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ABSTRACT
In magnetic particle imaging, a field-free region is maneuvered throughout the field of view using a time-varying magnetic field known as
the drive-field. Human-sized systems operate the drive-field in the kHz range and generate it by utilizing strong currents that can rise to the
kA range within a coil called the drive field generator. Matching and tuning between a power amplifier, a band-pass filter, and the drive-field
generator is required. Here, for reasons of safety in future human scanners, a symmetrical topology and a transformer called an inductive
coupling network are used. Our primary objectives are to achieve floating potentials to ensure patient safety while attaining high linearity
and high gain for the resonant transformer. We present a novel systematic approach to the design of a loss-optimized resonant toroid with
a D-shaped cross section, employing segmentation to adjust the inductance-to-resistance ratio while maintaining a constant quality factor.
Simultaneously, we derive a specific matching condition for a symmetric transmit–receive circuit for magnetic particle imaging. The chosen
setup filters the fundamental frequency and allows simultaneous signal transmission and reception. In addition, the decoupling of multiple
drive field channels is discussed, and the primary side of the transformer is evaluated for maximum coupling and minimum stray field. Two
prototypes were constructed, measured, decoupled, and compared to the derived theory and method-of-moment based simulations.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0192784

I. INTRODUCTION

Medical imaging modalities such as magnetic particle imaging
(MPI) and magnetic resonance imaging (MRI) rely on alternating
current to generate strong radio-frequency fields that form the back-
bone of signal generation and acquisition.1,2 In the context of MPI,
the frequency of the so called drive field does not depend on the
Larmor precession of hydrogen atoms, nor is it correlated with a
static B0 field, as in MRI. The choice of this frequency is flexi-
ble, with the proviso that it should be above the human audible
range but below frequencies where wave propagation effects begin
to affect signal detection and below the limits for energy deploy-
ment due to the tissue’s specific absorption rate (SAR).3,4 Typically,

this frequency falls in the range of 20–160 kHz,3,5,6 where lower fre-
quencies tend to cause more peripheral nerve stimulation (PNS).7
In addition, the best non-linear signal response of the required mag-
netic nanoparticles (MNPs) that provide the image contrast in MPI
falls into this range, depending on the particle’s anisotropy.8 Cur-
rents for a human torso system reach the kA range,9,10 whereas
head-sized systems require around 300–500 A.11 While it is possi-
ble to perform MPI with non-sinusoidal excitation waveforms,12,13

the benefit of using sinusoidal excitation lies in the ability to imple-
ment resonators such as passive filters. This study focuses primarily
on MPI, while the basic concept has broader applicability to similar
circuits and other frequencies. Such circuits can be found in the con-
text of inductively coupled wireless power transmission,14–17 power
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converters,18,19 band-pass filters,20–23 or other applications requir-
ing high linearity and large currents. A prominent challenge in this
context is the formulation of a resonant transformer, i.e., the pri-
mary side forms a resonance with the band-pass filter output stage,
and the secondary side of the transformer is part of a high quality
factor (Q) resonant transmit–receive circuit called the high current
resonator (HCR).

Our purpose for the resonant transformer, referred to as the
inductive coupling network (ICN), is to obtain a differential volt-
age system and a safe operating voltage. Ground loops and long,
high-current cables can introduce undesired harmonics or distur-
bances into the received spectrum, i.e., induced by eddy currents in
non-linear components such as unsoldered joints (screws). These
distortions can dominate important particle harmonics, or side-
bands, that are essential to the imaging process.10,24 A differential
design with balanced filters avoids a global ground node and is
less susceptible to interference and noise.25 Another strong advan-
tage of a differential setup is floating signals with respect to the
patient under examination, who is always capacitively coupled to
the ground. A single-ended transmission chain entails the danger for
humans if they come into contact with any single point in the system.
As MPI systems strive for human trials,6,11,26,27 this safety aspect can-
not be ignored. Furthermore, reducing voltage levels in proximity to
the patient requires a low inductance DFG, which in turn requires
large currents to maintain the same field specifications.9,11

In this work, we design and implement a resonant toroidal
inductive coupling network that encompasses safety concerns and
incorporates a strictly linear and loss-optimized design. We elab-
orate on our design decisions and weigh different conditions and
restrictions to present a new approach to finding suitable parameter
choices, i.e., for inductors, cross section shape, parallel segments,
gain, and dimensions. Our reasoning is intended to be transferable

to other transformers under similar constraints using resonant loads
for applications beyond medical imaging. Furthermore, we consider
crosstalk by channel decoupling between multiple drive-field chan-
nels that each use an individual ICN and review multiple decoupling
strategies. Based on a TxRx topology that was presented with-
out details by Sattel et al.,10 this study elaborates on the original
implementation and optimization of an ICN and tailors the design
parameters to a human-sized head scanner.11

II. MOTIVATION AND PURPOSE
Many current MPI systems use dedicated receive coils,

often in a gradiometer configuration,28–31 effectively suppressing
feedthrough harmonics, interference, and systemic background.24,32

However, receive coils take up valuable space and ultimately increase
power consumption when signal generating coils have to be placed
farther away, independent of the method of feedthrough suppres-
sion.27 For preclinical systems with rodent-sized bores, power con-
sumption can be managed; however, on the path to human-sized
systems, this issue becomes a major challenge.9,27 The advantage
of choosing to combine the transmit and receive circuitry is that
it reduces system complexity and overall space requirements by
eliminating the need for a dedicated receive coil nested within the
DFG and the receive band-stop filter.33 One possible topology of a
transmit–receive (TxRx) circuit is a symmetric HCR, as shown in
Fig. 1(a), with a linear ICN, as shown in Fig. 1(b). A comprehensive
characterization of the different noise and background contributions
of TxRx and dedicated receive systems can be found in Ref. 24. How-
ever, there is currently no clear consensus in the community as to
which system performs better on a human scale with manageable
power consumption, although this may change in the future. The
development of a TxRx system with an ICN is driven by various

FIG. 1. Overview of the MPI transmit chain and the ICN. In (a), the power amplifier is connected to a ferrite-core transformer, a band-pass filter, and the primary side of
the ICN. The secondary side of this transformer is part of a high-Q resonator, called a high current resonator (HCR), that includes the drive-field generator (DFG). Magnetic
particles excited by the DFG induce signals via LTx, and the received signal is tapped within the symmetric HCR at vTxRx. In (b), a four-fold segmented toroidal, D-shaped
ICN is shown within a simulation setup of CONCEPT-II.34
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design goals, including a. achieving floating potentials; b. ensuring
linearity; c. attaining high current gain and high Q; d. designing cir-
cuit symmetry for excitation, filtering, and signal reception; and e.
modularizing for impedance matching.

A. Floating potentials
The first design goal concerns patient safety and avoids ground

loops that may negatively affect signal reception. A galvanically iso-
lated high current resonator (HCR) with an overall low voltage
and floating potential is achieved by many common transformer
topologies. Floating potentials become relevant for a patient being
examined in the scanner. Following the principle of the first fault
case, the potential separation ensures that a patient is not exposed
to a life-threatening current through single contact with the cir-
cuit. This would require contact at two separate points of the
circuit, which drastically reduces the risk. In this unlikely event,
we take the further precaution of reducing the overall voltage in
the DFG and HCR by selecting low-inductance components.11,35

A capacitive coupling network36 would not provide real iso-
lation at the drive-field frequency, although DC currents are
blocked.

B. Linearity
A strictly linear air-core transformer is required because the

ICN is located after the band-pass filter stage and must not increase
the total harmonic distortion (THD) of the transmit or received
signal. Harmonics generated directly within the HCR, where the
received signal is tapped, would be unfiltered and, thus, mask and

alter the particle’s response. Harmonic generation by iron-core
transformers is well known due to core saturation effects,37,38 and the
principle is demonstrated in Fig. 2(c). Here, we compare the THD
after the band-pass filter with the THD generated by a ferrite-core
transformer. Although an iron core would be preferable for its high
permeability, effectively bundling magnetic field lines to achieve a
high coupling coefficient k and low leakage inductance, it introduces
distortion due to the saturation effects of the ferrite-core material.
This constraint is so strong that a THD of 0.5% from a class-AB
power amplifier in combination with our transmit filter results in
a theoretical THD benchmark of below 5 × 10−6%, calculated using
the fundamental definition of THDF.39 The typical THD of a linear
power amplifier ranges from 0.1% to 1%,40–43 and our filter achieves
a measured 65 dB amplitude attenuation at the second harmonic f2,
100 dB at f3, and below 150 dB at f4 and above.11,23 Regarding a low-
core loss iron powder material such as “−8” (Micrometals, Inc., CA,
USA44) and neglecting any hysteresis effects, a maximum amplitude
deflection of only 1% of the saturation field strength Hsat results in
a THD of 3 × 10−3%, as shown in Fig. 2(c-4). Although this num-
ber is extremely low, it is about three orders of magnitude higher
than the combined THD of the amplifier and band-pass filter. Simi-
larly, an amplitude of about 0.14 ×Hsat would cause a THD of 0.5%,
counteracting any achievements by the band-pass filter. Moreover,
intermodulation of harmonics will occur, which further degrades
the THD of an iron-core transformer, which was not modeled here.
Consequently, an air-core transformer is preferred to achieve max-
imum linearity, and a toroidal shape is advantageous to enclose
the majority of field lines within the toroid. This minimizes any
coupling leakage flux and eddy current losses in the surrounding
shielding and reduces the susceptibility to external disturbances to
avoid spurious harmonics.

FIG. 2. Segmented toroidal air-core transformer and THD simulation of iron-core saturation without hysteresis. Shown in (a) is a toroid parallelized with Ns = 12 individual
segments, of which eight are shown in different colors (four are hidden). The primary winding also forms a toroid, here with N1 = 12 turns, whereas each secondary segment
has N2 = 13 turns. In (b), the circular cross section in the xz-plane is shown with characteristic parameters noted. On the right in (c), three sinusoidal input signals (1) are
modulated by the magnetization curve in (2), which results in the output in (3) and its spectrum in (4). The magnetization curve is adapted from the “−8” iron powder core
material,44 but without hysteresis effects and modeled with a tanh-function.45 A THD of 0.5%, typical for class-AB amplifiers, is caused by an amplitude of about 0.14 of Hsat.
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C. High current gain and high Q
In order to maintain the same excitation field using low-

inductance components, higher currents are required.11 We are
focusing on minimal conduction losses and an overall loss-
optimized transformer design. The ICN is a resonant transformer,
shown in Fig. 1(b), and the secondary side of the transformer is part
of the HCR. Note that both voltage and current are amplified on the
secondary side, unlike non-resonant transformers. This is based on a
two-step process of having a tank LC with high impedance from the
perspective of the primary side and the voltage scaling into a high Q
load on the secondary side. However, amplification is due to reso-
nance, and a change in the turns ratio still changes the voltage and
current in opposite directions. A limiting factor in the gain is the
structural size because it limits the overall achievable Q of the HCR.

Independent of the desired inductor values, the cross-sectional
shape of the toroid is optimized to maximize the inductance L2 for a
given wire length, i.e., the perimeter p0 of the toroidal cross section
(D-shape). To achieve this, we implemented the results of a compre-
hensive study by Murgatroyd.46 In addition, frequency dependent
losses are minimized by using litz wires that suppress the skin effect
and reduce proximity effect losses.47 Due to the angular symmetry of
the toroid, the winding core offers the possibility of parallel segmen-
tation of the secondary side. Such parallel segments share the same
enclosed field lines to compose a single composite toroid, as shown
in Figs. 2(a) and 2(b), which can be used to shift the desired value
for L2 at a constant Q to change the desired turns ratio n. A trade-
off must be made between wire diameter, feasible parallelization of
toroidal segments, stacked wire layers near the symmetry axis, heat
dissipation, and target inductance.

D. TxRx circuit symmetry
Symmetry refers to the HCR layout, where the capacitors are

split into two separate banks for each inductor, as shown in Fig. 1(a).
This offers the advantage of combining transmit and receive chains
in a single circuit, as proposed by Sattel et al.10 Here, the HCR acts
simultaneously as a filter for the fundamental frequency, allowing it
to tap the particle’s response vTxRx during transmission. However, a
partial attenuation of the particle signal is inevitable using this con-
figuration because the strength of the particle signal relies on the
proportion of inductors L2 and LTx, which we call the DFG matching
condition.

E. Impedance matching modularization
For feasible impedance matching, a modularization into two

matching stages is carried out, as shown in Fig. 1. The ICN can thus
be designed without additional constraints regarding amplifier load
matching, which is done separately by an amplifier matching stage.
To this end, we use a ferrite-core transformer before the band-pass
filter with a maximum amplitude below 10% of Hsat, as explained in
Sec. II B, on the condition that the transformer’s THD is similar to
the amplifier’s THD and a band-pass filter is implemented afterward.

III. THEORY
In this section, we present a systematic optimization of an

inductive coupling network, delineating the theory and criteria
employed to derive the configurations for both sides of the toroidal

transformer. Our approach commences with an examination of the
transformer’s current gain G in Secs. III A and III B. The focus then
shifts to optimizing the toroidal geometry with the goal of minimiz-
ing losses and maximizing inductance, as described in Sec. III C. This
optimization process encompasses cross-sectional shape, multiple
winding layers, segmentation, and primary winding characteristics.
In order to select an appropriate inductance value, we proceed to
the inductance matching condition specific to a symmetric setup of
the HCR in Sec. III D, a consideration tailored for the MPI imaging
modality.

Given the broader context of multichannel MPI systems, it
is imperative to devise individualized ICNs for each channel and
account for coupling, which is described in Sec. III E. Nevertheless,
up to that point, the entire section focuses on a single channel with
the resonance frequency f1.

A. Maximum transformer current gain
The current amplification factor, denoted as G for the ICN

transformer, will be investigated with the objective of maximizing
it, according to design goal c. A first expression for G can be derived
by considering the power P2 on the secondary side, caused by the
primary current i1 that induces the voltage v2, as in

P2 =
∣v2∣2
Rs
= ∣jωMi1∣2

Rs
= ω2M2∣i1∣2

Rs
, (1)

where ω = 2πf1 denotes the channel angular frequency, j denotes
the imaginary unit, M denotes the mutual inductance of the trans-
former, and Rs = R2 + RTx denotes the total series resistance of the
secondary side at resonance (capacitor losses are neglected).48 All
components, currents, and voltages are shown in Fig. 3. Now, the
power at resonance can be rewritten to obtain the current gain G by

∣i2∣2Rs =
ω2M2∣i1∣2

Rs
⇒ G = i2

i1
= ωM

Rs
. (2)

In the following, this expression is rearranged for resonant trans-
formers using characteristic transformer variables such as the turns
ratio n, the coupling coefficient k ∈ [0, 1], and the quality factor Q of
the transformer’s secondary side.49,50 Note that voltages across the
leakage inductance Lσ,1 = L1(1 − k) and matching capacitor Cm of

FIG. 3. Resonant transformer circuit diagram. A resonant transformer is shown,
where an ideal transformer remains embedded in the center. The inductors are
split into leakage and coupled inductances. The matching capacitor Cm resembles
the filter output stage, which goes into resonance with the leakage inductance
Lσ,1 = L1(1 − k), and Zprim becomes real at ω = 2πf 1.
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the band-pass filter cancel at resonance. Furthermore, L2 is part of a
resonant circuit on the secondary side; therefore, voltage and current
are increased.

The turns ratio is defined by the number of primary turns N1 to
secondary turns N2. For an ideal transformer that is perfectly cou-
pled (k = 1), there is no phase difference and, therefore, no losses
between the two sides. In this case, n directly relates the magnitude
of the voltages v1 and v2 and can be used to step up or step down the
reflected impedance seen at the input,50 as given in

n = N1

N2
=
√

L1

L2
= v1

v2
. (3)

L1 and L2 are the transformer’s primary and secondary induc-
tances. Next, to obtain the coupling coefficient, we first consider the
coupling factors,

K1 =
Φ21

Φ11
= M

L1
, K2 =

Φ12

Φ22
= M

L2
(4)

for the general case of arbitrary transformer shapes. K1 measures
the proportion of the mutual magnetic flux Φ21 caused by a current
i1 in M and the magnetic flux Φ11 caused by a current i1 in L1. The
same principle applies to K2. Note that the value of K i can be greater
than 1. The mutual inductance M is reciprocal for all linear mate-
rials with symmetric tensors for electric conductivity, permittivity,
and permeability.51 Now, the definition of the coupling coefficient is
given with

k = M√
L1L2

=
√

K1K2. (5)

Finally, a general expression for the quality factor Q is given
by the ratio of stored energy to dissipated energy per cycle: For
an inductor L, perfect capacitors, and assuming negligible radiation
losses in the kHz region, the quality factor is

Q = 2π
Estored
1
f Pdiss

= 2π f ∫
î

0 L i di

( î√
2
)

2
R
= ωL

R
. (6)

R is the total resistance of the considered resonance,52 and î is the
total current of the inductor.

Under the consideration of a dominant Q of the coils, the three
constituents of the gain in (2) are replaced by the considered ICN,
and the equation yields

G = ωM
Rs
= ωL2

Rs

M√
L1L2

√
L1

L2
= Q k n. (7)

Note that the inserted Q refers to the transformer with its energy
stores L2, C1, and C2, while the resonance on the right side acts as a
real impedance, adding only the serial resistance RTx of the DFG.

There are three conclusions due to (7): The channel frequency
should be chosen as high as reasonable, taking into account the
drawback of increasing losses due to high-frequency effects in the
transmit and receive chains. We consider fixed frequencies in the
low kHz range (around 26 kHz) and discuss the frequency choice in
Sec. VI. Second, a reduction of Rs is beneficial: The correct type of litz
wire should be chosen,47 connections within the HCR should be kept

short, and the cross section shape of the inductor should be chosen
to obtain a minimum R for a maximum L46,53 to result in a high Q.
Apart from minimizing R, the goal of maximizing M requires find-
ing a toroid with both a high k and a large L. A high turns ratio n can
be obtained by a dense primary winding and parallelizing the second
transformer side. Third, as the total energy dissipated must equal the
energy delivered in the resonant circuit, we obtain

∣P1∣Δt = ∣P2∣Δt ⇒ Re(Z1) = G2 Re(Z2) (8)

for a time interval Δt at steady-state, Z1 = v1/i1 and Z2 = v2/i2. The
imaginary part is zero at resonance, and the real impedance seen by
the primary side equals

Re(Zprim) = R1 +G2 Rs = R1 +
ω2M2

Rs
. (9)

B. Structural size limits Q
As argued above and evident from Eq. (7), we need a large

secondary inductance to obtain a high transformer gain. A large
structural size is beneficial because an increasing cross section A
increases the inductance faster than its reduction by the growing
center radius rc, as approximated by the equation for a single-layer
air-core toroid with a circular cross section,

Ltoroid ≈
μ0N2A

2πrc
. (10)

Here, μ0 is the vacuum permeability, and the dimensions are shown
in Fig. 2(b). However, a constant number of turns that are stretched
around a growing cross section will reach a point where the changes
in inductance and resistance compensate. This problem and its para-
meter dependencies are a well-known optimization problem, treated
by Murgatroyd,46,53 and an overview can be found in Ref. 54. A can
be increased until an optimum is reached where the inductance is
maximum for a given total wire length l = N2πr of all turns. This
is a restraint on A, and there exists an optimum for the ratio of
outer to inner radius for a finite l. The optimum number of turns
for toroids with a circular cross section and wire diameter d lies at
N = 0.8165

√
l/d, which in turn yields the ratio r/ri = (0.8165)−2

≈ 1.5 and the optimal inductance,

Ltoroid,opt,circ ≈
μ0 d
2π
⎛
⎝

0.2722( l
d
)

3
2

+ 0.25
l
d
⎞
⎠

, (11)

as derived by Murgatroyd.54

Optimal benefits are obtained from the correct area to radius
ratio in combination with a large overall construction volume, cou-
pled with a judicious selection of layers within the interior, as shown
in Fig. 4(b) and explained in Sec. III C 2. The upper limit is reached
if the interior space is fully occupied by wires, which also affects the
cross section shape that deviates from a circle for the outer layers.53,55

Overall, increasing the dimensions of the toroid leads to an increase
in L2, Q, and, thus, G. The maximum Q is defined by the available
construction volume.
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FIG. 4. Optimal D-shaped cross section and multi-layer toroids.53 In (a), the opti-
mal D-shape cross section is shown for the fixed optimum ratio of ro/r i = 5.3. The
left toroid-half features a field intensity plot with the field profile along the x-axis
in white (the toroid has three layers on the inside, simulated in CONCEPT-II34).
Highlighted in orange in the right toroid-half is the curve obtained by a step-
wise evaluation and integration of (13). In (b), two different types of winding
arrangements of multi-layer toroidal inductors are shown.

C. Toroidal transformer
The ICN toroid is optimized for a finite available construction

volume by optimizing the cross-sectional shape for a higher induc-
tance, taking into account multiple layers of winding, and improving
the coupling of the primary winding. Then, segmentation provides a
tuning mechanism that allows us to change the nominal inductance
with a constant inductance-to-resistance ratio56 to a desired value.

1. Optimal cross section: D-shape
A circular cross section gives the largest area A for a fixed turn

perimeter p0, but it does not provide the highest inductance for this
wire length. This discrepancy is caused by the non-uniform flux den-
sity within A, which is denser toward the inside for toroids,54,57 as
shown in Fig. 4(a). Due to the straight inner edge of the D-shape,
it encompasses the higher magnetic flux density toward the z-axis
of symmetry and yields ∼15% more inductance than the circular
window for the same p0.54

For the single-layer DC loss optimized D-shape, the optimum
was found to be

Ltoroid,opt,D ≈
μ0 d
2π
⎛
⎝

0.314( l
d
)

3
2

+ 0.25
l
d
⎞
⎠

(12)

for ro
ri
= 5.3 and N = 0.565

√
l
d ,53 as shown in Fig. 4(a). The slope

(orange) is obtained by a stepwise evaluation along the radial
direction, given by

dz
dr
= ± ln

√
riro
r√

ln r
ri

ln ro
r

. (13)

Integrating the slope dz/dr yields coordinates for the optimized
quarter section shapes.

AC losses are mainly eddy current losses due to proximity
effects, since the skin effect plays only a minor role in litz wire wind-
ings. The impact of the proximity effect is twofold: internal magnetic
fields due to neighboring currents cause eddy currents, but they
are dominated by the second effect due to the main toroidal field

through the rest of the coil, acting on the entire litz wire bundle.47

Overall, this results in eddy currents causing local non-uniform cur-
rent densities that require a more complex shape optimization for
high frequencies, as can be found in Ref. 46. The optimum shape
for high frequencies differs from a D-shape due to the stronger con-
straint of eddy current losses, which are highest near the center,
causing the highest point of the slope to move outward. However,
in the kHz range, the AC optimized shape converges to the DC
optimized shape of (13) for litz wires with sufficiently small strands.

2. Multiple layers
Another way to effectively increase L2, which optimizes Q, is

by using multiple wire layers. However, insufficient heat dissipation
from the inner layers becomes an issue that, in turn, increases cop-
per resistance and might damage the litz wire insulation layer. To
this end, we propose a single, nearly dense outer layer of turns, as
shown in Fig. 4(b), which overlap on the inside near the axis of sym-
metry. This compromise gives satisfactory results and sufficient heat
dissipation by air cooling. If the litz wire winding is not operated
near its maximum current rating, e.g., for split-core toroids in filter
stages,11,23 multiple dense layers are an efficient option. A general
study on optimal shapes for air cores and non-air core multilayered
toroidal inductors can be found in Ref. 55.

3. Segmentation
The secondary side L2 can be divided into Ns identical seg-

ments, which are wired in parallel but enclose a single common
field, as shown in Figs. 2(a) and 2(b). If the winding remains oth-
erwise unchanged, both the inductance and the resistance will be
reduced with N2

s if Ns is increased. As an example, a segmentation
into two halves is considered, where one half is limited to N/Ns
= N/2 turns. Intuitively, it seems that L is reduced quadratically
and the resistance R is reduced linearly for a dense winding that
remains unchanged, due to L∝ N2 via (10) and R∝ N via each
turn perimeter. However, the effect for L is changed to L∝ N due
to the shorter magnetic core length l, exemplified by a long and
straight solenoid with L∝ N2/l ∝ N that has a constant turn den-
sity N/l. An additional slight decrease in L is caused by the now
open magnetic circuit, which results in less coupling of the end turns
with the rest of the toroid. Mutual coupling M compensates for this
loss of self-inductance L for toroids since the halves now couple to
the parallelized second half, i.e., to their neighbors at both ends if
again arranged as a joint toroid after segmentation. However, paral-
lelizing equal impedances results in a 1/Ns division for both L and
R. Overall, the linear contribution of the separation and the linear
contribution of the parallelization result in a 1/N2

s scaling for both
L and R.

A segmented toroid with Ns = 12 segments is shown in
Fig. 2(a), and the total current is distributed by a central node (cop-
per plates) at the top and bottom. A lead wire from each segment
is connected to the node as shown in Fig. 1(b) for Ns = 4. Another
aspect of the segmentation is that the current ir of the HCR is divided
equally among the parallel segments, thus relaxing the copper cross
section requirements for the L2 winding. In system design situa-
tions, the construction volume is usually constrained to a maximum
bounding box. For an optimal shape, Q is thus fixed. Using this
method, the design can start with an optimal single winding inductor
and then use segmentation to tune for a desired L2 and R2.
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4. Primary winding
A final design decision for the toroidal topology concerns the

primary winding. For a reasonable volume and, therefore, limited Q,
the primary winding should achieve a high coupling k, as shown in
(7). Consequently, one choice is that L1 is also toroidal and (sparsely)
wound around the outside of L2. This ensures that the majority of
the field lines are shared by both transformer sides to maximize k. In
Fig. 2(b), such a toroidal primary winding of L1 (orange) is shown for
a toroid with a circular cross section. Known from Rogowski coils58

is the beneficial effect of a return wire in the xy-plane that counter-
acts the single turn of l along the center circumference of the toroid
to diminish the field on the outside, which is in line with the z-axis.
For ease of fabrication, we propose a return wire along the outside
at ro, which suppresses most of the stray field but deviates from the
optimal enclosed position at rc.

If a dense L1 coil is used, i.e., a few turns at one point around
the toroid, the result is a large K1 and a very weak K2. The overall
k is small, which is only sufficient for a design with a very large Q.
However, such a dense L1 provides several advantages for peripheral
measures, such as a pick-up coil to measure the current, ir. Such a
coil, L3, could be mounted on the toroid opposite to L1 to focus its
sensitivity locally on L2 and avoid coupling between L1 and L3.

D. DFG matching condition
We have previously shown that, in order to achieve high gain

for design goal c, it is advantageous to obtain a high Q. Currently, the
inductance of L2 itself is not considered. In the following, a trade-off
is identified that characterizes L2 in its dependence on LTx to comply
with design goal d. This consideration arises from the specific con-
straints imposed by the MPI imaging setup, in particular the circuit
symmetry condition for simultaneous transmission and reception
and the absolute power consumption, which has not been consid-
ered so far. Here, we assume a constant Q, which is justified for a
fixed bounding box as reasoned in Sec. III B, resulting in a linear
relationship between R2 and L2 at a fixed ω. The ohmic resistances
of the capacitors and the DFG remain constant.

Our objectives are twofold, yet inherently contradictory:
achieving both maximal particle signal strength at the vTxRx port
and minimal power consumption within the HCR. The particle
response is characterized by the prevalence of high-order harmonics
at the resonance frequency f1. These harmonics experience a signif-
icant voltage drop across an inductive voltage divider formed by the
inductances L2 and LTx when compared to the relatively minor influ-
ences of their small series resistances within the mΩ range11 and the
associated HCR capacitors at harmonic frequencies. The winding
configuration of LTx can be conceptualized as a distributed voltage
source, thereby inducing the particle voltage at the virtual ground
nodes of vTxRx.10 Ideally, in the scenario of an infinitely large L2,
the complete induced voltage would be dropped across L2, leading
to a maximal particle response at vTxRx. In contrast, a diminished
ratio of L2/LTx would effectively short-circuit the receive voltage,
advocating a maximum value for L2. However, the cumulative series
resistance R2 ∝ N2πr of the toroid manifests the same increase as L2
is augmented, as imposed by a constant Q via (6). The total power
consumption increases with R2, but it is limited to a feasible amount.
This imposes a constraint on L2 because the current amplitude at
resonance ir in the HCR must stay constant to maintain the same

FIG. 5. Inductance matching condition of DFG and ICN. A trade-off is identified
at L2 = LTx when the received signal is halved (−3 dB), expressed by the inter-
section of the particle signal (blue) and the normalized signal-to-loss ratio (green).
This graph demonstrates that additional power is required to avoid receiving signal
attenuation.

drive field strength. Consequently, a partial attenuation of the parti-
cle signal is inevitable due to the voltage division effect inherent in
the inductance voltage divider of L2 and LTx.

The crucial point is that the power consumption at the fun-
damental f1 scales linearly with R2, and the particle voltage at
frequencies f > f1 drops depending on the inductive voltage divider
when the impedance of capacitors becomes negligible. We consider
a unit current ir = 1 A and define the particle signal-to-power ratio
(SPR) as

SPR = v f2
TxRx

P f1
= v f2

TxRx

i2
r R2

. (14)

The power consumption P f1 is considered at the fundamental, but
the particle signal v f2

TxRx is at the first harmonic. Note that for f2 and
all higher frequencies, the inductive voltage divider is the dominant
part, and all harmonics are recorded. The maximum particle volt-
age vmax of v f2

TxRx is defined in the limit of a large L2, where it is not
attenuated. To remove the influence of the absolute value of R2, we
normalize (14) with its maximum in the parameter range and call it
NSPR. The constituents of (14) and the NSPR are plotted in Fig. 5.

One possible trade-off position can be identified at −3 dB of
NSPR and v f2

TxRx, which results in halving the received signal (har-
monics). This point coincides with L2 = LTx, where the inductances
match, which we chose as the trade-off for the design of our ICNs.
Consequently, a less attenuated particle signal requires more power.
Note that (14) remains valid when LTx is varied instead of L2, and the
consideration of the inductance voltage divider remains identical.

E. Channel decoupling
The use of multiple channels in MPI has the advantage of

simultaneous sampling of a 3D field-of-view (FOV). Due to the
imperfect spatial orthogonality of these channels and the close prox-
imity of resonance frequencies, typically within a range of less
than Δ f = 0.03 f1,59 strong coupling between the different drive-field
channels is expected. Thus, even weak coupling coefficients present
a particular challenge, especially in the case of resonant circuits
with high Q, necessitating the development of effective decoupling
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mechanisms while introducing minimal additional resistance to the
HCR.

Causes of channel coupling are misalignment of the drive-field
coils, non-orthogonal field components, and undesired loops in the
connecting wires. Small errors in positioning, e.g., for two planar
coils with k∝ cos(β), can lead to coupling with significant currents.
A β = 3○ results in k = 0.052, which can generate a current ir,2 in
channel 2 of similar magnitude to the original current ir,1 in channel
1. For this purpose, if we consider the complex impedance ZHCR,2 of
the second channel’s HCR and let j be the imaginary unit, then the
current ir,2 in the second channel at the first angular frequency ωr,1
is caused by induction via ir,1 and M, as in

ir,2(ωr,1)
ir,1(ωr,1)

= vind,21(ωr,1)
ZHCR,2(ωr,1)

1
ir,1(ωr,1)

= jωr,1M ir,1(ωr,1)
ZHCR,2(Δω + ωr,2) ir,1(ωr,1)

≈ jωr,1M
j2Δω(LTx,2 + L2,2)

≈ ωr,1M
4ΔωL2,2

= 1
4

ωr,1

Δω
k. (15)

Note that the matching criterion of Sec. III D is respected with
LTx,2 = L2,2, and we approximate ZHCR,2 near ωr,2 with j2ΔωL2,2, as
shown in Appendix A 1. With Δω

ωr,1
= (ωr,1−ωr,2)

ωr,1
= 1

75 (see the begin-
ning of Sec. V) and the aforementioned misalignment of β = 3○,
this example results in ir,2

ir,1
= 0.25 ⋅ 75 ⋅ 0.052 = 0.975 ≈ 1. The con-

sequence is a severe distortion of the Lissajous trajectory, which is
already significant for values ir,2/ir,1 ≥ 10%.60

In order to avoid the negative effects of uncompensated cou-
plings, such as trajectory distortion, additional power dissipation,
detuning, and frequency beating that will act on the power amplifier,
we consider three types of decoupling schemes: capacitive, induc-
tive, and active compensation. Capacitive compensation is narrow-
band and requires additional connections between channels, but
the equivalent series resistance (ESR) of capacitors is low. Inductive

compensation is directed at counteracting M and is broad-band, but
additional coils typically increase the series resistance, thus reduc-
ing Q. Finally, active decoupling uses the channel’s amplifiers but
demands reactive power in the band-pass filters [Fig. 1(a)] and for
the mismatched HCR. Furthermore, it requires accurate feedback
for current control. It should be considered a last resort, as the
amplifier will see a reactive load at other frequencies, and maximum
voltage ratings may be exceeded over the course of a full Lissajous
trajectory cycle.

In general, capacitive decoupling may not offer an exact solu-
tion, and there are unsolvable combinations of coupling depend-
ing on the sign of the coupling coefficients. However, capaci-
tive compensation is advantageous for the particle signal of a
transmit–receive circuit because a large common series capacitor
can be used, which becomes short at harmonic frequencies and has
a very low series resistance compared to coil windings. This requires
two common nodes between channels and similar inductive cou-
pling coefficients of the same sign, due to the single narrowband
decoupling point. We could use three capacitors, two within each
channel, or, alternatively, one common capacitor for all channels.
The mentioned low differences in drive-field frequencies in MPI
are a premise, and a limitation is that the sum of all currents flows
through this capacitor. A schematic is shown in Fig. 6(a), which rep-
resents only the right part of the symmetric HCR, with vTxRx across
each numbered a-b terminal pair, shown for three channels each.

Inductive compensation is a general alternative for all coupling
coefficient signs. Either a coil is added in series to LTx for each unique
off-diagonal entry of the system’s impedance matrix, as shown in
Fig. 6(b), or the same number of separate windings is used to intro-
duce the desired compensation without a galvanic connection by
careful positioning, as shown in Fig. 6(c). A disadvantage of the first
technique is the additional high current lines, stray fields, their influ-
ence on the tuning of the resonators, and additional series resistance,
as well as their mounting and cooling effort. The second technique
uses separate windings that are sensitive to a partial amount of
the drive-field, equal to the M introduced by coupling. A suitable

FIG. 6. Schematic of decoupling schemes with three TxRx channels. The schematics refer to one-half of the symmetric HCR, where vTxRx can be tapped across each
numbered a–b terminal pair (compare Fig. 1). Capacitive decoupling for a single frequency via a common capacitor CD is shown in (a), with the condition that M21 ≈ M32
≈ M31. Inductive decoupling strategies (broadband) are shown in (b) and (c), for the case of series inductors and the case of separate windings, respectively.
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inductive decoupling position is the ICN itself, as implied in the last
paragraph of Sec. III C 4. Turns on the outer surface of the toroid are
only capable of utilizing integer multiples to achieve a match with
M. However, a slab outfitted with a wire loop can be introduced to
encompass a partial quantity of the magnetic field inside: a loop on
a slab that is inserted into a prepared gap within the toroid. Adjust-
ment of the slabs can be used to fine-tune each channel if the ICN
was prepared with such gaps. The sign can be adapted by inverting
the orientation of the wire-loop. However, the principle remains the
same if it is done with partial fields in the proximity of the DFG.

For our two-channel human-sized system,11 we decided to use
a single common capacitor that carries a peak current of ir,1 + ir,2
(depending on the phase of the Lissajous cycle), introducing the
same voltage as M into each circuit but with the opposite sign. The
common decoupling capacitor CD is calculated at a single frequency
ωD in-between both drive-field frequencies by

CD =
1

ω2
DM
= 1
(π( fr,2 + fr,1))2 k

√
LTx,1LTx,2

. (16)

This narrowband solution is acceptable for our implemented
two-channel system, and the additional ESR introduced by the
decoupling capacitor is small.

IV. METHODS AND IMPLEMENTATION
Guided by the theory to optimize the ICN for a given bound-

ing box, we now describe the implementation and name the changes
to our design that deviate from the stated optimum. We employ
simulations to assess performance in Sec. IV A, which includes a D-
shaped toroid. They are used to refine our decision on the number of
segments and the type of primary winding. The construction of two
ICNs is described in Sec. IV B, and the measurement methodology
to analyze the prototypes is given in Sec. IV C.

A. Simulations
Linear circuit simulations are performed with LTspice 17.1

(Analog Devices, MA, USA).61 Simulations of the magnetic field
and the transformer’s impedance matrix are performed using
CONCEPT-II (Institut für Theoretische Elektrotechnik, Hamburg
University of Technology, Germany).34

1. Toroid geometry
The CONCEPT-II software is based on the method of moments

(MoMs) that solves electromagnetic boundary or volume integral
equations in the frequency domain.62 It is especially suited for the
numerical computation of 3D radiation and scattering problems.
CONCEPT-II is used in our work to calculate and test differ-
ent toroidal transformer configurations. Input parameters include
the general geometry (distances, shape and size of A, number of
segments Ns, turns N1 and N2, primary winding shape, number
of overlapping layers inside the toroid), while important output
parameters include the impedance matrix Z, 3D field plots, and con-
ductor current densities. A two-port network is used to estimate k
and G via the impedance matrix of the transformer,

Z =
⎡⎢⎢⎢⎢⎢⎣

Z11 Z12

Z21 Z22

⎤⎥⎥⎥⎥⎥⎦
≈
⎡⎢⎢⎢⎢⎢⎣

R1 + jωL1 jωM

jωM R2 + jωL2

⎤⎥⎥⎥⎥⎥⎦
. (17)

Different numbers of segments Ns are simulated, as well as the cou-
pling between neighboring segments. Stray fields are minimized and
coupling is maximized by looking at different winding options for
L1 (dense vs sparse/distributed), the suited number of turns N1,
and the current density in the copper-plates where parallel segments
are joined. Litz wire windings are approximated by a single thin
wire, assuming that the currents are restricted to the direction of
the wire and the copper conductivity of surfaces and wires is set to
σ = 58 × 106 S m−1. The results of the simulation are used to adapt
the design and finally to compare the expectations with the man-
ufactured prototypes in terms of L, k, n, and G. One simulated
B-field plot is shown in Fig. 4(a) for a number of three overlap-
ping wire layers on the inside. One complete model (four segments)
is shown within the simulation framework in Fig. 1(b), including
copper distribution plates.

2. Circuit analysis
With simulated values for L1, L2, k, and resistors as input

parameters, the resonance behavior is analyzed in the schematic
circuit analyzer tool LTspice. A model of the entire HCR is simu-
lated, including the band-pass filter stage, the ICN, and two chan-
nels including crosstalk. Different decoupling strategies are tested
to probe the schematic, based on Fig. 3, and to tune values for
decoupling elements. The input impedance value, Zprim, was also
simulated with LTspice. A simplified LTspice model without the
band-pass is provided in the supplements with two coupled chan-
nels, including the HCR, and approximate values for capacitors and
inductors.

B. Construction of two toroidal ICNs
To weigh the different design decisions of the ICN, we followed

the reasoning of Secs. III and IV A consecutively. The construction
was performed after the simulation, with the probed values for para-
meters L, N, the number of segments Ns,1 = 4 and Ns,2 = 6, as given
in Table I, and the chosen dimensions of ri = 4 cm, ro = 9.2 cm, and
the height h = 8.6 cm for the D-shaped second side. Moreover, we
use the channel frequencies f1,1 = 25.699 kHz and f1,2 = 26.042 kHz
with a distance of Δ f = 343 Hz.

The choice of Ns = 6 segments for the second channel is owed
to the fact that we implemented a saddle coil (DFG of channel 2),
which requires a higher current than the first channel to meet field
specifications;11 thus, we chose to reduce R2. Due to the fact that Q
remains constant, the increase in gain is caused by the turns ratio n
due to the shift in the ratio of L1 to L2. As reasoned in Sec. III C 3,
the inductance decreases for a higher number of segments, which
also better fits the lower DFG inductance of the saddle coil to com-
ply with the matching condition of Sec. III D. To further increase
the turns ratio n of the second channel, we chose N1,2 = 13 instead
of N1,1 = 12. As a consequence, we were able to use the same sup-
port structure for winding, and both ICNs are of equal dimensions
despite their different objectives. The 3D printed toroidal support
structure of the ICN is made from the high temperature resin RS-F2-
HTAM-02 (Formlabs, MA, USA). Air cooling along the symmetry
axis is installed using shielded fans to prevent impedance changes
caused by insufficient heat dissipation.

A difference between the derived optimal design and the con-
structed ICNs is the ratio of radii ri/ro = 2.3 for the D-shaped toroid.
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TABLE I. Values from simulation (yellow) and measurement (blue) for both constructed ICNs. Bold fonts denote important values.

This deviation from the optimum of ri/ro = 5.3 is a compromise to
gain more space for a feasible winding through the center of the
toroid, to reduce the number of inner layers, to increase the air cool-
ing surface, and to comply with a limit on the available construction
height. Basically, we calculated the optimal design to fully utilize the
available construction space height h and then opted to increase ri
while keeping the other parameters constant.

Regarding the primary winding, a dense (localized) winding is
unsuited due to a low k, as reasoned in Sec. III C 4. Sparse windings
on a helical path yielded the best results, thereby forming a toroid on
top of the outer surface around the L2 toroid, as shown in Figs. 2(a),
2(b), and 7(a).

To minimize AC losses within the conducting material, a silk-
wrapped litz wire of 2000 strands of 50 μm copper (effective copper
cross section of 3.1 mm2) is used for the secondary transformer
winding. The primary winding consists of 400 strands of 50 μm cop-
per (effective copper cross section of 0.78 mm2) and is wrapped in a
shrinking tube to increase durability and breakdown voltage. Parallel
segments are connected on a 1 mm thick copper plate (top and bot-
tom), which serves primarily as a distribution platform and connects
parallel litz wires of the HCR and the ICN with a solder connec-
tion. In addition, balancing currents can be equalized on this low
resistance copper plate.

C. Measurements
Measurements of inductors are performed with the LCR

meter Keysight E4980AL (Keysight Technologies, CA, USA) at the
channel’s frequency. The coupling coefficient of a transformer is
measured by using the short and open circuit inductances63 in

k ≈
¿
ÁÁÀ1 −

L1∣L2 short

L1∣L2 open
. (18)

Note that L2 needs to be sufficiently shorted (more difficult at high
frequencies), and the quality factor of the secondary side should
be Q > 50 for this model to be accurate. A comparison of different
measurement techniques at higher leakage can be found in Ref. 64.

The LCR meter is used for Table I to determine L, the series
resistance R, and k in the measured rows. All other values in these
rows are calculated: M via (5), QICN via (6) with L and R2 of the
same row, similarly QHCR with L and Rs = R2 + RTx, n via (3) using
the primary and secondary measured L, and G via (7) for each row.
For the simulated rows of Table I, L and M were obtained from the
simulation in CONCEPT-II, and k was calculated via (5) here.

FIG. 7. Two ICNs for a two channel MPI system. In (a), the ICN 1 with Ns = 4 segments is shown (primary winding in black), and in (b), the top of the same ICN is shown with
a reference scale in cm (without primary winding). ICN 2 with Ns = 6 segments is shown in (c) after installation. The connecting litz wire of the HCR and the primary winding
are insulated with a black shrinking tube.
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V. RESULTS
We have designed, simulated, and fabricated two ICNs with

fr1 = 25.699 kHz (Ns = 4) and fr2 = 26.042 kHz (Ns = 6) for a two
channel human-sized MPI system and integrated both into our
MPI scanner.11 The simulation and measurement results of the final
design are summarized in Table I, and details of the construction are
described in Sec. IV B. Pictures of both constructed ICNs are shown
in Fig. 7.

The deviation between measured and simulated inductances L2
is below 2.5% and below 1% for the first and second ICN, respec-
tively. The measured value for k is about 5%–7% larger than the
simulated value. Therefore, M is also larger in rows 2 and 4, because
its calculation is based on k and L2. This results in the measured G
being 9.3% and 5.4% larger for ICN 1 and 2, respectively. QICN refers
only to the self-inductance L2 and series R2 of the secondary trans-
former side, while QHCR is the more important measure that includes
the entire resonant load. Here, Rs = R2 + RTx represents the losses
of the HCR and resembles the gain actually achieved. Later current
measurements showed a gain very similar to these values, although
they are marginally lower due to losses of additional connections and
wires (e.g., decoupling capacitors).

The inductors of DFG and ICN are nearly matched for both
channels, as explained in Sec. III D, with LTx,1 = 14.4 μH ≈ L2,1
= 16.7 μH for channel 1, and with LTx,2 = 9.74 μH ≈ L2,2 = 7.8 μH for
channel 2. Note that the target input impedance Zprim of (9) remains
for both ICNs at around 30 Ω, which is the load after the band-
pass filter. In addition, the Q of both ICNs remains constant, with
215 ≈ 220 (measured values) for the different segmentations, as
argued in Sec. III C. The increase in G is achieved by the
augmentation of n due to the segmentation.

Due to the non-orthogonal DFG channels, there is a resid-
ual coupling of k = 0.062,11 which has serious implications for
both resonators, as described in Sec. III E. The channels were
decoupled by −35 dB using a single common decoupling capac-
itor carrying both currents ir,1 and ir,2. This choice provided
good results with minimal changes to the existing HCR without
introducing a large series resistance and with high temperature
stability.

VI. DISCUSSION
Applications that require highly linear transformers, such as

MPI, rely on circuits that do not utilize magnetic materials that satu-
rate. Any harmonic distortion may obscure the weak receiving signal
and degrade the image quality. As a result, air-core structures are
chosen at the expense of increasing component dimensions, which
sets the maximum Q for an available construction volume. In this
study, we present a blueprint for a high-gain linear transformer with
a high quality factor. We formulate an expression for the gain as a
function of mutual inductance, optimize the cross-sectional shape,
employ segmentation to shift the nominal inductance, deduce a pri-
mary winding topology, and incorporate multiple layers to enhance
performance. In the context of the emerging imaging modality
MPI, we establish a matching condition that balances particle sig-
nal and power consumption. Furthermore, we elaborate on various
decoupling techniques for multichannel systems and support our
assessment of the ICN with simulations.

In terms of human safety, the entire HCR has floating poten-
tials, and component voltages in patient proximity are reduced by
the ICN due to its high current gain that drives the low-inductance
DFG to generate the required MPI drive-field. The symmetric design
of the HCR allows for fundamental filtering at the signal tap but
results in partial received signal attenuation due to the inductive
voltage divider of L2 and LTx. The TxRx topology generally reduces
power consumption by saving space through the elimination of
dedicated receive coils, but consumption is approximately dou-
bled by the ICN. In addition, common decoupling strategies, such
as gradiometric receive coils, reduce the design requirements for
linearity within the transmit chain. A direct comparison in sig-
nal quality between this TxRx topology and a gradiometric receive
topology is currently pending, although other TxRx systems have
been characterized.24

The presented toroidal transformer blueprint is limited by its
restriction to the quasi-static regime of electromagnetics, where
wave propagation effects are not dominant. In addition, if AC losses
due to proximity effects dominate in the toroid, the D-shape opti-
mization will result in a different shape.46 Parameters given or
assumed in this study, such as frequency or volume, require careful
selection. Q increases linearly with frequency and should be cho-
sen as high as possible, taking into account component voltages,
high reactive power (in resonance),9 signal induction, wave prop-
agation effects at high harmonics, required receive bandwidth, PNS,
and SAR limits.3,6,65–67 Our decision regarding the deviation of ro/ri
from the optimum was aimed at facilitating the winding process and
reducing the number of stacked inner layers. This decision allowed
the winding of a nearly dense outer layer with two to three stacked
inner layers. Regarding (10) with a given constant area and a linearly
increasing rc, we assume that the deviation from the optimal induc-
tance is small. The copper plates at the top and bottom (nodes of
parallel segments) should be designed to facilitate air cooling of the
inner layers.

A key insight is that the available construction space should
be exhausted, and the quality factor of the ICN benefits from
a large volume, yielding a high gain. Therefore, the construc-
tion volume should be as large as cost, weight, and size factors
will allow. If a lower L2 is desired compared to a single wind-
ing on the maximized toroid, segmentation provides the means
to reduce both inductance and resistance at the same rate with a
constant Q. Note that this also increases the turns ratio n, caus-
ing a higher gain G. Independent of geometric choices, the method
of moment based simulation provided accurate results, and the
simulated inductance value deviated less than 2.5% from the man-
ufactured ICNs. Two linear ICNs were built based on our presented
schematic optimization that fed a floating two-channel HCR, includ-
ing crosstalk decoupling, for a human-sized MPI head scanner11 to
fulfill safety precautions on a path toward the clinical integration of
MPI.

SUPPLEMENTARY MATERIAL

An LTspice simulation (.asc) and a brief guide (.pdf) are pro-
vided in the supplementary material. The simulation includes a
two-channel ICN transmit chain with and without coupling to
investigate HCR behavior and decoupling performance. Its use and
configuration are briefly explained in the guide document.
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APPENDIX: SLIGHTLY DETUNED RESONATORS

Let ω1 and ω2 be the channel frequencies of channel 1 and 2,
respectively, and Δω = ω1 − ω2. Only ω1 in channel 1 is excited and
we approximate the impedance of the coupled second resonator for
small Δω. Rs,2 is the real part of the resistance of channel 2 at reso-
nance. The first order Taylor series expansion of the impedance of
channel 2 yields

Z2(ω2 + Δω) = Z(ω2) + Δω ⋅ dZ(ω)
dω

∣
ω2

= Rs,2 + Δω j(L + 1
ω2

2C
)

= Rs,2 + j2Δω L. (A1)

We insert L = 1
ω2

2C which is an expression of the resonance condition
Im(Z2) = 0 at ω2 for a RLC resonant circuit. Here, L is the sum of
all inductances within the circuit. Consequently, we can rewrite (A1)
into

Z2(ω2 + Δω) = Rs,2(1 + j2
Δω
ω2

ω2L
Rs,2
)

= Rs,2(1 + j2
Δω
ω2

Q). (A2)

With a Δω
ω2

of 1
75 and a Q > 200, we obtain a dominating imaginary

part and the equation simplifies to Z2(ω2 + Δω) ≈ j2ΔωL.
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