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Abstract
The current paper introduces a new stabilization scheme for void and
low-density elements for geometrical nonlinear topology optimization. Fre-
quently, certain localized regions in the geometrical nonlinear finite element
analysis of the topology optimization have excessive artificial distortions due to
the low stiffness of the void and low-density elements. The present stabilization
applies a hyperelastic constitutive material model for the numerical stabiliza-
tion that is associated with the condition number of the deformation gradient
and thereby, is associated with the numerical conditioning of the mapping
between current configuration and reference configuration of the underlying
continuum mechanics on a constitutive material model level. The stabilization
method is independent upon the topology design variables during the optimiza-
tion iterations. Numerical parametric studies show that the parameters for the
constitutive hyperelasticity material of the new stabilization scheme are gov-
erned by the stiffness of the constitutive model of the initial physical system.
The parametric studies also show that the stabilization scheme is independently
upon the type of constitutive model of the physical system and the element types
applied for the finite element modeling. The new stabilization scheme is numeri-
cal verified using both academic reference examples and industrial applications.
The numerical examples show that the number of optimization iterations is sig-
nificantly reduced compared to the stabilization approaches previously reported
in the literature.

K E Y W O R D S

condition number, geometrically nonlinear modeling, hyperelastic material model, numerical
stabilization, static analysis, topology optimization, transient analysis

1 INTRODUCTION

Numerical instabilities in topology optimization are a prominent issue for geometrically nonlinear modeling using iter-
ative solvers. The numerical instabilities arise from an ill-conditioned global stiffness operator. This causes convergence
problems in the iterative solver for the primal solution and thereby, often the analysis fails. Especially density-based

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
© 2024 The Author(s). International Journal for Numerical Methods in Engineering published by John Wiley & Sons Ltd.

Int J Numer Methods Eng. 2024;125:e7574. wileyonlinelibrary.com/journal/nme 1 of 32
https://doi.org/10.1002/nme.7574

https://orcid.org/0009-0002-7355-7603
https://orcid.org/0000-0001-5330-9886
http://creativecommons.org/licenses/by-nc/4.0/
http://wileyonlinelibrary.com/journal/NME
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnme.7574&domain=pdf&date_stamp=2024-08-10


2 of 32 SCHERZ et al.

topology optimizations including geometric non-linearities are subject to these instabilities, since they incorporate high
stiffness ratios in the order of 106 to 109 between solid and void elements. Thereby, the void and intermediate density ele-
ments can exhibit localized artificial buckling. Various approaches to stabilize this phenomenon are found in literature
which are briefly discussed in the following. These are also categorized in Figure 1.

Overall stiffness increase1,2 This is the most trivial approach for which the lower bound on the elemental stiffness
is increased. This prevents numerical instabilities, but it also changes the underlying physical system behavior, if the ratio
between solid and void stiffness is larger than 106.3 Therefore, this approach is not feasible if physical accuracy is required.

Element removal3–6 This approach removes or reintroduces elements depending on a certain lower density thresh-
old. Thereby, low-density elements that would cause numerical instabilities are excluded from the analysis. The element
removal and element reintroduction is often based on heuristic parameters and generally needs many optimization itera-
tions to converge. Another drawback is that this approach is indiscriminatory with respect to whether or not a low-density
element will cause numerical instabilities or not during the calculation of the primal solution.

Fictitious domain7–10 This approach interpolates the elemental geometrically linear and nonlinear stiffness oper-
ator of a system. The solid regions in a topology design are modeled as geometrically nonlinear while the void regions
are modeled as geometrically linear. Intermediate densities are interpolated between the two cases by a Heaviside func-
tion. Modeling void elements as geometrically linear avoids numerical instabilities arising from geometrically nonlinear
effects. A drawback of this approach is that the geometrically linear stiffness operators changes the physical system behav-
ior of the elements. Especially for the stiffness of the intermediate density elements and over the optimization iterations
this can have a significant effect. Therefore, the interpolation parameters have to be changed incrementally for very large
deformations, which causes many optimization iterations and high computational cost.

Relaxed convergence criteria11–13 This approach does not prevent the numerical instabilities of the intermediate
and void elements. Instead, it excludes degrees of freedom that are surrounded by void elements from the convergence
check of the iterative solver scheme. A drawback of this approach is that the excluded degrees of freedom often show

F I G U R E 1 Reference overview of stabilization schemes addressing numerical instabilities arising from geometrically nonlinear
modeling and where these schemes are incorporated in the optimization workflow.
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oscillatory behavior when solving for the primal solution, causing many solver iterations or even divergence of the
primal solution.

Hyperelastic base material14–16 This approach applies a hyperelastic formulation for the base material of the topol-
ogy optimization. This type of constitutive modeling is often numerically more stable for larger strains, but this still does
not guarantee that no numerical instabilities are present. Another drawback of this approach is that it can only be applied
to specific materials like rubber, which can be modeled using a hyperelastic constitutive material model.

Third medium approach10,17,18 This approach applies a hyperelastic base material to model internal contact during
the topology optimization. It adds a void regularization term to the hyperelastic strain energy potential of the material to
stabilize the low-density elements. The void regularization term is based on the Hessian of the displacement field as well
as a linear scaling factor, which penalizes higher order deformation modes. Additionally, the penalization is interpolated
according to the element density using a Heaviside function. This is the most similar to the approach of the present work,
although it significantly differs in its hyperelastic penalization term using the Hessian of the displacement field as well
as its incorporation into the constitutive modeling, which is limited to hyperelastic material models. Furthermore, the
Hessian introduces a dimension dependence into the regularization term, which has to be compensated by a characteristic
length factor.

Plastic material interpolation19–21 This scheme applies different penalization parameters for the plastic yielding
and/or hardening than the penalization parameter for the elastic Young’s modulus to suppress numerical instabilities
that occur in models considering both elastoplastic material behavior and geometrically nonlinear modeling. A drawback
of this approach are discontinuous sensitivities at the yield point as shown in Reference 21. Also, this approach is only
applicable for suppressing the numerical instabilities that arise due to the elastoplastic yielding behavior in geometrically
nonlinear modeling.

Levenberg–Marquardt algorithm22 This approach applies an iterative solver scheme that is more robust with
respect to an ill-conditioned stiffness operator. Drawbacks of this approach are that the parameters for this scheme
are non-trivial and this approach still does not ensure convergence of the iterative scheme for the primal solution.
Furthermore, it is numerically more expensive than the usual numerical solver schemes for the primal solution.

Element connectivity parameterization23–25 Instead of a density-based topology optimization approach, this
approach optimizes the connections between elements modeled as spring stiffnesses. Hence, no high ratios between
elemental stiffnesses are included in the modeling, thereby no numerical instabilities are present. A drawback of this
approach is that the optimized designs cannot directly be transformed into manufacturable designs. Furthermore, the
parameters applied for the spring stiffnesses and the optimization are non-trivial as the physical accuracy of the results
is not guaranteed.

1.1 Present work and approach

The present work applies a constitutive hyperelastic strain energy potential to penalize numerically ill-conditioned void
and intermediate density elements. In that aspect it is similar to the third-medium approach, but has the following
fundamental differences and enhancements:

• The stabilization strain energy potential incorporates the numerical condition number of the deformation gradient
expressed in terms of its invariants and thereby, penalizes element configurations in which the isoparametric element
mapping is close to being singular at the material points.

• The stabilization is superimposed with the physical system by applying an element duplication scheme and therefore,
is not limited to physical systems having hyperelastic constitutive modeling.

• The stabilization strain energy potential is independent of the design variable values during the topology optimization.
• The parameters for the stabilization only depend on the stiffness of the base material for the physical system and is

independent of the element type.

Therefore, the approach in the present work is only applied during the finite element analysis for the topology opti-
mization workflow. Additionally, the approach can also be generalized to stabilize numerically unstable finite element
analyses independent of if it is conducted as part of a topology optimization or not.
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2 METHODS

This section provides a brief overview for the applied finite strain theory, numerical conditioning of mathematical prob-
lems as well as the applied topology optimization formulation. Afterwards, these are applied in the novel stabilization
scheme presented in this work.

2.1 Finite strain theory

This part provides an overview over the measures for the finite strain theory defined in Reference 26 that are required for
the present approach.

The deformation gradient relates an infinitesimal change 𝜕x in the deformed configuration to an infinitesimal change
𝜕X in the undeformed configuration as shown in Figure 2 and is defined as

F = 𝜕x
𝜕X

. (1)

The change in volume between the current and the reference configuration is defined by

J = det(F). (2)

The volumetric change in the deformation gradient F can be eliminated by

F = J−
1
3 F, (3)

allowing to separate the deviatoric deformation state from the volumetric deformation state for constitutive modeling. The
deformation gradient is multiplied with its transpose to eliminate its rotational part and thereby, only the part causing the
deformation between the two configurations is modeled. This yields either the right Cauchy–Green deformation tensor

C = FTF. (4)

or left Cauchy–Green deformation tensor

B = FFT
. (5)

depending on if a total Lagrangian or an updated Lagrangian formulation is applied. In this work we applied, the left
Cauchy–Green deformation tensor. The volumetric change can be again eliminated from B by

B = F F
T
. (6)

F I G U R E 2 Material point nomenclature for the undeformed and deformed configuration in finite strain theory.
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The eigenvalues of B and B are the squared principle stretches and squared deviatoric principle stretches respectively

eig(B) = {𝜆2
1, 𝜆

2
2, 𝜆

2
3}, (7)

eig(B) = {𝜆
2
1, 𝜆

2
2, 𝜆

2
3}, (8)

which are the squared singular values of F and F respectively. They can be converted into each other by

𝜆i = J−
1
3 𝜆i. (9)

The matrix invariants of B together with J are often applied to define a hyperelastic constitutive material laws, since they
are invariant with respect to rotation. The invariants applied in this work are defined as

I1 = 𝜆
2
1 + 𝜆

2
2 + 𝜆

2
3, (10)

I2 =
1

𝜆
2
1

+ 1

𝜆
2
2

+ 1

𝜆
2
3

, (11)

J = 𝜆1𝜆2𝜆3. (12)

The deformation gradient can also be expressed in terms of the derivatives of the shape functions in isoparametric finite
element formulations as

F =

(nnodes∑
i=1

𝜕hi(𝝃)
𝜕𝝃

xi

)(nnodes∑
i=1

𝜕hi(𝝃)
𝜕𝝃

Xi

)−1

, (13)

where nnodes are the number of nodes, 𝝃 are the natural coordinates of the isoparametric elements and xi and Xi are the
nodal coordinates in the current as well as the reference configuration.

2.1.1 Strain measures

There are various finite strain measures applied for constitutive modeling. The Green-Lagrange strain tensor 𝜺G and the
Almansi strain tensor 𝜺A are defied as

𝜺G =
1
2
(C − I), (14)

𝜺A =
1
2
(I − B), (15)

and are often applied for modeling hyperelastic behavior of rubber-like materials. For elastoplasticity, the logarithmic or
Hencky strain tensor

𝜺H = ln
(√

FFT
)

(16)

is often applied. All strain measures in the present work for the physical system modeling are expressed in term of the
Hencky strain.

2.1.2 Constitutive modeling

In the present paper, we apply purely linear elastic, elastoplastic as well as hyperelastic constitutive modeling. The linear
elasticity is modeled by the linear relationship

𝝈 = Del ∶ 𝜺H , (17)
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where 𝝈 is the Cauchy-stress tensor, Del is the forth order elastic tensor and 𝜺H is the logarithmic or Hencky strain tensor.
Del is a function of the Young’s modulus E and the Poisson ratio 𝜈. This is also the same constitutive relationship applied for
the elastic response in the elastoplastic constitutive modeling. The elastoplasticity is modeled by dividing the deformation
gradient into an elastic and a plastic part

F = Fel ⋅ Fpl
. (18)

This decomposition is calculated by integrating the total strain rate

𝜺̇ = 𝜺̇el + 𝜺̇pl (19)

over time, where 𝜺̇el is the elastic strain rate and 𝜺̇pl the plastic strain rate. The plastic strain rate are governed by a yield
function, while the elastic strain rate is derived from Fel using a hyperelastic strain energy potential. We applied a Mieses
yield criterion using the Cauchy stresses in combination with isotropic hardening for the elastoplastic examples in this
article. These strain rates have to be solved iteratively to satisfy the yield function for each strain increment. Note, that
this integration of the strain rate is also applied for the purely elastic constitutive modeling. Hence, the linear elastic
constitutive modeling is not directly derived from a strain energy potential. The hyperelastic modeling in this article
applies an invariant-based hyperelastic strain energy potential

U = U(I1, I2, J), (20)

and is hence based on the invariants of the left Cauchy–Green deformation tensor B.

2.2 Numerical condition number of a matrix

The condition number of a problem ∶ Rn → Rm describes the relationship between an error in the input of the problem
 and the resulting error in the output of  . Let the component-wise relative input error be bound by

|x̂i − xi||xi| ≤ 𝜖 xi ∈ x, x̂i ∈ x̂, (21)

where x is the unperturbed and x̂ the perturbed input. The condition number 𝜅 of then bounds the relative output error
as follows:

||(x̂) − (x)||||(x)|| ≤ 𝜅𝜖 + (𝜖). (22)

In the following, the condition number of matrices are further discussed. A condition number of a matrix A ∈ Rm×n

describes the impact an error of a perturbed input x + 𝜀 has on solving the linear system A(x + 𝜀) = b and therefore, how
close the matrix A is to being singular. In case A is non-singular, its condition number is defined as

𝜅(A) ∶= ||A|| ⋅ ||A−1|| (23)

with respect to a consistent matrix norm || ⋅ ||. The condition number induced by the Frobenius norm || ⋅ ||F is applied in
the present work. The Frobenius norm is defined as

|| ⋅ ||F =
( m∑

i=1

n∑
j=1

|aij|2
) 1

2

=
√

tr(A∗A), (24)

where tr(A∗A) is the trace of A∗A. In case that A is a regular square matrix, the trace can be expressed in terms of the
eigenvalues 𝜆i of A, yielding

|| ⋅ ||F =√∑
𝜆

2
i (A). (25)
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The condition number induced by the Frobenius norm then yields

𝜅F(A) =
√

tr(A∗A) ⋅
√

tr(A−∗A−1) =
√∑

eig(A∗A) ⋅
√∑ 1

eig(A∗A)
. (26)

The condition of a matrix A number induced by a different norm can be bound by applying the equivalence of norms.
For example, the || ⋅ ||2 norm is bound by

1√
min(m,n)

||A||F ≤ ||A||2 ≤ ||A||F , (27)

and thereby, the condition number 𝜅2(A) is bound by

1
min(m,n)

⋅ 𝜅f (A) ≤ 𝜅2(A) ≤ 𝜅F(A). (28)

Hence, the condition number induced by the Frobenius norm is equivalent to any other condition number induced by
any other norm and their difference is bound by constants.

2.3 Topology optimization formulation

This work applies a density based topology optimization approach, in which the material properties like the elastic Young’s
modulus and elastoplastic material parameters for yielding and hardening are interpolated using the SIMP approach (see
Reference 2). The plastic material parameters for the elastoplastic constitutive modeling are interpolated using the same
penalization as the elastic material parameters resulting in the stress-strain-curves shown in Figure 3 having a constant
yield strain independent of the design variable as described in Reference 21. Design variable filtering is applied in this
article to regularize the density based topology optimization problem and ensure mesh independency as well as prevent
checker boarding as described in Reference 4. No continuation schemes or projection methods are applied in this work. All
optimizations in this work are conducted in Simulia Tosca Structure27 and apply Simulia Abaqus28 as finite element solver.
However, the present approach can be applied for all finite element solvers allowing geometrically nonlinear modeling
and strain energy potential based constitutive material modeling.

Two stopping criteria are applied which evaluate the change in density and change in objective value between the
optimization iterations as shown in Figure 1:

F I G U R E 3 Material interpolation applied for plastic constitutive modeling having a penalization where the yield strain is independent
of the design variables.
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• Average change in density 𝜌:

∑M
m=1|𝜌i,n − 𝜌i,n−1|

M
≤ Δ𝜌ave, stop, (29)

where M is the number of elements in the design space.

• Relative change in objective function value Θ:

|Θn − Θn−1||Θn| ≤ ΔΘstop, (30)

where the stopping criteria applied in the present work are set to Δ𝜌ave, stop = 0.005 and ΔΘstop = 0.001.

2.4 Stabilization scheme

The present stabilization scheme applies an artificial constitutive material law that penalizes ill-conditioning terms at the
constitutive material point level. This artificial behavior is then superimposed with the physical behavior of the system as
shown in Figure 4. The artificial constitutive material law incorporates the squared condition number 𝜅F of the deforma-
tion gradient F as a hyperelastic strain energy potential. Thereby, the stresses induced by the hyperelastic strain energy
potential material law are equivalent to the derivative of the condition number at that material point. Hence, this mate-
rial law induces stresses which improve the condition number at the material points in case an element moves towards
a configuration in which a material point is ill-conditioned. The condition number of F is also related to the condition
number of the right and left Cauchy–Green deformation Tensors C and B. When considering Equation (13) the condition
number of F can be interpreted as the numerical conditioning of the isoparametric mapping from the current to the nat-
ural coordinate system. An ill-conditioning or singularity in this mapping causes an ill-conditioning of all measures for
geometrically nonlinear analysis. In the following, a novel proof linking the condition number of the deformation gradi-
ent to the first and second invariants of the left Cauchy–Green deformation tensor B is derived in Section 2.4.1, yielding
the relationship

𝜅
2
F(F) = I1I2 = I1I2 ≥ 𝜅F(B) = 𝜅F(C). (31)

This relationship in (31) is then applied to formulate the artificial strain energy potential for the stabilization scheme.
Unlike the regularization terms in References 10,17, and 18 applying the Hessian of the deformation gradient,

F I G U R E 4 Element superposition scheme applying a hyperelastic constitutive model for numerical stabilization (artificial element)
into a physical finite element model (physical element) using a numerically non-intrusive approach. The two elements share the same nodes,
but differ in their constitutive modeling.
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the Equation (31) is independent of the model dimensions and therefore, does not require a characteristic length
factor.

2.4.1 Proof

The condition number of the deformation gradient F induced by the Frobenius norm in (23) yields

𝜅F(F) = ||F||F ⋅ ||F−1||F . (32)

These Frobenius norms can be expressed as the square roots of the traces of FTF and F−TF−1, where (… )−T ∶=(
(… )T

)−1 =
(
(… )−1)T as shown i n (26), yielding

𝜅F(F) =
√

tr
(

FTF
)
⋅
√

tr
(

F−TF−1)
. (33)

For the trace of a matrix product of two square matrices A1,A2 it holds that tr(A1A2) = tr(A2A1). Therefore, the first term
in (33) can be rewritten as

𝜅F(F) =
√

tr
(

FFT) ⋅√tr
(

F−TF−1)
. (34)

Since for two invertible matrices A1,A2 ∈ Rn×n it holds that A−1
1 A−1

2 = (A2A1)−1, the last term can be rewritten as

𝜅F(F) =
√

tr
(

FFT) ⋅√tr
((

FFT)−1
)
. (35)

Using the definition of the left Cauchy–Green deformation tensor (5) this expression yields

𝜅F(F) =
√

tr(B) ⋅
√

tr
(

B−1)
. (36)

The trace of a regular square matrix A ∈ Rn×n can be expressed as the sum of its eigenvalues

tr(A) =
n∑

i=1
eig(A)i. (37)

Furthermore, the relationship between the eigenvalues of a invertible matrix A and its inverse A−1 is

eig(A−1)i =
1

eig(A)i
, (38)

which is trivial, when considering the eigen decomposition of these two matrices. Applying (37) and (38) to (36) yields

𝜅F(F) =

√√√√ 3∑
i=1

eig(B) ⋅

√√√√ 3∑
i=1

1
eig(B)

. (39)

Substituting the definition of the principle stretches (7) into (39) yields

𝜅F(F) =
√
𝜆

2
1 + 𝜆

2
2 + 𝜆

2
3 ⋅

√
1
𝜆

2
1
+ 1
𝜆

2
2
+ 1
𝜆

2
3
. (40)

Rearranging the definition of the deviatoric principle stretches (8) for the principle stretches yields

𝜆i = (𝜆1𝜆2𝜆3)−
1
3 𝜆i ⇒ 𝜆i = (𝜆1𝜆2𝜆3)

1
3 𝜆i. (41)
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10 of 32 SCHERZ et al.

Substituting (41) into (40) yields

𝜅F(F) =
√
𝜆

2
1 + 𝜆

2
2 + 𝜆

2
3 ⋅

√
1

𝜆
2
1

+ 1

𝜆
2
2

+ 1

𝜆
2
3

. (42)

Note, that the (𝜆1𝜆2𝜆3)
1
3 terms for both roots cancel each other. Next, the definitions in (10) and (11) for the first and

second invariants I1 and I2 are substituted into (42), finally yielding

𝜅F(F) =
√

I1 ⋅
√

I2 =
√

I1I2 ⇒ 𝜅
2
F(F) = I1 ⋅ I2, (43)

which completes the first part of the proof. For the second part of the proof, we apply the relationship for the condition
number of a matrix product. Let A1 and A2 be two invertible matrices A1,A2 ∈ Rn×n, then it holds that

𝜅(A1A2) ≤ 𝜅(A1)𝜅(A2). (44)

Therefore, the condition number of the left Cauchy–Green deformation tensor B can be approximated as

𝜅F(B) ≤ 𝜅F(F)𝜅F(FT) = 𝜅2
F(F) = I1 ⋅ I2. (45)

Lastly, it can be shown that 𝜅F(B) = 𝜅F(C), which is trivial to show, since the Frobenius norm of two square
matrices ||A1A2||F = ||A2A1||F . Therefore, the same proof is applicable for the right Cauchy–Green deformation
tensor C.

Note, that (40) can be simplified in a similar fashion using the principle stretches 𝜆i instead of the deviatoric stretches
𝜆i and that I1I2 = I1I2. This shows an important observation that the condition numbers of F and C are not dependent
on the volumetric stretches. Thereby, they do not influence the numerical conditioning on a constitutive material model
level. Nonetheless, excessive volumetric compression or tension can lead to convergence issues due to rounding errors in
the nodal coordinates of the finite element method. Furthermore, this also does not prevent locking phenomena due to
the finite element discretization from occurring.

2.4.2 Numerical implementation

A strain energy potential incorporating the condition number 𝜅2
F(C) is implemented using a specific combination of

parameters for the compressible polynomial hyperelastic strain energy potential29 formula is defined as

U ∶=
N∑

i,j=0
i+j≠0
i+j≤N

Cij

(
I1 − 3

)i(
I2 − 3

)j
+

N∑
i=1

1
Di

(
(Jel) − 1

)2i
. (46)

The material parameter nomenclature in Equation (46) is in correspondence with the Abaqus implementation.28 The
term (I1I2 − 9) can be isolated from (46) by applying the coefficients shown in Table 1. The polynomial coefficients yielding
higher order terms of 𝜅2

F(F) are shown in appendix Table A1.
Additionally, a volumetric part is added to the strain energy potential to prevent excessive volumetric compression.

Otherwise this material law penalizes further deviatoric deformation of ill-conditioned elements and thereby, transforms

T A B L E 1 Coefficients for a polynomial hyperelastic strain energy potential for which the condition number-based term (I1I2 − 9) is
isolated.

C10 C01 C11 C20 C02

3 3 1 0 0
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SCHERZ et al. 11 of 32

the energy into volumetric deformation. Therefore, the artificial strain energy potential applied in this article yields

U ∶= C𝜅 ⋅ (I1I2 − 9) + 1
D2

⋅
(

Jel − 1
)4
, (47)

where C𝜅 and D2 are model parameters for the numerical stabilization. These are related to the physical element material
parameters, as discussed in the following section. Note, that the volumetric parameter D2 is not related to the condition
of the deformation gradient and is only included to avoid excessive volumetric compression or tension. Due to the imple-
mentation of the strain energy potential in (46) in Abaqus the parameter D1 cannot be omitted in the element definition.
Therefore, D1 is set to 109 ⋅ D2 to avoid an error message, while having numerically no influence on the constitutive mod-
eling. A workflow is developed to implement the present stabilization scheme into an arbitrary finite element model
using the numerically non-intrusive approach as discussed in 2.4. The elements inside the design space to be stabilized
are duplicated and then assigned a hyperelastic constitutive material law that includes the condition number-based mea-
sure I1I2 as its strain energy potential. Thereby, the stabilization scheme can be applied to any arbitrary finite element
model as long as a hyperelastic finite strain formulation is numerically supported by the finite element solver. Therefore,
the present approach is not limited to topology optimization application and is generally applicable to all geometrically
nonlinear finite element models requiring numerical stabilization.

3 NUMERICAL RESULTS

The first part of this section focuses on a parametric study to calibrate suitable stabilization model parameters. The
second part then applies the calibrated stabilization model to both academic and industrial topology optimization
applications.

3.1 Parametric study and stabilization material model calibration using a C-shaped
structure

A well-known example from Reference 7 shown in Figure 5 is applied to calibrate the hyperelastic parameters for the
stabilization scheme.

The model consists of a C-shaped solid structure having the dimensions 10 × 10 × 1. The structure is loaded vertically
at its upper beam and horizontally at the lower beam. The structure is modeled in two different ways: once by considering
only the physical structure (5a), in the following referenced as solid-only version, and once by additional modeling an
artificial void region, which is encapsulated in the structure (5b), in the following referenced as solid-void version. The
solid-only version serves as a reference solution of the system, while the solid-void version represents a model that is prone
to numerical instabilities arising due to geometric nonlinear modeling. The materials are modeled using a linear elastic
constitutive material law. The solid region applies a Young’s modulus of E = 1 and a Poisson’s ratio of 𝜈 = 0.3. The artificial
void region applies the same material law but with a significantly lower Young’s modulus of E = 10−9. Furthermore, a
thicker 3D version of this model (Figure 5C,D) having the dimensions 10 × 10 × 10 is investigated to extend the scope of
this parametric study to also include 3D element types. The forces F1 and F2 are applied to each node of the corresponding
edge. Furthermore, the forces are scaled such that their respective sum is equivalent to 10 times the force acting in the
2D case to account for the increase in the structures thickness. The structures are discretized by applying the different
element types as shown in Table 2

3.1.1 Parametric study setup

For the parametric study, the novel stabilization scheme is applied to stabilize the solid-void versions of the 2D- and
3D-model. All elements in the models are duplicated and assigned the same hyperelastic stabilization material model
defined in (47). The 2D model is investigated using linear and quadratic triangular elements (CPS3 & CPS6) as well as
linear fully-integrated and reduced quadrilateral elements (CPS4 & CPS4R). The 3D model is investigated using linear
and quadratic tetrahedral elements (C3D4 & C3D10) as well as linear fully integrated and reduced hexagonal elements
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12 of 32 SCHERZ et al.

F I G U R E 5 C-shaped solid-void structure modeled as (A) 2D elements without void elements (B) 2D elements including void elements
(C) 3D elements without void elements (D) 3D elements including void elements. Note that the 3D structure is 10 times thicker than the 2D
structure and the acting forces are scaled accordingly.

T A B L E 2 Solid-void model discretizations for the different element types.
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SCHERZ et al. 13 of 32

(C3D8 & C3D8R). The material parameter combinations C𝜅 × D2 are investigated for

C𝜅 = 10{−13;−12.5,…;0.5;0}
, (48)

1
D2

= 10{−13;−12.5,…;0.5;0}
, (49)

yielding 729 combinations per element type and 5832 in total for the parametric study. The reciprocal scaling of D2 is
required due to its definition in the polynomial form hyperelastic strain energy potential in polynomial form in (46).

3.1.2 Parametric study evaluation measures

The results of the parametric study are evaluated in terms of numerical stability and physical accuracy. For this purpose,
the following three dimensionless evaluation measures are defined:

• tcomp: Relative completed analysis time.
• ucomp: Relative completed nodal displacement.
• uerror: Relative time-adjusted nodal displacement error.

The first two measures describe how much of the load application and deformation state was achieved before diver-
gence occurred. The last measure describes the difference between the stabilized solid-void model and the reference
solid-only model. In the following, the calculations of the three measures are explained in more detail.

Relative completed time The completed time measure is calculated as

tcomp =
tlast

tref
, (50)

where tref is the full analysis time of the reference analysis. tlast is the last time point during the analysis for which the
Newton–Raphson scheme achieved convergence. In case of a converged analysis tlast = tref. Since the loading for this
model is applied in a time-wise linear manner, this measure is also equivalent to the relative completed loading.

Relative completed nodal displacement The nodal displacements of the two loading points in the solid-void anal-
yses evaluated at tlast are normalized with their corresponding values from the reference solution evaluated at tref. Their
absolute values are then combined in a weighted sum, yielding

ucomp ∶=
∑

i
wi ⋅

|ui||ui,ref| for i = {… 1,F1 , … 2,F1 , … 1,F2 , … 2,F2}. (51)

The weights wi are chosen as the relative values of the nodal displacements at the end of the reference solution,
yielding

wi ∶=
|ui,ref|∑
j |uj,ref | for j = {… 1,F1 , … 2,F1 , … 1,F2 , … 2,F2}. (52)

Therefore, the completed displacement measure is calculated as

ucomp ∶=
∑

i

|ui||ui,ref| ⋅
|ui,ref|∑

j |ui| =
∑

i |ui|∑
j |ui,ref| for i, j = {… 1,F1 , … 2,F1 , … 1,F2 , … 2,F2}. (53)

Relative time-adjusted nodal displacement error For this measure the nodal displacements of the reference solu-
tion are not evaluated at the end time of the analysis. They are instead evaluated at the last converged time points tlast for
each solid-void analysis. For this purpose, the reference solution results are interpolated linearly over time to be evaluated
exactly at tlast. The interpolated nodal displacements are referred to as ui,ref(tlast) in the following. This procedure elimi-
nates the influence of not completing the analysis in this error measure, leaving only the error due to a different system
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14 of 32 SCHERZ et al.

behavior at tlast. The relative time-adjusted nodal displacement error measure is calculated as

uerror ∶=
∑

i |ui − ui,ref(tlast)|∑
j |uj,ref (tlast)| for i, j = {… 1,F1 , … 2,F1 , … 1,F2 , … 2,F2}. (54)

3.1.3 Parametric study results

The results for each of these measures is visualized as a heat map plot over the hyperelastic stabilization parameters C𝜅

and 1
D2

over the range of 10−13 · · · 100 in Table 3 for the 2D model and in Table 4 for the 3D model. The desirable values are

T A B L E 3 Parametric study for stabilization parameters calibration using the 2D element types shown in Table 2 for the solid-void
structure.

Note: The evaluation measures tcomp, ucomp and uerror are defined in Section 3.1.2.
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SCHERZ et al. 15 of 32

T A B L E 4 Parametric study for stabilization parameters calibration using the 3D element types shown in Table 2 for the solid-void
structure.

Note: The evaluation measures tcomp, ucomp and uerror are defined in Section 3.1.2.

color-coded green and undesirable values red. In addition, the values of the measures for the non-stabilized solid-void
models are shown as black lines in the color bar of the heat map plots. Therefore, values better than these lines rep-
resent the improvement achieved by the stabilization scheme. Additionally, the deformed meshes of the solid-only,
non-stabilized solid-void and stabilized solid-void analyses are shown in Table 5 for the 2D model and in Table 6 for the
3D model. For these, one of the parameter combinations achieving the best evaluation measures for a given element type
is chosen.

A parameter region that improves all three measures to the best possible value for the chosen setup is observed for
all 2D element types. This region is especially large for trilateral CP3 elements. The measures are also improved for
all tested 3D elements, although the best possible measure is only achieved by C3D4 and C3D8R elements. Especially
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16 of 32 SCHERZ et al.

T A B L E 5 Deformed configurations of the 2D C-shaped structure as solid-only, non-stabilized and stabilized
solid-void structure for the 2D element types shown in Table 2.

Note: Each mesh represents the last converged state of the analysis, which is not necessarily the full loading.
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SCHERZ et al. 17 of 32

T A B L E 6 Deformed configurations of the 3D C-shaped structure as solid-only, non-stabilized and stabilized
solid-void structure for the 3D element types shown in Table 2.

Note: Each mesh represents the last converged state of the analysis, which is not necessarily the full loading.
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18 of 32 SCHERZ et al.

the tetrahedral C3D4 elements have a significantly improved numerical stability (Δucomp = 67%) and a large parameter
region, in which the improvement is achieved.

The uerror plots show that values for C𝜅 ≥ 10−4 start to significantly affect the system behavior. This is similar to the
findings of an upper bound on the void stiffness recommended in References 30 and 11.

Some non-feasible parameter combinations were observed in the upper left corner. These parameter combinations
yield a close to incompressible constitutive law and would require a hybrid element formulation. These were not further
investigated, since their neighboring parameter combinations did not indicate a parameter region that would improve
the numerical stability.

3.2 Geometrically nonlinear topology optimization results

This section addresses the calibration and verification of the stabilization material model for topology optimization con-
sidering large deformations using both academic models7,11 as well as industrial application models. All optimizations are
conducted without any continuation scheme or incremental projection scheme for the filtering or material interpolation.

3.2.1 Cantilever beam

The cantilever beam has the dimensions 1 [m] × 0.25 [m] × 0.1 [m] and is fully constrained on the left side. The load P
is applied at the reference point (RP) as shown in Figure 6. The cantilever beam is discretized using 120 × 30 CPE4 plane
strain elements.28 The material of the cantilever beam is modeled once as linear elastic model having a Young’s modulus
of E = 3 [GPa] and a Poisson’s ration of 𝜈 = 0.4 and once as elastoplastic model having the same elastic properties as well
as a yield stress of Y = 9 [MPa] and a yield hardening of H = 0.02 ⋅ E = 60 [MPa] (2% of the initial Young’s modulus). The
optimization setup is defined as

min
𝜌∈𝜚

yRP, (55)

s.t. V ≤ 0.5 ⋅ V0, (56)

where yRP is the vertical displacement of the reference point (RP), V the current volume and V0 the reference volume.
The model is stabilized by applying the strain energy density function

U = S ⋅ E ⋅
((

I1I2 − 9
)
+ 1

100
⋅
(

Jel − 1
)4
)

(57)

for the elastic cantilever beam model and

U = S ⋅H ⋅
((

I1I2 − 9
)
+ 1

100
⋅
(

Jel − 1
)4
)
, (58)

for the elastoplastic cantilever beam model, where E and H are the physical stiffness properties and S is a scaling factor that
is varied in the following numerical experiments. This definition is equivalent to a line search through the stabilization
parameter space shown in the previous section. The relative factor 1/100 between C𝜅 and D2 is chosen based on the results

F I G U R E 6 Cantilever beam model.

 10970207, 2024, 23, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7574 by T
echnische U

niversität H
am

burg U
niversitätsbibliothek, W

iley O
nline L

ibrary on [28/11/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



SCHERZ et al. 19 of 32

from the previous section to conduct the line search through the most promising region of the parameter space. When
expressed in the form of (47), the effective stabilization parameters are

C𝜅 = S ⋅ E, (59)

D2 =
100
S ⋅ E

, (60)

for the elastic cantilever beam model and

C𝜅 = S ⋅H, (61)

D2 =
100

S ⋅H
, (62)

for the elastoplastic cantilever beam model. In the following, the load factor P as well as the stabilization factor S are varied
and the optimizations are compared in terms of divergence of the primal solution. Afterwards, a selection of representative
optimized models is compared to their corresponding validation model, for which the stabilization elements as well as
void elements below 𝜌 < 0.05 are removed from the analysis. Removal of the void elements is necessary, since numerical
instabilities in void element regions is still present, even in the optimized designs.

Elastic cantilever beam results
The optimized design layouts for the elastic cantilever beam are shown in Table 7. The non-stabilized elastic cantilever

beam model exhibits numerical instabilities for loads P ≥ 125 [kN] causing the optimization to fail after a few optimiza-
tion iterations. Converges of the primal solution for higher load factors throughout the entire optimization is achieved
by increasing the stabilization factor S. A clear correlation between increased stabilization factor and loads for which the
optimization converged is observed. Note, that this observation does not take into account the physical accuracy of the
model. For example, the highest stabilization factor of S = 10−3 ⋅ E clearly shows non-physical designs, indicating that
the stabilization elements contribute significantly to the total system behavior. Therefore, the converged optimizations
applying the highest load factor for each stabilization factor are investigated further in terms of physical accuracy. The
comparison between the stabilized model and the respective validation model is shown in Table 8. For stabilization fac-
tors up to S = 10−5 ⋅ E no significant difference between the stabilized model and the validation model is observed. In
contrast, the comparison for higher stabilization factors shows a significant difference between the two models, although
the qualitative system behavior is unchanged. Therefore, the stabilization factor should not exceed S = 10−5 ⋅ E if physical
accuracy is required. If higher stabilization factors are chosen, we advise a validation of the optimized design to ensure
that the qualitative system response was not significantly affected by the stabilization elements.

T A B L E 7 Optimized design layouts for the elastic cantilever beam applying different loads P [kN] and stabilization factors S for (57)
being expressed in terms of the material’s elastic Young’s modulus E.
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20 of 32 SCHERZ et al.

T A B L E 8 Elastic cantilever beam validation results for different stabilization factors S and loads P comparing the stabilized models of
optimized designs with their respective validation models, in which the stabilization elements as well as void element below 𝜌 ≤ 0.05 are
removed from the analysis.

Note: The deformed meshes and von Mises stresses are shown for the stabilized model, the validation model and as overlay of the two. The stresses for each
row are scaled to the same color scale. The numerical values for the reference point displacements xRP and yRP as well as the compliance c are given.
Furthermore, the relative difference ΔxRP

xRP
, ΔyRP

yRP
and ΔcRP

c
normalized with respect to the corresponding validation model value are calculated. Lastly, Ustab

UTot
as

the relative strain energy in the stabilization elements with respect to the total elastic strain energy in the model is calculated for the stabilized model.

Elastoplastic cantilever beam results
The optimized design layouts for the elastoplastic cantilever beam are shown in Table 9. The non-stabilized elastic can-

tilever beam model exhibits numerical instabilities for loads P ≥ 10 [kN]. As for the elastic model, including stabilization
ensures the convergence of the optimizations for higher load amplitudes. An increased stabilization factor again correlates
to an increase of the highest load factor for which the optimization converged. Even including a very small stabilization
factor S = 10−9 ⋅H in the model ensures the convergence of the optimization for a higher load amplitude than for the
non-stabilized model. Representative optimized designs are further investigated in terms of numerical accuracy as shown
in Table 10. The comparison between the stabilized models and the respective validation models is shown in Table 10. All
tested optimized designs except the one applying the highest stabilization factor show no significant difference between
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SCHERZ et al. 21 of 32

T A B L E 9 Optimized design layouts for the elastoplastic cantilever beam applying different loads P [kN] and stabilization factors S
for (58) being expressed in terms of the hardening stiffness H = 0.02 ⋅ E, where E is the elastic Young’s modulus.

the stabilized models and the validation models. Hence, the stabilization scheme stabilizes the optimization for signifi-
cantly higher load amplitudes without significantly affecting the system behavior. The significant design difference for
the model applying P = 25 [kN] and S = 10−3 ⋅H shows the issue arising, if the stabilization factor is chosen too high.
A beam member in the design did not exhibit buckling in the optimized stabilized model, but did exhibit buckling in
the corresponding validation model. Therefore, a too high stabilization can prevent buckling, while a sufficiently low
scaled stabilization factor does not. The buckling of this beam member also explains the qualitative difference in the opti-
mized designs for high load amplitudes when compared to the optimized designs of the elastic cantilever beam model.
The elastic cantilever beam models include a hinge mechanism that is located at the top of the design domain, while the
elastoplastic cantilever beam models have a similar hinge mechanism at the bottom of the design space. This is due to
the beam that is located underneath the hinge in the elastic design exceeding its buckling load for the elastoplastic can-
tilever beam model. Hence, the designs of the elastoplastic cantilever beam model include a thicker and shorter beam in
the horizontal orientation and a diagonal beam above, which is loaded in tension and can therefore, not buckle.

The stabilization factor is scaled with respect to H instead of E for two reasons. First, the elements exhibiting numerical
instabilities will undergo large strains often far beyond the yield strain of most physical materials that can be described
by elastoplastic constitutive theory. Therefore, the tangent stiffness of numerically unstable elements is equivalent to the
terminal yielding stiffness. Second, physical elements having an intermediate density and experiencing yielding decrease
their tangent stiffness by at least one order of magnitude, while still having a significant effect on the physical system
behavior. Therefore, stabilization stresses being scaled to the initial tangent stiffness E instead of H would dominate
stresses in the yielding of the intermediate density elements. This can lead to the suppression of buckling modes for thin
members of the optimized design as observed for the optimization applying the highest stabilization factor and load factor.
The recommended scaling parameter S = 10−5 ⋅ E for the elastic constitutive material modeling would be equivalent to
the scaling factor S = 5 × 10−4 ⋅H for the elastoplastic constitutive material modeling, which is in the range for which a
significant effect of the stabilization on the physical system response was observed for the elastoplastic cantilever beam
model. Therefore, we recommend the stabilization factor S = 10−5 ⋅H for elastoplastic constitutive material model.

3.2.2 Double clamped beam

The system shown in Figure 7 is another benchmark example from the Reference 7 showing a snap-through behavior of
the optimized design for higher loads when considering geometrically nonlinear modeling. The beam has the dimensions
3 [m] × 1 [m] × 0.1 [m] and is discretized using 120 × 40 CPE4 plane strain elements. It is fully constrained on both sides
and loaded in the middle with a force P = 80 [kN]. The material is modeled as linear elastic having a Young’s modulus of
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T A B L E 10 Elastoplastic cantilever beam validation results for different stabilization factors S and loads P comparing the
stabilized models of optimized designs with their respective validation models, in which the stabilization elements as well as void
elements below 𝜌 ≤ 0.05 are removed from the analysis.

Note: The deformed meshes and von Mises stresses are shown for the stabilized model, the validation model and as overlay of the two. The
numerical values for the reference point displacements xRP and yRP as well as the compliance c are given. Furthermore, the relative difference ΔxRP

xRP
,

ΔyRP
yRP

and ΔcRP
c

normalized with respect to the corresponding validation model value are calculated. Lastly, Ustab
UTot

as the relative strain energy in the
stabilization elements with respect to the total elastic strain energy in the model is calculated for the stabilized model.
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F I G U R E 7 Double clamped beam model.

E = 3 [GPa] and a Poisson ratio of 𝜈 = 0.4. The optimization defined as

min
𝜌∈𝜚

yRP, (63)

s.t. V ≤ 0.1 ⋅ V0, (64)

minimizing the vertical displacement yRP of the loading point subject to a volume constraint of 10%. Such a low volume
fraction causes a problem for the optimization. The homogeneous initial design consisting of a 10% uniform material
distribution and the following first optimization iterations all exhibit large deformations for very few elements around the
loading point causing the finite element analysis to diverge. Until now this problem was solved in literature by applying
a continuation scheme, where the material penalization factor p was slowly increased from 1 to 3. This requires many
optimization iterations and is based on a heuristic updating scheme. We instead apply the stabilization scheme in this
article to stabilize this optimization. The challenge here is to stabilize the first few iterations without affecting the physical
system behavior significantly. We apply the stabilization strain energy potential defined in (57) using S = 10−5 ⋅ E. The
optimization converged smoothly in only 45 optimization iterations as shown in Figure 8B. References 7 and 11 applied a
continuation scheme to optimize this model and reported 125 and 600 optimization iterations, respectively. The optimized
design is shown in Figure 8A. Figure 8C shows the relative strain energy of the stabilization elements with respect to the
total strain energy of the system. During the first few optimization iterations this ratio is very high, since the stabilization
is required to stabilize the model during the first few optimization iterations. During the optimization iterations this
value decreases smoothly until its relative value is below 1%. Note, that this decrease is not related to the decrease in
compliance of the overall model, since it is a relative measure taking into account the overall compliance. A validation run
of the optimized model for which the stabilization elements as well as low-density elements below 𝜌 = 0.05 are removed
from the analysis shows no difference in system behavior. Therefore, the stabilization did not change or stabilize the
physical buckling behavior. The deformed meshes and stressed for the initial and optimized design as well as the validation
model are shown in Figure 9. Optimizations applying higher loads P and the same stabilization factor S exhibited a global
buckling during the optimization process causing the optimization to fail. Therefore, the applied stabilization factor does
not suppress global buckling modes if they are present.

3.2.3 Three-point bending beam

This model shown in Figure 10 is a dynamic impact analysis of a rigid punch which hits an elastoplastic beam in a
three-point bending beam setup including all three types of non-linearities: geometrical, material and contact.

The beam is placed on two supports and impacted by a punch in the middle. The supports are fully constrained,
while the punch can move freely in the vertical direction. The contact between the parts is modeled using finite sliding
as well as friction having a friction coefficient of 𝜇 = 0.1 in all contact interfaces. Both the supports as well as the punch
are modeled as rigid. In addition, the punch is assigned a mass of m = 200 [kg] and an initial velocity v0 = 10 [m/s]. The
beam is modeled as elastoplastic using a Young’s modulus of E = 70 [GPa] and a Poisson’s ratio of 𝜈 = 0.33 as well as a
yield stress of Y = 311 [MPa] having an isotropic hardening of H = 0.02 ⋅ E. The model is reduced to a quarter model by
applying symmetry. The quarter beam is discretized using 13,482 linear brick elements (C3D8). The model is stabilized by
applying the hyperelastic strain energy potential from (58) using S = 10−5 ⋅H. The optimization minimizes the maximal
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24 of 32 SCHERZ et al.

F I G U R E 8 Double clamped beam (A) optimized design layout applying a load of P = 80 [kN], (B) optimization iteration history and
(C) relative strain energy of the stabilization elements with respect to the total systems strain energy for each optimization iteration.

(a) (b) (c)

F I G U R E 9 Deformed meshes and von Mises stresses of the double clamped beam model for (A) the initial design and (B) the
optimized design, both applying the stabilization parameters C𝜅 = 10−5 ⋅ E and D2 = 107 ⋅ 1∕E as well as (C) the validation model of the
optimized design, for which the stabilization elements as well as void elements below 𝜌 ≤ 0.05 are removed from the analysis.

F I G U R E 10 Three-point bending beam (A) model and (B) a quarter model reduced using symmetry.

vertical displacement of the punch over the analysis time subject to a volume constraint of 30% as follows

min
𝜌∈𝜚

max(uRP(ti)), (65)

s.t. V ≤ 0.3 ⋅ V0, (66)
ti ∈ {0.001, 0.002, … , 0.025} [s]. (67)

The optimization converged in 73 iterations as shown in Figure 11A. The vertical displacement of the punch’s refer-
ence point is decreased by 88.3% while satisfying the volume constraint of 30%. The optimized design layout is shown in
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Figure 11B as well as a corresponding isosurface enforcing the volume fraction of 30%. The extent of the large deformation
and sliding in the interfaces in this model is evident when comparing the deformed meshes of the initial and optimized
designs in Figure 12A,B. The initial design does not stop the punch at all and the beam is pushed completely through
the two supports, while the optimized design catches the punch. Therefore, this optimization requires large deformation
modeling to capture the correct physics. A validation model is derived from the optimized design for which the stabi-
lization elements as well as elements having a density of 𝜌 ≤ 0.05 are removed from the model. The displacement of the
reference point for the optimized stabilized model and the validation model are then compared and shown in Figure 13B.
No significant difference between the two models is observed. Furthermore, the relative strain energy of the stabilization
elements with respect to the total strain energy is below 1% for the optimized design (see Figure 13A), having a value of
0.98% in the optimized design. Therefore, it is expected that the physical system behavior is not changed significantly by
the stabilization elements. Note, that the relative strain measure for each optimization iteration is evaluated at the time
point of maximal vertical displacement of a primal solution. Furthermore, this measure does not consider dissipated plas-
tic energy or kinetic energy. Therefore, it is a very conservative measure for estimating the influence of the stabilization

F I G U R E 11 Three-point bending beam optimization results showing (A) the optimization iteration history of the normalized maximal
vertical displacement of the punch reference point (RP) as well as the normalized volume constraint enforcing a volume fraction of 0.3 ⋅ V0.
(B) The optimized design variable layout from the front (left) and back (right) applying a threshold of 𝜌 = 0.05 and (C) the corresponding
iso-surfaced generated using the optimized topology and enforcing the volume fraction of 0.3 ⋅ V0.

F I G U R E 12 (A) Relative internal energy of the stabilization elements with respect to the total elastic strain energy in all elements for
the stabilized three-point bending beam model shown in Figure 10. (B) Comparison of the reference point (RP) displacement over time t for
the optimized stabilized model and the corresponding validation model.
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26 of 32 SCHERZ et al.

(a) (b) (c)

F I G U R E 13 Deformed meshes and von Mises stresses at the time point of maximal displacement for the three-point bending beam
model for (A) the initial design, (B) the optimized design and (C) the validation model of the optimized design, for which the stabilization
elements as well as void elements below 𝜌 ≤ 0.05 are removed from the analysis.

elements on the physical system behavior. Optimizations without stabilization were also conducted, but failed in the cal-
culation of the primal solution for optimization iteration 15, thereby, showing the necessity for stabilization of this model
to perform the optimization.

3.2.4 Track rod

A track rod is a part of a car’s wheel suspension system. It stabilizes the wheel bearing around the vertical axis during
normal driving operations. During an overloading the track rod should absorb and limit the forces that are transmitted
to prevent damage to the rest of the wheel suspension system, while retaining a certain structural integrity after a large
deformation caused by a misuse. The track rod is discretized as half model by applying symmetry as shown in Figure 14A
using 91,653 C3D8R reduced integration linear brick elements. The detailed dimension of the full track rod are given
in the appendix Figure B1. The material is assumed to be elastoplastic applying a Young’s modulus of E = 71.5 [GPa], a
Poisson’s ratio of 0.33 as well as a yield stress of Y = 320 [MPa] having a hardening stiffness of H = 0.01 ⋅ E. The track rod is
analyzed with respect to the two load cases (LC1 and LC2) shown in Figure 14B. The first load case LC1 is a linear analysis,
where the structure is loaded with the force F = 2300 [N] to evaluate the initial stiffness of the structure. The second
load case LC2 is a geometrically nonlinear quasi-static analysis, where the prescribed displacement xRP(t) = 20 [mm/s] ⋅ t
for t ∈ [0, 1] [s] is applied and the corresponding reaction force response of the structure resulting from the prescribed
displacement is evaluated. This load case evaluates the overloading behavior of the structure. The model is stabilized by
applying the hyperelastic strain energy potential from (58) using S = 10−5 ⋅H.

The desired design properties of the track rod are transformed into an initial stiffness constraint as well as an upper
and lower reaction force response constraint as shown in Figure 14C. Hence, the optimization incorporates post-buckling
properties of the structure. The design space is shown in green in Figure 14A. The optimization minimizes the material
volume of the track rod while fulfilling these requirements for LC1 and LC2, yielding

min
𝜌∈𝜚

V , (68)

s.t. LC1 ∶xRP ≤ 0.08 [mm], (69)
s.t. LC2 ∶RF(ti) ≤ 50 [kN], (70)
s.t. LC2 ∶RF(1 [s]) ≥ 15 [kN], (71)

ti ∈ {0.05, 0.10, … , 1} [s]. (72)
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F I G U R E 14 (A) Track rod mesh and dimensions (see Appendix Figure B1 for all dimensions) as well as the design space shown in
green. (B) The geometrically linear load case (LC1), where a force F acts at the reference point of the track rod and the geometrically
nonlinear load case (LC2, where the reference point of the track rod has a prescribed displacement XRP(t), which ramps up the displacement
linearly to 20 [mm]. (C) The constraints for the force response curve of the track rod imposed by the displacement constraint for the
geometrically linear load case and the corresponding reaction force constraints in the geometrically nonlinear load case.

F I G U R E 15 (A) Track rod optimization iteration history of the volume objective function, the displacement constraint, as well as the
upper and lower reaction force constraints on the reaction force response. (B) Optimized design variable layout of the track rod thresholded
at 𝜌 = 0.05. (C) Iso-surface generated design by enforcing the volume fraction of the optimized design.

The optimization converged in 35 optimization iterations as shown in Figure 15A, yielding a volume fraction 30.7%,
while satisfying all constraints. The initial stiffness constraint as well as the lower force response constraint are active
in the optimized design, while the upper force response constraint is not active. The optimized design variable layout
is shown in Figure 15B as well as a corresponding isosurface enforcing a volume fraction of 30% shown in Figure 15C.
Figure 16A shows that the stabilization elements contribute less than 1% of the total elastic strain energy. Thereby, the
stabilization elements prevent divergence of the primal solutions while having an insignificant effect on the physical
behavior. A validation model of the optimized design is created, for which the stabilization elements as well as void
elements below 𝜌 = 0.05 are removed from the analysis. The force response curves of the optimized stabilized model
and the validation model are compared in Figure 16B and show no significant difference. The stresses in the deformed
configuration are shown for the initial design, the optimized design as well as the validation model in Figure 17. The
same optimization was also conducted without applying the stabilization scheme and failed in optimization iteration 24
due to divergence of the primal solution, thereby, proving the need for numerical stabilization in this optimization. The
findings from this optimization show that the stabilization scheme can prevent local artificial buckling modes without
affecting the physical global buckling modes.
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28 of 32 SCHERZ et al.

F I G U R E 16 (A) Track rod optimization iteration history of the relative stabilization energy with respect to the total elastic strain
energy of the system. (B) Comparison of the force-displacement curves of the optimized stabilized model and the corresponding validation
model of the track rod, showing no difference between the two models. The validation model is derived by removing the stabilization
elements as well as elements below a density of 𝜌 = 0.05.

(a) (b) (c)

F I G U R E 17 Deformed meshes and von Mises stresses for the track rod model for (A) the initial design, (B) the optimized design and
(C) the validation model of the optimized design, for which the stabilization elements as well as void elements below 𝜌 ≤ 0.05 are removed
from the analysis.

3.2.5 Recommended numerical stabilization parameter values

Based on the numerical experiments conducted in this section, we recommend the following stabilization parameters
applied in (47) for different physical constitutive material modeling

• Linear elastic model having a Young’s modulus E: C𝜅 = 10−5 ⋅ E and D2 = 107 ⋅ 1∕E.
• Linear elastoplastic model having a terminal yield hardening H: C𝜅 = 10−5 ⋅H and D2 = 107 ⋅ 1∕H.

The conducted numerical experiments show that these parameters obtain the highest numerical stabilization of the
primal solution during the topology optimization process, while not affecting the physical system behavior for the opti-
mized designs. Applying higher stabilization parameters is possible, but these then significantly affect the physical system
behavior for example suppressing physical buckling modes. This might still be reasonable for numerically highly unsta-
ble primal solutions for which no solution could be determined otherwise. However, we advise extensive validation of
optimized designs achieved by applying higher stabilization factors.

4 CONCLUSION

We derive very general parameters for a stabilization scheme applying the numerical condition number of the deforma-
tion gradient in a hyperelastic constitutive material model demonstrated on both academical and industrial applications.
The stabilization scheme is applied successfully to stabilize the primal solutions for a wide range of topology optimization
applications. These applications include void elements in both static and quasi-static analyses, yielding void elements
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in elastoplastic constitutive modeling, homogeneous initial design layouts subjected to highly localized deformations as
well as void elements involved in contact during transient dynamic analyses. The number of optimization iterations is
drastically reduced compared to previous reported stabilization methods in the literature for geometrically nonlinear
topology optimization, since no continuation or projection methods are applied for the material interpolation or filter-
ing. The present approach is independent upon the design variables and only depends on the parameters of the initial
constitutive material model applied in the structural modeling. Therefore, the present approach is not limited to topology
optimization application and instead is also more generally applicable for stabilizing flexible elements in a geometrically
nonlinear finite element analysis.
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APPENDIX A. CONDITION NUMBER-BASED HYPERELASTIC STRAIN ENERGY
POTENTIAL PARAMETER COMBINATIONS

T A B L E A1 Hyperelastic parameters for the polynomial strain energy potential to yield exponents of up to order 3 of the matrix
condition number 𝜅F(F) of the deformation gradient F induced by the Frobenius norm || ⋅ ||F .

(𝜿2
F(F) − 9)1 (𝜿2

F(F) − 9)2 (𝜿2
F(F) − 9)3

N Parameter ⇒ (I2I2 − 9)1 ⇒ (I1I2 − 9)2 ⇒ (I1I2 − 9)3

1 C10 3 0 0

C01 3 0 0

2 C20 0 9 0

C11 1 18 0

C02 0 9 0

3 C30 - 0 27

C21 - 6 81

C12 - 6 81

C03 - 0 27

4 C40 - 0 0

C31 - 0 27

C22 - 1 54

C13 - 0 27

C04 - 0 0

5 C50 - - 0

C41 - - 0

C32 - - 9

C23 - - 9

C14 - - 0

C05 - - 0

6 C60 - - 0

C51 - - 0

C42 - - 0

C33 - - 1

C24 - - 0

C15 - - 0

C06 - - 0
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APPENDIX B. TRACK ROD TECHNICAL DRAWING

Technical drawing for track rod part applied in Section 3.2.4. Note, that the model applied in the optimization is reduced
by in-plane symmetry.

F I G U R E B1 Track rod technical drawing in mm.
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