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Abstract

Construction of absorbing boundary conditions (ABCs) for nonlocal models
is generally challenging, primarily due to the fact that nonlocal operators are
commonly associated with volume constrained boundary conditions. Moreover,
application of Fourier and Laplace transforms, which are essential for the major-
ity of available methods for ABCs, to nonlocal models is complicated. In this
paper, we propose a simple method to construct accurate ABCs for peridy-

namic scalar wave-type problems in viscous media. The proposed ABCs are
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Mexico, USA constructed in the time and space domains and are of Dirichlet type. Conse-

quently, their implementation is relatively simple, since no derivatives of the
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wave field are required. The proposed ABCs are derived at the continuum level,
from a semi-analytical solution of the exterior domain using harmonic expo-
nential basis functions in space and time (plane-wave modes). The numerical
implementation is done using a meshfree collocation approach employed within

a boundary layer adjacent to the interior domain boundary. The modes satisfy
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the peridynamic numerical dispersion relation, resulting in a compatible solu-
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tion of the interior region (near-field) with that of the exterior region (far-field).
The accuracy and stability of the proposed ABCs are demonstrated with several
numerical examples in two-dimensional unbounded domains.
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1 | INTRODUCTION

The theory of peridynamics, which was first introduced in Reference 1 and then extended in Reference 2, has become
increasingly prevalent in recent years, establishing a broad community of many active researchers.> However, the treat-
ment of problems on unbounded domains did not advance at the same pace as other aspects of the peridynamics theory,
and its development currently remains at an early stage. Artificial boundary methods (ABMs) have been developed to
address problems on unbounded domains.* The perfectly matched layer (PML) and the absorbing boundary conditions
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(ABCs) are the most prominent ABMs, and development of new ABMs is still an ongoing topic of research.>® Essen-
tially, the idea of ABMs is to limit the computational domain to a region of interest called the near-field, while referring
to the area outside that region as the far-field. Provided that appropriate (artificial) boundary conditions are imposed on
the boundary of the near-field (referred to as the truncating boundary), the solution of an unbounded problem can be
obtained within this region. In the context of scalar waves, which is the application focus of the present study, this implies
that any wave impinging on the truncating boundary is transmitted out of the near-field without any reflection.

Originally developed for simulations of electromagnetic waves,’ the PML method provides a means for describing
wave propagation in unbounded media through the imposition of an absorbing layer. In theory, an absorbing layer can be
constructed such that any incident wave is exponentially attenuated. Moreover, the PML approach is applicable within
a finite element framework for the implementation of unbounded domain problems.!° While preliminary success with
numerical evidence of effectiveness has been demonstrated with the PML method applied to the nonlocal Helmholtz
equation, space fractional partial differential equations (PDEs) and peridynamics in two dimensions (2D),'!"!* the method
itself suffers from several drawbacks. Most importantly, implementation of the PML method results in grid-dependent
performance and numerical instability of discrete systems. %13

ABCs have been the subject of decade-long investigations since their first introduction in Reference 16 and their
further development into high-order ABCs.*!7 An important advantage of ABCs is that they are directly constructed in
the time and space domains (in contrast to PMLs) and, in the case of high-order ABCs, up to any desired order.* In the
context of wave propagation problems, most ABCs have been developed in the framework of the classical (local) theories.'8
The extension to peridynamic (PD) wave-type equations is challenging as the interactions between material points are
nonlocal and the corresponding nonlocal operators are associated with volume constrained boundary conditions.!*! For
this case, the calculation of the kernel function from the Laplace transform becomes complicated due to the nonlocality.?
In addition, for high-order ABCs, auxiliary variables on the truncating boundary are required to cope with the calculation
of higher-order spatial derivatives. For nonlocal models, this complicates the development of appropriate high-order
ABCs, possibly rendering their implementation exceedingly difficult, since the accurate imposition of Neumann- and
Dirichlet-type boundary conditions for PD models is still an ongoing subject of research.?2*

More recently, a number of studies have been conducted on the application of ABCs to nonlocal models, and exam-
ples of those studies are as follows. In one dimension (1D), ABCs are considered for the PD scalar wave-type equation
in Reference 25 and for the nonlocal Schrodinger equation in References 26,27. For the 1D PD equation, ABCs based on
recursively related kernel functions are constructed in Reference 28, and transmitting boundary conditions with match-
ing dispersion relations are developed in Reference 29. The nonlocal diffusion equation in unbounded domains along
with the construction of ABCs in 1D is treated in References 22,30. Inspired by first-kind integral equation methods, the
authors in Reference 31 developed ABCs for PD scalar wave-type equations as a generalized Dirichlet-to-Dirichlet type
boundary condition in 2D. The stability and convergence analysis of high-order numerical approximations for nonlocal
wave equations in unbounded domains using quadrature-based finite difference schemes and Dirichlet-to-Neumann-type
ABCsin 2D is presented in Reference 32. For 2D PD models, accurate ABCs are developed in Reference 33, and ABCs based
on an attenuating layer with an increased damping are proposed in Reference 34. Although various methods have been
proposed to develop ABCs for nonlocal and PD models, recurring difficulties are apparent. Specifically, the implementa-
tion of ABCs often results in substantial demands of computational resources that complicate the application in practice.
Additionally, the development of ABCs frequently involves the application of Fourier and Laplace transforms, rendering
the computation of kernel functions especially complicated for PD wave-type models due to their inherent nonlocality.??

In the present study, we propose a new and simple strategy to construct nonlocal ABCs for PD scalar wave-type
equations based on prior work by the authors. Originally developed for the classical (local) wave equation and elasto-
dynamics,3>% it has been demonstrated that the method we propose herein can be adapted and successfully applied to
PD diffusion and corrosion equations of up to three dimensions (3D).3”-3® The present work emphasizes the need to con-
sider the damping coefficient and construct reliable ABCs for scalar wave propagation problems in viscous media, a topic
that is still scarce in related literature. In the proposed method, the near-field solution may be obtained using standard
approaches, such as the meshfree PD solver or, when applied to the classical wave equation, the finite element method
(FEM), and the ABCs are imposed on a layer of nodes at the truncating boundary. The truncating boundary is given by a
surface boundary in the case of classical (local) equations and a volumetric boundary layer in the case of their nonlocal
counterparts. The far-field solution is approximated using semi-analytical solutions based on harmonic exponential basis
functions (EBFs) that satisfy the governing equation of the far-field; to get more insight into the features of EBFs, the
reader may consult References 39-43. Using EBFs as time-dependent fundamental solutions (or plane-wave modes), we
demonstrate how consistent dispersion relations may be obtained both at the continuum level and with the discretization
approach employed in the near-field. In this way, the obtained ABCs are consistent with the discretization approach used
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for the near-field solution. The imposition of ABCs is performed numerically using a simple collocation procedure over
an absorbing boundary layer. By selecting a minimal number of suitable and symmetrically distributed nodes, we demon-
strate that numerical stability may be achieved while maintaining computational efficiency. In summary, the proposed
method to construct ABCs has the following advantages: (i) it is consistent with the numerical dispersion relation of the
near-field solution, (ii) it is easy to implement since the ABCs are of Dirichlet type and thus can simply be imposed as
nodal values, (iii) it is free of any Fourier or Laplace transforms and is developed directly in the time and space domains
(crucial for nonlocal models), and (iv) unlike high-order ABCs procedures, it does not involve higher-order derivatives or
the introduction of auxiliary variables.

A brief outline of the present study is as follows. Section 2 describes the governing equations, starting from the clas-
sical scalar wave equation and proceeding towards the PD scalar wave-type equation. Section 3 derives the fundamental
solutions required both for the development of the far-field solution and, to demonstrate that the PD scalar wave-type
equation is a proper generalization of the classical scalar wave equation, the convergence of the PD fundamental solu-
tions to the classical ones in the limit of vanishing nonlocality. The solution strategies for both the near-field and the
far-field are discussed in Section 4. The effectiveness of the proposed ABCs in terms of numerical accuracy and stability
is investigated with a number of selected examples in Section 5. Finally, conclusions and insights about the present study
are summarized in Section 6.

2 | PROBLEM DESCRIPTION

The following sections outline the governing equations that are the subject of the present investigation. In the general
case, a viscous medium is assumed with velocity-dependent damping. The analysis is conducted in 2D.

2.1 | Classical scalar wave equation

We start our discussion with the classical (local) scalar wave equation. The unbounded medium surrounding the
near-field is assumed viscous and isotropic. Furthermore, as illustrated in Figure 1 (left), this medium contains the
physical objects, like baffles and sources. Assuming an unbounded domain Q € R?, the classical scalar wave equation is

ix, 1) — p?Viu®x, ) +2dux, t) = f(x,t), xX€Q, t>0, (1)

where u(x, t) is the unknown field variable at point x = (x, )T and at time ¢, iu(x, £) and ii(x, ) are the first and second time
derivatives of u(x, t), respectively, y? is the propagation wave speed, d is the damping coefficient, f(x, t) is a given source
(or force) function, and V? is the Laplace operator. Note that the factor 2 in the damping term is inserted by convention to
simplify subsequent calculations. On the surface of the physical objects (scatterers) within €, appropriate Dirichlet and
Neumann boundary conditions must be imposed as follows:

ulx,t) =fpx,t), xe€lbp,
n- Vux,t) = fyx,t), x€elly, 2)

where n = (ny, ny) is an outward unit vector normal to the boundary surface, and fp(x, f) and fy(x, ) are functions that
prescribe the values of the boundary conditions at the Dirichlet and Neumann boundaries, I'p and I'y, respectively. The
governing equation in (1) is supplemented with the following initial conditions:

ux,0) =uyx), xeQ,
ux,0) =uyx), xe€Q, 3)

where uy(x) and i1y(x) are given functions that prescribe the first and second kind of initial conditions, respectively.

The major challenge for solving the problem given by (1)—(3) arises from the unbounded medium. Following ABC
methods, the domain Q is divided into a bounded region Qx (near-field) and an exterior region Qr := Q \ Qy (far-field).
The truncating boundary I',, specifies the regions, as depicted in Figure 1 (right). The near-field, Qu, serves as the
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FIGURE 1 Schematic representation of (left) a generic unbounded domain, €, including a scatterer (light blue region) and (right) the
computational domain or near-field, Qy, the far-field, Qr, and the truncating boundary, I',, for the classical scalar wave equation. The
Dirichlet and Neumann boundaries are denoted, respectively, by I'p and I'y.

computational domain and encompasses all the physical objects: baffles and sources. This is required due to the radi-
ation condition in scalar wave propagation, which mandates that all radiated energy must scatter to infinity, and thus,
all source terms need to be included in the near-field to comply with this condition.?> The homogeneous classical scalar
wave equation (with homogeneous initial conditions) describes the far-field:

ix,t) — y*Viux, ) +2dux,t) =0, x€Qp, t>0. 4)
Appropriate ABCs have to be imposed on the truncating boundary I'y,, also referred to as absorbing boundary, also
referred to as the absorbing boundary, to obtain the solution of the original problem within the near-field. This requires
the transmission of any wave incident at the boundary to the far-field without any reflection back to the near-field.
2.2 | Peridynamic scalar wave-type equation
This section is devoted to the (nonlocal) PD scalar wave-type equation, which may be regarded as a generalization of the

classical equation outlined in the previous section.***> We start by considering a region Hy around the point x, which is
called the neighborhood of x and is assumed to be circular in 2D with the radius 6 called horizon:

szz{x’€R2‘||x’—X||<5}. (5)

The point x interacts (nonlocally) with its neighboring points x’, as depicted in Figure 2, and the PD scalar wave-type
equation is

_ ux’,t) — u(x,t .
ix,t) — / co(||x' - x||)#dlfxr +2dux,t) = f(x,1), x€Q, >0, (6)
" X —x|]?
where c is the micromodulus constant, the scalar-valued function @(|| - ||) is referred to as the influence function,*® and

p is a parameter usually taken as integer, p € {0, 1,2,3}.*” The influence function is often defined as either constant or
linear within the neighborhood Hy.*® By defining the bond & := x’ — x, the constant influence function may be written
as follows:
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FIGURE 2 Schematic representation of the computational domain or near-field, Qy, the far-field, QF, the neighborhood, H,, and the
absorbing boundary layer, I'y,, for the PD scalar wave-type equation. The blue layer around the scatterer (light blue region) represents the
nonlocal boundary where Dirichlet- or Neumann-type nonlocal boundary conditions are imposed.

a1l = {; ::z::fz @

which is independent of the bond length. Similarly, the linear influence function, which depends linearly on the bond
length, may be expressed as follows:

1- M) <,

o(||&]]) = < d ©))
0 €| > 6.

The micromodulus constant ¢, which generally depends on the horizon §, must be determined with respect to the selected
influence function such that (6) recovers the classical Equation (1) in the limit of vanishing nonlocality, that is, for § — 0,
under suitable regularity assumptions on the field variable u.

Analogously to the previous section, the homogeneous PD scalar wave-type equation (with homogeneous initial
conditions) describes the far-field:

uX',t) —ulx,t)

||X’ _ Xl |P dVX/ + 2du(X, t) = 0’ X e QF, t>0. (9)

%, £) / (X —x))

X

In contrast to the classical equation, in the case of the PD scalar wave-type equation, an absorbing boundary layer I';, has
to be imposed rather than an absorbing boundary surface, as depicted in Figure 2.

3 | FUNDAMENTAL SOLUTIONS

In this section, we develop fundamental solutions, hereafter referred to as modes, of the governing equation in the far-field
using EBFs. For this purpose, we first consider a generic mode y(x, t) given by

w(x,t) :=exp(ia - X + 1ot) (10)
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with o := (ay, @), where a,, a, € R and 1 is the imaginary unit defined by 12 = —1. Without loss of generality, we can
express a as

(ax, ay) = k(cos(¢),sin(¢)), x €R, 0L ¢ <2m, (11)

where k controls the wave spatial fluctuation and ¢ determines the wave direction. Inserting the general mode from (10)
into the far-field classical scalar wave Equation (4), we get

WX, 1) — y2Vi(x, t) + 2dy(x, t) = 0, (12)
which results in
[—0® + 1K (cos*(¢) + sin’(¢)) + 2diw] expia - X + 10t) = 0. (13)
A solution is obtained when the expression within square brackets vanishes, that is,
w® = 2diw — y*k? = 0. (14)
The solution of the quadratic equation with respect to w yields the local characteristic dispersion relation:

=1d +\—d?*+ k2 y2. (15)

Substituting (15) into (10) yields modes which play the role of semi-analytical solutions for the classical scalar wave
equation:

v (X, t) = exp(—dt) exp(za -X+ 1y —d? + K212t> . (16)
Similarly, inserting the generic mode (10) into the far-field PD scalar wave-type Equation (9), yields:

W(X,’ t) - W(X’ t) d

x4V 2490 =0, 17)

wmx»—/kamw—xm

HX

Let the neighborhood with horizon 6 around the origin be defined by

= {se®|ugn <o} (18)

Then, performing some algebraic manipulations, including the change of variable X’ = x + &, we obtain

—w —/c (||§||)%d%+2dzw exp(ia - X + 100t) = 0. (19)
H

Once again, a solution is obtained when the expression within the square brackets vanishes, that is,
exp(ta - &) —1
lelp

In order to evaluate the integral term, we employ polar coordinates, so that & = r(cos(8), sin(9)), followed by a Taylor
expansion of the integrand, as follows:

w* - 2diw + / cao(||€]]) dve = 0. (20)
H

6 2rm
_ (a - &) — exp(irn) —
/aMKm Xpua & //E()p D=L odr
[I€]1P
H
8 2 mr2 - l712;’3 - l17131'4 + l;141*5 + L1175}'6 + ... )
/ / cco(r) 2 6 rﬁ“ 120 dodr,  (21)
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where 1 := a - (cos(0), sin(f)) = «k cos(¢ — ).
Assume p = 2* in the denominator and a constant influence function @ (cf. (7)). Under these assumptions, and using
the expansion in (21), we can write (20), as follows:

_ _1 2,1 a_ 1 64 _
w? = 2diw + [ re(ké)” + 138 mc(kd) 6912756(1(6) ] =0. (22)

The solution of the quadratic equation with respect to  yields the following nonlocal characteristic dispersion relation:

=id+ \/—d2 + %ﬂc(lcé)z - 1_;8“(’(6)4 + 6913“(’(5)6 + ... (23)

For the particular choice of micromodulus constant ¢ = the above equation can be expressed as
=wd+4/-d?+«2 (1—— 52+— 64+ . ) 24
! \/ K2x? (k8)? + -2 (x6) (24)

which in the limit as k5 — 0 recovers the local characteristic dispersion relation (15):

w—d+\/—d*+ k22 (25)

Inserting (24) into (10) yields the mode of the PD scalar wave-type equation for p =2 given a constant influence
function w:

w(x,t) = exp(—dt) exp(za -X + z\/—d2 + k2 2 <1 - —( 8)2 + ﬁ(xé)“ + . )t) . (26)

Consider now a linear influence function @ (cf. (8)) while keeping the choice of p = 2. Using the same procedure as
above yields the following equation (compare with (22)):

o — 2dio + [—1—7rc(i<6)2 + (k) —

1 ] ]
4 ... | =0 27
640 23384 KO+ ’ @n

which when solved for w results in the following nonlocal characteristic dispersion relation:

—d+ \/ & + %ﬂC(K(S)Z - ﬁﬂc(rcé)“ + 48; TR + .. (28)

Choosing the micromodulus constant as ¢ = lj;’;,
—d /- + k2 (1—— K6 + —— (k6)* + ) 29
! \/ (XS Teo KO+ 4032(K ‘' (29)

which in the limit as ¥§ — 0 also recovers the local characteristic dispersion relation (15). Insertion of (29) into (10) yields
the mode of the PD scalar wave-type equation for p = 2 given a linear influence function w:

w(x,t) = exp(—dt) exp(za ‘X + z\/—d2 + 1—127rc(1<5)2 - 6411_07[0(’(6)4 + me(k8)0 + ... t) . (30)

48384

In the next section, we discuss the proper construction of semi-analytical solutions of the far-field using these modes.

3.1 | Semi-analytical far-field solution

We begin by considering a node x; on the absorbing boundary (or boundary layer in the PD case) along with its cloud
Qf°; the situation is illustrated in Figure 3. Each cloud holds its own local Cartesian coordinate system (x,y), where
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FIGURE 3 Schematic representation of a portion of a solution domain for the PD scalar wave-type equation near the absorbing
boundary layer, I';,, and a cloud, Q°, centered at a node x; on the absorbing boundary layer with a rotated local coordinate system (rotated by
an angle 7) for the far-field approximation.

the positive x-axis direction is oriented towards the far-field. We consider the coordinate transformation of a represen-
tative vector x with respect to the local coordinate system with origin at x; via the 2D rotation matrix R into the local
coordinates x:

cos(r) sin(r)

R(7) = l ] , X=R(@)(X-X). (31)

—sin(r) cos(t)

We denote the value of the field variable within the cloud Q° by u (X, t) and approximate it via a linear combination
of modes as follows:

Ny n,
Uo(X, 1) = ZZakl exp(—dt) exp(ix; (cos(y)x + sin(¢r)y) — 1éyt)
k1
+by.s exp(—dt) exp(ix; (cos(¢r)x + sin(¢y)y) + wit) , (32)

where ai; and by, are unknown coefficients, ny and n, specify the number of modes, where the first one indicates
the number of wave directions and the latter one the number of fluctuations of the wave in space, and &; = @(x)) is
defined by the characteristic dispersion relation of the corresponding governing equation, as discussed in the previous
section, that is, @ = i1d + @(x), (¢f. (10)). For instance, in the case of the classical wave equation, (15) yields the following

expression:
@ =/—d?>+ zclz;(z. (33)

Note that the value of the damping coefficient d cannot be chosen arbitrarily high to ensure physical feasibility, and it
is constrained by the characteristic dispersion relation; for instance, in (33), d? < Klz 12, Vk;. The values of ¢y and «; are
selected from two symmetric intervals:

dr € AP[-1,1], A¢ =0,
kK € Ax[-1,1], Ak >0, (34)

where A¢ and Ak are parameters to be specified; a rationale for the selection of the respective numerical values is dis-
cussed in References 35-37. Given that the choice of these parameters may impact numerical stability, the selection should
be made with care; this is addressed in Section 4.3.
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FIGURE 4 The propagation region of outcoming modes with respect to ¢; recall that ¢ is within the interval A¢[-1, 1].

Note that at A¢ = 0 the incident angle of the respective mode is parallel to the positive x-axis. By considering a small
region around A¢ = 0, it becomes evident that the first summand in (32) represents outcoming waves, whereas the second
one represents incoming waves. For the construction of the ABCs, the incoming waves from the near-field have to be
absorbed at the truncating boundary. Hence, the coefficients by ; in (32) must be set to zero, resulting in the following
expression:

Ny N,

U (X, t) = ZZakl exp(—dr) exp(ix; (cos(di)x + sin(gr)y) — 1dnt) . (35)
ko1

Using polar coordinates with (x,y) = r(cos(8), sin(9)), —z < 0 < z, yields the equivalent representation

Ny 1,

U (1, 0,1) = ZZak,l exp(—dt) exp(ik; (r cos(0) cos(¢y) + 1 sin(@) sin(¢py)) — 1;t)
ko1

Ny Ny

= ZZak,l exp(—dt) exp(ix;r cos(0 — ¢y) — 1yt) . (36)
k1

The above equation describes outcoming waves from the near-field, for which the following condition holds:

cos(d — ¢r) >0, Vk, (37)

which may be reduced to the following relation:

—§+¢k<9<§+¢k. (38)

The condition in (38) results in a half-space centered at the point x; that forms the angle ¢, with the local x-axis, i.e., the
outward boundary normal. An increase (or decrease) in the angle ¢ causes a rotation of the half-space around the point
X;, as illustrated in Figure 4. For the construction of the ABCs, we adopt a symmetric interval in (34) to specify the angle
¢ in order to transmit incoming waves from the near-field at different incident angles into their respective half-space. In
addition, the value of A¢ must not be selected arbitrarily high, such that incident waves propagate out and the energy is
absorbed.

4 | SOLUTION STRATEGY

This section provides a description of the numerical approximations employed in the present work. First, in Section 4.1,
we review the procedure for determining the numerical solution in the near-field, where standard methods for both the
classical scalar wave equation and PD scalar wave-type equation are described. Then, in Section 4.2, we turn to the central
subject of the present work, namely the numerical construction of ABCs, which are derived from semi-analytical solutions
of the far-field. Note that, as opposed to the classical equation that involves a boundary surface (see I'y, in Figure 1), for
the PD scalar wave-type equation we employ a boundary layer (see 'y, in Figure 2). Finally, in Section 4.3, we describe
the numerical implementation and related steps concerning numerical stability.
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41 | Near-field

The near-field solution is discretized in time and space, so that the solution is approximated for time instants ¢, n =
0,1,2, ... ,N, at the nodes x;, i = 1,2, ... , K, with At a fixed time step. In the course of the present work, we employ
the explicit velocity-Verlet scheme for time integration, which, given the field variable, ulf‘, and its first and second time
derivatives, ul" and u:l respectively, at node x; and time ¢", may be expressed as follows:

n+i At
s n
= i,
1
n+l
wtt =ul + Am,
. nt: AL
=g 2 =ttt (39)

i i 2 i

By (39), the expressions for the field variable and its first time derivative at node x; and time £**! may be reformulated,
respectively, as follows:

At)?
wtt = ul + Anl! + CU) i,
At
oh+l _ en SN 2 n+1
u; —ui+7(i+ul. ) (40)

Let us consider first the classical scalar wave Equation (1) in the near-field. Performing the spatial discretization by
means of the FEM, the weak form may be expressed in terms of the following linear system of equations:

MU" + DU" + KU" = F", (41)

where M is the mass matrix, K is the stiffness matrix, D := 2dM is the damping matrix, F" is the force vector on the
right-hand side at time ¢, and U”", U", and U" are the nodal acceleration, velocity, and displacement vectors at time ¢".
In analogy to (40), the time-stepping procedure for the nodal vector U™*! and the first time derivative U™ at time "+ is
given by

(At

Ul = U+ AU + TM‘l (F" - KU" — 2dMU") ,
vt 1 (U"+ Alpt (B - KU - 2dMU") + SiMt (B - KU™) ). (42)
1+ Atd 2 2

For the spatial discretization of the PD scalar wave-type equation, the most widely used approach, also referred to
as the standard scheme,™ is a meshfree method>! that can be adopted to solve the strong form of (6). In the standard
scheme, the computational domain is partitioned into a regular cubic grid in 3D or square grid in 2D of cells with
grid spacing Ax whose centers represent the computational nodes; this is illustrated in 2D in Figure 5. Each node x; is
associated to a volume V; = (Ax)® in 3D or an area (Ax)? in 2D of its respective cell. Figure 5 further depicts the neigh-
borhood Hy, in 2D with horizon é around node x;, wherein nonlocal interactions are established between x; and its
neighboring nodes x; € Hy,, which are refereed to as its family nodes. The set of family nodes associated to x; is denoted
by F;. Thereby, the integral in (6) is expressed as a summation over neighboring cells via a one-point quadrature over
each of those cells.”? Using this procedure, the discrete form of the PD scalar wave-type Equation (6) can be expressed
as follows:

u —ul
it =Y ca||x; - xil ) -

JEF;

j R . i o — fn
||Xj——Xi||pﬁ(XJ x)Vj +2dug = f", (43)

where fl." is the right-hand side of (6) evaluated at node x; and time ¢* and the function f(x; — x;) is called the volume
reduction factor,”® which is used to correct the volume V; covered by the neighborhood of x;; algorithms for volume
correction (also referred to as partial-volume algorithms) are presented in References 52,54,55.
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FIGURE 5 Schematic representation in 2D of the standard discretization scheme in PD and the neighborhood Hy, associated to node x;.

4.2 | Far-field

The ABCs are derived from the semi-analytical solution of the far-field, whose unknown coefficients are obtained
using a simple collocation procedure inspired by the weighted least squares (WLS) approach commonly employed
in the finite point method (FPM).*%>7 Since the procedure is essentially identical for both the classical scalar wave
equation and PD scalar wave-type equation, no distinction between the two equations is made at this point. As a
result, we obtain ABCs of Dirichlet-type, applicable to the nodes at every time instant by means of constant updating
vectors.

We begin by approximating the field variable and its first time derivative at the nodes within the cloud, x € Q. In
contrast to previous works,>” where the time interval [", t"* + At] was used, we assume the symmetric interval [t"* —
At, t" + At], in which the approximation is considered to be valid. If we reset the time and define the approximation in
the local time coordinate, t € [-At, At], we can express the approximation around the time instant ¢" as follows:

ny,
LX) = ) phwm®X, D) = w(X, Dp",
m=1
np
WD) = Y ghim® D = WX Dq", (44)
m=1

where u” (X, t) and ", (X, t) are the field variable and its first time derivative, respectively, at node X and time ¢ (in the
local time), v, and y,,, are the mth mode and its first time derivative, respectively, n, is the number of modes, and p’,
and g}, are constant unknown coefficients corresponding to the presumed local time interval around ¢". Notice here that
we assume two different sets of coefficient vectors p” and q", such that the approximation of the field variable uf, and
its first derivative i1}, can be performed independently of each other. This is possible as the construction of ABCs in
the following involves a Least Squares approximation of the coefficient vectors, which in general is not unique. In the
rightmost expressions in (44), we employ, for simplicity, vector notation, where

vED = (&) W& . v&ED).
VED 1= (Ju&D 4o®D . i, &D). (43)
T
p”2=<p'f Py pZ,,>’
q”:=(q'f a - qﬁb>T-
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Next, we define the following vectors:
= ug,(x,0) y(x,0) "
g'® = _ = _ P,
ul (x, —At) w (X, —At)

&0 \ [ v&o \
& -an)  \y&E-an) L

that contain the field variable as well as its first time derivative at the local time steps t = 0 and ¢ = —At. Using this
notation, we determine the unknown coefficient vectors p” and q" in the following steps. For that purpose, we arrange
all the cloud nodes in vectors G" and H", according to (46), as follows:

(46)
h"X) :

u”
L
uit g"(x)
¢"=| " f=[ .= [=Mep".
uf g"(x))
u"1
J
(47)
u”
L
@ (&
I‘I}/l = : = ._ = an,
an hn(Xj)
an—l .
J

where Mg and My denote the moment matrices of the collocation procedure. Assuming that the number of nodes in the
cloud, n., is less than the number of modes, n;,, we can obtain the coefficient vectors p” and q" by

pn — MEG”,
q" = M H", (48)

where M}, and M, denote the Moore-Penrose generalized inverses of the respective moment matrices. Substituting the
expressions on the right-hand sides in (48) for the coefficient vectors in (44), the following expressions are obtained:

Ue(X, 1) = y(X, HOM},G",
Ueo(X, 1) = W (X, )M H". (49)
H

o+l

"+1 and its first time derivative u;

i

x;, we simply evaluate the equations in (49) at this node and at the local time t = At:

To determine the nodal values for the field variable u at the central node of the cloud

Ut = U (X;, At) = w(0, AODMG" = VG,
Wt = U, (X, At) = (0, ADMH" = Vi H", (50)

where Vi and Vg are constant updating vectors corresponding to node x;. Since the nodal values that conform G" and
H" on the right-hand sides of (50) are known at the time instant ", we obtain Dirichlet-type ABCs that are imposed on
the absorbing boundary nodes at each time instant. As a result, this yields a computationally efficient extrapolation in
time procedure, since the application of the ABCs merely requires the nodal values because the updating vectors can be
precomputed.
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4.3 | Numerical implementation

This section discusses important considerations regarding the implementation of ABCs in terms of both compatibility
with the method used for the near-field solution and numerical stability. We reconsider the nonlocal characteristic disper-
sion relations in (24) and (29). These equations were derived at the continuum level and thus do not accurately represent
the dynamics of discrete systems, which are characterized by discrete dispersion relations. Therefore, in order to construct
modes according to the discrete dispersion relation, we employ the one-point quadrature of the PD standard scheme to
discretize the spatial integral in (20) instead of resorting to the Taylor expansion in (21):

exp(1k(cos(p)x; + sin(p)y;)) —
%] 1P

1
o = 2dio + )" ca(|[x;11) Bx)V; = 0, (51)

JE€F,

where F, denotes the set of family nodes around the origin. The solution that makes the quadratic expression with respect
to w vanish on the left-hand side of (51) is given by the following nonlocal numerical dispersion relation:

exp(ux (cos(@)x; + sin(@)yj)) —
1] [P

1
w=1d+ | -d> = Y ca(|[xl]) BV, (52)

JE€F,

which is consistent with the PD standard scheme. Note that this procedure may be employed in an analogous manner for
other discretization schemes used for the near-field solution. We emphasize that, in contrast to the previous work® that
focused on local equations, the present approach involves the selection of modes that match the dispersion relation of the
discrete nonlocal system, which proves to be essential for numerical stability and accuracy of nonlocal wave problems.
Figure 6 compares the nonlocal numerical dispersion relation (52) for a choice of § = 2, for the case of negligible
damping, that is, d = 0, and constant influence function @ (cf. (7)), with the corresponding nonlocal characteristic dis-
persion relation based on a Taylor expansion (24) and the local characteristic dispersion relation (15). For the nonlocal

4
= [ ocal
35 Nonlocal-Taylor (4th order)
Nonlocal-Taylor (26th order)
=—— Nonlocal-numerical (6§/Ax = 2)
3| | === Nonlocal-numerical (6/Ax =8)
2.5
E 2 e
1.5
1
0.5 6=20
0
0 1 2 3 4 5 6 7 8

Ko

FIGURE 6 Comparison of the nonlocal numerical dispersion relation (nonlocal-numerical) with the nonlocal characteristic
dispersion relation based on a Taylor expansion (nonlocal-Taylor) and the linear, local characteristic dispersion relation (local) in a
non-viscous medium (d = 0), for the case of § = 2 and constant influence function. The figure shows Nonlocal-Taylor for two different orders
of Taylor expansion (4th and 26th orders) and Nonlocal-numerical for two different discretizations (6/Ax = 2, 8). The graphs are plotted
against the absolute value of @ to avoid depicting negative ranges.
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characteristic dispersion relation, we show two cases: one based on a lower-order (fourth-order) Taylor expansion and
one based on a higher-order (26th-order) Taylor expansion. Similarly, for the nonlocal numerical dispersion relation, we
show two cases: one with a coarser discretization (Ax = §/2) and one with a finer discretization (Ax = §/8). In all cases,
the nonlocal (continuum and discrete) dispersion relations approach the linear, local dispersion relation in the limit as
(x6) — 0, while exhibiting substantial deviations from it for large values of k6, as expected. The results also demonstrate
that a high-order Taylor expansion or a fine discretization are needed to accurately recover the nonlocal characteristic dis-
persion relation; the two approaches seem to give a similar result. Figure 6 further illustrates that the discrete dispersion
relation differs from a continuum-level Taylor series approximation. Thus, in order to construct compatible and accurate
ABGCs, it is necessary to match the dispersion relations of the modes employed in the far-field to the discrete near-field
dynamics. The neighboring points as well as the mesh size and horizon employed in evaluating the nonlocal numeri-
cal dispersion relation in (52) must therefore match those used in the near-field, irrespective of the differences between
the analytical and the discrete forms, in order to ensure that the dispersion relation of the modes used to construct the
far-field corresponds to the dispersion relation of the (discrete) near-field.

Another important note, alluded to in Section 3.1, is the selection of the parameters A¢ and Ax as well as the associated
ranges in (34). The application of EBFs is comprehensively studied in Reference 40, and possible ranges are provided
in References 35-37. In the present study, following (34), an interval of A¢[—1,1] with ten equidistant subdivisions is
employed. Empirically, it has been found that a value of A¢ = /4 generally achieves satisfactory results. The influence
of this parameter is presented by means of a sensitivity analysis in Reference 35. The second influential parameter Ax
in (34) affects the spatial fluctuation of the modes and determines the range of the interval Ax[-1,1]. To find an upper
limit to the value of Ak, we adopt the Nyquist-Shannon sampling theorem (see Reference 35). Since a mode may only be
resolved on a discrete lattice up to a certain maximum frequency, according to (34), the parameter Ax thereby determines
the maximum frequency content. The sampling theorem thus provides the upper bound for Ax as follows:

0< Ak < Z. (53)
Ax

Similar to ¢, we employ ten evenly spaced subdivisions on the interval Ax[—1,1].

We note that the proposed extrapolation procedure for the application of the ABCs in (50) is similar to a fixed-point
iteration scheme over large time periods. It is well-known that fixed-point iterations contract only if they are Lipschitz
continuous. Similarly, although not a sufficient condition, for practical applications, we consider that the norm of the
updating vectors Vg and Vg should not exceed two, since two time steps are used according to (46) for the extrapolation
in (50), in order to ensure a stable simulation over the course of many time steps. Although the Euclidean norm may
be adopted, in practice the maximum norm ||V]||pax = i_rlnaxNIViI for a vector V € RN is found to be preferable. In the

proceeding numerical examples, Ax is chosen such that the latter condition holds.

The next issue we address concerns numerical stability, which is closely related to the selection of collocation nodes
in (47) and the solution procedure involving the Moore-Penrose inverse matrices in (48). It is found, in practice, that the
selection of all family nodes in the cloud, Qf", as depicted in the top-left illustration in Figure 7, leads to numerically
unstable simulations. This problem may be explained by the fact that the extrapolation on the central node x; incorporates
information from nodes that are located spatially ahead of it. Within the context of the PD scalar wave-type equation, this
would suggest that the temporal prediction of the outcoming wavefront on the central node x; includes information from
nodes to which the wavefront is yet to arrive. With that in mind, we introduce the extrapolation region £*(A¢) C € of
the absorbing node x; as a conic subset of the cloud as follows:

E2(Ad) = {ieQ?’§+A¢<arg§)< %”—Aqb}, (54)

where Q7 denotes the cloud of node x;, depicted in the top-right illustration in Figure 7. Here, the angle A¢ determines
the spread of the cone and, according to (34) and the previous discussion, is also set to = /4, which is assumed to be the
maximum angle of incident waves and in practice yields reasonable results. The other important concern is the choice
and number of collocation nodes employed in the extrapolation region, which is crucial for high resolutions or for cases
with a large horizon relative to the grid spacing. It is a well-understood fact that meshfree methods should use as few
nodes as possible for computational efficient while attaining the smallest possible error.® Moreover, a minimum number
of nodes with adequate distances to one another is preferable, as it improves the conditioning of the moment matrices in
(48) and thus ensures the numerical stability of the simulation. In related literature, a number of techniques are proposed
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S~ .
Collocation node

FIGURE 7 The procedure to select the collocation nodes: (top left) the cloud ° of node x; in the boundary layer I'y,, including its
whole family nodes; (top right) selection of the extrapolation region; (bottom left) setting the auxiliary grid centered at x;; and (bottom right)
selection of the collocation nodes with respect to the auxiliary grid.

to determine an optimal set of collocation nodes, often summarized under the umbrella term greedy sparse methods.>%>
However, these methods are, in many cases, iterative and are likely to require excessively high computational costs in
practice. Therefore, we propose a different approach that: (i) proves to be straightforward to implement, (ii) improves the
numerical stability of the simulation, and (iii) reduces computational effort. Inspired by Reference 50, we introduce a fixed
set of auxiliary nodes within the cloud, which are depicted in blue in the bottom-left illustration in Figure 7. Collocation
is then performed over the nearest nodes to the auxiliary nodes within the extrapolation region, £°(Ag), as illustrated in
the bottom-right illustration in Figure 7. In this way, the total number of nodes used for collocation is reduced, resulting
in improved computational performance as well as better conditioning of the moment matrices. Note that, regardless of
the number of auxiliary nodes, the collocation nodes should ideally be arranged symmetrically in order to avoid eventual
instabilities.’® Furthermore, it is worth noting that in contrast to methods such as the Finite-Point-Method and the related
Weighted-Least-Squares, where a higher number of nodes in the cloud can contribute to higher accuracy of the solution
since there are fewer basis functions available to approximate the field variables, our method (which uses exponential
basis functions) requires a higher number of basis functions to effectively absorb incoming waves within a range of wave
numbers and orientations. However, in the present context, a higher number and density of nodes in the cloud may
deteriorate the conditioning of the moment matrices and render the method unstable.

Remark 1. To enhance the numerical stability of the collocation procedure, we suggest a practical and
straightforward method to decrease the density of cloud nodes by iteratively reducing the number of nodes
along the cloud coordinate axes by a factor of 2, as conceptually illustrated in Figure 7. While this may not
necessarily yield an optimal choice of collocation nodes as described in References 58 and 59, it has been
found to effectively improve the conditioning of the moment matrices in (47). To ensure numerical stability

85UB0 17 SUoWWOD SAITEsID 3|qeal|dde sy Aq peusencb afe sejonie O 8sn Jo se|nJ 10} ARIqIT8UlUQ /8|1 UO (SUOTIPUOD-PUB-SLLBIWOY A3 | I ATelg1 Ul |UO//:SdL) SUONIPUOD pue Swi | 8y1 88S *[£202/.0/22] U0 ARiq1TaulluO A8]IM ‘UBIPB I 8YdsIUOIR[F - deU10!|q1g BinqueH J1sieAlun ayosiuyae | AQ 09z, WU/Z00T OT/I0P/0D A8 1M Afeiq iUl juo//:Sdny oy papeojumoq ‘9T ‘€202 ‘£020260T



HERMANN ET AL. W ILEY 3539

prior to simulation, we recommend monitoring the condition numbers of the moment matrices. Based on our
numerical simulations and investigations, we recommend that the condition numbers fall within the range
10" — 10" to guarantee numerical stability. Consequently, we suggest decreasing the density of collocation
nodes by a factor of two until the condition numbers fall within this specified range. This approach provides
a user-friendly and practical means of ensuring numerical stability prior to simulation, especially for clouds
with a large number of nodes that may lead to bad condition numbers. While this may not be an optimal
choice of collocation nodes, it has been found to be effective in practice.

5 | NUMERICAL EXAMPLES

In this section, we present three numerical examples to demonstrate the accuracy and performance of the proposed ABCs.
The first example illustrates the application of the ABCs for the classical (local) scalar wave Equation (1), while the other
two examples demonstrate application of the ABCs for the (nonlocal) PD scalar wave-type Equation (6). In all the exam-
ples, a viscous medium with non-vanishing damping coefficient is assumed. The model parameters are specified in each
example. For comparison purposes, in the figures below, reference solutions determined on relatively large computational
domains are depicted within the near-field of the comparative truncated models equipped with ABCs.

51 | Examplel

In the first example, we demonstrate the application of the proposed ABCs for the classical (local) scalar wave equation (1).
We employ the FEM with linear shape functions to obtain the near-field solution. In Figure 8, simulation results are
presented at different time instances. The near-field given by the square-shaped domain (—26,26) X (—26, 26) around
the origin is depicted, which is discretized with square elements of edge length Ax = 0.5. We present the reference
solution in the left column, which was determined with homogeneous Dirichlet boundary conditions on a much
larger domain given by (—126,126) X (—126,126), and the near-field solutions obtained when applying the proposed
ABCs (middle column) and the conventional ABCs of first order (right column). We refer to the models used for the
left, middle, and right columns as reference, proposed, and conventional, respectively. The interested reader will find a
derivation of the conventional first-order ABCs for the classical scalar wave equation in viscous media in Appendix A.
Since the equation of consideration is local, the ABCs in the proposed model are implemented only on the outermost
boundary nodes.

The present discretization results in a total of 11,025 nodes and 10,816 elements in both the proposed and conven-
tional models, whereas a total of 251,001 nodes and 250,000 elements are used in the reference model. Each model
employs the explicit velocity-Verlet scheme from (42) for time integration with a time step of At = 5 x 10~*. The wave
propagation speed is assumed to be y? = 1, and the medium damping coefficient is set to d = 0.0125. We set the param-
eter Ak from (34) to 1, which was found empirically to yield reasonable simulation results as well as adequate norms of
the updating vectors in (50). Initial conditions according to (3) are given as a pulse with uy(x) = exp(—log%( [1x] |)> and
Uo(x) = 0.

In Figure 8, we compare the solution between the models in the near-field at four selected time instants, at which the
wave reaches the boundary of the near-field as well as subsequent wave states. It is found that the proposed model is in
good agreement with the reference model, even when the wave reaches the boundary, allowing the wave to be transmitted
out without any significant reflections back into the computational domain. In contrast, the conventional first-order ABCs
result in considerable reflections, which are clearly noticeable at t = 40 and ¢ = 50. These reflections become even more
apparent when examining the absolute value of the difference between the near-field solution, u(x, t), and the reference
solution, urs(X, t), that is, |u(X, t) — urs(X, t)|, for the final time step ¢ = 50 in Figure 9. Here, the solution difference for
the proposed model is depicted in the left column, while the solution difference for the conventional model is presented
in the right column. We note that, in the conventional model, the reflections appear to emanate substantially from the
near-field corners, which is consistent with the fact that the corners in this model require a special consideration as they
may lead to numerical instabilities.!*

To demonstrate that the proposed ABCs method is numerically stable, we provide Figure 10 (right). Here, the course
of the normalized energy within the near-field, with respect to the initial energy of the system, is plotted for a total of
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FIGURE 8 Thesolution in the near-field at different time instants for the classical scalar wave equation in Example 1. Left: reference
model. Middle: proposed model. Right: conventional model.

5 x 10° time steps and compared to that of the reference solution. The energy at time ¢ > 0 is defined as

2 2
B =1 / <u2(x, B+ 42 l(a”;’; t)) + (a”g;’ ”) Dde, (55)
Qy

where Qy denotes the integration region. Throughout the overall time period, no unstable behavior is observed. In addi-
tion, the accuracy of the proposed model compared to the conventional model is illustrated in Figure 10 (left). The time
evolution of the near-field solution at a selected node is plotted for all three of the models employed. As in Figures 8 and 9,
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Proposed Conventional

0 0.0025 0.005

FIGURE 9 The absolute difference between the solutions of (left) the proposed and reference models and (right) the conventional and
reference models at different time instants in Example 1.

itis evident that the solution of the proposed model is in good agreement with the reference solution, whereas the solution
of the conventional model exhibits significant reflections.

5.2 | Example 2

In the second example, we demonstrate the application of the proposed ABCs for the PD scalar wave-type Equation (6),
for the case of constant influence function (cf. (7)) and p = 2. We apply the standard scheme to discretize the governing
equation in the near-field. In this case, the near-field is given by a circular domain with radius R = 26, which is depicted
in Figure 11. We compare the solution of three models at different time instants. The computational domain is discretized
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FIGURE 10 Left: Time evolution of the solution at x = (20, 10) (see Figure 8) for the different models in Example 1. Right:
Comparison of the normalized energy evolution in time, where E, = E(0) is the initial energy of the system, between the proposed and
reference models in Example 1.

by means of regular square cells of edge length Ax = 0.25, and a horizon of § = 6Ax is assumed. The reference solu-
tion presented in the left column in Figure 11 was determined on a much larger domain (R = 126) with homogeneous
Dirichlet-type boundary conditions. The middle and right columns in Figure 11 depict the proposed model with two dif-
ferent choices of dispersion relation. The model used for the middle column employs the nonlocal numerical dispersion
relation (52) and is referred to as Proposed-A. The model used for the right column, in contrast, employs the local char-
acteristic dispersion relation (33) and is referred to as Proposed-B. In both the Propose-A and Proposed-B models, the
ABCs are imposed on a layer of width equal to the horizon, and we reduce the number of collocation nodes according to
Figure 7 for overall enhanced conditioning and computational efficiency.

The discretization employed herein results in a total of 33,949 nodes for both the Proposed-A and Proposed-B models,
while the reference model uses 797,889 nodes. We employ the explicit velocity-Verlet scheme for time integration, which
follows from (40) and (43), with a time step of At = 1 x 10~*. The wave propagation speed is set to y*> = 1, and the medium
damping coefficient is set to d = 0.0125. As in Example 1, we choose the parameter Ax from (34) as Ax = 1. For the initial
conditions, a pulse given by uy(x) = exp(—1log(2)(||x||)) and i1p(x) = 0 is assumed.

In Figure 11, we compare the solution between the models in the near-field at four selected time instants, demon-
strating good agreement between the models’ solutions. Both the Proposed-A and Proposed-B models absorb the incident
wave. However, the Proposed-A model exhibits less reflections compared to the Proposed-B model, which can be noticed
at times ¢ = 40 and ¢ = 50, once the wave departs the near-field. In Figure 12, this becomes more apparent, where the
absolute value of the difference between the solution of the proposed model and the reference solution is depicted;
this is reported for the Proposed-A model in the left column and for the Proposed-B model in the right column. This
result is expected since the dispersion relation of the EBFs employed in the Proposed-A model, that is, the nonlocal
numerical dispersion relation, is chosen to match the numerical method in the near-field. On the contrary, the local char-
acteristic dispersion relation used in the Proposed-B model significantly differs from the nonlocal numerical dispersion
relation, thereby resulting in the observed reflections. In Appendix B, the interested reader may find an additional numer-
ical example, which further illustrates the performance of the proposed approach for highly dispersive nonlocal wave
propagation with large horizons relative to the grid spacing.

5.3 | Example3

In the third example, we extend the application of the proposed ABCs from Example 2 to a more complex problem involv-
ing two notches in the near-field, as depicted in Figure 13. The first notch is given by the line segment between the
points (-7, —7) and (7, —7), while the second notch is given by the line segment between the points (0, 10) and (7, 10). The
notches are implemented by breaking all the bonds that cross the corresponding line segments. Except for the horizon,
which is assumed to be 6 = 3Ax in this example, the model parameters are the same as in Example 2. The initial condi-
tions are assumed the same as in Example 1. Here, we omit the comparison with the Proposed-B model (see Example 2)
and simply compare the solution of the Proposed-A model (see Example 2) with the reference solution. The presence of
the notches leads to reflections within the near-field, resulting in a complex wave state consisting of many superimposed
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Reference Proposed-A Proposed-B
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FIGURE 11 The solution in the near-field at different time instants for the PD scalar wave-type equation in Example 2. Left: reference
model. Middle: proposed model with the nonlocal numerical dispersion relation (Proposed-A model). Right: proposed model with the local
characteristic dispersion relation (Proposed-B model).

waves impinging on the boundary of the near-field at many different angles. Despite the more complex setup, Figure 13
indicates that the proposed ABCs are capable of absorbing the incident waves, providing a solution that matches the
reference solution very well.

To have a closer comparison between the solution of the Proposed-A model and the reference solution, in Figure 14
we present the time evolution of the field variable at a selected point for both models. While for earlier times the two
solutions match very well for the selected near-field with domain radius R = 26, at later times deviations from the ref-
erence solution are observed in the Proposed-A model, which may be attributed to the complex wave state and the
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FIGURE 12 The absolute difference between the solutions of (left) the proposed model with the nonlocal numerical dispersion
relation (Proposed-A model) and the reference model and (right) the proposed model with the local characteristic dispersion relation
(Proposed-B model) and the reference model at different time instants in Example 2.

comparatively large angles of incidence on the absorbing boundary. The solution accuracy relative to the reference solu-
tion would improve if the angles of the incident waves relative to the boundary normal vectors are reduced, which may be
achieved by increasing the radius of the near-field thus increasing the distance between the absorbing boundary and the
notches. For the case of a larger near-field with domain radius R = 42, Figure 14 shows an improvement in the accuracy
of the solution of the Proposed-A model relative to the reference solution. This fact thus illustrates that there is always
a trade-off between numerical accuracy and computational efficiency related to the selection of the domain size of the
near-field.
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FIGURE 13 The solution in the near-field at different time instants for the PD scalar wave-type equation in Example 3. Left: reference
model. Right: proposed model with the nonlocal numerical dispersion relation (Proposed-A model).

Remark 2. This numerical example poses a complex problem involving two notches in the near-field, where
wave reflections can result in waves reaching the absorbing boundary from multiple incident angles. One
approach to improving numerical accuracy in such cases is to enlarge the numerical domain, as depicted in
Figure 14, but this can come at a significantly higher computational cost. Another parameter that can poten-
tially affect the accuracy of the results is A¢ from (34), which determines the range of angles of the modes used
to construct the ABCs. However, increasing A¢ may not necessarily lead to better outcomes, and even result
in numerical instability due to wave reflections from the absorbing boundary layer to the near-field.>> Hence,
a careful balance between numerical accuracy and computational cost is necessary, especially for complex
problems, like the one described here.

1]uo//SdnY) SUONIPUOD PUe SWB L 84} 85 *[£202/.0/22] U0 AkelqIUIUO AB|IM "LBIPBIA BUISILOAPRIT - %eulol|q1g BInquieH TISIRAIUN BYDSILY0S L AG 092, BWU/Z00T OT/I0P/LI0D" A8 | 1M Aseiq 1)Ul Uo//SAWY W14 papeo|umoq ‘9T ‘€202 ‘L020L60T

00" Ko Al

3SUBO 1 SUOWILLOD dAIEID 3|qeal|dde auy Aq pausenof afe ssppiie YO ‘8sn Jo 3| 104 AriqiTauluO A8|IM Uo



3546 Wl LEY HERMANN ET AL.

—— Reference
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FIGURE 14 Time evolution of the solution at x = (20, 10) (see Figure 13) for the reference model and the proposed model with the
nonlocal numerical dispersion relation (Proposed-A model) for two near-fields, one with domain radius R = 26 and one with domain radius
R =42, in Example 3.

6 | CONCLUSIONS

This paper introduces a new approach to tackle the construction of absorbing boundary conditions (ABCs) for the (non-
local) peridynamic (PD) scalar wave-type equation in unbounded viscous media. The proposed ABCs are of Dirichlet
type, which facilitates their application since their implementation neither depends on differentiation procedures nor
uses auxiliary variables which are not straightforward to incorporate even for the case of the classical (local) scalar
wave equation. The ABCs are derived from a semi-analytical solution of the exterior domain (far-field) consisting of
plane-wave modes. In this way, the modes satisfy the nonlocal dispersion relation corresponding to the PD scalar
wave-type equation and converge to the modes corresponding to the local equation in the limit of vanishing nonlo-
cality. The ABCs are entirely developed in the time and space domains without the utilization of Fourier or Laplace
transforms, which proves to be complex for nonlocal models. Our numerical studies show that, at the discrete level,
the far-field solution is obtained consistent with that of near-field, in terms of the dispersion relation, provided that
the modes are calculated using the same numerical dispersion relation of the near-field. The unknown coefficients
of the far-field semi-analytical solution are calculated through a simple collocation procedure in space and time. A
comprehensive discussion on efficient derivation of the unknown coefficients is presented. The performance of the
proposed ABCs in terms of accuracy and stability is shown through several numerical examples in 2D. Our inves-
tigation demonstrates that the proposed ABCs yield a proper level of accuracy even in problems characterized by
highly-dispersive propagating waves. Extension of the proposed approach for PD elasticity equations is a subject of
future study.
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APPENDIX A. CONVENTIONAL ABSORBING BOUNDARY CONDITIONS

The derivation of the conventional first-order ABCs for the classical (local) scalar wave equation in viscous media fol-
lows.%° We assume that the local coordinate system at each point of the absorbing boundary T, is oriented so that the
exterior domain lies in the half-space x > 0, where the x-axis is normal to the absorbing boundary and points towards the
exterior domain. To this end, the governing equation of the far-field reads as follows:

= y% (U +upy) +2dt=0, x>0, yeR, >0, (A1)

where uy and u,, denote second partial derivatives with respect to the spatial coordinates in the x- and y-directions,
respectively. The initial conditions for the exterior domain are:

ux,0) =0,
u(x,0) =0,

x>0, yeR,
x>0, yeR. (A2)

VoV

In order to apply the Fourier transform to the field variable u in time, we have to extend it to negative times by setting the
corresponding values for ¢ < 0 to zero. We denote the prolonged field variable for negative and positive times as fi. As the
initial conditions are zero according to (A2) for x > 0, the following homogeneous wave equation is obtained for ii:

i — y? (fe +0yy) +2di =0, x>0, yeR, teR. (A3)

Then, we apply the Fourier transform in the time ¢ and y-direction to obtain the ordinary differential equation in the dual
coordinates (k, w) as follows:

—0*ll — 2 (fee-k? 1) + 102di1 = 0, (A4)

where it denotes the Fourier transform of the prolonged field variable ii. For a fixed tuple (k, ) in the Fourier space, a
general solution for (A4) is given in the following form:

2
fie, k, ) = Zaj(k, ) exp(4;(k, w)x) , (A5)
j=1

where a;(k, w) and 4;(k, @) denote unknown coefficients that generally depend on the dual coordinates k and . By insert-
ing the exponential ansatz function from (A5) in (A4), the following relation is obtained for a representative pair of
coefficients A and k:
2
Py S (A6)
X X

Defining the auxiliary variable z := %k, the two solutions of the quadratic Equation (A6) can be expressed as
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M= w12 1-22 - lZﬂ. (A7)
X Xk

For the derivation of the first-order ABCs, we perform a first-order Taylor series expansion in (A7) for z around z = 0. In

doing so, we obtain the following approximation:

/11/2%1<19+£>. (A8)
X X

Note that higher-order Taylor series expansions would likewise be conceivable; however, the subsequent equations turn
out to be increasingly complex. Inserting the two approximate solutions from (A8) in (A5) and using the inverse Fourier
transform, a general solution for ii reads as follows:

f(x,y,t) = / / ay(k, w) exp((z9 + ﬂ) X+ tky + zwt> dkdw
—o0 -0 X X

+/°o/ooa_(k,a)) exp((—zf - %>x+tky+zwt> dkdw, (A9)

where we distinguish the positive and negative solutions of (A8) in terms of the corresponding coefficients «; and a_,
respectively. Since the term £ is nonnegative and the solution # is bounded, the first coefficient must be zero, that is,
a, = 0. Therefore, we can simplify (A9) and express it as follows:

iy, t) = /m/ma_(k, ) exp((—x% - %) X+ ky + la)t) dkdw. (A10)

By evaluating (A10) at x = 0, we recognize that a_(k, ®) = ii(0, k, »). Subsequent differentiation of (A10) with respect to
x and moving the expression on the right-hand side to the left-hand side yields for x = 0:

i, (0,y,t) — / / (0, k, w) (—19 - E) exp(tky + wwt)dkdw = 0, (A11)
—00J -0 X X

where we emphasized the explicit variable dependencies of the prolonged field variable i, and its Fourier transform & in
the notation. In Fourier space, (A11) reads as follows:

£:(0, k, @) + z%ﬁ(o, k, w) + %ﬁ(o, k,w) = 0. (A12)

Multiplying (A12) by y and applying the inverse Fourier transform finally yields the first-order approximation to the exact
ABCs as

1(0,y,1) + yu,(0,y,t) + du(0,y,t) = 0, (A13)

which is a partial differential equation that has to be enforced on the absorbing boundary I'y, (at x = 0). Note that we
omitted the previous notation of the prolonged solution i as we only consider the solution for ¢ > 0. Note that, for a
vanishing damping coefficient d = 0, the relation in (A13) corresponds to the conventional first-order ABCs provided in
Reference 60.

APPENDIX B. NONLOCAL WAVE PROPAGATION IN 1D: NUMERICAL PERFORMANCE FOR
HIGHLY DISPERSIVE WAVES

The purpose of this section is to investigate the numerical performance of the proposed ABCs for highly dispersive
nonlocal wave propagation on an unbounded viscous domain. As the waves involved in the following numerical example
contain high-frequency components, a sufficiently fine spatial and temporal resolution is required. Thus, we perform the
simulations in 1D, as the construction of the numerical reference solution is computationally costly in higher dimensions.
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For that purpose, let x be a point in a body Q, so that the homogeneous 1D nonlocal PD wave equation reads as follows:

+6
i(x, t) — / co(|E])(ux + &, ) — u(x, t))dE + 2du(x, t) = 0. (B1)

)

Now, consider a uniform spatial discretization of the upper equation with a set of N + 1 points, X = {x9, X1, ... , Xy}, with
the grid spacing Ax = §/m with m € N, such that x; = iAx, where i = 0, 1, ... ,N. In analogy to (43), the semi-discrete
form of the governing equation of motion at node x; and time ¢ > 0 may be written as

= ) @ — DAX]) (w; — wi) B — DHAX)Ax + 2di; = 0, (B2)

j=i-m

Jj#i
where u; = u(x;, t), it; 1= u(x;, t), and it; = ii(x;, t). In the following, we assume the influence function w(|(j — i)Ax|) =1
2
and take ¢ = %, where y? is the propagation wave speed of the classical local wave equation. For the construction of the

ABCs according to (50), modes must be constructed that match the numerical dispersion relation corresponding to (B2).
To do that, we substitute the discrete mode y; = exp(ia(iAx) + wot) for u; in (B2), which yields:

i+m
—0* + 2diw — Z c(exp(a(j — )Ax) — 1)S(( — i)Ax)Ax | exp(ta(iAx) + wot) = 0. (B3)
i
In analogy to (52), by replacing the difference in spatial indices (j — i) with the running index k, the numerical dispersion
relation for the 1D system may be obtained as follows:

o=1d+ |-d?- Z c(exp(iakAx) — 1)A(kAx)Ax. (B4)

In the following, we demonstrate the performance of the proposed ABCs by means of a numerical example. The com-
putational domain (—10, 10) is chosen with the system parameters given by y? = 10 and d = 5 x 10~*. For the spatial
discretization, we select Ax = 0.01, resulting in 2001 computational nodes inside the domain and 25 absorbing nodes at
each boundary of the computational domain. The horizon is fixed to § = mAx = 0.25 with m = 25 and the time step is
At =1 x10™* with the simulation running over a total of 150,000 time steps. The corresponding reference solution is
obtained on the domain (—60, 60) with the same system parameters resulting in a total of 12,001 computational nodes.

To generate a wave containing high-frequency components, we choose the initial condition of the field variable in the
form a steep pulse given by

u) = exp(—20log(2)x?), (B5)

which yields a propagating wave with highly dispersive behavior as depicted in Figure B1. According to (34), we select
the modes from a symmetric interval:

ax € Aa[-1,1], Aa>0, k=(0,1,...,np), (B6)

where we chose Aa = 1 and n;, = 20 evenly spaced subdivisions of the interval. In order to guarantee numerical stabil-
ity prior to the simulation, we employ the steps of stabilization outlined in Section 4.3. Specifically, we exclude any node
within the clouds that is spatially ahead of the absorbing boundary node, as depicted in Figure 7, and monitor the con-
dition numbers of the moment matrices in (47) as well as the updating vector norms in (50). In the present example, no
further reduction of nodes from the absorbing boundary clouds, as outlined in Section 4.3 and depicted in Figure 7, is
required; however, those steps might become necessary for a different choice of system parameters. Therefore, we advise
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FIGURE Bl Nonlocal wave propagation at four different time instants from the numerical example in Appendix B.
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monitoring the condition numbers and updating vector norms in order to guarantee numerical stability prior to the sim-
ulation and, if necessary, reducing the number of cloud nodes until the condition numbers and updating vector norms
fall within the respective ranges provided in Section 4.3.

The results of the reference solution as well as the truncated domain equipped with the proposed ABCs are depicted
in Figure B1. It can be seen that, for the chosen horizon § = 0.25 and the given initial conditions, the waves draw
high-frequency tails as they propagate to each end of the computational domain.®! Furthermore, a good match between
the solution of the truncated domain equipped with the proposed ABCs and the reference solution can be observed,
demonstrating the effectiveness of the proposed method on applications involving highly dispersive waves and large
values of m. The proposed method maintains numerical stability throughout the course of the simulation.
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