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Abstract

The thesis aims to advance gradient-based optimization methods for non-parametrized
shapes exposed to immiscible two-phase flows using an adjoint Reynolds-Averaged Navier-
Stokes (RANS) approach. Attention is given to the trade-off between adjoint consistency
and industrial process capability. The efforts can be structured into four building blocks (I-
IV): Compatible fully turbulent (I) primal (physical) and (II) dual (mathematical, adjoint)
relationships together with appropriate objective functional formulations (III) are analysed
with curiosity and scepticism at the same time, in order to attain the required accuracy,
robustness and efficiency. The geometry engine (IV), which translates the computed sen-
sitivities into shape deformations and grid adjustments, is crucial for the efficiency of the
process, the technical usability of the result, and the HPC capability. Different aspects of
the simulation-driven shape optimization process are addressed. This research’s common
ground is to analyse potential issues in greater depth rather than to formulate ad-hoc
measures. The guiding principle frequently follows the concept of ”Learning from the Ad-
joints”. It is seen that potential weaknesses displayed by an adjoint approach –e.g. when
developing (continuous) analytical solutions, in conjunction with (discrete) convergence
problems– are often attributable to weaknesses of the primal formulation and a twist of
the research question can lead to fruitful insights.
Contributions to (I) refer to the development of an efficient engineering Cahn-Hilliard

(CH) Volume-of-Fluid (VoF) branch. In line with analytical considerations for a model
problem, a nonlinear Equation of State (EoS) is derived to relate an indicator function with
the fluid properties. Building block (II) covers the derivation of discrete adjoint VoF for-
mulations and the implementation of an adjoint VoF sub-cycling strategy. The suggestion
of a discretely differentiable EoS, together with a novel combination of an inconsistent ad-
joint VoF method and the CH-VoF approach, allows for a robust and (flexible-) consistent
adjoint two-phase formulation. Another major part is concerned with a continuous adjoint
complement to 2D, incompressible, first-order boundary-layer equations. The findings sup-
port the heuristic neglect of the adjoint transposed convection term and offer analytical
expressions for adjoint laminar boundary-layer parameters. The thesis is also concerned
with improving adjoint investigations of turbulent flows using mixing-length arguments for
the frozen turbulence strategy and a Law of the Wall consistent approach. An algebraic
expression provides a consistent closure of the adjoint momentum equation in the logarith-
mic layer. Spatial decoupling of the control from the objective (III) affects the formulation
of boundary conditions and reduces iterative efforts when the design surface does not
cover the entire wetted surface. Additionally, an implicit surface metric approach is pre-
sented to extract the inherently smooth gradient (IV) out of the possible rough sensitivity
derivative. Attention is devoted to compliance with geometrical constraints, e.g. constant
volume or maximum outer dimensions. Finally, an adaptive floatation module is added
to the gradient-based optimization procedure, which is not differentiated and considered
frozen during the adjoint simulation. Examples included underline the capability of the
frozen floatation approach and provide partially drastically improved ship hull shapes. It
is demonstrated that fixed floatation can lead to optimization losses when the final shape
is released.
Almost without exception, applications relate to maritime two-phase flows at the indus-

trial level. Some of them are conducted even in full-scale. They refer to a Kriso container
ship, a generic submarine, a double-ended ferry, and an offshore-supply vessel.
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κ Kármán constant
λ∗ Wave length or interpolation factor
µ∗ Dynamic Viscosity
ν∗ Kinematic Viscosity
ω∗ Specific dissipation rate or relaxation factor
ψ∗, ψ̂ Chemical potential or stream function, adjoint stream function
ρ∗ Density
σ∗, σ∗

i , σ̂i Surface tension, surface force, adjoint surface force
τ ∗, τ̂ ∗, τ ∗ik, τ̂

∗
ik Shear stress or design time, adjoint shear stress, shear stress tensor,

adjoint shear stress tensor
θ Angle between flow and free surface or phase angle or non-dimensional

temperature
ε∗ Dissipation rate or discrete control perturbation
φ∗ General field quantity or angle between flow and free surface
ξ Amplification factor

Upper-case Greek

x



Contents

∆∗ Outer boundary-layer position or increment (e.g. time slice)
Γ∗ Area
Ω∗ Volume

Superscripts
a, adj, A Fluid a, adjoint, Fluid A
b, B Fluid b, Fluid B or neighbour
BL Boundary-layer
C, CH, CO Convective, consistent, chord, channel, Couette
D Design or displacement downwind or diffusive
eff, E Effective, external
F Face, frozen
g Geometric
H Hydrostatic
I Inlet or internal
l Laminar, local
m, M, mod Material law, mass or outer iteration, modeled
O Objective or pressure outlet
phys, pri, p, P, PP Physical, primal, p-Laplacian exponent, cell center, perpendicular
S, ST Symmetry, surface tension
t, tar Turbulent, target
U Upwind
vD van-Driest
W Wall

Subscripts
τ Shear stress
99 99% boundary-layer thickness
D Displacement
E Energy
f, F Friction
H Height
i, j, k, l, m Cartesian coordinates
L Length
M Momentum
n Normal
t Tangential
w, W Wall

Operations
∆∗ f = ∇∗ · ∇∗ f Laplacian of scalar field f
|(·)| Absolute value
||(·)|| Euclidean norm
D (·)/D t∗ Conservative derivative
d (·)/d t∗ Substantial (a.k.a. material) derivative

xi



Contents

max(·) Maximum value
min(·) Minimum value
(·) Mean
∇∗ f Gradient of scalar field f
∇∗ · f Divergence of vector field f

Abbreviations
1D, 2D and 3D One-, Two- and Three-Dimensional
AD Automatic Differentiation (Algorithmic Differentiation)
AIAA American Institute of Aeronautics and Astronautics
ALE Arbitrary Lagrangian Eulerian (Formulation)
ATC Adjoint Transpose Convection
BE Backward Euler
BiCG Biconjugate Gradient
BRICS Blended Reconstructed Interface Capturing Scheme
BVM Boussinesq Viscosity Model
CA Continuous Adjoint
CAD Computer-Aided Design
CBC Convective Boundedness Criterion
CDS Central Differencing Scheme
CFD Computational Fluid Dynamics
CG Conjugate Gradient
CH Cahn-Hilliard
CICSAM Compressive Interface Capturing Scheme for Arbitrary Meshes
CV Control Volume
DA Discrete Adjoint
DARPA Defense Advanced Research Projects Agency
DC Deferred Correction
DDS Downwind Differencing Scheme
DEF Double Ended Ferry
DES Deteched Eddy Simulation
DNS Direct Numerical Simulation
EoS Equation of State
FD Finite-Differencing
FDM Finite-Difference Method
FreSCo+ Free Surface Code (in-house RANS code)
FS Full Scale
FV Finite-Volume
FVM Finite-Volume Method
HC Hyper-C
HPC High Performance Computing
HR High-Reynolds
HRIC High-Resolution Interface Capturing
ITTL Implicit Three Time Level
KCS Kriso Container Ship
LB Laplace Beltrami

xii



Contents

LDDS Linear Downwind Differencing Scheme
LES Large Eddy Simulation
LIVRA Least Squares Volume-of-Fluid Interface Reconstruction Algorithm
LoW Law of the Wall
LR Low-Reynolds
LUDS Linear Upwind Differencing Scheme
MDO Multidisciplinary Design Optimization
MPI Message Passing Interface
MS Model Scale
MUSCL Monotone Upstream-Centered Schemes for Conservation Laws
NACA National Advisory Committee for Aeronautics
NVD Normalized Variable Diagram
ODE Ordinary Differential Equation
OSV Offshore Supply Vessel
PDE Partial Differential Equation
PETSC Portable, Extensible Toolkit for Scientific Computation
PLIC Piecewise Linear Interface Reconstruction
QDICK Quadratic Downwind Interpolation of Convective Kinematics
QUICK Quadratic Upwind Interpolation of Convective Kinematics
RA Reynolds-Averaging
RANS Reynolds-Averaged NavierStokes
RTT Reynolds Transport Theorem
SIMadPLE Semi-Implicit Method for adjoint Pressure-Linked Equations
SIMPLE Semi-Implicit Method for Pressure-Linked Equations
SLIC Simple Line Interface Calculation
SP Steklov Poincaré
SST Shear Stress Transport
TKE Turbulent Kinetic Energy
TVD Total Variation Dimishing
UDS Upwind Differencing Scheme
UQ Ultimate-Quickest
V&V Verification & Validation
VoF Volume-of-Fluid
ZPG Zero Pressure Gradient

xiii



1 Scientific Aims and Motivation

International shipping is responsible for the transport of around 90% of the global trade.
The dominant role of shipping is attributable to the low fuel consumption per tonne-km
of transported cargo. However, the mere magnitude of around 45-50 thousand operating
merchant vessels puts environmental and economic aspects of shipping more and more into
the focus of optimization efforts. The seaborne pollution and approximately 50% of the
direct operating costs for shipping are related to fuel consumption, which is governed by
the vessel’s resistance. The latter is primarily controlled (approximately 75%) by steady
hydrodynamic contributions, i.e. the wave drag in calm water and the friction drag along
the wetted surface. Therefore, reducing these drag contributions –even by a few per mille–
is highly appreciated from commercial and environmental perspectives.

Different routes to reduce the drag of a ship or, generally speaking, improve an en-
gineering design exist. Traditional approaches largely refer to existing knowledge and
experience, supplemented by either experimental or computational validation strategies.
While time-to-market intervals of new products are nowadays subject to drastic reductions,
the requested design changes associated with their optimization or their adjustment to the
development of new markets are often beyond the limits of well-proven technology. This
dilemma indicates a pressing need to revise existing processes and implement simulation-
based optimization alternatives. This thesis addresses the ambition for a simulation-driven
optimization process. It is concerned with developing a holistic, robust and efficient com-
putational shape optimization framework dedicated to the hydrodynamic optimization of
ship hulls at Froude- and Reynolds numbers of practical interest. The related challenges
are comprehensive. They are associated with high Reynolds number turbulent flow and
the characteristics of the two-phase flow of immiscible fluids, which feature a virtually
discontinuous property change across the free surface. Moreover, meaningful shape up-
dates for approximately O(105) discrete surface points must obey a variety of practical
and manufacturing restrictions, and the hydrodynamic performance of the vessel is altered
by possible floatation.

The industrial focus of the research manifests itself in the pursued holistic approach.
This suggests to employ a reduced interface, intertwined optimization procedure with high-
performance computing capabilities using parallel applications on spatially partitioned
grids. The scope of the procedure includes the validation and optimization of the hydro-
dynamic performance, as well as the update of the design and its discrete representation
over a sequence of several dozen design cycles that might involve large localized devia-
tions from the initial design. Adjoint methods will be used in a Computer Aided Design
(CAD)-free (also known as (a.k.a.) node-based), gradient-based optimization environment
to capture frequently employed technical objectives, e.g. minimal wave and friction drag
or a minimized surface elevation. The node-based, CAD-free strategy supports the effi-
cient optimization of consecutive design updates in combination with a mesh morphing
procedure that does not require to adjust the parallel algorithm during the optimization

1



1 Scientific Aims and Motivation

procedure and benefits from comparably simple restart features. At the same time it
resolves the shape optimization potentials at the level of the numerical grid.

The goal of the thesis is to advance gradient-based optimization methods for CAD-free
and thus non-parametrized shapes exposed to immiscible two-phase flows using an adjoint
Reynolds-Averaged Navier-Stokes (RANS) approach. Attention is given to the trade-off
between adjoint consistency and industrial process capability. The efforts can be struc-
tured into four building blocks (I-IV), which the author believes are indispensable for an
industrialized fluid dynamic optimization process: Compatible fully turbulent (I) primal
(physical) and (II) dual (mathematical, adjoint) relationships together with appropriate
objective functional formulations (III) are analysed with curiosity and skepticism at the
same time, in order to attain the required accuracy, robustness and efficiency. Moreover,
the geometry engine (IV), which translates the computed sensitivities into shape defor-
mations and grid adjustments, is crucial for the efficiency of the process, the technical
usability of the result, as well as the High-Performance-Computing (HPC) capability. The
first building block seems controversial, since an enforced primal flow description is usu-
ally considered to be the starting point of the adjoint formulation. However, as displayed
in this research, inconsistencies between the primal and the dual description might point
to deficiencies of the primal flow model. A relevant example refers to accurate yet effi-
cient two-phase flow models including their interface treatment in continuous and discrete
space, where the adjoint perspective provides guidelines for appropriate primal flow models.
Aiming to improve optimizations of industrial applications, an efficient algebraic adjoint
turbulence treatment, robustness enhancing alternatives to spatially separate the control
from a force objective, as well as advanced techniques to drive the CAD-free shape and
mesh deformation for partially wetted shapes subjected to manufacturing constraints are
also put into the focus of this thesis. Applications are devoted to three industrial hulls
with different missions, i.e. a container vessel, an offshore supply vessel and a double-
ended ferry, supplemented by a generic submarine hull. Moreover, results are reported for
several theoretical and computational investigations of fundamental flows of interest, e.g.
boundary-layer flows and homogeneous shear flows. Findings and suggested approaches
are transferable to other engineering applications, e.g. the design of near-shore operating
renewable energy devices harvesting ocean waves in the surge zone close to a free surface.
The initial sections of this chapter provide a brief discussion on the state-of-the-art of

the primal two-phase flow model (I), the adjoint Computational Fluid Dynamics (CFD)
models for two-phase flows (II) and the geometry engine (IV) which comprises both the
shape description in discrete and continuous space as well as the discrete mesh update.
These summaries motivate the major research questions addressed in the thesis. The final
section outlines the detailed contributions of the present thesis.

1.1 Maritime Computational Fluid Dynamics

Many two-phase flows are characterized by immiscible fluids that feature negligible com-
pressibility. A prominent example refers to maritime free surface flows. Technical applica-
tions of such flows are often subjected to large interface deformations, e.g. breaking waves,
and the accurate simulation of these flows requires a computational model that conserves
the mass of each phase whilst preserving a sharp interface. These requirements still pose
a challenge in mesh-based computational fluid dynamics.
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1.1 Maritime Computational Fluid Dynamics

Engineering two-phase flow simulations mostly refer to either of two interface-capturing
methods, cf. Ferziger and Peric [2012]: Namely the Level-Set approach of Osher and
Sethian [1988] and the Volume-of-Fluid (VoF) method proposed by Hirt and Nichols [1981],
which both reconstruct the free surface from an indicator function. The Level-Set method
introduced by Osher and Sethian [1988] or Sussman [1994] and Sussman et al. [1998] uti-
lizes a signed distance function to characterize the interface by the zero-value iso-surface.
The continuous distribution of the signed distance simplifies a higher-order discretization
of the related transport equation and the geometry of the interface can be determined
with improved accuracy. A drawback of the standard Level-Set method is that it does
not guarantee mass conservation. Olsson and Kreiss [2005] as well as Olsson et al. [2007]
proposed a mass conservative Level-Set approach based on a smeared Heaviside function
which follows a similar idea compared to the diffuse (VoF) interface approach herein.
Two-phase applications of the VoF method suggested by Noh and Woodward [1976] and
later refined by Hirt and Nichols [1981] usually employ a scalar volume concentration of
a foreground phase to identify the fluid state of each cell. The method is conservative
and capable to predict merging and rupturing of free surfaces. For immiscible fluids, any
mixing of both phases is undesired but numerically difficult to avoid. Different strategies
are conceivable to improve interface compression: Geometric reconstruction schemes, e.g.
Simple Line Interface Calculation (SLIC, Noh and Woodward [1976]), Piecewise-Linear
Interface Calculation (PLIC, Hirt and Nichols [1981]) or Least Squares Volume-of-Fluid
Interface Reconstruction Algorithm (LVIRA, Pilliod Jr. and Puckett [2004]) and dedicated
downwind-biased advection schemes, e.g. the Compressive Interface Capturing Scheme for
Arbitrary Meshes (CICSAM, Ubbink and Issa [1999]), High Resolution Interface Captur-
ing (HRIC, Muzaferija and Peric [1999]) or Blended Reconstructed Interface Capturing
Scheme (BRICS, Wackers et al. [2011]). Geometric reconstruction schemes are afflicted
with a considerable algorithmic complexity which reduces their popularity. Dedicated ad-
vection schemes are slightly heuristic but fairly simple to implement. They maintain an
approximately sharp interface subject to sufficiently small time steps. On the downside,
they require transient simulations even when applying implicit numerical schemes to steady
state problems, e.g. the calm-water resistance of steady cruising ships. To further improve
the interface compression, some authors have proposed to add an artificial compression
or anti-diffusion term, e.g. So et al. [2011], Heyns et al. [2013]. These methods rely on
heuristic compression factors and improve the compressiveness at the expense of a reduced
numerical stability.
If surface tension effects are negligible, VoF models using dedicated advection schemes

are deemed to be a good compromise between efficiency, accuracy and conservation prop-
erties. An alternative, much less common approach refers to diffuse interface models, often
labeled Cahn-Hilliard (CH) models, e.g. Cahn and Hilliard [1958]. Here, the (ideally)
sharp interface of the continuous phase is replaced by a (thin) layer where the fluids mix.
The approach is able to mimic phase separation and thus promises resharpening features
which are attractive for engineering simulations. Although the neglect of surface tension
is an acceptable assumption in many engineering problems, it appears that the CH ap-
proach incorporates surface tension in a natural way and no additional model, e.g. the
Continuum Method of Brackbill et al. [1992] or Lafaurie et al. [1994], is required. There
exists a variety of different CH approaches for two fluids, e.g. models governed by fluids
with matched densities (labeled as Model H, cf. Hohenberg and Halperin [1977]), identical
viscosities (Boussinesq Fluid, cf. Jacqmin [1999]) or so-called thermodynamically consis-

3



1 Scientific Aims and Motivation

tent systems (e.g. Lowengrub and Truskinovsky [1998], Abels et al. [2012]), just to name
a few. The thermodynamically consistent approach has received attention for energetic
reasons, in particular if an inherent divergence-free velocity field is sought. Examples re-
fer to Khanwale et al. [2020a,b], who recently employed an octree-based mesh refinement
approach to an adaptive finite-element discretization of the energy-stable formulation to
study canonical test cases like Rayleigh-Taylor instabilities or rising bubbles. In addition
to the different CH variants, several strategies for their coupling with the momentum and
continuity equations have been suggested. Further distinctions refer to balancing either
the mass or the volume fluxes between both phases (Lowengrub and Truskinovsky [1998],
Ding et al. [2007]), the considered baseline conservation equations (Abels et al. [2012], Ding
et al. [2007]), and the introduction of modifications to ensure thermodynamic consistency
(Lowengrub and Truskinovsky [1998], Abels et al. [2012]).

The VoF scheme offers a closed system of Partial Differential Equations (PDEs), but
entails an evolved heuristic parametrization of the employed approximations. Examples
refer to the influences of the Courant number or the flow direction on the reconstruction
of face values. On the contrary, three additional parameters occur in the CH method,
which however have a more rigorous physical significance. The first and second parameter
correspond to the transition length or interface thickness as well as the surface tension
coefficient. The third parameter refers to the mobility that governs the strength of the
phase separation process. Combining the CH model with the Navier-Stokes equations,
essentially results in an augmented VoF formulation, labeled CH-VoF in this thesis. This
inheres a nonlinear, diffusive right-hand side (r.h.s.) of order four, which is zero outside the
interface region. The nonlinear character of the CH-VoF model is beneficial. It supports a)
an accurate computation of surface tension effects when the interface is adequately resolved
and b) the use of stable, upwind-biased advective approximations in under-resolved flow
simulations. Whilst the former is often deemed insignificant for industrial applications,
the latter promises substantial efficiency improvements. Furthermore, CH-strategies offer
clear benefits for a robust adjoint formulation.

1.2 Adjoint Computational Fluid Dynamics

In the context of local fluid dynamic optimization, the adjoint analysis aims at the efficient
computation of derivative information for an integral objective functional with respect to
(w.r.t.) a general control function, cf. Pironneau [1974], Jameson [1988, 1995], Jameson
et al. [1998], Giles and Pierce [1997, 2000] and Giannakoglou and Papadimitriou [2008]. In
continuous space, the dual or adjoint flow state can be interpreted as a co-state and always
follows from the underlying primal PDE governed model that describes the flow physics.
However, the appropriate formulation of boundary conditions and the adequate discretiza-
tion is often not intuitively clear in a PDE-based, continuous adjoint (CA) framework,
cf. Soto and Löhner [2001, 2004], Othmer [2008, 2014], Zymaris et al. [2010], Springer
and Urban [2015], Kröger et al. [2018] and Kapellos et al. [2019]. Hence, the development
of numerical CA strategies clearly lags behind the primal progress which has motivated
the development of discrete adjoint (DA) approaches using automatic differentiation to
synchronize the primal and dual development states, e.g. Griewank [1989], Griewank
and Walther [2000], Nadarajah and Jameson [2000], Nadarajah [2003], Giles et al. [2003],
Dwight and Brézillon [2006], Mader et al. [2008], Gauger et al. [2008]. The DA approach
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passes over the adjoint PDE and directly bridges the discrete linearized primal flow into a
consistent discrete dual approach, cf. a comprehensive discussion in Giles and Pierce [1997,
2000], the lecture series by Vassberg and Jameson [2006a,b] or a review and classification
of Martins and Hwang [2013].
Despite the various merits and drawbacks of the DA vs. the CA method (cf. Peter

and Dwight [2010] or Griewank and Walther [2008]), the CA approach is unique for its
invaluable contribution to a physical or computational understanding (cf. Bletsos et al.
[2021]) and will therefore be the method of choice in the present thesis. Among many
others, two major topics in the field of adjoint fluid mechanics are considered in this thesis,
referring to the treatment of adjoint turbulence and adjoint two-phase flow. Supplementary
contributions will be made with regards to appropriate adjoint discretizations.

Adjoint Turbulence Treatment

Modelling equations for the turbulent closure already appear comparatively complex on
the primal side. The latter is underlined by an unfavorable algorithmic complexity that
frequently contains possibly non-differentiable expressions and variable couplings, even on
the level of coefficients (Menter [1994], Yakhot et al. [1992]) making it inconvenient for a
continuous adjoint approach in practical applications. This has motivated the neglect of
adjoint turbulence models in line with the frozen turbulence approach, cf. Dwight and
Brézillon [2006], Othmer [2008], Stück [2012]. However, the influence of the variation of
the turbulence parameters is an open discussion (Marta and Shankaran [2013], Dwight and
Brézillon [2006]) which is a comprehensible reason why discrete adjoint approaches using
automatic differentiation have been derived that aim at a synchronization of the primal
and dual turbulent development states, cf. Nielsen et al. [2004, 2010], Nielsen and Diskin
[2013]. The development of the continuous adjoint method w.r.t. adjoint turbulence mod-
elling initially started with the derivation of adjoint one-equation closures (Zymaris et al.
[2009], Bueno-Orovio et al. [2012], Bagheri and Da Ronch [2020]) followed by the complete
linearization of prominent statistical closures, e.g. an adjoint k − ε (Papoutsis-Kiachagias
et al. [2015], Zymaris et al. [2010]) and k − ω (Kavvadias et al. [2015a], Hartmann et al.
[2011], Manservisi and Menghini [2016a,b]) model. All previously mentioned contributions
share the idea of deriving adjoint turbulence modelling equations. Optimizations of com-
plex engineering flows using fully consistent, differentiated turbulence transport models
are –as mentioned– however rare, cf. Karpouzas et al. [2016], Papoutsis-Kiachagias and
Giannakoglou [2016]. Primal turbulence transport models inhere multiple nonlinearities
and inter-parameter couplings, that significantly hamper the robustness and the efficiency
of a consistent adjoint framework and hinder their routinely utilization in engineering ap-
plications. On the other hand, the continuous adjoint framework gives access to dedicated
adjoint turbulence modelling at a lower level of adjoint consistency.

Adjoint Two-Phase Flow

Although a few publications on hydrodynamic optimization can be found, a holistic view
on adjoint shape optimization in free surface-flows is scarce. Ragab [2001a,b] developed
a design framework for the optimization of surface ships and submarines operating near
a free surface based on potential flow methods. The optimization is performed for wave
resistance objectives, but also for inverse approaches to reach a prescribed pressure dis-
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tribution and wave pattern. Söding [2001a,b,c] employed the adjoint complement of a
potential flow solver to reduce the resistance of merchant vessels. Soto and Löhner [2001]
and Soto et al. [2004] applied an adjoint Euler-flow solver to reduce the resistance of a
container vessel using a frozen free surface approach. An adjoint Euler-flow method that
incorporates an interface-tracking approach was used by Martinelli and Jameson [2007] to
reduce the wave resistance of an academic Wigley hull. The challenges associated with
the concentration transport in VoF schemes have motivated the restriction of the previous
research to either simplified VoF schemes (Springer [2014], Springer and Urban [2015]),
Level-Set-based strategies (Palacios et al. [2012, 2013]) or diffusive interface schemes (Gar-
cke et al. [2019], Hinze and Kahle [2011]) in interface capturing approaches. The primal
VoF approach transports the discontinuous flow properties along with the free surface. In
previous work related to shocks, similar differentiability problems were treated with shift
differentiability (Ulbrich [2002, 2003]) or the application of an artificial viscosity with the
purpose of filtering out physical solutions, cf. Giles and Ulbrich [2010]. Synthetic viscosi-
ties have also been used for error estimation in transient shallow-water flows as reported
by Beckers et al. [2019]. Moreover, the above-mentioned compressive approximations of
the primal convective kinematics are based on heuristic, nonlinear expressions, which are
cumbersome to translate into an adjoint context. Palacios et al. [2012, 2013] thus opted
for an adjoint Level-Set Euler-flow solver that is applied to 2D and 3D obstacles in free
surface channel flows. Springer and Urban [2015] developed an adjoint VoF Navier-Stokes
solver to identify the floatation position of ships, but neglected some of the adjoint cou-
pling terms and compromised on the duality of the approximation. Their main objective
referred to the equilibrium of the trim moment at steady state.

1.3 Geometry Engines used by Adjoint Shape Optimizer

The discrete representation of the actual continuous shape derivative is provided by an
adjoint solver and can therefore be interpreted as the sensitivity of all nCFD discrete CFD-
related surface points. The possibly rough shape sensitivity derivative is frequently em-
bedded in a deterministic gradient-based shape optimization process in three ways that
refer to either

a) parameterized shape descriptions from a CAD-framework of the CFD surrounding
design process. Their integral nature allows for a continuous, inherently smooth
shape control with known tangential and thus geodetic connectivity. Hence, po-
tentially noisy shapes due to high-frequency modes on CFD-discretization level can
be effectively suppressed. On the downside, the design space is –possibly severely–
limited a priori by the initial parameterization, therefore perhaps hides further opti-
mization potential and different CAD models may result in different optimal shapes.
For complex engineering flows, the CAD parameter space of size 10 ≤ nCAD ≤ 100 is
confronted by a CFD (surface grid) space of approximately 103 ≤ nCFD ≤ 106 surface
elements. The drawback can be partially circumvented by an over-parameterization
(Agarwal et al. [2018]) or partially-parametric approaches (Harries et al. [2019]).
Furthermore, the adjoint-based shape derivative along the discrete CFD representa-
tion requires a transformation into the discrete CAD parameter framework, which is
frequently done by differentiating the parameterization in line with the chain rule,
e.g. Yu et al. [2011], Xu et al. [2014]. In a complex, industrial shape description,
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the Jacobian of this CAD-CFD relationship may not be explicitly available due to
black-box-like CAD software, which introduces further work in terms of numerical
CAD-CFD differentiation. Compliance of dimensions between CAD and CFD pa-
rameters is not guaranteed which probably hinders the interpretation of parameter
sensitivities. A survey of parameterization approaches is offered by Samareh [1999,
2001] and Nadarajah et al. [2007]. If the relation between CAD-parameters and vol-
ume grid is not available, a re-meshing of the fluid domain might be necessary after
each geometry update. This procedure usually discards previous primal/adjoint field
solutions and forces a restart of both simulations from scratch. While the re-meshing
can be automated, the lack of restart capabilities can become prohibitively expensive.

b) a coupling of mesh node updates using either local shape functions, e.g. FE-type func-
tions (Soto et al. [2002, 2004]), or global shape functions like Hicks-Henne approaches
(Hicks and Henne [1978]), Bezier-Bernstein polynomials (Kavvadias et al. [2015b]) or
Free-Form Deformation techniques (Sederberg and Parry [1986], Ronzheimer [2005],
Duvigneau [2006]). Although less pronounced in the case of a sufficient number
of control points, the merits and drawbacks of the global shape function approach
coincide with those of the CAD parameterizations of the previous item.

c) a shape optimization in the design space of the discrete CFD surface that allows to
access local features and shape optima on the level of the discrete CFD resolution.
The ”raw” adjoint shape derivatives suffer from a few well-known weaknesses, e.g.
they only describe the normal deformation but do not provide tangential informa-
tion and the shape derivatives are not necessarily smooth. These deficiencies yield
rough/noisy shape updates (cf. Stück and Rung [2011], Kröger and Rung [2015]) and
lead to distorted near-wall meshes which in turn hamper the preservation of numer-
ical accuracy during the optimization procedure, e.g. Stavropoulou et al. [2014] and
Bletzinger [2014]. As a consequence, the adjoint shape derivatives have to be regular-
ized to obtain meaningful technical shape updates as initially proposed by Jameson
and Vassberg [2000] and Vassberg and Jameson [2006a,b] in terms of an implicit,
continuous smoothing operator based on an extended definition of the inner prod-
uct, frequently labeled Sobolev-gradient. In general, the habitat of the shape gradient
–surface- vs. volume-based– depends on the underlying surface metric. Prominent
examples refer to Laplace-Beltrami (LB) or Steklov-Poincar (SP) type metrics, e.g.
Schulz and Siebenborn [2016]. Applying the smoothing operation on the surface
leads to the LB operator and a related surface metric. For computational reasons,
the practice is often performed in an explicit manner, cf. Bletzinger [2014]. The ex-
plicitly filtered gradient, e.g. by using consistent kernel functions (Kröger and Rung
[2015]), marks a first-order approximation to the implicit Sobolev-gradient, cf. Stück
and Rung [2011]. The LB approach exclusively operates in the tangent space of the
controlled shape. Once a regularized deformation field is available along the design
boundary, a subsequent mesh deformation equation transports the surface-based gra-
dient information into the interior field in terms of, e.g. spring analogies or based
on an additional Laplacian PDE together with prescribed boundary deformations,
cf. Löhner and Yang [1996], Crumpton and Giles [1997], Jasak and Tuković [2006].
The SP approach refers to a novel strategy on an industrial level that employs an
elliptic volume-based formulation where smoothed results are subsequently projected
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on the boundary. The approach essentially tries to combine the 2D shape update in
continuous space with the 3D mesh update using the discrete CFD mesh sensitivities,
cf. Schulz and Siebenborn [2016], Haubner et al. [2021]. The approach exclusively
operates in the fluid domain and is thus attractive for its compatibility with a CFD
solver environment. The use of standardized solution routines (assembling, solving,
etc.) supplied by the flow solver, usually scrutinized for scaling performance on HPC
clusters, represents the benefit of the SP approach. Once the volume-based repre-
sentation of the shape gradient is available, it can be readily used to manipulate the
volume mesh as part of a gradient-based optimization procedure. Since no further
operations are necessary, the volume-based SP approach is preferred and extended
to geometrically constraint shape updates in this thesis. Whether LB or SP is em-
ployed, the shape deformation directly manipulates the volume mesh based on the
previously determined inherently smooth shape gradient. Hence, an adjustment of
the geometry is done while preserving the grid topology that allows a restart based
on previous field solutions. In the context of a steepest gradient descent approach
together with comparably small step sizes, the solutions are usually nearby and a
speedup in total computational time of about an order of magnitude is realistic for
the applications in this thesis.

All approaches might need to transfer the final geometry into the CAD-framework of the
CFD surrounding design process in an industrial environment. Hence, whether a), b) or c)
is employed depends on the underlying geometry infrastructure which is probably balanced
by the user.

1.4 Starting Point and Contributions of the Thesis

The thesis is based on two previous works of Stück [2012] and Kröger [2016]. The for-
mer suggested a hybrid method based on elements of the continuous and discrete adjoint
method. Starting from a closed continuous derivation of the single-phase adjoint equations
for incompressible fluids (integration by parts), the corresponding discrete adjoint opera-
tors (summation by parts) were developed. The modular approach allows a flexible process
for adjoint investigations of a wide variety of engineering flows. The hybrid adjoint strat-
egy is used to derive the adjoint complement to compressive primal flux approximation
schemes in this thesis. Furthermore, explicit sensitivity filtering techniques were presented
in the context of gradient preconditioning methods to finally gain a detailed insight into the
optimization problem from the perspective of the objective. The baton was taken over by
Kröger [2016] and two essential features were added to the process chain. First, an adjoint
two-phase solver based on the VoF method was supplemented. Although VoF approaches
to immiscible two-phase flows are inherently unsteady, the adjoint two-phase system was
developed around the converged steady primal flow. The variation of the locally variable
phase dependent material properties generates various additional source/sink-like terms,
which finally results in a tightly coupled system of the adjoint momentum, concentration
and continuity equations. The consistency of the approach was compromised by the intro-
duction of a heuristic adjoint diffusion term that was necessary to stabilize the numerical
procedure. The latter serves as a starting point of present theoretical investigations into
duality conflicts and related conclusions for the primal two-phase flow model as well as
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the discrete adjoint approach. In addition, a sensitivity regularization method which ex-
tended the ”gradient preconditioning” using compactly supported, inherently smooth and
consistent kernel-based strategies has been presented. The approach gives access to the
description of a surface tangential direction of shape node position updates, which proved
to be process stabilizing and profitable to perform CAD-free optimizations over many ten
design cycles. The explicit nature of the filter approach results in cumbersome impositions
of geometric constraints which –if employed inexperienced– impedes the mesh-morphing
procedure. An alternative shape morphing approach is proposed in this work, that is
mainly distinguished by its generic volume-based formulation.

Contributions of the Thesis

Based on the previously described state-of-the-art, different aspects of the simulation-
driven shape optimization process were addressed. A common ground of this research was
to analyse potential issues in greater depth rather than to formulate adhoc measures. The
guiding principle frequently followed the concept of ”Learning from the Adjoints”. It is
seen that potential weaknesses displayed by an adjoint approach –e.g. when developing
(continuous) analytical solutions, in conjunction with (discrete) convergence problems, or
enhanced iterative efforts– are often attributable to weaknesses of the primal formulation,
and a twist of the research question can lead to fruitful insights.

I Primal Two-Phase Flow Model

Observations during previous research of Kröger [2016] reveal severe robustness issues of
adjoint sharp-interface VoF methods, particularly when applied to large Reynolds- and
Froude number marine engineering problems. Similar issues were reported for shallow-
water models by Beckers et al. [2019]. Heuristic adhoc measures to regularize the adjoint
solution refer to breaking the duality by introducing a parameterized diffusion operator to
the adjoint concentration equation, cf. Kröger et al. [2018]. In the spirit of ”Learning from
the Adjoint”, such measures suggest to introduce a consistent change to the primal model
along the route of diffuse interface models that support phase separation. Chapter 2 of this
thesis reports the derivation of a mass-conservative diffuse interface model that combines
ideas of a Cahn-Hilliard (CH) approach (cf. Hinze and Kahle [2011], Abels et al. [2012])
with the classical VoF framework and is labeled CH-VoF herein. This strategy leads to
a consistent primal/dual approach (cf. II). The most relevant contributions of this work
refer to:

I.1 Derivation and implementation of a CH-VoF scheme.

Different from most other strategies, the present CH-VoF framework supports mass-
conservative phase relations and results in a weakly compressible formulation. The
formulation complies with a generic shear flow example that is used to analyse the
adjoint formulations (cf. II).

I.2 Formulation and validation of an efficient engineering CH-VoF branch.

In general, the CH-VoF method is capable to resolve the interface physics. In en-
gineering studies, the interface physics are beyond the interest and not resolved.
Therefore, the under-resolved interface physics are replaced by a subgrid-model for a
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mobility parameter. The scheme offers resharpening capabilities, i.e. an initially dif-
fuse interface is sharpened rather than blurred when the solution is advanced, which
is attractive for engineering simulations that mostly suffer from successive interface
blurring.

Due to the sharp interface representation, the CH-VoF approach makes the use of
compressive convection schemes obsolete and supports the use of upwind biased ap-
proximations of convective kinematics. As opposed to compressive VoF schemes
that ground on downwind-biased schemes, the approach supports steady computa-
tions and is not restricted to small Courant numbers in pseudo-time, if constructed
appropriately.

I.3 Formulation of an equation of state for the fluid properties.

In line with analytical considerations for a model problem, a nonlinear Equation of
State (EoS) is derived to relate the indicator function (a.k.a. concentration) with the
fluid properties. As a result, minimal blurs of the concentration in immiscible flows
are bypassed and the resulting system is virtually insensitive of the spatial resolution
in marine engineering CFD setups.

I.4 Validation for marine engineering and geophysical flows.

A secondary advantage of the model is that it incorporates surface tension in a
natural way when interface physics are resolved and no additional model is required,
e.g. the Continuum Method of Brackbill et al. [1992] and Lafaurie et al. [1994].
Hence the CH-VoF is successfully applied to both gravity and capillary driven wave
fields reported by Prosperetti [1981], cf. Cha. 2.

Results of the primal two-phase modelling efforts were published in Kühl et al. [2021a].

II Adjoint Discretization and Flow Modelling

A substantial portion of the thesis analyses the coupled primal and adjoint VoF model.
A systematic derivation of (discrete) dual VoF formulations is a first contribution of the
thesis. Supplementary, a closed analytical solution to a model problem is presented, which
displays that the adjoint part seems to be ill-posed. As a remedy, an additional diffusive
concentration term is introduced to the adjoint concentration equation along the route
suggested by Kröger et al. [2018]. The heuristic modification violates the dual consistency
but strongly regularizes the solution of the adjoint system. The term can be connected
to a primal companion of the CH-VoF formulation to resolve duality conflicts in line with
”Learning from the Adjoints” as previously described. The following novel aspects of
adjoint two-phase modelling are reported:

II.1 Derivation of discrete adjoint VoF Formulations.

Immiscible fluids are modeled by discontinuous primal densities and viscosities across
an (ideally) sharp interface. This usually requires compressive, downwind-biased,
nonlinear approximations of primal convective fluxes. The thesis derives the corre-
sponding adjoint schemes for the first time. Attention is restricted to two promi-
nent compressive schemes, namely the High Resolution Interface Capturing Scheme

10



1.4 Starting Point and Contributions of the Thesis

(HRIC) and the Compressive Interface Capturing Scheme for Arbitrary Meshes (CI-
CSAM). Along the route suggested by Stück and Rung [2013], the derivation starts
from the discrete primal approach and uses summation by parts to derive the corre-
sponding adjoint formulation, which can subsequently be interpreted in a continuous
sense. It is seen that the dual schemes rigorously mirror the primal Normalized-
Variable-Diagram (NVD) stencils.

II.2 Formulation and implementation of an adjoint-VoF sub-cycling strategy.

In steady applications, the primal and dual procedures are advanced in pseudo-time
and the integration of the dual approach is performed around the converged primal
field. An adjoint sub-cycling strategy is introduced to ensure compliance of the
primal and dual integration. Therefore, the adjoint system experiences the same
time step (Courant number) restrictions as the primal system, is independent of the
primal time horizon and forms a robust as well as an a priori stable solution process.

II.3 A novel combination of the inconsistent adjoint VoF method with the CH-VoF ap-
proach.

Combining the CH-VoF efforts with their adjoint complement allows for a robust
and (flexible-) consistent adjoint two-phase formulation.

II.4 Formulation of a discretely differentiable equation of state.

In contrast to a linear EoS, which returns a constant derivative with respect to the
observed concentration, nonlinear alternatives reveal an intensified local contribution
along the interfacial region that weakens noticeably towards the bulk phases. In the
sharp interface limit, the employed sigmoid (e.g. hyperbolic tangent) EoS turns into
a Heaviside function and the adjoint system experiences an abrupt (Dirac) impulse
along the interface. From a discrete perspective, the adjoint system conceptually
pushes the phase transition regime below the grid resolution which in turn reproduces
a frozen-concentration approach since the discrete system is unable to resolve each
local adjoint concentration source. Therefore the primal sharpening (I.4) is reversed
in adjoint mode.

The derivation of the adjoint two-phase discretization (II.1/2) is published in Kühl et al.
[2021b].

Another major part of the thesis is concerned with a continuous adjoint complement
to 2D, incompressible, first-order boundary-layer (b.-l.) equations. The topic is detailed
in Cha. 4 and was inspired by the debate on the discretization and the importance of
adjoint transpose convective terms (ATC), which arise due to the nonlinearity of the primal
convective linear momentum transport. The ATC terms might disappear for compressible
flows, cf. Soto and Löhner [2004], but are also frequently neglected in incompressible
simulations due to their detrimental influence on the numerical robustness, e.g. Othmer
[2008], Springer and Urban [2015] and Karpouzas et al. [2016]. The aim here is to analyse
a simple yet relevant flow situation which supports a statement on the relevance of the
ATC term. Novel contributions refer to:

II.5 Derivation of adjoint b.-l. equations.
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It is demonstrated that the adjoint b.-l. equations can be derived in two ways, either
following a first simplify then derive or a first derive and then simplify strategy. The
simplification step comprises the classical b.-l. approximation and the derivation
step transfers the primal flow equation into a companion adjoint equation. Both
approaches lead to the same result, which underlines their formal correctness.

II.6 Derivation of an adjoint Blasius equation.

The analyses of the coupled primal/adjoint b.-l. framework leads to similarity pa-
rameters, which turn the PDE problem into a boundary value problem described by
a set of Ordinary-Differential-Equations (ODE) and –for the first time– support the
formulation of an adjoint complement to the classical Blasius equation.

II.7 Study of the adjoint transpose convection.

It is demonstrated that the ATC term, which is often debated in the literature,
vanishes for a self-similar, laminar b.-l. flow. This finding supports the heuristic
neglect of the term used by many authors of CA optimization studies in case of
complex engineering shear flows.

II.8 Analytical expressions for adjoint laminar b.-l. parameters.

A formalism is derived which provides analytical expressions of an adjoint b.-l. thick-
ness, wall shear stress, skin friction and drag coefficient as well as the shape sensitivity
expression for a shear driven drag objective.

Related material on adjoint approaches to laminar b.-l. flows is published in Kühl et al.
[2021d].

Next to the analysis of laminar b.-l. flows, the thesis is also concerned with improving
adjoint investigations of turbulent flows (cf. Cha. 4). Engineering turbulence treatment
usually refers to Reynolds-averaged strategies and mostly employs Boussinesq-viscosity
models (BVM) based on differential transport equations for one or two turbulence param-
eters, cf. Wilcox [1998]. The influence of the variation of the turbulence parameters is an
open discussion (Marta and Shankaran [2013]) and optimizations of complex engineering
flows using fully consistent, differentiated turbulence transport models are rare (Papoutsis-
Kiachagias and Giannakoglou [2016]) due to the significant increase of complexity. The
present strategy focuses on the near-wall flow model which is crucial to the sensitivity
prediction. In contrast to former studies, attention is restricted to algebraic adjoint strate-
gies, irrespective of the primal turbulence model. The starting point of the attempt is
an analysis of a simple unidirectional shear flow using Prandtl’s mixing-length hypothesis
(Prandtl [1925], Pope [2001]), which is the foundation of virtually all wall function-based
RANS boundary-layer descriptions. Related novel aspects refer to:

II.9 Adjoint turbulent near-wall flow.

Using mixing-length arguments, a unified algebraic adjoint momentum equation is
derived for the frozen turbulence strategy and a Law of the Wall (LoW) consistent
(differentiated) approach. The algebraic character is a direct consequence of the
frequently employed assumption that all primal flow properties algebraically scale
with the friction velocity in the logarithmic layer. It is compatible with wall function
assumptions for prominent BVM, which ground on the mixing-length hypothesis.
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1.4 Starting Point and Contributions of the Thesis

II.10 Adjoint Law of the Wall.

An adjoint momentum LoW is derived which resembles its primal counterpart in
many aspects.

II.11 Algebraic adjoint turbulence model.

A simple algebraic expression provides a consistent closure of the adjoint momentum
equation in the logarithmic layer. This might also serve as a closure approxima-
tion for more general adjoint flows, whilst still using standard one- or two-equation
Boussinesq-viscosity models for the primal flow. Results obtained by the LoW-
consistent algebraic closure come at no extra cost and indicate an acceleration of
the optimization process as well as improved optimal solutions. A hidden benefit
of the suggested LoW-consistent approach refers to the enhanced stability of the
numerical framework due to the augmented viscosity.

Related material on the adjoint LoW is available in Kühl et al. [2021c].

III Objective Functional Formulation

The adjoint equations connect the physical/primal flow description with the objective
functional and the control, e.g. the shape description. The adjoint equations are thus
objective dependent. This impedes a canonical coding of the continuous adjoint method
and sometimes makes the formulation of boundary conditions a delicate issue. Hence,
different objectives yield different adjoint problems which refer to different mathematical
and computational models. Whereas this property is usually deemed undesirable, it can
also serve as an opportunity, if the line of thought is reversed in line with ”Learning from
the Adjoints”: Can one formulate an alternative adjoint problem, which is computationally
more efficient and provides the same physical answer? A related example is analysed in
Cha. 3, which covers the material of another contribution of the thesis.

III.1 Direct vs. indirect objective functional formulation.

Two objective functional formulations related to Newton’s law for external flows are
investigated by either directly observing the boundary forces or (indirectly) conclud-
ing on the forces from an observation of the momentum loss in the far field. It is seen
that both strategies are fully equivalent from an optimization point of view, but can
attain different efficiencies. The spatial decoupling of the control from the objective
affects the formulation of boundary conditions and reduces the iterative efforts when
the design surface does not cover the entire wetted surface, which is often the case
in practical applications.

Results for the comparison of the direct vs. indirect objective functional formulation for
external flows were published in Kühl et al. [2019].

IV Geometry Modelling

Since the local shape optimizations in this work are characterized by a steepest (gradient)
descent procedure, a suitable approximation of the shape gradient has to be chosen after
the successful determination of the shape sensitivity (derivative). The thesis discusses
techniques to obtain a descent direction from the available shape sensitivity. This crucial

13



1 Scientific Aims and Motivation

part of a robust, industrialized, node-based optimization procedure depends on the choice
of the considered surface metric. Prominent examples refer to Laplace-Beltrami (LB) or
Steklov-Poincar (SP) type metrics, cf. Schulz and Siebenborn [2016]. The LB approach
exclusively operates in the tangent space of the shape components released for design
and the SP approach leads to a domain formulation, where results are projected on the
boundary and the update of the entire volume mesh is implicitly obtained concurrent to
the shape update. The possibility to use standardized routines supplied by the flow solver
(assembling, solving, etc.), which are usually optimized for HPC, favors the SP approach.
The innovative features of the thesis refer to:

IV.1 An implicit SP approach is presented which acts on sensitivity level only, and offers
inherently smooth shapes. Attention is devoted to the compliance with geometrical
constraints, as, e.g., constant volume, maximum outer dimensions or a plane transom.

The approach is generalized based on a p-Laplace approach. A co-authored contribution
is available in Müller et al. [2021].

V Complex Marine Engineering Applications

Almost without exception, all practical applications relate to maritime two-phase flows at
industrial level, some of them are conducted even in full-scale. A change in the flow due to
the change in shape has an influence on the floating position. The innovations as compared
to the state-of-the-art consist in:

V.1 Shape optimization of free floating vessels.

An adaptive floatation module is added to the gradient-based optimization procedure.
The floating model is not differentiated and considered frozen during the adjoint
simulation. Thus, each new shape undergoes an adaptation of its floating position
during the primal run.

Various studies with / without free floatation during the optimization are discussed.
Examples included underline the capability of the frozen floatation approach and
provide partially drastically improved ship hull shapes. It is also demonstrated that
fixed floatation can lead to drastic optimization losses when the final shape is released.

The presented applications refer to a Kriso container ship (KCS), a generic submarine
(DARPA), a double-ended ferry (DEF) and an offshore-supply vessel (OSV).

A.1 One considered ship hull refers to the KCS in model scale at Fn = 0.26 and Re =
1.4× 107. The test case was part of several international workshops that focused on
the assessment of hydrodynamic simulation procedures (e.g. Larsson et al. [2013])
and offers a large body of numerical and experimental reference data. The inves-
tigated initial configuration refers to experimental calm-water studies conducted by
Kim et al. [2001] and was previously computed under the aegis of the Gothenburg
2010 workshop (cf. Larsson et al. [2013]). The test case is mainly investigated for
validation purposes of the primal two-phase solver.

A.2 The generic DARPA (Defense Advanced Research Projects Agency) SUBOFF ge-
ometry is studied without appendages as described by Groves et al. [1989]. This
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test case is commonly used during studies that focus on, e.g. the propulsion and
manoeuvring of submarines that operate deeply submerged or in the vicinity of the
free surface, cf. Wang et al. [2020], Daum et al. [2017], Chase and Carrica [2013].
When operating close to the free surface, the wave field induced by the interaction
of the dynamic pressure field with the free surface is unfavorable in terms of wave
resistance as well as the signature of the submarine.

A.3 The DEF is to be optimized such that the final shape has a symmetrical bow and
stern so that forward and reverse ferry travel is equivalent from a fluid mechanical
perspective, i.e. the same forces act on the ferry for both cruises which should ensure
the same maneuverability. The application area of ferries often refers to coastal or
inland waterways. Hence, a compact hull design should be maintained, making the
test case attractive for the verification of geometric constraints.

A.4 The final application refers to an OSV in both model- and full-scale, where the
hull length is small compared to the cruising speed. As a consequence, the supply
vessel operates at comparably large Froude numbers (Fn > 0.3) and therefore expe-
riences high wave resistances based on, e.g., braking waves. A modification of the
latter might trigger a change of the floatation and therefore the OSV represents a
competitive test case for the presented adjoint-based two-phase shape optimization
framework under free floatation. The geometry features a transom which allows for
geometrical constraints based on a robust mesh deformation process.

Outline of the Thesis

The remainder of the thesis is organized as follows: The two main chapters 2 and 4 refer
to the primal and adjoint turbulent two-phase systems, starting with the primal consid-
eration. Each of the two chapters is consistently divided into four sections that refer to
1) a continuous derivation, 2) the subsequent numerical discretization followed by 3) a
verification of the implementation and 4) a validation of the respective approach. Chapter
3 between the two main discussions refers to fundamental aspects of non-parameterized
shape optimization under state constraints. Chapter 5 applies the previously presented
approaches to several two-phase engineering flows. The final Chapter 6 provides conclu-
sions and outlines future research. To keep the presentation concise and precise, parts of
the derivations have been moved to the appendix. Within the thesis, Einsteins summation
convention is used for lower-case Latin subscripts, vectors as well as tensors are defined
with reference to Cartesian coordinates and dimensional variables are consistently marked
with an asterisk.
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2 Primal Flow

Maritime two-phase flows are characterized by immiscible fluids that feature negligible
compressibility. Technical applications of such flows are often subjected to large interface
deformations, e.g. breaking waves. The accurate simulation of these flows requires a
computational model that conserves the mass of each phase whilst preserving a sharp
interface. These requirements still pose a challenge in mesh-based computational fluid
dynamics.
This second chapter describes all aspects of the primal two-phase flow. Emphasis is

given to marine engineering flows consisting of two virtually immiscible fluid phases – more
precisely air and water – which are deemed incompressible. The flow model consists of non-
dispersed, separate fluids which are observed in an Eulerian framework. Furthermore, no-
slip is assumed between the fluid phases along the interface and therefore the participating
fluids share the same velocity field.
The remainder of this chapter is structured as follows: The first section is devoted

to the mathematical model of the primal two-phase flow. The second section addresses
the discretization of the related governing equations using a second-order accurate finite
volume procedure. The third section outlines the verification of the discrete primal flow
procedure against generic test cases which feature analytical or generalized solutions on
simplified scenarios. The last section reports on the validation of the discrete primal flow
procedure for more complex applications.

2.1 Primal Two-Phase Flow Model

The derivation of the mathematical model originates from the conservation of a general
quantity φ∗ under the influence of a velocity field v∗k. Using Reynolds Transport Theorem
(RTT), also known as the Leibnitz integration rule, the temporal change of φ∗ in a control
mass with volume Ω∗M, which is advected by the velocity v∗k under the influence of a source
S∗φ, translates into an integral expression over a spatially fixed Eulerian control volume
Ω∗V occupied by the control mass

d

d t∗

∫

Ω∗M
φ∗dΩ∗ − S∗φ = 0

RTT→
∫

Ω∗V

[
∂φ∗

∂ t∗
+
∂ v∗kφ

∗

∂ x∗k
− s∗φ

]
dΩ∗ = 0 . (2.1)

This relation represents the Eulerian formalism where s∗φ refers to a volume specific (in-
tensive) counter part of the quantity-dependent (extensive) Eulerian source term S∗φ.
These sources cover multiple origins, in particular also contributions from diffusive trans-
port. Relation (2.1) is deemed to hold for arbitrary control volumes, which yields a
strong/differential form of the RTT for continuously differentiable fields

∂ φ∗

∂ t∗
+ v∗k

∂ φ∗

∂ x∗k
=

dφ∗

d t∗
= s∗φ − ∂ v∗k

∂ x∗k
φ∗. (2.2)
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The text occasionally employs Dφ∗/D t∗ := dφ∗/d t∗ + φ∗(∂v∗k/∂ x
∗
k). Both abbreviations

are equivalent for a solenoidal velocity field, i.e. ∂ v∗k/∂ x
∗
k = 0.

2.1.1 Conservation of Mass

The conservation of mass follows from the general transport equation (2.2) by employing
φ∗ = ρ∗, which formally yields

∂ ρ∗

∂ t∗
+
∂ v∗k ρ

∗

∂ x∗k
= s∗ρ . (2.3)

If the mass is conserved, as is the usual approach for single-phase flows, this requires
s∗ρ = 0. The two-phase flow consists of two parts which refer to fluid A and fluid B. The
respective specie densities add up to the fluid density, i.e. ρ∗ = ρ∗A + ρ∗B and the mass
conservation for the species is governed by

∂ ρ∗A

∂ t∗
+
∂ v∗kρ

∗A

∂ x∗k
= s∗ρ,A and

∂ ρ∗B

∂ t∗
+
∂ v∗k ρ

∗B

∂ x∗k
= s∗ρ,B . (2.4)

Relation (2.4) allows for a mass transfer between fluid A and fluid B and their sum provides
the r.h.s. of (2.3), i.e. s∗ρ = s∗ρ,A + s∗ρ,B. Mind that conserving the global mass yields
s∗ρ,A = −s∗ρ,B. Referring to marine engineering applications, both fluids are expected to
be incompressible and virtually immiscible. As outlined below, the local fluid density ρ∗

is attached to an indicator or concentration function c using an equation of state. The
EoS extracts the density field from the concentration function and the bulk densities of
the participating fluids.

2.1.2 Density Equation of State

The density equation of state does not follow from a rigid physical relation and gives room
for additional modelling assumptions. A foreground phase concentration c ∈ [ca, cb] is used
as a measure of phase and fluid properties. The concentration ranges from a foreground
state (ca) to a background state (cb). In this work, the two reference states are defined
by ca = 1 as well as cb = 0. The choice is arbitrary but appropriate for the purpose of
comparison with the well established VoF approach, cf. Hirt and Nichols [1981]. With this
choice, the concentration value relates to the filling level or volume concentration of the
foreground phase fluid.

A density equation of state mρ(c) is introduced that extracts the specie density from a
concentration field c and the given bulk densities ρ∗a (e.g., air density) and ρ∗b (e.g., water
density), which are considered invariable

ρ∗A = mρ ρ∗a and ρ∗B = (1−mρ) ρ∗b . (2.5)

This yields

ρ∗ = mρρ∗a + (1−mρ) ρ∗b or ρ∗ = mρρ∗∆ + ρ∗b, (2.6)

where ρ∗∆ = ρ∗a − ρ∗b marks the difference of the bulk densities. Assuming ca > cb and
ρ∗a < ρ∗b, some basic requirements for the construction of the EoS relation mρ considered
in this thesis read:
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1. Exclusion of non-physical density states, e.g. ρ∗ < ρ∗a and ρ∗ > ρ∗b. This shares ideas
with the boundedness requirement frequently used for the interpolation of convective
kinematics which is ensured by 0 ≤ mρ ≤ 1.

2. Recovering the single-phase in the respective limit state. This requires mρ(ca) = 0
as well as mρ(cb) = 1 based on (2.6).

3. A positive slope ∂ mρ/∂ c ≥ 0 to preserve a continuous shift between the two fluids
(monotonicity).

4. Point symmetry around the interfacial region at (ca+cb)/2 should represent the fluid
interface combined with mρ((ca + cb)/2) = 0.5.

Note that these requirements also ensure
∫
mρ dc = (ca + cb)/2 = 1/2. The standard

density EoS corresponds to a simple linear interpolation between the limit states

mρ,1 =

⎧
⎪⎨
⎪⎩

0 if c < ca

1 if c > cb

c otherwise

. (2.7)

A more advanced nonlinear alternative follows the rule of a hyperbolic tangent

mρ,2 =
1

2

[
tanh

(
2c− ca − cb
γm,ρ (ca − cb)

)
+ 1

]
. (2.8)

A third alternative refers to a truncated linearization of the the hyperbolic tangent ap-
proach around (ca + cb)/2

mρ,3 =

⎧
⎪⎪⎨
⎪⎪⎩

0 if c < 1
2

[
(1− γm,ρ) ca + (1 + γm,ρ) cb

]

1 if c > 1
2

[
(1 + γm,ρ) ca + (1− γm,ρ) cb

]
2 c+(γm,ρ−1)ca−(γm,ρ+1)cb

2γm,ρ(ca−cb)
otherwise

. (2.9)

The three EoS relations are depicted in Fig. 2.1 (a). The graphs are supplemented by
three unsuitable suggestions, that either induce negative densities due to mρ < 0, blur
the density field due to vanishing ∂ mρ/∂ c, or violate the equal mass distribution due to∫
mρdc ̸= 0.5.

Both more advanced EoS suggestions employ a user specified thickness γm,ρ of the tran-
sition region. Generally, the hyperbolic approach reaches the limit states only asymptoti-
cally. In this regard, an upper bound for the transition length is estimated numerically by
γm,ρ ≤ 0.3 to limit the error w.r.t. the pure phase below 0.1%, see Fig. 2.1 (b). Moreover,
the linearized hyperbolic strategy mρ,2 requires γm,ρ ≤ 1.0. Since small values are prone
to generate artificial staircase effects in the employed Finite-Volume approximation, typi-
cal values for the transition length employed by the linearized hyperbolic scheme refer to
0.5 ≤ γm,ρ ≤ 0.8.
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Figure 2.1: Density interpolation: (a) Different linear and nonlinear density interpolations

as well as (b) the relative error w.r.t. no mixture in the limit case mρ,2(ca)
!
= 1

for a varying interface thickness γm,ρ.

Mass vs. Volume Conservation

Introducing the density interpolation (2.6) into the governing equations (2.4) for the specie
densities and additionally considering constant bulk densities ρ∗a as well as ρ∗b yields

∂ mρ

∂ c

d c

d t∗
+
∂ v∗k
∂ x∗k

mρ =
s∗ρ,A

ρ∗a
and − ∂ mρ

∂ c

d c

d t∗
+
∂ v∗k
∂ x∗k

[1−mρ] =
s∗ρ,B

ρ∗b
. (2.10)

Summing up both relations (2.10) allows to describe the velocity divergence as a function
of the volume diffusion fluxes j∗Ak and j∗Bk , viz.

∂ v∗k
∂ x∗k

=
s∗ρ,A

ρ∗a
+
s∗ρ,B

ρ∗b
=

∂

∂ x∗k

[
j∗Ak + j∗Bk

]
. (2.11)

Two options associated with different velocity definitions are conceivable: A mass conser-
vative approach (s∗ρ,A = −s∗ρ,B) and a volume conservative approach (j∗Ak = −j∗Bk ). Most
authors opt for a volume conservative approach and employ a volume-averaged velocity
field. In this case, mass is only globally conserved, provided that the interfacial regions do
not intersect with the domain boundaries (Ding et al. [2007]), which might be difficult for,
e.g., traveling waves. An advantage might refer to a convenient zero velocity divergence.
On the contrary, assuming a mass conservative approach by means of s∗ρ = s∗ρ,A+s∗ρ,B = 0,
one has to account for divergence effects of the observed mass-averaged velocity field.

In marine engineering applications, the interface is generally thin – particularly in the
sharp interface limit, where both options are identical – and the preference is related to
the employed numerical method. The present thesis refers to the mass conservative formu-
lation. In that regard, the velocity divergence is expressed from the continuity equation
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(2.3) using s∗ρ = 0

∂ v∗k
∂ x∗k

= fρ
d c

d t∗
with fρ =

−ρ∗∆
ρ∗

∂ mρ

∂ c
. (2.12)

A divergence free velocity field is only obtained from d c/d t∗ = 0, ρ∗∆ = 0 or ∂ mρ/∂ c = 0.
Referring to the above given requirements on the EoS relation mρ, the latter might occur
at the boundary zone of the phase transition regime, but is not valid in the center. As will
be shown in the subsequent Sec. 2.1.4, d c/d t∗ = 0 is inherently true for a classical VoF
scheme but not necessarily true for other concentration transport models.

2.1.3 Viscosity Equation of State

Analogue to the density EoS mρ(c) described in Sec. 2.1.2, the molecular viscosity employs
a similar EoS mµ(c)

µ∗ = mµµ∗a + [1−mµ]µ∗b or µ∗ = mµ
[
µ∗∆]+ µ∗b (2.13)

based on the bulk viscosities µ∗a and µ∗b (e.g., air and water), where µ∗∆ = µ∗a−µ∗b denotes
the difference of the bulk viscosities which are deemed constant. Basic considerations on the
definition of mµ(c) mentioned in Sec. 2.1.2 also apply here. Though this is not necessary,
the present thesis assigns mµ = mρ.

2.1.4 Concentration Transport

Engineering two-phase flow simulations mostly refer to either of two interface-capturing
methods (Ferziger and Peric [2012]), namely the Level-Set method (Osher and Sethian
[1988]) and the Volume-of-Fluid (VoF) approach (Hirt and Nichols [1981]), which both
reconstruct the free surface from an indicator or concentration function.
The Level-Set method introduced by Osher and Sethian [1988] or Sussman [1994] and

Sussman et al. [1998] utilizes a signed distance function to characterize the interface by
the zero-value iso surface. The continuous distribution of the signed distance simplifies a
higher-order discretization of the related transport equation, and the geometry of the in-
terface can be determined with improved accuracy. A drawback of the standard Level-Set
method is that it does not guarantee mass conservation. Olsson and Kreiss [2005] as well as
Olsson et al. [2007] proposed a mass conservative Level-Set approach based on a smeared
Heaviside function which follows a similar idea as the diffuse interface approach herein.
Two-phase applications of the VoF method suggested by Noh and Woodward [1976] and
later refined by Hirt and Nichols [1981] usually employ a scalar volume concentration of
a foreground phase to identify the fluid state of each cell. The method is conservative
and capable to predict merging and rupturing of free surfaces. For immiscible fluids, any
mixing of both phases is undesired but numerically difficult to avoid. Different strategies
are conceivable to improve interface compression: Geometric reconstruction schemes and
dedicated downwind-biased advection schemes, cf. Sec. 2.2.7. If surface tension effects
are negligible, VoF models using dedicated advection schemes are deemed a good com-
promise between efficiency, accuracy and conservation properties. An alternative, much
less common approach refers to diffuse interface models, often labeled Cahn-Hilliard (CH)
models (Cahn and Hilliard [1958]). Here, the (ideally sharp) interface is replaced by a

21



2 Primal Flow

(thin) layer where the fluids mix. The approach is able to mimic phase separation and
thus promises resharpening features which are attractive for engineering simulations. Al-
though the neglect of surface tension is an acceptable assumption in many engineering
problems, it appears that the CH approach incorporates surface tension in a natural way
and no additional model, e.g., the Continuum Method (Brackbill et al. [1992], Lafaurie
et al. [1994]), is required.
All strategies identify the interface between the fluids from an indicator or concentration

function and thereby facilitate the determination of material properties using the EoS
described in Sec. 2.1.2. The evolution of the concentration c follows from an additional
transport equation. The non-dimensionality of c underlines that different interpretations
are permissible, referring, e.g., to a volume or mass concentration. Two options will be
discussed herein, i.e. the classical Volume-of-Fluid (VoF) and the Cahn-Hilliard (CH)
approach. The concentration field has been limited in terms of the maximum (ca) and
minimum (cb) possible values in the previous subsection. These limits do not have to agree
for both approaches. While the limits in the VoF case appear clear due to its association
with the volume fraction covered by a foreground phase, the CH approach basically allows
a variety of choices.

Volume-of-Fluid Method

The VoF approach associates the concentration cV to the volume fraction of the total
volume V ∗ occupied by the foreground fluid A, i.e. cV = V ∗A/V ∗. The respective volume
concentration of the background fluid B follows from the compatibility relation that all
concentrations should sum up to unity, viz. V ∗B/V ∗ = (V ∗ − V ∗A)/V ∗ = 1 − cV . As
mentioned above, the general relation of ρ∗ w.r.t. c, e.g. (2.6) and (2.7), suggests limit
values of the concentration of ca = 1 and cb = 0.
Alternatively, the identification can be performed on mass concentration level. A def-

inition of the mass concentration might read V ∗Aρ∗A/(V ∗ρ∗) = cM. The compatibility
condition again yields a measure for the second mass concentration, viz. V ∗Bρ∗B/(V ∗ρ∗) =
(V ∗ρ∗−V ∗Aρ∗A)/(V ∗ρ∗) = 1− cM. Both definitions can be substituted by a compact form
as cM = cVρ∗a/ρ∗.
The superscript M/V is dropped in the remainder and the thesis simply adheres to the

volume concentration. Moreover, it is assumed that the material derivative dc/dt∗ of the
concentration vanishes in line with the immiscibility assumption of the two fluids which
conserves the material properties, e.g. what once was water will never become air and vice
versa, viz.

∂c

∂t∗
+ v∗k

∂c

∂x∗k
= 0 . (2.14)

As outlined above, the VoF relation (2.14) enforces a zero divergence of the velocity field,
c.f. (2.12), which thus yields a numerically preferred, conservative formulation of the
concentration transport

∂c

∂t∗
+
∂ v∗kc

∂x∗k
= 0. (2.15)

It should be noted that the interpretation of c can be transferred to a discrete – e.g.
Finite-Volume based – conception as originally proposed by Hirt and Nichols [1981]. Scal-
ing down the control volume size towards the infinitesimal limit, a binary and thus sharp
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representation is expected in the absence of any interfacial physics. This agrees with the
immiscible fluids assumption which strictly speaking restricts the admissible concentration
value to the limit values. In practice, however, (leading) errors in the numerical approxi-
mation yield intermediate values and the identification of the interface usually follows from
c = (ca + cb)/2 = 0.5.

Diffuse Interface Method

This paragraph briefly describes the diffusive interface model for isothermal two-phase
flows as originally described in a landmark paper by Cahn and Hilliard [1958] and later
elucidated by Jacqmin [1999]. The present approach refers to a classical CH-model and is
based upon the free energy E∗ of the interface Γ∗ between two isothermal fluid phases

E∗ =

∫
e∗ dΓ∗ =

∫ [
C∗a b (c) +

C∗b

2

⏐⏐⏐⏐
∂ c

∂ x∗k

⏐⏐⏐⏐
2
]
dΓ∗ . (2.16)

The coefficients C∗a[Pa] and C∗b[N] can be determined from the interface thickness γ∗[m]
and surface tension σ∗a,b[N/m] between the two fluids, as outlined below. The first term
of e∗ refers to the bulk energy density and aims to separate the fluids. The second term
represents the gradient energy which widens the interface. To model separated (immiscible)
fluids, a fourth-order polynomial, labeled ”double well potential”, is often used to describe

the bulk energy density, i.e. b (c) = (c− ca)2
(
c− cb

)2
. To maintain compatibility with

the VoF approach and to harmonize the implementation of both methods, the roots are
chosen in line with the VoF method (cf. Fig. 2.2 (a)), viz.

b (c) = (c− 1)2 c2. (2.17)

In equilibrium conditions, E∗ is minimized w.r.t. c. Using variational calculus this relates
to the root of a chemical potential ψ∗ for the equilibrium state of plane interfaces (i.e.
ψ∗ = 0)

ψ∗ =
δ E∗

δ c
= C∗a∂ b

∂ c
− C∗b ∂

2 c

∂x∗2k
→ C∗a∂ b

∂ c
= C∗b d2 c

dn∗2 , (2.18)

where n∗ = x∗k nk represents the interface normal direction. Substituting (2.17) into (2.18),
one obtains a hyperbolic tangent concentration profile. This also renders a relation between
the coefficients C∗a and C∗b as well as an interface thickness γ∗, viz.

c (n∗) =
1

2

[
tanh

(
2n∗

γ∗

)
+ 1

]
with γ∗ =

√
8C∗b

C∗a . (2.19)

Similarly, surface tension forces can be related to the concentration. Jacqmin [1999] out-
lined, that the convective rate of change of the free energy widens or compresses the
interface. The term reads δ E∗/δ c (v∗k ∂ c/∂ x

∗
k) = ψ∗ (v∗k ∂ c/∂ x

∗
k) and should be balanced

by the power f ∗ST
k v∗k of the surface tension force f ∗ST

k . This immediately reveals the surface
tension force used herein

f ∗ST
k = ψ∗ ∂ c

∂ x∗k
. (2.20)
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Some authors rearrange this definition into an apparent pressure term and a term involving
the chemical potential gradient f *ST

k = ∂(ψ∗ c)/∂ x∗k − c ∂ ψ∗/∂ x∗k, e.g. Song et al. [2019].
The strategy is also partially followed in this work, in which the apparent pressure is
incorporated into a pressure correction scheme. Similarly, other authors employ the relation

ψ∗ ∂ c

∂ x∗k
−
[
C∗a ∂ b

∂ x∗k
+
C∗b

2

∂

∂x∗k

(
∂ c

∂ x∗k

)2
]
= − ∂

∂x∗k

[
C∗b ∂ c

∂ x∗k

∂ c

∂ x∗k

]
(2.21)

to express the surface tension force by the divergence of a surface tension stress
−C∗b (∂ c/∂ x∗k)(∂ c/∂ x

∗
k) and the gradient of a related apparent pressure

C∗a b+ 0.5C∗b(∂ c/∂ x∗k)
2, cf. Lowengrub and Truskinovsky [1998] and Abels et al. [2012].

Expression (2.21) associates vanishing surface tension effects with C∗b = 0. Jacqmin [1999]
also deduced a link between the surface tension and C∗a, C∗b for a plane interface

σ∗a,b = C∗b
∫ ∞

−∞

[
∂ c

∂ n∗

]2
dn∗. (2.22)

Substituting (2.19) into (2.22) yields

σ∗a,b =

√
C∗aC∗b

18
. (2.23)

Once γ∗ and σ∗a,b have been chosen, both CH coefficients can be determined from the
plane interface relations (2.19, 2.23)

C∗a = 12
σ∗a,b

γ∗
and C∗b =

3

2
σ∗a,b γ∗. (2.24)

Similar to the VoF method, the concentration field of the CH method is governed by an
additional transport equation that models the mass transfer between the participating
fluids. The approach of Lowengrub and Truskinovsky [1998] is adopted, which refers to
the transport of a foreground fluid mass concentration cM = c ρ∗a/ρ∗

ρ∗
d cM

d t∗
=

∂

∂ x∗k

[
M∗M∂ ψ

∗

∂ x∗k

]
. (2.25)

Equation (2.25) employs a mass-based mobility parameter M∗M to control the strength of
the phase separation process. Using the continuity relation (2.3) leads to

∂ ρ∗ cM

∂ t∗
+
∂ ρ∗ v∗k c

M

∂ x∗k
=

∂

∂ x∗k

[
M∗M∂ ψ

∗

∂ x∗k

]
. (2.26)

The desired conservative volume concentration-based transport equation follows from (2.26)
and ρ∗ cM = ρ∗a c and M∗M = ρ∗aM∗

∂c

∂t∗
+
∂ v∗kc

∂x∗k
=

∂

∂x∗k

[
M∗∂ψ

∗

∂x∗k

]
. (2.27)

Equation (2.27) agrees with the VoF counterpart (2.15) except for the non-zero r.h.s.
of order four and is referred to as CH-VoF in the remainder. The mobility parameter
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2.1 Primal Two-Phase Flow Model

M∗ of dimension m3s/kg [=̂ ν/Pa] refers to a free parameter in line with its mass-based
companion and will be explored for under-resolved flows in Sec. 2.2.9. The conservative
CH-Eqn. (2.27) can be rewritten

d c

d t∗
=

∂

∂ x∗k

[
M∗∂ ψ

∗

∂ x∗k

]
− c∂ v

∗
k

∂ x∗k
(2.28)

Thereby Eqn. (2.28) helps to express the divergence relation (2.12)

d c

d t∗
=

1

1 + fρ c

∂

∂x∗k

[
M∗∂ψ

∗

∂x∗k

]
and

∂v∗k
∂x∗k

=
fρ

1 + fρ c

∂

∂x∗k

[
M∗∂ψ

∗

∂x∗k

]
, (2.29)

where ψ∗ = C∗ab′−C∗b(∂2 c/∂x∗2k ) is non-zero along the interfacial region only. Note that
fρ is virtually zero everywhere in combination with the nonlinear density EoS (2.12) in
the sharp interface limit, which is why the divergence of the velocity field vanishes almost
everywhere.

2.1.5 Conservation of Momentum

The conservation of linear momentum follows from the general conservation equation by
employing φ∗ = ρ∗v∗i and s∗ρ vi = σ∗

i − f ∗V
i , where σ∗

i and f ∗V
i represent a generalized

surface and volume force, respectively. For the applications herein they read

σ∗
i =

∂τ ∗ik
∂ x∗k

=
∂

∂ x∗k

[
2µ∗ S∗

ik −
[
2

3
µ∗ ∂ v

∗
m

∂ x∗m
+ p∗

]
δik

]
and f ∗V

i = ρ∗ g∗i + ψ∗ ∂ c

∂ x∗i
. (2.30)

Here S∗
ik = 0.5 (∂ v∗i /∂ x

∗
k + ∂ v∗k/∂ x

∗
i ), δik and g∗i represent the components of the strain

rate tensor, the Kronecker delta as well as the gravitational acceleration vector. A sym-
metric strain tensor inherently satisfies the balance of angular momentum. An application
of Eqn. (2.2) results in

∂ ρ∗ v∗i
∂ t∗

+
∂ v∗k ρ

∗ v∗i
∂ x∗k

= s∗ρ vi =
∂

∂ x∗k

[
2µ∗ S∗

ik −
[
2

3
µ∗ ∂ v

∗
l

∂ x∗l
+ p∗

]
δik

]

+ ρ∗ g∗i + ψ∗ ∂ c

∂ x∗i
. (2.31)

Application of the mass conservation allows the isolation of a substantial part of the left-
hand side (l.h.s.) as well as a substitute for the velocity divergence (2.29) on the r.h.s.,
viz.

ρ∗
[
∂ v∗i
∂ t∗

+ v∗k
∂ v∗i
∂ x∗k

]
=

∂

∂ x∗k

[
2µ∗ S∗

ik −
(
2

3
µ∗ fρ

1 + fρ c

∂

∂x∗l

[
M∗∂ ψ

∗

∂ x∗l

]
+ p∗

)
δik

]

+ ρ∗ g∗i + ψ∗ ∂c

∂x∗i
. (2.32)

2.1.6 Turbulence Modeling

The applications in this work refer almost without exception to either fairly low (Re < 102)
or high (Re > 107) Reynolds numbers. The high Reynolds number flows are characterized
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by turbulent motion which span a wide range of spatial-temporal scales. The spatial res-
olution requirements for turbulent flows increases nonlinearly with the Reynolds number,
and time resolved simulations are required even when the flow field is statistically steady.
For the high Reynolds number, turbulent flow simulations, scale resolving Large/Detached
Eddy Simulations (LES, DES) or even Direct Numerical Simulations (DNS) approaches
are therefore deemed prohibitively expensive.

This thesis employs a classical, statistically averaged variable concept, which is also
known as Reynolds-averaging (RA), cf. Reynolds [1895], of flow variables and is conve-
nient for engineering applications. Thereby field quantities are conceptually subdivided
into their mean value φ̄∗ and a fluctuating, turbulent portion φ∗′, viz. φ∗ = φ̄∗ + φ∗′,
and attention is restricted to the governing equations for the statistically averaged field
quantities. However, turbulent fluctuations of the concentration are neglected in this thesis
and the bulk densities of the participating fluids are deemed constant in line with the hy-
pothesis of Morkovin [1962], as usual in low speed and low (turbulent) Mach number flows.
Moreover, the applications in this thesis exclusively correspond to statistically steady flows,
which is why the influence of time is not further discussed.

Following the conventional incompressible Reynolds-averaging Navier-Stokes (RANS)
concept, the averaging of the transport Eqn. (2.2) reads

Dφ∗

D t∗
= 0

RA→ ∂ (φ̄∗ + φ∗′)

∂ t
+
∂ (v̄∗k + v∗′k ) (φ̄

∗ + φ∗′)

∂ x∗k
=
∂φ̄∗

∂ t∗
+
∂ v̄∗k φ̄

∗

∂ x∗k
+
∂ v∗′k φ

∗′

∂ x∗k

=
D φ̄∗

D t∗
+
∂ v∗′k φ

∗′

∂ x∗k
. (2.33)

All linear terms in the governing balance Eqn. (2.12), (2.28) as well as (2.32) are simply
reformulated for the respective averaged quantities and only the nonlinear convective mo-
mentum transport (φ′ → (ρ∗ v∗i )

′ = ρ∗ v∗′i ̸= 0) introduces additional unknowns. The latter
form the Reynolds-Stress tensor that consists of six additional unknowns. In this thesis,
they are modeled based on the incompressible Boussinesq Viscosity Model (BVM) that
relates the deviatoric part of the Reynolds-stress tensor to the mean strain rate, viz.

− ∂

∂ x∗k

[
ρ∗ v′i

∗ v′k
∗
]
=

∂

∂ x∗k

[
µ∗t
(
∂ v̄∗i
∂ x∗k

+
∂ v̄∗k
∂ x∗i

)
− p∗tδik

]
with p∗t =

2

3
ρ∗ k∗

and k∗ =
1

2
v∗′i v

∗′
i , (2.34)

where µ∗t and k∗ refer to the turbulent (eddy) viscosity and kinetic energy (TKE), re-
spectively. While the former extends the molecular viscosity to an effective viscosity, e.g.
µ∗eff = µ∗ + µ∗t, the latter contributes to an effective pressure, viz. p∗eff = p∗ + (2/3) ρ∗ k∗.

A turbulence closure model is needed to model µ∗t and k∗. The work at hand employs
two prominent two-equation closures, namely the k∗ − ε∗ model proposed by Jones and
Launder [1972] as well as a Wilcox [1998] k∗ − ω∗ model and related variations suggested
by Menter [1994]. Supplementary, turbulent boundary-layer flows are investigated in an
adjoint context using a comparably simple algebraic turbulence model based on Prandtl’s
mixing-length hypothesis, cf. Prandtl [1925]. In the remainder of the thesis, the over-bar
notation used to denote averaged quantities is omitted to improve the readability.
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2.1 Primal Two-Phase Flow Model

Algebraic Turbulence Model

Zero-equation or algebraic models use exclusively algebraic closure relations. Their for-
mulation is related to modelling zero pressure gradient boundary-layer flows under the
exclusive influence of a single Reynolds shear-stress. Due to the focus on the shear-stress,
the influence of the turbulent kinetic energy k∗ in (2.34) as well as the isotropic part of
the BVM are neglected. The approach followed in here is based on the mixing-length
hypothesis of Prandtl [1925], e.g. µ∗t = ρ∗ (l∗m)2 dv∗i /dx

∗
k, which grounds on the definition

of a mixing length l∗m and serves as basis for the universal Law of the Wall (LoW) and
associated wall boundary conditions used for more complex wall bounded flow simulations,
cf. Sec. 2.3.3.
The combination of the mixing length hypothesis with a Van Driest [1956] damping

function fvD allows a continuous and thus differentiable definition of the turbulent vis-
cosity when traversing from the very near-wall region (where µ∗t/µ∗ → 0), frequently la-
beled viscous sub layer, over the buffer layer into the logarithmic logarithmic layer, where
µ∗/µ∗t → 0, viz.

µ∗t = ρ∗
(
l∗mfvD

)2 d v∗i
dx∗k

ti nk with l∗m = κw∗ and fvD = 1− e
−y+

A+ . (2.35)

Here w∗ and y+ represent the dimensional and non-dimensional normal distance to the
nearest wall, respectively. A+ = 27 as well as κ = 0.4 refer to additional scalar model
constants and ti [nk] account for the near-wall streamwise [normal] direction that will be
elucidated in Sec. 2.3.3.

Two-Equation Turbulence Modeling

More sophisticated two-equation BVM frequently share the idea of expressing the turbulent
viscosity via the product between the TKE and a turbulent time scale T ∗, e.g.

µ∗t = ρ∗Cµk∗T ∗ = ρ∗Cµ k
∗2

ε∗
= ρ∗

k∗

ω∗ (2.36)

where T ∗ = k∗/ε∗ and T ∗ = 1/(Cµω∗) represent two popular choices to define a turbulent
time scale using either the dissipation rate ε∗ or the specific dissipation rate ω∗ of the TKE,
respectively. Cµ = 0.09 refers to an empirical value. Note that (2.36) allows to express
each quantity by the other, viz. ε∗ = Cµ k∗ ω∗.
The conservation of the turbulent quantities is generally ensured by employing (2.2)

based on φ∗ = ρ∗ q∗ and s∗q = D∗q+P∗q−R∗q where q∗ refers to the turbulent quantity of
interest, e.g. q∗ = k∗ (q∗ = ε∗) [ q∗ = ω∗] if the turbulent kinetic energy (TKE dissipation
rate) [specific TKE dissipation rate] is considered and D∗q, P∗q as well as R∗q refer to its
diffusion, production and reduction, respectively, viz.

D q∗

Dt∗
=
∂ρ∗ q∗

∂t∗
+
∂ v∗k ρ

∗ q∗

∂ x∗k
= s∗q

(2.3)→ d q∗

d t∗
= ρ∗

[
∂ q∗

∂t∗
+ v∗k

∂ q∗

∂ x∗k

]

= D∗q + P∗q − R∗q . (2.37)

The conservation of TKE k∗ follows from

D∗k =
∂

∂ x∗k

[(
µ∗ +

µ∗t

Ck,2

)
∂ k∗

∂ x∗k

]
, P∗k = 2µ∗t S∗

ik S
∗
ik and R∗k = ρ∗C∗k,1, (2.38)
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where the closure specific abbreviations C∗k,1 = ε∗, Ck,2 = σk,ε [C∗k,1 = Cµ k∗ ω∗, Ck,2 =
σk,ω] are introduced that depend on the underlying k∗ − ε∗ [k∗ − ω∗] model. Besides, the
balance of TKE dissipation ε∗ is modeled via

D∗ε =
∂

∂ x∗k

[(
µ∗ +

µ∗t

σε

)
∂ ε∗

∂ x∗k

]
, P∗ε = Cε,1 ε

∗

k∗
P∗k and R∗ε = Cε,2 ρ∗

ε∗2

k∗
, (2.39)

and the conservation of the specific TKE dissipation rate ω∗ follows from

D∗ω =
∂

∂x∗k

[(
µ∗ +

µ∗t

σω

)
∂ ω∗

∂ x∗k

]
, P∗ω = Cω,1 ω

∗

k∗
P ∗k and R∗ω = Cω,2 ρ∗ ω∗2 . (2.40)

The model specific closure coefficients read:

q∗ = ε∗ : Cε,1 = 1.44 Cε,2 = 1.91 σk,ε = 1.0 σε = 1.3 (2.41)

q∗ = ω∗ : Cω,1 =
5

9
Cω,2 = 0.075 σk,ω = 2.0 σω = 2.0 . (2.42)

Both turbulence models have different pros and cons and therefore their specific range of
application. Further details on both models can be found in Wilcox [1998]. The shear
stress transport (SST) model developed by Menter [1994] and Menter et al. [2003] is also
employed in this thesis. The model attempts to combine the advantages of the two models
by distinguishing zonally between an inner (near-wall) k∗ − ω∗ formulation and an outer
k∗ − ε∗ formulation. The approach also accounts for the Bradshaw hypothesis to model
non-equilibrium situations. The hypothesis refers to the observation of Bradshaw et al.
[1967] that the Boussinesq hypothesis might fail in non-equilibrium, who inferred that
this is due to the employed stress-strain relation rather than an inadequacy of the BVM
concept. A detailed description of the complete model can be found in Menter [1994]. The
model also gained attention for two-phase maritime applications, cf. Larsson et al. [2003],
Zhang [2010], Gatin et al. [2015], Shen et al. [2015], Daum et al. [2017].

2.1.7 Two-Phase Reynolds-Averaged Navier-Stokes System

The governing equations of the previous sections are summarized in a compact form for
the sake of clarity. They form the incompressible Cahn-Hilliard Volume-of-Fluid Reynolds-
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Averaged Navier-Stokes (CH-VoF RANS) equations

R∗p =
∂v∗k
∂x∗k
− fρ

1 + fρ c

∂

∂ x∗k

[
M∗∂ ψ

∗

∂ x∗k

]
= 0 (2.43)

R∗c =
d c

d t∗
− 1

1 + fρ c

∂

∂ x∗k

[
M∗∂ ψ

∗

∂ x∗k

]
= 0 (2.44)

R∗vi
i =ρ∗

d v∗i
d t∗

+
∂

∂ x∗k

[
p∗eff δij − 2µ∗eff S∗

ij

]
− ρ∗ g∗i

+
2

3

∂

∂ x∗i

[
µ∗ fρ

1 + fρ c

∂

∂ x∗k

[
M∗∂ ψ

∗

∂ x∗k

]]
− ψ∗ ∂ c

∂ x∗i
= 0 (2.45)

R∗k = ρ∗
d k∗

d t∗
− ∂

∂ x∗k

[(
µ∗ +

µ∗t

Ck,2

)
∂ k∗

∂ x∗k

]
− P k∗ + ρ∗Ck,1∗ = 0 (2.46)

R∗ε = ρ∗
d ε∗

d t∗
− ∂

∂ x∗k

[(
µ∗ +

µ∗t

σε

)
∂ ε∗

∂ x∗k

]
− Cε,1 ε

∗

k∗
P k∗ + Cε,2 ρ∗

ε∗2

k∗
= 0 (2.47)

R∗ω =ρ∗
dω∗

d t∗
− ∂

∂ x∗k

[(
µ∗ +

µ∗t

σω

)
∂ ω∗

∂ x∗k

]
− Cω,1 ω

∗

k∗
P∗k + Cω,2 ρ∗ ω∗2 = 0 . (2.48)

where µ∗eff = µ∗+µ∗t and p∗eff = p∗+p∗t represent effective viscosity and pressure, respec-
tively. It should be noted that Eqns. (2.43)-(2.48) describe fully turbulent, statistically
averaged (p∗t → (2/3) ρ∗ k∗, µ∗t → ρ∗Cµ k∗2/ε∗) or laminar (p∗t → 0, µ∗t → 0) flows.
Laminar flow studies skip (2.46) as well as (2.47) or (2.48) and ignore µ∗t and p∗t. In
conjunction with VoF, a solenoidal velocity field is recovered due to the neglect of diffusive
mass transfer, viz. ψ∗,M∗ → 0.

Non-Dimensional Governing Equations support the discussion of influences and assist
the verification. Assuming a spatially constant mobility M∗, the non-conservative concen-
tration, mass and momentum equations read

Rc =
1

St

∂ c

∂ t
+ vk

∂ c

∂ xk
=

1

Pe

∂2

∂ x2k

[
12
∂ b

∂ c
− 3Ca2

2

∂2 c

∂ x2m

] (
1

1 + fρ c

)
(2.49)

Rp =
∂ vk
∂ xk

=
1

Pe

fρ

1 + fρ c

∂2 ψ

∂ x2k
(2.50)

Rvi
i = ρ

[
1

St

∂ vi
∂ t

+ vk
∂ vi
∂ xk

]
+

∂

∂ xk

[
Eu peff δij −

2

Re
µeff Sij

]
− 1

Fn2 ρ gi

=
1

We
ψ
∂c

∂xi
− 2

3

1

Re

∂

∂ xi

[
µ

Pe

fρ

1 + fρ c

∂2 ψ

∂ x2i

]
, (2.51)

where contributions from interface resolving CH formulations are consistently placed on
the r.h.s. . The Reynolds- and Froude number definitions always refer to the density ρ∗b

and the viscosity µ∗b, unless it is stated otherwise. The momentum Eqn. (2.51) inheres
two source terms which are not related to the velocity and display a well-known pairing in
hydrostatic conditions (Fn → 0), e.g. p + ρ gk xk. Hence typical choices for the reference
pressure are P∗ = ρ∗bV∗2 (i.e. Eu = 1; hydrodynamics) or P∗ = ρ∗bG∗L∗ (i.e. Eu =
Fn−2; hydrostatics). By way of example, the relationship between a dimensional quantity,
a reference value and a non-dimensional quantity reads v∗i = V ∗vi. The dimensionless
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parameters are defined by

St =
T∗V∗

L∗ (Strouhal) Eu =
P∗

ρ∗bV∗2 (Euler) Re =
ρ∗bV∗ L∗

µ∗b (Reynolds)

Fn =
V∗

√
G∗ L∗

(Froude) Pe =
V∗ L∗ γ∗

M∗ σ∗a,b (Peclet) Ca =
γ∗

L∗ (Cahn) and

We =
ρ∗bV∗2 γ∗

σ∗a,b (Weber). (2.52)

The quantities utilized for the non-dimensionalization are given in Tab. 2.1. Local discrete
similarity parameters employ L∗ = |∆x∗i |, T∗ = ∆ t∗ and V∗ = |v∗i | etc.. It should be
pointed out that the transition length γ∗ can be small compared to a local grid spacing
∆x∗i , resulting in small (discrete) Cahn numbers, which supports the neglect of the second
term on the r.h.s. of (2.49) in an under-resolved sharp interface limit.

field quantity x∗i v∗i g∗i p∗ t∗ ρ∗ µ∗ c ψ∗

reference value L∗ V∗ G∗ P∗ T∗ ρb
∗

µb∗ 1 σ∗a,b/γ∗

Table 2.1: Quantities for the non-dimensionalization of the governing equations.

2.1.8 Under-Resolved Interfacial Flow

This section briefly discusses means to model the mobility parameter M∗ in flows where
the interface thickness γ∗ is hardly resolved by the numerical grid and the surface tension
influence is neglected due to the coarse resolution of the interface. As outlined in Sec.
2.1.4, C∗b = 0 in the absence of surface tension and the concentration equation (2.27)
simplifies to

∂ c

∂ t∗
+
∂ v∗k c

∂x∗k
=

∂

∂ x∗k

[
M∗ ∂

∂ x∗k

(
C∗a∂ b

∂ c

)]
. (2.53)

Using ∂ b/∂x∗k = (∂ c/∂x∗k) ∂ b/∂ c together with the definition of the double well potential
b from Eqn. (2.17) yields

∂

∂ x∗k

[
M∗ ∂

∂ x∗k

(
C∗a∂ b

∂ c

)]
=

∂

∂ x∗k

[(
M∗C∗a ∂

2 b

∂ c2

)
∂ c

∂ x∗k

]
=

∂

∂x∗k

[
ν∗c

∂ c

∂ x∗k

]
, (2.54)

where ν∗c = C∗aM∗b′′ = 2C∗aM∗(6 c2 − 6 c+ 1) resembles a nonlinear apparent viscosity.
Depending on the concentration value, (2.54) acts locally diffusive (ν∗c ≥ 0) or compressive
(ν∗c < 0). As outlined in Fig. 2.2, the apparent viscosity in (2.54) vanishes at c =
0.5(1± 1/

√
3) and is negative over approximately 58% of the transition region. Aiming at

a closure for the mobility parameter in under-resolved simulations, the mobility is separated
into a physical and a modeled part, i.e.

M∗ =M∗phys +M∗mod. (2.55)
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Figure 2.2: Double well potential: (a) Normalized fourth-order polynomial b as well as its
first three (normalized) derivatives and (b) the apparent viscosity based b′′ with
indicated roots.

The physical part is usually assigned to fairly small values, e.g. M∗phys << 1× 10−15m3s/kg,
cf. Jacqmin [2000] or Magaletti et al. [2013]. Jacqmin [1999] reports that the mobility typi-
cally scales with the transition lengthM∗ ∝ γ∗n, where n varies between 1 ≤ n ≤ 2. More-
over, a recent publication of Magaletti et al. [2013] suggests n = 2 and thus Pe ∼ Ca−1 or
γ∗ ∼

√
σ∗a,bM∗/V ∗. Most engineering settings are therefore unable to sufficiently resolve

the transition length and the numerical contribution M∗mod is considered to be dominant.
Sec. 2.2.9 proposes an approach to estimate the homogeneous mobility parameter based
on leading errors of the approximation of the convective concentration transport.

Under-Resolved Equation System

A divergence-free primal velocity field is achieved if a) the VoF approach is used, b) both
participating fluids feature the same bulk density or c) a nonlinear EoS is employed, cf.
Eqn. (2.12). Hence, under-resolved CH-VoF studies consistently employ fρ or We → 0
that further simplifies the primal conservation of mass, momentum and concentration. The
resulting subsystem of equations forms the relevant set of PDEs which serves as the basis
for all adjoint studies, viz.

R∗p =
∂v∗k
∂x∗k

= 0 (2.56)

R∗c =
∂ c

∂ t∗
+
∂ v∗k c

∂x∗k
− ∂

∂x∗k

[
ν∗c

∂ c

∂ x∗k

]
= 0 (2.57)

R∗vi
i = ρ∗

[
∂ v∗i
∂ t∗

+ v∗k
∂ v∗i
∂ x∗k

]
+

∂

∂ x∗k

[
p∗eff δij − 2µ∗eff S∗

ij

]
− ρ∗ g∗i = 0 . (2.58)
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Their boundary conditions in Tab. 2.2 close (2.56)-(2.58). Constant values of the pres-
sure gradient typically follow from hydrostatic contributions of an extended pressure, viz.
p∗eff → p∗ + ρ∗ x∗k g

∗
k and thus ∂p∗eff/∂x∗i → ∂p∗/∂x∗i + ρ∗ g∗i . In all cases, inlet, symme-

try and slip-wall boundaries are perpendicular to the gravity vector and no hydrostatic
boundary contributions occur.

boundary type v∗i p∗ c

inlet v∗i = v∗ini
∂p∗

∂n∗ = 0 c = cin

outlet
∂v∗i
∂n∗ = 0 p∗ = ρ∗ g∗k x

∗
k

∂c
∂n∗ = 0

symmetry v∗i ni = 0,
∂ v∗i
∂ n∗ ti

∂p∗

∂n∗ = 0 ∂c
∂n∗ = 0

wall (slip) v∗i ni = 0,
∂ v∗i
∂ n∗ ti

∂p∗

∂n∗ = 0 ∂c
∂n∗ = 0

wall (no-slip) v∗i = v∗wi
∂p∗

∂n∗ = ρ∗ g∗k n
∗
k

∂c
∂n∗ = 0

Table 2.2: Boundary conditions for the primal equations, where ti [ni] refer to the local
boundary tangential [normal] vector.
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2.2 Discrete Primal Two-Phase Flow

The closely coupled Eqns. (2.43)-(2.48) are discretized and approximated in space and time
to obtain a numerical solution. This section describes the baseline procedure as introduced
in Rung et al. [2009], briefly summarizes the discretization and outlines the numerical
approximation based upon a second-order accurate Finite-Volume method (FVM).

All primal flow discretization concepts will be reused in Sec. 4.2 for the discretization
of the adjoint flow. Mind that the primal/dual system shares the same Euclidean space
and time horizon in possibly reversed mode. This motivates a more detailed insight to the
discretization of individual expressions in Sec. 2.2 and 4.2 based on a generic transport
equation.

2.2.1 Baseline Procedure

After spatial discretization of (2.43)-(2.48), a coupled system of NP equations is obtained
after a suitable finite approximation for each field quantity nφ = [1, ...,Nφ] with Nφ =
5 [Nφ = 7] if a laminar [turbulent] flow is considered. The discrete field variables are
algorithmically linked via a sequential procedure, in which the individual equation systems
are solved in a fixed sequence, cf. Alg. 1. The latter is implemented by means of outer-
iterations that are performed until all –or only a selected subset of equations– are converged
below a prescribed tolerance R∗φ,min or a maximum number of outer iterations Nout,max is
reached.

Potential cross-coupling lags and employs values of the last outer iteration for the respec-
tive system variable(s), which also applies to the application of boundary conditions, cf.
Sec. 2.2.8. The iterative solution procedure of the algebraic system of each outer iteration
employs the Portable, Extensible Toolkit for Scientific Computation (PETSc, cf. Balay
et al. [2019]) library that distinguishes between solvers for symmetric (e.g. Conjugate
Gradient, CG) and asymmetric (e.g. Biconjugate Gradient, BiCG) matrices which in turn
follow from the basic physical characteristics of the underlying equation. Their iterative
counter refers to so-called inner-iterations and a termination criterion employs either a
prescribed convergence tolerance or a maximum number of inner-iterations. The described
sequential iteration technique is modularized and the algorithm changes only slightly if
additional field equations are added. Several modules are implemented generically and
invoked in a modular fashion in line with a generic transport equation, cf. Sec. 2.2.6.

The outer iterations are embedded in a time loop nT = [1, ...,NT] if the system is
advanced in time, cf. Alg. 1. Hence, the simulated time horizon t∗ = [tstart

∗
, tend

∗
] is

discretized into NT equally distributed time slices ∆t∗ = t∗(nT) where nT = [1, ...,NT]
represents the actual time step. The discrete time step size ∆t∗ usually follows from an a
priori known, user defined value that fixes the total number of time steps NT. For steady
applications, the time progresses in a pseudo-time and resembles an additional relaxation.
Despite the steady nature of all applications in this thesis, the integration in pseudo-time
is unavoidable for VoF procedures. The adjoint-based studied cost functionals are free
of temporal expressions and their adjoint systems are linearized around the temporally
converged primal state.



2 Primal Flow

Algorithm 1: Schematic overview of the sequential primal solution procedure based
on outer-iterations embedded in an optional temporal loop.

while nT ≤ NT do
while (nout ≤ Nout,max) or (R∗φ ≤ R∗φ,min) do

approximate linearized momentum equations
approximate pressure correction equation
approximate linearized turbulence equations
approximate linearized concentration equation

2.2.2 Spatial Discretization

The spatial domain is discretized by NP contiguous control volumes (CV) or cells of in-
dividual size ∆Ω∗P, where P ∈ [1, NP ] denotes to the cell center. The control volumes
are of arbitrary polyhedral shape and form an unstructured numerical grid. In principle,
the control volumes could move and deform over time along the route of an Arbitrary
Langrangian-Eulerian approach (Völkner et al. [2017], Schubert and Rung [2019], Schu-
bert [2019], Luo-Theilen and Rung [2017, 2019], Theilen [2020]), which is however not
meaningful for steady or quasi steady problems in the focus of this study. A collocated
variable arrangement is employed, hence, all transported quantities are stored in the cell
center. Variable values at other locations have to be reconstructed using the geometry and
topology information outlined below.

Geometrical and Topological Relations

Next to the cell centered values of the dependent variables, the employed FV approximation
requires the values at the center F of the faces between two control volumes. The numerical
grid and the face-based data structure involves NF faces separating the cells from each
other and the exterior domain. The definition of the face oriented vectors connecting the
relevant positions reads

d∗Fi = d̃∗Fi + d̄∗Fi with d̃∗Fi = x∗Fi x
∗P
i and d̄∗Fi = x∗NB

i x∗Fi . (2.59)

The considered domain is enclosed by NΓ degenerated boundary cells as depicted Fig. 2.3
(b), which have no volume and a midpoint coordinate that coincides with the center of
the adjacent face, viz. d̄∗Fi = 0 → d∗Bi = d̃∗Fi . Figure 2.3 (a) displays an arrangement of
two adjacent interior control volumes and (b) the analogue boundary situation. The local
approximations are constructed from values extracted at the cell center P, the face centers
F separating the control volume around P from the neighboring control volumes and the
centers of the neighboring control volume denoted by NB (or B). They employ the cell
size ∆Ω∗P as well as the area ∆Γ∗F and the respective area vector ∆Γ∗F

i = ∆Γ∗F ni of all
cell adjacent faces where ni represents the local face normal. Some crucial aspects for the
approximation are: a) The connecting vector d∗Fi between two face adjacent cell centers
does not necessarily pierce through the face center F and sometimes does not even pierce
through the face at all, b) the connecting vector d∗Fi is not necessarily co-linear to the face
normal ni and c) faces are not necessarily centered between the center of the neighboring
cell.
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2.2 Discrete Primal Two-Phase Flow

P
F

∆Γ∗F
i

d∗Fi

d̃∗Fi
d̄∗Fi

NB
F̃
·

(a)

P
B

d∗Bi

∆Γ∗B
k

tBk

(b)

Figure 2.3: Schematic representation of a Finite-Volume arrangement (a) in the field and
(b) along the boundary.

Reconstruction of Face Values

Face values are obtained by interpolating adjacent cell-centered values linearly to an inter-
mediate location F̃ along the connecting line. As displayed in Fig. 2.3 (a), the intermediate
point is located perpendicular above the location of the face center F and the interpolation
is second-order accurate, viz.

φ∗F =
(
1− λF

)
φ∗P + λF φ∗NP

  
interp.

+
(
x∗Fi − x∗F̃i

) ∂ φ∗

∂ x∗i

⏐⏐⏐⏐
F̃

  
extrap.

+O(h∗ 2)

with λF =
∆Γ∗F

i

(
x∗Fi − x∗Pi

)

[∆Γ∗
k d

∗
k]

F
. (2.60)

Since, this intermediate point F̃ does not necessarily coincide with the face center F, a sub-
sequent explicit non-orthogonality correction is optionally added. The explicit correction
can be regarded as an extrapolation that ensures second-order accuracy even on unstruc-
tured grids. The required gradient in the intermediate point F̃ follows from a second-order
accurate linear interpolation

∂ φ∗

∂ x∗i

⏐⏐⏐⏐
F̃

=
(
1− λF

) ∂ φ∗

∂ x∗i

⏐⏐⏐⏐
P

+ λF
∂ φ∗

∂ x∗i

⏐⏐⏐⏐
NB

+O(h∗ 2) . (2.61)

The majority of field variables and gradients are interpolated based on Eqn. (2.60).

Many flows considered in this work –and most engineering flows– are characterized by
large Reynolds numbers and thus convection dominates. The interpolation of face values
to approximate the convective fluxes is therefore crucial and will be discussed in greater
detail below. Moreover, the interpolation of face values is especially relevant from a hybrid
continuous/discrete adjoint perspective.

35
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2.2.3 Spatial Approximation

The governing Eqns. (2.43)-(2.48) can be expressed in a generic residual expression for a
conserved quantity φ∗, viz.

R∗φ =
∂ φ∗

∂ t∗
+
∂ v∗k φ

∗

∂ x∗k
− ∂

∂ x∗k

(
µ∗φ∂ φ

∗

∂ x∗k

)
− q∗φ = 0 . (2.62)

The individual terms of (2.62) refer to temporal, convective and diffusive transport as well
as external sources from left to right, respectively. Mind that the last two contributions
refer to s∗φ in Eqn. (2.1). Using the FV method, the equation is treated in a weak form
for each CV, e.g.

∫

∆Ω∗(P )

R∗φdΩ∗ =

∫

∆Ω∗(P )

[
∂ φ∗

∂ t∗
− q∗φ

]
dΩ∗

+

∮

Γ∗(∆Ω∗(P ))

[
v∗k φ

∗ −
(
µ∗φ∂ φ

∗

∂ x∗k

)]
nk dΓ

∗ = 0 , (2.63)

where the Gauss-theorem has been applied to the integral over the convective and diffusive
terms. Spatial approximations are required to determine volume and surface integrals, as
well as the spatial gradients at the cell faces. All spatial integrals are approximated based
on the second-order accurate mid-point rule as described below. Spatial gradients refer to
second-order central differencing schemes (CDS).

Volume Integrals

The approximation of volume integrals by the midpoint rule yields:
∫

∆Ω∗(P )

ψ∗ dΩ∗ = [ψ∗∆Ω∗]P +O(h∗ 2). (2.64)

For the example of the generic transport equation (2.63), one obtains

∫

∆Ω∗(P )

[
∂ φ∗

∂ t∗
− q∗φ

]
dΩ∗ =

[
∂ φ∗

∂ t∗
− q∗φ

]P
∆Ω∗P +O(h∗ 2) . (2.65)

Surface Integrals

The closed surface integral is fractioned into integrals over the individual faces F between
P and its neighbors NB. The face integrals are again approximated using the midpoint
rule, viz.

∮

Γ∗(∆Ω∗(P))
ψ∗ dΓ∗

k =
∑

F(P)

∫

Γ∗(F)
ψ∗ dΓ∗

k =
∑

F(P)

[ψ∗∆Γ∗
k]

F +O(h∗ 2) . (2.66)

For the example of the generic transport equation (2.63), one obtains

∮

Γ∗(∆Ω∗(P))

[
v∗k φ

∗ −
(
µ∗φ∂ φ

∗

∂ x∗k

)]
dΓ∗

k =
∑

F(P)

[
v∗k φ

∗ −
(
µ∗φ∂ φ

∗

∂ x∗k

)]F
∆Γ∗F

k +O(h∗ 2) .

(2.67)
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2.2 Discrete Primal Two-Phase Flow

The convective and diffusive fluxes have to be evaluated at the face center. The evaluation
of the face centered viscosities (diffusivities) µ∗φ follows the procedure outlined in (2.60).
The same procedure is employed to predict the face velocity v∗k of the convective term.
The face value of the transported variable φ∗ is usually reconstructed with a specific rule
on a case by case basis, cf. Sec. 2.2.6. The approximation of spatial gradients at the cell
centers is outlined below and subsequently interpolated to the face center also using (2.60).

Spatial Gradients

The numerical procedure requires approximations of spatial gradients at various positions
of the code. The discrete approximation of a gradient at the cell center is either computed
from a fully conservative approach, using integration by parts –a.k.a. Gauss’s Theorem–,
or from a non-conservative –but more robust– weighted Least-Square method.

Gaussian Approaches follow from an integral formulation of spatial gradients using the
second-order formulae (2.64) and (2.66), viz.

(1)
∫
∆Ω∗(P)

∂ φ∗

∂ x∗k
dΩ∗ ≈

[
∂ φ∗

∂ x∗k
∆Ω∗

]P

(2)
∫
∆Ω∗(P)

∂ φ∗

∂ x∗k
dΩ∗ =

∑
F(P)

∫
Γ∗(F) φ

∗ dΓ∗ ≈∑F(P) [φ
∗∆Γ∗

k]
F

⎫
⎬
⎭

1=...→

...=2→ ∂ φ∗

∂ x∗k

⏐⏐⏐⏐
P

=
1

∆Ω∗P

∑

F(P)

[φ∗∆Γ∗
k]

F +O(h∗ 2) . (2.68)

Face values are linearly interpolated from the adjacent cell-centered values, cf. Sec. 2.2.2.

Least-Squares Approaches follow from a first-order Taylor series expansion of the face-
centered value for each face per cell, viz. φ∗NB ≈ φ∗P + d∗Fi [∂ φ∗/∂ x∗i ]

P + O(h∗) that can
be rearranged to compute for the desired gradient. The relation is over-determined since
the number of adjacent cells always exceeds the dimension. Hence, a regression is applied
based on the symmetric matrix D∗P

ik that regularizes the expression in the Least-Squares
sense and agrees with second-order central differences on regular grids

φ∗F ≈ φ∗P + d∗Fi
∂ φ∗

∂ x∗i

⏐⏐⏐⏐
P

→ ∂ φ∗

∂ x∗i

⏐⏐⏐⏐
P

≈ D∗−1,P
ik

∑

F(P)

[
d∗k
||d∗m||

]F [
φF∗ − φP∗]

with D∗P
ki =

∑

F(P)

[
d∗k d

∗
i

||d∗m||

]F
. (2.69)

Equation (2.69) is preconditioned by the reciprocal cell center distance ||d∗m|| to counter-
act issues caused by distorted grids. The approach is not conservative but improves the
accuracy and stability for unfavorable –e.g. highly skewed– cells.

2.2.4 Temporal Discretization

In general the temporal discretization involves variable time step sizes which are fed into
implicit two and three time layer approximations. The applications of this thesis refer to
steady problems. Time stepping is thus restricted to converge the primal (and adjoint)
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flow field in pseudo-time to steady state using constant time step sizes. Necessary for the
study of the discrete adjoint system, a continuous time integral is discretized as follows

∫
φ∗ dt∗

discretize→
∑

T

∫

∆t∗(T)

φ∗ dt∗ . (2.70)

2.2.5 Temporal Approximation

Temporal Integrals

Analogous to the spatial integration, time integrals employ the midpoint rule, viz.
∫

∆t∗(T)

φ∗ dt∗ = [φ∗∆t∗]T +O(∆t∗2) . (2.71)

The evaluation of time integrals solely occurs during the theoretical derivation of the
adjoint system.

Temporal Derivatives

Temporal changes are approximated either by a first-order implicit backward Euler (BE)
method or a second-order accurate implicit three time level approach (ITTL). The former
discretizes a continuous quantity φ∗ based on temporal information from the actual time
instance (T) as well as the previous (T-1), viz.

∂ φ∗

∂ t∗
=
φ∗T − φ∗T−1

∆t∗
+O(∆t∗) (2.72)

and refers to the method of choice when the intermediate solution of a pseudo-transient sim-
ulation is not of interest, e.g. the total ship resistance in calm water where ∂ φ∗/∂ t∗|t∗end →
0. Such quasi-steady simulations frequently employ a non-constant, adaptive time step pro-
cedure that hooks up on the local Courant number distribution where typical values are
between 0.2 ≤ Co ≤ 0.4. If the temporal behavior of the simulated system is relevant,
an additional previous time step (T-2) is considered to the approximation. The resulting
second-order accurate ITTL stencil reads

∂ φ∗

∂ t∗
=

3φ∗T − 4φ∗T−1 + φ∗T−2

2∆t∗
+O(∆t∗2) (2.73)

based on a constant time step size.

2.2.6 Algebraic Equation System

The employed FV approximation of (2.63) yields a discrete system of size NP×NP, where
each line corresponds to a particular CV-balance

A∗φ,Pφ∗P −
∑

NB(P)

A∗φ,NBφ∗NB = S∗φ,P . (2.74)

Each discrete quantity also varies in time as well as per outer-iteration, e.g. strictly
speaking the general quantity and source term reads φ∗P,M,T and S∗φ,P,M,T at the discrete
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cell center P, the outer iteration M as well as the discrete time step T. For reasons of
readability, the last two incremented indices (M,T) are suppressed if not needed, viz.
φ∗P ≡ φ∗P,M,T and S∗φ,P ≡ S∗φ,P,M,T. The preceding part of this section presents the
discrete translation of the individual terms in (2.63) which contribute to (2.74).
The resulting system matrix should render two properties to support a stable solution

process and physically realistic solutions. To maintain bounded solutions, one requires
positive coefficients A∗P , A∗NB > 0. At the same time, the diagonal dominance of the
matrix is required to support the iterative solution procedure, e.g. A∗P ≥∑A∗NB. Once
the discrete relation is assembled, an under-relaxation is employed

A∗φ,P → A∗φ,P

ωφ
and S∗φ,P ← (1− ωφ)A∗φ,P

ωφ
φ̃∗P , (2.75)

where φ̃∗P follows from the previous outer iteration. The relaxation supports the diagonal
dominance. Related parameters are case specific, but typical values refer to, e.g., ωvi = 0.6,
ωk = 0.4 and ωc = 0.4. The approximation of the fluid dynamic pressure is tailored to
employ ωp = 1.0. Relaxation of the effective pressure is realized within the actual velocity-
pressure coupling routine and usually employs ω̃p = 0.2.

Transient Contributions using the implicit BE approximation (2.72) together with the
integration rule (2.64) result in the following contributions to the main diagonal and the
r.h.s.

A∗P,T ← ∆Ω∗P

∆t∗
and S∗φ,P,T ← ∆Ω∗P

∆t∗
φ∗P,T−1 . (2.76)

Similarly, the second-order accurate ITTL (2.73) and the integration rule (2.64) return the
following contributions to (2.74)

A∗φ,P,T ← 3

2

∆Ω∗P

∆t∗
and S∗φ,P,T ← ∆Ω∗P

∆t∗

[
2φ∗P,T−1 − 1

2
φ∗P,T−2

]
. (2.77)

Convective Contributions are characterized by their directional information transport.
Following the approximation of surface integrals (2.67), the convective flux is fractioned
into

∑

F(P)

[v∗k φ
∗∆Γ∗

k]
F =

∑

F(P)

V̇ ∗F φ∗F (2.78)

where V̇ ∗F = v∗Fk ∆Γ∗F
k represents the volume flux across the face F, and the velocity v∗Fk is

interpolated linearly in line with Eqn. (2.60). To account for the directional information
transport, upwind biased formulae are employed to approximate φ∗F. To this end, φ∗F is
split into a sum of an implicit and an explicit term, e.g.

∑

F(P)

[v∗k φ
∗∆Γ∗

k]
F =

∑

F(P)

V̇ ∗F φ∗F →
∑

F(P)

V̇ ∗F [φ∗U +DC∗C,φ,F] . (2.79)

A simple, first-order accurate upwind differencing scheme (UDS) is implicitly considered
to retain the desired properties of the matrix coefficients, viz.

V̇ ∗Fφ∗U := max
(
V̇ ∗F, 0

)
φ∗P +min

(
V̇ ∗F, 0

)
φ∗NB . (2.80)
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The second term of (2.79) refers to a convective (upper index C) Deferred Correction
(DC) contribution, which is explicitly considered on the r.h.s and computed from values
of the previous iteration. The latter optionally accounts for high-order contributions as a
supplement to the UDS part, viz.

V̇ ∗F DC∗C,φ,F =
V̇ ∗F

4

[
(1 + κ)

(
φ∗D − φ∗U)+ (1− κ)

(
φ∗U − φ∗UU

)]
. (2.81)

Equation (2.81) offers a generic way to account for various baseline convection schemes
based on the constant κ ∈ [−1, 1]. The preferred choice in this thesis is the third-order
Quadratic Upwind Interpolation of Convective Kinematics (QUICK) scheme of Leonard
[1979] which refers to κ = 0.5. Other popular schemes supported by (2.81) are the central
differencing (CDS, κ = 1) and linear upwind differencing (LUDS, κ = −1) schemes.
On unstructured grids, the φ∗UU value is not explicitly available and reconstructed with
second-order accurate central differences, viz. φ∗UU ≈ φ∗D − 2 d∗Fi (∂ φ∗U/∂ x∗i ), cf. Fig.
2.4. Though this restricts the attainable reconstruction accuracy, it does not additionally
harm the spatial order of accuracy for this term due to the upstream second-order accurate
numerical integration.
In line with Godunov’s Theorem, only first-order schemes can be monotone (bounded)

and avoid the generation of new extreme values, cf. Godunov [1954, 1959]. Therefore
nonlinear elements are introduced to (2.81) to avoid the generation and amplification of
extremes. Van Leer [1979] presented a popular Monotonic Upstream Scheme for Conser-
vation Laws (MUSCL) that scrambles the nonlinearities into a damping function ψ based
on a local sensor r, e.g.

V̇ ∗FDC∗C,φ,F =
V̇ ∗F

4

[
(1 + κ)

(
φ∗D − φ∗U)ψ (r) + (1− κ)

(
φ∗U − φ∗UU

)
ψ

(
1

r

)]

and r =
φ∗U − φ∗UU

φ∗D − φ∗U . (2.82)

Harten [1997] motivated the so-called total variation diminishing (TVD) scheme which ac-
counts for monotonicity preservation by locally decreasing the approximation order. Many
other approaches exist that, e.g., restrict ψ, c.f. Lien and Leschziner [1994a,b]. Related
discussions frequently employ a Normalized Variable Diagramm (NVD), and the imple-
mentation of dedicated NVD schemes follows the same strategy compared to the TVD
methods. A major contribution of this work is concerned with adjoint NVD schemes
dedicated to the convective transport of the concentration c in conjunction with VoF ap-
proaches and are considered separately in Sec. 2.2.7. A detailed overview of primal /
adjoint TVD schemes can be found in Stück [2012]. The nonlinear TVD/NVD functions
are particularly unpleasant w.r.t. their corresponding adjoint operators as they produce
unfavorable derivatives. Hence, the function ψ is usually kept frozen and thus not con-
sidered in the adjoint calculus, cf. Stück [2012], Stück and Rung [2013], Kröger [2016],
Kröger et al. [2018], Manzke [2018].
The convective contributions to (2.74) read:

A∗φ,P ←
∑

F(P)

−min
(
V̇ ∗F, 0

)
, A∗φ,NB ← −min

(
V̇ ∗F, 0

)
, S∗φ,P ← −

∑

F(P)

V̇ ∗FDC∗C,φ,F .

(2.83)
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A word of caution should be noted regarding the main diagonal contribution. The latter
employs

∑
F (P )−min(V̇ ∗F, 0) =

∑
F (P ) max(V̇ ∗F, 0) which is strictly speaking only true for

a converged (mass conservative) state, but supports the dominance of the matrix diagonal
and the iterative procedure. Mind that the volume flux is a function of the velocity, and
a Picard linearization is employed within the iterative solution procedure, cf. Alg. 1. For
the transport of density-weighted field quantities, e.g. the linear momentum φ∗

i = ρ∗ v∗i ,
the volume flux is replaced by a mass flux, viz. V̇ ∗F → ṁ∗F = [ρ∗ v∗k ∆Γ∗

k]
F.

Diffusive Contributions follow from an unbiased information transport. The discrete
representation of the diffusive flux in (2.67) is also fractioned into an implicit part and an
explicit deferred correction

∑

F(P)

[
µ∗φ∂ φ

∗

∂ x∗k
∆Γ∗

k

]F
→
∑

F(P)

[µ∗φ∆Γ∗]F
[
φ∗NB − φ∗P

||dFk
∗||αn

+DC∗D,φ,F
]
, (2.84)

where DC∗D,φ,F represents a diffusive (superscript D) deferred correction contribution. The
coefficient α = [di ni/||d∗k||]F optionally accounts for unfavorable face-to-normal arrange-
ments and employed exponents refer to n = 1 for the assembly of the pressure correction
equation and n = 0 in all other cases. A CDS resembling, implicit approximation accounts
for the unbiased information transport, viz. ∂ φ∗F/∂ x∗i ≈ (φ∗NP − φ∗P)/||dFk

∗|| , supports
the diagonal dominance and maintains positive coefficients. The explicit DC contribution
accounts for possible non-orthogonality

DC∗D,φ,F =

[
µ∗φ∆Γ∗

||d∗i ||
∂ φ∗

∂ x∗k

(
d∗k
αn
− nk ||d∗i ||

)]F
, (2.85)

where the face gradient is determined by (2.60). The explicit DC∗D,φ,F contribution tends
to zero if the computational grid is perfectly orthogonal ([d∗k/||d∗i || − nk]

F → 0). The
diffusive contribution to (2.74) reads

A∗φ,P ←
∑

F(P)

[
µ∗φ ∆Γ∗

||d∗k||αn

]F
, A∗φ,NB ←

[
µ∗φ ∆Γ∗

||d∗k||αn

]∗F
and S∗φ,P ← −

∑

F(P)

DC∗D,φ,F .

(2.86)

Sources and Sinks are considered as explicit contributions to the r.h.s. using the mid-
point rule (2.64)

S∗φ,P ← [q∗φ∆Ω∗]P . (2.87)

The explicit contributions to the r.h.s. differ strongly from the respective conserved quan-
tities, e.g. q∗vi,P = f ∗ST,P

i if surface tension contributions are added to the momentum
balance.

Pressure Determination

The pressure-velocity coupling follows a modified version of the Semi-Implicit Method for
Pressure-Linked Equations (SIMPLE) pressure correction algorithm, originally proposed
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by Patankar and Spalding [1972]. At first, a velocity distribution ṽ∗i is determined from the
discretized momentum equation using an estimated pressure p̃∗. Usually, these velocities
do not satisfy the discrete continuity equation and the resulting discrete continuity defect
of each CV, e.g.

∑
F(P)[ṽ

∗
i Γ

∗
i ]

F−[s∗p∆Ω∗]P, is used to compute a correction of the estimated

pressure in an iterative procedure, e.g. p̃∗P ← p′∗P . A combination of the discretized mo-
mentum (in reduced form) and continuity yields the inherently discrete pressure correction
equation, cf. Ferziger and Peric [2012], which shares features with the pressure Poisson
equation, cf. Chorin [1968]. Analogous to Yakubov et al. [2015], the pressure correction
scheme employed herein accounts for velocity divergence sources that are of relevance for
the CH-VoF model, cf. (2.43). The algebraic pressure correction scheme features only
discretized diffusive fluxes and r.h.s contributions. The former are assembled in line with
Eqn. (2.84) using µ∗p,P = [∆Ω∗/A∗vi ]P and respective face values follow from a linear in-
terpolation. The r.h.s. inheres contributions from the non-solenoidal velocity field as well
as further CH-related sources, viz.

S∗p′,P ←
[
dc

dt∗
∆Ω∗

]P
+
∑

F(P)

[
ṽ∗i ∆Γ∗

i

]F
. (2.88)

Mind that the first r.h.s. contribution a priori vanishes for the VoF scheme and the
converged pressure field should globally support zero velocity divergence. The pressure
update involves an under-relaxation p̃∗P ← ω̃p′p′∗P that usually employs ω̃p′ = 0.2. The
odd-even decoupling problem of the co-located variable arrangement is suppressed with a
fourth-order artificial dissipation term on the r.h.s of the continuity equation along a route
outlined by Rhie and Chow [1983]. The latter also considers contributions from gravity
and surface tension in order to strengthen the iterative procedure.

2.2.7 Compressive Interface Capturing Schemes

The majority of practical applications employ a VoF-based interface capturing scheme.
In conjunction with two-phase flows, the method poses for predicting sharp interfaces.
Different strategies are conceivable to improve interface compression: Geometric recon-
struction schemes, e.g. SLIC (Noh and Woodward [1976]), PLIC (Hirt and Nichols [1981])
or LVIRA (Pilliod Jr. and Puckett [2004]), and dedicated downwind-biased advection
schemes, e.g. CICSAM (Ubbink and Issa [1999]), HRIC (Muzaferija and Peric [1999])
or BRICS (Wackers et al. [2011]). Geometric reconstruction schemes are afflicted with a
considerable algorithmic complexity which reduces their popularity. Dedicated advection
schemes are slightly heuristic but fairly simple to implement. They maintain an approx-
imately sharp interface subject to sufficiently small time steps. On the downside, they
require transient implicit simulations even for steady state problems, e.g., the calm-water
resistance of steady cruising ships. To further improve the interface compression, some au-
thors have proposed to add an artificial compression or anti-diffusion term, e.g., So et al.
[2011], Heyns et al. [2013]. These methods rely on heuristic compression factors and im-
prove the compressiveness at the expense of a reduced numerical stability. As outlined at
the beginning of Sec. 2.1.4, VoF models using dedicated advection schemes are considered
to offer a reasonable compromise between efficiency, accuracy and conservation properties.
A classical starting point for the derivation of prominent interface capturing schemes is

the NVD, first proposed by Leonard [1991]. In line with Fig. 2.4, the general challenge
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reads: How to interpolate the (on cell level) discrete non-dimensional field value (e.g.
cU = 1 and cD = 0) on the face F in between, so that during the numerical simulation
a) the transported field quantity is bounded and b) the interface remains sharp. While
a) results in the Convective Boundedness Criterion (CBC) (e.g. cU ≥ cF ≥ cD), b) is a
matter of the diffusive/compressive character of the underlying numerical approximation.
Thus, a normalization based on all relevant cell quantities around F is introduced, viz.

cn =
c − cUU

cD − cUU
→ cDn = 1, cUU

n = 0 and cDn ≥ cUn ≥ cUU
n . (2.89)

A mirrored strategy will be used later for the normalization of the adjoint face value ĉn
around the face F. The general dependence of cF(cUU, cU, cD) reduces to cFn(c

U
n ) in the

normalized setting for the primal variable. Explicit implementations inhere an additional
dependence on the face Courant number CoF, cf. Leonard [1991]. The relation is depicted
in Fig. 2.5 for three bounded baseline schemes, e.g. Upwind (UDS), Central (CDS)
and Downwind (DDS) Differencing Scheme. The regime between CDS and UDS [DDS]
is prone to be diffusive [compressive]. Thus, modern interface capturing schemes try to
stay as long as possible in the compressive regime and fall back to an upwind biased
scheme when the discrete local setting is insufficient. Two prominent examples for such
compressive approximations refer to (a) the High Resolution Interface Capturing Scheme
(HRIC) of Muzaferija and Peric [1999] and (b) the Compressive Interface Capturing Scheme
for Arbitrary Meshes (CICSAM) of Ubbink and Issa [1999] which are investigated in the
upcoming passage.

UUU UU U D DD DDDF

V ∗

x∗1

ϕ∗

Figure 2.4: Schematic one-dimensional view of the interpolation of primal field quantities
ϕ∗ on the face F from the adjacent cells located upstream (U) or downstream
(D) of F under the flow field V ∗.
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Figure 2.5: Sketch of the Normalized Variable Diagram (NVD) for two compressive con-
vection schemes: (a) Compressive Interface Capturing Scheme for Arbitrary
Meshes (CICSAM) and (b) High Resolution Interface Capturing Scheme
(HRIC).

High Resolution Interface Capturing (HRIC)

The normalized face value cFn is basically determined in three consecutive steps. In compact
notation they read:

cFn =

⎧
⎪⎨
⎪⎩

cF,2n : CoF < CoFl

cUn +
(
cF,2n − cUn

)
CoFu−CoF

CoFu−CoFl
: CoFl ≤ CoF ≤ CoFu

cUn : CoF > CoFu

,

with cF,2n = γFcF,3n +
(
1− γF

)
cUn ,

and cF,3n =

⎧
⎪⎨
⎪⎩

2cUn : cUn ∈ [0, 0.5]

1 : cUn ∈ [0.5, 1]

cUn : cUn ̸∈ [0, 1]

, (2.90)

where three additional quantities enter the approximation to ensure a stable coefficient
matrix while preserving a positive main diagonal via the definition of an upper (lower)
Courant number CoFu (CoFl ). Frequently employed values are CoFl = 0.3 and CoFu = 0.7.
The third quantity considers the alignment of the flow with the free surface normal γF =√
|cos(θF)| where θF represents the angle between the free surface normal and the flow

direction. Mind that slightly different HRIC formulations exist, e.g. Park et al. [2009].

Compressive Interface Capturing Scheme for Arbitrary Meshes (CICSAM)

The normalized face value cFn within the CICSAM procedure is determined via a blending
between the Hyper-C (HC) and the Ultimate-Quickest (UQ) scheme. The latter is inspired
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by a QUICK approach for the face value. A compact notation reads:

cFn = γFcF,HC
n + (1− γF)cF,UQ

n

with cF,HC
n =

{
min

(
1, cUn

CoF

)
: 0 ≤ cUn ≤ 1

cUn : cUn ̸∈ [0, 1]

and cF,UQ
n =

⎧
⎨
⎩
min

(
cF,HC
n ,

8CoFcUn +(1−CoF)(6cUn +3)
8

)
: 0 ≤ cUn ≤ 1

cUn : cUn ̸∈ [0, 1]
. (2.91)

Again, a blending factor is introduced that accounts for the free surface to flow alignment,
viz. γF = min((1 + cos(2 θF))/2, 1) where θF represents the relation between interface
normal and the vector connecting adjacent cells. Again, it should be noted that this is
only one of many formulations. Whether HC or UQ is used, CICSAM falls back to pure
UDS for inadequate situations.

2.2.8 Boundary Conditions

Boundary conditions serve to separate the examined region from the environment. The
boundary conditions summarized in Tab. 2.2 are mathematically grouped into conditions
of either Dirichlet or Neumann type that provide either a fixed boundary value or gradient,
respectively, viz.

φ∗B = const. and
∂ φ∗

∂ n∗

⏐⏐⏐⏐
∗B
≈ φ∗P − φ∗B

||d∗Bi ||
= const. . (2.92)

Optionally, combinations of Neumann and Dirichlet conditions might occur (Robin condi-
tions), but are not relevant in this study. From an engineering point of view, the boundary
conditions employed in the present thesis can be divided into four categories, e.g. inlet
(I), prescribed pressure outlet (O), wall (W) and symmetry (S) boundaries. To support
the analysis, vectors and tensors are commonly distinguished into tangential and normal
components, e.g. [t∗i = v∗i −(v∗k nk)ni] in tangential direction and [(v∗k nk)ni] in the direction
of the normal. Splitting the boundary forces into normal and tangential traction denoted
by ti = t∗i /∥t∗i ∥and ni and additionally assuming negligible curvature, one obtains

σ∗B
i =

[
µ∗vi

(
∂v∗t
∂n∗ +

∂v∗n
∂t∗

)]B
ti +

[
2µ∗vi ∂v

∗
n

∂n∗ − p
∗
]B

ni . (2.93)

Along the inlet, the velocity vector, the turbulence parameters and the concentration field
are prescribed. In all considered cases, the inlet normal is perpendicular to the gravity
vector. Since the bulk fluids are deemed incompressible, which virtually also holds for the
composed flow, the pressure cannot be specified along the inlet and zero normal pressure
gradients are imposed. On the contrary, the hydrostatic pressure is prescribed along the
outlet boundary and vanishing normal gradients are assumed for all other field values.
Along the symmetry planes, scalar field values (p∗, c, k∗, ε∗, ω∗) are also subjected to zero
normal gradients. The normal component of the velocity is suppressed along the symmetry
plane and the tangential velocity components are extrapolated with zero-order accuracy
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from the field onto the symmetry plane. Therefore, the tangential force in (2.93) vanishes
and only the normal force component remains

σ∗S
i =

[
2µ∗vi ∂ v

∗
n

∂ n∗ − p
∗
]
ni . (2.94)

The pressure is extrapolated with zero-order accuracy. Along slip walls, all variables
except for turbulence quantities comply with the symmetry conditions. In particular,
the tangential force again vanishes. Turbulence variables are subjected to no-slip wall
conditions, as described below. No slip wall conditions are more evolved. As regards
the momentum equations, a free-cutting concept is employed along the no slip wall that
replaces the free forces acting on the wetted body by a closure model, while assuming
identical velocity of wall and fluid as well as negligible curvature. Due to the prescribed
wall velocity, the wall effective pressure is extrapolated with first-order accuracy from
the field to the wall. The corresponding wall force involves viscous shear and pressure
components, e.g.

σ∗W
i = µ∗vi ∂ v

∗
t

∂ n∗ ti − p
∗ ni . (2.95)

Appropriate models to close the viscous wall shear either refer to a unidirectional laminar
shear or logarithmic wall function related prescription of turbulent shear forces. Both relate
to the wall tangential projection of the velocity in the wall adjacent CV and only differ
in the value of µ∗W. The turbulence energy k∗ follows a zero normal gradient condition,
which is asymptotically compatible to both the low-Re and the wall function approaches,
cf. Wilcox [1998]. Using the same asymptotic approach, the wall adjacent field values of
the energy dissipation ε∗ and the specific energy dissipation ω∗ can be prescribed using the
wall normal distance and the TKE value adjacent to the wall. As outlined below, these
boundary conditions result in a manipulation of the convective and the diffusive boundary
flux, cf. Fig. 2.3 (b), along the face of the boundary adjacent interior control volume.

Convective fluxes follow from (2.78) and (2.83). They involve an implicit first-order
UDS approximation which reveals

A∗φ,P ← −min
(
V̇ ∗B, 0

)
. (2.96)

One only needs to distinguish whether, as well as in which direction (in vs. out) a convective
transport occurs.

• Inlet conditions refer to an inflow velocity v∗Ik pointing into the domain as well as the
boundary adjacent CV and therefore a negative volume flux V̇ ∗B = v∗Ik ∆Γ∗B

k enters
(2.96).

• Prescribed pressure outlet conditions are characterized by zero entries to the
coefficient matrix, due to the outward directed positive flux V̇ ∗B.

• Symmetry and no-slip / slip wall boundary conditions prohibit a convective flux
over the boundary via V̇ ∗B = 0. Since the convective flux is suppressed along the
boundary, no convective contributions to the r.h.s or the coefficient matrix occurs
for this face.
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Diffusive fluxes follow from (2.86), viz.

A∗φ,P ←
[
µ∗φ∆Γ∗

||d∗k||αn

]B
and S∗φ,P ←

[
µ∗φ∆Γ∗

||d∗k||αn
]B
φ∗B . (2.97)

• Inlet boundaries are characterized by Dirichlet conditions for all transport quantities
except the pressure. Due to the zero gradient pressure condition, diffusive contri-
butions (2.97) are suppressed for the pressure, which provides an implicit condition.
The diffusive flux of all other variables follows from (2.97) based on the given inlet
φ∗B = φ∗I quantities from Tab. 2.2. If the momentum equations are assembled, fur-
ther explicit contributions are added to supplement the complete strain rate tensor.
Similarly, the pressure is extrapolated with zero-order to the boundary to complete
the normal force on this face.

• Prescribed pressure outlet boundary conditions swap the former relation and em-
ploy zero gradients for all quantities (∂ φ∗B/∂n∗ = 0) except the effective pressure.
Since φ∗B = φ∗P eliminates the sum of all contributions to (2.97), these contribu-
tions are simply not considered for φ∗ ̸= p∗. The effective pressure is assigned to a
hydrostatic Dirichlet condition along the outlet, e.g. p∗B = p∗O = [ρ∗ g∗k x

∗
k], and this

value enters (2.97).

• Symmetry and slip-wall boundary conditions do suppress the wall normal gradient
of the scalar properties. Hence all contributions to (2.97) are simply suppressed
for φ∗ = c, p∗ along a slip wall and φ∗ = c, p∗, k∗, ω∗, ε∗ along symmetry planes.
Moreover, no shear stress is transmitted, due to the symmetry ∂v∗t /∂n

∗ = 0 as
well as the no-penetration condition ∂v∗n/∂t

∗ = 0 and considered forces reduce to
[2µ∗vi(∂v∗n/∂n

∗)− p∗]B ni, cf. Eqn. (2.93) and (2.94), which requires to extrapolate
the pressure as well as to consider a source for the momentum equations

A∗vi,P ← 0 and S∗vi,P ←
[
µ∗vi ∆Γ

||d∗k||αn
]B

2
[
(v∗Bk − v∗Pk )nB

k

]
nB
i . (2.98)

A symmetry plane always employs v∗Bi = v∗Si = 0.

• No-Slip Wall boundary conditions suppress the wall normal gradient of φ∗ = c, k∗

and the effective pressure is interpolated with first-order accuracy to capture hydro-
static effects, viz. ∂p∗eff/∂n∗ = ρ∗ g∗i ni. A zero wall normal gradient is imposed on
φ∗ = k∗, cf. reasoning above, and the remaining turbulent quantities φ∗ = ω∗, ϵ∗ are
prescribed based on the wall normal distance combined with the TKE value in the
first interior cell, cf. Wilcox [1998]. Viscous shear and pressure forces acting on a
wall follow from (2.95), viz. µ∗vi∂v∗t /∂n

∗ti − p∗ ni. They require to extrapolate the
pressure and yield the following changes to the discrete momentum equation

A∗vi,P ← 0 and S∗vi,P ←
[
µ∗vi ∆Γ

||d∗k||αn
]B [

(v∗Bk − v∗Pk )tBk
]
tBi . (2.99)

Aiming at a more implicit strategy, the above given approach is replaced by

A∗vi,P ←
[
µ∗vi ∆Γ

||d∗k||αn
]B

and S∗vi,P ←
[
µ∗vi ∆Γ

||d∗k||αn
]B ([

(v∗Bk − v∗Pk )tBk
]
tBi + v∗Pi

)
.

(2.100)
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All studies in this thesis refer to non-moving walls, hence v∗Bi = v∗Wi = 0. The
approach is generic and allows for the manipulation of the actual wall shear, e.g. in
line with the universal LoW for momentum boundary-layers, cf. Sec. 2.3.3.

2.2.9 Homogeneous Mobility Model

The sign-change of the apparent viscosity resembles a compressive approximation of the
convective term, which switches from UDS to DDS approximations along the interface, and
thus from positive to negative (apparent) viscosities, to keep the interface sharp, cf. Sec.
2.2.7. The formulation of M∗mod in (2.55) is based on the interface blurring introduced by
upwind-biased convective schemes. An estimation of the tensorial numerical diffusion at a
cell face returned by a first-order upwind scheme might read

ν∗UDS,F
ik = (λ∆x∗k v

∗
i )

F . (2.101)

Depending on the time discretization scheme, the related error might be extended into the
estimate of the mobility parameter by a modified equation analysis. For the example of
a first-order implicit time discretization, the modified equation analysis suggests a simple
supplement of a Courant number term, e.g. ν∗UDS,F

ik ← ν∗UDS,F
ik CoFik. The estimate (2.101)

is spatially and temporally variable. Spatially volatile mobility distributions are deemed
to obstruct the robustness of the procedure. Hence, a homogenized approach estimates
the mobility based on the maximum norm of the matrix valued numerical diffusion

M∗mod =
M̃

C∗a
⏐⏐⏐⏐
{
nF : ∆x∗i

∂ c
∂ x∗i

F ≥ ∆c
} ⏐⏐⏐⏐

NF∑

F

⎧
⎨
⎩
max
i,k

(|λ∆x∗k v∗i |)F if ∆x∗i
∂ c
∂ x∗i

F ≥ ∆c ,

0 otherwise
.

(2.102)

Note that the field is filtered to extract the interface region, e.g. only faces with a projected
concentration gradient above ∆c = 10−3 are considered.

2.2.10 Stability of the Approximation

The numerical approximation of the considered set of transport Eqns. (2.43)-(2.48) is stable
if reasonably chosen, e.g. physically inspired finite approximations are applied combined
with a sufficient under-relaxation. This is especially evident if the DC contributions of
convective and diffusive transport are neglected, cf. Eqns. (2.79) and (2.84). The main
diagonal entry of the steady transport equation reads

A∗φ,P ←
∑

F(P)

[
−min

(
V̇ ∗, 0

)
+
µ∗φ∆Γ∗

||d∗k||αn

]F
(2.103)

and is inherently greater than zero if the diffusivity µ∗φ ≥ 0 is positive. Since convection
schemes in particular are prone to introduce numerical diffusion, a main challenge refers to
the transportation of a non-diffusive and thus sharp concentration field based on a given
velocity field. Two initially different trade-offs are accepted w.r.t. approximation stability,
which end up in similar characteristic in line with Eqn. (2.103).
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1. The classical VoF method neglects diffusive contributions within the approximation
(µ∗c = 0). Instead, the approximation direction of the convective term switches from
UDS to DDS which in turn changes the numerical leading error from a diffusive to
a compressive character, cf. Fig. 2.5. The resulting violation of the physical consis-
tency finally provides a negative contribution to the main diagonals and impedes the
numerical stability which will be further outlined in the following.

2. The CH-VoF approach continues with physically consistent approximations of the
convective concentration transport. However, the diffusivity is not necessarily zero,
cf. Eqn. (2.54) as well as Fig. 2.2, and even becomes negative over approximately
58% of the concentration spectrum, which reflects the compressive interface physics
of the diffusive formulation. From a numerical point of view, the partially negative
diffusion constant can be translated into the numerical leading error of the downwind
approximation inherent to VoF and therefore similarly impedes the stability of the
approximation in case of an unfortunate choice of the mobility parameter.

Hence, the pseudo-temporal VoF process can therefore be translated locally into a steady
CH-VoF approach. An essential advantage of the latter is the possibility to neglect the
integration in pseudo-time which shows a measurable gain in convergence speed. In the
following, the stability problems of VoF and CH-VoF will be discussed in more detail.
During the approximation of the primal VoF equation, the main diagonal coefficient of
the system matrix is affected if the approximation of the convective term switches locally
from UDS to DDS. Using the BE discretization of d c/d t∗ = 0 yields the following main
diagonal entry for an upwind or downwind interpolation of cF, viz.

[
c∗P,T − c∗P,T−1

∆t∗

]
∆Ω∗P +

∑

F(P)

[
V̇ c
]F,T

= 0

→ A∗c,P,T =
∆Ω∗P

∆t∗
+
∑

F(P)

⎧
⎨
⎩
max

(
V̇ ∗F,T, 0

)
: UDS

min
(
V̇ ∗F,T, 0

)
: DDS

. (2.104)

Mind that the UDS implementation usually refers to the convergent state, e.g.

max
(
V̇ ∗F,T, 0

)
= −min

(
V̇ ∗F,T, 0

)
, cf. Eqn. (2.83). In order to preserve diagonal dom-

inance and avoid a zero crossing introduced by DDS, the time step ∆t∗ must be chosen
carefully to comply with ∆t∗ V̇ ∗F,T/∆Ω∗P = Co < 1/2, or even lower in 3D flows (e.g.
Co ≤ 0.3). Since this time step dependency originates from the concentration equation
only, sub-cycling strategies can be employed to increase the efficiency of the temporal inte-
gration (cf. Ubbink and Issa [1999], Manzke et al. [2012]). Basically, sub-cycling slows the
simulation within admissible Courant number bounds and subdivides the temporal integra-
tion based on an invalid (too large) time step into several valid (smaller) sub time steps as
exemplary sketched in Alg. (2). Special attention should be paid on (un)synchronization
as well as in-between gradient computation, cf. Manzke [2018] for a detailed discussion.
The CH-VoF Eqn. (2.54) is studied using a discrete von-Neumann stability analysis.

Assuming a one-dimensional grid with spacing ∆x∗ as well as a constant flow velocity V ∗

and mobility M∗, the latter yields the following amplification factor:

ξ =
ξm+1

ξm
=

1 + Codiff C∗b
C∗a∆x2 [4cos

2(θ)− 8cos(θ) + 5]

1 + Co [1− cos(θ) + i sin(θ)] + 2Codiffb′′ [1− cos(θ)]
(2.105)
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Algorithm 2: Schematic overview of the sequential primal solution procedure based
on sub-cycling within each outer-iteration loop.

while nT ≤ NT do
while (nout ≤ Nout,max) or (Rφ ≤ Rφ,min) do

approximate linearized momentum equations
approximate pressure correction equation
approximate linearized turbulence equations

∆t∗ = ∆t∗/N
for sub-cycle=1,N do

approximate linearized concentration equation

∆t∗ = ∆t∗N

where Codiff = ∆t∗M∗/∆x∗2 represents the diffusive analogue to the convective Courant
number Co = Coconv = ∆t∗M∗/∆x∗ and b′′ = 12c2 − 12c + 2. Here i and m represent
the imaginary unit (i2 = −1) and an iteration counter. The parameter θ = β∆x with
cos (β∆x) = 1/2

(
e−J β∆x + eJ β∆x

)
represents the phase angle. The system can be thought

of as unconditional stable if ξ ≤ 1. With attention restricted to the under-resolved situation
(C∗a = 1Pa, C∗b = 0N), one obtains

ξ =
ξm+1

ξm
=

1

1 +
(
Co + 2Codiffb′′

)
[1− cos(θ)] + i Co sin(θ)

=
1 +

(
Co + 2Codiffb′′

)
[1− cos(θ)]

(
1 +

(
Co + 2Codiffb′′

)
[1− cos(θ)]

)2
+ (Co sin(θ))2

− i Co sin(θ)
(
1 +

(
Co + 2Codiffb′′

)
[1− cos(θ)]

)2
+ (Co sin(θ))2

. (2.106)

Confining the interest to the real term in (2.106), the system is stable for the pure phases
(c0 = 0, c0 = 1). Along the phase transition regime c = 0.5 the stability limits are
estimated by

M̃ ≤ 1 and M̃ ≥
[
1 +

2

Co [1− cos(θ)]

]
. (2.107)

Figure 2.6 depicts the amplification factor for three different Courant numbers (Co = 0.1,
Co = 1, Co = 10) and five different exemplary phase angles as a function of the non-
dimensional mobility parameter M̃ . Approaching the steady state limit, the analysis only
excludes M̃ = 1. In case of θ → 0, the branch M̃ ≤ 1 might be a safer recommendation.
Therefore M̃ = 0.1 is used for all applications displayed in Sec. 2.3 and 2.4, for which no
stability problems are observed. If alternative convection schemes are used, the 1st-order
upwind based analysis still provides reliable estimates.

2.2.11 Modeling of Floatation

The present study also considers an adjustment of the trim and sinkage of ship hulls during
the pseudo-temporal integration. The floating geometry is initialized in its resting position
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Figure 2.6: Amplification factor of a one-dimensional CH system over the mobility factor

M̃ for different phase angles θ and convective Courant numbers, e.g. Co = 0.1
(left), Co = 1 (middle) and Co = 10 (right).

based on prescribed hydrostatic data. This refers to an initial displacement V ∗ini, center
of gravity x∗gj and rotation center x∗rj .
Once the flow around the hull develops and the forces deviate from the initial hydrostatic

values, the floatation is corrected. To this end, the surface grid of the hull, which refers to
the interior domain boundary, is rigidly displaced and rotated while all exterior boundaries
are kept fixed. An estimation of the of trim and sinkage errors w.r.t. the prescribed
hydrostatic data follows from the net heave force F ∗H and trim moment M∗T, viz.

∆S∗ =
F ∗H

ρ∗b |g∗k|A∗w and ∆T ∗ =
M∗T

ρ∗b |g∗k| I∗w
(2.108)

where A∗w, I∗w and ρ∗b represent the water-plane area, its moment of inertia around the
rotating axis and the density of the heavier (background) fluid, respectively, cf. Yang and
Löhner [2002]. The trim increment ∆T ∗ is not to be confused with the time increment ∆t∗

from Sec. 2.2.4. The net heave force and trim moment follow from the fluid flow induced
forces along all hydrostatic boundaries plus additional hydrostatic data, viz.

F ∗H =
g∗i
|g∗k|

[∫

Γ∗H
f ∗
i dΓ

∗ + V ∗ini ρ∗b g∗i

]
and

M∗T =
ϵijk g

∗
j V

∗
k

|ϵijk g∗j V ∗
k |

[∫

Γ∗H
ϵilm
[
x∗l − x∗rl

]
f ∗
m dΓ∗ + V ∗ini ρ∗bϵilm

[
x∗gl − x∗rl

]
g∗m

]
(2.109)

where f ∗
i =

[
2µ∗eff S∗

ik − p∗eff δik
]
nk and V ∗

k represent the effective fluid dynamic forces
as well as the bulk velocity, respectively. Here ϵijk refers to the Levi-Civita-Symbol used
to compute an outer vector product. Only the gravity parallel [gravity-bulk-velocity or-
thogonal] part of the acting forces [moments] is considered. In the absence of flow, only
hydrostatic forces remain and the sinkage relation is directly fulfilled, e.g. F ∗H = 0 and
thus ∆S∗ = 0 for an appropriate V ∗ini.
Once the forces on the hull converge, the actual hydrostatic error is evaluated according

to Eqn. (2.108). Subsequently, the trim and sinkage corrections are combined and relaxed
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in terms of a rigid body motion based on a displacement field d∗hi along the hydrostatic
boundaries

d∗hi = [∆S∗ δi3 +∆T ∗Ri2]ω
h (2.110)

where Ri2 refers to a rotation matrix around the trim/x∗2-axis and the gravity is supposed
to act in negative x∗3 direction. Robust floatation adjustments refer to 0.2 ≤ ωh ≤ 0.6.
The interior boundary deformation and the fixed exterior boundaries serve as Dirichlet
conditions for a mesh morphing routine which computes the new cell centers from a FV
approximation of

∂

∂x∗k

[
µ∗di ∂d

∗
i

∂x∗k

]
= 0 in Ω∗ with

{
d∗i = d∗hi on Γ∗ ∩ Γ∗H

d∗i = 0 on Γ∗ . (2.111)

The diffusivity refers to the inverse (non zero) distance to the nearest wall, which avoids
a grid distortion in the vicinity of the hull. A subsequent deformation of the cell vertices
follows from an averaged interpolation of all vertex-adjacent centers NP(V), viz.

d∗Vi =
1

NP(V)

NP(V)∑

P=1

[
d∗Pi +

∂ d∗Pi
∂ x∗k

(
x∗Vk − x∗Pk

)]
. (2.112)

After the update of the grid, the geometric quantities are recalculated for each CV. Because
topological relationships remain unaltered, the simulation is continued by a simple restart
from the previous outer iteration.
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2.3 Primal Flow Verification

After the governing equations have been derived and subsequently discretized, the discrete
numerical model is verified. The latter is typically achieved on the basis of (non-trivial)
analytical or even generalized solutions and is commonly referred to as verification. This
thesis follows the definition of the American Institute of Aeronautics and Astronautics
(AIAA [1998]), in which verification and validation (V&V) are defined as follows

• Verification is the process of determining if a computational simulation accurately
represents the conceptual model, but no claim is made of the relationship of the
simulation to the real world.

• Validation is the process of determining if a computational simulation represents the
real world.

A significant part of this work is concerned with adjoint fluid mechanics. An important
aspect arises in this context, since solutions of a primal verification study typically give rise
to an adjoint companion. The validation of the adjoint framework, especially w.r.t. real
world problems, is slightly delicate and will be explored in more detail in Sec. 4.3 and 4.4.
The considered verification studies involve laminar and turbulent single- and two-phase
flows. Emphasis is given to plane shear flow cases, i.e. boundary-layers and Couette flows,
which also serve the verification of the adjoint system in Sec. 4.3.

2.3.1 Laminar (Blasius) Boundary-Layer Equation

Two-dimensional equations for the laminar single-phase momentum b.-l. in the x∗1-x
∗
2-plane

can be derived in two consecutive steps. First, the governing Eqns. (2.56)-(2.58) are non-
dimensionalized with the reference quantities given in Tab. 2.3. The laminar governing

primal quantity/operator v∗1 v∗2 p∗ ∂ϕ∗/∂x∗1 ∂ϕ∗/∂x∗2
reference value V ∗

1 V ∗
2 P ∗ L δ∗

Table 2.3: Reference quantities of the 2D governing primal b.-l. equations.

equations are divided by density and considered to be free of gravitational forces. In
line with the non-dimensionalization in Sec. 2.1.7, an exemplary relationship between a
dimensional term, its reference values and non-dimensional quantities reads v∗2 ∂v

∗
1/∂x

∗
2 =

(V ∗
2 V

∗
1 /δ

∗) (v2∂v1/∂x2). Subsequently, a scaling analysis is performed, where it is assumed
that the spatial extent in streamwise x∗1-direction is significantly larger than the extent in
the direction of the wall normal x∗2, viz. L

∗ ≫ δ∗. The assumption is in line with a flat
plate of semi-infinite length L∗ (→ ∞) in the x∗1 direction under a homogeneous steady
inflow V ∗

1 , cf. Fig. 2.7. The continuity Eqn. (2.43) reveals an order of magnitude scaling
of the normal velocity, viz. V ∗

2 ∝ V ∗
1 δ

∗/L∗. The complete scaling analysis is performed in
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L∗

x∗1

x∗2

V ∗
1

√
x∗1

Figure 2.7: Illustration of the (forward) primal V1 flow over a flat finite plate in the x∗1-x
∗
2

plane.

App. A.1 and only the resulting b.-l. equations are given below, i.e.

Rv,BL
1

∗
:v∗1

∂v∗1
∂x∗1

+ v∗2
∂v∗1
∂x∗2

+
1

ρ∗
∂p∗

∂x∗1
− ν∗ ∂

2v∗1
∂x22

∗ = 0 (2.113)

Rv,BL
2

∗
:
1

ρ∗
∂p∗

∂x∗2
= 0 (2.114)

Rp,BL∗ :− ∂v∗1
∂x∗1
− ∂v∗2
∂x∗2

= 0. (2.115)

The traditional strategy to obtain generalized solutions for (2.113)-(2.115) aims to down-
grade the coupled PDEs to ODEs along a route outlined by Blasius [1907]. The latter is
achieved based on a) a prior coordinate transformation, which requires suitable similarity
coordinates, to b) simplify the corresponding equations.
The primal b.-l. flow is anticipated to be a function of the plate normal and tangential

coordinate, viz. v∗1/V
∗
1 = g(η) with η = x∗2/δ

∗(x∗1), where g and δ∗ represent a (so far)
unknown function as well as a measure for the b.-l. thickness. Thus, one can directly
compute the spatial velocity gradients, e.g. ∂v∗1/∂x

∗
1 = −V ∗

1 g
′(x∗2/δ

2∗)(∂δ∗/∂x∗1) with g
′ =

dg/dη. An integration of Eqn. (2.113) along the wall normal coordinate from the wall to
the b.-l. edge reads

2

∫ δ∗

0

v∗1
∂v∗1
∂x∗1

dx∗2 +

∫ δ∗

0

v∗2
∂v∗1
∂x∗2

dx∗2 −
∫ δ∗

0

ν∗
∂2v∗1
∂x22

∗dx
∗
2 = 0. (2.116)

Applying the continuity equation (∂ v∗2/∂ x
∗
2 = −∂ v∗1/∂ x∗1) together with the new definition

of the plate tangential velocity allows the elimination of the plate normal velocity, i.e.

−2V 2
1
∗
∫ δ∗

0

gg′
x∗2
δ2∗

∂δ∗

∂x∗1
dx∗2 + V 2

1
∗
∫ δ∗

0

g′
x∗2
δ2∗

∂δ∗

∂x∗1
dx∗2 − ν∗V ∗

1 g
′ 1

δ∗

⏐⏐⏐⏐
δ∗

0

= 0. (2.117)

Substituting η = x∗2/δ
∗ (dx∗2 = δ∗dη = d(x∗2/δ

∗)) offers an ODE for δ∗, viz.

[B − 2A]
∂δ∗

∂x∗1
δ∗ =

ν∗

V ∗
1

C, (2.118)

where all integrals are condensed to the parameters A and B

A =

∫ 1

0

gg′η dη , B =

∫ 1

0

g′η dη , and C = g′(1)− g′(0). (2.119)
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2.3 Primal Flow Verification

Equation (2.118) can be solved w.r.t. δ∗, which yields

δ∗ =

√
2C

b [B − 2A]

√
ν∗ [a∗ + bx∗1]

V ∗
1

→ δ∗ ∝
√
ν∗ [a∗ + bx∗1]

V ∗
1

. (2.120)

The last expression supports an estimation of the boundary-layer thickness and offers a
suitable choice for the similarity variable η = x∗2

√
V ∗
1 /[ν

∗(a∗ + bx∗1)]. It should be pointed
out that classical b.-l. thickness measures employ a∗ = 0 and b = 1, which is basically due
to the chosen origin and direction of the coordinate system. The origin is usually located
at the upstream edge of the plate – in line with the origin of the primal b.-l. – pointing
downstream in x∗1. However, motivated by the adjoint analysis performed in Sec. 4.3.1, the
more general expression is retained to adjust to the reversal of the b.-l. from a downstream
origin in the adjoint mode. Using the similarity variable η, a scalar stream function ψ∗ can
be defined, that inherently satisfies the continuity expression (2.115), e.g. v∗1 = ∂ψ∗/∂x∗2,
v∗2 = −∂ψ∗/∂x∗1, and offers access to the plate tangential velocity, viz.

ψ∗ =

∫ x∗2

0

v∗1dx
∗
2 =

∫ η(x∗2)

η(0)

g(η)V ∗
1 δdη =

√
ν∗ [a+ bx∗1]V

∗
1

∫ η

0

gdη

  
f(η)

. (2.121)

All primal b.-l. terms can be expressed in terms of f and η, e.g. ∂2v∗1/∂x
∗
2
2 = V ∗

1
2/[ν(a∗ +

bx∗1)]f
′′′, as summarized in App. A.3. Assuming a homogeneous pressure field, the substi-

tutions of all terms of Eqn. (2.113) yields the well known Blasius equation for a laminar
flat plate b.-l. flow

RBL
1

∗ → −2f ′′′ − bff ′′ = 0. (2.122)

The Blasius equation is numerically approximated based on a shooting method. An
exemplary c⃝Matlab code is available in the respective repository, cf. Kühl [2020]. The
primal procedure tries to hit the boundary value f ′

∞ = 1 for η →∞ with prescribed wall
values f0 = 0 and f ′

0 = 0. The boundary value problem is controlled by f ′′
0 at the wall and

iterated to convergence until the value f ′
∞ falls below a numerical limit of (f ′

∞−1) < 10−08.
The result is depicted in Fig. 2.8, where a∗ = 0 and b = 1 were assumed. The displayed
numerical results perfectly match with available data from the literature, e.g. Blasius
[1907], Schlichting and Gersten [2006]. The most interesting aspect is the availability of a
companion adjoint Blasius solution which is outlined in Sec. 4.3.1.

Estimation of Interface Thickness and Wall Shear Stress

For known values of the Blasius solution, various b.-l. quantities can be derived, e.g. the
b.-l. thickness or the shear stress distribution. This also applies to the adjoint counterparts
as shown in Sec. 4.3.1. Assigning the primal b.-l. thickness to v∗1/V

∗
1 = 0.99, yields a value

of η99 → 4.91 ≈ 5 in line with Fig. 2.8, viz.

δ∗99 ≈ 5

√
ν∗(a∗ + bx∗1)

V ∗
1

or
δ∗99

(a∗ + bx∗1)
≈ 5√

Re(a∗+bx∗1)
. (2.123)
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Figure 2.8: Results of a shooting method for the primal Blasius equation.

Several primal b.-l. thickness measures exist, e.g. the displacement (δD), momentum (δM)
and energy (δE) thickness, which follow from the relation dx∗2 = δ∗ dη

V ∗
1 δD =

∫ ∞

0

[V ∗
1 − v∗1] dx∗2 → δD =

∫ ∞

0

[1− f ′] dx∗2

≈ 1.7208

√
ν∗(a∗ + bx∗1)

V ∗
1

, (2.124)

ρ∗V 2
1
∗
δM = ρ

∫ ∞

0

v∗1 [V
∗
1 − v∗1] dx∗2 → δM =

∫ ∞

0

f ′ [1− f ′] dx∗2

≈ 0.6641

√
ν∗(a∗ + bx∗1)

V ∗
1

, (2.125)

ρ∗V 3
1
∗
δE = ρ∗

∫ ∞

0

v∗1
[
V 2
1
∗ − v21

∗]
dx∗2 → δE =

∫ ∞

0

f ′
[
1− f ′2

]
dx∗2

≈ 1.0444

√
ν∗(a∗ + bx∗1)

V ∗
1

. (2.126)

Additionally, the Blasius solution offers insight into the shear stress acting on the plate

τ ∗w = µ∗ ∂v
∗
1

∂x∗2

⏐⏐⏐⏐
x∗2=0

= µ∗V ∗
1

√
V ∗
1

ν∗(a∗ + bx∗1)
f ′′
w

→ τ ∗w ≈ 0.3321µ∗ V ∗
1

√
V ∗
1

ν∗(a∗ + bx∗1)
. (2.127)

The shear is usually non-dimensionalized with a dynamic pressure (p∗∞ = ρ∗V 2
1
∗
/2) to

obtain skin-friction coefficients, i.e.

cf =
τ ∗w

1
2
ρ∗V 2

1
∗ =

2f ′′
w√

Rea+bx1

→ cf ≈
0.6642√
Rea+bx1

. (2.128)
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Moreover, known shear-stress distributions allow the integration of a total shear force
acting on the plate

F ∗
s =

∫

Γ∗
τ ∗wdΓ

∗
w = t∗

∫ L∗

0

µ∗ ∂v
∗
1

∂x∗2

⏐⏐⏐⏐
x∗2=0

dx∗1 = 2f ′′
w t

∗ V ∗
1

√
µ∗ρ∗V ∗

1

√
a∗ + bL∗ −

√
a∗

b

→ F ∗
s ≈ 0.664 t∗ V ∗

1

√
µ∗ρ∗V ∗

1

√
a∗ + bL∗ −

√
a∗

b
, (2.129)

where t∗ corresponds to the lateral expansion of the plate. As expected, the choice of the
coordinate system has no influence on the force, since F ∗

s (a
∗ = 0, b = 1) = F ∗

s (a
∗ = L∗, b =

−1) = 2f ′′
w t

∗
√
µ∗ρ∗L∗V 3

1
∗
. One can compute the primal drag coefficient either from an

integration of Eqn. (2.128) or from dividing Eqn. (2.129) by the dynamic pressure and
the wetted surface (L∗ t∗), viz.

cd =
F ∗
s

p∗∞t
∗L∗ =

1

L∗

∫ L∗

0

cf dx
∗
1 =

4f ′′
w√
ReL

√
a∗ + bL∗ −

√
a∗

b
√
L∗

→ cd ≈
1.3284√
ReL

√
a∗ + bL∗ −

√
a∗

b
√
L∗

. (2.130)

Verification

The Navier-Stokes procedure is firstly verified for the b.-l. flow over a finite-length flat
plate, cf. Figs. 2.7 and 2.9. Numerical results are compared with the results obtained from
the shooting methods for the Blasius equation. The discretized two-dimensional domain
has a length of 3L and a height of L, where L denotes the plate length. The inlet and
top boundaries are located one length away from the origin of the coordinate system. The
latter is located in the leading edge of the plate. The velocity is prescribed at the inlet,
a slip wall is used along the top boundary, and symmetry conditions are employed along
the bottom before and after the plate. A constant pressure is imposed at the outlet and
the convective term for primal momentum is approximated using the QUICK scheme. To
ensure the independence of the objective functional with respect to spatial discretization,
a grid study was conducted. The considered five grids are all symmetric with respect to
the mid-plate at x∗1/L

∗ = 1/2, and the grid spacing in horizontal and vertical direction was
successively halved between two consecutive grids. Figure 2.10 depicts the evolution of the
drag coefficient cd over the grid refinement levelindicated by the number of control volumes
nfv for an exemplary flow at ReL = 104. Based on the grid convergence studies, all results
shown hereafter were obtained for the finest grid level that consists of approximately 28.000
control volumes. The plate is discretized with 160 surface elements in streamwise direction
and the boundary-layers were typically resolved by more than 50 control volumes. Since
the investigated Reynolds numbers vary by two orders of magnitude, the plate normal
resolution was adjusted to ensure y+ = x+2 = O(10−1) in all cases.
Figure 2.10 compares the predicted results for drag coefficient cd (center) and 99%-b.-l.

thickness δ∗99 at x∗1/L
∗ = 3/4 (right) against the Blasius results based on a measure that

employs a∗ = 0 and b = 1. Quantitatively, the resistance coefficient [interface thickness]
obtained from a Blasius solution is slightly overestimated [underestimated] by the Navier-
Stokes procedure for small Reynolds numbers, whereby the qualitative behavior is still in
fair agreement. Supplementary to the comparison of integral parameters depicted by Fig.

57



2 Primal Flow

x∗1

x∗2

Figure 2.9: Employed structured grid for the flat plate flow. Complete domain (top) and
refined region around the leading edge where the origin of the coordinate system
is located (bottom). The plate is indicated by red lines.
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Figure 2.10: Predicted integral parameters for the primal flat plate flow. Evolution of the
drag coefficient cd over the grid refinement level – indicated by the amount of
control volumes – nfv (left), comparison of drag coefficients (center) as well as
b.-l. thicknesses (δ∗99; right) at x

∗
1/L

∗ = 3/4 for a range of Reynolds numbers
predicted by the Blasius and the Navier-Stokes procedures.

2.10, local results were examined. Results displayed in the present thesis are confined to
ReL = 104. Figure 2.11 compares the normalized tangential v∗1/V

∗
1 (left) and normal v∗2/V

∗
1

(center) velocity profile against the similarity solution for a range of locations. While the
tangential velocity fits almost perfectly with the Blasius solution, the normal component
deviates significantly from the expected solution when the b.-l. approaches the trailing
edge. This phenomenon is attributed to the abrupt change of the boundary condition for
the examined finite-length plate, cf. Fig. 2.9, and the ability of trailing-edge information to
propagate upstream in a Navier-Stokes framework. As also shown in Fig. 2.11, pronounced
deviations from Blasius solutions occur for the local skin-friction coefficient cf at the trailing
edge and approximately 20% upstream.
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Figure 2.11: Comparison of Blasius and Navier-Stokes results for the primal flow over a
flat plate at ReL = 104. Tangential velocity (v∗1/V

∗
1 ) against f ′ (left) and

normal velocity (v∗2/V
∗
1 ) against f ′η − f (center) at four different locations.

Skin-friction coefficient cf against 0.664/Rex1 based on a∗ = 0 and b = 1
(right).

2.3.2 Two-Phase Plane Couette-Flow

The implementation of the sharp and diffusive two-phase systems is verified for a planar
Couette flow under the influence of inclined gravity, wherefore non-dimensional analytical
solutions are constructed and compared with the numerical results. Figure 2.12 (left)
illustrates the considered test case and the employed numerical grid (right) which involves
50× 200 control volumes. The channel height refers to H∗. The lower half of the channel
is filled with a dense background fluid and the free surface follows along a horizontal line
x∗2/H

∗ = 1/2, where the origin of the coordinate system is located at the bottom wall. The
latter is at rest and the top wall moves with v∗1/V

∗top
1 = 1 along the horizontal direction.

Field values are non-dimensionalized with the reference quantities, V ∗ = V ∗top
1 , L∗ = H∗

and P ∗ = ρ∗b ||g∗i ||H∗ in line with the non-dimensional equation system (2.49)-(2.51). The

V ∗top
1

c = 0

c = 1

x∗1

x∗2
g∗

φ

H∗m

H∗ P ∗top

(a) (b)

Figure 2.12: (a) Setup of the planar Couette flow verification case and (b) employed com-
putational grid.

velocity is assumed to be unidirectional, i.e. v1(x2), and in a fully developed, laminar,
steady state. Moreover, the concentration field is also considered steady and homogeneous
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in the primary direction (x1). The interface normal between the two immiscible fluids is
directed orthogonal to the wall boundaries and a body-force with variable angle of attack
acts on the flow (g∗1 = sin(φ)g∗, g∗2 = cos(φ)g∗). Again, the flow is of particular interest
due to the availability of analytical solutions for both the primal and the adjoint flow field.

Verification against Analytical Sharp Interface Solutions (VoF) are obtained by as-
suming an abrupt change of the fluid properties across the interface from the foreground
to the background fluid. Hence, interfacial physics are neglected based on M∗ = 0 and
ψ∗ = 0 but the gravitational vector has a variable direction of attack. The mixture frac-
tion displays a jump at the interface and the non-dimensional primal governing equations
shrink as follows

Rv,CO
1 : ρ v2

∂ v1
∂x2
− 1

Re

∂

∂x2

[
µ
∂v1
∂x2

]
− 1

Fn2ρ g1 = 0 (2.131)

Rv,CO
2 : ρ v2

∂ v2
∂x2
− 1

Re

∂

∂x2

[
µ
∂v2
∂x2

]
+ Eu

∂p

∂x2
− 1

Fn2ρ g2 = 0 (2.132)

Rp,CO :
∂v2
∂x2

= 0 (2.133)

Rc,CO : v2
∂ c

∂x2
= 0 . (2.134)

The analytical solution to the flow is integrated to

0 ≤ x2 <
1

2
:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v1 = 1
µb

(
1
2
Tbx2

2 + C1bx2 + C2b

)

p = Kbx2 + C3b

v2 = 0

c = 0

(2.135)

1

2
< x2 ≤ 1 :

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v1 = 1
µa

(
1
2
Tax2

2 + C1ax2 + C2a

)

p = Kax2 + C3a

v2 = 0

c = 1 ,

(2.136)

with the following integration constants

C1a =
µa

[
1
4
Tb − 1

2
Ta + 2

]
− 3

4
Ta

1 + µa

, C2a = µa −
1

2
Ta − C1a, C3a = −Ka (2.137)

C1b =
1

2
(Ta − Tb) + C1a, C2b = 0 C3b = −1

2
(Ka +Kb) (2.138)

and abbreviations

Ta = −
ReH

Fn2 ρag1, Ka =
1

Fn2Eu
ρag2 (2.139)

Tb = −ReH

Fn2 ρbg1, Kb =
1

Fn2Eu
ρbg2 . (2.140)

This solution follows from Dirichlet conditions for the concentration and velocities along
the top as well as the bottom wall (v1(1) = c(0) = 1, v1(0) = c(1) = 0). Additionally,
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a prescribed top-wall pressure (p(1) = 0) is employed. The planar two-phase Couette
flow illustrated by Fig. 2.12 is solved with periodic boundary conditions for Reynolds
and Froude numbers of ReH = 100 and Fn = 5. The required non-dimensional density
(viscosity) ratios are assigned to exemplary values of ρa = ρ∗a/ρ

∗
b = 1/4 (µa = µ∗

a/µ
∗
b = 1/4),

ρa = 1 (µa = 1) as well as ρa = 4 (µa = 4) and therefore range from a lighter and
less viscous to a heavier and more viscous upper fluid. Convective primal momentum
fluxes are discretized using a UDS whereas diffusion employs a CDS. The approximation
of convective concentration transport is realized with the HRIC approach. A comparison of
the analytical primal solutions (2.135, 2.136) with the numerical results for a gravity angle
of φ = 10◦ is displayed in Fig. 2.13. The numerical implementation resolves the ideally
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Figure 2.13: Plane Couette flow case (ReH = 100, FnH = 5). Comparison of analytical
solutions with primal VoF results for the concentration (left), the velocity
(center) and the pressure (right) in a plane Couette flow at a Froude and
Reynolds number of ReH = 100 and Fn = 5 using a density (viscosity) ratios
of ρa = ρ∗a/ρ

∗
b = 1/4 (µa = µ∗

a/µ
∗
b = 1/4), ρa = 1 (µa = 1) and ρa = 4 (µa = 4)

under a gravity angle of φ = 10◦.

sharp interface between both fluid phases within 2-4 cells, which is a common observation
for VoF procedures that employ compressive approximations for the convective term.

Verification against Analytical Diffuse Interface Solutions (CH-VoF) are obtained by
resolving the interfacial region while fixing the gravitational vector to be in line with the
interface normal, e.g. xi gi = 0 and φ = 0◦. Hence, the complexity is shifted from the
streamwise momentum equation –that no longer experiences gravitation– to the concen-
tration equation. The latter has a non-trivial solution now which directly couples into
both momentum equations due to the extraction of fluid properties based on c. The sim-
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plification of Eqns. (2.51)-(2.49) results in

Rv,CO
1 : ρ v2

∂ v1
∂x2
− 1

Re

∂

∂x2

[
µ
∂v1
∂x2

]
− 1

Fn2ρ g1 = 0 (2.141)

Rv,CO
2 : ρ v2

∂ v2
∂x2
− 1

Re

∂

∂x2

[
µ
∂v2
∂x2

]
+ Eu

∂p

∂x2
− 1

Fn2ρ g2 = 0 (2.142)

Rp,CO :
∂v2
∂x2

= 0 (2.143)

Rc,CO : v2
∂ c

∂x2
+

1

Pe

∂2

∂x22

[
4c3 − 6c2 + 2c− Ca2H

∂2c

∂x22

]
= 0 . (2.144)

Using the linear EoS (2.7) allows an integration of (2.141)-(2.144) and results in the fol-
lowing analytical solution

v1 =

4 x2 + CaH (µa − 1) log

[
µa+1+(1−µa) tanh(CaH

−1)
µa+1−(1−µa) tanh(Ca−1

H (2x−2 1))
tanh(Ca−1

H (2x2−1))+1

1−tanh(Ca−1
H )

]

4 + CaH (µa − 1) log

[
µa+1+(1−µa) tanh(Ca−1

H )
µa+1−(1−µa) tanh(Ca−1

H )
tanh(Ca−1

H )+1

1−tanh(Ca−1
H )

] (2.145)

p =
1

Eu Fn2
H

[
ρa (1− x2) +

CaH ρ∆
4

log

(
tanh

(
CaH

−1 (x2 − 1)
)
+ 1

tanh
(
Ca−1

H

)
+ 1

)]
(2.146)

v2 = 0 (2.147)

c =
1

2

[
tanh

(
Ca−1

H (2x2 − 1)
)
+ 1

]
. (2.148)

Similar to the sharp interface consideration, the solution follows from Dirichlet conditions
for the concentration and velocities along the top as well as the bottom wall (v1(1) = c(0) =
1, v1(0) = c(1) = 0). A prescribed top-wall pressure (p(1) = 0) is employed. Thanks to
the mass balance, the solution is independent from the Peclet number and thus also from
the mobility parameter M∗. Computational results for the CH-VoF system follow the
above VoF configuration and the mobility is assigned to a value that results in Pe = 105.
Predictive results are compared with analytical solutions for a range of Cahn numbers
(Ca=0.2, 0.1, 0.02), viscosity ratios (µa = 0.25, 1, 4) and density ratios (ρa = 0.25, 1, 4)
along with exemplary flow conditions of ReH = 100, FnH = 0.5 and Eu = 4. Numerical
results extracted along the center vertical line are displayed in Fig. 2.14. The left graph
compares analytical and computed concentration profiles for three different Cahn numbers.
A comparison of results obtained for different fluid properties at CaH=0.1 is displayed in
the other two graphs of the figure. All comparisons reveal an excellent predictive agreement
with the analytical solutions (2.145)-(2.148).

2.3.3 Universal Law of the Wall for Turbulent Flows

The discussion on the third verification example is confined to single-phase, turbulent
plane wall flows, using a local orthogonal coordinate system as illustrated in Fig. 2.15,
where x∗2 denotes the wall normal coordinate or distance and x∗1 refers to the wall tangential
direction. The flow field is considered to be fully developed and assumed as uni-directional,
i.e. v∗1(x

∗
2) in the vicinity of the wall. A key element of the concept - which is crucial for
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Figure 2.14: Comparison of numerical CH-VoF and analytical results for the planar Cou-
ette flow example at ReH = 100, FnH = 0.5, Eu = 4 and Pe = 1× 105. Left:
Concentration profiles for different Cahn numbers; Middle: Velocity profiles
for different viscosity ratios (CaH=0.1); Right: Pressure profiles for different
density ratios (CaH=0.1).
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Figure 2.15: Investigated turbulent channel flow. Sketch of the considered geometry (a)
and computational grid (b) for an exemplary Reynolds number of ReH = 107.

the formulation of boundary conditions for turbulent wall flows – is the constant shear
stress hypothesis. The latter assumes τ ∗eff = const., for the inner region of a wall b.-l.
x∗2/∆

∗ << 1, where x∗2 = ∆∗ denotes the outer edge of the b.-l. . The simple relation
substitutes the momentum equation above the wall and supports the derivation of the
primal –and later also for the adjoint– LoW, viz.

Rv,CH
1

∗
:

dτ ∗eff

dx∗2
=

d

dx∗2

[
µ∗eff dv

∗
1

dx∗2

]
= 0 . (2.149)

The validity of (2.149) improves with increasing boundary-layer thickness which increases
with Reynolds number, cf. Pope [2001], Wilcox [1998]. Mind that despite the particular
turbulence model employed to determine µ∗t, e.g. the k∗ − ϵ∗, k∗ − ω∗ or ν∗t formulation
(e.g. Wilcox [1998], Spalart and Allmaras [1992]), their values usually comply with the
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mixing length hypothesis in the logarithmic layer, i.e. µ∗t = ρ∗ (κx∗2)
2 dv∗1/dx

∗
2, where

(κx∗2) denotes the mixing length and κ is the von-Karman constant.
According to its units, the constant stress τ ∗eff is anticipated to be proportional to the

square of a friction velocity V ∗
1,τ , viz. τ ∗eff := ρ∗ V 2

1,τ
∗
= const. . The two-layer model

assumes a vanishing turbulent stress in the immediate vicinity of the turbulence damping
wall (µ∗t/µ∗ → 0), frequently labeled as viscous sub-layer, and the opposite behavior
beyond a certain wall normal distance, i.e. the logarithmic-layer, where µ∗/µ∗t → 0.
Using ν∗ = µ∗/ρ∗ and ν∗t = µ∗t/ρ∗, Eqn. (2.149) is usually integrated separately for both
limit cases

x∗2 < x̃2
∗ : V 2

1,τ
∗
= ν∗

dv∗1
dx∗2

→ v∗1 =
V 2
1,τ

∗

ν
x∗2 + C∗

1 (2.150)

x∗2 ≥ x̃2
∗ : V 2

1,τ
∗
= (κx∗2)

2

⏐⏐⏐⏐
dv∗1
dx∗2

⏐⏐⏐⏐
dv∗1
dx∗2

→ v∗1 =
V ∗
1,τ

κ
ln(x∗2) + C∗

2 , (2.151)

where x̃2
∗ represents the (theoretical) intersection of the sub- and the logarithmic-layer

solution. The use of a no-slip condition along the wall, i.e. at x∗2 = 0, returns u∗w = C∗
1 = 0.

The integration constant C∗
2 is chosen so that the desired transition point is realized and

thereby hinges on the choice of κ. Using non-dimensional parameters, i.e. x+2 = V ∗
1,τx

∗
2/ν

∗

and v+1 := v∗1/V
∗
1,τ yields a more compact form of the LoW, viz.

v+1 =

{
x+2 forx+2 < x̃2

+

1
κ
ln (x+2 ) +B forx+2 ≥ x̃2

+ ,
(2.152)

where the constant C∗
2 is turned into a non-dimensional constant B. Frequently used

parameter combinations refer to κ = 0.4 and B = 5 to match x̃+2 ≈ 11. In reality the
transition from the near-wall to the logarithmic-layer solution spreads over a small region
labeled as buffer-layer.

Verification

The computational studies are performed for turbulent flows at Reynolds numbers between
106 ≤ ReH ≤ 108 based on the channel height H∗, the bulk velocity V ∗

1 and the kinematic
fluid viscosity ν∗. A simple, fully developed 2D channel flow is considered, cf. Fig. 2.15
(a). Periodic boundary conditions are employed for the velocity between the inlet and the
outlet. A no-slip condition is used along the top and bottom boundaries in conjunction
with low-Re and high-Re grids. The numerical grids consist of 4×250 Finite-Volumes and
the wall normal resolutions reach down to x+2 = O(10−1) for the low-Re cases and x+2 ≈ 50
for the high-Re cases, cf. Fig. 2.15 (b). The low-Re study aims to verify the predictive
agreement with the LoW (2.152) when the turbulent closure refers to a mixing-length
model supplemented by a van-Driest damping function, cf. Eqn. (2.35). The approach is
also chosen for later adjoint LoW studies, cf. Sec. 4.3.3. Results obtained from a high-Re
formulation employ a k∗ − ϵ∗ closure. Figure 2.16 depicts the results obtained for the
low- and high-Re studies. For all three investigated Reynolds numbers, the results are in
remarkably fair predictive agreement with the respective LoW (2.152). All low-Re results
feature a narrow buffer-layer region triggered by the employed van-Driest term.
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Figure 2.16: Turbulent channel flow (Low- and High-Reynolds formulation): Predicted
primal results based on a low- and high-Reynolds formulation for Reynolds
numbers between 106 ≤ ReH ≤ 108 increasing from left to right.
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After the successful verification of the implementation, more complex situations are investi-
gated for validation purposes. Hence, whereas the previous section aimed to demonstrate
that the equations are solved correctly, this section investigates if the correct equations
are solved by means of several 1D, 2D and 3D studies where experimental or analytical
solutions are available.

2.4.1 Stationary Bubble

The influence of the surface tension model is verified by computing the transition from
an initial non-equilibrium (rectangular) bubble into an equilibrium (circular) bubble. The
example is restricted to advancing a 2D flow field without gravitational effects (Fn =∞)
in pseudo-time. As outlined in Fig. 2.17, a lighter foreground phase (ρ∗a/ρ∗b = 1/100)
rectangle with an edge length of L∗ = 0.005m is initially embedded into a heavier phase,
such that the surface tension directs the shape of the interface towards a circle. Equal
viscosities are employed for both fluids. Due to the symmetrical arrangement, only one
quarter of the bubble is simulated on a homogeneous isotropic grid. Symmetry conditions
are placed along the two main axes and the outer boundaries of the domain. Second-order
approximations are conducted for transient (ITTL) and convective (QUICK) terms. The
grid employs 550 × 550 control volumes to cover the quartered domain of L∗ × L∗. The
Cahn number based on the initial edge length L∗ reads CaL = 0.02 and the transition
is resolved by 11 control volumes. In line with an assumed unit Reynolds number, the
reference velocity is defined as V ∗ = µ∗b/(ρ∗b L∗). The mobility and the surface tension
are chosen to end up with Peclet and Weber numbers of PeL = 4× 104 and We = 800
respectively.
As observed in Fig. 2.17 (a), the rectangular bubble deforms into a circle over time. In

addition the figure indicates the temporary velocity vectors which decay in time. In the
final state, the pressure difference between the bubble center and a far outside location
reads ∆p∗ = 2.0Pa, which matches the result of the 2D Young-Laplace law, i.e. ∆p∗ =
σ∗a,b/R∗, and also indicates the correct prediction of the final bubble radius R∗ = L∗/

√
π.

To underline the correct pressure approximation, the same situation is simulated with an
increased transition length for three different surface tension values σ∗a,b = 0.5, 0.25, 0.0625
[N/m] at CaL = 0.1, PeL = 200[N/m]/σ∗a,b, We = 4[N/m]/σ∗a,b. Figure 2.17 (b) shows
the resulting pressure distributions over a radial coordinate which reveal a fair agreement
with theoretical results.

2.4.2 Standing Waves

The second example deals with the decay of standing waves which are initialized according
to Fig. 2.18 (a). It should be assessed, if the shear driven energy exchange between the
two fluids is captured correctly in both, the capillary and the gravity regime under the
influence of vertical gravitational acceleration g∗2. Numerical results are compared with
analytical solutions of Prosperetti [1981], which exist for identical kinematic viscosities
(µ∗a/ρ∗a = µ∗b/ρ∗b) in the linear (laminar) flow regime. A comprehensive overview and
derivation is offered by Akervik and Vartdal [2016]. The initial wave length complies with
a unit wave number (k∗ = 2π/λ∗ = 1m) and the initial wave amplitude corresponds to
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Figure 2.17: (a) Evolution of shape and velocity fields for the surface tension driven transi-
tion from an initially rectangular to a round bubble (ks refers to 103 seconds)
and (b) computed pressure distribution along a radial slice that originates in
the center of a bubble with radius R∗ = L∗/

√
π for different surface tension co-

efficients σ∗a,b = 0.5, 0.25, 0.0625 [N/m] at CaL = 0.1, PeL = 200[N/m]/σ∗a,b

and We = 4[N/m]/σ∗a,b. Grey horizontal lines in (b) indicate the expected
interior pressure obtained by the Young-Laplace law.

a∗ = 0.01λ∗. The reference velocities refer to V ∗ =
√
|g∗2|λ∗ and V ∗ =

√
σ∗a,b/(λ∗ ρ∗b)

for the gravity and the capillary case, respectively. The extent of the 2D computational
domain depicted in Fig. 2.18 (b) reads λ∗ × λ∗. A locally refined grid with approximately
250.000 isotropic control volumes is employed. The resolution of the free surface region
refers to ∆x∗1 = ∆x∗2 = λ∗/4000. The time step is assigned to ∆t∗ = λ∗/(4000V ∗) which is
sufficient to ensure Courant numbers below Co < 0.1. Symmetry [no-slip] conditions are
used along constant x∗1 [x

∗
2] boundaries of the domain and second-order approximations are

conducted for transient (ITTL) and convective (QUICK) terms.

For the gravity wave, surface tension influences are neglected and the density ratio
and Reynolds number read ρ∗a/ρ∗b = 1/100 and Re = V ∗λ∗/ν∗b = 1000. The CH-VoF
simulations are based on the mobility estimation described in Sec. 2.2.9 and the nonlinear
EoS (M̃ = 0.1, γm,ρ = 0.4). Figure 2.19 (top) displays the evolution of the free surface
elevation at the horizontal left end (x∗1/λ

∗ = 0) predicted by CH-VoF and VoF next to the
analytical solution of Prosperetti [1981]. In comparison to the linear theory, the top figure
reveals a slightly stronger wave damping and a minor phase shift returned by the CH-VoF
approach for the gravity case, which outperforms the present VoF method. The latter is a
consequence of the resharpening character of the CH-VoF approach, which is scrutinized
in next subsection.

For the capillary case, the density and viscosity ratios read ρ∗a/ρ∗b = 1/100 and µ∗a/µ∗b =
1/10, respectively, the interface thickness is resolved by 10 vertical cells and follows from a
Cahn number of Caλ = γ∗/λ∗ = 1/400. The Ohnesorge number adjusts the surface tension
force σ∗ and reads Oh = µ∗b/

√
(σ∗a,bλρ∗b) = 1/100. The mobility parameter is prescribed
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in accordance with a Peclet number of Peλ = 2 ·1010 together with the linear EoS. Conclu-
sions drawn for the capillary case are similar to the gravity case, as indicated by Fig. 2.19
(bottom), which compares the evolution of the wave amplitude at the horizontal left end
(x∗1/λ

∗ = 0) predicted by the present CH-VoF with the analytical solution of Prosperetti
[1981].

x∗1

x∗2

g∗2

σ∗a,b

ρ∗a, µ∗a

ρ∗b, µ∗b

(a) (b)

Figure 2.18: (a) Initial setup of the standing wave case (scaled for visualization purposes)
and (b) employed computational grid.

2.4.3 Resharpening Capability

An illustrative 1D example is used to demonstrate the resharpening capability of the non-
linear density (2.6) and viscosity (2.13) EoS. A free surface is transported by a prescribed
flow field on the grid depicted in Fig. 2.20 (a). The horizontal flow field is directed from
left to right with a constant velocity of V ∗ = v∗1 = 1m/s, and only the concentration
equation (2.27) is computed. The employed grid is homogeneous (λ = 0.5) and features
∆x∗1 = 10−3m and ∆x∗2 = 1m. The simulation is initialized with a sharp interface along a
vertical line at the center location x∗1 = 1m. Figure 2.20 (b) displays a partly blurred inter-
face from one CH simulation with M̃ = 0.1 and Co = 1 after t∗ = 5 s. The corresponding
density field obtained from the nonlinear equation of state using γm,ρ = 0.1 is displayed
in Fig. 2.20 (c). Although the concentration field is slightly blurred, the resulting density
and viscosity fields are sharp.
Subsequently, an additional 2D example refers to a circle of radius r∗/L∗ = 0.15 that is

initially placed at x∗i /L
∗ = [0.5, 0.75]T in a square of unit length (L∗ = 1m) as described

in Rider and Kothe [1998]. In this frequently employed validation example, the free sur-
face is advected under a spatial deforming velocity field v∗1 = −∂ψ∗/∂x∗2, v

∗
2 = ∂ψ∗/∂x∗1

where ψ∗ = sin2(x∗1 π) sin
2(x∗2 , π)/π defines the stream function. Above all, it should be

shown that the proposed approach allows for Courant numbers O(1) and has resharpening
capabilities also under complex and large interface deformations. Therefore, a compara-
tively fine numerical grid with ∆x∗i /L

∗ = 1/400 is used combined with ∆t∗ = Co∆x∗i /V
∗

and Co = 2 as well as V ∗ = 1m/s in accordance to the maximum value from the stream

68



2.4 Primal Flow Validation

0 2 4 6 8 10 12 14
-0.01

-0.005

0

0.005

0.01

t∗/
√︁
λ∗/g∗ [-]

x
∗ 2
,F
S
/λ

∗
[-
]

VoF CH-NS

0 0.5 1 1.5 2 2.5 3
-0.01

-0.005

0

0.005

0.01

t∗/
√︁
ρ∗bλ∗3/σ∗a,b [-]

x
∗ 2
,F
S
/λ

∗
[-
]

Prosperetti (1981)

Figure 2.19: Comparison of the analytical (symbols) and numerical time evolution for the
wave elevation at the left boundary (x∗1/λ

∗ = 0) obtained for the gravity (top)
and the capillary (bottom) case.
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Figure 2.20: (a) Computational grid with initial conditions for a 1D concentration advec-
tion, (b) slightly blurred interface predicted by a CH-VoF simulation using
M̃ = 0.1 and Co = 1 after t∗ = 5 s and (c) corresponding density field returned
by the nonlinear equation of state (γm,ρ = 0.05).

function definition. Symmetry boundary conditions are used and second-order approx-
imations are conducted for transient (ITTL) and convective (QUICK) terms. Results
are assessed by means of the predicted interface sharpness and the spatial progression
of the interface over time. A local sharpness indicator quantity q is used to judge the
interface quality as suggested in Manzke [2018]. The latter employs the computed con-
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centration gradient at an interfacial face and multiplies this with twice the grid-spacing,
i.e. q−1 = 2∆x∗i (∂c/∂x

∗
i )(c=0.5). In the present example, an interfacial face is a face that

is adjacent by one cell featuring c < 0.5 and one cell featuring c > 0.5. A perfectly sharp
interface results in q = 1, acceptable interfaces follow from q < 3 and a global reference is
determined by the arithmetic average of all local sharpness indicators q, labeled Q.
Three CH-VoF simulations are performed. Two simulations refer to temporally constant

mobility parameter values M̃ = 1 and M̃ = 0.01, which should feature measurable differ-
ences on the predicted sharpness. In the third case, M̃ switches between the two constant
values, i.e. M̃(1 s ≤ t∗ ≤ 2 s) = 0.01 and M̃(t∗ < 1 s, 2 s < t∗) = 1. The evolution of the
advected concentration over time is displayed in Fig. 2.21 (a) for the switching mobility
parameter case. In the first and last third of the simulation the interface remains basically
sharp, which is no longer the case for the time 1 s ≤ t∗ ≤ 2 s where the lower choice of
M̃ is not able to overcome the numerical diffusion. The visible temporary blurring is also
displayed by the sharpness indicator in Fig. 2.21 (b) (bottom) that underlines the (on-
the-fly) resharpening capability and the competent predictive performance of the CH-VoF
in comparison to VoF schemes (HRIC; Co = 0.2).
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Figure 2.21: Time evolution of (a) the concentration contour for a prescribed mobility of

M̃ = 1 that is reduced to M̃ = 0.01 between 1 s ≤ t∗ ≤ 2 s and (b) mobility
M∗ (top) and global sharpness indicator Q (bottom) over the simulation time
for different under-resolved CH-VoF simulations at Co = 2.

2.4.4 Hydrofoil

The next example refers to the wave pattern downstream of a submerged NACA0012
hydrofoil at 5◦ incidence in accordance with experimental data of Duncan [1981, 1983],
cf. Fig. 2.22 (a). The chord length to submergence ratio at the leading edge of the foil
reads L∗c/L∗ = 7/9. The study is performed for a turbulent flow at Re = V ∗ L∗c/ν∗b =
144 855 and Fn = V ∗/

√
G∗L∗ = 0.567, based on the gravitational acceleration G∗ = |g∗2|,

the inflow velocity V ∗ = |v∗1| and the kinematic viscosity of the water ν∗b. The two-
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dimensional domain has a length and height of 75L∗c and 25L∗c, where the inlet and
bottom boundaries are located 10 chord-lengths away from the origin. A dimensionless
wave length of λ = λ∗/L∗ = 2π Fn2 = 2.0193 is expected.

x∗1

x∗2

5◦

75L∗c

25L∗c

10L∗c

10L∗c

9/7L∗c

L∗c
ri

g∗i

u∗i

Ω∗O

(a) (b)

Figure 2.22: Submerged hydrofoil case (ReL = 144 855, Fn = 0.567): (a) Schematic draw-
ing of the initial configuration and (b) unstructured numerical grid around
the foil and the free surface.

The utilized unstructured numerical grid is displayed in Fig. 2.22 (b) and consists of
approximately 150 000 control volumes. The fully turbulent simulations employ a wall-
function-based k∗ − ω∗ SST model and all convective terms are approximated using the
QUICK scheme. At the inlet, velocity and concentration values are prescribed, slip walls
are used along the top and bottom boundaries and a hydrostatic pressure boundary is
employed along the outlet. The wall normal distance of the first grid layer reads y+ =
x+2 ≈ 30.0 and the free surface refinement employs approximately ∆x∗1/λ

∗ = 1/100 cells
in the longitudinal as well as ∆x∗2/λ

∗ = 1/400 cells in the normal direction. The VoF
approach is integrated in pseudo-time with a time step size of ∆t∗ = ∆x∗2/V

∗ Co together
with Co = 0.1. The CH-VoF results are obtained from a steady state approach.

The study neglects surface tension due to an under-resolved interface thickness and em-
ploys both the linear (2.7) as well as the nonlinear EoS, γm,ρ = γm,µ = 0.6. The surface
tension force is neglected in the momentum equation and the concentration equation uti-
lizes C∗

2 = 0N and C∗
1 = 1Pa. Figure 2.23(a) shows the wave elevation for two CH-VoF

simulations with the same modeled mobility parameter (M̃ = 0.1) but different EoS next
to the result of a VoF simulation. The nonlinear EoS outperforms the linear version and
drives the CH-VoF approach closer to the experimental data as well as to the VoF result.
Similar to the results displayed in Fig. 2.20, the linear model provides slightly blurred den-
sity fields which translate into a reduction of the wave amplitude. Figure 2.23 (b) tracks
the drag force coefficient over the simulation time t∗sim for the VoF and the nonlinear CH-
VoF simulations. The predicted drag differs about 0.4% and a speed up of approximately
one order of magnitude is achieved through the Courant number independent CH-VoF
approach.
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Figure 2.23: Submerged hydrofoil case (ReL = 144 855, Fn = 0.567): Comparison of pre-
dicted normalized (a) wave elevation and (b) drag force over wall-clock time.

2.4.5 Flow around a Kriso Container Ship

The final validation case refers to the fully turbulent flow around an unappended Kriso
container ship hull (KCS). Experimental resistance data and wave fields are published by
Kim et al. [2001] for a 1:31.6 scale model and a large amount of comparative numerical
data exists, e.g. Larsson et al. [2003], Kröger et al. [2018], Kröger [2016], Manzke et al.
[2012], Banks et al. [2010]. The distance between aft and front perpendiculars of the hull
model serves as a reference length L∗ = 7.2786m (= L∗pp). Other reference values refer
to the gravity acceleration G∗ = |g∗3|, the inflow velocity magnitude V = |v∗1| and the
kinematic viscosity of the water ν∗b. The model scale investigations refer to Reynolds- and
Froude numbers of Re = V ∗ L∗/ν∗b = 1.4× 107 and Fn = V ∗/

√
G∗ L∗ = 0.26. The hull is

fixed at the full scale static draught with zero trim and the motion and propulsion of the
ship are suppressed during the simulation and the experiments.

The numerical grid consists of approximately 14.6 million unstructured hexahedral cells.
The domains extends over 5L∗, 1.75L∗, 2.5L∗ in longitudinal (x∗1), lateral (x

∗
2) and ver-

tical (x∗3) direction. Due to symmetry, only half of the flow field is simulated. The inlet
is located upstream at x∗1/L

∗pp = 3 and the free surface is initialized at x∗3/L
∗pp = 1.75

over the lower boundary of the domain. The surface of the hull is discretized with ap-
proximately 300,000 surface elements. The wall normal resolution of the hull refers to a
dimensionless wall distances of 30 ≤ y+ = x+2 ≤ 100 and justifies the use of wall func-
tions. The vertical resolution of the free surface region is constant throughout the domain
and attempts to resolve the expected wave amplitude of 5 · 10−4L∗pp by hundred cells in
the immediate vicinity of the hull. The tangential resolution of the free surface is refined
within a Kelvin-Wedge to capture the resulting wave pattern. Based on the current Froude
number, a dimensionless wavelength of λ∗/L∗pp = 2 π Fn2 = 0.4247 is expected, which is
approximated with roughly 100 cells. Figure 2.24 indicates the different refinement levels
for the near and the far field.
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Figure 2.24: Kriso container ship case (Re = 1.4 · 107 and Fn = 0.26): Illustration of the
employed computational mesh along the still water plane in the vicinity of
the vessel hull.

At the inlet, outlet, outer and lower boundaries, Dirichlet values for velocity and con-
centration are specified, while the pressure is extrapolated. A reverse situation is given
at the top face which corresponds to a pressure boundary. Symmetry and wall boundary
conditions are declared along the mid-ship plane as well as the hull. Turbulence is mod-
eled by a high-Re k∗− ϵ∗ model. Convective momentum transport is realized by a QUICK
scheme. Similar to the 2D case, data obtained from CH-VoF simulation is compared with
VoF results. CH-VoF calculations refer again to steady simulations using M̃ = 0.1 and
the nonlinear EoS. VoF calculations employ time stepping based on ∆t∗ = ∆x∗3,FS/V

∗ Co,
where the Courant number is assigned to Co = 0.3 and ∆x∗3,FS denotes the vertical reso-
lution of the free surface. All simulations are performed until the integrated forces on the
hull converge.
Figure 2.25 depicts the evolution of total resistance over the wall-clock time. The pre-

dicted total drag force coefficient is normalized with the static wetted surface of 9.5121 m2

and converges to cd = 3.68×10−3 and cd = 3.66×10−3 for the CH-VoF and the VoF simu-
lation. Both values differ by only 0.5% and compare favorable with the experimental value
cd = 3.56 × 10−3 – subject to the influence of other aspects, e.g. turbulence modelling.
However, the CH-VoF approach clearly outperforms the VoF simulation with respect to
computational time, while introducing only minor additional wave damping, cf. Fig. 2.26.
The wave elevation (x∗FS,3/L

∗pp) measured at three different lateral planes through the free
surface, i.e. x∗2/L

∗pp = 0.0741, x∗2/L
∗pp = 0.1509 and x∗2/L

∗pp = 00.4224, is compared
with experimental data in Fig. 2.27. The predictive discrepancy is generally small and the
nonlinear CH-VoF tends to provide slightly larger amplitudes. Mind that the nonlinear
EoS 2.9 leads to a significant sharpening of the density field, as illustrated by Fig. 2.28.
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Figure 2.25: Kriso container ship case (Re = 1.4 · 107 and Fn = 0.26): Evolution of the
predicted drag force over the wall-clock simulation time for the VoF and CH-
VoF simulation.
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Figure 2.26: Kriso container ship case (Re = 1.4 · 107 and Fn = 0.26): Comparison of
predicted wave field obtained by the VoF (bottom) and CH-VoF (top) ap-
proach. White horizontal lines indicate evaluation planes used for the wave
cuts displayed in Fig. 2.27.
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Figure 2.28: Kriso container ship case (Re = 1.4 · 107 and Fn = 0.26): Concentration (left)
and density field (right) obtained from a VoF with linear EoS (top) and a
CH-VoF with nonlinear EoS (bottom).
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3 Local Shape Optimization under
State and Geometrical Constraints

In the previous chapter, the governing equations for describing maritime turbulent engi-
neering flows were derived and discussed. Besides, a discrete FV-approximation of the
equations was presented, verified and validated. Therefore, it is assumed that the discrete
representation of the continuous balance equations provides an acceptable way to evaluate
marine engineering devices’ performance.

The third chapter deals with possibilities to improve the performance using shape mod-
ifications. Two optimization strategies have been established in the engineering context,
typically referred to as global (gradient-free, stochastic) and local (gradient-based, deter-
ministic) methods. Prominent global methods are evolutionary algorithms, which rely on
population-based, evolutionary optimization strategies to explore the entire design space,
cf. Back [1996], Giannakoglou [2002], Thévenin and Janiga [2008], Deb [2011]. They aim
at global optima and can consider multi-criteria optimizations to determine, e.g. Pareto
fronts of non-dominating solutions. The evaluation software (PDE solver) can conve-
niently be invoked as a black box. A disadvantage of global optimization methods is
the considerable computational effort due to the relatively large number of required per-
formance evaluations. The number of evaluations scales nonlinearly with the number of
design variables, which theoretically tends to infinity in parameter-free shape optimization.
Therefore, parameter-free shape optimizations based on gradient-free approaches become
prohibitively expensive in complex engineering flows. On the contrary, local optimization
methods start at a defined position in the design space and rely on local gradient informa-
tion to advance the design. Thus, they operate close to an existing initial/previous design,
cf. Luenberger et al. [1984], Löhner [2008], Thévenin and Janiga [2008], Mohammadi and
Pironneau [2010] and seek for a local optimum. The required descent information poses a
challenge since the employed PDE solver usually does not provide derivative information.
Therefore, a black box approach can be used in rare cases only and –dependent on the
design space size– specially tailored tools for the derivative approximation are needed.

This chapter first describes prominent methods for obtaining derivative or sensitivity
information for shape optimization problems. Thereupon, the cost functionals investigated
in this thesis are presented and discussed w.r.t. their formulation. After a presentation of
the material derivative concept, the determination of shape derivatives is addressed in the
context of a general shape calculus. Subsequently, techniques are presented to account for
geometrical constraints and how to extract the shape gradient from the shape derivative.
The chapter concludes by presenting the overall employed optimization procedure in terms
of a gradient-based steepest descent approach.
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3.1 Generic Shape Optimization Problem

A shape-design performance is measured via a scalar cost functional J∗ in terms of a fluid
mechanically motivated objective that depends on the flow state vector φ∗ from Cha. 2.
The objective shall be optimized by modifying a control vector u∗, represented by either
all or only parts of the walled flow boundary. A valid physical state requirement provides
the following generic constraint shape optimization problem

min. J(φ∗(u∗), u∗) s.t. R∗φ(φ∗(u∗), u∗) = 0 , (3.1)

where the cost functional can be either surface-based (e.g., total drag) or volume-based
(e.g., prescribed wave field). The state is described by a –usually nonlinear– PDE R∗φ that
is valid in the entire domain and closed by boundary conditions B∗φ. A typical process
chain to classify the actual design performance and determine its position in the design
space proceeds in the following three steps, viz.

1. Define/modify the control u∗.

2. Estimate the state φ∗(u∗) via the approximation of R∗φ(φ∗(u∗), u∗) = 0.

3. Evaluate the objective J(φ∗(u∗), u∗).

In this work, local optimization strategies are pursued, and the concept of sensitivity
analysis is discussed in the following. Existing approaches to determine the sensitivity
of J∗ w.r.t. the control u –that describes the design boundary Γ∗D– can be divided into
direct (Jacobian) or indirect (adjoint, Lagrangian) methods. Direct approaches apply the
sequence above in forward mode by perturbing the control δu∗ (sender) to finally estimate
the variation of the objective δJ∗ (receiver) w.r.t. to the control, i.e. δJ∗/δu∗. Indirect,
adjoint procedures reverse the procedural flow of direct approaches by swapping the sender-
receiver relation.

3.1.1 Sensitivity Analysis

In constrained optimization, the term sensitivity refers to the response of the cost functional
due to a perturbation in the control parameter. For illustrative purposes, this subsection
exclusively considers discrete relationships, e.g. it is assumed that both the design as well
as the state space are finite dimensional. Hence, a scalar objective J∗ is controlled by Nα

control parameters (u∗α) and depends on Nβ states (φ∗
β) that follow from Nγ state equations

(R∗φ
γ ). In the following, Einstein’s summation convention is extended in the sense that a

summation is performed from 1, ..., N (·) over double-occurring indices. A linear response
of J∗(φ∗

β(u
∗
α), u

∗
α) yields the following sensitivity expression

δ J∗

δ u∗α
=
∂ J∗

∂ u∗α
+
∂ J∗

∂ φ∗
β

δ φ∗
β

δ u∗α
. (3.2)

The partial derivatives in (3.2) can be determined straight-forward. However, the implicit
dependence of the cost functional over the state on the control results in an additional
contribution. The latter is frequently referred to as state derivative δ φ∗

β/δ u
∗
α and accounts

for a change in the state due to a change in the control. The determination of the state
derivative is the challenging task of a local optimization.
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3.1 Generic Shape Optimization Problem

Finite-Difference Method

The Finite-Difference Method (FDM) traverses the previously mentioned evaluation chain
in forwarding mode individually for each control parameter. A value ϵ∗ successively per-
turbs the latter so that a second-order accurate central difference formula can be employed

δ J∗

δ u∗α
=
J∗(u∗α + ϵ∗ eα)− J∗(u∗α − ϵ∗ eα)

2 ϵ∗
+O(ϵ∗2) , (3.3)

where eα refers to a unit vector in α-direction. In principle, discrete stencils of first or even
higher-order are conceivable, but all FD studies in this work are formed based on (3.3).
The FD approach has two crucial drawbacks in the context of shape optimization. 1)
The number of functional evaluations and, therefore, repetitive forward runs scale directly
with the design space’s size. 2) The size of the discrete disturbance ϵ∗ is usually unknown
and possibly differs for each control parameter. ϵ∗ is limited downward by numerics (e.g.
regarding round-off errors due to subtractive cancellation) and upward by physics due to
possible nonlinearities. The latter is circumvented in the following, direct approach. The
FD method’s fundamental advantages are the independence from a state (PDE) solver and
a straight-forward parallelization.

Direct (Jacobian) Method

The direct (Jacobian) approach is based on the solution of the linearized equations of state,
where R∗φ

γ = 0 (δR∗φ
γ = 0) must be satisfied at all Nγ discrete evaluation positions (e.g.

all CV’s from Sec. 2.2), viz.

δR∗φ
γ

δ u∗α
=
∂ R∗φ

γ

∂ u∗α
+
∂ R∗φ

γ

∂ φ∗
β

δ φ∗
β

δ u∗α
= 0 . (3.4)

Analogous to the FDM, all control parameters are successively perturbed and (3.4) is
solved for the state derivative δ φ∗

β/δ u
∗
α. Subsequently, the latter can be used for sensitiv-

ity analysis for any cost functional using (3.2). The method has similar advantages and
disadvantages as the FDM. It also scales with the number of control parameters as the
process chain is traversed in forwarding mode. Although a linearized PDE solver is neces-
sary, the disturbance size can be estimated more optimistically since the system response
is linear by definition.

Indirect (Adjoint, Lagrangian) Method

The constrained optimization problem is transformed into an unconstrained companion
where the PDE constraint is linearly attached to the actual cost functional

L∗(φ∗
β(u

∗
α), φ̂

∗
γ, u

∗
α) = J∗(φ∗

β(u
∗
α), u

∗
α) + φ̂∗

γ R
∗φ
γ (φ∗

β(u
∗
α), u

∗
α) . (3.5)

The Lagrange multipliers φ̂∗
γ are usually labeled adjoint or dual variables and do not depend

on the state or the control. L∗ is frequently denoted as an extended cost functional and,
strictly speaking, equals J∗ due to the residual character of R∗φ. Hence, J∗ and L∗ have
identical dimensions and a variation of the latter allows for a combination of the variation
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of the objective (3.2) as well as the state equation (3.4), viz.

δL∗ = δJ∗ + φ̂∗
γ δR

∗φ
γ

(3.2)+(3.4)→ δ L∗

δ u∗α
=
∂ J∗

∂ u∗α
+ φ̂∗

γ

∂ R∗φ
γ

∂ u∗α
+
δ φ∗

β

δ u∗α

[
∂ J∗

∂ φ∗
β

+ φ̂∗
γ

∂ R∗φ
γ

∂ φ∗
β

]

  
R∗φ̂

γ

.

(3.6)

A solution of the adjoint equation R∗φ̂
γ = 0 provides the adjoint variables φ̂∗

γ, which can sub-
sequently be used to determine the influence of a control perturbation on the Lagrangian
and thus also on J∗. The indirect character bypasses the state derivative’s evaluation, and
the sensitivity can be determined independently of the size of the design space. However,
the cost functional now appears in the adjoint equation and thereby influences φ̂∗

γ. Hence,
the adjoint method scales with the number of objective functionals. In contrast to the
former, the Lagrangian approach is the only technique without any discrete perturbation
evaluation and, therefore, able to offer a continuous sensitivity derivative of unparameter-
ized shapes. The Lagrangian approach runs through the process chain in reverse order,
hence swaps the sender-receiver relation and evaluates all conceivable perturbed shapes
simultaneously – for one particular objective.

In the context of unparameterized shape optimization, the design space size tends to
infinity (Nα →∞), which makes direct approaches obsolete. Although engineering-related
applications are frequently examined discretely, the remainder of this chapter focuses on a
continuous interpretation.

3.2 Objective Functional

Three fluid mechanically motivated cost functionals are investigated in this thesis. They
exclusively refer to external flow objectives either of surface- or volume-based character.
The former balance the momentum flux across the domain boundaries and attempt to min-
imize the respective momentum loss, which is physically equivalent to the reactive force
on the fluid flow exposed geometry. It will be shown that a suitable formulation of the
force objective can simplify the desired shape derivative. An alternative objective aims
at minimizing the deviation of the current concentration field c w.r.t. a given target con-
centration distribution ctar. This functional speaks exclusively through the concentration
and is used for quality control of the associated adjoint concentration equation. A typical
application of the inverse concentration functional refers to minimising the wave deflection
of a free surface.

Force Objectives

The objective functional refers to the component of the flow-induced forces acting on the
body in the direction ri. The force can be determined in two different ways, referred to as
interior a) and exterior b) strategy.

a) Referring to Fig. 3.1 (a), the projected force can be determined by integrating the
stress components along the body surface and then projecting them into the direction
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Figure 3.1: Evaluation of forces acting on a cylinder: (a) interior evaluation using surface
stresses (Γ∗O ≡ Γ∗D) and (b) exterior evaluation balancing the fluxes (Γ∗D ∩
Γ∗O = ∅). Integration areas are indicated by dashed lines that also hint on the
habitat of the surface objective J∗Γ.

of the objective force component

J∗Γ,I =

∫

Γ∗O

[
p∗eff δik − 2µ∗eff S∗

ik

]
nk ri dΓ

∗ . (3.7)

b) The force objective can also be examined by the momentum loss inside the compu-
tational domain, cf. Fig. 3.1 (b). The latter is reformulated via integration by parts
and evaluated along the far-field boundaries, namely

J∗Γ,E = −
∫

Γ∗O

[
v∗i ρ

∗ v∗k + p∗eff δik − 2µ∗eff S∗
ik

]
nk ri dΓ

∗ . (3.8)

Inverse Concentration Objective

The inverse concentration objective aims at minimizing the deviation of the current con-
centration field c w.r.t. a given target concentration distribution ctar

J∗Ω =

∫

Ω∗O

1

2

[
c− ctar

]2
dΩ∗ . (3.9)

The deviation is measured in the least-square sense over a prescribed spatial region Ω∗O.

3.3 Constraint Shape Derivatives

The cost functionals of the previous section are controlled via parts of the walled flow
domain. Fundamental relationships of fluid mechanical shape optimization are considered
in the following, and the control is consistently considered as a vector-valued boundary
coordinate u∗i from now on. Hence, an arbitrary shape Γ∗ is described by an infinite number
of surface points u∗i . Note that only the normal component of a surface perturbation
influences a shape derivative, viz. δu∗i = δu∗ ni = δn∗ ni = δn∗

i or δn
∗ = δu∗i ni, also known

as the structure theorem of Hadamard-Zolésio, cf. Hadamard [1968], Delfour and Zolésio
[2011].
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3 Local Shape Optimization under State and Geometrical Constraints

Two approaches to obtain and interpret a shape derivative are presented below. The
first is based on a compareable intuitive engineering approach and follows the concept of
material derivative. Subsequently, a somewhat more general approach based on the general
shape calculus is discussed.

Concept of Material Derivative

A disturbance δu∗i is applied at any point along the surface of an Old Shape u∗i resulting
in a New Shape ũ∗i = u∗i + δn∗

i . The applied disturbance induces a change in the state δφ∗

which in turn yields a New State φ̃∗ = φ∗ + δφ∗ due to the New Shape. In line with Soto
and Löhner [2004], Othmer [2008], Schmidt and Schulz [2009], Stück [2012], the latter can
be approximated to second-order, viz.

φ̃∗(ũ∗i ) = φ∗ +

[
δ + δn∗ ∂

∂ n∗

]
φ∗ +O(δn∗2) . (3.10)

To obtain a shape sensitivity, a quantification of the New State due to a New Shape is of
interest. While direct methods explicitly evaluate the New State due to (each) New Shape,
the indirect adjoint approach allows the desired quantification of the New State on the
Old Shape, since the variation of the flow state is not explicitly evaluated, cf. Sec. 3.1.1.
Accordingly, both direct and indirect methods evaluate the bracketed expression in (3.10)

[
δ + δn∗ ∂

∂ n∗

]
→

[
δl + δc + δg

]
(3.11)

which is frequently denoted as a material derivative in terms of local (δl) as well as con-
vective and –possibly– geometric (δn∗(∂/∂ n∗)) contributions, i.e. δl + δc + δg. A local
perturbation follows from a local change in the state, a convective change accounts for a
surface-normal displacements and a geometrical variation considers potential changes of
the surface area and orientation, cf. Stück [2012]. Note that the surface perturbation δn∗ is
zero everywhere except along the design boundaries Γ∗D which likewise holds for convective
and geometric contributions. However, local variations have to be evaluated everywhere.
Expression (3.11) resembles the non-conservative, substantial derivative from Cha. 2,

cf. Eqn. (2.2). In this analogy, the disturbance has velocity character, as discussed in
the upcoming section. The outlined control perturbation based on the distinction between
old/new shape/state allows the systematic application of the material derivative approach
to the objective functional (δJ∗), its PDE constraints (δR∗φ), and their boundary condi-
tions (δB∗φ). The former and the latter are relevant for this thesis and therefore performed
in Sec. 3.4. Local variations of the field equations are efficiently circumvented via an ad-
joint strategy. First, an alternative approach to determining shape derivatives is presented,
which follows the mathematically more rigorous concept of shape calculus.

Shape Calculus

The transformation T ∗ from an initial towards an alternative shape – e.g. for optimization
purposes – can generally be performed in a design-time τ ∗, viz.

Γ∗τ := {T ∗τ (u∗0i ) : u∗0i ∈ Γ∗0, τ ∗ ≥ 0} with T ∗0(u∗0i ) = u∗0i . (3.12)
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3.3 Constraint Shape Derivatives

Compared to the physical time t∗, the design-time is a parent or superior quantity. The
design-temporal change of all surface coordinates can be described via the so-called speed
method:

du∗τi
dτ ∗

= V ∗τ
i (u∗τi ) with τ ∗ ≥ 0 , (3.13)

where the velocity field V ∗τ
i is often denoted as design velocity, which therefore defines

the units of V ∗τ
i and τ ∗. The mapping T ∗ in Eqn. (3.12) can be interpreted as a forward

integration following the gradient G∗τ
i in design time:

T ∗τ (u∗0i ) := u∗0i + τ ∗G∗τ
i = u∗τi with τ ∗ ≥ 0, (3.14)

frequently labeled as perturbation of identity which is equivalent to the speed method for
first-order calculus, cf. Schmidt et al. [2013]. Combining Eqns. (3.13) and (3.14) yields
dT ∗τ/d τ ∗ = G∗τ

i = du∗τi /dτ
∗ = V ∗τ

i . The aim is now to connect the design velocity with
derivative information of a volume J∗Ω or surface J∗Γ cost functional (cf. Eqn. (3.1) and
Sec. 3.2). The shape derivative based on the introduced design velocity is obtained by
Hadamard’s boundary variation method for volume and surface integrals, cf. App. B.2 and
Hadamard [1968], Delfour and Zolésio [2011], Delfour and Zolésio [2011], Sokolowski and
Zolésio [1992], Allaire et al. [2021]. The determination of a shape derivative is individual
and must be determined anew for each cost functional and state constraint. Hence, the
following discussion is not exhaustive and aims at building a bridge towards the previous
section.
In line with Allaire et al. [2021], a Lagrangian approach is employed

L∗ (φ∗(u∗τi ), φ̂∗, u∗τi ) = J∗ (φ∗(u∗τi ), u∗τi ) +

∫
φ̂∗R∗φ (φ∗(u∗τi ), u∗τi ) dΩ∗ , (3.15)

where R∗φ contains the general residual of the physics to be fulfilled and φ̂∗ represents
the associated adjoint variable that does not depend on the state and the design time,
cf. its discrete analogue (3.5). The derivation of the shape sensitivity employs first-order
optimality conditions to ensure the independence of (3.15) w.r.t. the primal and adjoint
state. Subsequently, descent information can be obtained from remaining variational con-
tributions. An exemplary laminar single-phase discussion is sketched in App. B.3 for the
boundary-based force objectives (3.7)-(3.8) without particularly addressing the adjoint
flow. The latter is intensively considered in the upcoming Cha. 4. The following shape
derivative rule frequently appears (cf. Allaire et al. [2021]) and is therefore interpreted as
a generalized total shape derivative expression, viz.

d

dτ ∗
L∗ (φ∗(u∗τi ), φ̂∗, u∗τi )

⏐⏐⏐⏐
τ∗=0

=

∫

Γ∗D

[
s∗
]


δl

V ∗0
k nk dΓ

∗ +

∫

Γ∗D∩Γ∗O

[
κ∗ j∗Γ

]

  
δc+δg

V ∗0
k nk dΓ

∗ ,

(3.16)

where the three parts are denoted as local, convective and geometric derivative, respec-
tively, cf. Schmidt [2010], Stück [2012], Schmidt et al. [2013]. The local component refers
to the adjoint-based shape sensitivity derivative and typically inheres the inner product
between primal and adjoint gradient normal to the controlled wall, i.e. s∗ = δlj∗Γ =
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3 Local Shape Optimization under State and Geometrical Constraints

−(∂ φ̂∗∂ n∗)(∂ φ∗/∂ n∗), cf. Allaire et al. [2021]. Convective and geometric changes are
combined in a mean curvature expression, cf. Eqn. (B.6). The applied shape calculus
allows the specification of boundary conditions for the design velocity V ∗τ

k at τ ∗ = 0. A
natural choice refers to V ∗0

k = 0 along Γ∗\Γ∗D. Note that j∗Γ = 0 along Γ∗\Γ∗O so that
a distinction between the habitat of the objective functional Γ∗O and the control Γ∗D is
necessary: both the convective as well as the geometric contribution need to be evaluated
along the intersected area Γ∗D ∩ Γ∗O ̸= ∅. The crucial point now is: the complexity of the
objective functional derivative expression is reduced by decoupling control and objective
surfaces, as geometric as well as convective contributions to the total shape derivative dis-
appear due to the unperturbed control, and only the local contribution remains. Section
3.4 outlines differences between an internal and external force evaluation approach from
an adjoint perspective, which leads to a simplification of the total shape derivative (3.16).

3.4 Variation of Objectives and Boundary Conditions

This section applies the introduced shape-variational calculus to all considered objective
functionals from Sec. 3.2 (δJ∗ = (δl + δc + δg)J∗) as well as the boundary conditions
(δB∗Γ,I = (δl + δc + δg)B∗) from Tab. 2.2.

Force Objectives

As proposed in Sec. 3.2, force objectives can be determined in two different ways, either
following an a) interior or b) exterior strategy.

a) In this classical example, the design surface coincides with the objective surface. This
requires the evaluation of the complete variation, i.e. δJ∗Γ,I = (δl + δc + δg)J∗Γ,I.

The local change of the force objective functional follows from a variation

δlJ∗Γ,I =

∫

Γ∗O

[
δp∗eff δij − 2

[
δµ∗eff S∗

ik + µ∗eff δS∗
ik

]]
nk ri dΓ

∗ . (3.17)

The effective quantities include turbulent contributions. Fluid properties are explic-
itly expressed in terms of the primal concentration field (cf. (2.6) and (2.13)). As a
consequence, the variation of density and viscosity translates into a variation of the
concentration, e.g. δρ∗ = ρ∗∆δc and δµ∗ = µ∗∆δc which will be further discussed in
Sec. 4.1.3.

The convective contribution follows directly from the hydrostatic contribution of
the effective pressure, i.e. p∗g = ρ∗ g∗k x

∗
k. An illustrative example refers to a steady,

laminar, single-phase flow of an incompressible fluid around a cylinder under gravity’s
influence. The convective change triggers gravitational contributions, viz.

δcJ∗Γ,I =

∫

Γ∗D∩Γ∗O

∂ j∗Γ,I

∂ n∗ V 0
k nk dΓ

∗ =

∫

Γ∗D∩Γ∗O

∂(ρ∗ g∗k x
∗
k ni ri)

∂x∗m
nm V

0
k nk dΓ

∗

=

∫

Γ∗D∩Γ∗O
[ρ∗ g∗k rk + C∗ (φ∗)]V 0

k nk dΓ . (3.18)

The employed operations are further expanded in App. C. Two contributions arise: a
constant one that is active if and only if the force direction sees gravity (i.e., g∗k rk ̸= 0)
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as well as locally varying contributions C∗ (φ∗). The latter can be parametrized
through polar coordinates for a simple cylindrical example and is mainly zero due
to the symmetric cylinder setting. Interestingly, if the normal design velocity is
approximated via a perturbation constant (V ∗0

k nk ≈ ϵ∗), its magnitude cancels out
as demonstrated by the local FD results, viz.

δcu=ũJ
∗Γ,I =

J∗ (ũ∗i + ϵ∗ni)− J∗ (ũ∗i − ϵ∗ni)

2 ϵ∗

=
1

2 ϵ∗

[ ∫

Γ∗Dτ∩Γ∗O
ϵ∗ [ρ∗ g∗k rk + C∗ (φ∗)] dΓ∗

−
∫

Γ∗Dτ∩Γ∗O
(−ϵ∗) [ρ∗ g∗k rk + C∗ (φ∗)] dΓ∗

]

= ρ∗ g∗k rk +

∫

Γ∗Dτ∩Γ∗O
C∗ (φ∗) dΓ∗ . (3.19)

The geometric contribution accounts for the tangential change of the surface normal.
In case of a circular cylinder, this leads to a constant that is scrambled with the
angular contributions from the convective contribution (C∗ (φ∗)→ C̃ (φ∗)∗) and the
complete derivative of the objective reads

δJ∗Γ,I =
(
δc + δg + δl

)
J∗Γ,I =

∫

ΓO∩ΓD

(
ρ∗ g∗krk + C̃ (φ∗)

)
dΓ + δlJ∗Γ,I . (3.20)

Note that convective contributions depend on primal physics and may disappear,
which is not the case for geometric components. The latter can be interpreted as
curvatures immanent to industrial applications as formally encountered in the general
shape derivative Eqn. (3.16).

b) Due to the decoupling of control and objective, convective as well as geometric con-
tributions are zero ((δc + δg)J∗Γ,E = 0) and only local contributions remain, viz.

δJ∗Γ,E = δlJ∗Γ,E = −
∫

Γ∗O

[
δv∗i ρ

∗ v∗k + v∗i δρ
∗ v∗k + v∗i ρ

∗ δv∗k (3.21)

+ δp∗eff δik − 2
[
δµ∗eff S∗

ik + µ∗eff δS∗
ik

]]
nk ri dΓ

∗ . (3.22)

As will be shown in the upcoming Cha. 4, there is more than one answer in the sense of
the adjoint approach to the same question since the adjoint velocity experiences non-zero
Dirichlet boundary conditions along regions with a predefined cost functional. While in
the interior case a) a non-zero adjoint velocity sticks to the body to be optimized, this is
precisely the other way around in the exterior case b). The variable form of appearance
resembles the transport theorem formulated in an Arbitrary Lagrangian-Eulerian (ALE)
frame of reference. Formulation a) corresponds to a moving grid approach, whereas b)
is similar to an Eulerian description. Besides, the external formulation always results in
smooth boundary conditions along the obstacle walls, even if only parts of a shape are
released for design, which improves the numerical solution behavior.
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Inverse Concentration Objective

As long as the objective area Ω∗O does not touch the controlled boundary, convective and
geometric variation contributions disappear and only local variations remain, viz.

δJ∗Ω = δlJ∗Ω =

∫

Ω∗O
δc
[
c− ctar

]
dΩ∗ . (3.23)

Boundary Conditions

The material derivative (δ + δn∗(∂/∂ n∗) is applied to generic boundary conditions of
Dirichlet (D∗φ) and Neumann (N∗φ) type. The argumentation assumes that the boundary
conditions of the Old State on the Old Shape must be equal to those of the New State on
the New Shape, viz. (·)|old = (·)|new. The control perturbation (δn∗ = 0) and thus the
variational contributions disappear along all boundaries that do not belong to the design
surface, i.e. Γ∗ ∩Γ∗D = ∅. However, if the respective boundary is subjected to control, the
variations need to be further expanded, viz.

δφ∗ = 0 or
∂ (δφ∗)

∂ n∗ = 0 on Γ∗ (3.24)

δφ∗ = −δn∗∂ φ
∗

∂ n∗ or
∂ (δφ∗)

∂ n∗ = −δn∗ ∂

∂ n∗

[
∂ φ∗

∂ n∗

]
on Γ∗ ∩ Γ∗D . (3.25)

A variation of the primal boundary conditions from Tab. 2.2 according to (3.24)-(3.25) is
listed in Tab. 3.1. Due to the concept of material derivative, local contributions disappear
along almost all boundaries. In line with Eqns. (3.24)-(3.25), the following variations of
primal velocity and concentration can be developed along controlled no-slip boundaries

δv∗i = −δn∗ ∂ v
∗
i

∂ n∗ and
∂δc

∂ n∗ = −δn∗ ∂

∂ n∗

[
∂ c

∂ n∗

]
= 0 . (3.26)

The variation of the effective pressure gradient condition ∂ p∗/∂ n∗ = ρ∗ g∗k nk is further
expanded

∂δp∗

∂ n∗ = −δn∗ ∂

∂ n∗

[
ρ∗ g∗k nk

]
= −δn∗∂ ρ

∗

∂ c

∂ c

∂ n∗ρ
∗ g∗k nk = 0 . (3.27)

and likewise vanishes due to a zero gradient condition for the concentration. The variations
of the primal boundary conditions are collected in Tab. 3.1. They will be reused to derive
the adjoint boundary conditions in Sec. 4.1.6.

3.5 Shape Gradient Approximation for
Non-Parameterized Shapes

Shape optimization procedures in the discrete CFD surface’s design space allow access to
local features and shape optima on the level of the discrete CFD resolution. However, the
”raw” adjoint shape derivatives suffer from a few well-known weaknesses, e.g. they only
describe the normal deformation (cf. Sec. 3.3) but do not provide tangential information
and the shape derivatives are not necessarily smooth. These deficiencies yield rough/noisy
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boundary type δv∗i δp∗ δc

inlet δv∗i = 0 ∂ δp∗

∂ n∗ = 0 δc = 0

outlet
∂ δv∗i
∂ n∗ = 0 δp∗ = 0 ∂ δc

∂ n∗ = 0

symmetry δv∗i ni = 0,
∂ δv∗i
∂ n∗ ti = 0 ∂ δp∗

∂ n∗ = 0 ∂ δc
∂ n∗ = 0

wall (slip) δv∗i ni = 0,
∂ δv∗i
∂ n∗ ti = 0 ∂ δp∗

∂ n∗ = 0 ∂ δc
∂ n∗ = 0

wall (no-slip, Γ∗ ̸⊂ Γ∗D) δv∗i = 0 ∂ δp∗

∂ n∗ = 0 ∂ δc
∂ n∗ = 0

wall (no-slip, Γ∗ ⊂ Γ∗D) δv∗i = −δn∗ ∂ v∗i
∂ n∗

∂ δp∗

∂ n∗ = 0 ∂ δc
∂ n∗ = 0

Table 3.1: Variations of the primal boundary conditions where ti [ni] refers to the local
boundary tangential [normal] and δn∗ = δu∗k nk.

shape updates (cf. Stück and Rung [2011], Kröger and Rung [2015]) and lead to distorted
near-wall meshes which in turn hamper the preservation of numerical accuracy during
the optimization procedure, e.g. Stavropoulou et al. [2014] and Bletzinger [2014]. As
a consequence, the adjoint shape derivatives have to be regularized to obtain meaningful
technical shape updates as initially proposed by Jameson and Vassberg [2000] and Vassberg
and Jameson [2006a,b] in terms of an implicit, continuous smoothing operator based on
an extended definition of the inner product, frequently labeled ”Sobolev-gradient”. In the
following, g∗i denotes the shape gradient. In general, the shape gradient habitat –surface-
vs. volume-based– depends on the underlying surface metric. Prominent examples refer to
Laplace-Beltrami (LB) or Steklov-Poincar (SP) type metrics, e.g. Schulz and Siebenborn
[2016].

3.5.1 Laplace-Beltrami

Applying the smoothing operation along the design boundary Γ∗D leads to the LB equation
with a source term corresponding to the shape sensitivity s∗i = s∗ ni, viz.

g̃∗i − µ∗g̃i2∆∗Γg̃∗i = g∗i − µ∗g̃i2
[
∂2 g̃∗i
∂ x∗2k

− nk
∂2 g̃∗i

∂ x∗k ∂ x
∗
l

nl

]
= s∗i on Γ∗ ∩ Γ∗D , (3.28)

where the LB operator operator is introduced as the tangential Laplacian, i.e. ∆∗Γ =
∆∗ −∆∗

n, cf. App. B.1. For dimensional reasons, the LB Eqn. (3.28) inheres a diffusivity
µ∗g̃i that corresponds to a squared length which allows for an adjustment of the gradient
smoothness and influences the search direction. Note that the gradient equals the sensi-
tivity derivative in the limiting case of µ∗g̃i → 0. The LB Eqn. (3.28) is defined along the
walled domain boundary and therefore requires a tailored two-dimensional approximation
infrastructure. Classical CFD solvers may reach their limits since standardized solution
routines (assembling, solving, etc.) are not necessarily available. As a consequence, Eqn.
(3.28) is often approximated explicitly, cf. Bletzinger [2014]. The explicitly filtered gradi-
ent, e.g. by using consistent kernel functions (Kröger and Rung [2015]), marks a first-order
approximation to the implicit Sobolev-gradient, cf. Stück and Rung [2011]. Note that po-
tentially expensive manipulations of the smoothing operation are necessary if the geometry
contains, e.g., symmetry constraints. Once the boundary-based shape gradient is available
along Γ∗D, a subsequent mesh deformation equation transports the surface-based gradient
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information into the interior field in terms of, e.g. spring analogies or based on an addi-
tional Laplacian PDE together with prescribed boundary deformations, cf. Löhner and
Yang [1996], Crumpton and Giles [1997], Jasak and Tuković [2006].
In line with the modelling of floatation, cf. Sec. 2.2.11 and Eqn. (2.111), the shape

gradient g̃∗i enters the boundary conditions of the following Laplacian PDE

∂

∂x∗k

[
µ∗gi ∂g

∗
i

∂x∗k

]
= 0 in Ω∗ with

{
g∗i = g̃∗i on Γ∗ ∩ Γ∗D

g∗i = 0 on Γ∗ . (3.29)

The diffusivity µ∗gi refers to the inverse (non zero) distance to the nearest wall, which
suppresses distortion of the grid in the vicinity of the design wall, cf. (2.111).

3.5.2 Steklov-Poincaré

The SP approach refers to a novel strategy on an industrial level that employs an ellip-
tic volume-based formulation where smoothed results are subsequently projected on the
boundary. Unlike the previous smoothing operations along the design boundary, the SP
procedure essentially tries to combine the 2D shape update in continuous space with the
3D mesh update using the discrete CFD mesh sensitivities, cf. Schulz and Siebenborn
[2016], Haubner et al. [2021]. The approach exclusively operates in the fluid domain and
is thus attractive due to its compatibility with a CFD solver environment. The use of
standard HPC-capable solution routines (assembling, solving, etc.) supplied by the flow
solver represents a major benefit of the SP procedure.
The SP-approach resembles Eqn. (3.29) based on a manipulation of the boundary con-

dition along the controlled boundary Γ∗D, viz.

∂

∂x∗k

[
µ∗gi ∂g

∗
i

∂x∗k

]
= 0 in Ω∗ with

⎧
⎪⎨
⎪⎩

∂ g∗i
∂ n∗ = s∗ ni on Γ∗ ∩ Γ∗D

g∗i ni = 0,
∂ g∗i
∂ n∗ ti = 0 on Γ∗Symm

g∗i = 0 on Γ∗
, (3.30)

where the Dirichlet condition of the LB-metric translates into a Neumann condition that
directly employs the sensitivity derivative, cf. Schulz and Siebenborn [2016], Haubner
et al. [2021]. Accordingly, the gradient units in (3.30) differ from those in (3.29), which
translates to a different employed step size within a steepest descent approach.
Note that no additional boundary-based operations are necessary and the number of

equations to be solved decreases compared with the LB approach. Moreover, modifications
of the boundary conditions listed in (3.30) support an intuitive introduction of additional
geometric constraints. Examples included in the application chapter of this thesis refer to
fixed intersection lines along a symmetry plane via g∗i = 0 on Γ∗Symm, or the realization

of a mandatory flat ship transom obtained by g∗i ni = 0 along Γ∗D̃. In contrast to the LB
metric, the SP approach involves only a single user-defined parameter, i.e. the diffusivity
µ∗gi used in (3.30). In this thesis, the diffusivity refers to the inverse (non zero) distance to
the nearest wall in line with (2.111)) and (3.29). More sophisticated SP approaches employ
a nonlinear viscosity, e.g. µ∗gi = [(∂ g∗i /∂ x

∗
k)(∂ g

∗
i /∂ x

∗
k)]

(p−2)/2 in terms of a p-Laplacian
approach, cf. Müller et al. [2021].
The SP-approach is the preferred approach of this thesis. A step in the steepest descent

direction is performed once the volume-based shape gradient is available, cf. Sec. 3.7.
Prior to this, other technical constraints are incorporated into the process.
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3.6 Geometrical Constraints

Geometrical constraints are frequently divided into global (integral) and local criteria, and
their implementation in the node-based shape optimization framework is presented in this
section.

3.6.1 Local Constraints

Local constraints restrict the motion of the shape in Euclidean space, and refer to, e.g.,
restricted main dimensions or curvature constraints. Examples refer to a maximum length
and width or a plane transom of a ship. The constraints result in local expressions that
frequently inhere large spatial gradients.
Various strategies are conceivable to meet local constraints, e.g. all geometrical con-

straints can be incorporated on equation level to determine the field gradient, cf. Eqns.
(3.29)-(3.30), which also applies to the subsequent global constraints. However, this es-
sentially resembles a sub-optimization problem and –for performance reasons– requires
the availability of a suitable, i.e. Newton-type solver. Alternatively, so-called augmented
Lagrangian methods relax geometrical constraints via the introduction of additional La-
grangian multipliers, cf. Allaire et al. [2004], Andreani et al. [2008], Allaire et al. [2021],
Müller et al. [2021]. The latter serve as additional process parameters and usually result
in an increased number of optimization cycles, especially if several geometrical constraints
should be considered simultaneously. Moreover, the designs often do not perfectly adhere
to the permissible design space during the optimization, cf. Allaire et al. [2004], Müller
et al. [2021]. The procedure essentially augments the actual flow sensitivity, is modular-
izable and intuitively to use. An exemplary geometric inequality constraint refers to a
maximum control-coordinate ũ∗i in xi-direction. The general optimization problem (3.1) is
augmented

min J∗(φ∗(u∗i ), u
∗
i ) s.t. R∗φ(φ∗(u∗i )) = 0 and u∗i − ũ∗i ≤ 0 , (3.31)

and the sensitivity of the shape w.r.t. the flow s∗ ni is assumed to be available. As long
as the shape remains below the upper control bound, the constraint is inherently fulfilled.
However, if the shape moves beyond the boundary, an additional geometric sensitivity s∗ui
is added to the flow sensitivity. Note that the latter was the reason for moving beyond the
maximum coordinate, viz.

s∗ ni ← α∗ui s∗ui with s∗ui =

{
0 : u∗i − ũ∗i ≤ 0

ũ∗i − u∗i : u∗i − ũ∗i > 0
. (3.32)

Compliance of the dimensions and scaling of the geometric constraint is ensured by the
constant α∗ui . A natural choice of the scaling refers to the inverse step size of the employed
steepest descent approach.

3.6.2 Global Constraints

Global constraints require the preservation of integral quantities such as, e.g., constant
displaced water, a maximum wetted surface or a fixed center of gravity. The former is
of particular importance in this work since the optimizations often try to eliminate the
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surface and thereby the obstacle. Explicit LB approaches project the boundary-based
gradient into the penalty-free space

g∗i ← α∗gi ni with α∗gi = −
∫
Γ∗W g∗i ni dΓ∫

Γ∗W 1 dΓ
, (3.33)

whereby, e.g., only the wetted boundary Γ∗W is considered. The projection (3.33) can
be applied on sensitivity level if the explicit filtering refers to consistent kernel functions,
c.f. Kröger and Rung [2015], Löhner [2008]. Once available, the projected gradient is
plugged into the field deformation Eqn. (3.29). In contrast, implicit SP procedures solve
an additional field equation

∂

∂x∗k

[
µ∗ĝi ∂ĝ

∗
i

∂x∗k

]
= 0 in Ω∗ with

⎧
⎪⎨
⎪⎩

∂ ĝi∗
∂ n∗ = ni on Γ∗ ∩ Γ∗D

ĝ∗i ni = 0,
∂ ĝ∗i
∂ n∗ ti = 0 on Γ∗Symm

ĝ∗i = 0 on Γ∗
(3.34)

that allows for an analogous treatment of local geometric boundary conditions as, e.g.
plane surfaces or fixed main slices. The explicit normal vector dependence of (3.33) is
incorporated implicitly as Neumann condition in (3.34). The approach shares ideas of
a sub-optimization optimization problem that aims minimizing the squared integral of
the deformation flux through the wetted part of the shape constraint by the SP field

deformation Eqn. (3.30), viz. J∗Γ,D =
[∫

Γ∗W d∗i ni dΓ
∗]2. After an approximation of (3.34),

a superposition of g∗i and ĝ∗i yields a conservative volume-based shape gradient, viz.

g∗i ← α∗gi ĝ∗i with α∗gi = −
∫
Γ∗W g∗i ni dΓ∫
Γ∗W ĝ∗i ni dΓ

. (3.35)

The explicit LB approach is used for validation purposes in Sec. 4.4. All applications
in Cha. 5 employ the SP approach, i.e. approximate (3.30) as well as (3.34). Their
implementation follows the generic transport equation concept from Sec. 2.2.

3.7 Optimization Procedure

After all engineering constraints are incorporated, either locally on sensitivity level or
globally within the shape gradient, a descent procedure is employed to minimize the cost
functional. For this purpose, the volume-based representation of the shape gradient is
multiplied by a sufficiently small step size d∗i = −α∗di g∗i that a) ensures compliance of
dimensions between the LB [SP] shape gradient [g∗i ] = [J∗]/(m3 s) [[g∗i ] = [J∗]/(m2 s)] and
the deformation field [d∗i ] = m, i.e. [α∗di ] = (m4 s)/[J∗] [[α∗di ] = (m3 s)/[J∗]] and b) serves
as an optimization step in the direction of steepest descent. The step size remains constant
over the optimization process and is frequently estimated based on a maximum initial
displacement, i.e. α∗di = d∗max

i /max(g∗i ). Typical values for this maximum displacement
refer to 1/10000 ≤ d∗max

i /L∗ ≤ 1/1000, where L∗ denotes to a reference length of the
underlying geometry, e.g. the ship length. Subsequent deformation of the cell vertices
follows from an averaged interpolation of all vertex-adjacent centers NP(V) in line with
(2.112). After the update of the grid, geometric quantities are recalculated for each CV.
Topological relationships remain unaltered and the simulation is continued by a restart
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from the previous optimization step to evaluate the new objective functional value. Due
to the employed steepest descent approach and comparably small step sizes, field solutions
of two consecutive shapes are usually nearby. Compared to a simulation from scratch,
a speedup in total computational time of about an order of magnitude is realistic for
this thesis’s applications. The optimization loop is terminated if a maximum number of
optimization cycles NO is reached or if the relative cost functional decrease w.r.t. the
initial shape falls below ϵJ[%] during an optimization step, cf. Alg. 3.

Algorithm 3: Schematic representation of the employed gradient descent proce-
dure, where NO, α∗di , ϵJ, and J∗ini denote the maximum optimization iteration, a
user-defined step size, the objective convergence criterion, and the initial (nopt = 1)
cost functional value, respectively.

define: α∗di , NO and ϵJ

nopt = 1
while (nopt ≤ NO) do

approximate primal two-phase system, cf. (2.43)-(2.48)
evaluate cost functional J∗ from Sec. 3.2
if (nopt > 1) and (J∗ − J∗ini)/J∗ini · 100 ≤ ϵJ) then

terminate
else

approximate adjoint two-phase system, cf. (4.16)-(4.18)
compute shape (sensitivity) derivative w.r.t. the fluid flow s∗, cf. (4.44),
(4.58) and (4.64)
employ local geometric constraint(s) and manipulate shape derivative, e.g.
(3.32)
approximate shape gradient, e.g. (3.28)-(3.29) or (3.30)
employ global geometric constraint(s) and manipulate the shape gradient,
e.g. (3.33) or (3.34)
define displacement field: d∗i = −α∗di g∗i
perform a domain (shape) update (2.112)

nopt ← +1
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4 Adjoint Flow

As illustrated in the previous chapter, an adjoint analysis represents -perhaps- the only
feasible procedure to determine the sensitivity derivative of a cost functional subjected
to turbulent two-phase flow w.r.t. non-parameterized shapes. An adjoint system always
follows the primal model, depends on the underlying cost functional, and is thus difficult
to generalize.

The fourth chapter is devoted to describing all aspects of the discrete adjoint flow model.
Emphasis is put on a compromise between consistency, effort and robustness. Focus is put
to the near-wall region, which is crucial to shape optimization. Starting from a closed
continuous derivation of the two-phase adjoint equations for incompressible bulk fluids
(integration by parts), the corresponding discrete adjoint operators (summation by parts)
are developed.

The chapter is structured as follows: The first section derives the continuous adjoint
complement to all primal conservation relations for an under-resolved two-phase system
(2.56)-(2.58). The second section presents the adjoint discretization for a generic adjoint
transport equation. The third section outlines a detailed verification of the discrete adjoint
implementation against all verification cases already discussed in Sec. 2.3. The chapter
concludes with a validation of the adjoint formulation.

4.1 Adjoint Two-Phase Flow Model

The governing equations of the primal flow follow from general conservation laws. Initially,
they are comparatively universal and leave the user room for subsequent additional mod-
elling assumptions or simplifications. A suitable example for this refers to the conservation
of mass: Starting from D ρ∗/D t∗ = 0 finally leads to ∂v∗i /∂x

∗
i = 0 if, e.g., d c/d t∗ = 0 ap-

plies. Two ways – which must agree – are conceivable to obtain the consistent continuous
adjoint system to the simplified primal flow model. The general (non-simplified) primal
model is firstly differentiated and subsequently simplified, a procedure which is denoted
by a derive-and-simplify strategy. Alternatively, the adjoint derivation can already start
at the primal simplification, which corresponds to a simplify-and-derive strategy. If de-
sired, the latter can use the primal simplifications in a backward fashion to arrive at the
consistent, continuous adjoint system of the non-simplified primal model. In general, the
simplify-and-derive approach is employed to arrive at the continuous adjoint complement
to the under-resolved two-phase RANS system. A brief discussion of the corresponding
derive-and-simplify case is provided in App. D.1. Moreover, selected verification cases
displayed in Sec. 4.3 pursue both strategies.
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Starting Point

The general cost functional from (3.1) is augmented by the simplified primal under-resolved
two-phase RANS system (2.56)-(2.58) that yields the following Lagrangian

L∗ = J∗ +

∫ ∫
[p̂∗R∗p + ĉ∗R∗c + v̂∗i R

∗vi ] dΩ∗ dt∗ , (4.1)

where p̂∗, ĉ∗ and v̂∗i refer to adjoint pressure, adjoint concentration and adjoint velocity
components, respectively, cf. (3.15). The units of adjoint pressure and adjoint concentra-
tion are equal [p̂∗] = [ĉ∗] = [J∗] 1/m3. The unit of the adjoint velocity is [v̂∗i ] = [J∗] 1/(N s).
It is assumed that the adjoint influence of turbulence modelling aspects is minor, which

justifies the frequently employed frozen turbulence assumption, cf. Dwight and Brézillon
[2006], Othmer [2008], Stück [2012], Stück and Rung [2013]. An attempt to scrutinize
this assumption and improve the adjoint treatment of modeled turbulence is discussed
at the end of this chapter. Here, the logarithmic region of a canonical turbulent shear
flow is analysed, and LoW consistent adjoint formulations are derived which only involve
an algebraic modification. Mind that the wall flow is the most critical region for most
engineering applications.
The current work focuses on quasi-steady primal flows, and the objectives are free of tem-

poral expressions. In this context, quasi-steady means that a temporal derivative initially
appears in the equations but loses its significance over the temporal forward integration
process and finally disappears. Hence, the unsteady term vanishes for the converged pri-
mal solution, and the primal time history is physically meaningless. Therefore, all adjoint
time steps are linearized around the same converged primal flow field. However, the time-
dependent adjoint terms are initially retained during the derivation and optionally serve to
stabilize the adjoint solution process in a pseudo-time integration. An expansion of (4.1)
provides the relevant Lagrangian for this section, viz.

L∗ =

∫

ΓO

j∗Γ dΓ∗ +

∫

ΩO

j∗Ω dΩ∗

+

∫ ∫
p̂∗
[
− ∂ v∗k
∂ x∗k

]
+ ĉ∗

[
∂ c

∂ t∗
+ v∗k

∂ c

∂ x∗k
− ∂

∂ x∗k

[
ν∗c

∂ c

∂ x∗k

]]

+ v̂∗i

[
ρ∗
[
∂ v∗i
∂ t∗

+ v∗k
∂ v∗i
∂ x∗k

]
+

∂

∂ x∗k

[
p∗eff δik − 2µ∗eff S∗

ik

]
− ρ∗ g∗i

]
dΩ∗ dt∗ . (4.2)

All primal balance equations assume a solenoidal velocity field. As already discussed at
the end of Sec. 2.1.7, this follows if a) the VoF approach is employed (ν∗c = 0), b) both
participating fluids feature the same bulk density ρ∗∆ = 0 or c) a nonlinear EoS is used
(fρ → 0), cf. Eqn. (2.12).
First-order optimality conditions demand the derivatives of the Lagrangian to disappear

in all relevant directions at the optimal point, which leads to the adjoint system of equations
(Heners et al. [2017]) and, in the end, allows the definition of a sensitivity rule along the
design surface. In the following, the necessary functional derivatives in the direction of
the pressure, concentration, and velocity are determined and subsequently summarized.
A differentiation of the highly nonlinear EoS (2.12) would introduce robustness issues,
in particular for an insufficient interface resolution. Since the EoS is only active in a
thin interface region, which is generally not resolved in engineering flow simulations, the
differentiation of the EoS is modified.
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4.1 Adjoint Two-Phase Flow Model

For reasons of clarity, the primal boundary conditions will be considered later when
deriving the adjoint boundary conditions.

4.1.1 Pressure Variation

Mass conservation has been reformulated into a volume-conservation, which is used to
determine the effective fluid dynamic pressure. A derivative of (4.2) in the direction of the
fluid dynamic pressure p∗ reads

δpL
∗ · δp∗ =

∫

Γ∗O

∂ j∗Γ

∂ p∗
δp∗ dΓ∗ +

∫

Ω∗O

∂ j∗Ω

∂ p∗
δp∗ dΩ∗ +

∫ ∫
v̂∗i

[
∂ δp∗

∂ x∗i

]
dΩ∗dt∗

!
= 0 ∀ δp∗ .

(4.3)

Mind that the derivative in the effective pressure direction p∗eff is deliberately not de-
termined, and the related influence of an adjoint turbulence treatment is discussed later.
Isolation of all pressure variations yields

δpL
∗ · δp∗ =

∫

Γ∗O

∂ j∗Γ

∂ p∗
δp∗ dΓ∗ +

∫

Ω∗O

∂ j∗Ω

∂ p∗∗δp
∗ dΩ∗

+

∫ ∫
δp∗ v̂∗i ni dΓ

∗dt∗ +

∫ ∫
δp∗
[
− ∂ v̂∗i
∂ x∗i

]
dΩ∗dt∗

!
= 0 ∀ δp∗ . (4.4)

A divergence-free adjoint velocity field is obtained as long as the volume-based objective
functional does not depend on the pressure, which is the case for all considered objectives
in this thesis, cf. Sec. 3.2.

4.1.2 Concentration Variation

The local density ρ∗ = ρ∗(c) and viscosity µ∗ = µ∗(c) are expressed in terms of the primal
concentration field using the EoS (2.6) and (2.13), respectively. Hence, the derivative
in the concentration direction appears to be much more extensive since several implicit
dependencies arise, viz.

δcL
∗ · δc =

∫

Γ∗O

∂ j∗Γ

∂ c
δc dΓ∗ +

∫

Ω∗O

∂ j∗Ω

∂ c
δc dΩ∗

+

∫ ∫
ĉ∗
[
∂ δc

∂ t∗
+ v∗k

∂ δc

∂ x∗k
− ∂

∂ x∗k

[
ν∗c′ δc

∂ c

∂ x∗k
+ ν∗c

∂ δc

∂ x∗k

] ]

+ v̂∗i

[[
∂ v∗i
∂ t∗

+ v∗k
∂ v∗i
∂ x∗k

]
ρ∗∆mρ′ δc

+
∂

∂ x∗k

[
2

3
k∗ ρ∗∆mρ′ δc δik − 2

[
µ∗∆mµ′ δc+

∂ µ∗t

∂ ρ∗
ρ∗∆mρ′ δc

]
Sik

]

− ρ∗∆mρ′ δc g∗i

]
dΩ∗dt∗

!
= 0 ∀ δc , (4.5)

where ν∗c′ = ∂ ν∗c/∂ c, mρ′ = ∂ mρ/∂ c and mµ′ = ∂ mµ/∂ c refer to the first derivative of
the apparent viscosity and density as well as viscosity EoS, respectively. The terms will
be discussed in more detail below. One part of the variation of the dynamic turbulent
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viscosity follows from its partial derivative w.r.t. the density after applying the chain rule,
viz. δcµ

∗t · δc = (∂ µ∗t/∂ ρ∗)(∂ ρ∗/∂ mρ)(∂ mρ/∂ c)δc, cf. Eqn. (2.36). The isolation of all
concentration variations yields

δcL
∗ · δc =

∫
δc ĉ∗ dΩ∗

⏐⏐⏐⏐
tE

t0
+

∫

Γ∗O

∂ j∗Γ

∂ c
δc dΓ∗ +

∫

Ω∗O

∂ j∗Ω

∂ c
δc dΩ∗

+

∫ ∫
δc

[
ĉ∗ v∗k nk − ĉ∗ ν∗c′

∂ c

∂ n
+ ν∗c

∂ ĉ∗

∂ n
+ v̂∗i

[
2

3
k∗ ni − 2

∂ µ∗t

∂ ρ∗
Sik nk

]
ρ∗∆mρ′

− v̂∗i 2Sik nk µ
∗∆mµ′

]

− ∂ δc

∂ n

[
ĉ∗ ν∗c

]
dΓ∗ dt∗

+

∫ ∫
δc

[
− ∂ ĉ∗

∂ t∗
− ∂ v∗k ĉ

∗

∂ x∗k
+ ν∗c′

∂ ĉ∗

∂ x∗k

∂ c

∂ x∗k
− ∂

∂ x∗k

[
ν∗c

∂ ĉ∗

∂ x∗k

]

+ ρ∗∆mρ′
[
v̂∗i
∂ v∗i
∂ t∗

+ v̂∗i v
∗
k

∂ v∗i
∂ x∗k

− 2

3
k∗
∂ v̂∗i
∂ x∗i

− v̂∗i g∗i +
∂ µ∗t

∂ ρ∗
Sik

∂ v̂∗i
∂ x∗k

]

+ µ∗∆mµ′
[
2Sik

∂ v̂∗i
∂ x∗k

]]
dΩ∗dt∗

!
= 0 ∀ δc . (4.6)

Two terms that scale with the difference of the bulk densities ρ∗∆ vanish: The adjoint
velocity field is solenoidal, cf. (4.4), which reveals 2/3 k∗(∂ v̂∗i /∂ x

∗
i ) → 0. Additionally, a

temporally converged primal field is assumed so that (∂ v∗i /∂ t
∗)→ 0.

The third term of the volume integral in (4.6) deserves further explanation. The term
scales with the ν∗c′ and is multiplied by the gradient of the primal concentration which
disappears in the bulk phases. The introduction of diffusivity within the primal system
offers a) a desired diffusion operator (cf. Sec. 4.3.2) as well as b) a second contribution
from the nonlinearity of the CH diffusivity, cf. (2.54). The former a) inheres a free
mobility parameter that follows from a resolution-based estimation (2.102). The latter b)
is associated with the first [third] derivative of ν∗c [b] and follows from the variation of the
primal apparent concentration viscosity. The third derivative reads b′′′ = 24 c−12(ca+cb) =
24 c − 12. This corresponds to a linear increase in the concentration spectrum, which
features the boundary values b(cb) = 12(cb− ca) = −12 and b(ca) = 12(ca− cb) = 12 in the
bulk phases, and has a root at c = (ca + cb)/2 = 0.5, cf. Fig. 2.2. Hence, the third term
of (4.6) vanishes everywhere, except along 0 < c < 0.5 and 0.5 < c < 1. The remaining
variation contribution of the third term is neglected due to the insufficient resolution in
order not to compromise the numerical robustness.

4.1.3 Density Variation

All derivatives of material properties enter the adjoint concentration equation with the
respective differences of the bulk properties ρ∗∆ and µ∗∆, which are multiplied by the
derivative of their respective EoS, cf. (4.5)-(4.6). A straightforward differentiation of the
density EoS (2.6) reads

δρ∗ =
∂ ρ∗

∂ mρ

∂ mρ

∂ c
δc = ρ∗∆

∂ mρ

∂c
δc . (4.7)
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Each proposed nonlinear EoS hides the ρ∗∆-terms everywhere in the field except along the
free surface. They narrow the interpolation regime and yield an increased slope around
the critical point c = 0.5. All EoS formulations agree from an integral perspective, e.g.∫
mρ dc = (ca + cb)/2 = 1/2. Accordingly, also the first derivative of the employed EoS

results in the same integral value if integration is applied over the complete concentration
spectrum (cf. Fig. 2.1), viz.

∫ ca

cb
mρ,(·) dc =

1

2

[
ca2 − cb2

]
and

∫ ca

cb
mρ,(·)′ dc =

[
m(·)]ca

cb
=
[
ca − cb

]
. (4.8)

where mρ,(·) either refers to the linear (2.7), hyperbolic (2.8) or its linearized (2.9) EoS,
respectively. Whereas the linear EoS offers a constant derivative, its nonlinear alternatives
reveal an intensified local contribution along the interfacial region that weakens noticeably
towards the bulk phases. If the hyperbolic tangent or any sigmoid alternative turns into
a Heaviside function, the adjoint system experiences an abrupt (Dirac) impulse along the
interface based on the density relevant source terms in (4.6). However, the integral impact
does not change and exactly matches that of a linear approach. A discrete perspective
reveals a vulnerability: The adjoint system conceptually pushes the phase transition below
the grid resolution for this work’s applications. Hence, a nonlinear, sharpness promoting
EoS would finally reproduce a frozen-concentration approach since the discrete system will
not sufficiently resolve each local adjoint concentration source. This is in line with later
validation studies of the adjoint system against FD and was also observed by Veelken
[2020]. Consequently, the actual sharpening is reversed in adjoint mode by a substitution
c → c̃ = γm,ρc + (1 − γm,ρ)/2, as indicated in Fig. 4.1. A subsequent linearization of the
hyperbolic term followed by an asymptotic reduction c̃(γm,ρ → 0) = 1/2 towards the limit
case of a vanishing sharpening thickness finally yields

δρ∗ =
∂ ρ∗

∂ mρ

∂ mρ

∂ c̃

∂ c̃

∂ c
δc = ρ∗∆

1

γm,ρ

[
1− tanh

(
2 c̃− 1

γm,ρ

)2

  
lin.→ [(2 c̃−1)/γm,ρ]2

]
∂ c̃

∂ c
δc = ρ∗∆δc (4.9)

in combination with ∂ c̃/∂ c = γm,ρ.

4.1.4 Viscosity Variation

The present thesis assigns mµ = mρ and the derivative of the molecular viscosity EoS is
reversed analogously to (4.9), viz.

δµ∗ = µ∗∆δc , (4.10)

so that the previous EoS derivatives are unified and therefore not considered in the follow-
ing.
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Figure 4.1: Adjoint density interpolation schemes reverse the primal sharpening via a sub-
stitution c → c̃ = γm,ρc + (1 − γm,ρ)/2 followed by an asymptotic reduction
γm,ρ → 0.

4.1.5 Velocity Variation

A derivative of the Lagrangian (4.1) in velocity direction reads

δviL
∗ · δv∗i =

∫

Γ∗O

∂ j∗Γ

∂ v∗i
δv∗i dΓ

∗ +

∫

Ω∗O

∂ j∗Ω

∂ v∗i
δv∗i dΩ

∗

+

∫ ∫
p̂

[
− ∂ δv∗i

∂ x∗i

]
+ ĉ∗

[
(δvk)

∗ ∂ c

∂ x∗k

]

+ v̂∗i

[
ρ∗
[
∂ δv∗i
∂ t∗

+ (δvk)
∗ ∂ v

∗
i

∂ x∗k
+ v∗k

∂ δv∗i
∂ x∗k

]

− ∂

∂ x∗k

[
2µ∗eff (δSik)

∗
]]

dΩ∗dt∗
!
= 0 ∀ δv∗i , (4.11)

where δS∗
ik = ∂ δv∗i /∂ x

∗
k+∂ δv

∗
k/∂ x

∗
i represents the varied strain rate tensor. The isolation

of all velocity variations yields the field equations for the adjoint velocity, viz.

δviL
∗ · δv∗i =

∫
δv∗i ρ

∗ v̂∗i dΩ
∗
⏐⏐⏐⏐
tE

t0
+

∫

Γ∗O

∂ j∗Γ

∂ v∗i
δv∗i dΓ

∗ +

∫

Ω∗O

∂ j∗Ω

∂ v∗i
δv∗i dΩ

∗

+

∫ ∫
δv∗i

[
v∗k ρ

∗ v̂∗i nk + 2µ∗eff Ŝ∗
ik nk − p̂ ni

]
− δS∗

ik

[
2µ∗eff v̂∗i nk

]
dΓ∗dt∗

+

∫ ∫
δv∗i

[
− ∂ v̂∗i ρ

∗

∂ t∗
− ∂ v∗k ρ

∗ v̂∗i
∂ x∗k

+
∂ p̂∗

∂ x∗i
− ∂

∂ x∗k

[
2µ∗eff Ŝ∗

ik

]

+ ĉ∗
∂ c

∂ x∗i
+ ρ∗ v̂∗k

∂ v∗k
∂ x∗i

]
dΩ∗dt∗

!
= 0 ∀ δv∗i . (4.12)

The convective momentum and concentration changes result in additional variational ve-
locity contributions, which explicitly enter the adjoint velocity equation in terms of advec-
tive sources. The former is frequently denoted as Adjoint Transpose Convection (ATC)
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and will be further investigated in Sec. 4.3.1. The latter introduces the adjoint two-
phase information to the adjoint velocity field and neglecting this contribution essentially
resembles a frozen concentration approach. Due to the frozen turbulence assumption,
the convective contributions of k∗ and ω∗ or ε∗ are neglected. With a positive adjoint
pressure gradient on the l.h.s., the adjoint velocity equation closely resembles its primal
companion. The parabolic operators reverse their sign due to integration by parts, and an
application of the primal mass conservation (cf. Sec. 2.1.1) allows their reformulation, viz.
−D(ρ∗ v̂∗i )/D t∗ = −ρ∗(d v̂∗i /d t∗).

4.1.6 Adjoint Two-Phase Reynolds-Averaged Navier-Stokes System

All functional derivatives including volume integrals are summarized in a compact form

δpL
∗Ω · δp∗ =

∫

Ω∗O

∂ j∗Ω

∂ p∗
δp∗ dΩ∗ +

∫ ∫
δp∗
[
− ∂ v̂∗i
∂ x∗i

]
dΩ∗dt∗

!
= 0 ∀ δp∗ (4.13)

δcL
∗Ω · δc =

∫

Ω∗O

∂ j∗Ω

∂ c
δc dΩ∗ +

∫ ∫
δc

[
− d ĉ∗

d t∗

− ρ∗∆
[
v̂∗i g

∗
i − v̂∗i v∗k

∂ v∗i
∂ x∗k

− ∂ µ∗t

∂ ρ∗
S∗
ik

∂ v̂∗i
∂ x∗k

]

+ µ∗∆
[
2Sik

∂ v̂∗i
∂ x∗k

]
− ∂

∂ x∗k

[
ν∗c

∂ ĉ∗

∂ x∗k

]]
dΩ∗dt∗

!
= 0 ∀ δc (4.14)

δviL
∗Ω · δv∗i =

∫

Ω∗O

∂ j∗Ω

∂ v∗i
δv∗i dΩ

∗ +

∫ ∫
δv∗i

[
− ρ∗d v̂

∗
i

d t∗
+

∂

∂ x∗k

[
p̂∗δik − µ∗eff Ŝ∗

ik

]

+ ĉ∗
∂ c

∂ x∗i
+ v̂∗k ρ

∗ ∂ v
∗
k

∂ x∗i

]
dΩ∗dt∗

!
= 0 ∀ δv∗i , (4.15)

where the superscript (Ω) indicates the volumetric part of the differentiated Lagrangian.
The integration limits of the spatial cost functional are conceptually extended to the entire
volume. Contributions of the cost functional are active in areas of Ω∗O ∩ Ω∗ ̸= ∅ only.
Assuming temporal independence of the cost functional allows a combination of both
integrants in each differentiated direction. Demanding first-order optimality conditions
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finally yields the adjoint field equations, viz.

R∗p̂ = −∂v̂
∗
k

∂x∗k
+
∂ j∗Ω

∂ p∗
= 0 (4.16)

R∗ĉ = − ∂ ĉ
∂ t∗
− v∗k

∂ ĉ∗

∂ x∗k
− ρ∗∆

[
v̂∗i g

∗
i − v̂∗i v∗k

∂ v∗i
∂ x∗k

− ∂ µ∗t

∂ ρ∗
S∗
ik

∂ v̂∗i
∂ x∗k

]

+ µ∗∆
[
2Sik

∂ v̂∗i
∂ x∗k

]
+
∂ j∗Ω

∂ c
=

∂

∂ x∗k

[
ν∗c

∂ ĉ∗

∂ x∗k

]
(4.17)

R∗v̂i
i = −ρ∗

[
∂ v̂∗i
∂ t∗

+ v∗k
∂ v̂∗i
∂ x∗k

]
+

∂

∂ x∗k

[
p̂∗ δik − 2µ∗eff Ŝ∗

ik

]

+ ĉ∗
∂ c

∂ x∗i
+ ρ∗ v̂∗k

∂ v∗k
∂ x∗i

+
∂ j∗Ω

∂ v∗i
= 0 . (4.18)

The adjoint equations are similar to their primal companions. However, additional advec-
tion and cross-coupling terms occur. Above all, the adjoint concentration equation contains
significantly more terms that scale with the two fluids’ density or viscosity difference. The
term on the r.h.s. of (4.17) is of particular importance since this additional diffusivity
bridges the gap between an adjoint sharp vs. an under-resolved diffusive interface formu-
lation. The latter is illustrated utilizing a plane Couette flow example discussed in Sec.
4.3.2.

Interpretation of Primal vs. Dual Time Horizon

Originating from integration by parts, the adjoint time integration is inverted, e.g. declin-
ing w.r.t. the physical time. The latter is why the complete primal solution has to be stored
during the (forward) integration to be available to the adjoint solver for its subsequent
(backward) integration. Several memory-reduced methods such as one-shot (piggy-bag)
methods (Gherman and Schulz [2005], Kuruvila et al. [1994], Özkaya and Gauger [2009])
for pseudo-time stepping simulations or check-pointing approaches (Giering and Kaminski
[1998], Griewank and Walther [2000], Hinze and Sternberg [2005], Hinze et al. [2006]) were
suggested. They reduce the memory requirements at the expense of enhanced (partially
rerunning) computing efforts, cf. Kapellos et al. [2019]. The formulation of the present
adjoint problem is pseudo-time dependent. Although the primal flow problem is formerly
unsteady, the steady state in terms of, e.g. the wave field at t∗ →∞ (∆t∗ →∞) is sought.

4.1.7 Boundary Conditions

The adjoint boundary conditions result from the boundary integrals of Eqns. (4.4), (4.6),
(4.12) which likewise have to disappear for all variations (cf. Tab. 4.1). They are summa-
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rized in a compact form, viz.

δPL
∗Γ · δp∗ = δPJ

∗Γ · δp∗ +

∫ ∫
δp∗ v̂∗i ni dΓ

∗dt∗

!
= 0 ∀ δp∗ (4.19)

δcL
∗Γ · δc = δcJ

∗Γ · δc +

∫ ∫
δc

[
ĉ∗ v∗k nk + ν∗c

∂ ĉ∗

∂ n

− v̂∗i 2Sik nk µ
∗∆

+ v̂∗i

[
2

3
k∗ ni − 2

∂ µ∗t

∂ ρ∗
Sik nk

]
ρ∗∆
]

− ∂ δc

∂ n

[
ĉ∗ ν∗c

]
dΓ∗ dt∗

!
= 0 ∀ δc (4.20)

δviL
∗Γ · δv∗i = δviJ

∗Γ · δv∗i +
∫ ∫

δv∗i

[
v∗k ρ

∗ v̂∗i nk + 2µ∗eff Ŝ∗
ik nk − p̂ ni

]

− δS∗
ik

[
2 v̂∗i µ

∗eff nk

]
dΓ∗dt∗

!
= 0 ∀ δv∗i , (4.21)

where the superscript (Γ) indicates the boundary part of the differentiated Lagrangian.
The adjoint boundary conditions follow from the first-order optimality conditions for the
boundary Lagrangian and also consider the variation of primal boundary conditions de-
noted in Tab. 3.1. The respective companions of the primal boundary conditions are
denoted below. Separate formulations are employed to describe conditions for boundaries
which contain cost functional contributions.

• Along the Inlet, both the primal velocity and the concentration field are fixed and
their variations δv∗i = 0 and δc = 0 vanish, cf. Sec. 3.4. The pressure is extrapolated
with zero gradient, hence ∂δp∗/∂n∗ = 0. Inserting these relations in (4.19)-(4.21)
yields the remaining parts of the derivatives of the Lagrangian along the inlet

δpL
∗Γ · δp∗ =

∫ ∫

Γ∗in
δp∗

[
v̂∗i ni

]
dΓ∗dt∗

!
= 0 ∀ δp∗ (4.22)

δcL
∗Γ · δc =

∫ ∫

Γ∗in

∂ δc

∂ x∗k

[
− ĉ∗ ν∗c nk

]
dΓ∗ dt∗

!
= 0 ∀ δc (4.23)

δviL
∗Γ · δv∗i =

∫ ∫

Γ∗in
(δSik)

∗
[
− v̂∗i 2µ∗eff nk

]
dΓ∗dt∗

!
= 0 ∀ δv∗i . (4.24)

According to (4.22) and (4.24), first-order optimality conditions demand a zero ad-
joint velocity v̂∗i = 0. A condition results for the CH-VoF adjoint concentration only
(ν∗c ̸= 0) and requires a vanishing Dirichlet value ĉ∗ = 0. VoF methods neglect
the apparent concentration viscosity (ν∗c = 0) and therefore support any boundary
condition. In the present work, the same Dirichlet condition is prescribed for the
VoF and the CH-VoF formulation for consistency reasons. The adjoint pressure does
not appear explicitly in the derivatives. In line with the primal formulation, a zero
gradient is employed.
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Further variational contributions arise if the external force functional is active, cf.
(3.22), viz. δJ∗Γ,E = [2µ∗eff δS∗

ik nk − δp∗ ni]ri and the derivatives for the force-
objective based Lagrangian are augmented

δpL
∗Γ,E · δp∗ =

∫ ∫

Γ∗in
δp∗

[[
v̂i − ri

]
ni

]
dΓ∗dt∗

!
= 0 ∀ δp∗ (4.25)

δcL
∗Γ,E · δc =

∫ ∫

Γ∗in

∂ δc

∂ x∗k

[
− ĉ∗ ν∗c nk

]
dΓ∗ dt∗

!
= 0 ∀ δc (4.26)

δviL
∗Γ,E · δv∗i =

∫ ∫

Γ∗in
(δSik)

∗
[
−
[
v̂i − ri

]
2µ∗eff nk

]
dΓ∗dt∗

!
= 0 ∀ δv∗i . (4.27)

Therefore, the adjoint velocity is modified w.r.t. the (non-dimensional) force direc-
tion to be minimized, viz. v̂i = ri. Boundary conditions for adjoint pressure and
concentration are not affected.

• A hydrostatic pressure is prescribed along theOutlet. As a consequence, its variation
δp∗ = 0 is zero which directly fulfills the derivative of the boundary-based Lagrangian
in pressure direction (4.19). All other quantities are extrapolated with zero gradients,
e.g. ∂ δv∗i /∂n

∗ = 0 and ∂ δc/∂n∗ = 0. An outlet far away from a fluid flow exposed
geometry motivates the neglect of S∗

ik → 0 (δS∗
ik = 0) and thus also k∗ → 0. As a

consequence, the boundary-based Lagrangian simplifies to

δcL
∗Γ · δc =

∫ ∫

Γ∗out
δc

[
ĉ∗ v∗k nk + ν∗c

∂ ĉ∗

∂ n∗

]
dΓ∗dt∗

!
= 0 ∀ δc (4.28)

δviL
∗Γ · δv∗i =

∫ ∫

Γ∗out
δv∗i

[
v∗k ρ

∗ v̂∗i nk + µ∗eff Ŝ∗
ik nk − p̂∗ ni

]
dΓ∗dt∗

!
= 0 ∀ δv∗i . (4.29)

The adjoint velocity and the adjoint pressure are coupled via relation (4.29). In
line with the primal formulation, a zero gradient is employed for the adjoint velocity
(∂ v̂∗i /∂ n

∗ = 0) and the adjoint pressure is explicitly fixed via a Dirichlet condition
to

p̂∗out =
[
v∗k ρ

∗ v̂∗i + µ∗eff Ŝ∗
ik nk

]
ni . (4.30)

VoF approaches follow from ν∗c = 0 which gives rise to a zero adjoint concentration
value, i.e. ĉ∗ = 0, from (4.28). For the CH-VoF case, it is assumed that the ratio of
convective to diffusive concentration transport along the outlet justifies the neglect
of the latter and also ĉ∗ = 0 is employed.

In line with the inlet boundary, further variational contributions arise if the external
force functional is active, viz. δJ∗Γ,E = −[δv∗i ρ∗ v∗k + v∗i (ρ

∗∆ δc v∗k + ρ∗ δv∗k)]nk ri, cf.
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(3.22). Hence, both remaining derivatives can be simplified to

δcL
∗Γ,E · δc =

∫ ∫

Γ∗out
δc

[
ĉ∗ v∗k nk + ν∗c

∂ ĉ∗

∂ n∗ − ρ
∗∆ v∗k v

∗
i nk ri

]
dΓ∗dt∗

!
= 0 ∀ δc (4.31)

δviL
∗Γ,E · δv∗i =

∫ ∫

Γ∗out
δv∗i

[
v∗k ρ

∗ (v̂i nk − nk ri − ni rk) + µ∗eff Ŝ∗
ik nk − p̂∗ ni

]
dΓ∗dt∗

!
= 0 ∀ δv∗i . (4.32)

The adjoint concentration experiences a contribution from the variation of the con-
vective momentum transport and the adjoint pressure-velocity relationship picks up
the direction of the force to be minimized, viz.

ĉ∗out,E =
ρ∗∆ v∗k v

∗
i nk ri

v∗m nm

and

p̂∗out,E =
[
v∗k ρ

∗ (v̂i nk − nk ri − ni rk) + µ∗eff Ŝ∗
ik nk

]
ni . (4.33)

• Symmetry Planes and Slip Walls experience zero normal gradients for primal
pressure as well as primal concentration, viz. ∂ δp∗/∂ n∗ = 0 and ∂ δc/∂ n∗ = 0.
The velocity field has a zero Dirichlet normal as well as zero Neumann tangential
component, e.g., δv∗i ni = 0 and (∂ δv∗i /∂ n

∗)ti = 0. The respective derivatives of the
boundary-based Lagrangian simplify to

δpL
∗Γ · δp∗ =

∫ ∫

Γ∗symm

δp∗
[
v̂∗i ni

]
dΓ∗dt∗

!
= 0 ∀ δp∗ (4.34)

δcL
∗Γ · δc =

∫ ∫

Γ∗symm

δc

[
ν∗c

∂ ĉ∗

∂ n∗

]
dΓ∗dt∗

!
= 0 ∀ δc (4.35)

δviL
∗Γ · δv∗i =

∫ ∫

Γ∗symm

µ∗eff
[
δv∗i Ŝ

∗
ik − (δSik)

∗ v̂∗i nk

]
dΓ∗dt∗

!
= 0 ∀ δv∗i . (4.36)

The adjoint velocity field experiences the same distinction compared to the primal
field, i.e. no adjoint flux normal to the symmetry plane (v̂∗i ni = 0) and no normal
gradient of its tangential component, viz. (∂ v̂∗i /∂ n

∗)ti. The latter follows from a
decomposition into wall normal and wall tangential components of the remaining
parts of Eqn. (4.36). A zero gradient condition is employed for the adjoint pressure
and concentration.

• Along No-Slip Walls, zero normal gradients are prescribed for (effective) primal
pressure as well as primal concentration, viz. ∂ δp∗/∂ n∗ = 0 and ∂ δc/∂ n∗ = 0, and
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the boundary-based Lagrangian takes the following simplified form

δpL
∗Γ · δp∗ =

∫ ∫

Γ∗wall

δp∗
[
v̂∗i ni

]
dΓ∗dt∗

!
= 0 ∀ δp∗ (4.37)

δcL
∗Γ · δc =

∫ ∫

Γ∗wall

δc

[
ν∗c

∂ ĉ∗

∂ n∗ − v̂
∗
i 2Sik nk µ

∗∆

+ v̂∗i 2
∂ µ∗t

∂ ρ∗
Sik nk ρ

∗∆
]]

dΓ∗dt∗

!
= 0 ∀ δc (4.38)

δviL
∗Γ · δv∗i =

∫ ∫

Γ∗wall

δv∗i

[
µ∗eff Ŝ∗

ik nk − p̂ ni

]
− δS∗

ik

[
v̂∗i 2 v̂

∗
i µ

∗eff nk

]
dΓ∗dt∗

!
= 0 ∀ δv∗i . (4.39)

Therefore, the adjoint velocity is simply zero (v̂∗i = 0) and the concentration variation
requires a zero adjoint concentration gradient ∂ ĉ∗/∂ n∗ = 0. Following the primal
model, the adjoint pressure gradient is likewise set to zero, i.e. ∂ p̂∗/∂ n∗ = 0.

Further variational contributions occur if an internal force objective is active along
a no-slip wall, viz. δJ∗Γ,I = [δp∗ δik − 2δµ∗eff S∗

ik − 2µ∗eff δS∗
ik]nk ri, cf. (3.17), which

augment (4.37)-(4.39) towards

δpL
∗Γ,I · δp∗ =

∫ ∫

Γ∗wall

δp∗
[[
v̂i + ri

]
ni

]
dΓ∗dt∗

!
= 0 ∀ δp∗ (4.40)

δcL
∗Γ,I · δc =

∫ ∫

Γ∗wall

δc

[
ν∗c

∂ ĉ∗

∂ n∗ −
[
v̂i + ri

]
2Sik nk µ

∗∆

+

[
v̂i + ri

]
2
∂ µ∗t

∂ ρ∗
Sik nk ρ

∗∆
]
dΓ∗dt∗

!
= 0 ∀ δc (4.41)

δviL
∗Γ,I · δv∗i =

∫ ∫

Γ∗wall

δv∗i

[
µ∗eff Ŝ∗

ik nk − p̂ ni

]
− δS∗

ik

[[
v̂∗i + ri

]
2 v̂∗i µ

∗eff nk

]
dΓ∗dt∗

!
= 0 ∀ δv∗i . (4.42)

The –now dimensionless– adjoint velocity reads v̂i = −ri and boundary conditions
for adjoint concentration and pressure are not affected.

If the actual no-slip wall is not released for design, the variation of the velocity
vanishes (δv∗i = 0) and all optimality conditions are satisfied. However, if the wall is
to be controlled, further contributions arise that have been discussed in Sec. 3.4, e.g.
a linear development of the flow reveals δv∗i = −δu∗(∂ v∗i /∂ n∗) where δu∗ = δn∗ =
δx∗k nk along ΓD, cf. (3.26). Since all respective optimality conditions are satisfied,
sensitivity information can only be obtained from the final optimality condition in
terms of a derivative of the Lagrangian in the direction of the control, i.e.

δuL
∗ · δu∗ =

∫ ∫

Γ∗D

∂ v∗i
∂ n∗ δu

∗
[
p̂ ni − µ∗eff Ŝ∗

ik nk

]
dΓ∗dt∗

!
= 0 ∀ δu∗ . (4.43)

104



4.1 Adjoint Two-Phase Flow Model

boundary type v̂∗i p̂∗ ĉ∗

inlet v̂∗i = 0 ∂ p̂∗

∂ n∗ = 0 ĉ∗ = 0

outlet
∂ v̂∗i
∂ n∗ = 0 p̂∗ = p̂∗out ĉ∗ = 0

symmetry v̂∗i ni = 0,
∂ v̂∗i
∂ n∗ ti = 0 ∂ p̂∗

∂ n∗ = 0 ∂ ĉ∗
∂ n∗ = 0

wall (slip) v̂∗i ni = 0,
∂ v̂∗i
∂ n∗ ti = 0 ∂ p̂∗

∂ n∗ = 0 ∂ ĉ∗
∂ n∗ = 0

wall (no-slip) v̂∗i = 0 ∂ p̂∗

∂ n∗ = 0 ∂ ĉ∗
∂ n∗ = 0

inlet (Γ ⊂ ΓO,E) v̂i = ri
∂ p̂∗

∂ n∗ = 0 ĉ∗ = 0

outlet (Γ ⊂ ΓO,E)
∂ v̂∗i
∂ n∗ = 0 p̂∗ = p̂∗out,E ĉ∗ = ĉ∗out,E

wall (no-slip, Γ ⊂ ΓO,I) v̂i = −ri ∂ p̂∗

∂ n∗ = 0 ∂ ĉ∗
∂n∗ = 0

Table 4.1: Boundary conditions for the adjoint equations where ti [ni] refer to the local
boundary tangential [normal]. The first five lines refer to the general boundary
conditions in the absence of any active boundary-based cost functional.

The latter gives rise to the desired shape sensitivity derivative s∗, which follows from
(∂ v∗i /∂ n

∗)ni = 0 and reads

δuL
∗ =

∫ ∫

Γ∗D
µ∗eff ∂ v

∗
i

∂ n∗

[
−∂ v̂

∗
i

∂ n∗

]
dΓ∗dt∗ → s∗ = −µ∗eff ∂ v

∗
i

∂ n∗
∂ v̂∗i
∂ n∗ . (4.44)

The relation will be further explored below in terms of a wall function-based turbulent
flow description.

All adjoint boundary conditions are summarized in Tab. 4.1. Mind that adjoint flow
turbulence has been neglected, but the subsequent Sec. 4.1.8 is concerned with an adjoint
LoW. It is assumed, that a consistent adjoint treatment close to design boundaries is of
particular importance. Therefore, the study analyses the adjoint complement to a simple
unidirectional turbulent shear, which is the foundation of virtually all wall function-based
primal boundary conditions using a classical mixing-length hypothesis, cf. Prandtl [1925],
Pope [2001]. Note that the vast majority of primal boundary condition implementations
resembles this generic flow model and assumes negligible curvature to split the boundary
forces into normal and tangential traction, cf. Sec. 2.2.8. The following study sugests a
similar strategy for the adjoint velocity boundary condition and complies with all adjoint
velocity boundary conditions outlined in Tab. 4.1.

4.1.8 Adjoint Treatment of Flow Turbulence

In this thesis, primal flow turbulence modeling refers to Reynolds-averaging strategies (cf.
Sec. 2.1.6) and employs BVM based on differential transport equations for two turbu-
lence parameters. The influence of the variation of the turbulence parameters is an open
discussion (Marta and Shankaran [2013]), and optimizations of complex engineering flow
using entirely consistent, differentiated turbulence transport models are rare (Papoutsis-
Kiachagias and Giannakoglou [2016], Kapellos et al. [2019]) due to the significant increase
of complexity. Primal turbulence transport models inhere multiple nonlinearities and inter-
parameter couplings that significantly hamper the robustness and the efficiency of a con-
sistent adjoint framework and hinder their utilization in engineering applications.
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The continuous adjoint framework gives access to dedicated adjoint turbulence modelling
at a lower level of adjoint consistency. One research question of the present effort is
to investigate the potential of an algebraic adjoint turbulence treatment that offers the
algorithmic benefits of a frozen turbulence approach. In contrast to former studies, the
present effort originates from analysing the adjoint complement to a simple unidirectional
turbulent shear flow. This canonical flow is the foundation of virtually all wall function-
based boundary conditions and grounds on the mixing-length hypothesis, cf. Prandtl
[1925], Pope [2001]. With attention given to a plane 2D b.-l., e.g. the lower half of a
channel illustrated in Fig. 2.15 of Sec. 2.3.3, an unconstrained optimization problem for
the drag functional (3.7) reads

min J∗ = −µ∗eff d v
∗
1

dx∗2

⏐⏐⏐⏐
W

s.t. R∗v,CH
1 = 0 → L∗ = J∗ −

∫
v̂1R

∗v,CH
1 dx∗2 , (4.45)

where the index (·)W denotes a wall value. The integral in streamwise (x∗1) direction has
been neglected, since the channel is assumed to be fully developed and only the wall normal
direction (x∗2) is of relevance. The adjoint velocity is dimensionless for the considered drag
objective. Using ρ∗ ν∗ = µ∗ together with a constant density ρ∗, the total variation of the
Lagrangian yields

δL∗ = −(δνeff)∗ d v
∗
1

dx∗2

⏐⏐⏐⏐
W

− ν∗eff d δv
∗
1

dx∗2

⏐⏐⏐⏐
W

−
∫
v̂1

[
d

dx∗2

[
(δν∗eff)∗

d v∗1
dx∗2

+ ν∗eff
dδv∗1
dx∗2

]]
dx∗2 .

(4.46)

The frozen turbulence assumption neglects the variation of the turbulent viscosity, i.e.
δν∗t = 0→ δν∗eff = 0. An isolation of δv∗1 allows the formulation of first-order optimality
conditions, viz.

δv1L
∗ · δv∗1 = −ν∗eff d δv

∗
1

dx∗2

⏐⏐⏐⏐
W

−
[
ν∗eff

(
v̂1
d δv∗1
dx∗2

− d v̂1
dx∗2

δv∗1

)]∆

w

−
∫
δv∗1

[
d

dx∗2

[
ν∗eff

d v̂1
dx∗2

]]
dx∗2

!
= 0 ∀ δv∗1 . (4.47)

Here, x∗2 = ∆∗ marks the position of the outer boundary. The adjoint equation to (2.149)
follows from the integral expression in (4.47) and reads

R̂∗v,CH,F
1 :

d

dx∗2

[
(ν∗ + ν∗t)

d v̂1
dx∗2

]
= 0 . (4.48)

The superscript (F) indicates the reference to the frozen turbulence assumption. The
boundary conditions along the wall as well as the outer boundary arise from the remaining
terms, viz.

x∗2 = ∆∗ :

[
v̂1
d δv∗1
dx∗2

− d v̂1
dx∗2

δv∗1

]
with δ

(
d v∗1
dx∗2

)
=

d δv∗1
dx∗2

= 0 → d v̂1
dx∗2

⏐⏐⏐⏐
∆

= 0

(4.49)

x∗2 = 0 :

[
(1 + v̂1)

d δv∗1
dx∗2

− d v̂1
dx∗2

δv∗1

]
with δv∗1 = 0 → v̂1

⏐⏐
W

= −1 .
(4.50)

Following the general derivation from above, the adjoint velocity is simply zero at the wall
for other cost functionals.
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A consistent approach also considers the variation of the turbulent viscosity as sug-
gested by the mixing length hypothesis. As outlined in Sec. 2.1.6, the turbulent viscosity
exclusively depends on the tangential mean velocity next to the wall distance, and the
related variation reads δν∗t = (κx∗2)

2 (d δv∗1/dx
∗
2). The latter augments (4.47) towards a

consistent total variation

δv1L
∗ · δv∗1 = −(ν∗eff + ν∗t)

d δv∗1
dx∗2

⏐⏐⏐⏐
W

−
[
(ν∗eff + ν∗t)

(
v̂1
d δv∗1
dx∗2

− d v̂1
dx∗2

δv∗1

)]∆

w

−
∫
δv∗1

[
d

dx∗2

[
(ν∗eff + ν∗t)

d v̂1
dx∗2

]]
dx∗2

!
= 0 ∀ δv∗1.

(4.51)

Interestingly, (4.51) resembles (4.47) by doubling the turbulent contribution. Hence, the
consistent adjoint to (2.149) reads

R̂∗v,CH,C
1 :

d

dx∗2

[(
ν∗ + 2 ν∗t

) d v̂1
dx∗2

]
= 0. (4.52)

The superscript (C) serves to separate the adjoint formulation based on the consistent alge-
braic closure model from the frozen turbulence framework. Necessary boundary conditions
follow again from the boundary parts in (4.51) and agree with Eqns. (4.49)-(4.50).

A sensitivity rule of the objective w.r.t. a general control variable depends on the defini-
tion as well as on the nature of the control. For example the relation δv∗1 = 0 (4.50) along
the channel wall holds as long as the wall is not subjected to control, cf. (3.24). However, if
the wall is examined for its optimization potential, further variational contributions follow
from the concept of material derivative (3.11) and are available based on a linear develop-
ment of the local flow w.r.t. a perturbation in wall normal direction δv∗1 = −(d v∗1/dx∗2)δx∗2,
cf. Sec. 3.2. The latter yields a shape sensitivity derivative expression

δuL
∗ · δu∗ = −(ν∗ + β ν∗t)

d v̂1
dx∗2

d v∗1
dx∗2

(δu)∗
!
= 0 ∀ δu∗

→ δuL
∗ = −(ν∗ + β ν∗t)

d v̂1
dx∗2

⏐⏐⏐⏐
W

d v∗1
dx∗2

⏐⏐⏐⏐
W

. (4.53)

The coefficient β = 1 [β = 2] accounts for a frozen [consistent] algebraic formulation and
β = 1 is in line with the general shape sensitivity (4.44). The simple algebraic manipulation
of the adjoint turbulent viscosity also supports more general primal BVM.

Adjoint Two-Equation Wall Functions

The study refers to the baseline k∗ − ε∗ model from Sec. 2.1.6, c.f. Jones and Launder
[1972]. The employed wall boundary conditions are of significance. In line with Sec. 2.2.8,
they refer to standard approaches and employ prescribed shear stress and pressure loads
on the wall face of the wall-adjacent elements to close the primal momentum equations.
Zero wall normal gradients for the TKE k∗ and a prescribed near-wall value of the energy
dissipation ε∗, including the assurance of the local turbulence equilibrium P ∗k = ε∗ in the
wall-adjacent cell, serve to close the primal turbulence model equations, cf. Wilcox [1998].
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The study resembles the investigation from before by directly imposing either the primal
low-Re or the high-Re formulation. Again, an exemplary objective refers to the fluid flow-
induced shear force in an internal formulation, cf. Sec. 3.2. The algorithmic structure
for the low- and the high-Re situation is identical. The only difference refers to assigned
specific values for the wall shear in line with either of the two solutions (2.152). The
near-wall value of ϵ∗ accommodates to the low- (ϵ∗ = 2 ν∗k∗/x∗22 ) or the high-Re situation
(ϵ∗ = V ∗3

1,τ/(κx
∗
2) = (

√
Cµk∗)3/2/(κx∗2)), cf. Sec. 4.2.6. As regards the adjoint approach,

only the adjoint momentum is considered. The wall value v̂∗1 does not differ for the low-
and the high-Re situation. However, when attention is given to high-Re simulations, the
resolution of v̂∗1 in the very near-wall region is deemed computationally expensive and it is
more convenient to follow the same implementation strategy as for the primal flow.

Employing a low-Re approach, one frequently imposes

k∗ = 0 , ϵ∗ = 2ν∗
k∗

x∗22
→ ν∗t = 0 (4.54)

for the turbulent quantities in the very near-wall regime. This again allows for the con-
struction of a Lagrangian, viz.

L∗ = −
[
ν∗

d v∗1
dx∗2

]

W

−
∫ [

v̂1
d

dx∗2

[
ν∗
(
d v∗1
dx∗2

)]
− k̂∗ [k∗]− ϵ̂∗

[
ϵ− 2ν∗

k∗

x∗22

]]
dx∗2 . (4.55)

A variation is performed in App. D.2 and reveals the following relations at the inner and
outer b.-l. position, viz.

x∗2 = ∆ :

[
v̂1
d(δv1)

dx∗2
− dv̂1

dx∗2
δv∗1

]
with δ

(
d v∗1
dx∗2

)
=

d(δv1)

dx∗2
= 0 → dv̂1

dx∗2

⏐⏐⏐⏐
∆

= 0

(4.56)

x∗2 = 0 :

[
(1 + v̂1)

d(δv1)

dx∗2
− dv̂1

dx∗2
δv∗1

]
with δv1 = 0 → v̂1

⏐⏐
W

= −1 . (4.57)

This again confirms the findings of Eqns. (4.49)-(4.50). Eqn. (4.57) is fulfilled if either

δv∗1 = 0 or δv∗1 = −d v∗1
dx∗2

(δu)∗ → δuL
∗LR = −ν∗ dv̂1

dx∗2

⏐⏐⏐⏐
W

d v∗1
dx∗2

⏐⏐⏐⏐
W

(4.58)

holds that allows for a low-Re (LR) shape derivative expression (cf. Eqn. (4.53)) if a linear
development of the local flow w.r.t. a perturbation in wall normal direction is applied.

Employing a high-Re k∗ − ϵ∗ formulation, one frequently imposes

k∗ =
V ∗2
1τ√
Cµ

, ϵ∗ =
V ∗3
1τ

κx∗2
→ ν∗t = Cµk

∗2

ϵ∗
= V ∗

1τ κx
∗
2 = (κx∗2)

2 d v
∗
1

dx∗2
. (4.59)

Hence, a possible Lagrangian, that is valid within the logarithmic layer [within in the first
cell] from a continuous [discrete] perspective, reads

L∗ = −
[
V1τ (κx

∗
2)
d v∗1
dx∗2

]

W

−
∫ [

v̂1
d

dx∗2

[
(κx∗2)

2

[
d v∗1
dx∗2

]2]
− k̂∗

[
k∗ − V ∗2

1τ√
Cµ

]

−ϵ̂
[
ϵ− V 3

1τ

κx∗2

]]
dx∗2 . (4.60)
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Substituting ϵ∗ = V ∗3
1τ /(κx

∗
2) = (k∗

√
Cµ)3/2/(κx∗2) as well as (κx∗2)d v

∗
1/dx

∗
2 = V ∗

1τ =
(k∗
√
Cµ)1/2, one ends up with

L∗ = −
[
V ∗
1τ (κx

∗
2)
d v∗1
dx∗2

]

W

−
∫ [

v̂1
d

dx∗2

[
(κx∗2)

[
d v∗1
dx∗2

]
· (k∗
√
Cµ)1/2

]

− k̂∗
[
k∗ − V ∗2

1τ√
Cµ

]
− ϵ̂∗

[
ϵ∗ − (k∗

√
Cµ)3/2

κx∗2

]]
dx∗2 . (4.61)

A variation is performed in App. D.3. The results can be collected in a compact form and
subsequently eliminated. The respective contributions at the inner and outer b.-l. position
read

x∗2 = ∆∗ : (δk)∗
√
Cµ

2

(κx∗2)

V ∗
1τ

d v∗1
dx∗2

v̂1 −
dδv∗1
dx∗2

V ∗
1τ (κx

∗
2)v̂1

+ δv∗1

[
2(κx∗2)V

∗
1τ

dv̂1
dx∗2

]
!
= 0 ∀ (δk, δv1)∗

with (δk)∗ = 0 and
dδv∗1
dx∗2

= 0 → dv̂1
dx∗2

⏐⏐⏐⏐
∆

= 0 (4.62)

x∗2 = 0 : (δk)∗
[√

Cµ

2

(κx∗2)

V ∗
1τ

d v∗1
dx∗2

[
1 + v̂1

]]
− dδv∗1

dx∗2

[
V ∗
1τ (κx

∗
2)

[
1 + v̂1

]]

+ δv∗1

[
2(κx∗2)V

∗
1τ

dv̂1
dx∗2

]
!
= 0 ∀ (δk, δv1)∗

with (δk)∗ = 0 and δv∗1 = 0 → v̂1
⏐⏐
W

= −1 . (4.63)

Similar to the low-Re formulation, the relation is again fulfilled if either

δv∗1 = 0 or δv∗1 = −d v∗1
dx∗2

(δu)∗ → δuL
∗HR = −2(κx∗2)V ∗

1τ

dv̂1
dx∗2

⏐⏐⏐⏐
W

d v∗1
dx∗2

⏐⏐⏐⏐
W

= −2ν∗t dv̂1
dx∗2

⏐⏐⏐⏐
W

d v∗1
dx∗2

⏐⏐⏐⏐
W

(4.64)

holds that allows for a high-Re (HR) shape derivative expression based on twice the tur-
bulent viscosity (cf. Eqn. (4.53)). This is beneficial from a discrete perspective, since in
line with the primal implementation, robust stress conditions that prescribe τ̂ ∗eff and p̂∗

(cf. Sec. 4.2.6) instead of a simple Dirichlet condition v̂1(x2 = 0) = v̂W1 can be employed.
The latter requires the derivation of an adjoint complement to the universal LoW (4.171),
which is outlined in Sec. 4.3.3.
One can conclude that there is no need for adjoint turbulent transport equations in

the range of validity of the adjoint LoW, if the above-presented wall function-based two-
equation closure is employed. An exception refers to volumetric objectives that explicitly
depend on turbulent quantities and – of course – the wake regime of the b.-l. or other more
complex wall-detached zones of interest. Nonetheless, the benefit can be substantial and
comes at a negligible cost, which is particularly appreciated. The reason is attributed to
the algebraic scaling of all mean flow and turbulence parameters with the friction velocity
V ∗
1,τ within the logarithmic layer. It should be noted that the adjoint equations possibly

experience twice the primal turbulent viscosity since β = 2 [β = 1] is chosen in the
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consistent [frozen] case. Since the suggested approach is only consistent in the sub-layer and
the logarithmic region, it can only be hypothesized that the consistency improves compared
to the frozen turbulence approach for other applications. However, shape optimization
problems are by definition interested in the primal / adjoint near-wall flow. Hence a
consistent adjoint formulation is particularly relevant in this region. Using a two-equation
model, the consistency is restricted to the momentum equation and assumes the eddy-
viscosity distribution to agree with the mixing-length results, e.g. 2µ∗eff Ŝ∗

ik → 2 (µ∗ +
β µ∗t) Ŝ∗

ik in (4.18). Moreover, the robustness of the adjoint numerical procedure benefits
from an augmented viscosity.

4.1.9 Adjoint Non-Dimensional Governing Equations

For a more detailed analysis, the adjoint Eqns. (4.16)-(4.18) are non-dimensionalized.
The employed reference quantities as well as the resulting non-dimensional field quantities
follow the primal approach and are given in Tab. 2.1. The non-dimensional set of adjoint
equations belonging to the general functional (3.1) reads:

Rp̂ :− ∂v̂i
∂xi

+

[
J∗ L∗

V̂ ∗ P ∗

]
∂jΩ
∂p

= 0 (4.65)

Rĉ :− 1

St

∂ĉ

∂t
− vk

∂ĉ

∂xk
−
[
C∗

V ∗

]
νc

Re

∂2 ĉ

∂ x2k

−
[
V ∗V̂ ∗

C∗

][
ρ∆

Fn2 v̂i gi − ρ∆v̂ivk
∂vi
∂xk
− 1

Re

[
∂ µt

∂ ρ
ρ∆ + 2µ∆

]
Sik

∂v̂i
∂xk

]

+

[
J∗ L∗

ρ∗b V
∗C∗

]
∂jΩ
∂c

= 0 (4.66)

Rv̂i
i :− ρ

St

∂v̂i
∂t
− ρvk

∂v̂i
∂xk
− ∂

∂xk

[
2(µ+ βµeff)

Re
Ŝik

]

+

[
C∗

V ∗ V̂ ∗

][
∂p̂

∂xi
+ ĉ

∂c

∂xi

]
+ ρv̂k

∂vk
∂xi

+

[
J∗ρ∗bV̂

∗

L∗

]
∂jΩ
∂vi

= 0 , (4.67)

based on the same reference quantities for adjoint pressure and adjoint concentration, i.e.
P̂ ∗ = Ĉ∗ = ρ∗bC, as well as [νc] = [ν]. One can observe that the adjoint system generally
displays a stronger coupling and seems challenging to solve due to the locally volatile
characteristics. Two source terms that do not depend on v̂i occur in the adjoint momentum
Eqn. (4.67), where the sum p̂+c ĉ forms an adjoint hydrostatic pairing. The sum could also
be condensed into an effective adjoint pressure along the route of the frequently employed
scrambling of pressure and turbulent kinetic energy for BVM. However, this would require
a vanishing concentration gradient ∂ c/∂ xi = 0. The adjoint concentration Eqn. (4.66)
has a strong similarity to the primal momentum equation and contains Froude-, Reynolds-,
and Strouhal number terms. As opposed to the primal and adjoint momentum equations,
the Reynolds number contribution is not linked to the transported property in the case
of VoF (νc = 0). Hence three terms acting as pure source terms appear in Eqn. (4.66):
An augmented convection term, a Reynolds- and a Froude number term. However, the
adjoint concentration equation does not feature a hydrostatic correspondence or pairing
of variables since the velocity scaling differs for all three source terms. The missing links
to the transported property and pairing options are the origin of an ill-posed nature of
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4.1 Adjoint Two-Phase Flow Model

Eqn. (4.66) if the adjoint VoF approach (νc = 0) is considered. The issue scales with the
property differences between the two fluids.

Sharp Interface (VoF) Consideration

During previous research of Kröger [2016], observations reveal severe robustness issues of
adjoint sharp-interface VoF methods, mainly when applied to large Reynolds- and Froude
number marine engineering problems. Similar issues were reported for shallow-water mod-
els by Beckers et al. [2019]. Heuristic ad hoc measures to regularize the adjoint solution
refer to breaking the duality by introducing a parameterized diffusion operator to the ad-
joint concentration equation, cf. Kröger et al. [2018]. The ill-posed nature of the problem
is related to the grossly simplified inter-phase physics of the VoF procedure.
Combining the CH-VoF efforts with their adjoint complement allows for a robust and

flexible consistent adjoint two-phase formulation. Although a primal (forward) integration
may employ a compressive VoF approach, the adjoint (backward) simulation is free to
use an under-resolved CH-VoF method. Note that both methods already lead to nearly
identical results in primal mode, cf. Sec. 2.3 and 2.4. Adjoint CH-VoF studies frequently
employ a spatially constant (positive) diffusivity that follows from the roughly estimated
under-resolved primal flows. This represents a, albeit small, break in dual consistency
since the consistent CH-VoF viscosity is spatially variable and strictly speaking becomes
negative along the phase transition regime. When attention is directed to practical ma-
rine engineering applications, the computational effort associated with time stepping of
compressive primal approximations is substantial. As outlined above, the related effort is
anticipated to increase for the respective adjoint system. Therefore, means to reduce this
effort whilst still retaining reliable sensitivity information are appreciated.
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4.2 Discrete Adjoint Two-Phase Flow

In line with their primal companion, the closely coupled Eqns. (4.16)-(4.18) are discretized
and approximated to obtain a numerical solution. The numerical procedure follows the
baseline procedure from Sec. 2.2 and re-uses roughly 80% of the code infrastructure. This
section outlines the main procedural differences and describes a consistent approximation
based upon the already introduced second-order accurate FVM. In contrast to the for-
mer section regarding the continuous derivation of the two-phase adjoint equations for
incompressible fluids (integration by parts), this section derives the corresponding discrete
adjoint operators (summation by parts) for generic routines assembled implicitly on the
l.h.s., so that finally, a consistent hybrid discrete-continuous adjoint simulation process is
available.

4.2.1 Baseline Procedure

The adjoint procedure resembles a (backward) restart case based on the fully-converged,
cell-centered, primal (forward) values. A coupled system of NP adjoint equations is ob-
tained after a suitable finite approximation for each adjoint field quantity. In line with the
primal procedure, the discrete adjoint variables are algorithmically linked via a sequential
procedure, in which the individual equation systems are solved in a fixed sequence, cf.
Alg. 4. Potential cross-coupling lags and employs values of the last outer iteration for
the respective adjoint system, which also applies to the application of adjoint boundary
conditions, cf. Sec. 4.2.6. The continuous adjoint system has been linearized around the
temporally converged primal state and the integration in pseudo-time in Alg. 4 resem-
bles an additional relaxation. In principle, steady primal simulations can be followed by
unsteady adjoint runs or vice versa. Termination criteria for maximum outer iterations
Nout,max or maximum time steps NT do not have to agree for the primal and adjoint
simulations.
The adjoint procedure uses the same spatial (cf. Sec. 2.2.2) and temporal (cf. Sec.

2.2.4) discretization. However, the respective approximations differ in some cases, which
is the focus of Sec. 4.2.

Algorithm 4: Schematic overview of the sequential adjoint (backward) solution
procedure based on a restart of the primal (forward) integration.

while nT ≤ NT do
while (nout ≤ Nout,max) or (Rφ ≤ Rφ,min) do

approximate linearized momentum equations
approximate pressure correction equation
approximate linearized turbulence equations
approximate linearized concentration equation

while nT ≤ NT do
while (nout ≤ Nout,max) or (Rφ̂ ≤ Rφ̂,min) do

approximate adjoint momentum equations
approximate adjoint pressure correction equation
approximate adjoint concentration equation



4.2 Discrete Adjoint Two-Phase Flow

4.2.2 Spatial Approximation

The governing adjoint Eqns. (4.16)-(4.18) can be expressed in a generic residual expression
for a conserved adjoint quantity φ̂∗, viz.

R∗φ̂ = −∂ φ̂
∗

∂ t∗
− ∂ v∗k φ̂

∗

∂ x∗k
− ∂

∂ x∗k

(
µ∗φ̂∂ φ̂

∗

∂ x∗k

)
− q∗φ̂ = 0 . (4.68)

In contrast to the primal counterpart (2.63), the signs of the parabolic operators have
changed. Using the FV method, the equation is treated in a weak form for each CV

∫

∆Ω∗(P)
R∗φ̂ dΩ∗ =

∫

∆Ω∗(P)

[
−∂ φ̂

∗

∂ t∗
− q∗φ̂

]
dΩ∗

+

∮

Γ∗(∆Ω∗(P))

[
−v∗k φ̂∗ −

(
µ∗φ̂∂ φ̂

∗

∂ x∗k

)]
nk dΓ

∗ = 0 . (4.69)

All spatial integrals are approximated based on the second-order accurate mid-point rule
and spatial gradients follow from second-order CDS as described in Sec. 2.2.3. However,
the interpolation of face values is crucial to the integration of fluxes and will be discussed
in Sec. 4.2.4 and 4.2.5.

4.2.3 Temporal Approximation

Temporal integrals over adjoint quantities solely occur during the theoretical derivation of
the adjoint system and follow the primal procedure, cf. Eqn. (2.71). Temporal derivatives
in terms of an implicit BE approximation follow from the spatial and temporal approxi-
mation of the first-order accurate primal BE stencil for each control volume P (cf. Eqn.
(2.64) and (2.72)) based on a constant time step size

L∗ = ...+

∫ ∫
φ̂∗∂ φ

∗

∂ t∗
dΩ∗ dt∗ + ...

→ L∗ ≈ ...+
∑

T

∑

P

[
φ̂∗Tφ

∗T − φ∗T−1

∆t∗
∆Ω∗

]P
∆t∗ + .... . (4.70)

In line with the spatial discretization of the primal quantity φ∗, its corresponding La-
grangian multiplier φ̂∗ is approximated as a cell-centered quantity with second-order ac-
curacy also. To clarify the summation by parts character, three intermediate time slices
are further investigated, viz.

L∗ ≈ ...+
∑

P

[
φ̂∗T−1

[
φ∗T−1 − φ∗T−2

]
∆Ω∗

]P

+
∑

P

[
φ̂∗T

[
φ∗T − φ∗T−1

]
∆Ω∗

]P

+
∑

P

[
φ̂∗T+1

[
φ∗T+1 − φ∗T

]
∆Ω∗

]P
+ ... , (4.71)
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where the temporal increment ∆t∗ cancels due to the employed temporal integration. A
variation of L∗ and a subsequent isolation of all time-variations yields

δφL
∗ · δφ∗ ≈ ...−

∑

P

[
δφ∗T−1

[
φ̂∗T − φ̂∗T−1

]
∆Ω∗

]P

−
∑

P

[
δφ∗T

[
φ̂∗T+1 − φ̂∗T

]
∆Ω∗

]P

−
∑

P

[
δφ∗T+1

[
φ̂∗T+2 − φ̂∗T+1

]
∆Ω∗

]P
− ... !

= 0 ∀ δφ∗(·) . (4.72)

This allows to rewrite (4.70) and thus reach the adjoint BE stencil from the central line

δφL
∗ · δφ∗ = ...−

∫ ∫
δφ∗ ∂ φ̂

∂ t∗
dΩ∗ dt+ ...

→ δφL
∗ · δφ∗ ≈ ...−

∑

T

∑

P

[
δφ∗T φ̂

∗T+1 − φ̂∗T

∆t∗
∆Ω∗

]P
∆t∗ + .... . (4.73)

In line with its primal companion, the adjoint BE approximation is first-order accurate.
The procedure works analogously for the ITTL approach, but is not applied in the context
of this thesis.

4.2.4 Adjoint Algebraic Equation System

The employed FV approximation of (4.69) yields a discrete system of size NP×NP, where
each line corresponds to a particular CV-balance

A∗φ̂,Pφ̂∗P −
∑

NB(P)

A∗φ̂,NBφ̂∗NB = S∗φ̂,P . (4.74)

Each discrete quantity also varies in time (T) as well as per outer-iteration (M). For rea-
sons of readability, the last two incremented indices (M,T) are suppressed if not needed,
viz. φ̂∗P ≡ φ̂∗P,M,T and S∗φ̂,P ≡ S∗φ̂,P,M,T. The preceding part of this section presents
the discrete translation of the individual terms in (4.69) which contribute to (4.74). The
resulting adjoint system matrix should render the same properties as its primal companion
to support a stable solution process and physically realistic solutions, i.e. positive coeffi-
cients A∗P , A∗NB > 0 and a diagonal dominance of the matrix A∗P ≥∑A∗NB. Once the
discrete relation is assembled, an under-relaxation is employed

A∗φ̂,P → A∗φ̂,P

ωφ̂
and S∗φ̂,P ←

(
1− ωφ̂

)
A∗φ̂,P

ωφ̂
˜̂φ
∗P
, (4.75)

where ˜̂φ
∗P

follows from the previous outer iteration. Related parameters are case specific
and usually employ half of the primal relaxation values due to the stronger coupling of the
adjoint system and the related challenges for a segregated procedure. Hence, typical values
refer to, e.g., ωv̂i = 0.3 and ωĉ = 0.1. In line with its primal companion, the approximation
of the adjoint pressure is tailored to employ ωp̂ = 1.0 and its relaxation is realized within
the actual adjoint velocity-pressure coupling routine that usually employs ω̃p̂ = 0.1.
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Transient Contributions based on the implicit adjoint BE approximation (4.73) result
in the following contributions to the main diagonal and the r.h.s.

A∗φ̂,P,T ← ∆Ω∗P

∆t∗
and S∗φ̂,P,T ← ∆Ω∗P

∆t∗
φ̂∗P,T+1 . (4.76)

FUUU FUU FU FD FDD FDDD

UUU UU U D DD DDD

P-2 P-1 P P+1 P+2 P+3

F-3 F-2 F-1 F F+1 F+2 F+3

V ∗
x∗1

φ∗ φ̂∗

Figure 4.2: Schematic one-dimensional sketch for the approximation of biased
([...,UU,U,D, ...]-based) and unbiased ([...,P− 1,P,P + 1, ...]-based) ad-
joint operators.

Convective Contributions of adjoint quantities are characterized by their directional in-
formation transport in reversed mode compared to the primal velocity field. Following the
primal approximation, the convective flux is formulated in terms of a volume flux across the
face F times the transported field quantity on the face. Upwind biased formulae are em-
ployed that account for the directional information transport and the discrete Lagrangian
based on (2.79) reads

L∗ = ...+

∫ ∫
φ̂∗∂ v

∗
k φ

∗

∂ x∗k
dΩ∗ dt∗ + ...

→ L∗ ≈ ...+
∑

T

∑

P

φ̂∗P
∑

F(P)

V̇ ∗F[φ∗U +DC∗C,φ,F]∆t∗ + ... . (4.77)

A first-order accurate UDS V̇ ∗Fφ∗U := max(V̇ ∗F, 0)φ∗P + min(V̇ ∗F, 0)φ∗NB is implicitly
considered followed by an explicit DC that accounts for high-order contributions. An
expansion of the implicit UDS contribution around the cell P in Fig. 4.2 for one exclusive
time step T reads

L∗ ≈ ...+φ̂∗UU

[
V̇ ∗FUφ∗UU − V̇ ∗FUUφ∗UUU

]

+φ̂∗U
[
V̇ ∗F φ∗U − V̇ ∗FU φ∗UU

]

+φ̂∗D
[
V̇ ∗FDφ∗D − V̇ ∗F φ∗U

]
+ ... (4.78)

and allows for a variation of the generic transport variable as well as the volume flux.
Whereas the former offers a discrete approximation strategy for the convective transport
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of φ̂∗, the latter yields the advective ATC contribution immanent to the adjoint momen-
tum balance. The variation of the transported quantity in (4.78) allows for a re-ordered
expression that finally offers the discrete adjoint approximation scheme, viz.

δφL
∗ · δφ∗ ≈ ...−δφ∗UU

[
− V̇ ∗FUUφ̂∗UU + V̇ ∗FUφ̂∗U

]

−δφ∗U
[
− V̇ ∗FU φ̂∗U + V̇ ∗F φ̂∗D

]

−δφ∗D
[
− V̇ ∗F φ̂∗D + V̇ ∗FDφ̂∗DD

]
− ... !

= 0 ∀ δφ∗(·) . (4.79)

An intermediate step employs the local continuity equation, i.e.
∑

F (P )−min(V̇ ∗F, 0) =∑
F (P )max(V̇ ∗F, 0) , cf. word of caution below (2.83). A color marking indicates the mir-

rored character of the rearrangement. First-order optimality conditions finally yield the
adjoint approximation, i.e. the central line corresponds to the following DDS approxima-
tion

V̇ ∗Fφ̂∗D := min
(
V̇ ∗F, 0

)
φ̂∗P +max

(
V̇ ∗F, 0

)
φ̂∗NB . (4.80)

The adjoint complement to primal high-order contributions follows the same principle
and is analogously incorporated into a DC term, so that the rearranged variation of the
Lagrangian finally reads

δφL
∗ · δφ∗ = ...−

∫ ∫
δφ∗

[
∂ v∗k φ̂

∗

∂ x∗k

]
dΩ∗ dt∗ + ...

→ δφL
∗ · δφ∗ ≈ ...−

∑

T

∑

P

δφ∗P
∑

F(P)

V̇ F
[
φ̂∗D +DC∗C,φ̂,F]∆t∗ + ... . (4.81)

The DC contribution optionally accounts for high-order contributions as a supplement
to the DDS part. Stück [2012] presented an adjoint MUSCL-scheme that scrambles the
nonlinearities into a damping function ψ based on a local (dual) sensor r̂, viz.

V̇ ∗F DC∗C,φ̂,F =
V̇ ∗F

4

[
(1 + κ)

(
φ̂∗U − φ̂∗D)ψ (r̂) + (1− κ)

(
φ̂∗D − φ̂∗DD

)
ψ

(
1

r̂

)]

and r̂ =
φ̂∗D − φ̂∗DD

φ̂∗U − φ̂∗D . (4.82)

Equation (4.82) reveals a mirrored approximation compared to its primal complement
(2.82) and offers a generic way to account for various baseline adjoint convection schemes
based on the constant κ ∈ [−1, 1]. The preferred choice in this thesis is the third-order
Quadratic Downwind Interpolation of Convective Kinematics (QDICK) scheme which
refers to κ = 0.5. Other popular schemes supported by (4.82) are the self adjoint central
differencing (κ = 1) scheme as well as the Linear Downwind Differencing (κ = −1) scheme
(LDDS). On unstructured grids, the φ̂∗DD value is not explicitly available and reconstructed
with second-order accurate central differences, viz. φ̂∗DD ≈ φ̂∗U − 2 d∗Fi (∂ φ̂∗D/∂ x∗i ), cf.
Fig. 2.4. The nonlinear TVD/NVD functions are particularly unpleasant w.r.t. their
corresponding adjoint operators as they produce unfavorable derivatives and potential
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nonlinearities. As a consequence, they are not differentiated in the adjoint calculus and
considered to be frozen, cf. Stück [2012], Stück and Rung [2013], Kröger [2016], Kröger
et al. [2018], Manzke [2018]. A major contribution of this work is concerned with adjoint
NVD schemes dedicated to the convective transport of the concentration c in conjunction
with VoF approaches. The derivation is presented separately in Sec. 4.2.5.
The convective contributions to (4.74) read

A∗φ̂,P ←
∑

F(P)

max
(
V̇ ∗F, 0

)
, A∗φ̂,NB ← max

(
V̇ ∗F, 0

)
, S∗φ̂,P ← −

∑

F(P)

V̇ ∗FDC∗C,φ̂,F ,

(4.83)

where all high-order contributions are implemented explicitly. For the transport of density-
weighted adjoint field quantities, e.g. the linear adjoint momentum φ̂∗

i = ρ∗ v̂∗i , the volume
flux is replaced by a mass flux, viz. V̇ ∗F → ṁ∗F = [ρ∗ v∗k ∆Γ∗

k]
F.

Diffusive Contributions follow from an unbiased information transport in primal mode
that has been fractioned into an implicit part and an explicit deferred correction, cf. (2.84).
The corresponding discrete Laplacian reads

L∗ = ...+

∫ ∫
φ̂∗ ∂

∂ x∗k

[
µ∗φ∂ φ

∗

∂ x∗k

]
dΩ∗ dt∗ + ...

→ L∗ ≈ ...+
∑

T

∑

P

φ̂∗P
∑

F(P)

[µ∗φ∆Γ∗]F
[
φ∗NP − φ∗P

||dFk
∗||αn

+DC∗D,φ,F
]
∆t∗T + ... . (4.84)

The implicit part of (4.84) is expanded on the 1D-grid depicted in Fig. 4.2 for one exclusive
time step, viz.

L∗ ≈ ...+φ̂∗P−1

[[
µ∗φ∆Γ

||dk||αn

]F−1[
φ∗P − φ∗P−1

]
+

[
µ∗φ∆Γ

||dk||αn

]F−2[
φ∗P−2 − φ∗P−1

]]

+φ̂∗P
[[

µ∗φ∆Γ

||dk||αn

]F [
φ∗P+1 − φ∗P

]
+

[
µ∗φ∆Γ

||dk||αn

]F−1[
φ∗P−1 − φ∗P

]]

+φ̂∗P+1

[[
µ∗φ∆Γ

||dk||αn

]F+1[
φ∗P+2 − φ∗P+1

]
+

[
µ∗φ∆Γ

||dk||αn

]F [
φ∗P − φ∗P+1

]]
+ ... .

(4.85)

A variation of (4.85) followed by an isolation of all discrete variations reveals

δφL
∗ · δφ∗ ≈ ...+δφ∗P−2

[[
µ∗φ∆Γ

||dk αn||

]F−1[
φ̂∗P − φ̂∗P−1

]
+

[
µ∗φ∆Γ

||dk αn||

]F−2[
φ̂∗P−2 − φ̂∗P−1

]]

+δφ∗P
[[

µ∗φ∆Γ

||dk αn||

]F [
φ̂∗P+1 − φ̂∗P

]
+

[
µ∗φ∆Γ

||dk αn||

]F−1[
φ̂∗P−1 − φ̂∗P

]]

+δφ∗P+1

[[
µ∗φ∆Γ

||dk αn||

]F+1[
φ̂∗P+2 − φ̂∗P+1

]
+

[
µ∗φ∆Γ

||dk αn||

]F [
φ̂∗P − φ̂∗P+1

]]
+ ...

!
= 0 ∀ δφ∗(·) . (4.86)
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A color marking indicates the symmetrical character of the rearrangement. First-order
optimality conditions finally yield the adjoint approximation. Due to the self adjoint nature
of diffusion, (4.86) resembles its primal (CDS) complement. Together with µ∗φ → µ∗φ̂, the
discrete Lagrangian reads

δφL
∗ · δφ∗ = ...+

∫ ∫
δφ∗

[
∂

∂ x∗k

[
µ∗φ̂∂ φ̂

∗

∂ x∗k

]]
dΩ∗ dt∗ + ...

→ δφL
∗ · δφ∗ ≈ ...+

∑

T

∑

P

δφ∗P
∑

F(P)

[
µ∗φ̂∆Γ∗]F

[
φ̂∗NP − φ̂∗P

||dFk
∗||αn

+DC∗D,φ,F
]
∆t∗T + ... ,

(4.87)

and the following diffusive contributions to (4.74) are

A∗φ̂,P ←
∑

F(P)

[
µ∗φ̂ ∆Γ∗

||d∗k||αn

]F
, A∗φ̂,NB ←

[
µ∗φ̂ ∆Γ∗

||d∗k||αn

]∗F
and S∗φ̂,P ← −

∑

F(P)

DC∗D,φ̂,F .

(4.88)

Although not symmetric on non-equidistant, unstructured grids, the primal non-orthogonality
correction is reused in adjoint mode. Note that the DC contribution tends to zero for per-
fectly orthogonal grids.

Sources and Sinks are considered as explicit contributions to the r.h.s. using the mid-
point rule (2.64). A consistent implementation follows the hybrid adjoint strategy from
before and can be generalized to

S∗φ̂,P ←
[
q∗φ̂∆Ω∗]P . (4.89)

The explicit contributions to the r.h.s. differ strongly from the respective considered equa-
tion, e.g., q∗v̂i,P = −[ĉ∗(∂ c/∂ x∗i )]P introduces the adjoint two-phase information into the
adjoint momentum balance. The expression is almost zero in the complete field except a
small regime along the interfacial region. Hence, this formulation is comparably robust
and thus the preferred choice. Mind that the product of primal and adjoint concentration
introduces the two-phase information to the adjoint velocity field, which in turn enters the
sensitivity derivative (4.44). A robust and consistent approximation of this term is crucial,
since a neglection resembles a frozen concentration approach. As already discussed in Sec.
2.1.4, the interpolation of fluid data from the concentration distribution does not follow
from a physical conservation equation but rather represents a basic modeling assumption.
Due to the vivid character of the concentration field, a manipulation possibility of the
adjoint momentum source arises. Adding a constant value to the primal concentration
gradient, viz. ∂ (c− αc)/∂ x∗i = ∂ c/∂ x∗i , followed by integration by parts shifts the gradi-
ent from the primal field to its adjoint companion. In line with the hybrid adjoint strategy,
one ends up with the following approximation

S∗v̂i,P ←
[
(c− αc)

∂ĉ∗

∂x∗i
∆Ω∗

]P
(4.90)

which, however, features further boundary fluxes. Thus, it is possible to shift the active
region of the adjoint concentration within the adjoint momentum equation via a formal
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4.2 Discrete Adjoint Two-Phase Flow

re-definition of ca → ca−αc and cb → cb+αc. Reasonable values refer to αc = 0 (αc = 1) to
activate the term in the foreground (background) phase a (b). To obtain a consistent dual
formulation, the four source/sink terms on the r.h.s. of the adjoint concentration equation
experience a sign change as well, since c∆ = ca − cb = 1 → −1 = ca − cb − 2αc = c∆, cf.
Eqn. (2.6). However, Eqn. (4.90) refers to an unpreferred advective formulation and is
employed for V&V purposes only.

Pressure Determination

The adjoint pressure-velocity coupling follows a modified version of the SIMPLE pres-
sure correction algorithm, referred to a Semi-Implicit Method for adjoint Pressure-Linked
Equations (SIMadPLE). At first, an adjoint velocity distribution ˜̂v

∗
i is determined from

the discretized adjoint momentum equations using an estimated adjoint pressure ˜̂p
∗
. Usu-

ally, these adjoint velocities do not satisfy the discrete adjoint continuity equation and
the resulting discrete adjoint continuity defect of each CV, e.g.,

∑
F(P)[

˜̂v
∗
i Γ

∗
i ]

F− [s∗p̂∆Ω∗]P,
is used to compute a correction of the estimated adjoint pressure in an iterative proce-

dure, e.g., ˜̂p
∗P ← p̂′∗P . A combination of the discretized adjoint momentum (in reduced

form) and adjoint continuity yields the inherently discrete adjoint pressure correction equa-
tion. The algebraic adjoint pressure correction scheme features only discretized diffusive
fluxes and r.h.s contributions. The former are assembled in line with Eqn. (4.84) using

µ∗p̂,P =
[
∆Ω∗/A∗v̂i

]P
and respective face values follow from a linear interpolation. The

r.h.s. inheres the actual continuity defect, viz.

S∗p̂′,P ←
∑

F(P)

[
˜̂v
∗
i∆Γ∗

i

]F
. (4.91)

The adjoint pressure update involves an under-relaxation ˜̂p
∗P ← ω̃p̂′ p̂′∗P that usually em-

ploys ω̃p̂′ = 0.1. In line with the primal procedure, the odd-even decoupling problem of
the co-located variable arrangement is suppressed with a fourth-order artificial dissipation
term on the r.h.s of the continuity equation, cf. Rhie and Chow [1983].

4.2.5 Adjoint Compressive Interface Capturing Schemes

In Sec. 2.2.7, two prominent primal compressive convection schemes were introduced based
on the NVD diagram, cf. Fig. 2.5. The adjoint consideration starts with the normalization
based on all relevant cell quantities around F, viz.

ĉn =
ĉ∗ − ĉ∗DD

ĉ∗U − ĉ∗DD
→ ĉUn = 1, ĉDD

n = 0 and ĉUn ≥ ĉDn ≥ ĉDD
n , (4.92)

where a mirrored normalization of the adjoint face value ĉn around the face F is anticipated.
The discussion originates in the discrete analogue to the continuous Lagrangian for the
transported property c, viz.

L∗ = ...+

∫ ∫
ĉ∗v∗k

∂c

∂x∗k
dΩ∗ dt∗ + ...

→ L∗ ≈ ...+
∑

T

∑

P

ĉ∗P
∑

F(P)

V̇ ∗F[c∗U +DC∗C,c,F]∆t∗ + ... . (4.93)
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4 Adjoint Flow

The investigated approaches differ in the approximation of cF = c∗U +DC∗C,c,F only. This
will be explored in more detail below.

Adjoint High Resolution Interface Capturing (adHRIC)

The continuous adjoint system is derived for quasi steady cases or simulations over an
integration within a pseudo-time. Thus, after the primal integration until convergence,
the discrete Courant number distribution as well as concentration distribution are known.
Based on the primal HRIC scheme (2.90), one can clearly decide how the value of each
face in Eqn. (4.93) is approximated. Algorithmically, one needs to decide between three
situations: 1) pure UDS, 2) pure DDS or 3) an interpolation between both based on CoF.

Therefore, the derivation of the adjoint HRIC scheme needs to be done for all scenarios
in the last case distinction within the primal procedure (2.90), viz. cF,3n = 2cUn , c

F,3
n = 1

as well as cF,3n = cUn . As already shown, a primal UDS yields an adjoint DDS schemes.
The relation can be inverted directly. Hence, only the adjoint to cF,3n = 2cUn is derived
exemplary. Based on Eqn. (2.89), the expression can be casted to cF,3 = 2cU − cUU and
the discrete Lagrangian (4.93) is expanded for the control volumes UU, U, D and DD (cf.
Fig. 4.2) at one exclusive time step, viz.

L∗ ≈ ...+ ĉ∗UU
[
V̇ ∗F−1

(
2cUU − cUUU

)
− V̇ ∗F−2

(
2cUUU − cUUUU

)]

+ ĉ∗U
[
V̇ ∗F (

2cU − cUU
)
− V̇ ∗F−1

(
2cUU − cUUU

)]
(4.94)

+ ĉ∗D
[
V̇ ∗F+1

(
2cD − cU

)
− V̇ ∗F (

2cU − cUU
)]

+ ĉ∗DD
[
V̇ ∗F+2

(
2cDD − cD

)
− V̇ ∗F+1

(
2cD − cU

)]
+ ... .

A derivative of L∗ in concentration direction and a subsequent isolation of all variations
resembles the summation by parts characteristics. First-order optimality conditions finally
yield the adjoint face value, viz.

δcL
∗ · δc(·) ≈ ...− δcUU

[
V̇ ∗F−1

(
2ĉ∗U − ĉ∗D

)
− V̇ ∗F−2

(
2ĉ∗UU − ĉ∗U

)]

− δcU
[
V̇ ∗F (

2ĉ∗D − ĉ∗DD
)
− V̇ ∗F−1

(
2ĉ∗U − ĉ∗D

)]
(4.95)

− δcD
[
V̇ ∗F+1

(
2ĉ∗DD − ĉ∗DDD

)
− V̇ ∗F (

2ĉ∗D − ĉ∗DD
)]

− δcDD
[
V̇ ∗F+2

(
2ĉ∗DDD − ĉ∗DDDD

)
− V̇ ∗F+1

(
2ĉ∗DD − ĉ∗DDD

)]
+ ...

!
= 0 ∀ δc(·) .

The adjoint face value interpolation results in mirroring the primal stencil. For the un-
known face value within the adjoint HRIC scheme in Fig. 4.3, i.e. the first inner bracket
in Eqn. (4.95), one ends up with ĉ∗F = 2ĉ∗D − ĉ∗DD or ĉFn = 2ĉDn after applying the adjoint
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4.2 Discrete Adjoint Two-Phase Flow

normalization from Eqn. (4.92). Finally, the adjoint HRIC scheme to Eqn. (2.90) reads

ĉFn =

⎧
⎪⎨
⎪⎩

ĉF,2n : CoF < CoFl

ĉDn +
(
ĉF,2n − ĉDn

) CoFu−CoF

CoFu−CoFl
: CoFl ≤ CoF ≤ CoFu

ĉDn : CoF > CoFu

,

with ĉF,2n = γFĉF,3n +
(
1− γF

)
ĉDn ,

and ĉF,3n =

⎧
⎪⎨
⎪⎩

2ĉDn : ĉDn ∈ [0, 0.5]

1 : ĉDn ∈ [0.5, 1]

ĉDn : ĉDn ̸∈ [0, 1]

, (4.96)

where all upwind approximations are switched to downwind and vice versa.
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Figure 4.3: Sketch of the Normalized Variable Diagram (NVD) for two compressive con-
vection schemes: (a) Compressive Interface Capturing Scheme for Arbitrary
Meshes (CICSAM) and (b) High Resolution Interface Capturing Scheme
(HRIC) as well as their adjoint analogue (red).

Adjoint Compressive Interface Capturing Scheme for Arbitrary Meshes
(adCICSAM)

The normalized face value cFn within the CICSAM procedure is determined via a blending
between the HC and the UQ scheme, cf. Sec. 2.2.7. If HC is active, the first case switches
between DDS (cF,HC

n = 1) and UDS (cF,HC
n = cUn /Co

F). Thus, the adjoint to HC reads
(ĉF,HC

n = 1) or (ĉF,HC
n = ĉDn /Co

F). The delicate term refers to the first QUICK-like case
within the UQ scenario. A denormalization offers cF = [CoF + 3] cU/4 + [CoF− 1] cUU/8 +
[1− CoF] 3cD/8 or cF = 3/8 cD + 3/4 cU − 1/8 cUU for CoF → 0 and cF = cU for CoF → 1.
Again, the discrete Lagrangian (4.93) is constructed for the control volumes UU, U, D and
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4 Adjoint Flow

DD for one exemplary time step, cf. Fig. 4.3,

L∗ = ..+ ĉ∗UU
[
V̇ F−1

(
r cUU + s cUUU + t cU

)
− V̇ F−2

(
r cUUU + s cUUUU + t cUU

)]

+ ĉ∗U
[
V̇ F

(
r cU + s cUU + t cD

)
− V̇ F−1

(
r cUU + s cUUU + t cU

)]
(4.97)

+ ĉ∗D
[
V̇ F+1

(
r cD + s cU + t cDD

)
− V̇ F

(
r cU + s cUU + t cD

)]

+ ĉ∗DD
[
V̇ F+2

(
r cDD + s cD + t cDDD

)
− V̇ F+1

(
r cD + s cU + t cDD

)]
+ ... .

Here the coefficients r = [CoF + 3]/4, s = [CoF − 1]/8 and t = 3[1 − CoF]/8 are defined
to shorten the notation. In line with the adjoint HRIC derivation, a variation of L∗ and a
subsequent isolation of all variations yields

δcL
∗· δc(·) = ...

− δcUU
[
V̇ F−1

(
r ĉ∗U + s ĉ∗D + t ĉ∗UU

)
− V̇ F−2

(
r ĉ∗UU + s ĉ∗U + t ĉ∗UUU

)]

− δcU
[
V̇ F

(
r ĉ∗D + s ĉ∗DD + t ĉ∗U

)
− V̇ F−1

(
r ĉ∗U + s ĉ∗D + t ĉ∗UU

)]
(4.98)

− δcD
[
V̇ F+1

(
r ĉ∗DD + s ĉ∗DDD + t ĉ∗D

)
− V̇ F

(
r ĉ∗D + s ĉ∗DD + t ĉ∗U

)]

− δcDD
[
V̇ F+2

(
r ĉ∗DDD + s ĉ∗DDDD + t ĉ∗DD

)
− V̇ F+1

(
r ĉ∗DD + s ĉ∗DDD + t ĉ∗D

)]

− ... !
= 0 ∀ δc(·) .

For the unknown face value in Fig. 4.3 within the adjoint CICSAM scheme, i.e. the first
inner bracket in Eqn. (4.98), one obtains ĉ∗F = r ĉ∗D+s ĉ∗DD+ t ĉ∗U or ĉFn = 8CoFĉDn +(1−
CoF)(6ĉDn +3) after applying the adjoint normalization from Eqn. (4.92) where r+s+t = 1
is used. Thus, an adjoint formulation to the CICSAM scheme of Eqn. (2.91) reads

ĉFn = γFĉF,HC
n + (1− γF)ĉF,UQ

n

with ĉF,HC
n =

{
min

(
1, ĉDn

CoF

)
: 0 ≤ ĉDn ≤ 1

ĉDn : ĉDn ̸∈ [0, 1]

and ĉF,UQ
n =

⎧
⎨
⎩
min

(
ĉF,HC
n ,

8CoFĉDn +(1−CoF)(6ĉDn +3)
8

)
: 0 ≤ ĉDn ≤ 1

ĉDn : ĉDn ̸∈ [0, 1]
. (4.99)

Again, downwind and upwind are rigorously exchanged.

A Note on Additional Variational Contributions

Eqns. (2.90) as well as (2.91) inhere several implicit dependencies on the flow field, e.g. via
the local Courant number or the free surface orientation. These relationships adjust the
NVD evaluations and are kept frozen during the above mentioned derivation of the adjoint
HRIC and CICSAM schemes. This strategy was previously also used for the formulation of
an adjoint complement to higher-order convection schemes, e.g., TVD schemes, cf. Stück
and Rung [2013].

The implementation of the resulting mirrored HRIC/CICSAM approximations of the
adjoint convective concentration transport resembles the proposed DC strategy of the
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4.2 Discrete Adjoint Two-Phase Flow

primal companion schemes, i.e. DC∗C,ĉ,F for each face value, viz.

δcL
∗ · δc = ...−

∫ ∫
δc

[
v∗k
∂ĉ∗

∂x∗k

]
dΩ∗ dt∗ + ...

→ δcL
∗ · δc ≈ ...−

∑

T

∑

P

δc∗P
∑

F(P)

V̇ ∗F[ĉ∗D +DC∗C,ĉ,F]∆t∗ + ... . (4.100)

Note that the adjoint concentration equation has little in common with its primal coun-
terpart, e.g. several source terms occur, which results in further pseudo-time step require-
ments.

4.2.6 Adjoint Boundary Conditions

The adjoint boundary conditions summarized in Tab. 4.1 are mathematically grouped into
conditions of either Dirichlet or Neumann type that provide either a fixed boundary value
or gradient, respectively, viz.

φ̂∗B = const. and
∂ φ̂∗

∂ n∗

⏐⏐⏐⏐
∗B
≈ φ̂∗P − φ̂∗B

||d∗Bi ||
= const. . (4.101)

Analogous to the primal discussion, vectors and tensors are distinguished into tangential
and normal components, e.g. [t̂∗i = v̂∗i − (v̂∗k nk)ni] in tangential direction and [(v̂∗k nk)ni]
in the direction of the normal. Since the adjoint momentum equation strongly resembles
the primal counterpart, a free-cutting analogy is again employed. Splitting the adjoint
boundary forces into tangential and normal adjoint traction denoted by ti = t̂∗i /∥t̂∗i ∥ as
well as ni and additionally assuming negligible curvature, one obtains

σ̂∗B
i =

[
µ∗v̂i

(
∂ v̂∗t
∂ n∗ +

∂ v̂∗n
∂ t∗

)]B
ti +

[
2µ∗v̂i ∂ v̂

∗
n

∂ n∗ − p̂
∗
]B

ni . (4.102)

Along the inlet, the adjoint velocity vector and the adjoint concentration field are pre-
scribed. A zero normal gradient is assumed for the adjoint pressure. Along the symmetry
planes and slip walls, scalar field values (p̂∗, ĉ∗) are also subjected to zero normal gra-
dients. The normal component of the adjoint velocity is suppressed and the tangential
adjoint velocity components are extrapolated with zero-order accuracy from the field onto
the symmetry plane. Therefore, the tangential adjoint force in (4.102) vanishes and only
the normal component remains,

σ̂∗S
i =

[
2µ∗v̂i ∂ v̂

∗
n

∂ n∗ − p̂
∗
]
ni . (4.103)

The adjoint pressure is extrapolated with zero-order accuracy. No slip wall conditions
employ a free-cutting concept that replaces the adjoint free forces acting on the wetted
body by an adjoint closure model, while assuming negligible local wall curvature. Due to
the prescribed adjoint wall velocity, the adjoint pressure is extrapolated with zero-order
accuracy from the field to the wall. The corresponding adjoint wall force involves adjoint
shear and adjoint pressure components, i.e.

σ̂∗W
i = µ∗v̂i ∂ v̂

∗
t

∂ n∗ ti − p̂
∗ ni . (4.104)
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Appropriate models to close the adjoint wall shear, i.e. the effective viscosity µ∗v̂i , either
refer to adjoint complements to unidirectional shear flows, applicable in the laminar or
turbulent low-Re studies, or an adjoint wall function strategy valid for high-Re turbulent
flow studies. Both relate to the wall tangential projection of the adjoint velocity in the
wall adjacent CV and only differ in the value of µ∗v̂i , cf. Eqn. (4.52), which simplifies the
implementation. As outlined below and in line with the primal procedure, these boundary
conditions result in a manipulation of the convective and the diffusive boundary flux, cf.
Fig. 2.3 (b), along the face of the boundary adjacent interior control volume.

Convective fluxes follow from (4.81) as well as (4.83) and consequently reverse their
primal implementation (2.96). They involve an implicit first-order DDS approximation
which reveals

A∗φ̂,P ← max
(
V̇ ∗B, 0

)
. (4.105)

One only needs to distinguish whether, as well as in which direction (inflow vs. outflow) a
convective adjoint transport occurs.

• Inlet conditions refer to an outflow (−v∗Ik ) of the domain as well as the boundary
adjacent CV and therefore a positive volume flux V̇ ∗B = v∗Ik ∆Γ∗B

k enters (4.105).

• Prescribed pressure outlet conditions are characterized by zero entries to the
coefficient matrix, due to the inward directed negative flux V̇ ∗B.

• Symmetry and no-slip / slip wall boundary conditions suppress a convective
transport over the boundary via V̇ ∗B = 0. Since the convective flux is suppressed
along the boundary, no convective contributions to the r.h.s. or the coefficient matrix
occur for this face.

Diffusive fluxes follow from (4.88) and resemble their primal complement (2.97) due to
the self-adjoint nature, viz.

A∗φ̂,P ←
[
µ∗φ̂∆Γ∗

||d∗k||αn

]B
and S∗φ̂,P ←

[
µ∗φ̂∆Γ∗

||d∗k||αn
]B
φ̂∗B . (4.106)

• Inlet boundaries are characterized by Dirichlet conditions for all adjoint quantities
except the adjoint pressure. Due to the zero gradient adjoint pressure condition,
diffusive contributions (4.106) are suppressed, which provides an implicit condition.
The diffusive flux of all other adjoint variables follows from (4.106) based on the
given inlet φ̂∗B = φ̂∗I quantities from Tab. 4.1. If the adjoint momentum equations
are assembled, further explicit contributions are added to supplement the complete
adjoint strain rate tensor. Similarly, the adjoint pressure is extrapolated with zero-
order to the boundary to complete the normal adjoint force on this face.

• Prescribed pressure outlet boundary conditions employ zero gradients for the
adjoint velocity (∂ v̂∗Bi /∂ n∗ = 0). These contributions are not considered for φ̂∗ ̸=
p̂∗, ĉ∗, since φ̂∗B = φ̂∗P eliminates the sum of all contributions to (4.106). The adjoint
pressure and concentration are assigned to constant Dirichlet conditions along the
outlet, e.g. p̂∗B = p̂∗out and ĉ∗B = ĉ∗out, which enter (4.106).
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• Symmetry and slip-wall boundary conditions do suppress the wall normal gradi-
ent of the scalar properties. Hence, all contributions to (4.106) are suppressed for
φ̂∗ = ĉ∗, p̂∗. Moreover, no adjoint shear stress is transmitted due to the symmetry
∂ v̂∗t /∂ n

∗ = 0 as well as the no-penetration condition ∂ v̂∗n/∂ t
∗ = 0 and considered

adjoint forces reduce to
[
2µ∗v̂i(∂ v̂∗n/∂ n

∗)− p̂∗
]B
ni, cf. Eqns. (4.102) and (4.103),

which requires to extrapolate the adjoint pressure as well as to consider a source for
the adjoint momentum equations, viz.

A∗v̂i,P ← 0 and S∗v̂i,P ←
[
µ∗v̂i ∆Γ

||d∗k||αn
]B

2
[
(v̂∗Bk − v̂∗Pk )nB

k

]
nB
i . (4.107)

A symmetry plane always employs v̂∗Bi = v̂∗Si = 0.

• No-Slip Wall boundary conditions suppress the wall normal gradient of adjoint
pressure as well as adjoint concentration and contributions to (4.106) are again sup-
pressed for φ̂∗ = ĉ∗, p̂∗. Adjoint viscous shear and pressure forces acting on a wall
follow from (4.104), viz. µ∗v̂i∂ v̂∗t /∂ n

∗ti− p̂∗ ni. They require to extrapolate the pres-
sure and yield the following changes to the discrete adjoint momentum equations

A∗v̂i,P ←
[
µ∗v̂i ∆Γ

||d∗k||αn
]B

and S∗v̂i,P ←
[
µ∗v̂i ∆Γ

||d∗k||αn
]B ([

(v̂∗Bk − v̂∗Pk )tBk
]
tBi + v̂∗Pi

)
.

(4.108)

Note that adjoint studies often involve moving walls, e.g. v̂Bi = v̂Wi = −ri, cf. Tab
4.1. The approach is generic and allows for the manipulation of the actual wall shear
in line with the adjoint complement to the universal LoW for momentum, cf. Sec.
4.1.7 and 4.3.3.

4.2.7 Stability of the Adjoint Approximation

During the approximation of the primal VoF equation, its main diagonal coefficient of
the system matrix is affected if the approximation of the convective term switches locally
from UDS to DDS. Using a first-order BE discretization of D c/D t∗ = 0 yields the main
diagonal entry for upwind and downwind interpolation of cF from Eqn. (2.104). The primal
time step size must be chosen to comply with a sufficiently small Courant number in-
order to preserve diagonal dominance. The primal time step dependence can be efficiently
circumvented if a sub-cycling strategy is employed to the temporal forward integration,
cf. Ubbink and Issa [1999], Manzke et al. [2012] or Sec. 2.2.10. In adjoint mode, the
compressive convection schemes switch from DDS to UDS along the critical interfacial
region. A closer look at the main diagonal coefficient of −D ĉ∗/Dt∗ = 0 reveals a similar
observation compared to the primal discretization,

−
[
ĉ∗P,T+1 − ĉ∗P,T

∆t∗

]
∆Ω∗ −

∑

F(P)

V̇ ∗F,Tĉ∗F,T = 0

→ A∗ĉ,P,T =
∆Ω∗

∆t∗
−
∑

F(P)

⎧
⎨
⎩
min

(
V̇ ∗F,T, 0

)
: DDS

max
(
V̇ ∗F,T, 0

)
: UDS

. (4.109)

125



4 Adjoint Flow

Mind that the r.h.s. of Eqn. (4.17) is not zero and inheres several source/sink terms which
are independent of ĉ∗. In contrast to downwinding during the primal integration, an upwind
interpolation of the adjoint face value ĉ∗F weakens the main diagonal. Thus, the adjoint
backward integration facilitates a sub-cycling procedure for the dual concentration equation
also, as schematically coded in Alg. (5). Basically, the primal/dual time step sizes as well as
the number of sub-cycles do not have to match. Nevertheless, coincidence of time step size
and sub-cycles yield an adjoint simulation that is always UDS-stable at cells and faces that
are primal DDS-stable. Time accuracy is not required from the intermediate temporary
solutions of the primal/dual flow fields which in turn greatly simplifies the approach. Time
stepping can thus be interpreted as a relaxation during the numerical integration and is
solely used to ensure/improve the stability of the segregated algorithm. Moreover, no
formal consistency demands arise w.r.t. discretization and evaluation of the primal/dual
unsteady terms, e.g., different time step stencils and sizes are valid. Algorithmically,
however, the adjoint solver should know the primal Courant number distribution in order
to consistently invert the primal NVD board, e.g., switch from UDS to DDS and vice versa.
When attention is directed to practical marine engineering applications, the computa-

tional effort associated with time stepping of compressive primal approximations is sub-
stantial. The stability criteria for the adjoint CH-VoF system are similar due to a slightly
negative apparent viscosity along the phase transition regime, cf. Sec. 2.2.10. How-
ever, since various additional coupling terms are on the r.h.s. of the adjoint concentration
equation, significantly smaller pseudo-time steps and relaxation parameters are usually em-
ployed. As a consequence, adjoint CH-VoF studies frequently employ a spatially constant
(positive) diffusivity that follows from the estimated primal under-resolved flow model.
The complete discrete procedure to obtain the adjoint-based shape derivative is docu-

mented in Alg. 5.
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4.2 Discrete Adjoint Two-Phase Flow

Algorithm 5: (Pseudo) temporal integration of the primal and adjoint two-phase
system based on a sub-cycling approach for the computation of the shape derivative
(4.58) or (4.64).

while nT ≤ NT do
while (nout ≤ Nout,max) or (Rφ ≤ Rφ,min) do

approximate linearized momentum equations
approximate pressure correction equation
approximate linearized turbulence equations

∆t∗ = ∆t∗/N
for sub-cycle=1,N do

approximate linearized concentration equation

∆t∗ = ∆t∗N

while nT ≤ NT do
while (nout ≤ Nout,max) or (Rφ̂ ≤ Rφ̂,min) do

approximate adjoint momentum equations
approximate adjoint pressure correction equation

∆t∗ = ∆t∗/N
for adSub-cycle=1,N do

approximate adjoint concentration equation

∆t∗ = ∆t∗N

compute shape derivative (4.58) or (4.64)

127



4.3 Adjoint Flow Verification

After the adjoint equations have been derived and subsequently discretized, the discrete
adjoint numerical model is verified. This is done based on the three test cases already
studied for primal verification purposes, cf. Sec. 2.3. Regarding the definition of V&V,
this thesis follows the route suggested by the AIAA as sketched at the beginning of Sec.
2.3. The discrete approximation of a continuous adjoint equation can be likewise verified
utilising, e.g., analytical or generalized solutions. However, the connection between an
adjoint result and the real world might be questionable, which is why the definition of
V&V is rephrased in adjoint mode, and each approach tries to answer if

• Verification: the adjoint equations are solved correctly. As indicated before, this can
be checked on the basis of analytical or generalized solutions.

• Validation: the correct adjoint equations are solved. Since the fundamental motiva-
tion of the underlying adjoint investigations refers to a derivative determination of
an objective functional w.r.t. a shape, the question of the derived adjoint equations’
correctness can be validated against alternative methods for the shape derivative
estimation. Prominent alternatives are the direct methods from Sec. 3.1.1 that ex-
amine the agreement of the shape derivative integrand s∗, cf. Eqns. (4.44), (4.58)
and (4.64). Such approaches are referred to as a local validation. Alternatively, the
adjoint-based shape derivative can also be validated globally by comparing the in-
tegrated sensitivity derivative or even performing complete optimization studies of
possibly divergent adjoint formulations under identical optimization conditions. In
any case, a descent direction should be obtained when a minimum is sought.

To verify the adjoint implementation against simplified or generalized solutions, such
benchmark problems and their solutions must first be derived. This in turn is associ-
ated with a small validation exercise: Since the physical relationships on the primal side
are often comparatively complex, adjoint benchmark problems and their continuous ad-
joint solutions can be derived pursuing different approaches, i.e. the simplify-and-derive
or the derive-and-simplify approach. An agreement between both results should reveal
formal correctness.

4.3.1 Adjoint Laminar (Blasius) Boundary-Layer Equation

The adjoint b.-l. equations can be derived in two ways, following either a derive-and-
simplify or a simplify-and-derive strategy. In both cases the derivation step starts with
the definition of a surface- [volume-] based objective functional jΓ [jΩ] that allows for
the construction of an augmented objective as already done at the beginning of Cha. 4.
Following the derive-and-simplify route, one first obtains the adjoint Eqns. (4.16)-(4.18).
Assuming a single-phase flow, the adjoint equations resemble their primal companion aug-
mented by an additional cross coupling term, frequently labeled as ATC, due to the non-
linearity of the primal convective momentum transport. The term might disappear for
compressible flows, cf. Soto and Löhner [2004]. Nevertheless, the ATC terms are fre-
quently also neglected in incompressible formulations due to the related impairment of
the numerical robustness, e.g., Springer and Urban [2015], Othmer [2008]. Some authors
raise a mathematical argument based on the approximation order, viz. δ[v∗k (∂ v

∗
i /∂ x

∗
k)] =
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adjoint quantity/operator v̂∗1 v̂∗2 p̂∗ ∂ ϕ̂∗/∂ x∗1 ∂ ϕ̂∗/∂ x∗2
reference value V̂ ∗

1 V̂ ∗
2 P̂ ∗ L∗ δ̂∗

Table 4.2: Reference quantities of the 2D governing adjoint b.-l. equations.

δv∗k (∂ v
∗
i /∂ x

∗
k) + v∗k (∂ δv

∗
i /∂ x

∗
k) ≈ O(δv∗k) + O(∂ δv∗i /∂ x∗k), to justify the neglect of the

ATC, cf. Anderson and Bonhaus [1999], Elliott and Peraire [1997], Othmer [2008]. The
present thesis provides another indicator for the physically justifiable neglect of this term.

Similar to the primal problem, the adjoint single-phase system (4.16)-(4.18) is analyzed
w.r.t. the spatial scale/order of magnitude in a non-dimensional setting. The correspond-
ing reference quantities follow from Tab. 4.2. One can define a scaling of the x∗2-derivative
of an adjoint quantity with δ̂∗, viz. v∗2∂ v̂

∗
1/∂ x

∗
2 = (V ∗

2 V̂
∗
1 /δ̂

∗) (v2(∂ v̂1/∂x2)). The scaling
analysis of Eqns. (4.16)-(4.18) is performed in App. A.2 for an objective that does not
depend on the primal pressure, e.g. ∂ j∗Ω/∂p∗ = 0, yielding:

R∗v̂,BL
1 :− v∗1

∂ v̂∗1
∂ x∗1

− v∗2
∂ v̂∗1
∂ x∗2

+ v̂∗1
∂ v∗1
∂ x∗1

+
∂ p̂∗

∂ x∗1
− ν∗ ∂

2 v̂∗1
∂ x2∗2

= −∂ j
∗Ω

∂ v∗1
(4.110)

R∗v̂,BL
2 : v̂∗1

∂v∗1
∂ x∗2

+
∂ p̂∗

∂ x∗2
= −∂ j

∗Ω

∂ v∗2
(4.111)

R∗p̂,BL :−
(

1

ρ∗
∂ v̂∗1
∂ x∗1

+
1

ρ∗
∂ v̂∗2
∂ x∗2

)
= 0 . (4.112)

Alternatively, Eqns. (4.110)-(4.112) can also be derived in a simplify-and-derive ap-
proach. Figure 4.4 depicts the two different routes to the benchmark problem. The
simplify-and-derive approach starts with a Lagrangian based on the primal b.-l. equa-
tions (2.113)-(2.115) , viz.

L∗ =

∫

Γ∗
j∗Γ dΓ∗ +

∫

Γ∗wall

v̂∗i v
∗
i + p̂∗

∂ p∗

∂ n∗dΓ
∗ +

∫

Ω∗O
j∗Ω dΩ∗

+

∫

Ω∗
v̂∗1

[
v∗1
∂ v∗1
∂ x∗1

+ v∗2
∂ v∗1
∂ x∗2

+
∂ p∗

∂ x∗1

1

ρ∗
− ν∗ ∂

2 v∗1
∂ x2∗2

]

+ v̂∗2

[
∂ p∗

∂ x∗2

1

ρ∗

]
+ p̂∗

[
∂ v∗1
∂ x∗1

+
∂ v∗2
∂ x∗2

]
dΩ∗ . (4.113)

Again, first-order optimality conditions force vanishing derivatives of the Lagrangian in all
dependent directions (δviL

∗ · δv∗i = δv1L
∗ · δv∗1 + δv2L

∗ · δv∗2 = 0 ∀ (δv∗1, δv∗2), δpL∗ · δp∗ =
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0 ∀δp∗), i.e.

δv1L
∗ · δv∗1 + δv2L

∗ · δv∗2 =

∫

Γ∗wall

v̂∗1 δv
∗
1 + v̂∗2 δv

∗
2dΓ

∗

+

∫

Γ∗
δv∗1

[
∂ j∗Γ

∂ v∗1
+ v̂∗1

∂ v∗1
∂ x∗1

+ v̂∗1 v
∗
1 n1 + v̂∗1 v

∗
2 n2 − p̂∗ n2 + ν∗

∂ v̂∗1
∂ x∗2

n2

]

− ν∗
(
v̂∗1
∂ (δv∗1)

∂ x∗2
n2

)

+ δv∗2

[
∂ j∗Γ

∂ v∗2
− p̂∗ n2

]
dΓ∗

+

∫

Ω∗
δv∗1

[
v̂∗1
∂ v∗1
∂ x∗1

− ∂ v̂∗1 v
∗
1

∂ x∗1
− ∂ v̂∗1 v

∗
2

∂ x∗2
− ν∗ ∂

2 v̂∗1
∂ x2∗2

− ∂ p̂∗

∂ x∗1
+
∂ j∗Ω

∂ v∗1

]

+ δv∗2

[
v̂∗1
∂ v∗1
∂ x∗2

− ∂ p̂∗

∂ x∗2
+
∂ j∗Ω

∂ v∗2

]
dΩ∗

!
= 0 ∀ (δv∗1, δv∗2) (4.114)

δpL
∗ · δp∗ =

∫

Γ∗wall

p̂∗
∂ (δp∗)

∂n∗ dΓ∗

+

∫

Γ∗
δp∗
[
∂ j∗Γ

∂ p∗
+ v̂∗1 n1

1

ρ∗
+ v̂∗2 n2

1

ρ∗

]
dΓ∗

+

∫

Ω∗
δp∗
[
−∂ v̂

∗
1

∂ x∗1

1

ρ∗
− ∂ v̂∗2
∂ x∗2

1

ρ∗

]
dΩ∗

!
= 0 ∀δp∗. (4.115)

The adjoint b.-l. equations as well as their boundary conditions are obtained from Eqns.
(4.114)-(4.115).

Primal

Dual

Navier-Stokes

adj. Navier-Stokes

Boundary-Layer Equations

adj. Boundary-Layer Equations

Blasius

adj. Blasius

Figure 4.4: Schematic derivation-flow of adjoint counterparts to known primal simplifica-
tions for near-wall flow physics towards the desired adjoint Blasius equation
(dark grey).

The adjoint b.-l. quantities are convected by the primal flow and a similar behavior
of the adjoint field and a scalar field is anticipated, e.g. a temperature field, although
the latter usually does not have to fulfill a continuity equation. The interpretation of the
adjoint flow is non-intuitive due to the influence of the objective functional, e.g. volume-
based objectives possibly introduce a non-divergence free adjoint velocity field. Therefore
the present investigations are confined to boundary-based objectives. In line with the
primal flow from Sec. 2.3.1, one starts with the similarity variable and assumes the adjoint
mean flow to depend on the plate normal and tangential coordinate, viz. v̂∗1/V̂

∗
1 = ĝ(η̂) with

η̂ = x∗2/δ̂
∗(x∗1) where ĝ and δ̂

∗ represent the adjoint complement of g and δ∗. Again, one can
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directly compute all required spatial derivatives, e.g. ∂ v̂∗1/∂x
∗
1 = −V̂ ∗

1 ĝ
′(x∗2/δ̂

∗2)(∂ δ̂∗/∂ x∗1)
with ĝ′ = d ĝ/dη̂. An integration of (4.110) between the wall and the adjoint b.-l. edge
while assuming adjoint ZPG along the wall normal coordinate reads

−
∫ δ̂∗

0

v∗1
∂ v̂∗1
∂ x∗1

dx∗2 −
∫ δ̂∗

0

v∗2
∂ v̂∗1
∂ x∗2

dx∗2 −
∫ δ̂∗

0

ν∗
∂2 v̂∗1
∂ x∗22

dx∗2 = −
∫ δ̂∗

0

v̂∗1
∂ v∗1
∂ x∗1

dx∗2 . (4.116)

Here the additional term on the r.h.s. corresponds to the ATC term originating from the
nonlinear convection. Applying the primal continuity equation (∂ v∗2/∂ x

∗
2 = −∂ v1∗/∂ x∗1)

interestingly cancels the ATC term, viz.

−
∫ δ̂∗

0

v∗1
∂ v̂∗1
∂ x∗1

dx∗2 + V̂ ∗
1

∫ δ̂∗

0

∂ v∗1
∂ x∗1

dx∗2 −
∫ δ̂∗

0

v̂∗1
∂ v∗1
∂ x∗1

dx∗2 − ν∗
∂ v̂∗1
∂ x∗2

⏐⏐⏐⏐
δ̂∗

0

= −
∫ δ̂∗

0

v̂∗1
∂ v∗1
∂ x∗1

dx∗2 .

(4.117)

Combining the primal tangential velocity (v∗1/V
∗
1 = g(η)) and its (anticipated) adjoint

complement yields

∂ δ̂∗

∂ x∗1

∫ 1

0

gĝ′η̂ dη̂ − ∂ δ∗

∂ x∗1

∫ δ∗/δ̂∗

0

g′η dη − ν∗

V ∗
1

ĝ′
1

δ̂∗

⏐⏐⏐⏐
1

0

= 0. (4.118)

Substituting η̂ = x∗2/δ̂
∗ (dx∗2 = δ̂∗dη̂ = δ̂∗d(x∗2/δ̂

∗)) offers an ODE for δ̂∗ that inheres the
primal b.-l. thickness measure

[
Â
∂ δ̂∗

∂x∗1
− B̂∗ ∂ δ

∗

∂ x∗1

]
δ̂∗ =

ν∗

V ∗
1

Ĉ. (4.119)

Again, all integrals are condensed into coefficients, viz.

Â =

∫ 1

0

gĝ′η̂ dη̂ , B̂ =

∫ δ/δ̂

0

g′η dη and Ĉ = ĝ′(1)− ĝ′(0). (4.120)

Thanks to the available primal δ∗, one can reformulate Eqn. (4.119), viz.

C1
∂ δ̂∗

∂ x∗1
δ̂∗ − C∗

2

δ̂∗√
a∗ + bx∗1

= C∗
3 , (4.121)

where C1 = Â, C∗
2 = B̂(b/2)

√
2C/(b[A− 2B])

√
ν∗/V ∗

1 and C∗
3 = Ĉν∗/V ∗

1 are introduced

to keep the notation compact. Thus, one can solve Eqn. (4.121) w.r.t. δ̂,

δ̂∗ = − 2C∗
3

C∗
2 +

√
C∗2

2 + 2 bC1C∗
3

√
a∗ + b x∗1 (4.122)

and quantify an adjoint b.-l. thickness by the expression

δ̂∗ = −C
∗
3

C∗
2

bB̂

C∗
2 +

√
C∗2

2 + 2 bC1C∗
3

√
2C

b [B − 2A]

√
ν∗(a∗ + b x∗1)

V ∗
1  

δ∗

→ δ̂∗ ∝ δ∗ ∝
√
ν∗(a∗ + b x∗1)

V ∗
1

, (4.123)
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which is somehow proportional to the primal b.-l. thickness. Finally, one can define an
adjoint similarity variable that equals the primal one, viz.

η̂ =
x∗2
δ̂∗
∝ x∗2

√
V ∗
1

ν∗(a∗ + b x∗1)
=
x∗2
δ∗

= η. (4.124)

A challenge in the interpretation of the adjoint results follows from the inverted convection
characteristics of the adjoint flow field. To describe the primal b.-l. velocity, the origin of
the coordinate system is typically positioned at the plate origin (a∗ = 0, b = 1). However, a
reasonable measurement based on the plate end is obtained for the adjoint system (a∗ = L∗,
b = −1). The latter motivates the negative sign in Eqn. (4.123) and indicates a formal
issue for the numerical verification of the approach: Physically, the plate is assumed to
extent infinitely in streamwise direction. For an adjoint approach, this is numerically
uncomfortable.
Analogous to the primal derivation, an adjoint velocity field is sought that satisfies Eqns.

(4.110)-(4.112) where the primal flow field is already known. Again, one has to satisfy
a continuity equation. Hence an adjoint stream function ψ̂∗ is defined that inherently
complies with (4.112), e.g., v̂∗1 = ∂ ψ̂∗/∂ x∗2, v̂

∗
2 = −∂ ψ̂∗/∂ x∗1, and offers access to the wall

tangential adjoint velocity, viz.

ψ̂∗ =

∫ x∗2

0

v̂∗1 dx
∗
2 =

∫ η̂(x∗2)

η̂(0)

ĝ(η̂)V̂ ∗
1 δ̂

∗ dη̂ =

√
ν∗ [a∗ + b x∗1] V̂

∗2
1

V ∗
1

∫ η̂

0

ĝ dη̂

  
f̂(η̂)

. (4.125)

All adjoint b.-l. expressions can be computed from f̂ and η̂, e.g. ∂ v̂∗21 /∂ x
∗2
2 = V̂ ∗

1 V
∗
1 /[ν

∗(a∗+
b x∗1)]f̂

′′′. Details of the similarity transformations are provided in App. A.3. The stream-
wise adjoint b.-l. equation (4.110) reduces to

b [η̂ − η] f ′f̂ ′′ + bf f̂ ′′ − 2f̂ ′′′ = bf ′′f̂ ′η . (4.126)

In combination with (4.124), the adjoint complement to the Blasius equation arises

R∗v̂,BL
1 → −2f̂ ′′′+bf̂ ′′f = bf̂ ′f ′′η , (4.127)

R∗v̂,BL
2 → f̂ ′f ′′ = 0 . (4.128)

The first [second] equation corresponds to the generalized tangential [normal] adjoint b.-l.
equation. Interestingly, the normal adjoint momentum balance (4.128) cancels the ATC
term in the corresponding tangential direction (4.127). The result is therefore similar
to their primal counterpart with an inverted sign in front of the nonlinearity originating
from the inverted convection characteristics. Note that the advective fluxes vanish for
the investigated self-similar b.-l. flow. This conclusion supports the heuristic neglect of
the term used by many authors of continuous adjoint optimization studies into complex
engineering shear flows.
To pursue the simplify-and-derive strategy, one typically first inserts the primal simpli-

fication. As a result, however, the streamwise adjoint Blasius equation (4.127) cannot be
retrieved directly from a variation of (2.122), due to the (x∗1-nonlinear) η-based coordinate
transformation inherent to the initial simplification step. A way out avoids the similarity
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transformation and declares the x∗2-derivative of the adjoint stream function ψ̂∗
x2

= ∂ ψ̂/∂ x∗2
as a Lagrange multiplier. The latter represents an educated guess, which follows from the
previous discussions of the thesis, viz.

L∗ = ...+

∫

x∗1

∫

x∗2

v̂∗1 R
∗v,BL
1 dx∗2 dx

∗
1

→ L∗ = ...+

∫

x∗1

∫

x∗2

ψ̂∗
x2

[
ψ∗
x2
ψ∗
x2,x1
− ψ∗

x1
ψ∗
x2,x2

+ ν∗ ψ∗
x2,x2,x2

]
dx∗2 dx

∗
1. (4.129)

Using first-order optimality conditions, the adjoint equations can be derived from the
stream function-based formulation (4.129) using integration by parts in Euclidean (Carte-
sian) space

δψ(x2)
L∗ · δ(ψ∗

x2
) = ...+

∫

x∗1

∫

x∗2

δ

(
ψ∗
x2

)[
ψ̂∗
x2
ψ∗
x2,x1
−
(
ψ̂∗
x2
ψ∗
x2

)

x1

−
(
ψ̂∗
x2
ψ∗
x1

)

x2

+ ν∗ ψ̂∗
x2,x2,x2

]
dx∗2 dx

∗
1 , (4.130)

δψ(x1)
L∗ · δ(ψ∗

x1
) = ...−

∫

x∗1

∫

x∗2

δ

(
ψ∗
x1

)[
ψ̂∗
x2
ψ∗
x2,x2

]
dx∗2 dx

∗
1 . (4.131)

Subsequently a similarity transformation is imposed based on available primal and adjoint
similarity relations, viz.

δf ′L
∗ · δ(f ′) = ...+

∫

x∗1

∫

η

δ(f ′)
[
−bf̂ ′f ′′η + bf̂ ′′f − 2f̂ ′′′

]
dη

√
V ∗3
1 V̂ ∗2

1 ν∗

a∗ + b x∗1
dx∗1

!
= 0 ∀ δ(f ′) (4.132)

δf ′η−fL
∗ · δ(f ′η − f) = ...+

∫

x∗1

∫

η

δ(f ′η − f)
[
f̂ ′f ′′

]
dη

√
V ∗3
1 V̂ ∗2

1 ν∗

a∗ + b x∗1
dx∗1

!
= 0 ∀ δ(f ′η − f). (4.133)

The expressions in the square brackets correspond to the plate tangential and normal
adjoint Blasius equations (4.127)-(4.128). The first terms in the respective brackets contain
the first derivative f̂ ′ and originate from the variation of the convection ((δv∗k) ∂ v

∗
1/∂ x

∗
k).

These terms result in the ATC contribution to the adjoint Blasius equations. The term that
inheres the second derivative f̂ ′′ follows from the perturbed convected primal momentum
(v∗k ∂(δv

∗
1)/∂ x

∗
k) and switches sign due to integration by parts. The diffusion term refers

to the third term in (4.132) and enters the equation analogous to the primal counterpart
with a third derivative. Its self-adjoint character is underlined by its consistent sign in the
adjoint and primal equations.
In line with its primal companion, the adjoint Blasius equation is numerically approx-

imated based on a shooting method. An exemplary c⃝Matlab code is available at Kühl
[2020]. The adjoint solution employs stored discrete values of the primal procedure. It
uses the same discretization of the generalized similarity variable η as the primal system
together with a similar shooting approach to compute the adjoint Blasius solution. Using
a∗ = L∗ and b = −1, the method aims at hitting the value f̂ ′

∞ = 1 for η → ∞ with
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prescribed wall values f̂0 = 0 and f̂ ′
0 = 0 but variable f̂ ′′

0 for η = 0. Similar to the primal
flow, the adjoint boundary value problem is iterated to convergence until (f̂ ′−1) < 10−8 is
reached. The numerical results are shown by the right graph of Fig. 4.5 for two simulations
that either consider or neglect the ATC term. In case of neglecting ATC, the procedure
resembles the primal results. As it will be shown in the next section, the latter is expected
from analytical studies. In case with ATC, the convergence of f̂ ′

∞ is shifted outwards by
one order of magnitude in η and results in an increased b.-l. thickness.
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0.5

1

1.5

η [-]

[-
]

f

f ′

f ′′
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Figure 4.5: Results of a shooting method for (a) the primal and (b) the adjoint Blasius
equation. Marked lines in (b) indicate adjoint results considering the adjoint
transpose convection (ATC) term.

Analytical Investigation of the Adjoint Blasius Equation

Using the similarity transformation introduced above, the adjoint b.-l. Eqns. (4.110)-
(4.112) were successfully transformed from PDEs into ODEs. In the absence of volume
objectives that depend on the fluid velocity and pressure, Eqns. (4.127)-(4.128) are gen-
erally valid which is the case in this thesis. The derivation of the continuous adjoint
equations reveals the use of Dirichlet conditions for the adjoint velocity along no-slip walls
(cf. Tab. 4.1). The latter follows from the objective of interest, which, however, can occur
in different forms depending on the underlying objective functional.
In the following, either a linear dependence of the cost functional w.r.t. pressure or no

functional is assumed along the plate. An illustrative example refers to the evaluation of
flow induced forces on the considered plate, where two options to introduce this objective
are conceivable that refer to an interior or exterior formulation, cf. Sec. 3.2. Despite their
differences, both formulations employ the similarity transformation to derive a generalized
velocity profile, and one can define a normalized adjoint tangential velocity profile by

f̂ ′ =
v̂∗1
V̂ ∗
1

→ f̂ ′ =
v̂∗1 − V̂ ∗W

1

V̂ ∗∞
1 − V̂ ∗W

1

. (4.134)
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Equation (4.134) reminds of the Blasius solution for a thermal b.-l., e.g. −2Θ′′−PrfΘ′ = 0,
where Θ = (T ∗ − T ∗W)/(T ∗∞ − T ∗W) is a non-dimensional temperature and T ∗ as well as
Pr represent the temperature and Prandtl number.

Influence of Adjoint Transposed Convection: Inserting the normal adjoint Blasius
equation (4.128) into its tangential companion yields the adjoint Blasius Eqn. (4.127)
without ATC on the r.h.s. . Choosing a b.-l. measure based on a∗ = 0 and b = 1, one
can incorporate the primal Blasius expression (f = −2f ′′′/f ′′) into the adjoint counterpart
and conclude

f ′′′

f ′′ = −
f̂ ′′′

f̂ ′′
. (4.135)

Note that expression (4.135) agrees with an analogue relationship of the thermal b.-l., viz.

f ′′′

f ′′ =
1

Pr

Θ′′

Θ′ , (4.136)

for a negative unit Prandtl number Pr = −1, which underlines the reverse flow direction
of adjoint systems. Separation of variables allows for a solution for f̂ ′ as well as Θ,

f̂ ′ = C1

∫ η

0

1

f ′′dη + C2 and Θ = C3

∫ η

0

(f ′′)
Pr
dη + C4 . (4.137)

Unfortunately, the negative unit Prandtl number of the adjoint system introduces a sin-
gularity in (4.137), since f ′′ → 0 for η →∞ holds for the primal system as shown in Fig.
4.5. The singularity can only be circumvented with an appropriate measure for the adjoint
b.-l., viz. a∗ = L∗ and b = −1. The integration constants of the adjoint velocity profile
follow from the boundary conditions for f̂ ′(η → 0) = 0 as well as f̂ ′(η →∞) = 1 and yield

C1 =

∫ ∞

0

f ′′dη and C2 = 0 . (4.138)

The final solution reads

f̂ ′ =

∫ η
0
f ′′dη∫∞

0
f ′′dη

→ f̂ ′ =
f ′

f ′ (∞)− f ′ (0)
= f ′. (4.139)

Hence, the generalized adjoint velocity profile equals its primal counterpart when ATC is
suppressed.

Estimation of Adjoint Interface Thickness and Wall Shear Stress: For known values
of the Blasius solution, various statements about, e.g., b.-l. thickness or shear stress
distribution can be derived that also apply to the adjoint counterparts. Assigning the
primal b.-l. thickness to v∗1/V

∗
1 = 0.99, yields a value of η99 → 4.91 ≈ 5 in line with Fig.

4.5 and Eqn. (4.124). The numerical and analytical results of the previous sections reveal
the same b.-l. thickness for primal and adjoint flow, viz. δ̂∗99 = δ∗99 in case of no ATC.
However, if the additional r.h.s. term is incorporated, one ends up with approximately
η̂∗99 → 5.9424 ≈ 6, cf. Fig. 4.5, and thus

δ̂∗99 ≈ 6

√
ν∗(a∗ + b x∗1)

V ∗
1

or
δ̂∗99

(a∗ + b x∗1)
≈ 6√

Re(a+bx1)

. (4.140)
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In the remainder of this subsection, the estimated adjoint Blasius values refer to the for-
mulation including ATC, and the notation (·)W indicates an evaluation along the wall at
η = 0. Mind that neglecting the ATC yields strong similarities between the primal and the
dual Blasius solutions, e.g. f̂ ′′

W = f ′′
W. Several primal b.-l. thickness measures exist, e.g.

the displacement (δ∗D), momentum (δ∗M) and energy (δ∗E) thickness, which follow from
the relation dx∗2 = δ∗ dη, cf. Eqns. (2.124)-(2.126). Similar expressions can be derived for
the adjoint b.-l., viz.

V̂ ∗
1 δ̂

∗D =

∫ ∞

0

[
V̂ ∗
1 − v̂∗1

]
dx∗2 → δ̂∗D =

∫ 1

0

[
1− f̂ ′

]
dx∗2

≈ 2.5336

√
ν∗(a∗ + b x∗1)

V ∗
1

, (4.141)

ρ∗ V̂ ∗2
1 δ̂∗M = ρ∗

∫ ∞

0

v̂∗1

[
V̂ ∗
1 − v̂∗1

]
dx∗2 → δ̂∗M =

∫ 1

0

f̂ ′
[
1− f̂ ′

]
dx∗2

≈ 0.8430

√
ν∗(a∗ + b x∗1)

V ∗
1

, (4.142)

ρ∗V̂ ∗3
1 δ̂∗E = ρ∗

∫ ∞

0

v̂∗1

[
V̂ ∗2
1 − v̂∗21

]
dx∗2 → δ̂∗E =

∫ 1

0

f̂ ′
[
1− f̂ ′,2

]
dx∗2

≈ 1.2830

√
ν∗(a∗ + b x∗1)

V ∗
1

. (4.143)

The relations between primal and adjoint b.-l. thicknesses read

δ∗99
δ̂∗99
≈ 0.8263,

δ∗D

δ̂∗D
≈ 0.6792,

δ∗M

δ̂∗M
≈ 0.7878, and

δ∗E

δ̂∗E
≈ 0.8140 . (4.144)

Additionally, the generalized Blasius solution offers insight into the adjoint shear stress
acting on the plate

τ̂ ∗W = µ∗∂ v̂
∗
1

∂x∗2

⏐⏐⏐⏐
x∗2=0

= µ∗V̂ ∗
1

√
V ∗
1

ν∗(a∗ + b x∗1)
f̂ ′′
W → τ̂ ∗W ≈ 0.1845µ∗ V̂ ∗

1

√
V ∗
1

ν∗(a∗ + b x∗1)
.

(4.145)

The resulting dual shear is significantly smaller compared to the primal one, e.g. τ ∗W/τ̂
∗
W =

f ′′
W/f̂

′′
W(V ∗

1 /V̂
∗
1 ). In line with the primal shear, its adjoint complement is non-dimensionalized

via an adjoint dynamic pressure (p̂∗∞ = ρ∗ V ∗
1 V̂

∗
1 /2) to obtain skin-friction coefficients, i.e.

ĉf =
τ̂ ∗W

1
2
ρ∗ V̂ ∗

1 V
∗
1

=
2 f̂ ′′

W√
Rea+bx1

→ ĉf ≈
0.369√
Rea+bx1

. (4.146)

Moreover, known adjoint shear-stress distributions allow the integration of a total adjoint
shear force on the plate

F̂ ∗
s =

∫

Γ∗
τ̂ ∗WdΓ∗W = t∗

∫ L∗

0

µ∗ ∂ v̂
∗
1

∂ x∗2

⏐⏐⏐⏐
x∗2=0

dx∗1 = 2 f̂ ′′
W t∗ V̂ ∗

1

√
µ∗ ρ∗ V ∗

1

√
a∗ + b L∗ −

√
a∗

b

→ F̂ ∗
s ≈ 0.369 t∗ V̂ ∗

1

√
µ∗ ρ∗ V ∗

1

√
a∗ + b L∗ −

√
a∗

b
, (4.147)
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where t∗ corresponds to the lateral expansion of the plate. As expected, the choice of
the coordinate system has no influence on the forces, since F̂ ∗

s (a
∗ = 0, b = 1) = F̂ ∗

s (a
∗ =

L∗, b = −1) = 2f̂ ′′
W t∗

√
µ∗ ρ∗ L∗ V ∗

1 V̂
∗2
1 . Together with Eqn. (2.129), the ratio between

primal and dual shear reads F ∗
s /F̂

∗
s = f ′′

W/f̂
′′
W(V ∗

1 /V̂
∗
1 ). The adjoint drag coefficient can be

computed either from an integration of Eqn. (4.146) or from dividing Eqn. (4.147) by the
dynamic adjoint pressure times the wetted surface L∗ t∗, viz.

ĉd =
F̂ ∗
s

p̂∗∞ t∗ L∗ =
1

L∗

∫ L∗

0

ĉf dx
∗
1 =

4 f̂ ′′
W√
ReL

√
a∗ + b L∗ −

√
a∗

b
√
L∗

→ ĉd ≈
0.738√
ReL

√
a∗ + b L∗ −

√
a∗

b
√
L∗

. (4.148)

Except different scaling, the dual quantities resemble the well known primal relationship
from Eqn. (2.130).
According to Eqn. (4.44), the combination of primal and dual shear results in a sensi-

tivity distribution along the design surface of the shape. Analogous to the simplification
of the shear objective (J∗ = F ∗

s ), the approach also applies to its shape sensitivity, viz.

s∗ = −ν∗ τ
∗
W

µ∗
τ̂ ∗W
µ∗ = −ν∗ ∂ v

∗
1

∂ x∗2

⏐⏐⏐⏐
x∗2=0

∂ v̂∗1
∂ x∗2

⏐⏐⏐⏐
x∗2=0

= −f ′′
Wf̂

′′
W

V̂ ∗
1 V

∗2
1

a∗ + b x∗1

→ s∗ ≈ −0.06127 V̂ ∗
1 V

∗2
1

a∗ + b x∗1
. (4.149)

The local shape derivative has again singularities at the leading and trailing edge of the
plate. However, the intermediate behavior scales with x∗−1 instead of x∗−1/2. Furthermore,
the local sensitivity increases quadratically with the primal but only linearly with the
adjoint velocity. This reminds of the quadratic character of the primal NS equations
(e.g. v∗k(∂ v

∗
i /∂ x

∗
k)) which is opposed by the linear nature of the adjoint counterpart (e.g.

v∗k(∂ v̂
∗
i /∂ x

∗
k)). The sensitivity expression (4.149) can be non-dimensionalized towards a

sensitivity-coefficient cs via the kinematic viscosity and the primal as well as dual dynamic
pressure or by combining the primal and adjoint skin-friction coefficient, viz.

cs = s∗
ρ∗2 ν∗

p∗∞ p̂∗∞
= s∗

4 ν∗

V ∗3
1 V̂ ∗

1

= −cf ĉf = −
4 f ′′

W f̂ ′′
W

Rea+bx1

→ cs ≈ −
0.06127

Rea+bx1

. (4.150)

Finally, the integration of (4.149) along the plate provides the sensitivity derivative on an
integral level

δuJ
∗ = t∗

∫ L∗

0

s∗ dx∗1 = −f ′′
W f̂ ′′

W

t∗ V̂ ∗
1 V

∗2
1

b
ln

[
a∗ + b L∗

a∗

]

→ δuJ
∗ ≈ −0.06127t

∗ V̂ ∗
1 V

∗2
1

b
ln

[
a∗ + b L∗

a

]
. (4.151)

Interestingly, a singularity arises for the integral sensitivity. Owing to the proportionality
s∗ ∝ x∗−1, a logarithmic relationship δuJ

∗ ∝ ±(ln(L∗) − ln(0)) results for the integral
sensitivity. The s∗ ∝ x∗−1 relationship originates in the definition of the similarity variable
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which in turn estimates the primal interface thickness by δ∗ ∝ x∗1/2 that finally yields
s∗ ∝ 1/δ∗2. The singularity cannot be avoided by adjusting the coordinate system, i.e.
a∗ and b, since the integral bounds also need to be adjusted to a∗ and b. Mind that
only a∗ = 0, b = 1 or a∗ = L∗, b = −1 are applied in this thesis. It seems that the
plate has an infinite potential to reduce its flow resistance from an integral point of view.
This statement seems suspicious at first. However, mind that a disappearing plate would
wipe out its resistance completely. A perturbation into the plate normal affects the drag
via a variation in the local shear δF ∗ ∝ δf ′′

W (cf. Eqn. (2.129)) which in turn follows
from a variation in the similarity variable δf ′′

W → f ′′′
Wδη that finally can be estimated via

δη ∝ δx∗2/
√
x∗1 − 0.5(η/x∗1)δx

∗
1 for an interface measure that employs a∗ = 0 and b = 1.

Thus, δF ∗ ∝ f ′′′
W[δx∗2/

√
x∗1 − 0.5(η/x∗1)δx

∗
1] becomes singular if both coordinates tend to

zero. Note that the drag as well as the similarity variable become singular at the leading
edge and the influence of a plate normal variation is debatable, not least because the
direction of the normal is not defined at the leading edge.

The integral shape derivative can be non-dimensionalized based on the dynamic pressures
and the wetted surface. An alternative approach to a global sensitivity coefficient follows
from the integration over the sensitivity coefficient, viz.

cδuJ =
δuJ

∗ ν∗

p∗∞ p̂∗∞ t∗ L∗ = − 1

L∗

∫ L∗

0

cs dx
∗
1 = −

f ′′
W f̂ ′′

W

ReL

1

b
ln

[
a∗ + b L∗

a∗

]

→ cδuJ ≈ −
0.06127

ReL

1

b
ln

[
a∗ + b L∗

a∗

]
. (4.152)

Verification

The adjoint investigations are performed for a drag objective (ri = [1, 0]T) on the basis of
two different formulations referred to as interior (FI) or exterior (FE) drag-force evaluation.
Additionally, simulations that neglect (A0) or employ (A1) ATC are distinguished. Thus,
four adjoint computations are conducted for each primal flow from Sec. 2.3.1, where
the general numerical setting is defined. The convective adjoint momentum transport is
approximated using the QDICK scheme.

Unified Adjoint Velocity Profile: As shown in Sec. 4.3.1, the internal and external
adjoint formulation of a force functional can be unified. To illustrate this, results obtained
from an exemplary adjoint simulation at ReL = 104 are discussed in more detail. Figure
4.6 illustrates predicted adjoint tangential velocity profiles at ten equally spaced positions
along the plate for both the (FI) as well as the (FE) formulation. Both sets of exemplary
results incorporate ATC (A1). As outlined in Sec. 4.3.1, the FI and FE adjoint velocity
profiles reveal a similarity, since they are based on different formulations that aim at
answering the same engineering question. Optically visible and numerically measurable,
both adjoint velocity profile sets grow out of the plate with the same gradient. The latter
enters the sensitivity along the plate (x∗2/L

∗ = 0) according to Eqn. (4.44). In addition to
the adjoint velocity profiles, the 99%-b.-l. thickness δ̂∗99 is depicted for various formulations,
viz. [FI, FE] × [A0, A1]. The trend of an increased δ̂∗99 b.-l. thickness due to the influence
of ATC (A0 vs. A1) is reproduced by the simulations, though to a lesser extent.
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Figure 4.6: Comparison of several plate tangential adjoint velocity profiles v̂∗1(x
∗
2) for an ex-

ternal (FE, v̂∗1(0)/V̂
∗
1 = 0) and internal (FI, v̂∗1(0)/V̂

∗
1 = −1) drag formulation.

Additionally, several adjoint 99%-b.-l. thicknesses δ̂∗99 are depicted, augmented
by the expected adjoint Blasius solutions.

Manipulated Primal Field: The investigated b.-l. contradicts the assumption of an in-
finitely long plate immanent to the theory, and deviations between the computed Navier-
Stokes results and the Blasius solution increase towards the trailing edge of the plate.
However, due to the (approximately) parabolic nature of the computed flow, deviations
are primarily transported downstream and their significantly local influence documented
by Fig. 2.11 has hardly any effect on an integral level, cf. Fig. 2.10. A different picture
emerges for the adjoint flow. Since the adjoint solution propagates from the trailing to
the leading edge, the processes reverse their direction in adjoint mode and primal flow
deviations are introduced at the adjoint upstream location. Therefore, the comparison of
computed and Blasius adjoint results for a plate of finite-length is afflicted by initial value
deviations of the primal field and might be debatable. For this reason, the primal velocity
field at ReL = 104 was manipulated by re-initialising a velocity field that follows from the
similarity transformation of a computed primal velocity profile extracted at x∗1/L

∗ = 3/4.
Subsequently all four adjoint simulations were performed based on a∗ = L∗ and b = −1.
Figure 4.7 outlines the computed results for the normalized adjoint tangential v̂∗1/V̂

∗
1 (left)

and normal v̂∗2/V̂
∗
1 (center) velocity next to the adjoint friction coefficient (right) in com-

parison to the Blasius solutions with (A1) and without (A0) ATC. Only minor deviations
are observed when comparing the Navier-Stokes predictions for different adjoint formula-
tions. However, an improved agreement with the Blasius solution that neglects the ATC
(A0) is clearly seen. This supports the results of the similarity transformation, i.e. Eqns.
(4.127)-(4.128), according to which ATC influence should disappear in laminar flat plate
b.-l. flows. Analogue to the primal investigation, the plate tangential adjoint velocity
profiles are closer to their companion Blasius solutions than the normal velocity profiles.
However, a smaller normal velocity variation is observed between the different locations.
Moreover, the manipulation of the (upstream) primal results reveals benefits for the agree-
ment between the Blasius and the computed adjoint skin friction.

Consistent Primal Field: The final study discusses computed adjoint Navier-Stokes re-
sults based upon non-manipulated predictions of the primal flow, which are displayed in
Figs. 2.10-2.11. Figure 4.8 shows the evolution of the adjoint drag-coefficient ĉd (left) and
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Figure 4.7: Local results for the adjoint flow over a flat plate at ReL = 104 based on

a manipulated primal field: Left) tangential adjoint velocity (v̂∗1/V̂
∗
1 ) against

f̂ ′ and center) normal adjoint velocity (v̂∗2/V̂
∗
1 ) against f̂

′η̂ − f̂ both over the
similarity variable. Right) adjoint friction coefficient ĉf against the adjoint
Blasius estimations based on an interface measure that employs a∗ = L∗ and
b = −1.

the adjoint b.-l. thickness δ̂99 (center) over the Reynolds number for the two considered
adjoint formulations (A0, A1). The adjoint b.-l. thickness is evaluated at x∗1/L

∗ = 1/4
based on a measure that employs a∗ = L∗ and b = −1. Regarding the adjoint drag
coefficient, the predicted results of the formulation without ATC (A0) are again signifi-
cantly closer to the corresponding Blasius results than those that include ATC (A1). As
already shown in Fig. 4.6 for ReL = 104, simulations without adjoint advection result in
a reduced b.-l. thickness in line with the observations of Fig. 4.5. The investigations in
Sec. 4.3.1 reveal that the integral shape sensitivity scales with 1/ReL but approaches a
singularity towards the leading edge of the plate. Therefore, no adjoint Blasius solutions
are shown in Fig. 4.8 (right). Instead, the numerical results expressed by the dimension-
less sensitivity coefficient are compared with two reference curves, which scale with 1/ReL
and 1/

√
ReL, respectively. The computed Navier-Stokes results fall in between these two

reference curves, but tend to follow the inverse root relation. Due to the more singular
behavior in comparison to, e.g., the adjoint drag coefficient (O(−Re−1

L ) vs. O(−Re−1/2
L )),

only the range between 103 ≤ ReL ≤ 5 · 104 is shown. From these results, it is concluded
that consistent, real (finite-length) plate investigations w.r.t. integral adjoint quantities
are qualitatively in good agreement with analytical relations from Sec. 4.3.1. Quantita-
tive discrepancies follow mainly from initial offsets due to pronounced local inaccuracies
of primal results introduced in the vicinity of the (finite) end of the plate, cf. right graph
of Fig. 2.11.

4.3.2 Adjoint Two-Phase Plane Couette-Flow

This section scrutinizes the adjoint of a plane Couette flow and thus continues the inves-
tigation of the primal verification study from Sec. 2.3.2. The partial access to available
analytical solutions for (4.66)-(4.67) makes this case particularly interesting. This section
illustrates two important aspects: a) the ill-posed nature of the adjoint VoF system and
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Figure 4.8: Integral results for the adjoint flow over a flat plate: Left) adjoint drag coeffi-

cient ĉd, center) adjoint b.-l. thickness (δ̂99) at x/L = 1/4 and right) integral
shape sensitivity coefficient cδuJ over the plate length based Reynolds number
ReL.

b) a remedy with negligible impact on the computed sensitivities that bridges towards the
under-resolved adjoint CH formulation. In line with the primal verification, the Couette
system is systematically divided into a sharp (VoF) and diffusive (CH) interface formula-
tion, whereby it will become apparent that closed, non-trivial solutions are only available
for the conceptual transfer of the former into the latter. The analysis is consistently per-
formed in a dimensionless manner.

Sharp Interface (VoF) results follow from the abrupt change of fluid properties along
the free surface and consistently employ ν∗c = 0 or M∗ = 0. The corresponding adjoint
Eqns. (4.67)-(4.66) belonging to a force functional can be simplified under the assumptions
made for the primal flow and Eqns. (2.135)-(2.136), which resembles a derive-and-simplify
approach. Alternatively, they can be obtained from a simplify-and-derive procedure via a
Lagrangian based on a x1-force objective together with (2.131)-(2.134), viz.

L =

∫
− 1

Re
µ
∂v1
∂x2

dx1 +

∫ ∫
v̂1R

v,CO
1 + v̂2R

v,CO
2 + p̂Rp,CO + ĉRc,CO dx1 dx2 . (4.153)

The application of first-order optimality conditions reveals the adjoint equations to (2.131)-
(2.134). Inserting the primal Eqns. (2.131)-(2.134) finally reduces their adjoint comple-
ments to

Rv̂,CO
1 : − 1

Re

∂

∂x2

[
µ
∂v̂1
∂x2

]
= 0 (4.154)

Rv̂,CO
2 : ρ v̂1

∂v1
∂x2
− 1

Re

∂

∂x2

[
µ
∂v̂2
∂x2

]
+

(
C

V

)
∂p̂

∂x2
−
(
C

V

)
c
∂ĉ

∂x2
= 0 (4.155)

Rp̂,CO : Eu
∂v̂2
∂x2

= 0 (4.156)

Rĉ,CO :
µ∆

Re

∂v̂1
∂x2

∂v1
∂x2

+
ρ∆

Fn2

[
v̂1 g1 + v̂2 g2

]
= 0 . (4.157)
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where the product between primal and adjoint concentration is active in the upper fluid,
αc = 0 (cf. Eqn. (4.90)). As opposed to the primal system, additional coupling terms
occur in the transverse momentum (R̂2) and the concentration balance (Ĉ). Similar to
the primal problem, the adjoint velocity and pressure could be determined from the two
momentum equations provided that the adjoint concentration is known. However, the
adjoint concentration equation does not support the determination of ĉ, but restricts the
adjoint velocity further towards a constant. Moreover, the product between the normal
gradients of the adjoint and the primal velocities refers to the sensitivity which vanishes
according to Eqn. (4.66). Integration by parts of the varied concentration convection
would draw the derivative from the adjoint to the primal concentration, which in this
case tends toward an infinitely large [small] value along the phase transition [bulk phases].
Mind, that the adjoint equations and their solution depend on the underlying objective
functional. However, a general objective does not inhere the adjoint concentration and
would not meaningfully improve the r.h.s. towards an accessible solution. Using a force
objective, the boundary values of the adjoint velocity are assigned to unity in the negative
direction of the minimized force along the objective boundaries and zero in all other cases.
This would indeed allow for a solution of the adjoint velocity and formally also p̂, but
does still not provide a solution for the adjoint concentration, which in turn might impair
the solution for the pressure. The problem is admittedly motivated by the chosen uni-
directional shear flow example, which, however, is fairly relevant in practical situations.
The ill-posed nature of the problem is related to the grossly simplified inter-phase physics

of the VoF procedure. The vanishing substantial change of the VoF approach d c/d t∗ = 0
is inherently satisfied in the underlying Couette case, so that the primal concentration field
does not follow from an equation condition enclosed by boundary conditions but has only
an intuitive prescribed field distribution. Related problems are inhibited by subtracting an
additional adjoint diffusion term Dĉ on the l.h.s. of the adjoint concentration Eqn. (4.66),
viz.

Dĉ = ν ĉ
∂2ĉ

∂x2k
, (4.158)

where ν ĉ = ν∗ĉ ρ∗b/µ∗b. The heuristic approach needs further justification and involves an
artificial kinematic viscosity ν∗ĉ of dimension [m2/s] which remains a free parameter. The
suggested modification essentially borrows an element of the CH model which builds the
bridge towards the diffuse-interface models.

Diffuse Interface (CH) models describe the desired phase separation by the use of a
nonlinear viscosity, cf. (2.57) and Fig. 2.2). In the limit of a vanishing interface thickness,
the CH-VoF equation of the primal mixture fraction reads d c/d t∗ = ∂/∂ x∗k[ν

∗c(∂ c/∂x∗k)].
Here M∗ is a spatially constant mobility factor of dimension [m2/s], which is assigned to
an empirically chosen or numerically measured value, cf. Sec. 2.2.9. The gradient diffusion
displays a nonlinear normalized diffusivity ν∗c/M∗ = 2 (6 c2 − 6 c + 1), which is part of a
potential and exposed to sign changes. It is zero at c = 0.5±

√
1/12, positive in outer regime

and negative in between the zeros, cf. Fig. 2.2 (b). The sign change promotes the desired
phase separation. This avoids the need for compressive, downwind-biased approximations
of convective kinematics to separate the two fluids, which is inherent to VoF. Mind that
downwinding also refers to the introduction of negative diffusion. The related CH-solution
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for the mixture fraction should closely resemble the VoF solution, which is strictly speaking
confined to zero or unity values. In the limit of immiscible fluids, the linearized diffusivity
ν∗ĉ obtained from a frozen concentration field approach of a CH-model would be positive
and identical for the two limit states of c.

The modified adjoint concentration equation for the simplified Couette flow takes the
following dimensionless residual form

Rĉ,CO :
µ∆

Re

∂v1
∂x2

∂v̂1
∂x2
− ρ∆

Fn2 v̂1g1 −
(
C∗

V∗

)
ν ĉ

Re

∂2ĉ

∂x22
= 0 . (4.159)

The introduction of the additional diffusion term supports an analytical description of the
adjoint concentration field: Due to the viscosity jump along the phase boundary, four in-
tegration constants have to be determined. Since the synthetic viscosity is constant, it is
possible to achieve a smooth solution in the entire field by means of zero and first-order
coupling conditions along the phase transition regime. The third unknown is computed
based on a Neumann condition on the upper channel side. However, the break of dual
consistency in the domain has to be continued also at the boundary: The introduction of
the diffusive term in Eqn. (4.159) requires at least one Dirichlet boundary condition to
determine all integration constants. This is contrary to the demand of adjoint analysis,
which requires the invariable use of Neumann boundary conditions at walls (cf. Tab. 4.1).
For this reason, a Dirichlet value is prescribed on the bottom of the channel for the adjoint
concentration, which does not change the qualitative curve, but forces a quantitative fix-
ation. Mind that this is also the case for the primal and adjoint pressure. It is justifiable
since the adjoint concentration enters the adjoint momentum balance based on its gradient.

The solution of the adjusted adjoint system can be constructed as follows: The inter-
nal force functional (3.7) enters the adjoint system via the optimization direction that
is defined in main flow direction ri = δi1. Thus, the boundary condition for the adjoint
velocity reads v̂bottom,1 = −1 on the lower and v̂top,1 = 0 on the upper channel side. Like-
wise, adjoint pressure and adjoint concentration are prescribed on the lower channel wall,
whereas Neumann conditions are imposed on top of the channel. An integration provides
the following analytical solution of the entire system

0 ≤ x2 <
1

2
:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v̂1 = Pbx2 − 1

p̂ = −V
C

[
1
3
PbTbx2

3 + 1
2
(PbC1b − Tb)x22 − C1bx2

]
+ C6b

v̂2 = 0

ĉ = Lb

[
µ∆
µb

(
1
6
Tbx2

3 + 1
2
C1bx2

2
)
+ ρ∆

ρb
Tb

(
1
6
x2

3 − 1
2Pb

x2
2
)]

+ C4bx2 + C5b

(4.160)

1

2
< x2 ≤ 1 :

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v̂1 = Pa (x2 − 1)

p̂ = ĉ− V
C
ρa
µa
Pa

[
1
3
Tax2

3 + 1
2
(C1a − Ta)x22 − C1ax2

]
+ C6a

v̂2 = 0

ĉ = La

[
µ∆
µa

(
1
6
Tax2

3 + 1
2
C1ax2

2
)
+ ρ∆

ρb
Tb
(
1
6
x2

3 − 1
2
x2

2
)]

+ C4ax2 + C5a

(4.161)
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with the following integration constants

C4a = −La

[
µ∆

µa

(
1

2
Ta + C1a

)
− 1

2
Tbρ∆

]
, C5b = 0 , C6b = 0 , (4.162)

C4b = −La

[
µ∆

µa

(
3

8
Ta +

1

2
C1a

)
− 1

8
Tbρ∆

]
− Lb

[
µ∆

µb

(
1

8
Tb +

1

2
C1b

)

+ Tbρ∆

(
1

8
− 1

2Pb

)]
, (4.163)

C5a = La

[
µ∆

µa

(
1

24
Ta +

1

8
C1a

)
− 1

12
Tbρ∆

]
− Lb

[
µ∆

µb

(
1

24
Tb +

1

8
C1b

)

− Tbρ∗∆
(

1

24
− 1

8Pb

)]
, (4.164)

C6a = −
V∗

C∗

[
1

24
PbTb +

1

8

(
PbC1b − Tb

)
− 1

2
C1a

− ρa
µa

Pa

[
1

24
Ta +

1

8

(
C1a − Ta

)
− 1

2
C1a

]]
− ĉ
⏐⏐⏐⏐
x2=

1
2

(4.165)

as well as the upcoming abbreviations

Pa =
2µb

µa + µb

, La =
1

ν ĉ
V∗

C∗Pa, (4.166)

Pb =
2µa

µa + µb

, Lb =
1

ν ĉ
V∗

C∗Pb . (4.167)

Interestingly, the solution of the adjoint velocity and therefore also the sensitivity does not
depend on La or Lb and is by far less tedious compared to the solution of the adjoint con-
centration and the adjoint pressure. Thus, the mobility parameter that scales the heuristic
diffusivity ν ĉ only governs the adjoint hydrostatic field. In the limit of vanishing diffusiv-
ity ν ĉ, one would impose a very large sink term while approaching the wall, which would
challenge the numerical solution of the adjoint pressure and the adjoint concentration in
the upper fluid regime, where the adjoint pressure sees the adjoint concentration abruptly.
Mind that one can shift the active region of ĉ in accordance to Eqn. (4.90). The disap-
pearance of the constants Ta and Tb for g1 → 0 (or v̂igi → 0), which strongly simplifies the
solutions of adjoint concentration and adjoint pressure due to the cancellation of all cubic
terms in the analytic solutions, supports the regularization characteristics of the synthetic
viscosity.
Hence, manipulated adjoint VoF and consistent adjoint under-resolved CH formulations

differ slightly w.r.t. the diffusivity which is inherently constant for VoF and partly spatially
variable along the interface transition regime in terms of CH. If positive, the additional
diffusive contribution can be treated implicitly, resulting in a positive impact on the main
diagonal of the system matrix that supports the balance for vanishing Reynolds/Froude
numbers or under extreme strain rates when different fluid properties occur. The minimal
associated break of dual consistency provides a strongly regularized adjoint system.

Verification

The adjoint verification essentially continues the primal sharp interface study, cf. Sec.
2.3.2. The gravitational inclination refers to 10◦ and the same Reynolds- and Froude
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4.3 Adjoint Flow Verification

number are employed. The adjoint solutions based on the primal verification cases are
computed for an exemplary heuristic viscosity of ν ĉ = 10−3. Again, periodic boundary
conditions are used in longitudinal direction. In contrast to the primal problem, adjoint
field quantities are specified on the lower channel side, where the adjoint velocity is assigned
to v̂bottom,1 = −δ1,1 = −1. Dirichlet values for adjoint pressure and concentration are set
to zero at the bottom wall. The adjoint momentum equation utilizes a first-order DDS
and the adjoint concentration employs the adjoint HRIC scheme (4.96) to approximate
convective fluxes. Figure 4.9 verifies the implementation of the adjoint system against the
analytical solutions (4.160, 4.161). The resulting adjoint concentration is smooth in the
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Figure 4.9: Plane Couette flow case (ReH = 100, Fn = 5): Adjoint results of the planar
Couette flow for a synthetic viscosity of ν ĉ = 10−3 for Froude and Reynolds
number of Fn = 5 and ReH = 100 as well as density (viscosity) ratios of
ρa = ρ∗a/ρ

∗
b = 1/4 (µa = µ∗

a/µ
∗
b = 1/4), ρa = 1 (µa = 1) and ρa = 4 (µa = 4)

under a gravity angle of φ = 10◦.

entire domain, whereas the adjoint pressure buckles along the free surface region. This can
be attributed to the abrupt introduction of the adjoint concentration to the upper fluid
domain in accordance with αc = 0. However, introducing a (heuristic) viscosity attenuates
the adjoint concentration magnitude, thus a larger value of ν ĉ smoothens the solution of
the adjoint pressure. In Fig. 4.10, the synthetic viscosity is increased step by step to
underline its regularizing characteristics w.r.t. the adjoint pressure. This is especially
relevant for real world flows, in which adjoint pressure-velocity coupling is a critical aspect
of the numerical stability, cf. Fig. 4.22.

4.3.3 Adjoint Universal Law of the Wall for Turbulent Flows

The last verification case studies the adjoint of the universal LoW for momentum b.-l.,
which is especially relevant for the consistent implementation of adjoint wall functions.
The adjoint complement to the LoW (2.152) also follows the two-layer approach. In line
with Sec. 4.1.8 or Eqn. (2.149), an adjoint unidirectional shear flow and a constant adjoint
shear stress are obtained, viz.

d τ̂ ∗eff

dx∗2
= 0 , → τ̂ ∗eff = τ̂ ∗l + τ̂ ∗t = (µ∗ + βµ∗

t )
d v̂1
dx∗2

= const. =: ρ∗ V̂ ∗2
1,τ . (4.168)
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Figure 4.10: Plane Couette flow case (ReH = 100, Fn = 5): Numerical and analytical
results of (a) adjoint concentration and (b) adjoint pressure of the planar
Couette flow for different (synthetic) viscosity magnitudes that indicates the
regularization characteristics of the heuristic modification.

Equation (4.168) utilizes a coefficient β to switch between the frozen (F; β = 1) and the
consistent (C; β = 2) algebraic approach, cf. (4.53). Along the route of the primal flow,
the adjoint stress τ̂ ∗eff is assumed to be proportional to the square of an adjoint friction
velocity V̂ ∗

1,τ . The two layer model inherited from the primal flow restricts the effective
viscosity of the viscous layer (µ∗

t/µ
∗ → 0) and the logarithmic layer (µ∗/µ∗

t → 0). Analogue
to the primal derivation, Eqn. (4.168) is integrated separately for both cases

x∗2 ≤ x̃∗2 : V̂ ∗2
1,τ = ν∗

d v̂∗1
dx∗2

→ v̂∗1 =
V̂ ∗2
1,τ

ν∗
x∗2 + Ĉ∗

1 , (4.169)

x∗2 ≥ x̃∗2 : V̂ ∗2
1,τ = β (κx∗2)

2 d v
∗
1

dx∗2

d v̂∗1
dx∗2

→ v̂∗1 =
1

β

(
V̂ ∗
1,τ

V ∗
1,τ

)
V̂ ∗
1,τ

κ
ln(x∗2) + Ĉ∗

2 . (4.170)

Note that the primal velocity gradient in the logarithmic regime d v∗1/dx
∗
2 is replaced by

V ∗
1,τ/(κx

∗
2) to solve for the adjoint tangential velocity. Applying a similar adjoint velocity

normalization, i.e. v̂+1 := v̂∗1/V̂
∗
1,τ , yields a compact form of the adjoint LoW similar to

(2.152), viz.

û+ =

⎧
⎨
⎩
x+2

V̂ ∗
1,τ

V ∗
1,τ

+
v̂∗W1
V̂ ∗
1,τ

forx+2 < x̃+2

1
β κ

ln (x+2 )
(
V̂ ∗
1,τ

V ∗
1,τ

)
+ B̂ forx+2 ≥ x̃+2

. (4.171)

Despite a possible shift due to non-intuitive boundary conditions, the adjoint LoW resem-
bles the primal counterpart scaled by the friction velocity ratio (V̂ ∗

τ /V
∗
τ ) and employs half

the logarithmic inclination by the parameter β for the consistent approach.
Since the adjoint field quantities are mathematically motivated, their adjoint bound-

ary conditions enter the integration constants in Eqns. (4.169)-(4.170). Depending on
the objective under investigation, the adjoint velocity potentially experiences a non-zero
boundary condition along no-slip walls, hence Ĉ∗

1 = v̂∗W1 , e.g., Ĉ1 = −1 if the internal
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shear stress objective (3.7) is considered. The piece-wise continuous transition from the
sub- towards the logarithmic layer is ensured by an appropriate value of Ĉ∗

2 . The latter is
reformulated into B̂ as an adjoint counterpart of the primal B, viz.

x̃+2
V̂ ∗
1,τ

V ∗
1,τ

+
v̂∗W1
V̂ ∗
1,τ

!
=

1

β κ
ln (x̃+2 )

V̂ ∗
1,τ

V ∗
1,τ

+ B̂ and x̃+2
!
=

1

κ
ln (x̃+2 ) +B . (4.172)

Hence, the adjoint B̂ follows from the primal B augmented by a constant shift in line with
the prescribed boundary condition for the adjoint velocity

B̂ =
v̂∗W1
V̂ ∗
1,τ

+
V̂ ∗
1,τ

V ∗
1,τ

[
B

β
+ x̃+2

(
1− 1

β

)]
. (4.173)

Verification

The general numerical setup is already defined in Sec. 2.3.3. The convective term for
adjoint momentum is approximated using the QDICK scheme.
Figure 4.11 depicts the result of the low-Re studies. For all investigated Reynolds num-

bers, the results are in fair predictive agreement with the respective LoW (2.152) and
(4.171). All results feature a narrow buffer layer region triggered by the employed van-
Driest term. Figure 4.12 depicts the results obtained for the high-Re simulations. It is
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Figure 4.11: Comparison of predicted primal and adjoint velocity profiles using the frozen
turbulence (F) as well as the LoW-consistent (C) approach for a turbulent
channel flow at Reynolds numbers between 106 ≤ ReH ≤ 108, increasing from
left to right (low-Reynolds formulation).

seen, that the logarithmic layer branch of the two solutions (2.152) and (4.171) is again
matched fairly accurate in combination with a k∗ − ε∗ BVM and one can conclude, that
the adjoint LoW for momentum is compatible with the above suggested approach.
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Figure 4.12: Comparison of predicted primal and adjoint velocity profiles using the frozen
turbulence (F) as well as the LoW-consistent (C) approach for a turbulent
channel flow at Reynolds numbers between 106 ≤ ReH ≤ 108, increasing from
left to right (high-Reynolds formulation).
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4.4 Adjoint Flow Validation

More complex situations are investigated for validation purposes after the successful verifi-
cation of the adjoint implementation. Hence, whereas the previous section showed that the
adjoint equations are solved correctly, this section investigates if the correct adjoint equa-
tions are solved. The fundamental goal of the adjoint analysis in this work is to determine
a shape sensitivity rule along the controlled wall region. The following studies investi-
gate precisely Eqns. (4.44,4.53) and are distinguished based on whether the respective
validation study aims at the local [global] integrand [integral] of the sensitivity derivative.
The discussion begins with a laminar single-phase flow and then steadily increases in

flow complexity. In the absence of flow turbulence, the laminar single- and two-phase flows
should reveal consistent adjoint-based shape derivatives, which in turn gives rise to their
comparison against sensitivity derivatives based on alternative (discrete) methods, e.g.
based on a FD study, cf. Eqn. (3.3). In all FD cases, the local boundary perturbations are
embedded in the LB metric and transported based on the Laplacian mesh deformation Eqn.
(3.29) into the (normal) interior domain as well as based on a Gaussian filter with a width
of 4 times the discrete surface element width into the (tangential) neighborhood, cf. Kröger
and Rung [2015], Kühl et al. [2019]. The turbulent flows of increased complexity towards
the end of this section compare the adjoint-based shape sensitivity on integral level based
on several complete shape optimization cycles according to Alg. 3. Each optimization
employs the same surface metric and the same step size per respective geometry to ensure
their reliability.

4.4.1 Laminar Boundary-Layer

The initial validation case continues the verification studies of the primal and adjoint
(Blasius) b.-l. flows and thus employs the same numerical grid (Fig. 2.9) and discretization,
cf. Sec. 2.3.1 and 4.3.1. The study aims at a) the agreement of the continuous adjoint
shape derivative with discrete FD results and b) a deeper insight into the influence of
the ATC term. The similarity solutions have shown that the neglect of the ATC term is
admissible for infinitely long plates. Technical flows, however, address real, finite plates.
As a consequence, their shape derivative w.r.t. a drag objective based on an adjoint
formulation with and without ATC is validated against FD results.
Figure (4.13) (a) depicts the results of two adjoint sensitivity evaluations for a drag

objective into the direction ri = δ1i where the adjoint formulations differ in their treatment
of the advective adjoint momentum transport. The first approach includes the ATC term
and thus corresponds to a fully consistent formulation. The second simulation leans on
the results of the similarity transformation, neglects the ATC influence and therefore rep-
resents a break of the dual consistency for the considered real plate. Due to the singularity
in the primal and dual shear, only the region between 0.1 ≤ x∗1/L

∗ ≤ 0.9 is presented.
Additionally, results of 17 FD-studies are marked at the discrete positions obtained from
34 additional simulations using a perturbation size of ϵ∗/L∗ = 10−5, cf. (3.3). The con-
sistent adjoint sensitivity that incorporates ATC agrees almost perfectly with the discrete
FD results. The linearity of the FD-analysis has been verified using a sequence of three
perturbation magnitudes. An exemplary documentation of the linear system answer is
displayed in Fig. 4.13 (b), which refers to an exemplary plate position x∗1/L

∗ = 1/2.
The ATC term resembles an adjoint momentum source which flows back over the plate
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due to the opposite convection direction, resulting in the quantitative difference between
both formulations that disappears for infinitely long plates (∂ v∗i /∂ x

∗
1 → 0) only. However,

both shape derivatives appear qualitatively similar and therefore affine to each other. The
difference resembles a quantitative shift pronounced towards the singular leading edge,
which in turn can be treated based on reduced step sizes within a steepest descent op-
timization procedure. Although the findings are not provably valid for more complex
flows, e.g., turbulent b.-l. or separated flows, they might still be indicative for attached
boundary-layers and other virtually unidirectional shear flows.
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Figure 4.13: Flat plate case (ReL = 104): (a) Continuous adjoint-based drag sensitivity
with and without ATC, superposed by several local finite-difference results
and (b) three exemplary finite system answers at x∗1/L

∗ = 1/2.

4.4.2 Submerged Cylinder

The second test case remains in the laminar regime but introduces a second fluid phase.
The exercise aims to a) validate the correctness of the two-phase flow system against
FD results for b) different values of the stabilizing apparent viscosity. In addition, the
c) local and d) global influence of the different adjoint two-phase coupling terms will be
systematically investigated on two different cost functionals.
A cylindrical shape is placed twice its diameter D∗ below the initial free surface, cf. Fig.

4.14 (a). The study is performed at ReD = v∗1D
∗/ν∗b = 20 and Fn = v∗1/

√
G∗ 2D∗ =

0.75, based on the gravitational acceleration G∗, the inflow velocity v∗1 and the kinematic
viscosity of the water ν∗b. The two-dimensional domain has a length and height of 60D∗

and 30D∗, where the inlet and bottom boundaries are located 20 diameters away from
the origin. A dimensionless wave length of λ = λ∗/D∗ = 2 π Fn2 = 3.534 is expected.
To ensure the independence of the objective functional w.r.t. spatial discretization, a
grid study was first conducted. The utilized structured numerical grid is displayed in
Fig. 4.14 (b) and consists of approximately 215 000 control volumes where the controlled
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cylinder shape is discretized with 500 surface patches along the circumference. At the inlet,
velocity and concentration values are prescribed, slip walls are used along the top as well
as bottom boundaries and a hydrostatic pressure boundary is employed along the outlet.
The convective term for primal [adjoint] momentum is approximated using the QUICK
[QDICK] scheme. A compressive HRIC scheme was used to approximate the convective
fluxes of the concentration equation. The wall normal distance of the first grid layer reads
x+2 = y+ ≈ 0.01 and the free surface refinement employs approximately ∆x∗1/λ

∗ = 1/100 =
∆x∗2/λ

∗ cells in the longitudinal as well as in the normal direction. Material properties
are extracted based on a linearized hyperbolic tangent with γm,ρ = γm,µ = 0.6, cf. (2.9).
According to Alg. (2) the integration in pseudo-time applies an adaptive time step size
based on Cotar = 0.2 which is embedded in five sub-cycles.

x∗1

x∗2

60D∗

30D∗

20D∗

20D∗

2D∗

D∗ ri

g∗i

u∗i

Ω∗O

(a) (b)

Figure 4.14: Submerged cylinder case (ReD = 20, Fn = 0.75): (a) Schematic drawing of
the initial configuration around the controlled cylinder shape u∗i (red) and (b)
structured numerical grid around the cylinder and the free surface.

Local Validation

Local results are depicted in Fig. 4.15 for two exemplary objectives: A boundary-based
force (left) objective (3.7) into the direction ri = [

√
(2),
√
2]T/2 as well as a volumet-

ric target concentration (center) objective (3.9) with a habitat along Ω∗O = [−5D∗, D∗]×
[25D∗, 5D∗]. The force functional is constructed in such a way that the adjoint velocity sees
the gravity vector already along the cylinder, i.e. ri g

∗
i ̸= 0. Only the upper half of the cylin-

der is investigated for different magnitudes of the perturbation ϵ∗/D∗ ∈ [10−4, 10−5, 10−6].
First, the influence of the adjoint apparent viscosity on the local shape derivative is

investigated. For each functional, two adjoint systems are constructed employing either
no (ν∗ĉ = 0) or a moderate non-zero and spatially constant (ν∗ĉ =M∗) synthetic viscosity,
where M∗ refers to an estimated mobility value, cf. (2.53). It should be noted that the
magnitude of the CH mobility is only roughly estimated for under-resolved flows. The
first case corresponds to a pure adjoint VoF procedure and the second case to an adjoint
CH-VoF approach with an estimated spatially constant (positive) diffusivity. The latter
represents an, albeit small, break in dual consistency, since the consistent CH-VoF viscosity
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becomes partly negative along the phase transition regime and only the former approach
can be deemed fully consistent. The results for several FD-studies are marked at 21 dis-
crete positions obtained from 42 additional (forward) simulations using the intermediate
perturbation size ϵ∗/D∗ = 10−5. The consistent adjoint sensitivities agree almost perfectly
with the discrete FD results. However, a break of dual consistency due to a non-zero
synthetic viscosity ν∗ĉ causes the sensitivity results to deviate for the concentration-based
objective, especially in regions of high sensitivity. Since the volume functional depends
exclusively on the primal concentration distribution, a manipulation of the dual concen-
tration field is much more critical compared to the boundary-based force objective. This
is an important finding for practical marine engineering applications, which often refer
to the minimization of boundary-based force objectives. Mind that the linearity of the
FD-analysis has been verified using a sequence of three perturbation magnitudes for both
functionals. An exemplary documentation of the systems linear answer is displayed in the
right graph of Fig. 4.15, which refers to an exemplary surface position x∗1/D

∗ = 1/4 for
the force functional.
Subsequently, nine additional adjoint studies investigate the influence of all adjoint cross-

coupling terms. The results are documented in Fig. 4.16 (drag functional) and 4.17 (inverse
concentration objective) based on the adjoint systems defined in Tab. 4.3. Formulations
A1-A3 neglect either all four source terms (A1), only the ATC term due to the nonlinear
momentum convection (A2) or all coupling terms due to the differentiation of the material
properties (A3), respectively. The neglect of adjoint concentration sources (A3) can be
motivated by a consistently differentiated (too) sharp density and viscosity EoS (γρ →
0, γµ → 0), cf. Sec. 4.1.3. The benefit of different adjoint concentrations sources in
combination with the ATC term are investigated in A4-A6. The individual concentration
sources are exclusively activated in A7-A9.

Sφ̂ v̂∗k
∂ v∗k
∂ x∗i

ρ∗∆ v̂∗i v
∗
k
∂ v∗i
∂ x∗k

2µ∗∆

Re
S∗
ik
∂ v̂∗i
∂ x∗k

ρ∗∆

Fn2
v̂∗i g

∗
i

A1 - - - -
A2 - x x x
A3 x - - -

A4 x - x x
A5 x x - x
A6 x x x -

A7 - x - -
A8 - - x -
A9 - - - x

Table 4.3: Adjoint source term configurations for the submerged cylinder case (ReD = 20,
Fn = 0.75) where ’-’ represents a neglect of the respective contribution.

The scenarios A1-A3 study the influences of the advective momentum (a.k.a. ATC)
or advective concentration transport to the adjoint momentum balance. Their influence
w.r.t. the total resistance objective resembles an overall sound influence while maintaining
the qualitative characteristics. In line with the flat plate b.-l. study from Fig. 4.13, an
amplification of the shape derivative is obtained in its most sensitive region if the ATC term
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is neglected, which in turn can be treated based on reduced step size within a steepest
descent optimization procedure. The situation becomes more crucial in the case of the
inverse concentration objective. Already the neglect of the ATC term (A2) shifts the
roots of the shape derivative. The manipulation of the sensitivity is significantly increased
by neglecting the adjoint concentration sources (A3). The quantitative differences are
anticipated to have sound influence on the final gradient-based optimization process by
employing, e.g., an adaptive step size. The qualitative differences indicate the absence of
a descent direction, as shown in later global validation studies.
A more detailed insight into the influence of the adjoint concentration sources is obtained

by freezing only selected terms (A4-A6). The resulting shape sensitivities are depicted in
the central figures. The sensitivity deviations from the consistent formulation appear to
be largest when the contributions due to a variation of the density are neglected, where
the variation of the Froude term seems to have the largest influence. While a quantitative
shift is observed in the case of the surface-based functional, the deviations w.r.t. the
volume-based cost functional are noticeably increased.
Finally, the previous situation is reversed by consequently neglecting all adjoint concen-

tration sources except for selective contributions (A7-A9). Considering only the Froude
term (A9) underlines its major relevance by driving the shape sensitivity of the inverse
concentration objective comparably close to the consistent result or towards the results of
A2.
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Figure 4.15: Submerged cylinder case (ReD = 20, Fn = 0.75): Continuous as well as dis-
crete finite-difference (FD) based sensitivity derivative along the upper cylin-
der side for (left) a drift functional (ri = [

√
(2),
√
2]T/2), (center) the target

concentration objective (Ω∗O = [−5D∗, D∗] × [25D∗, 5D∗]) as well as (right)
three exemplary finite (force functional) system answers at x∗1/D

∗ = 1/4.

Global Validation

Global validation studies aim at an integral comparison in a relative fashion, e.g., compar-
ing (J∗−J∗ini)/J∗ini over an optimization for different adjoint systems, cf. Alg. 3. Provided
that a fully consistent adjoint formulation is employed, the previously presented studies in
this thesis have demonstrated local agreement between the adjoint-based shape derivatives
and FD results. Manipulations of the adjoint formulation to obtain increased numerical
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Figure 4.16: Submerged cylinder case (ReD = 20, Fn = 0.75): Continuous sensitivity
derivative along the upper cylinder side for a drag functional (ri = [1, 0]T)
based on different adjoint systems that break the dual consistency via a mod-
ification of adjoint sources, cf. Tab. 4.3.
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Figure 4.17: Submerged cylinder case (ReD = 20, Fn = 0.75): Continuous sensitivity
derivative along the upper cylinder side for an inverse concentration objective
(Ω∗

O = [−5D∗, D∗]×[25D∗, 5D∗]) based on different adjoint systems that break
the dual consistency via a modification of adjoint sources, cf. Tab. 4.3.

stability based on, e.g., too large apparent viscosities or a neglect of adjoint coupling terms
reveal both qualitative and quantitative influences on the desired shape derivatives. The
influence of the different consistency violations on a complete gradient-based optimization
will be assessed in the following. A total of ten (consistent + A1-A9) optimizations are
performed for each cost functional together with an explicitly evaluated LB metric based
on a filter width of µ∗g̃i/D∗ = 1/10 in Eqn. (3.28) as well as equal step sizes. All studies
employ ν ĉ = 0 and the optimization results are depicted in Figs. 4.18-4.19. Studies on the
influence of the apparent viscosity are conducted in the subsequent section. The different
adjoint formulations result in similar drag values, where the Froude term provides the most
relevant contribution. The optimization gain w.r.t. drag is maximized if the fully consis-
tent adjoint formulation is employed. However, neglecting all four adjoint source terms
(A1) decreases the drag gain by ≈ 1% only. The difference arises within the last 20-30%
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4.4 Adjoint Flow Validation

of the optimization, at the beginning of the optimization the value of the cost functional
is almost identical. In addition, a descent direction is determined in all cases which is no
longer the case if the concentration-based volumetric objective is considered. All adjoint
systems that neglect the Froude term (A1-A2, A6-A8) perform a step into a direction of
ascent and the optimization algorithm terminates immediately, cf. Alg. 3. From a global
perspective, the influence of the variation of the molecular viscosity (A5) appears to have
a negligible impact.
Although the transfer of the results to a turbulent marine engineering flow seems ques-

tionable, they are at least indicative.
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Figure 4.18: Submerged cylinder case (ReD = 20, Fn = 0.75): Drag objective (ri = [1, 0]T)
convergence based on different adjoint systems that break the dual consistency
via a modification of adjoint sources, cf. Tab. 4.3.
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Figure 4.19: Submerged cylinder case (ReD = 20, Fn = 0.75): Inverse concentration objec-
tive (Ω∗O = [−5D∗, D∗]× [25D∗, 5D∗]) convergence based on different adjoint
systems that break the dual consistency via a modification of adjoint sources,
cf. Tab. 4.3.
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4 Adjoint Flow

4.4.3 Hydrofoil

This section examines the adjoint two-phase system on the submerged NACA0012 hydrofoil
at ReL = 144 855 and Fn = 0.567. The test case refers to the Duncan (cf. Duncan [1981,
1983]) foil case which was already introduced during the primal validation, cf. Sec. 2.4.4
and Fig. 2.22, and aims at a systematic investigation of the influence of the apparent
viscosity of the CH-VoF approach on the shape sensitivity (4.44) on local level. The
convective term for adjoint momentum is approximated using the QDICK scheme and a
frozen (F) turbulence wall function approach is employed. The adjoint system is solved
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Figure 4.20: Submerged hydrofoil case (ReL = 144 855, Fn = 0.567): Normalized filtered
(µ∗g̃i/L∗c = 1/30) shape gradients for a 45◦ drift force objective along the
complete (left) and front half (right) suction side for various adjoint concen-
tration models ranging from identical fluid properties (ρ∆ = 0 = µ∆), over a
frozen concentration approach to different apparent viscosities.

for a force and inverse concentration criterion considering a steady primal solution. The
test case barely converges for ν∗ĉ → 0 and the adjoint time step size ∆t∗adj is significantly
reduced by a factor ∆t∗adj/∆t∗pri = 1/100 compared to the primal time step size ∆t∗pri.
During the simulations it is noticed that the numerical stability is mainly affected by the
Froude term in Eqn. (4.65) which in turn is particularly relevant for a consistent sensitivity
as shown in the previous section.
First, the foil is investigated for its optimization potential w.r.t. a drift functional, i.e.

50% drag, 50% lift, or ri =
√
2/2 in (3.7). According to Tab. 4.1, the adjoint velocity

is prescribed to v̂i = −ri along the foil. Thus, the adjoint velocity sees the gravitational
vector v̂i gi ̸= 0 in the foil vicinity and the Froude term is therefore forced to be active in the
sensitive region. Moreover, the noisy shape derivative (sensitivity) is explicitly transformed
into the shape gradient based on the LB metric. The filter-width reads µ∗g̃i/L∗c = 1/30 and
various adjoint systems are constructed for the HRIC solution: Starting from a consistent
(ν ĉ = 0) system, the synthetic viscosity ν ĉ is carefully increased. Finally, simulations are
performed for a frozen concentration approach and an approach based on identical fluid
properties (ρ∗∆ = 0 = µ∗∆) to better understand and assess the results. The resulting
normalized shape gradients are depicted by Fig. 4.20 (a) along the suction side of the
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4.4 Adjoint Flow Validation

foil. Small qualitative differences are recognized and no changes in sign are observed for
the different levels of adjoint concentration viscosity. Only a neglect of the two-phase
information within the adjoint momentum equation results in significant distortions of the
shape gradient. Although no sign change is observed, the shape gradients of the frozen
concentration approach fall close to the results of a single-phase flow. The latter is obtained
based on a primal/dual flow for ρ∗∆ = 0 and µ∗∆ = 0. Results of the force objective study
indicate, that the impact of the synthetic viscosity on the predicted sensitivity is negligible,
whilst the robustness of the procedure is significantly improved.

A possibly more crucial objective w.r.t. consistency issues might be the inverse concen-
tration objective (3.9). In this case, the objective functional exclusively speaks through
the adjoint concentration and enters the adjoint system (only) on the r.h.s. of R∗ĉ which
makes the frozen concentration approach obsolete. The habitat of j∗Ω reads Ω∗O =
[−L∗c, L∗c]× [20L∗c, 2L∗c], where the 2D coordinate system originates in the leading edge.
Again, various adjoint systems are constructed, which differ only in the amplitude of the
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ν ĉ = 10−5
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Figure 4.21: Submerged hydrofoil case (ReL = 144 855, Fn = 0.567): Normalized filtered
(µ∗g̃i/L∗c = 1/30) shape gradients for an inverse concentration objective along
the complete (left) and front half (middle) suction side as well as the error
(right) between a consistent adjoint HRIC and a pure DDS approximation
of the adjoint convection of ĉ based on the maximum norm (ϵDD,adHRIC =
max(|(g∗DD − g∗adHRIC)/g∗adHRIC|)) for different magnitudes of the apparent
adjoint concentration viscosity.

apparent adjoint concentration viscosity and result in the normalized shape gradients de-
picted on the left [center] part in Fig. 4.21 along the complete [front half] suction side.
Analogous to the force functional, the increase in synthetic viscosity only leads to an atten-
uation of the gradient, which in turn could be treated by an appropriate step size within
a gradient-based optimization procedure.

When attention is directed to practical marine engineering applications, the computa-
tional effort associated with time stepping of compressive primal approximations is sub-
stantial. As outlined above, the related efforts increase for an adjoint system. Means to
reduce this effort whilst still retaining reliable sensitivity information are appreciated. To
address this aspect, simulations were repeated using simple DDS approximations of the
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4 Adjoint Flow

convective transport in the adjoint concentration equation, instead of swapping from DDS
to UDS along the interface region in line with the adjoint HRIC approach. This approach
was formerly suggested by Kröger et al. [2018] and circumvents the time step size depen-
dency of the adjoint system (4.109), which would basically allow steady adjoint simulations.
However, for the current investigation the integration within the pseudo-time remains un-
changed in order to support the comparison of results. The respective shape gradients differ
only quantitatively. Hence, their deviation w.r.t. a consistent adjoint HRIC approximation
is estimated in terms of the maximum norm ϵDD,adHRIC = max(|(g∗DD−g∗adHRIC)/g∗adHRIC|)
and plotted in Fig. 4.21 (right) over the employed apparent viscosity. The deviation is
large for a small synthetic viscosity ν ĉ and drops significantly for larger values of ν ĉ. Its
evolution is located in a corridor limited by O(−1/ν ĉ) and O(−4/ν ĉ), which results from ν ĉ

exceeding the numerical viscosity inherent to any dual [primal] downwind [upwind] biased
interpolation method. The diffusive influence of synthetic viscosity on the adjoint concen-
tration field is plotted in Fig. 4.22 (a) for different magnitudes of the synthetic viscosity.
Increasing values smear the initially parabolic into an elliptical field. Furthermore, Fig.
4.22 (b) confirms the observations of the 1D Couette model from Sec. 4.3.2, according to
which increased apparent viscosity suppresses the jump of adjoint pressure along the free
surface and thus stabilizes the numerical procedure, cf. Fig. 4.10 (b).

ĉ/max(|ĉ|)
-1 0 1

(a)

p̂/max(|p̂|)
-1 0 1

(b)

Figure 4.22: Submerged hydrofoil case (ReL = 144 855, Fn = 0.567): Normalized (left)
adjoint concentration and (right) adjoint pressure distribution for the inverse
concentration objective around the foil for synthetic viscosity increasing from
ν ĉ = 10−4 (top) over ν ĉ = 1 (middle) to ν ĉ = 104 (bottom).

4.4.4 Pointed Oval

The fourth validation case examines a two-dimensional elliptic, pointed oval geometry
of length [height] L∗ [L∗/2] under a Reynolds number of ReL = V ∗

1 L
∗/ν∗ = 106 where

V ∗
1 and ν∗ refer to the bulk velocity and kinematic viscosity, respectively, cf. Fig. 4.23

(a) and 4.24 (left). Hence, the investigated oval employs a height h∗ to length ratio of
h∗/L∗ = 1/2. The focal point of interest refers to a comparison of initial shape sensitivities
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4.4 Adjoint Flow Validation

predicted by the adjoint frozen (F) and the LoW-consistent (C) adjoint turbulence closure.
Their influence on a complete, gradient- (steepest descent) based shape optimization will
be considered also in terms of global validation. The structured numerical grid consists
of 11 600 control volumes and the obstacle is discretized with 200 surface elements as
depicted in Fig. 4.23 (b). A homogeneous velocity is imposed along the inlet, a zero

x∗1
x∗2

L∗

L∗/2

V ∗
1

(a) (b)

Figure 4.23: Pointed oval case (ReL = 106): Illustration of the considered geometry (a)
and computational grid (b) where red lines indicate the design region.

pressure value is prescribed at the outlet and slip-walls are employed along the top and
bottom boundary. The obstacle is examined with respect to its optimization potential in
terms of total resistance. In line with the habitat of the internal force objective, the adjoint
velocity reads v̂i = −ri = −δ1i along the design surface. The initial shape sensitivities along
the upper side resulting from both employed adjoint formulations (F vs. C) are shown in
Fig. 4.24 (center). Notable quantitative differences are observed in the maximum absolute
sensitivity. Moreover, qualitative differences occur due to the deviating signs in the vicinity
of the leading and trailing edge. While the former should primarily result in an accelerated
optimization, the latter points to possibly different optimal solutions. For this reason, two
optimizations were performed, i.e. one for a convex problem, that should exclusively reveal
convergence speed differences, and one for a non-convex problem.
The first study uses an identical step size in combination with the LB surface metric.

The utilized filter-width reads µ∗g̃i/L∗ = 1/10 and the step size was chosen to ensure a
maximum first displacement d∗i of d∗i /L

∗ = 1/1000 for the consistent optimization. The
mathematically convex problem should physically converge to a flat plate b.-l. flow. The
convergence of the drag objective is documented in Fig. 4.24 (right) where both strategies
yield almost the same optimal value that drops by approximately 85%. However, the LoW-
consistent approach converges approximately 30% faster compared to the frozen turbulence
approach. The optimized shapes are depicted in Fig. 4.24 (left) and the deviation of their
optimal drag value is below 2% w.r.t. the non-dimensional drag coefficient of a turbulent
flat plate b.-l., e.g. cd ≈ 0.074Re

(−1/5)
L = 4.7 · 10−3, cf. Hucho [2002]. Subsequently, an

additional optimization study was carried out, whereby the sensitivity is modified in such
that the flow displacement of the initial shape is conserved using the projection method
(3.33). Analogous to the previous optimization, the same constant step size was speci-
fied for both optimizations, which was chosen to ensure a maximum first displacement of
d∗i /L

∗ = 1/1000 for the consistent optimization. The convergence of the objective func-
tional is documented in the right graph of Fig. 4.25. Again, the LoW-consistent approach
converges almost 30% faster, while absolute [relative] improvements of ≈3% [≈10%] are
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Figure 4.24: Pointed oval case (ReL = 106): Initial and optimized shapes (left), initial
upper wall shape sensitivities predicted by the frozen (F) and consistent (C)
approach (center), as well as drag objective convergence (right) for the geo-
metrically unconstrained optimization.

observed for the resistance reduction compared to the frozen turbulence approach. The
profit follows mainly from the slightly more bulbous [slimmer] front [rear] region (cf. Fig.
4.25).
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Figure 4.25: Pointed oval case (ReL = 106): Initial and optimized shapes (a) as well as drag
objective convergence (b) predicted by the frozen (F) and the LoW-consistent
(C) approaches for the volume conserving optimization.

Further studies of the LoW-consistent adjoint framework w.r.t. two- and three-dimensional
internal flows are available in Kühl et al. [2021c].
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5 Application Studies

This chapter applies the previously presented primal/adjoint CH-VoF RANS procedure to
three maritime two-phase flow test-cases on industrial level. Examples included involve a
generic underwater vehicle, a double ended ferry and an offshore supply vessel. Attention
is given to a) the attainable robustness returned by the adjoint formulation and its level of
consistency, b) the obedience to geometrical constraints – such as plane transoms or sym-
metry requirements – and c) the consideration of a varying floatation. All optimizations
employ the SP metric from Sec. 3.5.2 to extract the gradient out of the sensitivity deriva-
tive. A spatially constant (positive) adjoint apparent viscosity is determined according to
the estimation rule from Sec. 2.2.9 and the first application employs the linearized EoS
(2.9), while the second and third use the algebraic adjoint turbulence model.

5.1 Generic Underwater Vehicle

This first application investigates a submerged generic DARPA (Defense Advanced Re-
search Projects Agency) SUBOFF geometry as described in Groves et al. [1989] without
appendages. The test case is frequently used during studies that focus on the propulsion
and manoeuvring of deeply submerged submarines or in the vicinity of the free surface,
e.g. Wang et al. [2020], Daum et al. [2017], Chase and Carrica [2013]. The present study
is focused on the near surface operation. When operating close to the free surface, the
wave field induced by the interaction of the dynamic pressure field with the free surface is
unfavorable in terms of wave resistance as well as the signature of the submarine.
As illustrated in Fig. 5.1, the hull consists of three sections: A bow section (0 ≤ x∗1 ≤

2D∗), a middle body (2D∗ ≤ x∗1 ≤ 0.745L∗S) as well as an aft section including cap
(0.745L∗S ≤ x∗1 ≤ L∗S). The origin of the coordinate system is located at the front tip.
Here, L∗S and D∗ represent the length of the submarine and the maximum body diameter.
The present study is performed for a turbulent flow at ReL = V ∗

1 L
∗S/ν∗b = 8.54 ·106 and

Fn = V ∗
1 /
√
G∗L∗S = 0.3, based on the gravitational acceleration G∗, the inflow velocity

V ∗
1 and the kinematic viscosity of the water ν∗b. The non-dimensional submergence reads
L∗/D∗ = 1.1.
The three-dimensional domain has a length, height and width of 20L∗S, 10L∗S as well as

5L∗S, where the inlet, bottom and outer boundaries are located five geometry-lengths away
from the origin. A dimensionless wave length of λ = λ∗/L∗ = 2π Fn2 = 4.4 is expected and
the wave elevation w.r.t. still water should be minimized, viz. Ω∗O = [−L∗S, L∗S/10, 0] ×
[5L∗S, 1.5L∗S, 5L∗S], by modifying only the middle body of the underwater vehicle while
conserving its displacement. The utilized unstructured numerical grid is displayed in Fig.
5.1 (b) and consists of approximately 4 · 106 control volumes. Due to symmetry, only half
of the geometry is modeled in the lateral direction.
The fully turbulent simulations employ a wall function-based k∗−ω∗ SST model and con-

vective terms for momentum and turbulence are approximated using the QUICK scheme.
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Figure 5.1: Submerged DARPA SUBOFF case (ReL = 8.54 ·106, Fn = 0.3): (a) Schematic
drawing of the initial configuration and (b) unstructured numerical grid around
the generic underwater vehicle and the free surface.

The CICSAM scheme is used for the compressive concentration transport. In contrast, the
adjoint equations employ the QDICK and adCICSAM procedure. At the inlet, velocity
and concentration values are prescribed, slip walls are used along the top, bottom as well
as outer boundaries and a hydrostatic pressure boundary is employed along the outlet.
Along the mid ship plane a symmetry condition is declared. The dimensionless wall nor-
mal distance of the first grid layer reads x+2 = y+ ≈ 30 and the free surface refinement
employs approximately δx∗1/λ

∗ = δx∗3/λ
∗ = 1/50 cells in the longitudinal as well as lateral

and δx∗2/λ
∗ = 1/500 cells in the normal direction. The tangential resolution of the free

surface region is refined within a Kelvin-wedge to capture the wave field generated by the
submerged geometry, cf. Fig. 5.2. According to Alg. (2) the integration in pseudo-time
applies a time step size based on Cotar = 0.4 embedded in five sub-cycles. The employed
steepest descent approach uses a step size based on a prescribed maximum deformation
for the initial design, viz. α∗di = L∗S/1000 based on one per mil of the reference length
as maximum initial deformation, cf. Alg. 3. The step size is kept constant over the
optimization, leading to a smooth convergence of the objective functional. Five optimiza-
tions are performed: Four of them carefully increase the adjoint apparent viscosity from
ν ĉ ρ∗b/µ∗b = 1 to ν ĉ ρ∗b/µ∗b = 1000. The relative decrease of the cost functional is de-
picted over the number of gradient steps (performance evaluations) in Fig. 5.3. The fifth
optimization employs the smallest apparent viscosity but neglects all three source terms
scaling with the density and viscosity difference within the adjoint concentration equation
and thus resembles a frozen material property approach. These source/sink terms are a
strong motivation for the introduction of an apparent viscosity, as they drastically increase
the coupling of the adjoint equation system and by that decrease the numerical stability.
Except for the optimization with frozen fluid properties, all optimizations achieve a similar
order of magnitude for the minimization of the cost functional. The adjoint coupling terms
resulting from a variation of the fluid properties seem to have a much stronger influence
on the shape derivative than the adjoint apparent viscosity. An increase of the latter re-
sults in a deviating convergence behavior and a somewhat smaller reduction of the cost
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5.1 Generic Underwater Vehicle

Figure 5.2: Submerged DARPA SUBOFF case (ReL = 8.54 · 106, Fn = 0.3): Numerical
grid in the still water plane.
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Figure 5.3: Submerged DARPA SUBOFF at ReL = 8.54 · 106, Fn = 0.3: Inverse concen-
tration objective decrease over the number of performed shape updates during
a steepest descent procedure. Four optimizations differ in the amplitude of
the apparent viscosity and one optimization neglects all adjoint coupling terms
that originate from the derivative of material properties.

functional. Interestingly, the fastest convergence is achieved with the highest apparent
viscosity. The inferior influence of the apparent viscosity compared to the coupling terms
is also demonstrated by the wave patterns displayed in Fig. 5.4. The three graphs are ex-
tracted at three different lateral positions, viz. x∗3/D

∗ = 0 (left), x∗3/D
∗ = 2 (middle) and

x∗3/D
∗ = 4 (right) as indicated in Fig. 5.5. This observation is confirmed by the resulting

hull geometries. Figures 5.6 and 5.7 present water lines and buttocks of the initial and the
optimized geometry with ν ĉ = 1 against the optimization with frozen material properties
(top) and the final shape resulting from ν ĉ = 1000 (bottom). The slices underline the local
character of the optimization approach as well as the strength of the proposed method
wr.t. large shape and mesh deformations.
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ν ĉ = 1, frozen C.

Figure 5.4: Submerged DARPA SUBOFF case (ReL = 8.54·106, Fn = 0.3): Wave elevation
for the initial and for three optimized shapes with ν ĉ = 1 (with and without
adjoint two-phase coupling terms) as well as ν ĉ = 1000 along the main flow
direction (x∗1) at three different lateral positions, viz. (left) x

∗
3/D

∗ = 0, (center)
x∗3/D

∗ = 2 and (right) x∗3/D
∗ = 4.
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Figure 5.5: Submerged DARPA SUBOFF case (ReL = 8.54 · 106, Fn = 0.3): Normalized
wave elevation for top) the initial geometry and bottom) the optimized hull
resulting from an optimization with ν ĉ = 1.
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Figure 5.6: Submerged DARPA SUBOFF case (ReL = 8.54·106, Fn = 0.3): Water lines for
the initial geometry (black), two optimized geometries based on ν ĉ = 1 (orange)
and ν ĉ = 1000 (blue) as well as the resulting slices for an optimization that
employs ν ĉ = 1 with a frozen material property approach (purple).
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ν ĉ = 1, frozen mat.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
-0.60
-0.50
-0.40
-0.30
-0.20
-0.10
0.00
0.10
0.20
0.30
0.40
0.50
0.60

x∗1/L
∗S [-]

x
∗ 2
/D

∗
[-
]
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Figure 5.7: Submerged DARPA SUBOFF case (ReL = 8.54 · 106, Fn = 0.3): Buttocks for
the initial geometry (black), two optimized geometries based on ν ĉ = 1 (orange)
and ν ĉ = 1000 (blue) as well as the resulting slices for an optimization that
employs ν ĉ = 1 with a frozen material property approach (purple).
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5.2 Double Ended Ferry

The second application refers to a Double Ended Ferry (DEF), as depicted in Figs. 5.8
and 5.9. The hull is optimized w.r.t. total drag for a scale 1:8.75 model. Since a double
ended ferry moves both forward (V ∗

1 < 0) and backward (V ∗
1 > 0), the performance op-

timization must mimic this symmetry and preserve the longitudinal symmetry along the
central x∗2 − x∗3 plane (mid ship section) of the initial hull, cf. Fig. 5.9 (a). Floatation is

Figure 5.8: Double Ended Ferry (DEF): Perspective 3D representation of the initial
geometry.

not considered, and geometrical constraints aim to preserve the initial main dimensions, to
maintain the displacement, and to guarantee the symmetry of the hull w.r.t. an identical
forward and backward cruise performance. Simply speaking, the latter requires the refor-
mulation of the force objective from Sec. 3.2, in which the forces of the forward (J∗+) and
backward (J∗−) cruise need to be evaluated separately to subsequently form an equally
weighted sum, viz. J∗+,− = 0.5 J∗+ + 0.5 J∗−. However, in case of a perfectly symmetric
initial geometry and domain, the determination of the sensitivity for one cruise direction,
e.g. J∗+, using an unmirrored geometry is sufficient, if the sensitivity is subsequently
mirrored around the mid ship plane. The mirrored sensitivity should precisely correspond
to the reversed flow sensitivity, e.g. J∗−, and thus to the opposite travel direction. Both
sensitivity distributions are combined to guide the gradient-based optimization. A per-
fectly mirrored grid with an identical control volume distribution on both sides of the mid
ship symmetry plane is therefore much appreciated. In this situation, an interpolation of
mirrored sensitivities could be bypassed by a simple injection, and the optimized shape
naturally remains symmetric throughout the optimization.
The DEF consists of a hull, bulkwark and deck as conceptually sketched in Fig. 5.9,

where the coordinate system is placed at the bottom of the hull in the mid ship section
and the free surface is initialized in the x∗1−x∗2 plane at x∗3/L∗D = 5/146 based on the DEF
length L∗D. The study is performed for a turbulent flow at ReL = V ∗

1 L
∗D/ν∗b = 6.26 · 106

and Fn = V ∗
1 /
√
G∗L∗D = 0.25, based on the gravitational acceleration G∗, the inflow

velocity V ∗
1 and the kinematic viscosity of the water ν∗b. A dimensionless wave length of

λ = λ∗/L∗D = 2π Fn2 = 4.4 is expected. The three-dimensional domain has a length,
height and width of 10L∗D, 4L∗D as well as 4L∗D. The geometry is symmetric around the
x∗1−x∗3 and x∗2−x∗3 plane. Therefore only half of the lateral x∗2-extend is considered and the
numerical grid is mirrored around the mid ship x∗2−x∗3 plane by construction. The inlet and
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Figure 5.9: Double Ended Ferry (DEF) case (ReL = 6.26 · 106 and Fn = 0.25): (a)
Schematic drawing of the initial configuration and (b) unstructured numeri-
cal grid around the stern and the free surface.

outlet boundaries are located 4.5 geometry-lengths away from the origin. The symmetric
unstructured numerical grid is displayed in Fig. 5.9 (b) and consists of approximately 5·106
control volumes. The fully turbulent simulations employ a wall-function-based k∗−ω∗ SST
model and convective terms for momentum and turbulence are approximated using the
QUICK scheme. The HRIC scheme is used for the compressive concentration transport.
The simulation applies a main flow against the x∗1-axis. Velocity and concentration values
are prescribed at the inlet and slip walls are used along the top, bottom as well as remote
lateral planes. A hydrostatic pressure boundary is employed along the outlet located at the
minimum x∗1-position. A symmetry condition is imposed along the central lateral plane.
The dimensionless wall normal distance of the first grid layer reads x+2 = y+ ≈ 50 and
the free surface refinement employs approximately δx∗1/λ

∗ = δx∗3/λ
∗ = 1/50 cells in the

longitudinal as well as lateral and δx∗2/λ
∗ = 1/500 cells in the normal direction. The

tangential resolution of the free surface region is refined within a Kelvin-wedge to capture
the wave field generated by the DEF geometry. To ensure a symmetric mesh update, the
utilized numerical mesh and thus the Kelvin-wedge is mirrored, cf. Fig. 5.10. According
to Alg. (2) the integration in pseudo-time applies a time step size based on Cotar = 0.35
embedded in five sub-cycles.

Adjoint simulations employ a pure DDS approximation of the convective adjoint con-
centration transport and use an apparent viscosity based on the primal estimation from
(2.53) together with an adjoint time step size ∆t∗adj that is significantly reduced by a factor
∆t∗adj/∆t∗pri = 1/100 compared to the primal time step size ∆t∗pri.

During a first series of computations, the symmetry condition is not considered for the
formulation of the objective functional and only the forward cruise (J∗+) force on the hull
is minimized for three different step sizes. The cost functional convergence is shown in Fig.
5.11 (a). All optimizations minimize the force by about (J∗+ − J∗+,ini)/J∗+,ini ≈ 2.75%.
The normalized initial deformation field is shown in Fig. 5.12 (top). Due to the asymmetric
shape update, the forces of the forward (J∗+) and rearward (J∗−) cruise diverge for the
optimized shape. To validate this, the inlet and outlet boundary conditions are reversed
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Figure 5.10: Double Ended Ferry (DEF) case (ReL = 6.26 ·106 and Fn = 0.25): Symmetric
numerical grid in the still water plane.

on both the initial as well as the optimized grid, so that the DEF now effectively travels in
the reverse direction that offers access to the J∗− performance. The resulting normalized
drag force is shown in Fig. 5.11 (b) for a certain time period, where the solid [dashed]
lines correspond to the total resistance from forward (J∗+) [backward (J∗−)] travel. In
line with the expectation, the initial grid provides an identical resistance for both cases
(i.e. J∗+,ini = J∗−,ini). Nonetheless, the drag convergence as well as the final value of the
optimized shape differ significantly (i.e. J∗+,opt ̸= J∗−,opt) and the optimized resistance of
the backward travel even exceeds that of the initial forward cruise, i.e. J∗−,opt > J∗−,ini

(= J∗+,ini).
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Figure 5.11: Double Ended Ferry (DEF) case (ReL = 6.26·106 and Fn = 0.25) with unsym-
metric shape update: (a) Relative objective convergences and (b) comparison
of initial and optimized shape based on forward and backward cruise.

Subsequently, three additional optimizations are performed, which mirror the sensitiv-
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Figure 5.12: Double Ended Ferry (DEF) case (ReL = 6.26·106 and Fn = 0.25): Normalized
initial deformation field along the hull for (top) the straight forward drag
minimization and (bottom) its symmetrized analogue.

ity derivative around the mid ship after each adjoint simulation in order to minimize
J∗+,− = 0.5 J∗+ + 0.5 J∗−. An exemplary normalized deformation field is shown in Fig.
5.12 (bottom) and indicates the symmetrized character in contrast to the former, non-
symmetric approach. For all three step sizes used, the cost functional convergence is
plotted in Fig. 5.13 (a). Again, all optimizations converge to nearly the same gain of
(J∗+,−−J∗+,−,ini)/J∗+,−,ini ≈ 3.7%, which is, interestingly, below that of the non-symmetric
optimization. To emulate the reverse travel, the optimized shape based on the smallest
step size is simulated with reversed inlet and outlet boundary conditions. The resulting
total resistance force convergence over an exclusive time period is shown in Fig. 5.13
(b), where the solid [dashed] lines correspond to the total resistance from forward (J∗+)
[backward (J∗−)] cruise. As for the initial shape, the symmetrically optimized shape
has an identical cost functional convergence for both forward and backward travel, i.e.
J∗+,opt = J∗−,opt < J∗−,ini = J∗+,ini and thus J∗+,−,opt < J∗+,ini = J∗−,ini. To summarize:
The mirroring of the shape sensitivity derivative after an adjoint simulation of the DEF
forward cruise allows a symmetry preservation of the shape optimization for the purpose of
an equivalent backward traveling performance. For the optimizations based on the smallest
step size, slices of the optimized shapes with and without symmetrization are depicted in
Fig. 5.14.
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Figure 5.13: Double Ended Ferry (DEF) case (ReL = 6.26 · 106 and Fn = 0.25) with sym-
metric shape update: (a) Relative objective convergence and (b) comparison
of initial and optimized shape based on forward and backward cruise.
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Figure 5.14: Double Ended Ferry (DEF) case (ReL = 6.26 · 106 and Fn = 0.25): (Top)
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geometry.
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5.3 Offshore Supply Vessel

This final application refers to an Offshore Supply Vessel (OSV) in both 1:9 model-scale
(MS) and full-scale (FS), where the hull length is small compared to the cruising speed.
Hence, the supply vessel operates at comparably large Froude numbers (Fn > 0.3) and
therefore experiences high wave resistances based on, e.g., braking waves. A modification
of the latter might trigger a change of the floatation and therefore the OSV represents a
competitive test case for the presented adjoint-based two-phase shape optimization frame-
work under free floatation. The geometry features a transom which allows for geometrical
constraints based on a robust mesh deformation process. The considered geometrical
constraints refer to the conservation of a plane transom that allows tangential-only defor-
mation, the conservation of the displacement, and the adherence to a prescribed maximum
vessel length.

Figure 5.15: Perspective 3D representation of the initial Offshore Suplly Vessel (OSV) ge-
ometry. Numerical studies simplify the deck region and minimize the step, cf.
Fig. 5.16.

The OSV consists of a hull, transom, bulkwark and deck as conceptually sketched in
Figs. 5.15,5.16, where the coordinate system is placed at the bottom of the stern and the
free surface is initialized in the x∗1 − x∗2 plane at x∗3/L

∗O = 1/16 based on the OSV length
L∗O. To emphasize the industrial applicability of the optimization method, the geometry
is optimized in both MS and FS, with Reynolds and Froude numbers of ReMS

L = 8.92 · 106,
FnMS = 0.32 [ReFSL = 2.81 · 108, FnFS = 0.37] for the MS [FS] configuration. In both
cases, the three-dimensional domain has a length, height and width of 8L∗O, 6L∗O as well
as 4L∗O, where the outlet [bottom] boundaries are located four [two] OSV-lengths away
from the origin. A dimensionless wave length of λMS = λ∗/L∗O = 2 π Fn2 = 0.626 and
λFS = 0.852 is expected and the total drag of the OSV should be minimized, viz. ri = −δi1
in Eqn. (3.8), by modifying the hull and transom while conserving the displaced water.
The utilized unstructured numerical grid around the MS transom is displayed in Fig. 5.16
(b) and consists of approximately 3 · 106 control volumes. Due to symmetry, only half
of the geometry is modeled in lateral direction. The fully turbulent simulations employ a
wall-function-based k∗−ω∗ SST model and convective terms for primal and adjoint momen-
tum as well as primal turbulence are approximated using the QUICK scheme. The HRIC
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Figure 5.16: (a) Schematic drawing of the initial configuration and (b) unstructured nu-
merical grid around the stern and the free surface for a model scale configu-
ration of the Offshore Supply Vessel (OSV).

scheme is used for the compressive concentration transport. The adjoint concentration
equation features a DDS approximation together with an apparent viscosity based on the
CH-VoF estimation from (2.53) and the algebraic adjoint turbulence closure is employed.
At the inlet, velocity and concentration values are prescribed, slip walls are used along the
top, bottom as well as outer boundaries and a hydrostatic pressure boundary is employed
along the outlet. Along the mid ship plane a symmetry condition is declared. The dimen-
sionless wall normal distance of the first grid layer reads x+2 = y+ ≈ 50 and the free surface
refinement employs approximately δx∗1/λ

∗ = δx∗2/λ
∗ = 1/50 cells in the longitudinal as well

as lateral direction and δx∗3/λ
∗ = 1/500 cells in the normal direction. The tangential reso-

lution of the free surface region is refined within a Kelvin-wedge to capture the wave field
generated by the vessel, cf. Fig. 5.17 for the FS grid. According to Alg. (2) the integration
in pseudo time applies a time step size based on Cotar = 0.4 embedded in five sub-cycles.
The adjoint time step size ∆t∗adj is significantly reduced by a factor ∆t∗adj/∆t∗pri = 1/100
compared to the primal time step size ∆t∗pri. All MS [FS] optimizations permit [allow
for] a tangential deformation of the symmetry cross-section while maintaining the initial
main dimensions of the OSV. The optimized geometries are re-meshed after the cost func-
tional convergence based on the –initially scripted– HEXPRESS (cf. NUMECA [2018])
grid generator and re-simulated from scratch. The predicted performance of the re-meshed
geometries match the morphed grid-based counterparts in all cases. The discussion starts
with the presentation of MS results.

Model Scale

Model scale studies refer to three different simulation series, i.e. using prescribed floata-
tion, fixed floatation computed for the initial configuration and updated floatation which
accompanies each primal flow simulation of the optimization procedure.

First, a series of three optimizations with fixed floating position but variable step size is
considered. The tangential deformation along the symmetry plane is suppressed to keep
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Figure 5.17: Numerical grid in the still water plane for a full scale configuration of the
Offshore Supply Vessel (OSV).

the ship’s main cross section constant. The modification of the transom is prohibited in the
normal direction. The three optimizations vary in their initial displacement based on one,
two and four per mile of the total vessel length (α∗di = L∗O/1000, α∗di = 2L∗O/1000, α∗di =
4L∗O/1000) and the convergences are documented in Fig. 5.18 (left). All optimizations
converge to a similar drag objective of (J∗ − J∗ini)/J∗ini ≈ 8%. However, the convergence
is partially non-smooth, e.g. the objective drops significantly from ≈ 4% to ≈ 6% after the
17’th gradient step for the smallest step size. Figure 5.19 shows the c = 0.5 contour around
the front ship region for shape 17 (left) and 20 (right) based on two additional simulations
from scratch to ensure compatibility. Hence, the erratic objective behavior follows from a
decreased breaking wave amplitude which in turn represents a strong nonlinearity in the
design space. The detection of this nonlinearity, despite the necessity of possibly smaller
step sizes, underlines the robustness of the method. Mind that a descent direction along
nonlinearities is usually associated with small step sizes. The optimized geometry obtained
in combination with the smallest step size is depicted by Fig. 5.20. The figure displays
the frames (top), waterlines (middle) and buttocks (bottom). Essentially, the S-twist at
the transition from the mid- to the aft ship is reduced and the bow becomes fuller. Both
increased displacements follow from a shifted volume from the transom region towards the
deck as well as an overall slimming of the wetted region.

The subsequent studies refer to a free floating initial vessel, where the trim and sinkage
is adjusted every 5000th time step. The evolution of the drag coefficient of the initial
geometry at run time is shown in Fig. 5.18 (center). The adjustment of the floatation
becomes apparent by the fluctuating values of the total drag force. On the r.h.s., trim
T ∗O as well as dimensionless sinkage S∗O/L∗O are plotted over the number of pseudo-time
steps. After an initial overestimation of the trim, both curves converge. The converged
shape is employed by the optimization process but no adjustment of the floatation is
performed during the optimization process, i.e. fixed floatation. Again three optimization
studies are performed with different step sizes (α∗di = L∗O/1000, α∗di = 2L∗O/1000,
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Figure 5.18: Offshore Supply Vessel (OSV) at model scale (ReMS
L = 8.92 · 106, FnMS =

0.32): (Left) relative objective convergence for fixed floatation, (center) drag
coefficient for initial shape with adaptive trim sinkage and (right) respective
dimensionless sinkage and trim angle. The dashed purple horizontal lines on
the l.h.s. indicate the final total resistance value after re-meshing of the final
designs.
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Figure 5.19: Offshore Supply Vessel (OSV) MS case (ReMS
L = 8.92 · 106, FnMS = 0.32):

Wave field (c = 0.5 contour) around the front ship for shape 17 (left) and 20
(right).

α∗di = 4L∗O/1000). The convergence behavior is documented in Fig. 5.21 (left). Similar
to the previous fixed floatation studies, all optimizations converge to a similar value of
(J∗−J∗ini)/J∗ini ≈ 13.5% but the nonlinearity of the breaking wave is much less pronounced
than in the initially computed fixed flotation series, cf. from Fig. 5.18 (left). Based on
the initial hydrostatic data, the optimized shapes were released for floating and three
simulations from scratch are performed for the three optimized shapes. Again, all ships
provide a similar value, which is incorporated as a horizontal dashed purple line in Fig. 5.21
(left). The total resistance increases drastically and two thirds of the predicted ≈ 13.5%
optimization improvement are lost due to the neglected trim/sinkage adjustment during
the optimization.

Due to the collapse of the predicted improvements when neglecting the change of floata-
tion during the optimization, the latter is now determined in the sense of a frozen floatation
strategy during each primal flow simulation. The effort per primal (forward) simulation
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Figure 5.20: Offshore Supply Vessel (OSV) model scale case (ReMS
L = 8.92 · 106, FnMS =

0.32): (Top) Frames, (center) waterlines and (bottom) buttocks for the initial
(black) and optimized (blue, dotted) geometry obtained with an optimization
without the adaption of trim and sinkage.

is increased by a factor of five. The adjoint (backward) calculation effort is not affected.
The relative objective convergences are depicted in Fig. 5.21 (center) over the number
of performed gradient steps. Again, all optimizations converge to the same final value
of (J∗ − J∗ini)/J∗ini ≈ 11.75% and the optimization with the smallest step size indicates
two abrupt changes in the cost functional. The gain of the optimization is reduced in
comparison with the fixed floatation studies, but inheres a more precise modeling of re-
alistic floatation. The optimized shapes are re-meshed and the objective is re-evaluated
from scratch with the initial hydrostatic data. The resulting cost functional value is indi-
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Figure 5.21: Offshore Supply Vessel (OSV) model scale case (ReMS
L = 8.92 · 106, FnMS =

0.32): Relative objective convergences for (left) no adaptive trim sinkage and
(center) frozen adaptive trim sinkage during the optimization. The dashed
purple horizontal lines indicate the final total resistance value with adaptive
trim and sinkage adjustment based on the initial hydrostatic data after a
re-mesh and re-simulation from scratch of the final designs. Right) Relative
hydrostatic data for the optimization with the smallest step size from the
center figure.

cated as a dashed purple horizontal that serves to validate the gained reduction in total
resistance. In addition, the evolution of the trim, sinkage and displacement are observed
with the gradient steps for the smallest step size. None of the floatation quantities reaches
convergence and the ship sinkage ((S∗O−S∗O,ini)/S∗O,ini ≈ 4%) is increased while the OSV
trims back ((T ∗O−T ∗O,ini)/T ∗O,ini ≈ 0.75%). In relation to the total ship length, however,
the additional sinkage is comparatively small, i.e. ((S∗O,fin − S∗O,ini)/L∗O ≈ 2 · 10−5), and
the trim has a greater influence on the overall performance. Interestingly, the displacement
D∗O even increases slightly by a value of (D∗O −D∗O,ini)/D∗O,ini ≈ 0.5%.

Full Scale

To further test the industrial capabilities, the previous investigations are repeated for a FS
configuration. Due to the higher Reynolds number and the associated thinner boundary
layers, FS simulations are more sensitive to disturbances in the wall normal direction. As a
consequence, the simulation times of restart cases during an optimization are only halved
and no longer decreased by one order. Optimizations are carried out with two instead of
three different step sizes. In contrast to the MS optimizations, symmetry plane tangential
deformation is now allowed.

Two optimization series are performed, which both start from a converged initial floation.
The corresponding initial drag coefficient is plotted in Fig. 5.22 (left) for an initial simu-
lation period, where the floatation adjustment according to Sec. 2.2.11 is performed every
10.000 time steps. The first two optimization studies neglect a floatation adjustment dur-
ing the optimization and reduce the cost functional by approx. (J∗−J∗ini)/J∗ini ≈ 5.75% as
shown in Fig. 5.22 (center). In line with the MS studies, the convergence is not constant
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and experiences a kink after ≈ 0.75% drag reduction, but reaches a similar, minimized
value for both step sizes. The converged shape based on the smaller step size is re-meshed
and re-simulated, where an adjustment of the floating position based on the hydrostatic
data of the first shape is activated. The result is indicated as a horizontal dashed purple
line in the center Fig. 5.22. Although not as drastic as in the MS case, a considerable
part of the optimization gain is lost due to the neglected floatation during the optimiza-
tion. Figure 5.23 presents frames (top), water lines (middle) and buttocks (bottom) of the
initial and the optimized geometry without the adaption of trim and sinkage. Above all,
the S-twist is reduced and the displacement in the bow area is increased.
In two further optimization studies, the floating position is adjusted during each primal

simulation that resembles a frozen floatation approach. The additional iterative effort in-
creases the simulation time and the resulting cost functional convergences are documented
in Fig. 5.22 (right). The objective is minimized by (J∗ − J∗ini)/J∗ini ≈ 4% for both step
sizes. Again, a kink occurs in the convergences of the objectives, but now earlier at ≈ 0.4%
drag reduction. However, a re-meshing and subsequent re-simulation of the optimal shape
obtained from the smaller step size display almost no change of cost functional value, which
is, albeit minimal, above the value of the previous study with neglected floatation.
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Figure 5.22: Offshore Supply Vessel (OSV) full scale case (ReFSL = 2.81 · 108, FnFS = 0.37):
(Left) drag coefficient for the initial shape with adaptive trim sinkage and
relative cost functional convergences for (center) fixed and (right) free adaptive
trim and sinkage. The dashed purple horizontal lines indicate the final total
resistance value with adaptive trim and sinkage adjustment based on the initial
hydrostatic data after a re-mesh and re-simulation from scratch of the final
designs.
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Figure 5.23: Offshore Supply Vessel (OSV) full scale case (ReFSL = 2.81 · 108, FnFS = 0.37):
(Top) Frames, (center) waterlines and (bottom) buttocks for the initial (black)
and optimized (blue, dotted) geometry obtained with an optimization without
the adaption of trim and sinkage.
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6 Summary and Outlook

The thesis presented gradient-based optimization methods for CAD-free and thus non-
parametrized shapes exposed to immiscible two-phase flows using an adjoint Cahn-Hilliard
Volume-of-Fluid Reynolds-Averaged Navier-Stokes (CH-VoF-RANS) approach. Attention
was given to the trade-off between adjoint consistency and industrial process capability.
The efforts have been structured into four building blocks (I-IV): Compatible fully tur-
bulent (I) primal (physical) and (II) dual (mathematical, adjoint) relationships together
with appropriate objective functional formulations (III) have been analysed with curiosity
and scepticism at the same time, in order to attain the required accuracy, robustness and
efficiency. A volume-based geometry engine (IV), which translates the computed sensitivi-
ties into shape deformations and grid adjustments, has been employed. The volume-based
formulation is beneficial for the efficiency of the process, the technical usability of the
optimization result and the HPC capability. Different aspects of the simulation-driven
shape optimization process have been addressed. This research’s common ground was to
analyse potential issues in greater depth rather than to formulate ad-hoc measures. The
guiding principle frequently followed the concept of ”Learning from the Adjoints”. It was
seen that potential weaknesses displayed by an adjoint approach –e.g. when developing
(continuous) analytical solutions, in conjunction with (discrete) convergence problems, or
enhanced iterative efforts– are often attributable to weaknesses of the primal formulation
and a twist of the research question led to fruitful insights.
Contributions to (I) refer to the derivation, implementation, verification and validation of

an efficient engineering CH-VoF branch. In line with analytical considerations for a model
problem, a nonlinear equation of state has been derived to relate an indicator function
(a.k.a. concentration) with the fluid properties. Building block (II) covered the derivation
of discrete adjoint VoF formulations and the implementation of an adjoint VoF sub-cycling
strategy. The suggestion of a discretely differentiable equation of state, together with a
novel combination of an inconsistent adjoint VoF method and the CH-VoF approach, al-
lowed for a robust and flexible consistent adjoint two-phase formulation. Another major
part was concerned with a continuous adjoint complement to 2D, incompressible, first-
order boundary-layer (b.-l.) equations. The findings support the heuristic neglect of the
adjoint transposed convection term used by many authors of continuous adjoint optimiza-
tion studies in complex engineering shear flows and offer analytical expressions for adjoint
laminar b.-l. parameters. Next to the analysis of laminar b.-l. flows, the thesis has been
also concerned with improving adjoint investigations of turbulent flows. A unified algebraic
adjoint momentum equation has been derived using mixing-length arguments for the frozen
turbulence strategy and a Law of the Wall consistent (differentiated) approach. A simple
algebraic expression provides a consistent closure of the adjoint momentum equation in
the logarithmic layer. Spatial decoupling of the control from the objective (III) affected
the formulation of boundary conditions and reduced the iterative efforts when the design
surface does not cover the entire wetted surface. Additionally, an implicit surface metric
approach was presented to extract the inherently smooth gradient (IV) out of the possible
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rough sensitivity derivative. Attention was devoted to compliance with geometrical con-
straints, e.g. constant volume, maximum outer dimensions or a plane transom. Finally,
an adaptive floatation module has been added to the gradient-based optimization proce-
dure. The floating model was not differentiated and considered frozen during the adjoint
simulation. Examples included underlined the capability of the frozen floatation approach
and provide partially drastically improved ship hull shapes. It was also demonstrated that
fixed floatation can lead to optimization losses when the final shape is released.
Practical applications referred to maritime two-phase flows at the industrial level, namely

a Kriso container ship (KCS), a generic submarine (DARPA), a double-ended ferry (DEF),
and an offshore-supply vessel (OSV). Selected studies have been conducted even in full-
scale.

Future studies of the primal CH-VoF system could focus on a temporally and spatially
variable mobility parameter. Based on the demonstrated stability limits of the convection-
diffusion concentration equation, the local interface quality should improve by preventing
potential overdamping (under damping) due to local overestimation (underestimation) of
the numerical viscosity. Regarding the flexible adjoint CH-VoF system, laminar validation
studies of this work show a considerable influence of the adjoint coupling terms in the case
of inverse concentration objectives. When a force functional is considered, the stability-
impeding adjoint cross-coupling terms seem to have a subordinate influence. Hence, the
global (integral) influence of adjoint coupling terms should also be investigated term-wise in
more detail for other geometries of practical relevance. E.g., conceptual studies on generic
ship types are conceivable so that a statement can be made as to which coupling term
is possibly negligible for which application. An enormously process-relevant step refers
to the extraction of the inherent smooth shape gradient from the possibly rough shape
derivative. The technique developed in this thesis based on a spatially operating Steklov-
Poincaré metric should be further investigated and extended to include nonlinear aspects.
Conceivable are structural mechanics analogies in the sense of a nonlinear material law
which prevents the overtaking of material points, so that the quality of the numerical grid
is maintained over a longer optimization period. Other self-similar adjoint flows should be
developed, e.g., adjoint Falkner-Skan solutions for wedged geometries, an adjoint solution
for compressible or even three-dimensional boundary-layers can be considered. Volume-
based objective functionals could be investigated, e.g., to account for variations in the
primal flow field, which potentially build a bridge towards the stability crisis immanent
to flow transition. Research toward turbulent b.-l. flows might be fruitful, whereby one
could follow both the continuous and discrete adjoint approaches in parallel. Since the
state of research in adjoint turbulence modelling in particular still has some gaps, both
strategies derive-and-simplify and simplify-and-derive should be pursued. In this context,
the investigations on adjoint turbulence closure models close to the wall should be continued
into the field. It may be possible to derive reduced but still significantly more consistent
algebraic adjoint turbulence closure models. Finally, means to reduce the effort of unsteady
multi-continua adjoint approaches are welcome, e.g., incremental model order reduction
techniques that can be evaluated at runtime.
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A Boundary-Layer Scaling Analysis

A.1 Primal Scaling Analysis

Performing a non-dimensionalization of the laminar Eqns. (2.43)-(2.45) –devided by den-
sity and considered to be free of gravitational and surface tensional body forces– with the
reference data given in Tab. 2.3 results in:

R∗v,BL
1 :v1

∂v1
∂x1

V ∗
1 V

∗
1

L∗ + v2
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∂x2

V ∗
2 V

∗
1

δ∗
+

P ∗

L∗ ρ∗
∂p

∂x1
− ν∗ V

∗
1

L2∗

[
∂2v1
∂x∗21

− L2∗

δ2∗
∂2v1
∂x22

]
= 0 (A.1)
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The relations can be simplified towards:

Rv,BL
1 :v1

∂v1
∂x1

+ v2
∂v1
∂x2

+ Eu
∂p

∂x1
− 1

ReL

[
∂2v1
∂x21

+
∂2v1
∂x22

L2∗

δ2∗

]
= 0 (A.4)

Rv,BL
2 :v1

∂v2
∂x1

+ v2
∂v2
∂x2

+ Eu
L2∗

δ2∗
∂p

∂x2
− 1

ReL

[
∂2v2
∂x21

+
∂2v2
∂x22

L2∗

δ2∗

]
= 0 (A.5)

Rp,BL :− ∂v1
∂x1
− ∂v2
∂x2

= 0 (A.6)

by assuming V ∗
2 ∝ V ∗

1 δ
∗/L∗.

A.2 Adjoint Scaling Analysis

Performing a non-dimensionalization of Eqn. (4.16)-(4.18) with the reference data given
in Tab. 4.2 results in:
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Table A.1: Similarity relations for the primal and the adjoint boundary-layer equations.
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Rp̂,BL :− ∂v̂1
∂x1
− ∂v̂2
∂x2

= 0 (A.12)

by assuming V̂2 ∝ V̂1δ̂/L.

A.3 Primal and Adjoint Similarity Relations

The relations in Tab. A.1 simplify the tangential primal and the tangential as well as
normal adjoint b.-l. equations.
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B Shape Calculus

B.1 Shape Tangential Calculus

Fundamental shape tangential operators refer to the tangential

• gradient

∇∗
Γ j

∗ = ∇∗ j∗ − (n · ∇∗ j∗)n =
∂ j∗

∂ x∗i
− ∂ j∗

∂ x∗k
nk ni , (B.1)

• divergence

∇∗
Γ · V ∗ = ∇∗ · V ∗ − n · (∇∗V ∗) · n =

∂ V ∗
i

∂ x∗i
− nk

∂ V ∗
i

∂ x∗k
ni , (B.2)

• and Laplacian (a.k.a. Laplace-Beltrami) operator

∆∗
Γ j

∗ = ∇∗
Γ · ∇∗

Γ j
∗ = ∆∗ j∗ − n · (∇∗ (∇∗ j∗)) · n =

∂2 j∗

∂ x∗2i
− nk

∂2 j∗

∂ x∗k ∂ x
∗
i

ni . (B.3)

B.2 General Shape Derivatives

In line with the boundary variation method of hadamard (Hadamard [1968], Delfour and
Zolésio [2011], Delfour and Zolésio [2011], Sokolowski and Zolésio [1992], Allaire et al.
[2021]), the considered shape optimizations are governed by a design velocity field V ∗

i .
The derivative of a cost functional w.r.t. the design velocity is frequently denoted as
J∗Ω,′(Ω∗)[V ∗

i ] for a volume and J∗Γ,′(Ω∗)[V ∗
i ] for a surface objective. The notation indicates

the dependence of J∗′ w.r.t. the domain Ω∗ in the direction of the design velocity. For the
sake of compact notation, the brackets are omitted and the derivative of the volume-based
objective in the direction of V ∗

i reads

J∗Ω =

∫
j∗Ω dΩ∗ → d

dτ ∗
J∗Ω
⏐⏐⏐⏐
τ∗=0

= J∗Ω,′ =

∫
j∗Ω V ∗

i ni dΓ
∗ . (B.4)

In the case of a surface functional, additional terms arise due to the tangential calculus
from B.1, viz.

J∗Γ =

∫
j∗Γ dΩ∗ → d
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]
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i ni dΓ
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An additional contribution accounts for local mean curvature κ∗. Accoding to the propo-
sition 4.3 in Allaire et al. [2021], the mean curvature follows from the tangential relation
κ∗ j∗ V ∗ · n = ∇∗

Γ j
∗ · V ∗ + j∗∇∗

Γ · V ∗, i.e.
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nk ni

]
(B.6)

The relations hold for augmented objectives also.
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B.3 Specific (Constraint) Shape Derivatives

The discussion originates by defining a cost functional J∗ that is constraint by a laminar
single-phase flow as well as four generic boundary conditions that refer to an inlet (I),
outlet (O), symmetry (S) and wall (D) condition, respectively. The optimization problem
reads

min. J∗ s.t. ρ∗ v∗k
∂ v∗i
∂ x∗k

+
∂

∂ x∗k

[
p∗ δik − 2µ∗ S∗

ik

]
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∗
i
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v∗i = 0,
∂ p∗

∂ n∗ = 0 on Γ∗D . (B.12)

Boundary-based objectives refer to force objectives in this thesis. The investigations con-
sistently define several Lagrangians based on the primal (v∗i , p

∗) and adjoint (v̂∗i , p̂
∗) state

as well as complementary variable λ∗i along the controlled design wall. In order to ensure
a compact notation, the entire exposed body is released for design.

B.3.1 Internal Force Evaluation

The projected force can be determined by integrating the stress components along the
body surface and then projecting them into the direction of the objective force component

J∗Γ,I =

∫

Γ∗D
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ik
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The respective Lagrangian reads
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The corresponding adjoint state reads

ρ∗
[
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Application of the shape calculus from B.2 yields
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The design [fluid] velocity V ∗
k [v∗i ] is non-zero [zero] along the design surface and (B.21)

simplifies to
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p̂∗ ni − 2µ∗ Ŝ∗

ik nk

]
∂ v∗i
∂ n∗ −

∂ j∗Γ,I

∂ n∗

+ p̂∗
[
− ∂ v∗i
∂ x∗i

]]
V ∗0
m nm dΓ∗ . (B.22)

based on the boundary condition for the adjoint velocity, i.e. v̂i = −ri. Adjoint pressure
as well as normal objective gradient cancel and one arrives at

d

dτ ∗
L∗Γ,I

⏐⏐⏐⏐
τ∗=0

=

∫

Γ∗D

[
κ∗ j∗Γ,I − µ∗ ∂ v̂

∗
i

∂ n∗
∂ v∗i
∂ n∗

]
V ∗0
m nm dΓ∗ . (B.23)

B.3.2 External Force Evaluation

The force objective can also be examined by the momentum loss inside the computational
domain. The latter is reformulated via integration by parts and evaluated along the far
field boundaries, namely

J∗Γ,E =

∫

Γ∗I∩Γ∗O
j∗Γ,E dΓ∗ with j∗Γ,E =

[
2µ∗ S∗

ik − v∗i ρ∗ v∗k − p∗ δik
]
nk ri . (B.24)
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B Shape Calculus

The respective Lagrangian reads

L∗Γ,E =

∫

Γ∗I∩Γ∗O

[
2µ∗ S∗

ik − v∗i ρ∗ v∗k − p∗ δik
]
nk ri dΓ

∗ +

∫

Γ∗D
λ∗i v

∗
i dΓ

∗

+

∫
v̂i

[
ρ∗ v∗k

∂ v∗i
∂ x∗k

+
∂

∂ x∗k

[
p∗ δik − 2µ∗ S∗

ik

]]
+ p̂∗

[
− ∂ v∗i
∂ x∗i

]
dΩ∗ . (B.25)

The corresponding adjoint state reads

ρ∗
[
v̂k
∂ v∗k
∂ x∗i

− v∗k
∂ v̂i
∂ x∗k

]
+

∂

∂ x∗k

[
p̂ δik − 2µ∗ Ŝ∗

ik

]
= 0 in Ω∗ (B.26)

−∂ v̂
∗
i

∂ x∗i
= 0 in Ω∗ (B.27)

v̂i − ri = 0,
∂ p̂∗

∂ n∗ = 0 on Γ∗I (B.28)
[
p̂∗δik − 2µ∗ Ŝ∗

ik

]
nk ni − ρ∗ v∗k

[
v̂i nk − ri nk − rk ni

]
ni = 0,

∂ v̂i
∂ n∗ = 0 on Γ∗O (B.29)

[
p̂∗δik − 2µ∗ Ŝ∗

ik

]
nk ti = 0, v̂i ni = 0,

∂ p̂∗

∂ n∗ = 0 on Γ∗S (B.30)

λ∗i − p̂∗ ni + 2µ∗ Ŝ∗
ik nk = 0, v̂i = 0,

∂ p̂∗

∂ n∗ = 0 on Γ∗D . (B.31)

Application of the shape calculus from B.2 yields

d

dτ ∗
L∗Γ,E

⏐⏐⏐⏐
τ∗=0

=

∫

Γ∗I∩Γ∗O

[
∂ j∗Γ,E

∂ n∗ + κ∗ j∗Γ,E
]
V ∗0
m nmdΓ

∗

+

∫

Γ∗D

[
∂ λ∗i v

∗
i

∂ n∗ + κ∗ λ∗i v
∗
i

]
V ∗0
m nmdΓ

∗

+

∫ [
v̂i

[
ρ∗ v∗k

∂ v∗i
∂ x∗k

+
∂

∂ x∗k

[
p∗ δik − 2µ∗ S∗

ik

]]
+ p̂∗

[
− ∂ v∗i
∂ x∗i

]]
V ∗0
m nm dΓ∗ .

(B.32)

The design [primal and adjoint fluid] velocity V ∗
k [v∗i and v̂∗i ] is non-zero [zero] along the

design surface and (B.32) simplifies to

d

dτ ∗
L∗Γ,E

⏐⏐⏐⏐
τ∗=0

=

∫

Γ∗D

[[
p̂∗ ni − 2µ∗ Ŝ∗

ik nk

]
∂ v∗i
∂ n∗ + p̂∗

[
− ∂ v∗i
∂ x∗i

]]
V ∗0
m nm dΓ∗ . (B.33)

The adjoint pressure cancels and one arrives at

d

dτ ∗
L∗Γ,E

⏐⏐⏐⏐
τ∗=0

=

∫

Γ∗D

[
− µ∗ ∂ v̂

∗
i

∂ n∗
∂ v∗i
∂ n∗

]
V ∗0
m nm dΓ∗ . (B.34)

Note that the design velocity is set to zero along the habitat of J∗. As a consequence,
no further further variations arise in the total shape derivative that can be generalized:
Whenever control and objective are decoupled, only local variational contributions remain.
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C Geometrical Variation of a Circular
Cylinder

The definition of the hydrostatic portion of the objective reads j∗Γ,I = ρ∗ g∗k x
∗
k ni ri. Its

derivative can be obtained by

∂j∗Γ,I

∂xm
nm = ρ∗ g∗k ri(

∂ x∗k
∂ x∗m  
δkm

ni + x∗k
∂ ni

∂ x∗m
)nm , (C.1)

where spatially homogeneous g∗k, ri and ρ
∗ are assumed. The second r.h.s. contribution van-

ishes for a simple cylinder geometry (e.g. polar-coordinates: x∗i = [cos(φ)d∗/2, sin(φ)d∗/2]T;
ni = (∂ x∗i /∂ d

∗)/2 = [cos(φ), sin(φ)]T with d∗ beeing the cylinder diameter and φ a mea-
sure of the angle) due to (∂ ni/∂ x

∗
m)nm = ∂ ni/∂ x

∗
n = ∂ ni/∂ d

∗ = 0. The first r.h.s. term
can be rewritten based on the definition of the Kronecker delta and afterwards rearranged
into a constant and a φ-dependent part, viz:

ρ∗ g∗k nk ni ri = ρ∗

⎡
⎢⎣g∗1 r1 + g∗2 r2  

=const.

+(g∗1 r2 + g∗2 r1)n1 n2 − g∗1 r1 n2
2 − g∗2 r2 n2

1  
:=C(φ)

⎤
⎥⎦ , (C.2)

where only the first part is constant along the cylinder shape. The second part is of variable
sign, not everywhere active in the presented example (since g1 = 0) and mostly vanishes
after integrating over the complete cylinder due to the symmetric setting.
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D Adjoint Derivation

D.1 Derive-And-Simplify Strategy

A general derive-and-simplify approach augments the cost functional with the very basic,
non-simplified primal relationships based on Eqns. (2.3), (2.14) and (2.31), viz.

L∗ = J∗ +

∫ ∫
ρ̂∗
[
D ρ∗

D t∗
− s∗ρ

]
+ ĉ∗

[
d c

d t∗
− s∗c

]

+ v̂∗i

[
D ρ∗ v∗i
D t∗

− s∗ρ vi
]
+

2∑

n=1

q̂∗n

[
D q∗n
D t∗

− s∗qn
]
dΩ∗ dt∗ . (D.1)

Here, q1 and q2 refer to the TKE k∗ as well as ε∗ or ω∗ dependent on what kind of turbulent
closure is employed. Note that no adjoint pressure is introduced but four different types
of adjoint variables arise, which follow the respective primal conservation of

1. Mass: Without directly making anticipatory simplifications and assumptions, an
adjoint mass variable is generally introduced. Since the density appears in a variety
of terms, it is to be expected that a comparatively large number of coupling terms
arise that are associated with the density variation. As shown in the primal derivation
part, the density field is directly connected to an indicator function or concentration
field via an EoS, cf. Eqn. (2.6). A variation of the density therefore attaches
to the variation of the concentration. Analogous to the primal relation between
mass conservation and pressure determination, the Lagrange multiplier of density
conservation is anticipated to merge into an adjoint pressure variable, e.g. ρ̂∗ → p̂∗.

2. Concentration: The primal conservation of concentration is connected to an adjoint
concentration variable ĉ∗. Although the primal concentration is dimensionless, this
is not necessarily true for its adjoint counterpart.

3. Momentum: The primal conservation of momentum is based on two field quantities,
viz. δ(ρ∗ v∗i )→ δρ∗v∗i + ρ∗ δv∗i . Additional contributions further constitute the varia-
tion of the density. The second contribution of the momentum variation is attached
to a Lagrangian multiplier for the velocity, denoted as v̂∗i .

4. Turbulence: The primal RANS model treats flow turbulence based on statistical
averaging which finally results in the conservation of two additional turbulent field
quantities, generalized in the variable q∗i . The immense complexity of the turbulence
modeling –especially w.r.t. its discrete implementation that features several nonlinear
near-wall manipulations– is therefore neglected in the adjoint calculus of this thesis
in line with the frozen turbulence approach, cf. Dwight and Brézillon [2006], Othmer
[2008], Stück and Rung [2013]. Hence, the associated adjoint variables are set to
zero, e.g. q̂∗i = 0.
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D Adjoint Derivation

In the absence of adjoint turbulence due to q̂∗n = 0, a total variation of the generalized
Lagrangian (D.1) takes the following form

δL∗ = δJ∗ +

∫ ∫
δρ∗
[
− d ρ̂∗

d t∗
− s∗ρ̂

]
+ δc

[
− D ĉ∗

D t∗
− s∗ĉ

]

+ δv∗i

[
− ρ∗d v̂

∗
i

d t∗
− s∗v̂i

]
dΩ∗ dt∗ , (D.2)

where the sign of the conservative / substantial derivatives are consistently flipped. The
adjoint balance equations are given in the parenthesized expressions. For an exemplary
laminar VoF system, the respective source terms are populated as follows

s∗ρ̂ = v∗i
D v̂∗i
D t∗

+ v̂∗i g
∗
i (D.3)

s∗ĉ = µ∗∆mµ′ ∂ v̂
∗
i

∂ x∗k

[
2

3

∂ v∗m
∂ x∗m

δik − 2S∗
ik

]
(D.4)

s∗v̂i = ρ∗
∂ ρ̂∗

∂ x∗i
− ĉ∗ ∂ c

∂ x∗i
+ ρ∗ v∗k

∂ v̂∗k
∂ x∗i

+
∂

∂ x∗k

[
2µ∗Ŝ∗

ik −
2

3
µ∗ ∂ v̂

∗
m

∂ x∗m
δik

]
, (D.5)

where 2 Ŝ∗
ik = ∂ v̂∗i /∂ x

∗
k + ∂ v̂∗k/∂ x

∗
i represents an adjoint shear strain tensor.

D.2 Low-Re Variation

The total variation of (4.55) reads

δL∗ = −
[
ν∗

dδv∗1
dx∗2

]

W

−
∫ [

v̂1
d

dx∗2

[
ν∗
(
dδv∗1
dx∗2

)]
− k̂∗

[
δk∗
]

− ϵ̂∗
[
δϵ∗ − 2ν∗

δk∗

x∗22

]]
dx∗2 (D.6)

and can be rearranged to apply first-order optimality conditions, viz.

δL∗ = −
[
ν∗

dδv∗1
dx∗2

]

W

− ν∗
[
v̂1
dδv∗1
dx∗2

− dv̂1
dx∗2

δv∗1

]∆

w

−
∫ [

δv∗1
d

dx∗2

[
ν∗

dv̂1
dx∗2

]
− δk

[
k̂∗ − ϵ̂ 2ν

∗

x22

]
− δϵ∗ [ϵ̂∗]

]
dx∗2

!
= 0 ∀ (δv∗1, δk∗, δϵ∗) . (D.7)

The adjoint low-Re formulation follows from the integral in (D.7) and yields

ϵ̂∗ = 0 and k̂∗ = 0 →
∫ [

d

dx∗2

[
ν∗

d v̂1
dx∗2

]]
dx∗2 = 0 . (D.8)

Mind that (D.7) is also fulfilled if ∂k∗/∂x∗2 is employed, hence ∂ δk∗/∂x∗2 = 0→ ∂k̂∗/∂x∗2 =
0. The boundary conditions for the low-Re formulation follow from the remaining terms
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D.3 High-Re Variation

in (D.7) that can be collected in a compact form and subsequently eliminated, viz.

x∗2 = ∆∗ :

[
v̂1
d δv∗1
dx∗2

− dv̂1
dx∗2

δv∗1

]

with δ

(
d v∗1
dx∗2

)
=

d δv∗1
dx∗2

= 0 → dv̂1
dx∗2

⏐⏐⏐⏐
∆

= 0 (D.9)

x∗2 = 0 :

[
(1 + v̂1)

d δv∗1
dx∗2

− dv̂1
dx∗2

δv∗1

]

with δv∗1 = 0 → v̂1
⏐⏐
W

= −1 . (D.10)

Eqn. (D.10) is fulfilled if either

δv∗1 = 0 or δv∗1 = −d v∗1
dx∗2

δu∗ → δuL
∗LR = −ν∗ dv̂1

dx∗2

⏐⏐⏐⏐
W

d v∗1
dx∗2

⏐⏐⏐⏐
W

(D.11)

holds that allows for a low-Re (LR) shape derivative expression if a linear development of
the local flow w.r.t. a perturbation in wall normal direction is applied, cf. Sec. 3.3.

D.3 High-Re Variation

The total variation of (4.61) reads

δL∗ = −
[
δV ∗

1,τ (κx
∗
2)
d v∗1
dx∗2

+ (V ∗
1,τκx

∗
2)
d δv∗1
dx∗2

]

W

−
∫ [

v̂1
d

dx∗2

[
(κx∗2)

(
dδv∗1
dx∗2

)
· (k∗
√
Cµ)1/2 + (κx∗2)

(
d v∗1
dx∗2

)
δk∗

4
√
Cµ

2
√
k∗

]

− k̂∗
[
δk∗ − 2

V ∗
1,τ√
Cµ

δV ∗
1,τ

]
− ϵ̂∗

[
δϵ∗ − δk∗3

√
k∗ 4
√
Cµ

2κx∗2

] ]
dx∗2. (D.12)

The variations of primal velocity and the TKE are isolated to

δL∗ = −
[
δV ∗

1,τ (κx
∗
2)
d v∗1
dx∗2

+ (V ∗
1,τ κx

∗
2)
dδv∗1
dx∗2

]

W

−
[
v̂1

(
dδv∗1
dx∗2

(κx∗2)(k
∗√Cµ)1/2 + δk∗

κx∗2
2

d v∗1
dx∗2

4
√
Cµ

√
k∗

)

− δv∗1
(
dv̂1
dx∗2

(κx∗2)(k
∗√Cµ)1/2 + 2 k̂∗

V ∗
1,τ κx

∗
2√

Cµ

)]∆

W

−
∫ [

δv∗1
d

dx∗2

[(
dv̂1
dx∗2

)
(κx∗2) · (k∗

√
Cµ)1/2 + 2 k̂∗

V ∗
1,τ κx

∗
2√

Cµ

]

− δk∗
[
k̂∗ − ϵ̂∗3

√
k∗ 4
√
Cµ

2κx∗2
−

4
√
Cµ

2
√
k∗

(κx∗2)

(
dv∗1
dx∗2

)(
d v̂1
dx∗2

)]

− δε∗ [ε̂∗]
]
dx∗2 . (D.13)
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D Adjoint Derivation

Rewriting (D.13) by expressing everything in terms of the primal friction velocity V ∗
1τ yields

δL∗ = −
[
δV ∗

1,τ (κx
∗
2)
d v∗1
dx∗2

+ (V ∗
1,τ κx

∗
2)
d δv∗1
dx∗2

]

W

−
[
v̂1

(
dδv∗1
dx∗2

(V ∗
1,τ κx

∗
2) + δk∗

√
Cµ

2

)
− δv∗1

(
V ∗
1τ κx

∗
2

(
dv̂1
dx∗2

+
2 k̂∗√
Cµ

))]∆

W

−
∫
δv∗1

d

dx∗2

[
V ∗
1,τ κx

∗
2

(
dv̂1
dx∗2

+
2 k̂∗√
Cµ

)]
− δk∗

[
k̂∗ − ϵ̂∗ 3V

∗
1,τ

2κx∗2
−
√
Cµ

2

(
dv̂1
dx∗2

)]

− δϵ∗ [ϵ̂∗] dx∗2
!
= 0 ∀ (δv∗1, δk∗, δϵ∗) . (D.14)

Ensuring a vanishing Lagrangian for all possible variations finally yields the adjoint wall
functions, viz.

ϵ̂∗ = 0 and k̂∗ =

√
Cµ

2

dv̂1
dx∗2

→
∫ [

d

dx∗2

[
2(V ∗

1,τ κx
∗
2)

dv̂1
dx∗2

]]
dx∗2 = 0 with V ∗

1,τ κx
∗
2 = ν∗t . (D.15)

Interestingly, the adjoint dissipation rate is identical zero whereas the adjoint TKE remains
as a passive scalar that enters the adjoint shear based on a doubled turbulent viscosity.
The boundary conditions for the high-Re formulation follow from the remaining terms in
(D.14) that can be collected in a compact form and subsequently eliminated, viz.

x∗2 = ∆∗ : δk∗
√
Cµ

2

(κx∗2)

V ∗
1,τ

d v∗1
dx∗2

v̂1 +
dδv∗1
dx∗2

V ∗
1,τ (κx

∗
2)v̂1

− δv∗1
[
2(κx∗2)V

∗
1,τ

dv̂1
dx∗2

]
!
= 0 ∀ (δk∗, δv∗1)

with δk∗ = 0 and
dδv∗1
dx∗2

= 0 → dv̂1
dx∗2

⏐⏐⏐⏐
∆

= 0 (D.16)

x∗2 = 0 : δk∗
[√

Cµ

2

(κx∗2)

V ∗
1,τ

d v∗1
dx∗2

[
1 + v̂1

]]
+

dδv∗1
dx∗2

[
V ∗
1,τ (κx

∗
2)

[
1 + v̂1

]]

− δv∗1
[
2(κx∗2)V

∗
1,τ

dv̂1
dx∗2

]
!
= 0 ∀ (δk∗, δv∗1)

with δk∗ = 0 and δv∗1 = 0 → v̂1
⏐⏐
W

= −1 . (D.17)

Similar to the low-Re formulation, Eqn. (D.17) is again fulfilled if either

δv∗1 = 0 or δv∗1 = −d v∗1
dx∗2

δu∗ → δuL
∗HR = −2(κx∗2)V ∗

1τ

dv̂1
dx∗2

⏐⏐⏐⏐
W

d v∗1
dx∗2

⏐⏐⏐⏐
W

= −2ν∗t dv̂1
dx∗2

⏐⏐⏐⏐
W

d v∗1
dx∗2

⏐⏐⏐⏐
W

(D.18)

holds that allows for a high-Re (HR) shape derivative expression based on twice the tur-
bulent viscosity.
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H. Jasak and Ž. Tuković. Automatic mesh motion for the unstructured finite volume
method. Transactions of FAMENA, 30(2):1–20, 2006.

W.P. Jones and B.E. Launder. The Prediction of Laminarization with a Two-Equation
Model of Turbulence. International Journal of Heat and Mass Transfer, 15(2):301–314,
1972. doi: 10.1016/0017-9310(72)90076-2.

C.S. Kapellos, E.M. Papoutsis-Kiachagias, K.C. Giannakoglou, and M. Hartmann. The
Unsteady Continuous Adjoint Method for Minimizing Flow-Induced Sound Radiation.
Journal of Computational Physics, 392:368–384, 2019. doi: 10.1016/j.jcp.2019.04.056.

G.K. Karpouzas, E. M. Papoutsis-Kiachagias, T. Schumacher, E. Villiers, K. C. Gian-
nakoglou, and Othmer C. Adjoint Optimization for Vehicle External Aerodynamics.
International Journal of Automotive Engineering, 7(1):1–7, 2016.

I.S. Kavvadias, E.M. Papoutsis-Kiachagias, G. Dimitrakopoulos, and K.C. Giannakoglou.
The Continuous Adjoint Approach to the k–ω SST Turbulence Model with Applications
in Shape Optimization. Engineering Optimization, 47(11):1523–1542, 2015a. doi: 10.
1080/0305215X.2014.979816.

I.S. Kavvadias, E.M. Papoutsis-Kiachagias, and K.C. Giannakoglou. On The Proper Treat-
ment of Grid Sensitivities in Continuous Adjoint Methods for Shape Optimization. Jour-
nal of Computational Physics, 301:1–18, 2015b. doi: 10.1016/j.jcp.2015.08.012.

M.A. Khanwale, A.D. Lofquist, Sundar H., J.A. Rossmanith, and Ganapathysubramani-
ana B. Simulating Two-Phase Flows with Thermodynamically Consistent Energy Sta-
ble Cahn-Hilliard Navier-Stokes Equations on Parallel Adaptive Octree Based Meshes.
Journal of Computational Physics, 419, 2020a. doi: 10.1016/j.jcp.2020.109674.

200



Bibliography

M.A. Khanwale, K. Saurabh, M. Fernando, V.M. Calo, J.A. Rossmanith, H. Sundar,
and B. Ganapathysubramanian. A Fully-Coupled Framework for Solving Cahn-Hilliard
Navier-Stokes Equations: Second-Order, Energy-Stable Numerical Methods on Adaptive
Octree Based Meshes. arXiv preprint arXiv:2009.06628, 2020b.

W.J. Kim, S.H. Van, and D.H. Kim. Measurement of Flows Around Modern Commercial
Ship Models. Experiments in Fluids, 31(5):567–578, 2001. doi: 10.1007/s003480100332.
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N. Kühl, P.M. Müller, and T. Rung. Continuous Adjoint Complement to the Blasius
Equation. Physics of Fluids, 33(3):033608, 2021d. doi: 10.1063/5.0037779.

G. Kuruvila, S. Ta’asan, and M.D. Salas. Airfoil Optimization by the One-Shot Method.
In Optimim Design Methods in Aerodynamics. NASA Langley Technical Report Server,
1994. AGARD-FDP-VKI Special Course.

B. Lafaurie, C. Nardone, R. Scardovelli, S. Zaleski, and G. Zanetti. Modelling Merging and
Fragmentation in Multiphase Flows with SURFER. Journal of Computational Physics,
113(1):134–147, 1994. doi: 10.1006/jcph.1994.1123.

201

https://www.mathworks.com/matlabcentral/fileexchange/82525-numerical-approximation-of-the-adjoint-blasius-equation
https://www.mathworks.com/matlabcentral/fileexchange/82525-numerical-approximation-of-the-adjoint-blasius-equation


Bibliography

L. Larsson, F. Stern, and V. Bertram. Benchmarking of Computational Fluid Dynamics
for Ship Flows: The Gothenburg 2000 Workshop. Journal of Ship Research, 47(1):63–81,
2003. doi: 10.5957/jsr.2003.47.1.63.

L. Larsson, F. Stern, and M. Visonneau. Numerical Ship Hydrodynamics: An Assessment
of the Gothenburg 2010 Workshop. Springer, 2013.

B.P. Leonard. A Stable and Accurate Convective Modelling Procedure Based on Quadratic
Upstream Interpolation. Computer Methods in Applied Mechanics and Engineering, 19
(1):59–98, 1979. doi: 10.1016/0045-7825(79)90034-3.

B.P. Leonard. The ULTIMATE Conservative Difference Scheme Applied to Unsteady One-
Dimensional Advection. Computer Methods in Applied Mechanics and Engineering, 88
(1):17–74, 1991. doi: 10.1016/0045-7825(91)90232-U.

F.S. Lien and M.A. Leschziner. A General Non-Orthogonal Collocated Finite Volume
Algorithm for Turbulent Flow at All Speeds Incorporating Second-Moment Turbulence-
Transport Closure, Part 1: Computational Implementation. Computer Methods in Ap-
plied Mechanics and Engineering, 114(1-2):123–148, 1994a. doi: 10.1016/0045-7825(94)
90165-1.

F.S. Lien and M.A. Leschziner. Upstream Monotonic Interpolation for Scalar Transport
with Application to Complex Turbulent Flows. International Journal for Numerical
Methods in Fluids, 19(6):527–548, 1994b. doi: 10.1002/fld.1650190606.
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