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A B S T R A C T

We explore the hypothesis that the variation of the effective, macroscopic Young’s modulus, 𝐸eff , of a random
network material with its scaled topological genus, 𝑔, and with the solid fraction, 𝜑, can be decomposed into the
product of 𝑔- and 𝜑-dependent functions. Based on findings for nanoporous gold, supplemented by the Gibson–
Ashby scaling law for 𝐸eff , we argue that both functions are quadratic in bending-dominated structures. We
present finite-element-modeling results for 𝐸eff of coarsened microstructures, in which 𝑔 and 𝜑 are decoupled.
These results support the quadratic forms.
. Introduction

Materials with random network microstructures have numerous
anifestations. In biology they form the cytoskeleton of cells and the

ollagen in connective tissue, and in the inanimate world they can
ake the form of scaffolds at the molecular scale, as in rubber or
els, to micron- or millimeter scales as in polymer consumer products
nd metallic low-density open-cell foams [1–4]. Often, one of their
ey functions is to bear load. In this respect, network nanomaterials
re attractive, since the strengthening that comes with reducing the
ize of the network struts may partly compensate for the weakening
ue to the low solid fraction [5–9]. Thus, network nanomaterials may
ombine high mass-specific strength or stiffness with low density [9–
3]. Ordered network nanomaterials can be made in the form of 3D
anufactured periodic lattices with unit cells engineered for optimum
erformance [9–12]. Cellular materials can also be designed as shell
tructures of particularly low density, allocating the load-bearing func-
ion to the interfacial region between two void phases [14–16]. Yet,
anoscale structuring also brings a dramatic increase in the number
f structural elements per volume, favoring preparation by nature’s
elf organization processes over controlled 3D manufacturing [13]. The
icrostructure is then again random, as in the wider class of materials

ddressed at the outset.
Nanoporous gold (NPG) [17] is a network nanomaterial that can

e prepared, highly reproducibly, as uniform macroscopic bodies that
an be mechanically tested with reliable macroscale schemes [18–

∗ Corresponding author at: Research Group of Integrated Metallic Nanomaterials Systems, Hamburg University of Technology, Hamburg, Germany.
E-mail address: shan.shi@tuhh.de (S. Shi).

22]. Its microstructure is well represented [23] by the leveled-wave
model [24], which also underlies the random microstructures of a wider
range of materials, including spinodally decomposed solid solutions,
porous glasses such as vycor, as well as some microemulsions and
polymer blends [25–30]. This qualifies NPG as a model material for
nanoscale random networks in general, and specifically for studies of
their mechanics. During the past decade, experiments have established
a consistent picture of NPG’s mechanical behavior [8].

Understanding the mechanics of random networks, such as NPG,
requires that the relevant statistical microstructure parameters are iden-
tified and their impact on the mechanics analyzed. The solid volume
fraction, 𝜑, is a central parameter in related predictive theory. That
parameter also underlies scaling laws for the mechanics of crystalline
networks that are being considered in the context of NPG [31,32]. In
addition, recent research advertises the network connectivity as an ad-
ditional microstructural metric controlling the mechanics of NPG [21,
33–37]. Yet, the scaling between the effective Young’s modulus, 𝐸eff ,
as an elementary mechanical materials parameter and the connectivity
in random network materials remains to be established.

Here, we explore the just-mentioned connection, and we condense
the observations in a scaling law. Our study exploits the existing
database, from experiment and simulation, on 𝐸eff of the random
network material NPG, and it adds novel simulation data for leveled-
wave-like random networks with different connectivity.
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Fig. 1. A pictorial summary of previous works [37,38] and this work. The Gibson–
Ashby scaling law is valid only for a constant connectivity case, as visualized by the
lines parallel to the upper left edge of the triangle. The leveled-wave model assumes
a fixed analytical relation between solid fraction and connectivity. This work reports
a generalized scaling relation between the three parameters — Young’s modulus, solid
fraction, and connectivity.

2. Theory

Fig. 1 shows a pictorial summary of previous works [37,38] and
this work on the scaling law for the effective macroscopic Young’s
modulus of random network materials. For many classes of materials
with network microstructures, 𝜑 can be varied while the connectivity
of the underlying skeleton remains constant. For small 𝜑 and bending-
dominated networks, Young’s modulus then follows the Gibson–Ashby
scaling law [38,39]

𝐸eff = 𝜑2𝐸0 , (1)

with 𝐸0 Young’s modulus of the base material. The Gibson–Ashby law
of Eq. (1) has been derived for a periodic lattice of unit cells consisting
of struts connected in nodes. The solid fraction is varied through the
strut aspect ratio while maintaining the architecture and specifically
the connectivity invariant. Systematic deviations from Eq. (1) in NPG
have been linked to variations in the connectivity with 𝜑.

An exemplary background for our discussion is provided by the
leveled-wave model (see above). Motivated by the microstructure
evolution during the diffusive spontaneous decomposition of ther-
modynamically unstable binary solutions (spinodal decomposition),
the leveled-wave microstructure is generated by superimposing plane
waves of random wave vector orientation and with random phase shifts
but with identical wavelength, 𝜆, and then applying a level-cut for
binarizing with the requested 𝜑 [24]. As leveled-wave structures of
different 𝜆 are self-similar, the model has 𝜑 as the only morphology-
changing parameter. The connectivity is uniquely determined by 𝜑 and
varies strongly with that parameter. In experiments, 𝜑 is typically mea-
sured, and that parameter forms the microstructure variable in scaling
laws. Thus, the comparison between leveled-wave microstructures and
experiment involves no free parameters. It is therefore remarkable that
the model’s stiffness and strength agree closely with experiment on
as-prepared NPG [13,37].

The leveled-wave model exhibits a percolation-to-cluster transition
at solid fraction 𝜑p ≈ 0.159 [37]. Whereas the stiffness of 𝜑 ≈ 1∕2
leveled-wave manifestations is similar to that of periodic network
structures of same 𝜑, manifestations with 𝜑 < 𝜑p contain no contiguous
load bearing paths and so have vanishing stiffness.

The topological genus, 𝐺, measures the connectivity of a body.
𝐺 represents the maximum number of connections that can be cut
while still leaving the body contiguous. For instance, the genus values
of a sphere, a doughnut, and a brezel are 0, 1, and 2, respectively.
For a network with a given microstructure, the extensive property 𝐺
scales with the volume, 𝑉 , since structures with twice the volume
will contain twice the number of connections. Furthermore, structures
with the same volume but half the microstructural length scale will
2

contain eightfold as many microstructural elements and, hence, eight-
fold as many connections. Thus, 𝐺 scales inversely with the cube of
the characteristic microstructural length scale, 𝐿. The scaled genus,
𝑔, is introduced as a volume- and scale-independent characteristics
of the microstructural morphology; it is defined as the mean number
of connections in an elemental building block, of volume 𝐿3, of the
microstructure [35,40–42],

𝑔 = 𝐺𝐿3

𝑉
. (2)

Here, we adopt a convention for 𝐿 that connects 𝑔 uniquely to the
skeleton topology, independent of 𝜑. This convention identifies 𝐿 with
the characteristic spacing, 𝐿̃, between microstructural elements, as
embodied in the first maximum of the autocorrelation function or,
equivalently, in the first maximum in the interference function [37].
For the example of the leveled-wave model, it also implies 𝐿̃ = 𝛼𝜆 with
𝛼 = 1.23.

The scaled genus of the leveled-wave model varies with 𝜑 according
to [37]

𝑔 = 2𝜋𝛼3

3
√

3

(

1 − 𝜉2
)

exp
(

−
𝜉2

2

)

𝜉 =
√

2 erf−1 (2𝜑 − 1) .

(3)

The prediction of Eq. (3) for 𝑔(𝜑) is shown in Fig S1 of the Support-
ing Information (SI). Note the complete loss of connectivity at the
percolation threshold.

In NPG, 𝐿̃ can be tuned by deliberate coarsening. Annealing ac-
celerates the surface diffusion, and this lets the microstructure evolve
in such a way that the net area of surface and, hence, the net ex-
cess surface energy is decreased, with a concomitant increase in 𝐿̃.
That process can entail a strong decrease in 𝐸eff . While atomistic
simulations using embedded-atom interatomic potentials suggest a no-
ticeable size-dependence of the effective elastic behavior of metal
nanostructures [43,44], more realistic investigations based on density
functional theory establish that an inherent size-dependent elasticity
can be expected in individual struts only for ligament sizes well below
10 nm [45]. Thus, the experimentally observed decrease in 𝐸eff of NPG
indicates a loss in connectivity [33,34]. Even in the as-prepared state
of NPG, a strong and systematic deviation of 𝐸eff (𝜑) from the Gibson–
Ashby behavior has been linked to variations in the connectivity: as
NPG’s density is reduced, 𝑔 will systematically drop (as implied by
Eq. (3)), with a concomitant drop in 𝐸eff [37].

A convenient hypothesis states that the joint impact of solid fraction
and of connectivity on 𝐸eff of random network structures can be
separated in a product [36,41],

𝐸eff = 𝑓g(𝑔)𝑓𝜑(𝜑)𝐸0 (4)

with 𝑓g and 𝑓𝜑 dimensionless scaling functions.
Eq. (1) provides a special case of Eq. (4) for constant 𝑔. Its sugges-

tion that 𝑓𝜑 ∝ 𝜑2 reflects the mechanics of network structures in the
limit of long thin struts, where 𝜑 is low and the elastic deformation is
bending-dominated. In terms of the strut aspect ratio, 𝑟 (diameter over
length), one finds that 𝜑 ∝ 𝑟2 and that the bending moment 𝑀 , which
determines the stiffness, scales as 𝑀 ∝ 𝑟4𝐸0. This immediately leads
to the quadratic 𝑓𝜑 [38] and, hence, to the special form of Eq. (4) for
bending-dominated network structures,

𝐸eff = 𝑓g(𝑔)𝜑2𝐸0 . (5)

The argument holds independent of the detailed topological architec-
ture (number and arrangement of struts in the representative local
building block) of the network and, therefore, also independent of its
connectivity.

Mangipudi et al. [41] have computed 𝐸eff for a set of model
microstructures by finite-element-modeling (FEM). Exploiting Eq. (5),
they suggest a linear form, 𝑓g ∝ 𝑔. Their set of model structures contains
both, periodic and random networks. In that context it is significant
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Fig. 2. Normalized effective Young’s modulus 𝐸eff∕𝐸0 versus solid fraction 𝜑. Dashed
line, Gibson–Ashby scaling law. Solid line, modified Roberts–Garboczi law, Eq. (7).
Dash-dotted line, genus-dependent scaling law, Eq. (8). Symbols, experimental results
for as-prepared nanoporous gold reported by [6,19,21,33,47–51] and FEM data for the
leveled-wave model [37].

that 𝐸eff is not uniquely determined by 𝜑 even for periodic network
structures with a given unit cell and identical 𝑔. For instance, random
displacements of the nodes can bring a substantial decrease in 𝐸eff [31],
and the morphology of the struts requires consideration [46]. Those
observations are not immediately compatible with deriving scaling laws
– such as that of Mangipudi et al. – by analysis of a set combining
ordered periodic with random structures.

Focusing on NPG, Jin and coworkers have introduced and exper-
imentally substantiated the notion of an effective load-bearing solid
fraction, 𝜑eff , which can replace 𝜑 in Eq. (1). Their 𝜑eff counts only
the load-bearing regions of the solid, ignoring the volume of ‘‘broken’’
struts that do not contribute to the mechanics [33,34]. Their work does
not address the topological genus and so leaves open how 𝜑eff relates
to 𝑔. Yet, in their spirit and in agreement with [36], one may assume
a linear scaling between the two quantities — starting out from a well-
connected reference structure, every broken strut reduces 𝑔 and 𝜑eff in
the same proportion. In other words,

𝜑eff (𝑔, 𝜑) =
𝑔
𝑔0

𝜑 . (6)

with 𝑔0 a constant that depends on the geometry of the reference
structure. In view of Eq. (1), Eq. (6) would imply that the connectivity-
elasticity law might be quadratic, as opposed to the linear relation
suggested in [41].

For the leveled-wave model and 𝜑 ≪ 0.5, a modification,

𝐸eff = 𝐶R

(𝜑 − 𝜑p

1 − 𝜑p

)𝑚
𝐸0 , (7)

of the Roberts–Garboczi scaling law for random networks [28] has been
found to agree well with experimental data for as-prepared NPG and
with numerical results for 𝐸eff of the leveled-wave model [37]. The
adjustable parameters in Eq. (7) there take 𝐶R = 2.03 and 𝑚 = 2.56.

Fig. 2 shows Eq. (7), superimposed to experimental literature data
for as-prepared NPG [6,19,21,33,47–51] and to FEM data for the
leveled-wave model [37]. The strong deviation from the Gibson–Ashby
law at low 𝜑 is a signature of the loss of connectivity as the percolation
threshold is approached. Other scaling laws add a term linear in 𝜑 to
the quadratic dependence of the Gibson–Ashby law [32,52], thereby
accounting for stretching- as opposed to bending-dominated deforma-
tion at higher solid fractions. Such laws have not been tested against
similarly large data sets as Eq. (7), and our inspection (dotted line
in Fig S2) indicates that they fail to reproduce the low-𝜑 behavior of
experiment and numerical simulation for the random-network material
NPG.
3

Fig. 3. Topology-dependent scaling in the leveled-wave model. The function
𝐸eff∕(𝜑2𝐸0), with Eq. (7) for 𝐸eff , represents the elastic leading constant 𝑓g. Solid line
shows parametric graph of 𝑓g(𝜑) versus the solid-fraction- (𝜑-) dependent topological
genus 𝑔(𝜑) of Eq. (3) in the region 𝜑 = 0.2−0.5. Shaded: experimental region of interest
as marked in Fig. 2. Dashed: fit with a quadratic 𝑔-dependence in that region.

As mentioned above, the drop in 𝐸eff upon coarsening of NPG [21,
33,34] suggests a loss in connectivity. Yet, data for 𝑔 is not available
for those experiments. Studies by experimental 3D tomographic recon-
struction [41,42,53] explore how 𝑔 evolves upon coarsening. Those
studies conclude on self-similar coarsening with essentially invariant 𝑔.
Kinetic Monte Carlo (KMC) simulation suggests 𝜑 = 0.3 as a threshold,
with self-similar coarsening at larger 𝜑 and loss of connectivity at lesser
𝜑 [54]. Data exploring 𝐸eff during a systematic variation of 𝑔 in NPG,
which could reveal the topology-dependence of the elasticity, has not
been reported.

Our approach to a genus-dependent scaling law for NPG starts out
with matching 𝑓g in Eq. (5) to the leveled-wave model. We may here
compute the values of 𝑓g as 𝐸eff∕(𝜑2𝐸0), using Eq. (7) for 𝐸eff . Together
with Eq. (3) for 𝑔(𝜑), the aforementioned expression for 𝑓g(𝜑) forms
an implicit representation of the 𝑓g versus 𝑔 relation with 𝜑 as a
parameter. This representation is shown as the solid line in Fig. 3.

Practically all experimental studies of NPG have 𝜑 in the range
0.2 − 0.45 and, as exemplified by our Fig. 2, their majority is in the
even smaller interval 0.25 − 0.37, shaded in the figure. In Fig. 3, a
linear fit (blue solid line) on logarithmic scales in the same interval
(shaded) obtains 𝑓g = (𝑔∕2.88)2.04. This supports our hypothesis of
an essentially quadratic relation between 𝑓g and 𝑔. Superimposed to
the exact parametric plot, Fig. 3 shows a best fit with the quadratic
law (dashed line), again for the same, experimentally most relevant,
interval. In the region of interest, the fit, 𝑓g = (𝑔∕2.93)2, is seen to
provide an excellent approximation to the parametric graph. Applying
the fit back to Eq. (5), the new scaling law reads

𝐸eff =
(

𝑔
𝑔0

)2
𝜑2𝐸0 (8)

with 𝑔0 = 2.93.
Fig. 2 shows the genus-dependent scaling law of Eq. (8) (using Eq.

(3) for 𝑔 of the leveled-wave model) superimposed to the literature data
and to the scaling law of Eq. (7). The agreement with experiment is
apparent.

One immediately sees that the new scaling law of Eq. (8) can be
interpreted as a modified Gibson–Ashby law, with 𝜑 replaced by the
effective solid fraction, 𝜑eff , of Eq. (6), in other words,

𝐸eff = 𝜑2
eff (𝑔, 𝜑)𝐸0 . (9)

This confirms our speculation, based on the notion by Liu et al. [33] of
an effective load-bearing solid fraction. For comparison, Fig S2 in the
SI inspects the linear 𝑔-scaling suggested in [41]. We find that scaling
hypothesis not to provide a satisfactory fit to the data in Fig. 2.
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Fig. 4. Workflow for the creation and simulation of an FE voxel model for leveled-wave structures. The input data for coarsened leveled wave structures is from the dataset
in [55]. A translation from a face-centered-cubic (fcc) to simple-cubic (sc) grid allows creating cubic FE elements representing the individual solid voxels. Colors in the generated
FE voxel model indicate the von Mises stress distribution as result of the numerical simulation of the model during compression in vertical direction. Homogenization delivers the
macroscopic stress–strain behavior, from which 𝐸eff is derived in a postprocessing step. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
3. Computational results for networks of reduced connectivity

So far, our analysis of the genus-dependent scaling rests exclusively
on the leveled-wave model, where 𝜑 and 𝑔 are inextricably coupled
(Eqs. (3) and (7)). The constraint 𝑔 = 𝑔(𝜑) implies that the separation
into the functions 𝑓g and 𝑓𝜑 is not forceful and requires independent
support, conveniently in the form of data for networks with same 𝜑 but
different 𝑔.

One approach to varying the connectivity of networks is the random
cutting of the struts of a periodic lattice. A universal relation, indepen-
dent of the coordination number of the perfect reference lattice, links
𝐸eff to a suitably normalized total cut fraction or a suitably normalized
scaled genus [36]. Yet, specifying a fraction of cuts or, alternatively,
normalizing the scaled genus to the correct reference volume (correct
choice of 𝐿 in Eq. (2) for the reference structure), requires that a
perfect reference structure is identified in the first place. That task is not
obvious for random network structures, and specifically in experiment.
Here, we exploit that coarsening of leveled-wave like structures, a
process that is driven by curvature-driven surface diffusion, can change
𝑔 while leaving 𝜑 sensibly constant.

A data set based on KMC simulations and exploring the change
in connectivity of NPG during coarsening is reported in [54,55]. The
simulation accounts for surface excess energy as the driving force and
for surface diffusion as the atomistic mechanism of microstructure
evolution. That data provides samples with 𝜑 and 𝑔 decoupled. We have
imported the 3D representations from that work into FEM simulations
and computed the 𝐸eff following the workflow shown in Fig. 4. To
create an FE voxel model, the simple cubic cell of the fcc structure is
mapped onto one voxel. For the 200 lattice unit cells per simulation
box edge, this results in a FE model of 200 × 200 × 200 voxels. The
cut-off for the number of active atoms per cell was chosen such that
the resulting solid fraction in the FE voxel model was closest to the
solid fraction of the original fcc structure. Because of the discretiza-
tion error, deviations in the resulting solid fraction of the FE voxel
model were between −5% and 8%. For further improvement, partial
voxels were introduced that were assigned with a reduced Young’s
modulus, weighted with the filling fraction of the corresponding voxel.
Consequently, values of 𝜑 and 𝑔 could be adopted from [54,55] for
the following analysis. The material parameters of the solid gold phase
were 𝐸0 = 79 GPa and Poisson’s ratio 𝜈 = 0.42, following [37]. The
results of the numerical simulation are compiled in tabular form as an
SI data sheet; see description in Sec. S6.

Exemplary von Mises stress fields from our simulations are shown
in Fig. 5. Blue designates stress-free regions. These regions are typically
disconnected from the main load-bearing cluster. They can be seen to
become more frequent in later stages of coarsening, specifically for
structures with low 𝜑. This illustrates the gradual disconnection upon
coarsening.

For all structures of the coarsening simulation, Fig. 6 shows 𝐸eff ,
normalized to the Gibson–Ashby prediction 𝜑2𝐸 , versus 𝑔. Thus, as
4

0

Fig. 5. Load distribution in leveled-wave type structures visualized via elastic–plastic
compression to 10% strain and its evolution during coarsening. Finite-element method
results for local von Mises stress (legend). Rows: four samples of different solid fraction
𝜑. Columns: as-generated and coarsened to characteristic spacing 𝐿̃ (legend). (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

in Fig. 3, the ordinate displays 𝑓g. Each symbol type in the figure
represents a (numerical) sample with a given 𝜑. Groups of symbols for
each sample are connected by lines, following that sample’s evolution
during the coarsening. The initial state is marked × for each sample. By
construction of the KMC simulation, each sample has constant 𝜑 during
the entire coarsening.

Most samples in Fig. 6 exhibit an initial increase in 𝑔. This evolution
does not imply new connections. Instead, it results from an error in
computing 𝐿̃ of the as-generated structure. The error propagates into
the computation of 𝑔 by Eq. (2) and lets 𝑔 initially be underestimated
by up to ∼ 40%. The problem is explained in [54] and the underlying
issues are collected in the SI.
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Fig. 6. Analysis of connectivity scaling for effective Young’s modulus, 𝐸eff , of
computer-generated structures with reduced connectivity. 𝐸eff (normalized to the
Gibson–Ashby prediction 𝜑2𝐸0) is shown versus scaled genus, 𝑔. Data points: results
from modeling of coarsened nanoporous gold. For solid fraction 𝜑 see legend. Colored
lines connect data points of structures with common 𝜑, in sequence of increasing
coarsening time. Initial structures are marked ×. Note log–log scaling. Dashed line:
Eq. (8), with 𝑔0 = 2.93 for the leveled-wave model. Shaded: confidence band with
𝑔0 = 2.40±0.50. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

During the later stages of the coarsening, Fig. 6 shows the sam-
ples behaving quite differently. Samples with high 𝜑 experience little
change in 𝐸eff during coarsening. By contrast, 𝐸eff of the samples
with low 𝜑 drops significantly as the coarsening proceeds, along with
a drop in 𝑔. This may be understood as the signature of the above-
mentioned loss in connectivity during coarsening of low-𝜑 random
microstructures.

Setting aside the artifact of the initial decrease in 𝑔, the central
feature in Fig. 6 is that 𝐸eff decreases with 𝑔 in agreement with the
𝑔2 scaling law of Eq. (8) (dashed line). In other words, the FEM results
for microstructures in which 𝑔 varies independently of 𝜑 support the
proposed scaling law.

The shaded band in Fig. 6 contains all data points but ignoring the
initial ones (for the reason outlined above) and the ones at extremely
small 𝑔, where the stiffness starts to fall significantly below the 𝑔2
scaling. The band represents 𝑔0 = 2.40 ± 0.50. It underlines that
the data for the sample with varying connectivity is compatible with
our suggested scaling law, yet with 𝑔0 about 20% smaller than what
was found for the as-prepared, non-coarsened leveled-wave structures
of [37].

As is explained in the SI, different values of the 𝐸eff in the two
FEM studies (this work and [37]) may reflect differences in how the
microstructure was discretized when setting up the models for the
numerical analysis. In spite of the different 𝑔0, our observations on
the two different data sets are likely compatible with the identical
underlying scaling law.

One may ask about the physics behind the numerical value of 𝑔0.
The largest 𝑔 of leveled-wave like random network structures is 2.25
(Eq. (3) with 𝜑 = 1∕2) and this is within the confidence band. Our
findings are thus compatible with the notion of the NPG and leveled-
wave structures as derived from an ‘‘ideal’’ random network simply by
cutting connections. That ideal network would have 𝑔 = 𝑔0 = 2.25.

4. Conclusions

The success [39] of the Gibson–Ashby scaling law for stochastic
or periodic open-cell microstructures with widely different geometries
5

(and, apparently, similar connectivity) shows that mechanics and mi-
crostructural geometry can be coupled by simple scaling relations. In
that instance, the governing microstructural metric is the solid fraction,
𝜑.

Our results unraveled a separate scaling, namely between the me-
chanics and the network connectivity as measured by the scaled topo-
logical genus, 𝑔. At constant 𝜑, the effective Young’s modulus scales
with 𝑔2 as embodied in Eq. (8) as the central result of this work. As this
scaling derives from leveled-wave-like structures, it is a priori restricted
to a specific class of morphologies. That being said, the leveled-wave
model has been established to represent a significant range of materials
with random bicontinuous microstructures, supporting the relevance of
the new scaling law.

The apparent commonality in the architecture of different classes
of porous and random network materials may be understood as a
consequence of similarities in the driving forces and transport mech-
anisms of the microstructure evolution. The prototypical processes
behind leveled-wave-like structures are early-stage spinodal decompo-
sition and later-stage spinodal coarsening, in which surface- or bulk-
diffusion act most efficiently at small scale while interfacial free energy
minimization favors large scales. The same mechanisms also control
the breaking of network struts by Plateau–Rayleigh instabilities. Inter-
facial energy is generally relevant for porous materials, and diffusive
transport is often a prerequisite for microstructure evolution during
their formation. This supports the leveled-wave microstructure as a
physically motivated model.

In architected periodic lattices, any microstructural descriptor–
including the number and relative angle of struts meeting in a node [9,
11,12,56] as well as axial [57–59] and cross-sectional [60] shape
factors of the struts — can, in principle, be freely engineered. The
accessible parameter space for microstructure design is thus drastically
wider than what is explored by nature’s spinodal-like microstructure
evolution processes, and the conclusions of the present work cannot
forcefully be transferred to architected structures from the more general
parameter space. Indeed, a study of the elasticity of lattice networks
with idealized cylindrical struts that are randomly cut [36] does not
support a simple power-law relation between Young’s modulus and
scaled genus (see SI, Sec S5). Yet, that study does support the present
findings by exposing the scaled-genus dependence of the elasticity as
decoupled from other factors, as in our Eq. (4).

In respect to the indications of universal scaling within individual
families of network structures, recall that the simplest argument leading
to the 𝑔2 scaling is based quite fundamentally on the load-bearing solid
fraction. That concept might hold for more general types of random
microstructures, beyond the leveled-wave-like ones. This may be seen
as an incentive for future checks of the link between connectivity and
mechanics in a wider variety of structures.
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