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ABSTRACT

Detailed impact simulations in flexible multibody systems are usually based
on isoparametric finite element models. However, isoparametric finite elements
involve the discretization of the geometry. This work uses the isogeometric
analysis (IGA) as an alternative approach in flexible multibody systems. The
IGA enables the exact representation of the geometry. In the context of efficient
impact simulation, model reduction and inclusion of the floating frame of reference
formulation is beneficial. A precise impact simulation requires a high element
resolution in the contact area. The straightforward approach for refinement in
IGA is global refinement. However, global refinement not only adds elements in
the contact area but also across the entire body. This work applies hierarchical
refinement to IGA impact models to refine locally. The hierarchically refined
IGA model is reduced with the Craig-Bampton method which includes local
deformations in the contact area. However, the resulting equations of motion are
numerically stiff and therefore computationally expensive to solve. A quasistatic
contact model is used to reduce the numerical stiffness.

Usually, detailed impact simulation models have to be set up manually rather
than being generated automatically. This is because the process requires prior
knowledge of the time and location of the impact, as well as the element resolution
within the contact area. If the penalty method is used to determine the occurring
contact forces, the corresponding penalty factor also needs to be determined
manually. This work, however, presents an adaptive procedure to simulate
impacts within flexible multibody systems fully automatically. The adaptive
algorithm detects impacts in the system, determines the contact locations on the
bodies, refines the contact area, and determines the penalty factor, and therefore
automatically simulates impacts. The work shows how to automatically simulate
impacts in flexible multibody systems without user action or prior knowledge of
impact location and size. This is demonstrated by application examples.

The first application example includes significant elastodynamic effects within
a long flexible rod. The goal is to validate the algorithm by preserving the
wave propagation and energy of the system. The second application example
simulates the impacts of two flexible double pendulums. This setup is a suitable
benchmark for the complete adaptive impact analysis procedure as the flexible
double pendulums undergo large rigid body motions.
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INTRODUCTION

Impacts occur in many machines and engineering applications. Typical examples
are hammer drills, valves, or pick-and-place processes. When simulating impacts,
there are several modeling approaches. The simplest approach is to focus mainly
on global behavior. In this way, the rigid body motion can be obtained. To
simulate global behavior, it is distinguished between discontinuous and continuous
methods. For a discontinuous method, the impact is infinitesimally short. The
velocities after impact can be calculated using the coefficient of restitution and
the balance of linear and angular momentum. For a continuous method, nonlinear
force laws can be chosen, such as the Hertzian contact law [Hertz82, Johnson04].
These force laws provide not only the velocities after impact, but also the
contact force over time. The Hertzian contact law does not consider damping.
If damping is to be considered, extended Hertzian contact laws can be used,
e.g. [LankaraniNikravesh90, GonthierEtAl04]. These contact laws are heuristically
tuned such that the global impact response is adequate. In many cases, the
description of the rigid body motion is sufficient. However, the distribution of
the impact force is often not correct. Therefore, no correct information about
the local deformations and stresses can be obtained. This shows that a correct
evaluation of the impact force is necessary to obtain a correct excitation of
the vibration of the bodies. To extend the impact analysis on global and local
behavior, the finite element method (FEM), see e.g. [Bathel4], can be used. The
impact can be simulated in detail, including stresses and displacements. However,
a full FEM simulation using finite element codes such as ANSYS or ABAQUS
can be very time consuming. The time scale of impacts is very short, mostly
fractions of milliseconds. However, the time scale of rigid body motions before
and after impact is in the magnitude of seconds. Here, a full FEM simulation is
inefficient and takes much time, see e.g. [Seifried05, Tschigg20]. In contrast to
finite element codes, the ”free flying” phases between impacts can be simulated
faster using flexible multibody systems [Seifried05, Tschigg20]. Research in impact
analysis with flexible multibody systems is motivated by the need to maintain the
efficiency of flexible multibody simulation between impacts and to obtain correct
local effects, e.g. deformations and stresses, and global behavior, e.g. rigid body
motion and elastodynamic effects, such as wave propagation in the bodies.
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1.1. Background and Motivation

1.1 Background and Motivation

An efficient approach to simulate flexible multibody systems is the floating frame
of reference formulation [SchwertassekWallrapp14, Shabana05]. This approach
is favored, since elastic deformations of bodies typically remain small if they
consist of stiff material such as steel or aluminum. The large rigid body motion
is represented by the motion of the floating frame, while the elastic deformation
is described within this floating frame. In particular, large rigid body rotations
can be efficiently simulated with the floating frame of reference formulation. The
floating frame of reference formulation requires global shape functions which
describe body flexibility. One possibility to obtain the global shape functions is
from a linear finite element model and a subsequent linear model reduction, such
as modal truncation and the Craig-Bampton method [CraigBampton68].

Previous Work

In the previous work [Tschigg20], isoparametric elements are chosen to discretize
the geometry. The simplest way to determine a set of global shape functions
is modal truncation. However, modal truncation does not capture precise local
deformations in the contact area. Therefore, a modally truncated model is not
appropriate for an accurate flexible multibody impact simulation and leads to
inaccurate results, as shown in [Tschigg20]. Alternatively, the Craig-Bampton
method [CraigBampton68] can be used, wherein, in addition to normal modes,
constraint modes are used. Thus, the model includes low and high frequency
modes. The low frequency normal modes in the range up to 100 kHz approximate
the overall elastodynamic behavior. The high frequency constraint modes in
the range of several hundred kHz and MHz give an accurate approximation
of local deformations in the contact area. However, a system of equations
consisting of low and high frequency modes is numerically stiff. Solving these
equations requires small time step sizes in the numerical time integration. As
an example, suppose an impact of two flexible bodies whose modes are not
yet excited. The impact then excites the numerical stiff frequency band and
small step sizes are required. This is computationally expensive if subsequent
large rigid body motions and impacts are simulated. One solution is modally
damping the high frequency modes. It increases the computational performance
but computation times remain high [Tschigg20]. Alternatively, a quasistatic
contact model is used in [Tschigg20]. The idea of a quasistatic contact model is
to neglect the dynamics of the high frequency modes. Thereby, the numerical
efficiency is increased, and the numerical stiffness is reduced. By that, it is
shown in [Wielenga84, SherifEtAl12, TschiggSeifried18, Tschigg20] that the high
frequency modes only have a small influence on the dynamics. The quasistatic
contact model is then coupled with a penalty method for contact treatment.



Chapter 1. Introduction

IGA in Dynamics

The discretization of the geometry via isoparametric elements may be the straight-
forward approach. However, a detailed impact simulation depends on an accurate
representation of the geometry in the contact area. This disadvantage does
not hold for the isogeometric analysis (IGA) [CottrellEtAl09]. The geometry is
exactly preserved with the IGA. This is because a meshed IGA model is based on
its initial geometry definition [CottrellEtA109]. In FEM, the geometry is modeled
with computer aided design (CAD) software and then discretized with elements.
The motivation of the IGA is to merge these two steps by using splines as local
shape functions as in CAD software.

Another advantage of the IGA is that high modes are represented more accurately
than with a finite element model [CottrellEtA109]. As an example, the modes of
a fixed-fixed rod represented by a 1D model can be calculated via a finite element
model and an IGA model. Both models use quadratic local shape functions. If
linear shape functions are chosen, both models are identical. The relative error
with respect to the mode number divided by the total number of modes is shown
in Fig. 1.1. The analytical solution of the eigenfrequencies of a rod can be found
in [Graff91]. The finite element solution uses quadratic rod elements. Each rod
element consists of two nodes at each end and one node in the middle. This
means that there are two types of local shape functions. This distinction results
in a branching between the lower and upper half of modes in Fig. 1.1. In the
lower half, the neighboring end-nodes and mid-nodes oscillate in phase. In the
upper half, the neighboring nodes oscillate out of phase. For more details on
this behavior, see [CottrellEtAl09]. In the IGA, there is no distinction between
degrees of freedom at the end or in the middle, and the local shape functions are
identical. Therefore, no branching occurs and the accuracy of the IGA especially
of the high frequency modes is higher compared to FEM. This is essential for
the computation of the global shape functions, since the high frequency modes

30
—— linear (FEM & IGA)
X —— quadratic (FEM)
5 20| —— quadratic (IGA)
5
2
= 10
=
g8
0

L L | | |
0 01 02 03 04 05 06 07 08 09 1
mode number divided by total number of modes

Figure 1.1: Relative mode error of a fixed-fixed rod.



1.1. Background and Motivation

represent the local deformation in the contact area.

The most attractive advantage of the IGA for industrial applications is the fusion
of CAD and FEM. However, despite the advantages of the IGA, it is not yet
widely used in the industry. This is probably because it takes a lot of effort to
change existing processes, codes, and models. There are many IGA toolboxes
in research, each focused on a different application area. The only commercial
software that includes the IGA is LS-DYNA. For example, this software is used
to perform crash simulations with shell structures in [Leidinger22]. The use
of shell structures is possible because spatial geometries are already created as
surfaces in CAD software. The transformation of a spatial CAD geometry to
a solid model is more challenging. This feature is under active development in
LS-DYNA, see [YuEtAl22].

Manual Setup of Impact Simulations

Setting up and solving impact simulations in FEM, IGA, or flexible multibody
systems requires manual setup and a lot of experience by the user. In the
following, three main challenges are listed below:

First, when using the penalty method, a suited penalty factor is required. It
represents virtual springs between two bodies in contact preventing penetration.
In [Nour-OmidWriggers87], the penalty factor is determined optimally for the
static case. However, for transient impact simulations, the penalty factor needs
to be determined heuristically, see e.g. [SeifriedEtAl03]. If the penalty factor is
too small, too much penetration of the bodies occurs, and thus the deformation
in the contact area and the contact force are not resolved accurately. However, a
too high penalty factor yields numerical difficulties.

Second, the contact model and its refinement in the contact area are usually
determined heuristically. In the contact area, there must be a sufficiently high
element resolution to represent the contact accurately. Refinement requires
knowledge of the location and the element resolution of the contact area. This
information is needed before the simulation during setup. Therefore, the effort to
determine the contact location in advance increases if large rigid body translations
and especially rotations occur before the impact.

Third, the time of the impact is relevant if large rigid body motions occur. Impact
phases are highly dynamic and require significantly smaller step sizes compared
to non-impact phases without acting contact forces. Therefore, the choice of the
integrator and its step size have a great effect on the numerical performance.



Chapter 1. Introduction

1.2 Objective and Structure of the Work

The main objective of this work is to develop an adaptive procedure that over-
comes the challenges of manual setup. The time of the impact, the location of the
impact on the body, the appropriate element resolution in the contact area, and
the penalty factor are automatically determined. As a result, multiple impacts in
flexible multibody systems including large rigid body motions can be efficiently,
accurately, and automatically simulated with the adaptive procedure developed
in this thesis. The final procedure has also been published in [RiickwaldEtAl124].
However, in order to achieve the main objective, three milestones are completed
first, which are also published in [RiickwaldEtAl21b, RiickwaldEtAl21c, Rick-
waldEtAl21d, RiickwaldEtAl122, RiickwaldEtA123].

First Milestone: The IGA in Flexible Multibody Systems

The previous work [Tschigg20] uses the flexible multibody simulation framework of
the Institute of Mechanics and Ocean Engineering (MuM) at Hamburg University
of Technology. First, the geometry is modeled in CAD software such as INVEN-
TOR. Second, the geometry is meshed with finite elements, e.g. using ABAQUS.
Third, the in-house MATLAB toolbox RED reads the FEM data, performs model
reduction, and stores the results in a standard input data (SID) file, see [Schw-
ertassekWallrapp14]. Fourth, the MATLAB toolbox DYNMANTO performs the
simulation using the floating frame of reference formulation, see [HeldEtA120].
The first milestone in this thesis is the development of a MATLAB based IGA
toolbox that allows to generate simple geometries, refine them and compute
their equations of motion. Existing software cannot be used because the main
objective, the adaptive impact procedure, requires deep access to the IGA soft-
ware. In addition, the toolbox is required to work with the existing flexible
multibody framework with only minor adjustments. This is originally achieved
in [RiickwaldEtA121b], where the impact of a flexible body with a rigid surface
is simulated. The contact routine is then extended in [RiickwaldEtAl21d] to
simulate the impact of two flexible bodies.

Second Milestone: Hierarchical Refinement

An accurate impact simulation, which captures the local deformation, requires a
high element resolution in the contact area, as this is where the largest elastic
deformations and stresses occur. However, the refinement methods usually used
in IGA only allow global refinement. The refinement of a semicircle representing
an axisymmetric sphere is exemplified in Fig. 1.2. The model on the left in
Fig. 1.2 is globally refined and the model on the right uses hierarchical refinement.
With global refinement, additional elements are created over the entire body.
Since more elements result in more degrees of freedom, global refinement greatly
increases the number of equations of motion. One method for local refinement is
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global refinement hierarchical refinement

Y Y

level

contact elements

Figure 1.2: Refinement in the contact area with global and hierarchical refinement.

a hierarchical approach, where subordinate levels are introduced, as displayed in
Fig. 1.2. The hierarchical refinement is widely used in literature. It is applied
in elementary fluid and structural analysis [SchillingerEtAl12], heat conduction
problems [D’AngellaEtAll8], topology optimization [NoélEtAl20], and contact
simulations [ZimmermannSauer17]. The aforementioned literature summarizes
that the computational effort can be reduced due to the smaller number of degrees
of freedom compared to global refinement. These examples are mostly from statics.
In this work, hierarchical refinement is applied in a dynamic problem. Therefore,
the second milestone is to include hierarchically refined models within the floating
frame of reference formulation. This is presented in [RiickwaldEtAl21c] for 2D
models and extended in [RiickwaldEtAl22] to 3D models. It is also evaluated
whether the computational complexity of hierarchically refined models is reduced
compared to globally refined models.

Third Milestone: Quasistatic Contact Model

The quasistatic contact was previously used in impact simulations with isopara-
metric elements in [TschiggSeifried18, Tschigg20]. As mentioned before, the
dynamics of the high frequency modes are neglected to increase computational
performance. The third milestone is to apply the quasistatic contact model to
IGA contact models. This is initially presented in [RiickwaldEtAl23]. As in
[Tschigg20], the quasistatic contact model is paired with a penalty method to com-
pute the contact forces. Beside the penalty method also the Lagrange multiplier
method exists [Wriggers06]. It was also used in the IGA [Matzenl5, Matzen-
Bischoff16, SeitzEtAl16]. However, to continue the previous work [Tschigg20] on
the quasistatic contact model, the penalty method is used.
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Structure of the Work

This work is organized in the following way: The concepts of the floating frame
of reference formulation, the IGA and the determination of the global shape
functions are introduced in Chap. 2. This chapter includes the first and second
milestone. Contact handling including the quasistatic contact model is detailed in
Chap. 3. This corresponds to the third milestone. Details on the implementation
of the developed methods are found in Chap. 4, which is the basis for the
following automated contact simulations. The following Chap. 5 investigates
the IGA in impact simulations and factors affecting accuracy and computation
time are evaluated. Based on the findings in Chap. 5, the adaptive procedure
for an automatic impact simulation is described in Chap. 6 and is the main
objective of this thesis. The following Chap. 7 provides detailed discussions
of two adaptive application examples. A wave propagation setup is used for
validation by monitoring energy conservation. The setup of two flexible double
pendulums involves multiple impacts and large rigid body motions. Therefore,
this setup can be efficiently solved with the floating frame of reference formulation.
Finally, the results are summarized in Chap. 8.






IGA IN THE FLOATING FRAME OF
REFERENCE FORMULATION

A well-established approach when modeling flexible multibody system is the
floating frame of reference formulation [SchwertassekWallrapp14]. A key issue in
using the floating frame of reference formulation is determining the global shape
functions ®. The straightforward approach is to generate a finite element model
of the flexible body and apply a model reduction technique [FehrEberhard10]. In
contrast, this work uses an alternative approach IGA models which are reduced
by model reduction techniques. The chapter begins with a short introduction to
the floating frame of reference formulation in Sect. 2.1. The basics of the IGA are
briefly presented in Sect. 2.2 and Sect. 2.3. Global and hierarchical refinement
are introduced in Sect. 2.4 and Sect. 2.5. The determination of the equations
of motion in the IGA is described in Sect. 2.6. A more detailed introduction to
the IGA can be found in [CottrellEtAl09]. Then, the equations of motion are
reduced in Sect. 2.7 to determine the global shape functions. Finally in Sect. 2.8,
a method for stress recovery is applied to reduced IGA models.

2.1 Floating Frame of Reference Formulation

The floating frame of reference formulation [SchwertassekWallrapp14] describes
large nonlinear rigid body motions of the body reference frame Kgr within the
inertial frame Ki. As an example, Fig. 2.1 represents the position of an arbitrary
point P on a flexible body for two different points in time ¢. At initial time to,
the body is undeformed. The point P on the flexible body has the position ®rgp,
with respect to the body reference frame. The position of the body reference
frame is provided by ®rir. The indices R and I represent the reference frame Kg
and the inertial frame Kj. The index at the top left indicates the coordinate
frame in which the variable is represented. As an example, the position Frig is
represented in the reference frame Kr. This vector can be transformed to the
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2.1. Floating Frame of Reference Formulation

undeformed
configuration

R
TR,

Sir(BIr)

deformed
configuration

€3

Figure 2.1: Kinematics in the floating frame of reference formulation.

inertial frame K; with
'rir = Sir(Br) " rir. (2.1)

The rotation matrix Sir(Bir) is parametrized by the rotational parameters Bir,
e.g. Cardan angles.

At time ¢, the body is deformed. Given that the body deformations remain small
and linear elastic, they can be described conveniently in the body frame Kg.
For the sake of efficiency, the elastic deformations are often approximated by nq

global shape functions & = [<I’1 @nq] and their corresponding elastic
coordinates ge. The elastic deformation of point P can be reconstructed with
RuP(t, RCRP) = ‘IZ'(RCRp)qe(t). (2.2)

R

Following Fig. 2.1, the position “rip of the point P within the inertial frame is

expressed by

R’r‘IP = R’I"IR +R TRP, + R’I.LP (2.3)
in the body reference frame. The position, velocity, and acceleration of any point
P can be expressed in terms of the position coordinates 2z, velocity coordinates zi
and accelerations 21, which are defined as

R R R,
TIR VIR VIR
z=|B =R d zn= |Rd 2.4
1= IR | » Z1 = WIR | > an Zi = WIR | - ( . )
ge Qe qe

They consist of the rigid body motion of the body reference frame with the
translation R’TIR and its velocity R'vm from the inertial frame to the body reference
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frame. The angular velocity is represented by ®wir. Then, the equations of
motion for a free flexible body are given by

mE méT C7 Rom has hy het 0
meé I C;l' RL;JIR = |fld;| + hbr - lhwr] - 0 )
Ct Cr _2\4—e qc hdc hbc hwe Keqe + Beqe
H,_/ %/_/
M 2 hq hy h, he

(2.5)
where E is the identity matrix, see [SchwertassekWallrapp14]. In Eq. (2.5),
the mass matrix is denoted by M, the mass of the body by m, the center of
mass relative to Kr by ¢, the translational and rotational coupling matrices
by C; and C., the mass moment of inertia by I, and the mass, stiffness, and
damping matrix of the flexible body by M, K., and D.. The right-hand side of
Eq. (2.5) is composed of the vector of discrete forces hqg, the body forces hy, the
generalized inertial forces h.,, and the internal forces he. The discrete forces ha
are surface forces and include contact forces that act on the body. This work uses
Buckens-frames [SchwertassekWallrapp14] as floating frames for bodies in contact
and tangent-frames [SchwertassekWallrapp14] for the remaining flexible bodies.
If a Buckens-frame is used, the centroid ¢ becomes zero, and the translational
coupling matrix C; vanishes [SchwertassekWallrappl4]. The required data to
evaluate the equations of motion of a free flexible body are provided by the
SID [SchwertassekWallrapp14].

2.2 Basis Splines

The IGA consists of three spaces: the physical space, the parameter space, and
the index space. The parameter space and the physical space are visualized in
Figure 2.2 using a 2D model for illustration purpose. However, the description
and equations also include the third dimension. The physical space consists of
control points and the control net colored in red. They are introduced in the next
section. The parameter space consists of the local coordinates £, n, and (. Note
that ¢ only appears in 3D models and is not shown in Fig. 2.2. In the planar
example in Fig. 2.2, the parameter space is normalized to 1. However, all local
coordinate axis can be normalized to any value. In both spaces, knots are colored

—

in blue and elements in gray. The knot vectors 2 = [51 & §n+p+1},
H = [771 N2 ... nm+q+1], and Z2 = [Cl [T Cg+q+1] span up the pa-
rameter space and its elements. Additionally, the n, m, and ¢ local shape
functions N; , Mj,q, and Ly of order p, ¢, and r are defined in the parameter

11
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parameter space physical space
nA 11\"7 éy
elements :
3/4 I I I control é :
points *-G*@\’ )
2/4 * * * control e _—_
net ~ )
1/4 X X X u—eﬁf/e)
\knot/ /
0 i g——@f)
M 0 1/4 2/4 3/4 1
B-splines N .
g=1 B-splines
m=2>5 p=2
En=06

Figure 2.2: Parameter space and the physical space in the IGA.

space in the respective local coordinate direction. The local shape functions are
based on Basis splines (B-splines) [CottrellEtAl09]. The knots in Fig. 2.2 are
defined at the positions 0, i, %, %, and 1. However, the actual knot vectors are

E=[0 0 0
H=1[0 0

11 1] e NvipHi=oeast 26)
2.6

e

1] c Nm+q+1:5+1+1

for this example. The knots are not unique and a knot can repeat itself several
times. Therefore, the index space in Fig. 2.3 considers the multiplicity of knots.
The multiplicity of knots is important and influences the shape of the local shape
functions. Usually, open knot vectors are used, which is the case when the first
and last knot of a knot vector occur p+ 1, ¢+ 1 or r + 1 times. This also applies
to the knots vectors in Eq. (2.6). The characteristic appearance of open knot
vectors can be seen in Fig. 2.2 at the beginning and end of the B-splines.

In addition to elements, there are also patches in the IGA. Multiple elements can
be part of a patch. A patch is a self-contained part of the complete geometry.
Therefore, the geometry can consist of multiple patches. The boundaries of
a patch are limited by knots which occur p 4+ 1, ¢ + 1, or 7 + 1 times. The
local shape functions become discontinuous at these knots. Since the two knot
vectors from Eq. (2.6) are open knot vectors, the model only consists of one
patch. Due to simplicity, IGA models in research usually consist of only one
patch [CottrellEtAl109]. This is also applies to this work.

The local shape functions are based on B-splines V; 4, which are defined recursively
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3 index space
I

— N7

— 6 elements

ols 15

s T4

—I< 13

2

Sy

o m >
T & & & &1 &5 &6 &7 & &
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Figure 2.3: Index space in the IGA.

with the Cox-de Boor algorithm [Cox71, Boor72]

1 if&<€E<&q

p= 0: Nz,O(‘S) = 0 otherwise (27)

P>1i Nipl€) === Ny () + S8 N e, (29
Sivp — & Sitpt1 — &it1

The index i represents the i-th of n B-splines and also corresponds to the i-th entry
of the knot vector Z. The same equations apply to the local shape functions M} 4
and L, in - and (-direction. Since the same knot can occur multiple times
in a knot vector, see Eq. (2.6), the denominator of one of the two fractions in
Eq. (2.8) may become zero. If this is the case, the respective fraction becomes
zero. Between the knots, the B-splines are C°°-continuous. At the position of
a knot the B-splines are CP7*¢-, C97kn_ or C* K< _continuous, where ke, kn,
and k¢ are the multiplicities of the current knot. Derivatives of B-splines are
also defined recursively, see [CottrellEtAl09]. However, recursive functions are
numerically inefficient. This is of minor importance in the preprocessing of IGA
models, but is critical for the contact detection in each time step. Therefore, the
non-recursive algorithm DersBasisFuns suggested in [PieglTiller97] is used in
practical implementation.

13
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2.3 Non-Uniform Rational Basis Splines

As visualized in Figure 2.2, the physical space contains a set of control points P
whose task is to span the geometry in the physical space. The individual control
points p; ; » are arranged by the so-called control net indicated by the indices 1, j,
and k. For a 3D model, the control net is defined with

Pi1e Pr2e .- Pime
P2,1,6 P22, s P2,mge
Pi1,1,2 P1,22 cee P1uf2
P2,1,2 P2,2,2 cee P2,m,2 |*°° Pnmy
pP= (2.9)
P1,1,1 P1,2,1 P1,m,1 .
P2,1,1 P2,2,1 cee P2,m,1 | Pn,m,z
Pn,1,1 Pn,2,1 +++  Pnm,1

representing a 3D matrix. Additionally, each individual control point

p}i(,j,k
Pigk = |Pijk (2.10)
Pf,j,k

has a z, y and z component. For easier notation, the matrix P of the control
net in Eq. (2.9) can also be decomposed into the matrices P*, P¥ and P?, each
containing only the x, y and z positions. The number of control points is identical
to the number of basis functions resulting in a net of nc, = n-m- £ control points.
In addition to the physical position, each control point has a weight w; ;. The
weights W are arranged in the control net in the same way as the control points
in Eq. (2.9). The transformation from the parameter space into the physical
space requires the non-uniform rational basis splines (NURBS) basis R}/ (€, 7, ¢)
given by

N,

, (2.11)

Rlp,,;?};(g’ n, C) — ,ép(g)Mj,q(n)Lk,r(()wl,],k

300 3 N (OM; ()L (O
i=1j=1k=1

see [CottrellEtAl09]. The first and second derivative of the NURBS basis will be
required in later sections. In [CottrellEtAl09], the partial derivative is defined
recursively and the second derivative is only given with respect to one variable,
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e.g. 82Rp T /9€2. Instead, the partial derivative can be derived with a symbolic
calculator the MATLAB SYMBOLIC MATH TOOLBOX [Mathworks23], including
the partial derivative with respect to two variables, e.g. 9> R>®" /0¢07. The first

1,7,k
derivative results in
ON;
ORI e Mja Lk rwi gk
65 n m £
Y02 N M Ly w5 g
i=1j=1k=1
n m L
N; 2.12
Nip Mj,q Lk cwi,jk Z Z Z DMJ,qu,rwi,j,k ( )
i=1j)=1k=1

2 I

and the second derivative with respect to one variable results in

GQRP;?’ B 352 & Mjq Lk rwi,jk
E2? " n m ¢
2220 2 N M Ly w; i
i=1j=1k=1
n m L c'?N
2NipM;qLkrwijk Z Z Z M L Wi 5k
i=17=1k=1
2

n m 14

2020 2 Nip M oLy w5 i

i=1j=1k=1

L N (2.13)
NipMj Lk xws,jk Z > 352’p M; (L. yw; 5k .
i= 1] 1 k=1
- 2

n m £

3 Y N M Ly

i=1j=1k=1

2
n m I3 92N
2Nip My L cwijn | 22 30 32— M; o L yw; 55
i1=17=1k=1

+

3
n m
2

0
1j=1k=

A i ML st

% 1
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Finally, the derivative with respect to two variables is given by
AN, , OM;

2 pp,q,r J.a
ORI oe oy LWk
o5 Sh3b3 N: M. L
2020 2 NipM; oLy w5
i=1j=1k=1
n m 4 M
MJ qu rWi,j,k Z Z Z i P Bn k: rwi,j',fc
i=1j=1k=1
- 2
n m £
2020 2 NipM; Ly w5
i=1j=1k=1
oMy, Z b
Nip—5 Lkrwukzzz e M; Ly w; 5
i= 1] 1 k=1
- 2
n m £
220 2 NipMj oLy wijip
i=1j=1k=1 (2.14)
n m
NipMj,qLi,xwij, n, Lfc,rwﬂfﬁ',fC
i= 1] 1k=1
- 2
n m L
2020 2 NipM; o Liswi ;i
i=1j=1k=1
2N; p M q L vw; jk Z Z Z M L Wi 5k
i=1j=1k=1
+ 3
n m
2 Z N; o M; (L w; 5 i
i= 1] 1 k=1

n

m 3
] q
: E § § Lk rwz ke
i=1 j=1 k=1

For an efficient computation of the partial derivatives, individual terms are
pre-evaluated and then inserted into Eq. (2.11)-Eq. (2.14). To transform a
point [5 n C] " in the parameter space to a point |x ¥y z} T in the physical
space, the computation of the NURBS solid S is required. With the NURBS
basis R}’77(€,m,¢) and the control points p; j, the NURBS solid S can be
computed with

ZZZRf}qk §,1,C)Pijik (2.15)

=1 j=1 k=1

consisting of the coordinates x, y, and z in the physical space. To compute the
IGA equations of motion in Sect. 2.6, occurring stresses in Sect. 2.8, and contacts
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in Sect. 3.3, the derivative of the NURBS solid S is required. The i-th partial
derivative of the NURBS solid can be easily computed with

'z

'S o 'Ry qk 5 7,6)

aer ot ZZZ e Piik: (2.16)
g;z_ i=1 j=1 k=1

using the partial derivative of the NURBS basis from Eq. (2.12) and Eq. (2.13).
With Eq. (2.14), the partial derivative of the NURBS solid with respect to two
local coordinates is computed with

9%
*s | %y O Ry (€,1,€)
= | &£ iik- 2.1
déon — | 9 22; T ogon Pk 2.17)
9Eon =

The partial derivatives with respect to n and ( are computed accordingly.

Although the notation of the interval limits of the sums in Eq. (2.11)-Eq. (2.17)
is easy to understand, its computation is inefficient in practical implementation.
In total, there are n, m, or ¢ B-splines but only p+ 1, ¢+ 1 or r + 1 B-splines are
nonzero, see Fig. 2.2. Therefore, the sums in Eq. (2.11)-Eq. (2.17) also include
B-splines that are zero. To compute the sums in Eq. (2.11)-Eq. (2.17) more
efficiently, the concept of knot spans must be understood. A knot span is an
element in the IGA. Each knot span is bounded by knots. Within a knot span,
only p+ 1, ¢+ 1, or r + 1 B-splines are nonzero. This is called the support. The
remaining B-splines are zero and can be neglected in Eq. (2.11)-Eq. (2.17). As
an example, the index space from Fig. 2.3 is extended in Fig. 2.4. The supports
are colored in yellow and their corresponding knot spans are colored in red. The
area of the support is shifted by the multiplicity of the current knot (&, n;, Cx),
which is colored in blue in Fig. 2.4. In this way, the supporting control points
can also be read from the control points p; ;i arranged in the control net. As a
reminder, see the arrangement of control points in matrix notation in Eq. (2.9),
which represents the control net. The range i, j, and k of the support is given by

i=i—p,..,i (2.18)
J=J—q ] (2.19)
k=k—r ..k (2.20)

with respect to the indices 4, j, and k of the current knot (&;,7n;,Cx). The
current knot span can be determined with the algorithm findSpan suggested
in [PieglTiller97].
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Figure 2.4: Support of a knot span in the index space and in the control net.

The displacement field d of the elastic solid can be written in matrix-vector
notation as

X
Uy 1,1
v
Ry 0 0 0 U111
d _ é . Rpa(Lr O 0 u? 1.1
= 1,1,1 L , o (2.21)
P,q,T P,q,T .
0 0 Rl,l,l ]*’LPH,(H_LH_1
z
N Up+1,q+1,r+1
u

where the supporting basis functions of the corresponding knot span are summa-
rized in the matrix IN and the supporting displacements of the control points
in u. It is worth noting that by adding six kinematical constraints for the floating
frame, all rigid body motions vanish and only the body deformations remain
in d.
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2.4 Global Refinement

As mentioned before, an IGA model represents its geometry without discretization
errors. This usually requires only a small number of degrees of freedom. However,
when elastic deformations occur, an IGA model with a small number of degrees
of freedom cannot accurately describe the elastic behavior. Therefore, refinement
of the IGA model is required. An IGA model is usually based on an initial
geometry. The semicircle in Fig. 2.2 is already refined and consists of n. = 16
elements. However, its initial geometry in Fig. 2.5 has only n. = 1 element
and ne, = 6 control points. To describe the geometry of a semicircle, it is
necessary that two control points are at the same position. Control points lying
on top of each other can be constraint in the equations of motion by means of
linear constraint equations. This master-slave principle can be transferred from
the linear FEM [Bathel4] to the IGA.

Since the initial model in Fig. 2.5 has an insufficient number of degrees of freedom
to map the overall elastic deformation of the body, the geometry needs to be
refined. The straightforward approach in the IGA is global refinement. It includes
the elevation of the order of the B-splines and the insertion of additional knots.
The global refinement in the IGA [CottrellEtAl09] has similarities to the h-
and p-refinement in the FEM [Bathel4]. The h-refinement in the FEM results
in a finer mesh. Isoparametric elements are divided into smaller elements by
inserting additional nodes. With p-refinement, the degree of the local shape
functions is increased. Therefore, the order elevation in the IGA corresponds
to the p-refinement in the FEM, and the insertion of knots corresponds to the
h-refinement. When refining in FEM, manual optimization by the user is usually
required [Bathel4]. This is not the case in the IGA. As an example, in contrast
to the FEM, no unacceptable elements are created when additional knots are
inserted. Figure 2.6 shows the overall procedure of global refinement in the IGA.
The initial geometry is the semicircle from Fig. 2.5.

&-direction: E=[000111], p=2, n=3
n-direction: H=[0011], ¢g=1, m=2

nep = 6 control points and
their corresponding weights:

po[09) pr [ wo|a
= 5 =|—T T 5 = —_— —_
ror 0 0 V2 V2

two control points
at the same position

Figure 2.5: Initial geometry of the semicircle from Fig. 2.2.
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Figure 2.6: Order elevation and knot insertion in the IGA.

The order elevation and the insertion of knots can be performed in any arbitrary
sequence. However, the sequence is relevant and influences the resulting models.
As shown in the upper half of Fig. 2.6, first, the order is elevated by one. The
multiplicity of all knots and the number of B-splines n and m is increased by
one. The new control points and weights are computed with the algorithm
described in [LeePark02]. Second, three equally spaced knots are inserted in
both local coordinate directions £ and 7. Since new unique knots are added,
new elements are created. The number of B-splines n and m is increased by the
number of inserted knots. The new control points and weights are computed
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with the algorithm described in [CottrellEtAl09]. However, the knot insertion
does not fully match the h-refinement in FEM. Instead, to exactly replicate
the h-refinement, the knots would have to be inserted with the multiplicity of
the respective order of the B-splines. In this way, the B-splines would only
be C°-continuous, i.e. continuous but not differentiable, at the location of the
inserted knots.

Alternatively, the sequence of refinement can be reversed, as illustrated in the
lower half of Fig. 2.6. Three knots are inserted and then, the order is elevated by
one. However, this sequence also increases the multiplicity of the newly inserted
knots. Now, the multiplicity of the newly inserted knots is identical to the
order g = 2, see the knot vector H in the bottom right in Fig. 2.6. As described
before, the B-splines are only C°-continuous at the location of the inserted knots.
The B-splines of the two different sequences of refinement are shown in Fig. 2.7.
Note that in Fig. 2.7, knots appear multiple times, e.g. [0,0] or [0, 0, 0], due to
the multiplicity of knots, see Eq. (2.6). The B-splines of open knots vectors are
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Figure 2.7: B-splines of the IGA models in Fig. 2.6.
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2.5. Hierarchical Refinement

discontinuous at the boundary of the domain. Therefore, the continuity is C~*
at 7 = 0 and n = 1 according to the notation in [CottrellEtAl09]. In Fig. 2.7a,
the B-splines of the initial geometry are displayed. Since the B-splines are linear,
they are identical to the local shape functions of isoparametric elements. If
additional knots are inserted and then, the order is elevated, the B-splines are
only C°-continuous at the inserted knots, e.g. continuous, see Fig. 2.7b. If the
sequence of refinement is reversed, the B-splines are C''-continuous at the inserted
knots, e.g. continuous and differentiable, see Fig. 2.7c. Another disadvantage
of inserting knots and then elevating the order like in Fig. 2.7b is that more
B-splines and thus more control points are created. The initial n., = 6 control
points then result in nc, = 90 or nep = 42 control points. This effect becomes
more relevant when not a 2D but a 3D model is refined, because the number of
control points is then defined as nc, = n-m-£. For these reasons, it is preferred to
increase the order first and then insert the knots in the IGA, see Fig. 2.7c. This
process, which does not exist in the FEM, is called k-refinement [CottrellEtAl09].
Only k-refinement is used in this work. The example of the semicircle is continued
in following section. Therefore, the refined model in the top right in Fig. 2.6 is
selected. Its refined knot vectors are given by

E:|:0 00 1 2 § 11 1}7 p=2, n=7
4 4 4
L (2.22)

2.5 Hierarchical Refinement

The k-refinement from Sect. 2.4 can be used to globally refine the body in order to
describe the overall elastic deformation. However, an accurate impact simulation,
which also captures the local deformation, requires a high element resolution in
the contact area, as this is where the largest elastic deformations and stresses
occur.

As described in Sect. 2.4, the refinement methods usually used in the IGA
only allow global refinement [CottrellEtAl09]. The semicircle representing an
axisymmetric sphere from Fig. 2.2 and Fig. 2.6 is already coarsely refined with
global refinement. An impact will occur on its lower side. Therefore, the contact
area needs to be refined with elements. The refinement in the contact area is
exemplified in Fig. 2.8. The knot vectors from Eq. (2.22) are refined to
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parameter space physical space
global hierarchical global hierarchical
refinement refinement refinement refinement
n n

level

— [ .
contact elements 1 2 3

Figure 2.8: Refinement of the semicircle in the contact area with global and hierarchical

refinement.
_ 1 2 3 1323 3 3
__{000016161648441111},1)_3771_11
1 2 3 1 3 2 3 (2.23)

The body to the left is refined globally and the body to the right locally. With
global refinement, refining the body in the contact area creates additional elements
and control points over the entire body. Therefore, the number of degrees
of freedom greatly increases with global refinement. One method for local
refinement is hierarchical refinement [SchillingerEtAl12], where subordinate levels
are introduced. The concept of hierarchical refinement relies on the property of
B-splines to be represented by a linear combination of finer B-splines defined on
smaller knot intervals. For a detailed introduction to the hierarchical refinement,
see [SchillingerEtAl12, Matzen15].

The concept of the hierarchical refinement relies on the property of B-splines
to be represented by a linear combination of finer B-splines defined on smaller
knot-intervals. With the calculation rule

. 1 Y +1)!
a; =2 <P7; );2 % (2.24)

linear coefficients can be determined to represent a B-spline in a higher level
with B-splines of lower level. It should be noted that Eq. (2.24) is only valid for
uniform knot vectors. In a uniform knot vector, all knots are equally spaced. As
an example, a quadratic B-spline with the high-level knot vector

E1=1[0 1 2 3 (2.25)
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2.5. Hierarchical Refinement

should be represented by a number of lower level B-splines with the corresponding
low-level knot vector

[1]

»=1[0 05 1 15 2 25 3]. (2.26)

The inserted knots in Eq. (2.26) are underlined. By applying Eq. (2.24) the
concept of the hierarchical refinement can be visualized in Fig. 2.9. The procedure,
which is implemented and used in this work, is briefly summarized in the following.

Initially, the parameter space is divided into the different hierarchy levels. Re-
capturing the motivation example in Fig. 2.8, the corresponding parameter space
is displayed on the right hand side. This division is made up by intervals in knot
coordinates. The concept of hierarchical refinement is that a finer mesh resolution
can be defined section by section. Therefore, the levels are initialized using the
global knot insertion procedure described in Sect. 2.4. With this procedure, the
position of the control points and their weights can be determined for the finer
mesh. The number of hierarchy levels is denoted as njy1.

In hierarchical refinement, B-splines of higher level are based on B-splines of
lower level. For the construction of higher level B-splines, the linear combination
coefficient matrix A is required. For the example in Fig. 2.9, the matrix A is
given by

A=[a1 a2 as as=[025 075 075 0.25]. (2.27)

Its coefficients are determined using Eq.(2.24). However, the Eq.(2.24) is only
valid if one higher level B-spline is to be represented by multiple lower level
B-splines. In practice, multiple higher level B-splines must be represented.
Therefore, the linear combination coefficient matrix A is determined by solving

Nik,p = Aﬁj le'i;rl ko =1l.nwm—1 (2.28)
~~ ~—~ o ~—
higher level linear  lower level ml‘észllnt
B-splines coefficients B-splines
1
- - - B-spline of knot vector Z; —— B-splines of knot vector =
G 08! |
Z.
» 0.6 |
=
2 04f |
T
m 0.2} |
0 |
0 0.5 1 1.5 2 25 3
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Figure 2.9: Concept of the hierarchical refinement in the IGA.
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between all njy; hierarchy levels. A detailed description of this procedure can be
found in [Matzen15).

In the next step, the elements are defined with the knot vectors of the different
levels and the intervals, which define the hierarchy level with respect to the knot

coordinates. The previous step allows certain B-splines to be identified as inactive.

Thus, the supporting control points of each element can be determined. Thereby,
the control points can be located in different hierarchy levels. The control points
that are not part of an element are identified as inactive.

The hierarchical B-splines of the refined semicircle in Fig. 2.8 are depicted in
Fig. 2.10. It can be seen that B-splines of different hierarchy levels can be active
at the same local coordinate, e.g. £ = 0.25. This overlap becomes relevant when
calculating the NURBS basis from Eq. (2.11). The B-splines of the different
dimensions of the parameter space need to be multiplied out. These intersections
of the B-splines lead to the fact that for the computation of the NURBS any
level can interact with any level of the other dimensions in the parameter space.
The more hierarchical levels that are created, the more combinations of possible
intersections of the B-splines can occur. This may increase the calculation time of
the hierarchical NURBS basis compared to a globally refined model. In addition
to the more complex calculation of the NURBS, the B-splines from different
hierarchy levels must be constructed, which takes additional computation time.

It is noted, that the hierarchical refinement from IGA cannot be easily adapted
to the FEM using isoparametric elements. As an example, h-refinement must be
done with care to prevent hanging nodes. This is not an issue at the IGA. In
many publications [D’AngellaEtAl18, SchillingerEtAl12, ZimmermannSauerl7,
GarauVazquez18, VuongEtAll1], the issue of hanging nodes or control points is
not even addressed in connection with the IGA. However, the IGA is known for
being watertight without gaps [CottrellEtAl09, SchillingerEtAl12]. For example
in [NoélEtAl20], it is stated that,

”hanging nodes in hierarchical refined meshes are naturally handled
by the B-spline basis.”

This can be shown by a simple example. In Fig. 2.11, a 2D plate is modeled with
the IGA and refined locally with hierarchical refinement. The resulting mesh
is rebuild with isoparametric elements. For better comparability, both models
use linear local shape functions. The hanging nodes can be easily seen in the
FEM model on the left in Fig. 2.11. However, there are no control points at
the equivalent positions in the IGA model. Since the IGA model uses linear
B-splines, only one B-spline is nonzero at the corners of the elements. Therefore,
the underlying control points have direct control of the positions of the corners
of the elements and an overlap of different hierarchy levels is impossible.
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2.6. IGA Equations of Motion
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Figure 2.10: Concept of the hierarchical refinement in the IGA.
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Figure 2.11: Natural handling of hanging nodes in the IGA.

2.6 IGA Equations of Motion

The procedure of setting up the equations of motion for isogeometric elements is
almost identical to isoparametric elements. This is because the weak Galerkin
method is applied similarly to isoparametric elements [Bathel4] as well as in
IGA [CottrellEtAl09]. As with the floating frame of reference formulation, it is
assumed that only small elastic deformations occur. This is mostly valid for a
relatively stiff material, e.g. steel. The local mass and stiffness matrix of the i-th
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element (2 ; is therefore given by

Ke,l:/ B'CB dQ. (2.29)
Q

i

Me,i - P/ NTN dQe,i (230)
Qe,i

where C' is the material elasticity matrix. The strain displacement matrix B
is obtained by differentiating the NURBS basis R}’ and using the Jacobian
transformation

r P,q,Tr P,q,r
8R81é1*1 9z 9y 0z Ofiih
€ ¢ o€ [ors
P,q,r 2 AT
ORy7h | — |9z 9y oz ORYy (2.31)
on on  9n  On oy )
HRP T dx dy Oz HRP DT
1,1,1 ag ag [)g 1,1,1
L o¢ —_—— 5z
J
- T AT o P,d,Tr
ORYT] 9111
I 9¢
2T P,q,r
OFiin | = g=t [ 2Miaa | (2.32)
T D
“1,1,1 “1,1,1
- 9z - ¢

see [Batheld]. The Jacobian J can be assembled using the partial derivative of
the NURBS solid, see Eq. (2.16). For a 3D model, the derivatives of the NURBS
basis can be arranged in the strain displacement matrix as

r P,q,r P,q,r -
ORY 1 0 0 OR 1)y 0
oz SR oz
0 L0 0 . 0
I p.a,r
0 0 ORYih 0 OB, 1 g 4141
B = | ggpar  gppar 9z HRP AT 9z . (2.33)
1,1,1 '1,1,1 0 '1,1,2 0
o 15} 5
v SRDIAT  gRPAT Y ORP AT
0 1,1,1 1,1,1 0 pt+1l,9+1,r41
Oz Jy y
p,q,r Doa,r P,q,r p,q,T
ORI 0 ORI OR'1 5 ORI g4 1rt1
L 0z oz Oz ox -

For the strain displacement matrix of a 2D model with plane strain, plane stress,
or axisymmetric behavior, see [Bathel4]. The integration over each element Qe ;
is performed by Gauss quadrature in parameter space. The basis functions N
and the strain displacement matrix B are evaluated at each Gauss point. As
stated in [CottrellEtAl09], the same Gauss rule for a polynomial of the order p
can be applied to a p-th order B-spline. Therefore, the Gauss order p+ 1, ¢ + 1,
and r + 1 is chosen in &-; 1-, and (-direction. The global system matrices Ko
and M. are assembled from the corresponding element matrices K. ; and Mo ;.
The equations of motion of the complete finite element model consisting of ne
elements are then given by

M.iie + Kotte = fo, (2.34)
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2.7. Model Order Reduction

where the displacements of the control points are represented by u. and external
forces by fe.

2.7 Model Order Reduction

For the incorporation of the isogeometric model into the equations of motion (2.5)
of a flexible multibody system, the global shape functions ® are required. A simple
and straightforward approach for reducing the full finite element model (2.34)
is modal truncation. However, the low frequency eigenmodes typically are not
able to precisely describe local deformation in the contact area. This leads to
inaccurate results, as shown in [Tschigg20]. Alternatively, the Craig-Bampton
method [CraigBampton68] can be used. The Craig-Bampton method combines
fixed-interface normal modes and constraint modes. The normal modes represent
the overall flexibility and the constraint modes approximate the deformation in a
specific area, e.g. the contact area. Selecting predetermined control points on the
exterior surface is necessary for the constrained modes. Following this procedure
generates global shape functions denoted as ®, which are orthogonalized and
normalized to the mass matrix. The reduced mass and stiffness matrix are then
given by

M.=%"M.®=E (2.35)
K.=®"K.® = diag(w;), (2.36)

respectively, where w; are the eigenfrequencies. The elastic deformation u. can

be easily recovered with
Ue = (PQe, (237)

where g. are the elastic coordinates.

A key issue of the Craig-Bampton method is the numerical stiffness of the equa-
tions of motion (2.5). This is due to low frequency normal modes and the
high frequency constrained modes. A simple method to improve the numerical
performance is to modally damp the high frequency modes. This method has
been already applied in IGA impact simulations [RiickwaldEtAl21b, RiickwaldE-
tAl21c, RickwaldEtAl21d, RiickwaldEtAl22, RiickwaldEtAl23]. However, it is
still numerically burdensome and the choice of the damping parameters critical.
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2.8 Stress Recovery

For component design and optimization, the occurring stresses are required.
These can be extracted in post-processing of flexible multibody simulations.

Since linear elasticity is assumed and the weak Galerkin method is applied as for
isoparametric elements, the same formula can be used in the IGA to compute the
occurring stresses o. Therefore, the stresses at a point (£, 7, () in the parameter
space are computed with

U(f? m, C) = l:ax Oy Oz Txy Txz Tyz] T = CB(§7 m, C)’U’e’ (238)

where oy, oy, and o, are the normal stresses, and 7y, Txz, and 7y, are the
shear stresses. As a reminder, the current knot span is applied to the strain
displacement matrix B and the displacements u representing only the active
B-splines. Using the stresses o, the von Mises stress omises can be computed with

Omises = \/ 02 + 02 + 02 — 050y — 0x0, — 0y0, + 3(12, + 72 +72).  (2:39)

Since, the equations of motions are reduced in Sect. 2.7, the displacements u are
not directly available. Therefore, the stresses

o(§n,¢) = CB(&n,O)®(&,n,()ge (2.40)

can be computed using Eq. (2.37). For an efficient stress recovery, stress modes
are proposed in [TobiasEberhard11] for flexible bodies based on the FEM. This
concept can be adapted to the IGA. The IGA stress modes ®, can be pre-
evaluated at specific points in the parameter space with

(}0(57773() = CB(EJ%C)‘I’('EJ%C) (241)
and stored, e.g. in the SID file. Then, the computation of
0(57777 C) = qz'd(&”y()‘]e (2~42)

allows an efficient recovery of the stresses. The stress modes are evaluated at the
edges of the elements and at the Gaussian points of the elements. This concept
has not yet been published in context with the IGA. However, it is used in this
work for visualization of stresses in the contact region.
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CONTACT HANDLING IN IGA

In this work, contacts in flexible multibody systems are simulated efficiently but
still accurately. The focus is on short frictionless normal contact between flexible
bodies. In this case, the term ”contact” can be referred to as "impact”. For
detailed theory on frictionless normal contact in FEM, see for example [Eber-
hard00, Wriggers06]. The literature is briefly summarized below.

Usually, in contact mechanics, the contact between two bodies is considered. One
body is named contact body and the other target body, see Fig. 3.1. In literature,
the contact body is also sometimes referred to as the ”slave”, and the target
body as the "master”. The two bodies must not penetrate each other at any time.
This condition is known as the impenetrability condition. The distance between
contact and target body is measured by the normal gap gn. As visualized in
Fig. 3.1, the normal gap is defined between a predetermined evaluation point on
the contact body’s exterior surface, which is colored red, and the green colored
exterior surface of the target body. To comply with the impenetrability condition,
gn > 0 must hold at every point. If the normal gap is greater than zero, there is no
contact. If the normal gap gn is equal to zero, a contact occurs. An overlapping
of the bodies represents a non-physical penetration.

In case of contact, a pressure force f < 0 is applied to maintain the impenetrability
condition g, > 0. Combining the condition f < 0 on the contact force and the
normal gap gn > 0 results in the linear complementarity condition

gn 2 07 f S 07 and gnf = O (31)

This statement is also known as the Hertz—Signorini—-Moreau conditions or
Karush-Kuhn-Tucker conditions [Wriggers06]. In summary, a contact force occurs

contact body (slave) target body (master)

overlap

target body (master) contact body (slave)

Figure 3.1: Contact between the contact and the target body.
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only if a body is in contact, and a contact cannot cause a tensile force. In practice,
two different methods are usually used to meet the Hertz—Signorini-Moreau con-
ditions in Eq. (3.1). These are the Lagrange multiplier method and the penalty
method [Wriggers06].

With the Lagrange multiplier method, the Hertz-Signorini-Moreau conditions are
maintained almost exactly, as no penetration occurs. Algebraic constraints are
set up between contact and target body to prevent the bodies from penetrating.
These constraints are usually set at position level, but can also be set at velocity or
acceleration level. However, unphysical penetrations may occur in the latter two
cases. The Jacobian of the algebraic constraints is determined, it is multiplied by
Lagrange multipliers, and introduced into the discrete forces hq of the equations
of motion (2.5). If the constraints are defined on the position level, the equations
of motions (2.5) are a system of differential-algebraic equations of index three.
Although no penetrations occur with the Lagrange multiplier method, this method
is numerically inefficient [TamarozziEtAl13]. The reason for this is the high
number of variables, e.g. the additional Lagrange multipliers, and the changing
structure of the resulting system of equations of motion [SimoLaursen92].

The concept of the penalty formulation is to penalize penetration with a spring
force. The penalty method enforces the conditions in Eq. (3.1) by penalizing
penetration. Therefore, the conditions in Eq. (3.1) are violated. However, only
minor penetrations occur in practical applications. The corresponding spring
constant is named the penalty factor c,. It is a tuning factor and needs to be
chosen heuristically. Thereby, the penalty factor should be chosen large enough
such that the results become independent of the chosen parameter [Seifried EtA103].
If the penalty factor is increased beyond its converging value, the equations of
motion (2.5) become numerically stiffer. This increases the computation time,
or the numerical integration might even terminate unsuccessfully. If a contact
occurs, the contact force f is determined with

f= CpgnT, (32)

where n is a normal vector. The determination of the normal vector n is detailed
in Sect. 3.4. Although small penetrations occur with the penalty method, it is
used in this work. The reason for this is the simple implementation and the
fact that there are no additional variables, as the Lagrange multipliers of the
Lagrange Multiplier method. Additionally, the goal of this work is to continue
the previous work [Tschigg20] on the quasistatic contact model for isoparametric
models, which is also introduced in this chapter.

The chapter begins in Sect. 3.1 with the contact law by Hertz [Johnson04]. It
will be used for validation in this work. As shown in Fig. 3.1, the normal gap is
measured up to a predetermined evaluation point on the contact body’s exterior
surface. In Sect. 3.2, a selection of methods to determine evaluation points for
discretizing IGA surfaces is described. The procedure for evaluating contacts in
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the course of the floating frame of reference formulation is presented in Sect. 3.3.
The determination of the normal vector n in the IGA is detailed in Sect. 3.4,
as it is required for the penalty method, see Eq. (3.2). To improve efficiency of
contact simulations in flexible multibody systems, the quasistatic contact model
is introduced in Sect. 3.5. The quasistatic contact model will also be validated
on the basis of energy conservation. Therefore, the energy of a flexible multibody
system including quasistatic contact models is derived in Sect. 3.6.

3.1 Hertz Contact for Reference

The methods presented in this work are tested in simulations and need to
be verified. Besides the numerical results of commercial FEM software such
as ANSYS, analytic contact formulations are used. In rigid body systems, it is
distinguished between discontinuous and continuous contact modeling [Seifried05].
With a discontinuous model, the contact is infinitesimally short. In a continuous
model, the contact occurs for a short but finite time and can also be applied for
flexible systems. Since the contact force is to be validated in IGA simulations, a
continuous model is required.

One of the best known continuous contact laws is that of Hertz [Hertz82, John-
son04]. The contact law by Hertz is derived from continuum mechanical con-
sideration of the elastostatic contact of two spheres. Thus it conserves the
energy, i.e. there is no damping and the coefficient of restitution is one. The
Hertzian contact law also allows the computation of the contact pressure and
stress distribution in the contact area. As a side note, based on the contact law by
Hertz, the contact laws by Lankarani and Nikravesh [LankaraniNikravesh90], and
Gonthier [GonthierEtAl04] are formulated. These contact laws include damping,
whereby the coefficient of restitution is less than one. However, in contrast to the
Hertzian contact, these laws do not allow a detailed impact analysis concerning
occurring stresses. Since damping is not in the scope of this work, the contact
law by Hertz is used for validation in this work.

A frequently used benchmark example of impact simulations with the FEM is the
impact of two spheres. In this work, this example is also used to benchmark the
IGA. The setup is sketched in Fig. 3.2 and is analytically solved by Hertz [John-
son04]. According to Hertz, the spheres are modeled as mass points. During the
impact, the contact force

Frterts = %E*\/Fa?’/? (3.3)
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3.1. Hertz Contact for Reference

sphere 1 Y
o

bu,

Figure 3.2: Impact of two spheres modeled with Hertz.

sphere 2

acts between the spheres, where 0 denotes the displacement of the center of mass
of the spheres. This corresponds to the overlap of the undeformed spheres, see
Fig. 3.2. The equivalent Young’s modulus E* and the equivalent radius r* are
determined by

11—  1-v3 (3.4)
E* B E, :
1 1 1

===+ —. (3.5)

r* 71 T2

The Young’s modulus of the two spheres is denoted by E1 and Es, the Poisson’s
ratio by v1 and vs, the radius by r1 and r2. The contact width a and the
maximum pressure po are given by

b=+Vré (3.6)

_ 3fHertz
po = 27sz . (37)
Thus, the von Mises stress along the symmetry axis can be calculated as
onern(y) = po| 2 =L — (14 v) 1_€arctan(9) (3.8)
Hertz\Y) = Po 2b2 +y2 b y . .
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3.2 Contact Discretization

To apply the penalty method, the contact law from Eq. (3.2) is applied at a selec-
tion of predetermined evaluation points. These points represent a discretization
of the exterior contact surface of the body. For isoparametric elements, usually,
the nodes of the elements are used [Wriggers06, Tschigg20]. Here, the degrees of
freedom, the nodes, are also the boundaries of the isoparametric elements. This
is not the case in the IGA. The degrees of freedom in the IGA, the control points,
span up the geometry but are not physical points on it, see Fig. 2.2. The knots
are on the geometry and are the boundaries of IGA elements. However, the knots
do not represent the degrees of freedom. This section discusses a selection of
different methods to to discretize the exterior surface of IGA bodies in contact.

The example of the refined semicircle shown in Fig. 2.8 is again revisited in
Fig. 3.3 to demonstrate the contact surface. To determine the exterior surface of
an IGA body, the parameter space is considered. For the example in Fig. 3.3, the
exterior contact surface is defined by the constant knot coordinate n. The lower
exterior surface colored in red is defined by 7 = 0, and the upper exterior surface
in green by 7 = 1. The contact force is evaluated by integration via the remaining
knot coordinate, in this example £&. For a 3D model, one knot coordinate is
constant and two knot coordinates are variable. The contact evaluation will
be detailed in Sect. 3.3. Discrete evaluation points are now determined for the
coordinates over which the contact is integrated.

In [TemizerEtAl12] four methods for the discretization of the surface are presented:
Gauss points, unique knots, collocation points, and a Mortar method. The Mortar

parameter space physical space

n = 1 = const.

contact
elements

ye

o I $

Figure 3.3: Exterior contact surface of the axisymmetric sphere.
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3.2. Contact Discretization

Method is not discussed in this work. The remaining three methods are presented
in Fig. 3.4 using the refined semicircle in Fig. 2.8. Its knot vectors are given by
Eq. (2.23).
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e) Collocation: Greville points, see Eq. (3.9).

Figure 3.4: Methods for contact discretization.
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3.2. Contact Discretization

Gauss Points

The straightforward approach is to use Gauss points as they are used to determine
the element mass and stiffness matrices in Sect. 2.6. Unlike in Sect. 2.6, the Gauss
points are not arranged over an entire element but only on its outer surface. This
concept is called "knot-to-surface” algorithm [TemizerEtAlll, TemizerEtAl12].
However, it is also named ”Gauss-point-to-segment” approach in the literature,
see e.g. [MatzenBischoff16]. As stated in [CottrellEtAl09], the same Gauss rule
for a polynomial of the order p can be applied to a p-th order B-spline. Therefore,
each element has p + 1 points where the contact is evaluated. Since the order of
the refined semicircle in Fig. 2.8 is p = 3, four Gauss points are placed within each
element. It can be easily seen in Fig. 3.4a, that the number of evaluation points,
in this case the Gauss points, is higher than the number of control points n = 11,
see Eq. (2.23). Since there are more evaluation points than control points, the
contact formulation is overconstrained. This also effects the computation time,
which is increased.

Unique Knots

Usually, when applying the penalty method to bodies modeled by isoparametric
elements, the "node-to-surface” algorithm is used. This algorithm is also applied
in the previous work [Tschigg20]. Thereby, the contact is enforced at the position
of the degrees of freedom of the FEM model, the exterior nodes of the elements.
This concept cannot be applied to the degrees of freedom of the IGA, which
are the control points. The control points span up the splines but do not
directly limit the geometry of the elements. Instead, the knots limit the elements.
Therefore, [TemizerEtAl12] proposes to check the contact at the position of the
unique knots as shown in Fig. 3.4b. In this way, the classic node-to-surface
algorithm can be transferred from FEM to IGA. However, when applying this
algorithm to isoparametric elements, the number of evaluation points is identical
to the number of nodes. In the IGA, the number of unique knots is less than
the number of exterior control points. As visualized in Fig. 2.10 and defined in
Eq. (2.23), the number of B-splines and control points in ¢-direction is n = 11.
However, the knot vector E only has nine unique knots. Therefore, this contact
formulation is underconstrained and will not be discussed further in this work.

Collocation Points

A method that comes close to the "node-to-surface” method in the FEM and
is neither overdetermined nor underdetermined is collocation [TemizerEtAl12,
Matzenl5, MatzenBischoff16]. Here, the number of evaluation points is identical
to the number of control points on the exterior surface. This method is also known
as the ”point-to-segment” method, see [MatzenBischoff16]. In [MatzenBischoff16],
three collocation methods are presented:
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Botella Points

First, Botella points, see [Botella02], are suggested. Botella points are defined at
the maximum points of the B-splines, see Fig. 3.4c. There is no direct calculation
rule for the maximum points in the IGA. However, by setting the first derivative
of the B-splines from Eq. (2.7) to zero and solving the equations using Newton’s
method, the Botella points can be determined. Since Newton’s method is used,
the second derivative of the B-splines from Eq. (2.8) is also required.

Chebyshev Points

Second, Chebyshev points are proposed as collocation points in [MatzenBischoff16].
A Chebyshev spline of order p+1 is shown Fig. 3.4d. Chebyshev points are extrema
of the Chebyshev spline, see [Demko85]. The extrema and the corresponding
spline can be computed with the MATLAB function chbpnt, see [Mathworks23].
A non-unique knot vector, e.g. E, and its corresponding order increased by one,
e.g. p+ 1, are selected as the function input.

Greville Points
Third, the last collocation rriethod proposed in [MatzenBischoff16] are Greville
points. The Greville points &; can be computed with

i+p

PR
€ = i:i; i=1.n (3.9)

resulting in n collocation points, see [Farin01]. As an example, the Greville points
are shown in Fig. 3.4e. The collocation points in n- and {-direction are computed
accordingly.

The collocation points listed above are valid for one local coordinate direction.
Keeping one local coordinate constant and integrating with the remaining local
coordinate corresponds to a 2D model. For a 3D model, two local coordinate
directions are varied and the third is constant. In the following, it is assumed
that the contact is integrated over £ and 7, and the third local coordinate ( is
kept constant at (con. The collocation points are given by

E=[a & (3.10)
n=1[m i (3.11)
The linear combinations
& & & & & £,
ﬁl 9 772 y T 'f]m ) ﬁl sy T ﬁm sy T ﬁm (312)
Ccon Ccon Ccon Ccon Ccon <con

eval

of the collocation points in Eq. (3.10) and Eq. (3.11) then results in npois = n-m
contact evaluation points.
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3.3. Contact Evaluation

Besides the position of the collocation points, each collocation point is weighted.
Weighting is required so that each point is in relation to the size of the exterior
surface. This is already the case with the Gauss points, as each Gauss point has its
own weight. For collocation points, the weighted collocation method is introduced
in [MatzenBischoff16]. The collocation weights @ = [ﬁ;l Wy ... ﬁ)nAm]T can
be determined by solving

Gw=r, (3.13)

where G are the NURBS basis arranged in a matrix and r are the integrated
NURBS basis. See Eq. (2.11) for the definition of the NURBS basis, thus the
matrix G reads

le:?:{ (gl, 7717 Ccon) Rﬁ):?:{(é;l, 772, Ccon) e le:?:i (§n7 ﬁm, Ccon)
a Rll),’?:; (51: 1, Ccon) RI{:;L; (fl» 72, Ccon) e Rll):?:; (fna m, Ccon)
RE:ﬁ,re (glv ﬁlz CCon) RE:E;T; (517 ﬁQ, Ccon) T RE:EQTZ (£n7 ﬁm, Ccon)

(3.14)

where the NURBS basis is evaluated at all linear combinations of the collocation
points, see Eq. (3.12). The right side of Eq. (3.13) is computed by integrating
the NURBS basis on the exterior surface with

R, Ceon)
RY'31 (&M, Ceon)
r= . dédn. (3.15)

Ry (657, Ceon)

By solving Eq. (3.13), the collocation weights @ are obtained. As can be seen
in Fig. 3.3, not all evaluation points that are on the outer surface are checked
for contact. Only the points located in the contact elements are required. The
contact elements, which are colored purple in Fig. 3.3, are located in the so-called
contact interval. The contact interval is defined in the IGA parameter space and
indicates where the contact is checked on the contact and the target body.

3.3 Contact Evaluation

This section details the contact evaluation of IGA bodies that are modeled within
the floating frame of reference formulation, see Sect. 2.1. In the floating frame of
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reference formulation, each body is represented in its body frame Kg, see Eq. (2.4).
However, for contact evaluation, it is desired that the bodies are represented in the
inertial frame Kj. Therefore, the position of the deformed control points 'p;, jk in
the inertial frame is required. As a reminder, the indices 7, j, and k correspond
to the arrangement of the control points in the control net, see Eq. (2.9). The
positions of the deformed control points are composed of the undeformed control
points Rp?y]-yk and the elastic deformation ue,;,j,x based on the global shape
functions ®; ; » and the elastic coordinates g as

Pk = "P0 kA eigk = "Lk + Pijige. (3.16)
The absolute position of the control points is given by
"pijk = Sr(Br) ("rir + “pik) (3.17)

requiring the reference frame position ®rig, the rotational parameters Bir, and
the corresponding rotation matrix Sir(Bir). In the course of contact evaluation,
one body is defined as the contact body denoted by the index C and the other as
the target body denoted by T, see Fig. 3.5. The contact evaluation points xc;,
e.g. collocation or Gauss points, are located on the exterior surface of the contact
body within the contact interval and are tested for contact with the exterior
surface of the target body. As an example, the contact force is determined by
integrating a surface with the local coordinates {1 and nr, keeping (r constant.
The contact of two bodies is checked by solving the nonlinear equation

(3mT(5T,TIT7CT) ) T

o8

fcon(gTvnT) = (awT(ET1WT7CT))T (iUC,i(fC,iﬂ?Cchon) _wT(fTvﬁT@T))
onr
=0
(3.18)
with the Newton’s method

§new e — re re

|: Eew = gre (Jcon) ! ,fcon( ']; ,7751)‘ ) (319)

T T

Gauss /

collocation point

contact body

contact interval

target interval

target body

Figure 3.5: Contact detection between the contact and target body.
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3.3. Contact Evaluation

for the respective knot coordinates. Using Newton’s method, the new iterative

solution [ v nﬁ‘f“’]T is updated with the previous solution [ e npre} The

Jacobian Jeon of Eq. (3.18) reads
2zp )7 omr )" &
( 6?) (wo,; — @) — (ag) per
Jeon = 8’xr T dxr T dxp
(asTanT> (xoi — @) = (65T) anr
8%z T Oz T oz
(m) (zo —@r) = (ﬁ) our
8’z T oz L
(52) @ea—wn) - (52) 42
By solving Eq. (3.18) for the knot coordinates {1 and nr, the target point @t

closest to the current evaluation point x¢,; is found. The distance gn between
the contact and target point is determined by

gn = n"(zc,i(€c,is Nc.is Ceon) — @1 (6T, 71, (1)), (3.21)

where the normal vector n is orthogonal to the surface of the target body. A
positive normal gap g, indicates a non-active contact. If the normal gap g, is
negative, the contact forces fc; and fr,; of the contact and target body for the
current collocation point are determined by the penalty approach as

fe.i = —cpgn NInwdet(J) (3.22)
fr,i = +epgn NInwdet(J). (3.23)

(3.20)

Here, c;, is the penalty factor, N¢ and Nt are the local shape functions according
to Eq. (2.21), det(J) the determinant of the Jacobian from Eq. (2.31), and @;
is the collocation weight of the current collocation point, see Sect. 3.2. If the
flexible body is axisymmetric, Eq. (3.22) and Eq. (3.23) are multiplied by 27
and the perpendicular distance between the current evaluation point and its axis
of rotation. To eliminate the distinction between contact and target body, the
roles are switched and the resulting contact forces are averaged. The resulting
contact forces at each collocation point are assembled to the corresponding degree
of freedom. The assembled vector 'f; ; » represents the contact force at each
individual control point in the inertial frame Kj. Including the contact forces in
the equations of motion (2.5) requires the determination of the discrete forces hg.
For this, the contact forces are transformed to the body frame by

B figk =Sl Fijk (3.24)

According to [SchwertassekWallrapp14], the discrete forces hq are finally computed
by

hd—zzz plgkx fzgk . (325)

i=1 =1 h=1 | BT Ffijx

Regarding the implementation, it is noted that the contact search can be paral-
lelized with respect to the evaluation points xc,:(&c,s, fic,i, Ceon)-
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3.4 Determination of the Normal Vector

In Sect. 3.3, the procedure to compute the contact force is described. However, the
normal vector n is required for the described contact detection and to determine
the contact force. As visualized in Fig. 3.5, the direction of the normal vector
must fulfill two criteria: First, the normal vector n is orthogonal to the exterior
surface of the target body. Second, the vector points to the outside of the target
body. While the first condition is easy to meet, the second condition is more
challenging.

In this section, a 2D axisymmetric example is used to show the determination
of the normal vector n. It is assumed that the contact is integrated with the
local coordinate & while 77 remains constant. As an example, the gradients with
respect to the local coordinates £ and 7 of the axisymmetric sphere are visualized
in Fig. 3.6. Here, the local coordinates Nmin and 7Nmax are the minimum and
maximum values in 7 direction, and &int is the current knot at which the contact
is integrated. Two points at the top and the bottom of the sphere are monitored
in Fig. 3.6. The points [{int nmin]T and [&m nmaxr in the parameter space

correspond to the positions & (int, Mmin) and T (Eint, Tmax) in the physical space.

The gradients w with respect to the integrating local coordinate £ are

orthogonal to the exterior surface and point towards the tapered end of the
semicircle. The gradients %%n) with respect to the constant local coordinate n
point vertically in the positive y direction of the physical space. The direction
of the gradients can be understood by the direction of the element’s boundaries
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Figure 3.6: Gradients with respect to the local coordinates of the axisymmetric sphere.
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3.4. Determination of the Normal Vector

which are also vertical. However, the gradients with respect to the constant
local coordinate, e.g. 7, are not necessarily orthogonal to the exterior surface.
Therefore, the gradient with respect to the constant local coordinate cannot be
used as the normal vector n. This work proposes a method to determine the
normal vector n independent of the IGA model.

To determine the normal vector n pointing outside of the body, a property of
the gradient with respect to the constant local coordinate is used. The constant
local coordinate 1 can only accept values between 7min and Nmax. If the constant
local coordinate 7 is set to its maximum value Nmax, the gradient points towards
the outside of the body, see Fig. 3.6. If the constant local coordinate 7 is set
to its minimum value Nmin, the gradient points towards the inside of the body.
This property can be explained by the direction of the local coordinate 7 axis
in the parameter space in Fig. 3.6. Therefore, the gradient with respect to the
constant local coordinate 7 is flipped in Fig. 3.6 if the local coordinate 7 takes on
its minimum value 7min. In this way, the gradient with respect to the constant
local coordinate points outside the body.

The first condition for the normal vector n is fulfilled since it points outside
the body. Therefore, the second condition remains so that the normal vector n
is orthogonal to the exterior surface. This condition can be satisfied based on
the gradient with respect to the integrating local coordinate £. This gradient is
tangential to the exterior surface and is colored blue in the example in Fig. 3.6.
For a 2D IGA body, the position vector x(£,n) can be divided into its z and y
components so that the partial derivative results in

d(¢m) _ [*5e
9 - outem | - (3.26)

Then, there are two vectors

d:c(f oz(&,m)

Ncandidatel = |: 8?/(5 n) :| (327)
Bw(é oz(&,m)

Ncandidate2 = |: 8y(§ n) :| (328)

which are orthogonal to the gradient in Eq. (3.26). Therefore, the vectors Ncandidate1
and Mcandidate2 in Eq. (3.27) and Eq. (3.28) are the candidates for the normal
vector n. Both candidates are shown in Fig. 3.7 and are colored in red. One
candidate is pointing to the inside of the body and one to the outside. To select
the candidate which points outside the body, it can be compared with the gradient
with respect to the constant local coordinate pointing outside the body. The
angle between the candidates in Eq. (3.27) and Eq. (3.28), and the gradient with
respect to the constant local coordinate n can be determined. The candidate
with the smaller angle is orthogonal to the outer surface, points outside the body,
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Figure 3.7: Comparison of the angle to the gradient of the constant coordinate, e.g. 7.

and can therefore be used as the searched normal vector n. Then, the normal
vector n only needs to be normalized to length one.

For a 3D IGA body, the two candidates for the normal vector
L 92(En. Q) 0z n. Q)

Tcandidatel = a€ 87’] (329)
1o} 0
TNcandidate2 = — m(ggn’ C) X m(g;]n, C) (330)

are determined with the cross product. In this case, it is assumed that the contact
is integrated with the local coordinates & and n while the local coordinate ¢
remains constant. If the contact is integrated via other local coordinates, the
procedure described above still remains the same and the corresponding equations
can be easily adjusted.

The described comparison of the angles works for most IGA models used in
practice. However, there are IGA models for which the angle comparison does
not work at certain locations. As an example, a 2D circle can be represented
in two different ways in the IGA, see Fig. 3.8. The first geometry in Fig. 3.8a
consists of only one element and the B-splines are of order p = ¢ = 2 in both
local coordinate directions. The second geometry in Fig. 3.8b is a pipe shaped
IGA model where the B-splines are of order p = 2 and ¢ = 1. By setting the
inner radius of the pipe to zero, a circle can be modeled.

First, the single element model in Fig. 3.8a is discussed. The minimum and

maximum values of the parameter space are denoted by &min, Emax; Tmin, and Jmax-
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3.4. Determination of the Normal Vector
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Figure 3.8: Two different approaches to model a circle in the IGA.

If the contact occurs between the boundaries of the parameter space, e.g. at
the bottom of the circle in Fig. 3.8a, it is always possible to have the gradient
with respect to the constant local coordinate point outside the body. However, if
the contact is evaluated at one of the four corners of the parameter space, both
gradients are tangential to the exterior surface, see Fig. 3.8a. Therefore, the
inside and outside cannot be clearly identified. As a side note, this issue is of
minor interest. The proposed IGA model in Fig. 3.8a contains elements with
unequal aspect ratios, resulting in element locking. This occurs when the model
is refined at one of the four corners of the parameter space, see Fig. 3.9. If an
impact occurs at these corners, the results would be inaccurate.

Second, the pipe model in Fig. 3.8b is discussed. The model consists of four
elements. Each element has the shape of a 90° arc. The pipe is closed by placing
the first and the last control points at the same position [CottrellEtA109]. As
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Figure 3.9: Element locking due to unequally shaped elements.

mentioned before in Sect. 2.4, control points lying on top of each other can be

constraint in the equations of motion by means of linear constraint equations.

Otherwise, the loop is not closed and the model behaves like a circlip. In this

model, the contact is integrated via the local coordinate £ and n remains constant.

The gradient with respect to the constant local coordinate 7 always points outside
the body and it is always orthogonal to the exterior surface.

3.5 Quasistatic Contact Model

This work uses the floating frame of reference formulation, see Sect. 2.1, to set
up flexible multibody impact simulations. Therefore, global shape functions ®
are required to model the elastic deformations. The IGA is used to generate a
model which is reduced using the Craig-Bampton method, see Sect. 2.7. The
resulting global shape functions are partitioned into low frequency and high
frequency modes. The low frequency modes in the range up to 100 kHz represent
the overall body flexibility and the high frequency modes represent the local
deformation in the contact area. However, a combination of low and high
frequency modes result in numerically stiff equations of motion (2.5). In the
previous work [Tschigg20], modal damping is introduced to critically damp the
high frequency modes. Alternatively to modal damping, a quasistatic contact
model is used to improve the computational performance. In [Tschigg20], the
quasistatic contact model is applied to isoparametric models. This work applies
the quasistatic contact model in combination with the IGA.

In the quasistatic contact model, the equations of motion describing the elasticity
are partitioned into two parts: the low frequency (1f) modes and the high
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frequency (hf) modes. The partitioning can be applied to Eq. (2.5) resulting in

mE 0 0 0 Rorm hat I st 0
0 oo RO har Ry hor 0
O R I I A e L e
o c o M| L i hit i K gt
(3.31)

where a Buckens-frame [SchwertassekWallrapp14] is used and standard damping
is neglected. If a Buckens-frame is used, the centroid ¢ becomes zero, and
the translational coupling matrix C; vanishes [SchwertassekWallrappl4]. The
equations of motion (3.31) include ng low frequency elastic coordinates g\ and ngf
high frequency elastic coordinates g2f. The high frequency modes are only coupled
with the rest of the system via the rigid body rotation through the matrix C2f.
In [Koppens89], it is proposed to neglect the rotational coupling C; for small
elastic deformations, which includes the low and high frequency part C¥ and CPf.
The same is proposed in [Wielenga84] provided that the elastic deformations
and the elastic coordinates remain small. Finally, it is shown in [SherifEtAl12,
TschiggSeifried18] that the high frequency coupling Ch is significantly smaller
than the low frequency coupling C¥. Thus, their contribution can be neglected in
Eq. (3.31). With these assumptions, the differential-algebraic system of equations
of motion for a single body in contact follows as

mE 0 0 07 Romr hay At hot 0

o0 I C'" o| [Ram| | ha hir B 0

o ¢ M oo | g | T |nf| T R TR T Kt |
0 0 o0 0 0 ! 0 0 K. g

(3.32)

where the dynamics of the high frequency modes vanish as quasistatic behavior is
assumed. In [Tschigg20] it is stated that the high frequencies are of minor interest
and are not excited. Therefore, the high frequency elastic coordinates gif are
quasistatic and the reduced mass matrix M: " can be neglected, see [SherifEtAll1].
However, the formulation in Eq. (3.32) may be inaccurate if high rotational
velocities occur. The algebraic equations in the last row of Eq. (3.32) represent
the balance of the contact forces hif and the inner forces f:fqgf. Without these
remaining equations, the elastic deformations in the contact area could not be
accurately represented. The differential-algebraic system (3.32) can be solved
directly, or the algebraic quasistatic contact equations are solved separately.
However, the direct solution seems to be numerically challenging. Therefore, the
algebraic equations

—nr\ 1 X
fola) =a - (B) A Bl =0 G33)



Chapter 3. Contact Handling in IGA

are solved separately from the differential equations of motion

mE 0 0 T R/I'JIR hdt hbt hwt 0
0 I Ciflf R | = [hae| + (B | = o] = |0 | (3.34)
o cf .|| g hy hil hil. K.q"

The quasistatic contact equations fqs are solved in every time step for the
high frequency elastic coordinates g'. The straightforward approach for the
solution is Newton’s method. The required Jacobian Jus(ghf) of Eq. (3.33) is
computed numerically by first order finite differences. To counter rounding and
approximation errors of the Jacobian, [Salane86] presents a method to adjust
the step sizes to control these errors. This adjustment is used in the MATLAB
function odenumgac to numerically approximate a Jacobian, see [Mathworks23].
Nevertheless, the solution of the quasistatic contact equation (3.33) can be
challenging. Especially when the penalty factor is too high. This can cause
rank issues in Newton’s method [Tschigg20, RiickwaldEtAlI23]. Therefore, the
penalty factor needs to be chosen with care. To save computing time, the
Jacobian Jqs(qé‘f) is not computed numerically in each Newton iteration. Given
a large number of high frequency elastic coordinates ¢!, this would mean many
function evaluations. Updating the Jacobian with Broyden’s method [Broyden65]
reduces the computational effort, which was also used in [Tschigg20].

The following Alg. 1 solves the quasistatic contact equation (3.33) and particularly
monitors numerical challenges. The algorithm was previously presented in [Riick-
waldEtA123, RiickwaldEtAl24], and the description given here closely follows that
presentation. Monitoring the numerics is relevant to adaptively determine the
penalty factor in Sect. 6.1. Algorithm 1 is explained in the following:

In line 1 and 2 the Newton counter knewton and a flag to reset Newton’s method
are initialized. Newton’s method starts with a while loop in line 3. First
of all, the counter kj.. of the Jacobian Jus(glf) is checked. If the counter
reaches its maximum value kjz¢™ = 15, determined from experience, a new
Jacobian is computed by finite differences. Otherwise, the previous Jacobian
updated with Broyden’s method [Broyden65] is used. Then, the Jacobian is
checked for singularity in line 10. A computationally efficient indicator for
singularity is the reciprocal condition number (RCN) measuring the condition
of a matrix [GolubLoan96]. If the RCN is near zero, the matrix is poorly
conditioned. A value near one represents a well conditioned matrix. The RCN is
determined with the MATLAB function rcond, see [Mathworks23]. If the RCN
is less then X" = 10719 the error ”1” occurs. If the Jacobian is not finite, e.g.
not a number (NaN) or infinite (inf), the error ”2” occurs. The next but one
paragraph describes how to respond to these two critical errors.

With Newton’s method, the Jacobian and the previous solution of the high
frequency elastic coordinates qé"fk, a new solution q,};‘fk 41 is computed in line 15.
Then, Broyden’s method is applied to the Jacobian Jqs(q};f) in line 16. Newton’s
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Algorithm 1 Solution of the quasistatic contact equation (3.33).

Input: g%, Jqs(qgf)7 Kjac
Output: qé‘f, JQS(qgfL kjac

1: knewton < 1 > init.: Newton counter
2: flag < true > init.: reset flag
3: while true do > start Newton’s method
4 if kjac = kjac™ then
5 Jos (g > compute: new Jacobian
6: kjac <=1 > reset: Jacobian counter
7 else > reuse Jacobian
8 kjac <= Kjac + 1 > reuse Jacobian and increase: Jacobian counter
9 end if
10: if recond(J4s(glt)) < €2 then > reciprocal condition number (rcn)
11: error <1 > error: singular
12: else if notfinite(Jq4s(ght)) then
13: error <= 2 > error: not finite
14: end if
15: q‘?,fk+1 = qe}zl,fk - JqS(qgf)_lfQS(qgf) > Newton step
16: apply Broyden’s method to Jacobian Jqs(ghf)
17: if maz(|q£’fk — qﬁkaD < € then
18: break > successful
19: else if knewton = knewton then
20: error <= —1 > error: maximum Newton steps
21: end if
22: if error # 0 and flag then > reset algorithm and try again
23: flag < false > reset is allowed once
24: Enewton < 1 > reset: Newton counter
25: kjac <= kjpe™ > reset: Jacobian counter
26: q};fk <=0 > reset: elastic coordinates
27: else if error > 0 then > critical error
28: return error
29: else if error < 0 then > non-critical error: successful
30: break
31: else
32: knewton <= knewton + 1 > increase: Newton counter
33: end if
34: end while
35: Kjac <=0 > reset: Jacobian counter

method terminates successfully in line 17 if the solution does not change with
the tolerance ¢, here, ¢ = 10715 is chosen. If the maximum number of Newton

max

steps Knewson = Skjac . = 45 is reached, the non-critical error "—1” occurs. Again,
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this parameter is determined by experience.

From line 22, the occurring errors 717, 72", and ”—1” are evaluated. If any error
occurs the first time during the current Newton iteration, Newton’s method is
reset. The reset includes the Newton counter k, the Jacobian counter kjac, and
the high frequency elastic coordinates qffk The algorithm may only be reset
once per Newton iteration. If an error occurs despite the reset, a distinction is
made between the critical errors ”1” and ”2” as well as the non-critical error ”—1".
If the error in line 27 is critical, the quasistatic algorithm stops. If the error
in line 29 is non-critical, Newton’s method terminates successfully. If no error
occurs, Newton’s method continues in line 32.

After the while loop, the discrete forces hlf can be computed, and the Jacobian
counter kjac is set back to zero in line 35. Therefore, the Jacobian can be used
more than the kj,5* = 15 times. Testing showed, that this greatly improves the
computation time while the results of the contact forces are nearly identical.
Without the reset of the Jacobian counter kjac, 3 to 4 Newton steps are required
until convergence. Resetting the Jacobian counter increases the required Newton
steps to 6 to 7, but reduces the number of computed Jacobians. Since computing
the Jacobian is the most computationally expensive part of the quasistatic contact,
the computational performance is increased even though more Newton steps are
required.

3.6 Energy of the Quasistatic Contact Model

In order to validate the methods presented in this work, the total energy of
the flexible multibody system is monitored. Thereby, only conservative systems
and Buckens-frames [SchwertassekWallrapp1l4] as floating frames are considered.
The energy of the system is composed of two parts: First, the energy of rigid
or flexible bodies described by the floating frame of reference formulation, see
Sect. 2.1. Second, the energy temporarily stored in the virtual springs of the
penalty method, see Sect. 3.3.

In the floating frame of reference formulation, the motion of a flexible body is
composed by its rigid body motion and the elasticity is assumed to be linear,
see [SchwertassekWallrapp14]. Therefore, the energy of a single flexible body is
composed of its rigid and flexible body motion as well of its kinetic and potential
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energy. The kinetic energy BN of the rigid body motion is given by

kinetic
. 1 1
rigid _ + (R T R + (R T R
Ekinetic - 2 ( UIR) m( 'UIR) + 2 ( wIR) I( wIR) . (335)
translation rotation
It is composed of a translational and rotational component. If the body experi-
ences gravity, the potential energy E;'(i':mia] reads
rigid
Epogtential = mg(h - h(]) (336)

consisting of the potential height A and its zero level hg. The energy resulting from
linear elasticity is composed of the low and high frequency elastic coordinates g.f
and ¢X. Since the high frequency modes are neglected in the equations of

motion (3.34), the kinetic energy EI¥Ple of the flexible body motion reads

. 1 .
B = 5 () MUl + 0 : (3.37)
N high frequency

low frequency

Equation (3.37) only includes the low frequency elastic coordinates g, However,
since the high frequency elastic coordinates g™t are quasistatic, they occur in the
potential energy

exible 1 —If 1 —hf
Egotegiial = 5 (qéf)T K. qéf + 5 (qélf)T K, q:f (338)

low frequency  high frequency
of the flexible body motion denoted by Eggféﬁi‘fal If the flexible body is in contact,
energy is stored in the virtual springs of the penalty method. Based on the
contact force in Eq. (3.22) and Eq. (3.23), the energy Eforiati, of the penalty

eval

contact evaluated at all nyi,s contact evaluation points reads

eval
points

contac 1 A
B = ) yeogniidet(J). (3.39)
1=1

n

Here, det(J) is the determinant of the Jacobian from Eq. (2.31), and @; is the
collocation weight of the current collocation point, see Sect. 3.2. If the flexible
body is axisymmetric, Eq. (3.39) is multiplied by 27 and the perpendicular
distance between the current evaluation point and its axis of rotation. The
energy E;‘c’ft‘éj}ﬂal of the penalty contact is evaluated at every contact evaluation
point xc;. Since the roles of the contact and target body are swapped to
eliminate the distinction between contact and target body, the energy ESotiact,
of the penalty contact is averaged. Finally, the total energy of a flexible body in
contact reads

E = B + Epienias + Binetic + Eporentian + Epotenial-  (3.40)

kinetic potential



SOFTWARE IMPLEMENTATION

The Institute of Mechanics and Ocean Engineering (MuM) has been working
for many years in the field of flexible multibody systems using the floating
frame of reference formulation. The application areas include, for instance,
topology optimization [Moghadasil9], real-time simulation of vehicle dynam-
ics [Schmitt19], contact simulations [Tschigg20], and control strategies for flexible
robots [Morlock23]. The works mentioned above use the floating frame of refer-
ence formulation and isoparametric elements to retrieve global shape functions of
flexible bodies. This chapter introduces the MATLAB toolbox RIGA in Sect. 4.1
its computational performance is briefly analyzed in Sect. 4.2.

41 RIGA

A workflow similar to the one in Fig. 4.1 is used in the previous works [Moghadasil9,
Schmitt19, Tschigg20, Morlock23] to simulate flexible multibody systems. First,
the geometry is modeled in a CAD software, e.g. INVENTOR. Second, the geometry
is meshed with isoparametric elements in a FEM software, e.g. ANSYS [Ansys19)].
The FEM model can be saved in a file which includes the assembled mass and
stiffness matrix as in Eq. (2.34). Third, the inhouse MATLAB toolbox RED devel-
oped at MUM reads the file saved by ANSYS. The toolbox then stores the FEM
model in a data structure which will be used in all following tasks. With RED,
the model is reduced, e.g. with modal truncation or the Craig-Bampton method,
and the SID file is computed and stored, see [SchwertassekWallrapp14]. Fourth,
the SID file is loaded in another inhouse MATLAB toolbox named DYNMANTO,
see [HeldEtA120]. Here, the flexible multibody system is set up and simulated.

A milestone of this work is to substitute the first two steps in Fig. 4.1 and
replace them with the IGA as shown in Fig. 4.2. The general workflow in Fig. 4.1
should remain. Therefore, the IGA MATLAB toolbox REDUCED ISOGEOMETRIC
ANALysIs (RIGA) is developed to work smoothly with the existing two tool-
boxes. In total, the toolbox RIGA consists of 10000 lines of code. As usual
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4.1. RIGA

CAD Software modeling the geometry
e.g. INVENTOR

FEM Software mesh the geometry with finite elements
e.g. ANSYS

read elastic data from FEM
apply model reduction
write SID file

E DYN MAN To flexible multibody simulation

Figure 4.1: Workflow of a flexible multibody simulation with isoparametric elements.

REDUCED ISOGEOMETRIC ANALYSIS

12DYNMANTO

Figure 4.2: Workflow of a flexible multibody simulation with RIGA.

in IGA research [CottrellEtAl09], the toolbox is limited to simple geometries
such as circles, spheres, and rods, as the focus is set on the development of new
algorithms. Therefore, arbitrary CAD models cannot be imported into RIGA.
As side note, although CAD software uses NURBS to define the geometry, the
geometry cannot be directly used to derive the equations of motion. For com-
plex models, CAD software uses T-splines or subdivision surfaces with multiple
patches [CottrellEtAl09]. Another challenge is that the geometry in CAD is
build on surfaces, not solid bodies. This may be ideal for the boundary element
method, but applications in the field of the FEM such as impact simulations
require solid models.

The toolbox RIGA is implemented in MATLAB. In practice, MATLAB is an
easy-to-use coding language but its computational performance is low. However,
the already existing workflow shown in Fig. 4.1 is implemented in MATLAB. The
model generation could be implemented in a faster language, but the IGA contact
routine must still be used during time integration in DYNMANTO. Therefore,



Chapter 4. Software Implementation

MATLAB is chosen. To integrate RIGA into the existing workflow from Fig. 4.1,
RIGA uses the same data structure of the full model as RED. This means that
only very few adjustments are required in RED and DYNMANTO.

The toolbox RIGA uses object oriented programming. Different tasks and data
structures are separated into different classes. Each class has methods, which are
similar to functions, and properties, e.g. variables. As an example, the method
finish of the class RIGA is briefly summarized in Alg. 2. Before calling the

Algorithm 2 Process of the method finish of the class RIGA.

1: check optional inputs (e.g. constraints)
2: if hierarchically refined then
3 prepare hierarchical B-splines
4: end if

5: set up elements
6: set up control points

7: compute element mass and stiffness matrices
8: assemble mass and stiffness matrix

9: add interface control points

10: find repeating control points

11: apply constraints

method finish, the user defines the geometry by entering the control points, the
weights, the knot vectors, the order of the B-splines, the material parameters,
such as the Young’s modulus, and finally the refinement. With the Alg. 2, the
IGA model is generated and can be imported into RED afterwards. First, in
line 1, it is checked for optional inputs such as constraints. If the IGA model
is hierarchically refined, the linear combinations of finer B-splines is computed
as briefly explained in Sect. 2.5. In line 5, the elements, also known as knot
spans, are set up. The class of the control points is initialized in line 6 assigning
each control point its degrees of freedom. Then, in line 7, the element mass and
stiffness matrices are computed as defined in Eq. (2.29) and Eq. (2.30). The
matrices are assembled to the full equations of motion (2.34) in line 8. In line 9,
interface control points are defined which act as a joint to connect to other bodies.
As mentioned before in Sect. 2.4, control points may lay on top of each other
and can be constraint by linear constraint equations. This procedure is executed
in line 10. All constraints are imposed on the equations of motion (2.34) and the
method finishes in line 11.
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4.2 Computational Performance

Computational performance in MATLAB is an issue, especially for contact han-
dling during time simulation. Compared to the linear isoparametric elements,
the nonlinear local shape functions of the IGA, the NURBS, are computationally
more expensive. When using hierarchically refined IGA models, the computa-
tional requirements are even higher. MATLAB offers toolboxes to improve the
performance. The straightforward approach is to parallelize the code, e.g. parallel
for loops. As an example, the contact check of several collocation points or the
determination of the element mass and stiffness matrices, as in Eq. (2.29) and
Eq. (2.30), are parallelized. However, parallelization needs to be used with care.
On the one hand, parallelization is not possible if the iterations of the for loop
are dependent on each other. On the other hand, in practice, a parallelized for
loop may be slower than a sequential for loop.

A greater increase in performance can be achieved with the MATLAB CODER
Toolbox. Individual MATLAB functions are automatically translated to C-code
and compiled into a MATLAB EXECUTABLE (MEX) file. A MEX-file is similar to
a compiled Dynamic Link Library (DLL) file but is easier to include into MATLAB.
This work uses the open source MINGW-w64 compiler [MathWorks24] to create
MEX-files. Compared to the standard MATLAB compiler, the MINGW-w64
compiler can also generate parallelized code. This provides the greatest increase
in performance compared to standard MATLAB without parallelization.

As an example, the impact of two axisymmetric spheres is simulated in 2D. The
models are hierarchically refined with ni,; = 6 levels and a quasistatic contact
model is chosen. For more details on this setup, see the application example
discussed in Sect. 5.1.5. The processor used is the Intel W-2295 model with 18
cores. It should be noted that the following qualitative observations depend
on the particular application example. The setup is simulated in four different
ways, including sequential and parallel computing, as well as standard MATLAB
and MEX. Each of the four simulation types is run three times and the average
computation time is calculated. The final comparison is shown in Fig 4.3. It can
be seen that parallelizing the contact routine and compiling it as a MEX-file
improves the computational performance by a factor of up to 15 compared to the
sequentially computed MATLAB code. As a side note, the sequential simulations
still take advantage of multiple cores. This is because MATLAB automatically
performs matrix operations on all available cores, e.g. for solving the equations
of motion (3.34).
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MATLAB
sequential

MATLAB
parallel

MEX
sequential

MEX
parallel T ! ! ! ! ! !
0 2 4 6 8 10 12 14 16

computation time of the impact [min]

Figure 4.3: Comparing the computation time of sequential and parallel computing in MATLAB
for an IGA impact simulation.
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INVESTIGATION OF IGA IMPACT
MODELING

In this chapter, IGA based flexible multibody systems are validated in impact
simulations to show its overall functionality. Factors that affect accuracy and
computation time are evaluated. In the first testing example in Sect. 5.1, the
impact of two axisymmetric spheres is simulated. This setup is 2D. In the second
testing example in Sect. 5.2 the setup is extended to 3D. Some of the results
presented in this chapter have already been published in [RiickwaldEtAl21c,
RiickwaldEtAl21d, RiickwaldEtA122, RiickwaldEtA123].

5.1 Testing Example I: Axisymmetric Spheres

The setup of the first testing example is illustrated in Fig. 5.1. The axisymmetric
setup in 2D represents the impact of two flexible spheres modeled by two semi-

axisymmetric
sphere

#vo =0.1m/s

Tvo =0.1m/s

Figure 5.1: Impact of two axisymmetric spheres.
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5.1. Testing Example I: Axisymmetric Spheres

circles. The radius of the spheres is 7 = 1 cm and their initial velocity is defined
with vo = 0.1 m/s. The spheres are made of steel. Therefore, the Young’s modu-
lus is chosen as E = 210 GPa, the density as p = 7850kg/m?>, and the Poisson’s
ratio as v = 0.3. The setup is well suited since the analytic solution by Hertz
can be used as a reference, see Sect. 3.1. The goal of the first testing example is
to validate the IGA in a flexible multibody impact simulation. This includes the
different contact discretization methods from Sect. 3.2, the quasistatic contact
model from Sect. 3.5, and hierarchical refinement from Sect. 2.5. Besides the
analytic solution by Hertz, an isoparametric model is used as a second reference.

This testing example is divided into five tests. In each test, the setup is sim-
ulated for 0.1 ms, which is a little more than the duration of the impact. An
overview of the various tests is provided in Tab. 5.1. First, the IGA contact
discretization methods are tested including Gauss points and collocation points,
e.g. Greville, Botella, and Chebyshev points. Second, the effect of order elevation
(p-refinement) is evaluated, see Sect. 2.4. Third, the IGA model is compared with
an isoparametric model. This model will be simulated by a reduced isoparamet-
ric (RISO) model as well as a full FEM model in ANSYs. Up to and including the
third test, only modal damping is used to reduce the numerical stiffness of the
Craig-Bampton model. Fourth, modal damping and the quasistatic model are
compared. Fifth, hierarchical refinement is tested and compared to the standard
approach for refinement in IGA, which is global refinement.

The geometry of the IGA model is based on the semicircle in Fig. 2.5. The order of

Table 5.1: Goals of the first testing example.

goal focus of analysis
G int
investigate the IGA au.ss pOll:l S
Test 1 . Lo Greville points
discretization methods .
Sect. 5.1.1 Botella points
(see Sect. 3.2) .
Chebyshev points
evaluate order elevation
Test 2 X Lo X
(p-refinement) in IGA variation of order elevation
Sect. 5.1.2
(see Sect. 2.4)
Test 3 compare the IGA with reduced IGA (RIGA)
es
Sect. 5.1.3 isoparametric elements reduced isoparametric model
ect. 5.1.
in an impact simulation full ANSYSs model
compare modally damped
Test 4 IGA models with modal damping
Sect. 5.1.4 quasistatic contact models quasistatic contact model
(see Sect. 3.5)
compare globally and
Test 5 hierarchically refined IGA global refinement
Sect. 5.1.5 models (see Sect. 2.4 hierarchical refinement
and Sect. 2.5)
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the B-splines is elevated by n, = 2 in &- and n-direction. To represent the overall
flexibility, 15 knots are inserted in &-direction and 24 knots in n-direction between
each existing knot. To accurately simulate the occurring contact forces, the
contact area needs to be refined. Special care is taken to ensure an element size
of 10 pm in the contact area. The same refinement is applied to the isoparametric
model which will be used as a reference in Sect. 5.1.3. In Fig. 5.2, the IGA
model and the isoparametric model are visualized. The overall refinement of the
bodies is similar and both contact areas are equally refined. The contact area of
both models consists of 25 contact elements. As a reference, the isoparametric
model will be used in a full FEM simulation in ANSYS and as a reduced model
to be simulated in the same way as the IGA model. The reduced models are
obtained by applying the Craig-Bampton method and use ng = 10 low frequency
normal modes to represent the overall flexibility. The number of high frequency
constrained modes is slightly higher for the IGA model. Selecting 25 contact
elements results in 26 interface nodes for the isoparametric model. Since the IGA
model uses local shape functions of order p = 4 and the isoparametric model uses
linear local shape functions, the IGA model requires three more interface control
points yielding 29 interface control points. However, the number of contact
evaluation points is identical given that the IGA model uses collocation points,
e.g. Greville points. A detailed overview of both models is given in Tab. 5.2.
Here, the green colored properties are identical for both models, and the red
colored properties are different. As a side note, it is mentioned in Sect. 3.2 that
for collocation points, the number of contact evaluation points is equal to the
number of control points on the exterior surface. This also applies to the IGA
model in Fig. 5.2. However, the number of interface control points is larger than
the number of contact evaluation points, see Tab. 5.2. This is because the contact
interval is set to the size of 25 contact elements, and only the relevant collocation
and interface control points are considered.

Table 5.2: Globally refined IGA and isoparametric model of an axisymmetric sphere.

reduced IGA reduced isoparametric
(RIGA) model (RISO) model
model 3136 control points 3764 nodes
order of local shape functions p=4and qg=3 linear
contact elements 25 25
dimension of contact elements 10 pm 10 pm
low frequency modes ng 10 10
interface 29 interface control points 26 interface nodes
high frequency modes ngf 29 X 2 =58 26 X 2 =52
model reduction Craig-Bampton Craig-Bampton
modal damping v v
contact evaluation points 26 Greville points 26 nodes
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IGA model isoparametric model

I contact area I contact area

0.5 mm

M 25 contact elements

Figure 5.2: Globally refined IGA and isoparametric model of an axisymmetric sphere.
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5.1.1 Test 1: IGA Contact Discretization

In the first test, Gauss points and collocation points are compared for contact
discretization, see Sect. 3.2. The straightforward approach for selecting points to
evaluate the contact are Gauss points. However, using Gauss points results in
a overdetermined contact formulation since it involves more evaluation points
than control points on the exterior surface of the body. This is not the case for
collocation points. Therefore, it is expected that the collocation points show
lower computation times than Gauss points. However, it is to be determined how
both methods differ in their accuracy.

This work uses the penalty method which requires the penalty factor ¢, to
be determined. As mentioned before, its value is increased until the results
become mostly independent of the chosen parameter [SeifriedEtAl03]. Increasing
the penalty factor beyond its converging value increases the computation time
since the equations of motion (2.5) become numerically stiffer. All simulations
in this work are run three times and then the average computation time is

calculated. The results of such a study on the penalty factor are shown in Fig. 5.3.

Here, the convergence of the penalty factor ranging from ¢, = 3 - 10*" N/m up
to cp = 9-10*® N/m is analyzed. The penalty factor is chosen so that the contact
force does not change significantly, see Fig. 5.3a. Increasing the penalty factor
beyond its converging value increases the computation time, see Fig. 5.3b. In
this way, the penalty factor ¢, = 110" N/m, is chosen for all four contact
discretization methods for further analysis.

There are no significant differences between the considered collocation points
in Fig. 5.3. The overall course, the calculation time and the maximum contact
force are almost identical. The same applies to the maximum contact force when
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E 145.5 @ 1 .% PN @ OO
§ 145 8 converging value | & 50 ol converging value
I a
v A Gauss O Greville g A Gauss O Greville
§ 144.5@ | + Botella x Chebyshev S oL + Botella x Chebyshev
3-10'"  10'® 10 3-10'"  10'® 10"
penalty factor ¢p [N/m)] penalty factor ¢p [N/m)]
a) Maximum contact force. b) Computation time (impact phase).

Figure 5.3: Convergence of the penalty factor.
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using Gauss points. However, the computation time is higher since the contact
formulation is overdetermined. This observation can also be made in Fig. 5.4,
where the computation time for ¢, = 1 - 10*®¥ N/m is shown in detail. Using
Gauss points take the most computation time. Using collocation points results
in a faster computation of the impact. The time differences between the three
collocation methods are minor.

Regarding the accuracy of the results, the contact force is plotted in Fig. 5.5 with
respect to the time ¢. The analytic solution by Hertz is used as a reference. All
four discretization methods show accurate results and do not differ significantly.

Finally, the translational rigid body velocity in y-direction of the upper sphere
in Fig. 5.1 is shown in Fig. 5.6. The initial velocity of the spheres is defined
with vo = 0.1m/s. The impact of two spheres according to Hertz is an elastic
impact without damping. Therefore, the coefficient of restitution, see [Wriggers06],
is equal to one and the velocity after the impact is still vo with a change of sign.
Although the high frequency modes are modally damped to reduce numerical
stiffness, all four discretization methods represent the elastic impact accurately
with the respect to the analytic solution by Hertz.

Similar results are achieved in [Matzenl5], where no major differences between
the collocation methods is observed. For consistency, Greville points are used for
all subsequent IGA simulations.

Gauss
Greville

Botella

Chebyshev
0 20 40 60 80
computation time of the impact [s]

Figure 5.4: Comparing the computation time of the different discretization methods us-
ing ¢, =1-10® N/m.
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. Chebyshev
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time [ms]
Figure 5.5: Contact force over time for ¢, = 1- 10" N/m.
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Figure 5.6: Translational rigid body velocity in y-direction of the upper sphere in Fig. 5.1
for ¢, = 1-10* N/m.

5.1.2 Test 2: IGA Order Elevation

The second test evaluates the effect of order elevation on accuracy and compu-
tation time. Therefore, order elevation is varied between n, = 0 (no elevation)
and n, = 4. Greville collocation points and the penalty factor ¢, = 1 - 10*® N/m
are used. In Fig. 5.7, the contact force is visualized. It can be seen that the force
converges to the solution by Hertz as the order increases. The only exception
is the order elevation of n, = 3. Comparing the computation times in Fig. 5.8
shows that increasing the order also increases the computation time. This is
because higher order local shape functions are more computationally expensive.
An order elevation of n, = 2 appears as a good compromise between computation
time and accuracy in this test. Therefore, this value is used for the remaining
tests in Sect. 5.1.
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150
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Figure 5.7: Contact force over the time while varying the order.
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computation time of the impact [s]

Figure 5.8: Computation time of different levels of order elevation.

5.1.3 Test 3: IGA and Isoparametric Models

The third test investigates the accuracy and computational performance of the
IGA model by comparing it with the isoparametric reference model from Fig. 5.2.
The isoparametric model is simulated in two ways: First, it is simulated as a
RISO model using the Craig-Bampton method for reduction, modal damping to
reduce the stiffness of the high frequency modes, and the impact is modeled with
a penalty method. Therefore, the RIGA and the RISO model are simulated in
the same way. Second, the isoparametric model is also simulated in a full ANSYS
simulation using the Lagrange multiplier method as a reference.

On the one hand, the IGA seems to be more accurate than classical isoparametric
models. This is because the geometry is exactly preserved in IGA and high order
local shape functions are used. On the other hand, the high order local shape
function based on B-splines are computationally more expensive than linear shape
functions of isoparametric elements. This test checks whether these assumptions
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can be reproduced by means of a simulation.

As in the previous test, the penalty factor is manually determined in Fig. 5.9.

For the RISO model, the convergence of the penalty factor ranging from ¢, =
6-10""N/m up to ¢, = 910" N/m is analyzed in Fig. 5.9. The analysis of the
penalty factor for the RISO model in results in the penalty factor ¢, = 2-10'' N/m
which is highlighted in Fig. 5.9. Comparing the convergence behavior with the
Greville points in Fig. 5.3, both reduced models converge to the same maximum
contact force. However, the RISO model is computed slightly faster.

However, the models converge for different penalty factors. The penalty factor
of the RISO model is about seven magnitudes smaller than that of the RIGA
model. This is because of the calculation of the contact force in the IGA, see
Eq. (3.22). It includes the determinant det(J) of the Jacobian J, see Eq. (2.31),
and the collocation weight ;. Both terms are not included in the contact force
calculation of isoparametric models, because the contact is evaluated at the nodes,
which are also the degrees of freedom. As an example, the collocation weight
of the first Greville point in the lower left of Fig. 5.2 is w1 ~ 3.13 - 10~*. The
determinant of the Jacobian of the corresponding element is det(J) ~ 2.83-107%.
Multiplying both factors gives 8.86 - 1078 & 10~7, which explains the difference
of seven decades in the penalty factors.

Regarding the computation times listed in Fig. 5.10, the RISO model is slightly
faster than the RIGA model. The difference is only minor since both models
are simulated using the floating frame of reference formulation with a similar
number of elastic coordinates, see Tab. 5.2. This includes the transformation from
the body reference frame to the inertial frame and the assembly of the discrete
forces hq, see Sect. 3.3. The actual contact check only takes approximately 10 %
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a) Maximum contact force. b) Computation time (impact phase).

Figure 5.9: Convergence of the penalty factor of a reduced isoparametric model.
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Figure 5.10: Comparing the computation time of the different discretization methods.

of the computation time for the RISO model and 30 % for the RIGA model. Both
reduced models are simulated with a variable step size, which is on average At ~
0.7ps. In addition to the simulation of the RISO model, the isoparametric
model is simulated with ANsYS. The simulation is performed using the step
sizes At = 1ps and At = 0.1ps. The simulation with the larger step size is
the fastest of all four simulations. However, it has a low resolution of only 100
time steps and the results show slight oscillations in the energy over time. The
simulation with the smaller step size takes approximately ten times longer and
generates 1000 time steps. Since the results appear of higher quality, the ANSYS
simulation with the time step size At = 0.1 ps is used in this test.

As in the previous test, the contact force is shown in Fig. 5.11. All simulations
can replicate the analytic solution by Hertz well. However, in this example, the
RIGA and the RISO model are closest to the analytic solution.

When simulating the Hertzian contact, the relationship in Eq. (3.3) between the
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Figure 5.11: Contact force over the time.
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contact force and the relative displacement ¢ between the centers of mass can
be visualized, see Fig. 5.12. The nonlinear relationship is well represented by all
models and the differences are minor.

The normal gap g, with respect to the time ¢ is plotted in Fig. 5.13. Here, the
maximum penetration of all contact evaluation points is visualized. Although a
penalty method is used, the unphysical penetration of the bodies is very small.
The maximum normal gap of the RISO model is gn = 0.46 pm. For the RIGA
model, it is only g, =~ 0.13 pm. Since ANSYS uses the Lagrange multiplier method,
no penetration occurs. As the normal gap is the highest with the RISO model, it
can be assumed that the penalty factor ¢, = 2 - 10*' N/m may have been set too
low. However, even with the significantly higher penalty factor ¢, =9 - 10! N/m,
such a small normal gap as with the RIGA model is not achieved. Therefore,
the RIGA model is slightly more accurate than the reduced isoparametric model
in this testing example.

The von Mises stress along the symmetry axis given in Eq. (3.8) is visualized in
Fig 5.14. For comparison, the time step was chosen at which the occurring stresses
are maximum in the respective simulation. The maximum stress occurring in the
flexible body is slightly better represented by the isoparametric model than by
the isogeometric model. A reason for this may be the slightly higher maximum
force of the ANSYS solution, see Fig. 5.11. However, the overall stress is well
represented by both models. Overall, the differences are very small and are of
minor practical importance. The distribution of the von Mises stresses in the
contact area is shown in Fig 5.15. It shows that the RIGA model reproduces the
stresses predicted by the full ANSYs model accurately.

To validate the conservation of energy, the energy of the system is computed
according to Sect. 3.6 and plotted over the time ¢ in Fig. 5.16. Since the impacts
are elastic, the energy should stay constant. The initial energy E of the system

150 | — Hertz ‘ ! ‘ ]
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100l RISO |
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146 - /
145 /

displacement ¢ [um)]

Figure 5.12: Displacement § with respect to the contact force force, see Fig. 3.2.

69



70

5.1. Testing Example I: Axisymmetric Spheres

0.5
— — RIGA
g 0.4 ——RISO ¢, = 2- 10" N/m
& 0.3 el i R "‘RISOCp=9~1011N/m
= ' el ——  ANSYSs At =1ps
202 /7 ---  ANSYS At =0.1ps
< .
g Al )
5 01/ \ |
S| \

O | | | | | | | \ |

time [ms]

|
0 001 0.02 0.03 004 0.05 0.06 0.07 0.08 0.09 0.1

Figure 5.13: Normal gap g, over the time.
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Figure 5.14: Maximum von Mises stresses along the symmetry axis.
is given by
1
E= 2§mv3 (5.1)
m= gm"?’p, (5.2)

where m is the mass of the sphere and vy its initial velocity. It can be seen that
all models show a slight decrease of the total energy after impact, however the
energy change remains well below one percent. Since the RIGA and the RISO
model include damping of the high-frequency modes, the energy decreases during
the impact. The energy of the ANSYS solution oscillates during the impact. Using
the larger time step size At = 1ps results in an even larger oscillation of the
energy. After the impact, the total energy of the ANSYS simulations is close to
the initial energy. However, this property may not be specific to isoparametric
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b) ANSYSs.

Figure 5.15: Von Mises Stress in the contact area.
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Figure 5.16: Energy of the system for test 3.

elements, but rather depends on the time integration method and the Lagrange
multiplier method used.

Additionally, it appears in Fig. 5.16 that the initial energy of the RISO and
the ANSYS solutions are lower than the energy calculated in Eq. (5.1). Both
simulations use the isoparametric model. However, the initial energy of the RIGA
solution exactly matches the predetermined energy in Eq. (5.1). The reason for
the difference is the mass of the models. Each model and its mass are compared
in Tab. 5.3. As a reference, the mass defined in Eq. (5.2) is computed. The
RIGA model exactly matches the reference mass. However, the mass of the
isoparametric model is slightly lower. To be precise, the mass of the isoparametric
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Table 5.3: Mass of the 2D axisymmetric spheres.

model [ mass of the sphere

reference: mass according to Eq. (5.2) | 32.882003g = 2n(1 cm)37850 kg/m?>
IGA model 32.882003 g
isoparametric model 32.856 878 g

model corresponds to 99.92 % of the reference mass. This corresponds exactly
to the initial energy of the RISO and ANsYS solution in Fig. 5.16. The slightly
lower mass may be due to discretization errors of the isoparametric elements. In
the IGA, there are no discretization errors in the representation of the geometry.

To summarize the comparison between isogeometric and isoparametric models,
the differences are small. The reduced IGA model is slightly more accurate
and minimally more computationally expensive than the reduced isoparametric
model. A general statement as to whether a simulation with RIGA is faster or
more accurate than a full ANSYS simulation is not easy to answer in this test.
Depending on the time step size in ANSYS, the computation time can be lower or
higher than that of the reduced models, see Fig. 5.10. However, the energy of
the ANSYS solution shows large oscillations and the mass cannot be discretized
exactly, see Fig. 5.16. The comparison of a RIGA model and an ANSYS model is
further discussed in Sect. 5.2.2 with a 3D setup.

5.1.4 Test 4: Quasistatic Contact Model

In the previous tests, the high frequency modes are critically damped to improve
the computational performance of the reduced contact models. The fourth test
uses quasistatic contact models for the RIGA models instead of modal damping.
In the previous work [Tschigg20], the quasistatic contact model is applied to
isoparametric models. The computational performance is drastically increased
while the results remain accurate compared to modally damped models. In this
test, it is checked whether these observations can also be made for IGA models.

In the first test in Fig. 5.3, the penalty factor has been determined with ¢, =
1-10*® N/m for the modally damped RIGA model. In Fig. 5.17, the analysis
of the convergence of the penalty factor is repeated by using the quasistatic
contact model. The maximum contact force is displayed in Fig. 5.17a and the
required computation time in Fig. 5.17b. For the quasistatic contact model, the
maximum possible penalty factor is ¢, = 1 - 10*¥ N/m. A further increase results
in a singular Jacobian Jus(q2) of Eq. (3.33). Overall, the results of the maximum
contact force in Fig. 5.17a show similar behavior between the damped and the
quasistatic contact model. Significant differences are visible in Fig. 5.17b with
respect to the computation time. The quasistatic contact model takes only a
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Figure 5.17: Convergence of the penalty factor for test 4.

third of the time of the damped model.

As in the previous test, the contact force is shown in Fig. 5.18. Both contact
models can replicate the analytic solution by Hertz very well. The contact force
of the quasistatic model is only slightly higher.

To validate the conservation of energy, the energy of the system is displayed over
time in Fig. 5.19. As in Fig. 5.16 of the third test, it is found that the energy
of the damped model decreases. The energy of the quasistatic contact model
remains almost constant. Only at the end of the contact, at time ¢ =~ 0.08 ms, the
energy decreases slightly. The reason for this remains unknown. For comparison,
the energy of the full ANSYS simulation is displayed in Fig. 5.19. The energy
changes in ANSYS are larger compared to the energy of the quasistatic model.

contact force [N]
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Figure 5.18: Contact force over time for test 4.
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Figure 5.19: Energy of the system for test 4.

However, the ANSYS solution seems to be more energy conserving since the energy
at the beginning and end of the contact is almost identical.

5.1.5 Test 5: Hierarchical Refinement

The aim of this test is to compare globally and hierarchically refined IGA models
in the context of an impact simulation in a flexible multibody system. It is
investigated whether a hierarchically refined model has the same accuracy as
an equivalent globally refined model and how hierarchically and globally refined
models differ in computation time. The benchmark has already been carried out
in [RickwaldEtAl21c, RiickwaldEtA122] using modally damped models. In this
work, quasistatic contact models are used due to the increased computational
performance, see Sect. 5.1.4.

Four hierarchically refined models are compared in the following studies, in which
the number of hierarchy levels nyy is varied between three and six. Each of these
four hierarchically refined models has an equivalent globally refined reference
model. The equivalence is that the knot vectors of the globally refined models
are identical to the knot vectors in the lowest level of the hierarchically refined
models. The investigated hierarchically refined models are visualized in Fig. 5.20.
Additionally, Tab. 5.4 contains more details about the models. Properties that
are colored green are identical for all models, and properties colored red are
different between models, see Tab. 5.4. As described in Sect. 2.5, hierarchically
refined models require less elements and less control points to achieve the same
level of refinement in the contact area compared to globally refined models. It
can also be seen in Tab. 5.4 that a higher number of levels increases this effect.
The number of low and high frequency modes as well as the number of Greville
points in the contact interval is identical for all models regardless of whether
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Figure 5.20: Detail plot of the contact area of the hierarchically refined axisymmetric models.

the model is globally or hierarchically refined. In terms of preprocessing, the
hierarchically refined models are slightly faster because they have fewer degrees
of freedom than the globally refined models. Therefore, the computation and
the assembly of the mass and stiffness matrix as well as the model reduction is
faster for the hierarchically refined models. As a side note, the globally refined
reference model of the hierarchically refined model with ni,1 = 6 levels is used in
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Table 5.4: Globally and locally refined models of an axisymmetric sphere.

hierarchically refined nivi = 3 nyy = 4 nivl = 5 niyl = 6
control points ncp 1940 1504 1342 1147
low frequency modes nqu 10 10 10 10
high frequency modes n)f 58 58 58 58
Greville points 26 26 26 26
preprocessing time 2.0s 1.6s 1.5s 1.3s
globally refined reference

control points ncp 4900 3969 3600 3136
low frequency modes ng 10 10 10 10
high frequency modes ngf 58 58 58 58
Greville points 26 26 26 26
preprocessing time 5.2s 3.3s 3.0s 2.5s

all previous tests.

The influence of the penalty factor on the maximum contact force is visualized
in Fig. 5.21. In Fig. 5.21a, all hierarchically refined models are tested. For each
model, the maximum possible penalty factor is ¢, = 1-10'® N/m as in Sect. 5.1.4.
All models show approximately the same convergence behavior. In Fig. 5.21b, the
hierarchically refined model with ni,; = 6 levels is compared against its globally
refined reference model. The maximum contact force of the globally refined model
is slightly higher than that of the hierarchical model. The same observation is
made in Fig. 5.22. However, both models reproduce the analytical solution by
Hertz well and the differences are minor.

Finally, the influence of the number of hierarchy levels njy1 on the computation

146

145

T T T
Hertz A

Da

Ok

T

AA%
Aéé

A A
50

&

14485

max. contact force [N]

Anp =30n =4
+ N =5 XN =6

3-10%7

1018

penalty factor ¢p [N/m)]

a) All locally refined models.

. r T T T D

Z 146 Horty ~ O 00

o) X

5] x X

3 (0] X

JERRELYS N X .

3 O]

o

o

(5}

ﬁé 144 % N = 6

=i 1 Oglobal niy; = 6
3-10%7 10'8

penalty factor cp [N/m)]

b) Local model and its global reference.

Figure 5.21: Maximum contact force compared to analytic solution by Hertz.
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Figure 5.22: Contact force over the time.

time of the impact simulation shown in Fig. 5.23 is discussed. The computation
times do not include the preprocessing, only the time integration. Although
the contact search can be parallelized with respect to the evaluation points,
sequentially executed simulations are more independent of the architecture of the
computer, the MEX implementation of parallel for-loops, and the used operating
system WINDOWS. Therefore, the sequential computation allows a better relative
comparison of the individual models.

Observing the computation time of the sequential simulation in Fig. 5.23a, it
can be seen that the computation time increases with the number of hierarchy
levels. In contrast, the computation time of the globally refined reference models
decreases. The latter observation can be attributed to the fact that the number
of control points decreases, see Table 5.4. Since the globally refined models have
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Figure 5.23: Comparison of computation times.
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only one level in the parameter space, it is likely that the number of control
points directly influences the computation time. The number of control points ncp
correlates to the number of degrees of freedom ngot. If the number of degrees of

freedom nqor is smaller, the matrix of global shape functions ® € R"dofx("g+"gf)
is also smaller. Thereby, the matrix multiplications in the course of the contact
algorithm, e.g. Eq. (3.16) and Eq. (3.25), are computed faster for models with
fewer control points. However, this effect is rather small, as can be seen in
the computation time of the globally refined models in Fig. 5.23a. This can be
explained by the fact that matrix multiplications are relatively inexpensive to
calculate in contrast to, for example, matrix inversions.

Although, the number of control points of the hierarchically refined models
decreases as the number of hierarchy levels increases, the aforementioned ef-
fect does not seem to be dominant here. In the literature [SchillingerEtAl12,
D’AngellaEtAl18, NoélEtAl20, ZimmermannSauerl7], the reduced number of
control points saved by hierarchical refinement are listed as an advantage. This
advantage does not apply in this example since the models are reduced with the
Craig-Bampton method. The reduced mass and stiffness matrix are then used in
the evaluation of the equations of motion in the context of the floating frame of
reference formulation. However, the number of control points of hierarchically
refined models is lower compared to globally refined models but the number of
elastic coordinates nlf and ngf is identical regardless of the type of refinement,
see Tab. 5.4. After model reduction, the number of control points only has an in-
fluence on the global shape functions ®. As described before, the influence of the
size of the global shape functions is rather small. Since the number and position
of Greville points are also identical for the respective globally and locally refined
models, the evaluation of the NURBS in the course of the contact evaluation
remains the last possible reason for the difference in computation time. In fact,
additional computational effort in computing hierarchical NURBS described in
Sect. 2.5 is responsible for the higher computational time in Fig. 5.23a.

In the parallel computation shown in Fig. 5.23b, the globally refined models are
likewise faster. However, the difference between the globally and locally refined
models is much smaller compared to the sequential computation in Fig. 5.23a.
In this case, the locally refined models seem to benefit more from the parallel
computation than the globally refined models, whereby the MEX implementation
could be responsible for this.
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5.2 Testing Example Il: 3D Spheres

In the second testing example, the first testing example from Sect. 5.1 is extended
and simulated with 3D sphere models instead of 2D axisymmetric spheres. Again,
the two spheres are made of steel and have the initial velocity of vg = 0.1m/s.
The setup is shown in Fig. 5.24 in a cutaway view. This testing example is
divided into two tests listed in Tab. 5.5. The focus is on the same aspects as
in test 3 and test 5 from the first testing example in Sect. 5.1. However, it is
being investigated whether the findings from 2D models can also be applied to
3D models. First, the study of hierarchical refinement is extended to 3D. Second,
a final benchmark between ANSYS and RIGA is performed. This includes an
evaluation of order elevation in IGA.

Table 5.5: Goals of the second testing example.

goal focus of analysis
compare globally and
Test 1 hierarchically refined IGA global refinement
Sect. 5.2.1 models (see Sect. 2.4 hierarchical refinement
and Sect. 2.5)
Test 2 final benchmark between RIGA (vary order elevation)
Sect. 5.2.2 RIGA and ANSYS ANsyYs (vary step size)
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a) Hierarchically refined IGA model with njy,1 = 5 levels.

b) Isoparametric model.

Figure 5.24: Cutaway view of the spheres.

5.2.1 Test 1: Hierarchical Refinement

In the first test, the study on the hierarchical refinement in Sect. 5.1.5 is ex-
tended and simulated with 3D sphere models instead of 2D axisymmetric spheres.
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The motivation of this extension is to monitor the behavior of hierarchically
refinement for 3D models. The benchmark has already been carried out in
the [RiickwaldEtAl22] using modally damped models. In this work, the same
IGA models are used, but in combination with quasistatic contact models due to
increased computational performance, see Sect. 5.1.4.

As described in Sect. 2.5, the computation of hierarchical B-splines is more
expensive due to the intersection and linear combination of different hierarchy
levels. This is also observed in the 2D setup in Sect. 5.1.5. The question arises
whether global refinement is also computationally more efficient than hierarchical
refinement due to more linear combinations of B-splines in three dimensions
instead of two, or if other effects dominate. In the course of this analysis, three
hierarchically refined models with three to five levels and their corresponding
globally refined reference model are compared. The penalty factor is again
determined to be ¢, = 1-10'® N/m for the IGA models following the procedure
as in the first testing example. The number of degrees of freedom before and
after the model reduction are summarized in Tab. 5.6. Here, the lowest level of
the locally refined models is defined as the contact region. The number and size
of contact elements is identical for all hierarchically and globally refined models.
For each model, the order of B-splines is elevated by n, = 1.

The differences in the number of control points n.p, the number of high frequency
modes ng, the Greville points, and the preprocessing time are now significantly
larger compared to the 2D example in Sect. 5.1.5. As in the 2D example in
Sect. 5.1.5, the number of control points n., decreases when the number of
levels increases. However, the number of high frequency modes n;‘f varies for
the hierarchically refined models and is only constant for the globally refined
models. However, it is noticeable that all locally refined models have less high
frequency modes than the globally refined ones. The reason for this difference

can be monitored in Fig. 5.25. The number of elastic coordinates corresponds to

Table 5.6: Globally and locally refined models of a 3D sphere.

hierarchically refined Nyl = 3 Ny = 4 Nyl = 5
control points ncp 7411 6095 5350
low frequency modes ng 25 25 25
high frequency modes ngf 819 891 963
Greville points 237 241 249
preprocessing time 46s 40s 39s

globally refined reference

control points ncp 52 155 44415 35518
low frequency modes ng 25 25 25
high frequency modes ngf 1323 1323 1323
Greville points 289 289 289
preprocessing time 14 min 12 min 9 min
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a) niy1 = 3; 273 interface control points. b) nivi = 4; 297 interface control points.

c) niy1 = 5; 321 interface control points. d) Globally refined reference model niy = 5;
441 interface control points.
level
1 2 3 4 5

Figure 5.25: Contact areas of spheres for various refinement levels

the number of interface control points, of which the model in Fig. 5.25a has the
fewest. Considering Fig. 5.25, it can be seen that the respective levels adjacent
to the contact areas have different element resolutions. The difference in element
resolution between the lowest level and the second lowest level is largest for the
model with ny,1 = 3 levels in Fig. 5.25a. Therefore, the number of interface
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control points at the edges of the hierarchical model with ni, = 3 levels is the
lowest compared to the other models. As a side note, the difference in element
resolution does not depend on the number of hierarchy levels. It is a design
choice how the knots are inserted with respect to the levels.

The effect of the differences is visualized in Fig. 5.26 representing the computation
times. In contrast to the 2D setup in Sect. 5.1.5, the simulations are only
evaluated with parallel computing. Figure 5.26a shows that the hierarchical
model with ni,1 = 3 levels requires the least amount of computation time. The
same observation was made in the 2D setup in Fig. 5.23 and was reasoned
with the number of intersecting levels. In this 3D setup, the effect is further
enhanced by the small number of elastic coordinates. The hierarchical model
with niv1 = 5 levels takes the most computation time of all hierarchically refined
models due to the large number of high frequency modes, see Fig. 5.26a. However,
all hierarchical models require less computation time than the globally refined
reference models.

Although the number of high frequency modes is identical for all globally refined
models in Fig. 5.26a, there are significant differences in computation time. In
contrast to 2D, the differences in the number of control points become more
relevant in 3D, see Fig. 5.26b. As mentioned in Sect. 5.1.5, the number of
degrees of freedom n4or influences the size of the matrix of global shape func-
tions @ € Raor* (g +nq") Thereby, the matrix multiplications in the course
of the contact algorithm, e.g. Eq. (3.16) and Eq. (3.25), are computed more
slowly for models with more control points. Therefore, the globally refined model
corresponding to the model with niy,; = 3 levels takes the longest computation
time.

The small number of elastic coordinates of the hierarchically refined models
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Figure 5.26: Computation times of hierarchical and global refinement in 3D.
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compared to the globally refined models raises the questions whether the reduced
computation time is bought by a reduced accuracy. However, there are no
significant differences in accuracy between globally and hierarchically refined
models, see Fig. 5.27. This is also observed in [RiickwaldEtAl22]. Since the
outer contact area is less important, the number of interface control points of the
globally refined model could be further reduced. By hand-picking the interface
control points in the outer contact area, a simulation time which is equivalent
to a hierarchically refined model may be achieved. However, the hierarchical
refinement achieves a reduced number of elastic coordinates fully automatically.
This is beneficial for the adaptive refinement presented in the next chapter.
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Figure 5.27: Contact force over time for test 1.
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5.2.2 Test 2: RIGA and ANSYS

The second test is a final benchmark between RIGA and ANsys. The goal is to
show that it is not easy to compare a commercial finite element program such as
ANSYS with a research toolbox such as RIGA. It is observed in Sect. 5.1.2 that
order elevation introduces a trade-off between accuracy and computation time.
The same trade-off is found in Sect. 5.1.3 where the effect of the step size in
ANSYs is observed. This test focuses on these two tuning parameters. However,
there are many more parameters that can be tuned, e.g. optimizing the model
and solver settings.

The IGA models used is the hierarchically refined model with ni,; = 5 of the
previous test in Sect. 5.2.1. Based on its element resolution in the contact area,
an equivalent isoparametric model is generated. The contact area of both models
can be compared in Fig. 5.28. The isoparametric model uses tetrahedral elements
because ANSYS does not support automatic meshing with hexahedral elements.
In total, the IGA model consists of 2700 elements and the isoparametric model
consists of 21724 elements.

Four simulations are compared in this test. As in Sect. 5.1.3, the Lagrange
multiplier method is selected in ANSYS, and the time step sizes At = 1ps
and At = 0.1ps are used. The IGA model uses variable step size control in
MATLAB. For the IGA model, the model is simulated without order elevation n, =
0 and with order elevation np, = 1. As side note, in IGA, order elevation does not
influence the shape of the elements. Depending on the requirements on accuracy
and computation time, the same IGA model can be simulated with different
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a) Hierarchically refined IGA model. b) Isoparametric model simulated in ANSYS.

Figure 5.28: Contact area of the refined IGA and isoparametric model of a 3D sphere.
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5.2. Testing Example Il: 3D Spheres

order elevations. As shown in Tab. 5.7, order elevation influences the number of
control points and the number of degrees of freedom in the contact area.

The computation times are presented in Fig. 5.29. As with the 2D test in
Sect. 5.1.2, increasing the order and decreasing the time step size increase the
computation time. With the parameters selected in this test, the IGA is minimally
faster.

Regarding the contact force, the time step size has only minor influence on
the accuracy, see Fig. 5.30. In contrast, the order of the B-splines has a larger
influence on the accuracy. The simulation with order elevation represent the
analytical solution more accurately. Comparing RIGA with ANSYS, the accuracy
is about the same. The difference is very small.

Finally, the energy conservation is compared in Fig. 5.31. In contrast to the 2D
test in Fig. 5.19, the isoparametric model can represent the initial energy more
accurately. This is because of a more detailed refinement to better approximate
the mass of the sphere. In the 2D test in Tab. 5.3, the mass of the isoparametric
model was already inaccurate at the second digit after the decimal point. In
this test, the mass only deviates at the third digit, see Tab. 5.8. The mass of
the IGA models is again accurate because the IGA can represent the geometry
exactly without discretization errors. If more digits after the decimal point are
considered, differences also occur with the IGA models. However, these can be
attributed to the machine accuracy.

Considering the course of the energy in Fig. 5.31, the energy of the ANSYS
simulation deviates more from the reference during the impact than the solution
of RIGA. The simulation with the larger step At = 1 ps size is significantly
less accurate than the simulation with the smaller step size At = 0.1us. The
observation is different for the energy after the impact at ¢ ~ 0.085ms. Here,
the ANSYS simulations preserve the energy more accurately than the solutions of
RIGA.

Finally, it is not easy to determine whether ANSYS or RIGA is faster. It depends
on the accuracy which is desired. The IGA can represent the mass more accurately
with a significantly lower number of elements compared to isoparametric elements.
The same IGA model can be simulated with different accuracy by easily changing
the order elevation. In this test, RIGA is faster than ANsys. However, the

Table 5.7: Hierarchically refined 3D sphere with and without order elevation.

hierarchically refined: njy; =5 np =0 np =1
control points ncp 3859 5350
low frequency modes n;f 25 25
high frequency modes ngf 795 963
Greville points 241 249
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Figure 5.31: Energy of the system for test 2.
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5.2. Testing Example Il: 3D Spheres

Table 5.8: Mass of the 3D spheres.

model [ mass of the sphere

reference: mass according to Eq. (5.2) | 32.882003g = 2n(1 cm)37850 kg/m?>
IGA model (np, =0 and n, = 1) 32.882003 g
isoparametric model 32.881338¢g

accuracy of ANSYS can be reduced be selecting a coarser mesh and using a large
time step size, resulting in higher computational performance.

Besides the tuning parameters, such as order elevation or step size, comparing
ANsys with RIGA in terms of computation time is not easy due to the implemen-
tation. ANSYS is a commercial finite element program developed for many years
and uses fast programming languages such as C, C++, and FORTRAN. RIGA is
a new research toolbox implemented in MATLAB.

As motivated in the introduction in Chap. 1, using the floating frame of reference
formulation allows fast simulation of systems undergoing large rigid body motion.
In contrast to ANSYS, the "free flying” phases between impacts can be simulated
relatively fast using flexible multibody systems. An adequate adaptive applica-
tion example is covered in Sect. 7.2. First, however, an adaptive procedure to
automatically simulate impacts in flexible multibody systems is presented.
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ADAPTIVE PROCEDURE FOR IMPACT
SIMULATIONS

Usually, an impact in a flexible multibody system simulation requires burdensome
manual setup. The user setting up the flexible multibody system needs to pre-
determine the location of the impact point, refine the model in the respective
contact area, and determine the penalty factor for which the results converge to
the physical correct contact force. Based on the insights obtained in Chap. 5,
an adaptive procedure is presented here to adaptively simulate impacts without
manual setup. This chapter closely follows [RiickwaldEtAl24], where this approach
was published. The procedure is shown in Fig. 6.1 and includes the automation of
the flexible multibody setup and the determination of the three aforementioned
variables. This is accomplished by dividing the process into three parts: non-
impact phase, adaptive processing, and impact phase. In the beginning, the

impact phase adaptive processing
-start simulation at the _|-evaluate contact utilization
beginning of the impact -acceptable?
-quasistatic contact model
-stop if false true
=impact finished - Y
=-edge element in contact false | -change ¢, adaptively
=-on request of the -finished?
quasistatic algorithm
true
START
non-impact phase v v
-contact search  _|adaptive interval coarse model
-stop if N |=generate fine model | | (given by the user)
= fmincon(fa) =0 +
=impact location
Craig-Bampton | |moda1 truncation ‘
| |initial conditions initial conditions
coarse=-fine fine=-coarse
]

Figure 6.1: Overall procedure of the adaptive impact simulation.
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user sets up the rigid and flexible bodies. The flexible bodies, which might
get in contact, are represented by IGA models and have already been coarsely
refined. The coarse models are globally refined via k-refinement to represent
the overall elastic deformation and are used in phases between impacts. As
described in Sect. 2.4, k-refinement first increases the order of the B-splines and
then inserts additional knots. Regarding model reduction, coarse models are
modally truncated by the first nq normal modes.

The model refined later in the process is called the fine model. Fine models are
hierarchically refined models that can represent the overall elastic deformation
and the local deformations in the contact area, see Sect. 2.5. The Craig-Bampton
method [CraigBampton68] will be applied to the fine model used in the impact
phase. For the Craig-Bampton method, the number of low frequency normal
modes ng is identical to the number of normalmodes nq of the coarse model
reduced by modal truncation. Thus, the number of the equations of motion
from Eq. (2.5) remains constant throughout the adaptive simulation. Without
the quasistatic contact model, the number of equations of motion would change
and the presented algorithm would not work. This is because otherwise the ngf
constraint modes would be part of the equations of motion.

For the solution of the equations of motion (2.5), different integrators and settings
are chosen. The non-impact phase uses the MATLAB ode23tb [Mathworks23]
integrator with the maximum time step size Atyon" impact = 0.1 ms for the exam-
ples presented. The maximum step size Atinpact = 21’% in the impact phase
is determined by the Nyquist-Shannon sampling theorem, see e.g. [Pintelon12],
where f™** is the maximum eigenfrequency within the system. An explicit inte-
grator is selected for the impact phase. An implicit integrator would chain the
solution of two sets of nonlinear equations, the quasistatic contact equation (3.33)
and the equations of motion (3.34), into each other. Instead, the explicit MATLAB
ode45 [Mathworks23] integrator is modified. Two modifications are made. First,
contact forces and high frequency elastic coordinates are saved during the time
integration. Otherwise, post-processing is as time-consuming as the simulation
itself. Second, the integrator can reset the quasistatic contact model. Usually,
MATLAB integrators use variable step sizes. If an integration step is discarded,
the initial conditions of Alg. 1, see Sect. 3.5, i.e. the Jacobian Jqs(qgf), from the
last successful step are used. In the following, the procedure presented in Fig. 6.1
is detailed:

The simulation starts with the non-impact phase shown in the lower left of
Fig. 6.1. The goal of the non-impact phase is to simulate large rigid body motions
with a large time step size and to detect contacts. To detect a contact during
the non-impact phase, the distance and the impact location can be determined
with the distance function f4. If the distance function value

fa(éc,nc, (e, &, nr, C1) = |[re(éc, ne, (c) — rr(&r, nr, 1), (6.1)
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is minimized with the MATLAB optimizer fmincon [Mathworks23] and fq & 0 is
obtained, a contact occurs. The minimization of the distance function then yields
the physical points rc¢ and r1 on the bodies where they are closest, and their
corresponding local coordinates £c, nc, Cc, &1, T and (r in the parameter space.
This will be the location of the impact and this information will be necessary
for the generation of the adaptive model. To reduce the computational effort of
minimizing Eq. (6.1), the minimization is not performed in every time step but
with a larger time step size Atsearch- AS a consequence, the contact and target
body may already penetrate each other in the non-impact phase. Therefore, the
over-calculated time steps are discarded until no more contact occurs. Then,
the impact phase is simulated. Another well known and computationally more
efficient approach is the use of bounding spheres or boxes [Wriggers06]. They have
been already applied in the IGA [GaoEtAl19, OishiYagawa20]. If the geometries
of involved IGA bodies are more complex and non-convex, bounding spheres or
boxes may be required in addition to minimizing Eq. (6.1). This is because it
is challenging to find the global minimum of non-convex functions. However,
since this work focuses on simple geometries typically used in research, bounding
spheres or boxes are not additionally used in this work.

The next phase in Fig. 6.1 is the adaptive processing. The goal is to determine
the penalty factor and to generate fine models for the impact phase. The fine
model is based on its contact interval. The contact interval is defined in the IGA
parameter space and indicates where the contact is checked on the contact and
target body. Within the contact interval, there are several elements that can
come into contact. The center of the interval is determined by minimizing the
distance function fq in Eq. (6.1). The width of the contact interval is determined
adaptively. The procedure is explained in Sect. 6.2. An initial fine model is used in
the first iteration of adaptive processing. For this model, knots are automatically
inserted in the center of the contact interval based on the coarse model provided
by the user. The procedure is described in Sect. 6.3. The fine model is reduced
with the Craig-Bampton method. Although the overall shape of the eigenmodes
of the fine and the coarse model is identical, the global shape functions ® and
thus the elastic coordinates ge vary. Therefore, the initial conditions of the elastic
coordinates ge are transformed from the coarse to the fine model. The procedure
of this transformation is described in the following Sect. 6.4.

After the adaptive processing, the impact phase starts. The quasistatic contact
model in Alg. 1 is evaluated. Initially, a user given penalty factor is used. The
impact simulation stops if the impact is finished, e.g. no further contact forces
occur. The simulation will also stop if an element at the edge of the contact
interval is in contact, or the quasistatic contact algorithm requests a stop, e.g.
due to numerical issues. If an edge element is in contact, the width of the contact
interval is too small and it is pointless to continue the simulation. Therefore, the
model is updated and the impact simulation starts again.
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6.1. Adaptive Penalty Factor

Back to the adaptive processing, the utilization of the contact interval is evaluated.
If the utilization is not acceptable, the width of the interval is adaptively modified
and a new fine model is generated. The evaluation of utilization and the adaptive
modification of the interval is detailed in the following Sect. 6.2. If the utilization
is acceptable, the penalty factor can be adjusted according to the following
Sect. 6.1. If the penalty factor is not yet finally determined, the penalty factor is
modified, the fine model is updated and a new iteration begins. The impact phase
terminates successfully, if the impact is fully simulated and the utilization and
penalty factor are acceptable. In the adaptive processing, the user given coarse
model is reused, it is modally truncated, and the initial conditions are transformed.
The procedure now returns back to the non-impact phase. Therefore, the initial
conditions of the elastic coordinates ge are transformed from the fine to the
coarse model. The procedure is described in the following Sect. 6.4.

6.1 Adaptive Penalty Factor

In the course of the adaptive impact simulation in Fig. 6.1, the penalty factor
is determined adaptively. When simulating multibody systems, the correspond-
ing penalty factor ¢, is often chosen heuristically or by hand. As mentioned
before, the penalty factor should be chosen large enough such that the re-
sults become somewhat independent of the chosen parameter [SeifriedEtA103].
This trial-and-error approach was used to determine the penalty factor in the
works [RickwaldEtAl21b, RiickwaldEtAl21lc, RiickwaldEtAl21d, RiickwaldE-
tAl122, RiickwaldEtAl23], where the high frequency modes were critically damped.
If the penalty factor is increased beyond its converging value, the equations of
motion (2.5) become numerically stiffer. This increases the computation time, or
the numerical integration might even terminate unsuccessfully.

In this work, the penalty method is combined with the quasistatic contact model.
The trial-and-error approach for the determination of the penalty factor also
works here. It turns out, that the value for which the penalty factor converges is
identical for the modally damped contact model and quasistatic contact model.
In practice, however, the penalty factor cannot be increased beyond its converging
value as for a modally damped model. If the penalty factor is too high, numerical
errors occur or the algorithm terminates as described in Alg. 1. In practice, it is
desired that the penalty factor is determined automatically in order to obtain an
accurate result. Due to the numerical efficiency of the quasistatic contact model,
it is coupled with the following method to automatically determine the penalty
factor.
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For a simpler parametrization, the penalty factor is composed of a multiplier cg‘“l

and an exponential part cp*P via

exp

cp =™ 10% . (6.2)

This work proposes the procedure in Fig. 6.2 to determine the penalty factor.
The procedure is divided into two phases: quick increase and slow decrease of
the penalty factor. In the first phase, the impact is not completely simulated,
but only for ncon = 30 time steps. Testing shows that if there are no errors in
the first ncon = 30 time steps of the contact, the rest of the contact will also be
mostly error free. If no error occurs, the exponent cg*? is increased by 1 and the
impact simulation restarts. If an error occurs, the second phase begins and the
penalty factor is decreased slowly by reducing the multiplicator cg‘“l by 1. Then,
the simulation continues at the time step, where the error occurred. During the
second phase, it may occur that the penalty factor has to be reduced multiple
times online.

START FINISH
‘ fno error flag
phase 1: phase 2:
increase penalty factor quickly decrease penalty factor slowly
=restart simulation =-continue simulation
simulate the impact only continue the impact simulation
for ncon time steps )
error flag continue
€error
£ evaluate error flag of flag reduce the penalty
< . . —_— mul
+  quasistatic contact model fator slowly (cp™ — 1)
(9}
=1

no error flag

increase the penalty factor
quickly (¢ +1)

Figure 6.2: Adaptively determine the penalty factor cp.
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6.2. Adaptive Width of the Contact Interval

6.2 Adaptive Width of the Contact Interval

Besides the penalty factor, the model is refined adaptively. The model is generated
in three steps: Firstly, the utilization of the contact interval in the parameter
space is determined after an impact simulation. As mentioned in Fig. 6.1, the
impact simulation stops when the impact is fully simulated, an edge element is in
contact, or the quasistatic algorithm requests a stop, see Fig. 6.2. Secondly, the
width of the contact interval is modified based on the so-called utilization Uingvi.
The utilization depends on how many elements within the contact interval are
actually in use. Thirdly, the model is generated considering the updated contact
interval. After that, the fine model is reduced with the Craig-Bampton method,
and the impact simulation is performed again.

The determination of the utilization Uintv1 of the contact interval depends on
the type of the model. It is distinguished between a 2D model (plane strain or
plane stress), an axisymmetric 2D model, and a 3D model. Figure 6.3 shows
an example for each case. In the first two cases, the contact interval is 1D
representing an exterior curve of a surface. The contact interval of a 3D solid is
represented by a 2D exterior surface. Figure 6.3 shows three different types of
elements: interval elements, edge elements, and contact elements. All elements
inside the interval are interval elements. Elements at the edge of the interval are
named edge elements. Contact elements are the elements, which are actually in
contact. To determine the utilization Uinty1 of the contact interval, the number of

elements n& ... that are in contact is divided by the number of elements in the

contact interval ng¢ . For a 3D model, the utilization is considered individually

for both directions.

In the next step, the width of the contact interval is updated based on the
utilization. The procedure is detailed in Alg. 3. In line 1, if any contact element
is an edge element, the contact interval is too small and the impact seems
to spread over a larger area. The model is classified as unacceptable, which
prevents the penalty factor from being adaptively changed as shown in Fig. 6.2.
The width of the interval is increased by 50 % across the board. The model is
also classified as unacceptable in line 4 if the utilization is below the minimum
utilization UM% = 50 %. As a consequence, the width of the interval is decreased.
The updated width wintvi is determined with

Wintvl <— winm%. (6.3)

intvl
The maximum rate of change is limited to 50 %. For the next two cases in line 7
and 10, the model is acceptable, and the penalty factor can be adjusted according
to Fig. 6.2. The target value of the utilization is U 25" = 70 %. If the utilization
is below the target value, the width wintvi of the interval is decreased. Otherwise

the width winvi is increased. The updated width is determined with Eq. (6.3).
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2D model 3D model
1D contact interval 2D contact interval

plaine strain / plane stress

ele _
ele -9 ncontact,l =3
Tcontact —
<t
D~
™
3 3
ele __ 9 .5
Nintvl = 7 ‘1’§8 S
2
uintvl =7 = 29%
axisymmetric
ele _ ele
y Necontact — 5 Mintvl,1 — 7
3
uintvl,l =7 = 43 %
4
Z/{intvl,Q =7 = 57%
ele __
Ningvl = 7

I/{intvl = g =71 %

.interval element: element inside the contact interval
.edge element: element at the edge of the interval

-contact element: element which is in contact

Figure 6.3: Examples of how the utilization of the contact interval is determined.

Algorithm 3 Adaptive adjustment of the contact interval.

1
2
3
4
5:
6
7
8
9

10:
11:
12:
13:

. if any ’contact element’ is an ’edge element’ then © interval is too small

model is not acceptable > penalty factor cannot be modified
increase width of interval by 50 %

. else if Uinv1 < Uiy then > UDD =50%
model is not acceptable > penalty factor cannot be modified

: decrease width of interval, see Eq. (6.3)

. else if Uingvl < ULE then > USES =70 %
model is acceptable > penalty factor can be modified
decrease width of interval, see Eq. (6.3)

else if Uinevt > U5 then > URTE =70 %
model is acceptable > penalty factor can be modified
increase width of interval, see Eq. (6.3)

end if
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6.3. Adaptive Contact Model

6.3 Adaptive Contact Model

In the previous Sect. 6.2, the width wintv1 of the contact interval is adaptively
adjusted and the center of the contact interval is determined during the non-
impact phase by minimizing the distance function fq in Eq. (6.1). With this
information, the adaptive model can be built in this section. As a reminder, the
width and the center of the interval are given in the parameter space. Likewise,
the model is generated in the parameter space. In the IGA, element refinement is
achieved by inserting knots. The procedure is divided into two steps. Firstly, the
interval is delimited by inserting knots. Secondly, knots representing the contact
elements are inserted within the interval.

At the beginning of the first step, the coarse model defined by the user is given in
the upper part of Fig. 6.4. It shows the existing knots spanning up the elements
and the contact interval in the parameter space. The goal is to insert knots
until both boundaries of the interval are represented by knots. This procedure is
illustrated by an example in Fig. 6.4. In this example, three knots are required
to fit the lower and upper boundary of the interval. In practice, the interval does
not have to be exactly represented by knots. A one percent deviation from the

coarse model

(given by the user) determined during non-impact

phase with fmincon(fq)

existing .
desired center
knot contact ) ' . local .
interval — g coordinate
width wingv eg:&,m ¢
fine model : :
new ;
try 1: insert 1 knot knot
vl ' =fail!
. ; -
& @ g
try 2: insert 2 knots
i i =fail!
V) A S : £ >
e 5 & >
try 3: insert 3 knots
s s =successv’
V) S 0 85 S 85 g
oY% &/ koY oY% oY% oY% o

Figure 6.4: Iteratively build the fine model by inserting knots.
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width of the contact interval is sufficient.

However, the goal is for the refined model to be hierarchically refined. As
mentioned before in Sect. 2.5, hierarchical refinement reduces the number of
elements and degrees of freedom, see Fig. 2.8. Especially for 3D IGA models,
hierarchical refinement drastically reduces the computation time, see Fig. 5.26
in Sect. 5.2.1. For the hierarchical model generation, the number of levels is

limited to niyi* = 5 and the maximum of inserted knots per level is limited

t0 Nprags = 10. The number of levels is limited because increasing the number of
levels increases the computational effort to compute the NURBS basis which is
required in the evaluation of the contact forces, see Fig. 5.23 in Sect. 5.1.5 and
Fig. 5.26 in Sect. 5.2.1. The maximum number of inserted nodes per layer is
limited to avoid inserting all knots in one layer. Inserting all knots in one layer
gives the same effect as the global refinement in Fig. 2.8. Many elements and
control points would be created.

But not any number of inserted knots can be divided over a fixed number of
levels. An example is given in Fig. 6.5, which attempts to insert three and two
knots over three levels. As a side note, the first level represents the coarse model
and the deeper levels the refinement. On the left in Fig. 6.5, three knots are
inserted, which is equivalent to four inserted elements. Four is not a prime, it
can be divided by two. As a result, two elements are inserted in the second level
and the other two elements are added in the third level. Therefore, one knot is
inserted in each level. However, it is not possible to distribute two knots over
three levels, as shown on the right in Fig. 6.5. Inserting two knots is equivalent to
three inserted elements. The number three is a prime number and a distribution
to multiple levels is not possible.

In order to comply with the maximum number of levels niyi™ = 5 and the
maximum number of inserted knots niyos = 10 per level, the number of inserted

knots cannot be gradually increased as done in Fig. 6.4. An allowed number of

goal: insert 3 knots over 3 levels goal: insert 2 knots over 3 levels
X RR R R RR BB+ Q-R x>

& &\ o
level 1: coarse model level 1: coarse model

g >
!

level 2: insert 1 knot / 2 elements | level 2: insert 2 knots / 3 elements

S8 S > S5 V. >
& k&Y o & &L o

level 3: insert 1 knot / 2 elements | level 3: =not possible!

S aWa) aWa) S >
ke & & & o

Figure 6.5: An example that not any number of inserted knots can be divided over a fixed
number of levels during hierarchical refinement, see Fig. 2.8.
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knots to approximate the contact interval is determined with Alg. 4. In line 2 of

Algorithm 4 Determine an allowed number of knots to map the contact interval.

Il’lpllt: TMknots
. vl
OlltI)Ut- NMknots; Mknots

1: while true do

2 Nknots <= Nknots + 1 > new guess
3 17 <= Nynots + 1 > number of elements < number of knots
4 nfle < factor(n®*) > integer factorization (sorted ascending)
5: while length(n{) 4+ 2 > n2* do > restrict number of levels
6 nfle < [n{S(1) - n{S(2), nis(3: end)) > merge two levels
7 end while

8 n o entlt -1 > number of knots <= number of elements
9: if all(nl! .. < n2% ) then > restrict number of inserted knots per level
10: break > new guess found
11: end if

12: end while

Alg. 4, the number of previously inserted knots is increased by one. The new guess
is now validated. The number of knots is translated to the number of inserted
elements in line 3. The integer factorization in line 4 splits up the elements over
the levels. Line 5 and 6 restrict the number of levels. The addition by two in
line 5 represents the coarse model in the first level and the final refinement with
contact elements within the interval. The number of elements is converted back
to the number of knots in line 8, and it is checked in line 9 whether the maximum
number of inserted knots per level is respected. With this value nknots, a tolerance
can be used to check whether the interval can be mapped as in Fig. 6.4. If the
search was successful, the refinement of the different levels is performed using
integer factorization.

In the second step, the last hierarchy level is inserted. The user defines a number
of elements nge,, per coordinate direction that must be present in the interval.
In this thesis, the parameter is found by experience as nfe | = 16. Since this
number cannot be maintained for every configuration, it is possible to take this
into account when determining the number of inserted knots nxnots in Alg. 4. If
it is a 3D model where the interval is 2D, this procedure is performed for both
local coordinate directions consecutively.
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6.4 Transformation of Initial Conditions

Regarding the procedure of the adaptive simulation in Fig. 6.1, the elastic
coordinates ge need to be transformed from the coarse to the fine model and
vice versa. The concept is shown in Fig. 6.6. For the coarse model, the elastic
coordinates gs°***® are normal modes of the modal truncation. The fine model is
reduced with the Craig-Bampton method. Since a quasistatic contact model is
used, only the low frequency modes g = ¢fi*® are transformed. The solution of
the last time step in the previous phase is required to compute the initial conditions
of the next phase. The first half of this section describes the transformation from
a coarse to a fine model, and the second half describes the transformation from a

fine to a coarse model.

The transition from a non-impact phase to an impact phase requires a transfor-
mation from a coarse model to a fine model. Since the fine model is based on the
coarse model, this fact can be exploited. The refinement is achieved by inserting
knots. The control points pfrfk of the fine model are computed with the recursive
knot insertion algorithm in [CottrellEtAl09]. The same algorithm can be used to
transform the deformations w. of the control points. After the non-impact phase,

coarse

the deformations wug of the coarse model are computed with
ugoarse — @Coarsquoarse. (6.4)

Afterwards, the recursive knot insertion algorithm [CottrellEtA109] is applied to
the control points p;;* and their deformations uc®*™. This results in the refined
control points pzﬁg‘ek and deformations ™. Finally, the elastic coordinates ¢in®
must be calculated. The connection in Eq. (6.4) also applies to the fine model.
However, the global shape functions ®"° are a non-square matrix and therefore

not invertible. Therefore, the elastic coordinates gi™¢ can be computed with

qeﬁne _ ((Qﬁne)Téﬁne)fl(@ﬁne)Tugne (65)

by solving a linear least squares problem.

coarse model fine model

method: modal trunction method: Craig-Bampton
normal modes _ » |low frequency modes
qgoarse qg _ qgme

high frequency modes
q?f = quasistatic
=-zero at the beginning
and end of the impact phase

Figure 6.6: Transformation of elastic coordinates.
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After an impact phase, a non-impact phase starts and the elastic coordinates
need to be transformed from a fine to a coarse model. This transition is more
challenging since the fine model has more degrees of freedom than the coarse
model.

After the impact phase, the fine model deformations ufi"® are computed with the
global shape functions ®%"° in the same way as in Eq. (6.4). This work proposes
to transform the initial conditions by maintaining the elastic displacement of the
two models whereby

d*°(¢,m, ¢) ~ d™°(¢,n,C) (6.6)

holds at an arbitrary point [§ n C] " in the parameter space. Remembering
the computation of the elastic displacement in Eq. (2.21), it can be rewritten as

Ry (&ismiy Gi)

dz(givniv Gi) u;f,l,l Ui,l,z o u;§+1,q+1,r+1 RY 5 (& miy Gi)
Y (&i,mi G) | = U111 U112 7" Upyiqtir+1 .
df-(émm,é“i) u?,1,1 U€,1,2 u;+1,q+1,r+1 b :
Rpl‘,-i,q+1,r+1(£i7ni7 Gi)
di(&imi, Gi) mat 1 (& mis G)
fine model coarse model
(6.7)

where d; € R®*! are the fine model displacements at a point [«ﬁz i Q]T in
the parameter space, USSa™® € R3*"ep are the deformations of the control points
of an element in matrix notation, and n$°?*° € R"»r*! are the corresponding
NURBS basis of the coarse model. Equation (6.7) cannot be solved directly
for the deformations Uy "¢, since the NURBS basis ni°*"*° is a vector and the

system in Eq. (6.7) is underdetermined.

This work proposes the evaluation of Eq. (6.7) at Gauss points of an element of
the coarse model. The coarse model is globally refined. Therefore, the number of
control points ne, = (p+ 1)(g + 1)(r + 1) is identical to the number of Gauss
points in the element of a coarse model. As an example, Fig. 6.7 shows an element
of a coarse model with Gauss points. By comparing the elastic displacement
at all nep Gauss points at once, a square and invertible matrix Ny ¢ of the
NURBS basis can be assembled to

coarse

coarse coarse coarse Nep X Ne
mat = [nl o) e n“cp ] € R™er . (68)

Thus, the elastic displacements D2 of the fine model at all Gauss points must
be available in

Dy =[di d2 -+ du,| € R¥ P, (6.9)
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knot ——
element (coarse model) ——»

O

Gauss point

control point ——=(")

Figure 6.7: Example element of a coarse model of order p = q =r = 2.

Equation (6.7) is then extended to
Dot = U™ Nvi™ (6.10)
and solved for the deformations of the coarse model with
U™ = DI (Nzz) (6.11)

This approach results in redundant results because control points are part of
multiple elements. Therefore, the results are averaged over all elements and

converted back to the vector format ui®*™° including the deformations of all

control points in the coarse model. The elastic coordinates g5°™° are computed
with the global shape functions ®°°*"¢
The functionality of this procedure is checked in the application example in
Sect. 7.1. There, it is shown that no energy is created or lost when the simulation

phases change.

and via linear least squares as in Eq. (6.5).
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ADAPTIVE APPLICATION EXAMPLES

In this chapter, two additional application examples are performed. In contrast to
the testing examples in Chap. 5, the impacts are simulated adaptively according
to the procedure presented in Chap. 6. This includes the detection of a contact,
the finding of the contact location on the bodies, automatic refinement and
model reduction of the contact model, determination of the penalty factor, and
the transformation of the initial conditions between the coarse model used in
non-impact phases and the fine model used in impact phases. For validating
the adaptive procedure, especially the latter feature, monitoring the energy
conservation of the wave propagation setup in Sect. 7.1 is suitable. Finally,
the impact of flexible double pendulums in Sect. 7.2 is a suitable setup for the
floating frame of reference formulation since large rigid body motions occur. Both
adaptive application examples are first presented in [RiickwaldEtAl24] and this
chapter closely follows that publication.

7.1 Application Example |: Wave Propagation

The first application example, is 2D axisymmetric and shows significant elastody-
namic effects. The setup was first presented in the previous work [RiickwaldE-
tAl21d] for testing non-adaptive IGA contacts. Now, the developed adaptive
procedure is applied to this setup. There are no large rigid body motions, which
would make the use of the floating frame of reference formulation unnecessary.
However, the goal of this setup is to validate the adaptive procedure by preserving
the wave propagation and energy of the system. Validation is necessary since the
transformation of the initial conditions described in Sect. 6.4 may be a possible
source of error.

The axisymmetric setup visualized in Fig. 7.1 consists of two spheres and a long
cylindrical rod. The spheres are made of steel and the rod is made of aluminum.
As material parameters for steel, the Young’s modulus is chosen as E = 210 GPa,
the density as p = 7850 kg/mg7 and the Poisson’s ratio as v = 0.3. The material
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0
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-
o
<
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7.1. Application Example I: Wave Propagation

vo =0.1m/s {=1m point under
— v

- 4 observation

r=1cm

Figure 7.1: Wave propagation setup.

parameters for aluminum are given by E = 72.8 GPa, p = 2789 kg/mS, and v =
0.33. The spheres and the rod have a radius of » = 1 cm, and the length of the
rod is £ = 1 m. The sphere on the left hand side in Fig. 7.1 starts with the initial
velocity vo = 0.1m/s. It impacts the resting rod, and a wave propagates to the
right side of the rod. This wave induces a second impact with the resting sphere
on the right hand side in Fig. 7.1. Between the rod and the right sphere, there is
a small gap of length 1 pm. As a result, the impacts on the left and the right side
of the rod occur separately in time, and the simulation can be split into different
phases. Thus, the initial conditions must be transformed between the impact
and non-impact phase.

The wave speed in the rod can be computed, following e.g. [Graff91], with
Crod = \/E/p=5109m/s. (7.1)

As suggested in [Seifried05] for a similar impact problem, the highest frequency
of interest for this rod is fmax = 50kHz. The maximum step size At™** for a
simulation of such wave propagation problem is subsequently chosen with

1

AL = e = LS (7.2)

as described in [MoserEtA199]. For wave propagation, the maximum length ¢7%*

of an element in the IGA rod model is then given by

max _ Crod
14 = S0 max 5mm. (7.3)

Considering the requirement in Eq. (7.3), the coarse model of the rod and the
two spheres are generated. To represent the maximum frequency f™** = 50kHz,
the rod is modally truncated using nq = 20 modes. The two spheres are
reduced using nq = 10 modes. The setup is then simulated for 0.8 ms, which is
approximately the time 4/croqa = 0.78 ms. This is the time it takes for the wave
to travel four times from one end to the other. The resulting model of the left
sphere is displayed Fig. 7.2 and the left side of the rod is visualized in Fig. 7.3.

The final adaptively refined models are used as a reference in the simulation of
the quasistatic and the damped contact models without adaptivity. The adaptive
procedure gives the penalty factors cllj =3-10'N/m and cf, =1-10'"N/m for
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a) Coarse model. b) Fine model. c) Close-up of fine model.

Figure 7.2: Adaptive model of the left sphere.

a) Coarse model. b) Fine model. c) Close-up of fine model.

Figure 7.3: Left side of the adaptive rod model.

the first and the second impact. These resulting penalty factors are used in the
damped and the quasistatic model.

To monitor the wave propagation, the point at the right end of the rod, see
Fig. 7.1, is observed. The velocity in the direction of the impact of the point

is displayed in Fig. 7.4. A very good agreement of all simulations is observed.

The first impact starts at the time to. In the beginning, both the rod and the
observed point are at rest. The first impact induces a wave, which reaches the
second contact area and therefore the monitored point at the time ¢;. As the
wave has reached the end of the rod, the wave is reflected and moves back to
the left side of the rod. There it is reflected again and the wave travels to the
monitored point again at ¢3.

The contact forces of the two contacts are shown in Fig. 7.5. The impact and
non-impact phase of the adaptive simulation can be distinguished by the gray
and white areas. The first impact at the time ¢y on the left hand side of the

rod and the second impact on the right hand side of the rod can be identified.
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7.1. Application Example I: Wave Propagation
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Figure 7.4: Velocity of the point under observation in the top right of the rod.
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Figure 7.5: Contact force of the rod.

Considering the velocity in Fig. 7.4 and the contact force in Fig. 7.5, all three
simulations show a good agreement. The results of the wave propagation show,
that the transformation of the initial conditions is functioning.

To validate the conservation of energy, the energy of the system is displayed over
time in Fig. 7.6. Since the impacts are elastic, the energy should stay constant.
The initial energy E of the system is given by

E= %mspherevg, (7.4)
where Mmgphere is the mass of the sphere and vg its initial velocity. It can be seen
that the energy change remains well below one percent. All three simulations use
the penalty method, which allows nonphysical penetration of the bodies. A minor
increase of the energy is visible in the energy of the adaptive and quasistatic
model. This increase is not visible in the damped model, as the damping of the



Chapter 7. Adaptive Application Examples

— 100.1 % T : T
S impact non- impact non-
— impact impact
g 100 14«—-—- —_-r———— ...-I.)—._-—.n - T T T T T, e _—P= T S R T SR T S = T
b= :
% 999+ i
5 . - - - - adaptive
12} . .
§ 008 - -.- quasistatic
o S damped
N 3
S g
= 99.7 B -
s 1 [ [ -
_ 0Ofoq — 1boq — 2lroa o — 3frod — #poq
to = Crod = Crod b2 = Crod ts Crod ta Crod
time

Figure 7.6: Energy of the system.

high-frequency modes predominates here. The energy of the adaptive model
changes abruptly at two time points during the first impact. The reasons for
the jumps is the adaptive decrease of the penalty factor. When the penalty
factor is decreased, the nonphysical penetration increases. However, the overall
course of the energy of the adaptive model is similar to the quasistatic and the
damped model. It shows that the transformation of the elastic coordinates in
the adaptive simulation does not effect the energy conservation of the system. In
the quasistatic model, the penalty factor is predetermined and does not have to
be reduced during the simulation. Therefore, the energy of the quasistatic model
remains almost constant.

Considering the computation times, the adaptive model takes 4.4 min, the qua-
sistatic model 2.7 min, and the damped model takes 14 min. The quasistatic
model is the fastest, especially when compared to the damped model. The com-
putational efficient quasistatic contact model outperforms the modally damped
model. The adaptive model takes a bit longer than the quasistatic model with-
out adaptivity since the contact model and the penalty factor are determined
automatically. However, setting up the system and parameters manually is far
more time consuming.

Finally, the utilization of the contact interval can be analyzed. In the simulation
of the quasistatic and the damped model, the utilization of the left and right side
of the rod vary. The utilization of the first contact on the left hand side of the
rod is Uintv1 = 10/16 = 62.5 % and the utilization of the second contact on the
right side is only Uintvi = 6/16 = 37.5 %. This is because the adaptive contact
model of the first contact is used for both sides of the rod. Due to the nature of
the IGA and its parameter space, the contact resolution at both ends of the rod
cannot be different in the quasistatic model and the damped model. As shown in
Fig. 7.5, the contact force and thus the actual contact width of the second impact
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7.2. Application Example Il: Impact of Two Flexible Double Pendulums

is significantly smaller than in the first impact. Therefore, the utilization of the
contact interval of the second impact is smaller or even too small. This issue is
not present in the adaptive model. Both impacts are simulated separately and
can therefore use different contact models. The utilization of both impacts is close
to the target utilization U *'8°* = 70 %. The adaptive procedure automatically

intvl
selects a suitable contact interval width, which is smaller for the second impact.

7.2 Application Example Il: Impact of Two Flexible
Double Pendulums

This application example demonstrates the adaptive procedure in a flexible
multibody system. The setup of two 3D flexible double pendulums is visualized
in Fig. 7.7. The lower part of a pendulum is represented by a flexible sphere,
and the connection between the suspension and the sphere is modeled by a
circular flexible rod. The bodies are connected by a rotational joint allowing rigid
body motion in the x-z-plane. This can be efficiently handled by the floating
frame of reference formulation. This setup is already presented in the previous
work [RiickwaldEtAl22], where hierarchical refinement is investigated and the
bodies are refined manually. Since the double pendulum behaves nonlinear,
the locations of the impacts vary. Therefore, only the first impact is simulated

-—
Y Trod = 1 mm
circular y
cross-section A —>a:
g
¢ = 100 mm
|
' N
“."II \\ Tsphere = 10 mm
Fi |
1 |
\ ]
. £\ /
B "'~., o AN /
............... S~

Figure 7.7: Setup of two 3D flexible double pendulums.
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in [RiickwaldEtA122]. Now, the goal is to validate the adaptive procedure and
simulate the system for a longer time period with multiple impacts.

The rods and the spheres are made of steel. The rods are modeled by globally
refined IGA models, which are modally truncated to nq = 20 elastic coordinates.
The pendulum on the left-hand side in Fig. 7.7 is initially deflected by ag = 20°
and Bp = 21.14°. The two angles are chosen such that at the time of impact, it
is @« = 8 = 0°. Both double pendulums have no initial velocity. Since gravity
is under consideration with the gravitational constant g = 9.81m/s?, the initial
values of the elastic coordinates of the four flexible bodies need to be determined.
A straightforward approach is to solve the equations of motion for the elastic
coordinates g. so that the accelerations §e vanish. The time is set to ¢ = 0s and
the angles a = ap and 8 = By are kept constant.

In this application example, five different models listed in Tab. 7.1 are compared:
1.) Hertz: In this approach, the rods are modeled by flexible IGA bodies, the
spheres by rigid bodies, and the contact forces are computed according to the
analytic solution by Hertz [Hertz82, Johnson04].

2.) adaptive: The adaptive contact simulation presented in Chap. 6 is performed.
It includes the quasistatic contact model. This model is called "adaptive model”
for simplicity.

3.) quasistatic: Only the quasistatic contact model without adaptivity is used
in this simulation. For better comparability, the resulting refined sphere model
from the adaptive simulation is used here. This model is called "quasistatic
model” for simplicity.

4.) damped: This simulation uses damped contact models without adaptivity
and without quasistatic contact models. The high frequency modes resulting

Table 7.1: Models compared in the fourth application example.

name [ adaptivity [ contact model [ notes
Hertz I no | Hertz (see Sect. 3.1) ‘ reference
) . . test adaptive procedure
adaptive yes quasistatic
(see Chap. 6)
uses resulting adaptive model
quasistatic no quasistatic compare computational
performance
uses resulting adaptive model
damped no modal damping compare computational
performance
uses the initial coarse model
coarse . .
no quasistatic demonstrates the need
contact
for refinement
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from the Craig-Bampton method are critically damped using modal damping.
For better comparability, the resulting refined sphere model from the adaptive
simulation is used here. This model is called "damped model” for simplicity.

5.) coarse contact: The coarse sphere model is used with the quasistatic contact
model. This simulation shows the effect of no adaptivity, no refined contact
model, and no manual adjustment of the penalty factor. This model is called
?coarse contact model” for simplicity.

The simulations utilize the contact detection including Eq. (6.1) to switch integra-
tor settings. The quasistatic model without adaptivity and the damped model can
also be found in [RiickwaldEtAl23]. Since the manual impact simulations with
the quasistatic contact model and the damped contact model can only handle
one impact, the system is only simulated for 170 ms. The other simulations are
simulated for 1s.

As mentioned before, the penalty factor in the quasistatic contact model cannot
be arbitrarily increased beyond its converging value. Therefore, a penalty factor
analysis is performed with the damped model in Fig. 7.8. Only minor differences
are visible between the various penalty factors. In Fig. 7.9, the computation time
of the impact is compared with the maximum occurring contact force. Therefore,
the analysis of the penalty factor results in the converging value ¢, = 108N /m
of the penalty factor with reasonable computation time and accuracy.

The simulation of the adaptive model also results in the penalty factor ¢, =

— Hertz
damped ¢, = 1-10'"N/m - - - damped ¢, = 8 - 10" N/m
--=--damped ¢, = 9- 10" N/m -~ damped ¢, = 1-10*¥ N/m

-+~ damped ¢, = 2-10*®* N/m -- - damped ¢, = 3-10'* N/m
T

300 -

200

100 |~

contact force [N]

| | | | | |
0166.82 166.83 166.84 166.85 166.86 166.87 166.88 166.89

time [ms]

Figure 7.8: Convergence of the penalty factor for the first impact.
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Figure 7.9: Convergence of the penalty factor for the first impact.

10" N/m. The Hertz solution, the adaptive, the quasistatic, and the damped
model are all compared in Fig. 7.10. Additionally, the simulation of the coarse
contact model with the penalty factors ¢, = 10> N/m and ¢, = 10" N/m is
visualized . It can be directly seen that the coarse contact model cannot represent
the impact exactly. The remaining adaptive, quasistatic, and damped contact
model are simulated with the penalty factor ¢, = 10'8 N/m. No significant
differences are visible between them and the Hertz solution. It shows, that the
adaptive simulation works and, that the dynamics of the high frequency modes
do not significantly affect the accuracy of the results.

Now, the adaptive simulation with three impacts is monitored in Fig. 7.11. The

—_— Hertz ---  adaptive ¢, = 10" N/m

---- quasistatic ¢, = 10** N/m -~ damped ¢, = 10*¥ N/m

-+-+ coarse contact ¢, = 10® N/m -- - coarse contact ¢, = 10'®* N/m
T T IESPPICEIE T T T T T

300

200

100

contact force [N]

0166,82 166 83 166 84 166 85 166 86 166 87 166 88 166.89

time [ms]

Figure 7.10: Close-up view of the first impact.
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Figure 7.11: Contact force of three impacts.

three impacts nearly occur at the same time as in the Hertz reference simulation.
Very small time shifts are noticeable in the second and the third impact. The
Hertz solution and the adaptive model drift apart over time because the adaptive
model uses an IGA model and the Hertz simulation uses rigid bodies as spheres
and the Hertz contact law.

In the following, the complete computation including processing is considered. If
the setup is simulated with one impact for 170 ms, the adaptive model takes 3.0 h,
the quasistatic model 2.0 h, the damped model 8.2h, and the coarse contact
model 6.1 min. Although the penalty factor and the contact model are predeter-
mined in the simulation of the damped model, this simulation takes the most
time. The reason for this is the numerical stiffness and thus the computationally
expensive dynamics of the high frequency modes. This can be observed especially
in the second non-impact phase. The frequency band of the numerically stiff
system is excited by the impact and small time steps are required.

The simulation of the quasistatic model is the fastest because, unlike in the
adaptive simulation, the contact model and the penalty factor are already prede-
termined and taken from the adaptive simulation. The simulation of the adaptive
model is more time consuming than the quasistatic without adaptivity. However,
the setup of the quasistatic and the damped model is manual and would thus
take even more time. The coarse contact model is the fastest because it is not
refined. However, Fig. 7.10 shows that this model cannot represent the impact
correctly in any way.

The detailed computation times of each part of the simulations are listed in
Tab. 7.2. The listed computation times of the phases only include the time of the
actual simulation without processing. The listed complete computation times
include also the processing. There is a small difference in the first non-impact
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phase. This phase is computed faster with the adaptive and coarse contact model
than with the quasistatic model. The reason for this is that the quasistatic
contact model is already refined and the contact detection with Eq. (6.1) takes
longer. The second non-impact phase of the damped model takes very long. The
impact induced the whole frequency band and small time steps are required.
A simulation until the beginning of the second impact would take too much
computation time.

It is also worth noting the attempts of the adaptive procedure. In the first three
tries, the algorithm only adjusts the IGA model. The initial contact interval is
too large and needs to be decreased. In the fourth try, the model is acceptable
and the penalty factor is increased. The first six tries of the first impact are
computed relatively fast, because the impact is not fully simulated and the impact
phase terminates early. According to Fig. 6.1, the impact phase terminates early
if an edge element is in contact or on request of the quasistatic algorithm. As
described in Sect. 6.1 and Fig. 6.2, initially only ncon = 30 contact time steps
are simulated to increase the penalty factor as quickly as possible. The seventh
try starts with the penalty factor ¢, = 1-10"® N/m but an error occurs in the
quasistatic contact model, see Alg. 1. The algorithm still converges after a reset,
but the factor must not be increased any further. Therefore, the impact is fully
simulated with the penalty factor ¢, = 1-10'® N/m. It can also be seen that
only the first adaptive impact is time consuming. The following impacts benefit
from the previous findings on the penalty factor and the contact interval width.
Therefore, the complete computation time of three impacts for 1s takes 8.8 h.

As can be seen in Tab. 7.2, the first six tries are required to determine values for
the interval width and the penalty factor, which are close to their converging value.
Providing improved initial values for these parameters would reduce the number of
tries in the beginning. However, also in finite element analysis, finding appropriate
contact parameters requires a trial-and-error approach. Additionally, the first
tries are computed relatively fast, see Tab. 7.2, and the required pre-processing of
the models only takes 1 min to 2 min for each model. As initial values, the optimal
penalty factor for static simulations, see [Nour-OmidWriggers87]. Alternatively,
a neural network might be used as a predictor in the future. Using the adaptive
procedure in this work would help to automatically generate training data for
the neural network. As in [RiickwaldEtAl21a], neural networks are suitable for
system identification. However, this is not in the scope of this work.
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Table 7.2: Computation times of the second adaptive application example.

‘ adaptive ‘ quasistatic damped

coarse contact

\ | ep=1-10" N/m

simulation computation time ¢p [N/m] computation time computation time computation time
non-impact 1 - try 1 18s 55s 29 min 16s
impact 1 - try 1 1.4 min 1-10%° 111 min 188 min 2 min
impact 1 - try 2 1.1 min i - 10"
impact 1 - try 3 2.3 min 1-10%°
impact 1 - try 4 3.3 min 1-10'6
impact 1 - try 5 3.4 min 1.10'7
impact 1 - try 6 5.4 min 1-10'7
impact 1 - try 7 130 min 1.10'8
non-impact 2 - try 1 0.1 min 0.3 min 187 min 0.8 min
complete 3.0h 2.0h 8.2h 6.1 min
computation time
non-impact 2 - try 1 7.1 min
impact 2 - try 1 160 min 1.10'8
non-impact 3 - try 1 6.7 min
impact 3 - try 1 172 min 1-10'8
non-impact 4 - try 1 4.2 min
complete 3.8h

computation time
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CONCLUSION

Overall, this thesis shows that it is feasible to obtain global shape functions for
flexible multibody systems from IGA models. A model reduction with the Craig-
Bampton method can be performed, and the global shape functions obtained from
the IGA can be smoothly included in the floating frame of reference formulation.
The toolbox RIGA developed in this thesis can be integrated into the existing
workflow consisting of the toolboxes RED and DYNMANTO with only minor
adjustments. Subsequently, impact simulations can be performed using the
penalty formulation. The results agree with the analytical solution of Hertz and
with the results obtained by nonlinear FEM of the software ANSYS.

The two testing examples in Chap. 5 serve as a validation and as a benchmark to
gain insight into the behavior of the IGA in impact simulations in combination
with the floating frame of reference formulation. Four insights were gained in the
study of the two examples:

First, the use of collocation points instead of Gauss points increases computa-
tional performance without sacrificing accuracy. The same observation is made
in [Matzen15]. This is because using Gauss points results in an overdetermined
contact formulation. When using collocation points, the number of contact
evaluation points is identical to the number of control points on the exterior
surface.

Second, order elevation is a method to increase the accuracy of the model. Here,
the order of the B-splines is increased without changing the geometry. In most
cases, it is sufficient to increase the order only slightly. If desired, the accuracy of
the same model can be increased. However, computation time increase, especially
for 3D setups.

Third, a quasistatic contact model increases the computational performance
compared to a modally damped model. This observation made with isoparametric
models in [Tschigg20] is also made in the IGA. Although a quasistatic contact
equation has to be solved, the system is less numerically stiff. This is not
only noticeable in pure impact simulations such as in Chap. 5. But also when
simulating multiple impacts, as in the simulation of two pendulums, see Sect. 7.2.
If modal damping is used, the first impact induces the whole frequency band
requiring small time step sizes for a subsequent "free flying” phase without
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impacts. This disadvantage disappears when using a quasistatic contact model
instead.

Fourth, hierarchical refinement can be incorporated into the tool chain, in-
cluding model reduction with the Craig-Bampton method and impact simu-
lation with the floating frame of reference formulation. In contrast to other
applications of hierarchical refinement found in the literature [SchillingerE-
tAl12, D’AngellaEtAl18, NoélEtAl20, ZimmermannSauerl7], it cannot be gener-
ally stated that the computational performance is increased compared to global
refinement. This is the case, when hierarchically refined models are reduced and
included in the floating frame of reference formulation. Hierarchical refinement
reduces the number of control points and degrees of freedom. However, in this
work, these degrees of freedom do not correspond to the degrees of freedom of
the equations of motion to be solved. The models are reduced and therefore the
number of interface control points in the contact area is relevant. For 2D models,
the number of interface control points is identical for hierarchically and globally
refined models. Therefore, the computational performance of hierarchical refine-
ment is equal to or less than that of global refinement. However, hierarchically
refined 3D models require fewer interface control points. In the transition area
between the lowest and second-lowest level, the number of interface control points
is lower than in global refinement. This area corresponds to the outer contact
area where little or no contact forces occur. This favors the use of hierarchical
refinement in impact simulations with the floating frame of reference formulation.

In the previous work [Tschigg20], the focus is on being more computationally
efficient than a FEM software, such as ABAQUS, while still achieving accurate
results. In [Tschigg20], the quasistatic contact model is applied to isoparametric
models. The same model is then simulated in ABAQUS. This similarity simplifies
the comparison of the two approaches. The main objective of this work is
an adaptive procedure to automatically simulate impacts in flexible multibody
systems. For this purpose, the IGA is proposed. Additionally, the IGA is
compared with isoparametric models simulated as RISO models and simulated
in ANSYS. Both IGA and isoparametric models produce accurate results. In 2D,
the RISO model is faster than the RIGA model due to linear shape functions
of isoparametric elements. Comparing the IGA with isoparametric models in
general shows that the IGA is slightly more accurate. This can be observed, for
example, in the energy of the system and the mass of the bodies. Isoparametric
models are discretized models of the original geometry. The true mass of the body
cannot be approximated exactly, but only with a large number of elements. With
the IGA, a small number of elements is sufficient to map the mass exactly. This
is because the IGA can represent the geometry exactly. The accuracy and the
computational performance strongly depend on the parameters of the simulation,
e.g. order elevation, refinement, and time step size. Therefore, the comparison
between the IGA and isoparametric elements is ambiguous.



Chapter 8. Conclusion

Regarding the main objective of this work, it can be concluded that the presented
adaptive procedure can be smoothly included in the floating frame of reference
formulation to allow automatic impact treatment. As mentioned before, the
quasistatic contact model and hierarchical refinement increase the computational
performance. This is especially the case in phases where large rigid body motions
occur, e.g., after an impact that excites the whole frequency band. However,
the use of the two techniques also facilitate the implementation of the adaptive
procedure. By using the quasistatic contact model and neglecting the high
frequency modes, the number of elastic coordinates is identical for the fine
and the coarse model since only the low frequency modes are included in the
dynamics. Hierarchical refinement allows an easy and structured approach to
automatically refine the models. The presented adaptive procedure in this work
generates hierarchically refined contact models where the location and resolution
of the impact are adaptively determined. Additionally, the procedure allows the
adaptive determination of the penalty factor. For an efficient computation of
impact and non-impact phases, a method to detect impacts is presented. To
switch between impact and non-impact phases, an approach is presented in this
thesis to transform the elastic coordinates back and forth between the coarse and
the fine model.

The adaptive application examples show that the procedure works and that
energy conservation is mainly given. The setup of two flexible double pendulums
is suitable because the contact location varies. The simulation with a pre-refined
model would require a generous refined contact area. However, a large number
of interface control points would be required which increases the computation
time. Therefore, the proposed procedure is an efficient approach to automatically
handle impacts.

The research on IGA in flexible multibody system can be continued. In this
work, two bodies are involved in a point contact. In future works, self and line
contacts can be added. A challenging setup may be the self contact of a spring,
see Fig. 8.1. The spring can be incorporated in a flexible multibody system,
e.g. a car or train suspension. In this setup, automatic mesh refinement may be
required.

The representation of an arbitrary CAD geometry as a solid IGA model remains
a challenging task [YuEtAl22]. One possible solution may be meshing the
geometry with isoparametric elements and replacing the contact area with IGA
elements. This is part of active research, see [VilledaEtAl23]. However, it remains
a challenging task due to the intersection of isoparametric and isogeometric
elements.

Besides contact simulations, the IGA and hierarchical refinement are applied to
adaptive level set topology optimization, see [NoélEtA120]. In topology optimiza-
tion, poorly filled elements can occur and cause numerical issues. To better resolve
these, the domain can be adaptively refined using hierarchical refinement. The
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hierarchical refinement and the transformation of elastic coordinates are already
implemented in RIGA so that the development of RIGA can be continued.

Figure 8.1: A spring as an example of a self contact.
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