™M*™ ( 0

) c Rmxnl

be a QR decomposition of A1, and let

Ay = <j~12> = Qf Ay with Ap e RMX™ Ay, € RMXM2,
22

where m :=m — n1 > na. Then let

A = Qs (%2> with Qg € R™ ™ Ry € R™2%"2 <I§)2> c RMXn2
be a QR decomposition of ZQQ. Finally, we define

I, 0
Q:Ql'QQERmxm with Q2=< !

o GRme7
0 Q2>
R—<R1 412>ew_

0 Ry

Then the following holds:

1. A=Q (J(?) is a QR decomposition of A.

2. Assuming that @1, @2 have decompositions of the form

Q1= I, — YiTVY{ with Y| € R™*™ Ty ¢ RMX™,
Qo = I, — YooYy with Yy € R™¥™2 | Ty ¢ R"2X™2

for lower trapezoidal matrices Y7, Y, and upper triangular matrices T1, Ts, then it
holds that
Q=1I,-YTYT

with lower trapezoidal Y € R™*™ and upper triangular T € R™*"™ given by
. 0 mXn
Y:(}/l Yz) with Yy = f/ eR 2
2

T_ T, —TY{YoTh
~\0 15 '

Proor 1. The matrix @ is orthogonal since it is the product of two orthogonal
matrices. The matrix R is upper triangular since Rp, Roo are upper triangular.
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Furthermore, it holds that

(I 0\ N N 1 zfltm
QR =@ <0 Q2> 8 1(%)2 =@ (O A22>

_ <Q1 (1[%)1> QMTQ) — (A Ay) = Al

2. It holds that

_ T T
L —YTYT =1, — (Vi Ya)- <T1 ThY Y2Tz> (Y1 )

0 Ty Y
= I, — VIT\ YL — VoLV + VT Y YooYy
= (In =0 Y{" ) (I, — YaToYy)

_Q1'<181 £2>—Q1'Q2—Q- n

Remark 2.16 Instead of computing the matrix product in the off-diagonal block 772
of

T_ Ty T\ _ (T T Y{'YoTy € R(mi+n2)x(m+n2)
0 Ty 0 15

we propose to only compute and store

T Ty T - T Y'Y, eR(n1+nQ)X(nl+n2)7
0 T 0 T

which we call the reduced form of T'. T is less expensive to compute compared to T but
allows to compute a matrix-matrix multiplication 7" X (as needed in the computation
of Ay in Theorem 2.15) at the same cost in view of

T TWYYoTy\ _ (T 0\ (1 Y{Ys\ (I 0

0 Ty - \0 I 0 I 0 Ty
by storing and reusing the intermediate products T X9; and Tb X9 (imposing a 2 x 2
block structure on X that is compatible with the one of T').

In the case of dense matrices, the storage requirements of 7" and its reduced form T
are the same. We will later store all matrices occurring in the QR factorization in a
structured hierarchical matrix format. Then T is often not only advantageous concerning
computational work but also storage cost since the additional matrix-matrix products
to compute 1o = T} 1Y1TY2T2 compared to Ty = YITYQ often increase the local ranks
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of admissible matrix subblocks (or even require their refinement to smaller subblocks).
To our knowledge, this reduced representation of T has not been used before in the
literature. We will formalize this process as an algorithm for H-matrices in Chapter
3.3. &

Note that, by construction, Y contains the vectors used to create all Householder reflec-
tors used on the highest level of the recursion. Assuming one would have the result of
the simple, non-block version of the QR decomposition by Householder reflectors, one
could directly write down Y using the Householder vectors and the diagonal entries of
T using the coefficients in the Householder reflectors. Furthermore, by this observation,
the actual vertical splits used in the recursion are irrelevant for T' as well. Independent
of their choice, T" is always the same.

The cost of computing 7', as given in Theorem 2.15 when all Householder reflectors are
known, can be bounded by 2mn?. The proof is very similar to the considerations for the
block representation of @), as given in [33], so we omit it here. Together with the cost
of computing the Householder reflectors in the first place, the overall cost for the QR
decomposition is bounded by 4mn?.

2.2 Hierarchical Matrices

2.2.1 Introduction

‘H-matrices have been introduced about 20 years ago and their arithmetic has reached
a somewhat mature state, see for example [36, 43] for detailed discussions on their
construction and arithmetics.

Our goal of introducing a recursive Householder-based QR factorization in H-matrix for-
mat requires a careful adaptation of the H-matrix construction for two main reasons.

First, for the (H-) matrix-matrix multiplication A - B of two H-matrices A, B, their
block structures must be compatible. Often, the H-matrix structure for the product is
fixed a priori, but here we want to be able to determine it in a suitable way ”on-the-fly”
based on the H-matrix structures of the factors A, B. This is necessary since we do not
know beforehand what structures may be suitable for the matrices Y, 7T, R representing
the QR factors in Theorem 2.15.

Second, an H-matrix is typically constructed by a (simultaneous) subdivision of the

row and column index sets. However, the recursive block QR factorization is based on
column-wise (only) subdivisions. Therefore, in the following description of a hierarchical
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index set partitioning, we allow for “idle” steps, where an index set is not partitioned
when going to the next level.

Our introduction of H-matrices follows along the lines of [53]. For a (finite) index set I,
#1 denotes its number of elements. We use I for the row index set and J for the column
index set of a matrix A € R’”*/. When only the numbers n, m for rows/columns of a
matrix are known, we write A € R™*™ or even use A € RIX". For subsets ¢ C I and
T C J, the corresponding submatrix of A is denoted by A, .. We call the set o x 7 an
(index) block and the submatrix A, , a matrix block. First, we recall the definition of a
partition.

Definition 2.17 (Partition) Let S be a set. Then a partition of S is a set of subsets
S of S so that the following conditions are satisfied:

1.V 5,5 €S S1NSy =0 < S1 # So,

2. S = US,GS S/,

3.V e€S: S #0.

Now we define hierarchical structures on the index sets I and J.
Definition 2.18 (Hierarchy of partitionings) A sequence (Pf)é::o of partitions P¢ =
{Ig, ce 7I£2}7 £=0,...,L, for a finite set I is called a hierarchy of partitionings of I of
depth L if

Py = {1}
and for all £ € {0,...,L —1} and k € {0,...,p"}

If = U I;H for a subset Iy, C {0,...,p" 1}
J€Lsup

holds true. We further define the set of all subsets in a hierarchy of partitionings by

. . L
pjier .— ppier ((Pf)ezo) - U rh

2e{0,...,L}

Let 0,0’ € P}”” with o' C o. Then we call 0’ a descendant of o and a non-trivial
descendant if o' C o. If o = Iﬁ for some £,k € N, then o has the level ¢ and is the
uniquely defined ancestor of o’ on the £-th level given by

ancy(o’) = o.

We call o' a direct descendant of o if o' = Iﬁ,ﬂ for some k' € N.
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Although technically a set, as o can (and will) have more than one level, we will never-
theless use the notation level(o) to identify a suitable representative of this set of levels
by choosing the highest level.

We give a simple example to illustrate the notation introduced in Definition 2.18.
Example 2.1 Let I ={0,1,2,3} and a sequence of partitions be given as specified in

level partition subsets

0o PY =1

1 P I} ={0,1}, 11 ={2,3}

2 Pf I§ = 0,1}, It = {2}, 13 = {3}

3. P} Iy ={0}, I} = {1}, I3 = {2}, I = {3}
Then,

PPt = {1,{0,1},{2,3}, {0}, {1}, {2}, {3}}.

The subset {0,1} has direct descendants {0, 1}, {0}, {1}, non-trivial direct descendants
{0}, {1} and (occurs on) levels 1 and 2, while the subset {2, 3} has only direct descendants
{2}, {3} and (occurs on) a single level 1. O

We now construct a particular hierarchy of partitionings for the index set I x J based on
hierarchies of partitionings of I and J. Our definition is more flexible than traditional
definitions of block partitionings in which typically the direct descendants of blocks o x 7
are given by the Cartesian product of the direct descendants of o and 7, respectively. In
our definition, other than direct descendants may be used as well.

Definition 2.19 (Hierarchy of block partitionings) Let (Pf)ZL:’O and (Pf})EL;’O be hi-
erarchies of partitionings of the finite index sets I and J, respectively. The sequence of
partitions (PIKxJ)zL:o of I x J with PIZXJ = {b‘i, ceey bgl}, bf; C I x J, is called a hierarchy
of block partitionings of I x J of depth L if the following two conditions are satisfied:

1. (PIZXJ)LO 18 a hierarchy of partitionings of I X J according to Definition 2.18.

2. For every £ € {0,...,L}, there exist £/ € {0,...,L;} and ¢" € {0,...,L;} such
that

g . él /!
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For a given o € PIhieT, we define the set of levels of all T € P}”“”" with o X T € P}“‘i‘f}" by

L a,.J) 1= L (o, (PF) 2o, P )

::{OSKSLJ:EITEJ% withUXTEPIhiC}}.
Analogously, for a given T € P}‘i”, we define
L0 (7, 1) = 17 (7, (Pf) {2, PSS )

::{ogengzaaeP} withaxrepf;f}}.

We give an example of a hierarchy of block partitionings.

Example 2.2 Let [ and its hierarchy of partitionings be given as in Example 2.1 and
let J = I with the same hierarchy of partitionings. We define the following hierarchy of
block partitionings:

P ;=P x PY={IxJ},

P}XJ:PI[)XP}:{IX {071}7IX{273}}7

PI2><J:P19 XPjQ):{IX {O}7IX {1},I>< {2}7IX {3}}7

P} ;= P} x P} ={{0,1} x {0},{0,1} x {1},...,{2,3} x {3}}.
Then

L'{0,1,2,3},J) = {0,1,2,3}, L°({0,1},J) ={2,3}, L« ({0},J) =0,
L% ({0,1,2,3},1) = {0}, Lv({0,1},1) = {0},  L™*({0},I) = {0,1,2}

holds true following Definition 2.19. &

We define a partition of I x J consisting of index blocks from different levels of a hierarchy
of block partitionings. This partition will later determine the block structure of an H-
matrix.

Definition 2.20 (#H-block partition) Let (PIZXJ)LO be a hierarchy of block partition-
ings based on hierarchies of partitionings (Pf)fzfo, (Pf)EL:JO. Then a partition P}, ; =
{b1,...,bq} of I x J is called an H-block partition if b; € Pjhie}” foralli=1,...,q.

We call T € P}‘i” a column cluster of PIHXJ if there exists a subset o € PIM” with
oXTE P;'ij. A column cluster T € P}‘i” is called a column leaf cluster of P;'iJ if
there exists no index block o’ x 7/ € Pl ; with 7' C 7. Analogously, we call ¢ € P} q
row cluster of PIHXJ if there exists a subset T € P}”” with o X T € PIHXJ. A row cluster
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TE P}”'er is called a row leaf cluster of P;'i] if there exists no index block o’ x 7/ € PIHXJ
with o’ C o.

We further set
depth,,,(PIt ;) = max {k :3oxTePlt, withoePF re P",””} ,

depth,,(PIL ;) = Ogizgzj {k: :3oxr1ePl; witho e PM e Pff}

and define the depth of P;'ij by
depth(PfY ;) = max { depth, o, (PJL ;), depth,q (P )} -
Example 2.3 We continue our example and define the H-block partition
Pl = {1 x{0,1},{0,1} x {2},{0,1} x {3},{2,3} x {2},{2,3} x {3}}.

P} has column leaf clusters {0,1}, {2} and {3}, row leaf clusters {0,1} and {2, 3} and
furthermore

depth,. (P}t ;) =2, depth., (P}L;) =3, depth(P};)=S3. o

TOW (

To ease the notational burden, we will make the following assumption:

Assumption A Let P}t ; = {b1,...,b,} be an H-block partition of I x J based
on the hierarchy of block partitionings (PIEX J)gL:o with hierarchy of partitionings

(Pf)f:’ o and (Pf)lzo. We assume that any given o € PP and 7 € PP has at

most two non-trivial direct descendants. Hence, a block o x 7 € Plhie}“ has zero, two
or four non-trivial direct descendants.

This assumption does not limit the type of matrix we can use because we allow for just
one direct descendant. For any given H-block partition, the underlying hierarchy of
(block) partitionings can be changed to satisfy this assumption at the cost of a higher
depth.

We next introduce an admissibility function that maps each block in a hierarchy of
block partitionings to {True, False}. The definition is motivated as follows: The ad-
missibility function shall indicate whether the corresponding matrix block allows for a
low-rank approximation. Since subblocks of a low-rank matrix are of low rank as well,
any descendants of an admissible block shall be admissible as well.
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2.2 Hierarchical Matrices

Definition 2.21 (Admissibility function) Let Pjhie}" be all sets in a hierarchy of par-
L

=0 of I x J for some index sets I, J. Then, a function

titionings (PIZxJ)

hier

adm : Pi5S7 — { True, False}
is called an admissibility function if for all b € Plhiej
adm(b) = True = adm(b;) = True ¥ b; € P with b; C b.

holds true. We will call a block b € Plhiej admissible if adm(b) = True and inadmissible
otherwise.

The following definition defines an H-block partition to be consistent with the admis-
sibility function if it is the coarsest possible partition made up of sets from Plhie}" in
which all block clusters not on the highest level of the corresponding hierarchy of block
partitionings are admissible.

Definition 2.22 (Consistent #-block partition) Let P} ; be an H-block partition

that is based on the hierarchy of block partitionings (PIZxJ)f:o' We say that it is consistent
with the admissibility function adm if all blocks b € P}'ij of the H-block partition that
have descendants b%° € Plhie}“ (in the hierarchy of block partitionings) with b%* C b are
admissible and there is no admissible b*"¢ € P]hie}" with b C b¢. We further define the
near-field of P;'ij by

H,— H L
Prly =PriyN Py
and the far-field by
H7+ H Ha_
Py =Prig\Pr;.
Blocks in PIHX; may be admissible or not, and we say that P;'ij has the leaf size Ny € N
if

Nmin > max  {min{#o, #7}}.
JXTGPIX’;

1s satisfied.

Consistency of an H-block partition P! ; with an admissibility function as defined in
Definition 2.22 ensures that admissible blocks in P;'i s are as large as possible. In par-
ticular, an admissibility function defines a unique consistent H-block partition. We will
call matrix blocks A, ; admissible or inadmissible if the corresponding index block o x 7
is admissible or inadmissible, respectively. The leaf size, as given in Definition 2.22, is
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(a)PIOxI' (b)PleI'

(¢) Pfr- (d) PP, ;. (e) Pl

Figure 2.2. Illustration of an admissibility function adm on a hierarchy of block par-
titionings (a)-(d) and an H-block partition (e) that is consistent with adm. Red index
blocks are inadmissible, green index blocks are admissible.

the upper bound for the minimum number of rows or columns of each leaf. We now
define the set of H-matrices.

Definition 2.23 (‘H-matrix) Let PIHXJ be an H-block partition of I x J that is consis-
tent with the admissibility function adm, and let k € N. Then

H(PH ;. k, adm) := {B € R’ | rank(B|y) < k for all admissible blocks b € P}t ;}

defines the set of H-matrices with respect to PIHXJ, adm and k.

Admissible matrix blocks B, with b = 0 X 7 can be represented in factored form
Bly=UVT  with U e R”* vV € R™* for some k' < k.

This factored representation is a key ingredient for the efficient arithmetic of H-matrices,
especially if k is small compared to #o, #7. Matrix blocks ¢ x 7 in the H-block parti-
tion P* ; that have no (non-trivial) descendants in Plhie} may either be admissible or
inadmissible. Depending on the rank k and their size #o - #7, such admissible blocks
may be stored more efficiently in explicit (as opposed to factored) form.

In the literature, an admissibility function is sometimes only defined on the blocks of
an H-block partition and not on the entire hierarchy of block partitionings as we did in
Definition 2.21. We will need this extended definition in order to define admissibility
functions (and consistent H-block partitions) for sums and products of H-matrices in
the upcoming Definitions 2.24 and 2.25.
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2.2 Hierarchical Matrices

We first recall an observation for the addition of low-rank matrices. Let A, B € R"*™
have respective ranks k4, kp and be given in factored forms

A=U,-VF, B=Up-Vi.
Then the sum A+ B has at most rank k4 +kp and can be represented in factored form
A+B=[UaUg]-[Va Vg]T.

Even though the ranks are added, the rank of the sum may still be small compared to
the sizes of A and B, hence suggesting that the sum of two admissible blocks shall lead
to an admissible block, which motivates the following definition. Note that for ease of
notation we set

True > False.
Definition 2.24 (Matrix sum admissibility) Let admy, admp be admissibility func-
tions for the same hierarchy of block partitionings (PIZXJ)LO. Then admc(b) is called

the induced matriz sum admissibility function w.r.t. adma and admpg if for all blocks
b=oxt1E€ Plhie}"

| True : adma(b) = admp(b) = True,
adma (b) _{ False : else

holds true and a partially induced matriz sum admissibility function w.r.t. admy and
admpg if for all blocks b= o x T € Pl

adme(b) < True : adma(b) = admp(b) = True,
False : else

holds true.

The admissibility function from Definition 2.24 is actually an admissibility function as
defined in Definition 2.21 because for every b € P}liej with

admeg (b) = True
we have by definition
adm4(b) = admp(b) = True
and thus also

admy (b;) = admp(b;) = True V b; € PIhiXe} with b; C b.
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The latter means, again by definition of adm¢, that
adm(b;) = True V b; € PP with b; C b.

According to Definition 2.22, an admissibility function yields a consistent H-block par-
tition. Hence, admissibility functions adm 4, admp and the resulting sum admissibility
adme are associated with respective consistent H-block partitions PZ‘{, Pf; and ng,
and we also say that the H-block partition P is induced by summation of (consistent)
matrices with H-block partitions P}, P;‘.

To define an admissibility function that is induced by the product of two H-matrices A €
R*J B € R7*K | we first have to ensure that their H-block partitions are compatible
for multiplication, i.e. for each o € PIhier and 7 € P}ger, there must exist levels £7, 0, £
such that o € Pf’, 7 € PiX as well as P/’ x P} € PP and P/ x PiX € Pher . Then
the matrix product may be computed blockwise as a sum of matrix products

CU?'Y = Z AU’,T ’ BTv’Y'

TEPﬁJ

An intermediate product A, ; - Br, has (at most) rank k if at least one of its factors
has (at most) rank k, meaning the product is admissible if at least one of its factors is
admissible. If we combine this with our motivation for the definition of an induced sum
admissibility, then the block C, . should be admissible if, for each of its intermediate
products, at least one factor is admissible. However, the levels £;, £, f i that were used
in the above illustration may not be uniquely determined, and different levels ¢}, ¢/;, ¢}
may yield a different result, as illustrated in Figure 2.3. In this example, we have ¢/, < ;.

In the summation over 7 E?" , all intermediate products and hence the final product are
inadmissible, whereas in the summation over 7 € Pﬁ" , all intermediate products and
hence the final product are admissible. We will hence base the definition of the product
admissibility function on the highest possible level ¢; which is available to define the
product in a given matrix block.

Definition 2.25 (Matrix product admissibility) Let P}, and P} . be H-block
partitions that are consistent with admissibility functions adma and admp, respectively,
and that are based on (block hierarchies of partitionings resulting from) the same hier-
archies of partitionings (Pf)fzfo, (Pﬁ)ZL:JO and (Pf;)ffo. For o x v € PPer. et

Lintersee(g,y, J) = Lo, (P§) 2y, PHS) 0 L%y, (P) 2y, Phick)

be the set of all intersecting levels for a block o x v € Plhie[(. If Lmtersee(g . J) = (),
then the H-block partitions P;’LiJ, P}‘X}( are not compatible for multiplication. Otherwise,
define the maximum

L™ (g, 7, J) := max{l | £ € L™ (g ~, J)}.

42



2.2 Hierarchical Matrices
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Figure 2.3. Computing the H-matrix product A; - Ay for two H-matrices Ay, As on
different levels of the hierarchy of block partitions. With 71 = 74 U 7o, 75 = 73 U 74,
we may assume that all 7/ occur (only) on level ¢, whereas the 7; occur (only) on level
¢+ 1 in the hierarchy of partitionings of J. Hence, {¢,¢ + 1} C L®(0,J) as well as
{0, +1} C L™ (v, J). On the left, the summation is performed over the blocks in P¥,
whereas on the right, we sum over the blocks in P§+1.

Then admgc is called an induced matriz product admissibility function w.r.t. adma and
admp if for all blocks b= 0 x v € Plhief(

True : Y T1€ PJLWH(U’%J) : admy(o x 7) = True
adme(b) = or admp(t x v) = True,
False : else

holds true and a partially induced matrix product admissibility function w.r.t. adma and
admp if for all blocks b= 0 x v € plhielr(

True : V1€ PJLmM(J’V’J) : admy(o x 1) = True
adme(b) < or admp(t X v) = True,
False : else

holds true.

Analogous to the induced matrix sum admissibility, the induced matrix product ad-
missibility is also an admissibility condition as given by Definition 2.21. For every
oXyE P}lie;( with

adme (o x ) = True
either
adma (o x 7) = True or admp(7 X 7) = True
o

holds V 7 € P}m U’V’J). Hence, because admy and admp are admissibility functions

as given in Definition 2.21, we can also find for o/ C o, 7/ C v with o/ x v/ € PM a
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suitable 7/ with
admy (o’ x 7') = True or admp(7’ x 4') = True.
By this we have
adme (o’ x ') = True V o’ x 4/ € PMY. with 0’ x v C o x 7.

Naturally, for any induced or partially induced matrix product admissibility function
adme(+) there is a consistent H-block partition PIHX i for the matrix product of matrices
A€ PlL;and B € P¥ .

The induced admissibility function for the result of any operation that involves more
than one product or sum can be found by consecutively applying Definitions 2.24 and
2.25. We will simplify the notation and call any admissibility function that was derived
in such a way an induced admissibility function. Furthermore, we will sometimes call
an induced admissibility function fully induced to differentiate it from partially induced
admissibility functions.

The H-matrix addition or multiplication may now be summarised in a greatly simplified
manner as follows: Based on the H-block partitions and admissibility functions of H-
matrices A and B, determine an H-block partition that is consistent with an induced
sum or product admissibility function. For an inadmissible block in this resulting H-
block partition, compute the exact sum or product. For an admissible block in this
resulting H-block partition, compute the exact sum or product in factored form and
then truncate it to a given maximum rank (or relative accuracy). We refer to related
work [36, 46], which considers suitable structures for H-matrix products and derives
complexity bounds based on notions of sparsity and idempotency.

Our definitions of induced sum and product admissibility functions are heuristic in the
sense that a block deemed admissible (since it is computed as the sum of admissible
blocks) may in fact have a rather large rank and incur truncation errors when truncated
to a given maximum rank. On the other hand, a block that has been deemed inadmissible
may have a low rank even if it is the sum of full-rank blocks. However, this is considered
to be unlikely to happen in actual applications. Hence, the induced sum and product
admissibility functions have been designed such that the resulting H-block partition
consists of (largest possible) blocks, which gives us reason to believe that they may be
well approximated with low-rank data.

As illustrated in Figure 2.4, the number of inadmissible blocks in the induced matrix
product admissibility function - and thus its likely data sparsity - depends mainly on the
locations of the inadmissible blocks in the factors and not simply on their number. This
is very similar to analogous considerations in the context of sparse matrices and leads to
the same consequence. Only using data-sparse matrices in an arithmetic operation does
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not mean that its result is data-sparse again. This has far-reaching consequences and
is the main reason why the QR decomposition of some H-matrices cannot be efficiently
computed.

Figure 2.4. The induced matrix product admissibility function is highly dependent on
the H-matrix structure of its factors.

We have derived these induced sum and product admissibility functions to be used for
all intermediate matrix products and sums in the H-QR factorization based on Theorem
2.15. However, they may also be useful for other matrix operations, e.g. for computing
suitable H-block partitions for the LU factors in an ‘H-LU factorization, which so far in
the literature mostly inherit the H-block partition of the original matrix A. A notable
example is [69], where a novel compressed matrix format is proposed that combines
an adaptive hierarchical partitioning of the matrix with low-rank approximation. We
will also briefly review the problem of finding a suitable H-matrix structure for the LU
factors in an H-LU factorization in Chapter 5.

In both Definition 2.24 and 2.25, we have also defined the partially induced admissibility
function. Using a partially induced admissibility function for the result of an operation
ensures that no inadmissible block that gets calculated has to be turned into an admis-
sible block so that it fits the hierarchical structure of the result. However, admissible
blocks can be turned into inadmissible blocks. Hence, any partially induced admissibil-
ity function in a given context works as an upper bound on the number and position of
inadmissible blocks when using the induced admissibility function. This will be essential
for our cost analysis in Chapter 3.3.

We also need some further definitions for this cost analysis. Let A € 7—[(PIHX 7, k,adm)

be an H-matrix based on the hierarchy of block partitionings (PfX J) KL:O and let o x 7
and o’ x 7/ be two blocks in P]hie}” but not necessarily in P;'i - Then both blocks induce

45



Chapter 2 Preliminaries

submatrices in A, denoted by A, x, and A, w,.. Using the relative position of these
submatrices, we can define an order on the sets in PI}”” and Pf]”er.

Definition 2.26 (Order of blocks and distance) Let P} ; be an H-block partition
that is based on the hierarchy of block partitionings (Plng)f:(y where (PIZ)é::Io is the

hierarchy of partitionings of the row index set, (P}“)ZO is the hierarchy of partitionings
of the column index set, and A € H(P;'ij,k, admya) is an H-matriz. Assume that the
index sets I and J correspond to ordered rows and columns in A, meaning that the
i-th row of A is induced by the index i and the j-th column of A is induced by j. For
0,0’ € P with o N o’ = (), we define

0 <(Arow) 0 & max{i:i€o} <min{j:je '},
0 <(Arow) 0 & max{i:i€o} <max{j:jeco'},

and for 7,7 € PP with N 7' = (), we define

T <(acon T & max{i:ier} <min{j:je 7},
T <(acon 7 & max{i:i€r} <max{j:jer}

If the context is clear, we will write < instead of <(acory and <(arow) 0T < instead of
<(Acol) AN S(Arow)- This defines a distance between two column index sets T, T e Pf
of the same level £ with T < 7' by

distrow.A(T,T') = #{0 x 7 € PN . level(t) =€ N 7<% <7’}

for some o € P}”er with o X T € Plhie}" and between two row index sets 0,0’ € Pf of the
same level £ with o < o’ by

disteoA(0,0") = #{6 x 7 € Pl + level(6) = A 0 <& < o'}

for some T € P}”er with o X T € Plhie}". Note that the actual choice of o in the first case
is irrelevant as by Definition 2.19 for any ¢ with o X T € Plhie}

o X7 €ePNT o5 xte Pt

holds true. An equivalent statement is true for the second case. If again the context is
clear, we will shorten our notation and write

dista(T,7") := distrow,a(T,7")
or

dista(o,0") := disteo.a(0,0").

Before we continue, we introduce a third type of block. Until now, we have admissible
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blocks given by their low-rank factorization and inadmissible blocks given by full-rank
matrices. However, some blocks will consist only of zeros, especially if we work with
upper or lower triangular H-matrices. One could see them as admissible blocks with rank
0, but that would noticeably worsen our later cost estimates. Hence, we differentiate
them further and any block consisting only of zeros will be called a zero block, and all
other blocks will be called non-zero from now on.

In the upcoming Definition 2.27, we will use the order defined in Definition 2.26 to
describe admissibility conditions and corresponding H-matrices that exhibit a certain
orientation, meaning inadmissible blocks are followed upon by other inadmissible blocks
either in the same row or in the same column. This will be crucial in characterizing the
structure of H-matrices obtained from LU or QR decompositions. Examples for this can
be seen in Figure 2.5.

1 - BE
i — — 1t
Tt = +
=
“ 1
1 1 « “ T
fi i “ - 1
— — T
“— “—
(a) (b) (c)

Figure 2.5. The matrix in (a) is column-wise oriented, the matrix in (b) is row-wise
oriented, the lower triangular part of the matrix in (c¢) is row-wise oriented, and the
upper triangular part of the matrix in (c¢) is column-wise oriented. Outer blocks on
the highest level that correspond to a row-wise orientation are marked with an arrow
pointing left while those that correspond to a column-wise orientation are marked with
an arrow pointing up. Note that for visualization purposes, the H-matrices (and thus
the corresponding H-block partitions) are shown although the orientation is defined on
the corresponding hierarchy of block partitionings.

Definition 2.27 (Oriented admissibility functions) Let P;’iJ be an H-block par-
tition based on the hierarchy of block partitionings (PléxJ)jzo’ where (PIE)LI0 is the
hierarchy of partitionings of the row index set and (P5)£i0 is the hierarchy of parti-

tionings of the column index set. Let adm be an admissibility function (not necessarily
L

=0
and A € ”H(P;iJ, k,adm) an H-matriz. We will call adm row-wise oriented w.r.t. the

with a consistent H-block partition) of the hierarchy of block partitionings (Pij)
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H-matriz A if for allo x 7 € Plhie}'

adm(o x T) = False

=

adm(o x ') = False V 7’ € P}evel(ﬂ with 7" > 7 A block induced by o x 7' in A

1S MON-Z€Ero

holds true. It is column-wise oriented w.r.t. the H-matriz A if for all o X T € Plhie}"

adm(o x 7) = False

=

adm(o’ x 7) = False ¥V o’ € P}evez(a) with o' > o A block induced by o’ x T in A

1S non-zero

holds true. The H-matrix A will be called row-wise oriented in the first and column-wise
oriented in the second case. An inadmissible block o X T € P}‘;e} that satisfies

adm(o x ') = True V 7' € P}EUCZ(T) with 7/ < T
in the first and
adm(o’ x 1) = True V o’ € P}evel(a) with o’ < o

in the second case is then called an outer block (of level level(T) or level(o), respectively).

We will need additional parameters to calculate the storage and computational costs
associated with an H-matrix. We define the bandwidth and sparsity of an H-matrix.
The latter is a well-known constant in the context of H-matrices, and the first extends
the idea of a (sparse matrix) bandwidth to H-matrices in a new meaning. It will be
relevant for estimating how costly a QR decomposition for a given H-matrix is. Both
parameters are illustrated in Figure 2.6. We start with the sparsity constant.

Definition 2.28 (#-matrix sparsity constant) Let P},

g be an H-block partition
that is based on the hierarchy of block partitionings (Pij)fzo, where (PIZ)ZL:IO is the

hierarchy of partitionings of the row index set, (Pf,“)fio is the hierarchy of partitionings
of the column index set and A € H(PL, ;,k, admy) is an H-matriz. By

Cope(T) :=#{0 € PIhier TOXTE P;fd},
Cspr(o) =#{T € P}Lier TOXTE P;iJ}

foro e PIM” and T € PL}}M we describe how often o or T appear as row or column index
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set in the H-block partition. By

hier hier
TEPY oceP;

Csp(PIHXJ) = max{ max Cgp(7), max CSP’T(U)}

we define the sparsity constant of P;'ij.

Note here that two different definitions of the sparsity constant Cj, exist in the literature

that differ slightly. Rewritten to our notation, the alternative is given by
Cfgc(T):#{UEPf: 3be PlL; with o x 7 D b}

and accordingly for the rows. We will always use Cy), as an upper bound for the number

of admissible blocks in a given block row or block column of the corresponding H-block

partition, hence we use the variant given in Definition 2.28. We continue with the

bandwidth constant.

(a) Cow = 3, Csp = 6. (b) Cow =8, Csp = 4.

Figure 2.6. Two H-matrices and their bandwidth Cj,, (assuming adm; = adm 4 following
the notation of Definition 2.29) and sparsity constant Cg,.

Definition 2.29 (#-matrix bandwidth constant) Let P}t ; be an H-block partition
based on the hierarchy of block partitionings (Pfxt])eLZO, where (Pf)fzfo is the hierarchy of
partitionings of the row index set, (P;)f;o is the hierarchy of partitionings of the column
index set, and A € ’H(P;'ij,k:, admy) is an H-matriz. Let admy be an admissibility
function corresponding to the same hierarchy of block partitionings as admy. We define
the row-wise bandwidth of level k, 0 < k < Ly, induced by admy and A by

wa7r(admb, A) == max{dist(t,7) +2: 7,7 € P}, 3 o x 1,0 x 7' € P} with

admy(o x 7) = False and admy(o x ') = False}
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and the column-wise bandwidth of level £, 0 < £ < Ly, induced by admy and A by

wac(admb,A) = max{dist(c,0') +2: 0,0’ € Pf,3 0 x 1,0' x T € PH with

admy(o x 7) = False and admy(o’ x 7) = False}.

We then define the row-wise bandwidth Cy,, ., column-wise bandwidth Ch, . and bandwidth
wa by

— k
wa,’l‘(admb7 A) = Oérli%}l(q (wa’r(admb, A)) ,

wa,c(admln A) = 022)1(/1 (wa’c(admb, A)) R

Chw(admy, A) := max (Cpy, »(admyp, A), Chy (admy, A)) .

Usually the admissibility functions adm4 and adm; will be identical, but later on we
will need this differentiation. The sparsity constant Cs, and the bandwidth C,, are
inherently linked. We will later see how we can use Cy,, to bound Cl,.

In the cost analysis, we will retrace the change of the H-matrix structure by directly
working with the admissibility functions of all intermediate results. To do that, we
rewrite the conditions in Definition 2.24 and Definition 2.25 by using boolean algebra
and use + and - instead of V and A. This allows us to use the sum and product symbols
>~ and [], which makes the notation easier to follow. As before, we set

True > False

and otherwise follow standard boolean algebra, meaning we have

True + True = True True + False = True
False 4+ True = True False 4+ False = False
for the sum and
True - True = True True - False = False
False - True = False False - False = False

for the product. We start with the induced sum admissibility function.

Theorem 2.30 (Matrix sum admissibility ITI) Let us have the situation from Defi-
nition 2.24. If adme is an induced matriz sum admissibility function w.r.t. admy and
admp then

adme (o X 7) = adma(o X 7) - admp(o X T)

holds true for all blocks b= 0 X T € Plhie}. If adm¢ is a partially induced matriz sum
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admissibility function w.r.t. admy and admp then
adme (o x 7) < adma(o X 7) - admp(o X T)

holds true for all blocks o X T € PI}Z@}.

We continue with the induced product admissibility function.

Theorem 2.31 (Matrix product admissibility IT) Let us have the situation from
Definition 2.25. If adme is an induced matriz product admissibility function w.r.t.
admy and admp then

admg (o X ) = H (adma(o X 7) + admp(T X 7))

reptm o)
holds true for all blocks b= o x v € Plhie;; If adme is a partially induced matriz product
admissibility function w.r.t. adma and admp then

admg (o x ) < H (adma(o x T) + admp(T X 7))

L™MaT(g,,J)
TEP]

holds true for all blocks b= 0 x v € PIhf;;

Our next definition in this chapter deals with another constant that is usually central
to the cost estimate of the H-matrix product. It describes the difference between the
structure that is actually used for the resulting H-matrix and the structure predicted by
the induced admissibility function from Theorem 2.31. We use the (partially) induced
admissibility functions in our upcoming cost analysis, so we have no direct need for this.
However, we will refer to this parameter later, so we introduce it formally.

Definition 2.32 (Idempotency constant) Let us have the same situation as given in
Definition 2.25 and let admg be an induced matriz product admissibility function w.r.t.
to admy and admp, which yields the consistent H-block partition P} . Let P;{XK be
a second H-block partition based on the same hierarchy of block partitionings as P]}iK
and let it be consistent with a second admissibility function admy.. Then we define for
all blocks o x ~v € P?xK the idempotency constant by

Cialo x v, PiL ) ::#{U'xylepﬁ([{:a’xy'gaxy}

and for P?XK itself by

=H HH
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At last, we define the imbalance constant. It describes for an H-matrix A with row
index set I and column index set J the maximum amount of levels of the respective
hierarchy of partitionings a row index cluster ¢ or column index cluster 7 can have
partners for in their collective hierarchy of block partitionings. For a square H-matrix
with I = J this is usually 1, but for rectangular matrices it is often higher. Recall
(the non-standard for square H-matrices) Example 2.2 from this subsection, where the
imbalance constant is 4 because the row column cluster I = {0, 1, 2,3} has partners in
the hierarchy of partitionings of J on levels 0, 1, 2, and 3. This will be an important
part of the upcoming Theorem 2.45 and by that of Theorem 2.47, which gives an upper
bound to the cost of the H-matrix product. This constant is newly introduced by us
and we will further explain the necessity of its introduction after Theorem 2.46.

Definition 2.33 (Imbalance Constant) Let (PIZxJ)gL:() be a hierarchy of block par-

titionings based on hierarchies of partitionings (Pf)fzfo, (Pf)in.Then we define the
imbalance constant by

Cimp(L,J) := max{ max {L%(c,J)}, max {L"%(r, I)}}

hier hier
oeP; TEP]

2.2.2 Construction of a Hierarchical Matrix

Given a model problem, the creation of corresponding H-matrices involves three main
steps. At first, suitable hierarchies of partitionings for the row and column index sets
have to be found, which then are used to construct the hierarchy of block partitionings.
Second, using a suitable admissibility function, an H-block partition is defined. Finally,
a low-rank factorization technique is used to find suitable factorizations for all admissible
blocks.

The first and second step are inherently linked. The partitions of the row and column sets
on every level have to be chosen in a way that groups similar information together because
otherwise we cannot expect the admissibility function to identify any admissible blocks.
So the admissibility function has to be known first before the hierarchical structure can
be developed based on that information.

When choosing the admissibility function, we need to pursue two opposing goals. On
the one hand, we want small storage cost. Hence, we try to create an H-matrix made up
of large admissible blocks and only a few small inadmissible blocks. On the other hand,
we want to approximate our original matrix as closely as possible. That is most easily
achieved by many inadmissible blocks and - where possible - relatively small admissible
blocks. Therefore, the primary task when deciding which admissibility function to choose
is to balance these two goals.
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2.2 Hierarchical Matrices

Similar considerations must be made in the last step when finding the low-rank approx-
imations of the admissible blocks. A higher rank leads to a better approximation of the
original matrix but with higher storage and computational cost.

For many matrices arising in applications, the approach to solving the problem of finding
an admissibility function is based on geometric information associated with its row and
column indices. Given a matrix A € R'*/ | we assume that every index i € I is associated
with a subset X; in R%, where X; could be anything from a set containing only a point
in R? to a set with positive volume like an interval for d = 1. In the same way, any index
J € J is associated with a subset Y; C R%. We can easily extend this association to the
subsets ¢ C I and 7 C J by setting

Xo=JXi, =]V
i€o jer
Using this association, we can now define the diameter of a cluster o by
diam(c) := max{||z’ — 2”| : ', 2" € X,}
and the distance between two clusters by
disty(c,0") = min{|jz — 2’| : z € X,,2" € X}

Note that this distance is different from the one we defined in Definition 2.26. We
assume - and the appropriateness of this assumption relies on the data in the matrix and
the underlying application - that diameter and distance of clusters give us information
about the (numerical) rank (of an accurate approximation) of a given submatrix. If all
associated clusters of the row index set are far enough from all associated clusters from
the column index set, we assume the block to be admissible. We formalize this in the
following definition.

Definition 2.34 (Standard admissibility function) Let A € H(P} ;,k, adma) be
an H-matric and n € R. Then admy is called the standard admissibility function with
parameter n > 0 if it satisfies

True min{diam(c), diam(r)} < n - disty(o,T)

adma(o X 7) = {

Fualse else

forallo x T € Plhief.

Note that the standard admissibility function is an admissibility function as defined
by us in Definition 2.21 because for all b = o x 7 € PP with adma(b) = True, all
descendants &' C b with b’ = o’ x 7/ € PleT satisfy by construction

min{diam(c’), diam(7’)} < min{diam(c),diam(7)} < n - dist,(o,7) < n - disty(c’, 7'),
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and thus also
admy (V') = True.

Whether this is a practical approach to distinguish between admissible and inadmissi-
ble blocks again depends on the data in the matrix, which stems from the underlying
application. We will present an argument for our model problem in Subsection 2.5. A
detailed justification for this approach can also be found in [43].

Unfortunately, the direct calculation of diam(c), diam(7) and dist, (o, 7) for index sets
associated with arbitrary subsets in R? may be costly. We simplify this by using more
easily calculable bounding boxes that contain the associated subsets. To be more precise,
for a given cluster o we find a smallest possible cuboid

d
Co’ = >< [ai; b’L]
j=1

that satisfies X, C C, and then use C, instead of X,. It can be easily seen that
diam(o) < diam(Cj,)
and
disty(o, 7) > disty(Cy, Cr)

hold true. Therefore, this simplification could lead to the identification of admissible
blocks as inadmissible, but not the other way around. In general, this is not a problem
in the application. More information on this and other considerations can be found in
[43].

The last step of the construction, finding low-rank factorizations for all admissible blocks,
also benefits from a cost-conscious decision. Using the SVD would lead to the best
accuracy, as we have seen in Theorem 2.11, but this could prove to be too costly. It
undermines our goal of quasi-linear complexity if we need to use the dense version of a
given submatrix before calculating its low-rank factorization.

An algorithm based on incomplete knowledge of the block in which we are interested
would alleviate this problem. We want to calculate the low-rank factorization of the
entire block while relying on having access only to specific entries of the matrix. This
only works if the model problem allows for an independent calculation of specific entries
of the matrix. This will be the case in our model problems.

One notable example of an algorithm that satisfies these conditions is the adaptive cross
approximation [9], a variant of the cross approximation [6], first developed as skeleton
approximation in [34].
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Figure 2.7. Visualization of the adaptive cross approximation [2]. Note that the middle
block S on the right side of the equation is the inverse of all the dark grey blocks in the
matrix A on the left.

The central idea is as follows. For a given dense matrix A € R’*/, we choose small sets
o C I and 7 C J so that for

AV: AI,T -S- AO’,J
with S € R7*7 we have
|A—Alz <e

with € > 0 small.

It can be shown that under the assumption of A having a good low-rank approximation,
there is also an almost equally good cross approximation [34]. But existence alone does
not solve our problem. We need an efficient way to compute such an approximation.

We want to construct the cross approximation as a sequence of rank 1 updates, mean-
ing

k
A= Z upvy -
=1

The vectors vy and uy of the £/-th step are calculated by the following scheme. First,

()

we identify the index pair (i*,j*) for which the absolute value of the entry A(ZJ/-) of the
matrix

v—1
AW — 4 — Z upvy
=1
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is largest. We set § = AEE,; and then

1 / /
e SA%J‘)* ve = AL,

It can then be shown that these rank 1 updates can be rewritten as

k
T -1
> uwf =Ars AL Ag .
(=1

Unfortunately, we still need access to the entire matrix because otherwise we cannot find
the entry with the largest absolute value. A possible solution would be to change the
identification of the pivot index pair (i*,j*) to a heuristic and not fully compute the
matrices A®).

In the ¢-th step, we choose an unused row and calculate all previous updates for its en-
tries. Then we find the entry with the largest absolute value in this row and calculate all
previous updates for the corresponding column as well. The largest entry of this column
is then the new pivot element. This method is often called adaptive cross approximation
(with partial pivoting) and is formalized in Algorithm 2.1.

Finally, we need a useful stopping criterion. We again have to apply a heuristic because
we do not have access to the entire matrix. A possible solution would be to use the
norm of the rows and columns that were already calculated because we assume anyway
that they are an indicator for how close our matrix is to a zero matrix after all previous
updates. So we could use the relative criterion

lugll2]|vell2
ull2l|v1ll2

Unfortunately, simple examples can be constructed in which this stopping criterion does
not work, meaning we do not capture most of the information contained in the matrix,
but we stop the algorithm anyway [15]. There are other options, such as using additional
random, not yet computed entries of the matrices A to check how good the low-rank
approximation already is [29]. Still, that would not solve the fundamental problem
because new counterexamples can be constructed, so we do not pursue this approach
further.
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2.2 Hierarchical Matrices

Algorithm 2.1: Adaptive cross approximation with partial pivoting.

Data: Dense matrix A € RI*/ with #I = m and #.J = n, tolerance tol,
stopping criterion stopcrit

Result: Approximation A, = U - V7 of A with rank k

Function: [U,V] = ACA(A,tol)

Initialize k = 1;

Choose random index 1 <1 < m;

while stopcrit not true do

Let v be the i-th row of A;

Compute v = v — IZ:_ll Ui~ er;

Let j € J be the index of the largest element 6 := |v;| of v;
Let u be the j-th column of A;

Compute u = u — 12:;11 Ure- Vi

Set U = [U u] and V = [V T /§];

10 Let i € I be the index of the largest entry |u;| of u;

11 Set k =k + 1;

12 end

13 return U, V;

© W N o~ W=

2.2.3 Hierarchical Matrix Arithmetics

The following part is based on [36], [8] and [43]. We adapt the results to our notation,
use the induced admissibility function instead of the idempotency constant C;; and
generalize some results, mainly to include the rectangular case. Due to these changes,
nearly all proofs are given here, but in most cases, only the notation and some details
are different from the source. Under storage cost we understand the number of (real)
matrix entries that have to be stored, and we use the number of floating point operations
(flops) to measure the computational cost.

The cost generally does not depend on the actual H-matrix - where the exact position of
every admissible and inadmissible block is fixed - but on the H-block partition - where at
least on some levels some flexibility on the order of blocks is possible - combined with a
corresponding admissibility function and rank. To reduce notational overhead, we often
use the H-matrix as an argument even if it originally was defined using the H-block
partition.

Theorem 2.35 (Dense matrix storage and matrix-vector product) Let A €
R™*™ be a matriz in dense matrix representation and x € R™ a vector. Then the storage
cost for A is

Sp(m,n) =m - n,
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and the computational cost of the matriz-vector product Az is
NEmo(m,n) = 2mn —m.

Theorem 2.36 (Low-rank matrix storage and matrix-vector product) Assume
a matriz A € R™*™ s given in low-rank representation A = U-VT withk € N, U € R™*F,
V € R and let z € R™ be a vector. Then the storage cost for A is

Sr(m,n, k) = k(m +n),
and the computational cost of the matriz-vector product Ax is

NRrmw(myn, k) =2k(m +n) —m — k.

We will need to be able to reduce the rank of a low-rank matrix while losing as little
information as possible. For a given matrix A € R™*" with low-rank representation
A=U-VT, U e R V ¢ R"™* we thus search for a matrix A’ € R™*" with
low-rank representation A = U - VT, U € R™*K | € R™* and given k' < k so that

|A — A"l
is as small as possible.

Recalling Theorem 2.11, this can be done (optimally) by using the SVD, and a possible
application of this idea is given in Algorithm 2.2. We define this truncation operator for
matrices with low-rank representation as

T p(A) = A

The best approximation computed in Algorithm 2.2 is possibly not unique if A has
repeated singular values. In that case, we arbitrarily choose one representative.

Theorem 2.37 (Truncation using SVD) Let R € R™*" be a low-rank matriz with
factorization R = UVT, U € R™*k vV € R™*_ Then the computational cost to find a
best approzimation of R with rank at most k' < k using Algorithm 2.2 has a computational
cost bounded by

Nrer(m,n) < 6k*(n+m) + 23k%.

PROOF We need to go through the computational cost of the steps in Algorithm 2.2.
The QR decompositions of A and B cost at most 4n~k2 and 4mk?, respectively. The
multiplications cost 2k3 (for Ry - RL), 2nk? (for Qu - U - ) and 2mk? (for Qv - V) and
the SVD at most 21k%. Combined, the entire algorithm has a computational cost of at
most

Nrwer(m,n) < 6k*(n +m) + 23k>. n
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2.2 Hierarchical Matrices

Algorithm 2.2: Truncation using the singular value decomposition.

Data: Low-rank matrix R € R™*" given as R = U - VT with U € R™**,
V € R™ % and the desired rank k¥’ < k
Result: Best approximation R’ € R™*" given as R’ = U’ - V'T with
U’ € R™¥ and V' € RV
Function: [U,V'] = T (R)

'k
1 Compute the QR decomposition U = Q- Ry of U with Qp € R™*k,
Ry € Rka;
2 Compute the QR decomposition V' = Qy - Ry of V with Qy € R™*k,
Ry € Rka;
3 Compute the singular value decomposition RUR%C = UxVT of RURg with
U, %,V e Rk,

4 Define U’ as the first k¥’ columns of QUﬁE;

5 Define V' as the first k" columns of Qv V;
6 return U',V/;

Theorem 2.38 (Formatted addition) Let R € R™*" and S € R™ " be low-rank
matrices with rank at most k € N and factorizations R = Ug - Vg and S = Ug - Vg with
Ur,Ug € R™*F and Vg, Vg € R"k. We define the formatted addition of two low-rank

matrices of rank k to a target matrix R® S of rank k as
R®S =Tk, (R+5S).
The formatted addition has a computational cost of
Nr.o(n,m) < 24k*(n +m) + 184K>.

PROOF Apply Theorem 2.37 to the low-rank matrix [Ug Us| - [Vr Vs]?. n

Before we show similar statements for H-matrices, we need to show the following theo-
rem.

Theorem 2.39 Let PIHXJ be an H-block partition. Then it holds that

Z #o < (depthmw(P;iJ) +1)-#I- Csp(PL ),

H
oxTeP[T ;

Z #1 < (depthcol(PI}iJ) +1)-#J - Csp(P ),

H
oxTEP[ ;

where depth,,,,(-), depth,,,(-) have been defined in Definition 2.20 and Cgy(-) in Definition
2.28.

99



Chapter 2 Preliminaries

Proor We have

. #o= ) #o 2. !

O'XTEPIXJ JEP’”” TEPhZET with oxrePH

IxJ
Z #o - Cyp PIX])

Uephzer

= Z Z #o | - Cop PI><J)

0<¢<depth,,, (Pf, ;) c€EP!

IN

IN

> #1 | - Cop(PLy)

0<¢<depth PIXJ)

= (depthyoy (Pfys) +1) - #1 - Cop(PH ).

TOW (

The proof for the second part is analogous. ™

Now we can bound the storage cost of an H-matrix.

Theorem 2.40 (H-matrix storage cost) Let P}t ; be an H-block partition and adm
a consistent (see Definition 2.22) admissibility function. Then the storage cost of a
matriz A € H(P} ;. k, adm) denoted by Sy( IXJ,k) is bounded by

Sy (P, k) < Cyp(PH ) - max{nmin, k} - ((depthyp,(A) + 1) #1 4 (depth,,(A) + 1) #J)

wWith Npn defined in Definition 2.22 as well.

Proor The storage cost is given by

Su(PlLy k) =k > (Go+#0)+ > (Fo-#7)

+ —_
oxTEP ; oxTEP ;

where P;; ; and P ; have been defined in Definition 2.22. By construction, for every
element of the near-field P, ;(-) min{#o, #7} is at most of size nyi,. We thus have for
the elements in the second sum

#Ho#T = min{#o, #7} max{#o, #7}
< min{#a, #T}(#U + #7') < nm'm(#a + #T)a
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and thus
Sy (PH ;. k) < max{nmin, k} Z (#0 + #7).
O'XTEPI,}-iJ
Then we have the statement by applying Theorem 2.39. m

To simplify the notation, we will sometimes relate the storage cost directly to the H-
matrix A instead of its H-block partition and rank k. So we will set

Sw(A) == Sy(P} . k)

if the context is clear. Often, one can expect that the row and column depths of A
satisfy

depth,, (A) = O(log(#1)),
depthcol(A) = O(IOg(#J))

Inserting this in our result from Theorem 2.40, we can see that the storage cost is of
size

O((#I + #J) - log(#1 + #J)),

meaning it grows quasi-linear with the size of the H-matrix. The storage cost of an
H-matrix can serve as a lower and upper bound for the matrix-vector product.

Theorem 2.41 (Hierarchical matrix-vector product) Let PIHX 7 be an H-block par-
tition, adma a consistent admissibility function and A € ’H(P;'i(], k,adma) an H-matriz.
Let x € R7. Then the computational cost of the matriz-vector product Az can be bounded
by the storage cost

SH(PI?iJvk) < NmU(PI?-iJvk) < 2S7{(PI?->t<Jvk)'

ProOOF To compute the product Az, we need to multiply every block A, . for o x 7 €
P;'i 7 with the correct part z; of x and add the result to the part y, of the target vector
y. If A, 7 is a full matrix block, then with Theorem 2.35 the multiplication costs

NF,mv(UaT) =2- #()‘ : #7— - #07

and the addition costs #o. If A, - is a low-rank block, we can apply Theorem 2.36, and
the multiplication costs

Nimo(#0, #7,k) = 2k - (#0 + #7) — #o — k.

The addition to the target vector costs again #o0. Because the storage requirements
are Sp(#o,#71) = #7#0 for an inadmissible block and Sp(#o#7) = k(#o + 7#)
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for an admissible block, the cost is in both cases bounded below by the respective
storage requirements and bounded above by twice the respective storage requirements.
Combining these blockwise results for the entire H-matrix, we have

SH(PI}iLk)SNmU(Pﬁjvk)stﬂ(PﬁJvk)' u

Using Theorem 2.37 blockwise on all admissible blocks, we can also truncate an H-matrix
to a given rank. For that, we define the truncation operator for H-matrices by

jgﬁ—k(/n ::fyv

where A € ’H(PIHX J»k,adm) is the original H-matrix with rank at most k and A’ €
H(PH ;, k', adm) the resulting H-matrix with rank at most &' < k.

Theorem 2.42 (Truncation of H-matrices) Let P}'i 7 be an H-block partition, adm
a consistent admissibility function, and A € ’H(Pfij, k,adm) an H-matriz. The com-
putational cost Ny yre (Pl ;,k) of finding an approzimation of A in H(P} ; k', adm)
with rank k' using the SVD as in Theorem 2.37 on all admissible blocks is given by

Noggor(P g k) < 6kSy(PIL ;. k) + 2363 # Pl
ProorF We use Theorem 2.37:

Niwer(PH g k)= ) Newer(#o,#7)

H,+
oxXTEP

<) 6RR(#T 4 #o) +23K°

JXTEP;'Q}

=6k | > k(#o+#7) | + 23K %P
JXTEP;?';

< 6kSy (Pl ) + 23K°#P]4T. -

The truncation can be used to reduce the ranks in admissible blocks of the sum of two
H-matrices in (P} ;,k,adm) to rank k again. We will call this operation the formatted
‘H-matrix addition and will define it in the upcoming theorem.

Theorem 2.43 (Formatted H-matrix addition) Let P}t ; be an H-block partition
with a consistent admissibility function adm and A, B € 7‘-[(]3;"';‘,7 k, adm) two H-matrices.
We define the formatted addition of two H-matrices to a target matriz

A® B e H(PlL K, adm)
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with admissible blocks of the same rank as
A® B =Tt 5.(A+ B).
The formatted addition of two H-matrices has a computational cost of
N o(Pl k) < 24kSy (P, k) + 184k34# PJL .

PROOF Replace k by 2k in Theorem 2.42 and use Sy (P} ;,2k) <2-Sy(Plt ;. k). =

If we want to reduce the rank of an H-matrix with rank ¢ - £k to k, we can truncate
pairwise by using the formatted addition ¢ — 1 times. For that, we define the fast
truncation operator for H-matrices by
H ,fast Y
Tk(_q:; (A') q, k) - A )
where A € ’H(P}’LiJ, gk,adm) is the original H-matrix with rank at most gk with ¢ > 1

and A" € H(P}L ;, k,adm) the resulting H-matrix with rank at most k. This is imple-
mented in Algorithm 2.3.

Algorithm 2.3: Fast truncation of H-matrices.

Data: A e H(P;'i’f, gk,adm4) with rank at most gk
Result: Approximation A’ € H(P;i’j‘, k,admy) of A with rank at most k

Function: A’ = Tzf_’fgzt(Ay%k)

Find matrices A; € H(PIHX’?, k,admy) so that A =37, A; holds;
Set gl = Ay
for2<i<gqdo
Ay = TP, (Aicy + Ay
end

S TN W =

return Ag;

This has a positive effect on the computation time, but the results can be arbitrarily
poor, although that is not likely to occur in practice.

Theorem 2.44 (Fast truncation of #-matrices) Let Pt ; be an H-block partition
with corresponding admissibility function adm and A € ’H(PIHXJ, gk, adm) an H-matriz.
The computational cost of finding an approximation of A in %(P;'ij,k, adm) wusing
Algorithm 2.8 is given by

NP 1, k) < (g = 1) (24kSu (PP 5, ) +184K* 4 P]LT ).

PROOF We apply Theorem 2.38 (¢ — 1)-times. n
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In the product A- B = C, a block in C is computed by multiplying the corresponding
block row of A and block column of B. Because of the different sizes of the low-rank
blocks, this means that, in some cases, we need to extract only a part of a larger low-rank
matrix. In the upcoming definition, we will define Uy(o X «y), which is the set of the row
or column index clusters (of level ¢ in the corresponding hierarchy of partitionings) of
those larger low-rank matrices, depending on whether the block in A or B is larger, for
a block Cy . See Figure 2.8 for a visualization.

For the upcoming arguments, recall the following definitions. In Definition 2.18 we set
anc;(o) as the (uniquely defined) ancestor of o with level(o) > 4 on the i-th level, and
in Definition 2.19 we set L (0, .J) as the set of all levels of (P¥) KL -/, containing partners
of o in Plier and L™%(r, 1) as the set of all levels of (P]é)fzf o containing partners of 7 in
Plhie}" Furthermore, in Definition 2.25 we defined

LIS (g, 4, 7) = Lo, (P§)Ey, PRSY) 0 L (o, (P2, Plicko)
as the set of all intersecting levels for a block o x v € P}lixe;( and
L™ (g, ~,J) := max{/l | { € L'™(g,~, J)}

as the maximum in each of those sets. Also note that the prerequisites of the following
definition mirror those in Definition 2.25.

Definition 2.45 Let PIHXJ, Pfo and PIHX[( be H-block partitions that are consistent

with admassibility functions admya, admp and admc, respectively, and that are based on

(block hierarchies of partitionings resulting from) the same hierarchies of partitionings
L L L

(Plg)gzlo, (Pg)z:”’o and (P}é)z:}{o-

Assume Lintersec(g vy, J) # O for all blocks o x v € P}t ., meaning L™ (5,7, J) always
exists. Let admge be partially induced as given in Definition 2.25. We define for a block
cluster o x v € P;'iK the sets Up(o x v) C P}”e" for £ =0 by

Up(o x ) :={r e Py:3ieL™(r,I) and j € L®(1,K)} with
anci(o) x T € P and T x anc;(y) € PYe and

(anci(o) x T € Pl or T x ancj(y) € P}ixK) }.
and recursively for 1 < < Lj by

Ui(o x v) = {T€P§Z Pre U Uk(o x ) with TN 7T # 0 and
0<k<t
Jie L™(r,I) and j € L(r,K)} with
hier hier

anci(o) x 7 € PSS and T x ancj(y) € Py and

(anci(o) x T € PHL; or 7 x ancj(y) € Pﬁ(K) }.
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Figure 2.8. Visualization of Definition 2.45. Note that only the H-block partitions
are shown, and we assume that the hierarchies of block partitionings were created by
a standard bisection process. We have Uy(o x v) = 0, Ui(o x v) = {73}, U2(0 X 7) =
{71, 72}, and Us(o x v) = 0. Note that, by the exclusion of elements 7 in Uy(o x ) that
are part of some 7 included in Ug(o x ) for some k < ¢, we ensure that the ancestors
of 73 on the second level are not part of Us(o x 7). Hence, Up(o x v) NUg(o x v) = 0 is
always true for ¢ # k.

We need one final statement before we can analyze the cost of the H-matrix product. We
use the imbalance constant that, as defined in Definition 2.33, describes for an H-matrix
A with row index set I and column index set J the maximum amount of levels of the
respective hierarchy of partitionings a row index cluster ¢ or column index cluster 7 can
have partners for in their collective hierarchy of block partitionings.

Theorem 2.46 Let us have the situation of Definition 2.45. Then it holds that

tj U T=2J.

=0 T1€Up(ox7)

Furthermore, we have
#Uu(0 % 7) < Cimp(I,J) - Cop(Plcy) + Cimp(J, K) - Cop(PJc)-

ProoOFr We start by proving the first part of the statement. Let v € J be an index in J
and o x v € P}t . We set by = ancg(o) x J = I x J € PM and b)) = J x ancy(y) =
Jx K € Pf,‘;e}}. If by or b is a leaf, then J € Up(o x ), and hence our statement holds.
If neither by nor b, is a leaf, we need to check two cases.

First, we check whether L™%(.J,I) and L (J, K) contain any levels other than 0. If so,
denote them by ¢ and j, respectively, and check for all of them, except for those where
anc;(o) or anc;(vy) does not exist, whether anc;(c) x J or J x anc;() is a leaf. If that
is the case, we have J € Up(o x 7), and hence our statement is true.

If not, we start over. Let 7 € P}Lm be the first non-trivial descendant of J containing
v and 4,5 are of lowest possible level in L (7, 1) and L™ (7, K), respectively. Let

65



Chapter 2 Preliminaries

by = anc;(0) x 7 € (PM) and b} = 7 x ancj(y) € P, and let us repeat our steps
from before. Then either 7 € Uj(o x ) or we continue, if necessary, with the first
non-trivial descendant of 7 that contains v.

Let 7 be the cluster on level L™ (¢, ~, J) that contains the index v. If o Xy is admissible,
then at least

admy (o x 7) = True
or
admp(7 x v) = True

hold because adm¢ is partially induced. If o X « is inadmissible, then it is one the
highest level of P}t ., and admy(oc x 7) and admp(T x 7) are, by definition of the
partially induced admissibility function, inadmissible leaves.

Hence, the process described above will terminate in both cases either here or before
because at least 7 satisfies the conditions (possibly except the disjunctness with elements
from Up(o x v) with £ < L™ (0,,J)) for being part of Upmaz(g,,7)(0 X 7).

Let 7, € PY. Then
#Up(o x7v) < Z #{r € PV s anci(0) x 7 € PJt )

ieLrow (ry,I)

+ Z #{r € Pl . 1 x anc;(y) € PlL,}
jeLeol(ry,K)

< Cimp(I,J) - Csp(PIL 7)) + Cim(J, K) - Cop(PT )

holds, and we have also proven the second part of our statement. n

Note that Theorem 2.46 and the previous Definition 2.45 differ from their usual versions
as seen, for example, in [36] and [8]. We had to adapt it to rectangular H-matrices and
thus are no longer able to assume the same hierarchy of partitionings for I, J and K,
which, crucially, means that

#LinterseC(O_’ v, J) -1

does not necessarily hold anymore. This is the main reason for the introduction of
the imbalance constant and a different upper bound for the number of elements in
Ue(o x 7).

We can now use these results in the following theorem, which combines the complexity
of the exact H-matrix product with additional truncation.
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Theorem 2.47 (H-matrix product) Let P;'ij, P}{ x and Pt . be H-block parti-

X
tions that are consistent with admissibility functions adma, admp and admgc that are

based on hierarchies of block partitionings (PIZXJ)ZSJ, (PﬁxK)j:JgK and (Pfo)f:ISK

resulting from the same hierarchies of partitionings (Pf)leo, (Pf)eLio and (Pf})ffo that
are compatible for multiplication. Furthermore, let adme be the induced matriz product
admissibility function w.r.t. adma and admp, and let us have H-matrices

A€ H(P} ;, ka,admya), B € H(PY, x, kg, admp), C € H(P ., ko, adme).

The ezxact product C = A-B - where C' does not have the fized rank ko, and no truncation
occurs at all - can be computed with a cost of at most

Num(A4, B, C) < Csp(C) - (K - (Lr + 1) - Nuv (A) + ks - (Li +1) - Nuv (B))

flops, where k'y = max{ka, nmin} and k'y = max{kp, nmin}. The mazimal rank k of an
admissible block Cy  is then bounded by

(Ly+1) - (Cimp(I,J) - Cop(PIE ) + Cinp(J, K) - Csp(PH i) - max{ka, kg}.

Assume that ko < k. If we use the truncation from Theorem 2.42 to truncate the blocks
to an arbitrary rank smaller than k, we get an additional cost - independent from the
choice of ko - of at most

N4 (A, B,C) < 6kSy (Pl i, k) + 23k° 4P .

If we use the fast truncation from Theorem 2.44 for truncation to rank ko, we have an
additional cost of at most

N_{aSt(A, B,C) < (Lj+1)-min{Csy(A), Csp(B)} (24 max{ka, kp} S (Pl i, kc)
+184 max{k, kB}S#PI?i’;).

The overall cost with fast truncation is given by

NIEHA,B,C) = Maru (A, B,C) + N1*'(A, B, ).

PRrooF Let C,, be a leaf of C induced by o x v € PIHX[{. Then we have

CO’;Y = Z Aa'7%B7A—?'7’

~ - pL™MT (0,y,J)
TEP;

and by construction

U =

s - pL™MAT (0,7,J)
TEP;
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Note that A, s and B; . are not necessarily induced by a block in P v OT PJX K> Te-
spectively. We rewrite this sum with the first part of Theorem 2.46 to

Ly
= Z Z AJTBT'y

£=0 7€Up(ox7)

At least one of the two factors in every summand is now a block induced by an element
of PIHX g or P}{X x> respectively, because adm¢ is induced by the H-matrix multiplication.
Using the second part of Theorem 2.46, this also means that the resulting rank of C,
is bounded by

k< Z #Up(o x v) max{ka,kp}
0<(<L,

<(Ly+1) - (Cimp(1,J) - Csp(PH ) + Cimp(J, K) - Csp(PTe i) - max{ka, kp}.
The products A, - By, are computed as either max{ka, nmin} = &’y or max{kp, nmin} =

K’z matrix vector products, depending on whether A, ; or B, , is admissible. Hence, the
overall cost is given by

Num(A,B,C) < Z Z Z max {k',BNMV (Ao 7) s KyNury (BT;},)}

UX’YEPH =0 7eUy(ox7)

< Z ]{:BNMV (Amj) + khNMV (BJ,W) 5

UX’YEPIX}{

where we applied the first part of Theorem 2.46 in the second step. We review both
summands independently. First, we have

> EpNuv (A6,0) < Cop(C) K- Y Nuv (A

G’X’YEPIXK O.EPIhier

Ly
= Cyp(C) -k -y > Nurv (Ag,)

£=0 UGPI[
Ly

< Csp(c) : le ' ZNMV (AI,J)
£=0

= CSP(C) . kgg . (L[ + 1) ‘NMV (ALJ).

With the same argument for the other summand, we have

ST KNy (Byy) < Cop(C) - Ky - (L + 1) - Nagv (Byx) .-

oxyEPP 1
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Combining both results leads to an overall cost of at most
Csp(O) - (K- (L1 +1) - Narv (Arg) + Ky - (L + 1) - Ny (Buk)) -
Only the truncation costs remain. We apply Theorem 2.42 for the first case and get
Ny < 6kSy (P, k) + 23k 4P} 1.
For the second case, we use Theorem 2.44 and get

Niast < (LJ + 1) . min{csp(P;'iJ)’ Csp(P}{XK}(QélmaX{k‘A, k‘B}S’H(P;-iKa k)
+184 max{ka, kg }*#P} k)

because there at most (Ly + 1) - min{Cy, (P} ;), Csp(P¥, 1} summands in the computa-
tion of an arbitrary leaf A, 5. n

By applying Theorem 2.41, we can estimate the cost of the matrix-matrix multiplication
of H-matrices by considering the storage cost of both factors and the result. If the
admissibility function of C is induced, then there is no hidden computational cost in
the multiplication. This means that if all the matrices involved, including the resulting
product, can be represented cost-efficiently as H-matrices, then the product can be
computed efficiently. In the upcoming chapters we will extend this result to our approach
to the block Householder-based QR decomposition of H-matrices.

We will also use the notation
Num(A,B,C)

in a modified way. Assuming that all parameters of the H-matrices A and B that are
relevant for the cost estimate (e.g. sparsity constant, depth of the H-matrix C' etc.) are
smaller than the corresponding ones of C, we will use

NMM(A,B,C) < NMM(C, C, C)

although the product C' x C' = C may not be defined or at least does not satisfy the
conditions of Theorem 2.47. However, this will only be used to considerably shorten the
notation in an effort to get to an overall bound by using the upper bounds from Theorem
2.47.

Beyond these basic H-matrix arithmetics, further operations are available that efficiently
use the H-matrix representation. Aside from the LU decomposition, which we will
consider in Chapter 5, the inversion of an H-matrix and the Cholesky decomposition,
among other things, are available. We refer once more to [43] for a detailed overview.
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2.3 Further Matrix Formats

2.3.1 Sparse Matrices

Sparse matrices are matrices that are populated mainly by zero entries, but there is no
generally accepted definition of how many non-zero entries a sparse matrix can have,
and this is highly dependent on the intended use case [21]. The term sparse matriz itself
was initially coined by Markowitz but further developed by others [68]. Often, a matrix
is defined as sparse simply if it is advantageous to make use of its zero pattern [83, 76],
and we will follow this convention here as well.

Definition 2.48 (Sparse matrix) Let A € R™*" be a matriz and N, the number of
its non-zero entries. If N,, is small enough so that it is beneficial to exploit the zero
entries of A in numerical computations, then A is a sparse matriz.

A matrix that is not sparse will be called dense. Any sparse matrix can be seen as
a special case of an H-matrix, where the leaf size is 1, subblocks containing only zero
entries are associated with rank 0 admissible blocks of varying sizes and non-zero entries
are associated with inadmissible (1 by 1) blocks. The highest level of the hierarchy of
block partitionings contains every index pair as a block cluster, and the H-block partition
is, as usual, chosen so that the admissible blocks are of the largest possible size.

Similar to H-matrices, the sparsity of a matrix can be used to significantly reduce storage
and computational cost. And again, similar to H-matrices, the pattern of the non-zero
entries significantly influences the cost and fill-in that occurs for various operations.
A common attempt to improve performance is by reordering the rows and columns.
Unfortunately, these ideas cannot be easily transferred to H-matrices. Reordering for
‘H-matrices with the same goal would not involve individual matrix columns but block
columns. Due to the hierarchical structure, this is often not possible without splitting
larger admissible blocks, which would create and not solve problems.

Aside from the general sparse matrix in Definition 2.48, we will also define two special
types of sparse matrices with additional properties. All three are illustrated in Figure
2.9.

Definition 2.49 (Band matrix) Let A € R"*" be a matriz. If
li—j|>¢= A;; =0
holds for all 0 < i,j < mn with some £ € N, then A is a band matriz with bandwidth
csparse _ g

bw
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2.3 Further Matrix Formats

Following this definition, a band matrix with bandwidth ¢ has at most 2¢ — 1 non-zero
entries per row. If we see a band matrix as an H-matrix with leaf size 1 and subblocks
containing only zero entries as admissible blocks, then the bandwidth defined here would
lead to a bandwidth constant Cj,, from Theorem 2.29 of Cp,, = 2 - C;P*" — 1.

bw

Definition 2.50 (Skyline matrix) Let A € R™*"™ be a sparse matriz and 0 < i,j < n.
If for j < i

Aij #0 = Ay #0V j <k <i
and fori < j

hold, then A is a skyline matriz.

The concept of skyline matrices was first introduced in [55], where a corresponding
scheme to efficiently store such matrices was proposed. It can be seen that the sparsity
pattern of a skyline matrix is inherited by its LU decomposition. We will prove a
similar statement for H-matrices in Chapter 5. The counterpart for H-matrices has
been formalized in Definition 2.27. For a skyline matrix interpreted as an H-matrix, its
lower triangular part is row-wise oriented, and its upper triangular part is column-wise
oriented.

(a) Sparse Matrix. (b) Band Matrix with band- (¢) Skyline Matrix.
width 2.

Figure 2.9. Sparsity patterns for related matrix formats. White parts are zero, grey
parts are non-zero.

2.3.2 H,-Matrices

An H,-matrix is a special type of H-matrix often used as an introductory example
to H-matrices [43]. They were already mentioned in the first paper about H-matrices
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[42] and can be used in a range of applications such as in large-scale Gaussian process
modeling [1], the stationary distribution of quasi-birth-death Markov chains [11], or
matrix equations [59].

The main inspiration to work on a block Householder approach for H-matrices also arose
from a similar approach to the simpler H,-matrix format in [60], where these matrices
are denoted as HODLR, (hierarchically off-diagonal low-rank) matrices.

Definition 2.51 (H,-matrix) Let PIHXI be an H-block partition of I x I of depthp € N,
adm a corresponding admissibility function and k € N. If the admissibility function adm
satisfies

True o1 # 09

adm(oy X 09) = {

False o1 = 09
then
Hy (P, K, adm) := {B € R™*T | rank(B|,) < k for all admissible blocks b € Pt}

is the set of Hy-matrices with respect to P}’Li[, adm and k.

The admissibility function used in Definition 2.51 is often
called the weak admissibility function [47] in contrast to
the standard admissibility function given in Definition 2.34.
Due to their structure, H)-matrices usually arise from dis-
cretizations or approximations in one spatial dimension.

When analyzing the effect of addition and multiplication
with Hp-matrices, it can be quickly seen that they are data-
sparse enough not to increase the number of inadmissible
blocks in the result. In the literature, this is often proven
by showing that the idempotency constant Cyg is 1. Related
statements will be of importance for us too, e.g. Theorem
3.8, but we will use a different approach using the boolean
admissibility functions to prove them.

Figure 2.10. H,-matrix.

The definition of an H,-matrix can be extended to include general rectangular matrices.
To do that, we cannot directly use the admissibility function from Definition 2.51 because
the row and column index sets are no longer the same. But depending on the setting, for
example by using the associated subsets X, and Y, from Subsection 2.2.2, we can achieve
the desired structure. This will be relevant in our numerical examples in Subsection
4.2.1.
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2.3.3 H2-Matrices

H>2-matrices were first introduced in [45] for discrete elliptic problems and discrete inte-
gral operators from the boundary element method. They are very similar to H-matrices
but use a second hierarchical structure (hence the superscript 2) to further reduce storage
and computational cost.

An extensive introduction to H2-matrices can be found in [43, 13]. This short overview is
inspired by [14] but builds upon the definition of H-matrices seen in Subsection 2.2.1.

Definition 2.52 (Cluster basis) Let (Pf)fzo be a hierarchy of partitionings and for
every o € Plhie" there is a ky, € N. Then the set

K ={k, eN:o e PP}

is called a rank distribution of (P]Z)ZL:O. Furthermore, let there be a matriz Vo € R#oxke
for every o € PI’"'”. Then the set

V ={V° .0 pher}

is a cluster basis of (Pf)L_, with rank distribution K.

Similarly to the admissible blocks in H-matrices, it is generally preferred that the ranks
in the rank distribution are as small as possible.

Definition 2.53 (Nested cluster basis) Let (P{)L, be a hierarchy of partitionings
and V a corresponding cluster basis with rank distribution K. For o C o' with o,0’ €
Pfhier, let VU"/ be the submatriz of Vo' that is induced by the row indices o and the same
column indices as V' . Let there be matrices E7 € RFo*kanc(o) for every o € PI’”” with
a direct ancestor of o in P[hie’“ denoted by anc(o) that satisfy

yanelo) — o R,
Let the set E be given by
E ={E, : 0 € P with anc(c) € PMer}.

Then V is a nested cluster basis with transfer matrices given by E.

See Figure 2.11 for a visualization of this definition.

Definition 2.54 (H2-matrix) Let P}t ; be an H-block partition of I x J and adm
a corresponding admissibility function. Let P;'ij be based on the hierarchy of block

partitionings (PfXJ)fzo that itself is based in the hierarchy of partitionings (Pf)fzfo and
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/ E, o

Vi,

B, N B

Vi, E;, o

Vis
e E;, o

Vie

_ E,
Vi

Vi, E;, |

Vir

Figure 2.11. Nested cluster basis for an H?-matrix. Only the basis on the highest level
and the transfer matrices need to be stored.

(Pﬁ)fz"o. Let V and W be the corresponding nested cluster bases for the rows and columns,
respectively, with rank distribution kY for V and k"' for W. Then

HA(PH 5 KV KV adm, V,W) = {B € RT*7 : 3 S, € RF« ** with
Bor =VoSW™ T ¥ b=0x7e P/bT

is the set of H>-matrices with respect to P;'ij, adm, kv, KV, V and W. The matrices
Sy are called coefficient matrices.

Compared to H-matrices, we have a further reduction in storage cost because for each
admissible block we only have to store the even smaller coefficient matrix as opposed
to the larger low-rank factorization. We additionally have to save the row and column
basis on the finest level and the corresponding transfer matrices, but this is considerably
less if the H2-matrix is large enough. We have to do it only once for the rows and once
for the columns and not independently of each other for every block.

It can be shown that, in contrast to H-matrices, only O(n) data is needed to represent
an H2-matrix for certain matrices from applications. This further extends to linear
complexity in matrix-vector multiplication and some other operations [44].
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2.4 Representation of Hierarchical Matrices in the
Software Package H2Lib

The H2Lib [41] is a sequential library written in C that provides a wide variety of H-
matrix techniques, ranging from standard H-matrix operations such as addition and
multiplication to more sophisticated applications like a module for boundary element
methods in 2D and 3D using H-matrices.

The implementation for our numerical tests in Chapter 4 builds on these existing rou-
tines, adds new ones, and extends some others. This introduction is partly inspired by
the longer one offered in [18], which, regardless of its primary focus, provides a good
starting point for working with H2Lib. A detailed overview of all the features and in-
tricacies of the H2Lib library can be found in the official documentation [41] and we
give a short overview of our additions for the QR decomposition in Section 3.4. Note
that most of the changes to the existing code were directly or indirectly necessary be-
cause certain operations, such as the H-matrix multiplication, were not adapted to the
specially structured rectangular H-matrices we needed to use in the QR factorization of
Theorem 2.15.

Central to any implementation involving H-matrices is the way in which the H-matrix
itself is stored. This is done using the structure hmatrix, which is defined as follows:

struct hmatrix {

pcluster rc; // Row cluster.

pcluster cc; // Column cluster.

prkmatrix r; // Low—rank matriz (admissible leaf).
pamatrix f; // Standard matriz (inadmissible leaf).
phmatrix *xSOm ; // Submatrices.

uint rsons; // Number of block rows.

uint csons // Number of block columns.

uint refs; // Number of references to this hmatriz.
uint desc; // Number of descendants in matriz tree.

The p in front of the first 5 elements appears because all of them are included as pointers
and not directly.

Using this structure, we can recursively define an H-matrix. If the H-matrix is a true
‘H-matrix, meaning it is not a leaf and does not consist of only one block, then r and
f both point to a null pointer and *son points to an array of pointers to the sons.
Suppose the H-matrix only consists of one admissible block. In that case, r points to
the corresponding rkmatrix object that includes, among other things, the matrices U
and V that together serve as the low-rank approximation and both £ and *son point to
null pointers. If the H-matrix consists only of one inadmissible block, then, by the same
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logic, £ points to the corresponding amatrix object containing the full matrix, whereas
both r and *son point to null pointers.

At last, rc and cc point to the cluster objects that contain the information about the
hierarchy of partitionings for the row index set (in rc) and the hierarchy of partitionings
for the column index set (in cc) and are defined as follows:

struct cluster {

uint size; // Number of indices.

uint *idx; // Index set.

uint sons ; // Number of sons.

pcluster *S0M ; // Son clusters.

uint dim ; // Spatial dimension of bounding boz.
real *bmin ; // Minimal coordinates of bounding bozx.
real *xbmax ; // Mazimal coordinates of bounding bozx.
uint desc; // Number of descendants.

uint type; // Type of cluster (not relevant for us).

Note again the p in front of pcluster because the array of pointers to the son clusters
is included as a pointer. The index sets are saved in *idx, although in Chapter 3.4 we
will denote the entire cluster object with o, 7 and = to reduce notational clutter.

The cluster objects can be created using structures called clustergeometry, which
include the index sets I and J for the rows and columns and additional data that defines
how the partitions on every level of the hierarchy of partitionings should be created.
Depending on this data, the i-th index in I does not necessarily induce the i-th row in
the final H-matrix, and the entries in *idx in the respective cluster object are reordered
accordingly.

To get from the row and column cluster to the H-matrix, an auxiliary structure called
block can be used. This structure is similar to the final H-matrix, except that it does not
contain any pointers to the actual entries of the admissible or inadmissible blocks, only
the information on which blocks are admissible and which are not. Unlike the cluster,
the block does not contain the entire hierarchy of block partitionings, further splitting
is stopped whenever an admissible block is reached. Hence, it is similar to the H-block
partition but still includes the hierarchy from the hierarchy of block partitionings. Thus,
an appropriate admissibility function has to be chosen before creating the block object.
To identify admissible and inadmissible blocks, the data from the entries *bmin, *bmax
and dim in the row and column cluster objects, which describe the bounding box
introduced in Subsection 2.2.2, can be used.

The last step is the calculation of the entries of the matrix when creating the hmatrix

object. A suitable approximation technique, such as ACA, has to be chosen for the
low-rank approximation of admissible blocks. The entries of all inadmissible blocks are
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calculated directly.

One consequence of this hierarchical approach is that most algorithms processing H-
matrices have to be recursive and include calls to themselves. Otherwise, they cannot
access all blocks of a given H-matrix.

2.5 Radial Basis Functions

A radial basis function (RBF) is a bivariate function for which the function value only
depends on the distance between both arguments, meaning ¢ is an RBF if we can find
another function ¢ so that

$(z.y) = o(l|lz = yl)

holds for all 2,y € R%. The norm ||-|| is usually the Euclidean distance given by |-||2,
although any other norm is possible as well. The most widely used example of an RBF
is the Gaussian given by

k(z,y) = e < le—vl

but there is a variety of other functions, including some with compact support [81, 73].
The parameter ¢ is called the shape parameter and serves an important function because
it influences the shape of the Gaussian, as can be seen in Figure 2.12.

(a) k(z,y) = e 1@ +0"), (b) k(z,y) = e~ "+, (¢) k(w,y) = e~ 447,

Figure 2.12. Nustration of Gaussian RBFs with center (0,0) and different shape param-
eters.

RBFs are used in a wide range of applications like the numerical solution of partial
differential equations [71], Gaussian processes [77], and multivariate integration [79].
RBFs are also used for support vector classification [51], and the approximation by

RBFs can be seen as a simple kind of neural network [17].

The underlying problem in many applications is the reconstruction of a multivariate
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function from unstructured data. A self-contained introduction to this, including the
analytical background, can be found in [82], but we will also offer a short introduction
here. Given data

X ={z1,29,..., 25} CRY,
Y ={y1,y2,...,yn} CR,
we want to find a (continuous) function f so that
fle))=y; Vi=1,...,N

holds. Note that the elements of x; in X are pairwise distinct. To be more precise, we
want f to be a linear combination of, in our case, Gaussian kernels, meaning

N

fla) = chefﬁl\xiju%’

j=1

where ¢; for 1 < j < N are the sought-after coefficients. We define fx,cx € RV as

Y1 C1

Y2 C2
Ix=1.1|, &=

Yn CN

This leads to the linear system

fyr = Ax x - cx,
where

Ax x = (d(zj, m)h<jren € RN

is called the kernel matrix. In our case, we set ¢(xj, x1) = k(xj, x1) to use the Gaussian
RBFs. This also means that the matrix is positive definite independent of the point set
X, and thus there is always a unique solution. Functions with this property are called
positive definite. There is an overlap between RBFs and positive definite functions, but
no inclusion of one in the other. There are positive definite functions that are not RBFs
and vice versa [25]. However, we will only work with Gaussians, which are both positive
definite and RBFs.

Reducing the number of centres but keeping the same number of data points turns this
interpolation problem into an approximation problem. In that case, we set

X' = {ay, 2y, 2y}
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and define

Cxr —
CM

Hence, we need to solve the least squares problem

min Ay exo = fxll

with kernel matrix

Axxr = ($wj,2h) 1<j<n € RV,

1<k<M
where again we set ¢(xj,z}) = k(z;,z}). As mentioned above, the choice of the pa-
rameter ¢ defines the shape of our kernel functions and thus indirectly influences the
solution of this data approximation problem. We can observe one crucial effect. If ¢
decreases, the condition number of the kernel matrix increases but the solution to the
approximation problem improves [70].

At some point in a numerical setting, the increasing condition number offsets any possible
gain that could be made by further decreasing the shape parameter due to the associated
numerical instability. There is some discussion about the choice of the "optimal” shape
parameter [27, 78] and efforts are made to mitigate these problems by choosing a stable
basis [28, 63], but this is not our main focus here.

However, it is important to realize that these limitations, especially the fact that we
cannot expect a low condition number of our kernel matrix, are important factors in
deciding how to solve the approximation problem numerically. To increase the accuracy
as much as possible, we need to accept a condition number for the kernel matrix that
is relatively high. That means that in the case of the approximation problem, we likely
should avoid forming the normal equations

T T
AX,X’AX,X/ Cxr = AX,X’ fX

due to the squaring of the condition number in A§ ' Ax x compared to Ax x.

The Gaussian kernel matrices presented here are inherently suited to be approximated
by H-matrices using the standard admissibility function, where the associated subset
X, of an index set o consists of the corresponding data points, meaning we set

Xy :={z;|i Co}.
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This was already done in [53] for the kernel matrix of the interpolation problem, and we
can easily extend it to the rectangular matrices of the approximation problems. We will
restrict ourselves to using ACA as described in Subsection 2.2.2 to derive an H-matrix
approximation of the kernel matrix.

2.6 Boundary Element Method

The boundary element method (BEM) is an important computational tool to solve
partial differential equations numerically. Compared to other methods like the finite
element method (FEM) or the Finite Difference Method (FDM) , where the numerical
discretization is performed on the domain, for BEM it is performed only on the boundary
and hence at a lower spatial dimension. This often leads to an advantage in computation
time because the resulting linear systems are smaller. Unfortunately, BEM is not as
generally applicable because it requires explicit knowledge of a fundamental solution of
the differential equation, which is not always available. Hence, we are restricted to linear
partial differential equations with constant or specifically variable coefficients.

We base this short introduction on [20, 57] and will only introduce the BEM as a solver
for the Laplace equation because that will be our model problem later. For a more
detailed overview, see the above sources or the books [54, 16, 3]. An overview of the
history of BEM can be found in [19].

S

\

Figure 2.13. Nlustration of the interior domain D and the boundary S.

Our model problem is the two-dimensional Laplace equation

V2g(p) =0 (p€ D)

in an interior domain D with a smooth boundary S and a Robin boundary condition,
i.e. the function ¢ thus has to satisfy

a@)o) + B0 220 = f0) e,

on,
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where n,, is the unit outward normal to the boundary at p while «, 8, and f are real-
valued functions. For a(p) = 1,5(p) = 0 we hence have the Dirichlet form, and for
a(p) =0,8(p) = 1 we have the Neumann form.

The first step in applying the boundary element method is to reformulate this partial
differential equation into an integral equation defined on the domain’s boundary and an
integral that relates the boundary solution to the solution at points in the domain.

Historically, there were two main approaches to finding this equivalent equation, the
direct and the indirect method. Assume that ¢ and 1 are twice-differentiable scalar
functions in the domain D bounded by the closed surface S and ¢ solves the two-
dimensional Laplace equation. Then the direct method uses Green’s second identity

99(q) ,

Ing

[ @@vio@ - v vy, = [ oo 5L - (% Das,

and the fundamental solution of the corresponding PDE - in our case, the two-dimensional
Laplace equation - given by

1

to get the boundary integral equation

8G 9G(p,q) 9¢(q)
-G dS, = —= .
[ o0 G — Gip.0) % as, = —5ol
For the indirect method, we assume that

_ /S G, w(q)dS, (peDUS)

holds, meaning ¢ is related by a layer potential on the boundary. This then leads to the
boundary integral equation

Q;Sfj — . (rma(n]j;(])a(q)dSq + %a(p) (p€9).

We can modify both approaches in several ways, e.g. by further differentiating in the
direct method or using the double layer potential in the indirect method. Those changes
are not necessarily needed in our application to the Laplace problem but could help in
a different situation. More details about the intricacies of the different approaches can
be found in the mentioned sources, especially in [56].

Because the data on the boundary is known, we can use these equations to find the
unknown function ¢. To do that numerically, we need to discretise the integral equation
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using a numerical integration technique and approximate the boundary functions. One
widely used approach is the method of collocation, in which we have to choose a suitable
set of points and force the equation to be satisfied at these points. A different option
would be the Galerkin approach, in which we multiply our boundary integral equation
with test functions from a finite-dimensional functional space.

We start the discretization process and approximate the boundary in our two-dimensional
case simply as a set of m line segments. This is often called a set of panels. Hence, we
have

S~ S8 =) AS;,
j=1

where each S; is a line segment. We approximate the boundary functions on each panel
by a constant and thus assume that for all x € S; we have

o(x) = b5,
9 _
ong 7

r=2X;

where X is the midpoint of S;. Using the direct approach from above, we get
fjl/tux )= 650 (n(X; — ) dS, = =
il (X — ) — b —— (In(X: — — 2
< o s, j i~ Y jany i Y q 5%

for every 1 < j < n. The integral on the left side can be computed analytically or
numerically, after which we can write the linear system of equations in matrix form,
which then has to be solved to find our approximation for ¢. At this point, the H-matrix
approximation can be used. Usually, the arising matrix is, different from matrices that
appear in the finite element method, not sparse. However, it can be shown that in
certain applications it can be approximated well as an H-matrix [42]. We only want to
sketch the idea here.

Assume we are interested in approximating the matrix A € R™*" with entries a;; given

by

aij:/ ] In(X; —y),

j—1

where X; is again the midpoint of the line between z; 1 and z;. Matrices of this type
appear in the linear system for the boundary element method we developed above. We
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can then replace the kernel function K(z,y) = In(xz — y) with an approximation

K(l‘,y) =

™=

ge() - he(y),
=1

by using Taylor’s formula applied with respect to y. Using this approximation for all
entries in admissible blocks, we can easily find local low-rank approximations for these
submatrices of A with rank k.

Analyzing the corresponding error estimates, we can see that, with the standard admis-
sibility function, this approach leads to a useful H-matrix approximation.

After solving this system efficiently by exploiting the H-matrix structure of A, we have
found the missing boundary values. If we are only interested in those, we may stop here.
Otherwise, we can apply these to the results initially used to find the boundary integral
equation and obtain the solution for any point in the interior domain D.
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Chapter 3

QR Decomposition for
Hierarchical Matrices

3.1 Known QR Decompositions for Hierarchical Matrices

Several different ways to compute the QR decomposition of H matrices have been pro-
posed. We will present them here and in the later Chapter 4 compare some of them
numerically with our newly developed method. These methods have already been dis-
cussed in the literature, e.g. in [67, 60], so we will keep this review brief.

Algorithm 3.1: Cholesky decomposition of a symmetric positive definite H-
Matrix A.

Data: Symmetrix positive definite H-matrix A € H(P;i’?, ka,admy)

Result: Lower triangular ‘H-matrix L € H(P;i’]L, kr,admp) with A~ L- LT
Function: [L] = HCholesky(A)

if there are no 01,09 € PIhie" with o1 Nog =0 and 01 Uoy = I then
‘ Compute the dense Cholesky decomposition L - LT = A with L € R™";
else
Find 01,09 € PIhieT with o1 Noy =0 and o1 U 09 = 0
L01,01 - HChOleSky(Am,m);
LT . = HFwSub(Loy o, Ay 0s);

Leoy.oy = HCholesky(Avy oy — Loyoy - L, ,);

02,01
L

8 Set L = | 7 ;

Lo'27o-1 LUQaUQ

N O ks Wy =

9 end
10 return L;
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3.1.1 Cholesky-based H-QR Decomposition

Algorithm 3.2: Forward substitution.

Data: Lower triangular H-matrix L € H(P;'i’IL, kr,admy) and H-matrix
A e H(PLY ka,adm )

Result: H-matrix B € H(P;i’?, kp,admp) with L- B = A

Function: [B] = HFwSub(L, A)

1 if there are no 01,09 € PIM” with o1 Nog =0 and 01 Uoy = I then
2 Solve the dense equation L - B = A for B with forward substitution;
3 else
4 Find 01,09 € PIMW with o1 Moy =0 and o1 Uog = I;
5 if there are T, € P}”er withmNm =0, mMUn=Jand 7 X o1 € PIhffJT
then
6 By, 7 = HFwSub(Loy 615 Aoy );
7 By, 7y = HFwWSUb(Loy 615 Aoy m);
8 Boyry = HFwSub(Loy0y Ay iry = Lios,or - Boy )
9 BUQ,TQ = HFUJSUb(L@Jw AUQ,TQ - L02,01 ) BU1,7'2);
10 Set B = [Bal’ﬁ B"l’”]'
Boyri Boars]
11 else
12 B+ = HFwSub(Lo, 6y, Aoy 7);
13 Boyr = HFwSU(Loy 595 Acor — Loo,oy - Boy7)i
14 Set B = [BU”}
BO’Q,’T
15 end
16 end

17 return B;

In [66], Lintner developed an approach based on the Cholesky decomposition, which is
for dense matrices often called Cholesky QR. Let A = QR be the QR decomposition of
A with upper triangular R with positive diagonal entries, and let LL” be the Cholesky
decomposition of AT A. Then using

ATA=RTQTQR=R'R=LL",

we can see that the upper triangular matrix R in the QR decomposition of A is the
transpose of the lower triangular matrix L in the Cholesky decomposition of AT A. Be-
cause the computation of the Cholesky decomposition of an H-matrix as well as the
multiplication AT A is available in H-matrix arithmetic, we can apply it to AT A to com-
pute the upper triangular part of the QR decomposition. Then @ is calculated by an
upper triangular solve from A = QR. An algorithmic representation of this approach
can be found in Algorithm 3.4 for a bisection-based H-block partition. As explained, it
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uses the (efficient) Cholesky decomposition of H-matrices, which is given in algorithmic
form in Algorithm 3.1, the forward substitution as given in Algorithm 3.2 and the back-
ward substitution as given in Algorithm 3.3, all three also for a bisection-based H-block
partition.

Algorithm 3.3: Backward substitution.

Data: Upper triangular H-matrix U € ’H(PIHX’?, ky,admy) and H-matrix

A€ H(PIEY ka,admy)
Result: H-matrix B € H(P}{X’?, kp,admp) with B-U = A
Function: [B] = HBwSub(U, A)
1 if there are no 01,09 € PIhi” with o1 Nog =0 and 01 Uoy = I then
2 Solve the dense equation B - U = A for B with backward substitution;
3 else
4
5

Find 01,09 € PIM” with o1 Noy =0 and o1 Uoy = I;
if there are 7,1 € P;“er withiNm =0, mMUn=Jand 1 X 01 € P}‘ie}“
then
6 Br, 61 = HBwSub(Uy, o1 Ary 01
7 B, 51 = HBwSub(Uy, o1 Ary 00 );
8 Br, 5o = HBwSub(Usy 505 Ari 00 — Bri,01Us1,00);
9 B, 5o = HBwSUub(Usy 095 Ary.00 — Bry o1 Usy,00);
10 Set B = [Bﬁ’al Bﬁ’”]'
.01 Braos]’
11 else
12 B; , = HBwSub(Us, oy, Ar.0,);
13 Br 5, = HBwSub(Usy 60, Ar.00 — Bro1Usy,00);
14 Set B = [Brs, Brol;
15 end
16 end

17 return B;

The first and most obvious problem using this method is the squaring of the condition
number because

k(AT A) = k(A)2

Lintner proposed to use the polar decomposition to reduce the condition of the prob-
lem.

Another question that arises from the ill-conditioning is whether the resulting @ is
orthogonal. The inherent inaccuracy of the H-matrix arithmetics and the arising error
propagation during the Cholesky decomposition could lead to poor orthogonality in Q.
We will later observe this in our numerical results. Similar to the idea for the dense case

87



Chapter 3 QR Decomposition for Hierarchical Matrices

Algorithm 3.4: Cholesky-based QR decomposition.

Data: A € H(P/L4, ka,admy)
Result: Q € H(P/“9, kg,admg) and R € H(PLH kp admpg) defining an
approximate QR decomposition of A by A~ Q- R
Function: [Q, R] = HQRCholesky(A)
1 Set B € H(P}LX’?, kp,admp) with H(P}i’lj) induced by AT - A;
2 B=AT. A;
3 Set L € (P kp,admy) with H(P}:") induced by the Cholesky
decomposition of B;
4 L = HCholesky(B);
5 Set Q € H(PIYY, ko, admg) with H(P]L?) induced by Q = A- (LT) ™
6 Q = HBwSub(L”, A);
7 return Q, R;

in [84], Lintner proposed applying the algorithm more than once to alleviate this problem.
We will refrain from using this approach later because the increase in computation time
would make this variant of the algorithm not competitive. It is also important to mention
that the Cholesky-based H-QR approach only computes the reduced QR factorization
for rectangular matrices.

3.1.2 Gram-Schmidt H-QR Decomposition

In [10], another approach based on a block Gram Schmidt procedure was presented. The
main idea was already shown in Theorem 2.15, which will also be the basis for our new
algorithm. A given H-matrix A is partitioned into two block columns A; and As of
roughly the same size, and the QR decomposition

()= (@ @) (52

is to be computed. As shown in the aforementioned theorem, this can be done in three
steps [60]:

1. Compute the QR decomposition A1 = Q1 R11.
2. Compute R12 = Q,{AQ and 112 = A2 — Qlng.
3. Compute the QR decomposition 112 = Q2 R20.

Assuming the QR decompositions of A; and Ay are available as ‘H-matrices, a QR
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decomposition of A can also be expressed as an H-matrix because then Rio and gg
themselves can be computed by H-matrix arithmetics. For the QR decompositions of
A; and AVQ, we recursively apply the same idea until we have reached the highest level
of the hierarchical block partitioning. The QR decomposition of these block columns
can be calculated cost-efficiently while staying in the H-matrix format if the factor U
of all admissible blocks is orthogonal. This process closely resembles our approach,
which we will present in the upcoming chapter. This includes a detailed description of
the necessary vertical splits for larger, admissible blocks in Subsection 3.2.2. One major
difference between both approaches is that @ is explicitly calculated in the Gram-Schmidt
H-QR decomposition. We will only indirectly compute Q by applying the recursion on
the decomposition Q = I — YTY " whose existence was shown in Theorem 2.15.

Algorithm 3.5: Gram-Schmidt H-QR decomposition - the recursion start.
Data: A € H(P]Y, ka,adma) with depth,,;(P;2%7) =0
Result: Q € H(PIHX’?, kg,admg) and R € H(P}{X’I}, kr,admp) defining a QR

decomposition of A =Q - R
Function: [Q, R] = HGramSchmidtpign(A)

Create the dense matrix A € RT*#/ consisting of blocks A; as in Theorem 3.1;

1

2 for all subblocks A; of A do

3 if A; is a low-rank matrixz given by A; = U; - VZ-T with UZ-TUi = I, then
4 ‘ Set fTZ = ‘/Z-T;

5 else

6 ‘ Set sz = AZ';

7 end

8 end

9 Compute the dense QR decomposition CNQ . R = A with CNQ e R™#J and

R e RAI#,

10 for all subblocks A; of A do
11 if A; is a low-rank matrix given by A; = U; - ViT then

12 ‘ Set Qo;.7 = Ui-éi; // o; is the row index set of A;.
13 else

14 ‘ Set Qq,,7 :@i; // o; is the row index set of A;.
15 end
16 end

17 Set PI2% = {J x J}, R=R;
18 return @, R;

For a more detailed explanation, we also refer to the original source [10]. An algorithmic
representation of this approach is shown as Algorithm 3.5 and Algorithm 3.6. Again we
suffer from numerical instability because the inherent problems of the Gram-Schmidt
orthogonalization transfer to the H-matrix case as well.
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Algorithm 3.6: Gram-Schmidt H-QR decomposition.

Data: A ¢ H(PIHX’?, ka,admy)

Result: Q € H(P}“9, kg,admg) and R € H(PLY kg, admpg) defining a QR
decomposition of Aby A=Q R

Function: [Q, R] = HGramSchmidt(A)

if there are no 1,10 € P}”er with 1 Ut = J and 71 N5 = () then
‘ (@, R] = HGramSchmidtpigh(A);
else
Find 71,7 € Pf,”” with 1 U = J and 7 N = 0;
Partition A=[Ar+, Armn);
Q1.+, Rry 7] = HGramSchmidt(Ay -,);
RTl,’Tz = Q{n ) AI,TQ;
(Qr 7y, Rry7p) = HGramSchmidt(Arr, — Q1 - Rry 75);
end
return @, R;

© 00 I OO Gk W N =

-
o

Furthermore, the version presented in [10] uses the admissibility function of A for Q.
As we will see in Subsection 3.3.3, this is often very different from the induced admis-
sibility function of @, which is unfortunately comprised of predominantly inadmissible
blocks in many cases. Hence, using this version of the algorithm can lead to high ranks
in admissible blocks or low accuracy and orthogonality, depending on the truncation
approach.

It is important to note that the numerical results in [10] do not reflect this problem
because they test only the 2D Laplacian matrix for which the conditions of the upcoming
Theorem 3.3.3 are not satisfied.

3.1.3 Bebendorf’s H-QR Decomposition

Bebendorf suggested another approach in [8]. The QR decomposition is computed by
orthogonalizing the results of a blockwise LU decomposition. For an H-matrix A that

can be partitioned as
Aqy A12>
A= ,
<A21 Ao
we first consider the block LU decomposition

A A\ _ (1 0\ (An Arz
Ag1 Aa X I 0 Ay —XAp)’
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where X = A21A1_11. Scaling with the inverted Cholesky factors of I + XTX = RlTRl
and I + XXT = RTR,, we get

A (1 X" Ry 0\ (RiAnn RyT(Ap+ XTAg)
X 1 0 Ry* 0 Ry (Ay—XAp) )’

~~

=:Q =R

@ is orthogonal by construction, and we can recursively apply the procedure to the
diagonal blocks of R. We only need standard H-matrix arithmetic, H-matrix inversion,
and the Cholesky decomposition, which are all available so that the result will be an
‘H-matrix again.

Relying on the inversion of the leading subblock A1; at every recursion step is, however, a
problem. We cannot assume the existence of this inverse for every matrix that has a QR
decomposition, and, even if there is one, the calculation is not necessarily numerically
stable. Due to these problems, we refrain from using this approach in our numerical
tests in Chapter 4.

3.2 Block Householder Based Algorithm for the H-QR
Decomposition

We aim to combine the recursive computation of the QR decomposition of Theorem
2.15 with H-matrix arithmetic to compute the QR decomposition of an H-matrix. For
each addition and multiplication of matrix subblocks, we use the induced admissibility
functions of Definitions 2.24 and 2.25 to determine the H-block partition of the resulting
H-matrix. Furthermore, for the orthogonal matrix Q = I-YTY ™ we compute and store
T in its reduced form T and then perform all subsequent matrix-matrix multiplications
with T as explained in Remark 2.16. As noted before, this approach, but not the
upcoming theoretical results from Section 3.3, was already presented by us in [40].

Let A € R’ be an H-matrix based on hierarchical (block) partitionings of the index
sets I, J and I x J, consisting only of the block column associated with the column
cluster 7 € P}lier of the H-block partition P;'i g- If the column index set 7 € P};ier is a
column leaf of PIHX 7> then all blocks in the H-block partition of A € R/*7 have column
index set 7. This will be the start of the recursion, and we will compute the full QR
decomposition of A in implicit representation. To do so, we can exploit the H-matrix
structure (especially its admissible blocks) of A, which is explained in the upcoming
Subsection 3.2.1.

If 7 is not a column leaf, then we need to vertically split the H-matrix further. We do
this by using the first two non-trivial descendants 71,7 € P}”e’" of rsothat MUy =7
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holds. The intricacies of this step are explained in the upcoming Subsection 3.2.2, and
the splitting process is shown in Figure 3.1.

The underlying idea has already been used for the block Gram-Schmidt algorithm for
H-matrices [10] as shown in Subsection 3.1.2 and in [60] for a QR factorization for
hierarchically off-diagonal low-rank (HODLR) matrices. We defined HODLR matrices
as Hp-matrices in Subsection 2.3.2. They form a subset of the more general class of
‘H-matrices.

L}
L}
:
L}
(a) Level 1. (b) Level 2. (¢) Level 3.

Figure 3.1. Vertical Splitting into block columns used during the recursion of the block
Householder QR decomposition for H-matrices.

3.2.1 Highest Level

We start with an introductory example to show how a QR decomposition for an H-
matrix on the highest level can be computed. The process described here is also shown
in Figure 3.2.

Example 3.1 Let us consider an H-matrix H consisting of dense and low-rank blocks

Fny
Roq Fijp e RM*Xn - Ry € RM2xn,
F3 ’ F31 € ngxn7 Ry € Rm4><n7
Ry

where m; = n. Hence, H is tall and skinny, i.e. m; + mo + ms + m4 > n. Assume
the blocks Fi1 and F31 to be given as dense matrices. Ray, R41 are given in the form of
low-rank factorizations

Ry =Usy - Vi, Ryy =Uy -V,

with Uy € R’”QX’“Q, Vo € R™%F2 7,1 € R™%Fk4 and V; € Rk We define the dense
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Ry
Fi
Yu
U21 U21
X Rll
Yiu
F3
vh Yo
U41 F31 U41
Y31
- -
vh
(a) H. N (b) Hepy. _y (¢)JRand Y. _, (d)RandY.

Figure 3.2. Application of Algorithm 3.7 to the matrix H from Example 3.1.

matrix Hp,, where the subscript cpr abbreviates compressed as

F1y
V2€ (mi1+k2+mz+ks)xn
Hepr = Fa eR .
Vi
Let
Y1 Ry
Y;}pr — gi c R(m1+k2+m3+k4)xn’T c Rnxn7 chr _ 8 e R(m1+k2+m3+k4)><n
}741 0

be the matrices defining the QR decomposition of Hy, as described in Theorem 2.15.
Then, assuming Us; and Uy; have orthonormal columns, we can obtain the QR decom-

position of H without any additional cost by setting

Yip
y — U21 . }/21 c R(m1+m2+m3+m4)><n’ R— ch'r e R(m1+m2+m3+m4)><n
Y31 0
Us1 - Y
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and reusing 7. This will be verified in the upcoming Theorem 3.1. &

Before we show this in the general case, we want to formalize the assumption that
from now on, we will always have the first factor in the factorization of low-rank blocks
consisting of orthogonal columns.

Assumption B Let A € H(P}t ;, k,admy) be an H-matrix with H-block partition

P;'i 7 based on (PfX J)j:o‘ Then for every admissible block Ay« = U VT, the factor
U has orthonormal columns.

We will later see in Theorem 3.22 that this is not a restriction from the cost perspec-
tive because any given H-matrix can be transformed into one satisfying Assumption B
efficiently.

Theorem 3.1 (Block Householder H-QR decomposition - highest level) Let

Ay
A,

be a hierarchical matriz with a full (inadmissible) square matrixz block A; € R™1*",
my = n, and matriz blocks A; € R™*" ¢ =2 ..., 2z that are either full (inadmissible)
or low-rank (admissible) matriz blocks. Let the admissible blocks be represented by
A, =U;- ViT, U; € Rmixki v, € R™¥ki  where U; has orthonormal columns. We define
matrices that consist only of all the inadmissible (full) blocks and the second factors ViT
of admissible blocks by

i A; A; is a full matriz, - m;  A; is a full matriz,
;= m; =
' V;T A; is a low-rank matriz, k; A; is a low-rank matriz,
and set

A .

A=| ¢ | eR™" withim=> .
A i=1
z
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Let
~ ~ <o (R ]
A= (I -YTY") 5 with
i R
? — c anxn, T c Rnxn’ R c ]:RTLXTL7 (6) Rmxn

Y,

be a QR decomposition of A, where Y inherits the block structure of A. Then the QR

factorization of A is given by

<o () -0 () (8

where
Yy
Y; Y; A; i Il matri
Q= ln—vTv?, v=| 2| wv={¥ _ Avsafulmatri,
: U, Y; A;is alow-rank matrix.
Y.

PrOOF We define Q, € R™*™ as a block diagonal matrix with (possibly non-square)

blocks Q; « € R™*™Mi for 1 < i < z along the diagonal given by

Orr = I, A; is a full matrix,
B U; A; is a low-rank matrix.

Since U; has orthonormal columns, it holds that Q7Q, = I. Furthermore, we have

Q.-A=A, Q.- Y=Y

since for all ¢ = 1,..., 2z we have
Qz*gz _ Imi/;i A; %s a full matrix, . _ A,
UV, A; is a low-rank matrix
o I,,Y; A; is a full matrix, _v
bt U,’?i A; is a low-rank matrix o
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Then it follows that

QU - A=U-YTTYT).QA=QA-YTTYTQ. A
GV QA-QYTTYTQTQ. A
N——

=I

— 0. (I - ?TT?T) A=Q. <§> = <§> :

The last equation follows from R € R™*™ and the fact that Q1 « = I,, since A; had been
assumed to be a full n x n matrix. n

Theorem 3.1 is relevant for the start of the recursion in Theorem 2.15 and requires the
leading block A; to be inadmissible and square. While this is often the case when the
recursive QR algorithm is applied to square H-matrices, this may no longer be the case
for more general H-block partitions. However, it is sufficient if any of the blocks A; is
inadmissible and square since we can compute the QR factorization for the permuted
matrix PA that has an inadmissible square leading block. We obtain

PA=(I-YTY"R <+ A= (I-P'YyT(P"Y)")P"R,

i.e., A is factored into an orthogonal matrix I — PTYT(PTY)" with (row-) permuted
lower trapezoidal matrix PTY and a (row-)permuted upper trapezoidal matrix PTR.
Figure 3.3 shows an example for a rectangular H-matrix A. In each block column 7/’
corresponding to a column leaf, an inadmissible rectangular block is subdivided into two
blocks, the first being square and used as leading block Ay in Theorem 3.1. The resulting
‘H-matrices Y and R are row-permuted lower/upper trapezoidal matrices, respectively.
In the subsequent algorithms, we abuse notation and use P to denote both the permu-
tation on the index set as well as the corresponding (row) permutation matrix.

If A has no square subblock in PIHX ~ but a rectangular inadmissible block with more rows
than columns, we can subdivide this block into a square one and its remainder. If A
has only admissible blocks, we can convert an admissible block (or even several) into an
inadmissible one with equal or more rows than columns and then proceed as described
above for inadmissible blocks.

Theorem 3.1 corresponds to the start of the recursion and is formalized in Algorithm
3.7. Note that at the start of the recursion, there is no difference between T and its
reduced representation T' (see Remark 2.16).
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Algorithm 3.7: Householder-based H-QR decomposition - the recursion start.

© O 90 N W N =

]
= o
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14
15
16
17
18
19
20
21

22

23

Data: A € H(P/Y, k,adma) with depth,(P/%7) =0

Result: Y € H(P/"Y ky,admy), T € H(P5" kr,admy),
R e H(PIHX’}}, kr,admp) and permutation matrix P € R’*! defining a
QR decomposition of A given by A = (I — YTYT)R with
row-permuted trapezoidal matrices Y, R and upper triangular T°
(PY, PR are trape- zoidal as well)

Function: [Y,T, R, P| = HQR .+ (A)

Create the dense matrix A € RT*#J consisting of blocks EZ as in Theorem 3.1;

for all subblocks A; of A do
if A; is a low-rank matrixz given by A; = U; - VZ-T with UiTUi = I;, then
‘ Set AVZ = V;T;
else
‘ Set /le = A;;
end
end
Let o denote the row index set of an inadmissible square subblock A; of A;

Reorder the blocks of A such that the corresponding :{: comes first;
Let P denote the permutation (matrix) satisfying P(o) = {1,...,#J};

Compute the dense QR decomposition A= @ . (?) with

Q=Inm—YTYT c R ReR/* Y e R" and T € R7*/;
Reverse the reordering of AinY:Y « P_lff;
for all subblocks A; of A do
if A; is a low-rank matrixz given by A; = U; - VZ-T then

| Set Y; =U; - Y
else

\ Set Y; = V;
end

end
H,T =
Set P, ={JxJ}and T =T,
Set PI}Q? ={oxJ,(I\o)xJ}, Ry = R and R(1\o),s as admissible (with rank
0);
return Y, T, R, P;
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3.2.2 Lower Levels

We will use the recursion shown in Theorem 2.15 to compute a QR decomposition. This
method applied to H-matrices is summarised in the Algorithms 3.8, 3.9 and 3.10. The
recursion for non-leaf block columns of A according to Theorem 2.15 is implemented
in Algorithm 3.8 (main recursive QR algorithm) with the auxiliary Algorithm 3.9 for
the update Ay = QT Ay and Algorithm 3.10 to merge the results obtained from the
recursive calls for the two column block submatrices of A. All operations are done using
H-matrix arithmetics and the induced admissibility function given by Definitions 2.24
and 2.25. Furthermore, we also use the more efficient approach of saving T instead of T'
as explained in Remark 2.16.

Two main factors determine whether this is a helpful approach. First, using the induced
admissibility function could lead to so many inadmissible blocks in Y, R or T that
we lose any computational advantage. Second, we have to vertically split admissible
blocks given by a low-rank factorization. It is initially unclear what the structure of the
corresponding factors in Y is.

We will show that such splits in A can later be reversed in Y. For that, let us review an
example.

Example 3.2 Let the matrix H be given by

Fi1 Ry Fi1 € }lexm7 Ryy € lexm’
H— Ro1  Fao € R(mitmatmstms)x (n1-+ns) Fy € R™Xm Fyy € Rm2Xne
F31 Rso " I3 € Rm3Xn17 Rsy € ngxm7

Ry R, € RMax(n1+ns2)

where Rio, Ro1, R3s, and Ry allow for a low-rank factorization with ranks kio, ko1, k3o,
and k4. More precisely, Ry = Uy - VZ;T with Uy € R"™4%ka and vV, € Rmtn2)xks - Since

Ry=Us- V] =Us- [V} V] =[Us V] Us- V]

with Vi € R™ >k and Vip € Rk we can rewrite H as

Fi1 Rpo
Ro1 Fyo
H= ,
F31  Ras
Ry Ry

where Ry = Uy -V} and Ryp = Uy - V5.

By Theorem 3.1, there is a QR decomposition of the first block column of H so that for
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3.2 Block Householder Based Algorithm for the H-QR Decomposition

Algorithm 3.8: Recursive Householder-based QR decomposition for H-

matrices.

Data: A € H(P/L), ka,admy)

Result: Y € H(P/YY ky,admy), T € H(PIL, kg, admy),
R e H(PIHX’?, kr,admp) defining a QR decomposition of A by
A= (I -YTYT). R where T is the reduced form of T (see Remark
2.16). P € R/ is a permutation (matrix) such that PY, PR are
trapezoidal

Function: [Y,T, R, P] = HQR(A)

if J is a column leaf cluster of P;i’f]‘ then

‘ [Y,T,R, P] = HQRg,,+(A); // See Algorithm 3.7.
else
Find non-trivial direct descendants 71,7 € P}}ier with 71 U = J and
1N = 0;

[YI,Tl Ly s Riry s P}-}I] = HQR(AI,T:[ );

6 Aqry = HQRpaate (AL, Y1,y Try 7y ); // see Algorithm 3.9

7 Set I} = (P]Tll) 1({1,...,#71}) and Iy =T\ Iy;

8 [Y12772’T7'2,7'2’ R12772’P]‘;2,I2] = /HQR(AIz,Tz);

9 P =P, oPry (with P, extended to I by the identity on 7);

10 [Y7 T,R, P] = HQRcb(YI,ﬁ?RI,ﬁvTﬁ,ﬁ? YI2,T17RI27727TT27T27 A117T2)3 // See

Algorithm 3.10.

N

(S

11 end
12 return Y, T, R, P;

the block Yy; corresponding to R4
Yo =Us-Viiy

holds true with some Vi1 y € R™*k4  After the update by Algorithm 3.9, the block
Ryo € R™4*™ in the second block column corresponding to Rys is given by

§42=R42—Y41'52:U4"Q€—U4'V4€,y'52=U4'(‘Qg—V4T17y'52)=U4"~/42,

where S € R™*"2 has been defined in line 2 of Algorithm 3.9 and 1742 € Rm2xks 1y
Vi = Vf; - Vﬁ’y -S5. Again with Theorem 3.1, the corresponding factor Yy € R™4*"2
in Y is given by

Yio = Us- Vi y

with Vioy € R"2*k4 We can thus reverse the split of R4 and get the corresponding
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Chapter 3 QR Decomposition for Hierarchical Matrices

Algorithm 3.9: Update algorithm computing Ay = QT As.

Data: H-matrix Ar ., € H(P;'i’g, ka,admy), orthogonal factor Q@ = YTYT of
QR decomposition of A;,, € H(PIHX”TAI

Yir € H(PJLY  ky,admy) and T, 5, € H(PJL! kb, admy)
Result: Updated H-matrix A
Ay = (I = Y1, T5 Y Az € H(PJLD k5, adm )

T1,T1 IxT9?

EJHCtion: AIXTQ = /HQRupdate(AI,‘rga YI,Tl bl TTl,Tl)

Compute S} = Ygﬁ “Ap 4, € H(PE! kg, ,admg, ) where admyg, is induced

T1XT2?

,ka,admy) given by

=

P?—L,Sl

w.r.t. admy, adm4 and consistent with admg, ;

T1 XT2
2 Compute Sy =T} | - S51 € ’H(P.Zf’xsfz, ks,,admg,) where admg, is induced
w.r.t. admy, admg, and P:f’xsé consistent with admg, using the reduced

representation T, - of T ;

w

. H,A .
Compute Ajyr, = Arxry, — Yixr - S2 € ’H(PIXTQ, ky,admy) where adm is
induced w.r.t. admy, admg,, admy4 and P;i’g consistent with adm y;

4 return Ajy.,;

block Y, € Rmax(nm+n2) in y ag
Vi=[Us-Viiy Us-Viby] =Us- [Vily Viby] -

The entire Y is then given by

Yll 0 Yll c le an’
Y = Y21 Y22 c R(ml+m2+m3+m4)><n Y21 c Rmzxm’ Y22 c ngxng,
Y1 Y3 ' Ya € RMXM Yy, € RM3XN2,
Yy Y, € Rm4><(n1+n2)’
where Yy allows for a low rank factorization of rank ky. &

The general case can be shown using the same ideas presented here, but we can also
prove it as a direct consequence of Theorem 3.1, which is notably faster. However, the
constructive approach from Example 3.2 is the basis for the implementation of this part
of the algorithm.

As already mentioned at the end of Subsection 3.2.1, we need to ensure that we will
always find an inadmissible (square) block in every H-matrix block column on the highest
level. Henceforth, we make the following assumption.
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3.2 Block Householder Based Algorithm for the H-QR Decomposition

Algorithm 3.10: Combine results of the recursive calls for the column sub-
blocks.

Data: QR decomposition of Ar; given by Y., Rr+, T+ -, QR
decomposition of (updated) Ay, -, given by Y7, r,, Ry, 7, and T, -, and
(updated) matrix block Ay, -, (including the index sets I1, I such that
permutation matrices do not have to be passed)

Result: QR decomposition of A given by Y, R and T where P is a

permutation matrix such that PY, PR are trapezoidal

Function: [Y, T,R, P] = HQRcb(YLTw RI,Tl ) TTth ) leﬂ'l ) RI2,7'1 ) T7'277'2’ AIl,Tz)

H,Y H,Y H,Y .
1 Set Py =Prp UP U {I; x 72} and combine Y7 ;, and Y7,x-, to an

H-matrix Y = (YI,T1 YO > € H(P]}i’}/, ky,admy ) with admissible (rank
I2,72

0) block Y7, 7,3
2 Apply Theorem 3.2 to blocks in Y corresponding to admissible blocks that have
been split during the recursion, i.e. merge them into a single admissible block
. HY .
and adjust P;; accordingly;

H,R H,R H,R H,A . .
3 Set Pr; = P VP UPT and combine Ry ;, Rr,x7, and Af xr, into
A x MR
R = (RLTI Rl 2 S H(P]X’J,kR,admR);
Iz,m2
4 Compute T+, -, = =Y/ Vi, € H(Pz'll ’XTTQ, k7, admz) where admz is induced
w.r.t. admy, ,admy; — and PZ;[’XTT2 consistent with admz;
HT HT T HT .
5 Set P, = P/l WPl UP. U{m x 7} and combine T'7, 7, Tryxr, and

T xr, into T = (TTé’Tl ;71’72) € H(P;[X’? kr,admr) with admissible (rank
72,72

0) block T, 7,

6 return Y, T, R;

Assumption C Let A € H(P;-f(’?, ka,admy) be an H-matrix. For every column

index cluster 7 € PJLJ on the highest level Lj, there exists o, € PIM” so that the
following conditions hold:

1. admy (o, x 7) = False,
2. 0, Noy =0V 7 EPJLJ with 7 # 7/,
3. #o; = F#T,

H,—
4. o X T € P,
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Chapter 3 QR Decomposition for Hierarchical Matrices

We define Pfﬁl}t C PILXI J as the set that contains all blocks o x 7, meaning we have
lit L
PPy ={orx0o : Te P;7}.

Additionally, for every block o x T € P]hiej we have #o > #7.

" A a 1"
T Ty T3 Ty

AN N N S

i |

(a) Original A. (b) Split A. (c) Y. (d) R.

Figure 3.3. To compute the QR decomposition of A (a), we need to change the H-block
partition to create the necessary square inadmissible blocks in every column. One possi-
bility is shown in (b). The resulting factors Y and R of the permuted QR decomposition
can be seen in (c¢) and (d). The diagonal blocks are given by of x 7, o4 x 74, 0¥ x 74
and of x 7).

The assumption that our topmost block after permutation is a square matrix does not
restrict us to only a special type of rectangular matrices. For any matrix with rectangular
blocks, we can add one level to the hierarchy of partitionings so that every rectangular
block o x 7 € Plhiej with o € PI’”” and 7 € Pﬁ”'” has two descendants given by ¢’ x 7
and ¢’ x 7 so that #0’' = #7 and ¢’ U¢” = ¢ hold and change the H-block partition
accordingly. Note that although the hierarchy of block partitionings gains an entirely
new level, in the H-block partition the rectangular blocks on the formerly lowest level
get replaced by their two new descendants only where it is necessary to apply Algorithm
3.7.

Now we can finally generalize Example 3.2.

Theorem 3.2 (Block Householder H-QR decomposition - low-rank splits) Let
Ac H(PIHX’?, ka,admga) be an H-matriz with H-block partition P;f(’f]‘ based on the hier-

L
P?—L,A

archy of partitionings (PléxJ)e:O' Let o x J € P, and let

Y € H(PIEY ky,admy), T e H(PET ky, admz), R € H(PL,, kg, admp)
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3.2 Block Householder Based Algorithm for the H-QR Decomposition

form a QR decomposition of A computed by Algorithm 3.8 using Algorithms 3.9 and
3.10. Let A, j denote the block in A and Y, j denote the block in'Y that are both induced
by o x J. Let

Ay =Us- V], U, e RF7Fa V; e R#IxFa

be a low-rank factorization of Ay y. Then we can find a low-rank factorization of Y j
given by

Yo =Us Viy, Vyye€RF/ ¥

PrROOF Let A be an H-matrix as described in the statement. If the hierarchy of parti-
tionings of the column index set has depth 0, then the statement is true with Theorem
3.1. Now assume that the statement is true for all H-matrices where the depth of the
hierarchy of partitionings of the column index set is ¢ and 0 < ¢/ < £. We show that
it is also true for H-matrices where the depth of the hierarchy of block partitionings of
the column index set is £. Let A be such an H-matrix and A7, and Ar, be the two
block columns used during the algorithm induced by 7, 7 € Pf,”” with m U = J,
71N =0 and

Arg=1[Arn Al

Let 0 € PI}”” so that A, 7 = U, - V}F with U, € R#7%ka and V; € R#/*ka g an
admissible block of A; ;. Then the corresponding blocks in Ay -, and A; ., are given by
AO’,Tl =Us - VT?7

Agry =U, - V2

T2

V,, € R#Txka,
V;, € R#T2xka,

where V., consists of the first #71 rows of V; and V., of the remaining (#72) rows of
V;. By induction, the block in Y corresponding to A, -, is then given by

T k
Ya,n — UU . V‘rl,Ya Vﬁ,Y c R#nx A

Let Sy € R™*™ be defined as in Algorithm 3.9, and let AU,TQ denote the block A, -,
after applying Algorithm 3.9. Then A, ;, can be computed by

AU,TQ = AJ,TQ - YU,Tl ' SQ
=UsVp = Us Vi y 52
U (VI VD),

T

. AT
and thus we have a low-rank factorization A, ., = U, -V, with

Vi =Vi, = STV, y.

We apply the induction again, and the block in Y corresponding to 1210772 is then given
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by
Yaﬂ_2 — UU . ‘/;_Z’Y, VTQ,Y c R#TQX]{A.
Thus, the block in Y corresponding to A, ; is given by

YU,J = [Ya,ﬁ YO',TQ]
=[Us-VEy Us - VI

T2,

=U, - [Vay Vv’

and we have found a low-rank factorization for Y, ;. This proves our statement. =

3.2.3 Update Matrices

Theorem 3.2 unfortunately does not imply that the matrix Y in the representation
Q =1-YTYT of the orthogonal factor Q inherits the H-block structure of A. All but
the first leaf block columns of A are updated in the course of the recursion described in
Theorem 2.15 (by the multiplication Ay = QT A3). Low rank blocks that contain part of
this first leaf column (as R4 in Example 3.2) are preserved as low rank blocks, all other
blocks may (and typically do) change their H-block structures.

To address this issue and maintain reasonable bounds on computational and storage
costs, we must estimate the change in admissibility that occurs during the algorithm.
This section focuses on the (many) intermediate results S and Sz computed in Algorithm
3.9. As shown there, the updated H-matrix A I.m is given by

=S5
N e e
Al = Q{AI,W = (I - YLT1T7F€,7—1YIT’Q) Ay = Alr — Yin Tg;,n YITﬁALD :
—
=51
Our goal is to construct larger H-matrices that encompass all these intermediate results

S1 and Sy and rephrase certain parts of the algorithm in a theoretical (albeit impractical)
manner that improves the understanding of the resulting structures.

Before doing so, we must first prove one preliminary statement.

Theorem 3.3 Let us have the situation of Theorem 3.2. LetT,7’ € Pf]”e’" with level(T) =
level(7") and T < 7' (see Definition 2.26) be given. Then there exists a uniquely defined
update A\I,TQ = A1, — Y1 -So computed in line 3 of Algorithm 3.9 during the computation
of the QR decomposition of A with Algorithm 3.8 so that T C 11 and 7" C 19 hold.

PROOF Let 7,7/ € PHe" with level(t) = level(7’) and 7 < 7/ be given. Then there
is a first common ancestor T € Pf,“” of 7 and 7 which has two direct and non-trivial
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descendants 11, € P}”er with 71 < 79, 7 € 71 and 7 C 7. This ancestor is uniquely

defined because all different (and thus larger) ancestors of both 7 and 7/ contain 7.
During the recursion, we thus calculate

Az = Y17 - S2 n

in line 3 of Algorithm 3.9 by construction of the vertical splitting process.

With Theorem 3.3 we have shown that every update matrix S7 and S5 is uniquely defined
by the column clusters 71 and 72 that define the columns of the H-matrix Ay -, that is to
be updated and the H-matrix A; -, that is used during the update. Hence, we can add
the superscript (71, 72) to identify the exact update in which these intermediate results
are used. Formally, we set

S§T1’7'2) — YV]THAI,TQ,
sy =l g Tyl Ap

71,71 71,71
Following Algorithm 3.9, the row cluster I used in this definition is not the row cluster of
the original matrix but only a subset that depends on the horizontal splitting. However,
this subtlety is of no consequence for the definition of SYl ™) and Sén’m) because, if we
used the row index set of the original matrix A, any row indices that are not part of this
smaller I would lead by construction to zero rows in the corresponding Y7 and hence

177-1
would have no influence on the result.

Furthermore, this result also shows that we can define larger matrices S ¢ R/*/
and Sgamb € R7*/ that contain all update matrices S; and Sy and some additional
zero blocks. Before we formally define these matrices, we illustrate them in the next
example.

Example 3.3 Let

H, € Rmxnl, H, € Rmxng’

H = [Hl HQ H3 H4] S Rmx(n1+n2+n3+n4)’ H3 c Rang’ H4 c ]Rme;’

where Hq, Hs, H3 and H4 are H-matrix block columns, the matrix Y in the QR decom-
position H = I — YTY7 is given by

Y € Rmxn1’ YQ c ]Rmxng7

Y = [Yl Yy, Vi Y4] c Rmx(n1+n2+n3+n4)’ Y, € ™. Y, € R™<m,
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and the matrix T' € R™*"™ for n = nj + ng + nz +nyg of the QR decomposition is given by

1 1,2
71 1;5(2)) 7(12,34) 71 ¢ R™ xmy 72) ¢ R72X72 76) ¢ Rnsxns,
r= (3) (3,4) ) T(4) S Rn4><n4’ T(LQ) c R™m ><n2’
T T (:1) T(374) c ]RTZBX’NA T(12,34) c R(n1+n2)x(n3+n4)
T : ‘

For simplification of this example we do not use the reduced form of T as seen in
Remark 2.16. Hence, the off-diagonal blocks include the additional multiplication with
the appropiate blocks of T" and are given by

72 = Ty Ty,

71 7.2 T TG TG
p(12,34) _ [ T(Q)] Vi Ya]" [Ys3 V4] [ T(4) } ;

TG = 7Oy Iy, ™.

We define agglomeration matrices S{™?, S5m0 € R"*" of the updates for H by

0 SF’Q) 5512,34) 0 851’2) S§12’34)
Sfomb _ 0 ExY ’ Sgomb — 0 €xy 7
0 S® 0o s
: !

where
51{172)’ S§172) c Rnlxnz
refer to the update of Hy with Y7,

S£12’34), 5512,34) € R(M+n2)x(na+na)

to the update of [Hs Hy] with [Y] Y3] and
55374)7 5'5374) c RTL3><TL4

to the update of fI4 with Ys. ﬁ4 denotes the block column in place of H; after the
update by [Y] Y3], and H 4 is the block column after the subsequent update by Ys.

So H, after both updates is given by

~

ﬁ4 = ﬁ4 - Yé : 55374)7
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where ﬁ[4 is computed as part of

[Hy Hy) = [Hs Hy) - [V1 Y] - 525,

Combining both, the computation of H, can be rewritten using the agglomeration matrix
S5omb containing Ség’ ) and S(12 M to

H4—H4_[Y'1 YQY}, 0] S4comb_H4_[Yv1 }/721/31/4] S4comb,

4,comb

where Sy’ € R™ ™ denotes the last ny columns of S5, The last equation holds

4,comb

because the bottom right matrix block of S,
Zero.

containing the last ny rows of S§™ is

For the other block columns, we define S%’Comb € R Sg’comb € R™*"2 and SS’COW) €
R™X"3 a5 the first, second and third block column of S5°™ and receive the analogous
results

H3_H3*[Y1Y200] S3comb—H3*[Y1 Y2}/3}/4] SScomb,
H2 Hy —[Y1000]- 52 comb =Hy— [V} Ya Y3 Yq] - 52 Comb,
H, =H - [O 00 0] Sl ,comb — H, — [Yl Ys Ys }/4] Sl comb

Let
H = [H, Hy H3 Hy]
denote the matrix H after all updates. Then we can write
H=H-Y 8™

Additionally, the matrix computation of S5 comb can be expressed using only T and Sf"mb.
We have

551,2) _ T(l)’T ) S§1’2),
5'53’4) _ T(g)’T . 553,4)7

12,34 TOT 0 12,34
Sé )= |:T(1,2),T T 'S£ .
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All these computations are part of the larger product

rTOT 0 551,2) g(12,34)
7T . Scomb _ T71:2).T T(2)T 0 !
1 T(S)vT S(374)
7(12,34),T 0 5
T(3’4)’T T(4)’T 0

[0 551’2) g(12,34)

where X contains the the remaining blocks, i.e. X = TTSfomb — Sgomb. Finally, we have
S =Y H,,
S12 = i Yol - [Hy Hl,
s =y Hi.
They are computed as part of the operation
YT H=[ Y, Ys V4" - [H, Hy Hy Hy
because

includes the computation of 5’5172)7

Vi Yol - [Hs Ha] =[v1 Ya]T - [Hs Hy — [V Yo7 [0 Y3 - S§3’4)]
Y1 YQ]T -[Hs H4] — 11 Y2]T [ Yal - 5512,34)
— YT [0 Vs - S$Y)

=5 vy valT - i Vol - S8R — v Vo) T [0 Vs - S5

includes the computation of S£12’34) and
}%T.ﬁ4:}%T.ﬁ4_yéT.Y3.S§3’4)

includes the computation of 5’53’4). Thus, we have

YT H = 8¢m W+ 2,

108



3.2 Block Householder Based Algorithm for the H-QR Decomposition

with
Ty, . ¢(1,2)

OIS vl (v vl S8 - 0 v - 50))

Z=- : :
0 YL vy S5
0

YL Hy

Y Hy Yy Ho
= YE))THg . &

Vs V4|7 [Hy Ho)] - =
vIH; YIH,

Note that this result is of theoretical interest only and does not show a way of rewriting
the Algorithm 3.8 to operations involving only the matrix as a whole because S{°™ and
S$omb are not available at the start of the algorithm.

We later want to use this representation to derive the (partially) induced admissibility
function of the resulting factors of the QR decomposition and estimate the cost of the
entire algorithm. Aside from defining the (agglomeration) matrices from Example 3.3
in the general case, in the following definition we also describe the block structure in
S‘f"mb and Sg"mb that is induced by the smaller update matrices that are agglomerated
in them. The resulting partition called P;Zf}yht is illustrated in Figure 3.4 and is the
coarsest possible partition of the upper triangular part of an H-matrix. This makes it
identical to an H-block partition of the upper triangular part of an H-matrix as defined
in Definition 2.51.

Definition 3.4 Let us have an H-block partition P}"XJ based on a hierarchy of block
partitionings (Pf;xj)f:o with L > 0, some T € P§ for £ > 0 and 11,79 € PfH with
T UTg = 7. Then we call 7 the left and 7o the right descendant of T corresponding to
some A € H(P¥, ;, k,adm) if 1 < 72 and denote it by 71 = Des)(1) and 15 = Des,(1).
We define subsets of P}Lieg by

0,upright __
Py =0
and then recursively by

Pﬁ’f@”ght = {7’1 X 1y € P ;3 1€ P with 1 = Desy(1), 72 = Des, (1)

pbe | PRt with mox 1y C b}
1<k<t
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for 1 <€ < L. Finally, we set

upright L upright
IZXJ - LJ FGXJ ’

1<e<L

which is again a subset of P}ieg. Note that by definition all block clusters contained in
it are disjoint.

Let us have the situation from Theorem 3.2. Let 7,7 € P}”e” with 7 < 7 so that

SlT’T/ and SQT’T/ denote the update matrices used during the update of the block column
Ar o by the block column Y1, computed in lines 1 and 2 of Algorithm 3.9 and let
pHSTT pHsyT

rt s Pl be their corresponding H-block partitions and adeT,T/, ade”/ their

1 2
corresponding (consistent) admissibility functions. We define admissibility functions
blockwise for T x T/ € PMer by

IxJ
~ A ight . ~ -
admgz (7 x 7') 37T X7 € PPRIY with  C 7,7 C 7,
1
/ ~ ~ L . ~ ~
admg, (T X 7') = False 37 x7 € Pffﬁf}ght withT™ C 1 or7 C 1)
True else,
~ ~ ight . ~ ~
admgzz (T x7') AT xT € PPIOY with + C 7,7 C 7,
2
/ ~ ~ 3 . ~ ~
adms, (T X 7') = { False 17 x7 € P}Lit’}ght withT C 1 or7 C 1/,
True else.

with corresponding consistent H-block partitions P}-lx,? and P}{X’%, respectively. Then

we define S{oM° € H(P}éil,kgl, admgs,) and S5 € H(Pﬁ‘?IQ,kSQ,admgQ) to be the

agglomeration of all corresponding update matrices so that

comb __ T, comb __ aT, T’
Sl,T,T/ = Sl and 5277.’7./ = 52

. . ight
is satisfied for all T x 7' € P}@:}g and S0 SS°Y are zero everywhere else.

By definition the H-block partitions P*°! and P52 satisfy

JxJ JxJ

!

H,51 ST
PJXJ - U PTXT’ + (*)7

TXT/GP}”’TJZIQM
X

’

H,S2 H,S5"
PJXJ - U PT><T’ + (*)7

’ upright
TXT'EP ;

where (x) describes the remaining blocks not covered by block clusters contained in
Pupright
JxJ
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||

N

(a) Blocks in P | based on some (b) Blocks in PUETIIM hased on
Py the same P as in (a).

Figure 3.4. The set P}Lﬁrjght for a given H-matrix.

S¢omb and S5O0 are (strictly) upper triangular matrices for which any block on the
diagonal with no descendants is admissible and contains only zeros. Note that the
blocks induced by P}”%ght in S¢om and S5 are not necessarily admissible. They are
far more likely to be inadmissible and contain further subdivided blocks. P}Lgrjight only

creates the overall structure in which the individual update matrices are embedded.

The following theorem is the generalization of Example 3.3. Note that there is a small
but important difference in the upcoming definitions of A%2? and A/ as the first can -
depending on the choice of o and 7 - include only some of the updates of A during the
algorithm and the second always includes all updates.

Theorem 3.5 Let us have the situation of Theorem 3.2. Let A, ; be a block in A induced
by o x T € PN with level(t) = £. Then Aﬁf’Td after all updates made by Algorithm 3
before the potential vertical split of Ay r, is given by

AWd = A, — > Y, 7 - Ssomb (3.1)

27,7

?EP‘?—:U&[(T): Fer

The matriz after all updates - including after all vertical splits - made by Algorithm 3 is
given by

Aln = A —y . §gomb, (3.2)

Let T x 7' € Pj;grjght, and let A}/T, denote the partially updated block column before the
update involving Sf?ﬂl’/ and ng’fﬁ.b, is applied - meaning it is the input argument Aj ,, in

Algorithm 3.9. Let A?’T,em/ be the sum of all subsequent updates of A}:T, including the
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update involving S and S5, Then

17,7/ 2,7
yT. gfin = geomb Ly 4 7 (3.3)
holds true, where Z has the same zero blocks as Sfomb and is otherwise blockwise given

by

T inner,7’
Zrg =Y, A

1,7’
and W is - using Ljj as the number of levels in the hierarchy of block partitionings

(Pfo)gL:Jf - for 7,7 € PIe blockwise given by

W {YITT . A{Z:, TxT1 € P}Lgﬁght V (1t =17 Alevel(t) = Lyy)
T = ’ ’

0 else
Furthermore, we have
TT . Sfomb — Sgomb + X,
where X 1is blockwise given by
Xrr = Tf\q—,r ’ Sfi;r\djrﬁ’
forall T x 7' € P}Lgf}‘ght and
XT,T’ = T}:T ’ Sfﬁ?,:'b’

for the remaining blocks (given by an arbitrary partition of the set consisting of all
T x 7€ PM with T x 7' N UbER'Iugrjght b=10).

ProoF First we check the updates of the block A, . induced by o x 7 € Pfffj with
TE Pf; that happen before it is split further. Let 7 € P§ with 7 < 7. Then by Theorem
3.3 there are uniquely defined 71,79 € P with level(r1) = level(rz) < level(t), 7 C 7y
and 7 C 1 so that the update

AI,TQ - YLTl . Scomb

2571,T2

is computed during the algorithm. Note that A I, is the matrix after all updates up to
but not including to the one induced by the split into 71 and 9. The (sub-)block AUJ
is hence updated by

V)

comb
AU:T - YCT,Tl ’ 52;7'1,77
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which includes the update by

Y. ~. Scomb
o7

2.7, T

because 7 C 71. Using this argument for all blocks 7 € P4 with 7 < 7 shows equation
3.1.

The second equation 3.2 follows from the first by applying it to blocks in A of the highest
level and the fact that by construction of S

comb __
27T, 0

holds with 7 € Pf,”” forall T € P}evel(T) with 7 > 7 and we have

sgm =0
if 7 € P}”” is on the highest level. For the third equation 3.3, let 7,7 € P}”” with
TxT1 € Pf};e;. Then

T fin T T/ inner,t’
Yir AI,T’ =Y, ( I+ AI,T/ )
_vT T T inner,7’
7YI,T' I,T’+YI,T‘AI77—’

b
- Sf?:z—’ + WT,T’ + ZT,T’:

where A}/T, denotes the partially updated block column used during the update involving

comb and A"Inf,er"rl all subsequent updates. Note that A7, is not the actual argument in
Algorithm 3 because it is an entire block column of (the partially updated) A. However,
all additional blocks correspond by construction to zero blocks in YITT and thus we

comb

actually compute S,

The fourth and last statement is true because for any 7,7/ € P with 7 x 7/ € P;gqjght
it holds that
T comb _ T comb T comb __ qcomb
TJ,T ’ Sl;Jﬂ'/ - TT,T ’ Sl;T,T’ + TJ\T,’T ’ SI;J\T,T’ - P! + XT,T’

and

Sg?ﬂl?:OVTXT/EP}lie;:TXT/ﬂ U b=0. n

upright
bePyPTI

Hence, we have shown that the calculations in all updates that are performed through-
out the algorithm can be seen as part of three H-matrix-matrix multiplications. The
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calculation of all intermediate results 57 is part of
YT . Af'm

the calculation of all intermediate results So is part of
TT . Si:omb

and the updates themselves are given by

A—Y - 85mb,

The only calculation - aside from the (dense) QR decompositions of the highest level - we
have not yet paid attention to is the computation of 7. However, all those calculations
are by definition simply a part of

yT.vy.

This result will be essential for our cost analysis in Subsection 3.3.5 because it allows us
to relate the overall computational cost of our algorithm to the computational cost of a
small number of H-matrix multiplications.

3.3 Complexity Analysis

We want to bound the computational cost of the block Householder approach for the QR
decomposition of a given H-matrix that we have just developed relative to its storage
in H-matrix representation. We do this in several steps. First, we derive partially
induced admissibility functions (see Definitions 2.24 and 2.25) for all factors in the
QR decomposition, including the agglomerated update matrices Sfomb and Sgomb (see
Definition 3.4), based only on the admissibility function of the starting matrix (see
Theorem 3.9 and 3.11). Furthermore, we can show that the admissibility functions
of S5m0 and S5°™" can never be worse than the admissibility function of R, meaning
admissible blocks of R are also admissible in S{°™ and S5 (see Theorem 3.11 again).
Then we develop bounds on the cost of the whole algorithm, depending only on the
parameters like the sparsity constant, depth, maximum rank of the factors Y, R and
T that would also occur if we wanted to bound an H-matrix multiplication involving
these factors (see Theorem 3.29). Thus, if there is a useful QR decomposition of a given
H-matrix into the factors Y, R and the reduced factor T, we can compute it efficiently
with the proposed algorithm.

In addition, we can bound the H-matrix bandwidth constants of R and T by the H-
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matrix bandwidth constant of A and Y (see Definition 2.29 and Theorem 3.20 for the
result). Since we also show that the bandwidth of Y is smaller than or equal to that of A
for square matrices A (see Theorem 3.21), we can then base the entire cost estimation in
this case only on the bandwidth of A. Thus, the QR decomposition of any low-bandwidth
square H-matrix can be efficiently computed using our proposed algorithm.

Furthermore, under relatively weak additional assumptions, the factor T' - in its unre-
duced form - consists entirely of inadmissible blocks (see Theorem 3.12), and the partially
induced admissibility functions for Y and T that we develop are actually fully induced
(see Theorems 3.14 and 3.15), meaning they are not only an upper bound but exact.

Finally, we derive a lower bound for the admissibility function of the explicitly computed
@ - meaning the true (fully) induced admissibility function may have more, not fewer,
inadmissible blocks - and thus show that @, if the induced admissibility condition is
a good measure for its data sparsity, does not allow for a good representation in the
‘H-matrix format, even if one exists for A (see Theorem 3.18).

We will extensively use the addition and multiplication that was defined directly after
Definition 2.29 and used in Theorems 2.30 and 2.31. Note that for these products, it
always holds that

a-b<aanda-b<b

for a,b € {False, True}. In the following, we will first define all H-matrices and cor-
responding structures because many of the upcoming theorems will rely on mostly the
same set of H-matrices. This will considerably shorten the prerequisites of theorems and
enhance the readability. Note that a theorem may be based on Prerequisites A without
requiring all matrices defined in it. In many cases the unreduced matrix 7" and the factor
Q in its explicit form are not directly needed.

Prerequisites A Let A ¢ H(P[}i";, k,admy) be an H-matrix with QR decomposi-
tion

A=Q -Ry=(I-YTY") Ry
given by

Y € H(PIYY kadmy), T e H(PH k admy),
Ro € H(PJLT k,admp,), R € H(PLY, k admp),
Q € H(PY9 &, admy),

where R is the upper triangular square part of Ry after permutation to an upper
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trapezoidal matrix. Let
T € H(P:T &, admy)
be the reduced form of T' (see Remark 2.16) and
S¢mb € H(PIWS K admg,), S5 € H(PIL52 k,admg,)
be the agglomerated update matrices described in Definition 3.4. Furthermore, let
AT e H(PILY K, adm ypin)

denote the matrix that results after all updates have been applied to A (see Theorem
3.5). The corresponding hierarchies of block partitionings are denoted by

(PIKXI)LU for Q’
(Pfy )53 for A, AT™ Y, Ry
(PJXJ)LJJ for T, T R, Smeb Scomb

which are themselves built upon the hierarchies of partitionings
o\ F1 0\ L
<P1> for I, (PJ> for J.
(=0 (=0
Finally, let
depth ( S, J) Li;
hold, and let the admissibility functions admy of Y, admz of T, admpg of R, admg,

of S“’mb, admg, of S5 and admg of @ be induced by the H-matrix arithmetics
used in their computation.

From now on, the H-matrix Ry will only be of subordinate importance; we will usually
refer to R instead because it makes certain statements easier to write down.

Note that by using J as the set of row indices for R, we need to identify relevant row
index sets o € PI’”” - meaning with potential non-zero entries in the corresponding row
of Ry - by their “natural” partner index set 7 € Pj-“"", meaning 7 is the column index
set so that o x 7 induces a lower triangular block in Y (and an upper triangular block
in Ry). This will be formalized in the upcoming Definition 3.6, visualized in Figure 3.5
and is especially useful for the statements in Subsection 3.3.4.

116



3.3 Complexity Analysis

o T o Ty
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Figure 3.5. We recall the H-matrix Y from Figure 3.3c and set 7| = /Uy, 75 = 74 Ut/
and 71 = 71 U7j. Then, following the notation from Definition 3.6, the partner index
sets involving 71" are given by o(7]) = of, o(7]) = 0{Uo% and o(m1) = o/ Uc{ Uc? Uo{.
Note that both o(7{) and o(71) are not part of the hierarchy of block partitionings of
Y, which shows why defining the extended admissibility condition is necessary.

Furthermore, to apply our method of calculating the induced admissibility function, we
need to transform the admissibility function that refers to the rectangular matrix Ry into
an admissibility function that refers to the square matrix R and vice versa. For that, we
need to define the so-called extended admissibility function that can also process blocks
that are not in Plhiej but in the power set of I x J given by P (I x J). This will also be
defined in the following and is illustrated in Figure 3.5.

Definition 3.6 (Partner index set and extended admissibility function)  Let
Prereqyisz'tes A be satisfied and let P;’X’l}t be defined as in Assumptz’on C. Define for
7 € PFe the set of all 0 € PP so that o x 7' with 7/ € P¥e" 7/ C 7 is an element in

Pfﬁljt, meaning it induces a lower triangular block in Y and an upper triangular block

in R, by
S(r)y={oe PP . 37 e Pher. 7/ Cr A ox7 e P

and its union by

Then o(t) C I is called the partner index set of T in Y. Let adm be an admissibility
function on the hierarchy of block partitionings (PIZXJ);:"(’) that is not necessarily consis-
tent with any of the named H-block partitions from Prerequisites A. Then we define the

function

adm®* . P (I x J) — { True, False},
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where P denotes the power set, by

i
adm(oc x 1) o x 1€ Py,

emt(

adm® (o x 1) = True 36 x7€PMT 0 C5,adma(c x T) = True,

Fulse else.

and call it the extended admissibility function adm®*.

We continue with some preliminary work and define admissibility functions that are
forced to be row-wise or column-wise oriented (see Definition 2.27) while keeping all
inadmissible blocks inadmissible and as many admissible blocks admissible as possible.
Note that - as already explained after Definition 2.18 - if a set o (technically) has more
than one level we choose level(o) to identify the highest level as a representative.

Definition 3.7 Let A € H(P;i’?, ka,admga) be an H-matriz with admissibility function

admy and & X T € Plhie}'. We define admissibility functions

admzlw(&’%) . PMer s { True, False},

admzw(&’%) . PIer 5 { True, False}

blockwise for o x T € Plhiej by

admrAw(&’%)(a X 7) =admy (o X T) - H adma(o x 1),
TePNT): gxr'Coxt,
T'<T
admzw(&’%)(a X 7) =admy(oc X T) - H adma(c’ x T).

U'EPIlwel(J): o' xTCHXT,
o'<o

We further set

adm’{’ (o x 1) ::admzw(I’J) (0 x 1),

adm$’ (o x T) ::admi‘w(f"])(a X T).

An H-matrix A™ € %(P;i’?m, ka,adm’,”) is by definition row-wise oriented and fur-

thermore, any inadmissible matrix block from A € H(P;'i’?, ka,admy,) is also inadmis-

sible in A™. A™ is the H-matrix with the most admissible blocks that satisfies these
two conditions. A similar statement can be made for AV € H(PIHX”; ,ka,adm%’). See

also Figure 2.5 for examples of row-wise or column-wise orientation.
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3.3.1 Upper Bounds for the Induced Admissibility Functions

We begin by proving that multiplication with a square H-matrix that has at least an
Hp-matrix structure, meaning all blocks on the diagonal are inadmissible (see Definition
2.51), can only increase and not decrease the number of inadmissible blocks in the result.

Theorem 3.8 Let A € ’H(P;i’?, ka,adma) be an H-matriz with admissibility function
admy that satisfies

adma(o x o) = False V¥ 0 € PP

Let B € ’H(PIHX’JB, kp,admpg) and C € ’H(P;i’?, kc, adme) be H-matrices with structures
compatible with the multiplication C = A- B (see Definition 2.25). Let admc be partially
induced by the multiplication w.r.t. adma and admp. Then it holds that

admp(oc x 1) > admc (o x 7)Y 0 x 7 € PMeT,

ProOF Using the definition of the induced admissibility function for the product A - B
in the first equation, we have

adme(o x 7) = 11 (admy (o x 6) +admp(6 x 7))
gepymar(@Th
< admy(o x o) +admp(o x 7) = admp(o x T)

and thus the desired result. =

We continue by describing the admissibility functions of the factors Y and T.

Theorem 3.9 Let Prerequisites A be satisfied. Then we have

admy (o X ) > H adma(o X 7)

#ePlvel™); 2<r
forallo x T € P]hie"]" and

admep(T x 7') = H admy (6 x 7) + admy (6 x 7')

for all T x 7/ € Phier.

PROOF By construction, every block of Y has the same induced admissibility function as
the corresponding block in the updated A after all recursive updates of the columns are
done because with Theorems 3.1 and 3.2 there are no changes to the H-matrix structure
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during the actual computation of Y. This matrix that occurs after all updates have
been applied was already relevant in Theorem 3.5 and was denoted by Af™. Hence,
we only need to check for the change of admissibility in the updated A induced by the
operation in line 3 in Algorithm 3.9. The statement is true for the first block in every
block row of Y on every level (of the corresponding hierarchy of block partitionings)
because no update of a lower or the same level is applied and updates of higher levels
cannot - by construction of the algorithm and especially Theorem 3.2 - have influence
on the admissibility.

For all other blocks, we prove this by induction. Assume that the statement is true
for the first 7+ — 1 blocks in every block row on every level of the hierarchy of block
partitionings and let o x 7; € PIhfer’Y be the i-th block in the block row corresponding

too € PI’”‘”. With Theorem 3.5, the admissibility of this block can be computed by

admy (0 X ;) = admy (o X 7;) - H (admy (o x 7) + admg, (7 x 7;))
’rEP;evel(Ti): 7T
> admy (o X 73) - H admy (o X 7)

level(T;)

TEP; L TLT

> admg(o X 75) - H H admy (o X T)
l(‘r,i).

repyve pr; \FEPYVIT): 7<4

= H admg (o X 7).

%GP}]evel(Ti): 7<T;

In the penultimate step, we used our induction assumption. Thus, the statement is true
for the i-th block in every block row on every level if it is true for all up to the (i — 1)th
block in every block row on every level and by that for all blocks.

Now we prove the statement about admz. For off-diagonal blocks, the statement is just
the definition of the induced product admissibility function for the product Y7 -Y and
hence true by definition of T'. For all diagonal blocks 7 X 7 € P}‘ff; of T', we have

adm(7 x 7) = False

because all diagonal blocks on the highest level are part of Pfﬁlﬁt and thus inadmissible.
For the statement to be correct, this must also hold for

H (admy (0 x 7) + admy (0 X 7)) = H admy (7 X o).

L™Max (1 1,1) Lmax (r r.J)

oeP; oEP;

This term is False if there exists an inadmissible block in the block column of Y induced
by 7. Since Y is a permuted lower trapezoidal matrix, this is guaranteed to be the case
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because there is always one block that contains a lower triangular block, which must be
inadmissible. n

Theorem 3.10 Let A € H(PIHX’?,/{A,admA) be an H-matriz, where all blocks above
the block diagonal are admissible, meaning its (consistent) admissibility function adma
satisfies

adma(o x ') = True ¥ 0,0’ € PP : o < o, level(c”) = level(o).
H,B H,C . .
Let B € H(P[;, kp,admp) and C € H(P;;, kc, admc) be H-matrices with structures
so that A and B are compatible for multiplication and result in C. Let adm¢c be induced
by the multiplication w.r.t. adma and admp. Then it holds that

admo(o x 7) > admF’ (0 x 7) V 0 x 7 € PIT,

meaning admc can only have inadmissible blocks in places, where adm%’ (see Definition
3.7) has inadmissible blocks.

PROOF LetoxT € Plhie] Then using Theorem 2.31 for the admissibility of the H-matrix
product and the properties of A, we have

adme(o X 7) = H (adma(o x &) +admp(6 x 7))

. _ 5L™MAT (o 1 1)
GeP;

= 11 (admy (o x &) + admp(6 x 7))
gept" o),
<o

11 (adm(c x &) + admp(é x 7))

gept™em D),
6>0
> H (False + admp(d x 7)) - H (True + admp (6 x 7))
gept" o), gept™ @D
<o >0
= H admp(é x T)
&ePIL"Law(Uﬂ',I)’

<o

= adm$’(o x 7)

and thus the statement. -

We can now describe the induced admissibility function of R using the admissibility
functions of Y and A.
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Theorem 3.11 Let Prerequisites A be satisfied. Define a function on P}Li? by

a(t x 1) = H admy (o x 7) + adma(o x 7')

Lmax (r /1)

oeP;

for all T x 7 € P}L;e} Then a is an admissibility function and furthermore using
Definitions 3.6 (for the partner index set and the extended admissibility function) and
3.7 (for the forced column-wise admissibility condition), we have

admg(t x ') > adm% (o (1) x 7') - a®“ (1 x ')
and

Wirx T,

(T x T

admg, (T X 7') > a
a

AVARAY]

admg, (17 x 7')
as well as

admg, (1 x ') > admpg(t x 7'),

admg, (T x ') > admpg(T x ')
for all T x 7/ € P¥e with adms, and admsg, defined in Definition 3.4.
PROOF We first show that a is an admissibility function as given in Definition 2.21. If
a(t x 7') = True
holds, then there are no block pairs o x 7, o x 7 for which
admy (0 x 7) = adma (o x 7’) = False

is true. Hence, for every descendant 7 C 7 and 7 C 7/ with 7 x 7' € P} we also cannot

find 6 € PMer so that
admy (6 x 7) = adm (6 x 7') = False

holds because admy and adm 4 are admissibility functions, and thus admissible blocks
can only contain admissible blocks. By this we have

a(t x 7') = True = a(f x7) V7 x 7 € PM with + x#' ¢ 7 x 7/
and a is an admissibility function. We now develop a bound for admpg.

1. With line 2 of Algorithm 3.9, it holds that

comb T . gcomb

2,TpXTpr1 — *Tp,Tp 1iTp X Tp41
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for 7, Tp1 € PHET with 17,x 711 € P}‘iﬁght and p, p+1 € N chosen according to the

order defined in Definition 2.26 for some level 0 < ¢ < L. Because T is a block
lower triangular matrix and thus its admissibility function satisfies the condition

of Theorem 3.10, it holds that for any 7 x 7/ C 7, X Tp41 with 7, X 711 € P}L’;}ght

admg, (7 x 7') > admg’ (1 x 7).

. Let 7, € Pf- be given so that 7 is the first and 75 is the second block according
to the order defined in Definition 2.26 for some level 0 < ¢ < L;. Then it holds
that 71 X 70 € P}”j}ght as given by Definition 3.4 and

comb __ v T
Sl;Tl,TQ - YVI,n ’ AI77'2'

Note here that Ay ;, is the original block column of A without any updates because
there is only one block column of the same level left to it, and hence there has
been no prior update.

Let 7,7/ € P¥er with 7 C 7y and 7/ C 75. Then with line 1 of Algorithm 3.9 we
know that

comb T
Sl;‘r,f’ = }/],T ’ ALT/

holds and thus, using Theorem 2.31 for the induced admissibility function of the
‘H-matrix product, we have

admg, (1 x 7') = H admy (0 X 7) + adma(o x 7)
geptm D)
=a(r x 1)
acw(Tl’TQ)(T x 1)
a®™(r x 7).

Let 7 C 75 and 7/ C 7j41 with 75 X 7541 € P}@jght and j, 7 + 1 chosen according to

the order defined in Definition 2.26 for some level 0 < ¢ < L ;. We continue with
an induction proof. Assume that

admg, (1 x 7') > a®™ (7 x 7')

is true for all 7 C 75, 7/ C 7j41, Tj X Tj41 € P;Zf,ight with 1 < j < p on every level

of P]}ieg, where j and p describe the position of the block according to the order of
Definition 2.26, meaning 7; is the j-th and 7, is the p-th block in the corresponding
block row. We then show that this statement is also true for j = p. We use Theorem

3.5 to collect all updates applied to A at this point in the algorithm and - note
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124

that some of the inequalities are explained in more detail below - get

admg, (1 x 7') = H (admy(a x 7) +admy (o x 77)

Lmazx (v 1/ 1)

oceP;

H (admy(a x 7) + admg, (7 X 7'/)) )

7A_€}3L1163\7631(7'/)_ A

P T<Tp
> H (admy(a X T)

LTTL(I(L' T,T/,I
e pEm (rT D)

+admy (o x 7') - H admg, (7 x T/)>

!
#ePvI): per,

z( I[I  (admy(o x7)+adma(o x 7)) )

Lmax (v 1/ 1)

oceP;

H admg, (7 x 7)

/
%GP}QVGI(T ), T<Tp

=a(rx1)" H (admg, (7 x 7))

!
%EP}]CVCI(T ), T<Tp

>a(r x7')- H (a™(7 x 1"))

%EP};VGI(T’)Z ~

=a™(r x 7).
For the second inequality we used
max(a, min(b, ¢)) > min(max(a, b), c)

for a,b,c € {True, False} and True > False as defined before. The last inequality
is derived as follows: Using the result of the first step, we have

admg, (7 x 7') > admg’ (1 x 7).

Furthermore, we assumed the statement is true for all 7 C 7, T C Tj+1, Tj X Tj41 €

P}Lzzight with 1 < j < p on every level of P¥¢. Using that, we also have

admg/ (7 x ™) > a®™ (1 x 1)

because any outer block (see Definition 2.21) in admg, is also inadmissible in a*
and both adm§” and a“” are column-wise oriented in S{™°.
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3. Any block or set of blocks o(7) x 7/ (see Definition 3.6) in A with 7,7/ € Phier
and 7 x 7’ € Pf,‘;ef} is updated only by blocks in the block row induced by o(7) up
until the block o(7) x 7. During all other updates, the corresponding block in Y
is a zero block, and thus the block induced by o(7) x 7" does not change. Hence,
we have

admp(r x ) = adm§(o(7) x 7). [[ (admy(o(r) x #) + admg, (+ x 7))
,;_eplevel(T)
7<T
> adm§* (o(7) x 7') - H (admy (o(1) x 7) + a®™(F x 7))
’f‘EPleVEl(T)
7<T
adm§(o(r) x ) [[ (aG x 7))

%eplevel(T)
7<T

v

= adm%" (o(7) x 7) - a® (7 x 7').
Note that the last equation used the column-wise orientation of a“’, and we as-
sumed at the beginning that 7 X 7/ C 7, X Tp41 € Pf;ﬁf}ght holds. For any block
7 x 7' D 7, X Tp41 we have by construction of R, S{°™ and Sgom?

admR(T X TI) = admgl (T X T/) = adeQ (7‘ X 7'/) = Fa]sej

and thus the statement is true as well.

Now we show the connection between the admissibility functions of R, S{°™ and S§™.
Let 7,7 € P}”" with 7 € 7, and 7/ € Ty for 7, Tpy1 € P with 7, X 711 € Pyﬁi}ght,
TxT € P}“Xef} and p,p + 1 are chosen according to the order defined in Definition 2.26
for some level 0 < ¢ < L. Since 7 x 7 is a diagonal block, we have adm(7 x 7) = False

and by that

admg, (1 x 7') = H (admg(7 x 7) + admyg, (7 x 7))

N L™MaT (r ! 7y

TEP; T
TCTp

IA

admg(7 X 7) + admg, (7 X 7')

= admg, (1 x 7).
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The last statement then holds with

admp(7 x ') = adm§* (o(7) x 7') - H (admy (o(7) x 7) 4+ admg, (7 x 7))

,}.Eplevel(‘r)
7<T
< J] (admy(o(r) x 7) + admg, ( x 7))
f.eplevel(‘r)
7<T

< admy (o(7) X 7) + admg, (7 x 7)

= admg, (7 x 7).

The last equation holds because admy (o (7) x 7) is inadmissible due to the construction
of o(7). [

We have found a way to bound the admissibility functions of all factors involved in our
factorization of the QR decomposition by finding suitable partially induced admissibility
functions. Two main questions to look into remain. First: How good are our bounds?
We will answer this in the next section. Second: What does that mean for the cost of
our algorithm? This will be the topic in Subsections 3.3.4 and 3.3.5.

3.3.2 Conditions for the Exactness of the Upper Bounds

Theorems 3.9 and 3.11 only give a lower bound on the number and position of the ad-
missible blocks on every level of the hierarchy of block partitions. The question remains
whether Y, T and R actually have only that many admissible blocks or if it is only a
pessimistic estimate, meaning that there are more and larger admissible blocks. We want
to answer that in this section. We will find additional conditions so that the partially
induced admissibility functions given in Subsection 3.3.1 are actually fully induced. We
will later see that these additional conditions are often satisfied if we deviate from the
simple H,-matrix structure.

We begin by analyzing the induced admissibility function of the unreduced factor T
This will show us whether saving T instead of T' leads to lower storage cost and is also
relevant for later theorems.

Theorem 3.12 Let Prerequisites A be true. Assume that for all neighboring block
columns Yy - and Y7 - with T, e PJLJ there exists o € P]L (r,r",0) so that

admy (o X 7) = admy (o0 x 7') = False

holds true. Then all blocks in the upper triangular part of T are inadmissible, meaning
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it holds that

admy (T x 7') = False ¥V 7 x 7/ € PHer . 7 < 1.

PROOF Let 7,7’ € Pf‘] induce neighboring block columns Y7 - and Y7 in Y, and let

o€ PIL ) be chosen so that
admy (6 x 7) = admy (6 x 7') = False

holds. Let T be the first common ancestor of 7 and 7/. Then 7 has two direct descendants
7 and 7 with 7 C 7 and 7/ C 7’ so that (the reduced) T’ ;/ is computed by

Trp =YY 50

77
The block TT,T' is thus simply computed by

Trgr = Y[ Y10,
and we have

admg(7 x 7') = H admy (o x ) + admy (o x 7/)
a—epfmaﬁ(TVTIVJ)
< admy (6 x 7) + admy (6 x 7')

= False + False = False.
To compute (the unreduced) T 5 we use
T.

7,7

Both T3 ;> and T »/ are square matrices with inadmissible blocks on the block diagonal.

We apply Theorem 3.8 twice (first to 7% 7 - T'; - and then to TZ o (T3 7 -T%’%/)T) and
get

admp (7 x ) < admp(F x 7)
and especially
admp (7 x 7') < admap(7 x 7') = False.
Hence
admy(7 x 7') = False.

We continue with a proof by induction over the levels of the hierarchy of partitionings
(Pﬁ)fio and thus have just proven the start of the induction for the highest level L.
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Let 0 < /¢ < Lj be a level and assume that

admyp(r x 7') = False V 7 x 7/ € P} .7 C . AT C 7],

holds for all 7,7, € Pff and k£ with 0 < ¢ < k < Lj that induce neighboring block
columns Y7, and YLT,’C for some level 0 < ¢ < Lj. We show that the statement also
holds for the /-th level, meaning that

admyp(r x 7') = False V 7 x 7/ € PF .7 Crp AT/ C 1)

holds for all 74, 7) € Pf that induce neighboring block columns in Y.

Assume we have 7,7) € Pﬁ that induce neighboring block columns in Y. Then the
blocks 74 X 7, and 7; x 7, themselves are inadmissible because they are diagonal blocks of
T. Furthermore, they contain only inadmissible blocks on or above the diagonal because
the, at most, 4 direct descendants of a diagonal block are either again a diagonal block
or the row and column cluster induce neighboring block columns. In the latter case for
the one above the diagonal, one can thus apply our assumption because they are at level
{+ 1.

Furthermore because 7, and 7, induce neighboring block columns in Y there are descen-
dants 7 € PJLJ of 7o and ¥ € Pf" of 7, that also induce neighboring block columns in
Y. Thus, we have by our prerequisites

adm(7 x 7') = False.

Now we have everything that we need. Let 7 x 7/ € Pf; b with 7,7" € P}” denote a block
of highest level with 7 C 7y and 7/ C 7;. Then we compute the induced admissibility

function of the triple product 7’ o) = (Tfme -T%Té) Ty 1t and get

admp(7 x 7') = H H (admp (7 x ) + admgp(7 x 7)) + admp(7 x ')
7Py #Cr) \rePr #Cr
< H (admp (7 x 7) + admgp(7 x 7)) + admyp (7 x 77)
7Py #Cry
< (admp(7 % 7) + admgp(7 x 7)) + admp (7 x 7')

= False + False + False = False.

The last equation holds because 7 x 7 C 7y x 7 and 7" x 7/ C 7, x 7. Hence, all blocks
on the highest level contained in 7, X 7; are inadmissible. Thus, all blocks contained in
7y X 7 including 7y X 7; are inadmissible. =
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This statement, together with Theorem 3.9, shows that saving T instead of T has the
potential to improve the storage cost because the condition of Theorem 3.12 is satisfied
in most cases aside from H,-matrices, whereas T may only have a few inadmissible blocks
in those cases.

In Subsection 3.3.1, we found a way to bound the admissibility of all factors relevant to
the computation of our algorithm from below, meaning the true induced admissibility
functions can have more but never fewer admissible blocks. However, we also observed
considerable fill-in, especially in the factor Y (see Theorem 3.9). We are now interested
in finding conditions under which the partially induced admissibility function for Y is
actually fully induced, and hence this fill-in materializes. Before we do this, we need to
state one simple preliminary finding first.

Theorem 3.13 Let A € H(P;f(’f, ka,admya) be an H-matriz, where for all neighboring

block columns Ar, and Ay with 7,7 € PJL" there exists o € PILMI(T’H’I) so that
adma(o x 7) = adma(o x 7') = False

holds. Then the same is true - independent of their level - for all neighboring block
columns Ar; and A of A with T,7" € P}”e’”, meaning we can find for each neighboring
pair T, T a row cluster set o € PIhW so that

adma(o x 7) = adma(o x 7') = False

holds.

PROOF Let Ay, and Aj, be neighboring block columns of A with 7,7’ € P}‘W. If
7,7 € Pf" then the statement is true because it is identical to the prerequisites. Hence,
assume that 7,7’ ¢ P}:J . Because A7 and A are neighboring block columns, we can
find 7+ € 7 and 7/ C 7 with 7,7 € PJLJ that also induce neighboring block columns.

With the prerequisites, we can thus find 6 € PIL ") $o that
adma(6 x 7) = adm (6 x 7') = False

holds. Furthermore, by construction of the hierarchy of block partitionings, there is also
o€ PIhle’" withé Coand o x 1,0 x 7' € Plhie}, and thus we have

admy (o x 7) = admy(o x 7') = False

because by definition of an admissibility function, admissible blocks can only contain
admissible blocks. This shows the overall statement. u

Now we can continue.
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Theorem 3.14 Let Prerequisites A be true. Assume that for all neighboring block
columns Ar; and Aj of A with T,7" € P}J" there exists o € PIL ™D 5o that
adma(o x 7) = adma(o x 7') = False.

holds true. Then the admissibility function for'Y from Theorem 3.9 is (fully) induced,
meaning it holds that

admy (o X T) = H adma(o X 7)

#ePlv ™) 2<r

forallo x 1€ PIhXie}.

Proor We prove the statement in three steps. First, let o x 7 € P]hiej be inadmissible
in A and non-zero in Y. Then by construction of our algorithm - inadmissible blocks in
A induce inadmissible blocks in Y (see Theorem 3.1) - o x 7 also induces an inadmissible
block in Y, and hence in that case we have

admy (o0 x 7) = False = admy (o x 7) = H admy (o x 7).

repPlv . 2<r
Second, let ¢ X 7 induce an admissible block in A, and let there be no 7 < 7 so that
admy (o x 7) = False
holds. Then, applying Theorem 3.9, we have

admy (o x 7) > H admy (o x 7) = True,

+ePPVNT): p<r
and thus

admy (o x 7) = True = H admy (o x 7).
%EP‘IJSVEI(T>I

7<T
Third, let o x 7 induce an admissible block in A, and let there be a 7 < 7 so that

admg (o x 7) = False

holds. We want to show that all blocks to the right of Y, -, including Y; », are also
inadmissible.

Let 7/ be the first block to the right of 7 of the same level, meaning Y7 ; and Y7,/ are

neighboring block columns in Y. Apply Theorem 3.13, and let 6 € PILmM(T’T/’I) be
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chosen so that
admy (6 x 7) = admy (6 x 7') = False

holds. Let T € P}”e” be the first common ancestor of both. Then 7 has two direct
descendants 7 € P}”e’" and 7' € P}”e’" with 7 € 7 and 7/ C 7/ so that

AT,

T 17"

Stpp = YI

where A7 T+ denotes the correct partially updated block column of A directly before the
update the with Y7 - 4+ is applied. This is similar to the notation in Theorem 3.5. We thus
have

SITT’_YIT' IT

Because updates can only turn admissible blocks inadmissible and not the other way
around, we replace the admissibility of A?T, with the admissibility of A7 and get

admg, (1 x 7') < H admy (0 x 7) + adma (o x 7')
admy (6 x 7) + adma (6 x 7')

admy (6 x 7) +admy (6 x 1)

VARVA

= False.

Furthermore,

comb T
S. Tf',‘r : Sl;%,”

2,77

holds true, and thus

Scomb TT . Sl"?’ i

2,7,7’ Ty

leading to

admg, (1 x 7') = H admp (7 X 7) + admg, (T x 7)

Lmax (r 1/ J)

TEP; TCT
< admp(r x 7) + admg, (1 x ')

= False + False = False,

where we use the fact that all diagonal blocks of 7" must be inadmissible. Finally, we
look at the update step

2,7 T 27,7

AZ?:% — AU,T’ o YU,T comb Z Yg? cgmb

T<T
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comb

We know that Y, is inadmissible because A, ; is inadmissible. Furthermore S5 is

inadmissible, then so is Asz 4 because the sum of an inadmissible block with any other
block is inadmissible and we have

admy (0 x ') < admy (o x 7) + admg, (7 x ')
= False + False = False.

Repeating this argument consecutively for all non-zero blocks to the right of Y7 .+ proves
that they are all, including o x 7, inadmissible. Hence, we have

admy (o x 7) = False = admy (o x 7) = H admy(o X 7),

#ePvI); s

and the entire statement is true. n

Now we check the factor R using the same ideas.

Theorem 3.15 Let Prerequisites A be true, and let (as in Theorem 3.11) for all Tx 1’ €
Pl

a(t x 7)) = H admy (o X 7) + adma(o x ')

Lmax(r ¢/ 1)

oeP;

define an admissibility function on Pf};e}. Assume that for all neighboring block columns
Ar; and Arz of A and Y, and Yi . of Y with 7,7 € Pf" there exist o4,0y €
PILmM(T’T 1) 50 that

adma(oca x 7) = adma(oa x ') = False
and
admy (oy X 7) = admy (oy x 7') = False

hold true. Furthermore, assume that the admissibility function a is column-wise oriented,
meaning

a(t x ') =a™(r x ')

holds for all T x 7' € P}Liej (see Theorem 3.16 for a case in which this is true). Then
the admissibility function for R from Theorem 3.11 is (fully) induced, meaning

admp(t x 7') = admG (o (1) x 7') - a®(1 x T')
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holds true. Furthermore, for S{om°, Sse™b it holds that

admg, (T x ') !

)

X
(r x 7).

e &
—~

admg, (T x ')

PROOF Let 7,7 € P with 7 € 7, and 7/ € 7,41 so that 7 x 7/ € P and 7, X 711 €
Py " We do not have to prove our statement for blocks in Phier because it is already
true with Theorem 3.11. As in the proof for Theorem 3.11, we collect all updates applied

to A at this point in the algorithm and get

admg, (1 x 7') = H (admy(a X T)+ (admA(a x 7')
n

mazx (Tv‘f',v

oceP;

H (admy(a X 7) + admg, (7 x 7'/)) >>

#ePll D iser

< H admy (o x 7) + admy (o x 7)

and thus with Theorem 3.11
admg, (1 X 7') = a®(7 x 7).

With Theorem 3.12 we know that under the given prerequisites the upper triangular
part of T' consists entirely of inadmissible blocks, hence using the calculation of So given
in Theorem 3.5 for the same 7,7’ € Pf]”e’" as before we have

admg, (7 x 7') = H admr (7 x 7) + admg, (7 x 7')

max /
,f_epf (r,7",J)
TCTp

= H admg, (7 x 7)
/
%GPLmaI(TaT aJ)
TCTp

H admg, (7 x 7)

Lmax (r 1/ J)

+eP;

IN
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and then with the result from Theorem 3.11
a® (7 x ) > admg, (7 x 7') > a® (7 x 7).
Hence
adms, (r x 7) = adms, (7 x 7') = (7 x ') = a(7 x 7).

Using admy (o(7) x 7) = False by definition of o(7) and our results as well as 7,7/ € Pler
from before we have at last

admp(7 x 7') = adm"* (o (1) x 7') - H (admy (o(7) x 7) 4+ admg, (7 x 7))

f_eplevel(f)
7<T

<adm¥"(o(7) x ') - (admy (¢(7) x 7) + admg, (7 x 7))
= adm¥" (o (1) x 7') - admg, (1 x 7')

=adm¥" (o (1) x ) -a(r x 7).

Combined with Theorem 3.11, we have

admp (7 x 7') = admfft(a(T) x 1) a(r x 1)

and thus our entire statement. n

The condition that the admissibility function a is column-wise oriented is somewhat
technical, and we cannot easily see in which cases it holds. But we can show that for
a square H-matrix with a symmetric block structure, a is column-wise oriented if the
condition from Theorem 3.14 is true.

Theorem 3.16 Let Prerequisites A be true, and let (as in Theorem 3.11) for all T x 7' €

hier
PJ><J

a(t x7') = H admy (0 X 7) + adma (o x 7')

Lmax (r /1)

oeP;

define an admissibility function on P}ieg. Assume that for all neighboring block columns
Ar; and Ar . of A with 7,7 € P}” there exists o € PIL 7D o that

adma(o x 7) = adma(o x ') = False

holds true. Furthermore, let A be a square H-matriz and with symmetric structure,
meaning I = J and

adma(o x ') = adma(o’ x o)
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for all 0,0’ € P with o x o' € Pl Then the admissibility function a as defined
above is column-wise oriented.

PROOF Let 01,09,0 € P}”e” with o1 X 0/,09 X ¢/ € Pjhief and o1 < 02. We can also
assume oy < o’ because, for now, only the upper triangular part is relevant. Let the
block columns induced by o1 and o9 be neighbors in A and

a(oy x o') = H admy (6 x o1) +admy (6 x o’) = False.

. pLMAT (o107, 1)

Gep;
For the last equation to hold, there has to exist o € PIM” so that
admy (o x o1) = False
and
admy (o x o’) = False.

We know that ¢ > o1 because otherwise ¢ x o1 is in the upper triangular part of Y,
which consists only of zeros and thus

admy (¢ x o) = True.
We want to show that
a(og x 0') = False

holds because that would imply the column-wise orientation of a. If & = oy, then due
to the structural symmetry of A we have

admy (o1 x 0’) = False = adm (o’ x 01),
which also means that
admy (0’ x o1) = False.
We know with Theorem 3.14 that Y is row-wise oriented, and thus with o9 > o1 we have
admy (0’ x o9) = False
as well. Combined, we have

a(oy x o') = H admy (6 x 03) + (adma (6 x o)

, - pLMAT(gy,07 1)

GeEP;

A

admy (0’ x 09) + admy (o’ x o)

— False + False = False.
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If ¢ > 01, then we have ¢ > 09 and ¢ X o9 is a non-zero block in Y because it is in the
lower triangular part. Because the admissibility function of Y is row-wise oriented with
Theorem 3.14 admy (¢ x o1) = False also implies

admy (o x 09) = False,
and thus

a(oy x 0') = H admy (6 X 09) +adma (6 x o)
&EPLmaz(UZ’Ulﬂl)

< admy (0 X 02) +adma(c x o’) = False + False = False.
Assume now that ¢ < 1. Then by the symmetry of A, we have
admy (o’ x o) = False.
Hence
admy (0’ x o) = False
as well and by the row-wise orientation of Y

admy (0’ x o1) = False,

admy (0’ x 09) = False

because, due to ¢’ > o9 > o1, both ¢/ x o1 and ¢’ x o9 are non-zero blocks in Y. Because
diagonal blocks are inadmissible, we have

a(px )= ] admy(6 x 02) +adma(é x o)
FepLloa,o’)
< admy (0’ x 03) +admy(o’ x o') = False + False = False.

By using this argument repeatedly, we can show that
a(t x 7)) =a™ (7 x )

holds. n

To summarise, we have found conditions under which the partially induced admissibility
functions for Y, R and the agglomeration matrices S5, S5°™? are fully induced. The
admissibility function for T' from Subsection 3.3.1 was already fully induced. We will
make one short excursus about the admissibility function of the explicit orthogonal factor
(@, and then we will see how we can use our results from this section to bound the cost
of the block Householder approach to the QR decomposition of H-matrices.
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3.3.3 Induced Admissibility Function of Q

We will now make a statement regarding the structure of () computed by the operation
Q =Y —YTYT. Although not directly computed in our algorithm, it serves as a
benchmark for the efficiency of our storage scheme. We need one additional assumption
that is generally satisfied for H-matrices due to their construction to make the notation
easier to follow. We assume that we can find a sequence of inadmissible blocks in the
H-matrix A from the top left to the bottom right, which we will call a streak. For a
square matrix A, this could simply correspond to the blocks along the diagonal. We
formalize this in the following assumption.

Assumption D Let A € H(P;'i’f, ka,admy) be an H-matrix. Furthermore, let the
indices of the index sets o € Pf and 7 € Pff for 0 </ < Lyand 0 <k < Lj reflect
the order from Definition 2.26, meaning that for o,,, 0, € Pf , we have

Om <(A,row) op <= m<n,
and for 7,,, 7, € Pff, we have
Tm <(Aol) Tn € M <N
Then there is a set Pfi’”jak C PILXI 7 that satisfies the following conditions:

pylreak iy inadmissible.

1. Every block in
2. Let 7, 7’ denote the first and last cluster of PJLJ , and let o, ¢’ denote the first

and last cluster of PIL T both according to the order defined in Definition 2.26.

Then we have o x 7,0’ x 7/ € Pfirjak.

3. Let 0y x 75 € Pfi’"j“k . Then one of the following conditions is satisfied:

Pstreak

a) 7; is the first cluster of all clusters in PJL" , and either 0,11 x 7; € P7§

or 01 X Tjp1 € Pglreak,

Pstreak

b) 7; is the last cluster of all clusters in PJL" , and either ;1 x 75 € P/

or o;_1 X Tj_1 € Pylreek,

c) Both of the following conditions are satisfied:

i 0441 X Tj € P]sir;ak Oor 041 X Tj41 € Pfffjak,
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ii. 051 x 7j € Plreak or g,y x 751 € Pjireak,

(a) Assumption D (b) Assumption D (¢) Assumption D
satisfied. not satisfied. not satisfied.

Figure 8.6. H-Matrix examples to illustrate Assumption D.

We need one last definition.

Definition 3.17 Let us have the situation of Definition 2.26, meaning PIHXJ is an H-
block partition based on the hierarchy of block partitionings (PIZXJ)eLzof where (Pf)fzfo is
the hierarchy of partitionings of the row index set, (Pff)gL:"O 1s the hierarchy of partitionings
of the column index set, and A € H(P;f(J, k,admy) is an H-matriz. Furthermore, let
the index sets I and J correspond to ordered rows and columns in A, meaning that the

i-th row of A is induced by the index i, and the j-th column of A is induced by j.

Let o € PMer and let 7; € Pﬁ be the last cluster on level £ according to the (index-based)
order from Definition 2.26 inducing a non-zero block o x 1;. Then we set

Lf"inal(o—v A) =1.

We use this to define a function that associates a cluster T, with the index of the
last non-zero block Lﬁcmal(o, A) if k > Lfcmal(o*,A) (T, is a zero block) and with k if
k<L (0,A) (1 is a non-zero block). For that, we set

final

I ( A) k o X T3 18 non-zero block in A,
0or\0;5 Tk, =
N , Lfcmal(a, A) o x Tk is zero block in A.
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See Figure 3.7 for a visualization of this definition. We are now able to derive the (fully)
induced admissibility function of Q).

Theorem 3.18 Let Prerequisites A be true. Assume that all blocks (on every level) in
the upper triangular part of T are inadmissible, Y is row-wise oriented, and Assumption
D is satisfied for A. Then the admissibility function of @), induced by the multiplication
Q=1-YTYT", is given by

admy(al x TL%nal(C’?’Y)) Lfiinal(o-b Y) > L;inal(o-Q’ Y)’

admo(o1 X 09) =
Q( 1 ) {False Lfinal(ahy) < L]éinal(o-% Y)

for all o1 X o9 € Plhief, where £ = LMeTse¢(qy a9, J).

PrROOF Let admy7 be the induced admissibility function of the product Y - T on
(P, J)fzf 0o Let 73,75 € P}”er, and let the indices 7, j be denoted according to the order
given in Definition 2.26. Because T is upper triangular, it holds that

i>j = admyp(r x 7;) = True,

and, because all blocks (on every level) in the upper triangular part of T are inadmissible,
admy(7;, 7;) = False. Furthermore by Assumption D, we know that every block row of A
includes at least one inadmissible block in its lower trapezoidal part. Thus, every block
row of Y also contains an inadmissible block, and the last block of every row in Y must
be inadmissible because Y is row-wise oriented. That means that for any o x 7 € PIh;e}"

admy (6 X T 1evel(r) ) = False.

Lﬁnal (U’Y)

holds true. Hence, for any o x 7; € Plhiej with L f1pr (0, 73, Y) < i we have

admy <a X TLfloor(UyTi’Y)) = admy (O’ X TLlevel(-ri)(U’Y)) = False.

final

Applying these results to the induced admissibility function of the product Y - T' (as
given by Theorem 2.31) and using the fact that all blocks in the upper triangular part
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T1 T2 73 T4 T1 T2 T3 T4
AN S S S A~ AN AN
\ S
Ul<5::::\ Ul{ .
AY
~
0'2< 0'2< AN
N s

J3< 03<

0'4{ O’4<

0'5< 0'5<

0'6{ UG{

J7< O'7< \\

N .
N
0'8{ U8< \s
N N

(a) The factor Y of our exam- (b) The H-matrix YV after the ad-
ple matrix with admy . The block missibility of o; x 7; was replaced
Oi X TLina (o) 18 marked for every DY 05 X TL 100 (0575,Y)-

row cluster o; € PILI .

Figure 8.7. Comparison of the admissibility function admy and the admissibility func-
tion of the bound for admy 7.

of T' are inadmissible as well as the row-wise orientation of Y, we get for a block o x 7;

adeT(a X Tj) = H (admy(o X Ti) + ame(Ti X Tj))
level(rj)
final

= [ (admy (o x ) + admr(r; x 7))
0<i<y

0<i<L (0,Y)

admy(a X Tj) + ame(Tj X Tj) L?X)igTj)(U, Y) > j
admy (0’ X T level(r;) )
Fomal 7 (0,Y) Llevel(Tj)(O', Y) <

, ; final
(T g <)
_ Jadmy (o x 7;) + False  Ljipor(0,75,Y) = j
| False + False Liioor(0,75,Y) < j
_ admy(a X ’7']') Lfloor(aa ijy) =]
admy (0 X 7, (0,r,v))  Lfioor(0,75,Y) <

= admy (0 X TLfloor(UvTj7Y)> .
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We now want to find the admissibility function of Q = I —YTY”. We ignore the identity
matrix at first, and only check YTY 7. Let admy-pyr denote the corresponding induced
admissibility function on (PfX I)é::’f]. Note that the sequence in which we multiply the
three factors Y, T and YT does not influence the induced admissibility function of the

result. Set

Ly =L 002D (6 vy,
Lmlll‘ s ’J
Ly :=1Lg ., (01,02 )(0'27Y).
Let 01 X 09 € Plhief induce a block in YTY7T. In the following, we use the product
(Y -T)-YT, and again apply Theorem 2.31 to describe the product admissibility. Note
that Ly denotes the index of the last non-zero block in the block row of Y that is induced
by oo on the level that is used for the multiplication of Y - T with Y. The induced
admissibility function of YTY7T is hence given by

admy-pyr (01 X 09) = H (admyr(o1 X 74) + admy (o2 X 7;))
0<i<Lo
= H (admy(01 X TLfloor(Ul7Ti7Y)) + admy(dg X 7'@))
0<i<Lso

HOSZ‘SLQ (admy(01 X Ti) + admy(dg X Tz)) Li > Lo

o<i<r, (ade(Ul X TLf1g0r(01,7,Y)) + admy (o2 X Ti)) Ly < Ly

False 4+ admy (o2 X 71,,) Li <Ly

admy (o1 X 71,) + False L1 > Lo
False + False L1 < Lo

{admy(al X TLQ) + admy(ag X TLQ) Ly > Lo

_ {admy(cn X Tr,) L1 > Lo
False Ly < Ls.
The third equation follows from the fact that with
Ly = LE "2 D (o vy > LET 002D (6 vy = L
we have

Lfloor(ala Ti, Y) =1

for every factor in the product. After that, we use the row-wise orientation of Y to reduce
the product to its last factor and use the fact that, as already mentioned above, the last
non-zero block in every row of Y is inadmissible. Because admy-yr (o x o) = False for

141



Chapter 3 QR Decomposition for Hierarchical Matrices

all o € PIM”, we have
admg = admypyr

and thus, finally, the statement. n

The conditions of this theorem are satisfied for many H-matrices, including those for
which the conditions mentioned in Theorem 3.12 and 3.14 are true, if Assumption D
holds.

But what does this result mean for the admissibility of Q7 Assume for simplification
that A is square, and Pfirj“k consists of the diagonal blocks on every level. Then
Lffin w(0i, A) =i holds for all 7 on every level, and our result shows that the entire upper
triangular part of () is inadmissible. Hence, the storage cost of such a () as an H-matrix
using the induced admissibility function is of the same complexity as the dense version
of (). For rectangular matrices the result is similar, although not as easy to see.

Compared to the H-matrix structures of the H-matrices Y, R and T that result from
the block Householder approach to the QR decomposition, in which we completely cir-
cumvent the calculation of @, the H-matrix structure of @ suffers from more serious
problems regarding fill-in. The conditions from Theorem 3.18 are easily satisfied, for
example in the simple (square) numerical example in Subsection 4.1.3, where using the
induced admissibility function for () leads to a comparatively bad performance of algo-
rithms that make use of @) and adapt the H-matrix structure during computation. This
is different for Y, R and T, where fill-in is also of concern, but - as Theorems 3.9, 3.14,
3.15, and especially the results in the upcoming section show - there is a wider range of
(starting) H-matrices A that do not lead to these problems.

3.3.4 Parameter Bounds

We can now bound the bandwidth - and thus indirectly the sparsity constant Cy), - of all
‘H-matrices used during the block Householder based algorithm for the QR decomposition
by the bandwidth of Y.

Theorem 3.19 Let Prerequisites A be satisfied. Define an admissibility function on
Pt by

a(t x7') = H admy (0 X 7) + adma (o x 7')

Lmax(r /1)

oeP;

forall T x 7' € Pf,‘ief}. Furthermore, using the extended admissibility function as given
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in Definition 3.6, define
s(t x 1) = adm% (o (1) x ).
Then it holds that
Crw (s, R) < Cpy(admy, A),
where Chyy is the bandwidth constant (see Definition 2.29).
PrROOF We show the statement first for the rows and then for the columns:
1. Let 7,7/, 7" € Pher be given with
level(7) = level(7') = level(7")
and
s(t x ) = s(r x 7"") = False.

We show that there are two inadmissible blocks in one row of A with the same
distance to each other as 7 x 7/ and 7 x 7. With that the H-matrix bandwidth
of R can only be as large as the H-matrix bandwidth of A.

If o(7) € PMer (this not necessarily the case because of how o(7) is defined, see
Definition 3.6), then by definition of adm%" we have

admy(o(7) x 7') = adma(o(7) x 7") = False.

Because all blocks 7 € P with level(7) = 7/ between 7/ and 7" also induce
blocks o(7) x 7 in A and the columns in R are ordered the same as in A, we have

distrow: (7', 7") = distrow.a (7', 7).

So let o(7) ¢ PMer. There is no ¢ with o C & and
adma(c x 7') = True
because in that case
s(o(1) x ') = True

would hold as well. Hence, for all & € PP with ¢ x 7 € Plhiej and o(7) C 7, we
have

adma(c x 7') = False.
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Now choose ¢ € PIM” with the highest possible level. Then similar to before, all
blocks 7 between 7/ and 7" induce blocks o x 7 in A. Furthermore, by definition,
every block o(7) x 7 is contained in one distinct block o x 7. Hence, we have

dist g row (T X 7', 7 x 7") = dist 4 yow (0 x 7', x ")
in this case as well, and thus
wa,row(57 R) = wa (admA, A)

holds.

2. Let 7,7/, 7" € P} with

level(7) = level(7') = level(7").
Let 7/ < 7" and

s(7' x 1) = s(7" x 7) = False.
If o(7'),0(7") € PP then we have

adma(o(7') x 7) = admy (o (7") x 7) = False,
and thus with the same arguments as in 1 we get
dist g ot (7" X 7, 7" X 7) = dist 4 co1(0" x 7, 0" x 7).

So let o(7'),o(r") ¢ PP, Then with the arguments in 1, there are uniquely
defined &', 5" € Pler of highest level with 6 x 7,6” x 7 € PP and

admy (0’,7) = False

admy (6", 7) = False.

We can apply this argument to all blocks 7 with level(7) = 7/ between 7" and 7"
as well. Hence, for every ¥ we can find a uniquely defined & between ¢’ and &”
because the order of the columns in A and R is the same. Thus,

distg ot (7" X 7, 7" X 7) = dist 4 co1(0" x T, 0" x T)
holds, and we have

wa,col(sa R) = Cpw (admA, A)

Combining both the row-wise and column-wise results, we get the statement. n
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Theorem 3.20 Let Prerequisites A be true. Define an admissibility function on P}Li‘?
by

a(t x 7)) = H admy (o X 7) + adma (o x ')

Lmax(r /1)

oeP;

for all 7 x 7' € P}, Then it holds that

1. Cyy(admz,T) < Chy(admy,Y),
2. Cypp(admp, R) < max{Cyy(admy,Y ), Cp,(admy, A)},

3- wa(adms(l,omb, Sfomb) — wa(ade§07rLb, Sgomb) S wa(a/dmR, R).

PrROOF 1. With Theorem 3.9 we have for any 7 x 7/ € PM¢ with 7, 7" € Phier

admy (T x 7') = H admy (o x 7) - admy (o x 7'),

Lmaz (7 1/ 1)

oceP;

and thus

admy(7 x 7') = False & Jo € PILMM(T’T/’I)

= disty (7, T/) + 2 < Cpyp(admy, Y).

sadmy (0 x 7) = admy (0 x 7') = False

Hence, we have
wa(ame, T) < wa(admy, Y)

2. We want to review both factors of the lower bound for the admissibility function
given by

admp(7 x 7) > adm" (o (1) x ') - a® (1 x ')

independently and then combine both bandwidths. For that to work, we need a block
on every level of P}Lief} so that both factors are inadmissible. We define

s(1 x ') = adm§" (o (1) x ')
as before. We have
ext

s(t x 1) =adm%" (o(7) x 7) = False

for all 7 € P because o(7) is chosen to be the row index block so that o(7) x T is the
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diagonal block in R and thus inadmissible. Furthermore, it holds that

a(t X 1) = H admy (o x 7) + adma(o x 7)

Lmaz(r 1/ 1)

o€P;
< admy (o(7) x 7) + admy(o(7) X 7)
= False + False = False

with the same argument. Since 7 X 7 denotes by construction the leftmost inadmissible
block in R and

wa(acw, A) = wa(a, A)
because outer blocks in a“? are inadmissible in a by definition, we have
Cyw(admp, R) < max{Cy,(a, R), Cp,(adm%, R)}.

By definition of a, we have for all 7 x 7/ € P}”er with 7,7 € P"]”'”’

a(t x 7') = H admy (o x 7) -admy (o x 7'),
oe I[/7nax(T,T/,I)
and thus
a(t x 7') =False = 36 ¢ PILmaz(T’T/’I) : admy (6 X 7) = adma(6 x 7') = False.

Furthermore, we have
adma(6 x 7') = False = admy (6 x 7') = False

for all 6 x 7/ € PP and thus, for a block 7 x 7/ € P that is inadmissible in a, it
holds that

disty (7, 7',) < Cpp(admy,Y).
Since these statements are true for any block 7 x 7/ € P}ief}, we have
wa(a, R) S wa (admy, Y)

Let T x 7' € Pf}ief} with 7,7/ € Pf]”er. For the second factor, we apply Theorem 3.19 and
get

wa(s, R) < wa(admA, A)
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Combining both results leads to

Cyw(admp, R) < max{Cyy,(a, R), Cpy(s, R)}
< max{Cpy(admy,Y), Cpy(admpy, A)}.

3. By using Theorem 3.11, every inadmissible block in Sf"mb and Sgomb is also inadmissi-
ble in R. Due to that, the bandwidth of S{°" and S5°™ can be at most the bandwidth
of R. n

For a square matrix A, we can also bound the bandwidth of Y with the bandwidth of
A.

Theorem 3.21 Let Prerequisites A be satisfied. Let A be a square matriz with I = J.
Let Cyyp(admpy, A) be the bandwidth of A and Cyy(admy,Y) the bandwidth of Y. Then

we have
Crw(admy,Y) < Cpy(adma, A).

PRrROOF The bandwidth constant of Y is given by the largest distance between an outer
block (see Definition 2.27) and the last non-zero block in the corresponding row, which
for square matrices has to be inadmissible in Y because it is or contains a lower triangular
matrix. Both blocks are also inadmissible in A. The outer block is admissible by
construction of Y, as Y has the same H-matrix structure in its non-zero parts as A
after all updates were applied. The admissibility of the last non-zero block follows
directly from Assumption C because A is square. Hence, the bandwidth constant of Y
is identical to or smaller than the bandwidth constant of A. -

Thus, in the square case, we can use the bandwidth constant of A instead of Y to bound
the remaining bandwidth constants.

For a rectangular matrix A, where a permuted QR decomposition is necessary, the last
block of Y in a given row is not necessarily a lower triangular - and thus inadmissible
- block because the entire row can be a part of Y. Hence, the bandwidth of A cannot
serve as a bound here. With Theorem 3.14, we know that the complete fill-in of the row
with inadmissible blocks happens under relatively weak conditions.

3.3.5 Cost Estimate for the H-QR Decomposition

We now have all the results we need to find a cost estimate for the entire block House-
holder QR decomposition for H-matrices. As stated in Assumption B, we assume that
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(a) (b) (c) (d)

Figure 3.8. Difference in the number of inadmissible blocks in Y for a square matrix in
(a), corresponding factor Y in (b) and a rectangular matrix in (c), corresponding factor
Y in (d).

in the low-rank factorization of all admissible blocks, the first factor has orthogonal
columns. This is, depending on its creation, generally not true for a given H-matrix.
The following theorem, however, proves that such a factorization can be efficiently com-
puted. We will call the associated process left orthogonalization.

Theorem 3.22 (Left orthogonalization) Let A € H(P}L ;. k, adma) be an H-matriz
with H-block partition PI7->l<J' Then we can compute a left orthogonal low-rank represen-
tation of A, meaning, for every admissible block Ay,x, given by a low-rank factorization

Agyr =UVT e RO with U e R7*F, V e R™¥F,
we find another low-rank factorization
Apxr =UOVT e R with U e R7** |V e R™¥¥,
where U has orthogonal columns, with a computational cost of at most
Niortn(A) < 5k - Sy (Pfng,@ )

where Sy (PfXJ, k‘) denotes the storage cost of A as given in Theorem 2.40.

PRrOOF To find the desired low-rank factorization for a given admissible block Ay x, =
UVT € RO*7 with U € R7** and V € R™**, we first compute a QR decomposition of U
given by

U=QR with Q€ R"** R e Rk
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The computational cost for this step is bounded by 44tck? operations. We set U= Q
and compute V € R™** with

V=RV,

which has a computational cost of at most k2 - #7. Together the overall cost for all
admissible blocks o x 7 € Pfij is bounded by

BE ) (#7 + #0).
O'XTEP;'Q}
Then our statement is true because
EoY (#m+#0)
UXTGPﬁ(’j

is the storage cost of all admissible blocks of the matrix A. n

Hence, even if Assumption B is not satisfied, we can find a left orthogonal low-rank
representation for a given H-matrix in a cost-efficient manner.

Before we continue, we need another assumption. We want to ensure that the column
sizes of blocks in the near-field do not differ too much. Note that, similar to Assumption
A, this does not limit the type of matrix we can use. At the cost of a higher depth and
some changes in the hierarchical structure, the underlying hierarchy of (block) partition-
ings can be changed to satisfy this assumption.

Assumption E Let A € H(P;i’?,kA,admA) be an H-matrix and Pfi; its near-
field. Then

max {7} <2.- min {7}
oxTEP]LT oxTEP]LT

holds.

We continue by estimating the cost of all (dense) QR decompositions that happen on
the highest level of the recursion. Note that the H-matrix A in the following Theorem
3.23 is not necessarily a column leaf. We count the operations that are done during all
calls to Algorithm 3.7 while computing the QR decomposition of an H-matrix A that
possibly contains more than one block column.
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Theorem 3.23 (QR decomposition on the highest level) Assume that Prerequi-
sites A are true. Then the computational cost for all QR decompositions on the highest
level computed in Algorithm 3.7 while the QR decomposition of A is computed with
Algorithm 8.8 is at most

NoRhigh(Y) < 8Mmin - Sn (P}'Li’?, ky)

With Npn as given in Definition 2.22.

ProOF Following Theorems 3.1 and 3.2, the H-matrix A/ that is composed of matrix
blocks from A after they were fully updated by Algorithm 3.9, has in the blocks corre-
sponding to the non-zero part of Y the same H-matrix structure and the same ranks
as Y. Furthermore, the block columns of the highest level in A/, excluding all blocks
which are zero in Y, are by construction of the algorithm the block columns that Algo-
rithm 3.7 compresses. Hence, we can use the rank ky of Y and the H-block partition
P;i}/ to describe the structure of these agglomerated block columns.

We assume that the cost for the QR decomposition of a dense m x n matrix is bounded
by 4mn?. Then we can count the cost of the QR decomposition for an H-matrix block
column on the highest level of the recursion independently for each matrix block because
the cost increases only linearly with the number of rows m. Note that larger admissi-
ble blocks get split and thus appear in more than one H-matrix block column. With
Assumption E, for a given index block o x 7 € Pfhief, if; is an upper bound for the
number of those appearances.

Furthermore, ny,;, is - by definition and with the last part of Assumption C - an upper
bound for the number of columns for each of the smaller blocks after splitting. Using
this and summing over all block columns leads to a cost of less than

4> <2#T “ky - (nmin)2) +4 Y (#o-#7)

Nmin
O'XTEP;‘Q; UXTEP;;L(’;
< 8Ky - Nunin E H#HT + 8N - § (#0 : #T)
O‘XTEP}}?}— UXTEP;;L(’;

< Snmin- | by > (Ho+#N+ D (Ho-#7)

H,+ H,—
oxXTEP S oxXTEP

< 8nmmS7-L(P;->[<J7kY) [ ]

Next we deal with the complexity of multiplication with 7" given in the reduced form
T. For that, we need to do some preliminary work first and use the set P}Lﬁ}ght from
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12

11

13 | 14

15

Figure 3.9. Sequence of all factors of the decomposition of T as described in Theorem
3.24.

Definition 3.4 again. Furthermore, let
1(7'177-2) c RJXJ
"y

denote the matrix that is composed of the identity matrix I,; € R7*7 where the
submatrix induced by the block 7 X 7o € P};‘”f} is replaced by TTl,TQ' We can now show
that the cost of multiplication of any H-matrix with 7" using the reduced form T with
fast truncation (see Algorithm 2.3 and Theorem 2.44) is identical to the usual H-matrix
multiplication of the resulting H-matrix with 7. As a first step, we find a decomposition
of T based on Remark 2.16 that extends the observation of this remark to all higher
levels, meaning blocks on the diagonal are factored further until we have reached the
highest level of the corresponding hierarchy of block partitionings. See also Figure 3.9
for an illustration

Theorem 3.24 Let Prerequisites A be true. Then there is a decomposition for the factor
T given by

_ (k)
r=| 11 5
1<k<K

where Ig) = ;:]’72) € R7* for some

Ty XTQGP;Z?ghtU U TXT
TEPfJ
and K < 22erth(T)+1 _ 1 The following condition uniquely defines the sequence of the
factors Ig). For Ig) = Ig}’m) and Ig) = I;ZLI]’TQ) with k' > k, one of the following is
satisfied

1. M CT AT < T,
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2. 1 < T ANT2 < Th,

3.1 <1 ANT2 C 7).

ProoOF If T is an H-matrix that is not split further, then we only have the matrix itself
as a factor in the decomposition, and the statement is true. Thus, let T' be an H-matrix
that is split further, and let 7,70 € P}”” satisfy m U7mo = J. Then T has a factorization

given by
T MYVl _ (Tv 0\ (Iyr, Y'Yo\ (Iyr O
0 Ty o\ 0 Iy, 0 Iys, 0 Ty)’
where T} € R™*™ T, € R™2%72 Y, € RI*7T1 Y, € RIX™ are H-matrices. T; and Th

can, if they are also split further, be recursively factored in the same way again up until
the highest level, where the diagonal blocks are stored as full matrices. By definition

of I;Z}’TQ), as given before this theorem, T contains all the non-identity and non-zero

submatrices of those factors. Furthermore, P;iqjght is the block set that induces all
those submatrices. Every decomposition produces one off-diagonal block. Thus, we get
at most

odepth(T) _ 1

as many. This number is only reached if every index block in P}”” has two direct
descendants or is in PfJ and has no descendants. Together with the diagonal blocks on
the highest level, we have at most

2depth(T) + 2depth(T) 1= 2depth(T)+1 1

factors in the product. Hence, together we have

= ] Ig“)

1<k<K

Let Igg) = I;Z}’Q) and Igl) = I;ZL{I’TQ) with ¥ > k. During the sequential decomposition,

there will be one factor 7, X 7, € P}‘i?ght so that one of the following conditions holds:

1. i X 7o C Ty X Tg and 7] X T = T X T

1 2 b
2. 71 X To C Ty X Tg and 71 X 75 C Tp X Tp,
3. TI X Tg=7Tg X Tpand 71 X 75 C Ty X Tp,

because otherwise 71 X 7o = 71 x 74. In the first case, they satisfy condition 1, in the
second case, they satisfy condition 2, and in the third case, they satisfy condition 3.
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Thus, the second statement is also true. ™

As our next step, we show that multiplying a low-rank H-matrix with 7' using the
reduced form T has the same cost as when using 7' directly. This is also shown in
algorithmic form in Algorithm 3.11 for multiplying with T from the right. Note that
this includes reusing intermediate results to keep the computational cost down.

Algorithm 3.11: Multiplication of a low-rank H-matrix with T" given in its
reduced form T.

Data: Low rank H-matrix A =Uy, - VI € H(PIHX’?, ka,admy) given by dense
matrices Uy € RP**4 and Vy € R7*¥4, T € H(PIY" kp,admr) given in
its reduced form T € H(P}%", k7, admy)

Result: The product A-T =Upg - Vg given by dense matrices Up € RI**4 and

VB c RJXkA

Function: [UB, VB] = MULLR7T(A,T);

Set Ug = Uy;

if J is a column leaf cluster of PIHX’? then

V=V T,
else
Find non-trivial direct descendants 71,71 € P}‘ier with 7 < o, mMUm =J
and 71 N7y = 0;

Split Va = [Var, Vanl;

VB = MULLrT(Var, Tr r);

VB,TQ = VA,TQ + VB,Tl : T7'1,T2§

VB = MULLRT(VBiry Try )

10 Set Vg = [VBﬂ—1 VB,TQ];

11 end

12 return Up, Vp;

[S U

© o N o

Theorem 3.25 Let Prerequisites A be true, and let x € R? be a vector. Using T instead
of T' to compute the product T'x while reusing intermediate results has the same cost as the
product Txz. Furthermore, let B € R7*K be a matriz given by its low-rank factorization

B=UVT with UeR>F vV eRExk

for some k € R and finite index set K. Then the cost for the multiplication of B with
T using T and reusing intermediate results is identical to the cost of the operation T - B
and thus given by

k NMv(T)

PROOF If T is an H-matrix that is not split further, then 7' = T holds, and the statement
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hier

is true. So let T" be an H-matrix that is split further, and let 7,7 € Pj
71U = J. Let

satisfy

X .
= (;) eR’ with 2 € R™, 2y € R™
2

be a vector and T} € R™*™ T, € R™2*X72 V], € RI*" T, ¢ RI*™ #{-matrices. The
dimensions of the factors as well as the number of operations in

T 0\ (Igr, Y'Y\ (Iyr, 0N (1) _ (Ti-(x1+Y]Ys- Toxy)
0 I#T2 0 I#TQ 0 TQ X9 o TQ-.CCQ

and

T Y'Ys z1\ (T 21+ YIYs 29

0 T2 X9 o T2 X9
are identical when reusing Thxo in the first one, and thus, the cost is identical as well.
We can apply this argument recursively for the entire decomposition. Thus, the cost is

the same as for the usual H-matrix-vector multiplication. For the second statement, we
hence can apply Lemma 2.41 and get a cost of at most

kNMv(T) ™

Now we show a similar result for the multiplication of an arbitrary H-matrix with T'
using the reduced form T. The approach using Remark 2.16 as before is formalized in
Algorithm 3.12. Note that for the upcoming cost estimate, we rely on using fast trunca-
tion (applied in the computation of line 7 in Algorithm 3.12) to keep the computational
cost the same compared to using T directly.

Theorem 3.26 Let Prerequisites A be satisfied. Furthermore, let there be H-matrices
B e ’H(Pﬁgi, k,admp) and C € H(P}'i?{, k,admc) so that

T-B=C

holds, and admc is induced by the multiplication of admr and admp. Computing C
using Algorithm 3.12 and fast truncation to reduce the product to rank k has the same
cost as the usual H-matriz-matriz multiplication T - C, meaning it is bounded by

NISHT, ¢, 0),
where we used the notation as explained after Theorem 2.47.

Proor If C is a low-rank matrix, we can apply Theorem 3.25. If C is a full rank
matrix, we follow the argumentation in Remark 2.16. In both cases B and C have the
same structure and rank, so the cost of T- B and T - C are the same. So assume that B
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Algorithm 3.12: Multiplication of an H-matrix with T" given in its reduced
H-matrix T.
Data: H-matrices A € H(P;i’?, ka,admy) and T € ’H(P}{X"T], kr,admy) given
in its reduced form T € H(P}{X’?}, k7, adm7)
Result: The approximate product A -7 = B given by the H-matrix
B e H(P}Y) kp,admp)
Function: B = MULy 1(A,T)

if J is a column leaf cluster of Pfi’j? then
Vg =Va-T;

else

Find non-trivial direct descendants 71,7 € P}lier with <7, mUmn=J
and 71 N1y = 0;

Split A =[A;, A.];

BT1 = MUL’H,T(ATl s TTl,Tl);

Compute By, = A, + By, - Try 1y

BT2 = BT2 = MULH,T(B’Q; TTQ,TQ);

Set B = [B:, B,];

10 end

11 return B;

B W N =

© o N o w»

is split further. We use the decomposition of 1" from Theorem 3.24 and thus get

_ _ (k)
C=T-B= H IT - B.
1<k<K

Let 7 x v be an admissible block in C. Let 7 denote the the index set of highest level so
that 7 C 7 and there is 7 with 7 # J so that

. . upright
TXTEPS .

Because 7 # J, this is always possible except for the last block 73,4 on the highest level.
We exclude this block for now and review it later as a separate case. Let k be the index
so that

(k) _ p(ix#)
L7 =177,
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Then
_ (k)
c={ ]I |- B
1<k<K
_ (k) (7x7) (k)
=\ Il & |- 7| II &) B
1<k<k k<k<K

We now want to check which factors are actually relevant for the computation of C .

Let 7(x) X T(/k) denote the corresponding block for the k-th factor Igf ). First review

I1 Ig“’.

1<k<k

With Theorem 3.24 we either have 7() < 7 or 7 X T(/k) C 7 x 7. In the first case,

multiplication with Igﬂ ) acts like the identity for all entries of B with row index in 7 or
below. The other factors can be recombined so that we multiply with the single factor

1
Tix+
1

by reverting the decomposition up to the block T’y ;. For the second product

IT

k<k<K

a factor either satisfies 7 € 7% or 7 < 7). Let 7,5 denote the column index block of
the last factor satisfying 7 C 7). Then all the following factors only influence the blocks
below the row index set 7 and thus 7 in B. Finally, we remember that 7(;) < T(/k) and
especially 7 N7/, = 0. Now we can rewrite the computation of C; ,. Let Co denote all
rows below 7 in the block column induced by = in the result C' after truncation to rank
k, By all rows above 7 in the same block column but of B. Let I be the identity matrix
given by the number of rows in By and Is the identity matrix given by the number of
rows in Cy. Note that the part of C' described by Cy was already computed at this point
in the calculation. Then we have

I
B I 7 By
C"r,'y = T7"><7" : H I#T ! Tq.—ﬁ/ ! : Bi’»’? )
Cs o]\ #x#epypriont, I C2
TCT
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and thus

Croy = Tiji - | Bry + >, Tip Cr,
#x 3/ g PUETIght,
pright,
FC#

Restricting ourselves to the admissible block 7 x v, we get

CT?'Y = TTJ" : BT,’Y + Z TT,‘?" - Cy
Fx 7' e pyprioht,
TCT
We need to count the operations necessary to compute the product. We assume that we
truncate the result of the sum before multiplying with 7’ ;. Thus, the last product has

the same cost as
T - Cry.

Because (', is admissible, we can apply Theorem 3.25 and see that the computation
has the same cost as the product T's;+ - C; . Thus, together with the other products,
the overall cost is the same as for the operation

Cipy
= = CTi,“/

[T’r,i' TT’Ti ... TT’TZ] : . = TT,J : CJ,W'
CTZ,’Y

Note that this product does not compute the entry C7 ., it only has the same cost as
the computation of C- .

We are nearly done, we only need to check the computation of the entries C,,, , for
Tlast X 7Y € P}”;;’C. By construction T, , .., is the only non-zero block in the row

induced by 7j4s in T'. Furthermore, we have T, , 7... = Tr...m4 Py construction.
Thus

Cflustv'y = TTlasth : BJ,'Y = TTlasthlast : BTlastv'Y = TTlasthlast : BTlastv"/’
and the cost is identical. Hence, the entire statement is true. n

For BT, we can achieve the same result using a similar argument, but we omit formal-
izing it. We are now able to bound the cost of all updates that are computed during the
QR decomposition.

157



Chapter 3 QR Decomposition for Hierarchical Matrices

Theorem 3.27 (Updates during the QR decomposition) Let Prerequisites A be
true and set

k = max{ka, ky, k7, kR Nmin }»
Cyp = max{Csp(Y), Csp(R), Csp(T)},
L=max{L;+1,L;+ 1}.

The computational cost for all updates during the QR decomposition using Algorithm 3.8
given by the operations in Algorithm 3.9 while using fast truncation is at most

NQR,upd S N]{;]f/;(YT7Y7R) + N]J\c;]f/;(YTaRaR) +N]{/;L]f/;(TaR7R)
+ NI, RY) + NI, R, R) + Nary (Y, Y,Y) + Naso (R, R, R)
or, differently bounded, at most
NoRupa < Csp - L - (01 Sy (Y)+Cy - Sy(R)
+ CsSu(T) + CattPLy ™ + Cs# P
with
C, =48k +10, Co=120k+8, C3=2, C,=368k> C5= 920k

ProOOF Using Theorem 3.5, the calculation of all updates is done as a part of three
matrix-matrix products and one matrix-matrix sum. Reusing the notation from Theorem

3.5, we thus need to bound the cost of all relevant computations that are part of the
products

YT . Afin, TT . Sfomb7 Y. Sgomb
and the sum
Afin _v. Sgomb

to find an upper bound for the entire update process. Because we are only interested in
the cost of the computations that are actually relevant for the QR decomposition, we can
use the structure of S{°™ for the first and S5°™ for the second product, although the
results of the products are not inherently upper triangular with a zero block diagonal.
For the third product and the sum we use Af™.

Using Theorem 3.26 for T'- Sf"mb, Theorem 2.47 for all other products and Theorem 2.43
for the sum, we get

NQR,upd < N{;ﬁ(yT)Afm’ Sfomb) + N{;ﬁ(?, Sgomb’ Sgomb)
+ NJ(/[CL;}(Y, Sgomb’Afm) +NM+(Afi”,Afi”,Afi”).
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We apply Theorems 3.9 and 3.11 to replace (the parameters of) S; and So by R and
split Af™ into its upper part R and its lower part, which is structurally identical to Y.
We get

Norupd NI (YT Y, R) + N{fst(v T, R, R) + N{{(T, R, R)
+NISHY, R, Y) 4+ NISHY, R, R) + Ny (Y, Y, Y) + Nary (R, R, R)

and thus the first statement. For the second statement, we further estimate the bounds
given in Theorem 2.47 and subsequently Theorem 2.41 to get a more compact version.
First, we bound the cost for the multiplication without the truncation. We get

2:Cop L (2414141 Sy(Y)+ (1 +1+141)-Sxu(R) + (1) - Su(T)).
The truncation cost is then bounded by
Csp - L - (24k(1S5(Y) + 4Sy(R)) + 184K3 (14 P 1 ag Pt y),
The cost for the two additions is with Theorem 2.43 bounded by
24k Sy (V) + 184K3# POV 1 24kSy (R) + 184k3# P

Adding these results gives us the second statement. n

It should be clear that the first bound, although far from perfect, is superior, but the
second provides a more direct way of seeing the cost of updates. We can use the latter
to directly relate the complexity of the QR decomposition to the parameters of A. At
last, the cost of the multiplication in T remains.

Theorem 3.28 (Multiplication in T) Let Prerequisites A be true and reuse the no-
tation from Theorem 8.27. The computational cost for the calculation of T in Algorithm
3.10 is at most

NQR,comb < N]]\c;ﬁ<YT7 Y, T)
or, differently bounded, at most

NQR,comb < 2. Csp -L- SH(Y)

PRrROOF All calculations necessary to compute T are part of the H-matrix-matrix mul-
tiplication Y7 - Y. We apply Theorem 3.26 and thus get the first statement. For the
second statement, we first use Theorem 2.41 and maximize over {Cs,(Y),Csp(T)} to
find a bound for the computational cost of the multiplication. We get

4.Cyp-L-Sy(Y).
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The still missing cost for the fast truncation is given by
ol 3y pH.T+
Cop- L+ (24kSu(T) + 184K # P17 )
By adding both results, we have an overall cost of

Cyp L - <4SH(Y) + 24k Sy(T) + 184k3#Pfx’?’+) : "

Now we have everything we need. The cost of Algorithm 3.8 is bounded by the cost of
only H-matrix-matrix multiplications, the cost of the left orthogonalization is bounded
in Theorem 3.22, and the cost for the QR decomposition on the lowest level is bounded
in Theorem 3.23.

We can collect all results up until now.

Theorem 3.29 Let Prerequisites A be true and set

k — maX{”miny kAa kTa kY) kR}v
L =max{Ly;, Ly},
Csp = max{Csp(Y), Csp(R), Cp(T)}.

Then the cost for computing the QR decomposition by Algorithm 3.8 using fast truncation
is bounded by

qu < Csp -L- (Cl . S’H(A) + Cy - S’H(Y) + Csy - SH(R) + Cy - S’H(T)
+Cs - #PEYT 4 Cg - %P 4 Op - P
with

Cy =5k, Co=56k+14, Cs5=120k+8, Cs=24k+ 2,
Cs = 368k, Cg =920k, Cr = 184k3.

ProOF We collect our already proven cost estimates:

1. For the left orthogonalization, we use Theorem 3.22 and get an upper bound of

Niorin(A) < 5ka - Sy (Y, ka).

2. For the QR decomposition on the lowest level, we use Theorem 3.23. We get

NQR,high(Y) < 8Nmin - SH(Y)
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3. For the updates, we use Theorem 3.27 and have

NoRupd < Csp -L- (Cl S (Y)+ Co - Sy(R)
+ C3S4(T) + 04#P1?-i’§’+ + 05#P}LX’}}+)-

4. For the computations in T, we use Theorem 3.28. There are no further com-
putational costs associated with the other QR factors. The matrix R is already
computed during the updates, and the block columns in Y are just recombined.
Hence, we have a cost for this part of the QR decomposition of at most

Cyp L - (4SH(Y) + 24kSy(T) + 184%3#P}{5’+) :

By combining these bounds, maximizing over some parameters and for 1 and 2 adding
the originally not necessary parameter Cy, - L to achieve a more compact representation,
we get the statement. n

Theorem 3.29 is a significant result. It means that the QR decomposition can be com-
puted cost-efficiently if the resulting factorizations can be stored cost-efficiently. This
resembles the standard result regarding the cost of the H-matrix product. However, it
still relies on the (a posteriori) knowledge of the storage cost of the resulting factors and
their sparsity constants.

Our results from Subsection 3.3.4 offer some relief in that regard. At least for square
matrices, the bandwidths of all resulting factors are bounded by the bandwidth of A.
Additionally, as the following theorem will show, the sparsity constant can be (easily)
bounded by the bandwidth constant.

Theorem 3.30 Let A € H(P} ;, k, adma) be an H-matriz with H-block partition P}t

based on (PfXJ)eL:O. Then

Cup(A) < 2 Cho(A).

Proor We have Cgp = 1 for all H-matrices by construction. Every block on the ¢-th
level of P}, s has to be contained in an inadmissible block on the (¢ — 1)-th level. Thus,

there are at most 2 - Cf; (A) blocks in Pf, ;N P}, because any index set in P¥°" has
at most two direct descendants by Assumption A. For 0 < £ < L, we only have to count
the admissible blocks, but that would only reduce the bound, so maximizing over all
levels, we get

Csp(A) <2 Cry(A). m

161



Chapter 3 QR Decomposition for Hierarchical Matrices

As mentioned in the proof, bounding Cy,(A) by 2-Cpy,(A) will overestimate C%,(A) with
0 < ¢ < L. If Cf,(A) denotes the actual number of inadmissible blocks on the ¢-the
level, we would have

CL(A) <2C; 1 (A) — Cf,(A) for 0 < £ < L.

But for CSLp(A), we need to count all blocks anyway, even the inadmissible ones, because
they are not split any further, so we do not use this observation.

For square H-matrices we can thus replace the sparsity constant with twice the band-
width constant of A in Theorem 3.29. This allows us to compress the result further and
relate it only to the parameters of the matrix A. However, we still rely on the storage
cost of the resulting H-matrices. Depending on the actual structure of A, the resulting
factors may have a considerably higher storage cost compared to A. But there is a way
to overcome this problem. Due to the fact that all involved H-matrices have the same
bandwidth, the upper bound for the storage cost of A given by Theorem 2.40 is also an
upper bound to the storage cost of all other factors if we use the bandwidth constant.

3.3.6 Reusing the Original Admissibility Function

The obvious solution for the massive fill-in found in Theorem 3.14 and especially The-
orem 3.15 would be to refrain from using the induced admissibility function and find a
suitable alternative. The naive approach would be to reuse the admissibility function of
A for Y and R. Note here that we defined the admissibility function of R on the index
set J x J, but the admissibility function of A is defined on the index set I x J. To still
be able to transfer it, we use Definition 3.6 and simply set

admpg(r x 7') = admfft(a(T) x 7).

This transfer can be done indirectly in the implementation because Y and R can be saved
by overwriting the original matrix A. Then R is not necessarily saved in a connected
submatrix of A if A is rectangular but not square, but depending on the implementation,
any block in R can directly inherit the admissibility function of the corresponding block
in A when overwriting it.

There is no direct equivalent for T, S; and So, so we want to suggest two alternatives.
First, we set the individual blocks of T', Sf"mb and Sg"mb used at one step of the recursion
to be admissible. Hence, the entire matrices would then have an admissibility function
given directly by P}";ﬁ;ght. The main problem here is that the original structure of A

does not influence the structures of T, S and S5, This is counterintuitive, and
we will not pursue this approach any further.
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An alternative that hopefully adapts better to structural changes in A would be to
reuse the structure of the upper triangular part of A for T, Sfomb and Sgomb as well. As
shown in Theorems 3.11 and 3.15, the true admissibility functions of S{" and S5 are
closely related to R and in many cases identical. Therefore, using the same admissibility
function for all three makes sense. For T there is no similar argument, but nevertheless,
we use the same admissibility function as for R, S{°™ and S5°™. One could argue that
the admissibility functions for T

admy(7 X 7') = H admy (0; x 7) + admy (07 x 7')
Lmax (r /1)
oEP;
and Sl
admg, (1 x 7') = H admy (0 x 7) + adm (o x 7')
oe Lmaz (r 1! I)
I

are similar enough to warrant such an approach. However, this is a rather flimsy argu-
ment in the general case because the row induced by ¢ in A has no zero blocks, whereas
the row induced by ¢ in Y has possibly many zero blocks that are hence admissible.
Nevertheless, it is a better approach than simply using an H,-matrix structure.

Aside from whether these approaches lead to useful numerical results, the question re-
mains in what way the complexity estimates from before change. This is not our primary
focus, and we would need to repeat many arguments already made in the chapter before,
but we nevertheless want to give a rough sketch of the change.

Theorem 3.22 does not rely on the induced admissibility function. It simply uses the
admissibility function of Y, which can thus be replaced by the admissibility function of

A.

Theorem 3.23 uses the highest possible rank that can arise due to the updates during
Algorithm 3.8. These calculations are no longer true because it is now possible to update
an admissible block using an inadmissible block. The rank of the result could be much
higher. To reuse this theorem, we need to assume that truncation to low enough bounds
takes place. This is associated with further truncation costs but they are fortunately
included in the update costs. These are given by H-matrix-matrix multiplications as
shown in Theorem 3.27, which do not rely directly on the induced admissibility functions,
only indirectly because we use Theorem 2.47 to bound the computational cost involved.

Fortunately, Theorem 2.47 can also be replaced by a version that uses the constant
C;q to model the influence of the different admissibility functions of the result of an

‘H-matrix-matrix product.

At last Theorem 3.25 and 3.26 remain. In Theorem 3.26 we show that the cost of multi-
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plication using the reduced form of T given by T is the same as the usual multiplication
with T under the assumption of pairwise truncation. By again replacing Theorem 2.47
with a version that uses the constant C;4, we could change the proof of Theorem 3.26
accordingly. Hence, this is also no obstacle.

Thus, a similar cost estimate as before is possible, although we need to be aware that
this includes an upper bound to the realized ranks in the factors. For a reasonable cost,
this has to be low enough. Because we no longer use the induced admissibility function,
it is more likely that this leads to problems regarding the accuracy and orthogonality of
the resulting QR decomposition, although we may experience some speedup.

But it is not clear that we actually see a drastic reduction in computation time due to the
decrease in inadmissible blocks compared to using the induced admissibility functions.
This depends on how the inadmissible blocks of A interact with each other. If we still
compute many full-rank matrices that subsequently are reduced to a matrix with a
low-rank factorization, we may have some improvements to the storage cost, but the
computation time is still high. We will keep this in mind and get back to it in Chapter
4.

Assuming we let the truncation depend on some given accuracy and do not set an upper
bound for the rank in an admissible block, replacing the induced admissibility function
could have a drastic negative influence on the computation time. Suppose we need
a relatively high rank to approximate admissible blocks that are inadmissible in the
induced admissibility function. In that case, we have a high cost for truncation but no
cost advantage due to the low-rank factorization.

Furthermore, we introduce additional inaccuracies in the resulting factors because we
calculate an approximate result, whereas the induced admissibility function computes
an exact one, ignoring all inaccuracies previously accrued.

We will observe this behavior in nearly all our numerical examples. Hence, the induced
admissibility function can also indicate where we could expect high ranks when using
another admissibility function.

3.3.7 The Rectangular Case

As seen in Theorem 3.14, the main problem in calculating a QR decomposition for a
rectangular H-matrix is the row-wise fill-in in Y. The condition mentioned in Theorem
3.14 is satisfied for many H-matrices, so Y no longer has a sufficiently data-sparse
representation as an H-matrix. We can show that the storage cost grows as O((#I —
#J) - #J) in that case. However, to simplify things, we assume that the blocks on the
highest level of the hierarchical partitioning are roughly the same size and the set Pfi’"jak
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(see Assumption D) resembles a stretched diagonal. We formalize this in the following
assumption.

Assumption F Let A € ”H(P;i’f,kA,admA) be an H-matrix. Then the set
Pfi’”ﬁak C P}Liej as defined in Assumption D satisfies the following additional condi-
tion. For

Smin ‘= mi? # U o, Smaz:= max # U o
repP;’ rep;’J
d a'GPILI:<7><7'€PS“"€‘“'C 7 UEPILI:UXTGPc'tTeak
and
tmin = miILl # U T, tmar:= max # U T,
g€P I oceP I
I TGPfJ:UXTEPSt"“eak I TEP;I‘] .o X TEPstreak
we have

max{smaaf tmax} <M

) t —
Smin  Umin

for some M € R.

This assumption is satisfied for the hierarchical partitioning of the rows or columns when
the index sets on the highest level only differ by a fixed factor independent of size #I
or #.J, which is generally the case.

Theorem 3.31 Let Prerequisites A be true, and assume Assumptions D and F are
satisfied. Then the storage cost of Y is bounded below by

Su(Y) > =g - (] — M2 - 47) 4.

2M?2
PRrROOF Let 7 € P}J be fixed. Then all row index sets o that are contained in

U o

UGPILI : oxXTEPStreak
oNo(T)=0

induce rows that are contained entirely in Y. Because the blocks ¢ x 7 that are contained
in Pfi"jak are inadmissible and the conditions of Theorem 3.14 are satisfied, these block
rows consist entirely of inadmissible blocks to the right of o x 7.
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Because #0(7) = #7 < tmaz by construction, there are at least Syin — tmar of those
rows. Hence, the rows together induce at least

(Smin - tma:c) : # U T > (Smin - tmaa:) : Z tmin

N Ly . N Ly .
TEPJ‘]ZT>T ’TEPJJ:T>’7'

matrix entries stored in inadmissible blocks. Summing this over all 7 € Pf" , we get at
least

#P7 (FHPY + Dt
i —tar) - X e > (s — ) LT Dl

Ly . Ly .
TEP] J TEP; S>>

(#P}J + 1)tmin

= (Smin : #PJLJ — tmaz #Pfd)

2
> (5’;\1;93 CHPE M - #PJLJ) #PéJthax
1 J
> (g -0 40) B
:TAZQ-(#I—M2~#J)#J
matrix entries stored in inadmissible blocks in Y. n

If Pf’;’"jak looks similar to a stretched diagonal, then M does not depend on the size of
the matrix. If #7 is large enough compared to #.J to offset the subtraction of M? - #.J,
then the storage cost of Y grows as fast as

O(H#I - #1J).

That means we have no advantage in complexity compared to saving Y as a dense
matrix. This is especially a problem in light of our results in Subsection 2.2.3. The cost
of the entire algorithm can be bounded by the storage cost of all involved factors with
additional constants, so if Y cannot be stored efficiently, the entire QR decomposition
cannot be computed efficiently.

It is thus questionable whether this approach is feasible for rectangular H-matrices sat-
isfying the condition in Theorem 3.14.
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3.4 Implementation in the Software Package H2Lib

We already gave a short, general introduction to the H2Lib in Section 2.4. In this section,
we want to elaborate on some aspects specific to implementing the block Householder
approach for the QR decomposition given by Algorithm 3.8.

There are three main difficulties. First, we need to implement the splitting process
described at the beginning of Section 3.2 without incurring additional and unnecessary
storage costs. Second, we need to efficiently define the induced structure of every H-
matrix we compute during the algorithm.

Third, we also need to compute the update in line 6 of Algorithm 3.9 correctly using
the results from Theorem 3.2 so that the left factor in split admissible block does not
change, and we can recombine them in Y.

The first problem can be solved by creating new hmatrix structs at every step where
a split occurs, but we only use them to refer to already existing hmatrix, amatrix and
rkmatrix objects or their entries. From now on, we will call these objects hmatrix
hulls.

Hence, we create two new hmatrix hulls, one for the left part and one for the right part
after the split. If the original hmatrix points to an rkmatrix, we also need to create
two new rkmatrix objects but let them refer to the entries of the original rkmatrix to
reduce the necessary storage cost. If it points to an amatrix, we do the same and create
two new amatrix objects but refer to the entries of the original amatrix.

Suppose the original hmatrix itself has sons. In that case, we have to carefully look at
their structure and go through the hierarchy until we can either identify left and right
hmatrix objects or we arrive at an amatrix or rkmatrix. In the first case, we assign
all hmatrix objects on the left to the left hmatrix and all the hmatrix objects on the
right to the right hmatrix. In the second case, we use the already explained method to
split amatrix and rkmatrix blocks. This whole process is sketched in Algorithm 3.13.
Assumption A also comes into play because the entire process would still be possible but
far more complicated if we could have more than two column sons.

It is important to note that on our way through the hierarchy, until we perform the
splits, we further build the left and the right hmatrix hull. The depth of the newly
formed hmatrix objects needs to be the same as the depth of their counterparts in the
original hmatrix objects because otherwise the addition and multiplication routines may
not work anymore. We also have to have a clear distinction between which parts of the
structure are newly built for the "new” left and right hmatrix objects and which belong
to the ”original” hmatrix object. Otherwise, we cannot properly delete the hmatrix
hulls after they are not needed anymore.
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Algorithm 3.13: Vertically split H-matrices in H2Lib.

Data: hmatrix struct A with row cluster o and column cluster 7
Result: hmatrix structs Aleft A79" where Al®ft is the left and A7 is the
right part of A
Function: [Al*ft A™9M] = hmatriz_ split(A)
1 Create hmatrix hulls At/ and A9") with 1 column son and as many row
sons as A;

2 if A points to rkmatriz rk then
3 Create 2 empty rkmatrix objects rkleft) pp(right).
4 Let rk(eft) refer to the left part of rk and rk("9") to the right part of rk;
5 Let A(eft) point to rkleft) and Aright) o ¢k (right),
6 else if A points to amatriz am then
7 Create 2 empty amatrix objects am{eft) | qm(right).
8 Let ameft) refer to the left part of am and am("9") to the right part of
am;
9 Let AUft) point to amef®) and Ai9ht) to am(right).
10 else
11 if the column cluster of A has 2 sons 7 and T then
12 for all sons o; of the row cluster of A do
13 Let Afffﬁl refer to As, 7,;
14 Let AL vefer to Ag, r;
15 end
16 else
// The column cluster of A has 1 son.
17 for all sons o; of the row cluster of A do
18 ‘ (Aii{;, A;T}t) = hmatriz_split(Ag, J);
19 end
20 end
21 end

22 return Alert) Alright).

The solution to the second problem of how to implement the induced structure is a bit
more complicated. First, we deal with defining the induced structure of the addition
of two H-matrices. For that, we need a function that creates a new hmatrix or uses
an existing hmatrix object and refines it whenever at least one of the summands has a
finer structure. By multiplication of the factors, any rkmatrix object can be turned into
a new amatrix object, and all necessary splits can be done, as explained above. The
process can be seen in Algorithm 3.14. If we refine an existing hmatrix object, we must
be careful to preserve the existing entries without additional storage or computational
cost.
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The process for the H-matrix multiplication is similar, but there are some differences. We
recall that the block Cy , of H-matrix product C = A- B, where A € H(P} ;, k,adm ),
B e H(P}"Xm k,admp) and C € H(P}L ., k,admc), is given by

Con = Z Agir - Bry,

T€P§

where 0 < ¢ < Lj, and Ly is the depth of the hierarchy of partitionings of J.

Algorithm 3.14: Induced structure for the H-matrix sum in H2Lib.

Data: hmatrix structs A, B and C with row cluster ¢ and column cluster 7
Result: hmatrix struct C' with induced structure of the operation C = A+ B
Function: C = OptStructSum(A, B,C)
1 if A and B point to an rkmatriz then
‘ // Do nothing.

2 else if C points to an amatriz then
‘ // Do nothing.

3 else
4 if A or B point to an amatriz then
5 Create new amatrix am and fill it with the data from C;
6 Let C point to am;
7 else if A points to an rkmatriz then
// B has sons.
8 If necessary, split C' to have as many row and column sons as B;
9 for all sons o; of o and 7; of T do
10 ‘ OptStructSum(A, By, +;, Co; 7;);
11 end
12 else if B points to an rkmatriz then
// A has sons.
13 If necessary, split C' to have as many row and column sons as A;
14 for all sons o; of 0 and 7; of T do
15 ‘ OptStructSum(Aq, +;, B, Cy, 1,);
16 end
17 else
// A and B have sons.
18 If necessary, split C to have as many row and column sons as A and B;
19 for all sons o; of 0 and 7; of T do
20 ‘ OptStructSum(Aq, +;, Bo; ;s Co ;)
21 end
22 end
23 end

24 return C;
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After choosing the correct level ¢, the induced admissibility of Cy , is given by a com-
bination of the admissibilities of the factors A,, and B;,. To be more precise, the
product A - - B, is inadmissible if both A, and B, , are inadmissible, and the sum
Yorc P Ao 7 - B, is inadmissible if one of the summands A, ; - B, in the entire sum is
inadmissible. We formalized this in Theorem 2.31.

Algorithm 3.15: Induced structure for the H-matrix product in H2Lib.

Data: hmatrix structs A with row cluster ¢ and column cluster 7, B with
row cluster 7 and column cluster v and C with row cluster ¢ and
column cluster 7y

Result: hmatrix struct C' with induced structure of the operation C = A- B

Function: C = OptStructProd(A, B, C)

1 if A or B point to an rkmatriz then
‘ // Do nothing.

else if C' points to an amatriz then
‘ // Do nothing.

N

3 else
4 if A and B point to an amatriz then
5 Create new amatrix am and fill it with the data from C
6 Let C point to am;
7 else if A points to an amatriz then
// B has sons.
8 If necessary, split C to have as many column sons as B;
9 for all sons v; of v do
10 ‘ OptStruct Prod(A, By, Co, );
11 end
12 else if B points to an amatriz then
// A has sons.
13 If necessary, split C to have as many row sons as A;
14 for all sons o; of o do
15 ‘ OptStructProd(As, 7, B, Cs, »);
16 end
17 else
// A and B have sons.
18 If necessary, split C' to have as many row sons as A and column sons as
B;
19 for all sons o; of o, 7j of T and 7, of v do
20 ‘ OptStruct Prod(Ag, +;, Br; vs Co; i )5
21 end
22 end
23 end

24 return C;
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Unfortunately, this cannot be used directly in the implementation to define the admissi-
bility of C, . because we have to go recursively through the structures of A and B and
cannot directly access a given block on a given level.

In order to nevertheless define the induced structure of C, we start at the top level of A
and B and go one by one through all products A, - - B, that get added to a given target
block Cy . Then we continue with all other target blocks. Hence, we do not check the
influence of the sum of products all in one but of every product independently.

If either A, . or B;, are low-rank or C, is full rank, we stop because the structure
of C,, will not be changed by adding A, ; - Br,. If both are full rank, we set C,,
to be full rank as well. Things get more convoluted if one or both factors have further
hierarchical structures. If C, is low-rank, we choose the structure that best suits the
structure of A, and B, ,. If Cs, already has a hierarchical structure, we may need
to refine it. The details can be found in Algorithm 3.15. Note that this sketch of the
algorithm simplifies certain aspects. The blocks B, in line 9 and A, ; in line 14 are not
necessarily sons of B or, respectively, A. Hence, an hmatrix hull similar to Algorithm
3.13 may be necessary. Furthermore, additional auxiliary structures may be needed if C'
has more row sons than A or more column sons than B.

The third problem mentioned at the beginning can be solved by adding a case distinction
in line 6 of Algorithm 3.9. We modify the usual H-matrix multiplication routine to
identify blocks Asxr, in the block column Ar.,, that were part of a larger admissible
block in A. As already seen in Theorem 3.2, that means that the neighboring block A;xr,
in Arxr, belongs to the same larger admissible block and we can perform the update only
on the right factor of A, . This does not work if both A« and A,x-, are admissible
but not part of the same larger admissible block. Thus, it is not enough to check whether
neighboring blocks are both admissible. To identify the correct admissible blocks, we
check whether the amatrix object that makes up the left factor of A, references the
same object as the amatrix object that makes up the left factor of Ayxr,.

Another critical aspect of the implementation is that the matrices Y and R together
overwrite the matrix A. Hence, whenever we need to use one of these matrices during
the computation of the entire QR decomposition, e.g. in line 2 of Algorithm 3.9, we need
to extract them from their joint matrix. We cannot copy the required parts because this
would lead to unnecessary storage and computational cost. We reuse the ideas from
Algorithm 3.13 and only create hmatrix hulls that refer to and do not copy the relevant
parts.

We also need some way to remember which parts of the joint matrix belong to ¥ and
which to R. For square matrices, this is obvious; every block below the diagonal belongs
to Y, every block above the diagonal belongs to R, and the diagonal blocks on the highest
level are split diagonally between Y and R. But we are generally not in this situation.
During the application of the algorithm, we have a rectangular block column, and we
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Chapter 3 QR Decomposition for Hierarchical Matrices

still need to identify what belongs to Y and what to R. If the matrix, at the beginning,
was a square matrix, we could find a way to do that using the row and column clusters
rc and cc, but for a rectangular starting matrix, this does not work anymore. We
have to find an alternative. Our solution was to define an auxiliary structure with the
same hierarchy as the original matrix and containing all necessary information. More
about the further intricacies of the implementation can be found in the accompanying
documentation.
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Chapter 4

Numerical Results

In this chapter we will show numerical tests for the Householder-based recursive H-QR
factorization as given in Algorithm 3.8 (with auxiliary Algorithms 3.7, 3.9 and 3.10).
They are based on our own publication [40], where the main focus - aside from presenting
the new approach to the QR decomposition of H-matrices - was exactly this analysis.

We choose the following types of test matrices:

1. H-matrices resulting from a boundary-element discretization of the 2D-Laplacian
and the 3D-Laplacian as described in Section 2.6 (based on the corresponding
example in the H2Lib library [41]).

2. H-matrices occurring in radial basis function (RBF) interpolation problems in
d € {1,2} and approximation problems in d = 1 spatial dimensions. We use the
Gaussian function

with shape parameter ¢ = ¢4 - n¥/?, where n is the number of data points. We use
for d = 1 equidistant points in [0, 1] with ¢; = 0.02 and for d = 2 equidistant points
in [0,1]? with c; = 0.2. For details on RBF interpolation and approximation see
our introduction in Section 2.5 and [53, 26, 82]. We also show tests for H-matrices
with H-block partitions as for the RBF interpolation and approximation matrices
but where all dense blocks as well as the factors U,V in all admissible blocks are
filled with random entries.

3. Randomly filled H-matrices with an X-like block structure of inadmissible blocks
(see Figure 4.1d).

4. Randomly filled, rectangular H,-matrices.
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Figure 4.1. (Square) H-matrices used in our numerical tests: (a) 2D Laplacian, (b)
3D Laplacian, (c¢) 1D RBF interpolation, (d) 2D RBF interpolation, (e) X-like random
matrix.
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We use adaptive cross approximation [9] to convert the (typically) dense matrices in the
above test cases to approximating H-matrices. Typical H-matrix structures for our test
matrices are shown in Figure 4.1.

Definition 2.23 of an H-matrix includes the parameter k, which denotes an upper bound
for the ranks of admissible blocks. Instead of using a fixed rank for all admissible
blocks, we use local adaptive ranks, i.e. for a desired relative accuracy dy € (0,1), each
admissible matrix block B is truncated to By, of rank kp such that it satisfies

| B — Biyll2 < ol Bll2, (4.1)

where the rank kp is given by (oj,j = 1,...,min{m,n}, denote the singular values of
B € R™" and we set Oyinfmn}+1 = 0H01)

kp = min{k € Ny | o411 < dyo1}.

If not noted otherwise, we use the default relative truncation accuracy of d = 10710,
The particular leaf size np, € {40,50,100} (see Definition 2.20) that we are using in
the examples is stated in the respective figure captions.

To evaluate the accuracy and orthogonality of the computed QR factors, we approxi-
mate

€approx = HA - QRHZ and Corth = ||QTQ - I||2 (42)

by the square root of the eigenvalue approximation obtained by 20 steps of the power
iteration applied to the matrix (A—QR)*(A—QR) (or (QTQ—1)*(QTQ—1I), respectively.
Using more than 20 steps did not change the results in a significant way.

We compare the proposed Householder QR algorithm in H-arithmetic to the following
alternative QR algorithms:

e a Householder QR algorithm in H-arithmetic using the explicit T" instead of its
reduced form T,

o a Householder QR algorithm in standard (dense) arithmetic applied to the dense
version of the original matrix,

o a Gram-Schmidt version for H-matrices [10] as described in Subsection 3.1.2 (in
[10], the QR decomposition based on Gram-Schmidt was generally seen as superior
to the Cholesky-based QR decomposition described in Subsection 3.1.1 and to the
variant based on the orthogonalization of an LU decomposition, which we described
in Subsection 3.1.3 and do not test here),

o a Cholesky-based H-QR decomposition [66] as described in Subsection 3.1.1 (only
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Chapter 4 Numerical Results

applied to the the BEM and the random -matrices due to the high condition
number of the RBF H-matrices).

Using the induced admissibility function leads to new H-matrix structures in Y, R
and T representing the QR factors. In order to assess the effect of using this adaptive
structure, we perform all numerical tests twice: once using the H-block structure of A
also for the matrices Y, T, R (as well as for the auxiliary matrices S; and Sy in Algorithm
3.9), and once using the induced admissibility function to determine H-structures for all
computed matrices. In all subsequent figures, the results obtained using the adaptive
structure are plotted as solid lines, whereas results obtained using the fixed (original)
‘H-matrix structure are plotted as dashed lines.

The algorithms are implemented as an extension to the H2Lib library [41]. Some rou-
tines, e. g. those for the multiplication and addition of H-matrices, had to be rewritten
in order to adjust H-block structures “on the fly” to be consistent with the induced ad-
missibility function. Furthermore, new (matrix-matrix) multiplication routines had to
be added to incorporate the multiplication with 7" when only its reduced representation
T is known (see Remark 2.16 and the corresponding Algorithms 3.11 and 3.12). All
algorithms use calls to BLAS and LAPACK in the OpenBLAS implementation to effi-
ciently compute the basic dense operations. In particular, we use the LAPACK routine
GEQRT?2 to compute the (dense) QR decomposition at the start of the recursion in the
Householder QR Algorithm 3.7 (line 10). The computations were done on one core of
an i5-6600K CPU with 3.50 GHz and sufficient RAM to store all used matrices.

We will use the Landau notation to state computational and storage complexities that
we deduce from our numerical experiments. For better readability, we do not show all
plots for all examples if they do not offer any new insights.

4.1 Square Matrices

4.1.1 2D Laplace Operator

In Figure 4.2, we show the H-matrix structures for the matrices T,Y and R that repre-
sent the QR factors of a 2D Laplacian matrix computed by the proposed Householder
QR algorithm when using the adaptive H-matrix structure ((a) and (b)) as well as when
using the original H-matrix structure ((c) and (d)). Inadmissible blocks are marked
in red, whereas admissible blocks show the rank of the factored representation in this
block. The induced admissibility function leads to a finer subdivision but still exhibits
larger off-diagonal admissible blocks, which indicates that the underlying matrix data
is amenable for an H-matrix representation. More rigorous analyses for the storage
requirements of the involved matrices will follow in Figure 4.4.
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Figure 4.2. QR factors of the 2800 x 2800 Laplacian H-matrix A shown in Figure 4.1(a).
(a), (b) show Y, R, T with the adaptive H-matrix structure, (c), (d) show Y, R, T with
the fixed (original) H-matrix structure of A.

In Figure 4.3, we compare various QR algorithms with respect to their computational
time as well as their accuracy and orthogonality (4.2) of the computed QR factors. In
the top left plot, we see that all H-QR algorithms have a lower computational complexity
than the computation in exact (dense) arithmetic, which is O(n3). In this example, using
the adaptive H-matrix structure typically leads to larger computational times than using
the original H-matrix structure. A possible explanation is that the induced admissibility
function may lead to a refinement of a large block that is admissible in the original H-
matrix into many small (admissible and inadmissible) subblocks such that instead of
generating computational savings, one actually increases the computational time and
storage requirements. This seems to be more pronounced for the Gram-Schmidt and
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the Cholesky QR algorithms, which both compute an H-matrix approximation to the
orthogonal factor () in explicit form.
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Figure 4.3. Computational time, accuracy and orthogonality for the QR factorization
of 2D Laplacian H-matrices (with n,,;, = 50, truncation accuracy dy = 10_10). Contin-
uous lines show results for the adaptive H-matrix structure, dashed lines for the fixed
(original) H-matrix structure.

The Householder version with the reduced T is the fastest method (and in particular
always faster than the one with the explicit 7"). In the top right plot, we show compu-
tational times scaled by their presumed complexity (and scaled by constants such that
all lines end in 1). We conclude that the computational complexities of the H-QR al-
gorithms lie between O(nInn) (Householder (7)) with original H-structure) and O(n?)
(Gram-Schmidt with adaptive H-matrix structure).

The bottom left plot shows the accuracy of the QR factors. Since we use adaptive
ranks with oy = 10710 (4.1) in our H-arithmetic, we are satisfied that the Householder
(T, T) methods have an accuracy of O(107%). The Gram-Schmidt and Cholesky QR
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Figure 4.4. Storage requirements of the QR factors of 2D Laplacian H-matrices (with
Nmin = 50, truncation accuracy dy = 107'0). Continuous lines show results for the
adaptive H-matrix structure, dashed lines for the fixed (original) H-matrix structure.
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methods even have an accuracy of O(1071%). We cannot offer an explanation of why it
is substantially lower and even decreases with increasing matrix size. This behavior is
not repeated for our other test matrices.

The orthogonality (bottom right) shows a different picture: The Householder (7,7
QR factors retain their orthogonality for an increase in matrix size, whereas the Gram-
Schmidt and Cholesky QR factorizations are less stable. In Figure 4.5, we will analyze
in more detail the effect of the relative accuracy dy of the H-arithmetic on the accuracy
and orthogonality of the QR factors.

In Figure 4.4, we analyze the storage requirements for the QR factors resulting from the
different algorithms. The results are qualitatively analogous to those for computational
times: Shown on the left, all H-matrix QR algorithms require less storage than using
dense matrices, the original H-structure is preferable over the adaptive H-matrix struc-
ture, and lowest storage cost are achieved for the Householder version with the reduced
matrix 7. On the right, we show the storage costs of the individual matrices Y, T, R of
the Householder (T') algorithm. We do not show our plots where storage is scaled by the
presumed complexity but only summarize our findings: Using the original H-structure,
the storage complexities are O(nIn?n), and using the adaptive H-matrix structure for
Gram-Schmidt or Cholesky-QR increases the storage complexity to about O(n'?®).

In Figure 4.5, we show the effect of the adaptive H-accuracy dx on the computational
time as well as the accuracy and orthogonality of the QR factors for a matrix of fixed size.
The increase in computational time, as dy decreases from 10~* down to 10719, appears
to be moderate compared to the benefits with respect to accuracy and orthogonality.
For truncation accuracies larger than 1079, Cholesky QR suffers from breakdowns. We
have not included the plot for storage requirements, since it is qualitatively analogous
to the (left) plot for computational time.

Interestingly, the 2D Laplace matrix does not satisfy the conditions from Subsection
3.3.2 and, as can be seen in Figure 4.2, does not exhibit the increase in inadmissible
blocks in Y as described in Theorem 3.14. Hence, although the H-matrix bandwidth is
high, a QR decomposition can be computed efficiently.

4.1.2 3D Laplace Operator

In this section we present numerical results for the QR factorization of 3D boundary
element Laplacian H-matrices. Different to the results for the 2D case, we observe
a strong increase in inadmissible blocks in the resulting QR factors when using the
adaptive instead of the original structure in the block Householder approach. Figure 4.6
shows the resulting H-matrices of the QR factorization for adaptive as well as original
‘H-matrix structures. For higher truncation accuracies this implies (very) high ranks in
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many of the admissible blocks of the original structure. Both the Gram-Schmidt and
the Cholesky QR approach offer no relief in this regard as they suffer from the same
problems.
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Figure 4.6. QR factors of the 3000 x 3000 3D Laplacian H-matrix A shown in Figure
4.1(c). (a), (b) show Y, R, T with the adaptive H-matrix structure, (c), (d) show Y, R, T
with the fixed (original) H-matrix structure of A. Different to the other examples we
use a truncation accuracy of dz = 1074,

Figure 4.7 shows the computational time as well as the residual and orthononality of
the computed QR factors. In these tests we used the truncation accuracy dy = 107%
(compared to 6; = 10719 in all other experiments), which appeared to be a good com-
promise between computational work and obtained accuracy. In the left plot, the slopes
of the lines for results using the H-QR factorizations appear to be smaller that the slope
of the line representing the dense QR factorization, indicating a lower computational
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3D Laplacian H-matrices (with njes = 40, truncation accuracy 63, = 10~%). Continuous
lines show results for the adaptive H-matrix structure, dashed lines for the fixed (original)
‘H-matrix structure.

complexity than O(n?) for the H-variants.

In Figure 4.8, we show results for a matrix of fixed size but with varying truncation
accuracy dy4. An interesting observation is that for truncation accuracies dy > 1078
using the original H-structure (shown in dashed lines) leads to higher computational
times (left plot) but lower storage costs (bottom plot). This may be explained by the
computation of dense blocks as intermediate results, which are truncated to low rank
format only in the end. In this case, using improvements for the H-matrix products as
developed in [22] could possibly lead to faster computational times.

Otherwise, the results are as expected. The Cholesky QR approach fails for a truncation
accuracy of 1072 because due to the low accuracy, the arising matrices are no longer
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positive definite.
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orthogonality and storage, illustrated for a 8000 x 8000 3D Laplacian H-matrix with
leaf size 40. Continuous lines show results for the adaptive H-matrix structure, dashed
lines for the fixed (original) H-matrix structure.

4.1.3 1D RBF Interpolation

In this section, we show numerical results for the QR factorization of matrices that
arise in 1D RBF interpolation. While this may appear as a toy problem, there are
some interesting observations that we wish to report. We begin with Figure 4.9, which
shows the resulting #-matrix structures for the matrices Y, R and T representing the QR
factors. For this matrix, there are only some minor differences between those obtained for
the adaptive H-matrix structure and those in the fixed H-matrix structure. In particular,
in (a) we see four inadmissible blocks per block row on the finest level, whereas in (c)
there are only three.
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(¢) Y and R. (d)T.

Figure 4.9. QR factors of the 1000 x 1000 1D RBF interpolation H-matrix shown in
Figure 4.1(b). (a), (b) show Y, R, T with the adaptive H-matrix structure, (c), (d) show
Y, R, T with the fixed (original) H-matrix structure.

In Figure 4.10, we show numerical results for the computational time, accuracy and
orthogonality of the QR factors obtained with different QR algorithms. We see that the
Householder (T') algorithm is the fastest and still obtains the best results for accuracy
and orthogonality among the H-matrix QR algorithms. In fact, the factor Q computed
by Gram-Schmidt is no longer orthogonal. There are no results shown for the Cholesky-
QR since the Cholesky factorization failed (the RBF matrix is highly ill-conditioned).
The complexity of the Householder based algorithms appears to be O(n In* n). We do
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not include plots for the storage requirements, since they are qualitatively analogous
to the computational timings. Numerical tests for different adaptive H-accuracies, also
not shown here, were qualitatively similar to the ones for the Laplace problem shown in
Figure 4.5.
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Figure 4.10. Computational time, accuracy and orthogonality for the QR factorization of

1D RBF interpolation H-matrices (with n,,:;, = 100, truncation accuracy dy = 10710).

Continuous lines show results for the adaptive H-matrix structure, dashed lines for the

fixed (original) H-matrix structure.

We now keep the H-matrix structure of the 1D RBF interpolation problem but fill the
matrix (i.e. its inadmissible subblocks and the low rank factors in admissible blocks)
with random data. The resulting QR factors are shown in Figure 4.11. The main
difference to the QR factors for an actual RBF interpolation matrix as shown in Figure
4.9 lies in the now much larger ranks in admissible blocks of the original H-structure in
the second upper off-diagonal block row of the matrix R shown by solid green blocks in
Figure 4.11(c). In the adaptive H-matrix structure, these blocks had been marked as
inadmissible, and given their high ranks shown in (c), a treatment as admissible blocks
is not efficient.
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(¢) Y and R. (d)T.

Figure 4.11. QR factors of the randomized 1000 x 1000 1D RBF interpolation H-matrix
shown in Figure 4.1(b). (a), (b) show Y, R, T with the adaptive H-matrix structure, (c),
(d) show Y, R, T with the fixed (original) H-matrix structure.

This is also reflected in Figure 4.12, which shows the computational time for the com-
putation of the QR factors, their accuracy and orthogonality for the different QR algo-
rithms applied to this matrix. Here, using the adaptive H-matrix structure leads to a
lower computational time for the Householder (T') and Gram-Schmidt algorithms, with
the Householder (T') algorithm being the fastest one with computational complexity
O(n''7). Results for storage requirements (not shown here) are qualitatively analogous

to those for the computational time. The Householder (T') also yields the best results
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4.1 Square Matrices

among the H-matrix algorithms with respect to accuracy and orthogonality. Both the
Gram-Schmidt and Cholesky QR algorithms compute QR factors whose accuracy and
orthogonality deteriorate with increasing matrix size, Cholesky QR being worse than
Gram-Schmidt. However, they no longer fail entirely as they did for the 1D RBF inter-
polation matrix due to its high condition number (see Figure 4.10).
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Figure 4.12. Computational time, accuracy and orthogonality for the QR factorization
of randomized 1D RBF interpolation H-matrices (with n,,;, = 100, truncation accuracy
63 = 10719). Continuous lines show results for the adaptive H-matrix structure, dashed
lines for the fixed (original) H-matrix structure.

Different to the 2D Laplace case, this time, both the RBF interpolation matrix and
its randomized version satisfy the conditions from the relevant Theorems in Subsection
3.3.2. However, due to the small H-matrix bandwidth, this does not have a negative
influence on the performance of the block Householder approach. However, it explains
why the block Householder approach that uses the unreduced form 7' performs so much
worse. The induced admissibility function of T' contains only inadmissible blocks above
the diagonal.
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Furthermore, also the conditions of Theorem 3.18 are satisfied, which explains the very
poor performance of the Gram-Schmidt and Cholesky QR approach that tracks the
induced admissibility. @ also consists of only inadmissible blocks above the diagonal.

2| 4 108 IR
als

2 14
4|6

2| 4|6 oo |86 T

2|4 |6|8|10]12f
4|6

2 14
4|6

(c) Y and R. (d) T

Figure 4.13. QR factors of the 6400 x 6400 2D RBF interpolation H-matrix shown in
Figure 4.1(c). (a), (b) show Y, R, T with the adaptive H-matrix structure, (c), (d) show
Y, R, T with the fixed (original) H-matrix structure.
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4.1.4 2D RBF Interpolation

In this subsection, we show numerical results for H-QR algorithms applied to matrices
from 2D RBF interpolation problems. In Figure 4.13, we display the resulting H-matrix
structures. While using the adaptive H-matrix structure leads to many inadmissible
blocks that grow from the diagonal into the off-diagonal blocks, using the original H-
matrix leads to rather high ranks. Both observations indicate that the matrices R
and T are less suitable to be approximated in H-matrix format and the computational
complexity is expected to become worse than in the previous examples.
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Figure 4.14. Computational time, accuracy and orthogonality for the QR factorization
of 2D RBF interpolation H-matrices (with 7,,, = 40, truncation accuracy 3, = 10710).
Continuous lines show results for the adaptive H-matrix structure, dashed lines for the
fixed (original) H-matrix structure.

This reflects our theoretical results. The 2D RBF interpolation matrices satisfy the con-

ditions in Subsection 3.3.2 and simultaneously have a rather large H-matrix bandwidth.
Hence, the factors in the QR decomposition likely do not allow for a good H-matrix
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approximation.
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Figure 4.15. Random 8000 x 8000 X-like H-matrix shown in Figure (a). (b), (c) show
Y, R, T after computation by the block Householder approach.

Figure 4.14 shows the computational times to compute the QR factorization with differ-
ent algorithms as well as the respective accuracy and orthogonality of the computed QR
factors. In this example, using the induced admissibility function is faster than using
the original H-matrix structure. The computational complexity for the H-algorithms
using the original H-matrix structure appears to be around O(n?), whereas the com-
plexity using the induced admissibility appears to be even higher. Results for accuracy
and orthogonality confirm stability for the Householder (T,T) algorithms, whereas the

190



4.2 Rectangular Matrices

Gram-Schmidt algorithm fails to compute an orthogonal matrix Q.

We do not show plots for storage requirements, since they are qualitatively analogous to
the computational times. Among the matrices Y, T and R representing the QR factors in
the Householder algorithm, the matrix R requires most of the storage and Y the least.

As for the 1D RBF interpolation matrices, we have repeated our numerical tests for
matrices that have the H-matrix structures of the 2D RBF interpolation matrices but
are now filled with random data. We do not present those results here but just report
that they did not differ in any significant way from those using actual interpolation
matrices. Our conclusion is that the QR factors of the 2D RBF interpolation matrix
do not benefit from any additional structure intrinsic to the data of the interpolation
problem (other than given by the H-matrix structure).

4.1.5 Randomly Filled Hierarchical Matrix with X-like Structure

We repeat our analysis for a matrix where the inadmissible blocks form an X and all
entries are filled with random values. An example is shown in Figure 4.15. Different
to all other examples, we do not differentiate between using the fixed (original) and
the induced H-matrix structure because they both produce the same structure in the
resulting QR factors for all our methods.

As can be seen in Figure 4.16, all examined methods can compute a QR decomposition
in about the same time, but the quality of the block Householder result is superior.

4.2 Rectangular Matrices

In this section we test the computation of the QR decomposition for rectangular H-
matrices. There are some differences to the square case. The factor Y is no longer
a simple lower triangular matrix but a permuted lower trapezoidal matrix, where the
majority of the rows have only non-zero entries. That means most of the matrix blocks
above the diagonal in the combined Y, R matrix actually belong to Y and not R. See
Figure 3.3 from Subsection 2.2.1 for an illustration. Furthermore, we do not have an
original structure available for the factor T, which is always a square matrix, where the
number of rows and columns is given by the number of columns of the original matrix.
In our upcoming examples, we choose the adaptive structure for 7 in both the version
of the Householder algorithms that uses the fixed (original) structure for Y and R as
well as the one that uses adaptive structure for Y and R.

If our rectangular matrix consists of (only some) block columns of our square matrices
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Figure 4.16. Computational time, accuracy and orthogonality for the QR factorization
of X-like structured random H-matrices (with 7,,;,, = 100, truncation accuracy oy =
10710).

from the previous subsections, we do not expect any further complications, at least for
our block Householder approach. Due to the iterative nature of the algorithm that makes
use of vertical splits, we indirectly tested this problem already in the previous section,
and we omit to do it again. We will concentrate on rectangular H-matrices, where the
dense blocks are not only located in some of the block rows but in all of them. Hence, we
expect certain complications regarding the efficiency of the calculations. See Subsection
3.3.7 for an overview of the possible problems.

4.2.1 Random H,-Matrices

As our first example involving rectangular H-matrices, we compute the QR decompo-
sition of rectangular H,-matrices with random values. See Definition 2.51 for a formal
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definition of square H,-matrices and the subsequent comments about a rectangular ver-
sion. Similar to the situation in Subsection 4.1.5, we do not differentiate between using
the fixed (original) and the adaptive H-matrix structure because both result in the same
structure for the QR factors.

This example was already mentioned in [60] but not explicitly computed. An illustration
of such an H-matrix can be seen in Figure 4.17.

Our numerical results show that both the block Householder approach and the Gram-
Schmidt approach efficiently compute a QR decomposition of the given matrix. Inter-
estingly, Gram-Schmidt produces a @ that is closer to an orthogonal matrix than the
block Householder approach and is faster.

(a) Original. (b)Y and R. (c)T.

Figure 4.17. Random 2560 x 640 H,-matrix shown in Figure (a). (b), (c) show Y, R, T
after computation by the block Householder approach.
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Figure 4.18. Computational time, accuracy and orthogonality for the QR factorization of
randomized rectangular H,-matrices (with 7, = 40, truncation accuracy dy = 10719).

4.2.2 1D RBF Approximation

The 1D RBF approximation matrix is our first rectangular example where using the
adaptive structure actually changes the H-matrices.

The induced admissibility function predicts many inadmissible matrix blocks in the non-
zero rows of Y, which reduces the overall advantage over the dense case. Simply using
the original admissibility reduces the number of dense blocks that appear in the result,
although we do not see any improvement in computation time, as the full matrix blocks
are computed first and then truncated. But this problem could be solved with another
‘H-matrix multiplication technique, as can be seen in [22].

These observations are in line with our theoretical results from Subsections 3.3.2 and
3.3.7. Gram-Schmidt is faster than the block Householder approach, but this is mainly
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Figure 4.19. QR factors of the 5120 x 1280 1D RBF approximation H-matrix. (a) shows
the original matrix, (b), (d) show Y, R, T using the induced admissibility, (c), (e) show
Y, R, T using the original H-block structure of A.
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Figure 4.20. Computational time, accuracy and orthogonality for the QR factorization of
1D RBF approximation H-matrices (with n,,:, = 40, truncation accuracy dx = 10~10).
Continuous lines show results for the induced admissibility function, dashed lines for
reusing the original H-structure.

because the ranks in the resulting admissible blocks are relatively low due to the insta-
bility of the algorithm, and this goes hand in hand with a ) that is not orthogonal.
Hence, the advantage in computation time comes at the expense of a poor result.

Keeping the structure and filling it with random entries, we, as Figure 4.22 shows, achieve
results similar to the case of the 1D RBF interpolation. We can see that the ranks of
the matrix blocks that are admissible in the fixed (original) structure, but inadmissible
in the adapted structure, are much higher for the random matrix than for the RBF
matrix. This is again due to inadmissible matrix blocks in the original RBF matrix that
numerically do not have a full rank.

The Gram-Schmidt approach produces a much more orthogonal matrix ) than for the
RBF case, which was to be expected and is consistent with the results from our RBF
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Figure 4.21. QR factors of a randomized 5120 x 1280 1D RBF approximation H-matrix.
(a) shows the original matrix, (b), (d) show Y, R, T using the induced admissibility, (c),
(e) show Y, R, T using the original H-block structure of A.
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interpolation examples. However, there is no longer a cost advantage over the block
Householder approach, and the block Householder approach produces a QR decomposi-
tion that more accurately replicates the original matrix.
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Figure 4.22. Computational time, accuracy and orthogonality for the QR factorization of
randomized 2D RBF approximation H-matrices (with 7, = 40, truncation accuracy
63 = 10719). Continuous lines show results for the induced admissibility function,
dashed lines for reusing the original H-structure.

4.3 Summary

As shown by our numerical results, the newly developed method based on a Householder
approach has certain advantages over the existing methods, especially in terms of or-
thogonality and computational times. For H-matrices, it is generally the fastest method
available and is the only H-matrix method that provides a useful QR decomposition for
the poorly conditioned RBF kernel matrices. The results thus reflect the situation of
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the dense case, where a Householder approach allows for the stable computation of a
QR decomposition.

In some cases, there are differences between the fixed H-matrix structure and the adap-
tive H-matrix structure versions of the algorithms, but for the block Householder algo-
rithm, the two versions are generally comparable. For Cholesky QR and Gram-Schmidt
this is different because the matrix ) has significantly more inadmissible blocks, which
leads to more storage and computational cost.

Reducing the truncation accuracy reduces the computation time only moderately but
drastically worsens the resulting QR decomposition.

While our proposed algorithm with @ in factored form and reduced form T is an im-
provement over the other algorithms from the literature that we used for comparison,
it does not exhibit near-optimal complexity O(nlog®n). The reason for this is that
even if the original matrix can be approximated well as a H-matrix, the same is not
necessarily true for its QR factors. This is the case for the matrix resulting from the 2D
RBF interpolation problem. For the block Householder approach, there is still a slight
advantage in computation time compared to the exact (dense) factorization, but this
may not be enough to justify the construction of the H-matrix in the first place. The
resulting factors in the 2D RBF case either consist of many inadmissible matrix blocks
when the induced admissibility function is chosen or of many admissible matrix blocks
with high ranks when the original matrix structure is used.

This is even more pronounced for the 1D RBF approximation problem. For the respective
matrix from 1D RBF interpolation, we do not observe the emergence of many additional
inadmissible blocks. Applying the QR algorithm to the rectangular 1D approximation
matrices, however, leads to a large increase of inadmissible blocks in factor Y. This
corroborates our theoretical results from Subsection 3.3.7.

In general, however, the block Householder approach is an improvement over the other

presented methods since the hierarchical structures in Y and T suffer from less fill-in
than the explicit @) in our examples.
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Chapter 5

Induced Admissibility for the
H-LU Decomposition

Our numerical results for the QR decomposition showed that using the induced admis-
sibility function instead of simply reusing the original structure is beneficial in certain
situations. This approach may also offer advantages when applied to other H-matrix
decompositions such as the LU decomposition or, more generally, to all operations on
H-matrices. We want to test this hypothesis for the LU decomposition using the al-
gorithm first presented in [7], which is based on the following observation. Assume we
have a two-by-two block representation of the (square) matrix A € R™™™ and its LU
decomposition given by

A Az _ (Ln (U Uz

Ag1 Ag Loy Lo Ua
with A1, L11, U € R™X™M 0 Ay, Uig € R™MX™2 Ay, Loy € R™X™M | Aoy, Lo, Upy €
R"2%"2 with nq + ng = n. This can be rewritten as

A1 = L11Uny,
A2 = L11Uso,
A1 = Lo1Uny,

Ao — Lo1Uyg = LooUss.

Hence, L1 and Uj; can be computed recursively by the LU decomposition of Ajj.
This result can subsequently be used to find Ujo and L9y by forward and backward
substitution, respectively. Finally, Lo and Usy can be (again recursively) computed by
the LU decomposition of Ass — Lo1Uis. This is formalized in Algorithm 5.1 for the LU
decomposition itself, Algorithm 3.3 for the backward substitution and Algorithm 3.2 for
the forward substitution. The latter two were already relevant for the Cholesky QR
decomposition in Subsection 3.1.1 and are shown there. Apart from indirect changes
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due to calls to other functions, the use of the induced admissibility function is relevant
in line 8 of the Algorithm 5.1 and lines 7, 8 and 13 of the Algorithms 3.2 and 3.3.
In all these cases, the arithmetic operation in the argument causes possible changes to
the hierarchical structure. In Algorithm 5.1, for example, the admissibility function of
the result of Ay, 5, — Loy,oy - Usy 0o has to be adapted before its LU decomposition is
computed. The situation is similar in the respective lines of Algorithms 3.2 and 3.3.

Algorithm 5.1: LU decomposition for H-matrices.

Data: H-matrix A € H(P;i’?, ka,admy)
Result: Lower triangular H-matrix L € H(P;i’]L, kr,admpy) and upper
triangular H-matrix U € ’H(P;'i’?, ky,admy) with A=L-U
Function: [L,U] = HLU(A)
if there are no o1,09 € P}”e” with 01 Noe =0 and 01 Uog = o then
‘ Compute the dense LU decomposition L - U = A with L € R™", U € R™"™,;
else
Find 01,09 € P}”er with o1 Noy =0 and o1 U 09 = 0
(L01701> U01701) = HLU(ACH,CH);
// Solve As oy = Lo oy - Usyon Tor Us o,
6 Usi oo = HFWSUb(Lo, 615 Aoy 00);
// Solve Asy o1 = Loyoy - Usy oy 0T Loy, -
Lyy o, = HBwSub(Uy, o1, Agy 01 );
(LU27027 UU2,U2) - HLU(AU2,U2 - LU2,U1 : U01702);

9 Set L = [L‘”’Ul } and U = [U‘Tlm UUI,O'Q:|;

LU210'1 L0'270'2 U02702

[S.T" NI U SR

10 end
11 return L, U;

In the following, we will analyze the application of the induced admissibility function
to the LU decomposition in a similar way as before. First, we derive a partially in-
duced admissibility function similar to our considerations in Subsection 3.3.1. Then we
provide some simple numerical examples to show that cost and accuracy improvements
can be made to the LU decomposition when the induced admissibility function is used
throughout the algorithm.

5.1 Partially Induced Admissibility Function

To simplify the proofs, we only consider square and structurally symmetric H-matrices.
In the case of an H-matrix A that is not structurally symmetric, one could use the
induced structure of A+ A7 to get an upper bound on the induced admissibility function
of A. Furthermore, we assume that every block in the hierarchical block partitioning
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of A has no sons or four sons. The proofs can be transferred to matrices that do not
satisfy the latter assumption, but it is less cumbersome to read it this way, and the LU
decomposition is not our primary focus.

First, we need to analyze the forward and backward substitution.

Theorem 5.1 (Forward Substitution) Let there be the following H-matrices: A €
H(P;i’?,k:A,admA), B e H(P;i’?,kB,ade) and L € H(P;{X’IL,/CL,admL), where L is
lower triangular. If B satisfies

L-B=A

and the admissibility function of B is induced by the H-matrix arithmetics used in the
computation of B by Algorithm 3.2, then we have for o x T

admp(o X 1) > H adma(o X 7).
%EPIZEUBZ(T)

7<T

PrROOF We start with the first statement. If A is an H-matrix of depth 0, then L
is inadmissible because it is a lower triangular matrix. Hence, the admissibility of B
is given by the admissibility of A. Because there is only one block in every row and
column, we have the statement.

Assume that the statement is true for all H-matrices with depth £ and 0 < k < /. We
show that it is also true for any H-matrix A € ?-[(P;i’f]‘, ka,adm,) with depth ¢. Let
Oleft and opigne denote the non-trivial descendants of I so that ojept U 0pigne = I and
Oleft < Oright hold. Furthermore, assume that there are also non-trivial descendants of
J Tiepr and Tpigne With 7eps U Trigne = I and 7epr < Tright, meaning we are in the first
case of the inner case distinction in Algorithm 3.2. The statement is true for both blocks
in the first block row and all blocks they contain because they are matrices of depth at
most £ — 1. We only need to check both blocks in the second block row. We begin with
the first block. Set

S=A . B

Oright,Tleft + Lo'v'ightvo'left Oleft Tleft"

with S € H(PH’S ks,admg). Let admg be induced by the corresponding H-

Oright XTleft’
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. . . o . hi
matrix arithmetics. Then we have, by definition, for all ¢ x 7 € PU:ZThtXTle 1
admg(o x 7) = adma(o x 7) + H (admp (o x 6) +admp(d x 7))
OA_EPILm/ax(UYTVI)
&Co'left
> adma(o x 1) + H (admp (o x 6) +adm’’ (6 x 7))
~ LM% (5 7.1)
GeP;
6’CO’left
>admy(o x 7) + H admgw(al"‘f“m‘”)(& X T)
gepf" o)
6C0left
= admy(o x 7) + I adwi®( x).
gept™ @D
6COoeft

S has by construction a depth less than . We replace the admissibility function admg
by its just derived lower bound and then apply our statement, which by assumption is

true for H-matrices with depth less than ¢. Hence, we have for all o x 7 € P;fgmxneﬁ

admp(o x 7) > 11 admy (o x 7) + I adwi®@x7)

~ L™ (o 1,J) ~ L™ (5 7,1)
TEP; GeP;

FC'T-'right’FST é'Co'left

= H admy (o x &)

sep} @7

6<T

and thus our statement is true for By, ., 0., Repeating our argument for the block
Bo,igni,ovigne @nd the case where 7 does not have any descendants, finishes our proof. m

A similar statement for the backward substitution is also true.

Theorem 5.2 (Backward Substitution) Let there be the following H-matrices: A €
H(PI ka, adma), B € H(PIY kg, admp) and U € H(PILY ky, admyy), where U s
upper triangular. If B satisfies

B-U=A

and the admissibility function of B is induced by the H-matrix arithmetics used in the
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5.1 Partially Induced Admissibility Function

computation of B by Algorithm 3.3, then we have for T x o’ € P}Lie}"

admp(o x o’) > H adma(é - o).

level(o)

seP;
6<o’
Proor We apply Theorem 5.1 to
(B-U)' =AT & UT.BT = AT, .

Now we can make a statement about the LU decomposition. The proof itself is similar to
the one before. The main difference is that not only the forward substitution is involved,
and we restrict ourselves to square matrices at the beginning.

Theorem 5.3 Let A € H(P;i’}q, ka, adma) be an H-matriz and its structure is symmet-
ric, meaning

adma(o x o') = adma (o’ x o)

forall 0,0’ € PIhi” with o X o’ € Plhfff. Let A have an LU decomposition given by lower
triangular L € H(P;i’f, kr,admp) and upper triangular U € ’H(P;-i’?,k[], admyr). Let
the admissibility functions of L and U be induced by the H-matriz arithmetic used in
their computation in Algorithm 5.1. Let 0,0’ € PN with 0 x o/ € PM. If o < o,
then it holds that

admy (o x o) > H adma(o X &)
&EPIIC’UCl(O',)

<o’
= adm%’ (o x o)
and if o > o', then it holds that
admy (o x o’) > H admy (6 X o)
a_EIDIle'uel(a)
<o

= adm’}’ (o x o).

PrROOF The diagonal elements of L and U are inadmissible by construction, and the
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same is true for A itself by assumption. Thus, we have for L

admp (o x o) = False

= False - H admy (o x &)

&EP}evel(a)
<o
=admy(o x 0) - H admy (o x &)
&EPlevel(U)

I
<o
=adm%’(c x o)
and for U

admy (o x o) = False

= False - H admy (6 X o)

6_€P}evel(a)
6<o
=admy(o x o) - H admy (6 X o)
a_ep}evel(a)

<o

=adm’y (o X o).

The statement is thus true for all diagonal blocks that are not changed before computing
their LU decomposition during the algorithm. Furthermore, the statement is true for
matrices with depth 0 because it is only one diagonal block. Assume that the statement
is true for all H-matrices with depth & and 0 < k < £. We show that it is also true for
any H-matrix with depth ¢. Let oj.f; and 0,445+ denote the non-trivial descendants of I
so that ojept U 0pigne = I and oyt < 0pignt hold.

For the upper left diagonal element ojcp; X 0jcfe, the statement is true because it is a
matrix of depth ¢—1 and does not get changed before its LU decomposition is recursively
computed. With Theorem 5.1, the statement is also true for the off-diagonal blocks
Oleft X Opright and Opight X Olefs, Which are also at most of depth £ — 1. Now let us
check the bottom diagonal block oright X oright- We need to show the statement for all
oxo € Plhief with C opight X Oright- Set

S = AUTight:U'r'ight + Lar‘ight’o'left : Ualeft707'ightxc
with S € H(PH’S ks,admg). Let admg be induced by the corresponding H-

Oright XOright’
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matrix arithmetics. Then we have by definition

admg(o x 0') = adma(o x o) +

I1

~ L™ (5 6! 1)
GeP;

5CUleft

(admy (o x 6) +adma(o’ x 6)) .

S is of depth smaller than ¢, so our statement is true and we have for L with o > ¢’

admp (o x o') >

[I

- Lmu‘z(o‘,a/,I)

ocry
aCo'm'ght 7E§0J

v

[1

Lmaa: (0_70_/ 7[)

FeP}
&Caright :5S0J

II

geprle?
<o’

and for U with ¢ < ¢’

[I

mazx (U,U’,I)

Fep;
5C0—T’Lght :5SU

admy (o x o) >

>

[]

max (U,U’,I)

Fep!
aCo"right 75§0'/

sepr@?

6<o’

admy (o x o) + H

sept(@?
&CUleft

admy (o x 7) + H
sepr(@?
&Coleft

admy (o X )

admy (o x o’) + H
seprle?
&Caleft

admy (o x o’) + H

sep!
6COleft

H admy (6 x o’)

(adma(o x &) + adma (o x §))

admg (o X 7)

(admy (¢ x 6) + adma (o’ x 6))

admy (o’ x &)

L(c',5)

As in the case of the QR decomposition, one could ask under what circumstances these
admissibility functions are fully induced and not only partially induced. We will not
formalize this here, but we will see in the next section that the partially induced admis-
sibility function developed here is fully induced in our numerical example.
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5.2 Numerical Results
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Figure 5.1. LU decomposition of a randomized 10000 x 10000 2D RBF interpolation
‘H-matrix. (a) shows the original matrix, (b) shows the LU factors with the adaptive
‘H-matrix structure, (c) shows the factors with the fixed (original) H-matrix structure.

We want to compare our modified approach with the usual LU decomposition for H-
matrices. To do that, we work analogous to our numerical review of the QR decom-
position in Chapter 4 but choose only one example matrix, the randomized 2D RBF
interpolation matrix. To create this matrix, we use the same parameters as before,
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meaning the Gaussian function

with parameter ¢ = ¢g-n'/?, where n is the number of data points, d = 2 and equidistant
points in [0,1]? with c2 = 0.2. However, we only test the randomized variant because
the RBF interpolation matrix with its regular entries is highly ill-conditioned.
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Figure 5.2. Computational time, accuracy and orthogonality for the LU factorization
of randomized 2D RBF interpolation H-matrices (with ny;, = 80, truncation accuracy
oy = 10710).

As already explained in Chapter 4, we use adaptive cross approximation [9] to convert

the (typically) dense matrices in the above test case to approximating H-matrices, use
local adaptive ranks for a desired relative accuracy and calculate

Capprox = ||A - LUH2
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by the square root of the eigenvalue approximation obtained by 20 steps of the power
iteration applied to the matrix (A — LU)*(A — LU) to measure the quality of the re-
sulting LU decomposition. For comparison, we also compute the LU decomposition in
standard (dense) arithmetic applied to the dense version of the original matrix. The
implementation is again an extension to the H2Lib library [41].

Computational time Absolute storage for LU factorization
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Figure 5.3. Effect of truncation accuracy dy in H-arithmetic on computational time,
storage and accuracy, illustrated for a 81000 x 81000 randomized 2D RBF interpolation
‘H-matrix with leaf size 80.

Our results are generally promising. We have advantages in computational time, storage
cost, and accuracy for the variant using the induced admissibility function. However,
there are some major fluctuations in computational time for the H-LU decomposition
that uses the induced admissibility function. Sometimes a larger matrix is calculated
faster (in absolute terms) than a smaller matrix. That is counterintuitive. The version
that uses the fixed (original) structure does not show this behavior. It may have to do
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with differences in the H-matrix structure between different matrix sizes, but further
investigations are warranted.

We also analyzed the effect of the adaptive H-accuracy d4 on the computational time,
storage as well as the accuracy of the LU factors for a matrix of fixed size. The increase
in computational time as dy decreases from 10~% down to 107!° appears to be moderate
to non-existing compared to the benefits with respect to accuracy and orthogonality.

Interestingly, the advantage of the LU decomposition that uses the induced admissi-
bility function extends even to low truncation accuracies, where one might expect a
better performance or a smaller storage requirement for the variant using the original
structure.
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Chapter 6

Conclusion and Outlook

We have developed a new method for the QR decomposition of H-matrices based on
a block Householder approach and discussed its usefulness in comparison with existing
methods for H-matrices. Although QR decompositions cannot be computed efficiently
for all types of H-matrices, the new method extends this field and is superior (for most
of our model problems) to other competing methods from the literature in terms of
computational time and orthogonality of the resulting Q-factor.

One important contribution was relying on the reduced representation T of the factor T'
in the representation Q = I —YTY . Both our theoretical and numerical results support
the idea that switching to T instead of T is an improvement. In many cases while using
induced admissibility functions, T has fewer inadmissible blocks than 7 and cannot
have more. Furthermore, the calculation of T requires fewer H-matrix multiplications
compared to the calculation of T" while the cost of multiplication with 7" is not influenced
by the change from T to T. Interestingly, this is still true for dense matrices.

However, computing the QR decomposition for rectangular, non-square H-matrices
proved to be challenging. For rectangular #H,-matrices, both the Gram-Schmidt and
the block Householder approach efficiently produced a solution. Unfortunately, even a
minor complication such as using 1D RBF approximation matrices, which have two ad-
ditional diagonals of inadmissible blocks compared to the H,-matrices, led to QR factors
that no longer allowed for an efficient H-matrix approximation.

As indicated by our theoretical findings, this problem extends beyond the specific exam-
ples we have analyzed. Under certain rather weak assumptions, the QR decomposition
of a rectangular, but not square, H-matrix cannot be efficiently approximated as an
H-matrix if there is no further data sparsity not yet taken into account.

These results are valid for square H-matrices as well but do not have such a strong
impact on which H-matrices allow for a good QR decomposition because the matrix Y
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Chapter 6 Conclusion and Outlook

is lower triangular. Nevertheless, with Theorem 3.29 we were able to show that if an
efficient H-matrix approximation exists, whether it is square or not, we can compute it
efficiently using the block Householder approach.

Using the induced admissibility function instead of reusing the original one improved
the results only in some cases. It remains to be seen whether applying the improvements
for the H-matrix product suggested in [22] can further accelerate the computations.

In general, the induced admissibility function was helpful in situations where it identified
inadmissible leaves (which were admissible in the original H-matrix structure). However,
if its application only resulted in smaller admissible matrix blocks, as was the case for the
2D Laplacian matrix, it could increase the computational cost. It may be desirable to
develop a combination of both ideas, keeping larger admissible matrix blocks whenever
possible and introducing inadmissible leaves only when necessary. Another improvement
may result from also considering coarsening procedures in which either several admissible
(inadmissible) blocks are agglomerated into a single admissible (inadmissible) block or
inadmissible blocks are converted into admissible blocks [35].

For sparse matrices, much research has been devoted to finding suitable sparsity patterns
through reordering (e.g., bandwidth reduction or nested dissection). Such considerations,
especially domain-decomposition based clustering strategies [38, 37], may also be useful
for the QR factorization of H-matrices.

However, the results of this work open up several other avenues that may be worth
exploring. Any sparse matrix can be seen as a H-matrix, where the leaf size is 1 and
all admissible blocks have rank 0. Therefore, all our theoretical results can be applied
there as well. In particular, we have shown that any band matrix A allows a QR
decomposition, where Y, T and R are band matrices again. More remarkably, even
the complexity estimates can be transferred. In this case, all truncation costs can be
omitted since rank 0 matrices do not generate higher ranks. Thus, a QR decomposition
of a banded matrix can be computed with a complexity that depends mainly on its
bandwidth. It may be worthwhile to formalize these results.

We also reworked the LU decomposition of H-matrices to respect the induced admissi-
bility functions and obtained some interesting results. At least for our only numerical
example, the LU decomposition using the induced admissibility function had a better
performance than the one using the fixed (original) structure. The H-LU decomposi-
tion found several different applications in the literature [7, 37, 4, 61] and especially a
combination with the results of [22] could lead to some improvements there.
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