
Micromechanical modeling of size-dependent
crystal plasticity and deformation twinning

Vom Promotionsausschuss der
Technischen Universität Hamburg

zur Erlangung des akademischen Grades

Doktor-Ingenieur (Dr.-Ing.)

genehmigte Dissertation

von
Edgar Husser

aus
Tschkalowsk

2019



c©2019 Edgar Husser. This thesis is published under CC BY-NC-ND 4.0 license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

DOI: https://doi.org/10.15480/882.2370

Gutachter der Dissertation:
Prof. Dr.-Ing. Swantje Bargmann, Bergische Universität Wuppertal
Prof. Dr.techn. Christian Frithiof Niordson, Technical University of Denmark
Prof. Dr.-Ing. Christian Johannes Cyron, Technische Universität Hamburg

Vorsitzender des Prüfungsausschusses:
Prof. Dr.-Ing. Norbert Ho�mann, Technische Universität Hamburg
Datum der Disputation: 13. Dezember 2018



Acknowledgments

First of all, I would like to thank my supervisor, Prof. Swantje Bargmann, for giving me
the opportunity to work on such an exciting topic as part of a great team consisting of
creative and committed scientists from the department of Simulation of Solids and Structures
at the Helmholtz-Zentrum Geesthacht and the Institute of Continuum Mechanics and Material
Mechanics at the Hamburg University of Technology. It was an exceptional time for me and
I am very grateful for all the kind advice and guidance I received form you during that time.
The discussions with you whether related to scienti�c topics or to issues of more general nature
gave me always motivation and kept me on track. Thank you for all the encouragement and
support which helped me to become a more independent researcher.

I also want to express my gratitude to Prof. Christian Niordson and Prof. Christian Cyron
for acting as reviewers of this thesis and for all the e�ort and work which is linked to it.
Many thanks also to Prof. Norbert Ho�mann for acting as the chairman of the examination
committee.

A big thank you goes to all the colleagues who had accompanied me during my time as PhD
student. You all created a pleasant and interesting working environment to me for which I am
very grateful. I would like to make special mention of the extremely helpful support of Ingo und
Dirk who always shared their knowledge with me and from whose experience I have learned
a lot. Special thanks is also due to Erika for intense discussions on dislocation mechanics and
deformation twinning but also for the pleasant and enjoyable cooperation. Moreover, many
thanks to Celal for the great and professional cooperation as well as the inspiring discussions
on surface e�ects in small-scaled materials. Particular thanks also to Markus and Erika for
the adventure at the ESRF in Grenoble. I gained a lot from this extraordinarily experience
with you in the lab. I would also like to thank Prof. Daya Reddy and his students Emma and
Ritesh for a very pleasant stay at the University of Cape Town.

I am very grateful indeed to all colleagues from the departments at the HZG and the TUHH.
Jan, Jana, Baran, Benedikt, Benjamin, Birthe, Celal, Charlotte, Dirk, Erika, Henry, Ingo,
Lidiia, Lukas, Julia, Julian, Jürgen, Kaixiong, Kathrin, Konrad, Manuel, Markus, Mamun,
Nadiia, Nam, Paula, Songyun, Tobias, Xiaowei, you all contributed to this thesis in one way
or another. It was a great time with all of you and I appreciate all the climbing hours, the
basketball training sessions and games, the Feuervogel evenings, the "Kicker" tournaments
and all the other meet-ups with you. Thank you very much.



Micromechanical modeling of size-dependent crystal plasticity
and deformation twinning

Edgar Husser

Abstract

The computational modeling and simulation of the deformation behavior of crystalline materials
at the micron scale is the objective of this thesis. Numerous experimental studies have proven
that small-scaled metallic probes behave mechanically different from their bulk counterparts, in
particular, the yield strength and work hardening behavior is affected in the way that smaller
single crystals behave stronger. This characteristic behavior opens up new design possibilities
for further improvement of mechanical properties of engineering material systems. In view of high
expenses for advanced and complex experimental work along with the inherent testing limitations,
numerical methods offer a great option to validate experimental findings, support the development
of suitable theories, and extend scientific investigations on a computer-aided basis.

A gradient crystal plasticity model is presented in this thesis and applied to selected scientific
problems including the mechanical testing of single crystals via simulation of microcompression
and microbending using a three-dimensional finite element framework. The model is implemented
on an element basis and linked to the commercial finite element software Abaqus via the user
subroutine UEL. Two major deformation mechanism are considered by the underlying model.
Deformation via crystallographic slip is modeled in a non-local fashion allowing to account for
gradient effects. Geometrically necessary dislocation (GND) densities associated with plastic
slip gradients are introduced as additional nodal degrees of freedom while the actual plastic slip
variables are handled as internal variables. Deformation twinning is accounted for in terms of a
simple shear deformation associated with shear and shuffling of atoms. In addition, the twinning-
induced reorientation of the crystal lattice is fully considered along with subsequent activation of
slip modes within the twinned region. In accordance to the non-local crystal plasticity framework,
the gradient of the twin volume fraction is introduced at the nodal level. The actual twin volume
fraction is treated as an extended internal variable yielding a coupled system of highly non-linear
equations at the local level. The competitive nature between slip deformation and deformation by
twinning is addressed by physically motivated interaction relations. The characteristic features of
the model are portrayed for a variety of micromechanical problems and in relation to experimental
results.



Mikromechanische Modellierung gröÿenabhängiger Kristall-
plastizität und Zwillingsbildung

Kurzfassung

Gegenstand dieser Arbeit ist die Modellierung und Simulation des Deformationsverhaltens von
kristallinen Werkstoffen auf der Mikroskala. Diverse experimentelle Studien haben bewiesen,
dass sich das mechanische Materialverhalten von kleinskaligen Metallproben gegenüber groß-
skaligen Proben unterscheidet, insbesondere hinsichtlich der Fließgrenze und des Verfestigungs-
verhaltens. Dabei verhalten sich kleinere Einkristalle fester und zäher als größere. Dieses cha-
rakteristische Verhalten eröffnet neue Gestaltungsmöglichkeiten zur weiteren Verbesserung von
mechanischen Eigenschaften technischer Materialsysteme.

Ein Gradienten-basiertes Kristallplastizitätsmodell wird im Rahmen dieser Arbeit präsentiert und
basierend auf einer dreidimensionalen Finite-Elemente Implementierung auf ausgewählte wis-
senschaftliche Problemstellungen angewendet. Die Implementierung des Modells erfolgt hier-
bei mittels einer Benutzerroutine welche auf Element-Ebene in die kommerzielle Finite-Elemente
Software Abaqus integriert wird. Schwerpunkt dieser Arbeit ist die numerische Simulation von me-
chanischen Prüfverfahren, darunter die Mikrokompression und Mikrobiegung von einkristallinen
metallischen Werkstoffen. Die Modellierung von Versetzungsgleitung erfolgt durch einen nichtlo-
kalen Ansatz, wodurch die Abbildung von Gradienteneffekten ermöglicht wird. Geometrisch not-
wendige Versetzungsdichten, assoziiert mit Gradienten der plastischen Gleitung, werden hierbei
als zusätzliche Knoten-Freiheitsgrade eingeführt wohingegen die Gleitsystem-bezogenen plasti-
schen Scherungen interne Variablen darstellen. Verformungszwillingsbildung beschreibt die Sche-
rung und Umsortierung von Atomen und wird in Form einer einfachen Scherdeformation abgebil-
det. Darüber hinaus wird die dabei induzierte Reorientierung des Kristallgitters vollständig berück-
sichtigt und eine anschließende Aktivierung von Gleitmoden innerhalb verzwillingter Regionen
zugelassen. In Anlehnung an die nichtlokale Kristallplastizität wird der Gradient der Zwillings-
volumenfraktion auf der Knotenebene eingeführt. Die Zwillingsvolumenfraktion selbst stellt eine
zusätzliche interne Variable dar. Auf der lokalen Ebene ergibt sich somit ein gekoppeltes Sys-
tem von stark nichtlinearen Gleichungen. Deformationsvorgänge im Sinne von Versetzungsglei-
tung und Zwillingsbildungen stehen auf natürlicher Weise in Konkurrenz. Die hierbei auftretenden
Interaktionsvorgänge werden durch physikalisch motivierte Zusammenhänge beschrieben. Die
wesentlichen Charakteristika des Modells werden für eine Vielzahl von mikromechanischen Pro-
blemen und mit Bezug auf experimentelle Ergebnisse dargestellt.

iv
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General Notation

In the general notation, non-bold letters (e.g. a,B, λ) are used to indicate scalars, bold lower-
case letters (e.g. a, b,ξ) are used for vectors, and bold uppercase letters (e.g.A,B) are used for
the representation of second order tensors. Some deviations apply depending on the context.
In the following, some standard operations are reviewed with respect to the three-dimensional
Euclidean space using the standard (orthonormal) basis {e1, e2, e3}.

Einstein summation convention a =
∑3

i aiei = a1e1 + a2e2 + a3e3

A =
∑3

i

∑3
j Aijei ⊗ ej

= A11e1 ⊗ e1 +A12e1 ⊗ e2 +A13e1 ⊗ e3+ ...

scalar (or inner) product a · b = aibjδij = aibi

where δij denotes the Kronecker Delta with δij = 1
if i = j and δij = 0 if i 6= j

vector (or cross) product a× b = εijkaibjek

where εijk denotes the Levi-Civita (or permutation)
tensor with ε123 = ε231 = ε312 = 1, ε321 = ε213 =
ε132 = −1, and εijk = 0 for all other cases

dyadic (or outer) product a⊗ b = aibjei ⊗ ej

contraction product A · b = Aijbjei

transpose of a tensor AT = [Aijei ⊗ ej ]T = Aijej ⊗ ei

determinant det(A) = εijkAi1Aj2Ak3 =
1

6
εijkεlmnAilAjmAkn

inverse of a tensor A−1 =
1

2 det(A)
εimnεjklAkmAlnei ⊗ ej

and A · A−1 = A−1 · A = I with I = δijei ⊗ ej
being the identity tensor

vector norm |a|2 = a · a = aiai

tensor norm ‖A‖2 = A : A = AijAij

inner tensor product A ·B = AijBjkei ⊗ ek

double contraction product A : B = AijBij

outer tensor product A⊗B = AijBklei ⊗ ej ⊗ ek ⊗ el
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General Notation

Let the spatial position of a material point be de�ned by the triplet (X1, X2, X3). Further-
more, let λ(X1, X2, X3) be a scalar �eld, v(X1, X2, X3) a vector �eld, and T (X1, X2, X3) a
tensor �eld with respect to the three-dimensional Cartesian coordinate system. Then, the here
relevant di�erential operators acting on these �elds are de�ned below.

gradient of a scalar �eld ∇a =
∂a

∂Xi
ei = a,iei

gradient of a vector �eld ∇v =
∂vi
∂Xj

ei ⊗ ej = vi,jei ⊗ ej

divergence of a vector �eld div(v) =
∂vi
∂Xi

= vi,i

divergence of a tensor �eld div(T ) =
∂Tij
∂Xj

ei = Tij,jei

rotation of a vector �eld curl(v) = εijk
∂vi
∂Xj

ek = εijkvi,jek
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Nomenclature

General

E elastic domain

E3,E3
r ,E3

c three-dimensional Euclidean space

Giso symmetry group of isotropic materials

Gtri symmetry group of transversely isotropic materials

O higher-order terms

R set of real numbers

R3 set of real triplets

SO(3) full special orthogonal group

T Br,T Bi,T Bc tangent space

T B∗r ,T B∗i ,T B∗c cotangent space

V3
r ,V3

c three-dimensional vector space

∇r,∇i,∇c gradient operator

ΘA,θA curvilinear coordinates

Ea,ea standard basis vector

GA,Gα,ga covariant basis vector

GA,G
α
,ga contravariant basis vector

Q,Qiso,Qbas,Q<c> transformation matrix

t time

t0 initial time

∆t time increment

XA,xa cartesian coordinates

Continuum mechanics

B material body

Br reference or material con�guration

∂Br boundary of reference con�guration

Bi intermediate con�guration

∂Bi boundary of intermediate con�guration

∂BFi Dirichlet boundary portion (traction)

∂Bui Neumann boundary portion (displacement)
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General Notation

∂Bgi Dirichlet boundary portion (microfree)

∂Bνi Neumann boundary portion (microhard)

∂Bi,crystal entire intermediate crystal boundary

Bpi parent portion of the intermediate con�guration

∂Bpi parent portion of the intermediate boundary

Btwi twin portion of the intermediate con�guration

∂Btwi twin portion of the intermediate boundary

Bc current or spatial con�guration

∂Bc boundary of current con�guration

CE elastic sti�ness tensor

CE forth order tensor

D dissipation

Dred reduced dissipation

DL
red local bulk dissipation

DL(b)
red local boundary dissipation

I forth order identity tensor

P speci�c stress power

PE speci�c elastic stress power

PP speci�c plastic stress power

χ one-to-one mapping

χr placement into reference con�guration

χc placement into current con�guration

δAB Kronecker delta

εben bending strain

εeng engineering strain

εijk permutation tensor

ε in�nitesimal strain tensor

ϕ deformation map

Φr,Φc surface of the material body

ρr,ρi density

σben bending stress

σeng engineering stress

σ unidirectional true stress

σ Cauchy stress tensor

σ volume averaged Cauchy stress tensor

Ξα,Ξ̃α,Ξη microscopic surface traction

a,A,Ar,Ai area

a,Ar,Ai axis of transverse isotropy

b,bE left Cauchy-Green stretch tensor
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C,CE right Cauchy-Green stretch tensor

δCE variation of the right Cauchy-Green stretch tensor

d deformation-rate tensor

dE elastic deformation-rate tensor

dP plastic deformation-rate tensor

e Almansi strain tensor

E,EE Green-Lagrange strain tensor

df di�erential surface force

F deformation gradient

F E elastic deformation part

F I inelastic deformation part

LI,lI inelastic velocity gradient part

F P plastic deformation part

F T twinning shear deformation part

g,G,G metric tensor

I1,I2,I3 principal invariants

I4,I5 (pseudo) invariants

I,i identity tensor

J Jacobian determinant

JE elastic Jacobian determinant

JE plastic Jacobian determinant

l spatial velocity gradient

lE elastic velocity gradient part

LP,L̃P,lP plastic velocity gradient part

ME Mandel stress tensor

N ,N r,N i,n normal vector

P ,q,Q material point

P �rst Piola-Kirchho� stress tensor

R rotation tensor

s o�set vector

S,SE second Piola-Kirchho� stress tensor

Siso
E isotropic second Piola-Kirchho� stress tensor

Saniso
E anisotropic second Piola-Kirchho� stress tensor

T ,T r,T i,t,̌t surface traction vector

u displacement vector

ū prescribed displacement vector

U stretch tensor

U volume averaged logarithmic stretch tensor

v,V ,Vr,Vi volume

v velocity vector

δv variation of the velocity vector

V stretch tensor
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General Notation

w spin tensor

wE elastic spin tensor

wP plastic spin tensor

X,X,x position vector

dX,dY ,dZ,dX,dx,dy,dz line element

Crystallography

b,bα net sum of Burgers vectors

C Burgers circuit

α,β slip system index

α,β,γ angles between lattice constants

η twin variant index

η0 twinning shear magnitude

η1,η2 twin direction elements

φ angle between loading direction and basal plane normal

φn angle between loading direction and slip plane normal

φs angle between loading direction and slip direction

ϕeα misorientation angle for edge dislocations

ϕsα misorientation angle for screw dislocations

a,b,c general lattice constants

a,c lattice constants

a,b, c general lattice basis vectors

a1,a2,a3,c lattice basis vectors (primitive hexagonal lattice)

a∗1,a
∗
2,c
∗ reciprocal lattice basis vectors (primitive hexagonal lattice)

a1,a2,a3,c lattice basis vectors (full hexagonal lattice)

A∗1,A
∗
2,A

∗
3,C

∗ reciprocal lattice basis vectors (full hexagonal lattice)

A coordinate transformation matrix

b,bα,bη magnitude of Burgers vector

bα Burgers vector

B coordinate transformation matrix

d{101̄2} distance between two adjacent planes

fα,fbasal,f̃basal,fpris,fπ2,ft-tw Schmid factor

f e+α ,f e−α �ow direction of edge dislocation

f s+α ,f s−α �ow direction of screw dislocation

K1,K2 twin plane elements

le+α ,le−α line direction (edge dislocation)

ls+α ,ls−α line direction (screw dislocation)

n(h,k,l),n(h′,k′,i′,l′) crystallographic plane normal vector
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pα line direction vector

s[u,v,w],s[u′,v′,t′,w′] crystallographic direction vector

Crystal plasticity

Sα,Ŝα Schmid tensor

V set of kinematic variables

χi dissipation potential

φα yield function

γα accumulated plastic slip

∆γα plastic slip increment

γe� e�ective accumulated plastic slip

κ micro-hardening stress

κ
(b)
α micro-boundary stress

κ micro-hardening stress vector

να,ν̃α plastic slip rate

δνα,δν̃α variation of the plastic slip rate

πα,π̃α,πη microforce

ψi free energy density

ψel
i ,ψ̃

el
i ,ψ̂

el
i elastic free energy

ψel,iso
i isotropic elastic free energy

ψel,aniso
i anisotropic elastic free energy

ψel,aniso
lin anisotropic elastic free energy (linear theory)

ψl local energy

ψg
i defect energy

ψtb
i twin boundary energy

ρα total dislocation density

ρα0 initial dislocation density

τα,τ̃α,τη resolved shear stress (Schmid stress)

τ e�α e�ective shear stress

τhα ,τ̃
h
α slip system hardening

τhα,basal,τ̃
h
α,basal basal slip hardening

τhα,pris/π2,τ̃
h
α,pris/π2 prismatic/sec. order pyramidal slip hardening

τyα size-dependent yield stress

τ tw→sl
α twin-slip interaction resistance

τ intη friction stress

τyη energetic stress barrier

τ sl→tw
η slip-twin interaction resistance

τbi backstress

τ e�b e�ective backstress
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General Notation

Υi energy storage rate density

ξα,ξ̃α,ξη microstress vector

ζα SSD density

ζα0 initial SSD density

ζe� e�ective SSD density

ζe�0 initial e�ective SSD density

dtw twin thickness

fη twin volume fraction

δfη variation of the twin volume fraction

F step function

giα total GND density

geiα edge GND density

geiα0 initial edge GND density

∆geiα edge GND density increment

gsiα screw GND density

gsiα0 initial screw GND density

∆gsiα screw GND density increment

ge⊥iα edge GND density normal to slip plane

ge�i e�ective GND density

grα,giα GND density vector

Gr,Gi dislocation tensor

Nα,nα,n̂α slip plane normal

ñα reoriented slip plane normal

nη twin plane normal

rα,r̃α,Rα slip system resistance

rη twinning shear resistance

ri rate potential

Sα,sα,s+
α ,s
−
α ,ŝα slip direction

s̃α reoriented slip direction

sη twinning shear direction

T α,tα ,̂tα transverse slip direction

t̃α reoriented transverse slip direction

v̄α average line velocity

Material/model parameters

α,β,δ anisotropic elastic model parameters

χαβ slip coplanarity moduli

Γ twin boundary energy

ιeeαβ edge-edge interaction moduli

ιesαβ edge-screw interaction moduli
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ιseαβ screw-edge interaction moduli

ιssαβ screw-screw interaction moduli

λ,λ⊥ Lamé parameter

Λ twinning shear magnitude on each layer

µ,µ⊥ Lamé parameter

ν,ν⊥ Poisson's ratio

ν0 reference shear rate

cα,sat,csat saturation rate

CΓ boundary coe�cient

CΓ cut-o� value for the boundary coe�cient

C0 reference drag stress

C11, C12, C13, C33, C44, C66 elastic constants (Voigt notation)

D0 characteristic crystal size

E (isotropic) Young's modulus

Eφ directional-dependent Young's modulus

Ee elastic energy of edge dislocation

Es elastic energy of screw dislocation

gc critical dislocation density

gmax
iα maximum permissible GND density

h∞α ultimate stress

H l
αβ local hardening matrix

He
αβ ,H

s
αβ gradient hardening matrix

H l
α0 local hardening modulus

∆H l
α saturation stress

Hg
0 gradient hardening modulus

He
0 edge GND gradient hardening modulus

Hs
0 screw GND gradient hardening modulus

Htb interfacial hardening matrix

kαβ mutual immobilization coe�cients

K coe�cient

l,lα intrinsic length scale, radius of GND interactions

lη twin boundary thickness

l̃ mean spacing between forest dislocations

Lα mean free path

LSSD mean spacing between SSDs

m rate sensitivity exponent

n number of twin layers

nα number of admissible slip systems

nη number of admissible twin variants

qαβ hardening interaction coe�cients
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qξαβ gradient hardening interaction coe�cients

sΓ rate of dislocation absorption/transmission

y, k, z power �t parameters

yc dislocation capture radius

Yα0 microscopic initial yield limit

Ybas initial yield limit of basal slip modes

Ypri initial yield limit of prismatic slip modes

Yπ2 initial yield limit of sec. order pyramidal slip modes

Y α0 yield strength pre-factor

Y macroscopic initial yield limit

Others

ϕ loading angle

D0 initial specimen/ligament diameter

D1 grip diameter

Dm nominal pillar diameter

FR reaction force

δgeα,δg
s
α test function of GND density �elds

h cantilever beam thickness

Klat lateral spring sti�ness

lb momentum arm along cantilever beam length

L0 initial specimen length

L1,L2,L3 parallel, grip, and total length of tensile specimen

Mp
b plastic bending moment

R �llet radius

Sp plastic section modulus

δu test function of displacement �eld

w cantilever beam width
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1 Introduction

Length scale e�ects and their impact on the plastic behavior of crystalline materials were
analyzed comprehensively in the recent years. Decisive for the emergence of this research area
was the development of miniaturized sample preparation technologies and sophisticated testing
methods along with signi�cant advances in microstructural characterization techniques. The
expansion of nanotechnology applications and the associated ever-growing demand for nano-
structured functional materials with tailor-made properties place more and more importance
on fundamental research in material science. A large number of experimental studies have
validated that the mechanical response of small-scale crystalline samples is characterized by
the so called `smaller is stronger' phenomena. Especially the examination of single crystalline
samples experienced a boom in the recent past. Such small volumes establish an environment
in which unwanted mechanisms can be excluded easier from the deformation process and, at
the same time, experimental boundary conditions can be set up in a desired and controlled way.
A major challenge in this respect lies in the accurate prediction of size-a�ected mechanical
properties in order to meet technical requirements already at an early stage of the product
design process without time-consuming and cost-intensive experimental examinations.

Continuum strain gradient theories began to be extensively employed for explaining size-
dependent plasticity. Supported by experimental evidence, these theories state that strain
gradients scale inversely proportional to the material length scale over which plastic deforma-
tion takes place. Moreover, the appearance of pronounced plastic strain gradients is correlated
with microstructural changes in terms of additional dislocation storage which, in turn, enhance
the �ow strength of materials. Non-local crystal plasticity models are able to account for such
gradient e�ects and can be e�ectively used to study the micromechanics of small-sized metallic
systems. In contrast to other modeling approaches such as molecular dynamics, dislocation
dynamics, or discrete dislocation dynamics, theories based on continuum mechanics enable a
numerical investigation of comparatively large volume sizes and under real-time conditions.
This is of particular advantage if the deformation behavior of, e.g., an entire specimen has to
be taking into account in order to derive quantitative conclusions. Other modeling approaches
may be limited in their applicability due to non-feasible computational times if the considered
volume becomes too large or the structure too complex. Some commonly used small-scale
mechanical testing methods for single crystals are reviewed in the following with particular
focus on the role of plastic strain gradients in such experiments.
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1 Introduction

1.1 Size-dependent phenomena in single crystals

The investigation of small, single crystalline volumes has become a main focus in material
science. Many experimental studies have shown that the mechanical response of materials
changes drastically if the sample size approaches the sub-micrometer regime (typically 10 -
20 μm and below) compared to that typically observed in corresponding bulk material. This
phenomenon is usually termed as `mechanical size e�ect' whereby this terminology does not
indicate any causality of its appearance. In fact, di�erent types of size e�ects have been re-
ported in the literature as observed from a variety of micromechanical experiments. Worth
mentioning in particular are microtorsion [80], microindentation [26, 163, 231], microcompres-
sion [67, 157, 245], and microbending [66, 130, 179, 233] tests. A classi�cation of size e�ects
as intrinsic and extrinsic size e�ects was introduced by Sevillano and co-workers [221, 222].
By de�nition, intrinsic size e�ects are driven by a microstructural length that is characteristic
for the actual physical process. The length acts, so to say, as a microstructural constraint
(Arzt [6]). This e�ect may also be associated with characteristic sample dimensions such as
the distance between free surfaces in a single crystal as is, e.g., the case for microcompression
experiments where geometric con�nements by free surfaces induce a strong intrinsic size ef-
fect, see [146]. Extrinsic size e�ects, in contrast, are associated with strain gradients which
are macroscopically imposed by non-homogeneous loading conditions. In other words, plastic
strain gradients are induced by the geometry of strain (deformation �eld). Typical examples
in this respect are twisting of microwires or bending of microbeams. A classi�cation of well-
studied size e�ects in the aforementioned categories is given, for instance, in the textbooks of
Kubin [146] and Budiman [38]. Note that there is not always consistency in the literature.
However, this might be due to the fact that size e�ects are often caused by intrinsic and ex-
trinsic phenomena at the same time, i.e., one e�ect becomes superimposed on the other. A
typical example for that is the size e�ect observed during thin �lm testing where a geometrical
constraint is given in thickness direction and a microstructural constraint results from, e.g.,
the average grain size or the average particle spacing, cf. [6].

1.2 Microstructural length

A meaningful consideration of length-scale e�ects requires a detailed understanding about
when plastic strain gradients signi�cantly a�ect the stress-strain relation. Therefore, the
identi�cation and quanti�cation of the material intrinsic length l is of crucial importance for
strain gradient plasticity models. As an example, a variation of the mean spacing d (≈ 1− 40
μm) between hard, non-deforming particles in a crystalline material a�ects the extent to
which plastic strain gradients evolve and, in turn, determines the extent of size-dependent
hardening arising from the geometrical necessity of dislocation storage, cf. for instance Lloyd
[159], Kouzeli and Mortensen [140]. Dislocations which accumulate for compatibility reasons
along strain gradients are termed geometrically necessary dislocations (GNDs), see Ashby [9].
With respect to pure single crystals, i.e., without any particle inclusions, a material intrinsic
length is not directly evident. Nevertheless, an intrinsic length can be established based on
other internal irregularities such as the mean spacing l̃ between forest dislocations which is at
moderate deformations in the order of 1 μm.

With the advent of continuum-based gradient theories in which constitutive length-scale pa-
rameters have been incorporated in order to scale hardening e�ects arising from plastic strain
gradients, a considerable number of studies have been elaborated on determining accurate
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1.3 Plastic strain gradients in micromechanical experiments

values. Nix and Gao [183] de�ned l = 4LSSD/3b where LSSD is the mean spacing of statisti-
cally stored dislocations (SSDs) which accumulate randomly due to plastic deformation and b
denotes the magnitude of the Burgers vector. Based on microindentation experiments, it was
found that l = 12 μm for the investigated case of annealed single crystal copper. Begley and
Hutchinson [26] �tted indentation hardness data of Atkinson [10] for a wide range of metals.
The results showed that l = 1.6 μm for soft metals (annealed) and 0.5 μm ≤ l ≤ 1.0 μm
for hard metals (cold-worked) represent a good �t of the experimental data, i.e., the smallest
length-scale parameter is associated with the hardest material and vice versa. Stölken and
Evans [233] determined values of l = 4 μm for copper and l = 5 μm for nickel via microbending
tests of thin foils. These results appear in accordance to previously determined values for Cu
using microtorsion tests, cf. [80].

1.3 Plastic strain gradients in micromechanical experiments

Plastic strain gradients can play an important role in the deformation behavior of materi-
als tested at small scales. As mentioned above, their appearance is associated with di�erent
deformation con�nements for the volume under investigation including microstructural, geo-
metrical, or even combined limitations to deform plastically. In the following, the impact of
plastic strain gradients is discussed with respect to size e�ects observed in microindentation,
microcompression, and microbending experiments, see Fig. 1.1 for a graphical description of
each testing method.

One widely studied mechanical testing method at small scales is the instrumental indentation
test, see, e.g., [174, 231]. In this, it was found that crystals exhibit a so-called indentation size
e�ect (ISE) which is characterized by a depth dependence of the hardness, i.e., the hardness
increases with decreasing penetration (indentation) depth for self-similar indenter tips like
pyramids and cones as the angle of indented surface remains the same in these cases. A less
obvious correlation between hardness and indentation depth is found for spherical indenter
tips due to the missing self-similarity, cf. for instance Nix and Gao [183], Swadener et al.
[239]. Nix and Gao developed a model which describes the ISE (for conical indenters) in terms
of a gradient-induced storage of GNDs which evolve inversely proportional to the penetration
depth and becomes stored underneath the indenter tip. The model is based on the assumption
that the radius of the hemispheric plastic zone is equal to the radius of the contact zone.
However, the �rst assumption is somewhat unrealistic as it overestimates the GND density

a) b) c)

elastic region

indenter
tip

plastic region

�at punch

pile-ups

slip
zone

dead
zone

free
surface

plastic region indenter
tip

pile-ups
neutral plane

Figure 1.1: Plastic strain gradients and typical arrangements of
dislocations during micromechanical testing of single crystals: a)
microindentation, b) microcompression, c) microbending.
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1 Introduction

at very small contact sizes and, hence, the predicted hardness becomes too high compared to
certain experiments, see Pharr et al. [204] for more details. Nevertheless, it is experimentally
observed that the extra storage of dislocations results in a lattice rotation within the plastic
process zone, cf. Fig. 1.1 a). This was proven via electron backscatter di�raction (EBSD),
e.g., by Kiener et al. [128] for W and Cu single grains and by Zaafarani et al. [263] for Cu
single crystals. In the latter study, results have been additionally supported by �nite element
simulations. The combination of experimental techniques for microstructure analysis such as
EBSD and the usage of crystal plasticity simulations became a promising approach to gain
more details about the ongoing processes within the plasti�ed zone.

In contrast to indentation tests, the stress state induced during microcompression is less
complex and allows therefore more focused investigations on particular deformation modes
in single crystals. In general, pillar-shaped samples loaded by a �at punch are exposed to
nominally uniaxial stress conditions, see Fig. 1.1 b). But with advancing load, such samples
typically experience an intense localized shear deformation. According to Dimiduk et al. [67],
the deformation process takes place in a con�ned slip zone which is primarily de�ned by the
distance set by the free surfaces. Localized slip traces or even large slip bands are accompanied
by unslipped, so-called dead zones. In-situ Laue di�raction and EBSD of Au pillars (Maaÿ
et al. [165]) and Cu pillars (Maaÿ et al. [164]) revealed that the crystals undergo lattice
rotation during deformation. In the study of Kiener et al. [124], localized lattice rotation
was attributed to the fact that dislocations are prevented from leaving the sample through
the top surface since the sample is in contact with the loading device. It was found that
dislocation pile-ups are present in the corners of the sample/punch interface where local lattice
rotations up to ∼ 10◦ can be expected, dependent on the average pile-up length. However,
due to relaxation and annihilation e�ects upon unloading, misorientation angles determined
by post measurements must be expected to be smaller. Similar conclusions were made after
in-situ micro-Laue di�raction in the study of Kirchlechner et al. [131]. Shade et al. [223]
examined lateral constraint e�ects during microcompression and found that the conditions at
the sample/punch interface for the extreme cases of zero friction and extensive friction (almost
no relative motion) lead to strong changes in the mechanical response, the intermittency of
strain bursts, the spatial distribution of slip bands, and the development of internal lattice
rotations. Some crucial aspects regarding the accurate design of microcompression experiments
are discussed by Zhang et al. [265].

Single crystals are further tested via microbending experiments which are outstandingly suit-
able to investigate the material behavior, in particular, during cyclic loading. With focus on
cantilever beam bending tests, cf. Fig. 1.1 c), the non-homogeneously imposed deformation
gives rise for additional storage of GNDs in order to accommodate the resulting lattice cur-
vature (Fleck and Hutchinson [79]). Motz et al. [179] found that the �ow stress measured for
such geometries shows a strong dependence on the beam thickness. It was further argued that
stresses resulting from dislocation pile-ups around the neutral plane are capable to explain
the observed strengthening e�ect. The accumulation of GNDs has two major impacts on the
micromechanics. Firstly, they act as additional obstacles to mobile dislocations. In contrast
to the case of plane strain bending with single slip where a simple con�guration of GNDs
can be expected (see, for instance, Gao et al. [82]), when multi slip systems are active, the
evolution of the dislocation structure and related hardening behavior is drastically a�ected,
cf. Cleveringa et al. [58]. On the other hand, the stress �eld of accumulating GNDs is opposed
to the macroscopically applied load. As a result, back stresses are manifested, resulting in a
strong Bauschinger e�ect (Kiener et al. [125]) and support reversal load (Demir and Raabe
[65]). Kirchlechner et al. [130] investigated the extent of reversible plasticity during bending
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of Cu single crystals using in-situ micro-Laue di�raction. Beside a direct observation of the
Bauschinger e�ect, it was noted that dislocation pile-ups dissolve upon load reversal which is
caused by the back stress e�ect.

1.4 Outline of the thesis

Chapter 2 outlines the continuum mechanical framework in the context of �nite crystal plas-
ticity theory which serves as the basis for the constitutive modeling. All relevant tensorial
quantities are introduced using a general coordinate representation which allows for a more
intuitive geometrical interpretation which is further highlighted by means of commutative
diagrams.

In view of modeling the deformation behavior of crystalline materials, Chapter 3 provides the
required preliminaries including a brief introduction into the crystallographic description of
crystals. Furthermore, some constitutive aspects of crystal elasticity and crystal plasticity are
discussed. Of particular relevance is the constitutive description of anisotropic hyperelasticity
and the thermodynamic framework of gradient crystal plasticity.

In Chapter 4, the gradient crystal plasticity model is applied to microcompression testing of
Mg single crystals. Since microcompression of free standing pillars is a relatively new technique
which allows to investigate the micromechanics of materials at the sub-micron regime, it serves
as a practical application in order to quantify the performance of the model. This is done by
direct comparison of numerical results with experimental data. In addition, an extensive
comparison between conventional and gradient-enhanced crystal plasticity is provided.

Another prominent application is studied in Chapter 5. Here, the gradient crystal plasticity
model is applied to microbending testing of cantilever beams fabricated from Cu single crystals.
The role of GND densities is investigated during the imposed bending deformation with focus
on the back stress e�ect. The numerically determined relation between the �ow stress and the
beam thickness appears reasonable with regard to experimental data, at least for a particular
range of beam thicknesses. Other size-dependent phenomena are discussed in this context.

Chapter 6 deals with the modeling of advanced higher-order boundary conditions for gradient
crystal plasticity. A geometrically and physically motivated relation for the plastic slip at
the surface is established within the surface term of the variational form. In contrast to
idealized boundary conditions which do not require the implementation of the surface term,
the proposed approach allows to consider more realistic surface (or grain boundary) conditions
including a size-dependent surface yielding behavior. As a case study, the in�uence of advanced
higher-order boundary conditions is investigated for an exemplary microstructure representing
ultra-�ne nanoporous gold.

In Chapter 7, the general framework is extended towards the incorporation of deformation
twinning. The process of twinning is accounted for in terms of a shear deformation associated
with the motion of twin partials. In this respect, the sudden change of the crystal lattice
orientation at the very �nal stage of the twinning shear process is considered explicitly in
the modeling approach. This allows to describe dislocation glide deformation with respect to
the new lattice orientation, i.e., within twinned regions of the crystal. Illustrative examples
are presented in which di�erent local stress distributions are used to mimic situations as they
occur in di�erent regions within a single crystal or grain, e.g., close to a boundary and far o�.
A demonstrative microcompression example is further presented by which the growth behavior
of a single twin is analyzed.
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2 Continuum mechanical framework

This chapter deals with some selected aspects of the continuum theory of solids which allows
the reader to understand and interpret the underlying continuum mechanical framework in
which the constitutive material model is formulated. Particular attention is laid on the kine-
matic description of deformation in which the deformation gradient is of major signi�cance
as it represents a central tensor from which the de�nition of strain emerges. The content is
given in a very general format using curvilinear coordinates. This requires the de�nition of
metric tensors together with associated transformation rules for coordinates and basis vectors.
Based on this general treatment, a more intuitive interpretation, e.g., of strain tensors is given.
Furthermore, commutative diagrams are consistently used to highlight the relationships be-
tween introduced tensor quantities and to enable a geometrical interpretation of the mapping
relations.

At the end of this chapter, the continuum mechanical framework is extended with regard to
crystal plasticity, considering a multiplicative decomposition of the deformation gradient. On
this basis, an intermediate, in general not coherent con�guration is introduced which implies
a split of the total deformation map into two partial mappings. Although these mappings
are generally no gradients of a vector �eld, they do represent the elastic and plastic deforma-
tion parts within an in�nitesimal neighborhood. Extended commutative diagrams summarize
all relevant mapping relations which involve intermediate strain and stress measures. As a
last aspect, a brief overview of relevant deformation-rate measures is given which form to-
gether with suitable stress measures energetically conjugate pairs. Of particular interest is the
elasto-plastic split of the rate of internal work (stress power) with respect to the intermediate
con�guration which is applied later within the thermodynamic framework of gradient crystal
plasticity.
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2 Continuum mechanical framework

2.1 Material body

In classical continuum mechanics, a material body B ⊂ R3 represents a physical system which
�lls a part of the three-dimensional space with continuously distributed matter. This matter
carries the actual physical process and can be understood as a continuous composition of
particles or material points P ∈ B. At di�erent moments of time t ∈ R, the totality of
particles B = {P}, is occupying di�erent parts of the space. There is a set of one-to-one
mappings K = {χ, t} where each χ ∈ K de�nes a snapshot of the occupied region (subset
of R3) called con�guration or image of the material body. Each con�guration establishes a
one-to-one correspondence between a material point P and a triple of real numbers denoting
the coordinates. For a well-de�ned reference time t = t0 (usually t0 = 0), a �xed con�guration
is de�ned for which all material points P are referred to an initially known and typically
undeformed con�guration Br = χr[B]:

χr :

{
B → Br ⊂ R3

P 7→ χr(P ) = (Θ1,Θ2,Θ3)⇔ P = χ−1
r (Θ1,Θ2,Θ3).

(2.1)

Br refers to the (time-independent) reference con�guration of the material body, indicated by
the index `r', and ΘA = (Θ1,Θ2,Θ3) are the curvilinear material coordinates of P which are
associated with curved and non-orthogonal coordinate lines. For other moments of time t > 0,
a family of con�gurations Bc = χc[B, t] is de�ned and parametrized by time:

χc :

{
B × R → Bc ⊂ R3

(P, t) 7→ χc(P, t) = (θ1(t), θ2(t), θ3(t))⇔ P = χ−1
c (θ1(t), θ2(t), θ3(t)).

(2.2)

The time-dependent con�guration Bc refers to the current (or deformed) con�guration of the
material body, indicated by the index `c', and θa = (θ1, θ2, θ3) are the curvilinear spatial
coordinates of P . According to Fig. 2.1, the time-dependent change of con�gurations can be
understood as an undergoing motion of the material body. Its coordinate transformation from
material to spatial description is archived by the composition of both mappings, i.e.,

χc ◦ χ−1
r :

{
Br × R → Bc
(Θ1,Θ2,Θ3, t) 7→ θa = ϕ(ΘB, t) = χc(χ

−1
r (ΘB), t).

(2.3)

Every con�guration χc and consequently every composition χc◦χ−1
r of the set K is required to

be invertible and su�ciently di�erentiable, i.e., every con�guration is understood as a smooth
homeomorphism (one-to-one relation and invertible) onto a region of the three-dimensional
space. Under these conditions, the material body B is a (three-dimensional) di�erentiable
manifold. This mathematical concept was adopted from di�erential geometry and employed
in the context of continuum mechanics, among others, by Noll [185].

2.2 Geometric structure of configurations

At this point, no statement is given about the geometric structure of con�gurations. To do so,
it is necessary to impute geometric measures to each material point. In classical mechanics, the
three-dimensional Euclidean space E3 is the common choice as a domain of physical observation
for the material body. Consequently, the material body is embedded in the Euclidean structure
such that the position of each material point Q ∈ E3

r with respect to the reference con�guration
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2.2 Geometric structure of con�gurations

Figure 2.1: Reference and current con�guration.

can be identi�ed by Cartesian coordinates XA = (X1, X2, X3) which are functions of the
corresponding curvilinear coordinates, i.e.,

XA = X̂A(ΘB)⇔ ΘA = Θ̂A(XB). (2.4)

Here, the Cartesian frame of reference1 consists of three orthogonal unit vectors {E1,E2,E3}
which obey the relation EA ·EB = δAB (δAB = 1 for A = B and δAB = 0 for A 6= B). Then
the position in the three-dimensional Euclidean vector space V3

r is identi�ed by the material
position vector X ∈ V3

r . Its component representation is given as

X = X̂A(ΘB)EA = XAEA. (2.5)

Accordingly, point q ∈ E3
c is identi�ed by Cartesian coordinates xa = (x1, x2, x3) for which

xa = x̂a(θb)⇔ θa = θ̂a(xb), (2.6)

holds. The spatial position vector x ∈ V3
c is written in terms of the orthonormal basis

{e1, e2, e3} with ea · eb = δab (δab = 1 for a = b and δab = 0 for a 6= b) as

x = x̂a(θb)ea = xaea. (2.7)

Likewise to the coordinate representation of the motion shown in Eq. (2.3), the motion can
be described in terms of the position vectors. In this case, the deformation map ϕ transforms
position vectors from the reference con�guration to the current con�guration as follows:

ϕ :

{
V3
r × R → V3

c

(X, t) 7→ x = χc(χ
−1
r (X), t) = ϕ(X, t)⇔X = ϕ−1(x, t).

(2.8)

1If not otherwise stated, basis vectors denoted by capital letters are related to the reference con�guration
and, accordingly, basis vectors denoted by small letters are related to the current con�guration.
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2 Continuum mechanical framework

Figure 2.2: Illustration of motion.

At the reference time (t = 0), the identity ϕ(X) = X, ∀X ∈ Br is obtained. In addition to
this, the displacement vector u = x+s−X is of great interest in solid mechanics as it describes
the motion without scrutinizing its cause. In general, the vector s describes the position of
the current coordinate system relative to the reference coordinate system, see Fig. 2.2. In
most cases it is useful to choose s = 0 and let both systems coincide, i.e., EA = ea. Based
on the above de�ned relations between Cartesian and curvilinear coordinates, two reciprocal
(or dual) base systems can be de�ned. The �rst base system consists of tangent vectors GA,
locally de�ned along each coordinate line as

GA =
∂X

∂ΘA
=
∂X̂B(Θ1,Θ2,Θ3)

∂ΘA
EB. (2.9)

The three vectors {G1,G2,G3} form the covariant basis with respect to the reference con�g-
uration. A second basis can be constructed in the way such that each of the new basis vectors
GA is orthogonal to two basis vectors of the covariant basis. This gives

GA = ∇r(Θ
A(X)) =

∂Θ̂A(X1, X2, X3)

∂XB
EB, (2.10)

cf. the geometrical illustration given in Fig. 2.3. In this case, each basis vector represents a
gradient vector, lying normal to an in�nitesimal area element formed by the respectively other
two coordinate lines. Finally, the set {G1,G2,G3} of new basis vectors form the contravariant
basis. Since the co- and contravariant basis pairs are reciprocal to each another, it results that
GA ·GB = δ.BA , with δ.BA = 1 for A = B and δ.BA = 0 for A 6= B.

Analogically, the spatial tangent basis vectors ga and spatial gradient basis vectors ga de�ne
respectively the co- and contravariant basis in the current con�guration, i.e.,

ga =
∂x

∂θa
=
∂x̂b(θ1, θ2, θ3)

∂θa
eb, ga = ∇c(θ

a(x)) =
∂θ̂a(x1, x2, x3)

∂xb
eb, (2.11)

with ga · gb = δ.ba (δ.ba = 1 for a = b and δ.ba = 0 for a 6= b). It is noted that in contrast
to Cartesian coordinate systems, curvilinear coordinate systems are de�ned locally and their
orientation changes from point to point, hence, they are space-dependent.
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2.3 Metric tensors

Figure 2.3: Reciprocal (or dual) basis vectors in E3.

2.3 Metric tensors

In context of locally de�ned coordinate systems, the metric coe�cients play an substantial role
in the representation of geometric measurements as they deliver information about lengths and
angles. In the following, only so-called Riemannian metric tensors, i.e., symmetric and positive
de�nite metric tensors, are under consideration.

Covariant and contravariant metric coe�cients are de�ned in analogy to the basis vectors as

GAB = GA ·GB; GAB = [GAB]−1 = GA ·GB;

gab = ga · gb; gab = [gab]
−1 = ga · gb,

(2.12)

see, for instance, Ogden [188]. Without proof, Eq. (2.12) stats that the inverse of the matrix
of covariant metric coe�cients is identical to the matrix of contravariant metric coe�cients.
Furhtermore, metric coe�cients allow to switch between tangent to the co-tangent space by
means of raising or lowering of indices (index shifting). This yields the transformation relation
between respective dual basis vectors (Green and Zerna [86]), i.e.,

GA = GABG
B; GA = GABGB; ga = gabg

b; ga = gabgb. (2.13)

Furthermore, the components of a vector must contra-vary with a change of basis to maintain
the physical meaning (e.g. velocity). Same holds for a dual vectors (e.g. gradient) which must
co-vary to be coordinate system invariant. Therefore, the components must vary in either case
by the same transformation as the change of its basis. With V = V AGA being the contravari-
ant component representation and V # = VAG

A the covariant component representation, the
corresponding transformation relations are de�ned as

VAG
A = VAG

ABGB = V BGB (2.14)

and

V AGA = V A
[
GAB

]−1
GB = V AGABG

B = VBG
B, (2.15)

respectively. Same transformation relations are de�ned with respect to the current con�gura-
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2 Continuum mechanical framework

tion, i.e.,

vag
a = vag

abgb = vbgb (2.16)

as well as

vaga = va
[
gab
]−1

gb = vagabg
b = vbg

b. (2.17)

These lead to the following relationships, namely

V B = VAG
AB; VB = V AGAB; vb = vag

ab; vb = vagab. (2.18)

By making use of the de�nition of metric tensors given as

G = GABG
A ⊗GB; G−1 = GABGA ⊗GB; g = gabg

a ⊗ gb; g−1 = gabga ⊗ gb, (2.19)

Eq. (2.14)-2.18 can be rewritten in terms of an absolute representation. The corresponding
mapping relations can be summarized as

G :

{
T Br → T B∗r
V 7→ V # = G · V ⇔ V = G−1 · V #

(2.20)

and

g :

{
T Bc → T B∗c
v 7→ v# = g · v ⇔ v = g−1 · v#,

(2.21)

respectively. As already mentioned, the metric tensors act as a correspondence between the
tangent and the cotangent space of the corresponding con�guration. An illustrative interpre-
tation of these vector spaces appears below in the context of the deformation gradient and in
relation to associated stretch tensors.

2.4 Deformation gradient

Consider a material point with position vector X and any other material point nearby. Their
distance to each other is quanti�ed by a material line element or material tangent vector
dX ∈ T Br(X). The totality of material line elements passing the point X form the tangent
space T Br(X). After applied deformation, the same bundle of line elements pass through
the considered material point but in the deformed con�guration, i.e., through x. Hence, the
totality of spatial line elements dx ∈ T Bc(x) form the tangent space T Bc(x), see Fig. 2.4.
The relation between these line elements is characterized by the deformation gradient tensor
F . Recalling that the deformation map given by Eq. (2.8) is continuously di�erentiable, the
motion of the vector X + dX can be approximated by the Taylor expansion

ϕ(X + dX, t) = ϕ(X, t) +∇r(ϕ(X, t)) · dX + O(X, dX, t), (2.22)

where higher order terms O(X, dX, t) ≈ 0 can be neglected due to

lim
dX→0

O(X, dX, t) = 0. (2.23)
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2.4 Deformation gradient

Figure 2.4: Deformation mapping of tangent and normal vectors.

From Eq. (2.22), the de�nition of the deformation gradient arises as

F = ∇r(ϕ(X, t)) =
∂x

∂X
. (2.24)

Its inverse is accordingly de�ned as

F−1 = ∇c(ϕ
−1(x)) =

∂X

∂x
. (2.25)

As is shown in the upper illustration of Fig. 2.4, the deformation gradient F characterizes the
change in shape of in�nitesimal line elements by mapping material tangent vectors dX into
spatial tangent vectors dx. This is expressed by the following linear transformation relation

F :

{
T Br → T Bc
dX 7→ dx = F (X, t) · dX ⇔ dX = F−1(x) · dx.

(2.26)

Because F corresponds between reference and current con�guration, the deformation gradient
is referred to as two-point or two-state tensor. This is further evident from its component
representation which is related to the mixed basis of tensors denoted as ga ⊗GA, i.e.,

F =
∂x

∂X
=

∂x

∂ΘA
⊗ ∂ΘA

∂X
=

∂x

∂θa
∂θa

∂ΘA
⊗ ∂ΘA

∂X
=

∂θa

∂ΘA
ga ⊗GA = F a.Aga ⊗GA. (2.27)

Accordingly, the inverse F−1 is related to the mixed basis GA⊗ ga which yields the following
component representation

F−1 =
∂X

∂x
= [F−1]A.aGA ⊗ ga. (2.28)

With the above de�nitions, the component representation of the mapping relations shown in
Eq. (2.26) becomes

dx = F a.AdX
B[ga ⊗GA] ·GB = F a.BdX

Bga = dxaga, (2.29)
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2 Continuum mechanical framework

and

dX = [F−1]A.adx
b[GA ⊗ ga] · gb = [F−1]A.bdx

bGA = dXAGA, (2.30)

respectively. The existence of the inverse relation is guaranteed by the condition of a non-
vanishing Jacobian determinant, i.e., J = det(∂θa/∂ΘA) 6= 0. Moreover J > 0 is required
to ensure that positive volume remain positive during deformation. Provided that F is non-
singular, the material and spatial identity tensors are obtained by the inner tensor product
between F and its inverse. The material identity tensor is obtained as

I = F−1 · F = [F−1]A.aF
b
.B[GA ⊗ ga] · [gb ⊗GB]

= [F−1]A.aF
b
.Bδ

a
.bGA ⊗GB

= δA.BGA ⊗GB,

(2.31)

whereas the inverse relation yields the spatial identity tensor, i.e.,

i = F · F−1 = F a.A[F−1]B.b [ga ⊗GA] · [GB ⊗ gb]
= F a.A[F−1]B.bδ

A
.Bga ⊗ gb

= δa.bga ⊗ gb.
(2.32)

In analogy to the transformation of in�nitesimal line elements, the cofactor of the deformation
gradient, cof(F ) = JF−T, acts as a linear transformation between in�nitesimal area elements
da = n da and dA = N dA in the following way

nda = cof(F ) ·NdA, (2.33)

with N and n being normal vectors perpendicular to the corresponding area element. The
transformation of areas via Eq. (2.33) is also known as Nanson's formula or as Piola transfor-
mation. It is of primary importance in the de�nition of stresses in terms of force per area as
is shown later.

The transformation relation between the normal vectors is considered next. For that rea-
son, the surface of a material body is introduced with respect to its di�erent con�gurations
as Φr(X) ∈ ∂Br and Φc(x) ∈ ∂Bc respectively. By di�erentiating the identity Φr(X) =
Φc(ϕ(X, t)) and in consideration of the chain rule follows

∇r(Φr(X)) =
dΦr(X

A)

dXB
GB =

dΦc(x
a)

dxb
dxb

dXB
GB = F T · ∇c(Φc(x)). (2.34)

Both gradient vectors lie orthogonal to the corresponding surface plane, i.e., N = ∇r(Φr(X))
and n = ∇c(Φc(x)), whereas generally | N |6= 1 and | n |6= 1. Based on this, the mapping
relation between the material normal vector N ∈ T B∗r (X) and the spatial normal vector
n ∈ T B∗c(x) is given by the transpose of the inverse of the deformation gradient tensor, i.e.,

F−T :

{
T B∗r → T B∗c
N 7→ n = F−T(X, t) ·N ⇔N = F T(x) · n,

(2.35)

cf. the lower illustration in Fig. 2.4. The cotangent space T B∗r (X) = Br×R3 and respectively
T B∗c(x) = Bc × R3 are dual vector spaces to T Br(X) and respectively T Bc(x). Moreover,
F−T = [F T]−1 = [F−1]T. The component representation of the transpose of F and the
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2.5 Measures of deformation and strain

transpose of F−1 read

F T = [FT]A.a[GA ⊗ ga]
= GABF b.Bgba[GA ⊗ ga]

(2.36)

and

F−T = [F−T]a.A[ga ⊗GA]

= gabFB.b GBA[ga ⊗GA],
(2.37)

respectively, see also Clayton [54] and Dorfmann and Ogden [68]. With that, the component
representation of the regular and inverse mapping relation given by Eq. (2.35) becomes

n = [F−T]a.ANB[ga ⊗GA] ·GB = gab[F−1]C.bGCANBG
ABga = [F−1]C.bNCg

b = nbg
b (2.38)

and

N = [FT]A.anb[GA ⊗ ga] · gb = GABF c.Bgcanbg
abGA = F c.BncG

B = NBG
B, (2.39)

respectively. Finally, by considering the line elements {dX, dY , dZ} and {dx, dy, dz}, the
resulting triple products dV = [dX × dY ] · dZ = dA · dZ and dv = [dx× dy] · dz = da · dz
form a material volume element in the reference and current con�guration, respectively where
two line elements respectively form an area element. With the transformation relation for line
elements via Eq. (2.26) and for area elements via Eq. (2.33), it follows that

dv = [F · dX × F · dY ] · F · dZ = J [dX × dY ] · dZ = JdV. (2.40)

Similar to the mapping of line elements via F and the mapping of area elements via cof(F ),
the Jacobian J maps volume elements from the reference con�guration into the current con-
�guration. The Jacobian determinant is further given as J =

√
det(gab)/ det(GAB) det(F a.A).

Hence, det(F ) > 0 is required to ensure J > 0.

2.5 Measures of deformation and strain

The deformation gradient contains information about the local rotation and shape change of
a material point with respect to the in�nitesimal neighborhood of X. The latter is associated
with the actual deformation in terms of stretching and shearing. If J > 0, then the deformation
gradient can be (uniquely) decomposed as

F = R ·U = V ·R. (2.41)

In this, U and V are symmetric and positive de�nite material and spatial stretch tensors
whereas R represents a two-point, orthogonal rotation tensor obeying RT · R = I. The
component representation of Eq. (2.41) reads

F a.C [ga ⊗GC ] = Ra.AU
B
.C [ga ⊗GA] · [GB ⊗GC ]

= Ra.BU
B
.C [ga ⊗GC ]

= V a
.bR

c
.C [ga ⊗ gb] · [gc ⊗GC ]

= V a
.cR

c
.C [ga ⊗GC ].

(2.42)

15



2 Continuum mechanical framework

The �rst relation in Eq. (2.41) de�nes the right polar decomposition whereas the second
relation de�nes the left polar decomposition. Since the deformation gradient contains contri-
butions from rigid body rotations, F cannot be used as a meaningful strain measure. In fact,
strain measures are always based on either U or V as these tensors are completely free of
rotation. This is evident from their de�nition

U =
√
F T · F =

√
UT ·RT ·R ·U =

√
U ·U (2.43)

and

V =
√
F · F T =

√
V ·R ·RT · V T =

√
V · V . (2.44)

The right Cauchy-Green stretch tensor C and the left Cauchy-Green stretch tensor b are
de�ned in consideration of theses tensors as

C = U2 = F T · F , (2.45)

and

b = V 2 = F · F T, (2.46)

respectively. Their component representations are

C = [FT]A.aF
b
.B[GA ⊗ ga] · [gb ⊗GB]

= GACF c.CgcaF
b
.Bδ

a
.bGA ⊗GB

= F c.CgcbF
b
.BG

C ⊗GB

= CCBG
C ⊗GB

(2.47)

and

b = F a.A[FT]B.b [ga ⊗GA] · [GB ⊗ gb]
= F a.AG

BCF cCgcbδ
A
.Bga ⊗ gb

= F a.AG
ACF c.Cga ⊗ gc

= bacga ⊗ gc,

(2.48)

respectively, see, for instance Clayton [54]. In the literature, equivalent de�nitions2 for C and
b are often given in the form C = F T · g ·F and b = F ·G−1 ·F T. This format indicates the
commutative nature of these tensors as illustrated in Fig. 2.5. As can be seen, C establishes
a correspondence between tangent to the cotangent space while b act in the inverse way, i.e.,
C : T Br → T B∗r and b : T B∗c → T Bc. Moreover, C can be interpreted as the pull-back of the
spatial metric tensor g whereas the inverse left Cauchy-Green tensor (or �nger deformation
tensor) b−1 : T Bc → T B∗c can be interpreted as the push-forward of the material metric tensor
G. For furhter details, see, e.g., Epstein [73].

Both tensors, C and b−1, de�ne in consideration of the corresponding metric how lengths
of line elements and angles between line elements change with respect to the con�guration
they are de�ned in. This is re�ected in the following calculation of deformed and undeformed

2E.g., the expression FT · g · F = [FT]A.agbcF
d
.B [GA ⊗ ga] · [gb ⊗ gc] · [gd ⊗GB ]

= GACF e.CgeagbcF
d
.Bg

abδc.d[GA ⊗ GB ] = F e.CgedF
d
.B [GC ⊗ GB ] is equivalent to the one given by Eq. (2.47).

Same can be shown for Eq. (2.48) considering the expression b = F ·G−1 · FT.
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2.5 Measures of deformation and strain

Figure 2.5: Commutative diagrams of stretch tensors. The right
Cauchy-Green tensor C can be interpreted as the pull-back of the
spatial metric tensor g whereas the inverse left Cauchy-Green b−1

can be interpreted as the push-forward of the material metric tensor
G. In both diagrams, the actual geometrical mapping (bold line)
can be obtained in terms of a composition of commutative mappings
(dashed lines).

squared lengths, i.e.,

| dx |2 = dx · dx = dX · F T · F · dX = dX ·C · dX,

| dX |2 = dX · dX = dx · F−T · F−1 · dx = dx · b−1 · dx.
(2.49)

Although C and b−1 represent objective measures they are not quali�ed to be used as strain
measures. Strain measures are required to vanish not only for any pure rigid body motion
but also for any undeformed con�guration including the initial undeformed state of the body.
Therefore, absolute strain measures are introduced based on the di�erence in the squared
lengths of deformed and undeformed line elements. This leads to

| dx |2 − | dX |2= dX ·C · dX − dX · dX = dX · [C −G] · dX = dX · 2E · dX, (2.50)

where

E =
1

2
[C −G] (2.51)

represents the Green-Lagrange strain tensor, a material strain measure. The above relation
becomes more clear in the component representation

| dx |2 − | dX |2 = dxadxbga · gb − dXAdXBGA ·GB

= F a.AdX
AF b.BdX

Bgab − dXAdXBGAB

= dXA[F a.AgabF
b
.B −GAB]dXB

= dXA[CAB −GAB]dXB

= dXA2EABdX
B,

(2.52)

from which follows that

E =
1

2
[CAB −GAB]GA ⊗GB =

1

2

[
F a.AgabF

b
.B −GAB

]
GA ⊗GB. (2.53)

17



2 Continuum mechanical framework

An equivalent strain measure in the current con�guration results from the same measurement
but related to the deformed con�guration, i.e.,

| dx |2 − | dX |2= dx · dx− dx · b−1 · dx = dx · [g − b−1] · dx = dx · 2e · dx, (2.54)

which gives rise to introduce the Almansi strain tensor as

e =
1

2

[
g − b−1

]
. (2.55)

In analogy to the previous case, the component representation can be written as

| dx |2 − | dX |2 = dxadxbga · gb − dXAdXBGA ·GB

= dxadxbgab − [F−1]A.adx
a[F−1]B.bdx

bGAB

= dxa
[
gab − [F−1]A.aGAB[F−1]B.b

]
dxb

= dxa2eabdx
b,

(2.56)

from which follows that

e =
1

2

[
gab − [b−1]ab

]
ga ⊗ gb =

1

2

[
gab − [F−1]A.aGAB[F−1]B.b

]
ga ⊗ gb. (2.57)

As a result of the de�nitions shown in Eqs. (2.53) and (2.57), it can be seen that the introduced
strain tensors are measuring the strain in terms of the di�erence between two metric tensors.
Hence, strain can be understood as the time-dependent change of one metric with respect
another metric where either the pull-back of the spatial metric or respectively the push-forward
of the material metric is involved. In the end, both strain tensors are related to each other via

E = F T · e · F , e = F−T ·E · F−1. (2.58)

2.6 Measures of stress

During motion ϕ(X, t), let Bc be subjected to loading conditions which may be described
in terms of externally applied surface forces (per unit area) and/or body forces (per unit
mass). In response to these loads, the body experiences reaction forces or surface tractions
t(x, t,n) ∈ T Bc whose surface element orientation is indicated by the spatial normal vector
n ∈ T B∗c . According to Cauchy's stress theorem, there exists an integrable �eld of traction
vectors t upon any smooth, closed, orientable surface which is either the bounding surface
∂Bc of the body itself or any (imagined) bounding surface ∂Ωc of a subbody (part) Ωc ∈ Bc
(Truesdell [244]). Then t is a linear function of the normal vector n such that there is a tensor
σ - the Cauchy (true) stress tensor - which describes the transformation

σ :

{
T B∗c → T Bc
n 7→ t = σ(x, t) · n,

(2.59)

cf. the illustration in Fig. 2.6. With that, the di�erential force acting on the area element da
can be written as df = t(n)da = σ · nda = σ · da. Furthermore, σ conserves the balance
of linear momentum as well as the balance of angular momentum. The latter results in the
property σ = σT, i.e., σ is symmetric. For a detailed and comprehensive treatment of balance
laws see, for instance, Chadwick [44].
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2.6 Measures of stress

Figure 2.6: Commutative diagrams of stress tensors. The graphical
illustration indicates pull-back and push-forward relations between
material S, spatial σ, and mixed P stress tensors. In both diagrams,
the actual geometrical mapping (bold line) can be obtained in terms
of a composition of commutative mappings (dashed lines).

By referring the force, which is obviously a physical process in the current con�guration, to a
material surface element, gives rise to de�ne an alternative stress tensor. Recalling Nanson's
formula from Eq. (2.33), the di�erential surface force per unit material area can be rewritten
as df = σ · nda = P ·NdA = ť(N)dA, where N ∈ T B∗r is the normal vector with respect
to the reference con�guration, ť ∈ T Bc is a modi�ed (spatial) surface traction vector, and P
is the �rst Piola-Kirchho� stress tensor. As a result, P is a two-point tensor which can be
related to the Cauchy stress via

P = Jσ · F−T = τ · F−T, (2.60)

where τ = Jσ denotes the weighed Cauchy stress tensor or the Kirchho� stress tensor. In
addition, P ·F T = F ·P T follows from the balance of angular momentum, i.e., P 6= P T holds
in general. In analogy to Eq. (2.59), P describes the following transformation

P :

{
T B∗r → T Bc
N 7→ ť = P (X, t) ·N .

(2.61)

A pure material stress measure is obtained from the pull-back of the Kirchho� stresses τ or,
equivalently, of P , yielding the de�nition of the second Piola-Kirchho� stress tensor

S = F−1 · τ · F−T = F−1 · P , (2.62)

where S = ST. see also Fig. 2.6 for a graphical interpretation of pull-back and push-forward
relations between the introduced stress tensors. With respect to the reference con�guration,
the following mapping relation can be established

S :

{
T B∗r → T Br
N 7→ T = S(X, t) ·N .

(2.63)

This leads �nally to df = P ·NdA = F · S ·NdA = F · T (N)dA, where T ∈ T Br is the
material surface traction. In contrast to the previous quantities, T and S are rather �ctitious
as they do not bear any physical meaning.
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2 Continuum mechanical framework

2.7 Elasto-plastic decomposition of deformation

The idea of the multiplicative decomposition of the deformation gradient F has its origin in
the works of Bilby et al. [32] and Kröner and Seeger [145], and was formulated in the way

F = F E · F P, (2.64)

where F E is the elastic and F P the plastic part of the total deformation gradient, cf. also
Kröner [142], Lee and Liu [155], and Lee [154]. In fact, the decomposition in the given form
has a physical motivation as the deformation of crystals can be idealized in terms of pure plastic
deformation associated with dislocation slip, superimposed by pure elastic lattice distortion
(stretch and rotation) as is illustrated in Fig. 2.7.

In order to describe plastic deformation in terms of crystallographic slip, the material body is
assigned with a crystal lattice which is described (with respect to the reference con�guration) in
terms of slip direction Sα, slip plane normalNα, and transverse slip direction T α = Nα×Sα.
Furthermore, plastic deformation is assumed to be lattice-preserving, i.e., lattice invariant
(Bilby et al. [32]), such that material and intermediate lattice directions coincide3, i.e.,

sα = Sα, tα = T α, nα = Nα. (2.65)

From a di�erential-geometric point of view, the decomposition implies a conceptual relaxation
of the material body in a stress-free intermediate4 con�guration Bi which, in general, is only
locally coherent, i.e. simply connected or holonomic (Kondo [139], Clayton et al. [55]). Hence,
�ctive unloading of a body with a heterogeneous internal stress �eld distribution leads to an
incompatible or anholonomic con�guration, cf. for instance Clayton et al. [55]. As a result,
neither of the following tangent mappings is generally a continuous one-to-one mapping, i.e.,
nor the mapping from the reference into the intermediate con�guration

F P :

{
T Br → T Bi
dX 7→ dX = F P(X, t) · dX ⇔ dX = F−1

P (X) · dX
(2.66)

Figure 2.7: Multiplicative decomposition of the deformation gradi-
ent. Here, F E as well as F P are locally de�ned mappings. Moreover,
plastic deformation is lattice preserving, i.e., sα = Sα and nα = Nα.

3The concept of an isoclinic intermediate con�guration goes back to Mandel [168].
4As a result of the multiplicative decomposition, certain quantities must be distinguished between reference,

intermediate, and current con�guration. Henceforth, the indices `r', `i', and `c' are used for that reason.
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2.7 Elasto-plastic decomposition of deformation

nor the mapping from the intermediate into the current con�guration

F E :

{
T Bi → T Bc
dX 7→ dx = F E(X) · dX ⇔ dX = F−1

E (x) · dx.
(2.67)

Same holds for the cotangent mappings

F−TP :

{
T B∗r → T B∗i
N 7→ N i = F−TP (X, t) ·N ⇔N = F T

P(X) ·N i

(2.68)

and

F−TE :

{
T B∗i → T B∗c
N i 7→ n = F−TE (X) ·N i ⇔N i = F T

E(x) · n,
(2.69)

respectively. Hence, neither F E nor F P (or their inverse counterparts) are true gradients of
vector �elds. Nevertheless, the above introduced mappings can be interpreted as pointwise
linear transformations in accordance to the concept of in�nitesimal neighborhoods. With that
in mind, the intermediate (or anholonomic) metric tensors

G = GαβG
α ⊗Gβ

, G
−1

= G
αβ
Gα ⊗Gβ, (2.70)

are introduced with basis vectors Gα and their reciprocals G
α
where Gα ·G

β
= δ β

α . Notice
that Greek letters are used for indices associated with the intermediate con�guration. Then,
the component representation of the deformation gradient can be formulated in terms of the
multiplicative split given by Eq. (2.64) as

F = [FE]a.α[FP]β.A
[
ga ⊗G

α] · [Gβ ⊗GA
]

= [FE]a.α[FP]α.A
[
ga ⊗GA

]
. (2.71)

Furthermore, the multiplicative split of deformation gives rise to de�ne additional stretch
and strain tensors, see also the left illustration in Fig. 2.8. Of particular relevance is the
intermediate or elastic5 right Cauchy-Green tensor which is de�ned as

CE = F T

E · F E, (2.72)

with its component representation

CE = [FT

E ]α.a[FE]b.β[Gα ⊗ ga] · [gb ⊗G
β
]

= G
αβ

[FE]c.γgcb[FE]b.βδ
a
.bGα ⊗G

β

= [FE]c.γgcb[FE]b.βG
γ ⊗Gβ

= [CE]γβG
γ ⊗Gβ

.

(2.73)

The spatial or elastic left Cauchy-Green tensor is introduced as

bE = F E · F T

E, (2.74)

5Tensor quantities with index `E' are de�ned in terms of F E (e.g. CE) but are not necessarily associated
with the intermediate con�guration. This is for instance the case for bE, cf. Eq. (2.75).
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2 Continuum mechanical framework

Figure 2.8: Commutative diagrams in the context of �nite elasto-
plasticity. The intermediate con�guration results from the multi-
plicative decomposition F = F E · F P. In both diagrams, the actual
geometrical mapping (bold line) can be obtained in terms of a com-
position of commutative mappings (dashed lines).

with its component representation

bE = [FE]a.α[FT

E ]β.b[ga ⊗G
α
] · [Gβ ⊗ gb]

= [FE]a.αG
βγ

[FE]c.γgcbδ
α
.βga ⊗ gb

= [FE]a.αG
αγ

[FE]c.γga ⊗ gc
= [bE]acga ⊗ gc.

(2.75)

Moreover, the intermediate version of the Green-Lagrange strain tensor is de�ned as

EE =
1

2

[
CE −G

]
, (2.76)

where the component representation reads

EE =
1

2

[
[CE]αβ −Gαβ

]
G
α ⊗Gβ

=
1

2

[
[FE]aαgab[FE]bβ −Gαβ

]
G
α ⊗Gβ

. (2.77)

Similar to the aforementioned interpretations, CE can be seen as the pull-back of the spatial
metric tensor g. Accordingly, EE measures strain in terms of a metric change between the
current and intermediate con�guration.

Last but not least, a pure intermediate stress measure can be de�ned similar to the pull-back
relation shown in Eq. (2.62). Here, an intermediate version of the second Piola-Kirchho� stress
tensor S is obtained in the form

SE = F−1
E · τ · F−TE = F−1

E · P · F T

P, (2.78)

cf. the right illustration in Fig. 2.8. One might also interpret SE = F P ·S ·F T

P as a push-forward
of its material counterpart. In this respect, let T i ∈ T Bi and N i ∈ T B∗i be the intermediate
surface traction and normal vector respectively. Then, SE obeys the following transformation
relation with respect to the intermediate con�guration

SE :

{
T B∗i → T Bi
N i 7→ T i = SE(X, t) ·N i.

(2.79)
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2.8 Deformation-rate measures and internal stress power

In analogy to Eq. (2.33), the relation between in�nitesimal material and intermediate area
elements is obtained as

N idAi = cof(F P) ·N rdAr = F−TP ·N rdAr. (2.80)

With that, the di�erential surface force becomes df = F · S · N rdAr = F E · SE · N idAi.
Moreover, assuming incompressible plastic deformation it follows for the plastic Jacobian de-

terminant JP =
√

det(Gαβ)/ det(GAB) det([FP]α.A) = 1 and accordingly for the total Jacobian

determinant J = JE =
√

det(gab)/ det(Gαβ) det([FE]a.α), where it is generally required that
both are non-negative and non-zero, i.e., JP > 0 and JE > 0. The relation between in�nites-
imal volume elements remains therefore as dv = JEJPdVr = JdVr which implies that there is
no volume change between reference and intermediate con�guration, i.e., dVi = dVr.

An extension of the here presented continuum mechanical framework towards the description
of the kinematics of material surfaces is given, e.g., in [227]. For many applications, the use of
Cartesian coordinates is su�cient as it simpli�es the description of kinematics considerably.
In such a case, the basis vectors are denoted as eA = GA = δa.Aga and e

A = GA = δA.ag
a with

ga.A = δa.A, g
A
.a = δA.a, gab = δab, and GAB = δAB.

2.8 Deformation-rate measures and internal stress power

Energetically conjugate pairs of stress and strain measures determine the internal work of a
system. Its rate, the rate of internal work P (per unit mass), plays an important role in the
formulation of the �rst and second law of thermodynamics as well as in the formulation of the
principle of virtual power. In the following, the focus is directed on the de�nition of suitable
deformation-rate and strain-rate measures which form a stress power expression together with
a conjugate stress tensor. Starting point is the material velocity gradient Ḟ which can be
expressed in the following way by applying Schwarz' theorem

Ḟ =
∂

∂t

∂x

∂X
=

∂

∂X

∂x

∂t
= ∇rv =

∂v

∂x
· ∂x
∂X

= l · F . (2.81)

Here, v = ẋ is the velocity vector de�ned as the material time derivative of the spatial position
vector and l denotes the spatial velocity gradient tensor. The symmetric and antisymmetric
part of l = d+w are de�ned as the spatial deformation-rate tensor d = (l)sym = 1/2[l+lT] and
the spin tensorw = (l)skw = 1/2[l−lT] respectively. Hence, the rate of the right Cauchy-Green
tensor can be expressed as

Ċ = F T · Ḟ + Ḟ
T · F = F T · [l+ lT] · F = 2F T · d · F , (2.82)

where

Ė = F T · d · F =
1

2
Ċ. (2.83)

With these de�nitions, the speci�c stress power can be expressed by the following energetically
conjugate pairs (without proof)

P =
1

ρc
σ : d =

1

ρr
τ : d =

1

ρr
P : Ḟ =

1

ρr
P : Ė, (2.84)
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2 Continuum mechanical framework

where ρ denotes the density of the corresponding con�guration and σ : l = σ : d since
σ : w = 0, see for instance Bertram [28]. As a result of the multiplicative decomposition given
by Eq. (2.64), l can be additively decomposed into an elastic and a plastic part, i.e.,

l =
[
Ḟ E · F P + F E · Ḟ P

]
· F−1 = lE + lP, (2.85)

where lE = Ḟ E ·F−1
E is the elastic part of the spatial velocity gradient and lP = F E ·LP ·F−1

E

represents the push-forward of the (intermediate) plastic velocity gradient LP. In the context
of crystal plasticity, LP is de�ned as

LP = Ḟ P · F−1
P =

nα∑
α

ναs⊗ nα. (2.86)

Here, the sum of plastic slip rates να on corresponding slip systems α ∈ [1, nα] de�nes the
evolution of plastic deformation (e.g. Rice [211]). Further,

d = dE + dP, w = wE +wP (2.87)

follows from Eq. (2.85) where dE = (lE)sym = 1/2[lE + lTE] and dP +wP = F E · LP · F−1
E , cf.

Asaro [7]. In analogy to Eq. (2.82) and Eq. (2.83), it follows furthermore that

ĊE = 2F T

E · dE · F E = 2ĖE. (2.88)

The additive split of l enables an equivalent split of the speci�c stress power into an elastic
PE and a plastic part PP, i.e., P = PE + PP. Using Eq. (2.78), an intermediate expression for
the stress power is obtained based on the relation

τ : d = τ :
[
dE +

(
F E ·LP · F−1

E

)
sym

]
= SE :

[
1

2
ĊE +CE ·LP

]
, (2.89)

which �nally gives

PE =
1

2ρi
SE : ĊE =

1

ρi
SE : ĖE and PP =

1

ρi
SE : CE ·LP. (2.90)

Note that plastic incompressibility implies ρr = ρi. In the framework of crystal plasticity it
is convenient to express the plastic stress power in terms of the (intermediate) Mandel stress
tensor (Mandel [169]) de�ned as

ME = CE · SE. (2.91)

With that, the plastic part of the speci�c stress power yields

PP =
1

ρi
ME : LP. (2.92)

A stress power expression in which ME is conjugate to the plastic velocity gradient LP was
�rst used by Mandel [167].
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3 Elastic and plastic modeling aspects of
crystalline materials

The objective of this chapter is to provide some insight about the continuum-based modeling
of crystal plasticity. First, some general crystallographic relations are described involving the
geometrical representation of slip and twin systems along with the continuum-like approxima-
tion of dislocations. These relations are used to describe the relevant deformation mechanisms
at the continuum level, namely dislocation glide and twinning. Crystallographic slip evolves
as a consequence of dislocation motion, accumulation, and interactions. In view of non-local
crystal plasticity, slip gradients associated with continuum measures of geometrically neces-
sary dislocation (GND) densities are considered in the framework. As a consequence, the
crystallographic slip is a�ected by stresses associated with higher-order gradients. In relation
to the characteristic length scale of the material, this introduces a size dependence within the
hardening relation. Twinning is considered as a shear deformation associated with the glide
of twin partials. A detailed description of the twinning model is provided in Chapter 7.

With regard to the elastic deformation behavior of crystals, the directional dependence of
elastic properties is incorporated via a hyperelastic constitutive law fed by measurable elastic
constants. With focus on the symmetry of hcp crystals, an anisotropic variant of the Neo-
Hookean model is developed in extension to the commonly applied isotropic Neo-Hookean
model. The new model is used to describe the directional dependence of elastic properties
in terms of transverse isotropy. A numerical example illustrates the material response of Mg
with varying crystallographic orientation with respect to the loading direction.

Furthermore, attention is paid towards the thermodynamic consistent formulation of gradient
crystal plasticity. Part of the constitutive framework is the continuum-based description of
dislocations. Two populations of dislocations are distinguished according to their impact
on the work hardening behavior in terms of size-independent (local) and size-dependent (non-
local) hardening contributions. The later is introduced via densities of geometrically necessary
dislocations whose accumulations due to deformation incompatibilities generates additional
resistance to dislocation glide. As is discussed, the modeling approach requires additional
evolution equations at the nodal level according to the number of considered slip systems
along with associated boundary conditions. Characteristic features of the model are �nally
emphasized by means of a symmetric dislocation pile-up problem.
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3 Elastic and plastic modeling aspects of crystalline materials

3.1 Crystallographic description of deformation

Dislocation glide is the primary mechanism by which crystalline materials deform plastically.
This process is explained by the motion or slip of dislocations through the material on well-
de�ned crystallographic slip systems. The activation of slip is generally driven by the re-
solved shear stress and becomes evident in terms of slip traces or lines. Often, the totality of
densely located slip lines is termed slip band. Nevertheless, depending on many factors such as
crystallographic orientation, temperature, strain rate, chemical composition, etc., mechanical
twinning induced by the deformation can play an essential role in the deformation behavior
of crystalline solids. While the geometric structure of a twin system is similar to the one
of a slip system, its activation is generally not only driven by the resolved shear stress. A
twin system provides information about how twin and parent phases of the crystal are related
to each other. It is obvious that an accurate treatment of such crystallographic information
is important. For that reason, the conventions for indicating crystallographic directions and
planes are brie�y recalled in this section. With respect to gradient crystal plasticity models, it
is also important to specify the geometry of dislocations which is represented at the continuum
level by perfect rectangular shaped dislocation loop structures. To this end, the orientation
of the dislocation line direction gives rise to distinguish the character of each dislocation loop
segment as will be pointed out.

3.1.1 Crystal structures of metals

Except metallic glasses, metals and alloys are formed by well-arranged atomic structures - the
crystals. In its idealized con�guration, i.e., assuming perfect (defect-free) and solid conditions,
a crystal is build up by periodic sequences of unit cells in all three spatial directions. Upon
mathematical symmetry deliberations, there are 14 di�erent possibilities to arrange atoms
in a periodic, regular, and repeating structure called Bravais lattices [34]. These 14 Bravais
lattices can be further categorized into seven crystal systems (see, e.g. Hahn [100]). The
majority of common metals are built up by one of the unit cells depicted in Fig. 3.1. In
the most general case (not depicted in the �gure), a unit cell is characterized by six lattice
parameters {a, b, c,α,β,γ} where a = |a|, b = |b|, and c = |c| denote the dimensions of the
unit cell, each in the respective direction of a basis vector, and α= ∠(b, c), β= ∠(a, c), and
γ= ∠(a,b) are the angles between the lattice basis vectors.

The type of unit cell of which a lattice is build up results in di�erent mechanical properties
of the bulk material. While face-centered cubic (fcc) materials like Cu, Au, and Ag show
in general a high formability, metals having a body-centered cubic (bcc) crystal lattice, for
instance α-Fe, are rather brittle. Metals with a hexagonal close-packed (hcp) lattice structure,
such as Mg or Ti, are even more limited in their ability to deform plastically. Due to the low
crystal symmetry, additional deformation modes in terms of twinning are often observed in hcp
metals whereas their activation depends strongly on the c/a ratio of the lattice parameters.

3.1.2 Lattice planes and directions

A three-dimensional crystal lattice is de�ned via the linear combination of basis vectors
{a,b, c} scaled by a triple of integers u, v, w where each is a multiple of the constant in-
teratomic distance in the corresponding direction. In case of fcc or bcc crystals, the lattice
parameters are given by the set {a, a, a, π/2, π/2, π/2} and the basis vectors are {a1,a2,a3},
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3.1 Crystallographic description of deformation

a) b)

c)

Figure 3.1: Common crystal lattice structures of metallic mate-
rials: a) body-centered cubic (bcc), b) face-centered cubic (fcc), c)
hexagonal close-packed (hcp) crystal lattice.

cf. Fig. 3.1 a) and b). In case of the hcp crystal lattice, the lattice parameters of a primi-
tive hexagonal unit cell (bold line) are given by the set {a, a, c, π/2, π/2, 2/3π} and the basis
vectors are denoted as {a1,a2, c}, cf. Fig. 3.1 c). Then, an arbitrary point in the lattice is
determined by the position vector

s[uvw] = ua1 + va2 + wc = siai, (3.1)

where the subscription `[uvw]' is used to distinguish between direction vectors associated with
di�erent coordinate systems.

Crystallographic directions are typically indicated in the form [uvw] whereas sets of crystal-
lographically equivalent directions are denoted as <uvw>. Planes are speci�ed by its inverse
intercepts along the lattice vectors, the so-called Miller indices h, k, l [176]. In contrast, in-
dividual planes are denoted in the form (hkl) and families of crystallographically equivalent
planes are written as {hkl}. The plane normal vector is expressed with respect to the reciprocal
(or dual) basis {a∗1,a∗2, c∗} which reads

n∗(hkl) = ha∗1 + ka∗2 + lc∗ = n∗ia
∗
i . (3.2)

Each reciprocal lattice vector is constructed by the cross product between two direct basis
vectors such that ai · a∗j = δij (see, e.g., De Graef [63]). The reciprocal lattice vectors can be
expressed with respect to the direct lattice as follows:

a∗1 =
a2 × c

a1 · [a2 × c]
=

2[2a1 + a2]

3a2
,

a∗2 =
c× a1

a1 · [a2 × c]
=

2[a1 + 2a2]

3a2
,

c∗ =
a1 × a2

a1 · [a2 × c]
=
c

c2
.

(3.3)

If the Miller indices are interpreted as components of a vector expressed in terms of the (direct)
basis vectors ai, i.e., n(hkl) = ha1 + ka2 + lc, it is not guaranteed that the direction of n(hkl)

is normal to the corresponding plane, i.e., n(hkl) ∦ n∗(hkl) in general. Directions and planes of
hcp crystal structures are therefore indicated by the four index notation as will be pointed
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3 Elastic and plastic modeling aspects of crystalline materials

out next. For this purpose, a forth lattice vector a3 = −[a1 + a2] is introduced such that
equidistant spacings are obtained in each of the three close-packed directions, cf. Fig. 3.1 c).
Then, with respect to the extended hexagonal basis, a single direction is speci�ed in the form
[u′v′t′w′] leading to a component representation written as

s[u′v′t′w′] = u′a1 + v′a2 + t′a3 + w′c = sIaI , (3.4)

where t′ = −[u′ + v′]. The relation between the four [u′v′t′w′] and three index notation [uvw]
is given by the following set of equations

u = u′ − t′ = 2u′ + v′, v = v′ − t′ = 2v′ + u′, w = w′. (3.5)

For the inverse relations, it can be found that

u′ =
1

3
[2u− v], v′ =

1

3
[2v − u], t′ = −1

3
[u+ v], w′ = w. (3.6)

Fig. 3.2 a) shows some exemplary direction and normal vectors within the basal plane (plane
normal to the c-axis). By comparing the three and four index notation, one can �nd that only
the latter allows to de�ne sets of crystallographically equivalent members with respect to the
hcp crystal lattice.

Following Okamoto and Thomas [191], there are four reciprocal basis vectors {A∗1,A∗2,A∗3,C∗}
which de�ne the plane normal vector with respect to the hexagonal coordinate system as

n∗(h′k′i′l′) = h′A∗1 + k′A∗2 + i′A∗3 + l′C∗ = n∗IA
∗
I , (3.7)

where the components (h′, k′, i′, l′) are known as the Miller-Bravais indices with i′ = −[h′+k′].
The constructed normal vector must be equivalent to the one de�ned by Eq. (3.2), i.e., n∗(hkl) ‖
n∗(h′k′i′l′), cf. for example the textbook of De Graef and Mc Henry [64]. The directional
equivalence is also evident from the illustration in Fig. 3.2 b). With that, the following
relations can be obtained

A∗1 =
2

3a2
a1, A∗2 =

2

3a2
a2, A∗3 =

2

3a2
a3, C∗ =

c

c2
. (3.8)

From that, another bene�t of using the four index notation can be concluded. If Miller-
Bravais indices (h′k′i′l′) are taken as the components of a vector with respect to the direct
basis vectors, then this vector can be interpretation as a normal vector of the plane indicated
by the corresponding indices since aI ‖ A∗I , cf. Fig. 3.2 b). This advantage is gone for the
reciprocal space de�ned by the reciprocal base {a∗i }. In contrast, with respect to cubic crystal
structures, direct and reciprocal lattice vectors coincide a priori due to the orthonormal natur
of the basis, i.e., {ai} = {a∗i }.

Because crystallographic directions and normal vectors are processed during numerical calcu-
lations in Cartesian coordinates, additional transformation relations are required. The trans-
formation rules for directions and normal vectors are de�ned between the three index notation
and the Cartesian representation (given in terms of s[xyz] for direction vectors and n[xyz] for
plane normal vectors) as

s[xyz] = A · s[uvw] and n[xyz] = n[hkl] ·B, (3.9)

where the actual form of the transformation matrices A and B depends on the relative orien-
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3.1 Crystallographic description of deformation

a) b)

Figure 3.2: Exemplary illustration of a) direction vectors and b)
plane normal vectors within the basal plane of the hcp lattice. As
can be seen, the four index notation has an advantage over the three
index notation as it allows to de�ne sets of crystallographically equiv-
alent members.

tation of both coordinate systems to each other. By introducing the standard (orthonormal)
basis ei such that e1 ‖ a1 and ∠(e2,a2) = 30◦, it follows that

A =


1 −1

2
0

0

√
3

2
0

0 0
c

a

 and B = A−1 =


1

1√
3

0

0
2√
3

0

0 0
a

c


. (3.10)

3.1.3 Schmid’s law

The mechanism of slip describes the relative motion of two regions of a crystal with respect
to each other. This process is usually observed to takes place in directions of densest atomic
packing and on close-packed planes. In this light, the actual slip process initiates if the stress
magnitude resolved on a certain slip system overcomes a speci�c stress barrier. This barrier
or resistance is referred to as the critical resolved shear stress Yα0 (or yield limit) upon which
plastic deformation initiates in terms of dislocation slip. This concept has proven itself to
be well suited to predict the onset of slip in most crystalline materials and is known as the
Schmid's law [215] (see also Schmid and Boas [216]). Occasional deviations from this concept
have been observed, in particular, for bcc metals and alloys (see, e.g., Christian [50]) but are
not further discussed here.

Typical slip systems for fcc and hcp crystals are illustrated in Fig. 3.3 a) and respectively
b) together with its designation in the corresponding index notation. While fcc materials
such as Cu provide 12 possible slip systems, all having a very low yield limit of ≈ 1.5 MPa
(Basinski and Basinski [20]), the ductility of hcp crystals such as Mg is mainly determined
by basal slip as this slip mode has by far the lowest critical resolved shear stress compared
to prismatic or pyramidal slip modes. The predominance of basal slip becomes more obvious
when comparing the ratios between yield stresses of common slip systems. For instance, ratios
of Ybas : Ypri : Yπ2 ≈ 1 : 11 : 29 have been identi�ed on the basis of available experimental data
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3 Elastic and plastic modeling aspects of crystalline materials

a)

b)

Figure 3.3: Common slip systems in a) fcc crystals and b) hcp
crystals. The indicated slip directions are arbitrary chosen as slip
deformation is a bidirectional mechanism.

for magnesium single crystals and used in numerical computations, see [110]. These values
indicate the di�culty of non-basal slip mode activation in Mg clearly.

The resolved shear stress τα (Schmid stress) is obtained as the projection of the applied stress
onto the slip system. For the case of uniaxial tension, the relation between applied tensile
stress σ and the resolved shear stress τα is given as

τα = σ cos(φn) cos(φs) = σfα, (3.11)

where the orientation of the slip system is speci�ed by the angle φs between the loading di-
rection and the slip plane normal nα and by the angle φs between the loading direction and
the slip direction sα, cf. the illustration in Fig. 3.4. The factor by which the macroscopically
applied stress is resolved onto the slip system is called Schmid factor fα. For an arbitrary
load condition, the resolved shear stress τα is calculated, e.g., as the projection of the (inter-
mediate) Mandel stress tensor onto the corresponding slip system denoted as Sα = sα ⊗ nα
or, equivalently, the projection of the Kirchho� stress tensor onto the deformed slip system
Ŝα = ŝα ⊗ n̂α, which reads

τα = ME : Sα = τ : Ŝα. (3.12)

For arbitrary three-dimensional stress states, the Schmid factor is obtained by normalizing the
resolves shear stress by the tensorial norm of the applied stress tensor, i.e.,

fα =
ME : Sα
‖ME‖

=
τ : Ŝα
‖ME‖

=
τα
‖ME‖

=
τα
‖τ‖

. (3.13)
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3.1 Crystallographic description of deformation

Figure 3.4: Illustration of Schmid's law of resolved shear stress for
the case of uniaxial tension. The externally applied stress is resolved
on the slip system speci�ed by the orientation angles φn and φs.

3.1.4 Geometric twinning elements in hcp crystals

A twin represents a reoriented region of a crystal whose lattice structure is a mirror image
of the original (parent) lattice structure, cf. Fig. 3.5 a). In this work, only coherent twin
boundaries are under consideration, i.e., atoms on the mirror plane (purple plane) having
perfect atomic match. Under the action of an externally applied mechanical load, a twin is
formed by the cooperative displacement (and shu�ing) of atoms. The mirror plane which
can be viewed as the twin boundary/interface, is characterized by the normal vector nη. The
traveled distance in direction of shift, i.e., in the twinning shear direction sη, is proportional
to its normal distance to the twin boundary. Similar as in the description of slip systems, the
vectors sη and nη form a twin system.

In the classical description of twinning according to Bilby and Crocker [30], the geometric
elements {K1,K2,η1,η2} are used to indicate characteristic planes and directions, see also
the indications in Fig. 3.5 a). Here, K1 denotes the �rst undistorted plane (purple plane)
characterized in terms of the normal vector nη, K2 is the second undistorted plane (blue
plane), η1 ‖ sη indicates the direction of shear, and η2 is the direction within the second
undistorted plane perpendicular to the intersection of K1 and K2. In addition, the plane of
shear S is often indicated (green plane).

Although a particular twinning mode is uniquely de�ned via either of the pair {K1,η2} or
{K2,η1}, the set {sη,nη} along with the twinning shear magnitude η0 of the corresponding
twinning mode are used in this work for all computational purposes. With respect to hcp
metals, η0 is determined in terms of the lattice parameters a and c as

η0 =
3a2 − c2

√
3ac

. (3.14)

Due to the crystallographic reorientation of the lattice within the twinned volume relative to
the untwinned lattice (parent), two sets of lattice vectors must be distinguished. The parent
crystal orientation is speci�ed by the set of parent lattice vectors {sα, tα,nα} whereas the twin
orientation is speci�ed by the set of reoriented lattice vectors denoted as {s̃α, t̃α, ñα}. Fig.
3.5 b) shows a widely observed twinning mode in magnesium, the {101̄2} <101̄1> tensile twin
system, see, e.g. Barnett [18]. This twinning mode is characterized by a twin orientation whose
lattice vectors are obtained by a re�ection of the parent lattice vectors across the twinning
plane K1. Hence, the reoriented lattice vectors are determined by the (improper) orthogonal

31



3 Elastic and plastic modeling aspects of crystalline materials

Figure 3.5: Schematic illustration of a) the geometrical twinning
elements and b) the tensile twin system which plays a crucial role,
for instance in Mg.

transformation de�ned as

s̃α = Qη · sα, t̃α = Qη · tα, ñα = Qη · nα, (3.15)

where

Qη = 2nη ⊗ nη − I, (3.16)

is the transformation matrix with Qη = QT

η = Q−1
η , det(Qη) = 1 (proper orthogonal trans-

formation), cf., for instance Clayton [54]. Other orientation relations than the one considered
above can be found, e.g., in [30]. Because all twinning elements of the tensile twinning mode
are rational (K1 = {101̄2}, K2 = {1̄012}, η1 = 〈101̄1>, <η1 = 101̄1̄>), the tensile twinning
mode is associated with compound twins.

3.1.5 Continuum description of dislocations

A common and meaningful de�nition of dislocations is obtained by means of the Burgers circuit
[39]. As depicted in Fig. 3.6 a), an arbitrary chosen closed loop formed by a path of nearest
atoms using the right-hand rule (see, e.g., Rösler [213]) de�nes a Burgers circuit indicated as
C. When running the same path in a relaxed or perfect crystal, the circuit fails to close if at
least one dislocation is enclosed, cf. Fig. 3.6 b). The resulting gap between start and end point
(framed atoms) can be described in terms of a translation vector called the Burgers vector bα.
From this concept it is obvious that during the motion of a dislocation though the crystal, the
regularity of the atomic structure is temporary lost along the dislocation line. For that reason,
dislocations can be understand as line defects. Their presence is accompanied by a distortion
of the local environment so that additional elastic energy is stored in corresponding regions.

The total dislocation line can be sectioned into edge, screw , and mixed dislocation zones or
segments. In view of a continuum representation of dislocations, an idealized dislocation form
is assumed in which mixed dislocations are neglected. Then, an essential di�erence between

32



3.1 Crystallographic description of deformation

a) b)

Figure 3.6: De�nition of dislocations by means of the Burgers
circuit: a) Burgers circuit C around a positive edge dislocation. b)
resulting Burgers vector bα for the relaxed con�guration.

edge and screw dislocations can be drawn according to their elastic energy ratio which is

Ee

Es
=

1

1− ν
. (3.17)

Here, Ee and Es denote the elastic energy stored per unit length of the edge and screw dis-
location segment, respectively, see for instance Hull and Bacon [106]. Consequently, there is
a tendency to form screw dislocations rather than edge dislocations. However, from stabil-
ity reasons, dislocations cannot be pure screw and, hence, there is always an intermediate
dislocation containing a screw and an edge segment.

The type or character of the dislocation can be identi�ed using the dislocation line sense and
its relative orientation with respect to the Burgers vector. As mentioned above, the right-hand
rule is used to determine the Burgers vector. This implies that the dislocation line direction
le+α is pointing out of the drawing plane. Consequently, the direction of movement (slip) sα
and thus the direction of the �ow vector f e+α are parallel to bα where

bα = |bα|sα = bαsα. (3.18)

In fact, f e+α indicates the direction in which the upper part of the crystal is sheared relative
to the lower part as indicated in Fig. 3.7 a). This allows to de�ne the dislocation character as
positive edge. Note also that the slip plane normal has to point towards the extra half plane.
In conclusion, the following characteristics can be summarized for edge dislocations:

bα ‖ f e+α , bα⊥le+α , nα =
le+α × bα
|le+α × bα|

. (3.19)

The deformation as produced by slip of an edge dislocation, can be generated by the motion of
a screw dislocation, see Fig. 3.7 b). When �xing the line sense with respect to the previous case,
then the line direction of the positive screw dislocation ls+α is oriented parallel to the Burgers
vector bα. Further, according to the direction of �ow f s+α , the positive screw dislocation is
associated with a right-handed screw dislocation. Henceforth, the direction in which positive
screw dislocations are moving is de�ned as the transverse slip direction tα ‖ f s+α , de�ned as

tα = nα × sα. (3.20)
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3 Elastic and plastic modeling aspects of crystalline materials

a)

b)

Figure 3.7: Accommodation of plastic deformation via a) positive
edge dislocation slip and b) right-handed screw dislocation slip.

In this connection notice that, in particular for fcc crystals, screw dislocation are not uniquely
bound to one single slip plane but are rather free to cross slip. Since this mechanism would
go beyond the scope of this section, the reader is referred to, e.g., Kubin [146]. In summary,
following conditions are associated with a positive screw dislocation character

bα⊥f e+α , bα ‖ ls+α , ls+α × bα = 0. (3.21)

As a result of the above introduced idealization of dislocations in terms of pure edge and
screw segments, the dislocation loop can be interpreted as a planar and rectangular shaped
approximation as is drawn in Fig. 3.8.

3.2 Crystal elasticity

According to Schmid's law [216], crystals undergo pure elastic deformation until the critical
stress level of the most favorable or the most easy to activate slip system is reached. The
thereby induced mechanical stress results in a deviation of interatomic distances and/or orien-
tations and, hence, causes a change in corresponding interatomic forces. This elastic distortion
of the crystal lattice can be considered as a thermodynamically reversible and non-linear pro-
cess, i.e., the atoms will always return to their initial position after the removal of external
load without any internal dissipation of energy.

Depending on the type of crystal lattice, interatomic bonds can be stronger or weaker in di�er-
ent spatial directions. This anisotropy of interatomic bonds determines the elastic properties
of the material in di�erent spatial directions. The degree of elastic anisotropy is quanti�ed by
the anisotropy factor, calculated from orientation-dependent elastic constants, see for instance
Tromans [243]. In continuum-based theories, the mechanisms associated with crystal elasticity
are addressed in a phenomenological manner by postulating a hyperelastic potential ψel

i . This
potential describes the elastically stored free energy per unit volume by taking into account
the information about the materials symmetry group at the same time.
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3.2 Crystal elasticity

Figure 3.8: Planar and rectangular shaped idealization of a dis-
location loop. Illustration refers to a fcc crystal and indicates the
conventions used to de�ne the zonal characters of the dislocation.

3.2.1 Isotropic hyperelasticity

In many cases, the elastic material response is assumed to be isotropic. This is either done
for reasons of simplicity or due to the fact that the resulting error is expected to be small
and therefore acceptable for the particular context. In general, the symmetry group Giso of an
isotropic material comply with the full special orthogonal group SO(3) := {Qiso|Qiso ·QT

iso =
I ∨ det(Qiso) = 1}, i.e., Giso = SO(3). Then, the free energy is a scalar-valued isotropic
function of the symmetric tensor CE. Furthermore, the principle of objectivity requires that

ψel
i (CE) = ψel

i (Qiso ·CE ·QT

iso) , ∀Qiso ∈ Giso, (3.22)

Hence, ψel
i remains invariant under arbitrary orthogonal transformations Qiso because the

right Cauchy-Green stretch tensor CE remains unaltered. As a result, ψel
i can be expressed in

terms of the principal invariants of its argument, i.e.,

ψel
i (CE) = ψel

i (I1(CE), I2(CE), I3(CE)), (3.23)

where the principal invariants of CE are de�ned as

I1(CE) = tr(CE), I2(CE) = tr(cof(CE)), I3(CE) = det(CE) = J2
E. (3.24)

A widely used free energy function to describe the non-linear elastic material response of
materials is of Neo-Hookean type. A particular form is for example

ψel
i (CE) =

1

2
µ [I1 − 3]− µ ln(J) +

1

2
λ ln(JE)2, (3.25)

which leads to the following relation for the secon Piola-Kirchho� stress tensor

SE = 2
∂ψel

i

∂CE

= µ
[
I −C−1

E

]
+ λ ln(JE)C−1

E , (3.26)

with µ and λ being the (isotropic) Lamé constants.

35



3 Elastic and plastic modeling aspects of crystalline materials

3.2.2 Elastic anisotropy of hcp crystals

The anisotropic elastic response of hcp single crystals can be described by means of �ve
independent material parameters {C11, C12, C13, C33, C44}, i.e., in terms of transverse isotropy.
In this case, the material response is constant for rotational symmetric loading with respect
to the axis of transverse isotropy1 Ai ‖< c > and |Ai| = 1. For that reason the basal plane is
referred to as the plane of isotropy. As a consequence, elastic properties such as the Young's
modulus Eφ vary with angle φ ∈ [0, π], measured between Ai and the direction of applied
load. In other words, the structural characteristics of the crystal are preserved for arbitrary
rotations Q<c> around Ai, and, by any re�ection Qbas across the basal plane. Together, these
transformations de�ne the symmetry group Gtri = {Q<c>,Qbas}. Following Spencer [228], ψel

i

is required to be an isotropic invariant of the elastic right Cauchy-Green stretch tensor CE

and the material unit vector Ai. Here, the objectivity requirement for transversely isotropic
materials is formulated in terms of the structural tensor of transverse isotropy de�ned as the
dyadic product Ai ⊗Ai, i.e.,

ψel
i (CE,Ai ⊗Ai) = ψel

i (Q ·CE ·QT,Q · [Ai ⊗Ai] ·QT), ∀Q ∈ Gtri ⊂ SO(3). (3.27)

Accordingly, ψel
i can be expressed in terms of �ve independent principal invariants, i.e.,

ψel
i (CE,Ai ⊗Ai) = ψel

i (I1(CE), I2(CE), I3(CE), I4(CE,Ai), I5(CE,Ai)), (3.28)

where the (pseudo) invariants I4 and I5 accounting for the anisotropy, are de�ned as

I4(CE,Ai) = CE : [Ai ⊗Ai] , I5(CE,Ai) = C2
E : [Ai ⊗Ai] . (3.29)

By means of the above de�ned invariants, the free energy can be decomposed into an isotropic
part and a transverse isotropic (anisotropic) part, here, in the following sense

ψel
i (I1, I2, I3, I4, I5) = ψel,iso

i (I1, I2, I3) + ψel,aniso
i (I3, I4, I5), (3.30)

or equivalently as

ψel
i (CE,Ai ⊗Ai) = ψel,iso

i (CE) + ψel,aniso
i (CE,Ai ⊗Ai). (3.31)

In conformity with Eq. (3.25), the isotropic part reads

ψel,iso
i =

1

2
µ⊥ [I1 − 3− 2 ln(JE)] +

1

2
λ⊥ ln(JE)2, (3.32)

where µ⊥ and λ⊥ denote the Lamé parameters associated with in-plane elastic properties
(plane of isotropy), i.e., elatic properties in arbitrary directions normal to Ai. Further, a
fully non-linear Neo-Hookean-like formulation for transversely isotropic material behavior is
obtained as an extension of the linear elastic case presented by Spencer [228], see also Spencer
[229]. In this, linear elastic transverse isotropy is described by the following free energy
function:

ψel,aniso
lin = α [ε : a⊗ a] tr(ε) + 2β

[
ε2 : a⊗ a

]
+

1

2
δ [ε : a⊗ a]2 . (3.33)

1For lattice preserving plastic deformation it follows that Ar = Ai, i.e., the referential unit vector Ar

remains unaltered with respect to the intermediate con�guration.
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3.2 Crystal elasticity

Each term is quadratic with respect to the in�nitesimal strain tensor ε, resulting in a constant
anisotropic contribution to the sti�ness tensor; a denotes the axis of transverse isotropy. In
the current framework of �nite deformations, these terms are replaced by equivalent expres-
sions using the pseudo invariants given by Eq. (3.29). In addition, the �rst invariant of CE is
replaced by ln(JE) in order to satisfy the growth condition for compressive loading in equiva-
lence to the isotropic Neo-Hookean model [104]. With that, the transversely isotropic energy
contribution of Neo-Hookean type yields

ψel,aniso
i = α [I4 − 1] ln(JE) + 2β [I5 − 2I4 + 1] +

1

2
δ [I4 − 1]2 . (3.34)

The anisotropic elastic free energy is fully non-linear and suitable for large compressive strains:
The �rst term couples isotropic and anisotropic energy contributions and accounts for the
volume ratio JE in a highly non-linear manner. The second term is closely related to shear
properties on planes parallel to the isotropy axis. The third term accounts for non-linear
stretch in direction of the axis of transverse isotropy.

The second Piola-Kirchho� stress tensor SE is split in analogy to the free energy, i.e.,

SE = 2

[
∂ψel,iso

i

∂CE

+
∂ψel,aniso

i

∂CE

]
= Siso

E + Saniso
E . (3.35)

The isotropic part is similar to Eq. (3.26) and reads

Siso
E = µ⊥

[
I −C−1

E

]
+ λ⊥ ln(JE)C−1

E . (3.36)

The anisotropic part yields

Saniso
E = α

[
2 ln(JE)Ai ⊗Ai + [I4 − 1]C−1

E

]
+ 4β [Ai ⊗CE ·Ai +CE ·Ai ⊗Ai − 2Ai ⊗Ai]

+ 2δ [I4 − 1]Ai ⊗Ai.

(3.37)

As expected, in the absence of strain (undeformed state), both, the elastic free energy as well
as the resulting stress tensor vanish. Finally, a relation between elastic constants and elastic
model parameters shall be established. In this respect, the elastic sti�ness tensor becomes

CE = 4
∂2ψel,aniso

i

∂CE∂CE

= 2α
[
C−1

E ⊗A⊗A+A⊗A⊗C−1
E + [I4 − 1] CE

]
+ 8β [A⊗A · I + I ·A⊗A]

+ 4δA⊗A⊗A⊗A,

(3.38)

where the components of CE read

[CE]ijkl =
∂[C−1

E ]ij
∂[CE]kl

= −1

2

[
[C−1

E ]ik[C
−1
E ]jl + [C−1

E ]il[C
−1
E ]jk

]
(3.39)

with

[I]ijkl =
∂[I]ij
∂[I]kl

=
1

2
[[I]ik[I]jl + [I]il[I]jk] . (3.40)
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Using the vector notation (Voigt), the elastic constants are rewritten as [C]1111 → C11,
[C]3333 → C33, [C]2323 → C44, [C]1122 → C12, [C]1133 → C13, and [C]1212 → C66. Consid-
ering transverse isotropy with respect to the X3-axis, the relation between elastic constants
and elastic model parameters yields

C11 = λ⊥ + 2µ⊥,

C12 = λ⊥,

C13 = 2α+ λ⊥,

C33 = 4α+ 16β + 4δ + λ⊥ + µ⊥,

C44 = 4β + µ⊥,

C66 = [C11 − C12]/2.

(3.41)

From this, the elastic model parameters are determined as

µ⊥ = [C11 − C12]/2,

λ⊥ = C12,

α = [C13 − C12]/2,

β = [2C44 − C11 + C12]/8,

δ = [C11 + C33]/4− C13/2− C44.

(3.42)

3.2.3 Numerical example - elastic anisotropy of Mg single crystal

The anisotropic elastic response is investigated for pure Mg by focusing on three di�erent
tensile load scenarios: 1) parallel to the c-axis, 2) 45◦ with respect to the the basal plane,
and 3) parallel to the basal plane. Experimentally determined (adiabatic) elastic constants for
Mg single crystals are taken from Long and Smith [160]: C11 = 59.7 MPa, C33 = 61.7 MPa,
C44 = 16.4 MPa, C12 = 26.2 MPa, and C13 = 21.7 MPa. A round tensile specimen is used as
an illustrative application (see the inclusion in Fig. 3.9) which is loaded displacement-controlled
by an increment of 250 mm. The geometry is de�ned by the specimen diameter D0 = 20 mm,
grip diameter D1 = 24 mm, gauge length L0 = 100 mm, parallel length L1 ≈ 120 mm, grip
length L2 = 60 mm, and total length L3 = 250 mm. Further, a �llet radius of R = 4 mm has
been used. The material response is illustrated in Fig. 3.9 for all three crystal orientations
using the volume averaged Cauchy stress

[σ]22 =
1

v

∫
[σ]22dv (3.43)

and the volume averaged logarithmic stretch

ln([U ]22) = ln

(
1

v

∫
[U ]22dv

)
. (3.44)

As can be seen, the elastic response di�ers drastically at large deformations between all three
crystal orientations. For that reason, the crystal anisotropy of Mg has to be taken into account,
for instance, in cases when tensile twinning is likely to occure with high volume fraction. In
this respect, the angle between the c-axis and the loading direction can change drastically
within the twinned volume due to considerable lattice reorientation of approx. 86.3◦ for
tensile twinning in Mg, cf. [255].
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3.3 Crystal plasticity at small scales

Figure 3.9: Normalized elastic stress-strain response of a round
tensile specimen for three di�erent crystal orientations: φ = 0◦,
φ = 45◦, and φ = 90◦, where φ is the loading angle measured between
the loading direction and the axis of transverse isotropy Ar ‖< c >.

3.3 Crystal plasticity at small scales

According to Ashby [9], plasticity in crystals is a�ected by two di�erent populations of dislo-
cations. Although there is no experimental possibility to distinguish these populations, they
are very well characterized. Statistically stored dislocations evolve from random trapping pro-
cesses during homogeneous plastic deformation. Their accumulation is therefore associated
with plastic strain. In contrast, geometrically necessary dislocations accumulate in case of
inhomogeneous plastic deformation in order to preserve lattice compatibility. Since the den-
sity of stored GNDs can be related to plastic strain gradients (Kröner [143]), it can be taken
as a measure for lattice curvature (e.g. [31, 144]). The role of GNDs becomes signi�cant as
the characteristic material length scale l shrinks. The most prominent example is the average
grain size in polycrystalline material systems as it controls the dislocation pile-up behavior
and, in turn, the resulting size e�ect named after Hall [102] and Petch [203].

3.3.1 Statistically stored dislocations

Although SSDs do not directly lead to size-dependent hardening (but may enhance such e�ects
indirectly via interaction mechanisms), their density relative to the density of GNDs allows for
a meaningful interpretation of the underlying micromechanics when analyzing the deforma-
tion behavior of small-scaled crystals which is di�erent compared to bulk-sized crystals due to
geometrical con�nements of plastic zones. Keeping in mind that dislocations are carrying the
plastic deformation while expanding in a loop-like setting, such individual or discrete disloca-
tions are not resolved in continuum-based crystal plasticity models but are rather considered
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in terms of locally averaged densities. The prominent relation by which SSD densities ζα are
related to plastic slip rates να was established by Orowan [193] and reads

να = ζαbαv̄α, (3.45)

where v̄α is the average line velocity. Ohashi [190] used this relation to derive an evolution
equation for SSD densities by relating an average lifetime after which dislocations are trapped
to its mean free path Lα which is allocated to the dislocation during this time. Then, the rate
of the SSDs density can be expressed in terms of

ζ̇α =
να
bαLα

, (3.46)

where Lα = L̂α({ζα}, {gα}) is a function of both, SSD ζα and GND gα densities. For further
details see also Kuhlmann-Wilsdorf [148]. A similar representation based on an equivalent
plastic strain formulation instead of a slip-system-based formulation was used by Fleck et al.
[80] and Brinckmann et al. [35]. In [111], an e�ective SSD density ζe� is calculated based on
the e�ective accumulated plastic slip γe� de�ned as

γe� =

√∑
α

γ2
α, with γα =

∫
ναdt. (3.47)

Together with the mean distance between forest dislocations denoted as l̃, an approximation
of the total SSD density can be established as

ζ̇e� =
1

l̃

√√√√∑
α

[
να
bα

]2

. (3.48)

Here, l̃ is taken as a constant value which is reasonable as long as the focus remains within a
moderate strain regime. It is worth mentioning that with respect to crystal plasticity models
where work hardening is formulated in terms of να rather than ζ̇α, the SSD density can
be computed during postprocessing. Moreover, the population of the e�ective SSD density
relative to the e�ective GND density enables a direct estimation of the extent to which the size
has an in�uence on the micromechanic behavior, e.g. [111]. More complex formulations for
SSD densities are available for dislocation-based models including, for instance, the dislocation
annihilation model of Essmann and Mughrabi [75], see also Evers et al. [78].

3.3.2 Geometrically necessary dislocations

Densities of GNDs giα are stored in the material to accomplish lattice incompatibility (Nye
[186]). They represent lattice imperfections and act therefore as additional obstacles to disloca-
tion motion. Considering both dislocation populations, the total dislocation density becomes

ρα = ζα + giα. (3.49)

An e�ective continuum measure for estimating GND densities is attributed to Nye [186]. In
essence, incompatible plastic deformation is measured in terms of CurlrF P whereas compatible
plastic deformation is obtained for CurlrF P = 0 (Shizawa and Zbib[225], Acharya and Bassani
[1], Cermelli and Gurtin [42], Svendsen [237]). Then, the net sum of Burgers vectors b(C)
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3.3 Crystal plasticity at small scales

around an arbitrary closed curve C (Burgers circuit) in the reference con�guration is obtained
as

b(C) =

∮
C
F P · dX =

∫
Ar

Curlr(F P) · dAr =

∫
Ar

Curlr(F P) ·N rdAr, (3.50)

where the material surface Ar is bounded by C = ∂Ar via Stokes' theorem. Indeed,

Gr = Curlr(F P) (3.51)

represents the mixed (intermediate-referential) form of the dislocation tensor and, hence, Gr ·
N r represents an intermediate vector which is measured per unit reference area dAr. Aiming
on a slip-system-based formulation, Eq. (3.50) may be written as

bα(C) =

∫
Ar

sα ·Gr ·N rdAr, (3.52)

with the decomposition (cf. [237])

b(C) =
∑
α

bα(C)sα (3.53)

of the total net sum of Burgers vectors into slip-system-based net sum Burgers vectors bα(C).
Finally, a fully intermediate representation of bα is archived by mapping the referential surface
element on the intermediate con�guration via Eq. (2.80). This gives

bα(C) =

∫
Ai

sα ·Gi ·N i dAi, (3.54)

where Gi represents the intermediate dislocation tensor de�ned as

Gi = Gr · F T

P, (3.55)

cf. [42]. Furthermore, with respect to a single slip system, bα can be related to a corresponding
GND density gα. In fact, there is a unique combination of dislocation densities which forms
the dislocation tensor. Recalling the de�nition of LP by Eq. (2.86), the rate of the mixed
dislocation tensor becomes

Ġr = Curlr(Ḟ P) =
∑
α

sα ⊗ [∇rνα × F T

P · nα] + ναsα ⊗GT

r · nα

=
∑
α

bαsα ⊗ ġrα,
(3.56)

where bα = |bα| and grα denotes the mixed form of the GND density of slip system α measured
as line length per unit reference volume such that

ġrα =
1

bα
∇rνα × F T

P · nα +
∑
β

να [sβ · nα] grβ. (3.57)

This relation is referred to as the continuum model in [237] and contains, from left to right,
an Ashby-like gradient term (see, for instance Evers et al. [78]) and a dislocation interaction
term. With Eq. (3.55), the evolution of the intermediate dislocation tensor Gi may be written
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3 Elastic and plastic modeling aspects of crystalline materials

as

Ġi = Ġr · F T

P +Gi ·LT

P =
∑
α

bαsα ⊗ ġiα. (3.58)

In this respect, the intermediate form of the GND density takes the form

ġiα =
1

bα
∇iνα × nα +

∑
β

[
να [sβ · nα] giβ + νβ [giα · nβ] sβ

]
, (3.59)

cf. Bargmann et al. [17]. The projection of ġiα onto the slip system basis {sα, tα,nα} yields
the evolution equations of the three (scalar-valued) components of the GND density, namely
the screw GND density gsiα, the in-plane edge GND density geiα, and the normal to slip plane
edge GND density ge⊥iα reading

ġsiα = sα · ġiα =
∑
β

[να [sβ · nα] gsiα + νβ [giα · nβ] [sβ · sα]] +
1

bα
∇iνα · tα,

ġeiα = tα · ġiα =
∑
β

[να [sβ · nα] geiα + νβ [giα · nβ] [sβ · tα]]− 1

bα
∇iνα · sα,

ġe⊥iα = nα · ġiα =
∑
β

[να [sβ · nα] ge⊥iα + νβ [giα · nβ] [sβ · nα]].

(3.60)

The total slip system-based GND density is obtained as

giα = |giα| =
√

[gsiα]2 + [geiα]2 + [ge⊥iα ]2. (3.61)

By taking Curlr(γαsα ⊗ nα) as a measure for incompatible plastic deformation rather than
Curlr(F P), the Ashby-like version of vector-valued GND densities ġiα = b−1

α ∇iνα × nα can
be derived. In [237], this approach is referred to as the glide-system model. In this case, the
component representations of Eq. (3.60) becomes

ġsiα =
1

bα
∇iνα · tα,

ġeiα = − 1

bα
∇iνα · sα,

ġe⊥iα = 0,

(3.62)

i.e., dislocation interactions are neglected and GND densities parallel to the slip plane normals
vanish. Due to the sign convention within Eqs. (3.60) and (3.62), left-handed screw dislocations
are de�ned as positive. In contrast to this, some authors (e.g. Arsenlis and Parks [4]) de�ne
right-handed screw dislocations as positive by projecting the plastic slip gradient on the line
direction le+α = sα ×nα = −tα of the positive edge segment. The vector −tα (or equivalently
the vector le+α ) is sometimes denoted as pα (see, [4]). Following this, the evolution equation
for screw GND densities becomes

ġsiα =
1

bα
∇iνα · pα = − 1

bα
∇iνα · tα. (3.63)

This sign convention is used henceforth for the de�nition of screw GND densities as it conforms
with the description of dislocations introduced previously, cf. Fig. 3.8.
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3.3 Crystal plasticity at small scales

3.3.3 Numerical example - formation of a GND loop

In order to illustrate the continuum-based prediction of GND densities during inhomogeneous
deformation, attention is laid on a simple shear problem of a cube whose exterior is modeled
as impenetrable boundaries to dislocation motion. As a result, plastic deformation is forced
to localize in the center of the cube due to strong dislocation pile-ups along the boundaries.
Details on boundary conditions are discussed in section 3.3.8 and exact model parameters
are not provided for the sake of simplicity. The orientation of the single slip con�guration is
provided in Fig. 3.10 a). The associated distribution of the GND density is presented in Fig.
3.10 b) in terms of the sum of both dislocation components geiα + gsiα along with a sketch of
a rectangular dislocation loop which indicates the positive line sense. The summation is used
to illustrate the sign sense of both dislocation components. As can be seen, the results mimic
a dislocation loop consisting of positive and negative screw and edge dislocation segments.
Notice that the upper half of the cube is hidden for better visualization in both plots and
GNDs normal to the slip plane are neglected.

3.3.4 Thermodynamic framework of strain gradient crystal plasticity

A thermodynamic consistent formulation is employed in which the energy storage per unit
volume with respect to the intermediate con�guration is assumed to be additively split in the
following way

ψi(CE, {γα}, {∇iγα}) = ψel
i (CE) + ψl({γα}) + ψg

i ({∇iγα}), (3.64)

where ψel
i is the elastic energy storage, ψl represents the local energy storage due to dislocation

glide (plastic slip)2, and ψg
i denotes the energy storage associated with accumulation of GNDs

as a result of inhomogeneous deformation (plastic strain gradients). The dimension of the sets
{γα} and {∇iγα} is speci�ed by the number of admissible slip systems α = 1, ..., nα.

a) b)

Figure 3.10: Simple shearing of a single crystalline cube (upper
half is hidden) with single slip con�guration as indicated in the con-
tour plot a) showing the distribution of plastic slip γα. The sign
convention for screw and edge dislocations is exempli�ed in the con-
tour plot b) showing the GND density in terms of the sum of both
dislocation components geiα+gsiα. The computed GND density mim-
ics a dislocation loop as indicated by the line loop.

2In an alternative approach which is based on the microforce balance (Gurtin [94]), the local hardening
contribution is inherent in the de�nition of the dissipative microforce, cf. Chapter 7. Nevertheless, the energetic
approach followed here results in a similar hardening relation as is discussed, for instance, in [69]
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3 Elastic and plastic modeling aspects of crystalline materials

Considering quasi-static, isothermal conditions, the dissipation inequality reads

D =

∫
Bi

[
ρiP −Υi(ĊE, {να}, {∇iνα}

]
dVi ≥ 0, (3.65)

Recalling Eqs. (2.90) and (2.92), the stress power per unit mass is split as

P = PE + PP =
1

ρi

[
1

2
SE : ĊE +ME : LP

]
. (3.66)

With the energy storage rate density Υi reading

Υi =
∂ψel

i

∂CE

: ĊE +
∑
α

[
∂ψl

∂γα
να +

∂ψg
i

∂∇iγα
· ∇iνα

]
, (3.67)

the reduced dissipation inequality is obtained as

Dred =

∫
Bi

[
ME : LP −

∑
α

[κα να + κα · ∇iνα]

]
dVi ≥ 0. (3.68)

In accordance to Ekh et al. [70], the scaler-valued microstress κα = ∂ψl/∂γα and the back-
stress vector (or vector-valued microstress) κα = ∂ψg

i /∂∇iγα are introduced work conjugate to
να and ∇iνα respectively. Following standard thermodynamic arguments, the (intermediate)
second Piola-Kirchho� stress must satisfy SE = 2 ∂ψi/∂CE. Then, integration by parts and
application of Gauss' theorem lead to

Dred =

∫
Bi

[
ME : LP −

∑
α

[κα −Divi(κα)] να

]
dVi −

∫
∂Bi

∑
α

να κα ·N idAi ≥ 0, (3.69)

where N i denotes the outward pointing normal vector. A more restrictive validity of the
dissipation inequality is obtained by its local form. With respect to the bulk dissipation, this
gives

DL
red = ME : LP −

∑
α

[κα −Divi(κα)] να =
∑
α

[τα − κα + Divi(κα)] να ≥ 0 in Bi, (3.70)

where τα = ME : Sα. With respect to the boundary dissipation, one obtains

DL(b)
red = −

∑
α

να κα ·N i =
∑
α

να κ
(b)
α ≥ 0 on ∂Bi, (3.71)

in which κ(b)α = −κα ·N i denotes the micro-boundary stress. For homogeneous plastic defor-
mation, i.e., κα = 0, Eq. (3.70) reduces to

DL
red =

∑
α

[τα − κα] να ≥ 0 in Bi, (3.72)

and the boundary contribution in Eq. (3.71) vanishes completely. Further on, the onset of
plastic slip is steered by the space of admissible stresses

E = {ME|φα(τα, Rα) ≤ 0}, (3.73)

which represents, in general, a convex but not necessarily smooth elastic domain whose bound-
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3.3 Crystal plasticity at small scales

ary φα(τα, Rα) = 0 is the yield surface. In this respect, the initiation of plastic yield is
controlled by a set of yield functions of the form

φα(τα, Rα) = τα −Rα(γα,∇iγα), (3.74)

where Rα = κα−Divi(κα) +Yα0 re�ects the current slip system resistance and Rα(γα = 0) =
Yα0 comply with the initial yield limit (or critical resolved shear stress) Yα0 of the slip system
in the absence of plastic slip.

3.3.5 Plastic flow rule

The �ow rule is handled as a viscoplastic regularization of the rate-independent case. This
has the bene�t that laborious identi�cation of active slip systems is avoided. An appropriate
algortihm for determination of active systems has been proposed, e.g., by Miehe and Schröder
[175]. In case of a viscoplastic approach, overstress states, i.e., τα − Rα > 0 are generally
allowed and regularized, for instance, via a power law relation. A common choice is the
viscoplastic law of Perzyna type [202], i.e.,

να = ν0

[
< φα >

C0

]m
. (3.75)

Here, the plastic slip rate να is related to a reference shear rate ν0 and a reference drag
stress C0. The brackets < φα >= 1/2 [φα + |φα|] de�ne a non-negative and monotonically
increasing ramp function and ensure that να > 0 if τα > Rα. As a consequence, opposite
slip directions must be considered as independent slip systems. Furthermore, the parameter
m denotes the rate sensitivity exponent of the stress ratio. If desired, strain-rate dependence
can be minimized by taking [C0]m/ν0 → 0 [70]. A value of m ≥ 20 can be used to obtain a
rate-independent response. In addition, ν0 is usually of the same order as the macroscopically
applied strain rate.

Another frequently applied power law relation goes back to Hutchinson [113], see also Asaro
[7] and Peirce et al. [199]. With respect to the current strain gradient-extended theory, this
power law function becomes

να = ν0

[
|πα|
rα

]m
sgn(πα). (3.76)

In contrast to Eq. (3.75), each slip system is treated bidirectional, i.e., an activation of slip
in negative direction is allowed, and therefore, να < 0 is possible. Furthermore, πα denotes
the microforce power conjugate to να in the theory of Gurtin [93]. In the current context,
πα = τα+Divi(κα) and rα = κα+Yα0 denotes the current slip system resistance associated with
random tripping processes of SSDs. Besides the above presented viscoplastic �ow relations,
there is a number of other prominent formulations, see for instance [43].

3.3.6 Local hardening models

Local hardening models account for the size-independent hardening behavior of crystalline
materials as a result of dislocation motion. In fact, these models capture isotropic self and
cross (latent) hardening in a phenomenological manner in case of multi slip activation. In
contrast to dislocation-based models (e.g. Kuhlmann-Wilsdorf [149], Ma and Rooters [162]),
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3 Elastic and plastic modeling aspects of crystalline materials

the hardening stage is here characterized by the set of accumulated plastic slip variables γα,
cf. Eq. (3.47)2. As a result, it follows that γα ≥ 0, independent of the chosen viscoplastic
power law and, hence, independent of the sign of να.

Neglecting the interaction relations within the evolution equations for GND densities, the local
hardening law is solely derived from the local free energy contribution ψl, i.e.,

κα =
∂ψl

∂γα
, (3.77)

cf. Ekh et al. [70]. Assuming a linear hardening relation according to Taylor [242], a potential
which satis�es this and accounts for slip system interactions reads

ψl =
1

2

∑
α,β

γα H
l
αβγβ, (3.78)

cf. Bargmann et al. [17]. Here, H l
αβ = qαβH

l
α0 is the local hardening matrix de�ned by the

interaction coe�cients qαβ and the local hardening modulus H l
α0. Accordingly, self hardening

is active if α = β with qαβ = 1 while latent hardening occurs if α 6= β with qαβ 6= 0. As a
result of Eq. (3.78), the associated microstress is derived as

κα =
∑
β

H l
αβγβ, (3.79)

see also [8]. Hence, slip systems on which dislocations have evolved during active glide stages
lead to hardening of neighboring slip systems in terms of additional impediment to dislocation
motion, i.e., additional to the self hardening contribution. For further details regarding the
choice of coe�cients qαβ see, e.g., [62, 137].

Another common hardening model is referred to as Voce-hardening [250] and is characterized
by a saturation behavior of the stress-strain response. An exemplary energy format reads

ψl =
∑
α

γα∆H l
α +

∆H l
α

csat

exp

−csat ∑
β

γβ

− 1

 , (3.80)

see Husser and Bargmann [109], Klusemann [134]. Here, csat is the saturation rate parameter
and ∆H l

α = H l
α0 − Yα0 is the saturation stress de�ned as the di�erence between the local

hardening modulus H l
α0 and the initial yield resistance Yα of the slip system. This particular

choice for the local free energy results in the following microstress de�nition

κα = ∆H l
α

1− exp

−csat ∑
β

γβ

 . (3.81)

In this model, latent hardening is steered by the total accumulated plastic slip
∑

β γβ in the
material, i.e., plastic slip from neighboring slip systems are considered a priori. Hence, the
saturation rate becomes accelerated by high latent slip activity. Alternatively, latent hardening
contributions can be excluded from the exponential hardening relation and considered as linear
contribution similar to Eq. (3.79), cf. [110]. Other phenomenological hardening models were
suggested, among others, by Peirce et al. [198], Brown et al. [36], Wu et al. [257].
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3.3 Crystal plasticity at small scales

3.3.7 Size-dependent hardening

For loading conditions, particularly with pronounced heterogeneous plastic deformation, an
extra storage of dislocations (in addition to stored SSDs) is required due to geometrically
necessity reasons [78]. Consequently, the mobility of dislocations is more impaired which is
typically re�ected by an enhanced strain hardening rate and/or yield limit. The microstress
κα can generally be assumed to comprise an energetic and a dissipative contribution, see e.g.,
Gurtin and Anand [96], Reddy [209], Niordson and Kysar [182], Bargmann et al. [15]. In this
work, the dissipative part is neglected such that κα is purely energetic, i.e.,

κα =
∂ψg

i

∂∇iγα
. (3.82)

Following Bargmann et al. [17], the corresponding free energy contribution ψg
i can be formu-

lated in terms of the GND density vector giα. Assuming a quadratic defect energy format, a
general expression which couples GND densities among neighboring slip systems yields

ψg
i =

1

2

∑
α,β

lαlβH
g
0 [bα · bβ]

[
giα · giβ

]
, (3.83)

in which Hg
0 is the gradient hardening modulus. Notice that the components of giα are

related to the Cartesian basis and thus do not give direct interpretation of the edge and
screw dislocation density distribution. From an application point of view, it is convenient to
replace the Cartesian GND density vector components by the projections onto characteristic
directions, i.e., giα = [gsiα, g

e
iα, g

e⊥
iα ] = [sα ·giα, tα ·giα,nα ·giα], cf. Eq. (3.60). Often, the Ashby-

like component representation is of practical interest as it gives a reasonable approximation
in many scenarios. Hence, in spirit of the Ashby model, Eq. (3.83) can be formulated as

ψg
i =

1

2

∑
α,β

lαlβ [bα · bβ]
[
He

0 [sα · giα]
[
sβ · giβ

]
+Hs

0 [tα · giα]
[
tβ · giβ

]]
=

1

2

∑
α,β

lαlβ [bα · bβ]
[
He

0g
e
iαg

e
iβ +Hs

0g
s
iαg

s
iβ

]
.

(3.84)

Here, hardening associated with edge and screw GND densities is distinguished by introducing
appropriate gradient hardening moduli denoted as He

0 and H
s
0. The ratio between the gradient

moduli is chosen in accordance to the ratio of the elastic strain energy between both dislocation
components. With focus on isotropic crystals, the relation between the hardening moduli can
be simpli�ed as

Hs
0 = [1− ν]He

0 , (3.85)

in which ν denotes Poisson's ratio, cf. Husser et al. [112]. Since He
0 > Hs

0, a higher population
of screw GNDs is likely. Considering the above derived defect energy, a general expression for
the microstress vector can be established as

κα =
∂ψg

i

∂∇iγα
=
∂ψg

i

∂geiα

∂geiα
∂∇iγα

+
∂ψg

i

∂gsiα

∂gsiα
∂∇iγα

=
∑
β

lαlβ [bα · bβ]He
0

[
∂geiα
∂∇iγα

+ [1− ν]
∂gsiα
∂∇iγα

]
.

(3.86)
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Other free energy formats have been proposed, among others, by Gurtin [95], Ertürk et al.
[74], Bayerschen and Bölke [22]. Backstress expressions which are physically motivated but
not derived from an energetic potential have been considered, e.g., by Evers et al. [77], Bayley
et al. [24]. In such expressions, the interaction relations between dislocations are established
on the basis of physical interpretations. The backstress τbi of such non-work-conjugate theories
can be related the energetic microstress vector as τbi = −Divi(κα), cf. Kuroda and Tvergaard
[153], Ertürk et al. [74].

3.3.8 Boundary conditions

In the here presented framework of strain gradient crystal plasticity, GND densities are treated
as nodal degrees of freedom. This leads to strongly coupled �eld equations for which the evo-
lution of GND densities has to be solved in addition to the balance of linear momentum. As
a consequence of taking GND densities as additional degrees of freedom, additional boundary
conditions have to be de�ned for crystallographic slips (natural) and/or GND densities (es-
sential). The microscopically free (microfree) and microscopically hard (microhard) boundary
conditions are de�ned as

ġeiα = ġsiα = 0 on ∂Bgi (3.87)

and

ναN i · sα = N i · tα = 0 on ∂Bνi , (3.88)

respectively where ∂Bi = ∂Bgi ∪ ∂Bνi , see for instance Gurtin and Needleman [98], Kuroda
and Tvergaard [153]. As a result of the considered implementation approach, the boundary
conditions given by Eq. (3.88) are only ful�lled in a weak sense, i.e., the conditions are not
ful�lled point wise but rather in the sense of an integral average over the corresponding do-
main. In contrast, the conditions given by Eq. (3.87) are strongly ful�lled. For the sake of
completeness, it should be mentioned that an alternative �nite element approach with nodal
plastic slip variables and local GND densities is conceivable and would lead to opposite char-
acteristics, cf. Klusemann et al. [135] and Kuroda [3]. Moreover, advanced (non-standard)
boundary conditions have been proposed for (inner) grain boundaries, see [69, 173, 195, 201].
Advanced boundary conditions associated with single crystal surfaces are discussed in detail
in Chapter 6.

3.3.9 Numerical example - symmetric double pile-up of dislocations

The presented gradient-enhanced crystal plasticity model is applied to a one-dimensional prob-
lem in order to illustrate the symmetric pile-up behavior of dislocations at impenetrable bound-
aries. Without further details, the theoretical framework is reduced to the one-dimensional
case. A (single crystalline) micron-sized truss member of constant cross section and length
L0 = 100 μm is considered which is subjected to a tensile deformation along the X1-direction.
The truss is approximated by 1,000 2-node (linear) truss elements, each having a single inte-
gration point. Microhard conditions are imprinted at both ends, cf. Eq. (3.88). The truss is
�xed at one end whereas the other end is free to move, i.e.,

[u]1(X1 = 0) = 0,

[u]1(X1 = L0) = 10 μm .
(3.89)
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3.3 Crystal plasticity at small scales

A single slip system with perfect orientation is taken into account. The Schmid factor in this
case is maximum, i.e. fα = 0.5. Hence, for the one-dimensional case, the resolved shear stress
becomes τα = 1/2[ME]11. Moreover, the following set of material parameters is considered
for the computations: E = 200 GPa, ν = 0.3, H l

α0 = 1 GPa, Hg
0 = 100 GPa, b = 0.256 nm,

m = 20, C0 = 1 MPa, and ν0 = 10−3 s−1.

First, the focus is on the impact of the gradient e�ect on the stress-strain response which is
presented in terms of [P ]11 normalized by the yield limit Yα0 and [F ]11 − 1, cf. Fig. 3.11. By
varying the internal length scale parameter l, the material response exhibits a size-dependent
behavior. The size e�ect can be therefore quanti�ed by the ratio l/L0. A size-independent
response is obtained in the limiting case if l/L0 → 0. For cases when l/L0 > 0, an increased
work-hardening rate is observed. This size e�ect is similar to the Hall-Petch e�ect [102, 203]
in polycrystals where the internal length scale is associated with the average grain size. For
that reason, the current single crystalline problem is comparable to a single grain surrounded
by high angle boundaries.

As next, the distribution of dislocation densities is investigated in order to establish a correla-
tion between macroscopic response and microstructural evolution of dislocations. Fig. 3.12 a)
and b) show the distribution of GNDs and respectively SSDs along the truss length. From Fig.
3.12 a), it can be seen that the material strength scales with the density of GNDs which are pil-
ing up along the hard boundaries. Here, the GND density is computed as ġiα = b−1dνα/dX1.
With increasing ratio l/L0, the internal length scale approaches the characteristic dimension
of the sample. As a result, the pile up length increases and pile ups of opposite sign approach
each other. This a�ects the plastic deformation behavior as can be seen from the resulting
SSD density distribution in Fig. 3.12 b), which is calculated as ζ̇α = b−1 l̃−1να using l̃ = 1 μm,
cf. Eq. (3.48). In conclusion, an homogeneously deforming crystal tends to localize as a result
of size reduction as plastic strain gradients arise from piling up dislocations.

Figure 3.11: Normalized stress-strain response of a one-
dimensional micron-sized truss experiencing a strengthening e�ect
due to size-dependent hardening during tensile loading.
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a)

b)

Figure 3.12: Distribution of a) the GND density and b) the SSD
density along the normalized position of the truss and for di�erent
ratios l/L0. A high l/L0 ratio corresponds to a small sample dimen-
sion resulting in extensive GND storage and plastic slip localization.

50



4 Analysis of slip band formation during
compression of micron-sized crystals

A �nite-deformation strain gradient crystal plasticity model is implemented in a three-dimen-
sional �nite-element framework in order to analyze the deformation behavior and the stress-
strain response of magnesium single crystals under c-axis orientation. The potential-based
and thermodynamically consistent material model is formulated in a non-local and non-linear
inelastic context in which dislocation densities are introduced via plastic strain gradients.
Experiments have shown that the internal length scale of the microstructure starts to a�ect
the overall stress-strain response when the sample size decreases to the micron scale. As a
consequence, strain gradients develop, leading to an additional energetic-like hardening e�ect
which results in an increase of the macroscopic strength with decreasing crystal size. In the
case of uniaxial compression of c-axis-oriented single crystal micropillars, the model is able
to predict the discrete dislocation glide in terms of a band-shaped slip zone. Two di�erent
pillar sample sizes are taken into account in order to investigate the intrinsic size e�ect during
plastic deformation where the crystallographic orientation leads to the activation of pyramidal
{112̄2} <112̄3> slip systems as reported in various experimental studies. The interaction of
those slip systems is expressed in terms of latent hardening and excess dislocation development.
A comparison between numerical results and corresponding experimental data is presented.

The content of this chapter has been published in [E. Husser, E. Lilleodden, S. Bargmann,
Computational modeling of intrinsically induced strain gradients during compression of c-axis-
oriented magnesium single crystal, Acta Materialia, 71, 206-219, 2014] and may include some
modi�cations.
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4 Analysis of slip band formation during compression of micron-sized crystals

4.1 Introduction

Alternative light-weight materials such as magnesium will become more important in the
future. Due to its low density and high strength-to-weight ratio, magnesium provides a high
potential for a wide range of applications. Especially in high-tech functional materials, a
fundamental knowledge about the microstructure is required to optimize the performance.
The hexagonal close-packed lattice structure of magnesium represents still a major challenge
since its deformation behavior is more complex compared to that of face-centered cubic metals.
For that reason, a wide range of experimental studies has been performed in order to get a
better understanding of the deformation mechanisms and their impact on the macroscopic
strength. In this regard, small volume investigations using single crystals are performed under
speci�c boundary conditions by which unwanted micromechanical processes can be excluded
in order to focus on a particular deformation mechanism such as non-basal slip activation.
Beside basal slip in hcp materials, the investigation of non-basal slip is of great interest since
its impact on the mechanical properties must be considered in the material design process.
Essential for the activation of non-basal slip systems in single crystals is the crystallographic
orientation with respect to the loading direction by which basal slip has no resolved shear
stress, e.g., loading parallel [210, 260] or perpendicular [187, 232] to the basal plane.

Apart from slip activation, the material response is strongly in�uenced by the size of the sam-
ple if dimensions are reduced to the micrometer range. In the literature, di�erent kinds of
size e�ects have been observed. To this extent, an extensive review with respect to di�erent
crystalline and amorphous metals is provided by Greer and De Hosson [88]. A meaningful dis-
tinction of size-dependent strengthening e�ects was illustrated by Sevillano [221, 222]. Here,
size e�ects are classi�ed into two types. According to Sevillano, extrinsic size e�ects are char-
acterized by externally imposed plastic strain gradients, which are resolved by the storage of
geometrically necessary dislocations, see [9, 80, 186]. As a consequence of the GND storage,
size-dependent work hardening becomes signi�cant if the gradient in plastic slip is signi�cant
or equivalently if the deformation length-scale is small relative to distributed plastic strain.
Typical examples for deformation length-scales are the penetration depth in micro- and nanoin-
dentation tests [184, 251], the beam thickness in microbending tests [81], and the wire diameter
in microtorsion tests [80]. In particular, the storage of GNDs causes an additional energetic-
like hardening e�ect which increases the macroscopic strength with decreasing sample size.
Since such length scale-dependent hardening is not mapped by conventional crystal plasticity
theory, a great variety of strain gradient crystal plasticity models have been developed. In
those, the strain gradient is introduced into the mathematical model and, in many cases, as-
sociated with GNDs. Large deformation strain gradient crystal plasticity models have been
formulated by, e.g., [17, 25, 57, 95, 153, 156, 194]. In contrast to extrinsic size e�ects, intrinsic
size e�ects do not require the presence of mesoscopic plastic strain gradients but rather result
from the interference of a plastic process zone with any internal (microstructural) length-scale
[221], such as the average inter-dislocation distance, the inter-particle distance, or the physical
size limited by free surfaces.

This contribution aims at the computational modeling of c-axis-oriented magnesium single
crystal where strain gradients are imposed intrinsically, due to the small sample size and
the large microstructural length associated with the low dislocation density, single crystalline
structure. For this purpose, a �nite-deformation strain gradient crystal plasticity model is
implemented into a three-dimensional �nite element framework. While there have been sev-
eral numerical studies of microcompression of fcc single crystals, to the authors' knowledge no
such studies have been applied to hcp systems. For instance, Raabe and Roters [208] investi-
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4.2 Micromechanics of single-crystal magnesium under c-axis compression

gated the e�ect of di�erent initial crystal orientations, diameter-to-height ratios, and friction
coe�cients on the deformation behavior of copper single crystals using conventional crystal
plasticity. In the work of Shade et al. [223], lateral constraint e�ects of single-slip oriented
nickel-base superalloy single crystals were studied, also using conventional crystal plasticity.
It turned out that the lateral constraint has a signi�cant e�ect on the strain hardening behav-
ior. However, in both studies, the e�ects of GND induced plastic slip gradients as described
by Nye [186] were not considered. For this reason a deformation mode typical observed in
micro-compressed single crystals, which is characterized by a localization of several slip sys-
tems, cannot be reproduced. Recently, Kuroda [152] presented a numerical example using a
strain gradient theory that is based on the same single-slip oriented nickel-base superalloy as
investigated in [223]. It has been shown that the consideration of the gradient e�ect is essential
for the formation of a particular deformation mode which is composed of a band-shaped slip
zone and two dead zones. In this context, the study showed how various parameters, such as
di�erent macroscopic and microscopic boundary conditions as well as di�erent length-scale to
pillar diameter ratios, in�uence the deformation mode. In delimitation to this, we are focus-
ing on a speci�c set of parameters in order to validate the here applied strain gradient crystal
plasticity model according to micromechanical testing of magnesium singly crystal. Resulting
stress-strain curves of two representative sample sizes are directly related to experimental data
of Lilleodden [157]. In addition, multiple slip including slip system interactions in terms of
latent hardening and latent dislocation nucleation resistance is considered.

4.2 Micromechanics of single-crystal magnesium under c-axis
compression

Due to its hcp crystal structure, crystallographic slip in magnesium primarily occurs on the
(0001) basal plane where the close-packed slip directions are of type {112̄0}. However, many
experimental observations have shown that non-basal slip takes place, especially if the loading
direction is parallel or perpendicular to the basal plane. In this contribution, the relevant
crystallographic orientation of magnesium single crystal is the c-axis- or (0001)-orientation as
illustrated in Fig. 4.1. Note that the direction of the c-axis is coincident with the direction of
the <c> Burgers vector, and is aligned with the loading axis of the indenter. Consequently,
slip systems including the <a> Burgers vector, such as the basal slip systems have zero Schmid
factor, i.e. they have no resolved shear stress. Therefore, those slip systems cannot contribute
to a vertical deformation along the c-axis necessitating the activation of less easily activated
slip systems. As reported �rst by Obara et al. [187] and Stohr and Poirier [232], pyramidal
{112̄2} < 112̄3 > slip, hereafter referred to as π2 slip, was observed during compression tests
of magnesium single crystal along the c-axis. Due to the symmetry along the c-axis, six π2
slip systems are exposed to the same stress. The simultaneous activation of six slip systems
leads to a strong work-hardening behavior due to slip system interaction processes.

Recent microcompression studies by Lilleodden [157] and Byer et al. [40] con�rm that π2 slip
is the predominant deformation mechanism during c-axis compression of magnesium single
crystals. Lilleodden also investigated the in�uence of the pillar diameter and determined a
strong dependency of yield stress on the crystal size while the observed deformation charac-
teristics remained qualitatively the same for all diameters. The size-dependent yield stress
characteristic is illustrated in Fig. 4.2 on the basis of three di�erent nominal sample diameters
(2.1 μm, 6.1 μm, 10 μm), where three experimental data sets are presented for each size. The
shown yield stresses have been obtained by analyzing the slope of the load-displacement data
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4 Analysis of slip band formation during compression of micron-sized crystals

Figure 4.1: Schematic illustration of the microcompression set-
up including the crystallographic orientation. The loading axis is
perpendicular to the (0001) basal plane. Thus, basal slip in {112̄0}
directions (<a> Burgers vector) is prevented. Instead, pyramidal
{112̄2} planes are preferred and slip in < 112̄3 > directions (<a+c>
Burgers vector) is activated.
Reprinted from [111] with permission from Elsevier, Copyright 2014.

Figure 4.2: Experimental yield stress data [157] for three di�erent
nominal sample diameters: 2.1 μm, 6.1 μm, and 10 μm. Averaged
values for the 2.1 μm and 6.1 μm pillars are determined as 300 MPa
and 170 MPa, respectively.
Reprinted from [111] with permission from Elsevier, Copyright 2014.
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4.2 Micromechanics of single-crystal magnesium under c-axis compression

and taking the macroscopic yield point as the point corresponding to a 50% decrease in sti�-
ness from the maximum slope. Moreover, for each nominal diameter, an average value for the
macroscopic yield stress is drawn in the diagram and taken as input for numerical simulations.

In order to explain the mechanism leading to this e�ect, let us �rst consider polycrystals, and
the well-known size e�ect associated with the �ndings of Hall [102] and Petch [203], e.g. the
grain-size-dependent hardening. In this case, grain boundaries can be envisaged as insurmount-
able obstacles to dislocation motion. The resulting dislocation pile-ups cause inhomogeneous
plastic deformation which in turn results in a reorientation of the crystal lattice. According
to Ashby [9], GNDs need to accumulate in such regions to preserve lattice compatibility and
lead to localized lattice rotation. The resulting hardening e�ect rises with decreasing sample
size due to the grain boundary surface to volume ratio. However, as pointed out in Ref. [221],
the Hall-Petch e�ect is a mixed type size e�ect which shows both a size-dependent yield stress
characteristic caused by dislocation pile-up and a size-dependent work-hardening behavior
due to GND storage. Here, the average grain size represents the internal length-scale of the
polycrystalline sample. With respect to single crystal, there are no such grain boundaries and
dislocations can freely move through the surface. But as already indicated in Fig. 4.1, plastic
slip is constrained at the top of the pillar due to contact. Therefore, a similar pile-up e�ect
can be expected in the top region of the pillar despite the free surfaces in the radial direction.
Likewise, the region below the pillar is subjected to minimal stresses such that an indirect
constraint in plastic �ow develops in the lower region of the pillar. The microcompression
loading condition therefore is associated with intrinsic strain gradients rather than an extrin-
sic e�ect, since no external gradient in plastic strain is directly imposed; internal length-scales
are taken to be responsible for the observed size e�ect. More speci�cally, the plastic process
size is limited by the size of the pillar [221], and constrained at the top and bottom of the
pillar, and the parameter expected to govern the strength of the size e�ect is the ratio of
microstructural length lα to nominal diameter Dm of the micropillar; for the case lα/Dm ≈ 0,
the yield stress is size independent.

Due to the aforementioned constraints at the top and bottom of the pillar, microcompressive
loading leads to an inhomogeneous deformation of the sample in terms of band-shaped slip. As
previously stated, the experimental results in Ref. [157] show no drastic e�ect on the hardening
rate while reducing the sample size. Therefore, the e�ect of GND storage is responsible for
a strongly localized deformation mode, as highlighted in Ref. [152], rather than causing
an increased work-hardening rate. Additionally, the characteristic of the deformation mode is
in�uenced by the friction conditions, as investigated by Shade et al. [223] for microcompression
of a single-crystal nickel superalloy. Here, it was found that a lateral constraint of the pillar
top (Coulomb friction coe�cient of 1.0) causes large bands of disoriented regions and, �nally,
an intensi�ed inhomogeneous plastic deformation. The in�uence of a high friction coe�cient
is clearly pointed out in Ref. [157] in which the center section of the pillar undergoes a massive
shear o� after reaching a critical strain level while the upper section remained aligned with
the original axis due to high contact friction.

The present work is focused on magnesium micropillars as used in the experiments of Lilleod-
den [157]. The micropillars are created from bulk material using a focused ion beam (FIB).
This method results in a slightly larger base diameter than top diameter as depicted in the
scanning electron microscopy (SEM) images in Fig. 4.3 for a representative pillar geometry.
Compression tests are conducted by a nanoindenter equipped with a circular �at punch of
15 μm diameter and tests are run at a nominal displacement rate of 0.001 s−1, i.e., under
quasi-static conditions.
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4 Analysis of slip band formation during compression of micron-sized crystals

a) b)

Figure 4.3: Scanning electron microscope images (taken from [157])
of a representative micropillar of a nominal diameter of 6.1 μm show-
ing a) the predeformed micropillar geometry and b) its corresponding
FIB machined cross section.
Reprinted from [111] with permission from Elsevier, Copyright 2014.

4.3 Constitutive description

The non-local crystal plasticity model considered to model the size-a�ected deformation behav-
ior of single crystalline micropillars is based on the full continuum model of the vector-valued
GND density. Recalling Eq. (3.60), the GND density consists of in-plane edge and screw com-
ponents as well as a normal to slip plane edge component. However, only the in-plane edge
component geiα of the dislocation density �eld is considered in the following. As a result, Eq.
(3.60)2 reduces to

ġeiα =
∑
β

να [sβ · nα] geiβ −
1

b
∇iνα · sα, (4.1)

where b = bα denotes the amplitude of the Burgers vector in any of the six <a+c>-directions.
Notice that the second interaction term in Eq. (3.60)2 is neglected due to the above made
assumption. While the second term in Eq. (4.1) corresponds to GND accumulation associated
with inhomogeneous plastic deformation, the �rst term accounts for GND storage as a result
of dislocation interaction mechanisms between active π2 systems. In this regard, the presence
of dislocations with respect to slip systems β leads to a reduced gradient e�ect with respect
to slip system α since both terms are of opposite sign. This e�ect can be interpreted as latent
dislocation nucleation resistance. This modeling approach for interactions between dislocations
is quite di�erent from other approaches in the literature, compare for instance Evers et al.
[78]. The relation between the intermediate gradient and the material gradient of the plastic
slip rate is of particular importance and is given as

∇iνα = F−TP · ∇rνα. (4.2)

In terms of a thermodynamic consistent formulation, the hardening e�ects of strain gradients
are introduced as energetic-like processes within the free energy density ψi which is assumed
to be additively decomposed according to Eq. (3.64), i.e. in an elastic contribution ψel

i , a
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4.4 Finite element model

(local) strain hardening contribution ψl, and a (non-local) gradient hardening contribution ψg
i .

The elastic energy contributions is chosen to mimic an isotropic (compressible) Neo-Hookean
response which is captured by the form presented in Eq. (3.25). Local hardening is de�ned
via a linear hardening relation which is comprised of self and latent hardening contributions,
cf. Eq. (3.78). Moreover, the screw GND density component within the defect energy in Eq.
(3.84) is neglected. Hence the energy expression reduces to

ψg
i =

1

2
b2l2

∑
α,β

Hg
0g

e
iαg

e
iβ. (4.3)

Size-dependent e�ects are governed by the internal length-scale parameters which is assumed
to be the same for all considered slip systems in the current context, i.e., l = lα = lβ .
In accordance to Ekh et al. [70], the micro-hardening stress vector is determined as κα =
∂ψi/∂∇iγα. In extension to [70], the scalar-valued microstress in the current framework is
determined by two contributions which is due to the interaction between active plastic slip
rates and GND densities of latent slip systems, i.e.,

κα =
∂ψl

i

∂γα
+
∂ψg

i

∂geiα

∂geiα
∂γα

. (4.4)

In order to account for kinetic e�ects on the hardening behavior, e.g., rate-dependent disloca-
tion nucleation, the model is based on a dissipation potential χi({να}) of the form

χi =
∑
α

[
Yανα +

m

m+ 1
C0ν0

[
να
ν0

]m+1
m

]
. (4.5)

Note that the dissipation principle is su�ciently satis�ed if the dissipation potential χi is non-
negative and separately convex in its arguments, see [226]. Following Svendsen and Bargmann
[238], the relevant �eld relations are derived from the rate potential

ri = Υi + χi. (4.6)

where Υi is determined via Eq. (3.67). Assuming quasi-static, isothermal conditions and
neglecting body forces and external supplies, the variation of the rate potential Eq. (4.5)
yields the following �eld relations

0 = Divi(F E · SE),

να = ν0

[
〈τα − κα + Divi (κα)− Yα〉

C0

]m
.

(4.7)

For a detailed derivation, see Bargmann et al. [17]. These �eld relations represent the balance
of linear momentum and the evolution equation for the plastic slip rate, i.e., the viscoplastic
�ow rule. It should be noticed that Divi(F E · SE) = Divr(P ).

4.4 Finite element model

Numerical computations are done using the �nite element analysis program Abaqus. The
constitutive relations for the strain gradient crystal plasticity model presented here are imple-
mented into the subroutine UEL (User ELement). As depicted in Fig. 4.4, the �nite-element
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4 Analysis of slip band formation during compression of micron-sized crystals

a) b)

Figure 4.4: Finite element model consisting of micropillar, sur-
rounding bulk substrate, rigid punch, and lateral springs. a) Per-
spective view of the micropillar sample; b) side view showing bound-
aries and the crystallographic orientation of the single crystal.
Reprinted from [111] with permission from Elsevier, Copyright 2014.

model consists of a micropillar sample connected to bulk material, and a punch connected to
four laterally placed spring elements. In total, 1755 brick elements with 2128 nodes are used
for meshing pillar and bulk material, resulting in a total number of 19,152 degrees of freedom
(3 displacements + 6 GND densities). Including the bulk substrate in the �nite-element model
provides more realistic boundary conditions since the bottom of the pillar deforms elastically.
The micropillar and the bulk material have the same crystallographic orientation. The punch
is modeled as rigid and is tied to the top surface of the micropillar in order to re�ect Coulomb
friction with a coe�cient of 1.0. The pillar-bulk junction is curved to reduce sharp changes in
geometry such that arti�cial stress peaks at the surrounding junction are prevented.

The axial displacement is assigned to the entire rigid punch by a prede�ned displacement rate
u̇3, against the X3-direction. Additionally, the rigid punch is laterally constrained by four
spring elements of sti�ness Klat, located at the outer points of the punch along the X1 and
X2 directions. The bottom surface of the bulk substrate ∂Bu is constrained by:

u1 = 0 along X2 = 0 on ∂Bu,
u2 = 0 along X1 = 0 on ∂Bu,
u3 = 0 on ∂Bu.

(4.8)

With respect to boundary conditions for the micromechanical problem, microhard boundary
conditions, cf. Eq. (3.88), are chosen for the top surface ∂Bν of the micropillar. Hence, the
plastic slip rate να becomes constrained such that dislocation �ow through that boundary is
prevented. Consequently, an accumulation, i.e., pile up, of GNDs results. Note that similar
boundary conditions arise naturally in the bulk substrate due to a sudden drop of acting
stresses. With regard to the lateral surface ∂Bg, the GND density rates ġeα are constrained by
microfree conditions, cf. Eq. (3.87). Thus, the GND densities are forced not to pile up along
the lateral surfaces but rather to �ow through the surfaces without any interaction and allow
it to deform plastically.

58
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The top surface of the micropillar can alternatively be de�ned as microfree. The in�uence
of this approach on the deformation mode was investigated in [152]. However, such an ap-
proach would imply that the contact surface of the sample can freely deform. This is highly
unrealistic since the deformation is imposed here. For the here considered case, all slip plane
are intersecting the contact surface. Hence, in consideration of the experimental set-up, a
microhard top surface is assumed for the following simulations.

4.5 Numerical results and discussion

The numerical solution of the presented model is approached via a dual-mixed �nite element
method as proposed by Ekh et al. [70], see also Svedberg and Runesson [236]. In that sense,
the balance of linear momentum Eq. (4.7)1 and the evolution equations for GND densities Eq.
(4.1) are taken as global �eld equations in space and solved with a monolithic Newton-Raphson
iteration scheme. Furthermore, an implicit time integration procedure is applied where both
the local relations and the global �eld relations are discretized in time with an implicit �nite-
di�erence method. Trilinear (8-node) brick elements with 2×2×2 Gauss points are chosen for
discretization in space. Both �elds, the mechanical displacements u and the GND densities
geα, are interpolated linearly with the same shape functions. Note that in addition to the three
translational degrees of motion, each node contains dislocation densities as enhanced degrees
of freedom according to the number of considered slip systems.

4.5.1 Material parameters

Two representative micropillars of di�erent size are considered in the numerical simulations.
The size of the micropillar is characterized by the middle diameter. The larger sample has a
nominal diameter of 6.1 μm (cf. Fig. 4.3), whereas the smaller sample has a nominal diameter of
2.1 μm. For both specimens, the nominal height to mid-plane diameter ratio is approximately
3:1. A total engineering strain of 5 % is applied in both simulations using a nominal strain
rate of 0.001 s-1 [157]. With respect to the elasticity parameter, a Young's modulus of 45
GPa is adopted, as was found from partial unloading tests conducted at about 1% total strain
[157]. The Poisson ratio is taken as ν = 0.35 according to [11]. Macroscopic yield stresses
have been detected from the provided data and stated in Table 4.1. Further, a lateral sti�ness
of Klat = 13 kN/mm is taken from nanoindenter calibration data.

During compression, a simultaneous activation of six π2 slip systems is assumed, consistent
with experimental observations [40, 157, 187, 232]. Here, latent hardening coe�cients are used
in order to model a physical deformation behavior where one slip system becomes dominant
during deformation. In particular, hardening coe�cients are chosen as qαβ = 1 for α = β (self
hardening) as well as qαβ = 0.25 and qαβ = 2 in case of latent hardening (α 6= β) along the
preferred slip system and the stagnating systems, respectively. This strategy is reasonable,
because if a lattice disorientation is used in order to control the multiple slip activation, some
variation of the crystallographic orientation might lead to a non-neglectable increase of the
Schmid factor for basal slip.

Experimental data shows that the sample size of the micropillar has an in�uence on the
macroscopic yield stress Y . According to the here considered (0001) orientation leading to
π2 slip activation, the relation between macroscopic and microscopic yield stress is given by
Yα = fπ2Y , where fπ2 = 0.45 represents the corresponding Schmid factor. The internal
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4 Analysis of slip band formation during compression of micron-sized crystals

Table 4.1: Elasticity and process parameters used for numerical
simulations.

nominal pillar diameter Dm 6.1 2.1 μm

macroscopic yield stress Y 170 300 MPa

Young's modulus E 45 45 GPa

Poisson's ratio ν 0.35 0.35 -

engineering strain εeng 0.05 0.05 -

nominal strain rate ε̇eng 0.001 0.001 s-1

lateral sti�ness Klat 13 13 kN/mm

length-scale parameter is assumed to be l = 1 μm for all slip systems. This assumption is
consistent with �ndings of Begley and Hutchinson [26] where values for soft metals have been
found to be about 1.6 μm and for hard metals to be in the range between 0.5 and 1 μm. In
this sense, hcp metals such as pure magnesium can easily be assigned to the class of hard
metals. Furthermore, a value of 1 μm indicates good agreement with the observed size e�ect
when quantifying the impact of the internal length on the yield stress by the quotient l/Dm.
With regard to the three di�erent pillar sizes (2.1 μm, 6.1 μm, and 10 μm) which have been
examined in [157], the quotient becomes 0.476, 0.164, and 0.1. The strong increase of the
quotient from the 6.1 μm sample to the 2.1 μm sample is in accordance with the high jump in
the yield stress, whereas the yield stress di�erence between the 6.1 μm sample and the 10 μm
sample is comparatively small. Note that an in�nitely large sample would lead to a quotient
of ≈ 0, indicating no internal e�ects on the deformation process.

According to the quasi-static loading condition, the viscoplastic material response is modeled
as rate-independent using a rate sensitivity exponent of m = 1/0.05 = 20. The drag stress and
reference shear rate are taken to be C0 = 10 MPa and ν0 = 10−3 s, respectively. Moreover, the
amplitude of the Burgers vector is calculated as b =

√
a2 + c2, where the lattice constants are

a = 0.3203 nm and c = 0.52002 nm [117]. A summary of the here used material parameters
is given in Table 4.2.

4.5.2 Strain gradient effect on deformation behavior

A quanti�cation of plastic deformation due to dislocation glide is done using the accumulated
plastic slip γα, which is de�ned as the time integral over the plastic slip rate, cf. Eq. (3.47).
With respect to multiple slip activation, an appropriate assessment of the total plastic defor-
mation is provided by taking the e�ective accumulated plastic slip γe� into account, cf. Eq.
(3.47).

The deformation mode during compression is �rst analyzed by comparing the results between
conventional crystal plasticity without any internal length-scale consideration and gradient-
enhanced crystal plasticity. In both cases, latent hardening is active such that the deformation
is mainly driven by one favorable slip system. Fig. 4.5 shows the computed e�ective accu-
mulated plastic slip γe� at the �nal strain state of 5 %. It can be seen that the deformation
mode predicted by the gradient theory is characterized by a band-shaped slip zone which cor-
responds to the most intensive glide zone of the single crystal, cf. Fig. 4.5 b). In contrast to
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Table 4.2: Material parameters used for numerical simulations.

nominal pillar diameter Dm 6.1 2.1 μm

microscopic yield stress Yα 76.5 135 MPa

local hardening modulus H l
0 720 720 MPa

gradient hardening modulus Hg
0 26.5 26.5 GPa

drag stress C0 10 10 MPa

rate sensitivity exponent m 20 20 -

reference shear rate ν0 10−3 10−3 s−1

internal length scale parameter l 1 1 μm

amplitude of Burgers vector b 0.61075 0.61075 nm

a) b)

Figure 4.5: Contour plots showing e�ective accumulated plastic
slip distribution γe� at 5 % nominal strain for the 6.1 μm sam-
ple. Deformation mode di�ers strongly when comparing results pre-
dicted by a) conventional crystal plasticity (l = 0) and b) strain
gradient-enhanced crystal plasticity. The gradient e�ect leads to a
pronounced slip band as observed in experiments.
Reprinted from [111] with permission from Elsevier, Copyright 2014.

this, the conventional approach shows a complete di�erent response, see Fig. 4.5 a). Here, the
internal length-scale (l = 0) has no in�uence on the overall plastic process.

When comparing the initial state of plastic deformation of both theories, it is obvious that
the localization of plastic deformation takes place at di�erent zones. In the case of l = 0,
the localization occurs in the left upper corner at the beginning of the deformation and shifts
to the right side at about two thirds of the height. Fig. 4.6 a) illustrates the initial plastic
deformation process at two di�erent strain states using the accumulated plastic slip of the most
preferred slip system sα. Here, the plastic deformation of the top corner is due to the missing
micro-hard conditions within the conventional theory. In comparison to the gradient-enhanced
model, the localization of plastic deformation starts at the right upper corner where the cross
section area of the pillar is minimal and develops strongly in direction of the corresponding
slip system sα, see Fig. 4.6 b).
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a) b)

Figure 4.6: Contour plots showing accumulated plastic slip dis-
tribution γα of the preferred slip system α. Localization of plastic
deformation is presented for a) conventional crystal plasticity at 0.5
% and 1 % nominal strain and for b) strain gradient-enhanced crystal
plasticity at 1 % nominal strain. The strain gradient theory shows
a much more realistic glide deformation where the plastic slip γα
develops strongly in the corresponding slip system direction sα.
Reprinted from [111] with permission from Elsevier, Copyright 2014.

The formation of the plastic slip band is caused by the backstress-like stresses Divi(κα).
According to that, the e�ective shear stress, here de�ned as τ e�α = [τα−Sα]m/[C0]m, indicates
a similar formation of a band-shaped zone as illustrated in Fig. 4.7. Its development shows that
the stress band formation is almost completed at around 0.65 % nominal strain, just after the
elastic limit has been reached. During deformation, the local stress band widens downwards
whereas the intensity of τ e�α decreases continuously. By comparing the distribution of τ e�α at
1.5 % and 5 % nominal strain, it is seen that the local stress �eld reaches a plateau. As a
consequence, the development of the plastic slip band expressed by γα stagnates such that a
further deformation would not lead to an evident change in the characteristic of the band-
shaped zone.

4.5.3 Influence of sample size variation

The deformation mode obtained by gradient-enhanced crystal plasticity has two major char-
acteristics. Firstly, a localization of plastic �ow into a slip band can be observed. Additionally,
that slip band formation leads to the e�ect that some regions do not deform plastically. That
kind of deformation mode comprising a highly deformed slip zone and two death zones was
also computed by Kuroda [152] using a strain gradient approach within a di�erent consti-
tutive framework. However, by varying the sample size, i.e. going form 6.1 μm to 2.1 μm,
the deformation characteristic becomes even more intensive. This is illustrated in Fig. 4.8 by
comparing the results of both sample sizes at nominal strain states of 2.5 %, 4 %, and 5 %.

As can be seen, the gradient e�ect leads to a pronounced slip band formation. With regard
to the smaller sample, the obtained deformation mode shows a more concentrated slip band
and larger death regions. This is due to the fact that the in�uence of the internal length-scale
is increased in the smaller sample in terms of an higher gradient contribution in the micro
hardening stresses.
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4.5 Numerical results and discussion

Figure 4.7: Contour plots showing e�ective shear stress distribu-
tion, here de�ned as τ e�α = [τα − Sα]m/[C0]m of the preferred slip
system α. A stress band forms at the early state of plastic deforma-
tion. During deformation, the pronounced band-shaped zone widens
downwards whereas its intensity decreases up to a certain level.
Reprinted from [111] with permission from Elsevier, Copyright 2014.

a)

b)

Figure 4.8: Contour plots showing accumulated plastic slip distri-
bution γα of the preferred slip system α for a) the 6.1 μm and b) the
2.1 μm pillar. The increased in�uence of the internal length-scale
due to the shrunk sample size leads to a more intensive deformation
characteristic in terms of a stronger slip band.
Reprinted from [111] with permission from Elsevier, Copyright 2014.
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4 Analysis of slip band formation during compression of micron-sized crystals

4.5.4 Analysis of dislocation densities

The �nal distribution of dislocation densities is compared between both sample sizes as de-
picted in Fig. 4.9 with respect to the middle cross section (X1-X3 plane). In each case,
densities are distinguished with respect to their sign: a) Positive dislocations move in accor-
dance to the de�ned slip direction s+

α ; b) negative dislocations move in the opposite direction
s−α . According to the postulated evolution equation and the considered microscopic boundary
conditions, the intrinsically induced strain gradients lead to an accumulation of GNDs in the
top and bottom region of the micropillar. Dislocations cannot leave through the top of the
pillar due to the prede�ned micro-hard boundary condition. In contrast to that, an arti�cial
micro-boundary seems to appear in the pillar-bulk connection zone. Here, dislocations move
only slightly into the bulk material since the driving stress �eld drops drastically because of the
rapid extending cross section area. Moreover, a slight change in the GND density distribution
is obtained when comparing both sample sizes. The contour plots of the smaller sample are
less disperse but rather more strongly aligned with the slip direction sα. Calculated values are
within an experimental reasonable range of about 1012-1013m−2 [41] and di�er only slightly
between both samples.

In order to give an approximate estimation of the impact of the GND density, it is helpful to
analyze its percentage share in the total dislocation density which in the current context is
given by ρα = geiα + ζα. Recall that the accumulation of SSDs is of statistical nature and can
be related to the crystallographic plastic slip [78]. Therefore, although they are not explicitly
considered in the model formulation, they are indirectly involved in the local hardening con-
tribution via the plastic slip variables. Following Fleck et al. [80] and Brinckmann et al. [35],
an appropriate measure for the e�ective SSD density is introduced on the basis of the e�ective
accumulated plastic slip γe�, i.e.,

ζe� =
γe�

bl̃
, (4.9)

which yields Eq. (3.48) for non-constant Burgers vector magnitudes. Moreover, l̃ = 0.71 μm is
taken from [2] as the distance between forest dislocations in magnesium. Then, the e�ective

a) b)

Figure 4.9: Contour plots of GND density distribution geiα of the
preferred slip system α within the middle cross section (X1-X3

plane). Plots refer to a) positive and b) negative accumulated dis-
location densities and to both (6.1 μm and 2.1 μm) sample sizes,
respectively.
Reprinted from [111] with permission from Elsevier, Copyright 2014.
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4.5 Numerical results and discussion

GND density is de�ned as (considering only edge GND densities)

ge�i =

√∑
α

[geiα]2. (4.10)

The Evolution of e�ective GNDs and SSDs during compression is examined along the central
axis in X3-direction of both micropillars for 1 %, 2.5 %, and 5 % nominal strain, respectively.
Starting from the bottom of the sample, the central axis intersects characteristic deformation
regions, the death zones and the pronounced slip band zone. In Fig. 4.10, computed pro�les
are shown for a) e�ective SSD density, b) e�ective GND density, and c) percentage amount
of e�ective GND density within the total dislocation density ρe� = ζe� + ge�i . All results
are plotted along the normalized X3-direction. It can clearly be seen that SSDs mainly
accumulate within the single crystal according to the distribution of plastic slip whereas higher
concentrations of GNDs are found in the neighborhood of the crystal boundaries. Similar
results have been found in the two-dimensional polycrystal example studied by Evers at al.
[78]. However, comparing both sample sizes leads to the conclusion that slightly higher SSD
density values are computed for the 6.1 μm sample whereas slightly higher GND density
values results for the 2.1 μm pillar. When comparing the percentage amount of GNDs for
both samples at the �nal deformation, an increase in gradient hardening due to higher GND
accumulation is observed in the death zones of the sample. Moreover, the lateral approach
of relative GND peaks indicates the increased in�uence of the internal length-scale. In other
words, the dislocation pile-ups at the top and bottom are moved together in the smaller sample
which a�ects the plastic deformation process of the crystal.

4.5.5 Comparison with experimental data

Fig. 4.11 shows an electron backscattered di�raction (EBSD) analysis of cross-sectional cut
along the compression axis of a 5 μm pillar that had been compressed to about 10 % deforma-
tion, indicating that the crystal undergoes localized rotation due to dislocation plasticity. The
color map in Fig. 4.11 a) shows the local lattice misorientation calculated for each scanning
point with respect to the orientation of its surrounding neighbors. The scan was performed us-
ing a step size of 100 nm. Since localized lattice rotation is directly related to the accumulation
of GNDs [9], a comparison between EBSD analysis and computed GND density distribution
enables a more physical interpretation of the observed results. Regions corresponding to a
high misorientation are associated with regions of increased GND densities in the simulation
as presented in Fig. 4.11 c). The physical reliability of the numerical results are clearly demon-
strated by comparing the misorientation distribution along the highlighted vertical path with
the distribution of ge� presented in Fig. 4.11 b).

Moreover, computed stress-strain responses are compared with experimental data using three
data sets for each sample size. In the following, stress-strain curves are presented in terms of
engineering stress σeng and strain εeng. For both, experiments and simulations, the engineering
stress is determined as the current force per initial middle cross section area [πD2

m]/4 and the
engineering strain is de�ned as the ratio of compression displacement to initial pillar height.
Moreover, the data of the initial loading path has been modi�ed for all six sets in order to
remove the strains associated with microplasticity prior to large-scale yield, as are associated
with contact development and small-scale plasticity [157]. Thus, the strains are shifted in
order to capture an elastic loading response with a modulus of 45 GPa, as is used in the
simulations. Fig. 4.12 a) and b) show the numerically computed stress-strain curves together
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4 Analysis of slip band formation during compression of micron-sized crystals

a)

b)

c)

Figure 4.10: Evolution and distribution of a) e�ective SSD density
and b) e�ective GND density for both sample sizes along the central
axis in normalizedX3-direction and for 1 %, 2.5 %, and 5 % nominal
strain, respectively. Here, the distributions show lateral accumula-
tion of GNDs associated with death zones and central accumulation
of SSDs associated with high slipped zones. Moreover, c) the per-
centage amount of GNDs in contrast to the e�ective total dislocation
density ρe� is shown for the �nal strain state. The relative increase
of GNDs indicates a stronger in�uence of the microstructural length
on the plastic process zone.
Reprinted from [111] with permission from Elsevier, Copyright 2014.
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a) b) c)

Figure 4.11: EBSD analysis emphasizes qualitatively the physical
accordance between simulation and experiment. The local lattice ro-
tation is highlighted within the color map a) for a thinned section of
a 5 μm pillar after 10 % deformation. Regions indicating high lattice
reorientation are in great accordance with appropriate simulation c)
where high GND accumulation can be found in same regions already
after 5 % nominal strain. The distribution of lattice misorientation
along the highlighted vertical path b) con�rms the good agreement
when comparing this diagram to the computed GND density along
the same path presented in Fig. 4.10 b).
Reprinted from [111] with permission from Elsevier, Copyright 2014.

with corresponding experimental data sets for the 6.1 μm and 2.1 μm sample, respectively. In
the case of the large specimen, hardening parameters have been calibrated according to the
averaged experimental hardening slope which is nearly linear in the strain interval [0.01,0.045].
As a result, the computed stress-strain curve shows very good agreement with the measured
data of the 6.1 μm sample. Inherent to dislocation plasticity, each of the three curves of the
smaller specimen show intermittent sequence of horizontal deformation jumps. These discrete
strain bursts (or slip avalanches) are not modeled in the standard form of the here presented
strain gradient theory. Consequently, a deviation of about 150 MPa is obtained between
simulation and experiment at 5 % deformation, even if the work hardening slope remained
nearly the same compared with the curve of the 6.1 μm sample. Due to this, another simulation
have been performed. In that, strain bursts are successfully integrated in the deformation
process in terms of sectionwise pure plastic loading, i.e., the elastic deformation matrix F E is
forced to remain constant for the corresponding strain intervals. This approach is plausible
from a physical point of view since sudden appearing strain bursts are associated with a
geometrical change caused by a large (plastic) slip step. However, although their occurrence
is in general of statistical nature as noted for example by Zaiser and Aifantis [264]. With
respect to the deformation mode, we obtain the same characteristics but ca. half the plastic
slip magnitude and half the GND density.

4.6 Conclusions

The importance of extended crystal plasticity models has been understood for many years. The
present study deals with the computational modeling of microcompression of c-axis-oriented
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4 Analysis of slip band formation during compression of micron-sized crystals

a)

b)

Figure 4.12: Comparison between computed stress-strain curves
and experimental data sets for a) 6.1 μm and b) 2.1 μm sample.
For each micropillar size, three di�erent data sets are presented to
demonstrate repeatability of experiments. Chosen hardening param-
eters, which have been calibrated according to the averaged exper-
imental hardening slope of the larger sample, results in very good
agreement for case a) whilst a �nal deviation of about 150 MPa is
obtained between simulation and experiment in case b) due to inter-
mittent strain bursts. Very good correlation with experimental data
sets is obtained when strain bursts are integrated in the simulation
in terms of sectionwise pure plastic loading.
Reprinted from [111] with permission from Elsevier, Copyright 2014.

magnesium single crystal using a strain gradient crystal plasticity model. The governing
equations are derived in a thermodynamically consistent, large deformation framework. One
of the basic physical assumptions upon which the current approach is based is that GND
development and more generally local deformation incompatibility results in energy storage
in the material. In this case, the free energy necessarily depends on the dislocation density
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tensor. The numerical simulations were based on the experimental set-up and the results of
Lilleodden [157]. In case of the set-up, essential indenter components such as the �at punch
and the lateral sti�ness are modeled. The mathematical model accounts for self-hardening, slip
system interactions in terms of latent hardening, GNDs, size-dependent hardening behavior
and the Bauschinger e�ect [17].

It was shown that the inclusion of the plastic slip gradient into the free energy enables a
reasonable prediction of the plastic slip distribution. Due to the (0001) orientation of the
crystal, the numerical simulations are performed with multiple active slip systems and latent
hardening was considered. The typical distinct slip band developing in the micropillar is
well reproduced by the numerical results. Further, the two zones without lattice rotation
at the top, respectively bottom, of the pillar are well captured as well. The general stress-
strain behavior was successfully mapped. In the case of the experimentally observed slope
for the smaller 2.1 μm pillar sample, horizontal deformation jumps, referred to as discrete
strain bursts, appear. Here, microscopic instability e�ects are responsible for that phenomena
leading to a sudden relaxation in the material in terms of dislocation avalanches. These
reduce the overall hardening rate such that a typical size e�ect on the �ow stress is not
directly observable. According to Zaiser and Aifantis [264] and Csikor et al. [60], strain bursts
produce characteristic deformation patterns in the form of slip lines and slip bands. It was
indicated how the strain burst phenomena can be integrated into the deformation process.
The resulting stress-strain curve, characterized by intermittent bursts, is in strong agreement
with the experimental data. Nevertheless, the strain gradient model was able to account
for both smooth as well as intermittent discrete hardening behavior. More comprehensive
investigations, including strain burst phenomena and their e�ect on the microstructure, will
form future work.

In conclusion, the present work contributes to the ongoing research into understanding the
micromechanical behavior of hcp crystals, here, in particular, single-crystal magnesium. The
numerical examples were performed in the full three-dimensional setting. The resulting huge
number of non-linear and strongly coupled equations to be solved simultaneously were suc-
cessfully accounted for, including the full account of the coupling of the governing equations.
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5 Impact of geometrically necessary storage of
dislocations during microbending

The mechanical behavior of single crystalline, micro-sized copper is investigated in the con-
text of cantilever beam bending experiments. Particular focus is on the role of geometrically
necessary dislocations during bending-dominated load conditions and their impact on the char-
acteristic bending size e�ect. Three di�erent sample sizes are considered in this work with
main variation in thickness. A gradient extended crystal plasticity model is presented and
applied in a three-dimensional �nite-element framework considering slip system-based edge
and screw components of the dislocation density vector. The underlying mathematical model
contains non-standard evolution equations for GNDs, crystal-speci�c interaction relations,
and higher-order boundary conditions. Moreover, two element formulations are examined and
compared with respect to size-independent as well as size-dependent bending behavior. The
�rst formulation is based on a linear interpolation of the displacement and the GND density
�eld together with a full integration scheme whereas the second is based on a mixed interpola-
tion scheme. While the GND density �elds are treated equivalently, the displacement �eld is
interpolated quadratically in combination with a reduced integration scheme. Computational
results indicate that GND storage in small cantilever beams strongly in�uences the evolution
of statistically stored dislocations and, hence, the distribution of the total dislocation density.
As a particular example, the mechanical bending behavior in the case of a physically moti-
vated limitation of GND storage is studied. The resulting impact on the mechanical bending
response as well as on the predicted size e�ect is analyzed. Obtained results are discussed and
related to experimental �ndings from the literature.

The content of this chapter has been published in [E. Husser and S. Bargmann, The role of

geometrically necessary dislocations in cantilever beam bending experiments of single crystals,
Materials, 10(3), 289, 2017] and may include some modi�cations.
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5 Impact of geometrically necessary storage of dislocations during microbending

5.1 Introduction

Micromechanical testing of small-scaled single crystals has been excessively practiced in the
last two decades to study the mechanical size-dependence of diverse materials [6, 88, 141, 246].
Di�erent intrinsic (microstructural) e�ects have been found to be triggered by the interplay
of physical size limitation such as free surfaces and the underlying microstructure in which
the initial density of dislocations plays a crucial role. For example, experiments and 3D-
discrete dislocation dynamics (DDD) simulations indicated that the size-dependent response
of Ni single crystals decreases with increasing starting dislocation density [72]. Further, stable
plastic deformation for crystals of ∼360 nm size was achieved and no strengthening e�ect in
the range of 360 nm - 1500 nm was observed for Mo alloy microcrystals [27]. In both cases, the
crystals were machined from relatively strong pre-strained bulk. Conversely, a su�ciently low
initial dislocation density provokes a rapid starvation of available dislocations [89]. However,
this e�ect becomes dominant if, for instance, the diameter Dm of micropillar samples falls
below a critical value (∼1 μm in [89]). In the study of Shan et al. [224], an initial dislocation
density of ∼ 1015 m−2 has fallen very fast to zero for Dm = 160 nm whereas already larger
samples (Dm ≥ 250 nm) were less likely to be dislocation-free after testing. Besides the
characteristic sample dimension, the overall crystal size may additionally be considered as
suggested recently by El-Awady [71].

With increasing sample size, other mechanisms will superimpose and start to a�ect or even
govern the mechanical behavior. Depending on the geometry of deformation induced into the
sample in terms of the applied loading, plastic strain gradients and associated geometrically
necessary dislocations therewith, may increase signi�cantly the plastic work hardening. Bend-
ing represents a typical deformation mode in which plastic strain gradients are induced ex-
trinsically. Fleck and Hutchinson [79] suggest that the stored density of GNDs is proportional
to the curvature of the bended beam. Experiments have found a strong inverse correlation
between beam thickness and increase in strength of the material. For instance, an increase
in the work hardening behavior with decreasing beam thickness has been reported by Stölken
and Evans [233] for thin beams with a variation in thickness between 12.5 μm and 100 μm.
Microbending experiments of Motz et al. [179] con�rmed the strong correlation between �ow
stress and beam thickness. The investigated beam sizes varied in thickness between 7.5 μm
and 1 μm. In the same work, it was pointed out that a regular alignment of GNDs (as would be
expected in pure bending) is insu�cient to explain the size e�ect. The responsible mechanism
could be dislocation source limitation as a result of a rapid starvation of initially available dis-
locations as well as back-stress e�ects induced by dislocation pile-ups along the neutral axis.
Numerical results of 3D-DDD beam bending simulations with thicknesses between 0.5 μm and
1.5 μm revealed that a combination of pile-up of GNDs and source size limitation mimics the
experimental data quiet well [180]. These �ndings indicate the complexity of size-dependent
strengthening behavior due to superposition of di�erent mechanisms. Accordingly, it is di�-
cult to independently estimate the size-dependent hardening contribution associated with each
mechanism based on experimental data. For that reason, a gradient extended crystal plasticity
model is used to investigate the size range (characterized by means of the beam thickness)
and the extent to which GNDs a�ect the size-dependent bending behavior of small-scaled
cantilever beams.

The aim of this work is to examine the size-dependent bending response for a range of sample
sizes. In particular, we focus on three sample sizes with a variation in thickness between 2.5 μm
and 5.0 μm. For this purpose, a higher-order gradient crystal plasticity model is implemented
in a three-dimensional �nite element framework. Highlights of the model are non-standard
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5.2 Modeling aspects

evolution relations for edge and screw components of the slip system-based dislocation density
vector, crystal-speci�c interaction relations, and higher-order gradient boundary conditions.
The gradient e�ect associated with accumulating GND densities is of primary interest. In
order to gain additional insights, the size-dependent impact of GNDs on the evolution of SSDs
is investigated as well. The mechanical response of cantilever beams is further addressed for
the case when the evolution of GNDs saturates due to a physical limitation. The number
of dislocations to be stored locally due to compatibility reasons cannot be arbitrary high.
Accordingly, a feasible limit for GND storage is introduced. All results are discussed and
related to experimental �ndings from the literature.

5.2 Modeling aspects

The previously presented gradient crystal plasticity model is modi�ed in order to account
for the fcc crystal lattice considered in the here studied microbending problem of Cu single
crystal. In particular, this involves the evolution equations for GND densities and associated
interaction relations within. Moreover, this results in a more complicated de�nition of the
scalar-valued microstress.

5.2.1 Governing equations

The so-called dislocation tensor represents a continuum measurement for GND densities from
which the vector-valued GND vector ġiα is derived, cf. [42]. Its general form, recall Eq.
(3.59), accounts for dislocation collision processes, for instance, interactions between mobile
dislocations of active slip systems mimicked by the plastic slip rates and stored dislocations
on latent slip systems. For most applications, it is su�cient to account for the edge and screw
component of the GND density vector only. Hence, it is assumed that there is no development
of plastic slip gradients perpendicular to the slip planes, i.e., ġiα ·nα = 0 [9]. With respect to
fcc crystals, more speci�c interaction relations are proposed for the edge and screw components
of the GND density based on moduli for edge-edge ιeeαβ , edge-screw ιesαβ , screw-screw ιssαβ , and
screw-edge ιseαβ dislocation intersections:

ιeeαβ = |sα · sβ| |nα × nβ| ,
ιesαβ = |sα · tβ| |nα × nβ| ,
ιssαβ = |tα · tβ| |nα × nβ| ,
ιseαβ = |tα · sβ| |nα × nβ| .

(5.1)

In addition, slip coplanarity moduli χαβ are introduced in accordance to previous works (e.g.,
[7, 15, 99]) as

χαβ =

{
0 for |nα × nβ| 6= 0 noncoplanar,

1 for |nα × nβ| = 0 coplanar.
(5.2)

In the case of coplanar slip systems, i.e., slip planes of system α and β are parallel to each
other, all intersection moduli vanish and slip-system interactions are solely determined by
coplanarity moduli. Recall that the GND components are obtained by projecting the plastic
slip gradients on the slip directions sα and the transverse slip directions tα (see Arsenlis and
Parks [4], Gurtin and Anand [97]). Then, under consideration of no development of plastic
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5 Impact of geometrically necessary storage of dislocations during microbending

slip gradients perpendicular to the slip planes, Eq. (3.59) is substituted by

ġeiα =
∑
β

να
[
geiβ
[
ιeeαβ + χαβ

]
+ gsiβ

[
ιesαβ + χαβ

]]
− 1

b
∇iνα · sα (5.3)

and

ġsiα =
∑
β

να
[
gsiβ
[
ιssαβ + χαβ

]
+ geiβ

[
ιseαβ + χαβ

]]
− 1

b
∇iνα · tα, (5.4)

respectively using the above introduced interaction moduli. The �rst relation in Eq. (5.3)
accounts for the impact of stored edge and screw GND densities (with respect to latent slip
systems β) on the evolution of the edge GND density of slip system α whereas the second
term measures the geometrically necessary edge dislocation density by means of the plastic
slip gradient ∇iνα. A similar relation is given in Eq. (5.4) for the geometrically necessary
screw dislocation density.

For the sake of completeness, we recall the balance of linear momentum (with respect to the
intermediate con�guration) in the absence of body forces and for quasi-static and isothermal
conditions,i.e., 0 = Divi(F E · SE). At the local level, the viscoplastic �ow rule is de�ned in
the form of Perzyna, i.e., να = ν0[< φα > /C0]m, cf. Eq. (4.7)2.

5.2.2 Constitutive relations

The free energy density ψi is additively decomposed as shown in Eq. (3.64). The hyperelastic
energy contribution ψel

i is postulated in terms of an isotropic Neo-Hookean law, cf. Eq. (3.25).
With respect to the local energy contribution ψl, a Voce-like relation as prescribed in Eq.
(3.80) is adopted, see also [134]. This choice is motivated by numerous observations where
the stress-strain response of copper single crystal is characterized by a pronounced saturation
behavior, cf. [21, 66, 133, 179].

The free energy increases due to storage of GNDs in the material. Adapting the Ashby-like
component representation of the GND density, cf. Eq. (3.84), edge and screw dislocation char-
acters associated with distortion and twisting of the crystal lattice respectively, are introduced
into the defect energy. Considering the similarity of slip systems in fcc crystals, the defect
energy takes the form

ψg
i =

1

2

∑
α

l2b2
[
He

0 [geiα]2 +Hs
0[gsiα]2

]
. (5.5)

With that, the constitutive relation for the backstress-like vector is obtained from the chain
rule

κα =
∂ψi
∂∇iγα

=
∂ψg

i

∂geiα

∂geiα
∂∇iγα

+
∂ψg

i

∂gsiα

∂gsiα
∂∇iγα

. (5.6)

Due to the dependence of ġeiα and ġsiα on the slip rate να, the scalar-valued microstress κα is
determined as

κα =
∂ψi
∂γα

=
∂ψl

∂γα
+

[
∂ψg

i

∂geiα

∂geiα
∂γα

+
∂ψg

i

∂gsiα

∂gsiα
∂γα

]
. (5.7)
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5.3 Numerical implementation

The �rst derivative on the right-hand side of Eq. (5.7) is previously determined, cf. Eq. (3.81).
The term in the brackets describes a latent hardening contribution in terms of GND intersec-
tion and collision e�ects which are particularly pronounced upon load reversal. The speci�c
forms are derived below after application of a time discretization scheme.

5.2.3 Boundary conditions

As we study the bending behavior of a single crystal with free surfaces, microfree boundaries
are chosen according to Eq. (3.87). With these conditions, dislocation pile-ups are refused
at the exterior of the crystal and, hence, all boundaries appear to be transparent to dislo-
cation motion. Indeed, this is an idealized approximation of the surface mechanics which,
nevertheless, may be still appropriate at su�ciently large crystal dimensions.

5.3 Numerical implementation

The solution algorithm for the highly coupled and strongly non-linear multi-�eld problem
is based on the dual-mixed �nite element method as proposed by Ekh et al. [70]; see also
Bargmann et al. [14, 17]. In this, GND densities are introduced as nodal degrees of freedom
in addition to the displacement. The basis for implementing the material model into a �nite
element framework is the variational form of the underlying governing equations. Applying
the principle of virtual work to the balance of linear momentum yields

0 =

∫
Bi

1

2
SE : δCEdVi −

∫
∂Bi

δu · [F E · SE] ·N idAi, (5.8)

where δu is a vector-valued test function and δCE = [F T

E ·∇i(δu) +∇i(δu)T ·F E] denotes the
variation of the right Cauchy-Green stretch tensor. The corresponding mechanical boundary
conditions read

[F E · SE] ·N i = 0 on ∂BFi
u = ū on ∂Bui ,

(5.9)

where ∂Bi = ∂BFi ∪∂Bui . In a similar manner, the variational forms of Eqs. (5.3) and (5.4) are
obtained. An implicit �nite-di�erence method is chosen for the time discretization of the global
�eld relations such that ġeiα = ∆geiα/∆t, where ∆t measures the current time increment and
∆geiα = geiα(n+1)−g

e
iα(n). The same holds for the screw component, i.e., ∆gsiα = gsiα(n+1)−g

s
iα(n).

As an approximation, plastic slip rates are discretized analogically, i.e., να = ∆γα/∆t, where
∆γα = γα(n+1) − γα(n). With this at hand, the variational forms are written as

0 =

∫
Bi
δgeα∆geiαdVi

−
∫
Bi
δgeα

∑
β

∆γα
[
geiβ
[
ιeeαβ + χαβ

]
+ gsiβ

[
ιesαβ + χαβ

]]
dVi

− 1

b

∫
Bi

∆γαDivi (δg
e
αsα) dVi

+
1

b

∫
∂Bi

δgeα∆γαsα ·N idAi,

(5.10)
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and

0 =

∫
Bi
δgsα∆gsiαdVi

−
∫
Bi
δgsα

∑
β

∆γα
[
gsiβ
[
ιssαβ + χαβ

]
+ geiβ

[
ιseαβ + χαβ

]]
dVi

− 1

b

∫
Bi

∆γαDivi (δg
s
αtα) dVi

+
1

b

∫
∂Bi

δgsα∆γαtα ·N idAi,

(5.11)

respectively. Here, δgsα and δg
e
α are arbitrary test functions. Next, the time-discretized versions

of the microstresses are obtained as

κα =
∂ψg

i(n+1)

∂∇iγα(n+1)
= −l2bHe

0 [geiαsα + [1− ν]gsiαtα] , (5.12)

resp.

κgα =
∂ψg

i(n+1)

∂γα(n+1)
= l2b2He

0

geiα∑
β

[
geiβ
[
ιeeαβ + χαβ

]
+ gsiβ

[
ιesαβ + χαβ

]]

+ [1− ν]gsiα
∑
β

[
gsiβ
[
ιssαβ + χαβ

]
+ geiβ

[
ιseαβ + χαβ

]] .
(5.13)

Both equations are fully implicit. Therefore, it is not explicitly indicated that the time-
dependent quantities are associated with the new time increment t(n+1) = t(n) + ∆t.

5.4 Set-up of the numerical example

5.4.1 Finite element model

The presented gradient-based crystal plasticity model is applied to microbending experiments
of copper single crystal. Three micron-sized cantilever beams with varying thickness h in the
range between 2.5 μm and 5.0 μm are under investigation, see Table 5.1 for exact sample
dimensions. In order to prevent additional in�uences on the size-dependent hardening, the
momentum arm lb as well as the edge length in width direction w are kept constant for all
geometries. This allows for a meaningful interpretation of the results for which a strong corre-
lation between the strength of the material and the thickness of the beam is expected (Evans
and Hutchinson [76]). Sample geometries and crystallographic orientation were exemplary
chosen in accordance to the experimental set-up of Motz et al. [179]. Details regarding sample
preparation and fabrication are provided in [127]. In that experimental study, various single
crystalline cantilever beam samples were fabricated by the focused-ion beam (FIB) technique
and loaded with an indenter tip at the free end.

With regard to the �nite element model, quadratic serendipity elements (twenty-node) have
been used for geometry approximation whereas displacement and the GND density degrees of
freedom have been solved with a di�erent number of nodes, cf. Fig. 5.1. Here, the solution of
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the displacement �eld is based on a fully quadratic FE-approximation combined with a reduced
integration scheme (2 × 2 × 2 Gauss points). This approach is known to be well suitable for
bending-dominated problems. In contrast, the GND densities are only evaluated at the corner
nodes in terms of a linear FE-approximation using the full integration scheme, see Fig. 5.1b.
This mixed-element formulation - henceforth denoted as 20RI8FI - was examined by Kuroda
[151] for the two-dimensional case with respect to simple shear and compression problems and
was revealed to be well suitable for applications in the context of higher-order gradient crystal
plasticity as it exhibits a reliable performance. The �nite element meshes of the cantilever
beams are illustrated in Fig. 5.2 whereas the corresponding geometry and discretization data
is provided in Table 5.1. Fig. 5.2 includes a mesh for which both �elds are approximated with
trilinear eight-node elements and 2×2×2 Gauss points (full integration scheme), cf. Fig. 5.1a.
In the results section, a comparison in performance between the mixed-element (20RI8FI) and
the fully linear formulation (8FI8FI) is carried out for selected cases concerning cantilever
beam #1.

Beam lb [μm] w [μm] h [μm] Elements

#1 (8FI8FI) 15 2.5 2.5 8790

#1 (20RI8FI) 15 2.5 2.5 3864

#2 (20RI8FI) 15 2.5 3.5 4480

#3 (20RI8FI) 15 2.5 5.0 5712

Table 5.1: Sample dimensions and discretization data for the here
investigated cantilever beam geometries.

a) b)

Figure 5.1: Schematic illustration of implemented �nite element
schemes: a) Eight-node hexahedral element with full integration
scheme (8FI8FI) - displacement �elds and GND density �elds are
interpolated by trilinear shape functions; b) Twenty-node hexahe-
dral element with mixed integration scheme (20RI8FI) - displace-
ment �elds are interpolated by quadratic serendipity shape func-
tions combined with the reduced integration scheme whereas the
GND density �elds are interpolated by trilinear shape functions in
combination with the full integration scheme).
Reprinted from [109] with permission from MDPI, Copyright 2017
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5 Impact of geometrically necessary storage of dislocations during microbending

a) b)

c) d)

Figure 5.2: Finite-element meshes, crystallographic orientation,
and dimensions of investigated cantilever beam geometries: a),b)
cantilever beam #1; c) cantilever beam #2; d) cantilever beam #3.
Mesh a) is generated by eight-node hexahedral elements whereas
meshes b)-d) are generated by twenty-node hexahedral elements, cf.
Fig. 5.1. Exact dimensions are summarized in Table 5.1.
Reprinted from [109] with permission from MDPI, Copyright 2017.

5.4.2 Crystallography and material

The crystallographic orientation of the crystals is chosen in accordance to the experiments in
[179]: the [11̄0] direction is aligned parallel to the longitudinal beam axis (parallel to X1) and
the (111)-plane is oriented parallel to the X1-X2 plane, cf. Fig. 5.2a. The applied de�ection
results in the typical tensile and compressive dominated zones which determine the resolved
shear stress on the individual slip systems and, thus, dominate their activation (at least for
the here relevant bending load regime). There exist four non-zero Schmid factors fα for the
particular crystal orientation as indicated in Table 5.2 together with the slip system designation
of the fcc lattice.

In the here considered �ow rule, cf. Eq. (4.7)2, each slip direction is associated with a stand-
alone slip system. In fcc crystals, there are generally 12 edge and six screw dislocation char-
acters as each screw dislocation line is shared by two slip planes, cf. [147].

The elasticity parameters for copper, i.e., Young's modulus E = 126.9 GPa and Poisson's ratio
ν = 0.35, are taken from [179], respectively. Further, the initial yield limit is chosen to be
Yα0 = 1.5 MPa in agreement with experiments of single crystals, see for instance [20, 87]. The
magnitude of the Burgers vector is taken as b = a/

√
2 = 0.2552 nm, based on a lattice constant

of a = 0.3609 nm [120]. In order to minimize rate e�ects, the rate-sensitivity parameter is
chosen to be m = 20 and the reference slip rate is put on a level with the macroscopic (quasi-
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√
2sα

√
6tα

√
3nα fα

[011̄] [211] [11̄1̄] 0.4082

[101] [1̄2̄1] [11̄1̄] 0.4082

[1̄1̄0] [1̄12̄] [11̄1̄] 0

[01̄1] [21̄1̄] [111] 0

[101̄] [1̄21̄] [111] 0

[1̄10] [1̄1̄2] [111] 0

[011] [2̄11̄] [1̄1̄1] 0

[1̄01̄] [12̄1̄] [1̄1̄1] 0

[11̄0] [112] [1̄1̄1] 0

[01̄1̄] [2̄1̄1] [1̄11̄] 0.4082

[1̄01] [121] [1̄11̄] 0.4082

[110] [11̄2̄] [1̄11̄] 0

Table 5.2: C.s.s. of copper (fcc): slip direction sα, transversal
slip direction tα, slip plane normal nα, and initial Schmid factor
fα. Slip activation is mainly determined by the bending stresses as
an accommodation of plastic deformation by slip systems with an
initially zero Schmid factor is rather unlikely.

static) load rate, i.e., ν0 = 10−3 s−1. The drag stress parameter is assumed to be C0 = 10
MPa. Moreover, the same constitutive length-scale parameter is applied to all slip systems in
analogy to the Burgers vector magnitude. In [233], l was found to be 4 μm for highly pure Ni.
Since a similar magnitude was obtained for torsion tests of copper wires, cf. [80], this value is
adopted here. Particular choices for hardening moduli and the saturation rate are discussed
in Section 5.5.1. All material parameters are summarized in Table 5.3.

5.5 Numerical results: Microbending of Cu single crystal

5.5.1 Element choice: Eight-node hexahedral element with full integration (8FI8FI)
vs. twenty-node hexahedral element with mixed integration (20RI8FI)

As a starting point, the size-independent response is studied, i.e., the bending response in
the absence of gradient e�ects which is obtained when l/h ≈ 0. By setting l = 0, the
computations mimic the response of bulk samples independent of the actual sample dimensions.
A macroscopic bending test from [179] serves as a reference in order to calibrate the local
hardening modulus H l

0 as well as the saturation rate csat. All numerical bending tests were
loaded up to 10 % normalized de�ection (applied de�ection/initial momentum arm). Optimal
values are identi�ed as H l

0 = 77.5 MPa and csat = 103. The �nal results are shown in Fig. 5.3.
As seen, this choice results in a good saturation behavior with rapid hardening behavior for
all three sample sizes associated with the 20RI8FI-formulation. All curves yield the reference
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Young's modulus E 126.9 GPa

Poisson's ratio ν 0.35 -

Microscopic yield stress Yα0 1.5 MPa

Local hardening modulus H l
0 77.5 MPa

Gradient hardening modulus He
0 1 GPa

Saturation rate csat 103 -

Reference slip rate ν0 10−3 s-1

Rate sensitivity parameter m 20.0 -

Drag stress C0 10.0 MPa

Length scale l 4.0 μm

Length of Burgers vector b 0.2552 nm

Table 5.3: Material parameters of Cu single crystal used for nu-
merical computations.

�ow stress of ≈227 MPa, i.e., the bending response is clearly size-independent (independent
of the beam thickness). By comparing the bending response of cantilever beam #1 of the two
element formulations, it is clearly seen that the 8FI8FI-element formulation overestimates the
strength and the bending sti�ness. A deviation in the stress-strain curve is already obvious
after ≈1% normalized de�ection. Further, the saturation level as well as saturation behavior
are not captured correctly. This is due to a bending-dominated deformation mode which
cannot be properly captured by the linear element formulation due to locking e�ects.

Next, the size-dependent material behavior is investigated. Exemplarily, cantilever beam #1
is studied as the strongest impact is expected for the beam sample with the smallest thick-
ness. A linear-like hardening behavior is observed (cf. Fig. 5.3) which is associated with a
continuously increasing (plastic) strain gradient during bending. The strain gradient scales
the higher-order gradient hardening in terms of the back-stress Divi(κα). Hence, the gradient
hardening contribution constantly increases which in the end prevents a saturation of the over-
all hardening response. As in the size-independent case, the 8FI8FI-formulation overestimates
the bending response. Yet, the di�erence at the �nal deformation state appears to be not that
pronounced which indicates that the computational accuracy of the GND �eld is not a�ected
by the 8FI8FI-element formulation.

In the following, a qualitative comparison with regard to the GND density and the plastic slip
is carried out. For that reason, the e�ective GND density ge�i is introduced as a function of
the admitted edge and screw GND components

ge�i =

√∑
α

[giα]2 =

√∑
α

[geiα]2 + [gsiα]2, (5.14)

where giα is the net GND density associated with slip system α. In analogy, the e�ective
plastic slip γe�, computed according to Eq. (3.47), serves as a representative variable in order
to compare the distribution of plastic deformation.
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5.5 Numerical results: Microbending of Cu single crystal

Figure 5.3: Size-independent bending response for H l
0 = 77.5 MPa

and csat = 103. Simulations of all three sample sizes (20RI8FI)
yield the reference data of [179]. The FE-mesh with linear elements
(8FI8FI) overestimates the sti�ness as well as the strength due to
volumetric locking in case of bending-dominated loading for the size-
independent as well as the size-dependent case.
Reprinted from [109] with permission from MDPI, Copyright 2017.

Exemplarily, Fig. 5.4 depicts the distribution of the e�ective GND density ge�i along the
central middle axis for both element formulations. The results are within the same order of
magnitude or even identical, i.e., the GND density �eld is well captured by both formulations.
This holds true for both, the qualitative distribution along the middle central axis as well as
the quantitative distribution within the X1-X3-plane. Consequently, the bending response
(but not the GND evolution) is a�ected by volumetric locking in case of the 8FI8FI-element
formulation. The contour plot for the case of 20RI8FI-elements is not presented as only
marginal di�erences are present compared to the contour plot in Fig. 5.4. Nevertheless, the
contour plot of ge�i can be found in Fig. 5.7 where the pile-up characteristic of GNDs is analyzed
in more detail.

The distribution of the e�ective plastic slip γe� is qualitatively compared along the highest
and lowest central path parallel to the beam axis, see Fig. 5.5. In addition, a quantitative
comparison is provided on the basis of the e�ective plastic slip distribution within the central
X1-X3-plane. As seen, di�erences are found near the supporting end, i.e., close to a normal-
ized position of ≈ 0. Here, the 20RI8FI-element formulation resolves a higher magnitude of
γe� which is con�rmed by the contour plots. Slightly higher values of γe� are also computed
in regions where both formulations are close to each other. Besides, it can be seen that plastic
deformation is only accommodated within the �rst third/half of the beam sample (referred to
the �xed side) whereas the rest of the beam �nger remains straight. Such a localized plastic
deformation is characteristic for cantilever beam bending.
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5 Impact of geometrically necessary storage of dislocations during microbending

Figure 5.4: Distribution of the e�ective GND density ge�i for the
cantilever beam sample #1 along the middle beam axis (from left
to right) for the particular case He

0 = 1 GPa. The corresponding
contour plot within the central X1-X3-plane is additionally shown
for the 8FI8FI-element formulation (cf. Fig. 5.7 for the 20RI8FI-
element formulation). Both formulations yield very similar results,
indicating that the GND density �eld is not a�ected by the choice
of element formulation.
Reprinted from [109] with permission from MDPI, Copyright 2017.

5.5.2 Bending size effect: Influence of sample thickness

Experiments show that the bending size e�ect is strongly correlated to the beam thickness. For
that reason, the ability of the model to predict a strengthening e�ect as a result of thickness
reduction is studied. This investigation allows in turn to quantify the role of GNDs within
cantilever beam bending experiments. All subsequent computations are based on the 20RI8FI-
element formulation. All three sample sizes are loaded up to 10 % normalized de�ection using
a gradient hardening modulus of He

0 = 1 GPa, which corresponds to Hs
0 = 650 MPa via Eq.

(3.85). The length scale parameter l is involved in all subsequent computations with the value
stated in Table 5.3. A relatively high value is chosen in order to obtain a rather strong size
e�ect such that the impact of the characteristic sample dimension is immediately recognizable.
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Figure 5.5: Distribution of the e�ective plastic slip γe� for the
cantilever beam sample #1 along the indicated paths of the central
cross section. In addition, the distribution is shown within the cen-
tralX1-X3-plane. Results show some noticeable di�erences between
both element formulations, in particular, close to the supported end,
which refer mainly to the magnitude of γe�.
Reprinted from [109] with permission from MDPI, Copyright 2017.

The results in terms of stress-strain curves for all three cantilever beam samples are presented
in Fig. 5.6. A clearly recognizable increase in strength is obtained for all three beam sizes
compared to the reference saturation stress, i.e., the size-independent response measured in
[179]. The smallest sample (cantilever beam #1, thickness of h = 2.5 μm) exhibits the sti�est
response. With increasing beam thickness, the bending response becomes softer. Accordingly,
the response of cantilever beam #3 (thickness of h = 5 μm) is the softest and for h = 3.5
μm (cantilever beam #2), the response is located in between. The obtained size e�ect is well
captured by the non-local crystal plasticity model. The slop in the elasticity-dominated regime
shows the exact opposite trend. Here, the slope is determined by the second moment of area
and, hence, by the beam thickness h. At a later stage of deformation, the back-stress e�ect
resulting from the storage of GNDs becomes dominant in terms of the work-hardening rate.
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5 Impact of geometrically necessary storage of dislocations during microbending

Figure 5.6: Size-dependent bending response of cantilever beams
with di�erent thicknesses. The strengthening e�ect associated with
the accumulation of GNDs is the strongest for cantilever beam #1,
having the smallest thickness of h = 2.5 μm. The softest response is
obtained for cantilever beam #3 with h = 5 μm. The general trend
in terms of smaller is stronger is captured well by the underlying
model. All computations refer to the 20RI8FI-element formulation.
Reprinted from [109] with permission from MDPI, Copyright 2017.

By considering the distribution of GNDs within the central cross section of the beams, i.e.,
within the X1-X3-plane as displayed in Fig. 5.7, it is seen that high densities of GNDs are
accumulated at the supported end of the beams where the deformation is concentrated. In
this region, GNDs pile up along the neutral plane (zero benging stress isoline), which does not
necessarily coincide with the middle beam line. In fact, a shift of the stress �eld towards the
bottom is caused to some extent by the supported end of the cantilever beam.

For all three sample sizes, a similar distribution of the e�ective GND density is found with a
maximum value of ge�i ≈ 7.0 × 1013 m−2, located at the lower half of the clamped side. In
other words, the population of GNDs directly scales with the deformation gradient imposed by
the normalized de�ection as this is the same for all three beam geometries. Nevertheless, the
resulting back-stress contributes di�erently for the samples leading to higher bending stresses
σben for thinner beam samples. This can be partially explained by the fact that the computed
bending stress1 σben = Mp

b /S
p depends on the plastic section modulus Sp = wh2/4 which is

a pure geometrical information. Further, Mp
b = FRlb denotes the plastic bending moment.

Thus, the resulting �ow stress scales inversely proportional to the square of the beam thickness
h. Accordingly, there must be a scaling e�ect resulting from the beam width w, even if this
e�ect is expected to be smaller. As w is kept constant in the present study, a pure dependence
on the sample thickness is obtained. In the experiments, however, an in�uence of the beam
width w is likely due to dimensional deviations caused by the fabrication process.

1It is assumed that plastic deformation dominates which holds true at least in the most relevant strain
regime εben >≈ 0.35, i.e., in the regime where the bending stress is saturating (cf. [179]).
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Figure 5.7: Distribution of the e�ective GND density ge�i for all
three sample sizes within the central cross section (X1-X3-plane)
after 10 % normalized de�ection. GNDs pile up along the neutral
plane indicated by the dashed line. Although the distribution of
ge�i appears to be similar with respect to all three beam sizes, their
impact on the bending response is strongly correlated to the beam
thickness via the plastic section modulus Sp. In view of the e�ective
SSD density shown in Fig. 5.8, a strong e�ect on the evolution is
found due to the impact of GNDs.
Reprinted from [109] with permission from MDPI, Copyright 2017.

The role of GNDs is further assessed by means of the statistically stored dislocation density.
To do so, we introduce the e�ective SSD density ζe� as a function of γe� and the e�ective free
path of moving dislocations Le�

ζ̇e� =
νe�

bLe�
, (5.15)

where

Le� =
K√
ρe�

, (5.16)

ρe� = ζe� + ge�i is the total (e�ective) dislocation density, and K is a material constant.
Eq. (5.15) represents a modi�ed version of the originally proposed relation by Essmann and
Mughrabi [75, 240]. Corresponding interaction processes are intrinsically considered via the
calculation of γα and giα, respectively. K = 10 ([78]) and ζe�0 = 2.0 × 1012 m−2 ([180]) are
given in the literature.
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In Fig. 5.8, the contour plots illustrate that the density of SSDs is naturally concentrated
within highly deformed zones. More interestingly, the magnitude of ζe� reduces considerably
with decreasing thickness of the cantilever beam. This indicates that the impact of GNDs on
the evolution of SSDs is increased for smaller samples. In other words, the magnitude of SSDs
approaches the magnitude of GNDs with decreasing sample dimensions, leading to a more
pronounced in�uence on the bending response in case of smaller beams coming from accumu-
lated GNDs. This indicates that the location of most prominent dislocation accumulation, for
instance in terms of the total dislocation density ρe�, shifts from the beam surface towards
the beam center with decreasing beam thickness.

Figure 5.8: Distribution of the e�ective SSD density ζe� for all
three sample sizes within the central cross section (X1-X3-plane)
after 10 % normalized de�ection. The density of SSDs approaches
the density of GNDs with reducing beam thickness, leading to a more
pronounced in�uence on the mechanical bending response coming
from accumulated GNDs.
Reprinted from [109] with permission from MDPI, Copyright 2017.

5.5.3 Bending size effect: Impact of a saturating GND density

The plastic deformation is strongly localized at the supported end of the beam. In this region,
the number of GNDs increases with increasing bending load due to compatibility reasons.
Accordingly, the hardening contribution from the higher-order gradient Divi(κα) continuously
increases which is re�ected by the slope in the hardening behavior, cf. for instance Fig. 5.6.
However, from a physical point of view, the number of dislocations stored locally cannot be
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arbitrary high [105]. For that reason, the impact of a maximum permissible GND density
on the bending response is investigated for cantilever beam #1 by setting up two di�erent
saturation values which are applied to each slip system independently: gmax

iα = 1 × 1013 m−2

and gmax
iα = 2×1013 m−2, respectively. Saturated GND densities have been also incorporated,

e.g., in [196]. Hence, in consideration of Eqs. (5.4) and (5.4), the evolution equations for edge
and screw GND densities are exposed to the following case di�erentiations

ġeiα =


∑

β να

[
geiβ

[
ιeeαβ + χαβ

]
+ gsiβ

[
ιesαβ + χαβ

]]
− 1

b
∇iνα · sα, if geiα(n+1) < gmax

iα ;

0, if geiα(n+1) ≥ g
max
iα ,

(5.17)

and

ġsiα =


∑

β να

[
gsiβ

[
ιssαβ + χαβ

]
+ geiβ

[
ιseαβ + χαβ

]]
− 1

b
∇iνα · tα, if gsiα(n+1) < gmax

iα ;

0, if gsiα(n+1) ≥ g
max
iα .

(5.18)

As in the previous cases, all computations are based on the 20RI8FI-element formulation
and are performed up to 10 % normalized de�ection. The resulting stress-strain curves are
presented in Fig. 5.9 together with the size-independent reference and the response of an
unrestricted GND density evolution. Those cases represent the lower resp. upper bound of the
mechanical bending behavior in terms of strength. The bending response in case of a limited
GND evolution shows a saturation-like hardening behavior where the increase in strength
relative to the size-independent case is related to the applied GND density limit. Hence, the
stress saturation level is steered by the magnitude of gmax

iα in the way that a higher saturation
limit causes a delayed deviation from the unrestricted case. In fact, once the saturation limit
of gmax

iα is reached, the size-dependent micro-hardening stresses become decoupled from the
gradient of plastic slip. Accordingly the size-dependent hardening contribution coming from
Divi(κα) is limited. In related experiments, the bending response for a cantilever beam of size
2.5× 5.0× 16.3 μm (h×w× lb) was found to show a stress saturation already at about 3.5%
normalized de�ection [179]. Thus, a saturation limit for GNDs around 1× 1013 m−2 appears
to be reasonable with respect to the current problem (cf. Fig. 5.9). In comparison to the
size-independent case, this yields an increase of about 118 MPa in �ow stress which is solely
related to the geometrically necessary storage of dislocations. Furthermore, it can be seen
from Fig. 5.9 that the bending size e�ect is conserved when comparing the bending response
between the di�erently sized cantilever beams for the particular case if gmax

iα = 1× 1013 m−2.
The resulting e�ective back stress τ e�b , de�ned as

τ e�b =

√∑
α

Divi(κα)2, (5.19)

is compared in Fig. 5.10 for selected magnitudes of gmax
iα and sample thicknesses h. As can be

seen, the size-dependent hardening contribution is much higher for the higher GND density
limit which is consistent with the determined bending response in Fig. 5.9. At the same time,
the impact of the thickness is negligible for a particular gmax

iα value.

5.6 Discussion

The bending size e�ect is characterized by an increasing strength with decreasing sample
thickness. A strong correlation between �ow stress and beam thickness was found by Motz
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Figure 5.9: Impact of a maximum permissible GND density gmax
iα

on the mechanical bending response of Cu single crystals. As seen for
cantilever beam # 1, the resulting saturation level is steered by the
magnitude of gmax

iα . Furthermore, the bending size e�ect is conserved
when comparing the response between the di�erently sized cantilever
beams for a GND saturation limit of gmax

iα = 1× 1013 m−2.
Reprinted from [109] with permission from MDPI, Copyright 2017.

et al. [179] for thicknesses in the range 7.5 μm to 1 μm. A similar trend was found by Demir
et al. [66] for alternative single crystal geometries with average thicknesses in the range 4.23
μm to 1.02 μm. In this size regime, the bending size e�ect is associated with a combination
of di�erent mechanism. Besides the geometrically necessary storage of dislocations, disloca-
tion starvation and dislocation source limitation are known to a�ect the plastic deformation
behavior. Dislocation source limitation plays a dominant role for very small beam sizes as the
statistical distribution of dislocation sources becomes then more and more crucial, cf. [241]. As
a consequence of a limited availability of source density within the localized region of plastic
deformation (supported beam end), the yield limit of the material may increase signi�cantly.
In this respect, the storage of GNDs imposes an additional resistance to dislocation nucleation,
yielding an increasing nucleation strength. Last but not least, plasticity is strongly controlled
by the initial dislocation density of the crystal [224]. In the particular case of microbending
of single crystals, dislocations are able to leave the crystal through the free surfaces at some
point [179]. This process of starving or escaping dislocations �nally leads to the extinction
of initially available dislocations [88]. Hence, with a su�ciently small number of obstacles in
the single crystalline sample, the size-dependent �ow stress is additionally governed by the
applied deformation rate relative to the dislocation nucleation rate which determines the re-
quired stress level for continuing operation of individual dislocation sources, see also Balint et
al. [12]. Keeping in mind that an accurate fabrication of micro-cantilever samples is a challeng-
ing task, there is currently no su�cient data available allowing for a meaningful interpretation
of the impact of each of the sample dimensions - thickness, width, and length - independently.
For that reason, strengthening e�ects mentioned above are neglected in the current numerical
study. Instead, the focus is solely on the micromechanical role of GNDs and their impact on
the mechanical bending response as a function of the beam thickness h.
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Figure 5.10: E�ective back stress τ e�b for selected gmax
iα values and

cantilever beam sizes. The size-dependent resistance to bending de-
formation increases with increasing GND density limit. The sample
thickness has a negligible impact on the back-stress evolution for a
�xed gmax

iα .
Reprinted from [109] with permission from MDPI, Copyright 2017.

The numerical results correctly capture the commonly observed trend `smaller is stronger'.
In fact, the size-dependent strengthening e�ect due to the back-stress e�ect induced by the
storage of GNDs is predicted very well for two di�erent cases: (i) unrestricted evolution of
GND densities and (ii) physically limited GND densities. In case (i), GND densities evolve
with increasing plastic slip gradients which, for the particular case of cantilever beam bending,
continuously grow within the deformation-localized region. In contrast, the evolution of GND
densities is limited in case (ii) and completely vanishes if a certain saturation limit is reached,
i.e., if the plastic strain gradient becomes very large. This mimics a more realistic microme-
chanical behavior as is supported by the characteristics of related experimental force-de�ection
curves. Moreover, the local number of GNDs to be stored locally cannot be arbitrary high (cf.
[105]). The numerically determined �ow stresses for the here investigated beam thicknesses
and for the particular case of gmax

iα = 1 × 1013 m−2 are illustrated in Fig. 5.11 along with
available experimental data from the literature. The simulation data is solely a function of the
beam thickness h while experimentally determined data sets might (undesired) be a�ected by
the reduction of the other sample dimensions (lb and w) or by varying dimension ratios (lb/h
and lb/w). Apparently, changing sample dimensions and their ratios add substantially to the
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Figure 5.11: Experimentally and numerically determined relation
between �ow stress σben and beam sample thickness h in microbend-
ing of Cu single crystals together with associated power �ts. The de-
viations between the two experimental data sets might be explained
by the di�erent sample geometries: cantilever beams with rectangu-
lar cross section and high lb/h as well as lb/w ratios ([179]); can-
tilever beams with trapezoidal cross section, high lb/havg ratios, but
low lb/w ratios ([66]). The numerically determined �ow stress values
show a reasonable strengthening e�ect in the regime where GNDs
dominate the micromechanical behavior of the crystal, i.e., in the
range h & 3 μm. For h . 3 μm, the impact of dislocation starva-
tion and source limitation become crucial, leading to an even more
pronounced increase in �ow stress with decreasing beam thickness
h. The data of Demir et al. [66] refers to a �ow stress measurement
at 0.06 strain.
Reprinted from [109] with permission from MDPI, Copyright 2017.

complexity of the superimposed e�ect associated with the mechanisms discussed above. This
might be one explanation for the deviations between the experimental data sets of [66, 179].
A meaningful discussion regarding the impact of the initially available dislocation density is
not possible due to the lack of data.

Both experimental data sets were �tted by a power function of the form yh−k + z using
the Levenberg-Marquardt algorithm, see Fig. 5.11. Then, an error analysis is conducted for
the data set of Motz et al. [179] in order to draw �nal conclusions regarding the statistical
representativeness of the measurements. The standard deviation is calculated for each �tting
parameter y, k, and z. The maximal and minimal standard deviation of each �tting parameter
is considered independently to compute upper and lower con�dence bounds while the other two
parameters are kept constant in each case. The resulting con�dence intervals are embedded
in Fig. 5.11 and are interpreted independently. The overall �t sensitivity associated with
the prefactor y is small due to its narrow con�dence interval over the entire beam thickness
range. With respect to the exponent k, it is found that the power function is governed by
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the exponent k in the regime h < 2 μm. As here, one would expect rather large experimental
scatter, the power �t appears less sensitive compared to the regime h > 2 μm. In fact, the
con�dence interval associated with the exponent k vanishes if h approaches ≈1 μm. Hence,
we conclude that the determined exponent describes the experimentally measured relation
between σben and h fairly well. The o�set parameter z indicates a similar tendency as the
exponent, i.e., for h > 2 μm the power function becomes more sensitive with respect to z. In
comparison to the simulation data which re�ects a pure dependence on the beam thickness h,
a good agreement is found for h & 3 μm as the predicted data lies very close to the actual �t.
Consequently, it is concluded that the mechanism associated with the geometrically necessary
storage of dislocations governs the mechanical bending behavior in this range. For h . 3 μm,
the impact of dislocation starvation and source limitation becomes obviously non-negligible.
These �ndings �t also to DDD predictions of Hussein et al. [108] where single crystals with
Dm ≤ 1.0 μm were found to be almost free of dislocations due to the limiting size whereas
crystals with Dm ≥ 5.0 μm show pronounced dislocation activities.

5.7 Conclusions

Based on an extended gradient crystal plasticity model, the role of GNDs in the mechani-
cal bending response of micron-sized, single crystalline Cu was investigated. The underlying
model contains non-standard evolution relations for the edge and screw components of the slip
system-based dislocation density vector, crystal-speci�c interaction relations, and higher-order
gradient boundary conditions. The cantilever beam geometries considered in the numerical
study allowed the examination of the strengthening e�ect associated with the geometrically
necessary storage of dislocations solely as a function of the beam thickness which is a non-
trivial task from an experimental point of view. Other size-dependent mechanisms such as
dislocation starvation and source limitation were disregarded at the current stage. In particu-
lar, the in�uence of the beam thickness as well as the impact of a maximum permissible GND
density was of primary importance. Besides, in relation to the coupled �eld problem between
displacement and GND density degrees of freedom, a quantitative comparison between two
di�erent �nite element formulations has been carried out. On the basis of our �ndings, we
conclude:

• The bending dominated deformation is captured more accurately by the mixed FE-
formulation denoted as 20RI8FI. In contrast, the commonly applied linear FE-formula-
tion (8FI8FI) overestimates the bending response for the size-independent as well as
the size-dependent case. The locking phenomenon only in�uences the predicted bend-
ing behavior (and not the predicted GND density) in the case of the 8FI8FI-element
formulation.

• The bending size e�ect is captured by the theory to the extent caused by geometrically
necessary storage of dislocations. This size-dependent strengthening e�ect can be ex-
plained as follows: (i) Similar dislocation pile-ups have been found around the neutral
plane where dislocations get stuck rapidly and lose the ability to accommodate the beam
bending, independent of the beam size. The impact of the resulting back-stress e�ect on
the bending response is nevertheless higher for the smallest beam as the bending stress is
inversely proportional to the square of the beam thickness. The same holds for the �ow
stress computation in related cantilever beam bending experiments. (ii) In contrast to
the distribution of the GND density, a much higher population of SSDs was found for the
largest cantilever beam sample which indicates that the bending behavior is here mainly
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5 Impact of geometrically necessary storage of dislocations during microbending

governed by random trapping processes. However, with decreasing beam thickness, these
processes become less pronounced. This is supported by the fact that the magnitude of
the SSD density becomes comparable to the one of the GND density in the case of the
thinnest beam sample. Consequently, the impact of GNDs on the mechanical bending
response is most pronounced in the thinnest beam sample. Accordingly, the location of
maximum dislocation storage was found to shift from the sample surface towards the
beam center when decreasing the beam thickness.

• A physically motivated limitation of the GND density was incorporated into the model
by modi�ed evolution equations for the edge and screw GND density components. In the
current crystal plasticity framework, this was done at the nodal level as GND densities
were treated as additional degrees of freedom. This leads to a bending response with
saturation-like hardening behavior - which is in accordance with experimental �ndings.
At the same time, the smaller is stronger trend was conserved in accordance to the
unrestricted case. In the end, a saturation limit of ≈ 1× 1013 m−2 was found to match
well the characteristics in the bending response of related experimental data where a
�ow stress saturation was obtained at about 3.5 % normalized de�ection.

• Numerically determined �ow stresses using a saturation limit of ≈ 1 × 1013 m−2 show
a reasonable strengthening e�ect in the beam thickness range h & 3 μm. The predicted
�ow stress of cantilever beam #3 is in great accordance with experimental data. The
�ow stress associated with cantilever beam #2 still shows an acceptable accuracy as it
lies within the con�dence interval of the related experimental data. For the thinnest
beam sample, a considerable contribution from another size-dependent mechanism oc-
curs. Based on this, it can be argued that GNDs dominate the micromechanical bending
response in the thickness range h & 3 while other mechanisms such as dislocation starva-
tion and source limitation become crucial for h . 3 μm where an even more pronounced
increase in �ow stress is experimentally measured.
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6 Advanced higher-order boundary conditions
for dislocation-surface interaction modeling

Extended crystal plasticity theories are well established to study size-dependent hardening
of metals. Surface and inner grain boundary conditions play a signi�cant role for crystals
at small scales as they a�ect the dislocation activity and, hence, alter strength and strain
hardening behavior. Conventional micro boundary conditions, i.e., microhard and microfree,
are unable to capture the underlying physics as they describe ideal and over-simpli�ed sur-
face/interface conditions. In this work, advanced boundary conditions for gradient extended
crystal plasticity are introduced to map realistic conditions at external surfaces, interphases,
or grain boundaries. They relate the magnitude of plastic slip to surface defect density and
slip directions with respect to the surface normal. Characteristic features are highlighted,
including the e�ect of surface yielding and size dependent surface strengthening.

The content of this chapter has been published in [E. Husser and S. Bargmann, Size a�ected

dislocation activity in crystals: Advanced surface and grain boundary conditions, Extreme
Mechanics Letters, 13, 36-41, 2017] and may include some modi�cations.

93



6 Advanced higher-order boundary conditions

6.1 Introduction

In crystalline solids, perfect crystalline behavior ceases to exist near external surfaces, grain
boundaries between two crystals of the same phase and interphase boundaries between two
di�erent phases [170, 171]. Since the binding of an atom to its neighbors contributes a neg-
ative term to the energy of a crystal, Gibbs free energy at these surfaces is modi�ed due to
inhomogeneities at the nanoscale, such as altered bonds. This di�erence in bonding as com-
pared to the bulk generally causes an extra surface stress [214]. Dislocation dynamics and,
thus, macroscopic plastic behavior is also in�uenced by the presence of a surface to create size
e�ects on yield stress and work hardening. The surface's in�uence becomes substantial once
the number of atoms sitting at the surface relative to those lying within the bulk increases,
e.g., in the case of ultra-�ne-grained metals, thin �lms, nanoporous materials [248].

With its nanoscale porosity and high speci�c surface area, nanoporous gold demonstrates
extreme chemo-mechanical activity [220]. Its catalytic activity, electrical conductivity, mor-
phological properties (e.g., high speci�c surface area), and mechanical properties (e.g., reduced
sti�ness), make nanoporous gold attractive in numerous applications such as actuation, catal-
ysis, sensors and micro�uids [181, 220, 254]. In nanoporous gold the load bearing structure is
a network of ligaments (cf. Fig. 6.1) with diameters of 5 nm to several micrometers, depend-
ing on the post annealing treatment [101, 123, 219]. Although brittle in tension, nanoporous
gold shows considerable malleability, that is, extreme ductility under compressive stress in the
vicinity of crack tips with ligaments occasionally strained by as much as 200 % [29, 118]. Micro-
scopic characterization of fracture surfaces indicated that dislocation activity is suppressed in
nanoscale ligament structures while dislocation activity is present in heat treated nanoporous
gold with average ligament diameter of ≈ 1µm [29]. In addition to the e�ect of suppressed
dislocation nucleation [88], emission and reabsorption of dislocations at free surfaces is another
source of size dependent hardening [235].

In this work, we study the plastic1 deformation behavior of nanoporous gold in the context
of gradient extended crystal plasticity at �nite strains. The focus is on novel higher-order

Figure 6.1: Scanning electron micrograph of nanoporous gold with
an exceptionally high surface-to-volume ratio. Source: Reprinted
from [254]. (Image courtesy of Nadiia Mameka at Helmholtz-
Zentrum Geesthacht.)
Reprinted from [112] with permission from Elsevier, Copyright 2017.

1The in�uence of surfaces on the elastic behavior is studied in another work; elastic and plastic Poisson's
ratios of nanoporous gold were investigated experimentally and numerically in [161].
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6.2 Modeling framework

boundary conditions re�ecting microscopically non-idealized conditions at external surfaces,
grain boundaries, or interfaces. In the vast majority of analytical and numerical studies, two
types of simple, idealized boundary conditions are adopted, namely microfree and microhard.
The former characterizes conditions with vanishing microstresses, i.e., no microscopic force
conjugated to geometrically necessary dislocations occurs as a driving force on the body.
Dislocations are free to escape at the surface, hence no dislocation pile-ups occur. At the
other extreme, i.e., for microhard conditions, plastic slip vanishes at the boundary, preventing
any dislocation escape.

Non-idealized boundary conditions are of interest, for instance, if the exterior causes additional
resistance to plastic deformation or, in other words, if dislocations are not enabled to move
unrestricted through the surface. Related discussions, including size e�ects on the yield stress
and work hardening as well as the impact of surface e�ects on fracture properties, are found
in [91]. Oxidation on nanoporous gold �lms2 is higher than on planar gold due to increased
catalytic activity of the porous network [258, 266]. Buckley [37] demonstrated that thin
�lms on the surface of single crystal Au increased the surface hardness. This was attributed
to increased resistance to plastic deformation by the impeded escape of dislocations by the
presence of the oxide �lm, referred to as the Roscoe e�ect [212] 3. Therefore, mechanical
properties of small-scaled samples are related (to some extent) to their surfaces.

Although highly relevant, this aspect of dislocation-surface interaction modeling has not been
studied in the literature for nanoporous gold. With this work, we attempt to bridge this gap
by presenting computational modeling of advanced higher-order boundary conditions for Au
single crystals. As a demonstrative example, their impact on the deformation response of a
periodic nanoporous Au microstructure is examined. The chosen geometry is characterized by
a typical microstructural feature with curved surfaces frequently found in nanoporous metals.
This results in many diverse misorientation angles.

Grain boundary conditions, i.e., inner boundaries in polycrystals, which are physically more
meaningful than their idealized counterparts have been studied by [23, 69, 84, 98, 195, 247].
Only very few works are devoted to a computational framework for surface e�ects in single
crystals. In these, the formation of surface steps during plastic deformation is taken as an
additional source for size-dependent hardening and strengthening [107, 200]. The conditions
proposed in this work are more general and capable of modeling a wide range of dislocation-
surface interactions.

6.2 Modeling framework

6.2.1 Basic relations

The thermodynamic consistent framework for gradient-enhanced crystal plasticity at large de-
formations is applied, cf. Chapter 3. In particular, a hyperelastic material behavior according
to Eq. (3.25) (isotropic Neo-Hookean law) is postulated. Furthermore, a defect energy of the

2At temperatures less than 900◦C gold does normally not form a stable oxide in air or oxygen [37, 52].
However, electrochemical techniques allow generation of oxides on gold surface [217].

3This scenario is not limited to gold. It is demonstrated in [90] that, on the course of deformation the
oxide �lms in aluminum causes formation of a layer of edge dislocation dipoles trapped beneath the surface
and reduction of the amount of surface slip. This reduction is observed to be larger for the increased oxide
coating thickness. Hence, the proposed methodologies in this work have a wide range of applications although
the current application is concentrated on the nanoporous gold.
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form given by Eq. (3.84) is taken into account resulting in a back-stress vector of the following
form

κα = −l2b
[
He

0sα

∫ t

t0

ġeiαdt +Hs
0tα

∫ t

t0

ġsiαdt

]
. (6.1)

Here, l = lα and b = bα are taken as constant quantities in regard to the fcc crystal lattice.
The mathematical model is formulated in consistency with the second law of thermodynamics.
In contrast to the framework outlined in Section 3.3.4, κα is not derived from the free energy
function. Hence, the reduced dissipation inequality can be formulated as

Dred =
∑
α

[∫
Bi
ναπαdVi +

∫
∂Bi

νακα ·N idAi

]
≥ 0, (6.2)

where πα = τα + Divi(κα) denotes the microforce. For similarities between both frameworks,
see for instance Ekh [70].

6.2.2 Governing equations

The evolution of edge and screw GND densities is governed by Eqs. (3.62)2 and (3.63), respec-
tively. Both governing equations for GND densities are coupled to the displacement problem
via stress measures. For the sake of clarity, recall the balance of linear momentum reads
0 = Divi(F E · SE) and is coupled to the evolution equations for GND densities. At the local
level, the evolution of plastic slip variables is governed the power law relation of the form

να = ν0

[
〈πα〉
rα

]m
, with 〈•〉 =

1

2
[• + | • |] . (6.3)

In that

rα = Yα0 +H l
0

∫ t

t0

ναdt (6.4)

describes the slip system resistance associated with random trapping processes of statistically
stored dislocations (SSDs) by means of the local hardening modulus H l

0. SSDs are captured
by the resulting slip in the material. Finally, the initial slip system resistance (critical resolved
shear stress) is incorporated via Yα0.

6.2.3 Boundary conditions

Standard micro boundary conditions are known as microhard and microfree and are speci�ed
on boundary portions ∂Bγi and ∂Bgi , respectively, cf. Section 3.3.8. These condition mimic
idealized conditions at the crystal's surface as illustrated by Fig. 6.2 a) and b). At one
extreme, microhard boundaries prevent any transmission of crystallographic slip through the
boundary. In this case, the boundary deforms with maximum resistance to plastic deformation
such that dislocations are compelled to pile up. This behavior is typically expressed by Eq.
(3.88). At the other extreme, microfree boundaries blockade any dislocation pile ups along
the exterior. Boundaries are transparent to dislocation motion, leading to zero resistance to
plastic deformation. This situation is described by Eq. (3.87). In spirit of Ekh et al. [69],
we postulate advanced micro�exible boundary conditions for single crystals for which the
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a) b) c)

Figure 6.2: Schematic illustration of higher-order boundary con-
ditions: a) microhard; b) microfree; c) (non-idealized) micro�exible
boundary conditions. While a hard boundary does not permit any
slip transmission through the boundary, a free boundary is com-
pletely transparent to dislocation motion. The proposed advanced
micro �exible boundary conditions relate the boundary slip to the
defect density and depend on the misorientation angles ϕe

α and ϕs
α.

This allows a physically more meaningful modeling.
Reprinted from [112] with permission from Elsevier, Copyright 2017.

magnitude of plastic slip at the boundary is related to the microstress via

να = CΓl
2bHe

0

[
sα ·N i

ġeiα
tan(ϕeα)

+ tα ·N i
[1− ν]ġsiα
tan(ϕsα)

]
on ∂Bi,crystal, (6.5)

where CΓ = CΓ(ge�i ) denotes the boundary coe�cient (given in unit area per energy), related
to the e�ective GND density as de�ned in Eq. (5.14). Moreover,

ϕeα = arccos(|sα ·N i|) and ϕsα = arccos(|tα ·N i|) (6.6)

are the misorientation angles measured between the boundary normalN i and the �ow direction
of the edge respectively screw dislocation, cf. the illustration in Fig. 6.2 c). Via Eq. (6.5),
the slip rate on the boundary is associated with the microstress and the angle4 at which
dislocations escape through the boundary. Microfree and microhard boundary conditions are
naturally incorporated for complete alignment and misalignment, respectively [69]. For cases
in between these extremes, the proposed boundary conditions result in non-zero boundary
dissipation contribution, cf. Eq. (6.2). With respect to CΓ(ge�i ), a natural choice might be

CΓ = C0 exp

(
sΓ

〈
ge�i − gc

〉
gc

)
, (6.7)

in which C0 is the �exibility boundary coe�cient, sΓ determines the rate of dislocation ab-
sorption resp. transmission by the surface, and gc measures dislocation pile up underneath
the surface in terms of critical dislocation density and acts as a threshold for the initiation
of dislocation transmission and absorption, leading to changing surface, interface resp. grain
boundary conditions. For ge�i − gc > 0, CΓ starts to evolve, resulting in a softening e�ect due
to dislocation escape and absorption. This mechanism represents surface yielding as plastic
deformation across the boundary increases. Furthermore, with decreasing length scales, this
e�ect naturally becomes reinforced due to stronger interplay between dislocations and external
surfaces as a result of a change in number of atoms exposed to a surface. In contrast to ideally
smooth and clean grain boundaries, the proposed concept accounts for inhomogeneities at
nanoscale such as surface coatings or passivation layers [116, 121, 267], damage layers induced

4For dislocation �ow parallel to the surface area, it follows that 1/ tan(ϕeα)→ 0 as ϕeα → π/2 and, hence,
the corresponding contribution within the boundary term vanishes. For dislocation �ow perpendicular to the
surface, a threshold is required to ensure numerical treatment of the computation of 1/ tan(ϕeα) as ϕeα → 0.
Same holds for ϕsα.
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by the FIB milling process [114, 126, 172], oxide layers [83], and may also be extended to
interfacial e�ects in metal polymer (nano-) composites [189].

An important aspect of higher-order boundary conditions is the treatment of the boundary
term in the implementation. Due to the similarity of both GND density equations, we limit
our attention to the edge component. Then, the variational form of Eqs. (3.62)2 yields

0 = b

∫
Bi
δgeαġ

e
iαdVi −

∫
Bi
ναDivi (δg

e
αsα) dVi +

∫
∂Bi

δgeαναN i · sαdAi. (6.8)

The boundary condition is then implemented via the surface term. Thus, no additional surface
elements are needed.

6.3 Numerical example: nanoporous gold

We demonstrate the performance of the advanced micro boundary conditions by means of
compression tests on nanoporous gold. Fig. 6.3 a) depicts a typical structural feature in
nanoporous Au which is considered in the here investigated microstructure5, cf. Fig. 6.3 b).
Fig. 6.3 c) shows the corresponding �nite element mesh of the periodic unit cell consisting of
25536 linear brick elements. The advanced boundary condition in Eq. (6.5) is applied to the
entire surface, i.e., ∂Bi = ∂Bi,crystal. Furthermore, periodicity is applied with respect to all
displacement and GND density degrees of freedom at unit cell junctions.

Since dealloying conserves the crystal lattice of the parent alloy, the single phase ligament
network does not accommodate grain boundaries [118]. Hence, the microstructure is treated as
a single crystal. A single slip con�guration is adopted with s1 = [11̄1̄]/

√
3 and n1 = [101]/

√
2,

resulting in a Schmid factor of 0.4082 for compression along the [001] direction. Edge as

a) b) c)

Figure 6.3: a) 3D FIB tomography reconstruction showing a typi-
cal structural feature in nanoporous gold with mean ligament diam-
eter of 420 nm (Reprinted from [268]); b) microstructure built up
periodically by the indicated unit cell (27.5% gold volume fraction);
c) �nite element mesh (25536 linear brick elements) of the periodic
unit cell.
Reprinted from [112] with permission from Elsevier, Copyright 2017.

5For details regarding the microstructure generation see [112]. In summary, the resulting periodic unit cell
is characterized by a solid volume fraction of 27.5%. Two mean ligament diameters (measured at the smallest
cross-section) are taken into account in this work, namely D0 ≈ 1000 nm and D0 ≈ 250 nm.
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well as screw GND densities are accounted for. The structure is loaded under displacement
controlled conditions along the [001] direction up to 5 % compressive strain and at a strain
rate of 10−3 s−1. The rate of dislocation absorption resp. transmission is set to sΓ = 100. All
material parameters for Au single crystal are listed in Table 6.1. The empirical approach for
the determination of the initial slip resistance is adopted from Bargmann et al. [16].

First, the mechanical response of the microstructure is analyzed for ge�i −gc ≤ 0 being ful�lled
during the entire deformation. The results are shown in Fig. 6.4 for di�erent magnitudes of
C0. The idealized response in terms of microhard and microfree boundary conditions are the
upper and lower bound of the crystal's strength. For C0 = 0, the boundary contains the
highest density of defects leading to minimum plastic deformation. With increasing C0, the
ability to transmit dislocations through the boundary increases. This, in turn, leads to a softer
mechanical response in terms of increasing plastic deformation. A fully transparent boundary,
i.e., without any resistance to dislocation motion, is achieved in the limiting case CΓ → ∞.
This is illustrated by the contour plot inclusions on the right-hand side of Fig. 6.4 by means
of the accumulated plastic slip distribution γ1 =

∫ t
t0
ν1dt. Furthermore, a pronounced e�ect

resulting from a reduction of the characteristic size, here from D0 ≈ 1000 nm to D0 ≈ 250
nm, is clearly shown for the particular case C0 = 1 μm2/nJ.

Next, we study the case of an initially impenetrable interface whose resistance to plastic
deformation softens after a critical dislocation density is overcome (ge�i > gc). A cut-o� value
CΓ = 100 μm2/nJ is introduced in order to ensure numerical stability of the computations
during the evolution of the boundary coe�cient. The impact on the mechanical response
is illustrated in Fig. 6.5 for di�erent threshold values gc. As shown, dislocation-controlled
surface yielding is obtained at di�erent strain levels as a result of spontaneous initiation of
plastic slip across the surface. The results clearly demonstrate the ability of the advanced
boundary conditions to model surfaces whose properties are in�uenced by formation of surface
�lms, contamination, fabrication process, coating, etc. which become non-negligible at the
submicron scale.

Table 6.1: Material parameters considered in the numerical com-
putations.

Parameter Symbol Value

Young's modulus E 79 GPa

Poisson's ratio ν 0.44

Burgers vector magnitude bα 0.288 nm

Initial slip resistance Yα0 43.47 MPa

Rate sensitivity parameter m 20

Reference shear rate ν0 10−3 s−1

Local hardening modulus H l
0 10.2 MPa

Gradient hardening modulus He
0 150.7 MPa

Internal length scale l 1.5 μm
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Figure 6.4: Stress-strain response for di�erent surface conditions
illustrating the impact of the �exibility boundary coe�cient C0 if
gc � ge�i . The contour plots indicate the associated impact on the
accumulated plastic slip distribution for both idealized cases as well
as for the case of non-idealized boundary conditions. As idealized
boundary conditions do not account for the impact of surface e�ects
in a su�cient manner, they underestimate (microhard) resp. over-
estimate (microfree) the accumulated plastic slip.
Reprinted from [112] with permission from Elsevier, Copyright 2017.

Figure 6.5: Impact of a critical dislocation density gc if C0 = 0.01
μm2/nJ. The star icons indicate the initiation of surface yielding
associated with stage II of the boundary conditions, i.e., if ge�i > gc.
Moreover, a clear size e�ect is predicted for both cases if reducing
the characteristic ligament size from D0 = 1000 nm to D0 = 250 nm.
One can further observe an increasing surface strength with reducing
ligament diameter D0. The contour plots illustrate the impact on
the localized deformation in terms of plastic slip.
Reprinted from [112] with permission from Elsevier, Copyright 2017.
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6.4 Conclusions

6.4 Conclusions

In extension to the micro�exible boundary conditions of Ekh et al. [69] for inner grain bound-
aries, the advanced micro boundary conditions proposed in this contribution capture physically
realistic behavior during plastic deformation compared to conventional boundary conditions.
The proposed boundary conditions lead to non-zero boundary dissipation and allow to model
a wide range of grain boundary behavior, including the e�ect of surface yielding and size
dependent surface strengthening. Additional surface e�ects associated with the formation of
surface layer, e.g., coating, passivation, oxidation, or damage, can be accounted for within
the framework of gradient extended crystal plasticity. An appropriate integration procedure
- without the use of additional surface elements - has been applied for a �nite element im-
plementation using linear brick elements. By means of a demonstrative problem, the impact
of the non-idealized boundary conditions on the mechanical response of nanoporous Au has
been illustrated. Furthermore, it has been shown that conventional microhard or microfree
conditions are obtained in the limiting cases using the same numerical implementation. An
application to polycrystals is straight-forward.
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7 Incorporation of deformation twinning -
modeling the competitive deformation
behavior in crystals at small scales

The deformation behavior of hexagonal close packed materials involves dislocation slip as well
as deformation twinning, including a competition between those two. This is due to the limited
number of easy to activate slip modes. We present a model that captures dislocation slip,
dislocation interaction, size-dependent hardening and deformation twinning. It also accounts
for the sudden change of the crystal lattice orientation at the very �nal stage of the twinning
shear process which allows to describe dislocation glide deformation within a twinned region.
Along with this, the model further considers the change in the elastic properties associated
with the new lattice orientation. Finite element results are presented for the speci�c example
of magnesium and for di�erent characteristic loading conditions in order to mimic local stress
distributions as they occur in di�erent regions within a single crystal or grain, e.g., close to
a boundary and far o�. In addition, the impact of twinning on the mechanical response of
Mg single crystal during microcompression is investigated. We show that the suggested model
is well capable of predicting the complex microstructural deformation behavior in Mg and
compare our numerical results to experimental data.

The content of this chapter has been published in [E. Husser and S. Bargmann, Modeling

twinning-induced lattice reorientation and slip-in-twin deformation, Journal of the Mechanics
and Physics of Solids, 122, 315-339, 2019] and may include some modi�cations.
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7 Incorporation of deformation twinning

7.1 Introduction

Magnesium (Mg) has attracted considerable attention in the early past due to its enormous
potential for weight reduction within a wide range of industrial applications. Thus, it is
essential to understand its mechanical behavior in order to design products or parts which meet
the engineering requirements. As the deformation behavior of such low-symmetric metals is
rather complex, micromechanical testing and in-situ microstructural characterization of single
crystalline samples of dimensions near the micron range have proven valuable to provide new
insights into the local deformation mechanisms. In particular, microcompression testing of
small-scale single crystals o�ers an excellent opportunity to explore the activation of individual
deformation modes and their impact on the deformation behavior under comparatively simple
loading conditions.

In hexagonal close packed (hcp) metals, the preferred deformation modes depend on the c/a
ratio1 of the crystal lattice, cf. Yoo [259]. In case of Mg, the major deformation modes at
room temperature are (0001)〈112̄0〉 basal slip and {101̄2}〈101̄1〉 tensile twinning [51, 259].
Basal slip accommodates deformation in two independent directions with 〈a〉 Burgers vector.
Other non-primary slip modes with 〈a〉 Burgers vector play in general a minor role at room
temperature due to their high critical resolved shear stresses (CRSS) compared to the basal
slip mode. This includes {101̄0}〈112̄0〉 prismatic and {101̄1}〈112̄0〉 �rst order pyramidal (π1)
slip. These deformation modes mainly become relevant at elevated temperatures where the
critical resolved shear stress is considerably reduced, see, e.g., Miura et al. [178], Chapuis
and Driver[46]. The same holds for {112̄2}〈112̄3〉 second order (π2) pyramidal slip with
〈a + c〉 Burgers vector [46, 132]. Although π2 slip accommodates deformation along the
crystallographic c-axis, extensive investigations on π2 slip have been reported so far mainly for
loading-controlled experiments of single crystals where basal slip and twinning are suppressed,
see, e.g., Husser et al. [111] and Bo£an et al. [33]. For the above reasons, tensile twinning
represents an essential mode of deformation in Mg as it signi�cantly a�ects the ductility.

Tensile twins tend to appear more frequently and by a signi�cantly higher volume fraction
in contrast to compression and secondary twins. This is attributed to their low activation
energy (Koike [138]) and, therefore, makes them easier to detect [136]. In polycrystals, twins
predominately nucleate at grain boundaries. In the case of single crystals, twins nucleate at
the surface (exterior) with high imposed stress concentration, e.g., at the contact zone between
the indenter and crystal sample, cf. [158, 205, 261]. On the other hand, a nucleation inside
the sample is also possible whenever a su�cient stress intensity site is available. For instance,
twin nucleation at the particle/matrix interface in Mg single crystals reinforced with Y2O3

nanoparticle was observed by Mallmann et al. [166]. Moreover, twin nucleation may also
be assisted by grain boundary defects such as lattice distortion and dislocation pile-ups, see
[19, 252]. The activation of twinning strongly depends on the amount of prior slip (Barrett
et al. [19]), suggesting that the process of twin nucleation in Mg requires dissociations of
bulk dislocations. Once a stable twin nucleus is formed, the stress required for lateral twin
propagation across the grain/crystal is typically smaller [51]. As a result, the twin propagates
relatively fast until it is arrested by an obstacle such as a grain boundary, inclusion, another
twin, etc. In contrast, subsequent twin growth in the transverse direction, i.e., twin thickening,
generally requires an increasing resolved shear stress along the boundary between twinned and
untwinned (parent) matrix of the crystal, cf. Kumar et al. [150]. For example, in the recent
work by Liu et al. [158], a CRSS for twin growth has been identi�ed as ≈ 30 MPa during

1The lattice constant a measures the interatomic distance in any closed-packed 〈112̄0〉-direction while the
lattice constant c measures the height of the hcp unit cell normal to the basal plane, i.e., in [0001]-direction.
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compression of micron-sized Mg pillars.

Since twinning is a highly discrete process leading to a sharp change in the crystallographic
lattice orientation, it is challenging to account for such events in a continuum-based crystal
plasticity framework. So far, most attempts to incorporate deformation twinning are based
on the idea of treating twin systems as additional so-called pseudo-slip systems as suggested
by Van Houtte [249], see also Kalidindi [119]. However, that approach does not account for
lattice reorientation and twin band evolution, both having a crucial impact on the mechanical
response of hcp metals. Nevertheless, many subsequent crystal plasticity models have adopted
that approach and extended the physical basis by characteristic features such as grain bound-
ary accommodation e�ects [230], tension-compression asymmetry [85], detwinning mechanism
[206], slip-twin/twin-twin interaction processes [45, 262], and micro-twin nucleation [47]. How-
ever, the majority of the computational studies focuses on polycrystalline microstructures of
Mg and/or Mg alloys in which the local evolution of twins is accounted for in terms of a ho-
mogenized twin volume fraction. Consequently, the twin morphology and the actual growth
behavior are not considered, i.e., neither twin band formation nor lattice reorientation or
subsequent slip in twin processes are accounted for by these phenomenological approaches.

Our attention lies on the computational modeling of twin evolution at the microstructural
level and the resulting impact on the stress-strain behavior during characteristic deformation
stages such as twinning shear evolution, sudden lattice reorientation upon twinning process
completion, and subsequent slip activity within the twinned crystal region. So far, only a
few publications have addressed the morphological characteristics of individual twins within
a continuum framework. Mirkhani and Joshi [177] incorporated twin boundary migration
in a crystal plasticity model and studied the growth behavior of pre-existing twin layers in
face-centered cubic (fcc) crystals. The migration process is driven by the activity of twin
partial slip systems which are modeled via an additional visco-plastic slip law. In the study
of Qiao et al. [207], twin propagation was accounted for in addition to twin growth. In fact
the twin resistance was modeled in two steps as proposed by Wu et al. [256]. At a low twin
volume fraction, stress softening (relaxation) is introduced causing the formation of a strongly
localized twin band. After a critical fraction value is reached during subsequent deformation,
softening turns into hardening and causes a thickening of the initially narrow twin lamella.
Recently, Cheng and Ghosh [48] developed an image-based approach to model the explicit twin
formation mechanisms in polycrystalline Mg. A micro-twin nucleation criterion (Cheng and
Ghosh [47]) is applied in order to describe the dissociation of a non-planar 〈a+ c〉 dislocation
into a twin partial and a stair-rod dislocation. The subsequent process of twin propagation in
twinning shear direction and growth in normal plane direction is steered by a corresponding
critical stress requirement.

The current study focuses on the incorporation of deformation twinning into a gradient crystal
plasticity framework at �nite strains � a popular approach to also account for size-dependent
hardening, see, e.g., [24, 93, 156, 238]. The twinning-induced reorientation of the crystal lat-
tice is explicitly taken into account. By doing so, the model is able to describe dislocation
glide deformation within a twinned region which has not been addressed in the literature so
far. Moreover, the change in the elastic properties associated with a new lattice orientation
is considered within the constitutive description of anisotropic hyperelasticity. The twinning
process is viewed as a competitive deformation mechanism to dislocation slip and is assumed
to dominate if deformation is insu�ciently accommodated via slip modes. This is a natural
outcome of the proposed slip-twin and twin-slip interaction relations de�ned within the cor-
responding �ow rule which governs the evolution of plastic slip respectively twinning shear.
Complex up-scaling of information at the length scale of individual dislocations is avoided by
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7 Incorporation of deformation twinning

this approach. The model parameters are identi�ed on the basis of available experimental
data for single crystalline Mg. The results demonstrate characteristic features of the model
and indicate the inherent complexity of the material.

7.2 Theoretical framework

7.2.1 Kinematics

The classical multiplicative decomposition in Eq. (2.64) is modi�ed in order to account for
additional deformation resulting from the twinning process. For that reason, the plastic part
F P is replaced by a more general quantity, the inelastic part F I = F T · F P, such that F T

represents deformation associated with twinning and F P deformation due to dislocation glide.
This leads to2

F = F E · F I = F E · F T · F P. (7.1)

The inelastic part F I describes crystallographic gliding of dislocations along active slip planes
superimposed by twinning related deformation processes (twin dislocation glide and atomic
shu�ing) by which the reference con�guration undergoes an isochoric deformation. Hence,
deformation by twinning preserves the volume similar to deformation by dislocation glide,
i.e., J = det(F ) = det(F E) where det(F I) = 1. Similar to classical crystal plasticity, a
stress free (or relaxed) intermediate con�guration is formed due to the decomposition in Eq.
(7.1). Subsequent stretch deformation and rotation of the inelastically deformed crystal lattice
towards the current deformation is described by the elastic deformation gradient part F E.

The spatial velocity gradient l is introduced by taking the material time derivative of the
deformation gradient, i.e., Ḟ = l · F . With the decomposition given by Eq. (7.1), the spatial
velocity gradient

l = ∇c(ẋ) =
∂ẋ

∂x
=
[
Ḟ E · F I + F E · Ḟ I

]
· F−1 = lE + lI, (7.2)

is split additively into an elastic part lE = Ḟ E · F−1
E and an inelastic part lI = F E · LI · F−1

E .
The latter represents the push-forward of the intermediate (or lattice) velocity gradient LI =
Ḟ I · F−1

I which is the sum of both inelastic velocity gradient parts, i.e.,

LI = LT + L̃P = Ḟ T · F−1
T + F T · Ḟ P · F−1

P · F−1
T . (7.3)

Recall the relations in Section 3.1.4, the crystallographic reorientation due to twinning results
in two adjacent regions which are separated by a twin plane normal nη. The deformation
gradient of the twinned lattice di�ers from the deformation gradient in the parent (untwinned)
lattice (at least in the absence of slip deformation) by a superimposed simple shear deformation
of the form (see Staroselsky and Anand [230])

F T = I + η0sη ⊗ nη, (7.4)

2A similar decomposition is used by Idesman et al. [115] in which the contribution by FT is associated with
both, phase transformation and twinning. In contrast to Eq. (7.1), no meaningful distinction of con�gurations
is possible as it would require an imaginary con�guration which is stress relaxed and fully untwinned. Such an
additional (stand-alone) intermediate con�guration is not assignable due to the implicit reorientation e�ect of
twinning-induced plasticity on the reference con�guration, cf., e.g., Clayton [54].
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where η0 is the magnitude of twinning shear de�ned in Eq. (3.14). Due to the lattice re-
orientation, a distinction of lattice vectors is required, cf. Eq. (3.15). The corresponding
transformation matrix describes a re�ection in the twin plane.

In analogy to the homogenized twinning shear model proposed by Kalidindi [119], the inelastic
velocity gradient tensor is here de�ned as

LI = ḟηη0 [sη ⊗ nη] + [1− F (fη)]

nα∑
α

να [sα ⊗ nα] + F (fη)

nα∑
α

ν̃α [s̃α ⊗ ñα] , (7.5)

where να and ν̃α denote nα number of plastic slip rate variables associated with the parent and
twin crystal lattice orientation respectively. fη ∈ [0, 1] is the twin volume fraction restricted
to one active twin system3 and F (fη) ∈ {0, 1} represents a step function which identi�es the
crystallographic lattice orientation as follows:

F (fη) =

{
0 if fη < 1 (parent lattice),

1 if fη = 1 (twin lattice).
(7.6)

If fη = 0 and ḟη = 0, it follows that F I = F P and F T = I, such that L̃P yields the standard
de�nition of the plastic velocity gradient given by Eq. (2.86), i.e., conventional kinematics of
crystal plasticity at �nite strains associated with the parent orientation are recovered.

7.2.2 Modified evolution of dislocation densities

Both population of dislocation densities (SSDs and GNDs) are incorporated into the current
framework of gradient crystal plasticity extended by deformation twinning. Assuming a linear
superposition of dislocation densities (Ashby [9]), the de�nition of the total dislocation density
reads

ρα = ζα + giα = ζα +

√
[geiα]2 + [gsiα]2 (7.7)

in which giα is further split into edge and screw GND density components. In analogy to Eq.
(3.62), the slip system-based GND densities are governed by the plastic slip rate gradient of
the corresponding lattice con�guration, i.e.,

ġeiα = − 1

bα
[∇iνα · sα +∇iν̃α · s̃α] (7.8)

and

ġsiα = − 1

bα

[
∇iνα · tα +∇iν̃α · t̃α

]
, (7.9)

respectively. Stored GND densities remain stored in the material after lattice reorientation as
either the right or the left term in the brackets is active at a time (but never both) depending
on the actual lattice con�guration. At the same time, stored GNDs within the parent lattice
increase the twin resistance during twin evolution. The initial conditions are de�ned as geiα(t =

3In the current framework, only a single twin system is assignable to a material point while there might
in general be di�erent twin variants of a particular twin mode activated throughout the considered domain.
Henceforth, the active twin system is indicated by the index `η' (no summation) without further speci�cation
of the actual variant.
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7 Incorporation of deformation twinning

0) = geiα0 and gsiα(t = 0) = gsiα0, with geiα0 and gsiα0 being the initial GND densities in the
system.

In extension to Eq. (3.46), the evolution of SSD densities ζα is described through accumulation
and annihilation rates of dislocation densities as (see [5, 75, 77])

ζ̇α =
1

bα

[
1

Lα
− 2ycζα

]
[|να|+ |ν̃α|] . (7.10)

Here, yc denotes the dislocation capture radius beneath which two dislocations of opposite
sign annihilate each other. Furthermore,

Lα =
K√∑nα
β kαβρβ

(7.11)

is the mean free path of moving dislocations. Here, K denotes a material constant and
kαβ are the mutual immobilization coe�cients. The initial SSD densities are denoted by
ζα(t = 0) = ζα0. Similar to the modi�ed evolution equations for GND densities, the SSD
densities are related to plastic slip rates of the corresponding lattice con�guration. Also,
stored SSD densities before twinning are assumed to remain stored after lattice reorientation.
Hence, the SSD densities with respect to the parent lattice remain an obstacle-like barrier
during subsequent dislocation slip in the twinned lattice.

7.2.3 Balance equations

In extension to the well-established gradient crystal plasticity theory, the internal power with
respect to the intermediate con�guration is expended by the right Cauchy-Green strain rate,
two sets of plastic slip rates and their gradients, a set of twinning shear rates and their
gradients:

ρiP int =

∫
Bi
SE : ĖEdVi +

nα∑
α

∫
Bi

[
πηνα + ξα · ∇iνα + π̃αν̃α + ξ̃α · ∇iν̃α

]
dVi

+

nη∑
η

∫
Bi

[
πηḟηη0 + ξη · ∇iḟηη0

]
dVi.

(7.12)

Here, πα and ξα are the microforce and the microstress power-conjugate to the slip rate
να and the slip rate gradient ∇iνα respectively. Both pairs are here related to the initial
crystal orientation (parent). Equivalently, (π̃α, ν̃α) and (ξ̃α, ∇iν̃α) form power-conjugate
pairs with respect to the reoriented crystal lattice (twin). In addition, we introduce an internal
microforce πη power-conjugate to the rate of twin volume fraction νη = ḟηη0 and a microstress
ξη power-conjugate to the rate of twin volume fraction gradient ∇iνη = ∇iḟηη0. Similar to
the generalized framework developed in Gurtin [92], πη is related to the change of atomic
arrangements (shear and shu�ing), here as a result of twinning-induced plasticity.

Neglecting macroscopic as well as microscopic body forces, the external power is expressed as

ρiPext =

∫
∂Bi

[
T i · v + ΞαναdAi + Ξ̃αν̃α

]
dAi +

nη∑
η

∫
∂Bi

Ξηḟηη0dAi, (7.13)

where v = u̇ denotes the material time derivative of the displacement �eld, T i is the macro-
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scopic surface traction and Ξα, Ξ̃α, and Ξη are microscopic surface tractions4.

The principle of virtual power is used to derive macroscopic and microscopic balance relations.
Therefore, internal and external power expressions are varied with respect to the following set
of kinematic variables

V = {v, να,∇iνα, ν̃α,∇iν̃α, νη,∇iνη}. (7.14)

Integration by parts and application of the divergence theorem yields the balance of virtual
power

0 =

∫
Bi
Divi(F E · SE) · δvdVi +

∫
∂Bi

[[F E · SE] ·N i − T i] δu̇dAi

+

nα∑
α

∫
Bi

[πα − τα −Divi(ξα)] δναdVi +

nα∑
α

∫
∂Bi

[ξα ·N i − Ξα] δναdAi

+

nα∑
α

∫
Bi

[
π̃α − τ̃α −Divi(ξ̃α)

]
δν̃αdVi +

nα∑
α

∫
∂Bi

[
ξ̃α ·N i − Ξ̃α

]
δν̃αdAi

+

nη∑
η

∫
Bi

[
πη − τη −Divi(ξη)

]
δḟηη0dVi +

nη∑
η

∫
∂Bi

[
ξη ·N i − Ξη

]
δḟηη0dAi,

(7.15)

where the resolved shear stresses on corresponding slip and twin systems are determined in
terms of the Mandel stress tensor ME = CE · SE, as

τα = ME : [sα ⊗ nα] , τ̃α = ME : [s̃α ⊗ ñα] , τη = ME : [sη ⊗ nη] . (7.16)

τα and τη are resolved onto the parent crystal lattice while τ̃α is associated with the crystal
lattice of the active twin variant.

Following standard variational arguments eventually yields the local form of the balance of
linear momentum along with the macroscopic traction condition, i.e., 0 = Divi(F E ·SE) in Bi
and T i = [F E · SE] ·N i on ∂Bi.

In addition, a set of microforce balances with associated microtraction conditions is obtained
for di�erent subregions of the considered domain:

0 = πα − τα −Divi(ξα)

0 = πη − τη −Divi(ξη)

}
in Bpi with

Ξα = ξα ·N i

Ξη = ξη ·N i

}
on ∂Bpi , (7.17)

and

0 = π̃α − τ̃α −Divi(ξ̃α) in Btwi with Ξ̃α = ξ̃α ·N i on ∂Btwi . (7.18)

Obviously, the considered subregion determines the relevant microforce balance. Hence, the
considered domain Bi = Bpi ∪ Btwi may be composed of a subregion associated with the initial
(parent) lattice con�guration Bpi and a subregion associated with the reoriented (twin) lattice
con�guration Btwi . An analogous decomposition holds for the boundary, i.e., ∂Bi = ∂Bpi ∪∂Btwi .

4The summation terms in Eq. (7.12) and Eq. (7.13) associated with η do not violate the assumption made
above because there might be nη number of twin variants of a particular twin mode in the considered domain
in general.
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7.2.4 Dissipation inequality

The Helmholtz free energy per unit intermediate volume is assumed to take the following form

ψi = ψi(CE,Ai, fη,∇ifη, {geiα}, {gsiα}), (7.19)

where Ai characterizes a preferred or characteristic crystallographic direction (axis of trans-
verse isotropy) in hcp crystals. With this functional relation and with the internal stress
power given in Eq. (7.12), the dissipation inequality for the case of isothermal and quasi-static
conditions may be written as

0 ≥
∫
Bi

[
SE −

∂ψ

∂CE

:
∂CE

∂EE

]
: ĖEdVi

+

nα∑
α

∫
Bi
παναdVi +

nα∑
α

∫
Bi

[
ξα −

[
∂ψi
∂geiα

∂geiα
∂∇iνα

+
∂ψi
∂gsiα

∂gsiα
∂∇iνα

]]
· ∇iναdVi

+

nα∑
α

∫
Bi
π̃αν̃αdVi +

nα∑
α

∫
Bi

[
ξ̃α −

[
∂ψi
∂geiα

∂geiα
∂∇iν̃α

+
∂ψi
∂gsiα

∂gsiα
∂∇iν̃α

]]
· ∇iν̃αdVi

+

nη∑
η

∫
Bi

[
πη −

∂ψi
∂fη

]
ḟηη0dVi +

nη∑
η

∫
Bi

[
ξη −

∂ψi
∂∇ifη

]
· ∇iḟηdVi.

(7.20)

In view of modeling twinning, a reasonable classi�cation of dissipative and energetic contri-
butions within the inequality given in Eq. (7.20) is required. Because detwinning5 (ḟη < 0) is
not considered at this stage, it appears reasonable to consider the coupled process of atomic
shear and shu�ing as a pure dissipative and therefore non-reversible process. Hence, πη is
treated as pure dissipative. On the other hand, the condition de�ning the presence of a twin
boundary appears only temporary. For that reason, ξη is taken as a pure energetic quantity.

Although the internal microforces πα and π̃α may involve an energetic portion as discussed
in [93], the resulting e�ect accounting for the reversible motion of characteristic defects upon
load removal and therefore for the temporal change in the defect energy is usually neglected
in crystal plasticity theories. Accordingly, both microforces are taken as pure dissipative in
nature. Regarding the microstress vectors ξα and ξ̃α, an additive decomposition into energetic
and dissipative contributions was proposed, e.g., by Gurtin and Anand [97]. The results of
Bargmann et al. [15] suggest that the impact of a dissipative microstress contribution is more
relevant after su�cient load reversal. Since no cyclic loading is studied in this work, both
microstress vectors are taken as energetic quantities.

With the above assumptions, one can determine the following constitutive relations, namely

ξη =
∂ψi
∂∇ifη

ξα = − 1

bα

[
∂ψi
∂geiα

sα +
∂ψi
∂gsiα

tα

]
 in Bpi , (7.21)

and

ξ̃α = − 1

bα

[
∂ψi
∂geiα

s̃α +
∂ψi
∂gsiα

t̃α

]
in Btwi . (7.22)

5Detwinning describes the removal of twins upon load removal/reversal. Experimental evidence for de-
twinning is for instance given by Oliver et al. [192].
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For the sake of clarity, the second Piola-Kirchho� stress tensor satis�es SE = 2∂ψ/∂CE in Bi
and ∂CE/∂EE : ĖE = 2ĖE. The reduced dissipation inequality then becomes

nα∑
α

∫
Bi

[πανα + π̃αν̃α] dVi +

nη∑
η

∫
Bi
πηḟηη0dVi ≥ 0. (7.23)

7.3 Constitutive Modeling

The free energy density is split into

ψi(CE,Ai, fη,∇ifη, {geiα}, {gsiα}) =ψ̂el
i (CE,Ai, fη) + ψtb

i (∇ifη)

+ ψg
i ({geiα}, {gsiα}),

(7.24)

i.e., an elastic ψ̂el
i contribution, a contribution related to the appearance of a twin boundary

ψtb
i , and a defect energy contribution ψg

i . Furthermore, due to twinning-induced lattice re-
orientation, the elastic free energy is assumed to experience a similar change during lattice
change as the inelastic velocity gradient, cf. Eq. (7.5),

ψ̂el
i = [1− F (fη)]ψ

el
i (CE,Ai) + F (fη)ψ̃

el
i (CE, Ãi). (7.25)

Ai transforms analogously to normal vectors, i.e., Ãi = Ai ·QT

η , cf. Eq. (3.15). ψ
el
i and ψ̃el

i

have the same structure but make use of a di�erent characteristic lattice direction. For the
sake of brevity, attention is restricted to ψel

i in the following.

7.3.1 Elastic energy ψel
i

The directional dependence of elastic properties is described in terms of transverse isotropy,
cf. Section 3.2.2. In summary, the elastic free energy reads

ψel
i (CE) =

1

2
µ⊥ [I1 − 3− 2 ln(JE)] +

1

2
λ⊥ ln(JE)2

+ α [I4 − 1] ln(JE) + 2β [I5 − 2I4 + 1] +
1

2
δ [I4 − 1]2 .

(7.26)

The relation between elastic constants and elastic model parameters is described in Eq. (3.42).
From this, the second Piola-Kirchho� yields

SE = µ⊥
[
I −C−1

E

]
+ λ⊥ ln(JE)C−1

E

+ α
[
2 ln(JE)Ai ⊗Ai + [I4 − 1]C−1

E

]
+ 4β [Ai ⊗CE ·Ai +CE ·Ai ⊗Ai − 2Ai ⊗Ai]

+ 2δ [I4 − 1]Ai ⊗Ai.

(7.27)

The direction of Ãi is directly known from the reoriented lattice vector ñbasal. Consequently,
no additional rotation operations are required compared to the classical approach in which
coordinate transformation is applied to the forth order elastic tensor, cf. [119]. Alternative
approaches to consider non-linear elastic anisotropy include the usage of third-order elastic
constants [53] and the identi�cation of elastic modulus tensor parameters for a speci�c poly-
convex strain energy density [45, 218].
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7.3.2 Defect energy ψg
i

The defect energy considers coupling between GND densities and is given in the form

ψg
i =

1

2

∑
α,β

lαlβbαbβ
[
He
αβg

e
iαg

e
iβ +Hs

αβg
s
iαg

s
iβ

]
, (7.28)

see also, e.g., [24]. The coupling between GND densities is taken into account via edge and
screw energetic hardening coe�cients, He

αβ = qξαβH
e
0 resp. Hs

αβ = qξαβH
s
0. Taking

He
0 =

µ⊥

8 [1− ν⊥]
and Hs

0 = 2He
0

[
1− ν⊥

]
(7.29)

in accordance with the stress prefactors6 derived in Bayley [24], the energetic micro-stress
vector yields

ξα =
∑
β

lαlβbαbβq
ξ
αβ

[
He

0

∂geiα
∂∇iγα

geiβ +Hs
0

∂gsiα
∂∇iγα

gsiβ

]
. (7.30)

Analogically, the micro-stress vector with respect to the twinned lattice orientation reads

ξ̃α =
∑
β

lαlβbαbβq
ξ
αβ

[
He

0

∂geiα
∂∇iγ̃α

geiβ +Hs
0

∂gsiα
∂∇iγ̃α

gsiβ

]
. (7.31)

7.3.3 Twin boundary energy ψtb
i

In line with the de�nition of the defect energy, the twin boundary energy is de�ned as

ψtb
i =

b2η
2
∇ifη ·Htb · ∇ifη, (7.32)

where Htb represents the interfacial hardening matrix, here de�ned in an anisotropic fashion
to promote propagation in longitudinal twinning direction as observed in experiments (e.g.
[158, 166]), i.e.,

Htb =
Γ

lη
sη ⊗ sη. (7.33)

Here, Γ denotes the twin boundary energy parameter and lη the twin boundary thickness.
With this, the microstress relation in Eq. (7.21)1 yields

ξη =
Γb2η
lη

[∇ifη · sη] sη. (7.34)

A similar energy format is also used in recent phase �eld models of deformation twinning, e.g.,
[56] and [103].

6Here de�ned in terms of in-plane elastic parameters with the in-plane Poisson's ratio ν⊥ =
λ⊥/2

[
λ⊥ + µ⊥

]
.
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7.3.4 Plastic flow rule

The dissipative microforce πiα is assumed to follow a visco-plastic power-law of the form

πα = rα

[
να
ν0

] 1
m

sgn(να), (7.35)

where m is the rate sensitivity exponent, ν0 is the reference slip rate, and rα denotes the slip
system resistance. With πα = τα + Divi(ξα) (cf. Eq. (7.17)1), the above power-law relation
serves as the evolution equation for the plastic slip rate:

να = ν0

[
|τα + Divi(ξα)|

rα

]m
sgn(τα + Divi(ξα)). (7.36)

With respect to the parent lattice orientation, the total slip system resistance rα is assumed
to be decomposed in the following way

rα = τyα + τhα + τ tw→sl
α . (7.37)

τyα represents the size-dependent initial yield strength. In the context of dislocation-mediated
plasticity, τyα describes e�ectively the strength of the weakest dislocation source in a con�ned
crystal volume as is described in more detail below, see also [71]. Furthermore, τhα = τ̂hα(να)
denotes the evolving slip system hardening governed by random trapping of dislocations in the
crystal. As is illustrated in a subsequent section, the relations for τhα may di�er for di�erent slip
modes in hcp crystals due to their characteristic behaviors. Finally, the last term in Eq. (7.37)
accounts for the additional resistance to slip resulting from the interaction of dislocations with
an evolving energetic barrier associated with the twinning process.

The evolution of the slip rate with respect to the twin lattice orientation ν̃α follows a relation
equivalent to Eq. (7.36). In this case, the microforce is replaced by π̃α = τ̃α + Divi(ξ̃α), cf.
Eq. (7.18), and the total slip system resistance becomes

r̃α = τyα + τ̃hα . (7.38)

While τyα is unaltered, the hardening contribution coming from random trapping of dislocations
takes the evolution of slip in both lattice con�gurations into account, i.e., τ̃hα = τ̂hα(να, ν̃α).
The interaction term does not apply for the reoriented/twinned lattice.

7.3.5 Size-dependent yield strength

The yield strength of con�ned crystals or grains is known to increase with decreasing char-
acteristic crystal size or volume (e.g. [157] in the context of Mg) and strongly depends on
the initially available dislocation density7. In this study, we capture the size-dependent initial
yield strength by the generalized Taylor-strengthening law established in [71]

τyα = µ⊥
[
k1
ρ−0.5
α0

D0
+ k2

bα

ρ−0.5
α0

]
, (7.39)

7The initial dislocation density a�ects the strength of micron-sized crystals. Experiments indicate that the
strengthening e�ect can be compensated - at least to some extent - if the initial dislocation density is increased,
cf. [71].
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7 Incorporation of deformation twinning

with k1 and k2 being dimensionless constants to be determined for the particular material
under consideration. The �rst term relates the intrinsic (or microstructural) length scale ρ−0.5

α0

associated with the initial dislocation substructure to the extrinsic length scale of the sample
(or grain) D0 which imposes a con�nement on the plastic process zone. This ratio is expected
to be directly proportional to the yield strength as was previously discussed, e.g., in [111].
Therefore, this term mimics e�ectively the strength of the weakest dislocation source [71]
which scales inversely with D0

8.

The second term in Eq. (7.39) accounts for forest strengthening based on the magnitude of
the slip system Burgers vector, normalized by the intrinsic length scale. Hence, if D0 � ρ−0.5

α ,
Eq. (7.39) reduces to

τyα ≈ µ⊥k2
bα

ρ−0.5
α0

= Yα0, (7.40)

i.e., the yield strength of bulk single crystal denoted by Yα0 is recovered if the considered
crystal size (or volume) is su�ciently large compared to the intrinsic length scale.

7.3.6 Slip resistance and twin-slip interaction

In practice, basal and non-basal hardening are known to behave quite di�erently [85]. While
basal slip is a very soft slip mode, prismatic and in particular pyramidal slip show much
higher slip resistance. Following Gra� et al. [85], linear hardening for basal slip and Voce-like
hardening for non-basal slip is assumed. With respect to the parent lattice orientation, the
hardening relation for all systems α ∈ {basal} reads

τhα,basal = H l
α0

∑
β

qαβ

∫
νβdt, (7.41)

with H l
α0 being the local hardening modulus and qαβ are the associated latent hardening

coe�cients9. For all systems α ∈ {prismatic, pyramidal}, τhα is de�ned as

τhα,pris/π2 = [h∞α − τyα]

[
1− exp

(
−cα,sat

∫
ναdt

)]
+H l

α0

∑
β 6=α

qαβ

∫
νβdt, (7.42)

where h∞α denotes the ultimate stress of each slip system, cα,sat de�nes the corresponding
hardening rate. Moreover, self-hardening for non-basal slip is governed by a Voce-like relation
while a linear relation is assumed for the latent hardening contribution.

In consistency with the kinematics of dislocation densities, the total accumulated slip
∫
ναdt+∫

ν̃αdt is considered for the hardening relations for τ̃hα,basal and τ̃hα,pris/π2, i.e., within the
twinned crystal lattice.

An additional contribution to the slip resistance arises from twin-slip interaction processes
and is denoted as τ tw→sl

α in Eq. (7.37). This contribution to the slip resistance is assumed to
increase with increasing twin volume fraction fη. Furthermore, the arising barrier is measured

8If the sample size reduces to the sub-micron range, double-pinned dislocation sources become single-ended
sources due to interaction with the free surface, cf. [197]. Such truncated single arms are harder to operate
resulting in an increasing CRSS.

9Other recent contributions that deal with self- and latent hardening include the works [13, 17, 59, 77, 156].
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7.3 Constitutive Modeling

in terms of the material-speci�c twin boundary energy Γ yielding

τ tw→sl
α = fηη0b

−1
α Γ. (7.43)

By this relation, τtw→sl vanishes if fη = 0, i.e. twinning is not active or fully suppressed due
to extensive slip activation. In contrast, τtw→sl = η0b

−1
α Γ if fη = 1, i.e. the barrier reaches

its maximum if the twinning shear reaches the threshold magnitude η0 of the corresponding
twinning mode. In turn, the contribution of τtw→sl to the slip system resistance a�ects the
evolution of SSD densities as a result of an aggravated slip system activity.

7.3.7 Twinning flow rule

The evolution of twinning shear is assumed to follow a power-law relation similar to the
plastic �ow rule. Such an approach is commonly used for continuum-based models in order to
describe the shear associated with the motion of twin partials [48, 177, 207]. In this respect,
the microforce πη is de�ned as

πη = rη

[
〈ḟηη0〉
ν0

] 1
m

, (7.44)

where the unidirectional nature of twinning is considered via 〈•〉 = max(0, •) and rη de�nes
the resistance against twinning shear. The visco-plastic parameters are taken to be the same
as for the plastic slip relations. With πη = τη + Divi(ξη) from Eq. (7.17)2, the evolution of
twinning shear rate (here in terms of the twin volume fraction) becomes

ḟη =
ν0

η0

[〈τη + Divi(ξη)〉
rη

]m
. (7.45)

The twinning shear resistance is decomposed into three contributions:

rη = τyη + τ intη + τ sl→tw
η . (7.46)

In this relation, τyη describes the friction stress for twinning which can be size-dependent.
However, in view of single crystals, τyη is assumed to be size-independent10. τ intη denotes the
friction stress required to overcome the energetic barrier during the twin nucleation process.
Finally, τ sl→tw

η denotes the stress associated with interaction processes with obstacles such as
stored dislocations.

7.3.8 Twinning resistance and slip-twin interaction

The second term in Eq. (7.46) refers to the interfacial energetic barrier arising from an evolving
twin nucleus. Although the twin nucleation process is not explicitly modeled, it is assumed
that a relatively high stress τ intη (fη = 0) must be overcome initially, i.e., the maximum twinning
resistance is obtained if fη = 0. With evolving twin volume fraction, this barrier shrinks and
eventually vanishes once the twinning shear reaches its maximum value η0 or equivalently
if fη = 1. This continuum approximation of the twinning process resembles a softening or

10The activation stress for twin boundary migration was found to exhibit a negligible size e�ect during
microcompression of Mg single crystals with diameters in the range between 3 μm and 10 μm, cf. Liu et al.
[158].
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7 Incorporation of deformation twinning

relaxation behavior in the �ow relation for the twin evolution11. In the current framework,
τ intη is de�ned as

τ intη = [1− fη]
Γ

dtw
, (7.47)

where dtw is the twin thickness at the �nal stage of the twin evolution and Γ denotes the twin
boundary energy. The twin thickness is taken as dtw = 6d{101̄2} with d{101̄2} =

√
3a2 + c2

being the distance between {101̄2}-planes. A twin boundary energy of Γ = 117 mJm−2 is
obtained for Mg from density function theory computations in [253]. τ intη solely has a local
e�ect on the twinning evolution process while ξη generally has a non-local e�ect, i.e., it governs
the growth behavior.

An additional resistance to twinning shear arises from interaction processes with stored dislo-
cation populations. Stored dislocations act as obstacles to the motion of twin partials. This
phenomena is addressed via a Taylor-like relation, i.e.,

τ sl→tw
η = 0.5µ⊥bη

√∑
α

ρα, (7.48)

where the Burgers vector amplitude of twinning dislocations is de�ned as a fraction of the
perfect direction vector along which twinning shear takes place, i.e., bη = nΛ[101̄1] with n
being the number of twin layers and

Λ =
abs(c2 − 3a2)

c2 + 3a2
, (7.49)

de�nes the shear magnitude on each layer, cf. Yoo [259]. According to Wang et al. [253], the
required number of twin layers must be at least six in order to obtain a stable twin nucleus.
We focus on the particular case n = 6. In view of Eqs. (7.43) and 7.48, the competitive
characteristic between both deformation mechanisms (slip and twinning) is fully described
within the current framework.

7.4 Validation - anisotropic elastic and plastic deformation of Mg
single crystal

7.4.1 Directional-dependent elastic response

The anisotropic elastic behavior of Mg single crystal is modeled via transverse isotropic hy-
perelasticity as described in Section 3.2.2. The model parameters are obtained from �ve
independent elastic constants listed in Table 7.1. Using the angular relations given in Tro-
mans [243], the elastic anisotropy in terms of the Young's modulus is visualized in a polar
plot in Fig. 7.1 a). The magnitude of the Young's modulus in a particular loading direction is
determined by the distance between the indicated origin and the intersection between plotted
surface and considered loading direction. The angular dependence of the Young's modulus Eφ

for loading between [0001]-direction and any direction within the plane of isotropy, e.g., the
[21̄1̄0]-direction, is highlighted in Fig. 7.1 b).

11Stress relaxation associated with the twinning process has also been addressed by, e.g., Wu et al. [256]
and Qiao et al. [207].
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7.4 Validation - anisotropic elastic and plastic deformation of Mg single crystal

Table 7.1: Adiabatic elastic constants for pure Mg. The values are
experimentally determined by [160]. All values are given in GPa.

C11 C33 C44 C12 C13

59.70 61.70 16.40 26.20 21.70

a) b)

c)

Figure 7.1: Directional dependence of Young's modulus Eφ in pure
Mg: a) Polar plot of elastic anisotropy in terms of Young's modulus.
The distance between the origin and any point on the surface rep-
resents the magnitude of Eφ in this loading direction. b) Angular
dependence of the Young's modulus Eφ for loading between [0001]-
direction and any direction within the plane of isotropy. Data points
indicate theoretical values using elastic constants from Table 7.1
while predicted values are obtained from the transversely isotropic
Neo-Hookean model (see Table 7.2 for a qualitative comparison). c)
Tensile probe used in numerical computations.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

Uniaxial tension simulations have been carried out for �ve loading directions in intervals of
22.5◦. The tensile probe is illustrated in Fig. 7.1 c). As can seen be seen from the graph, the
numerical prediction of Eφ is in great accordance with the analytical results. Theoretically
calculated and numerically predicted Young's moduli are also given in Table 7.2 along with
corresponding errors.
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7 Incorporation of deformation twinning

Table 7.2: Theoretical and computed Young's moduli for di�erent
loading directions. The error di�ers between 0.3 % and 2.5 %. Both
data sets are based on the elastic constants provided in Table 7.1.

φ Eφtheo [GPa] Eφcomp [GPa] error [-]

0◦ 50.84 50.54 0.0059

22.5◦ 47.19 46.00 0.0252

45◦ 43.10 42.97 0.003

67.5◦ 43.81 43.24 0.013

90◦ 45.52 45.27 0.0055

7.4.2 Bulk hardening behavior

Critical resolved shear stresses and bulk hardening parameters are determined using exper-
imental test data of Kelley and Hosford [122]. In these tests, a channel-die set-up is used
to study the stress-strain response of single crystalline Mg compressed for di�erent crystal-
lographic orientations. As is illustrated in Fig. 7.2 a), the numerical set-up is comprised by
a deformable bulk single crystal of size 6.35 mm × 9.525 mm × 12.7 mm (height × length
× width) and the rigid tools (punch and channel-die). The impact of higher-order gradients
is neglected due to the considered sample size in the millimeter regime. Experimental tests
with original labels A, B, C, D, and G are considered here. Because twinning is not relevant
for these experiments, the corresponding data sets allow identi�cation of the CRSS and other
hardening parameters for basal, prismatic, and pyramidal (π2) slip modes.

All computations are performed using a rate-sensitivity exponent of m = 20 and a reference
shear rate of ν0 = 10−3 s−1, cf. Table 7.3 for the set of generally applied parameters for
plastic computations. The imposed compression rate [ε̇]33 = 10−3 s−1 is chosen in accordance
to ν0. As suggested in [122], a correction factor of 0.89 is used to convert the friction e�ected
compressive stress. With [ε]33 being the applied compressive true strain, the true compressive
stress component becomes

[σ]33 = 0.89
FR
A0

exp([ε]33), (7.50)

where F is the computed force in the X3-direction and A0 is the initial cross section with
respect to the X1-X2 plane.

The numerical results are presented in Fig. 7.2 b) along with experimental data sets provided
by Kelley and Hosford [122]. The inclusions indicate the dominant slip modes for the indi-
vidual experiments on the basis of their relative fraction of activation. While experiment G
results in massive basal slip due to the perfect Schmid factor of fbasal = 0.5, the deformation
behavior in experiment C and D is mainly dominated by prismatic slip with small basal and
pyramidal slip contributions. In contrast, activation of basal, prismatic, and pyramidal slip is
in strong competition for crystal orientations associated with experiment A and B while the
pyramidal slip mode is the most dominant for these cases. The identi�ed parameters in terms
of critical resolved shear stresses of the individual slip modes and bulk hardening parameters
are summarized in Table 7.4 for the here considered slip modes. The following latent hardening
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a) b)

Figure 7.2: Hardening behavior of Mg single crystal: a) Channel-
die �nite element set-up with illustration of plane strain conditions.
b) Quantitative comparison between experimental data from Kelley
and Hosford [122] and numerical computations for di�erent crystal-
lographic orientations. The dominant slip modes are highlighted as
follows: yellow for basal slip, blue for prismatic slip, and green for
pyramidal slip.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

Table 7.3: Crystal plasticity parameters applying to all computa-
tions involving plastic deformation.

m [-] ν0 [-] yc [nm] K [-] geiα0 [mm−2] gsiα0 [mm−2] ζα0 [mm−2]

20 10−3 1.6 10 0 0 1012

Table 7.4: Identi�ed critical resolved shear stresses and hardening
parameters of individual slip modes in bulk-sized Mg single crystal.
Latent hardening moduli for non-basal slip are taken as H l

α0 = h∞α .

slip mode Yα0 [MPa] H l
α0 [MPa] h∞α [MPa] csat [-]

basal 1.375 5 - -

prismatic 15 89 89 84

pyramidal 40 172 172 129

coe�cients are used

qαβ =


0.2 if α ∈ {prismatic, pyramidal} and β ∈ {basal},
0.5 if α ∈ {basal ,pyramidal} and β ∈ {prismatic},
0.75 if α ∈ {basal, prismatic} and β ∈ {pyramidal}.

(7.51)

Furthermore, interaction between slip systems of the same mode is quanti�ed by qαβ = 0.2
and self-hardening of basal slip systems is given by qαβ = 1.
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7 Incorporation of deformation twinning

7.4.3 Size-dependent basal deformation

A reliable approach to investigate size e�ects associated with individual slip modes in sin-
gle crystals is based on testing micron-sized and typically pillar-shaped samples with varying
diameters under uniaxial compression. However, due to a lack of available data in the liter-
ature, a characterization of the size-dependent slip deformation of all relevant slip modes is
not possible at the current stage. In particular, the easy activation of basal slip in contrast
to non-basal slip makes it very challenging to experimentally investigate individual non-basal
slip modes independently, i.e., without activation of basal slip. For that reason, we restrict
ourselves to the basal slip mode for which su�cient experimental data is available.

The yield strength of crystals is governed, inter alia, by the degree of con�nement of the plas-
tic process zone (source-truncation hardening) and the available dislocation density (source-
limitation) within. These mechanisms are accounted for via the generalized Taylor-strength-
ening law given by Eq. (7.39). Considering �rst the case of a su�ciently large crystal for which
a large number of dislocation sources is available, i.e., the case when the intrinsic length scale
of the material becomes una�ected by the actual crystal dimensions. Then, parameter k2 can
be determined via Eq. (7.40) in which the yield strength of bulk single crystal Yα0 is known
from conventional (macroscopic) testing methods. For the here identi�ed critical resolved
shear stress for basal slip (cf. Table 7.4) we obtain k2 = 0.2565. In contrast, parameter k1 is
determined by means of the least square method for a given set of size-dependent yield strength
data, here taken from [122] for millimeter-sized probes, [158] for the range D0 = {3, 5, 10} μm,
and [261] for the range D0 ∈ [0.4, 1.6] μm. Fig. 7.3 a) shows the predicted yield strength for
a resulting value of k1 = 0.0025 and an initial dislocation density of ρα0 = 1012 m−2 (nei-
ther well-annealed nor strongly cold-rolled material). For comparison reasons, we included an
additional approximation of the yield strength data using the conventional Hall-Petch relation

τyα = Yα0 + kHPD
−0.5
0 , (7.52)

with the Hall-Petch parameter kHP = 49 MPa m0.5 (least square method). Although Eq. (7.52)
is successfully used to predict grain-boundary strengthening, it results in a poor approximation
of the size-dependent yield strength of micron-sized Mg single crystal.

Besides an increasing yield stress with decreasing micropillar diameter, the microcompression
data of [158] indicates that there is also an increase in the work hardening slope for micropillars
favored for basal slip deformation. For that reason, the higher-order gradient crystal plasticity
model is validated against the data for diameters between 3 μm and 10 μm. The crystals
are loaded in normal direction to the {21̄1̄4}-plane resulting in a maximum Schmid factor of
0.489 and a secondary Schmid factor of 0.245 for basal slip. As a result, a strong localization
associated with the dominant slip system follows which is very common in microcompression
testing. In the numerical computations, the non-local hardening moduli were computed by
Eq. (7.29), giving He

0 = 3.013 GPa resp. Hs
0 = 4.188 GPa. The lattice constants a and c

were adopted from [111]. Moreover, the characteristic length scale is taken as lα = 1 μm, a
magnitude which reasonably applies to micromechanical testing of Mg single crystals for a
moderate range of deformation, cf. the work of [111], in particular, the detailed comparison of
local lattice rotation measured by EBSD and numerically computed GND density distributions
associated with the chosen length scale. The higher-order boundary conditions are modeled
as explained in detail in [111]: microhard conditions are adopted at the contact interface
and microfree conditions at the lateral surface of the pillar. A friction coe�cient of 0.03 is
considered as suggested by [265]. Parameters related to size-dependent yielding and hardening
are summarized in Table 7.5. All other parameters are taken as previously determined or
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a) b)

Figure 7.3: Size-dependent basal deformation of Mg single crystal:
a) Critical resolved shear stress as a function of the microcrystal size
(diameter) for ρα0 = 1012 m−2. The generalized Taylor-strength-
ening law given by Eq. (7.39) with k1 = 0.0025 and k2 = 0.2565
yields the experimental data very well. In contrast, the Hall-Petch
relation given by Eq. (7.52) results in a poor approximation of the
size-dependent yield strength. b) Comparison of the stress-strain
response between numerical results and experimental data of [158]
for three di�erent micropillar sizes.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

de�ned.

Table 7.5: Parameters associated with size-dependent yielding and
hardening. Energetic hardening stresses He

0 and Hs
0 are taken in

accordance to [24], i.e., are natural outcomes of the here considered
anisotropic elastic constants. The characteristic length scale lα is
adopted from our previous work on non-local deformation behavior
of Mg single crystal [111] which is supported by EBSD measure-
ments.

ρα0 [m−2] k1 [-] k2 [-] He
0 [GPa] Hs

0 [GPa] lα [μm] a [nm] c [nm]

1012 0.0025 0.2565 3.013 4.188 1 0.32 0.52

The numerical results are presented in Fig. 7.3 b) along with experimental data of [158]. As
can be seen, the size-dependent work-hardening behavior as well as the yielding points are
captured very well by the simulations. The corresponding �nite element set-up as well as an
exemplary plastic slip distribution of a deformed micropillar are shown in Fig. 7.4 a) and b)
respectively.

From previous microcompression studies, it is known that the mechanical response is strongly
a�ected by diverse factors associated with the sample geometry and the experimental set-up,
see [265] and [49]. For instance, the aspect ratio between height and diameter as well as the
taper angle12 are known to a�ect the elastic and plastic behavior. In agreement with [158] (ra-

12A pillar geometry usually di�ers from an ideal cylindrical form if the sample is fabricated by FIB. This
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a) b)

Figure 7.4: Numerical set-up for microcompression simulations
favored oriented for basal slip deformation: a) crystal orientation and
undeformed �nite element mesh. Loading is applied in the [2̄114̄]-
direction yielding in a maximum Schmid factor of 0.489 for basal
slip. b) Deformed �nite element mesh for D = 10 μm. Deformation
localizes with respect to the dominant slip mode, i.e., in the [2̄110]-
direction.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

tio between 1 and 2.5), aspect ratios of 2 resp. 2.5 are used. Although the taper angle varies in
[158] between 2◦ and 5◦, a constant angle of 2.5◦ is adopted for all micropillars. In summary,
the overall size-dependent response is very well captured by the computations. The initial
elastic regime is strongly controlled by the misalignment between the axis of compression and
the pillar axis, see, for instance [49]. Such an initially compliant response is often observed
during microcompression testing of Mg single crystals and can be explained by microplasticity
combined with evolving contact conditions between the sample and indenter [157]. In order
to account for the initially compliant response, all computations have been performed using
a misalignment angle of 1◦. From Fig. 7.3 b), it is seen that this results in a good agreement
for the particular sample size with D = 5 μm. It appears that the misalignment angle might
be di�erent from test to test and, additionally, the direction of tilting may also vary. This
can signi�cantly a�ect slip system activation and elastic response in case of strong anisotropic
crystals. However, an extensive investigation of tilt angle and tilting direction for each of
the considered Mg crystal compression tests exceeds the scope of this work. Instead, we fo-
cus on a qualitative assessment of the work-hardening behavior. Besides for the micropillar
with D = 3 μm for which the response is strongly a�ected by intermediate strain bursts, the
work-hardening behavior is captured very well. This can be attributed to the operation and
shutdown of single-arm dislocation sources as discussed by [61]. Although the impact of trun-
cated single arm dislocations on the CRSS is considered here, the appearance of intermediate
strain bursts is not accounted for at this stage.

deviation is characterized by the taper angle which is de�ned as the angle between the pillar axis and the
vertical tangent along the lateral surface.
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7.5 Results

In the following, selected problems are studied to demonstrate the major features of the higher-
order gradient crystal plasticity model coupled to deformation twinning. Of particular interest
is the impact of twinning on the plastic deformation of Mg single crystal. This includes the
explicit e�ect of twinning-induced lattice reorientation and slip-in-twin deformation. Details
regarding the numerical implementation are presented in Appendix A.

7.5.1 Local deformation behavior

The competitive deformation behavior for Mg single crystals under compression along the
[21̄1̄0]-direction is analyzed in the absence of gradient e�ects. Under this loading condition,
the c-axis of the crystal experiences a tensile stress which leads to the activation of a {101̄2}-
twin variant. Only a single twin variant, namely (101̄2)[1̄011], is considered as illustrated by
Fig. 7.5 a) and Fig. 7.6 a) for low and respectively high constraint boundary conditions. By
these two set-ups for the mechanical boundary conditions, di�erent local deformation behavior
is studied as found, e.g., near a constraint region such as grain boundary or contact boundary
and at a far distance from such constraint regions. Moreover, the considered problems allow a
much easier understanding of underlying features of the proposed model including the impact
of twin-slip and slip-twin interactions, lattice reorientation after full twinning, and subsequent
slip deformation within twinned regions. Besides the perfect orientation shown for instance
in Fig. 7.5 a), the mechanical response is studied for di�erent rotation angles ϕ relative to
the perfect orientation of the crystal lattice. The angle de�nes a clock-wise rotation around
the {011̄0}-axis which leads to a gradual increase of the initial Schmid factor fbasal for basal
slip modes. Initial Schmid factors fα for di�erent rotation angles ϕ and for all considered
deformation modes are summarized in Table 7.6. The loading is applied under quasi-static
conditions with a nominal strain rate of 10−3 s−1 similar to typical experimental conditions.
Material parameters related to the tensile twinning mode in Mg are listed in Table 7.7.

Considering the case of low constraint boundary conditions, the relative activation of slip and
twinning modes13 indicates a strong initial competition between prismatic slip and tensile
twinning for ϕ = 0◦, cf. Fig. 7.5 c). Pyramidal slip activation is only marginal while basal slip
is completely suppressed due to its zero Schmid factor, cf. Table 7.6. At ca. 1 % strain, tensile
twinning dampens prismatic slip activity and changes the characteristic of the stress-strain
curve from hardening towards softening, cf. Fig. 7.5 b). Once the sample is fully twinned,
the crystal lattice reorients. Basal slip within the twin immediately initiates and causes an
additional stress drop due to its very low critical resolved shear stress combined with a Schmid
factor as high as f̃basal = 0.432. A small variance of the rotation angle ϕ drastically changes the
mechanical response. While the behavior is the same for ϕ = 1◦ (marginal basal slip activation
- not shown in the �gure), tensile twinning becomes fully suppressed at a rotation angle of
ϕ = 1.5◦ as shown in Fig. 7.5 d). Instead, prismatic and basal slip activations are observed at
the initial strain stage of deformation. Due to slip system interactions in combination with the
low basal yield stress, basal slip takes over very fast. This behavior is directly re�ected by the
corresponding stress-strain response. It is remarkable that basal slip governs the mechanical
response after such a small rotation as the Schmid factor is still quite low (fbasal = 0.026).

13The relative slip/twinning mode activity is de�ned as
∑
ip V

ip
∫
$ip

modedt/
∑

mode

∑
ip V

ip
∫
$ip

modedt

where mode denotes the active twinning or slip mode and V ip is the volume portion related to integration
point ip. $ip

mode represents the local twinning shear rate if mode refers to the active twin system; else $ip
mode

represents the local plastic shear rate of a particular slip system in the parent or in the twin lattice.
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a)

c)

b)

d)

Figure 7.5: Competition between slip and twinning deformation
in Mg single crystal during compression in the [21̄1̄0]-direction and
for di�erent rotation angles ϕ: a) Problem illustration for low con-
straint boundary conditions including crystallographic orientation.
b) Stress-strain response for di�erent rotation angles ϕ. c) Relative
activation of slip and twinning modes for ϕ = 0◦ (perfect orienta-
tion). d) Relative activation of slip and twinning modes for ϕ = 1.5◦.
The low constraint to plastic deformation leads to a fast transition
from twinning dominated deformation towards basal slip dominated
deformation, i.e., already at a very low rotation angle.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

With further increasing rotation angle ϕ, the stress-strain response approaches the behavior
of bulk single crystal, similar to case G in Fig. 7.2. If the constraint level for mechanical
boundary conditions is increased as in the set-up sketched in Fig. 7.6 a), basal slip is less
easy to activate at low rotation angles. The response for ϕ = 0◦ is very similar to the low
constraint case in terms of slip and twinning mode activation as well as stress-strain response.
However, with increasing rotation angle, the negative slop prior lattice reorientation decreases,
cf. Fig. 7.6 b). This is due to intensi�ed interactions between basal slip, prismatic slip and
tensile twinning as indicated for ϕ = 5◦ in Fig. 7.6 c). By comparing the stress-strain curves for
ϕ = 5◦ and ϕ = 10◦ in Fig. 7.6 b), it can be seen that the softening behavior eventually changes
towards a hardening-like response before the onset of lattice reorientation. At the same time,
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7.5 Results

Table 7.6: Max. Schmid factors fα for selected rotation angles ϕ.

ϕ[◦] fbasal fpris fπ2 ft-tw

0 0 0.433 0.447 0.374

1.5 0.026 0.433 0.458 0.375

2.0 0.035 0.433 0.461 0.375

5.0 0.087 0.43 0.479 0.372

10.0 0.171 0.42 0.497 0.357

15.0 0.25 0.404 0.5 0.33

20.0 0.383 0.356 0.459 0.24

Table 7.7: Parameters related to the tensile twinning mode in Mg.

Symbol Magnitude Source

Γ 117 mJ/m2 [253]

lη 1 nm [56]

η0 0.1295 Eq. (3.14),[259]

n 6 [253]

Λ 0.0646 Eq. (7.49)

the critical strain at which lattice reorientation takes place increases or, in other words, the
twinning process delays due to pronounced interaction processes between active slip modes and
the tensile twinning mode. For ϕ = 15◦, activation of tensile twinning is even more damped
due to enhanced slip deformation. As is illustrated by Fig. 7.6 d), high basal and prismatic
slip activity combined with low pyramidal slip activity is obtained for this case. Although the
reorientation angle is relatively large, the maximum twinning shear is still reached at around 9
% strain causing lattice reorientation. In contrast to this, lattice reorientation does not occur
if the rotation angle is further increased, e.g., for ϕ = 25◦. In that case, the relative activation
(not plotted) at the �nal deformation stage comprises approximately 65 % basal slip, 19 %
prismatic slip, 8 % pyramidal slip, and 8 % twinning shear. Similarly to the low constraint
problem, basal slip activation maximizes at ϕ = 45◦ as the maximum basal Schmid factor is
obtained for this angle, yielding in a strongly basal-dominated deformation response. Finally,
it should be pointed out that the hardening slope after lattice reorientation is steeper if slip
activity in the parent lattice is more pronounced, cf. the di�erent stress-strain curves in Fig.
7.6 b) for the three rotation angles ϕ = 5◦, ϕ = 10◦, and ϕ = 15◦. This is associated with the
fact that stored dislocations are assumed to remain stored after lattice reorientation.

7.5.2 Application to microcompression testing

As a further problem, the non-local twinning e�ect is studied for a micropillar sample with edge
length of D0 = 10 μm, cf. Fig. 7.7. The pillar is loaded up to 5 % engineering strain although
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7 Incorporation of deformation twinning

a)

c)

b)

d)

Figure 7.6: Competition between slip and twinning deformation
in Mg single crystal during compression in the [21̄1̄0]-direction and
for di�erent rotation angles ϕ: a) Problem illustration for high con-
straint boundary conditions including crystallographic orientation.
b) Stress-strain response for di�erent rotation angles ϕ. c) Relative
activation of slip and twinning modes for ϕ = 5◦. d) Relative acti-
vation of slip and twinning modes for ϕ = 15◦. Due to the higher
constraint to plastic deformation (in particular to basal slip), the
transition from twinning dominated deformation towards slip dom-
inated deformation is delayed. Furthermore, the twinning process
is completed at a higher strain level, for instance, if comparing the
case ϕ = 15◦ with the case ϕ = 5◦.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

the true strain measure is used for the result illustration. The considered crystal orientation
with respect to the loading direction is chosen in accordance to, e.g., [158]; a set-up typically
used to study twinning. Again, a single twin variant is considered for simplicity. All material
parameters remain the same as previously discussed or determined. The stress-strain response
is illustrated in Fig. 7.7 for two considered simulation cases. First, the arti�cial case when
slip deformation is fully excluded from the numerical computation is considered. By doing
so, the strain solely accommodated by twin deformation can be easily analyzed. Second, the
full modeling framework without slip gradient contributions is considered in order to keep the
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7.5 Results

total degrees of freedom on a reasonable level. By comparing both cases with each other,
the impact of dislocation slip on the initiation and completion of the twinning process can be
assayed. The contour plots embedded in Fig. 7.7 illustrate the twinning process in case of the
full modeling framework. There are no obvious di�erences between the two considered cases
because the twinning mode is most favorable due to the considered crystal orientation; initial
Schmid factor for tensile twinning is 0.499 while basal slip has initially no contribution at all.
As can be seen, the twin propagates in a continuum manner through the entire pillar. With
increasing compressive strain, the twin shear reaches its maximum value within a relatively
thin layer which corresponds to the active twin plane. The twin band thickness increases
during further loading and, eventually, an almost fully twinned crystal is left behind. The
longitudinal strain accommodated by the twinning shear can be estimated as

ε = f totη ft-twη0. (7.53)

For the here considered case, ft-tw = 0.499 and the total twin volume fraction is determined
as f totη ≈ 0.72 at �nal strain stage. Interestingly, there is almost no di�erence in the total twin
volume fraction between the two considered cases, i.e., the strain accommodation by twinning
is approximately 0.042 whether or not slip deformation is admitted. This is a considerable
amount of strain accommodated only by the formation and growth of a single twin. In com-
parison, a longitudinal strain accommodation of approx 80 % was determined in [129] in case
of a similar set-up for microcompression of Mg single crystal. Also, an almost entirely twinned
crystal was found in the recent work of [166]. With respect to the case in which dislocation
plasticity is disabled, the twinning process imposes a temporal �attening of the slope as can
be seen from the corresponding stress strain curve, cf. Fig. 7.7. As expected, the response
approaches the elastic behavior of the twinned lattice orientation as the twin volume fraction
saturates. In contrast, if slip deformation is permitted, the stress-strain curve passes a plateau
stage during which twinning propagates and a thin layer develops. Additional deformation
is mainly accommodated by pyramidal and prismatic slip associated with the parent lattice
orientation and in regions outside of the twinning dominated region. After a su�cient twin
volume fraction is formed, slip deformation initiates within the twinned region. This process
is re�ected by a hardening slope which directly follows after the stress plateau. The extent
to which slip contributes to the inelastic deformation is quanti�ed via e�ective accumulated
plastic slip quantities de�ned as

γe� =

√√√√∑
α

[∫
ναdt

]2

, γ̃e� =

√√√√∑
α

[∫
ν̃αdt

]2

. (7.54)

Fig. 7.8 indicates the relative activity of deformation modes in terms of e�ective plastic slip
within the parent and twin as well as twinning shear. As can be seen, slip within the parent is
accumulated in regions where boundary e�ects impose complex stress distributions leading to
the activation of the hard slip modes, i.e., prismatic and pyramidal slip. The relative twinning
mode activity governs the deformation but saturates as soon as almost the entire crystal
volume has twinned. Within the twinned zone, plastic slip is solely accommodated in terms of
pyramidal slip which has the highest maximum Schmid factor of 0.47. In contrast, basal slip
(Schmid factor ≈ 0.06) and prismatic slip (Schmid factor ≈ 0.002) are not likely to contribute
to the deformation due to latent hardening e�ects combined with the very low orientation
factors. This simulation outcome is in accordance with the work of [166] in which similar
stages of deformation have been recently observed. Besides the initial stage of deformation
which is governed by microplasticity and evolving contact conditions at a �nite alignment
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7 Incorporation of deformation twinning

Figure 7.7: Micropillar set-up favorable for tensile twinning activa-
tion. The experimental data is taken from [158]. Besides the initial
deformation regime which is governed by microplasticity and evolv-
ing contact conditions between the sample and indenter punch, the
computed response mimics the mechanical behavior during twinning-
dominated deformation very well. In particular, the stress plateau
and the subsequent hardening slope associated with slip-in-twin de-
formation is well captured by the model.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

mismatch between pillar axis and loading axis, the overall behavior matches qualitatively very
well with the experimental data of [158]. This includes in particular the stress plateau and
the subsequent hardening slope associated with slip-in-twin deformation.

7.6 Conclusions

The proposed model incorporates the mechanics of deformation-induced twinning in an ex-
tended crystal plasticity framework. In contrast to other pseudo-slip twinning models, the
model accounts for the sudden change of the crystal lattice orientation at the very �nal stage
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7.6 Conclusions

Figure 7.8: Relative activity of deformation modes during micro-
compression testing. Inelastic deformation within the parent crystal
is governed by twinning shear superimposed by secondary plastic slip
within regions which are a�ected by boundary e�ects. Within the
reoriented crystal lattice, plastic slip initiates in terms of pyramidal
slip modes which have the highest orientation factor.
Reprinted from [110] with permission from Elsevier, Copyright 2019.

of the twinning shear process. With focus on the most relevant twinning mode in Mg (ten-
sile/extension twinning), the crystallographic < c > axis rotates by ≈ 86.3◦. This a�ects
the direction-dependent elastic response as well as the subsequent deformation in terms of
dislocation glide within the twinned volume as experimentally observed, e.g., in [166]. As
demonstrated by our results, the critical strain at which lattice reorientation takes place is
strongly in�uenced by the intensity of preceding slip deformation. In this respect, the comple-
tion of the twinning process may be delayed due to extensive slip-slip, twin-slip, and slip-twin
interactions or even be completely suppressed in case of slip dominated deformation. Further-
more, the reorientation process has an impact on the hardening behavior for subsequent slip
deformation within the twinned region. In contrast to mobile dislocations which may undergo
a dissociation process during lattice reorientation, stored dislocation are assumed to remain
unaltered as it is unknown what happens to them at this stage. Another phenomenon often
correlated with extensive appearance of twinning is stress relaxation during the nucleation
process. Besides the fact that twin nucleation requires a higher stress state than subsequent
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7 Incorporation of deformation twinning

twin growth [158], a second relaxation e�ect results from the local stress drop associated with
an improved orientation factor for easy slip modes within the twinned volume. This stress
drop is found to increase with extensive slip activity before lattice reorientation and is nat-
urally cut-o� if slip becomes the dominant deformation mechanism under a suitable crystal
orientation and constraint level.

Although there might be a large number of relevant twin modes in Mg as was recently found
and discussed by [234], the current work deals with tensile twinning only since it represents
the most relevant and widely observed twin mode in Mg. The results show that a very low
Schmid factor for basal slip leads to slip dominated deformation if the constraint level is
rather small. For a higher constraint level, activation of twinning is favored for a large range
of crystal orientations for which the twinning Schmid factor is comparable to that of basal
slip. Furthermore, the extent of slip activation before completion of the twinning shear process
a�ects the critical strain at which sudden lattice reorientation takes place, the associated stress
relaxation, and the hardening behavior with respect to the new crystal orientation. Based on
these �ndings, the interplay between slip modes and twinning appears to be more complex
than what is commonly considered in crystal plasticity models.

An illustrative microcompression scenario reveals the impact of the non-local twinning e�ect
on the mechanical response of Mg single crystal. The obtained results are qualitatively com-
parable to experimental data which are obtained for a similar set-up. Here, it was found that
a single twin can accommodate a substantiation amount of compressive strain. The simulation
results indicate further that the typically observed stress plateau during such experiments can
be attributed to the extension and growth of a single twin variant and the interplay with
secondary slip deformation. Last but not least, the explicitly modeled crystal reorientation
mechanism is essential in naturally predicting the hardening slope associated with slip-in-twin
deformation mechanisms. In view of future application of the presented model, the obtained
results appear promising for possible modeling of twinning deformation in polycrystals at the
microscale level.
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8 Summary

The focus of the present thesis was on the computational modeling of crystal plasticity and
deformation twinning in micron-sized crystalline materials. Micromechanical problems includ-
ing microcompression and microbending testing have been investigated on a numerical basis.
The computational approach is based on a �nite-deformation, continuum mechanics frame-
work of gradient crystal plasticity. A physically motivated measure of lattice incompatibility
is introduced through densities of geometrically necessary dislocations in order to account for
non-local e�ects at the micron scale. As a result, higher-order gradients are considered which
manifest itself as size-dependent hardening in terms of an internal backstress contribution.
The model is implemented in a three-dimensional �nite element software via a user subroutine
interface. The implementation is based on a dual-mixed �nite element algorithm which implies
that GND densities are handled as nodal degrees of freedom while their dual variables - the
plastic slip variables - are assigned at the integration point level.

The application to microcompression testing of single crystals illustrates the importance of the
gradient crystal plasticity theory, allowing to capture a realistic material behavior. This com-
prises a localized plastic deformation behavior as well as a size-a�ected stress-strain response,
both not accessible by conventional crystal plasticity models. A physical agreement between
experiments and simulations is emphasized qualitatively by EBSD measurements of the local
lattice rotation which correlates greatly with computed densities of accumulated dislocations.
While the gradient e�ect during microcompression testing has many similarities to the well
known Hall-Patch e�ect associated with �ne-grained polycrystals, the role of GNDs during
microbending is somewhat di�erent. An externally imposed strain gradient forces dislocations
to accommodate the lattice curvature which is known to occur in terms of dislocation pile-ups
along the neutral plane. The numerical results suggest that their exists a size limit upon which
the related back stress e�ect can be considered as the reason for the bending size e�ect. Sam-
ple sizes below that limit indicate generally an even more enhanced strengthening e�ect which
can be attributed to dislocation starvation and source limitation phenomena. The transition
from the back stress dominated size range towards the size range of enhanced strengthen-
ing may depend, however, on the overall crystal volume, the initial microstructure, and the
state of the free surfaces. As the role of free surfaces becomes di�erent for sample sizes with
high surface-to-volume ratio, dislocation-surface interactions deserve much more attention in
order to map realistic surface or boundary conditions. For that reason, advanced higher-
order boundary conditions have been proposed which are able to take surface yielding and
size dependent surface strengthening into account. A nanoporous metallic structure exposed
to compression loading served as an illustrative example. In contrast to standard boundary
conditions, the proposed boundary conditions allow a more general and �exible treatment of
the surface behavior.

With particular focus on hcp crystals, the kinematics of the theoretical framework are further
extended in order to account for the mechanics associated with twinning-induced plasticity. In
particular, tensile twinning is known as an important mode of deformation in low-symmetric
hexagonal close-packed crystal structures such as magnesium. To this end, the twinning
process is incorporated into the gradient crystal plasticity framework in terms of a shear
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8 Summary

deformation due to motion of twin partials. Furthermore, the completion of the process is
assumed to trigger lattice reorientation which in turn blazes the trail for subsequent slip-in-
twin deformation. Such twinning-related phenomena are observed in many recent experimental
studies but are still neglected or over-simpli�ed in crystal plasticity models. The developed
theory is set up in such a way that activation of slip and twinning modes is governed by
interaction processes between both deformation mechanisms. The results demonstrate the
strong competitive nature between these mechanisms for di�erent loading conditions and a
variety of crystal orientations. Based on the described modeling approach, it was possible to
predict the complex strain-stress response of a micropillar-shaped Mg single crystal favorable
oriented for tensile twinning under compression. In particular, the stress plateau associated
with the extension and thickening of a twin band as well as the subsequent hardening slope
associated with the activation of slip within the twin band is captured by the non-local twinning
model.

The nonlocal crystal plasticity formulation coupled with the nonlocal description of defor-
mation twinning allows to consider a high level of physical detail. In view of future work,
it is conceivable to integrate the present model into an algorithm suitable to deal with the
computation of material systems with polycrystalline microstructure such as textured alloys
or nanoporous metals. With the advanced modeling basis provided by the model, it would be
possible to investigate, e.g., the role of growing twins during deformation and their interaction
with each other or with grain boundaries.
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A Algorithmic procedure of the twinning model

The implementation is based on a dual-mixed formulation, i.e., gradient-related quantities
geiα(∇iγα), gsiα(∇iγα),∇ifη are considered as primary �elds. Due to the extended degrees of
freedom compared to a conventional 8-node hexahedral element with only displacement degrees
of freedom, an user-de�ned �nite element with trilinear interpolation was implemented in
Abaqus via the user interface UEL. The coupling between governing equations at the nodal
level and evolution equation at the integration point level results in a strongly non-linear
problem which is faced by a two-level Newton-Raphson iteration scheme.

The deformation state is assumed to be known for a given time history at t = t(n). Hence, the

aim of the local iteration procedure is to �nd {να(n+1)}, {ν̃α(n+1)}, and ḟη(n+1) which, in turn,
allow to determine F E(n+1) and F I(n+1) for a given deformation F (n+1). The inelastic velocity

gradient part LI = Ḟ I · F−1
I is discretized in time using the fully implicit time integration

scheme (Euler-backward). Due to the impact of twinning on the lattice con�guration, this
results in the following incremental relation

F I(n+1) =

{
uni
(
I + ∆tη0ḟη(n+1) [sη ⊗ nη] + ∆t

∑
α να(n+1) [sα ⊗ nα]

)
· F I(n) for fη(n+1) < 1,

uni
(
I + ∆t

∑
α ν̃α(n+1) [s̃α ⊗ ñα]

)
· F I(n) for fη(n+1) = 1,

(A.1)

with the time increment ∆t = t(n+1) − t(n) de�ning the time interval [t(n+1), t(n)] of consid-

eration. Here, ḟη(n+1) and να(n+1) or respectively ν̃α(n+1) are the converged quantities from
the local iteration procedure sketched in Table A.1, respectively Table A.2, depending on the
actual lattice con�guration. In either case, the iteration procedure requires the computation of
the elastic trial F tr

E(n+1) = F (n+1) ·F−1
I(n). The converged values are eventually used to compute

the local balance of momentum, the governing equations for the edge and screw GND density,
and the governing equation for the twin volume fraction gradient. Further implementation
details with respect to higher-order gradient crystal plasticity is presented in 5.3.
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A Algorithmic procedure of the twinning model

Table A.1: Algorithmic procedure of the coupled slip/twinning problem.

if fη(n) < 1 then
1. Initialize
να(k+1) = να(n), ḟη(k+1) = ḟη(n)

2. Find να and fη
while |Rαη| < tol do

2.1. Compute stress tensor
F I(k+1) = uni

(
I + ∆tη0ḟη(k+1) [sη ⊗ nη ] + ∆t

∑
α να(k+1) [sα ⊗ nα]

)
· F I(n)

F E(k+1) = F tr
E · F I(n) · F−1

I(k+1), CE(k+1) = FT
E(k+1) · F E(k+1)

SE(k+1) = ∂ψ̂(k+1)(CE,Ai)/∂CE(k+1)

2.2. Compute slip residuum vector
for α ∈ nα do

πα(k+1) =
[
CE(k+1) · SE(k+1)

]
: [sα ⊗ nα] + Divi(ξα(n+1))

Rα = να(k+1) − ν0

[
|πα(k+1)|

τyα + τhα(k+1) + τ tw→sl
α(k+1)

]m
sgn

(
πα(k+1)

)
end

2.3 Compute twin residuum vector
πη(k+1) =

[
CE(k+1) · SE(k+1)

]
: [sη ⊗ nη] + Divi(ξη(n+1))

Rη = ḟη(k+1) −
ν0
η0

[
〈πα(k+1)〉

τyη + τ intη(k+1) + τ sl→tw
α(k+1)

]m
2.4 Compute tangent contributions

Kαβ =
∂Rα
∂νβ

, Kαη =
∂Rα

∂ḟη
, Kηβ =

∂Rη
∂νβ

, Kηη =
∂Rη

∂ḟη
2.5 Assembly

Rαη =

Rα

Rη

 , Kαη =

Kαβ Kαη

Kηβ Kηη


2.6 Update
να(k+1) → να(k), ḟη(k+1) → ḟη(k)ν(k+1)

ḟη(k+1)

 =

ν(k)

ḟη(k)

−K−1
αη ·Rαη

end
3. Check for completion of the twinning process
if fη(k+1) > 1 then

3.1 Apply constraint for twinning shear magnitude

fη(k+1) = 1, ḟη(k+1) =
1− fη(n)

∆t
3.2 Recompute F I(k+1)

end
4. Transfer to global level
να(k+1) → να(n+1), ḟη(k+1) → ḟη(n+1), F I(k+1) → F I(n+1)

end
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Table A.2: Algorithmic procedure after lattice reorientation due to twinning.

if fη(n) = 1 then
1. Initialize
ν̃α(k+1) = ν̃α(n)

2. Find ν̃α
while |Rαη| < tol do

2.1. Compute stress tensor
F I(n+1) = uni

(
I + ∆t

∑
α ν̃α(n+1) [s̃α ⊗ ñα]

)
· F I(n)

F E(k+1) = F tr
E · F I(n) · F−1

I(k+1), CE(k+1) = F T

E(k+1) · F E(k+1)

Str
E(n+1) = ∂ψ̂(n+1)(CE, Ãi)/∂C

tr
E(n+1)

2.2 Compute slip residuum vector
for α ∈ nα do

π̃α(k+1) =
[
CE(k+1) · SE(k+1)

]
: [s̃α ⊗ ñα] + Divi(ξ̃α(n+1))

Rα = ν̃α(k+1) − ν0

[
|π̃α(k+1)|

τyα + τ̃hα(k+1)

]m
sgn

(
π̃α(k+1)

)
end
2.3 Compute tangent contributions

Kαβ =
∂Rα
∂ν̃β

3.4 Update
ν̃α(k+1) → ν̃α(k)

ν̃(k+1) = ν̃(k) −K−1
αη ·Rαη

end
3. Transfer to global level
ν̃α(k+1) → ν̃α(n+1), ḟη(n+1) = 0, F I(k+1) → F I(n+1)

end
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