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A B S T R A C T   

The detection of compartments and dead zones as well as the estimation of the mixing efficiency in stirred tanks 
are of vital interest for a variety of biochemical and chemical processes. Here, numerically derived time- 
dependent 3D fluid velocity fields of a stirred tank reactor are computed using the Lattice Boltzmann Method. 
Mixing in the stirred tank reactor is analysed by means of Lagrangian Coherent Structures which allow to unravel 
the mixing states of complex flows. This Lagrangian analysis is achieved by computing Finite Time Lyapunov 
Exponents and applying recent trajectory-based network methods on the three-dimensional flow. The results 
reveal a zone of low interaction in the upper region of the stirred tank reactor and five additional transient 
compartments. The trajectory-based network analysis detects low cross-mixing of fluid parcels between different 
compartments but a very high mixing of fluid parcels inside of each compartment. This high interaction is also 
found in an analysis of the Finite Time Lyapunov Mixing Intensity. Time-averaging of the fluid velocity field prior 
to the Lagrangian analysis is considered to extract the most influential Lagrangian Coherent Structures.   

1. Introduction 

In the chemical and biochemical industry, mixing plays a key role for 
the efficiency of many processes [1]. A fast and homogeneous, or at least 
a defined and adjustable mixing efficiency is crucial for many chemical 
reactions, especially if several parallel or consecutive reactions are 
involved [2]. Additionally, a high mixing quality is crucial in the course 
of strongly exothermic reactions to prevent the hazard of dead zones and 
temperature hot spots, which can lead to a thermal runaway [3]. In 
biochemical processes often a sufficient supply and discharge of oxygen, 
carbon dioxide and substrates is essential for the growth and activity of 
biological cells [4]. 

In the past and up to this point stirred tank reactors (STR) have been 
the workhorses in the (bio)chemical industry [5] and are still subject of 
recent research [6–15]. In the course of processes carried out in STRs, 
the fluid flow has a dominant influence on the mixing efficiency and on 

the occurrence of compartments. The latter already have been studied 
intensively [4,16–19], identifying them as time-evolving regions with a 
major impact on the whole process. To examine these time dependent 
and therefore transient compartments and their occurrence in the 
temporally evolving fluid flow, the consideration of Lagrangian Coherent 
Structures (LCS), which were first mentioned by Haller and Yuan [20], 
seems a promising route. An LCS is to be thought of as a simply coherent 
material line (in 2D) or surface (in 3D) M (t) [20–22], which has a strong 
influence on the flow nearby and shapes the mixing. Two different kinds 
of LCSs are depicted in Fig. 1. An attracting LCS (aLCS) maximally at
tracts fluid elements close to it, while a repelling LCS (rLCS) maximally 
repels them. This attraction and repulsion is strongly related to the 
aforementioned formation of transient compartments since these LCSs 
usually enclose areas of low mixing. Additionally, the hyperbolic points, 
where both kinds of LCSs cross each other, have a direct influence on the 
mixing efficiency. The impact of LCSs on several complex flows has 
experienced high attention from several groups such as Haller et al. 
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[20–24], Shadden et al. [25–28], Balasuriya et al. [29–31], Brunton 
et al. [32–34] and von Kameke et al. [35,36]. Very recently, LCSs were 
analysed in a stirred tank by Li et al. [37], who proposed the usage of 
time-averaged experimental data for the identification of LCSs in a 
stirred tank reactor with one pitched blade turbine. 

Originally, the study of LCSs requires knowledge of the smooth flow 
map of fluid elements from which Finite Time Lyapunov Exponents 
(FTLE) are computed. These measure the growth of small perturbations, 
and thus serve as a stretching indicator. While the extraction of material 
lines in 2D flows has been automated by Onu et al. [24] in MATLAB’s 
LCS-Tool, the identification of evolving material surfaces in 3D flows 
remains challenging. Several articles [38–40] have been published in 
this field in which different approaches were utilised and the advantages 
and disadvantages of Lagrangian methods over Eulerian methods were 
discussed. The reviews [41,42] discuss the different, frequently used 
Lagrangian approaches. Among them are probabilistic methods [43], 
which provide a complementary view compared to the flow map ap
proaches in identifying and extracting time evolving fluid volumes that 
minimally mix with the surrounding fluid. Recently, data-based ap
proaches have been proposed [44–47] that can directly deal with 
Lagrangian tracer trajectories in order to study and quantify coherent 

compartments. Trajectory-based network methods that define coherent 
sets via clusters in a flow network have been proven very efficient [45, 
48–50]. 

The aim of the present work is to identify LCSs and coherent fluid 
volumes in a stirred tank reactor by means of the FTLE and trajectory- 
based network methods to achieve greater knowledge about optimal 
feed positions and the overall mixing process in an STR. The observed 
vessel is a laboratory scale STR with two Rushton turbines and three 
baffles that has been studied in previous works [10,51,52]. The fluid 
velocity field in the STR is calculated by the application of the Lattice 
Boltzmann Method (LBM) by using the programme M-Star CFD (M-Star 
Simulations, LCC.). 

The paper is organised as follows: In Section 2, the stirred tank 
reactor setup is described, the FTLE framework and the trajectory-based 
network methods are introduced, and details on the Computational 
Fluid Dynamics (CFD) simulation of the flow in the STR and the 3D FTLE 
implementation are presented. In Section 3, the results of the Lagrangian 
analysis are presented and discussed. First, the FTLE fields in forward 
and backward times and for different integration times and two different 
stirrer frequencies are considered. Afterwards, these results are 
compared with the coherent, transient compartments identified from the 

Nomenclature 

Arabic symbols 
Δt integration time 
M (t) material line/surface at time t 
O Landau symbol 
T time interval 
A adjacency matrix 
C right cauchy-green-strain-tensor 
D degree matrix 
F flow map 
I identity matrix 
JΦ jacobian of the function Φ 
L non-normalised Laplacian 
Q orthogonal matrix from the polar decomposition 
R symmetric positive definite matrix from the polar 

decomposition 
U basis of the vector space U 

u basis vector of the vector space U 

V basis of the vector space V 

v basis vector of the vector space V 

W weight matrix 
w velocity 
wa,b,c,d approximated velocity at position xa,b,c at time td 

x position 
Cn space of functions which are n times steadily differentiable 
f particle distribution function 
K collision parameter 
n stirrer frequency 
Smax cluster indicator 
tR relaxation time 
V volume 

Greek symbols 
η dynamic viscosity 
Λ+ forward finite time Lyapunov exponent 
Λ− backward finite time Lyapunov exponent 
λi eigenvalue 
Ω geometric space 
ρ density 
θ angle 
Λ̃ finite time Lyapunov mixing intensity 
ϑ temperature 
γ distance between particles 
ξi eigenvector corresponding to the eigenvalue λi of the 

matrix R 
ζ microscopic velocity of particles concerning the Lattice 

Boltzmann simulation  

Fig. 1. Attracting LCS (left) and repelling LCS (right) according to Haller [38]. The coloured arrow indicates the trajectory of a fluid element nearby the respec
tive LCS. 
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trajectory-based network approach. Finally, it is demonstrated that the 
Lagrangian results obtained via the combination of FTLE analysis and 
trajectory-based network methods allow to obtain very detailed insights 
on transport, mixing and zones of low interaction in the vessel. The 
mixing structures differ largely from those obtained from time-averaged 
velocity fields. A discussion regarding the implications of these findings 
and a comparison with experimental data [10] is presented in Section 4. 

2. Material and methods 

For an overview over the topics of this work, the following sections 
will introduce the used reactor setup, the numerical framework and the 
relevant physical and mathematical analysis methods. 

2.1. Stirred tank reactor setup 

The numerical model of the STR has previously been introduced and 
experimentally validated by Kuschel et al., Hofmann et al. and Fitschen 
[10,51,52]. It has a working volume of VSTR = 2.8 L. The reactor has a 
korbbogen head bottom, three baffles with an angular offset of θ = 2π /3 
and two Rushton turbines. The relevant dimensions can be taken from 
Fig. 2. The numerical properties of the fluid are those of water at ϑ =
20 ∘C (ρF = 998.2 kg m− 3, η = 1.0016 mPa s). The flow in these systems 

is known to be turbulent for Reynolds numbers Re :=
nd2

RρF
η ≥ 104, where 

n is the stirrer frequency [53]. For the observed reactor the critical 
stirrer frequency is ncrit ≈ 465 rpm. 

2.2. Theoretical background 

The first part of this section deals with the derivation and definition 
of the FTLE and the examination of its connection to the deformation of 
fluid elements. The second part gives insight into the trajectory-based 
network methods. In the third part, a short description of the numeri
cal method to compute the fluid velocity field follows. The final part of 
this chapter explains the implemented algorithms and the procedure 
that integrates the methods mentioned above for further analysis. 

2.2.1. Deformation of fluid elements and the Finite Time Lyapunov 
Exponent 

Let w ∈ C2 denote the velocity field of a fluid inside a given geometry 
Ω ⊆ R3 for a given time interval T ⊆ R. It is assumed that fluid ele
ments or non-inertial particles will follow the flow perfectly. The tra
jectory x(t) ∈ Ω, t ∈ T of a tracer is obtained via the solution of the 
initial value problem 

ẋ(t) = w(x(t), t), x(t0) = x0 (1)  

and thus 

x(t) = x0 +

∫ t

t0
w(x(τ), τ)dτ, t ∈ T (2)  

Fixing the initial time t0 and final time tF, the flow map FtF
t0 : Ω→Ω can be 

defined as the solution operator of the underlying ordinary differential 
equation ẋ(t) = w(x(t), t) on [t0,tF]⊂T . Hence, FtF

t0 
maps the initial tracer 

position x0 to its final position FtF
t0 (x0) = x(tF) at time tF. For means of 

clarity the indices and arguments of the flow map are omitted in the 
following. If not stated differently, F will always refer to FtF

t0 (x0). 
For two particles i and j, their distance vector at time t ∈ T 

γ(t) := xj(t) − xi(t) (3)  

is considered and consequently, the position of particle j can be 
rewritten as a Taylor series 

xj(t) = xi,0 + γ0 +

∫ t

t0
w(xi(τ) + γ(τ), τ)dτ

= xi,0 + γ0 +

∫ t

t0
w(xi(τ), τ) + Jw⋅γ(τ) + O

(
‖ γ(τ) ‖2

2

)
dτ,

(4)  

where Jw denotes the Jacobian of the velocity field w at the position xi. 
The magnitude of the distance ‖ γ(t) ‖2 is assumed to be small, hence 
neglecting higher order terms in Eq. (4), inserting Eqs. (2 and 4) into Eq. 
(3) and differentiating the result with respect to time yields the varia
tional equation [54] 

γ̇(t) = Jw⋅γ(t), with γ(t0) = γ0, (5)  

which describes the evolution of the distance vector γ(t) between close 
particles starting at positions xi,0 and xj,0, respectively. The evolution of 
the distance γ(t) is depicted schematically in Fig. 3. This equation holds 
true while the magnitude of the distance ‖ γ(t) ‖2 is sufficiently small. 
The solution of Eq. (5) and evaluation at time tF is given by 

γ(tF) = JF⋅γ0, (6)  

which can be checked easily by inserting the solution into the differ
ential equation Eq. (5). Hereby JF denotes the Jacobian of the flow map. 
In other words: An initial deviation γ0 between particles around position 
x0 at time t0 will be transformed linearly by the Jacobian of the flow map 
to another deviation γ(tF) between the same particles at time tF. For 
means of clarity, the argument tF in γ(tF) will be omitted. 

The identification of compartments and regions of strong mixing 
behaviour is related to the identification of regions where high de
formations according to Eq. (6) arise [55,56]. Each matrix A ∈ Rn×n can 
be decomposed into an orthogonal matrix Q ∈ Rn×n and a symmetric 
positive (semi) definite Matrix R ∈ Rn×n [57]. Since this work deals with 
problems where continuity holds, the matrix R has a determinant of 
detR = 1 [58], hence it is definite. This polar decomposition can be used 
on the Jacobian of the flow map 

JF = QR⇒γ = QR⋅γ0. (7)  

The matrix R is responsible for deformation due to stretching, shrinking 
and shear, thus increasing or decreasing the magnitude of an initial 
deviation γ0. The matrix Q on the other hand is responsible only for pure 
rotation. To be able to state which degree of deformation occurs, the 
inner product 

γT γ = γT
0 ⋅(JF)

T JF⋅γ0 = γT
0 RT QT Q

⏟̅⏞⏞̅⏟
≡I

Rγ0 = γT
0 RT R⏟̅⏞⏞̅⏟

=:C

γ0 (8)  

can be set up. Hereby C ≡ (JF)
TJF is the Right Cauchy-Green-Strain- 

Fig. 2. Geometric setup and dimensions of the STR.  
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Tensor, in the following just named Cauchy-Green-Strain-Tensor (CGST) 
[22]. From the CGST, a quantitative value for the largest stretch at the 
observed position x0 is achieved by finding the eigenvector ξ1 corre
sponding to the largest eigenvalue 

̅̅̅̅̅
λ1

√
of R and setting the vector γ0 

equal to it, such that 

γT γ = λ1γT
0 γ0⇒

̅̅̅̅̅̅̅̅̅̅
γT γ
γT

0 γ0

√

=
̅̅̅̅̅
λ1

√
(9)  

holds. This is the largest deformation at the observed position after the 
integration time Δt := tF − t0. With the largest eigenvalue λ1 of the CGST 
the Forward FTLE (FFTLE) 

Λ+(x0, t0,Δt) :=
1

Δt
⋅ln

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

λ1

(
Ft0+Δt

t0 (x0)
)√

(10)  

can be calculated [59]. In the same way the whole calculation can be 
conducted backwards in time such that an initial set of particles is 
observed and the configuration which led to this ensemble is retrieved. 
For this purpose another time interval [t0 − Δt, t0]⊂T is observed and 
the flow map Ft0 − Δt

t0 (x0) has to be taken into account. The result is the 
Backward FTLE (BFTLE) 

Λ− (x0, t0,Δt) :=
1

Δt
⋅ln

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

λ1

(
Ft0 − Δt

t0 (x0)
)√

. (11)  

The FTLE is a function of the initial position x0, the initial time t0 and the 
considered time interval. For a given time interval, repelling Lagrangian 
Coherent Structures (rLCS) can be defined as those material lines (in 2D) 
or material surfaces (in 3D) that are simply connected local maxima of 
the FFTLE according to Eq. (10) [38,60]. These isosurfaces, also called 
FTLE-ridges, are surfaces which can be interpreted as ”barriers” which 
hinder transport of species across it during the observed time interval. In 
the same way, attracting Lagrangian Coherent Structures (aLCS) can be 
defined as the material lines or surfaces which are simply connected 
local maxima of the BFTLE according to Eq. (11). If in contrast the zones 
of highest mixing during this time interval are of interest, the Finite 
Time Lyapunov Mixing Intensity (FTLMI) Λ̃ :=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Λ+⋅Λ−

√
can be calcu

lated [36]. Where this value is high, both is true: Particles have come 
from far away and will separate quickly and thus, a high mixing effi
ciency results. A low value on the other hand indicates either strong 
attraction or strong repulsion, but not both. Finally, a very low value 
indicates zones where both effects play a minor role and almost no 
mixing takes place during the observed time interval. 

For a more mathematical and strict definition of the LCSs, a closer 
look on the eigenvalues 0 < λ3 ≤ λ2 ≤ λ1 and corresponding eigen
vectors ξ1, ξ2, ξ3 is necessary. Farazmand and Haller [23] derived four 
criteria which have to be fulfilled unconditionally by a material line or 
surface to be an LCS. While this procedure is implemented in LCS-Tool 
[24] for 2D flows, this work deals with 3D flows. The analysis 

concerning the necessary criteria for existence remains challenging for 
3D flows. Therefore, LCSs will be approximated as ridges in the 
FTLE-fields [61]. 

2.2.2. Trajectory-based network methods for identification of coherent sets 
Let xi(t) ∈ Ω, i = 1, ...,NP be particle trajectories according to Eq. 

(2), which are evaluated at discrete times tl ∈ T , l = 1, ..., NT. For 
setting up a trajectory-network the approach proposed by Schneide et al. 
[50] is followed. A threshold ε > 0 is fixed and at each time step 
instantaneous adjacency matrices Al ∈ {0,1}NP , with entries aij,l = 1 if ‖
xi(tl) − xj(tl)‖2 < ε for i ∕= j and aij,l = 0 otherwise, are built. MATLAB’s 
rangesearch implements such an ε-neighborhood search. From the 
family of adjacency matrices Al the network weight matrix 

W =
∑NT

l=1
Al (12)  

is obtained. This symmetric matrix stores the information on how often a 
particle j was in the direct ε-neighbourhood of another particle i. So the 
entry wij is large if the trajectories of tracers i and j are close for a long 
time. With the weight matrix the degree matrix D can be constructed, a 
diagonal matrix with entries 

dii :=
∑NP

j=1
wij, (13)  

where dii encodes how many contacts a specific particle i has had during 
the observed discrete time interval. This value will be high for particles 
in regions where a high mixing efficiency arises. A low value indicates 
regions of poor mixing efficiency. This can also be formally related to 
FTLE [62] and is similar in spirit to the trajectory encounter volume 
proposed in [63]. 

Coherent compartments that mitigate global mixing can be identified 
by spectral clustering. In particular, a normalised cut problem [64] is 
solved, with the NP particles (or their trajectories) forming the vertices 
and the links represented in the weight matrix W. To this end, the 
generalised eigenvalue problem [45] 

Lv = λDv, (14)  

with non-negative eigenvalues 0 = λ1 ≤ λ2 ≤ ... ≤ λNP is considered. 
Hereby L := D − W is the non-normalised Laplacian. In particular, v1 =

( 1 ⋯ 1 )
T is an eigenvector to the eigenvalue λ1 = 0. According to 

Fiedler, such graph is connected if and only if the algebraic multiplicity 
of the eigenvalue λ1 is 1, and hence λ2 > 0 [65]. If λ2, ..., λk with k <

NP are close to zero and λk+1≫λk, the network is decoupled into k 
communities that are only loosely connected [48,65]. The correspond
ing eigenvectors v1, ..., vk ∈ RNP carry the spatial information about the 
different partitions. The basis V := (v1, ..., vk) of the eigenspace V ⊂RNP 

Fig. 3. Schematic positions of particles at the initial time t0 (left) and at the later time t (right).  
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can be transformed into a sparse basis U := (u1, ..., uk) of the vector 
space U , such that U ≈ V using the SEBA algorithm developed by 
Froyland et al. [66]. The entry in the mth row of the nth column of the 
matrix U delivers the likelihood of component m belonging to the cluster 
n. By choosing a threshold, each component m can be assigned to a 
specific coherent cluster n or to the incoherent background, respectively 
[50,66]. The vector Smax ∈ RNP , which describes an overall cluster 
likelihood for each particle with entries sm = maxnumn can also be 
considered. 

2.2.3. Lattice Boltzmann simulations 
The fluid velocity w in this work is retrieved by using a simulation 

utilising the LBM, conducted with M-Star 3.6.13 (M-Star Simulations, 
LLC, Ellicott City, MD, USA). Since this work does not focus on the 
application of the LBM, this procedure will only be explained briefly 
here. A more detailed description of the LBM was presented by Hofmann 
et al. [52]. A complete in depth derivation of the whole method can be 
found in the books by Krüger et al. [67] or Succi [68]. 

To retrieve the macroscopic velocity field, the Boltzmann equation 

∂f
∂t

+ ζT∇xf + FT
ext∇ζf = K(f ) (15)  

is solved numerically for a set of particles with the particle distribution 
function f . These particles are not equal to the particles mentioned in 
chapter 2.2.1, but represent molecular particles, moving in the observed 
geometry Ω, colliding and tending to achieve an equilibrium distribu
tion. Hereby are ζ the velocity of these particles, Fext the external forces 
and K the collision parameter. As collision parameter the Bhatnagar- 
Gross-Krook collision parameter 

K(f ) = −
1
tR

⋅(f − f eq) (16)  

with the relaxation time tR and the equilibrium particle distribution 
density feq is used [67]. For the modelling of turbulence, an LES is 
conducted utilising the Smagorinsky-Lilly subgrid-scale model [69] with 
a Smagorinsky constant of CS = 0.1 [51,70,71]. Macroscopic variables, 
hence density and momentum, can be retrieved from the numerical 
solution of the Boltzmann equation via [72] 

ρ ≡

∫

f (x, ζ, t)dζ ≈
∑

i
fi (17)  

ρw ≡

∫

ζf (x, ζ, t)dζ ≈
∑

i
cifi. (18)  

All simulations were carried out on a cluster with two AMD Epyc 7702 
64 core processors and two Nvidia Tesla A100 GPUs. 

2.3. Computational setup 

The whole procedure consists of several steps. The first one is to 
achieve the fluid velocity field by means of the LBM. Then, in MATLAB, 
perfectly flow-following particles are advected by the interpolated fluid 
velocity field to yield the positions after a time Δt. With the initial and 
the final particle positions, the FTLE is calculated using an in-house 
developed MATLAB code. The whole algorithm is depicted in Fig. 4. 
Each step will be presented one by one in the following. 

Retrieving the velocity field 
The simulations are carried out using M-Star CFD 3.6.13. First, the 

geometry is loaded into the programme. The physical parameters of the 
fluid are chosen to match the values given in Section 2.1. Stirrer fre
quencies of n ∈ {252 rpm, 450 rpm} are used, since for these stirrer 
frequencies experimental validation has been carried out [51,52]. An 
equidistant grid with 300 lattice points across the vessel’s diameter is 
chosen. This yields a distance between lattice points of ΔxL = 0.42 mm. 
This value was found to match the necessary condition of a grid inde
pendent simulation and additionally shows a sufficient resolution for the 
following calculation of particle trajectories. It also accounts for suffi
ciently high resolved turbulence effects. A Courant number of Co = 0.05 
is used to guarantee stability. The calculated velocity data is saved every 
Δtsim = 10− 3 s, which yields the discrete fluid velocity field in space and 
time wa,b,c,d ≈ w(xa,yb,zc, td). 

Interpolation and advection of particles 
At each point of interest xa,b,c, a perfectly flow-following particle is 

positioned at the time t0. The initial distance between neighbouring 
particles is Δx. The trajectories of these particles are calculated by 
solving the differential equation 

ẋa,b,c = w
(
xa,b,c(t), t

)
, xa,b,c(t0) = xa,b,c,0 (19)  

on [t0, tF] using the solver ode45, which is implemented in MATLAB. The 
solver ode45 utilises an embedded fifth order Runge-Kutta routine 
based on the Butcher tableau derived by Dormand and Prince [73]. The 
discrete fluid velocity field is interpolated linearly to achieve the ve
locities the positions in-between. For the purpose of the calculation of 
the FTLE-fields, only the first xa,b,c,0 := xa,b,c(t0) and the final position 
xa,b,c,F := xa,b,c(tF) over the time interval [t0, tF] are relevant and used for 
further analysis. The trajectory-based network requires the positions at 
additional points in time in this given interval are necessary. 

Calculation of the FTLE 
With the calculated positions, the Jacobian of the flow map can be 

calculated at each discrete point xa,b,c ∈ Ω. Since there are only discrete 
values, the Jacobian has to be approximated by means of the central 
difference scheme  

Fig. 4. Flow chart.  
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The FFTLE and BFTLE can now be achieved by calculating the largest 
eigenvalue of the approximated CGST by means of MATLAB’s function 
eig and application of either Eq. (10) or (11), respectively. 

3. Results and discussion 

In the following, the results of the numerical simulations will be 
presented and discussed. The first part 3.1 focuses on the FTLE for 
different settings with an identification of possible compartments and 
mixing or dead zones. In the second part 3.2, the focus is on the necessity 
to use an instantaneous velocity field instead of a time-averaged one for 
the calculation of the FTLE and the mixing dynamics. In the third and 
final part 3.3, the findings are complemented by an examination of the 
trajectory-based network and the determined clusters. The schematic 
sketch of the observed plane for evaluation is depicted in Fig. 5. 

3.1. Mixing analysis with the Finite Time Lyapunov Exponent 

The long time evaluation of the FTLE was carried out by observing 
the FTLE-field arising from an integration of particles over a time 
equivalent to three stirrer revolutions. The results shown in Fig. 6 
indicate that for the observed time interval, the highest values the 
Forward and the Backward FTLE-fields can be found around the stirrer, 
indicating both a strong mixing and possible ridges as bounds of com
partments for both stirrer frequencies. Another important information 
which can be taken from these FTLE-fields is the very low values arising 
in the upper region of the vessel in positive z-direction. Even for this long 
integration time, almost no mixing occurred during three stirrer revo
lutions in this region as seen in Fig. 6. The reason for this is quite 
obvious. This position is on the opposite side of a baffle, yielding a 
weaker mixing performance than in the upper region on the baffle’s side. 

On the slice 32.5 mm ≤ z ≤ 65 mm, high BFTLE values are visible, 
denoting a large area of attraction. An effect of the higher stirrer fre
quency of n = 450 rpm can be observed in the plots of both FTLE-fields. 
It is clearly shown that the magnitude of stretching and attraction is 
higher in the whole vessel, compared to the case with a stirrer frequency 
of n = 252 rpm. Additionally, there is a significant larger amount of 
small scale FTLE ridges between the two stirrers, due to the stronger 
turbulence. For a better identification of LCSs and compartments it is 
necessary to reduce the integration time Δt. In the following, only the 
findings for the stirrer frequency of n = 252 rpm are shown, since they 
resemble those for n = 450 rpm. In Fig. 7, the FFTLE and BFTLE are 
shown for an integration time corresponding to 2/3 stirrer revolutions. 
Defining an a/rLCS as a ridge in the B/FFTLE-field, the results suggest an 
appearance of both kinds in the stirrer planes, while the lower one is 
oriented slightly diagonally, turning towards the vessel’s bottom. The 
BFTLE additionally indicates a high amount of small scale aLCS candi
dates at various positions, especially between the two stirrers, as already 
seen in the longtime evaluation. The earlier mentioned zone of poor 
mixing in the upper part of the reactor is also visible here. Due to the 
scaling of the colour bar it does not look as impactful during this short 
time interval. A closer look on the values though shows a higher ratio 
between the FTLE values around the stirrer and the FTLE values in the 
zone of poor mixing compared to the ratio for the long time FTLE-field. 
An investigation of the upper stirrer plane reveals that the values to
wards the centre of the reactor are high, the values at the outer regions 
are quite small and no persistent ridge from the centre to the wall is 
visible. For a further analysis, the FFTLE and BFTLE in the y-normal 
direction at the upper stirrer height of y = 0.12 m are depicted in Fig. 8. 
As can be seen, the ridge appears only in the centre of the reactor for the 
FFTLE and as ring around the stirrer for the BFTLE. This leads to the 
assumption that mixing in this area will be high but no compartmen
talisation will arise at this height due to the low repulsion near the 
vessel’s wall. 

Up to this point, the FTLE-fields were only examined for different 
integration times with a defined, fixed initial starting point in time t0. 
The following analysis focuses on the influence of this starting time t0. 
For this purpose, the geometric mean of the FFTLE was calculated for a 
shifting starting time t0,k = 60 s+ k⋅0.01 s, where k = 0, ...,72 with a 
fixed integration time Δt during three stirrer revolutions. After the 
calculation of the FTLE-fields, the geometric mean 

Λ̂
+

(x0,Δt) :=
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Π72
k=0Λ+(x0, 60 s + k⋅0.01 s,Δt)73

√

(21)  

was calculated. This is depicted together with the standard deviation 
from this geometric mean in Fig. 9. The result reinforces the earlier 
statements. Also here, high FTLE values can be seen around the stirrers 
with the same orientation. Even the zone of low interaction at z > 0,
y > 200 mm can be identified in the mean FTLE-field for this inte
gration time. The standard deviation on the other hand shows a Fig. 5. Schematic sketch of the position of the evaluation plane (dashed line), 

top view. 

(20)   
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behaviour which has not been expected immediately. The highest 
variance can be found around the region of high FTLE values as an en
velope. This leads to the assumption that the highest interaction, hence 
the highest mixing intensity can also be found here. Furthermore, it 
shows that the overall locations of the FTLE-ridges vary only little during 
the course of stirring. This will be further investigated, conducting the 
trajectory-based network methods and the identification of clusters or 
compartments, but first a closer look on the necessity to use a time- 
dependent fluid velocity field will be taken. 

3.2. The influence of a time-averaged fluid velocity field 

The FTLE-fields for the time-averaged case were retrieved by the 
calculation of the flow map according to Eq. (2) but using a time- 
averaged fluid velocity field w(x). This resulting mean fluid velocity 
field is a function of only the position x but not of time t, hence the 
trajectories of the particles match the streamlines of the mean flow. The 
time-averaging was done by taking the average of the velocity during 

the time interval [30 s, 60 s]. The results are depicted in Fig. 10. It can be 
seen clearly that there is a huge difference to the time dependent case 
discussed in Section 3.1, Fig. 6. While the highest FTLE values are in the 
same order of magnitude but slightly lower, the FTLE ridges themselves 
look very differently. The local, relatively high FTLE values, which can 
be observed by taking the time-dependent velocity fields, are completely 
filtered out in the time-averaged case. Nevertheless, the position of the 
global maxima of both the FFTLE and BFTLE can be found again at the 
same heights. Indeed these positions appear as a sharp line, allowing to 
localise them better than in the time dependent simulations. But while 
the FTLE-ridge did not reach from the centre to the wall in the time- 
dependent case, in the time-averaged one it does. This is a huge differ
ence since this finding implies a sharp compartmentalisation in the 
dynamics of the mean velocity field that is non-existent in the real, time- 
dependent case. Due to this reason, an identification of LCSs according 
to the definition as ridges in the FTLE-field and compartments could be 
possible by neglecting the transient effects, but the results are an over
prediction. Also, for a detailed study of all transient effects that a fluid 

Fig. 6. FFTLE (left), BFTLE (middle) and FTLMI (right) with an initial resolution of Δx = 100 µm and an integration time equivalent to three stirrer revolutions. Top: 
n = 252 rpm, bottom: n = 450 rpm.
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parcel experiences, it is significant to take these time-dependent effects 
into account. 

Nevertheless, time-averaging seems to be a fair choice to identify the 
general positions of ridges in the FTLE-field when hard drive disk space 
has to be saved or only mean velocity fields are available from experi
ments. The transient fluid velocity data for a stirrer frequency of 
252 rpm takes about 250 GB hard drive disc space for the non-averaged 
case compared to 1.4 GB for the averaged case. Nevertheless, many ef
fects are suppressed doing so. If the user is interested in the behaviour of 
the apparatus in regions where the FTLE does not reach its global 
maximum or the overall mixing behaviour, they are advised to consider 
the time-dependent velocity field. Additionally, time-averaging is only 
possible in meaningful manner if the flow shows some degree of peri
odicity, as it is most often the case for STRs. If this is not the case, time- 
averaging of the velocity field to calculate the FTLE will deliver results 
which do not allow any significant interpretation at all. The most 
important issue with the Lagrangian analysis with a time-averaged fluid 

velocity field is that it delivers boundaries of compartments which did 
not appear using a transient fluid velocity field. 

3.3. Trajectory-based network and compartments 

The trajectory-based network analysis was conducted with MATLAB. 
In total 342,208 particle trajectories, initialised on a regular three- 
dimensional grid with mesh size 2 mm at time t0 = 60 s are consid
ered. As output the particle positions in time increments of 10 ms, on [t0,
t0 + Δt], where Δt = 720 ms are taken, resulting in NT = 73 discrete 
time steps. For ε = 3 mm, the instantaneous adjacency matrices to set up 
the network weight matrix W and the corresponding degree matrix D are 
built. The 20 smallest eigenvalues of the generalised graph Laplacian 
eigenvalue problem are computed by means of MATLAB’s function 
eigs. While the first eigenvector v1 to the single eigenvalue λ1 = 0 is 
constant, eigenvectors v2,…, v5 contain information about coherent 
compartments as shown in Fig. 11. Note that for better comparison with 

Fig. 7. FFTLE (left), BFTLE (middle) and FTLMI (right) with an initial resolution of Δx = 100 µm and an integration time equivalent to 2/3 stirrer revolutions for a 
stirrer frequency of n = 252 rpm.

Fig. 8. FFTLE (left) and BFTLE (right) at the upper stirrer plane with an initial resolution of Δx = 100 µm and an integration time equivalent to 2 /3 stirrer 
revolutions for a stirrer frequency of n = 252 rpm.
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the FTLE results, the eigenvector data, which is available for the whole 
three-dimensional vessel, is plotted restricted to the x = 0 plane, i.e. the 
6,335 initial conditions on that plane are coloured according to the 
respective eigenvector entries. In particular, v2 highlights regions at the 
top and the bottom of the vessel, whereas v3 and v4 (not shown) provide 
finer partitions of the top region. v5 highlights a central region. 

To identify coherent compartments from these leading eigenvectors, 
the sparse eigenbasis approximation approach SEBA [66] is employed 
and a cluster indicator Smax is obtained. The result from such a post
processing of v1, v2 is shown in Fig. 12 (left), where again the 
three-dimensional results are restricted to the x = 0 plane. Here a 
coherent region at the bottom of the vessel is identified and one at the 
top, indicated by high Smax values. Five coherent sets are obtained, when 
v1,…, v5 are considered, see Fig. 12 (right). In this plot only four of them 

are visible due to the orientation of the plane. In particular, a coherent 
compartment in the centre of the vessel is identified. Interestingly, the 
two coherent sets at the bottom and the centre of the vessel are char
acterised by strong internal mixing as also the FTLE studies show. Note 
that the high FTLE values occur right in the middle of the two lower 
compartments and do not coincide with the boundaries of these com
partments as could naively be expected. The three top compartments 
appear to be dead zones with very limited dynamics. The coherent sets 
with respect to the whole three-dimensional vessel can then be extracted 
by means of setting a threshold to the cluster indicator. In Fig. 13, only 
those particles are shown at initial (left) and final time (right) for which 
the Smax cluster indicator exceeds 0.75. 

Altogether, the findings achieved by the trajectory-based network 
indicate five compartments: one around the lower stirrer, one around 

Fig. 9. Geometric mean (left) of the FFTLE and its standard deviation (right) for a sliding time interval with an initial resolution of Δx = 100 µm for a stirrer 
frequency of n = 252 rpm.

Fig. 10. FFTLE (left), BFTLE (middle) and FTLMI (right) with an initial resolution of Δx = 100 µm and an integration time corresponding to three stirrer revolutions 
with a time-averaged velocity field for a stirrer frequency of n = 252 rpm.
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the upper stirrer and three between the respective baffles in the upper 
region of the vessel. The transport between compartments seems to be 
very low, while the interaction of particles belonging to the same 
compartment is quite high. These transient compartments evolve in the 
course of the process. 

4. Conclusion 

In this work, the flow in a laboratory-scale STR was analysed by 
Lagrangian methods. The required fluid velocity field was simulated by 
means of the LBM using the commercial programme M-Star CFD 3.6.13. 
With the fluid velocity field, Lagrangian analyses according to both the 
FTLE and trajectory-based network methods were conducted. To 
retrieve the FTLE-field, an in-house developed MATLAB code based on 
the LCS Tool [24] was used. The code is not restricted to data generated 

by M-Star CFD alone, but can also be applied to any kind of CFD or 
experimental data after some minor adjustments. Hence, the whole 
calculation conducted in this work can be executed with the same pro
gramme for every kind of data set. The trajectory-based network was 
calculated following the approach of Padberg-Gehle and Schneide [48]. 
The calculation of one transient fluid velocity field took about six hours, 
the calculation of one FTLE-field on the x-normal plane took about 20 
minutes. The time needed for the calculation and evaluation of the 
trajectory-based network was less than two hours. 

As main result of this work, transient compartments, their positions 
and the internal dynamics were identified. The trajectory-based network 
analysis yielded five separated clusters or transient compartments, 
positioned around the bottom level stirrer, directly around the top level 
stirrer and between the baffles in the upper region of the reactor 
respectively. The analysis of the three-dimensional FTLE-field delivers a 

Fig. 11. Leading eigenvectors of the graph Laplacian eigenvalue problem highlight coherent sets.  

Fig. 12. Identification of coherent sets via the sparse eigenbasis approximation SEBA. Left: two coherent sets, located at the top and the bottom of the reactor, are 
obtained from the first two eigenvectors. Right: SEBA applied to the first five eigenvectors gives a more refined picture of the mixing compartments. 
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different result. The ridges in these fields can be found directly at the 
stirrers for both the time-averaged and the transient case. While the 
time-averaged fluid velocity field implies a sharp separation, a closer 
look on the resulting FTLE-field using a transient fluid velocity field 
shows that a compartmentalisation in this area is unlikely to happen 
since the ridge does not cover the vessel’s whole cross section at the 
stirrer’s height. Furthermore, both analyses concerning the mixing ef
ficiency, depicted by the FTLMI Λ̃ and the cluster indicator Smax, 
compare Figs. 6 and 12, deliver the same areas of high interaction and 
thus high mixing efficiency. This is only true for the transient case and 
cannot be reproduced for the FTLMI calculated from the mean velocity 
field. 

In Fig. 14, a qualitative comparison between the Lagrangian data of 
this work and experimental results [10] concerning the absolute local 

mixing time distribution is given. The experimental results match the 
findings from the trajectory-based network analysis and the transient 
FTLMI analysis qualitatively, yielding the same positions of compart
ment boundaries and regions of high interaction, even if the stirrers are 
slightly shifted in the experimental setup, about 18 mm above those used 
in this work. 

In summary, the combination of the used Lagrangian analysis tools, 
the examination of the three-dimensional FTLE-field and the trajectory- 
based network approach, delivers invaluable insight into the mixing 
processes taking place in an STR. With this knowledge it is possible to 
improve various processes such as fermentations efficiently by adjusting 
e.g. the positions of feed inlets. Additionally, the findings of this work 
show, that using a time-averaged fluid velocity field delivers distorted 
results which do not mirror the real processes taking place, and that the 

Fig. 13. Extraction of five coherent sets: only those particles are shown for which the Smax cluster indicator exceeds 0.75. Left: particle positions at t0 = 60 s; right: 
particle positions at t0 + Δt = 60.72 s. While there appears to be strong mixing within the detected compartments, there is no transport between them in the 
considered time span of Δt = 720 ms. 

Fig. 14. Qualitative comparison between the Lagrangian results of this work and experimental data from Fitschen [10], the red dot marks the feed position during 
the respective experiment. 
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observation of FTLE-ridges alone is not sufficient to detect LCSs or 
boundaries of compartments. 
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