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Data-driven reduced order modeling methods that aim at extracting physically

meaningful governing equations directly from measurement data are facing a

growing interest in recent years. The HAVOK-algorithm is a Koopman-based

method that distills a forced, low-dimensional state-space model for a given

dynamical system from a univariate measurement time series. This article

studies the potential of HAVOK for application to mechanical oscillators by

investigating which information of the underlying system can be extracted from

the state-space model generated by HAVOK. Extensive parameter studies are

performed to point out the strengths and pitfalls of the algorithm and ultimately

yield recommendations for choosing tuning parameters. The application of the

algorithm to real-world friction brake systemmeasurements concludes this study.

KEYWORDS

structural dynamics, system identification, state-space models, state-space embeddings,

sparse measurement data, modal analysis

1. Introduction

The growing availability and quality of data in many fields of science throughout the

last decades [1, 2] causes the emergence of data-driven techniques for understanding and

analyzing dynamical systems [1–3]. In order to facilitate accurate and fast predictions of

system dynamics, efficient reduced order models (ROM) are required [4]. Currently, many

system identification methods that aim at generating ROM are limited to linear models

or require prior information on the model structure [5, 6]. While neural network-based

techniques are very popular, they are limited in their applicability to dynamical tasks [2]

and often lack interpretability [7, 8]. Several deep-learning based reduced order modeling

methods have evolved, such as deep learning based reduced order model (DL-ROM) [9],

where autoencoders are applied for generating ROM of non-linear parameter-dependent

partial differential equations, or its expansion using proper orthogonal decomposition

(POD) to avoid an expansive training stage, called POD-DL-ROM [10]. However, these

methods might also lack interpretability and have limited generalization capability beyond

the time and parametric domain contained in the training data set [4]. In the pursuit

of generating data-based models that generalize well, data-based reduced order modeling

techniques which try to extract governing equations or laws of physics from measurement

data gain popularity [6]. For example, an adaptive approach for inference of dynamics from

time series data is presented in [11], amethod for quantification of the reliability of themodel

learned from data is given in [12], and an algorithm for identifying non-linear dynamical
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system from data is proposed in [13]. Methods such as symbolic

regression [14], which can be applied to determine the structure

of the underlying dynamics from data remain computationally

expensive [6]. Other equation-free or data-based reduced order

modeling methods include dynamic mode decomposition (DMD)

[15, 16] for periodic or quasi-periodic systems, its extension EDMD

to non-periodic systems [17], or the Hankel-DMD algorithm

[18]. The sparse identification of non-linear dynamics (SINDy)

algorithm [6] used sparse regression for the identification of

governing equations from data, exploiting the fact that most

dynamical systems can be described by only a few non-linear terms

[6]. This method has been widely applied for identifying linear,

non-linear, and chaotic oscillators as well as fluid flows [6]. As

the initial version of SINDy requires measurements of the full

state space of a dynamical system, several extensions for sparse

measurements have evolved. Here, sparsity is meant as a limitation

in system observability, i.e., measuring only a fraction of all degrees

of freedom is possible. A version using higher order derivatives

is developed in [19]. Other variations deploy autoencoders to

learn suitable coordinate transformations in combination with the

SINDy method to obtain a low-dimensional model that generalizes

well [4, 8, 20]. The HAVOK (Hankel Alternative View of Koopman)

algorithm [1] can also be interpreted as an extension of the SINDy

algorithm for sparse data. The relation to Koopman operator

theory [2, 21] has also been made for DMD and EDMD [16,

22], and autoencoders have previously been applied for learning

Koopman eigenfunctions [23]. From one univariate measurement

time series of a dynamical system, the HAVOK-algorithm retrieves

a low-order model in the form of a forced state-space system

by combining time-delay embedding, Koopman analysis, and

sparse regression. The resulting state-space model is not a black-

box system, but a system of equations comparable to classical

analytical descriptions for dynamical systems. In the original study

by Brunton et al. [1], the algorithm was applied to chaotic systems

such as the Lorenz and Rössler system, the double pendulum,

and real-world measurements such as electroencephalogram and

electrocardiogram data, just to name a few.

In this study, the potential of HAVOK for identifying low-

rank models for mechanical oscillators is investigated, starting

from small analytical systems to measurement data from a

real-world friction brake system. The main focus lies in the

interpretation of the resulting state-space models, and how

these relate to those models that one would achieve through a

physics-based modeling approach using first principles. Extensive

studies of the effects of tuning parameters of the algorithm and

changes in model parameters on the resulting HAVOK models

are performed. These yield insights as to the information of

the underlying dynamical system that can be gathered from a

HAVOK model, as well as the conditions under which those

can be obtained. Chances and pitfalls of the application of the

HAVOK-algorithm to mechanical oscillators are pointed out,

along with recommendations concerning the optimal choice of

tuning parameters.

2. Methods

The HAVOK-algorithm presented by Brunton et al. in [1]

combines Koopman operator theory, embedding techniques, and

FIGURE 1

Illustration of Koopman operator theory. A finite, non-linear system

described by states z ∈ R
n and a non-linear function F :R

n → R
n

can be transformed into an often infinite-dimensional, linear system

described by observables s ∈ R
K and Koopman operator

K :R
K → R

K. The measurement functions g :Rn → R
K and their

inverse counterparts g−1
:R

K → R
n link between the two spaces.

sparse regression into a data-driven system identification approach

that facilitates the recovery of a low-order state-space system from

a given measurement time series. This study is concerned with

dynamical systems in the form

d

dt
x(t) = F(x(t)), ∀t ∈ I, I ∈ (0, τ ), τ > 0 (1)

where I defines a time interval and F :R
n → R

n is a time-invariant

flow map. In the following, a multi-variate time series is denoted as

x(t) ∈ R
n, ∀t ∈ I and uni-variate time series as x(t) ∈ R, ∀t ∈ I.

This section is dedicated to presenting the HAVOK-algorithm and

its parameters. Where possible, ways to compute optimal values

of the parameters are pointed out. To illustrate the relation of the

algorithm with Koopman operator theory, a short introduction to

said theory will be given first.

2.1. Koopman operator theory

First introduced in 1931 by Koopman in [24], the Koopman

operator faces a growing interest in recent years [2] as a method

for learning dynamical systems from data [2, 25]. A detailed

description of the Koopman operator and its history can be found

in [2, 21]. The basic idea of Koopman analysis is illustrated in

Figure 1. Koopman analysis is the transformation of a non-linear

system described by a discrete, time-invariant, non-linear flowmap

F :R
n → R

n and states z ∈ R
n into a linear system by considering

observables s ∈ R
K defined by measurement functions of the states

g(z) :Rn → R
K instead of the states z themselves. In the space

of observables, the dynamics propagate in time through the linear

Koopman operator K :R
K → R

K. The measurement functions g

which link the space of states z with the space of observables s can

be any functions from the Hilbert space of functions of the state [1].

In specific cases, inverse measurement functions g−1
:R

K → R
n

may exist, which allows for a transform from the Koopman space

R
K back into the space of states R

n. The relationship between

Frontiers in AppliedMathematics and Statistics 02 frontiersin.org
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the Koopman operator K and the functions F can be described

by

Kg(z(ti)) = g(F(z(ti)) = g(z(ti1)) = s(ti+1), (2)

where z(ti) and s(ti) denote the system state or

respective observables at a discrete point ti in

time.

For most systems, the Koopman operator is infinite-

dimensional, as illustrated in [21], but in some cases, a

finite-dimensional representation can be found, as an example in

[6] shows. Essentially, the Koopman operator exists, if one can find

a transformation of the non-linear system F into a linear one using

the measurement functions g. The main challenge in Koopman

operator theory is, thus, identifying a set of functions g for which

the Koopman operator is finite [1, 21]. Many approaches to this

challenge have been developed [2, 26], such as (Empirical) Dynamic

Mode Decomposition (DMD) [17], Hankel-DMD [18], and the

HAVOK-algorithm [1], which is the object of this study. If a finite-

dimensional representation of the dynamical system at hand can

be found, Koopman operator theory facilitates the identification of

a global linear representation of the given non-linear system [1]. As

the toolset and theoretical basis for linear system analysis are much

larger and more robust, one would in many cases prefer a linear

system description over a non-linear one. Even if an exact and

finite-dimensional representation may not exist for a given system,

the approximation of a finite-dimensional Koopman operator can

still yield accurate system state-space models.

2.2. Time series similarity measures

Throughout this study, it is often necessary to estimate the

accuracy of a model or an algorithm by comparing a ground truth

time series xtrue, typically the one measured, to the approximated

time series xapprox, typically the one generated by HAVOK. To do

so, the normalized mean absolute error is used, which is defined as

nMAE =
1

l

l
∑

ti=1

∣
∣
∣
∣

xtrue(ti)− xapprox(ti)

max(|xtrue|)

∣
∣
∣
∣
, (3)

where x(ti) ∈ R
n is one uni-variate measurement within a

time series x at time ti. Each time series contains l different

measurements at l different points ti in time. This equation results

in an error measure that is normalized to both the number of

sampling points, i.e., the time series length, and the maximum

amplitude of a time series. This choice is beneficial for measuring

similarity across oscillatory time series of different lengths.

2.3. HAVOK and its parameters

After the basics of Koopman operator theory and the error

measure have been explained, the HAVOK-algorithm [1] and its

parameters will be described in the following. Figure 2 shows a

flow chart of the HAVOK-algorithm, illustrating the six steps from

data generation via the setup of the Hankel matrix, singular value

decomposition, differentiation, sparse regression using the SINDy

algorithm [6], to the compilation of the state-space system. The

parameters of each individual step are marked on the left-hand side

of the diagram.

2.3.1. Data acquisition
The input to the HAVOK-algorithm is a one-dimensional time

series x(t) of length tl and sampled with frequency fs. In theory,

any measurement from a deterministic dynamical system could

be used, as long as the dynamics are observable through that

time series, as will be shown in detail later on. For the purpose

of understanding the inner workings of the algorithm and its

parameters, this study uses synthetic data generated through the

integration of a known system of equations ẋ = f (x(t)) in the first

part, and measurement data from a real-world brake system in the

second part. An exemplary time series is shown in the top right of

Figure 2.

The data acquisition step has three parameters: the time series

length tl, the sampling frequency fs, and the choice of degree

of freedom from which the measurement is taken, although in

practice, the latter two might be fixed by the sensor location.

Naturally, those parameters will have an effect on the state-space

model that is identified in the final step of the algorithm.

2.3.2. Time embedding
In a second step, the time series data x(t) is stacked with q time-

shifted copies of itself into a Hankel matrix H ∈ R
q×p, where

the second dimension p is computed from the number of input

samples l minus the embedding dimension q, such that p = l − q.

Generally, the adaptive parameter of this step, i.e., the embedding

dimension q is chosen such that q << p. Figure 2 shows the

resulting time series segments x(q)(t) ∈ R, t ∈ [0, tq], tq > 0 and

x(p)(t) ∈ R, t ∈ [0, tp], tp > 0 which are contained in a column and

a row of the Hankel matrix, respectively.
The procedure of using time-delayed observable as

approximations of the Koopman operator was first introduced by
Mezić and Banaszuk in [27] and is based on Takens’ embedding
theorem [28], which states that the state-space of a deterministic
system can be uncovered from measurements in only one point.
The relation of the Hankel matrix to the Koopman operator
becomes apparent when rewriting the Hankel matrix H with the
Koopman operatorK to

H =









x(t1) x(t2) x(t3) ... x(tp)
x(t2) x(t3) x(t4) ... x(tp+1)

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.
x(tq) x(tq+1) x(tq+2) ... x(tl)









=









x(t1) Kx(t1) K
2x(t1) ... K

p−1x(t1)
Kx(t1) K

2x(t1) K
3x(t1) ... K

px(t1)

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.
K

q−1x(t1) K
qx(t1) K

q+1x(t1) ... K
l−1x(t1)









,

(4)

such that the states are propagated in time by the Koopman

operatorK. Reordering the resulting matrix to

H =






| | | |

x(q)(t) Kx(q)(t) . . . Kp−1x(q)(t)

| | | |




 , (5)

where x(q)(t) =











x(t1)

Kx(t1)

K
2x(t1)

...

Kxq−1x(t1)











=











x(t1)

x(t2)

x(t3)
...

x(tq)










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FIGURE 2

The six steps of the HAVOK algorithm, the parameters, and exemplary images of the data processed in each step. The vertical flow-chart illustrates

the six steps data-generation, setup of the Hankel matrix, singular value decomposition (SVD) of the Hankel matrix, di�erentiation, sparse regression

using the SINDy algorithm, and finally the setup of the state space system. On the left, the tuning parameters for each step are introduced. The

images on the right-hand side of the figure illustrate the data each step is concerned with. From top to bottom. (1) The time series x(t) generated is

the first step. (2) The time series sections x(q)(t) and x(p)(t) that form a column and a row of the Hankel matrix H, respectively. (3) The results of the

SVD, represented by columns uj and vj of the matrices U and V . The uj represents a coordinate system, while the vj represents the evolution of these

coordinates in time t. (4) The state space matrices AH and BH are setup by dividing up the matrix of sparse coe�cients 4. The bottom row of 4 is

dropped as it represents a poor fit. Each step is described in detail in the respective section of the methods part of this study.

shows that the matrix H consists of p time series sections

x(q)(t) ∈ R, which could be interpreted as q-dimensional snapshots

of the system. In the next step, a singular value decomposition

is performed on the Hankel matrix in order to determine a q-

dimensional function basis for these system snapshots.

2.3.3. Singular value decomposition
A singular value decomposition (SVD) is performed on the

Hankel matrix H in the third step, which yields both a function

basis for the snapshots x(q)(t) and a description of the observed

dynamics in the determined function space. The SVD decomposes

the Hankel matrixH ∈ R
q×p into three matrices

H = U6VT , (6)

where U ∈ R
q×q, 6 ∈ R

q×p, and V ∈ R
p×p. The orthonormal

columns of the unit matrices U and V form a basis for the column-

and row-space of the Hankel matrix H, respectively. The matrix

6 contains q so-called singular values σj on the main diagonal,
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which can be interpreted as representing the relative importance

of the respective columns in U and V for representing the data

in H. The singular values are ordered from largest to smallest,

and, accordingly, the columns of U and V are ordered by their

importance for representing the data in H. For a more detailed

description of the SVD, see for example [21].

In the context of the HAVOK-algorithm, the columns uj ∈

R
q×1 of the matrix U form a basis for the column space of H

and, thus, for the snapshots x(q)(t), representing the Koopman

observables s(ti) = g(x(q)(t)) as introduced in Figure 1. The

vectors uj provide a Koopman invariant subspace for the non-

linear dynamics in the Hankel matrix. The time evolution of each

uj is described by the respective column vj ∈ R
p×1 of the matrix

V . The vectors vj can thus be interpreted as time series in the

new coordinate system formed by the vectors uj. Note that the

transformation H = U6VT is unique up to simultaneously

switching the signs of a column in U and V . Some exemplary

observables uj and new dynamics vj are shown in Figure 2.

In [1], it was shown that only a small number of the columns of

U and V are necessary to describe the dynamics of the different

systems at hand. The model rank r, which also defines the size

of the final state-space model, is determined from the singular

values σj. Depending on the dynamical system at hand, the singular

values may form an elbow curve, clearly separating more important

columns from less important ones. In the original paper by

Brunton et al. [1], the optimal rank ropt,GD is computed by hard-

thresholding the singular values with a method proposed in [29],

where the threshold is computed as a function of the Hankel matrix

dimensionality ratio q/p as

σthresh =

(

0.56

(
q

p

)3

− 0.95

(
q

p

)2

+ 1.82

(
q

p

)

+1.43σthresh

)

·median(σj). (7)

However, it was found in the course of this study that this method

often fails to locate the elbow in the curve, which is usually easy

to determine visually. Figure 3 shows the singular values obtained

with data from the double mass oscillator presented in Section 3.1.

The rank ropt,GD = 51 is located far away from the elbow. For the

purpose of this study, the ropt = 7, which is located at the elbow or

kink of the curve, is used.

Implementing an elbow-finding algorithm such as the one

proposed in [30] would help the automation of the HAVOK-

algorithm at this point but is beyond the scope of this study. For the

course of this study, the rank r for each system is chosen manually.

Independent of which algorithm is chosen for the computation of

the model rank, we recommend analyzing the singular values to

confirm the choice of model rank for each new system.

With the obtained rank r, a matrix Vr = V[:, 1:r] is set

up using the first r columns of V . The matrix Vr ∈ R
p×r is a

representation of the dynamics in the space of observables ui and

can be interpreted as an approximation of the Koopman operator

in a Koopman-invariant subspace. In the remaining steps of the

algorithm, a state-space system representing the dynamics in Vr

is sought.

FIGURE 3

Determination of model rank r for the double mass oscillator system

introduced in Section 3.1. The absolute values of the σj form an

elbow curve. The method proposed in [1] yields the rank ropt,GD = 51

which is much higher than the suitable model rank ropt = 7

determined visually.

2.3.4. Time di�erentiation
In this step, the time derivative V̇r of the matrix Vr is

computed, which is required for the computation of the linear

system representation in the next step. As suggested in [1], a

fourth-order central difference method

ḟ (x(ti)) =
1

121t

(

f (x(ti − 21t))

−8f (x(ti −1t))+ 8f (x(ti +1t))− f (x(ti + 21t))
)

(8)

is implemented, where 1t = 1
fS

denotes the time step size. The

derivative ḟ (x(ti)) of a state x(ti) at time ti is computed using two

past and two future steps. The resulting matrix V̇r ∈ R
(p−4)×r is,

thus, slightly reduced in dimension.

2.3.5. Sparse identification of non-linear dynamics
A sparse linear system representing the system dynamics

contained in Vr is recovered using the matrix Vr and the matrix

of derivatives V̇r using the sparse identification of non-linear

dynamics (SINDy) algorithm, which was introduced by Brunton et

al. in [6]. Sparse denotes a system description that comprises only

a small number of terms compared to the space of ansatz functions

used in the regression, thus yielding a very compact and simple set

of differential equations. The SINDy algorithm is an equation-free

method for obtaining differential equations describing the observed

dynamics of a system from measurement data. First, a library of

candidate functions2(Vr) ∈ R
(p−4)×(r+1) is set up from thematrix

of measurementsVr , which for the HAVOK-algorithm is defined as

2(Vr) =
[

1 Vr

]

, (9)

where 1 ∈ R
(p−4)×1 represents a biasmatrix containing only entries

of 1. SINDy will then identify the linear combination of those

candidate functions that can represent the dynamics in Vr . As the

goal of the HAVOK-algorithm is identifying a linear system, only

linear terms are included here, even though the SINDy algorithm

would allow for including non-linear terms in the function library,
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such as
(

vr,j
)2
, where vr,j denotes a column of the matrix Vr . With

this function library and the state derivatives, a system of equations

V̇r = 2(Vr)4 (10)

is set up. The matrix 4 ∈ R
(r+1)×r contains sparse vectors of

coefficients ξ j which are computed using a thresholded sequential

least squares algorithm. The SINDy algorithm seeks to find a

solution to this system of equations that minimizes the L1-norm

of the coefficients, promoting sparsity. Only a few terms in the

coefficient vectors are non-zero for generating a sparse model V̇r =

2(Vr)4 with as less terms as possible. The sparsification knob µ,

which is another important parameter of the HAVOK-algorithm,

is introduced. After an initial least-squares guess 4 = 2(Vr)
+V̇r ,

all entries of 4 smaller than µ are set to zero. The regression is

performed again on the non-zero entries of 4, and once again,

the resulting entries in 4 are set to zero if their values are below

the sparsification threshold µ. This process is repeated until it

converges to a final sparse matrix4, i.e., until nomore small entries

are set to zero within one iteration. The matrix4 now contains the

few coefficients that govern the observed dynamics. With the final

coefficients4, it is possible to describe the system dynamics in the

form of

v̇r = 4T(2(vTr ))
T , (11)

where v̇r and vr are no longer matrices containing time

series measurement and their derivatives, but state vectors

vr = [v1, v2, ..., vr]
T forming the dynamical system described in

state-space form.

The challenge in this step is to identify a Pareto-optimal µ

that balances model accuracy, which is achieved with a smaller

µ (deleting fewer terms), and model sparsity, which is implied

by a larger µ (deleting more terms). In the original study, the

authors propose increasing the sparsification threshold for each

column, such that µj = jµ0 and µ0 = 0.02, while noting that

µ = 0 yields better results, even though sparsity is not ensured

in that case. In this study, an additional function is implemented to

identify optimal sparsification parameters µj. Each column of the

SINDy regression is considered separately. A set of 100 candidate

sparsification thresholds µ ∈ [0.0001, 1] is tested. The SINDy

algorithm is applied using each threshold, such that 100 different

versions of a vector or sparse coefficients ξ j are obtained. As a

measure for model accuracy, the approximated derivative

v̇lin,j = ξTj (2(VT
r ))

T (12)

is computed and compared to the original derivative vr,j

nMAEj(µ1) = nMAE
(

v̇r,j(µ1), v̇lin,j(µ1)
)

, (13)

using the normalized mean error. The result is a vector of

normalized mean errors

nMAEµ,j = [nMAEj(µ1) nMAEj(µ2) ...nMAEj(µ100)] ∈ R
1×100.

(14)

As a measure for sparsity, the number of non-zero elements (NZE)

in ξ j normalized to the length r + 1 of the vector is computed.

By comparing these measures, nMAE for accuracy and NZE for

sparsity, a suitable threshold value can be determined for each

column of the sparsification. This procedure is repeated for each

column separately, ultimately yielding a vector of threshold values

µopt. The process would be rendered more exact by comparing

the initial columns vr with the HAVOK trajectories yH instead

of comparing the derivatives v̇lin,j and v̇r,j for the error measure,

thus taking the interplay of the different columns into account.

However, this expansion drastically increases the number of

necessary computations and renders the numerical cost too high.

Both the evolution of nMAE and NZE for one exemplary column

are shown in Figure 4A. The smaller the sparsification parameter

µ, the more terms are included, and the better the fit. On the

other hand, if too few terms remain for large µ, the fit is not

satisfying anymore. An optimal selection of µ will balance both

competing quantities. For each column, an optimal sparsification

parameter µ is obtained as the largest µ to yield an nMAE below a

threshold value nMAEthresh. This hard-thresholding of the nMAE

results in an optimal µi for each column i that will satisfy that

heuristic goodness of fit, see Figure 4B. As the magnitude of the

nMAE is different for each dynamical system, it is necessary to

adjust the sparsification threshold µthresh for each new system. We

recommend studying the resulting nMAE for each column and

choosing a threshold nMAEthresh that is optimal for your individual

purpose. A higher nMAEthresh results in a largerµ and thus in a less

accurate, but more sparse result, and vice versa.

2.3.6. Construction of state-space representation
In the last step of the HAVOK-algorithm, a forced linear state-

space system describing the system dynamics is set up from the

matrix of sparse coefficients4 obtained through SINDy. To do so,

the matrix 4T is split into a state matrix AH ∈ R
(r−1)×(r−1) and

an input matrix BH ∈ R
(r−1)×2 as illustrated in Figure 2. Precisely,

the matrix BH is set up from two sections of 4T , BH,1 and BH,2,

each ∈ R
(r−1)×1, such that BH = [BH,1,BH,2]. The result is a forced

state-space system representation in the form of

d

dt
v(t) = AHv(t)+ BH

[

1

vr(t)

]

yH(t) = Cv(t),

(15)

with states v(t) ∈ R
(r−1)×1 and a square r− 1-dimensional identity

matrix C. The output of the system is given by yH ∈ R
(r−1)×1.

The forcing vr(t) is given by the last column of the matrix Vr .

The forcing term is necessary for the reconstruction of the system

dynamics when no closed-form representation of the Koopman

operator can be found, i.e., to compensate for the approximation

error. It was found by Champion et al. in [7], that a linear HAVOK

model without forcing is sufficient to reconstruct the dynamics

for quasi-periodic systems. For most cases, however, the forcing is

necessary and the main drawback of this modeling approach as it is

a priory only available for the time span tl measured initially. There

are different approaches to computing the forcing term beyond

merely inserting the last column of Vr , including learning a forcing

udisc from the prediction error [31] and modeling the forcing using

a second Hankel matrix [32].

The setup of the state-space system concludes the description of

theHAVOK-algorithm and its parameters, specifically the sampling
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FIGURE 4

(A) Determination of an optimal sparsification threshold µ. The

optimization is performed for each column of the sparse regression

separately, the image shows the process for the first column only.

The sparse regression is performed 100 times with di�erent values

of µ ∈ [0.0001, 1] to obtain 100 di�erent versions of a vector of

sparse coe�cients ξ j. As a measure for accuracy, the nMAE of the

resulting approximated derivative v̇lin,1 with its corresponding true

derivative v̇r,1 is computed for each variation of µ. The relative

number of non-zero elements (NZE) in the vector of sparse

coe�cients is a measure for model sparsity. By hard-threshold the

nMAE at a value nMAEthresh, a suitable µ for the given column is

chosen. (B) Results of the sparse regression. The approximated

derivative v̇lin,1 obtained with the indicated µopt,1 compared to the

corresponding true derivative v̇r,1.

frequency fs, measurement time span tl, and chosen degree of

freedom from the data acquisition step, the embedding dimension

q, which is chosen during the setup of the Hankel matrix, the

model rank r which has to be fixed after the SVD of the Hankel

matrix, and the sparsification knob µ, which impacts the results

of the sparse regression in the SINDy-step. Currently, the optimal

selection, and the impact of a specific selection on the resulting

model are unknown. In the previous paragraphs, possibilities for

the computation of suitable values for these parameters have been

introduced, sometimes beyond the original algorithm from [1]. In

the next section, a deep dive into those parameters and how they

influence each other will be taken.

2.4. Counter-intuitive action of embedding
parameters

To illustrate the inner workings of the algorithm, several

parameter studies have been performed that show how the

parameters interact with each other and the final reduced-order

model. In particular, some interrelations between parameters that

are not obvious right away are pointed out here. These studies help

to understand how the algorithm works and might thus help in

choosing parameters for new systems.

First, it is important to note that the time spans contained in

the rows and columns of the Hankel matrix, tq and tp, do not solely

depend on the choice of the embedding dimension q, but also on

the sampling frequency fs. Essentially, more modes of vibration

can be discovered if the sampling frequency is high. For a fixed

embedding dimension q, a smaller sampling rate leads to less time

series information in a column of the Hankel matrix H, while a

larger sampling rate leads to a larger time span x(q)(t). To cancel

out the effect of the sampling frequency fs on further results, it is

prudent to define the time span in a column of H, x(q)(t) instead

of the embedding dimension q. For periodic motions, it is not

necessary to use more than half a period of vibration in that column

time span.

Second, the optimal rank r, i.e., the number of relevant

modes ui that results from the SVD, depends on the amount of

information contained in x(q)(t). If little information is contained

in x(q)(t), only a small number of basis functions are necessary to

span the function space, but as the information in a column of H

grows, so does the size of the space of basis functions, and thus the

rank r. However, studies that were performed in the course of this

study indicate that there is a maximum model rank r for a given

system, which does not increase further even as x(q)(t) is increased.

These findings agree with assertions in the literature [31].

The combination of these two observations leads to the (at

first counter-intuitive) observation that decreasing the sampling

frequency fs yields a larger number of relevant basis functions

uj and a larger model. This is because a larger sampling

frequency fs, together with a fixed embedding dimension q,

results in a larger time span in x(q)(t) and thus is a larger

model rank r. If the time span x(q)(t) is kept constant instead

of the embedding dimension q when varying fs, the obtained

model rank r becomes independent of the sampling frequency

fs, up to a value when the sampling frequency becomes too

coarse to accurately represent the core dynamics of the system.

In realistic settings, the sampling frequency will be fixed,

and a limited time series measurement will be available. Our

recommendations for an optimal embedding process are given in

Section 4.2.2.

3. Results

In this section, the results of the application of the HAVOK-

algorithm to different mechanical oscillators are presented. Starting

with a linear double-mass oscillator, the analytical model and the

low-dimensional HAVOK model will be compared with a focus on

which information of the analytical model can be extracted from

the HAVOK model. Moving on, the dependence of the results on
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FIGURE 5

The HAVOK model (bottom) for a double mass oscillator compared to its analytical basis (top). The state matrix A and input matrices B are shown in

color code where red, white, and blue squares denote negative, zero, and positive entries of the matrices, respectively. To ensure that small values

don’t get lost in the color scale, all non-zero entries are marked with gray dots additionally. The eigenvalues of the two systems match. State-space

representations and the time series comparisons show that the reduced-order model reproduces the dynamics of the original system well, except

for a di�erence in amplitude, which is visible in the state space plots. For better visualization, the time series data of both xa(t) and yH,1(t) is normalized

to have zero mean and a standard derivation of one.

the algorithmic parameters is studied and the impact of varying

model parameters such as initial conditions, damping, forcing type,

and non-linearity is analyzed. These studies foster conclusions

about which information of the true underlying dynamical system

can be drawn from the data-driven reduced-order HAVOK model,

and under which conditions this is possible. The exemplary

application of HAVOK to real-world brake data, illustrating how

parameters can be chosen for an unknown system, concludes

this section.

3.1. Application to mechanical oscillators

The first step in the study of the application of HAVOK to

mechanical oscillators is the double mass oscillator (DMO), which

is shown in Figure 5. Two massesma andmb are connected to each

other and to the fixation points via spring-damper systems with

linear spring constants kj, j ∈ {1, 2, 3} and damping parameters

dj, j ∈ {1, 2, 3}. The displacement of the two masses in the

horizontal direction is denoted by xa and xb, respectively. A forcing

ψ , which in this first study is considered to be harmonic such that

ψ(t) = 9cos(�t) with amplitude9 and frequency�. Initially, the

parameters are considered to be homogeneous, i.e.,ma = mb = m,

k1 = k2 = k3 = k, and d1 = d2 = d3 = d. The equations of

motion for this system are given by

[

ma 0

0 ma

]

︸ ︷︷ ︸

MDMO

[

ẍa(t)

ẍb(t)

]

︸ ︷︷ ︸

ẍDMO(t)

+

[

2d −d

−d 2d

]

︸ ︷︷ ︸

DDMO

[

ẋ1(t)

ẋ2(t)

]

︸ ︷︷ ︸

ẋDMO(t)

+

[

2k −k

−k 2k

]

︸ ︷︷ ︸

KDMO

[

x1(t)

x2(t)

]

︸ ︷︷ ︸

xDMO(t)

=

[

ψ(t)

0

]

︸ ︷︷ ︸

ψDMO(t)

, (16)

where MDMO is the mass matrix, DDMO the damping matrix, and

KDMO the stiffness matrix. The states and their time derivatives

are given by the vectors xDMO, ẋDMO, and ẍDMO, respectively. The

forcing vector is denoted by ψDMO. The damping is assumed to

be in the form of Rayleigh damping, i.e., proportional to mass and

spring stiffness

DDMO = αMDMO + βKDMO (17)

with stiffness- and mass-proportional damping parameters α and

β . The system parameters are chosen such that the first damped

eigenfrequency ωd,1 = 1 rad/s and the mass m = 1 kg. The

Lehr damping factors Dj [33] of the two eigenmodes of the DMO

are 0 < Dj < 1, such that both modes are weakly damped.

The forcing frequency is chosen to lie in between the damped
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TABLE 1 Default parameters and resulting properties of the double mass

oscillator.

Parameter Symbol Value Unit

Mass m 1.0000 kg

Spring constant k 1.4337 N/m

Proportional damping factor α 0 1/s

Proportional damping factor β 0.9187 s

1st undamped eigenfrequency ω0,1 1.1894 rad/s

2nd undamped eigenfrequency ω0,2 2.0739 rad/s

1st damped eigenfrequency ωd,1 1.0000 rad/s

2nd damped eigenfrequency ωd,2 0.6308 rad/s

1st damping factor D1 0.5500

2nd damping factor D2 0.9526

Forcing amplitude F0 1 N

Forcing frequency � 0.8 rad/s

eigenfrequencies such that ωd,2 < � < ωd,1. The default

parameters used with the DMO, the undamped eigenfrequencies

ω0,j, damped eigenfrequencies ωd,j, and damping factors are listed

in Table 1.

The state-space model of the analytical DMO is set up as








ẋa(t)

ẋb(t)

ẍa(t)

ẍb(t)








︸ ︷︷ ︸

ẋDMO(t)

=








0 0 1 0

0 0 0 1

− 2k
m

k
m − 2d

m
d
m

k
m − 2k

m
d
m − 2d

m








︸ ︷︷ ︸

ADMO








xa(t)

xb(t)

ẋa(t)

ẋb(t)








︸ ︷︷ ︸

xDMO(t)

+








0

0
1
m

0








︸ ︷︷ ︸

bDMO

F0cos(�t)
︸ ︷︷ ︸

wDMO(t)

yDMO(t) = CDMOxDMO(t)

(18)

where CDMO is a 4 × 4 unitary matrix. Figure 5 shows a

representation of the state matrix ADMO and the input vector

bDMO in color-code: Red and blue squares mark negative and

positive entries in the matrices, respectively. White squares denote

zero entries, while gray dots mark all non-zero entries to ensure

that no small entries are lost in the color scale. A state-space

image of the dynamics of the system with x0 = [0, 0, 0, 0]T is

also shown.

For this first study, the input to the HAVOK model is

a time series of the x1-coordinate, with an input time span

tl = 5T which is five times the forcing period T = 2π
�

and the sampling frequency fs = 1 kHz. The parameters

of the algorithm are set to the embedding dimension q =

118, the model rank r = 7, and the sparsification threshold

nMAEthresh = 3.5 · 10−3, yielding a sparsification parameter µ =

[0.0044, 0.0196, 0.2915, 0.0236, 0.3854, 1.0723, 0]T . How changing

those parameters affects the results will be studied in the next

subsection. The resulting HAVOK model is shown in Figure 5,

where the HAVOK state-space matrices AH and BH are depicted

in the same color-code as previously, showing that the input

matrix BH is completely empty. The state matrix AH has an

almost block-diagonal shape, where the first two states are only

connected to the rest of the states via two very small entries.

The state-space formed by the first two states yH,1 and yH,2 of

the HAVOK model resembles the state-space of the analytical

model up to a scaling of the axes. The difference in scaling stems

from the orthonormalization of the modes vj during the SVD

in the third step of the HAVOK algorithm, see Figure 2. The

results from the SVD can be related to the input time series,

both in terms of amplitude and dynamics, as the projection of

the input time series onto a mode uj fits the respective mode

vj multiplied with the singular value σj. Unfortunately, it is not

as straightforward to regain this difference in amplitude for the

final HAVOK model time series. Integrating a correction for this

effect would be an interesting point for future research. The

HAVOK eigenvalues match the true eigenvalues of the analytical

model exactly, and an additional eigenvalue-pair on the imaginary

axis matches the forcing frequency, as illustrated in Figure 5. For

the linear DMO with harmonic forcing, the HAVOK-algorithm

yields an unforced state-space model whose eigenvalues match the

analytical eigenvalues exactly. This is an interesting finding, as we

only observed a single degree of freedom, and did not specify the

true dimensionality of the system, or any system parameters. Still,

HAVOK is able to correctly identify the dynamic properties of the

underlying system accurately (eigenvalues encodemodal properties

and stability).

3.1.1. Influence of HAVOK parameters
The results presented in the previous subsection are obtained

with specific settings of parameters. In the following, the influence

of the tuning parameters input time span tl, input degree of

freedom, model rank r, and sparsification parameter µ on the

resulting HAVOK model and the information which can be

extracted from it, are studied. These studies yield important

insights into how to choose those parameters in order to determine

a good low-rank representation of the dynamics. Figure 6A shows

the results of varying each of these tuning parameters separately,

which will be discussed in the following.

The measurement time length {tl ∈ ρ · T|ρ ∈ N, ρ ≤ 10}

is varied in integer multiples of the forcing period. It controls

the ratio of transient and steady state (periodic) motion that

is contained in the input time span. The shorter the input

time span, the larger the relative importance of the transient

motion in the time series. Figure 6A shows the resulting state

matrices AH, and the respective eigenvalues for this variation.

To visualize the variations of the matrix AH, each matrix is

represented as one column. For example, the left column in the

Figure shows the matrix AH for the first variant of tl row-by-

row. The evolution of each matrix entry for parameter variations

becomes clearly visible since the corresponding entries lie directly

next to each other. The input matrix BH is not depicted as it

remains all-zero over all variations. Only absolute values of the

matrix entries are shown. It can be seen that as the input time

span (and thus the relative importance of the periodic motion
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FIGURE 6

(A) HAVOK model results for variations of the algorithm parameters, studied by computing the model for a range of values. The state matrix AH and

HAVOK model eigenvalues for di�erent input time spans tl ∈ [T :10T]. In the figure, one column represents one matrix AH, with the rows stacked on

top of each other. This view allows for a direct comparison of the matrix entries. (B) HAVOK model results for variations of the algorithm parameters,

studied by computing the model for a range of values. The state matrix AH obtained when using di�erent input time series xa(t), xb(t) or xc(t) from the

3MO illustrated that the model rank can depend on the choice of input degree of freedom. (C) HAVOK model results for variations of the algorithm

parameters, studied by computing the model for a range of values. HAVOK model matrices AH and BH obtained when varying only the model rank

r ∈ [3 :7], while using the xa(t) time series of the DMO. It is shown that the magnitude of the matrix entries do not change when increasing rank. (D)

The sparsification parameter µ and NZE for each column of the sparse regression when using the xa(t) time series of the DMO and a model rank r = 7.
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in the input time span) increases, the resulting state matrix

becomes more sparse and for tl > 8T, HAVOK no longer

correctly identifies the system eigenvalues. The forcing-related

eigenvalues are identified correctly for all variations of the input

time span.

To visualize the impact of the chosen measurement degree

of freedom on the resulting system, a three-mass oscillator

(3MO) is considered. We study each state as input to HAVOK

separately. The three-mass oscillator model has the same structure

as the DMO seen before, but with one additional mass. This

dynamical system has three eigenmodes, where in the second

eigenmode, only the two exterior masses at the two sides move.

For the three depicted state matrices in Figure 6B, the input

time series was taken to be the displacement of each of the

masses xa(t), xb(t) and xc(t). The dynamical system obtained

with the two exterior measurements xa(t) and xc(t) has rank

r = 8, while the middle degree of freedom xb(t) results

in a smaller r = 6 dimensional system. Analysis of the

eigenvalues shows that while all models correctly contain the

forcing frequency and the eigenvalues associated with the first

and third eigenmodes, only the models obtained with xa(t) and

xc(t) also contain the eigenvalue pair related to the second

eigenmode, which is a physically consistent result with respect to

the mode shapes.

The effect of varying the embedding dimension q, or time

series section x(q)(t), has already been discussed in a previous

section, but the question of how to choose an optimal embedding

dimension for a given measurement time series remains. Here,

a large range of q was tested and the evolution of singular

values σj and coordinates uj was observed. Finally, an embedding

dimension was chosen such that the coordinates uj resemble

Legendre polynomials, and the singular values yield a suiting

rank value.

A study of the impact of the model rank of the system, where

the model rank is varied such that {r ∈ N|3 ≤ r ≤ 7} demonstrates

that the chosen rank does not affect the magnitude of the values

in the state-space matrix A or the input matrix. Instead, the non-

zero part of the state matrix remains constant when increasing the

rank, only adding values that were previously observed in the input

matrix, see Figure 6C. Concerning the eigenvalues, it was found

that the HAVOK model first contains the eigenvalue pair on the

imaginary axis, which is related to the forcing frequency, and then

adds the system-related, that is damped, eigenvalues.

The determination of the sparsification parameter has been

described in a previous section. Figure 6D shows the chosen

optimal sparsification parameterµopt for each column of the sparse

regression along with the relative number of non-zero elements

in the resulting matrix column. It shows that the sparsification

parameter has an increasing trend with increasing column number

and that its value is directly related to the sparsification process: For

the last column, whereµ7 = 0, the column appears fully populated,

as no sparsification takes place. Physically speaking, the dynamics

contained in the last column are too complex to be matched by the

simple linear ansatz space, even when fully populated. In the case of

the linear oscillator with monochromatic forcing, the last column

of the sparse regression does not contain physically meaningful

information, it is simply a relic of the algorithm. However, for more

general systems, e.g., when including non-linearities, this column

contains the more complex dynamics which cannot be matched by

the linear ansatz.

3.1.2. Dependence on physical model properties
After the dependence of the HAVOK results on the tuning

parameters of the algorithm has been established, this section

explores the evolution of the HAVOK model as the parameters of

the analytical model itself change. The aim is to explore the limits

of the HAVOK-algorithm as a method for obtaining low-order

models that correctly represent the properties of the underlying

system. The sensitivity of the HAVOK model for the double

mass oscillator to changes in initial conditions, damping, and

different forcing types is explored as well as the HAVOK model

for non-linear double mass oscillators. The results are shown in

Figures 7A, 9.

To study the dependency of the HAVOK model on the

initial conditions, five exemplary initial conditions along one

trajectory starting from x(t0,1) = [10, 10, 0, 0]T are chosen,

where the first x(t0,1) is quite far away from the steady-

state motion and the last x(t0,5) lies exactly on the steady-

state, as shown in Figure 7A. The measurement time span

tl is kept constant while varying the initial conditions, such

that the initial conditions further away yield an input time

series with a larger fraction of transient motion. The resulting

matrices and eigenvalues shown in Figure 7A illustrate that

the state matrix becomes more sparse as the initial conditions

approach the steady-state. While the forcing frequency and the

first eigenvalue pair are always identified correctly, the second

eigenvalue pair is not detected correctly for the time series

with large transients, which originate from the initial conditions

further away.

For the study of the damping parameter, the

proportional damping factor β is varied such that

β ∈ {0.5β0, 0.9β0,β0, 1.01β0, 1.1β0}. A variation of the damping

factor changes the damped eigenfrequencies of the system and

with it the damping factors for both eigenmodes. With increasing

β , the damped eigenfrequencies ωd decrease, while the respective

damping factor D increases. For β5, the damping factor D2 > 1,

indicates that this mode becomes strongly damped. The second

panel of Figure 7B shows the evolution of the state matrix AH and

the eigenvalues for the changes in the damping parameter. For all

values of β , BH is all-zero. The bottom rows of the state matrix

change slightly, but the overall structure of the matrix remains the

same. HAVOK correctly identifies all eigenvalues, except for the

second eigenvalue pair for the strongest damping factor, which has

been noted to correspond to a strongly damped mode.

Thus far, only harmonic monochromatic forcing has been

considered. To analyze the influence of the forcing on the HAVOK

model, two different cases are considered. First, a frequency-sweep

forcing with ψ1(t) = 9cos(�0
t
2 t), where �0 = 0.8 rad/s and

second, a harmonic forcing with three superimposed frequencies

given by ψ2(t) = 9(cos(�1t) + cos(�2t) + cos�3t)), with �1 =

8 rad/s, �2 = 0.8 rad/s and �3 = 0.4 rad/s. The respective forcing

and input time series are shown in Figures 7C, D along with the

resulting HAVOK model matrices and eigenvalues. The HAVOK
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FIGURE 7

(A) Dependence of the HAVOK model on changes in the physical parameters of the analytical model. For each study, the double mass oscillator is

used, varying one of the system parameters only. The HAVOK-DMO for di�erent initial conditions along one trajectory result in di�erent input time

series. The resulting HAVOK model state and input matrices are show following the convention introduced in Figure 5. The respective model

eigenvalues are compared to the forcing frequency and the eigenvalues of the underlying DMO system. (B) The HAVOK-DMO model for di�erent

damping values is illustrated by the state matrix. The all-zero input matrix is not represented. The eigenvalues for each model are shown in di�erent

colors, where circles represent the HAVOK model eigenvalues and crosses the true eigenvalues. One pair of HAVOK model eigenvalues lies on the

imaginary axis for every model variation. (C) The application of HAVOK to a DMO forcing with a frequency-sweep type forcing shows entries on the

sub-diagonal of the state matrix. In the representation of the eigenvalues, no forcing frequency is shown as it is varied continuously. (D)

HAVOK-DMO model for a system that is forced with three superimposed sinusoids, where the HAVOK model catches both the system eigenvalues

and the forcing frequency.
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FIGURE 8

HAVOK models a linear, weakly non-linear, and strongly non-linear double mass oscillator. The state matrices AH,lin, AH,wnl, and AH,snl are shown on

top, with the input matrices BH,lin, BH,wnl, and BH,snl below. The system eigenvalues λj of the true underlying DMO system, and the HAVOK model are

shown on the bottom, along with a frequency spectrum of the input time series P1|f(x(t))|, the forcing frequency 9 and its higher harmonics.

model for the system excited with three superimposed sinusoids

is an unforced model with rank r = 11, and three eigenvalue

pairs corresponding to the forcing frequencies on the imaginary

axis. As before, HAVOK correctly identifies the eigenfrequencies

of the system. The picture is very different for the frequency-

forcing sweep excited model. Here, the structure of the resulting—

now forced—state-space model of rank r = 10 is similar to the

structure of the model that was identified for the chaotic Lorenz63
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FIGURE 9

Case studies of the weakly non-linear double-mass-oscillator. (Top) The HAVOK model obtained when omitting all transient motion in the input time

series. (Bottom) The HAVOK model for a DMO when the non-linearity is moved to the other end of the oscillator chain, away from the excitation and

the input time series. For both systems, the state space resulting from the first two HAVOK trajectories yH,wnl,1 and yH,wnl,2 are shown, as well as the

state and input matrices. On the right, the HAVOK model eigenvalues are compared to the true DMO system eigenvalues, the frequency spectrum

P1|f(x)| of the input time series and the forcing frequency.

[34] system in the original [1] article. The HAVOK eigenvalues

do not correspond to the system eigenvalues but include unstable

eigenvalue pairs.

Non-linearity is introduced into the system by adding a cubic

spring stiffness knl to the first spring k1. The equations of motion

are now given by

mẍa(t)+ 2dẋa(t)− dẋb(t)+ 2kxa(t)− kxb(t)− knlx
3
a(t) = ψ(t)

mẍb(t)− dẋa(t)+ 2dẋb(t)− kxa(t)+ 2kxb(t) = 0

(19)

with a non-linearity knlx
3
a in the first line. Two versions, a weakly

non-linear model with knl,1 = 2k and a strongly non-linear model

with knl,2 = 20k, are considered. The resulting HAVOK models

are shown in Figure 8. Here, AH,lin, AH,wnl, and AH,snl denote

the system matrices of the linear, weakly non-linear, and strongly

non-linear system, respectively. With a stronger non-linearity, the

model rank increases, while the overall structure of the state matrix

remains the same. As soon as a non-linearity is introduced, the

HAVOK model becomes forced, i.e., BH is no longer all-zero. At

the same time, the non-linearity seems to keep the algorithm from

correctly identifying the eigenvalues of the system. Instead, the

HAVOK eigenvalues correspond to the forcing frequency and its

higher-order harmonics, marked in the Figure by dotted lines.

Two additional case studies with systems including non-

linearity, the first neglecting all transient motion and the second

moving the non-linearity to the spring k3 on the other end of the

oscillator chain, conclude the studies of parameter dependence.

The resulting HAVOK models and their eigenvalues are both

shown in Figure 9. The first two trajectories of the HAVOK

model are shown as yH,wnl,1(t) and yH,wnl,2(t). The HAVOK model

obtained from only the steady-state oscillation of the non-linear

oscillator has a dominant off-diagonal structure, where the states

as strongly coupled pair-wise. Its eigenvalues correspond to the

forcing frequency and its higher harmonics on the imaginary axis,

there is no signature of the linearized system’s eigenvalues. For

the model with the non-linearity away from the excitation and the

measurement time series, the structure of the statematrix resembles

the structure of previous state matrices, i.e., is less dominated by the

diagonal. The eigenvalues of this system correspond closely to the

eigenvalues of the analytical model, the forcing frequency, and one

higher-order harmonic. Both these HAVOK models are forced, the

same as the previous non-linear models.

3.2. Application to a real-world brake
system

Thus far, the low-order HAVOK models obtained from

synthetic data have been considered, which enabled the comparison

of the true analytical model (generating the data) and the HAVOK
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model. To round off this study, HAVOK is applied to real-

world measurement data obtained with a microphone during the

actuation of a friction disc brake system of a passenger car. For

details regarding the experimental setup, see [35] and [36]. Friction

brakes can exhibit squeal noises during braking, resulting from

complex self-excited machine dynamics whose mechanisms have

not yet been fully understood today [35]. There are two different

prominent theories as to the process that yields brake squeal. Both

of these theories are based on studying the silent (not squealing)

and the squealing section of a brake stop separately and agree on

a regime shift between the two dynamical states, which leads to

qualitatively different dynamics in the two regimes. One theory

states that the squealing, which is represented by a low-dimensional

attractor, originates from the equilibrium-point dynamics in the

non-squealing regime losing its stability [37], for example through

a Hopf bifurcation. The other theory identifies 8–12-dimensional

attractors in the silent regime, which transition toward a lower-

dimensional attractor of 3–6 dimensions in the squealing regime

[35, 38, 39]. These studies all agree on signs of chaotic dynamics

in both the silent and the squealing regimes. As the realistic brake

system is comprised of multiple components, actuation and a

complex friction interface, the identification of a reduced order

model using only measurement data is highly interesting, also to

study the aforementioned root causes of the vibrations.

The microphone data was sampled at 51.2 kHz and bandpass-

filtered with cutoff frequencies at 1 and 20 kHz. Two exemplary

samples are taken from a single brake stop that is not squealing

in the beginning and then exhibiting strong squeal events toward

the end. To obtain a sufficient quality of the numerical derivatives

during the application of HAVOK, it is necessary to upsample

the data to 5,120 kHz for the silent and 512 kHz for the squealing

region. The upsampling was performed using a Matlab spline

interpolation function. The entire microphone signal and the

two exemplary snippets are shown in Figure 10. Characteristic

differences are visible in both time series.

The tuning parameters of the HAVOK algorithm are chosen as

follows. For the input data, only the chosen time span tl remains

a flexible parameter, as the sampling frequency is fixed. Section

lengths of 150,000 samples and 15,000 samples are taken from the

silent and the squeal region, respectively, resulting in tl ≈ 0.03 s

for both regimes. This time length was shown to yield consistent

results with time delay embedding in [35]. As has been explained

in the previous sections, the embedding dimension q and the

model rank r are closely related, as the model rank is obtained

from the results of the SVD, which depend on the embedding

dimension q. To find an optimal embedding dimension and rank,

the embedding dimension is initially set to q = 100 and varied over

a large value range. The optimal values are determined based on

the ability of the final HAVOK model to represent the measured

dynamics, computed as the fit between the measurement data and

the trajectory of the first HAVOK state yH,1(t). For the silent section,

q = 100 and r = 9 are found, and q = 1, 000 and r = 4 for

the squealing section. Note that the time span x(q)(t) in a column

of the Hankel matrix H is very different between the two regimes

due to the different embedding dimensions. Figure 10 shows the

first 100 singular values for each section which lead to the choice

of model rank. For the squealing regime on the right, the choice of

rank is obvious through the elbow-like formed curve. For the silent

region, no clear kink in the curve is visible, making the choice of

rank more heuristic. The sparsification parameter µ is set to zero

for this initial study because the computational cost of obtaining an

optimal µ is very high and was beyond the scope of this study. Due

to this setting, no sparsification takes place in the SINDy regression,

but a dominant structure of the state matrices is still clearly visible,

see Figure 10. In the original study by Brunton et al. [1], where the

algorithm was first introduced, the sparsification parameter µ was

often kept at zero, too.

For both regimes, the HAVOKmodel reproduces the measured

dynamics well except for a difference in amplitude which has been

elaborated on in Section 3.1. Figure 10 shows the state matrix AH

and the input matrix BH of the low-order HAVOK model as well

as the attractors build from the first three states yH,1(t), yH,2(t)

and yH,3(t) for the silent and squealing region, respectively. Both

models are forced and a dominant structure with only a few large

coefficients is visible in the matrices. The state matrix AH,nosq of

the silent section exhibits a clear structure with dominant entries

on the two sub-diagonals. This matrix structure resembles that of

the HAVOK model for the chaotic Lorenz attractor presented in

[1]. The much smaller model of the squealing section shows two

states are strongly coupled, and a third is mainly driven by the

forcing term. The resulting attractors are shown as black lines,

where the forcing is small, and red lines, where the forcing is larger.

In the silent regime, no clear structure of the attractor or forcing

patterns is discernible. In the squealing regime, the dynamics form

concentric circles around the yH,3-axis, being tilted slightly with

respect to the (yH,1, yH,2)-plane. The forcing marks the transitions

of the system from one radius to another.

4. Discussion

The results presented in the previous section show that the

HAVOK algorithm can be used to obtain low-order state-space

models that are able to reproduce the dynamics of the measured

system well. The studies with the double mass oscillator reveal

that the amount of system properties that can be extracted from

the HAVOK state-space model depends on the type of underlying

dynamical process, as will be discussed in detail in Section 4.1.

Extensive studies of the effects of the HAVOK parameters on the

resulting HAVOK model and the inner workings of the algorithm

give rise to recommendations for choosing these parameters when

applying HAVOK to a new model, as will be elaborated on in

Section 4.2.

It has been shown how HAVOK can be applied to real-world

measurement data where the type of underlying dynamics are still

subject to discussion. Even for the complex dynamical system at

hand, HAVOK is able to generate a model that reproduced the

dynamics well. It becomes clear that the obtained model ranks for

the silent r = 9 and squealing r = 4 section agree well with the

theories presented in the literature. At the same time, the HAVOK

models do not allow for much further information, for example

on the damping properties of the system. Taking a step back and

considering the results of the studies of the double and three-mass

oscillators, these results are not surprising.
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FIGURE 10

Application of the HAVOK algorithm to real-world measurement data. The sound pressure level (SPL) obtained with a microphone during the

actuation of the friction brake of a passenger car is shown on the top. The dash-dotted lines indicate the sections from the silent and squealing

regime used as input to the HAVOK algorithm. The singular values for each regime are visible in the center panel. In the bottom panel, the HAVOK

model state matrices AH and the input matrices BH are shown, along with the resulting time series yH,1(t) compared to the input time series x(t). As

before, both time series are normalized to have zero mean and a standard derivation of 1.

4.1. Physical interpretability

The fundamental research question for the study at hand

is: how much information can one obtain from a fully

data-driven system identification process using HAVOK, and

how can the resulting system description be linked with

classical physics-based descriptions? For all of the considered

models, the HAVOK algorithm generates state-space systems

that are able to reproduce the observed dynamics well. The

reconstructed state space trajectories yH,j of the HAVOK model
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will most likely be distorted compared to the original one

due to the orthonormalization that takes place during the

SVD. Whether or not it is possible to accurately recover

the original amplitude from the process remains subject to

further studies.

HAVOK builds up a state-space system based on the

frequency components in the input time series. Therefore, a

closed-form representation of the Koopman operator, i.e., an

unforced state-space system, is found for a dynamical system

with a finite number of frequency components, such as the

linear double mass oscillator with harmonic forcing. For this

special type of system, the HAVOK model accurately captures

the true eigenvalues and thus some of the properties of the

original system. The dependency on the periodicity of the

input signal is also emphasized by the fact that periodic

dynamics can be represented by a more sparse model, as the

studies with different initial conditions and input time series

lengths illustrate. It has also been shown that the rank of the

HAVOK model depends directly on the number of frequency

components in the input data. Note that even though HAVOK

captures the dynamics and the eigenvalues for dynamics with

a finite number of frequency components, it cannot distinguish

between system-inherent and forcing-related contributions in

the data. Therefore, HAVOK yields an unforced state space

model whenever possible, as no distinction between the different

components is possible without additional information on the

underlying system.

For general systems that include non-linearities or non-

harmonic forcing, no closed-form representation of the Koopman

operator can be found and the resulting HAVOK model is forced,

as is to be expected. The forcing will collect all dynamics that

cannot be represented by the linear Koopman operator. In these

cases, a lot of information on the underlying dynamical system

is moved into the forcing term of the HAVOK model and is

not accessible for further analysis in the state matrix AH. Some

information on the dimensionality, stability, and main spectral

components of the underlying dynamical system can still be found,

but the extraction of principles, coupling between the states, or

generalizations, remains difficult.

As with any data-driven method, the system identification

potential of the HAVOK algorithm is limited by the fact that only

observable dynamics can be represented in the final model, as the

study with the three-mass oscillator showed. Measurements from

a degree of freedom that does not move with a specific mode

cannot be used to create a model that represents that mode. The

same is true for strongly damped modes that do not affect enough

oscillations to become visible in the measurement data and are thus

not present in the HAVOK model.

4.2. Recommendations for choosing
HAVOK parameters

From the numerous studies of the HAVOK algorithm

with different mechanical oscillator models, we derive some

recommendations for choosing suitable parameter settings in order

to obtain the most meaningful HAVOK model possible.

4.2.1. Input data
The input data forms the basis for the HAVOK model and

may be subject to several parameter choices during the first step of

the algorithm. First, if a choice of potential input data is available,

choose a time series x(t) that contains rich information on the

underlying dynamics and captures as many different modes as

possible in order to get a more complete picture of the dynamics at

hand. The sampling frequency fs has to be high enough to represent

the dynamics in the desired time scale. It is recommended to check

the accuracy of the derivatives V̇r in the fourth step of the algorithm

by reintegrating the obtained derivatives and comparing them to

the original modes Vr . If the differentiation error is larger than 1%

nMAE, the input signal x(t) should be upsampled using a suitable

algorithm, until sufficient differentiation accuracy can be assured.

The input time span tl chosen from the measurement data is an

important parameter that impacts the final HAVOK model. If the

possibility of capturing both transient and steady-state dynamics

is given, a mixture of both regimes was shown to yield robust

and consistent results. Omitting the transient part completely

prevents HAVOK from correctly capturing the system-related part

of the dynamics (particularly damping), while large transients with

strongly dissipative dynamics lead to an overestimation of the

damping factors by the HAVOK algorithm. On the other hand,

it seems that only transient motion, as in the case study with the

frequency sweep function or the self-excited friction brake system,

HAVOK cannot pick up the properties of the dynamical system

itself in a fashion that is directly extractable, though it still yields a

good reconstruction of the underlying dynamics and, in some cases,

of the dimensionality of the system.

4.2.2. Embedding dimension and model rank
The embedding dimension q defines the amount of information

that is contained in one column of the Hankel matrixH which is set

up in the second step of the algorithm. The model rank r, which is

chosen in the third step after the SVD of the Hankel matrix, marks

the number of columns of the matrix V which are taken along for

the sparse regression and ultimately defines the rank of the final

model. Because the model rank r is generally chosen as the number

of relevant components that are computed in the singular value

decomposition, these two tuning parameters are closely connected.

There are two approaches to deciding on an embedding dimension

and model rank.

If the information on the desired model rank is available, either

from prior knowledge of the system or from a fixed, desired output

model rank, then the embedding dimension q can simply be varied

until the singular value decomposition yields the desired number

of relevant components. A larger embedding dimension q or, more

accurately, a larger time span x(q)(t), yields more valid coordinates

and thus a higher model rank r, while a smaller value of q yields

a smaller rank r. A good initial guess for the model rank r is the

number of frequency components of the model and its forcing

times two.

If no specific model rank r can be expected or is desired, it

is recommended to vary the embedding dimension q over a wide

value range and observe how the resulting model rank evolves.

A model rank can then be chosen as a larger value, if a high
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model accuracy is desired, or a smaller value if a low-order model

is wanted.

For the models studied in the course of this study, a variation of

embedding dimension in the range of q ∈ [50 : 1, 000] was found to

be sufficient. For periodic or quasi-periodic systems, a good starting

point is an embedding dimension that yields a time span x(q)(t) =

(q−1)1t that matches one period of the system [7]. For any system,

the embedding dimension has to capture enough of the oscillation.

If q is too small, the Koopman observables or uj obtained from

the SVD are highly non-linear and do not form a good basis for

the HAVOK model [7]. According to Dylewsky et al. in [31], the

embedding dimension q can be too small, but not too large. Our

studies showed that there is an upper limit to the model rank r that

can be obtained for a given system through variation of embedding

dimension, above which no reasonable results are achieved.

4.2.3. Sparsification threshold
The sparsification threshold µ is set to define the cutoff

threshold for small coefficient entries in the sparse identification of

non-linear dynamics in the fifth step of the HAVOK algorithm. The

parameter does not impact the dominant structure of the resulting

state matrices but induces the final state and input matrices AH

and BH to be more sparse. Finding a Pareto-optimal µ between

model sparsity and model accuracy requires large computational

efforts when performed extensively. It is possible to compute the

vectors of sparse coefficients for a range of sparsification thresholds

and compare the resulting non-zero elements and model accuracy

for each individual state [3], as presented in Section 2.3.5. From

this, an optimal sparsification threshold for each state can be

found. However, since the dominant structure is not affected by

the sparsification, it may be sufficient to set the sparsification

threshold µ = 0.

5. Conclusion

In this study, the steps of the HAVOK algorithm, its parameters,

their interconnections, and the relation of the method to the

Koopman operator theory have been presented. The studies

were performed in Matlab. Several mechanical oscillator models,

ranging from linear to non-linear, weakly to strongly damped,

excited with different types of forces, and subjected to different

initial conditions, have been subjected to the HAVOK algorithm.

The resulting low-order HAVOK state-space models have been

compared to the analytical physics-based models to determine

which properties of the underlying dynamical systems can be

extracted from the data-driven approach and under which

conditions. For all of the considered systems, the obtained HAVOK

models reproduce the measured dynamics well. Information on

the underlying (i.e., the data-generating) system dimensionality,

stability, and dominant frequency components can be obtained

in most cases, but detailed information such as eigenvalues can

only be identified correctly for systems with a low number of

frequency components in our study. The HAVOK algorithm is,

thus, a good choice if a low-order model is required for future

state prediction or control purposes of a complex and unknown

dynamical process. However, the method is of limited use as a

system identification algorithm when system properties are to be

identified in the classical sense of modal properties. Extensive

studies of the effects of the algorithm’s parameters yield valuable

insights into the inner workings of the algorithm and give rise to

recommendations for choosing those parameters when applying

the method to new systems.
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Abstract In this work, a purely data-driven approach

to mapping out the state of a dynamical system over

a set of chosen parameters is presented and demon-

strated along a case study using real-world experimen-

tal data from a friction brake system. Complex engi-

neering systems often exhibit a rich bifurcation behav-

ior with respect to one or several parameters, which

is difficult to grasp using experimental approaches or

numerical simulations. At the same time, the grow-

ing need for energy-efficient machines that can oper-

ate under varying or extreme environmental conditions

also calls for a better understanding of these systems to

avoid critical transitions. The proposed method com-

bines machine learning techniques with synthetic data
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augmentation to create a complete state map for a

dynamical system. First, a machine learning model is

trained on experimental data, picking up hidden mech-

anisms and complex parametric relations of the under-

lying dynamical system. The model is then exploited

to assess the state of the system for a set of synthet-

ically generated data to obtain a state map over the

complete space spanned by the chosen parameters. In

addition, an extension of the concept to a probability

state map is introduced. The results indicate that the

proposed method can uncover hidden variables which

drive dynamical transitions between different states of

a system that were previously inaccessible.

Keywords Bifurcations · Data-driven models · Com-

plex vibrations · Nonlinear dynamics · Convolutional

neural network

1 Introduction

Real-world engineering systems typically consist of

many components accompanied by a large number of

parameters and degrees of freedom, which give rise

to complex emergent dynamical behavior. The anal-

ysis of structural vibrations remains challenging in

many fields of engineering today, not only because

large-scale numerical methods exhaust the computa-

tional resources but also because nonlinear and damp-

ing phenomena [1] pose difficulties to our modeling

and prediction capabilities [2,3]. The dynamics of these
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machines often depend on a large number of parameters

[4,5], such as loading conditions or uncertain compo-

nents [6], whose change during the operation or the

lifetime of the system can cause bifurcations or critical

regime shifts [3,7]. It is crucial for the safe operation of

complex machines to analyze and understand the mech-

anisms behind parametrically driven regime changes to

prevent critical transitions into unwanted or even dan-

gerous points of operation. In the following, we refer

to parameters when reasoning about different external

loads imposed by the operation and secondary changes

to system component properties, such as reduced stiff-

ness values resulting from higher temperatures caused

by heavy loading conditions. Our approach is gener-

ically applicable to many high-dimensional nonlinear

dynamical systems. In this paper, automotive disk brake

systems and their rich friction-induced vibrations are

taken as illustrative exemplary application case.

Today, the main approaches to understanding the

rich nonlinear dynamics of machines are either of

experimental nature or rooted in simulations based

on first principles of physics [5]. Some engineer-

ing domains rely primarily on experimental tests for

research and design purposes [3], which are often costly

and time-consuming [8]. Since only a limited num-

ber of tests can be performed for some characteristic

points of operation, the information on the state of the

dynamical system in the high-dimensional parameter

space is only available at specific points. This sparse

experimental sampling of the parameter space could

lead to unobserved phenomena in the system dynam-

ics for unseen parameters. An example of this aspect

is depicted in Fig. 1: The dynamical system under con-

sideration exhibits unstable behavior for a given set

of parameters that is not covered by experimental data.

The second common approach to analyzing the dynam-

ics of a sizable dynamical system is rooted in numer-

ical simulation. High-dimensional numerical models

and complex multi-scale, multi-physics simulations are

often necessary to represent the dynamics. Large-scale

multi-physics simulations of a system are computa-

tionally expensive and have a significant climate foot-

print. Because experimental tests are time-consuming

and expensive, and numerical models are often compu-

tationally very costly, obtaining a finely-grained state

map for a dynamical system is complex with current

methods. Our research aims at providing a time- and

cost-efficient way of generating a high-resolution state

map as a post-processing technique for either experi-

mental or numerical results. On the example of auto-

motive disk brake systems, a detailed description of

state-of-the-art methods, and our contribution, is given

in the following.

Friction-induced vibrations (FIV) of vehicles, for

example, automotive or aircraft braking systems, rep-

resent a family of complex dynamical systems [6,9,10]

whose dynamics depend on many parameters and

parameter inter-dependencies [9,11,12], as well as

being sensitive to parameter variations [10,13]. Several

mechanisms for explaining FIV have been proposed in

[9,11,14,15], as friction brake systems have seen a rich

research history in the last decades [9–12,15–17]. A

detailed review of these can be found in [9] and [18].

However, FIV are notoriously difficult to grasp experi-

mentally, because of the limited repeatability of results

[9,13], which is likely due to the sensitive dependence

of the system on small-scale parameter variations [7].

Still, expensive experiments [9,12] remain a crucial

pillar in the analysis of brake systems and validation

of simulation models. Because simplified models that

neglect the effects of time-varying, uncertain parame-

ters are often not accurate enough in their predictions

[7,13,16,19], the brake system models often involve

large-scale finite element models and elaborate compu-

tational schemes such as complex eigenvalue analysis

[9,10,12,17] and transient analysis [10,11,14,17,20].

As complex eigenvalue analysis misses the effects of

nonlinearities [9,10], a nonlinear transient analysis is

often required to study the impact of parameter varia-

tions on the stability of the system [9,11,14,17,20]. In

all these methods, considerable computational times

remain an issue [9,11,14,16,17,20,21], which poses

a challenge to performing extensive parameter stud-

ies [16] for realistic loading conditions seen during

customer driving. Therefore, current research efforts

focus on advancing methods to deal with uncertainties

and nonlinear effects, increasing model accuracy and

decreasing computation time, see [9–11,16,17,20].

As both experimental analysis and modeling of

brake system remain challenging, obtaining a detailed

state map for a brake system with state-of-the-art meth-

ods, for example, from measured data or numerical

simulation alone, is currently very expensive. There-

fore, the system state, in the simplest form given by the

binary indication of the occurrence of high-amplitude

vibrations, is only known for a few points of operation

and unknown in most of the high-dimensional (load-

ing) parameter space. In this work, we propose a purely
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Fig. 1 Illustration of a data-based state map. A data-based state

map for a complex dynamical system illustrates the system states

within a space spanned by two predefined parameters. Each point

on the map represents one data sample and is color-coded to the

state of the system for a given sample. Darker colored dots mark

the sparse information available from experiments; lighter col-

ors represent a possible fill-in of the white spaces that will be

obtained with the method proposed in this work. It is possible

that “islands of instability” exist, which are not captured by the

data gained from experiments

data-based approach to obtaining a fine-grained map,

which is computationally less expensive and requires

only a limited number of experimental results. Data-

driven methods have recently evolved to complement

conventional modeling methods [22]. Neural network

models trained on large data sets do not rely on suitable

reduced order modeling [23] or quasi-static dynamic

observations and can interpolate within the input value

range they have been trained in, making these models

ideal candidates for the computation of state maps from

sparse measurements.

In this work, we propose a new, data-driven approach

for approximating the functional behavior of real-

world machines using input–response relationships

from experimental observations to generate a machine

learning-based state map. First, a neural network model

is trained with real-world measurement data to predict

the system state in a specific loading and parameter

configuration. If this data-driven modeling is success-

ful, the neural network model has picked up complex

parametric relations and hidden mechanisms that were

activated during testing, but are not necessarily dis-

cernible to a human or accessible via classical system

identification. The trained model can then be queried

for the system state for new conditions and parameters

beyond those tested experimentally. A set of synthetic

input data is generated to fill the white spots in the

parameter space and fed into the neural network model.

The predictions of the model for these new points can

be used to build a data-based state map over the “com-

plete parameter space” in a very cost- and time-efficient

manner, even if the parameter space was originally only

sparsely sampled through measurement data, as illus-

trated in Fig. 1. The method is demonstrated with real-

world experimental data from a friction brake obtained

at Hitachi Astemo in Drancy, France. This complex sys-

tem contains rich dynamical behavior that has not been

fully understood until today [7,10,11,13,24], making

it an interesting case study for the proposed method.

2 Methods

A novel and universal way of obtaining a state map

illustrating the state of a dynamical system over a space

spanned by a chosen set of parameters in a purely data-

based fashion is proposed in this work. This section

gives a schematic overview of the process, followed

by more detailed presentations of the underlying real-

world measurement data, the involved machine learn-
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ing process, necessary data preparation, and the data

augmentation procedure.

2.1 Schematic overview

The method proposed in this work can be split into

two stages, namely a machine learning model training

phase and a state map computation phase, as illustrated

in Fig. 2. In the first phase, a neural network model

is trained and validated using real-world experimen-

tal data from brake testing to predict the system state

for a given set of input data. In the second phase, the

model is queried for the system state using syntheti-

cally generated data to fill up the parameter space that is

only sparsely sampled through the experimental data.

Physics-consistent augmentation of the measurement

data is the essential piece to this undertaking. This way,

the model can be used to predict the state of the system

over the entire range of parameter combinations, ulti-

mately yielding a state map of the complete parameter

space.

During the first phase, a neural network model is

trained with experimental data obtained from a test

rig at Hitachi Astemo France to represent complex

input–output relationships between a set of measured

quantities and a system state, here encoded in form

of a binary squeal/no-squeal label. In preparation for

the machine learning application, the raw data is pro-

cessed using a sliding window method and split into

a training and validation set for neural network model

training and validation, as described in Sect. 2.2. Dur-

ing the data processing, binary squeal/no-squeal labels

are assigned to each data sample from machine learn-

ing input/output data. A neural network model is then

trained and validated with the processed real-world

data, see Sect. 2.3. When the training is successful, the

neural network model has learned complex parametric

relations in terms of a mapping from input to output

data that is based on features of the high-dimensional

input data. These features can be any property of the

input data or a combination thereof, and as these are

not directly discernible to the user, they are referred to

as “hidden.” The model can predict whether or not a

section of a braking is noisy for a given set of input

parameters. Then, the obtained model can be deployed

to predict the system state for parameter sets it has not

seen before.

In the second phase, the trained model is exploited to

compute state maps based on physics-consistent vari-

ations of the experimental data. The two-dimensional

state map requires a featurization of the input samples

with two basis parameters that form the two axes of the

state map. As the parameter space spanned by the two

chosen parameters is sampled only sparsely through the

available measurement data, additional data has to be

generated. The sparse measurement data is augmented

in a physics-consistent manner to fill the parameter

space, as described in Sect. 2.4. This synthetic data is

fed into the machine learning model that outputs the

system state in a binary label form, namely silent or

noisy, for each new, synthetically generated data sam-

ple. These predicted labels are recorded in the two-

dimensional parameter space, forming a purely data-

based state map. The following sections are dedicated

to describing the process in more detail.

2.2 Data acquisition

The data used in this work is real-world measurement

data obtained from a dynamometer test rig at Hitachi

Astemo. A standard disk brake system with prototype-

material brake pads is tested. The test setup is depicted

in Fig. 3, including the microphone location for record-

ing the brake noise 50 cm away from the axle. The mea-

surements are taken in a temperature- and humidity-

controlled environment. The load on the brake system

originating from the vehicle chassis is simulated by the

surrounding structure.

The brake testing is performed according to the

industry standard noise, vibration, and harshness (NVH)

test procedure SAE-J2521 [25], which consists of a set

of initial break-in and burnishing tests, after which sev-

eral drag and stop brakings are carried out. The brake

system is subjected to a series of temperature and veloc-

ity ramps to cover a wide range of braking scenarios.

Figure 4 shows an overview of the SAE-J2521 data

channels used in this work, namely brake pressure p,

rotational velocity vrot, brake torque M , friction coef-

ficient µ, rotor temperature Trot, ambient temperature

Tamb, relative ambient humidity Hrel, and noise level.

The friction coefficient µ is a derived quantity that is

computed by the test bench directly using a Coulomb-

type friction model assumption, i.e., the linear relation-

ship between normal force and resulting friction force

via the friction value. A total of 2498 brakings with
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Fig. 2 Generation of a machine learning-based state map. A

schematic overview of the method proposed in this paper, in

which a two-dimensional state map representing the state of a

dynamical system over a chosen set of features is computed in a

purely data-driven way. The process can be split into two phases,

a neural network model training phase, and a state map compu-

tation phase

Fig. 3 Test rig. The dynamometer test rig at Hitachi Astemo

France, which was used to record the data used in this work. A

disk brake system consisting of disk, caliper, bracket, and brake

pads is tested in a controlled environment, where the impact of

the vehicle chassis is simulated by the surrounding structure. A

microphone is located close to the disk for recording the brake

noise. Additional verification of the noise is given by accelerom-

eters located on the caliper

36 % noise occurrence are available. An overview of

the measurement channels and value ranges is given

in Table 1. The first seven measurement channels are

recorded with a frequency of 100 Hz, while the sound

pressure for the brake noise detection is recorded with

a microphone and accelerometer at 51.2 kHz.

During the brake tests, noise detection is carried out

with the microphone signal using a dBA threshold on

the peak value of the sound pressure level (SPL) and the

average spectrum. Tonal noises in the frequency range

of 1 to 12 kHz and more than 70 dBA are labeled brake

noises. The detected noise is validated using an addi-

tional accelerometer which measures the vibrations on

the brake directly. Only if a noise is found in both sig-

nals, it is considered valid. For the purpose of this work,

the noise start time and duration were recorded addi-

tionally to the standard time of maximum SPL for each

braking. This procedure allows for more precise local-

ization of the noise occurrence within a given braking

and facilitates a straightforward label generation.

The recorded raw data is submitted to some prepro-

cessing for the machine learning application, as illus-

trated in Fig. 5, for one exemplary braking with eight

measurement channels. For each time instance, the sys-

tem state is labeled either squealing or non-squealing,

generating a time series of binary labels encoding the

system state as 0—silent, or 1—noisy, which replaces

the sound pressure level of the raw data. Additionally,
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Fig. 4 Available data. Overview of the measurement data from

2498 brakings recorded with the industry standard SAE-J2521

[25] test procedure. The test protocol consists of a series of tem-

perature ramps combined with different load cases, i.e., various

velocity and brake pressure conditions. The recorded noise lev-

els are also indicated. For clarity, maximum values are reported

for the first five channels, and mean values for ambient temper-

ature and relative humidity, while the noise-level information is

limited to the number of available frequencies

Table 1 Summary of experimental data channels and value ranges

Data channel Symbol Unit Min. value Max. value

Maximum brake pressure per braking p [bar] 2.6 51.4

Rotational velocity at start of braking vrot [1/min] 23.0 624.5

Maximum brake torque in braking M [Nm] 33.0 1317.0

Maximum friction coefficient in braking µ [-] 0.0 1.5

Maximum rotor temperature in braking Trot [◦C] 52.0 303.2

Mean ambient temperature in braking Tamb [◦C] 18.5 19.5

Mean relative humidity in braking Hrel [%] 46 63
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Fig. 5 Data processing. The data-processing procedure consists

of generating a binary label classifying the system state as either

“0” or “1” for silent or squealing, respectively, and a sliding win-

dow approach for generating equal-sized samples. The process

is illustrated for one exemplary braking. The final input–output

data for our machine learning models consists of 9896 samples,

each of which is 4 s long and has a binary label denoting the

system state as either squealing or non-squealing

the data is split into equally-sized windows using a slid-

ing window approach with a window length of 400 time

steps, or 4 s and an overlap of 50 %. To determine an

optimal sliding window size, different variants in the

range of 2 to 10 s were tested. The chosen option of 4-s

samples was found to yield the best predictions results,

balancing the number of generated samples, which here

increases with a smaller sample size, with the time his-

tory included in each sample, which increases with a

larger sample size. To avoid data leakage between the

training and test set and a clean training procedure, the

original set is split into five folds of training and test

(validation) data at an 80–20 split before the sliding

window is performed. A stratified split is implemented

to ensure an equal class distribution between training

and test data. The entire processed data consists of 9896

samples in total. In the final preparation step, the chan-

nel containing the time-distributed labels is condensed

from 400 time steps down to one value. A sample is

given the label “1” for noisy if a squeal is indicated

within a given sample, that is, if there is a noisy sec-

tion within the 4-s interval, or “0” otherwise. The final

input/output data consist thus of sets of 4-s samples,

seven channel samples input with a binary label out-

put. The noise occurrence of 20 % in the processed data

set of smaller samples differs from the original noise

occurrence due to the sliding window processing.

An overview of the experimental data before and

after the processing is given in Table 2, indicating the

value range for each data channel. The fivefold 80:20

data split for the neural network modeling results in

five training–test data pairs, where each training split

contains 7975 samples and each test split consists of

1921 samples, each with a noise ratio of 20 %±1 %,

respectively.

2.3 Neural network modeling

The neural network modeling task at hand is a binary

classification task, where the neural network model

classifies the system state in terms of a binary label of

“0” or “1” for silent or noisy for a given input sample.
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Table 2 Summary of processed data characteristics. The ratio

of noisy samples varies from raw data to processed samples due

to the slicing during the sliding window processing routine

Raw data Processed data

Total number of samples 2498 9896

Noise ratio 36 % 20 %

One input sample consists of 4 s or 400 time steps of a

multi-variate time series with seven channels given by

the recorded measurement channels brake pressure p,

rotational velocity vrot, brake torque M , friction coef-

ficient µ, rotor temperature Trot, ambient temperature

Tamb, and relative ambient humidity Hrel. A convolu-

tional neural network (CNN) is trained with the exper-

imental data using a binary cross-entropy loss func-

tion. The neural network modeling is implemented in

Python using the machine learning framework Tensor-

Flow. Several hyperparameter studies are performed

to obtain a suitable model for the given prediction

task, for example, testing different numbers of hidden

layers. Additionally, k-fold cross-validation with five

folds is carried out for each set of hyperparameters to

ensure model performance does not depend on a lucky

training–test data split. It is also possible to retain a

certain amount of data from the training for indepen-

dent model evaluation, but since the experimental data

set is already relatively small, k-fold cross-validation is

deemed a more suitable method in this case. A 1D CNN

with two hidden layers, 64 filters per layer, and a ker-

nel size of 3 is found to attain the highest classification

scores.

After the training is completed, the model is evalu-

ated using the Matthews correlation coefficient (MCC)

[26] to obtain a more tangible measure of model per-

formance. The MCC is defined as

MCC =
T P · T N −F P · F N

√
(T P+F P)(T P+F N )(T N +F P)(T N +F N )

∈ [−1, 1], (1)

where TP, TN, FP, and FN denote true positives, true

negatives, false positives, and false negatives, respec-

tively. This performance measure accounts for the class

imbalance between silent and noisy samples and ranges

from −1 to 1, indicating a perfect negative and perfect

positive correlation between the true and the predicted

Fig. 6 Model training performance. The performance of the

trained CNN, which is used for further computations, is illus-

trated by the confusion matrix on the test data set. The labels

predicted by the CNN are shown against the ground-truth labels;

values are given in % of the total number of samples in the

test set. The model achieves a MCC = 0.73±0.02 (accuracy

of 90.6 %±0.01) for the test data set

labels, respectively. Due to its value range, the MCC is

not usable directly as a loss function.

The neural network model deployed for computation

of the state map in the following achieves an MCC =

0.73±0.02 (accuracy of 90.6 %±0.01) on the test data

set. The confusion matrix obtained with the said model

on the test data set is shown in Fig. 6, where the labels

predicted by the CNN are plotted against the true labels.

For better readability, the values are given in percent of

the total number of samples in the test set.

2.4 Physics-consistent data augmentation

This work aims at generating a complete 2D state map

that represents the system state over a space spanned

by two chosen parameters to obtain a high measure of

abstraction. The first step in the data augmentation pro-

cess is thus the choice of an appropriate featurization of

the data samples from a seven-dimensional time series

into two parameters. This step is necessary to visual-

ize the high-dimensional data set in a two-dimensional

space. Here, the maximum rotational velocity vrot,max

and maximum brake pressure pmax per 4-s sample time

series are chosen, which represent two characteristics

of the macroscopic load conditions on the brake sys-

tem. Any other measure of the samples, such as mean

values, derivatives of the measurement time series, or

values from the remaining measurement channels, for

example, the temperatures, would be conceivable, as

well as an extension to more than three dimensions.

A purely measurement data-based state map results

from this featurization. Figure 7 shows the result of the

featurization of the test data set, illustrating that the
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parameter space spanned by vrot,max and pmax is only

sparsely sampled by experimental data. Blue squares

denote non-squealing samples, and red dots mark noisy

samples.

To fill in the white spaces in this initial, very sparsely

populated state map obtained from the measurement

data, synthetic data samples are generated that fill up

the 2D parameter space. The new data is fed into the

machine learning model for state prediction. The addi-

tional data is generated from a base sample taken from

experimental data, which is subjected to a physics-

consistent data augmentation, as depicted in Fig. 7. To

begin with, a base sample is chosen from the test data set

of the processed experimental data, ensuring the neural

network model predicted the system state for the base

sample correctly during the model testing phase. The

time-series values of this base sample are varied sys-

tematically by adding and subtracting constant values

to the time series in the two featurized dimensions vrot

and p until the parameter space is filled up in a grid-

like fashion. To remain consistent with the physics of

the system, the brake torque M is varied along with

the brake pressure p. All other parameters such as the

friction coefficient µ, rotor temperature Trot, ambient

temperature Tamb, and relative ambient humidity Hrel

are kept as in the original sample to ensure the state map

represents the system stability over a variation of the

chosen parameterization instead of other hidden vari-

ables.

The data augmentation process is performed care-

fully, with the laws of physics and information from

the experimental data in mind. Nonetheless, there can

be no guarantee that our newly generated data is phys-

ically meaningful, especially for points of the state

map far away from the base sample. However, there

are several points in favor of our data augmentation

method being consistent, which we will be elaborated

on in the following. First, the SAE-J2521 procedure is

parameterized to contain repeating brakings with the

same brake pressure and rotational velocity profiles,

while systematically varying the overall pressure and

velocity levels and the (initial) rotor temperature. The

imposed temperature ramps are shown in Fig. 4. As a

result, brakings with similar profiles but different value

levels for each channel exist. Second, basic physical

principles are accounted for in our data augmentation

method since the brake torque is varied along with the

brake pressure. The range of brake pressure and torque

pressure is computed over the data set, and the torque is

varied by the same relative amount as the pressure. The

main physical effect underlying our data is therefore

accounted for. Any secondary effects such as a greater

rise in rotor temperature with a greater energy input due

to a greater brake torque are negligible locally because

the induced changes are small. There are data samples

in our experimental data set that support this hypothe-

sis, as shown in Fig. 8. Each subfigure shows two sam-

ples taken from our experimental data set. Figure 8a

shows two samples with different rotational velocities,

where all other measurement channels are very similar.

Figure 8b shows two samples with different brake pres-

sure, and, respectively, different brake torque, where

all other channels remain similar. Figure 8c shows two

samples for which both quantities are varied, but the

remaining channels are similar. These three data sam-

ples illustrate that variations like the ones we are per-

forming in our data augmentation process do in fact

exist in our data set and that it is reasonable to believe

that our approach is physically meaningful.

Nevertheless, it can be assumed that the augmented

data is more meaningful closer to the base sample and

that the resulting state map is more reliable the smaller

the extent of the data augmentation. Improving the data

augmentation process and including some measure of

confidence in the final state maps are interesting and

important points for further research.

A matrix of 100 by 100 augmented samples is gen-

erated using our data augmentation procedure, which

densely fills up the parameter space spanned by the two

chosen features maximum rotational velocity vrot,max

and maximum brake pressure pmax, as shown in Fig. 7.

As the system state for these newly generated data sam-

ples is not known a priori, these are marked by gray

dots. In theory, it is possible to choose an arbitrarily

high number of samples to fill up the space arbitrarily

densely; however, the computational cost involved has

to be taken into consideration.

Finally, the trained CNN obtained in Sect. 2.3 is

queried for the system state for each sample in the aug-

mented data set. If the model has picked up the hidden

underlying dynamic mechanisms correctly, it can pre-

dict the system state for these synthetically generated

data samples, filling up the white spaces in the state map

given by the experimental data alone. This way, a state

map over the entire parameter space is generated, as

illustrated in Fig. 2. The state map divides the param-

eter space into squealing and non-squealing sections

according to the binary label defined in the initial pre-
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Fig. 7 Data augmentation. The physics-consistent data aug-

mentation process forms the basis for the state map computa-

tion. First, a featurization of the full-scale data samples with

two parameters is chosen. In this case, the maximum rotational

velocity vrot,max and maximum brake pressure pmax for a given

4-s sample. Plotting the system state in form of blue dots for

non-squealing measurement samples and red squares for squeal-

ing samples over these two parameters yields a sparely sampled

state map. To fill in the blank spaces, a systematic variation of

the two parameters vrot,max and pmax is performed from one base

sample by adding constant values to the respective time series

vrot and p of the base sample. The other measurement channels

are kept at their initial time series to separate out the two chosen

parameters. However, to remain consistent with the physics of

the system, the brake torque M is varied along with the brake

pressure p. The result of the data augmentation process is a new,

synthetic set of input data for which the system state is not yet

known and thus illustrated by black dots in the right image

processing routine. Theoretically, it would be possible

to validate the obtained results by comparing the pre-

dictions of the ML model for specific vrot,max and pmax

to the known system state for the same value range

from the experimental data set. However, the results

presented in the next section indicate that a proper val-

idation requires the samples to match not only in terms

of vrot,max and pmax, but also in terms of hidden vari-

ables, which makes finding appropriate samples hard if

they even exist in the experimental database. Develop-

ing a sophisticated validation scheme is therefore left

for future work. Exemplary results are shown in the

following section.

The entire process from generating the augmented

data set to obtaining the state map can be repeated for

different base samples, generating as many state maps

as there are samples in the measurement data. By aver-

aging the binary system state overall computed state

maps, a probability state map can be computed, which

contains not only binary 0/1 labels but probability val-

ues between 0 and 1, which approximate the probabil-

ity of the system state to be squealing for a given set

of parameters, here pmax and vrot,max. This probability

state map is also presented in the next section.

3 Results

As explained in the previous section, the content of the

synthetically generated data set depends on the chosen

base sample. From a given data set, it is thus possible to

obtain as many state maps for a given system as there

are different base samples available within this frame-

work. It is found that the shape of the squealing/non-

squealing areas within a binary state map depends heav-

ily on the underlying base sample, as will be elaborated

on in the following.
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Fig. 8 Validation of the data augmentation procedure. Samples

taken from the experimental data set underline the validity of the

data augmentation method. In each subfigure, two experimental

data samples are shown that differ only in 8a maximum rotational

velocity vrot,max, 8b maximum brake pressure pmax and torque

Mmax, and 8c all of these dimensions, while the remaining vari-

ables are very similar

Figure 9 shows two state maps, 9a and 9b, which

are generated from two base samples as indicated

by black stars in each subfigure. At a first glance,

the two base samples appear to be similar since they

are located closely together on the state map with

pmax,1 = 22.5 bar, pmax,2 = 22.5 bar, and vrot,max,1 =
78.5 1/min, vrot,max,2 = 78.8 1/min, and the system

state for both given samples is non-squealing. How-

ever, the resulting state maps look different. While the

first state map 9a shows only a small squealing area

for high brake pressures and low rotational velocity,

accompanied by another small squealing area around

pmax = 15 bar and low rotational speed, the second one

9b not only connects these two areas but expands them

to higher rotational velocities and a small, disconnected

island of the squealing state appears at about pmax =

5 bar and vrot,max = 100 1/min. A closer look at the

two base samples, see 9c, reveals that the qualitative

dynamics of the system within the given 4-s intervals

are different. While the brake pressure and brake torque

decrease overall in sample one (illustrated by the dark

blue line), these two parameters increase in total in the

second sample (shown by the dashed light blue line),

and the peaks of the respective channels, though reach-

ing a similar maximum, are located at different times

in each sample. Additionally, the gradients of both the

friction coefficient and the disk temperature differ from

one sample to the other. Considering the differences in

the underlying hidden parameters in the two base sam-

ples, it is not surprising that the resulting state maps

appear unalike. On the contrary, this observation indi-

cates that the machine learning model has picked up

some hidden variables and features in the training pro-

cess and predicts the system state for a given sam-

ple based on a system understanding beyond a sim-

ple threshold on brake pressure and rotational velocity.

Otherwise, the state maps would be the same for the

same value range of pmax and vrot,max, independently
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Fig. 9 State maps from base samples with similar pmax and

vrot,max. Exemplary state maps (a) and b computed using two

different base samples c in the data augmentation process. The

location of the base sample in each state map is marked by a

black star. Red areas indicate the system state as “squealing,”

while blue areas indicate a non-squealing state. The two state

maps appear quite different, even though the base samples are

located closely together in the pmax and vrot,max parameter space.

A closer look at the qualitatively very different dynamics between

sample 1 (dark blue line) and sample 2 (light blue, dashed line)

in (c) suggests that the neural network model has indeed picked

up hidden mechanisms and predicts the system state based on

a complex system understanding beyond a mere pressure and

velocity threshold

of the remaining dynamics that may be prominent in

the sample.

Following this reasoning, state maps generated with

two similar base samples, namely samples that exhibit

matching dynamics over time, should generate resem-

bling state maps for our method to be consistent. Fig-

ure 10 shows that this is the case: The two base samples

in 10c not only share almost identical maximum param-

eter values but also exhibit qualitatively very similar

dynamics over all measurement channels, and the cor-

responding state maps in 10a and 10b match well. It can

be concluded that our method yields congruent results,

consistently exploiting hidden features from the input

time series that are not directly accessible from the out-

side.

The results displayed in Figs. 9 and 10 illustrate that

the state maps generated from different base samples

with qualitatively different dynamics can be quite dif-

ferent. This distinctness is to be expected since it is

well known that the appearance of brake squeal does

not solely depend on a velocity or pressure threshold,

but originates from a more intricate mechanism. It is

reasonable to extend the concept of a binary state map

to a probability state map, where the probability of the

system operating in one state or the other for a given set

of features is approximated within a value range from 0

to 1. As introduced in Sect. 2.4, such a probability state

map can be obtained by computing a large set of binary

state maps and averaging across the results. To obtain

the probability state map shown in Fig. 11, N = 1223

binary state maps were calculated and combined. The

resulting probability state map represents how likely

it is that the dynamical system, here the friction brake,

assumes one of the two states, non-squealing or squeal-

ing, for a given maximum brake pressure and maximum

rotational velocity over a given time span. Since many

different base samples with different hidden variables,

such as other channels or derivative measures, underlie

each binary state map, the individual state maps used to

compute the probability state map may differ. In aver-

aging over a large number of samples, the influence of

the hidden parameters is smoothed out, and the prob-
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Fig. 10 State maps from base samples with similar pmax and

vrot,max, and similar dynamics. For two base samples that not

only match in terms of maximum values but also in terms of

qualitative dynamic behavior (see (c)), the resulting state maps

a and b appear very similar, illustrating the consistency of the

method. State map 1 in a is generated based on sample one,

shown by the dark blue line in (c), while state map 2 b is gener-

ated from sample 2, represented by the light blue dashed line in

(c)

ability of different phenomena can be estimated. For

example, it can be concluded from the probability state

map in Fig. 11 that the island of the noisy state at low

pressure and velocity visible in Fig. 9b rarely occurs

for the given pmax and vrot,max and its appearance is

therefore highly dependent on the hidden variables.

4 Conclusion

A method for obtaining fine-grained maps repre-

senting the state of a dynamical system within a

space spanned by operational conditions and high-

dimensional parameters has been proposed in this

work. Such a state map is difficult to obtain from

numerical analysis or experimental data alone due to

reasons including parameter uncertainties, numerical

costs, and time consumption of experiments. Especially

in the case of brake systems, where the system likely

depends on small-scale parameter variations, existing

measurements represent only sparse support in the

parameter space. The presented method uses machine

learning and physics-consistent data augmentation to

generate state maps for the input samples in a time-

Fig. 11 Probability state map. A probability state map is

obtained by computing binary stability maps for N = 1223 dif-

ferent basis samples and averaging over the results. The map

thus encodes the probability of the brake system to operate in

the squealing or non-squealing state, where 1 indicates a 100 %

chance of operation in the squealing regime and 0 represents a

100 % chance of arriving in the non-squealing regime

and cost-efficient manner. By calculating many binary

state maps using different base samples and averag-

ing over them, probability state maps can be obtained
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that encode the probability of the dynamical system

operating in one of two states. This way, only a lim-

ited number of real-world experiments are necessary to

generate a full-scale and highly resolved state map. The

method is shown to yield consistent results, exploiting

the complex system representation picked up by a neu-

ral network during the training phase. The resulting

state maps indicate the influence of the chosen param-

eters on the system state, while clearly illustrating that

these are not the only relevant factors driving the sys-

tem state. On the contrary, our results indicate that the

chosen parameters, while providing an intuitive featur-

ization for visualizing the data, cannot be taken as a

single measure for reproducing the exact data labels.

Testing different featurization or higher-dimensional

state maps could yield additional insight into the driv-

ing mechanisms, which constitutes a starting point for

future work.

Even nonlinear phenomena, such as multi-stability,

become manageable through an appropriate choice of

input data, i.e., by including the relevant initial condi-

tions into the input data set. Choosing suitable param-

eters for the axes of the state map would make it pos-

sible to unfold even the hidden mechanisms driving

the system through more than two states. The many

interesting conceivable extensions to the proposed con-

cept constitute additional possibilities for future work,

including integrating a confidence interval into the

computation of a probability state map such that the

impact of each sample decreases radially around the

initial feature values. An expansion of the method to

higher-dimensional state maps by adding more param-

eters in the featurization is straightforward and might

yield detailed insight into the mechanisms underlying

dynamical regime changes.

This work hopes to contribute to a machine learning-

driven system understanding beyond simple system

representation and black-box modeling. As more and

more real-world measurement data is available, data-

based methods become increasingly valuable when it

comes to analyzing dynamical systems. With a grow-

ing demand for sophisticated machines that can operate

even under severe and changing environmental condi-

tions, the need for a more detailed understanding of the

underlying dynamics of a given system rises as well.

The proposed method for data-driven state maps consti-

tutes a significant step toward machine learning-based

system understanding.
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A B S T R A C T

Some aspects of engineering dynamics, such as nonlinearities and transient motion of many
interconnected parts, remain difficult to handle today. To comply with increasing demands
on resilience and safety, the dynamics of large machines need to be better understood.
Complex network methods, already present in many scientific disciplines, provide a tool set
complementary to conventional methods of system analysis. This work aims at providing a
new, function-based view on mechanical systems by generating functional networks. To this
end, a network algorithm is applied to sets of cyclically coupled Duffing oscillators as a
common example of a complex nonlinear mechanical system. In the functional network, each
node represents an oscillator while the direction of the network edges represents a functional
coupling. Results show that the network method is capable of identifying dynamical transitions
and synchronization between components, as well as determining the number of different
states present within a system. Additionally, the time evolution of the component interactions,
especially in response to a disturbance, is studied via a sliding-window approach. The results
of this analysis might hopefully open new ways for a more efficient system analysis through
optional sensor placement, and for effective countermeasures against unwanted dynamics
through improved analysis of transient dynamics.

1. Introduction

Engineering dynamics studies large machines, which consist of many connected moving parts. The analysis of these systems is
often challenging in practice [1]. Large deformations of machine parts [2], joints [3], friction [4,5], or material nonlinearities [6,7]
cause nonlinear effects. These nonlinearities, as well as transient loads and motion, combined with a large number of degrees
of freedom, still pose challenges to state-of-the-art system understanding and modeling approaches. At the same time, the need
for lightweight structures that can withstand large and unsteady environmental loads is growing. Examples of such structures
are offshore wind turbines, satellites, and space antennas. To avoid unwanted and potentially harmful vibrations, for example,
in the blade of a turbine, a deeper understanding of the dynamics of these systems becomes crucial. Transfer path analysis [8] and
operational deflection shape analysis [9] provide a tool set for studying the dynamics of composed structures. The accuracy of the
former relies on accurate measurements and suitable sensor placement to collect appropriate data for the analysis [10]. Despite
the available techniques, the identification and analysis of functional dependencies, and especially the study of transient motion,
remain challenging for engineers. This work provides a complementary view of these issues in structural machine dynamics by
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representing the mechanical structure as an alternative network model. Classical, geometry-based models represent these mechanical
systems as components which are connected via springs and dampers based on their geometrical coupling or, in other words, their
geometrical proximity. In our functional networks, each node also represents a component of the mechanical structure. In contrast
to the mechanical model, the edges of the network represent functional interrelations obtained from a network-based approach.
These functional interrelations are based on the dynamical interaction of the components, instead of their geometrical proximity.
This approach opens the door for a variety of new network-based tools.

Network methods are popular in many fields of science, such as mathematics, physics, biology, computer science, the social
sciences, medicine, and climate research [11–15]. Common examples of networks include the internet, neural networks [16], social
networks [11], or power grids [17,18]. The investigation of dynamical systems as a network provides complementary tools for time
series analysis [11,15] by generating a network from (measurement) time series data. This transformation from time- to network
domain makes it possible to study the time series through the properties of the resulting network [19,20]. Based on this approach,
network analysis has been used to identify coupling properties between different system components of a dynamical system [21–23],
detect anomalies [24] and distinguish various dynamical states [25–28]. Aspects of transient motion of the system can be studied in
the network domain, such as regime changes [29] and types of synchronization [28,30–33]. A detailed review of network methods
for the study of dynamical systems and their possibilities can be found in [15].

In this work, network analysis with the inter-system recurrence network (ISRN) method [21] is applied to a classical toy model
for a mechanical systems, a set of coupled Duffing oscillators, to generate a functional network. ISRN analysis has been used to
identify the direction of links between two weakly coupled Rössler systems and to study the interrelation between two paleoclimate
time series in [21], making it an appealing candidate for analyzing the functional dependencies between distinct components. The
nonlinear Duffing oscillator, or sets of coupled Duffing oscillators, are a model system in many engineering applications such as
forced coupled pendulums [34], alternating current electric fields [35], or vibrating bladed discs [2,36–38] which exist for example
in aircraft or wind turbines [2]. The obtained functional network is then used to study functional dependencies within the mechanical
system at different dynamical states, as well as the evolution of the network structure during transient processes.

The remainder of this work is structured as follows: In Section 2, the model system used in this study is presented, followed by
an introduction of the applied network methods in Section 3. Section 4 includes the results for the functional network and analysis
of a transient system. A discussion of the results is provided in Section 5. The paper closes with a conclusion in Section 6.

2. Coupled duffing oscillators

The Duffing oscillator is a well-known dynamical system whose dynamics have been described extensively in several works [36,
39,40]. In engineering, a single Duffing oscillator represents a common model for systems with nonlinearities due to material
nonlinearities, or large deformations or motions. Example of these systems are a nonlinear pendulum [34], systems with a nonlinear
spring [2] or a single blade [2,36–38]. More complex structures such as bladed disks in turbines, wind turbines, or space antennas,
can be modeled by coupling several Duffing oscillators [2]. In these models, one machine component can be represented by a
single oscillator. The Duffing oscillator exhibits rich dynamical behavior [36,39–41]. For specific parameter combinations, the single
oscillator exhibits bi-stability [2,39], and chaotic behavior [39,40]. Correspondingly, sets of coupled oscillators may exhibit multi-
stability. The bi- or multi-stability property can give rise to potentially harmful localized vibrations in coupled systems [2], where a
single oscillator or a group of oscillators vibrates at a much higher amplitude than the overall system. In practice, this phenomenon
can lead to system failure, for example if a turbine blade breaks due to high stress induced by high-amplitude oscillations.

A single, forced Duffing oscillator [39] is described by

mẍ + dẋ + klx + knlx
3 = f (t), (1)

where m is the model mass, d the damping coefficient, kl and knl the linear and nonlinear spring stiffness. The system displacement
is given by x, its velocity by the time derivative ẋ and the acceleration by ẍ. The forcing f (t) = F cos(
t) is defined as harmonic
forcing with amplitude F and angular frequency 
. The damping is defined as Rayleigh damping d = �m+�kl with mass- and spring-
proportional factors � and �, respectively. In this work, the parameter values are chosen such that the system exhibits bi-stability
and the excitation frequency lies in the bi-stable regime. An overview of the parameters is given in Table 1. Fig. 1 illustrates the
bi-stability behavior and hysteresis of the system for the given parameter settings. When the forcing frequency 
 is increased from
zero, the amplitude x̂ of the system response follows the path marked by red triangles and increases to x̂ = 1.72 m at 
 = 2.17 rad
s−1, where it suddenly drops to values around x̂ = 0.3 m. On the other hand, if the forcing frequency is decreased, the amplitude
follows the lower branch, marked by blue crosses, and jumps to a higher value of x̂ = 1.55 m at 
 = 1.89 rad s−1. The area between
1.89 < 
 < 2.17 rad s−1 defines the bi-stability region. In this work, the oscillator is excited at a frequency 
 = 2 rad s−1 within
that region, marked by a black dashed line. The right panel of Fig. 1 shows the time response of the Duffing oscillator with the
given parameter settings for two different initial conditions. The initial conditions are defined as x0 = [x0, v0], where x0 is the initial
displacement and v0 is the initial velocity of the oscillator. When starting from x0,1 = [1, 0], the mass oscillates with a much higher
amplitude than when starting at x0,2 = [0.1, 0].

For the purpose of studying a mechanical system made of several oscillators through a functional network, a system of M = 5

cyclically coupled Duffing oscillators with nearest-neighbor coupling is implemented, see Fig. 2. Similar systems are used as minimal
models in engineering to model bladed disks, as described in [2,36,42]. The equation of motion for the nth oscillator is given by

mẍn + dẋn + klxn − kc(xn−1 + xn+1 − 2xn) + knlx
3
n
= f (t), (2)
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Table 1
Model parameters. Overview of the model parameters used in this study, unless specified otherwise.

Measure Symbol Unit Value

Mass m kg 1
Damping prop m � s−1 0.1
Damping prop k � s 0
Linear spring kl N m−1 1
Nonlinear spring knl N m−3 2
Coupling spring kc N m−1 0.1
Forcing amplitude F N 1
Forcing frequency 
 rad s−1 2

Fig. 1. Duffing oscillator with given parameter settings. The amplitude of the system response x̂ follows two different paths for an upward- (red triangles) and
downward (blue crosses) frequency sweep over the forcing frequency 
. The bi-stability region is located at 
 = [1.89, 2.17] rad s−1, where two stable solutions
exist. The dashed line marks the chosen excitation frequency 
 = 2 rad s−1. On the right, the system responses for two different initial conditions x0,1 = [1, 0]

(red), x0,2 = [0.1, 0] (blue) are shown, illustrating the dependence of the oscillation amplitude and phase on the initial conditions. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Model system composed of a chain of M = 5 cyclically components. Each component is represented by a Duffing oscillators with nearest-neighbor
coupling. The figure shows a only section of the entire model, using three oscillators to illustrate the nearest-neighbor coupling. The system is described by
model masses m, the Rayleigh damping d = �m+ �kl, linear and nonlinear springs kl and knl and the connecting linear springs kc. The displacement is given by
xn, and each mass is driven by an harmonic forcing fn(t) = F cos(
t).

where kc describes the linear nearest-neighbor coupling spring. These types of coupled systems are known to exhibit complex
dynamic behavior, such as nonlinear vibration localization [2], where a subsystem oscillates with much higher amplitude than
the remainder of the system. This phenomenon is known to be caused by manufacturing imperfections (mistuning), but has also
been shown to arise in fully homogeneous and symmetric structures due to bifurcations [2], as is the case for the model system at
hand. The resulting high-amplitude oscillations cause a large amount of stress in the affected system components. This stress can lead
to component and even system failure. Localization is therefore a potentially harmful phenomenon in the engineering context [2].

Eight different dynamical states of the five-oscillator system are studied, see Fig. 3. Each panel shows the dynamics of the entire
five-oscillator system over time. Within a panel, a row represents a single oscillator of the system and the x-axis represents time.
The deflection of each mass is mapped to a color bar. The first four states (a) to (d) are achieved solely by variation of the initial
conditions, while the latter four (e) to (h) require variations from the system parameters in Table 1. The states in (a) and (b) show
a uniform motion with all oscillators in low or high amplitude, respectively. Panels (c) and (d) show localized harmonic vibrations
with one and three masses at high amplitudes, while all other masses vibrate at low amplitudes. Localized vibrations with higher
periods are achieved by increasing the forcing amplitude to F = 35 N, see panels (e) and (f). By changing the forcing frequency
from well within the bi-stability region to values at the border regions 
 = 1.873 rad s−1 in panel (g) and 
 = 2.295 rad s−1 in
panel (h), fronts are created [43], which propagate a specific state depending on the initial conditions. The initial conditions are
presented in the Appendix.
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Fig. 3. Dynamics of the Duffing oscillator chain with M = 5 masses. The system parameters are as listed in Table 1, unless specified otherwise. (a) uniform
oscillation at low amplitude, (b) uniform oscillation at high amplitude, (c) localized harmonic vibration: one oscillator with high amplitude, (d) localized
harmonic vibration: three oscillators with high amplitudes, (e) localized higher-periodic oscillation: one oscillator in higher-periodic oscillation, where F4 = 35 N,
(f) localized higher-periodic oscillation: of three oscillators, where F2,3,4 = 35 N, (g) transient motion: front at lower end of bi-stability region, where 
 = 1.873 rad
s−1 and (h) transient motion: front at upper end of bi-stability region, where 
 = 2.295 rad s−1. The initial conditions x0,i for the ith case are given in the
Appendix. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Although the studies in this work are limited to a homogeneous system composed of components with two states each, the
approach would be equally valid for a system with components with any number of states, or even a heterogeneous system where
the individual components have different numbers of states. The method focuses on the analysis of time series data, which could
also be obtained from a system described by a partial differential equation, as long as a discretized time series is available.

The time series data used in the following studies is generated by integrating Eq. (2) using the integrator ‘dopri5’ in Python
Scipy [44]. ‘Dopri5’ is an explicit Runge–Kutta method of order 4(5) with step size control and dense output [45]. The resulting
time series have a length of t = 100 s and are discretized with a step size of dt = 0.05 s.

There is a large variety of well-established tools that can be employed to study data from complex nonlinear models. Most of these
methods are based in time- or frequency domain. This work aims at building a complementary perspective, given by a functional
network. This alternative view on the dynamics of a mechanical system focuses on functional dynamical relationships rather than
geometrical proximity. The following section introduces the inference of functional networks based on a specific network algorithm,
the inter-system recurrence network.

3. Inter-system recurrence networks and functional networks inference

In recent years, a number different methods for inferring networks from time series have been developed [15]. One group of
methods are recurrence-based networks (RN) [46–50], which generate a network based on the mutual proximity of two observations
in phase space. A particular recurrence-based network algorithm for the study of bi-variate data is the inter-system-recurrence
network (ISRN) [15,21], which is the subject of this study. This section is dedicated to introducing the idea of RN in general and
ISRN in particular, as well as an expansion of the ISRN-method to multi-variate data which is developed as part of this work to
generate functional networks. An overview of the work flow for the generation of functional networks is shown in Fig. 4.

3.1. Recurrence networks

Recurrence networks are derived from recurrence plots [51]. The concept of recurrence in dynamical systems, prominent for
example in recurrence quantification analysis, has developed into a well-studied field of research [52]. As an extensive amount of
literature on this topic is already available, for example in [51,53], only a short introduction will be given in this section. Following
the notation in [21], a recurrence plot is computed as follows. Measurements are taken from a dynamical system X at distinct times
ti(i = 1,… , NX ). The dynamical system can be deterministic or stochastic [15]. By denoting xi = X(ti), a time series {xi}

NX

i=1
is

obtained. In the case of this study, the time series xi represents the solution to a dynamical system represented by a second order
differential equation. If the underlying system X is time-discrete, the time series data can be used directly. Time series data from
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Fig. 4. Overview of the network generation process. Each of the M components of the model system becomes a node of the functional network. Here,
each component is represented by a single Duffing oscillator. The direction of the edges between the nodes is determined via an iterative approach using ISRN
measures. For every possible combination of two components (or, accordingly, nodes), time series measurements are obtained, an inter-system recurrence network
is computed and the cross-clustering and transitivity measures are used to infer the direction of the edge between those two nodes. If Cdiff < −�, Tdiff < −�, the
coupling direction is from X to Y , for Cdiff > �, Tdiff > �, it is Y to X, and for −� < Cdiff < �,−� < Tdiff < � bi-directional coupling is defined. This process is
repeated until each component has been compared with each other component, yielding M!∕(2(M − 2)!) combinations in total. The resulting functional network
is directed, but not weighted.

a time-continuous dynamical system has to be sampled with a finite frequency. A recurrence plot is defined as a matrix RX with
entries

RX
ij
(") = RX (xi, xj |"X ) = �("X − d(xi, xj )), (3)

where d(xi, xj ) = ‖xi−xj‖ measures the supremum norm between two observations in phase space, � is the Heaviside function, and
"X is a fixed distance measure. This threshold defines a fixed volume of the phase space, within which two observations are counted
as recurrent. Alternatively, it is also possible to perform the analyses using the reconstructed phase space of the discrete time series
obtained through delay embedding, at the cost of introducing two additional hyperparameters, namely the embedding dimension
and the time delay. The recurrence network is obtained by interpreting the resulting recurrence matrix RX as the adjacency matrix
AX of a network [47,49,50]. To exclude self-loops, the main diagonal of the adjacency matrix is set to zero with

AX
ij
("X ) = RX

ij
("X ) − �ij , �ij =

{
1, i = j

0, i ≠ j
, (4)

where �ij is the Kronecker delta. The resulting network has N
X nodes, which are connected if they lie within a fixed phase space

volume "X of each other. Because the recurrence is defined through a fixed volume of the phase space, the network is called an
"-recurrence network. The resulting network is unweighted and undirected.

3.2. Inter-system recurrence networks

Inter-system recurrence networks [21] form an extension of the RN concept for bi-variate time series data. The following
presentation follows the notation introduced in [21]. A description of the algorithm can also be found in [15]. To study the bi-
variate case, a second dynamical system Y is introduced. The two dynamical systems X and Y should share the same physical units
and phase space dimension to obtain physically meaningful results [15,21,51]. Applications of the inter-system recurrence theory to
cases where systems do not share the same physical units or phase space are possible using specific transformation approaches [21].
However, results from these comparisons but should be interpreted carefully, as there is no mathematical foundation for the
treatment of the conceptual problems that arise [21]. Analogously to the above description of a time series {xi}

NX

i=1
of a dynamical

system X, the second dynamical system Y is measured at times tj (j = 1,… , NY ) to generate a second time series {yj}
NY

j=1
. The time

series length and sampling frequency of the two time series {xi}
NX

i=1
and {yj}

NY

j=1
do not need to be identical, as the method does

not make use of time information directly, but leverages geometric properties of the system. Accordingly, both time series have to
sample a sufficient part of the underlying attractor. For each of these time series, the corresponding adjacency matrices AX and AY

are obtained as defined in Eqs. (3) and (4), with fixed volumes "X and "Y of the phase space. Additionally, a cross-recurrence plot
is computed as

CRXY
ij

("XY ) = �("XY − d(xi, yj )), (5)

where d(xi, yj ) = ‖xi −yj‖ denotes the supremum norm between two observations of the two different time series. In contrast to the
cross-recurrence plot, which requires two dynamical systems with identical phase space and physical units, but allows for arbitrary
time series length and sampling points, an alternative method, exists. The joint recurrence plot requires identical time series length
and sampling points, but allows for different phase space dimensions and physical units. The cross-recurrence matrix CRXY defines
the connectivity between two nodes of different networks [21]. As in an adjacency matrix, two nodes are connected if the respective
entry in CRXY equals one, and disconnected if the entry is zero. Due to the symmetry of the problem, the second cross-recurrence
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matrix is the transpose of the first, CRY X = [CRXY ]T. The ISRN is set up by combining the adjacency matrices AX and AY derived
from each time series with the cross-recurrence matrices CRXY and CRY X to an adjacency matrix

AISRN(") =

[
AX ("X ) CRXY ("XY )

CRY X ("XY ) AY ("Y )

]
, (6)

where " = ["X , "Y , "XY ] comprises the fixed phase space thresholds for each individual computation. This inter-system recurrence
network embodies a network with two sub-networks. The two adjacency matrices AX and AY represent networks from the two
individual systems, while the two cross-recurrence matrices CRXY and CRY X constitute the connections between the two networks.

The ISRN method requires a choice of the threshold parameters ". There are a number of studies on the determination of a
suitable threshold parameter, for example in [46–48,54]. The threshold parameter " determines the recurrence rate RR in the
recurrence plot, and therefore the link density of the resulting recurrence network. For practical considerations, it is common to
fix the recurrence rate instead of the threshold parameter in the context of recurrence networks [21]. Ideally, the recurrence rate
is large enough such that most of the nodes in the resulting network are connected within one large component, but small enough
to keep the overall connectivity small. For many systems, RR < 0.05 is a good choice [21]. To obtain an ISRN that represents two
connected networks rather than one large network, there have to be more intra-system than inter-system connections. That is, the
intra-system recurrence rates RRX and RRY , defined by

RR =
1

N2

∑
i

Rij (7)

have to be larger than the inter-system recurrence rate, which is given by

RRXY =
1

NXNY

∑
ij

CRXY
ij

, (8)

as recommended in [21,46,48]. The inter-system recurrence rates RRXY and RRY X are kept identical, as the symmetry of these
components is crucial to the proposed method, as described in the following section. Studies have shown that network measures
depend on the choice of threshold parameter [47]. However, the method proposed in this work does not require exact quantities,
but relies on the asymmetry of two network-based measures, which will be introduced in the next section. Therefore, it can be
assumed that the exact choice of " is not crucial for this method. In this work, the phase space thresholds in " are chosen such that
the recurrence rates are RRX = 0.03, RRY = 0.03 and RRXY = 0.02, based on the parameters given in [21]. The computation of the
inter-system recurrence network and the related measures is performed using the pyunicorn package [55] in Python. Numerically
expensive computations are performed in compiled C, C++, or FORTRAN code, rendering the computations relatively efficient. For
example, computing a cross-clustering coefficient in Eq. (10) from a 2000 × 2000 adjacency matrix takes 0.17 s on a 12-core Intel
Core i7 CPU with 2.6 GHz running Ubuntu 20.04.

3.3. Inference of functional interrelations

Two properties of the ISRN, namely the global cross-correlation coefficient C and the global cross-transitivity T , can be used to
infer functional interrelations between two components X and Y [21]. A short definition and background of these two measures,
based on the descriptions in [21,56], is given in this section. For more detailed information on general network properties,
see [14,15]. The network measures are defined for a network G = (V ,E) with edges E and nodes V = {1,… , N}. In the case of the
ISRN, the network consists of the sub-networks V X and V Y . For the following description, consider a single node in sub-network
V X which is called v and two exemplary nodes of V Y which are called p and q. The global cross-clustering coefficient CXY describes
the probability of a node v ∈ V X to have pairs of mutually connected neighbors in V Y . It is calculated as the average over all local
cross-clustering coefficients

CXY
v

=
1

kXY
v

(kXY
v

− 1)

∑
p,q∈V Y

AISRN
vp

AISRN
pq

AISRN
qv

, (9)

such that

CXY = ⟨CXY
v

⟩v∈V X , (10)

where kXY
v

=
∑

q∈V Y AISRN
vq

denotes the cross-degree. On the other hand, the cross-transitivity TXY defines the probability that two
nodes p, q in sub-network V Y are connected if they are both connected to a node v in sub-network V X . It is computed as

TXY =

∑
v∈V X ,p≠q∈V Y AISRN

vp

A

ISRN

pq
AISRN
qv

∑
v∈V X ,p≠q∈V Y

AISRN
vp

AISRN
vq

, (11)

counting the number of ‘‘cross-triangles’’ over the number of ‘‘cross-triples’’. Both measures are not invariant under the permutation
X ↔ Y , such that CXY ≠ CY X and TXY ≠ T Y X .

In our functional network, the direction of an edge between two nodes represents a functional relationship between the
corresponding components. The basic idea of inferring a functional interrelation between two components using an ISRN is presented
in [21]. In the case of uni-directional and attractive diffusive coupling from X to Y , the trajectory of Y is likely dragged towards
the trajectory of X, increasing the probability of finding triangles x − x − y, which add to T Y X and CY X , but not to TXY and
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Table 2
ISRN measures and related functional dependencies. A small threshold � = 0.02 is introduced to avoid wrong
detection of coupling direction due to small asymmetries which may arise due to small system detuning or
rounding.

Network measure Functional dependency

Cdiff < −�, Tdiff < −� X on Y

Cdiff > �, Tdiff > � Y on X

−� < Cdiff < �,−� < Tdiff < � Bi-directional or no dependency

CXY . The opposite is true for the inverse dependency. Therefore, T Y X > TXY and CY X > CXY is expected for a uni-directional
interrelation X → Y , and, accordingly, the opposite for the inverse dependency direction. For clarity, the differences are defined
as Cdiff = CXY − CY X and Tdiff = TXY − T Y X in this work, such that Cdiff > 0 and Tdiff > 0 implies a dependency of Y on X,
and Cdiff < 0 and Tdiff < 0 implies dependency of X on Y . In the case when the two systems are not interrelated, the measures
can be interpreted as arising randomly, such that Cdiff ≈ 0 and Tdiff ≈ 0. If the two systems share a symmetric bi-directional
interrelation, an equal attraction between the two time series is expected, and thus T Y X = TXY and CY X = CXY , such that Cdiff = 0

and Tdiff = 0. Unfortunately, the method does not yield a clear distinction between the case of no interrelation and bi-directional
dependency. For the purpose of this work, these ambiguous cases are always regarded as a bi-directional connection. The definition
of Cdiff = Tdiff = 0 for no or bi-directional dependency is found to be too strict in the given use case, since even small detuning, for
example in the natural frequencies of the two coupled systems, can lead to small asymmetries [15]. Therefore, a small threshold
� = 0.02 is defined, such that −� < Cdiff < �,−� < Tdiff < � define bi-directional or no interrelation, Cdiff < −�, Tdiff < −� represents
the X on Y - dependence case, and vice versa. A summary of the network measures and the corresponding functional dependencies
can be found in Table 2.

This method of inferring the functional interrelation, or edge direction, between two dynamical systems from ISRN measures has
a number of applications in literature, including the detection of coupling direction in a system of two coupled Rössler systems and
paleoclimate data [21], and the study of oil-water flow states [25–27]. In this paper, the method is used in an iterative manner to
generate a functional network from mechanical systems with more than two degrees of freedom. The procedure will be presented
in the following section.

3.4. Generation of functional networks

Generating functional networks from a system of multiple connected components is the goal of this work. To achieve this, the
method for inferring the functional interrelation between two components is applied in an iterative manner, as illustrated in Fig. 4.

The starting point in this study is a model system composed of five forced nonlinear Duffing oscillators, as introduced in Section 2.
A single Duffing oscillator represents one component of the model system. Each of the M components of the dynamical system
becomes a node in the functional network. To compute the connectivity of the nodes, the ISRN-based approach is taken. Every
possible pairing of components is listed. By picking a pairing, for example, xn and xn+1, and defining the measured displacement
time series from these components as xn = x and xn+1 = y, the ISRN analysis can be performed as described in Section 3.2. The
edge direction between the two corresponding nodes n and n+1 is then determined according to the procedure in Section 3.3. This
process is repeated until every combination of components (or nodes) has been analyzed. The resulting network has M nodes and
M!∕(2((M − 2)!)) unweighted, directed edges. Per definition, there is an, either uni- or bi-directional, edge between each node and
each other node.

In case of a 5-component or model system, the resulting network has five nodes, and can be described by an adjacency matrix
AISRN ∈ R

5×5. An exemplary network is shown on the left in Fig. 5, and the corresponding adjacency matrix AISRN is given in Eq. (12).
To get a clearer image of the resulting network, a network condensation is performed in a last step. Bidirectionally connected nodes
that share the same in- and out-edges, such as the nodes ‘‘3’’ and ‘‘4’’ in the aforementioned graph, are combined into a single node
‘‘34’’. Once all nodes are combined in this way, the edges between them are derived from the edges in the original graphs. The
resulting condensed network has a number of edges E ≤ N . For the exemplary network, the condensed version is shown on the
right-hand side in Fig. 5, and the respective adjacency matrix Acond ∈ R

5×5 is presented in Eq. (12). This visualization scheme is
related to community detection algorithms [57], and allows for a better overview over the connections and symmetries within the
graph.

To summarize, the networks in Fig. 5 are described by the adjacency matrices AISRN and Acond as

AISRN =

⎡⎢⎢⎢⎢⎢⎣

0 1 1 1 1

1 0 1 1 1

0 0 0 1 1

0 0 1 0 1

0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎦

→ Acond =

⎡⎢⎢⎣

0 1 1

0 0 1

0 0 0

⎤⎥⎥⎦
, (12)

where the nodes in the second matrix Acond are ordered by ‘‘12’’–‘‘34’’–‘‘5’’. Each of the nodes in the condensed network represents a
‘‘functional cluster’’, the nodes within exhibit similar dynamical behavior. For example, the node ‘‘12’’ combines nodes ‘‘1’’ and ‘‘2’’
together, indicating a dynamical similarity between the two. Links, or edges, between these functional clusters represent a functional
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Fig. 5. Condensation of a five-dimensional network to a lower dimensional one. Bidirectionally connected nodes with identical in- and out-edges are combined
into one node, allowing for a better overview of the graph structure. The corresponding adjacency matrices AISRN and Acond are given in Eq. (12).

relationship between these components. Each non-zero entry in the adjacency matrix defines an edge, such that A[i, j] describes an
edge from node i to node j. Note that the diagonal of the adjacency matrix is always zero in this work, since self-loops, or links
from one node to itself, are not allowed. Both the original and the condensed adjacency matrix are typically non-symmetric in this
study, as the networks are directed. The description of the system dynamics as a functional network allows for studying a number
of node–related as well as global network measures.

For example, the network size is defined by the number of nodes in the network, which is given by N for the original and by
E ≤ N for the condensed network. Node properties can be studied in terms of in- and out-degree. The former, defined as

kin,p =

E∑
q=1

Acond
qp

(13)

for the pth node, describes the number of in-links to a specific node. The out-degree represents the number of out-links from a node,
and is given by

kout,p =

E∑
q=1

Acond
pq

(14)

for the pth node. Each degree-measure can be summarized to a global network characteristic, the average in- or out-degree, which
is defined as

kavg = 1∕E

E∑
p=1

kp, (15)

where k can be kin or kout . A large number of additional network measures, such as clustering, efficiency, or average shortest path
length, exist [15]. An in-depth study of these additional measures on the functional network is left for future work, as larger systems
will likely make these analyses especially interesting.

4. Results

This work seeks to complement the geometry-based view of a mechanical dynamical system as a set of components and their
geometric connections by a functional perspective. In our functional networks, each node represents a mechanical component, and
an edge between two components indicates the functional connection between them. We thus hope to uncover a functional structure
for the underlying dynamics, revealing some more insight into the inner workings of the system. Such a functional structure could
yield insight into how the mechanical components interact with each other, and which of the components dominate the systems
dynamics. To this end, the iterative network-based approach described in Section 3.4 is applied to time series data obtained from
the model system of five cyclically coupled Duffing oscillators of Section 2. Two studies are performed: In the first study, functional
networks are generated from each of the dynamical states presented in Fig. 2. Two versions of the study are performed, one using
the entire time series and one discarding the transients, such that only the steady-state dynamics are considered. Thus, networks
from both transient and steady-state dynamics are obtained. The second study focuses on networks from transient dynamics. The
first front-like dynamics (panel (g) in Fig. 3), where an initial disturbance is propagated through the system, is investigated in more
detail. To do so, consecutive smaller samples are taken from the time series, and functional networks are computed for each sample,
unveiling the evolution of the functional dependencies over time. The results are shown in the following.

Fig. 6 shows the resulting networks for each of the system dynamics presented in Fig. 2. For every dynamical state, three different
networks are shown. On the left-hand side, the functional network inferred from the entire time series is shown in black, and the
network obtained when discarding the first 1500 time steps as transients in blue in the middle. On the right, the condensed networks
obtained following the procedure described in Section 3.4 are shown in red. Where the first two networks are not identical, two
condensed networks are shown.

Per definition of the method, there is an edge between each node and each other node in all networks. The functional networks
differ only in direction of the edges, which can be uni- or bidirectional. In contrast, the reduced networks vary in both size E

and link direction, as described by the node in- and out-degrees kin and kout . Table 3 summarizes the results in terms of network
measures of the condensed network.
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Fig. 6. Functional networks from systems of five Duffing oscillators with nearest-neighbor coupling operating in different dynamical states. For each state, the
functional network generated from the entire time series is shown in black on the left, the network obtained when discarding the first 1500 time steps of each
time series as transients in blue in the middle, and the smaller networks, where similar nodes are combined for clarity, as shown in red in the right panel.
Images correspond to the dynamics shown in Fig. 3: Uniform oscillation with (a) low and (b) high amplitude, localized harmonic vibrations of (c) one and (d)
three oscillators, localized higher-periodic vibrations of (e) one and (f) three oscillators, front like dynamics (g) one and (h) two. For the last two cases (g) and
(h), where the networks with and without transients are not identical, two condensed networks as shown. The edge color of the nodes in the reduced network
shows which larger network it relates to. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Table 3
Network measures: analysis of the condensed functional networks.

Case Size E Node list In-degrees kin Out-degrees kout

(a) 1 [‘‘12345’’] – –
(b) 1 [‘‘12345’’] – –
(c) 3 [‘‘12’’, ‘‘35’’, ‘‘4’’] [2, 1, 0] [0, 1, 2]
(d) 2 [‘‘15’’, ‘‘234’’] [1, 0] [0, 1]
(e) 3 [‘‘12’’, ‘‘35’’, ‘‘4’’] [2, 1, 0] [0, 1, 2]
(f) 2 [‘‘15’’, ‘‘234’’] [1, 0] [0, 1]
(g.1) 2 [‘‘1’’, ‘‘2345’’] [1, 0] [0, 1]
(g.2) 2 [‘‘125’’, ‘‘34’’] [0, 1] [1, 0]
(h.1) 3 [‘‘1’’, ‘‘25’’, ‘‘34’’] [2, 0, 1] [0, 2, 1]
(h.2) 3 [‘‘1’’, ‘‘25’’, ‘‘34’’] [1, 0, 2] [1, 2, 0]

The top two cases (a) and (b) show functional networks generated from uniform oscillation with low and high amplitude,
respectively. Both functional networks are fully connected with all bi-directional edges, resulting in a functional network of size
Ea,b = 1. The corresponding condensed network has a single node ‘‘12345’’, since all nodes with bi-directional links that share the
same in- and out-edges get combined into one. There is no difference between the networks obtained with and without transients.

The system with a localized vibration of one oscillator at high amplitude in (c) yields a less homogeneous functional network. The
functional networks generated from the full and the truncated time series are the same. Most of the edges become uni-directional,
except for bi-directional edges between the nodes ‘‘1’’ and ‘‘2’’, and ‘‘3’’ and ‘‘5’’, which are integrated into functional clusters.
Accordingly, the size of the condensed network is Ec = 3, with nodes [‘‘12’’, ‘‘35’’, ‘‘4’’]. The node list captures the symmetry
within the system: node ‘‘4’’ corresponds to the component that vibrates at high amplitude, and the remaining nodes are combined
in accordance with their distance to this component. The lists of in- and out-degrees encodes a functional hierarchy within the
network. The node ‘‘4’’, the node with the lowest in- and highest out-degree, appears as leading node with edges to ‘‘12’’ and ‘‘35’’.
An additional edge from ‘‘35’’ to ‘‘12’’ can be observed, making node ‘‘12’’ the one with the highest in- and lowest out-degree.
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The localized vibration with three masses at high amplitudes (d) results in a slightly different functional network. Additional
bi-directional edges between ‘‘2’’ and ‘‘4’’, and ‘‘3’’ and ‘‘4’’ produce a reduced network with two nodes and size Ed = 2. Two
functional clusters represent the masses at high amplitude ‘‘234’’, and the masses at low amplitude ‘‘15’’once again capturing the
symmetry within the system. In accordance with previous results, the edge between the two points from the higher to the lower
amplitude, that is from ‘‘234’’ to ‘‘15’’, as can be observed from the respective list of in- and out-degrees in Table 3.

The cases with higher-periodic motion (e) and (f) yield the same results as their counterparts in localized harmonic motion, (c)
and (d). For all four cases, the inclusion or omission of the transients does not appear to have an impact on the resulting functional
network.

The bottom panels (g) and (h) show the two different functional networks generated from the front-like dynamics. For all previous
cases (a)–(f), dropping the transients had no impact on the result. For front 1 and front 2, the functional networks from the full
time series and from the truncated time series differ. The color of the node edges indicates which time series they relate to. In
Table 3, (g.1) refers to the black-edged network from the full time series, while (g.2) refers to the blue-edges network from the
truncated time series. The same notation applies for the case (h). In the first case, the number and location of the bi-directional
edges changes. The result are two different condensed networks with two nodes each. The functional network obtained from the
full time series is described by the node list [‘‘1’’, ‘‘2345’’], and in-degrees [1, 0], indicating a link from node ‘‘2345’’ to node ‘‘1’’.
The network from the truncated time series has two different nodes ‘‘125’’ and ‘‘34’’, with an edge from ‘‘125’’ to ‘‘34’’. Both the
functional clustering of the nodes as well as the dominant link directionality change over time. In the case of the second front-like
dynamics, the bi-directional edges do not change, such that the combination of nodes to functional clusters remains unchanged. The
links between the nodes differ, as the different node in- and out-degrees show. While both networks share edges from ‘‘25’’ to ‘‘1’’
and ‘‘34’’, the network from the full time series has an edge from ‘‘34’’ to ‘‘1’’, which inverts its direction in the network from the
truncated time series. This observation motivates a detailed study of the transient dynamics in the following.

In the second study, the analysis is performed by windowing the time series into 5 s samples, from each of which a functional
network is generated. The front-like dynamics in Fig. 2(g) are generated by excitation with a frequency 
 = 1.873 rad s−1 at the
border of the bi-stability region. Only the first mass is displaced initially. Due to the particular excitation frequency at the border of
the bi-stability region, the high-amplitude state propagates through the system, until all masses oscillate in synchrony at the high
amplitude.

Fig. 7 shows exemplary functional networks in full and condensed form as well as the corresponding dynamics for exemplary
samples during the synchronization process. It can be observed that the condensed network size Eg,t=0∶75 = 3 is constant most of the
time, but drops to Eg,t=0∶125 = 1 as the model components synchronize. The partition into functional clusters ‘‘1’’, ‘‘25’’ and ‘‘34’’,
which remains constant through the process, until all nodes merge into one functional cluster ‘‘12345’’ at t = 125. This consistent
division into three parts stands in contrast to the two different partitions into two parts obtained when using a longer section of the
time series. Similarly to the case with a localized mass, the network encodes the symmetry of the dynamics. Node ‘‘1’’ corresponds
to the mass that is initially displaced, while the remaining components are divided into nodes according to their proximity to the
single node. The direction of the links between the nodes changes over time, and with it the in- and out-degrees of the nodes. In
Fig. 7, black arrows indicate edge directions where both measures agree, as before. In some cases, the two network measures Cdif f

or Tdif f do not agree on the direction. The edge directions according to Cdif f are shown in orange, the ones according to Tdif f in blue.
Only the out-degrees of the nodes will be listed in the following, counting solely the links that are indicated by both measures.

The first image for 0 < t < 5 on the left depicts a functional network analogous to the one for the case of a single mass oscillating
at high amplitude in panel (c) in Fig. 6. In the dynamics of the sample, the first mass oscillates not only with higher amplitude, but
also with higher frequency, and starts pulling the other masses towards its dynamics. The edge direction in the network, encoded
in the list of out-degrees kout,t=0 = [2, 1, 0], can be interpreted as representing this fact. At 17.5 < t < 22.5, all masses oscillate with
similar, higher amplitude, but heterogeneous frequencies. The out-degrees change to kout,t=17.5 = [2, 0, 0], indicating that the two
edges pointing away from node ‘‘1’’ remain the same. For the edge between ‘‘25’’ and ‘‘34’’, the two network measures do not agree
on the link direction. This discrepancy can be interpreted as an indicator for the onset of change: In the next, overlapping sample
20 < t < 25, the affected edge ‘‘25’’–‘‘34’’ has changed direction, resulting in new out-degrees kout,t=20 = [1, 0, 2]. The ‘‘1’’ to ‘‘25’’
link is still unchanged, while the ‘‘1’’ to ‘‘34’’ link inverts. According to the measure Cdif f , there is a bi-directional link between
‘‘1’’ and ‘‘34’’, probably as a result of the transition in link direction. In the dynamics of the corresponding sample, the third and
fourth oscillator vibrate with the highest frequency, the other masses following with a phase lag. Oscillator 2 and 5 appear to have a
slightly slower frequency than the first oscillator. In the fourth sample, the masses have almost synchronized at the high amplitude,
but masses 3 and 4 are, in terms of their phase, visibly ahead of the other masses. This phenomenon is visible in the corresponding
network, where the ‘‘34’’ node now ‘‘pulls’’ the other nodes, and in the out-degrees list, which now reads kout,t=47.5 = [0, 1, 2]. All
edges have changed direction compared to the initial functional network on the left, inverting the functional hierarchy of model
components. The fifth panel shows a transition phase, where the two networks measures only agree on a minority of link directions
indicated by kout,t=75 = [1, 1, 0]. This phenomenon seems to be an expression of the transition process, as the system moves to full
synchronization in the right and last panel. As expected from previous results, the corresponding functional network for uniform
motion is a fully connected network with all-bidirectional edges. Accordingly, the node out-degrees are given by kout,t=125 = [2, 2, 2].
In accordance with previous explanations, the reduced network would be a single ‘‘12345’’-node as shown in panels (a) and (b) of
Fig. 6, but to stay consistent with the remainder of this figure, the three-wise split has been kept.

In summary, the condensed networks shown in Fig. 6, which are obtained from different global system states, encode dynamics-
based, functional dependencies within the system. Functional clusters, formed by merging similar nodes of the functional network
together, correspond to components with similar dynamics. Links between these clusters represent functional dependencies within
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Fig. 7. Functional networks generated from time series samples of 5 s length illustrate the synchronization mechanism. The model system consists of five Duffing
oscillators with nearest-neighbor coupling, excitation at frequency 
 = 1.873 rad s−1 at the border of the bi-stability region and initial displacement of a single
mass (‘‘1’’). The networks are generated as before. Black arrows indicate edges where the two metrics Cdif f or Tdif f agree on the direction. Where the measures
do not agree, the coupling directions according to Cdif f are shown in orange, the ones according to Tdif f in blue. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

the system. The observation that including the transients in the data does not affect the resulting functional networks in cases (a)–(f)
is likely due to the fact that these transients represent only a relatively short section of the time series data. The results indicate that
the network analysis filters out dominant functional relationships over the given time period, and that the comparatively short-lived
transients live on a time scale that is too small to be resolved. The data underlying cases (g) and (h) is dominated by transient motion
on a larger time scale, which is captured by the analysis of even these relatively long time series sections. The second part of the
analysis, which focuses on small samples of the time series in (g) at a time, resolves the functional structure on a smaller time scale.
This change in the time resolution of the analysis yields different functional clusters and functional dependencies within the system,
depending on the time scale to be resolved.

5. Discussion

This study uses ISRN metrics to generate functional networks to study the complex dynamics of a mechanical model system
composed of nonlinear Duffing oscillators. Within the functional network, each node represents a mechanical component, and the
edges correspond to functional dependencies between the respective components. Per definition of the iterative process, the resulting
networks have an edge between each node, the direction of which is identified from the network metrics cross-clustering coefficient
and cross-transitivity. This approach provides an alternative perspective onto multi-dimensional nonlinear systems, which focuses
on function-based interrelations rather than geometrical proximity. As this study presents a novel approach at an early stage, there
are still numerous compelling avenues for exploration and interesting paths to pursue.

The resulting reduced network shows the diversity of motion within a given system: In the case of uniform oscillation, there
is only one distinct system state. In the case of localized vibration with one mass, there are three different types of motion: The
oscillator with initial displacement is clearly in a different state than the other oscillators. The remaining oscillators are split into
groups according to their proximity to the perturbed mass, based on the different time evolution in their respective transient motion.
For the localized vibration with three masses, there are only two nodes in the reduced network, corresponding to the two distinct
states in the time series. The functional networks make no distinction of the specific dynamics of a single oscillator, there is no
difference in the results for a single-period localized vibration or a higher-periodic localized vibration. This finding is closely related
to studies concerning the detection of network size from sparse measurements [58,59], or data-based reduced order modeling [60,61]
and could be a starting point for further investigation. A novel reduced-order modeling approach could entail clustering degrees
of freedom according to their dynamical similarity instead of the geometrical connection, as for example in the combination ‘‘35’’
in network (c) in Fig. 6. Perhaps the detected network size could also be a proxy for the complexity of the underlying dynamics,
indicating the number of active states. The identified number of system states yields useful information on how many sensors are
necessary to resolve the dynamics of the full system, as well as where to place them. For example, from network (a) in Fig. 6, it can
be assumed that a single sensor placed on any of the components is sufficient to get complete measurement of the system dynamics,
while for network (c), three sensors are required. This assumption is of course limited to cases such as the one presented here, where
number and combination of nodes in the condensed network does not change over time.

Additionally, the presented method can track the time evolution of inter-dependencies within a system, because only a short
time series is necessary for the setup of the network [21]. By exploiting this time-evolving network, the interplay of oscillators
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during the synchronization process can be made visible. In the case at hand, the mechanism is not simply defined by one mass
pulling the others along, but a more intricate process during which the hierarchy of oscillators changes, which ultimately leads to
all masses oscillating with the high amplitude. Based on these observations, this method could represent a possibility for developing
early warning strategies against dynamical transitions, which might be applied in structural health monitoring. Additionally, this
approach could also help understanding the dependencies within a machine and thus form the basis for interfering with the process
to avoid catastrophic events. Here, it could be possible to prevent the initial system disturbance from spreading over the entire
system by simply disrupting the process or changing one of the intermediate components. For example, further studies might help
to identify joints which are especially relevant for the system dynamics, such that modeling and design efforts can be focused
accordingly. A possible extension to the proposed method is the distinction between direct and indirect coupling [33], similar to
methods proposed in [62–64].

The results presented in this work are obtained from time series data with no added noise. For future application to real-world
data, which is generally noise contaminated, the effects of noise on the functional network will be taken into account. The effects
of noise on statistical features of the recurrence plot and respective analysis have been studied in detail for example in [65]. While
recurrence-based analyses are generally very susceptible to noise, reliable results can still be obtained for moderate noise levels
(below 20% of the standard deviation of the underlying time series), when the threshold parameter " is chosen appropriately [15,65].
Even though detailed studies on the effect of noise on this specific recurrence-based method are still required, we are confident that
our method would work for low to moderate noise levels.

6. Conclusion

In this work, an approach for inferring functional networks from data obtained from mechanical model systems is introduced,
which hopes to complement conventional tools for the analysis of large multi-component systems. By assigning each physical
component one network node, and connecting the nodes based on inter-system network measures cross-clustering coefficient and
cross-transitivity, the functional network provides a new, function-based perspective on the dynamics of complex mechanical
systems. The method is applied to a system of five Duffing oscillators with nearest-neighbor coupling operating in different
dynamical states such as uniform oscillation, localized vibrations, and fronts. For each of these, a functional network is computed. By
concatenating ‘‘equivalent’’ nodes together, a condensed network is obtained, which allows for a number of different network-based
analyses. The size of the condensed network, given by the number of nodes, corresponds to the number of different dynamical states
within a system. Each of the nodes within the condensed network form a functional cluster of dynamically similar components,
and capture the symmetry within the system dynamics. Links between the clusters represent functional dependencies within the
dynamical system. These functional relationships encode the global system state. These analyses could provide a basis for better
sensor placement, insight into dynamic symmetries and thus a more efficient system analysis. The study of transient motion, or the
propagation of a disturbance through the system, is made possible with a sliding-window technique. By analyzing small samples
of the time series data over the course of time, the propagation of a disturbance through the dynamical system is studied. The
corresponding functional networks facilitate the analysis of the transient dynamics and the interplay of the system components over
time. We hope that this analysis of transient dynamics using network methods will pave the way for further studies, improved sensor
placement, early warning methods, and counter-measures against potentially harmful vibrations.
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Table A.1
Initial conditions for the numerical data generation presented in Section 2. The data resulting
data is depicted in Fig. 3.

Case Initial condition

(a) x0,a = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

(b) x0,b = [1, 1, 1, 1, 1, 0, 0, 0, 0, 0]

(c) x0,c = [0, 0, 0, 1, 0, 0, 0, 0, 0, 0]

(d) x0,d = [0, 1, 1, 1, 0, 0, 0, 0, 0, 0]

(e) x0,e = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

(f) x0,f = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

(g) x0,g = [1, 0, 0, 0, 0, 0, 0, 0, 0, 0]

(h) x0,h = [0, 1, 1, 1, 1, 0, 0, 0, 0, 0]
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