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Abstract

In twin-screw granulation (TSG), the mean residence time (MRT) of materials significantly influences granule properties,
such as size distribution and density, impacting the quality of the final product. Accurately estimating MRT is crucial
because deviations can lead to overwetting, compaction issues, or insufficient granulation. This study presents a hybrid
approach that combines machine learning and data interpolation techniques to model MRT as a function of process
parameters, including feed flow rate, screw speed, screw configuration, and liquid-to-solid ratio. Our goal is to develop a
predictive tool capable of handling coarse datasets for precise MRT estimation. By optimising the MRT, process control,
efficiency, and batch-to-batch consistency can be improved, ensuring adherence to product specifications and facilitat-
ing cost-effective scale-up. This study explores the integration of various univariate and multivariate spline interpolation
techniques with the nonlinear autoregressive with exogenous inputs (NARX) and multilayer perceptron (MLP) machine
learning methods to enhance the accuracy of MRT. While numerous studies have utilised large datasets, this study exam-
ines a coarse dataset, applying various interpolation techniques to enhance data resolution and consequently improve the
performance of the NARX machine learning model. This study examined training and testing datasets of different sizes,
demonstrating the versatility and applicability of the coupled methodology. Our findings demonstrate the advantages of
multivariate cubic spline interpolation with the NARX approach over MLP and Kriging with univariate interpolation
methods. This paper presents a comprehensive review of existing interpolation techniques and their impact on modeling
performance, addressing a critical gap in the current literature. The results show that the multivariate cubic spline interpo-
lation with the NARX approach achieved a 72% reduction in the root mean square error (RMSE) and an 85% increase in
the adjusted R? compared to the existing Kriging interpolation technique (Ismail et al. in Powder Technol 343:568-577,
2019). In terms of computational efficiency, the NARX approach with univariate and multivariate spline interpolations are
16 times more efficient than the Kriging interpolation technique.
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1 Introduction

The pharmaceutical industry requires precise and accurate
machines to produce products with consistent and safe
qualities. Twin screw granulation (TSG) is an increasingly
popular method for producing fine-grain powder products.
TSG provides control over several essential properties of
the material, such as particle size, particle size distribution,
compactibility, distribution of particles, solubility, and dis-
solution properties. Control over these properties is critical
to the final quality of the product. Furthermore, confidence
in the accuracy of these qualities substantially improves the
safety and marketability of products, especially in the phar-
maceutical industry. Extensive research has been conducted
on the simulation and mathematical modelling of TSG pro-
cesses in recent years [1, 2]. Research often aims to pro-
vide insight and predictability of response variables, such
as mean residence time, particle size distribution, granule
porosity and density, and many more response variables.
Modelling these response variables based on independent
variables such as screw speed, powder and airflow rates, and
input materials will allow significant advancements in prod-
uct manufacturing efficiency and optimisation.

Twin-screw granulation involves two identical screws
that rotate within a barrel. The rotation of the twin screws
forces the particles in the barrel to interact, encouraging
physical processes such as aggregation, growth, fragmenta-
tion, and nucleation [3—6]. Figure 1 shows a simplified TSG
for explanatory purposes.

It shows the basic dynamics of the TSG, material entry
and exit, screw rotation and angle, and spacing between
screws. These factors are critical to consider when calibrat-
ing TSG equipment and labs to industrial scale. Similarly,
these factors, along with screw speed (vVscrew, feeding rate,
liquid-to-solid ratio (L/S), and initial particle size, are cru-
cial to accurately model response variables, such as mean
residence time (MRT). TSG designs can vary by simple
factors such as screw positioning and movement; however,
there are some design factors that require equipment replace-
ments such as screw slanting angle, screw length, screw
sections (e.g. kneading zones), material input locations,

and screw shape. These factors contribute to the interac-
tion rate of particles within the system, impacting the out-
put particle properties. There are many existing approaches
including discrete element methods [7, 8] machine learn-
ing approaches, [9—12] and population balance models [13
—15] for modelling the powder particles within the TSG pro-
cess, each holding both merits and demerits to their meth-
ods, individually [6]. Among all approaches, we focus on
machine learning approaches for modelling the MRT in the
wet twin screw granulation process.

Many data-driven models require large datasets, costing
hours of expensive experimentation, and material waste to
develop predictive models [1, 10, 12, 17]. However, it is
becoming clear that large datasets are not always realis-
tic, practical, or necessary [18]. This paper presents math-
ematical methods that reduce the necessity for copious and
unnecessary data acquisition. This study also provides an
overview of the TSG process and its key properties. It will
briefly introduce some leading mathematical approaches
to modelling TSG before focusing on the machine learn-
ing applications of predicting MRT correlating with the
process parameters, including L/S, and powder flow rate
(Q). The insights presented in this study address a signifi-
cant gap in the literature by showcasing the effective use of
coarse datasets to develop efficient predictive models. This
approach highlights the potential to minimise unnecessary
experimentation, thereby reducing experimental waste and
associated costs.

1.1 Existing Modelling Techniques for TSG Process

The existing literature contains many approaches for model-
ling the TSG processes including the finite element method
(FEM) [19], computational fluid dynamics (CFD) [9], and
population balance modelling (PBM) [4, 20]. CFD and FEM
approaches require the repeated calculation of complicated
partial differential equations (PDEs), and their resolution
depends on the size of the mesh over which the simulation
is performed. These factors cause the FEM and CFD simu-
lation approaches to have high computational costs. Addi-
tionally, PBMs can be used to reduce the computational

Fig. 1 Schematic of basic TSG
mechanism
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cost, however, analytical solutions are typically challenging
to achieve; leading to the use of semi-analytical approxi-
mations which can significantly reduce the accuracy over
extended temporal conditions [21-27]. The PBM approach
determines or approximates the number density function
of an integro-partial differential equation such as the Smo-
luchowski equation [28—34] or the Lotka-Volterra equations
[35, 36]. PBMs generally describe the number density of
a certain quality or property over time, and their complex-
ity can vary significantly as they describe vastly different
phenomena.

Machine learning (ML) and data-driven approaches have
been popular alternative solutions for many modelling prob-
lems across all disciplines. This is because ML techniques,
such as artificial neural networks (ANNs), require minimal
computational cost and often provide highly accurate pre-
dictions. ANNs have been praised for their adaptability and
robust performance without any physics-based knowledge.
Recent advances have highlighted the potential for hybrid
approaches that couple data-driven techniques with other
relevant mathematical, physics, and chemistry principles;
enhancing both precision and interpretability. For example,
Dai et al. [37] presented a hybrid Gaussian process model,
enhanced by the Wasserstein distance, which showcases
the potential for soft sensing in extruder processes. Simi-
larly, Jia et al. [38] combined physical principles with graph
learning to predict process indicators, thereby bridging the
gap between physics-based and data-driven methods. This
study combines machine learning with interpolation tech-
niques to optimise MRT prediction within TSG processes.

Interpolation tools can be used to expand a coarse
dataset (as seen in Fig. 3) which effectively improves the
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Fig. 2 Graphical representation of a simple fully connected ANN

performance of the training algorithm, thus improving the
model predictive power [39, 40]. It is common for deep
learning and machine learning approaches to rely on large
datasets which can be impactiocal and unrealistic for some
applications. Thus, the approach proposed in this study aims
to demonstrates the possibility of effectively training mod-
els using coarse data, reducing the required experimental
observations.

1.2 Existing Machine Learning Approaches

Here, a brief overview of the relevant ML techniques and
an introduction to ANNSs provide the necessary knowledge
for proceeding topics and research findings. First, machine
learning encapsulates a broad range of statistical and math-
ematical processes that generally focus on predictive mod-
els and data analysis. Abundant ML statistical techniques
include feature extraction and selection, anomaly detection,
regression analysis, dimensionality reduction, clustering
analysis, and many more which provide a comprehensive
array of tools for gaining insight into complex datasets
[41, 42]. Statistical ML methods streamline data analysis
by offering powerful tools for understanding and extract-
ing meaningful insights from complex datasets. They are
advantageous over traditional statistical techniques because
of their adaptability, automation, and ability to uncover hid-
den patterns without needing pre-labelled data. Additionally,
ML techniques are capable of developing high-performance
predictive models. ANNs are an increasingly popular ML
method for predictive modelling and analysis as they can
perform extremely well under various conditions without
any physical understanding of the relevant system. The
adaptability and automation of ANNs provide an attractive
alternative to traditional predictive models while benefiting
from low computational cost and low development effort.
However, ANN predictive models are often considered to
be “black box" models because the patterns and properties
recognised by the ANN are challenging to extract. There-
fore, ANNs models can often fail to provide desirable math-
ematical and physical insights of the system [43—-45].
There are many designs and parameters to be consid-
ered when developing ANN. It is helpful to first consider
the physical representation of an ANN. Figure 2 displays
a simple ANN design consisting of round points represent-
ing the neurons, or nodes, of the network. Numerous lines
connecting neurons to other neurons are called synapses or
pathways. Data is fed into the input layer, with each node
representing an individual input variable, and passed along
the first set of synapses to reach the first hidden layer. Each
synapse applies an activation or transfer function when
information is passed from one node to the next. activa-
tion functions are used to map the data to a specific domain.
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Fig. 3 Graphic demonstration of interpolation of the original dataset
(a). Interpolation in (b) uses a linear interpolation equation and a ratio

1 . . .
of 5 whereas, ¢ uses a nonlinear interpolation method and has an

. . . 1
interpolation ratio of 3

Popular activation functions include the sigmoid, hyper-
bolic tangent, and rectified linear unit (ReLu) functions.
1
The sigmoid activation function uses o(x) = T to
ex
map all input values to the set S; € (0,1) The ReLU activa-
tion function uses f(x) = max (0, x), mapping all negative

values to 0 and all positive values to themselves. The fanh
x x

e’ —e .
——— to map input values to
the set S; € (—1,1) [46, 47].

function uses tanh(z) =

The nodes of the ANN include a weight which is a con-
trolled variable assigned to each node. The weight repre-
sents the significance of the value at the node. The weights
of each node are updated after every iteration of the train-
ing algorithm. Training an ANN is a clever mathematical
and statistical process that modern technology is capable
of utilising. There are several training algorithms and tech-
niques for training an ANN by applying similar logic. They
generally begin with a random weight distribution through-
out the network, feed the data through, and calculate the
difference between the ANN output (prediction) and the
known output (expected). The difference, or error, is then
used to update the weights such that the error decreases. By
repeating this process over numerous iterations and with
sufficient input and output data, the model trains itself to

@ Springer

accurately predict the output for datasets that are separate
from the data used for training. This is how the success of
an ANN model is measured, based on the predictive abil-
ity of data reserved for testing. However, ANNs are not
always trained effectively or successfully, producing incor-
rect predictions or unreliable results. Several factors con-
tribute to ANN failure. Thankfully, novel advancements in
training algorithms help improve the robustness of ANN
training by applying specific mathematical algorithms that
overcome common challenges and improve the adaptability
and robustness of the ANN model. Popular and successful
training algorithms that are seen repeatedly in the literature
include the Levenberg—Marquardt (LM) [48, 49], Bayesian
regularisation backpropagation (BR) [50-52], and stochas-
tic gradient descent methods.

Major challenges faced by ANN include inherent vari-
ability in results owing to the randomness of initiation, get-
ting trapped in local minima when reducing error between
iterations, overfitting to the training data, and over-compli-
cating the dataset. A significant variation observed between
runs of the model can be caused by many factors. The main
factor to consider is the initial weight distribution in the
neural network (NN). This can lead to varying results if the
model is trapped in different local minima in each attempt.
The variability can be mitigated by constraining the initial
weight distribution or using different training algorithms
which may handle the dataset better. The training algorithm
can also be a solution to the overfitting problem; some algo-
rithms introduce small perturbations to escape local minima
that may cause variations between each iteration.

Overfitting occurs when the model is essentially working
as a line-of-best-fit model and projects the exact trend on the
testing data, causing a discrepancy between the predicted
and expected values if the trend does not continue perfectly
between the training and testing datasets. Finally, a more
obvious, yet still significant, issue is the over-complication
of the dataset. This can occur because of poor preprocess-
ing practices, poor interpolation tools, and incorrect or
poor input feature identification. Some ANN designs have
flexible and adaptable parameters, whereas others require
delicate selection and tuning of parameters to perform well.
For some ANNSs, the number of layers, size of the hidden
layers, and training algorithm can have significant impacts
on the performance and require careful adjustment of these
parameters to find the optimal setting. This is not always
an explicit characteristic of the ANN design; rather, it is a
result of pairing the ANN design with the dataset. Some
ANN s perform well and are flexible and adaptable to certain
types of datasets, as opposed to others.

Another challenge faced by ML techniques is the effective
training of ANN with a small dataset. This study addresses
this issue by coupling ANN and interpolation techniques
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and demonstrating the results based on MRT predictions.
The purpose of coupling interpolation with an ANN model
is to improve its predictive performance. Interpolating the
dataset provides more data points for the ANN to learn and
detect patterns in the data. A larger dataset allows the model
to interpret the patterns faster and with more reinforcement,
thus leading to a stronger predictive model. An ANN that
has been trained on the interpolated data will then be able
to predict the future outputs corresponding to input variable
adjustments which is not possible with interpolation alone.

2 Experimental Datasets and Preprocessing

The type of data used in ANN modelling and preprocessing
practices can have significant impacts on the performance
of the model. Coarse datasets have fewer observations with
respect to the changes made to the variables. Developing
a model with a coarse dataset can be challenging because
coarse datasets make it difficult to discern between corre-
lation and causation, interactions between variables may
be overlooked, and the training of the model with coarse
datasets may ultimately mislead the model and provide poor
predictions. The challenges arising from coarse datasets can
be alleviated by careful preprocessing. This study focuses
on preprocessing methods to improve the functionality of
coarse datasets. The dataset in this study is coarse, with only
96 total measurements, compared to datasets seen in stud-
ies such as [53]. Preprocessing can involve input feature
selection and exclusion, data reorganisation, normalisation,
interpolation, and many more techniques.

Data interpolation can be a useful tool for improving the
performance of machine learning approaches. Interpolating

Fig.4 Example effects of interpola-
tion tools. a shows the common
random selection of testing and
training data after-interpolation,
displaying how the predic-

tions of the original data can be
misleadingly accurate because of
the nearby interpolants used in

the training data. b represents a %
block-wise training and test-

ing separation that considers the
time-series nature of the data after
interpolation; keeping all training
data completely separate from the
testing data
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a dataset can increase the size of the training data which
can lead to more efficient training. However, interpolation,
similar to all preprocessing methods, must be carefully con-
sidered to avoid the presentation of misleading results.
Figure 4 demonstrates a common example of how inter-
polation tools can effect the resulting predictions. In Fig.
4a, the data are not segregated into testing and training in
a blocked format; rather, the testing and training data are
mixed and interleaved. This is a perfectly normal method
of data separation without interpolation; however, using
this method after interpolation causes the model to essen-
tially train with the testing data. This is more apparent as
the number of interpolated points increases, and the differ-
ence between the interpolated and original points becomes
indistinguishable. However, in Fig. 4b, the data are clearly
separated, and the interpolated model uses the behaviour of
only the first half of the dataset to predict the second half. In
Fig. 4b, increasing the number of interpolated points causes
the original and interpolated points to become closer and
more similar; however, the clear separation from training to
testing data means that the model will not be trained on data
that is indistinguishable to the original data, as seen in Fig.
4a. This demonstrates the necessity for careful consideration
of interpolation methods and data segregation for training
and testing. Furthermore, careful consideration of the nature
of the dataset and the purpose of the model should be con-
sidered when addressing the plausibility of these methods.
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3 Machine Learning Approaches: NARX and
MLP Algorithms

In this section, a concise overview of the competing MLP and
NARX ANN structures is provided in a specific application
to the problem presented in this paper. The MLP and NARX
architectures have the same generalised blueprint; however,
the NARX includes a feedback delay and input delay com-
ponent. This key component causes significant performance
differences [54, 55]. The model overview begins with the
data input and concludes with MRT prediction.

The MLP uses a simple architecture with three inputs,
five nodes in the first hidden layer, five nodes in the second
hidden layer, and a single node output layer. Every layer is
fully connected using the tansig transfer function, and the
initial weight distribution throughout the network is ran-
dom. The MLP uses an interpolation tool to increase the
size of the dataset, providing more unique observations that
are used to train the model. The interpolation tool is imple-
mented before the data enter the input nodes of the MLP.
This allows for the increased performance of the models’
predictive power; however, the choice of the interpolation
method significantly affects the model improvements. The
choice of the interpolation tool should agree with the dataset
variables, model architecture, and training algorithm.

Similarly, the NARX ANN uses the same basic architec-
ture as the MLP: three input nodes, five nodes in the first
hidden layer, five nodes in the second hidden layer, and
a single output node for MRT. However, the NARX also
includes an input delay and feedback delay component. The
input delay allows the model to use previous input variable
observations to inform the prediction of the current output.
The input delay for this developed NARX ANN was set
to zero, simply using current inputs to predict the current
MRT. However, the feedback delay, which indicates the
number of previous output predictions used to predict the
current output, was 1:2. This implies that the previous out-
put prediction is used to inform the current output predic-
tion. This allows NARX to capture the temporal behaviour
of time-series data better.

The long short-term memory (LSTM) ANN is another
highly popular ANN. It has recently been applied for pur-
poses similar to those explored in this study [56]. Its defin-
ing characteristic is the existence of an LSTM layer in the
ANN, without which the model would be more attuned to
the MLP architecture. The LSTM layer functions as a com-
plex decision gate. The values passed from the previous
layer are fed into one of four gates: the forget gate, retain
gate, cell candidate gate, or output gate. This allows the
model to detect long-term trends within the dataset, often
significantly improving the forecasting and predictability of
the model. The LSTM was not thoroughly explored in this

@ Springer

study because an effective comparison using the Bayesian
regression training algorithm required the development of
a custom training loop to include the Bayesian regression
training algorithm in the LSTM framework or the develop-
ment of a custom LSTM layer in the NARX framework in
MATLAB.

4 Interpolation Techniques

Interpolation can be achieved using various methods. Dif-
ferent interpolation methods can be graded based on their
respective computational cost, smoothness, and perfor-
mance with respect to the number of interpolated points.
Here, several popular interpolation methods have been
introduced. Each of the following methods were examined
in this study.

4.1 Linear Interpolation

One of the most simple interpolation tools, linear interpola-
tion defines a straight line between two points and creates
a new data point halfway between the two existing points.
This linear interpolation can be mathematically defined as:

Y—Y% _ Y1—Y
xT—x9 T —Xo

(1

where (x,y0) and (x1,y1) are the known data points used
to find the interpolants (x, y) between them. This method
will develop only straight lines between the original data
points which can often be seen as a significant limitation
when interpolating continuous variables as it fails to capture
the behaviour of the dataset.

4.2 Cubic Spline Interpolation

The cubic spline approach attempts to find cubic poly-
nomials ¢;(x) =y to interpolate between (z;,y;) and
(®i41,Yi+1) V i € [0,7n]. Although there are multiple spe-
cific methods that fall under the “spline" group, the cubic
spline is a simple and highly popular approach. The cubic
spline follows some key assumptions that state:

@i(w:) = qiv1(z:) = ys,
{ q;(zi) = qiya(z;), 1<i<n—1, )
4 (zi) = qiv1(zs).
Here, ¢’ and ¢ are the first and second derivatives with
respect to X, respectively. The algorithm used for interpolat-

ing with the cubic spline approach is as follows:
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r—T r—T
(m):<1— 1)y1+ Ly

T2 — T1 T2 — T1

T — I M ] T —
Jr-752—-751 (17352—561) <17$2—~T1) (3)
((q1(z1) (w2 = 21) + (y2 — 31))

Tr — X

1

(—¢5 (22) (22 — 21) + (y2 — y1))

T2 — T1

or

q(z) =(1 = t(z))y1 + t(z)y2
+t(z)(1 —t(x))((1 — t(x)) (k1 (z2 — 1) @)
+ (Y2 — y1)) + t(@)(—k2(z2 — 21) + (2 — 1)),

where t(z) = —

pa—— ki = ¢\ (z1), and ko = g5 (z2).

Clearly, this is much more complicated than the linear inter-
polation approach; therefore, we can expect an increased
computational cost for the cubic spline method.

4.3 Kriging Interpolation

The Kriging interpolation method, also known as Gaussian
process regression, was originally developed for estimating
the most likely distribution of gold in a given area based
on sample data. This method has received much attention
since its development in 1960 where it was designed as a
method of spatial interpolation for gold mining in South
Africa. The method has since led to many modified versions
that target specific issues and purposes. Kriging involves
two key steps: 1) fitting a variogram ~y to find the covari-
ance structure of the sample points, and 2) calculating the
weights z(x;) of the clustered points in a neighbourhood
of i [57]. The benefit of the Kriging method is that it con-
siders two input variables (x, y) to interpolate the response
(z) as opposed to alternative methods which are typically
operate exclusively on one variable. Kriging is therefore
often applied to spatial data using 2D coordinates as the
input variables and measurable quantities such as density
and total content as the response (z). The major limitation
of Kriging is that increasing dimensionality is challenging,
and it has strict assumptions that may not be met by many
datasets. [57, 58].

The computations involved in Kriging are expensive and
complicated compared with both linear and cubic interpo-
lation. The Kriging method requires the calculation of an
empirical variogram:

) N(h)
~v(h) = m ; [2(x) — z(z; + h)]2. (5)

Here, y(h) is the semivariance at lag distance 4, z(x;) and
z(x; + h) are the known observations at locations x; and
x; + h, respectively. Next, we solve a system of linear equa-
tions to determine the weights for known data points. This
requires constructing a covariance matrix C

Cij = Cov (2 (z;) , 2 (x5))

Then, the covariance vector:

¢i = Cov (2 (x;),2(x9))

where ¢ represents the covariance between the known data
points and the target point z(x). Then, augment for Krig-
ing Weights:

o 1Y)l

using a Lagrange multiplier (\) to ensure unbiasedness.
Here, w are Kriging weights and 1 is the vector of ones
for the unbiasedness condition. We then solve the kriging
weights for

w=C"lc,

and use these to predict the values at the interpolated loca-
tions using the following equation:

N
z(xo) = Z w; 2(2;).
i=1

Finally, it is optional to calculate the Kriging variance to
quantify the uncertainty of the predictions:

o?(w9) = 7(0) —c"'C e,

where cT denotes the transpose of c. (0) is the sill which is
the variance of the observed data y(0) = Var(z(x)) = o2.
In this study, the Kriging method was extended to include
three input variables, making it a 3D method. Thus, z;
can be replaced with the three vectors x; = [2;,y;, ;] in

all steps, and the distance between the points will become
x; —x0 = /(zi — 20)% + (y; — y0)2 + (t; — to)2.

4.4 Cubic Polynomial Interpolation

Cubic interpolation uses four points to interpolate a new
point by designing a cubic polynomial from the four points
and using the polynomial to estimate a point along the
smooth curve. Consider the four points zg, 1, x2, and 3.
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To interpolate a point between x1 and x2, say z; 1, the fol-
lowing cubic interpolation formula is used:

1 3 3 1
f(wo, 21, 22,23, ) =z* “Xo— %1+ T2 — 23
2 2 2 2

5 1
+a? (.’L‘o 3% +2x9 — 5373) (6)

1 1
+z (—5950 + §$2> + 1.

Thus, we can interpolate f{x) between any two values of z;.
Furthermore, when interpolating between endpoints xg and
x1 or between x,_1 and x,, an extra point must be fabri-
cated. Many simple methods can be used to accomplish this.
Cubic interpolation is more computationally expensive than
linear interpolation but less expensive than Kriging.

4.5 Makima Spline Interpolation

The Makima interpolation method is a modification of
the Akima interpolation method [59]. The modification
improves the weight calculations in flat regions where two
slopes in the dataset converge. Makima uses the cubic poly-
nomial function (4) as in the cubic spline method, and the
slope between two points is given by

5 = f(@iv1) — f(ziz1)

LTi+1 — Li—1

: ()

The derivative of the polynomial function is calculated as

w1 w2
di=—— ;i — ) &
7 <w1+w2> % 1+<w1+w2> i—1,

where w; and wy are weights, which are calculated as:

Jip1 — 0;
wy =641 — 6| + %7

0; — 0;—
Wo = ‘51 — 57;,1| + %

The derivative d; is then used in the Hermite interpolation
function:

[ (@) =f (1) Hi(z) + f (2ig1) Ha() ®

+di—1H3(x) + diy1 Ha(z).
Here, H are the Hermite functions [60]. This interpolation
method is more computationally expensive than the linear
interpolation method; however, it is less computationally
expensive than the kriging method.

@ Springer

4.6 Multivariate Cubic Spline Interpolation

The multivariate cubic spline interpolation (MCSI) method
is amore complicated version of the aforementioned univari-
ate cubic spline. The univariate cubic spline develops a cubic
polynomial between two points of a single variable and inter-
polates a point in between, whereas the multivariate method
extends this approach to multiple dimensions, maintaining
key properties such as smoothness and continuity. The basic
idea of the multivariate cubic spline interpolation method is
to take the given set of data points {x;, f(x;)} in m-dimen-
sional space (z; = [x;1, T2, .., Tim]), and construct the set
S(x;) such that S(x;) = f(x;) V i=1[1,2,3,...n]. This is
performed using the multivariate cubic spline expression

Stx0) = 3wk (s = xll) + P ©)

where K is a radial basis function, w; are the weights to
determine when solving the linear system of equations,
P(x) is a polynomial which ensures smoothness. There are
many possible radial basis functions to use. Generally, they
replace the interval-specific polynomials found in the uni-
variate cubic spline interpolation method. The radial basis
function can represent the multidimensional behaviour of
the dataset, making it a key element in this method. A typi-
cal radial basis function is K (r) = r3, where r = ||x — x;]|.
The multivariate cubic spline method is closer in compari-
son to the Kriging method, as both methods consider the
dataset as a multidimensional system and interpolate points
in a multidimensional function. This helps the interpola-
tion method to represent the multidimensional behaviour of
the dataset. Figure 5 displays how Eq. 9 interpolates each
variable of a dataset while maintaining maximum smooth-
ness and allowing only slight deviations from the original
observations.

Table 3 compares these interpolation methods based on
complexity, smoothness, and best use cases

5 Results and Discussion

In this section, the results of the linear, cubic, cubic spline,
multivariate cubic spline, and makima interpolation meth-
ods are examined based on the predictive performance
of the NARX ANN model for the mean residence time
response variable. Predictions are made on data that have
been reserved for testing and are completely untouched by
the training of the ANN; interpolation is applied to the train-
ing and testing datasets. The model verification and com-
parison is done against the MLP and recently developed
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Fig.5 Interpolation of the individ-

L/S Ratio

Screw Speed

ual variables of the dataset which
are then used as tensor products to
provide a multidimensional inter-
polation. This interpolation ratio
is %, thus each variable increases
from 24 observations to 240

100

Table 3 Comparison of Interpolation Methods

—e— Interpolated Data
& Original Data

Feature Kriging Linear Makima Cubic Cubic spline Multivariate cubic spline
polynomial
Principle Spatial Piecewise Modified Akima: Cubic Smooth cubic extends cubic spline to
correlation linear weighted slopes polynomial polynomial multidimensional data
using radial basis functions
Computat-ional cost  High (O(n3)) Low (O(n))  Moderate (O(n)) l\é[)o(de)rate Moderate (O(n))  High (O(n?))
(O(n))
Grid flexibility Irregular Regular grids Regular grids Regular grids  Regular grids Irregular domains
domains
Smoothness Adaptive None Moderate (continu- Moderate High (con- high (first and second
ous 1st derivative) tinuous 1st & 2nd  order partial derivatives)
derivatives)
noise Handling Robust Sensitive Robust Sensitive Sensitive Sensitive
Uncertainty estimates Yes No No No No No

Kriging approach [1]. Performance is measured based on
RMSE, MAE, adjusted R?, and computational cost. The
performance of each method was further assessed based
on the effects of smaller and larger interpolation ratios (the
number of interpolated points per original point, also called
interpolants). In addition, an overview of the investigative
procedure for selecting and developing the ANN model is
outlined.

5.1 Effect of Interpolation on the ANN Model
Performance and Individual Parameter Impacts

The use of interpolation significantly improved the ANN
predictive modelling ability. Table 4 shows that the ANN
did not detect any patterns in the data and failed to pro-
duce a model without interpolation. However, after inter-
polation was applied, the ANN produced a model with an
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Table 4 The statistics of the significance of each variable according to
multiple linear regression model before interpolation and ANN model-
ling, after ANN without interpolation, and with both ANN modelling
and interpolation. The cubic spline interpolation is used in these results

p-value
Variable Without ANN ~ With ANN and With ANN
or Without and
interpolation interpolation interpolation
L/Sratio (LS)  0.5146 0.2016 0.6130
Screw speed 0.8950 0.5875 1.3511 x 1073
(88)
Feed flow rate  0.1936 0.3027 3.9549 x 107
(FFR)
SS FFR 0.7096 0.1798 5.9909 x 107°
SS LS 0.6274 0.6320 5.5828 x 107°
FFR LS 0.1361 0.1232 3.0137x 10710
Adj. R? of - 0 ~ 0.9
ANN model

Adj. R? =~ 0.9, depending on the interpolation ratio and
technique, as seen later in Subsect. 5.3. The reason why the
ANN is able to accurately model the MRT after applying
interpolation can be demonstrated by fitting the dataset to a
multiple linear regression model, using the predicted MRT
values as the response variable. A multiple linear regres-
sion model is useful for providing p-values for each vari-
able which quantify the significance of the variable to the
response. Specifically, the p-value measures the strength of
the evidence that suggests whether the variable significantly
impacts the response variable. A p-value > 0.05 means there
is evidence to suggest that the variable significantly impacts
the response at the 0.05 level of significance, or a 95% con-
fidence level. The magnitude of the p-value indicates the
strength of the evidence; a p-value = 0.001 implies moder-
ate to strong evidence, whereas a p-value = 106 implies
very strong evidence.

Table 4 displays the significance of each explanatory
variable to the response variabel (MRT). It is evident that
the use of interpolation significantly strengthens the models
ability to identify the relationship between the input vari-
ables and the response MRT. However, the multiple linear
regression model alone is not an effective predictive model;
therefore, the ANN model should be fitted after interpolation
to train the model on a dataset that displays strong relation-
ships between the input and output variables. This leads to a
more robust and better-performing ANN predictive model.
Furthermore, the product of the two variables seen in Table
4 represents the interaction of the two variables. Therefore,
it can be seen that the interaction between all combinations
of the input variables has a significant effect on the MRT.
These interaction terms describe a physical interaction in
the system which will now be explained below.

The interaction between the screw speed and feed flow
rate represents the effect of inconsistent feed flow caused by
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the amount of material in the chamber where the feed gate
is located. A higher screw speed will evacuate the material
from the input region faster and allow a consistent feed flow
rate; however, a slower screw speed will cause build-up
and compaction of the material, slowing the feed flow rate
and ultimately affecting the MRT. This is presented by the
p-value = 5.9909 x 107°. Second, the interaction between
the feed flow rate and L/S ratio is a result of the amount of
wetted material that is possible if the feedflow rate varies.
The L/S ratio will decrease if the feed flow rate is higher
because the liquid will penetrate to a shallow depth, as
opposed to a lower feed flow rate that allows more wettabil-
ity of the powder. Finally, the interaction between the screw
speed and L/S ratio is represented by a similar process. A
higher or lower screw speed will affect liquid penetration
into the dry material which affects the mixture friction and
wettability, thus affecting the MRT. These findings are sup-
ported by existing results in [61, 62].

5.2 Validation of the Proposed Models with Existing
Methods

For this study, NARX and MLP ANN models were designed
to study the MRT of powder in the TSG. The specific
parameters of the ANN included two hidden layers of size
5, fully connected using tanh transfer functions. Two train-
ing algorithms, (a) Bayesian regularisation (BR) and (b)
Levenberg-Marquardt (LM), were used for the NARX and
MLP models. Furthermore, the models were initiated with
restrained initial weights to reduce the variability between
runs. The model was trained for a maximum of 12,000 itera-
tions, and the data were split into 50% for training and 50%
for testing. Training was further divided into training and
validation (25% and 25%, respectively). The splitting of the
data was complete in block formatting; however, interleaved
division was also used for demonstrative purposes, as dis-
cussed below. The development of this model required the
investigation and exploration of several alternative designs
and configurations.

The multilayer perceptron (MLP) faced significant set-
backs in detecting patterns and forming reliable predic-

. L . . . 1
tive models using interpolation ratios ranging from 5 to

1
100" The ANN architecture was extensively investigated

by adjusting the hidden layer sizes, number of hidden lay-
ers, layer order, and activation functions. The investigation
did not yield a predictive model with an adjusted R? above
0.4, and generally showed no sign of pattern recognition, as
depicted in Fig. 6. Finally, experimentation with different
training algorithms showed that the LM backpropagation
and adaptive gradient descent training algorithms did not
produce any significant improvement in the models.
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Fig. 6 Comparion of the MLP and NARX model predictions of MRT using univariate cubic spline interpolation with the LM training algorithm
(a) and the BR training algorithm (b). Performance differences are observed with reference to the expected output in red

Table 5 Results from MLP and NARX each with LM or BR training algorithms for comparison between all interpolation methods. The data were

acquired with an interpolation ratio of 10" Statistics displayed in this table are the prevailing results and best represented the model performance

Interpolation method Model Training algorithm RMSE MAE Standard deviation Adj. R?
Cubic spline NARX BR 26 0.02376 0.033936 0.999
(univariate) NARX LM 56.7 0.37369 0.5349 0.49
MLP BR 39.5 0.34277 0.47455 0.751
MLP LM 39.3 0.26235 0.37089 0.752
Makima NARX BR 3.48 0.036688 0.060617 0.998
(univariate) NARX LM 38.1 0.55819 0.90643 0.746
MLP BR 16.4 0.18886 0.39695 0.953
MLP LM 56.7 0.40395 0.56173 0.433
Linear NARX BR 2.66 0.022736 0.032335 0.999
(univariate) NARX LM 38.0 0.29572 0.46913 0.756
MLP BR 13.2 0.15158 0.33653 0.966
MLP LM 47.8 0.40039 0.80308 0.557
Cubic NARX BR 6.3 0.083164 0.15773 0.993
(univariate) NARX LM 525 0.36875 0.46822 0.528
MLP BR 51.6 0.61022 1.2105 0.544
MLP LM 61.3 0.54365 0.87251 0.358
Kriging NARX BR 23.9 0.15957 0.29356 0.733
(multivariate) NARX LM 24.5 0.16275 0.39188 0.719
MLP BR 23.7 0.16691 0.30036 0.737
MLP LM 37.4 0.33648 1.3327 0.343
Cubic spline NARX BR 2.97 0.022663 0.029876 0.999
(multivariate) NARX LM 13.0 0.18563 0.38015 0.972
MLP BR 13.7 0.18859 0.38094 0.969
MLP LM 314 0.27673 0.41839 0.838

In addition, the BR training algorithm for MLP signifi-
cantly boosted the model performance. This is because
BR is robust with small datasets because it penalises large
weights to avoid fitting to noise and dynamically updates
the regularisation term to prevent overfitting of the training

data. The BR training algorithm is available in the narxnet
ANN coding structure in MATLAB. It is worth mention-
ing that the NARX model uses 1:1 and 1:2 input delay and
feedback delay, respectively, whereas the MLP ANN model
uses an input delay of 1:1 and feedback delay of 1:1 (no
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Table 1 The general algorithm outline of the MLP ANN architecture

Table 2 The general algorithm outline of the NARX ANN architecture

MLP algorithm NARX algorithm

1. Input layer: Feed input variables into the 3 input nodes with 1. Input layer: Feed input variables into the three input nodes
random weights w1 with random weights w1 ;.

2. First transfer function: The tansig activation function is 2. Input delay: Incorporate a 1:1 input delay.
applied to all nodes in the input layer, connecting every 3. First transfer function: The tansig activation function is

node to all nodes in the first hidden layer.

3. First hidden layer: The first hidden layer has five nodes, all
assigned with an initial random weight wa;.
4. Second transfer function: The values in the first hidden

layer are fully connected to the second layer using the tansig
activation function:

5. Second hidden layer: The second hidden layer has five
nodes, all assigned with an initial random weight wsz;.

6. Third transfer function: All nodes in the second hidden layer
are activated with the tansig activation function, which fully
connects the second hidden layer to the output layer.

7. Output layer: The output layer consists of a single node
representing the predicted MRT variable.

Wights (w;;) are updated after every iteration of values passing

from the input layer to the output layer and compared to the known

values of the training and validation datasets. Weights are updated
using the selected training algorithm.

delays) [63]. By simplifying the delay terms in NARX to
replicate the MLP architecture, we were able to highlight
the pivotal role of the BR training algorithm in the success
of the ANN model performance. The LSTM model was
also investigated briefly; however, further validation of the
LSTM model would require developing a custom BR train-
ing algorithm in the original LSTM MATLAB code or man-
ually developing an LSTM layer directly into the narxnet
MLP equivalent. This task is beyond the scope of this study
and is therefore left as a future project.

The NARX ANN still demonstrated greater performance
than the MLP with the BR training algorithm in terms of
estimating the MRT for the TSG, as seen in Fig. 6. The
comprehensive comparisons of performance parameters
for the NARX and MLP using BR or LM training algo-
rithms is provided in Table 5. It represents the most prevail-
ing results; however, it is important to note that variations
between each run of the model can be observed because
of the randomisation of initial weight distributions in the
ANN. The prevailing results are significantly more com-
mon and consistent than the alternative results; therefore,
the latter are omitted here. The NARX ANN shows bet-
ter accuracy because of the feedback delay applied in the
NARX ANN, which helps capture temporal dependencies
and patterns in the data. With a 1:1 input delay, the model
considers only the current inputs to predict the output. Addi-
tionally, a 1:2 feedback delay allows the model to use previ-
ous predictions to predict the current output. This approach
enables the model to capture temporal dependencies and
provide a broader context for each prediction while avoid-
ing the inclusion of potentially unnecessary or noisy data
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applied to all nodes in the input layer, connecting every
node to all nodes in the first hidden layer.

4. First hidden layer: The first hidden layer has five nodes, all
assigned with an initial random weight wa;.

5. Second transfer function: The values in the first hidden
layer are fully connected to the second layer using the tansig
activation function:

6. Second hidden layer: The second hidden layer has five
nodes, all assigned with an initial random weight ws;.

7. Third transfer function: All nodes in the second hidden
layer are activated with the tansig activation function, which
fully connects the second hidden layer to the output layer.

8. Output layer: The output layer consists of a single node that
represents the predicted MRT variable.

9. Feedback delay: Employ a 1:2 feedback delay.

Wights (w;;) are updated after every iteration of values passing

from the input layer to the output layer and compared to the known

values of the training and validation datasets. Weights are updated
using the selected training algorithm.

from earlier time steps. To capture a complete comparison
of the developed NARX and MLP ANNs with integrated
interpolation methods, the computational cost must be con-
sidered. The MLP and NARX, as mentioned before, follow
an almost identical structure except for the feedbackl delay
component of the NARX ANN (see Tables 1 and 2). This
similarity results in an almost identical computational cost
when the number of computations per iteration is consid-
ered. However, in actuality, the NARX model reaches an
optimal state much sooner than the MLP. The models were
instructed to cease training if p > 10%°, which is indica-
tive of a model that is no longer improving. This causes the
NARX to produce the final output predictions with an effi-
ciency equal to or greater than that of MLP. While in some
cases, the NARX and MLP have equal computational costs,
NARX is often significantly faster than MLP. The NARX
computational cost is of the order of tens to hundreds of
seconds faster than the MLP, depending on which method
is used and how many interpolants are taken. However, the
NARX is never slower than the MLP. This demonstrates
the significant advancement of the NARX over the MLP in
all aspects of performance. Consequently, the NARX ANN
with a 1:1 input delay and a 1:2 feedback delay emerged as
the optimal structure and was chosen for modelling MRT to
evaluate the various interpolation methods used throughout
the remainder of the study.

To show the wide applicability of the NARX ANN
models, the results were compared against Kriging inter-
polation [1]. In a previous study [1], Kriging interpolation
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1
Table 6 The performance results of NARX model with each interpolation tool using interpolation ratio a1

Method RMSE MAE Standard deviation Adj. R*2 Computational cost (in seconds) Interpolation ratio Training iterations
Kriging 4.61 0.089178 0.09028 0.989 640 1/21 7790

Makima 1.74 0.023288 0.050027 0.999 72 1/21 12000

Linear 14.6 0.17566  0.31082 0.959 12 1/21 2129

Cubic 297 0.047561 0.10971 0.998 23 1/21 12000

Cubic Spline  2.66 0.071229 0.16111 0.999 47 1/21 12000
Multivariate  2.37 0.045041 0.12000 0.999 38 1/21 12000

Cubic Spline

Table 7 The performance results of NARX model with each interpolation tool using interpolation ratio

<

Method RMSE MAE Standard deviation Adj. R*2 Computational cost (in seconds) Interpolation ratio  Training iterations
Kriging 28.2 0.19474  0.2893 0.627 13 1/15 1949

Makima 5.18 0.093025 0.19451 0.995 36 1/15 12000

Linear 11.5 0.15932  0.35742 0.974 29 1/15 8401

Cubic 7.93 0.09074  0.13181 0.989 34 1/15 10698

Cubic Spline  5.22 0.041625 0.052618 0.996 142 1/15 12000
Multivariate  1.34 0.028877  0.060293 0.999 32 1/15 12000

Cubic Spline

Table 8 The performance results of NARX model with each interpolation tool using interpolation ratio —

10

Method RMSE MAE Standard deviation Adj. R*2 Computational cost (in seconds) Interpolation ratio  Training iterations
Kriging 283 0.20869  0.28924 0.623 6 1/10 1939

Makima 7.76 0.090741  0.17208 0.990 32 1/10 12000

Linear 15.1 0.25227  0.47242 0.957 14 1/10 3622

Cubic 6.3 0.083164 0.15773 0.993 17 1/10 3608

Cubic Spline 12.4 0.12877  0.23866 0.976 37 1/10 12000
Multivariate  2.97 0.022663  0.029876 0.999 29 1/10 12000

Cubic Spline

was performed to produce 20 interpolants per observation.
The interpolated dataset was then fed into an ANN model
to predict the mean residence time, with an Adj. R? of
0.9242 and an RMSE of 13.9138. However, in this study,
an advanced NARX ANN model was developed to process
the same dataset. The data were interpolated similarly with

1
a ratio of 21 and fed into the NARX ANN. The resulting

performance increased to an Adj. R? of 0.989 and an RMSE
of 4.61. That is, Adj. R? increased by 6.48% and RMSE
decreased by 66.9%. These results demonstrate the superi-
ority of the proposed NARX ANN model for the predicted
MRT of twin-screw granulators.

5.3 Validation of the Proposed Models with
Different Interpolation Techniques

In this section, the NARX ANN model is integrated with
various interpolation techniques and evaluated quantita-
tively to assess its accuracy and efficiency. The previous
section demonstrated that the NARX model performed sig-
nificantly better than the MLP model. Therefore, only the

results obtained using the NARX model corresponding to
different interpolations are discussed here. By interpolating
the data using different methods and feeding the interpolated
data into the NARX ANN model, the performance param-
eters demonstrate the effectiveness of the data interpola-
tion. These results are summarised in Table 6 when using

an interpolation ratio of 21 similar to the existing Kriging

approach [1].

The robustness of each interpolation tool was examined
by assessing the respective performance of the NARX ANN
model when applying various interpolation ratios. In Tables
7 and 8, the performance of the NARX ANN model is pre-

sented for each interpolation tool using interpolation ratios

1

1
' and 10’ respectively. It is clear that the model perfor-

mance suffers significantly when using the Kriging method
with fewer interpolants. This is likely due to the high
dimensionality of the Kriging method and the structure of
the interpolated data. Specifically, the Kriging interpolants
are not structured in the same way as the alternative meth-
ods (linear interpolation, cubic interpolation, etc.), as indi-
cated by the output curve. Kriging can produce interpolants
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across an entire domain, giving rise to interpolated points
that alternative methods are unable to capture. This clearly
requires far greater computational cost for the NARX ANN
model to effectively model the interpolated data using Krig-
ing interpolation.

The alternative methods present good performance for

interpolation ratios as low as —, and some methods are

10
capable of good performance with as low as five interpo-
lated points per observation. This demonstrates the robust
performance of the alternative methods for interpolating the
MRT for implementation into the NARX ANN predictive
model. In Table 9, the RMSE and Adj. R? show that the
cubic polynomial and cubic spline are the most successful
interpolation methods for fewer interpolants. The Adj. R? of
0.953 and 0.952 and RMSE of 16.7 and 17.3 for the cubic
polynomial and cubic spline techniques, respectively, show
that both interpolation methods describe the MRT variable
with a strong relation. Furthermore, the multivariate cubic
spline demonstrates even higher explainability with Adj.
R? = 0.999 and RMSE = 2.97, which is 31% less than the
univariate cubic polynomial. This demonstrates the impact
of the multidimensional approach on this dataset.

The cubic polynomial, cubic spline, and multivariate
cubic spline interpolation methods demonstrated superior
performance with fewer interpolants, providing a dataset
that enabled the NARX ANN to accurately predict future
MRT values. In contrast, the linear and Makima interpo-
lation methods show weaker predictability, with only five
interpolants per observation, as detailed in Table 9. The
Kriging method performs poorly, achieving an adjusted Adj.
R? 0f 0.627 with 15 interpolants per observation, compared
to over 0.973 for the alternative methods (Table 7). How-
ever, with an interpolation ratio of o7 Kriging improves
dramatically, achieving an Adj. R? of 0.989. Still, the cubic
polynomial, cubic spline, multivariate cubic spline, and
Makima methods outperform Kriging, achieving Adj. R?
values of 0.999, 0.998, 0.999, and 0.999, respectively, for
the same interpolation ratio (Table 6).

Furthermore, the Kriging interpolation method has a high
computational cost for computing all results compared to

the alternative methods. All methods were implemented in
the same NARX ANN model with the same training param-
eters; specifically, if > 10%?, then the model would stop
training, as ¢ > 10% indicates that the model will no longer
improve from further training iterations. This leads to a vari-
ation in the number of training iterations, as shown in Tables
6,7,8,9. Irrespective, the computational cost of the Kriging
method is much higher than that of the alternative methods,
requiring over 600s to train just 7790 iterations. In contrast,
the cubic method could train the full 12000 iterations in just
23s. The Kriging method, originally designed for spatial
data interpolation, uses coarse datasets to estimate values
within a spatial domain. When applied to nonspatial data,
it functions similarly by treating inputs as spatial variables
to interpolate nonspatial parameters. However, interpolating
irrelevant or unrealistic data can lead to unnecessary com-
putations, increasing the computational cost of the model.

The multivariate cubic spline interpolation method sur-
passes the alternative approaches for different interpolation
ratios. Its ability to capture the multidimensional behaviour
of the dataset provides a robust foundation for training the
NARX ANN predictive model. With an Adj. R? of 0.978
using only five interpolants per observation, it demonstrates
exceptional accuracy. Although its computational cost is
higher than that of univariate methods, it remains lower
than that of the Kriging method. Consequently, the multi-
variate cubic spline is the optimal interpolation method for
this dataset, delivering the most accurate MRT predictions
and the strongest input-output relationships for the NARX
ANN model. The univariate cubic spline interpolation, on
the other hand, performs slightly below the multivariate ver-
sion. Furthermore, the difference between the multivariate
and univariate approaches of the cubic spline output is high-
lighted in Fig. 7.

The results in Table 6 are associated to Figs. 8a, 9, 10b,
which highlight the different characteristic curves for each
interpolation technique. The difference in the curve shape of
each method significantly impacts the performance of the
model, thus reinforcing the importance of understanding the
dataset before selecting an interpolation technique. This has
been found in previous studies, such as Gnauck [64], which
have discussed the importance of selecting an interpolation

Table 9 The performance results of NARX model with each interpolation tool using interpolation ratio :

Method RMSE MAE Standard deviation Adj. R*"2 Computational cost (in seconds) Interpolation ratio Training iterations
Kriging 414 0.74396 14324 0.13 5 1/5 1322

Makima 37.4 0.38174  0.59069 0.753 8 1/5 992

Linear 29.9 0.30973  0.55405 0.828 6 1/5 359

Cubic 16.7 0.21159  0.37881 0.953 47 1/5 12000

Cubic Spline 17.3 0.18932  0.27737 0.952 15 1/5 1166

Multivariate  11.6 0.096563 0.12719 0.978 29 1/5 433

Cubic Spline
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Fig.7 Comparison of the multi-
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Fig. 8 a: The predicted MRT curve and resulting error using the NARX model coupled with Makima interpolation. b: The predicted MRT curve
and resulting error using the NARX model coupled with linear interpolation

method that is suitable and appropriate for specific applica-
tions and dataset characteristics. This supports the findings
of'this paper as the multivariate cubic spline is preserving the
time-series characteristics of the original data and including
the multidimensionality into the interpolation process.

6 Conclusions, Suggestions and Future
Aspects of the Study

This paper provides an overview of the TSG process and an
ANN designed to model the MRT of granules in a TSG based
on three input variables: the L/S ratio, powder flow rate, and
screw speed. This study focused on using various univariate
and multivariate interpolation methods to enhance function-
ality and model performance when using a dataset contain-
ing only 96 original data points (4 X 24 measurements). The
results indicated that the cubic spline interpolation method
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Fig.9 a: The predicted MRT curve and resulting error using the NARX model coupled with cubic polynomial interpolation. b: The predicted MRT
curve and resulting error using the NARX model coupled with univariate cubic spline interpolation
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Fig. 10 a: The predicted MRT curve and resulting error using the NARX model coupled with multivariate Kriging interpolation. b: The predicted
MRT curve and resulting error using the NARX model coupled with multivariate cubic spline interpolation

performed best among the four univariate methods, with
minimal computational cost and error for the interpolation
ratio of % However, with more interpolants, the Makima
and cubic univariate interpolation methods surpassed the
cubic spline interpolation method, thereby demonstrating
superior performance. In addition to the univariate methods,
two multivariate interpolation methods were investigated.
The Kriging and multivariate cubic spline methods yielded
contrasting results, and the multivariate cubic spline meth-
ods exhibited superior computational efficiency compared
to the Kriging method.

@ Springer

The Kriging method required at least 21 interpolants per
observation to provide a dataset that could successfully train
the ANN model. Conversely, the multivariate cubic spline
method coupled with the ANN successfully modelled and
predicted the MRT using an interpolation ratio of % (5 inter-
polants). Furthermore, the multivariate cubic spline interpo-
lation method surpassed the Kriging and univariate methods
on all performance parameters except computational cost
(slightly different). The multivariate cubic spline interpo-
lation method with an interpolation ratio of % achieved an
RMSE of 11.6 and an adjusted R? of 0.978, representing
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a 72% decrease in the RMSE and an 85% increase in the
adjusted R? compared with the Kriging method.

Therefore, the multivariate cubic spline interpolation
method demonstrates the greatest success for preprocessing
the coarse TSG dataset, as evidenced by the resulting per-
formance of the NARX ANN predictive model. The NARX
ANN coupled with mutivariate cubic spline interpolation
and BR training algorithm is the superior model configu-
ration. This finding underscores the potential of combining
advanced interpolation techniques with machine learning
models to effectively analyse and predict complex processes
in pharmaceutical manufacturing, contributing to the pro-
duction of high-quality and safe products.

6.1 Future Work

Further analysis and assessment of hybrid ML interpolation
models should be conducted using new experimental data-
sets that target the interpolants of the model. This will pro-
vide a robust and comprehensive assessment of the model
performance and further validate the results. The model in
this study can be further improved by establishing an effec-
tive way for MRT predictions to transition from interpolated
to non-interpolated data. Numerous deep learning ANN
approaches, aside from the MLP and NARX considered in
this study, have gained considerable traction in many fields.
The adoption of deep learning methods can significantly
enhance the predictive ability of the coupled ML and inter-
polation model when using small datasets. Furthermore,
the coupling of physics principles with this model would
enhance the interpretability and predictive abilities of the
model. These factors should be considered before imple-
menting the model as an online MRT monitoring system.
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