Received: 20 January 2021

Revised: 9 December 2022

Accepted: 20 December 2022

DOI: 10.1112/blms.12803

RESEARCH ARTICLE

Bulletin of the London
Mathematical Society

r-Cross t-intersecting families via necessary

intersection points

Pranshu Gupta'
Bjarne Schiilke**

'Hamburg University of Technology,
Institute of Mathematics (E-10), Chair
Discrete Mathematics, Hamburg,
Germany

2School of Mathematics, Watson Building,
University of Birmingham, Edgbaston,
Birmingham, UK

3Caltech, The Division of Physics,
Mathematics and Astronomy, Pasadena,
California, USA

4University of Hamburg, Department of
Mathematics, Hamburg, Germany

Correspondence

Bjarne Schiilke, Caltech, The Division of
Physics, Mathematics and Astronomy,
1200 E California Blvd, Pasadena CA
91125, USA.

Email: schuelke@caltech.edu

The third author was supported by
ANID/CONICYT Acuerdo Bilateral
DAAD/62170017 through a Ph.D.
Scholarship.

1 | INTRODUCTION

| Yannick Mogge!'

| Simon Piga® |

Abstract

Given integers r>2 and n,t>1 we call fami-
lies Fy,...,F, C Z([n]) r-cross t-intersecting if for
all F; € F;, i € [r], we have | ﬂie[r] F;| > t. We obtain
a strong generalisation of the classic Hilton-Milner
theorem on cross-intersecting families. In partic-
ular, we determine the maximum of ), jelr] |75l
for r-cross t-intersecting families in the cases when
these are k-uniform families or arbitrary subfamilies
of #2([n]). Only some special cases of these results
had been proved before. We obtain the aforementioned
theorems as instances of a more general result that
considers measures of r-cross t-intersecting families.
This also provides the maximum of Zje[r] |F;| for
families of possibly mixed uniformities k1, ..., k,.

MSC 2020
05DO05 (primary), 05C35 (secondary)

For a set A, we denote the power set of A as P(A) ={B : B C A}. Let j €N, then set [j] =
{1,...,j} Ljlo = [j1u {0}, and for i € [j], set [i, j] = {i,i + 1,..., j}. For a set with a single element,
say {i}, we sometimes just write i. Given a set A, we write A for the set of k-element subsets of A
and similarly A% for the set containing all subsets of A that are of size at most k.

One of the main themes in extremal set theory are intersecting families. Given some n € N,
a family F C 2([n]) is said to be intersecting if for all F,F’ € F we have FNF' # @. The

© 2023 The Authors. Bulletin of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in
any medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.

Bull. London Math. Soc. 2023;55:1447-1458. wileyonlinelibrary.com/journal/blms | 1447


mailto:schuelke@caltech.edu
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://wileyonlinelibrary.com/journal/blms

1448 | GUPTA ET AL.

following well-known theorem by Erdés, Ko and Rado [13] is one of the earliest results in extremal
set theory.

Theorem 1.1. Let k,n € N with 2k < n and let F C [n]® be an intersecting family. Then |F| <
("~}) and this bound is sharp.

Observe that this maximum is attained by a family which contains all the sets of size k that
contain one fixed element, for instance, F = {F € [n]®) : 1 € F}.

As a variation cross-intersecting families can be considered. For r,t,n € N we say that
families Fy,...,F, C #([n]) are r-cross t-intersecting if for all F, € F,..,F, €F, we
have | (), Fil > t. Now it is natural to ask for the maximum of )., |7;| taken over all
non-empty r-cross t-intersecting families 7, ..., F,. In this regime there are several partial results
concerning the maximum sum of sizes of r-cross ¢-intersecting families for specific instances of r
and t, starting with theorems by Hilton [25] and by Hilton and Milner [26] and continued, for
instance, in [6, 20, 21, 24, 31, 32, 34, 35] (also see the references therein). We determine Ziem |7
for every r > 2 and t > 1 for both uniform families and non-uniform families (see Corollary 1.3
and Corollary 1.5), generalising a result by Frankl and Wong H.W. [24].

In fact, we show these results in the more general setting of measures. Here, one can ask
for the maximum measure of families instead of their sizes. More formally, consider a func-
tion u : Z([n]) — R, that is, a map assigning a weight to each set in Z([n]). Now, instead
of asking for the maximum size of an intersecting family, we ask for the maximum measure of an
intersecting family, where the measure of a family 7 C #([n]) is defined as u(F) = Y pcp u(F).
Two commonly considered measures are the product measure ¢, and the uniform measure v,.
For p € [0,1] we define the product measure as ¢,(F) = p/"I(1 — p)*~IFl, where F € 2([n]).
Note that this can be interpreted as the probability that a specific set F is the result of a ran-
dom experiment which includes each element from [n] with probability p in F. The uniform
measure vy, with k € [n], is defined as v (F) = 1/(7) if |[F| = k and v (F) = 0if |F| # k.

For these measures analogues of the Erd6s—-Ko-Rado theorem can be considered. Indeed, we
can reformulate Theorem 1.1 as follows: For k,n € N with 2k < n and an intersecting family 7 C
[n]® it follows that v (F) < % For the product measure the following analogous result was first
proved in [1]. For p < 1/2 and an intersecting family 7 C &([n]) we have ¢ ,(F) < p.

Several results for specific measures and (cross) intersecting families are known, see [4, 5, 11,
14,15, 33]. For a more thorough overview we recommend [23, Chapter 12] and [9]. In particular, a
result due to Borg [8] determines the maximum product of r-cross ¢-intersecting uniform families
and also considers a variant with measures.

Since normally the measures considered depend only on the size of the sets, we will introduce
the following abuse of notation. For a function u : [n], — R, and a set F C [n] we consider the
measure F — y(|F|) but write u(F) instead of u(|F|) and we refer to i as a measure. Further,
for F € Z([n]) we write u(F) = Y pep u(F).

In our main results we determine the maximum sum of measures of r-cross t-intersecting
families. Given n, a,t € N with n > a > t consider the families

A(n,a,t) ={F € Z([n]): IFnla]| > t}
B(n,a) ={F € Z([n]): [a] C F}.

Essentially, our main results state that the maximum is attained by families ‘derived’
from A(n,a,t) and B(n,a), even when we consider different kinds of measures (including v,
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and ¢, when p < 1/2). For ¥ C #([n]) and k € N, we set Fk={FeF :|F|=k}and F<k =
{F € F : |F| < k}. Let r be an integer with r > 2, for every i € [r] let k; € N and let j € [r] such

that k; = min,¢, k;. Then we write secrﬁn k; = min;g(,\ j k;. Let us now state our first result
elr

which in particular determines the maximum of ., |7;| for k-uniform families.

Theorem 1.2. Let r,t,n €N with r > 2. For i € [r] let k; € [n], w; : [n]y = Ry, and F; C

[n]&k) such thatn > 2 max;e(, k; + semﬂn k; — t. If Fy, ..., F, are non-empty r-cross t-intersecting
elr

Sfamilies, then

2 (7)) < max {W(A(n,a,tF“f) + 2 /"j(B(”’a)skj)}, (LD

Jjelr] Jjelr\¢

where the maximum is taken over £ € [r] and a € [t, min;,\» k;.

Note that .A(n, i, t) together with r — 1 copies of B(n, i) are r-cross t-intersecting for every i > t
Thus, this result is sharp in the sense that there are r-cross ¢-intersecting families which attain
the bound.

As mentioned above, applying Theorem 1.2 with k; = k and the measure u; = vk( ) for
every i € [r], we obtain the following result for k-uniform families.

Corollary1.3. Letr > 2and n,t > 1 beintegers, k € [n], and fori € [r]let F; C [n]©. If Fy, ..., F,
are non-empty r-cross t-intersecting families and n > 3k — t, then

m n-— m
Fjl < max ) +(r—1 ,
jezi‘;]l ! me[t’k]{ie%:k](l) <k— ) ( )<k m)}

and this bound is attained.

Some special cases of this result were obtained before. For r =2 and ¢t > 1 Corollary 1.3
was proved by Frankl and Kupavskii [20]. For t =1 and r > 2 Corollary 1.3 was shown
very recently in independent work by Shi, Frankl and Qian [31], where they deduce it
from a result about two families by an elegant application of the Kruskal-Katona theorem
[27, 28].

Note that, in fact, Theorem 1.2 also determines the maximum of ¥, |F;| for families of dif-
ferent uniformities k, ..., k,. Sometimes, a weaker definition of ‘cross intersecting’ is used in the
literature: forr, t,n € N, we say that families 7, ..., F, C Z([n]) are pairwise r-cross t-intersecting
if for all i, j € [r] and all F; € F;,F; € F;, we have |F NF;| > t. In [31], Shi, Frankl and Qian
posed three problems regarding the maximum sum of sizes of pairwise r-cross t-intersecting
families. Theorem 1.2 solves all of these problems for r-cross t-intersecting families (and slightly
larger n). To some extent, our proof method also applies to the pairwise cross intersecting setting
and we plan to address this in future work.

In the context of non-uniform families, one of the results of a very recent work by Frankl and
Wong H.W. [24] establishes the maximum possible size of 2-cross t-intersecting families. The
following theorem generalises their result for all r > 2 and for measures.
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Theorem 1.4. Let r,t,n € Nwith r > 2. For i € [r] let y; : [n]y = Ry, be non-increasing, and
let 7, C Z([n]). If Fy, ..., F, are non-empty r-cross t-intersecting families, then

Zuj<rj><max{uf<A<n,a,r>>+ Y ujw(n,a))}, (12)

jelr] JEIrN\Z
where the maximum is taken over £ € [r] and a € [t,n].

As before, this bound is attained. Note that by taking u; =1 for every i € [r] we obtain the
maximum of ¥, |F;| for r-cross t-intersecting families.

Independently, Borg and Feghali [10] proved the special case of Theorem 1.4 whenr = 2, ¢ = 1,
and y;(k) = Tk L € {1, 2}, for some k,, k, € [n].

Corollary 1.5. Letr > 2, n,t > 1 be integers and let F,, ..., F, C Z([n]) be non-empty r-cross t-
intersecting families. Then,

F.| < max < 2" ") L =12 ,
Z|j| me[t,n]{ 2 <l> ( ) }

Jjelr] i€[t,m]

and this bound is attained.

For a further application, note that Theorem 1.4 also provides the maximum for the product
measure ¢, if p < 1/2.

As it turns out, we can essentially prove Theorems 1.2 and 1.4 simultaneously and we derive
them as special cases of the more general Proposition 3.7. This proposition even considers the
case of r-cross t-intersecting families 7, ..., 7, when some of them satisfy the conditions of
Theorem 1.2 and some others satisfy the conditions of Theorem 1.4.

1.1 | Idea of the proof

Our proof is based on what we call necessary intersection points (see Definition 3.1). Roughly
speaking we say that a vertex a € [n] is a necessary intersection point for r-cross t-intersecting
families 7, ..., F, if there are sets in the families which ‘depend’ on this vertex to fulfil their
intersection property. For example, if we consider the 2-cross 1-intersecting families .A(n, 2,1)
and B(n, 2), the vertex 2 is a necessary intersection point because there are pairs of sets that inter-
sect only in 2. In this case, 1 and 2 are the only necessary intersection points of these families. The
idea is to ‘decrease’ the largest necessary intersection point as long as possible, that is, replace the
presently considered r-cross t-intersecting families by r-cross t-intersecting families whose sum
of measures is not smaller but which have a smaller largest necessary intersection point.

Let 7y, ..., F, be some r-cross t-intersecting families and let a € [n] be their largest necessary
intersection point. To construct the new families we first remove all sets that ‘depend’ on a in
one family, say F,; we call the family of these sets 7,.(a). Then a will no longer be a necessary
intersection point. Potentially, there are some subsets of [n] which could not be in any of the
other families because they would not intersect ‘correctly’ with some set in F,(a). However, after
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removing F,(a) from F, and depending on how such a set relates with 7, \ F,(a), it may be added
to one of the other families without breaking the intersection property.

There are some structural properties that follow from a being the largest necessary intersection
point and the fact that the families are shifted. These will help us to analyse which new sets can
actually be added to the families 7, ..., F,._; and to prove that in fact the measure of the newly
added setsis atleast as large as the measure of the removed sets. Moreover, this analysis guarantees
that the new largest necessary intersection point is at most a — 1.

We can iterate this construction and decrease the largest necessary intersection point in every
step. This process has to stop at a certain point, and we show that then the resulting families are
contained in families with the desired structure (namely .A(n, a, t) and B(n, a)).

2 | PRELIMINARIES

In this section we introduce some well-known facts about shifting. For F C [n] and i, j € [n] we
set

o, (F) = {(F\{j})u{i}ifj €FandigF

F otherwise,

and note that |o;;(F)| = |F|. Moreover, for a given ¥ C &([n]) we define the family o;;(F) =
{o,;(F) : FEF}IU{F €F : 0;;(F) € F} and note that |o;;(F)| = |F|. Further, it can easily be
checked that if 7 C Z?([n]) is intersecting, then o; j(F) is also intersecting. We say that 7 C
P([n]) is shifted if for all i, j € [n] with i < j we have 0;(F) = F, that is, for all F € 7 we have
that o;;(F) € F. By shifting an intersecting family 7 C #([n]) repeatedly, that is, replacing 7
by o;;(F) repeatedly for all i, j € [n] with i < j, we obtain an intersecting family G that is shifted
and for which we have |G| = |F| and |G¥| = |F¥|. Thus, to determine the maximum size of an
intersecting family, one can restrict themselves to shifted families.
Moreover, for the sake of completeness, we prove the following fact.

Fact 2.1. Let a,be|[n]. If Fy,..,F. C P([n]) are r-cross t-intersecting, then the fami-
lies o, (Fy), ..., 04 (F,) are r-cross t-intersecting.

Proof. Assume the contrary and let F| € o,,(Fy), ..., F| € 0,,(F,) for every i € [r] such
that | (Nigp F{| < t.Foreveryi € [r],letF; = Fif F| € F.IfF] ¢ F,weknowthata € F]andb ¢
Fl’ and weset F; = oba(Fi’ ) € F,.Since Fy, ..., F, are r-cross t-intersecting, we have | ﬂie[r] Fi| >t
and so there is some j € [r] such that F; = aba(F}) #* F; But then we have a ¢ Fj, and thus, a ¢
Miefr) Fi- This yields that

t=1<| () Fi\{a.b}l = | () F{ \{a,b}. 1)

ielr] i€lr]

Note that the assumption | ﬂiem F l’ | <t tells us that in fact the left side inequality above is an
equality. This in turn implies that b € ﬂiem F;.

Our assumption together with (2.1) also give some 7 € [r] such that a ¢ F ;. Then it fol-
lows by definition that o,,(F,) € F, because b € ;g F;. Hence, |04,(F/) N (g Fil <t
contradicts 7, ..., F, being r-cross t-intersecting. O
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This allows us to restrict ourselves to shifted families when looking for the maximum sum of
measures of r-cross t-intersecting families if the measure of a set F depends only on the size of F.

3 | PROOF OF THEOREMS 1.2 AND 1.4

We begin by introducing necessary intersection points which are central to our proofs.

Definition 3.1. Let 7, C #([n]),..., F, C £([n]) be r-cross t-intersecting families. We say
that a € [n] is a necessary intersection point of Fy, ..., F, if for all j € [r] there is an F; € F; such
that

|[a]anj|:t and a€ ﬂFj. 3.1
Jjelr] Jjelr]

The following easy lemma is one of the useful properties of necessary intersection points used
together with shifting.

Lemma 3.2. Let F; C Z([n]),..., F, C ZP([n]) be shifted r-cross t-intersecting families and let a
be their largest necessary intersection point. If i € [r], F € F;, and F; € F; for j € [r] \ i are such
that|[a—1]nFn ﬂje[rj\iFjl <t then[la—1] CFU ﬂje[rj\iFj'
Proof. We will assume that thereisab € [a — 1] \ (FU[) jeirni F ;) and derive a contradiction.
Suppose a ¢ F. Then |[a] N F N ﬂjem\i Fjl < t. Thus, since F, ..., F, are r-cross t-intersecting,
there is a necessary intersection point larger than a. This contradicts the assumption that a is the
largest necessary intersection point of 7, ..., F,. We conclude thata € F.

Further, we know that o,,(F) € F; since F; is shifted and b < a. But then we have |[a] N
g F)N jerri Fj1 < t, which again contradicts 77, ..., ;. being r-cross t-intersecting with the
largest necessary intersection point a. O

Roughly speaking, the proof proceeds by iteratively decreasing the largest necessary inter-
section point, that is, replacing the currently considered families by families with a smaller
largest necessary intersection point. In this ‘updating’ process we need to be careful with those
sets which need a fulfil the intersection property. To make this more precise, we introduce the
following notation.

Let F; € Z([n)), ..., F, € Z([n]) be r-cross t-intersecting families and let a be their largest
necessary intersection point. For every j € [r] define 7;(a) to be the set of all F € F; for which
there exist F; € F; foreveryi € [r] \ j such that(3.1) holds. We also refer to the sets in F';(a) as the
sets in F'; depending on a. Further, for A C [a — 1] set F;(A,a) ={F € Fj(a) : Fnla—1] = A}.

The following lemma is the key of our proof. It will allow us to ‘push down’ the largest necessary
intersection point of the families considered in case that we are not already done. Since we will
prove Theorems 1.2 and 1.4 simultaneously (by proving Proposition 3.7), we phrase this lemma in
a general setting. The families with indices in [r; ] are families as in Theorem 1.2 and the remaining
families are as in Theorem 1.4.

Lemma 3.3. Letr,t,ne€N, ry ENgwithrzr, r>2 andr;#1, and let ae[n] If r > 2,

suppose that ky, ...k, € [n] are such that n > 2max;¢, 1 k; + seigr[rrli]n ki —t, and let piy, ..., .
1
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[n]y = Ry Fori € [ry + 1,r], set k; = n and let u; : [n]y, — Ry, be non-increasing. For i € [r],
let F; C [n]S%). If Fy, ..., F, are shifted r-cross t-intersecting families with largest necessary inter-
section point a > t + 1 such that for all i € [r], the family F; \ F;(a) is non-empty, then there are
non-empty families H1, ..., H, such that

(a) fori € [r] we have H; C [n](<k),
(b) H,,..., H, are r-cross t-intersecting with largest necessary intersection point at most a — 1 and
© Zjern 4iH) > X jeir ().

Proof. Roughly speaking, the families H,, ..., H, will be obtained from 7, ..., F, by deleting F;(a)
from some of them and adding new sets to the others. More precisely, define for every i € [r;] the
family

Fil= | | {AuT:Tela+1,n14), (3.2)
kelk;] ACla—1]:
Fi(A,0)f 4@

and for i € [r; + 1,r] define the family Fiadd ={F\a : F € Fi(a)}. Next, fori € [r] we set Fo=
Fi\ F(a)and F" = F; U Fl.add. Note that for alli € [r] we have 7", F|” C [n]<%) and, hence, they
satisfy (a).

We aim to show that considering 7~ for some indices and 7" for the other indices will yield
families as desired. To this end let us now observe the following claim, ensuring that such a
collection will fulfil (b).

Claim 3.4. Leti € [r].

(1) The families F‘,.,.,T’i‘_l,f’;r,}‘ijrl, ..., F” are r-cross t-intersecting with largest necessary
intersection point at most a — 1.
(2) The families F+,...,T’it1,7’i‘,7‘iil, ..., FF are r-cross t-intersecting with largest necessary

intersection point at most a — 1.

Proof.

(1) Assume the contrary and let F; € 7-’}._ for je[r]\i and F; € Fl.+ such that |[a—
110 jelr] F j| < t. Since Fi,...,F, are r-cross t-intersecting, this means that there is
some F’ € F;(a) (potentially F’ = F;) with F; n[a — 1] = F/ n[a — 1]. But then |[a — 1] n
F'n ﬂje[r]\i F;| < t,which is a contradiction because F; € 7-‘].‘ =F; \ Fj(a).

(2): Assume the contrary and let F; € 7?;r for j€[r]\i and F; € F such that [[a—1]n
N jepr Fjl <t. Since Fp,...,F, are r-cross t-intersecting, this means that for all je
[F]\i there is an FJ’ € Fi(a) with F;n[a-1]= F; N[a—1]. But then |[[a—1]NnF;Nn
Njern F;.l < t, which is a contradiction because F; € 7, = F; \ Fy(a). O

Now, let us show that the updated families will still have maximum measure, that is, that (c)
holds. This essentially follows from the next two claims.

Claim 3.5. Fori € [r] we have ,ul-(T’iadd) > w;(Fi(a)).
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Proof. If i € [ry +1,r], note that the definition of 74! implies an injection ¢ : F;(a) — F4¢
with |@(F)| = |F| — 1. Thus, recalling that y; is non-increasing, the claim is proved.

If i € [r,], we need to work a bit more. If r; = 0, there is nothing else to show, so assume
that r; > 2. First, we want to get an upper bound on a. Let s be the minimal integer such that
there is some m, € [r;]and A, € [a — 1] such that Fp (A, a) # @. By definition we know that
for F € F,, (A,,a)thereare F; € F; forall j € [r] \ m, such that [[a —1]nF n ﬂje[r]\m* Fj| <
t. Thus, Lemma 3.2 yields that[a — 1] C F U ﬂje[r]\m* F;.Since|Fn[a—1]| = |A,| =sandr >
2, thisentails a < s+ 1 + mine, j\,, kj — £

To show ,u,-(Fl.add) > u;(F;(a)) it is enough to show that for all k € [k;] we have |(Fl.add)k| >
(Fi(@)EI.

Further, it is easy to see that for all k € [k;]

(Fi(a))k Cc U {AUaUT : T€ela+1, n](k—l—lAl)}.
ACla-1]:
Fi(A0)#£@

Hence, in view of (3.2), to show |(Fl.add)k| > |(Fi(a))¥| it is enough to show that for every A C

[a — 1] with F;(A, a)¥ # @ we have (k—nl_—(llAl) < <kn—_|f\|)’WhiCh in turn holds if == > k — 1 — |A|.

And indeed, the bounds on a and » entail

n—gqg MN—s—1l-—minjc, \n, k;j+1t s 2max;, ki —s—1

>k—1-—|A]|.
2 7 2 2 Al O

=z

Further let us observe the following.
Claim 3.6. For i € [r] we have F; N Fl.add = Q.

Proof. Assume that thereissomeF € F; N Piadd. Then, because F € Piadd, there is some F' € F;(a)
with [a —1]NF =[a—1]nF’. For F’ on the other hand, there are F;eF;forall je[r]\i
such that [[a] N F" N (g, Fjl =t and a € F' n ;¢\ F;- But since F € F4d, we know
thata ¢ F and thus we have [[a] N F N (;,\; F;| < t. This gives us a contradiction since F € F;
and Fy, ..., F, are r-cross ¢t-intersecting with largest necessary intersection point a. O

Finally, we can ‘update’ the collection of families. If 1, (F,(a)) < Zie[r_l] u;(Fi(a)), we consider
the families #; = F;" fori € [r — 1] and H, = . Recall that we have H; C [n]<k) fori € [r] and
that they are non-empty by the condition that 7; \ F;(a) # @foralli € [r]. By Claim 3.4 these fam-
ilies are r-cross t-intersecting with their largest necessary intersection point at most a — 1 and by
Claims 3.5 and 3.6, and x,(F;(a)) < Yicp,_1y #(Fi(a)) we have ¥ wi(F) < Xigppqy i(F;) +
u,(F7). Together, this yields (a)-(c) in the conclusion of the lemma.

If u.(F.(a)) = Eie[r_u ui(Fi(a)), we consider the families ", ..., F_ |, F . Similarly as before,
it follows that these will satisfy (a)-(c). O

Both Theorems 1.2 and 1.4 can be obtained from the following more general result by
setting r, =r and r, =0, respectively. Moreover, this result also provides the maximum
of ¥, #i(F) in the case when some of the families and measures satisfy the conditions in
Theorem 1.2 and the others satisfy those in Theorem 1.4.
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Proposition 3.7. Letr,t,neN, r, eNywithr>r, r>2 andr, #1, and let a € [n]. Ifr; >

2, fori € [r] let k; € [n] be such that n > 2max;g(, | k; + secr[nl]n ki —t, andlet u; : [n]y = Ry,
i€lr;

Fori € [ry +1,r]setk; = nandlet u; : [n]y — Ry, be non-increasing. Fori € [r]let F; C [n]<ko,
IfFy, ..., F, are non-empty r-cross t-intersecting families with largest necessary intersection point at
most a, then

2 u;(Fj) < max {u{(A(n,a*,t)Skf) + 2 ,uj(B(n,a*)ékj)} , (3.3)

Jjelr] Jjelr\¢

where the maximum is taken over £ € [r] and a, € [t, min{a, min;¢(,\» ki}]-

Proof. We perform an induction on r. The beginning is the same for the induction start and the
induction step. Let all the parameters and y; be given as in the statement of the theorem and note
that without restriction ¢ < min;¢, k;. Further, let 7, ..., F, be such that

(1) fori € [r] we have F; C [n](Sk),

(2) they are r-cross t-intersecting with largest necessary intersection point at most a,

(3) they maximise Z jelr] M (Fj) among all families satisfying (1) and (2),

(4) their largest necessary intersection point is minimal among those families that fulfil (1)-(3).

Since the properties (1)-(4) are preserved when shifting, we may assume that 7y, ..., 7, are shifted.
Denote the largest necessary intersection point of 7, ..., F, by a, and observe that if a, = ¢, we
are done. So we assume thata, > ¢ + 1.

Firstly, consider the case that for all i € [r] we have that 7~ # @. Then Lemma 3.3 yields fam-
ilies H,, ..., H, satisfying (1)-(3) with a largest necessary intersection point smaller than a,. This
is a contradiction to the choice of the families (see (4)) and thereby completes the proof of both
the induction start and the induction step.

Secondly, consider the case that for some j € [r], without loss of generality 7, it holds that 7, \
F.(a,) = @. That is to say, all sets in 7, depend on a,.

Assume that thereisa b € [a, — 1] and F € F, such that b ¢ F. As F, is shifted, we have that
Opq, (F) € T, but this set does not depend on a,. Hence, for every F € F, we have [a,] C F, in
other words F, C B(n, a, ).

For r = 2 notice that since a, is the largest necessary intersection point, every F; € F, has at
least t elements in [a,]. This yields 7, C A(n, a,,, t)s%1 and hence

w(F) + uip(Fy) < wy (A, a,, t)gkl) + 1, (B(n, a*)skz) s

which finishes the proof of the induction start.

For r > 3 observe that the families F,,..., F,_; are (r — 1)-cross t-intersecting families with
largest necessary intersection point at most a, which maximise Z jelr—1] M i(F;) (among all (r —
1)-cross t-intersecting families G; C [n](<%) with the largest necessary intersection point at most
a,). Thus, the induction hypothesis implies that there is an # € [r — 1] and an a,, € [a,] such

that

Y w(F) <pAm a0+ Y (B, a,)).
jelr-1] jelr—1\¢
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Since F, C B(n,a,)s C B(n,a,,)<*r, this entails

Y ui(F) < (A a, D)+ Y wi(B(n,a,,)),
J€lr] JEIr\?

which finishes the induction step. [

4 | CONCLUDING REMARKS

Observe that the maxima in our results are attained for different i (and ¢), depending on the
measures and r, t and n. However, we remark the following.

Remark 4.1. For given ¢, n, k € N and a measure u there is an r, such that if r > r,;, the maximum
in Theorems 1.2 and 1.4 is always attained for i = ¢t if u = u; (and k; = k) for all j € [r].

One can also ask for the maximum of the product of sizes or, more generally, the prod-
uct of measures of r-cross t-intersecting families, instead of the sum. More precisely, for given
measures Ui, ... , 4, find the maximum possible value of

[Tw0o (4.1)

ie[r]

for F, ..., F, being r-cross t-intersecting families.

There are some partial results concerning this problem ([8, 19, 29, 30]). Frankl and Tokushige
[22] determined the maximum product of the sizes of r-cross 1-intersecting families. In [8], Borg
determined the maximum of (4.1) for r-cross t-intersecting uniform families and measures with
certain properties (which include the product measure, the uniform measure and the constant
measure) (see also [9] for a general result). Moreover, in [7], Borg also determined the maximum
product of sizes for r-cross 1-intersecting families in which the size of the sets is bounded, that is,
each of the families is of the form [n]K), where n and k may be distinct across the different fami-
lies. It is well known that for ay, ..., a, € Ry with ¥, @; < a the product [ ;¢ a; is maximised
ifa; = % for alli € [r]. Therefore, considering Remark 4.1, given n, measures y; = u (and k; = k)
with p (and k and n) satisfying the conditions in Theorem 1.2 or Theorem 1.4, there is an r(, such
that for r > r,, these theorems actually also yield that the maximum of (4.1) is (u(B(n, <)) . This
particularly includes the product measure, the uniform measure and the constant measure, and
solves a few instances of the Problems 12.10 and 12.11, and of the Conjectures 12.12 and 12.13 posed
by Frankl and Tokushige in [23].
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