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 a b s t r a c t

The training of ResNets and neural ODEs can be formulated and analyzed from the perspective 
of optimal control. This paper proposes a dissipative formulation of the training of ResNets and 
neural ODEs for classification problems. Specifically, we consider a variant of the cross-entropy (label 
smoothing) as a loss function and as a regularization in the stage cost. Based on our dissipative 
formulation of the training, we prove that the training OCPs for ResNets and neural ODEs alike exhibit 
the turnpike phenomenon. We illustrate this finding with numerical results for the two spirals and 
MNIST datasets. Crucially, our training formulation ensures that the transformation of the data from 
input to output is achieved in the first layers. In the following layers, which constitute the turnpike, the 
data remains at an equilibrium state and therefore these layers do not contribute to the transformation 
learned. In principle, these layers can be pruned after training, resulting in a network with only the 
necessary number of layers thus simplifying tuning of hyperparameters.

© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Deep learning (DL) and (optimal) control theory share many 
interesting connections. For example, the seminal backpropaga-
tion algorithm for neural networks, is closely linked to the adjoint 
equation of optimal control (Bryson & Denham, 1962; Chen et al., 
2018) and to backwards algorithmic differentiation (Griewank, 
2012; Speelpenning, 1980).1

Moreover, the training of Neural Networks (NNs) with con-
stant width in each layer can be formulated as an Optimal Control 
Problem (OCP) (Esteve et al., 2020; Li et al., 2017). In this con-
text, the layer-to-layer propagation of the data is considered a 
dynamical system on a finite horizon corresponding to the depth 
of the network. The solution to the OCP determines the weights 
and biases of the neural network, i.e., weights and biases are the 
control inputs to drive the data to a desired point in the terminal 
layer determined by the label and loss function. The system and 

I The material in this paper was not presented at any conference. This 
paper was recommended for publication in revised form by Associate Editor 
Subhrakanti Dey under the direction of Editor Florian Dorfler. This work has 
been partly funded by the German Federal Ministry of Research, Technology 
and Space (BMFTR) via the project 6GEM under funding reference 16KISK038.

∗ Corresponding author.
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control perspective is particularly helpful for Residual Neural 
Networks (ResNets) (He et al., 2016b) which can be regarded 
as Euler forward discretizations of neural ODEs (Chen et al., 
2018). Chang et al. (2018) analyze the reversibility and stability 
of the ResNet dynamics based on their continuous time coun-
terparts. Alternatively, NN training can also be approached as a 
state estimation problem, wherein, the weights and biases follow 
the dynamics induced by the stochastic gradient methods and are 
observed from transient information about the loss (Bemporad, 
2023; Singhal & Wu, 1988).

In the usual ResNet setting (He et al., 2016b), the objective 
of the training OCP is given by the loss function evaluated for 
the output of the neural network. From the optimal control point 
of view, this corresponds to a terminal penalty or a Mayer term. 
Additionally, a regularization term for neural network parameters 
is often considered which corresponds to a stage cost depending 
solely on the input. In Model Predictive Control (Rawlings et al., 
2019), however, the terminal penalty of OCPs is often chosen 
as an approximation of the infinite horizon value function for 
a given stage cost. Esteve et al. (2020) and Faulwasser et al. 
(2024) have suggested to include a stage cost term based on 
the states of the hidden layers in the training OCP. Esteve and 
Geshkovski (2023) show that including the cross-entropy loss 
and L1 parameter regularization in the stage cost for training a 
neural ODE leads to finite-time convergence of the state trajec-
tory but not to classic turnpikes. Such hidden-state penalties also 
arise in practical machine learning contexts. For instance, joint 
training formulations for early exiting make use of auxiliary loss 
icle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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functions attached to intermediate layers (Rahmath et al., 2024; 
Teerapittayanon et al., 2016).

Specifically, Faulwasser et al. (2024) analyze dissipativity of 
ResNet training with quadratic (ℓ2) stage cost regularization. They 
show that the solutions to the training OCP exhibit the so-called 
turnpike phenomenon. These results imply that the learned trans-
formation occurs after a finite number of layers which allows 
to constructively bound the depth required for a given learning 
task. The remaining layers are spent at an equilibrium state 
representing an identity mapping. Esteve et al. (2020) investi-
gate turnpikes in the training of neural ODEs by analyzing OCP 
optimality conditions. Moreover, Ruiz-Balet and Zuazua (2023) 
establish reachability properties for neural ODEs with the ReLU 
activation function.

The role of dissipativity in deep learning is also analyzed 
by Feng and Lam (2011) and Zeng et al. (2015) for cellular neural 
networks, by Revay et al. (2023) for recurrent equilibrium net-
works, and by Martinelli et al. (2023) for neural ODEs. In these 
works a quadratic supply rate is considered. Moreover, Hamil-
tonian NNs address vanishing and exploding gradients during 
training using passivity (Galimberti et al., 2023).

In a nutshell, the turnpike phenomenon is a similarity prop-
erty of optimal solutions for varying initial condition and varying 
horizon length (Faulwasser & Grüne, 2022; Faulwasser et al., 
2014). The concept originated in optimal control approaches to 
economics (Dorfman et al., 1958; McKenzie, 1976) and early 
observations are due to Ramsey (1928) and von Neumann (1938). 
In the analysis of turnpike properties in optimal control there 
has been recent progress along two avenues: analysis of the 
optimality system (Sakamoto & Zuazua, 2021; Trélat & Zuazua, 
2015) and leveraging dissipativity properties of the OCP (Damm 
et al., 2014; Faulwasser et al., 2017; Grüne & Müller, 2016). 
Interestingly, the dissipativity route is linked to the founda-
tional work by Willems (1971) on infinite-horizon least-squares 
optimal control but it also generalizes to other objectives and 
nonlinear systems (Faulwasser & Kellett, 2021). The turnpike 
can be regarded as the attractor of the infinite horizon optimal 
solutions (Faulwasser & Kellett, 2021; Trélat, 2023). We refer 
to Grüne (2022) and to Faulwasser and Grüne (2022) for literature 
overviews. A recent trend in dissipativity-based analysis of OCPs 
is the generalization of turnpike properties towards more general 
turnpike objects such as subspaces (Schaller et al., 2021) or 
manifolds (Faulwasser et al., 2022; Karsai, 2024).

In this paper, we leverage subspace turnpike concepts to an-
alyze ResNet training from an optimal control perspective. In 
contrast to the quadratic regularization costs proposed by Es-
teve et al. (2020) and Faulwasser et al. (2024), we consider a 
variant of the cross-entropy for classification tasks to obtain a 
dissipative formulation of ResNet training for classification tasks. 
Specifically, using the cross-entropy with label smoothing (or soft 
cross-entropy) we derive locally a suitable quadratic lower bound 
to the loss function. We also show that the soft cross-entropy 
behaves similar to Huber loss (Huber, 1992), i.e. locally quadratic 
with linear asymptotics. This lower bound allows to show strict 
dissipativity of our training OCP formulation with respect to the 
linear subspace of steady minimizers of the soft cross-entropy. 
We prove the existence of subspace turnpikes in the underlying 
training problem. Moreover, we extend our result to continuous-
time formulations with neural ODEs and we propose sufficient 
conditions which enable extension to other NN architectures 
derived via implicit or explicit discretization of neural ODEs. 
The dissipativity-inducing stage cost based on the loss function 
encourages the network to learn the input–output transformation 
in its first layers. Evaluating the loss function for the states of 
the hidden layers then provides an indication of the performance 
of shallower networks which can be used in the search of NN 
2

architectures (Elsken et al., 2019). We illustrate the benefits of the 
proposed training formulation considering the two-spirals and 
the MNIST datasets.

The remainder of the paper is structured as follows: Section 2 
introduces the optimal control formulation of deep learning.
Section 3 provides the dissipative formulation of neural network 
training. Section 4 then uses the dissipative formulation to prove 
the existence of turnpikes in the trained NN. Section 5 extends 
the dissipative training formulation to neural ODEs. Section 6 
validates the formulation by training a ResNet on the two spirals 
dataset and MNIST. We end with a conclusion and an outlook in 
Section 7.

2. Optimal control and ResNet training

The training of NN and neural ODEs in deep learning can be 
cast as an optimal control problem, where the control inputs 
are the network parameters that steer the data through the 
layers towards a representation in the last layer corresponding 
to the label. The perspective of optimal control is particularly 
beneficial for ResNets, which can be interpreted as Euler forward 
discretizations of neural ODEs.

The propagation of a data point xi through the layers of a 
ResNet can be conceptualized as a discrete time dynamical sys-
tem of the form 
xik+1 = xik + σ

(
Akxik + bk

)
, xi0 = xi ∈ RC , (1)

where the time step k ∈ N[0,N−1] corresponds to the index of 
the residual layer in the N-layer network. When training the 
ResNet, the parameters, weights Ak and biases bk, are optimized 
to best fit the training data. Throughout this paper, the scalar and 
continuous activation function σ : R → R is applied element-
wise to the activation vector Akxik + bk. Moreover, we require 
σ (0) = 0 such that ResNets can render each state x a steady 
state by choosing A = 0 and b = 0. This implies ResNets can 
learn identity mappings, preserving information from one layer 
to the next and thus often show superior performance of deeper 
ResNets over shallower ones (He et al., 2016a).2

The data propagated through the network corresponds to the 
state xik, its initial condition is a feature xi from the dataset

D =
{(

x1, y1
)
, . . . ,

(
xD, yD

)}
.

The label yi determines the target of the state propagation. For 
classification tasks with C different classes, the label yi ∈ Y =

N[1,C] represents the class index.3 The goal of NN training is to 
learn a predictor f̂ : RC

×Rnw → Y, ŷ = f̂ (x, w) with parameters 
w ∈ Rnw . The selection of hyperparameters that define the neural 
network architecture, such as its depths N ∈ N and activation 
function σ (·) is a crucial design decision that aims at finding 
the neural network structure best suited for the given training 
problem.

Closely related to ResNets are neural ODEs that provide a 
continuous-time formulation of deep learning 
ẋi(t) = σ

(
A(t)xi(t) + b(t)

)
, xi(0) = xi ∈ RC , (2)

2 In this paper, we refer to the full dynamics (1) evaluated at some step k
as residual layer. However, in the machine learning literature the term residual 
block is also used, whereby the notion layer is reserved for the mapping 
xk ↦→ Akxik + bk (He et al., 2016a).
3 One could formally introduce an output equation in (1) which resembles 

the functionality of an output layer in the ResNet. The parameters of the output 
layer can also be optimized for in the training process. Which, in the language 
of optimal control, leads to additional degrees of freedom. In view of our later 
analysis in Section 3, we simplify the exposition by not explicitly detailing 
the output layer. Our later analysis could easily consider this by adding extra 
decision variables to the loss function.
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for a suitable discretization of the continuous parameters A(t)
and b(t). In particular, fixed-step size Euler forward discretization 
of the neural ODE above yields the ResNet from (1). Henceforth, 
we will first consider the ResNet architecture before we turn to 
NODEs in Section 5.

2.1. Optimal control formulation of deep learning

To formalize the training on the entire dataset, we stack the 
individual data points 

x0=̇
[
x1⊤, . . . , xD⊤

]⊤ y=̇
[
y1, . . . , yD

]⊤
, (3)

which allows writing the data as D = {(x0, y)}. For the stacked 
data, the ResNet dynamics are 
xk+1 = xk + σ

(
(ID ⊗ Ak)xk + (1D

⊗ bk)
)

:= fd(xk, uk), x0 = x0 ∈ RD·C ,
(4)

where uk = (vect(Ak)⊤, b⊤

k )
⊤

∈ Rnu  is the vectorized control input 
of layer k with dimensionality nu = C2

+ C , ID ∈ RD×D is the 
identity matrix, 1D

∈ RD the vector of all ones, and ⊗ refers to 
the Kronecker product. Note that as per (3), the boldface state 
variable x indicates the stacked state for all data samples, which 
are in this formulation simultaneously controlled by one ResNet, 
i.e., one input sequence uk which entails the weights and biases. 
As a shorthand, we write state-input pairs as z = (x, u).

For a number of residual layers N (i.e. for a network depth N), 
training the ResNet can be formulated as the discrete-time OCP 

V γ

N

(
x0
)

= min
u0,...,N−1

N−1∑
k=0

ℓ(xk, uk) + γ ℓf(xN , y) (5a)

s.t. xk+1 = fd(xk, uk) ∀k ∈ N[0,N−1], (5b)

x0 = x0 ∈ RC ·D, (5c)

where the Mayer term (terminal penalty) ℓf : RC
× Y → R+

0
is the loss function applied to the entire dataset and describes 
the quality of the NN output. The scalar γ ∈ R+

0  is used to 
trade-off the importance of the regularization against the loss 
function at the terminal layer. Typically, one uses the empirical 
loss, averaging the loss over the dataset for which, with slight 
abuse of notation,

ℓf(xN , y) .
=

1
D

D∑
i=1

ℓf(xN (xi), yi).

Here, as before the boldface letter arguments x and y indicate the 
dependence on the entire dataset, whereas ℓf(xN (xi), yi) is the loss 
of the individual data sample (xi, yi). Additionally, the stage cost 
ℓ : RC ·D

× Rnu → R+

0  captures the regularization terms. These 
include the input regularization, a penalty on the parameters of 
the neural network ℓ(x, u) = ∥u∥p

p for either p = 1, 2.4
In contrast to standard NN training formulations, we also al-

low the stage cost to explicitly depend on the states of the hidden 
layers, thus the loss function evaluated for the hidden layers can 
be included in the training objective. From a ML perspective one 
could thus refer to the full training objective as the loss function. 
Henceforth, we only refer to ℓf as the loss function. Particular 
choices of the stage cost will be introduced later.

Using standard tricks of optimal control (Chachuat, 2007), it is 
indeed possible to reformulate OCP (5), which is in Bolza form, 
and thus include a stage cost and terminal penalty, into an OCP 
in Mayer form which only includes a terminal penalty. Doing so 
would require to add an additional state variable which captures 

4 We remark that in the ML literature also the term weight decay is used.

3

the summation over the stage cost terms. Our later dissipativity 
analysis is, however, simplified in the chosen formulation (5).

The solution to OCP (5) are the NN parameters, weights and 
biases, i.e. the control inputs denoted as u⋆(x0) and the resulting 
ensemble data trajectories x⋆

(
x0
)
, which depend on the dataset 

as highlighted by x0. From the optimal control perspective, the 
main difficulty of NN training lies in the simultaneous control of 
D data samples with only one network, i.e. only one control signal 
is applied to many initial conditions.

2.2. Cross-entropy loss for classification

In classification, the goal is to predict a discrete class y given 
the feature x (LeCun et al., 2015). For the loss function this means 
comparing the continuous state to the discrete class label. This is 
typically done by the cross-entropy loss function first proposed 
by Cox (1958). The cross-entropy first calculates probabilities for 
all possible classes y ∈ Y from the NN output state x using the 
softmax activation function

p(y|x) =
e[x]y∑C
i=1 e[x]i

,

whereby the operator [·]i accesses the ith component of a vector. 
The predicted class ŷ = argmaxi p(i|x) is the class with the high-
est probability. The probabilities for all classes are then arranged 
into the probability vector 

p(x) =
[
p(1|x), . . . , p(C |x)

]⊤
. (6)

Likewise to (6), we define the vector of target probabilities q(y)
determined by the label y. Typically binary targets q(i|y) = δy,i
are used, where the probability of the labeled class y is one and 
zero for all other classes.

Then, the output probability distribution vector p(x) is com-
pared to the target vector q(y) induced by the labels using the 
cross-entropy leading to the loss function

ℓf(x, y) = −H(p(x), q(y)) = −

C∑
i=1

q(i|y) log p(i|x).

For the binary targets, the cross-entropy only depends on the 
softmax probability of the correct class 
ℓf(x, y) = − log p(y|x). (7)

2.3. Dissipativity of OCPs

We recall the definition of dissipativity of OCPs (Angeli et al., 
2012), based on the dissipativity notion for open dynamical sys-
tems coined by Willems (1972). Moreover, we use an extended 
definition of dissipativity with respect to a set of optimal steady 
state pairs Z̄⋆, similar to Martin et al. (2019) and Müller (2021). 
The set of steady state pairs is given by 
Z̄ =

{
z̄ = (x̄, ū) ∈ RD·C

× Rnu | x̄ = fd(x̄, ū)
}

(8)

Optimal steady state pairs are computed via 
z̄⋆

∈ arg min
z̄

ℓ(z̄) s.t. z̄ ∈ Z̄ (9)

and the set of all optimal steady states is written as Z̄⋆
⊆ Z̄.

Recall that the distance between a point x ∈ Rnx  and the closed 
set X ⊂ Rnx  is given by
dist (x,X)

.
= min

x′∈X
∥x − x′

∥.

A continuous function α : R+
→ R+ is said to be a class K

function, α ∈ K, if α(0) = 0 α is strictly increasing. If, in addition, 
lim α(x) → ∞, then α ∈ K .
x→∞ ∞
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Definition 1 (Strict Dissipativity in Discrete Time).  The discrete 
time dynamical system (4) is said to be dissipative with respect to 
a set of steady-state pairs Z̄⋆ if there exists a non-negative storage 
function λ : RD·C

→ R+

0  such that for all z = (x, u) and all ̄z⋆
∈ Z̄⋆

λ(fd(z)) − λ(x) ≤ ℓ(z) − ℓ(z̄⋆). (10a)

If additionally, there exists αℓ ∈ K such that 
λ(fd(z)) − λ(x) ≤ ℓ(z) − ℓ(z̄⋆) − αℓ

(
dist

(
z, Z̄⋆

))
, (10b)

then the system (4) is said to be strictly x-u dissipative with 
respect to Z̄⋆ and for z replaced by x in the class K function the 
system is said to be strictly x dissipative.

OCP (5) is said to be (strictly) x−u dissipative with respect to 
Z̄⋆ if for all N ∈ N and all x0 ∈ X0, the dissipation inequalities 1 
hold along any optimal trajectory of (5). □

For a singleton set Z̄⋆
= {x̄⋆

; ū⋆} the above definition corre-
sponds to the standard dissipativity notion with respect to an 
optimal steady state x̄⋆. Notice that, in view of Definition  1, the 
dissipativity of OCP (5) only depends on the regularization ℓ(x, u)
and not on the loss function, i.e. the Mayer term ℓf. This implies 
that the design of dissipative formulations for NN training needs 
to focus on the stage cost, while in deep learning the focus is 
usually on the choice of the loss functions as Mayer terms (Wang 
et al., 2020).

3. Dissipativity of cross-entropy loss in ResNets

Next, we turn towards analyzing the dissipativity properties 
of OCP (5). As a preparatory step we investigate the minimization 
properties of cross-entropy and its variant the soft cross-entropy.

3.1. Conceptual difficulties of standard cross-entropy

Consider the stage cost 
ℓ(x, u) = ℓf(x, y) + r∥u∥2, (11)

in the training OCP (5). 

Lemma 2 (No Finite Minimizers of Cross-Entropy). The stage cost 
(11), which includes the cross-entropy with binary target probabili-
ties, has no unconstrained minimizers in RC ·D

× Rnu .

Proof.  The stage cost (11) only depends on the control input u
in its input regularization r∥u∥2, which is minimized if u = 0. 
The stage cost depends on x through the loss function ℓf(x, y)
which is the averaging of the loss function for the individual and 
independent datasamples. The first-order necessary conditions of 
optimality for minimizing the cross-entropy with binary target 
probability for a single datasample (xi, yi) reads
∂ℓf(xi, yi)

∂xi
= p(xi) − q(yi) = 0.

The softmax probability vector p(xi) thus has to match the vector 
of binary target probabilities. This implies for its y-th component 
that

p(y|xi) =
e
[
xi
]
y∑C

j=1 e
[
xi
]
j
=

{
1 if y = yi

0 if y ̸= yi
.

However, for any finite value of xi the softmax probabilities 
cannot attain values of exactly zero or one. Hence, the cross-
entropy with binary target probabilities attains the value 0 only 
asymptotically, i.e. if 

[
xi
]
j → ∞ if j = yi and 

[
xi
]
j → −∞ if 

j ̸= yi. In other words, the states are pushed to infinity/minus 
infinity, while the infimum of the loss function on RD·C

× Rnu  is 
ℓ(z⋆) = 0.  ■
4

This result implies that the strict dissipation inequality (10b) 
cannot hold with αℓ ∈ K∞, i.e., (10b) does not hold if αℓ is 
radially unbounded. Another consequence of the cross-entropy 
attaining its infinimum if the states diverge to infinity is that 
classic turnpike analysis concepts, which rely on reachability as-
sumptions break down. The time the optimal solutions can spend 
far away from the infinite states is not bounded independent 
of the horizon length. Indeed, for any finite horizon in OCP (5) 
the solutions are always arbitrarily far away from the infinite 
states for which the cross-entropy attains its infimum. As we 
see later this contradicts the classic definition of the measure 
turnpike property as used in Section 4. Subsequently, instead of 
changing the turnpike concepts and as NN of finite depth are 
more application relevant, we adapt the considered loss function.

3.2. Soft cross-entropy and its properties

Label smoothing, first introduced by Szegedy et al. (2016), 
utilizes a target probability reachable by the softmax activation 
function. For a sample from class y, the target probability for 
class i

q̃(i|y) =

{
pd i = y
1−pd
C−1 i ̸= y

, (12)

is used. The main motivation of the soft cross-entropy is robus-
tification of classification tasks with label noise, i.e. uncertainties 
in the labels. These occur if some of the labels observed from the 
dataset do not match the actual label, this can be due to human 
errors in the labeling process or due to ambiguity in the classifi-
cation task itself, e.g., multiple classes are present in the same 
image. In these situations the soft cross-entropy has produced 
better generalization properties in empirical studies (Müller et al., 
2019). To prevent overconfident false classification on samples, 
the true class is assigned a probability pd close to one, while the 
remaining non-zero probability is shared uniformly between the 
C − 1 incorrect classes.

The soft cross-entropy, i.e. the cross-entropy between the 
softmax probabilities p(x) and the smoothed target distribution 
q̃(y), is then used as the loss 

ℓ̃f(x, y) = −H(p(x), q̃(y)) − ℓ̃⋆

= −

C∑
i=1

q̃(i|y) log p(i|x) − ℓ̃⋆.
(13)

In this work, we use the constant offset ℓ̃⋆
= −H(q̃(y), q̃(y)), such 

that the minimum of the soft cross-entropy is zero. To analyze 
the dissipativity of the training using the soft cross-entropy we 
need to find its stationary minimizer.

Lemma 3 (Minimizers of Soft Cross-Entropy).  Consider the mini-
mization of the soft cross-entropy (13) for the label y

X⋆
y = arg min

xy∈RC
ℓ̃f(xy, y).

The minimizers form the line

X⋆
y =

{
x ∈ RC

⏐⏐ [x]c = [x]y + δ, ∀c ∈ Y \ {y} , ∀ [x]y ∈ R
}
,

where δ = − log
(

(C−1)pd
1−pd

)
. Moreover, the corresponding minimum 

value

min
x∈RC

ℓ̃f(x, y) = ℓ̃⋆
− ℓ̃⋆

= 0,

is independent of the label y. □
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Proof.  The soft cross-entropy is the cross-entropy of the soft-
max probabilities p(x) and the smoothed target probabilities q̃(y)
ℓ̃f(x, y) = −H(p(x), q̃(y))− ℓ̃⋆. The cross-entropy H(p, q) becomes 
minimal if p = q (Goodfellow et al., 2016, Section 3.13), and 
hence the soft cross-entropy becomes minimal if p(x) = q̃(y). This 
implies 

p(c|x⋆) =
e
[
x⋆
]
c∑C

i=1 e[x
⋆]i

=

{
pd c = y
1−pd
C−1 c ̸= y.

The equations for the incorrect classes, p(c ̸= y|x), only differ 
in the numerator e

[
x⋆
]
c ̸=y , such that all [x⋆]c ̸=y have to be equal. 

Dividing p(y|x) by p(c ̸= y|x) gives e
[
x⋆
]
y

e
[
x⋆
]
c ̸=y

=
(C−1)pd
1−pd

. We obtain 
the line, ∀c ∈ Y \ {y} , ∀ [x⋆]y ∈ R[
x⋆
]
c =

[
x⋆
]
y − log

(
(C − 1)pd
1 − pd

)
which forms X⋆

y.  ■

Remark 4 (Large Data with dim x > C).  For many datasets, 
such as MNIST (Deng, 2012), the dimensionality of the input 
features defines the input layer size. The width of the output 
layer meanwhile has to match the number of classes C for the 
softmax activation function. Thus, the network architectures used 
for these datasets have progressively narrower layers (Krizhevsky 
et al., 2012; Lecun et al., 1998). In contrast, the system-theoretic 
analysis is simplified if the width does not change across layers.

A simple solution is to keep the state dimension of the state 
equal to the input features and only consider the C-first (or C
specified) components of in the loss function. Then, the remaining 
components of the state [x]C+1,...,n do not contribute to the loss 
nor the distance to X⋆

y. Without loss of generality, our analysis is 
done only for the case that the dimension of the state matches the 
number of classes dim x = C . Indeed, our main dissipation and 
turnpike results leverage the geometry of the soft cross entropy 
and thus also hold for the case that n > C .

Moreover, an output layer could be included to map x, dim x =

n, to an output yp predicting the label y with dim yp = C . This may 
potentially induce additional decision variables in the training 
problem, cf. Footnote 3 □

Now, we introduce several technical lemmas relating ℓ̃f(x, y)
to the distance to the set of it minimizers X⋆

y. This paves the road 
to prove dissipativity.

Lemma 5 (Invariance of Soft Cross-Entropy).  The softmax probabil-
ities and the soft cross-entropy are invariant to the transformation 
T : X → X of the form 

T = IC −
1
C
1C1C⊤, (14)

where IC ∈ RC×C  is the identity matrix, 1C
∈ RC  denotes the vector 

of all ones. □

Proof.  The transformation T  subtracts the average of all com-
ponents from the activation vector before applying the softmax. 
Since the softmax probabilities are invariant to adding a scalar to 
the activation vector the resulting loss function is also invariant 
to T . A proof of this result can be found, e.g., in Goodfellow et al. 
(2016, Section 6.2.2.3). Here, for the sake of self-containedness, 
we include a sketch of the proof. For all classes y = 1, . . . , C , the 
translated softmax probability is invariant to (14), as

p(y|Tx) =
exy−xavg∑C xj−xavg

=
exy∑C xj

= p(y|x),

j=1 e j=1 e

5

where xavg =
1
C
1C⊤x is the average of all components of x. 

The soft cross-entropy is a function of the invariant softmax 
probabilities and therefore also invariant to the transformations 
(14).  ■

Due to the translational invariance of the classification of 
Lemma  5, we further restrict the dissipativity analysis in the 
subspace XT  where 1C⊤x = 0 as follows

XT
.
=
{
x ∈ RC

|1C⊤x = 0
}
.

The intersection of XT  and X⋆
y is given by the point

x⋆
y = arg min

x̃∈XT

ℓ̃f(x̃, y),

which is component-wise defined as

[x̃⋆
y]i =

{
−

C−1
C δ i = y

1
C δ i ̸= y.

The projection T : X → XT , maps a point x ∈ X to x̃ ∈ XT , while 
keeping the value of the soft cross-entropy constant. 

Lemma 6 (T  Preserves the Distance to X⋆
y).  Consider the trans-

formation T  from (14), we have for all x ∈ RC  and all labels 
y ∈ N[1,C]

dist(x,X⋆
y) = dist(Tx,X⋆

y), □

Proof.  Let x⋆
y be the closest point to x ∈ RC  in X⋆

y, then also 
x⋆
y + α1C

∈ X⋆
y, ∀α ∈ R, so d = x − x⋆

y, d ⊥ 1C . Therefore, d
lies in the eigenspace of T  corresponding to the eigenvalue 1 and 
x̃ − x̃⋆

y = T (x − x⋆) = x − x⋆.  ■

Lemma 7 (Convexity of Soft Cross-Entropy).  The soft cross-entropy 
ℓ̃f : RC

× Y → R+, (13), is convex. Moreover, the Hessian of (13)
H̃(x) = ∇

2
x ℓ̃f(x, y). (15)

is independent of the label y, positive semi-definite, with 0 as a single 
eigenvalue and 1C  as the corresponding eigenvector, and all other 
eigenvalues are positive for all x ∈ RC . □

Proof.  The Hessian matrix of the cross-entropy
H(x) = ∇

2
x ℓ(x, y) = diag

(
p(x)) − p(x)p(x)⊤

)
= diag ((p(x))

(
IC − 1Cp(x)⊤

)
is independent of the target probabilities q(y) and therefore equal 
for the regular and soft cross-entropy H̃(x) = H(x). The Hessians 
H(x) and H̃(x) are positive semi-definite matrices (Singla et al., 
2019, Theorem 2).

Moreover, the eigenvalue 0 has the algebraic multiplicity 
one, since diag(p(x)) is of full rank and therefore rank(H̃(x)) =

rank(IC − 1Cp(x)⊤) with

rank
(
IC − 1Cp(x)⊤

)
≥ rank(IC ) − rank

(
1Cp(x)⊤

)
=

= C − 1.

The eigenvector of the Hessian corresponding to the eigenvalue 0 
is 1C , since (IC − 1Cp(x)⊤)1C

= 1C
− 1C

= 0 and p(x)⊤1C
= 1. The 

soft cross-entropy satisfies the second-order characterization of 
convexity (Bertsekas, 2009, Proposition 1.1.10), i.e., for all x ∈ X
and all directions d ∈ RC ,

d⊤H̃(x̃)d ≥ 0. ■

Lemma 8 (Soft Cross-Entropy Lower Bound).  For the soft cross-
entropy (13), there exists α ∈ K∞ such that 
˜

(
⋆
)

□ (16)
ℓf(x, y) ≥ α dist(x,Xy) .
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Proof. Fig.  1 shows the soft cross-entropy for the case of two 
classes and label y = 1 and serves to illustrate the core idea of this 
proof. The loss function behaves quadratic around the minimizer 
set before then decreasing in slope and behaving asymptotically 
linear. Notice that the soft cross-entropy thus behaves similarly 
to Huber loss (Huber, 1992) used in regression tasks, exhibiting 
locally quadratic and asymptotically linear behavior to reduce the 
influence of outliers. The proof is structured as follows. First, we 
assume that x̃ ∈ XT  without loss of generality. Then, we show 
that the soft cross-entropy ℓ̃f(x̃, y) increases with the distance s
between the minimizer x̃⋆

y and the point x̃ = x̃⋆
y + s ·d ∈ XT  for all 

normalized directions d satisfying ∥d∥ = 1. Thirdly, we show the 
existence of bound that is locally quadratic with the distance s. 
And finally, we show a global lower bound that increases linearly 
with the distance s and combine it with the quadratic lower 
bound to create α ∈ K∞.

Step 1: Due to Lemmas  5 and 6, both sides of the inequality 
(16) are invariant to the transformation Ty so without loss of 
generality we assume that x = x̃ ∈ XT . Let x̃⋆

y be the closest point 
to x̃ ∈ XT  in X⋆

y, then also x̃⋆
y + α1C

∈ X⋆
y, ∀α ∈ R, so d = x − x⋆

y, 
d ⊥ 1C  and therefore x̃⋆

y ∈ XT . Then (16) implies 

ℓ̃f(x̃, y) ≥ α
(
∥x̃ − x̃⋆

y∥
)
. (17)

Consider the half-line xs : R+
×RC

×Y → XT , xs(s, d, y) = x̃⋆
y+d·s. 

For any direction d with d ⊥ 1C  and ∥d∥ = 1 the half line XT
d ∈ RC  and ∥xs(s, d, y) − x̃⋆

y∥ = s. Consider the soft cross-entropy 
along the line xs(s, d, y), ℓ̃f,s : R+

× RC
× Y → R+,

ℓ̃f,s(s, d, y) := ℓ̃f(xs(s, d, y), y).

Using ℓ̃f,s, the existence of the lower bound (17) can be shown 
showing that ℓ̃f,s(s, d, y) ≥ α (s) for all d⊤1C  and ∥d∥ = 1.

Step 2: Consider the smallest value of the second derivative 
ℓ̃f,s(s, d, y) for 0 ≤ s ≤ 1 in any direction d⊤1C

hmin = min
d∈RC
0≤s≤1

d2ℓ̃f,s(s, d, y)
d2s

= d⊤H̃(xs(s, d, y))d

s.t. ∥d∥ = 1, 1C⊤d = 0.

The minimum ̃hmin exists since the constraints form a compact set 
and is strictly positive, since d⊤H̃(xs(s, y, y))d > 0 for d⊤1C

= 0
and d ̸= 0 (Lemma  7) and is independent of the label. Hence, 
ℓ̃f,s(s, d, y) satisfies second-order characterization of strict con-
vexity with respect to s for all d (Bertsekas, 2009, Proposition 
1.1.10). Moreover, its first derivative satisfies
dℓ̃f,s(s, d, y)

ds

{
= 0 for s = 0,
> 0 for s > 0.

For 0 ≥ s ≥ 1 and all directions d, d⊤1C
= 0

ℓ̃f,s(s, d, y) ≥
hmin

2
s2

is a lower bound.
Step 3: Due to the strict convexity of ̃ℓf,s(s, d, y) the tangent plane 
at s = 1 is a lower bound
ℓ̃f,s(s, d, y)

≥ ℓ̃f,s(1, d, y) +
dℓ̃f,s(s, d, y)

ds

⏐⏐⏐
s=1

(s − 1)

≥
hmin

2
+

(
dℓ̃f,s(s, d, y)

ds

⏐⏐⏐
s=0

+
d2ℓ̃f,s(s, d, y)

d2s

⏐⏐⏐
s=0

)
(s − 1)
≥ hmin/2 + hmin(s − 1).
6

Fig. 1. Illustration of the soft cross-entropy and its minimizer set for two classes 
with the target class y = 1.

Step 4: Hence, for all s, the soft cross-entropy ℓ̃f,s(s, d, y) for all d
with 1C⊤d = 0 is lower bounded by α ∈ K∞

α(s) =

{ hmin
2 s2 s ≤ 1

hmin(s − 1) + hmin/2 s > 1
(18)

and therefore also (16) holds.  ■

3.3. Dissipativity in ResNet training

The lower bound to the soft cross-entropy can now be used to 
formulate a strictly dissipative version of ResNet training.

Based on our previous analysis of the soft cross-entropy, we 
now focus on the ResNet training OCP (5), with the soft cross-
entropy as a stage cost regularization 
ℓ(x, u) = ℓ̃f(x, y) + r∥u∥2. (19)

Lemma 9 (Optimal Steady State).  The steady state minimizers (9) 
of the ResNet dynamics (1) with stage cost (19) are given by 
Z̄⋆

=
{
(x̄, 0) ∈ RD·C

× Rnu
⏐⏐x̄ ∈ X⋆

y
}

(20)

with the optimal steady states from 

X⋆
y =

⎧⎪⎨⎪⎩
⎡⎢⎣x1

...

xD

⎤⎥⎦ ∈ RD·C
⏐⏐⏐⏐ xd ∈ X⋆

yd

∀d = 1, . . . ,D

⎫⎪⎬⎪⎭ . (21)

Proof.  With the ResNet dynamics (1), each state can be rendered 
a steady state with u = 0. Moreover, u = 0 is the minimizer 
of the input penalty r∥u∥2. Therefore, the optimal steady state 
pairs are of the form Z̄⋆

=
{
(x̄, 0) ∈ RD·C

× Rnu
⏐⏐x̄ ∈ X̄⋆

}
. The set 

of optimal steady states X̄⋆
= X⋆

y are the minimizers of the soft 
cross-entropy for each data sample 

(
xd, yd

)
, i.e. xd ∈ X⋆

yd
 are the 

minimizers of the stage cost ℓ̃f(x, y), which correspond to xd. And 
hence the set optimal steady states is (20).

Proposition 10 (Strict Dissipativity).  The training OCP (5) with 
stage cost (19) is strictly x-u dissipative with respect to Z̄⋆ from (20).

Moreover, the storage function can be chosen as λ(x) = c, c ∈

R+. □
0
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ˆ

ˆ

Proof.  The dissipation inequality with constant storage for the 
stacked state is the summation of the dissipation inequality for 
the individual data samples

ℓ̃f(x, y) =

D∑
i=1

ℓ̃f
(
xi, yi

)
≥

D∑
i=1

α

(
dist

(
xi,X⋆

yi

))
≥ α(dist(x,X⋆

y)),

which hold according to Lemma  8. If r > 0, then the additional 
input penalty ensures strict state-input dissipativity ℓ(x, u) ≥

α(dist((x, u), Z̄⋆)).  ■

4. Turnpikes in ResNet training

We utilize the dissipativity of the training to analyze the 
optimal solutions to OCP (5).

Consider the set of timesteps spent ε-close to the optimal state 
set.

Qε =
{
k ∈ N[0,N−1]

⏐⏐ dist (xk, X̄⋆
)

≤ ε
}
,

and its complement Q̂ε = N[0,N−1] \ Qε .

Assumption 11 (Exponential Reachability). There exists constants 
ρ ∈ [0, 1) and β > 0 and an infinite-horizon control input ũ :

N[0,∞) → Rnu  such that, for all initial conditions x0 ∈ X0 ⊆ RD·C , 
the trajectories satisfies
dist

((
x̃k, ũk

)
, Z̄⋆

)
≤ βρk,

where x̃k+1 = fd(x̃k, ũk), x̃0 = x0 is the corresponding state 
trajectory. □

Note that while initially this assumption seems restrictive,
Ruiz-Balet and Zuazua (2023) established a similar reachability 
for neural ODEs using the ReLU activation function. Furthermore, 
this assumption implies that there exists a finite network depth 
that drives the states arbitrarily close to the minimizer set. This 
ensures that the minimizer set of the correct class is the closest 
one, which ensures correct classification. However, as no assump-
tions are made on the test data, this could come at the price of 
substantial overfitting. How to avoid overfitting in the optimal 
control approach to deep learning remains an open problem and 
a question for future research.

Remark 12 (Exact Reachability of ResNets).  Consider the ResNet 
architecture

xik+1 = xik + Wkσ
(
Akxik + bk

)
xi0 = xi ∈ RC ,

with controls Wk ∈ RC×C , Ak ∈ RC×C , and bk ∈ RC  and ReLU 
activation function, σ (x) = max {0, x}. Let
D =

{(
x1, y1

)
, . . . ,

(
xD, yD

)}
be the dataset with distinct features xi ̸= xj, ∀i, j = 1, . . . ,D. 
Then, there exists a finite horizon N and parameters, Wk, Ak and 
bk, such that all samples from the dataset reach the respective set 
of soft cross-entropy minimizers, i.e. xiN ∈ X⋆

yi
∀i = 1, . . . ,D.

This is based on the reachability result for the corresponding 
the neural ODE
ẋi(t) = W (t)σ

(
A(t)xi(t) + b(t)

)
, xi(0) = xi, ∀t ∈ [0, T ],

see Theorem 2 by Ruiz-Balet and Zuazua (2023). Starting from 
distinct initial conditions xi and for any horizon T , there exists 
piecewise constant parameter functions W (t), A(t), b(t), such that 
7

all data samples i ∈ 1, . . . ,D are simultaneously controlled to 
their distinct targets xi(T ) = x̂i, with x̂i ̸= x̂j for i ̸= j. By choosing 
distinct target points x̂i ∈ X⋆

yi
, the neural ODE can reach the 

set of soft cross-entropy minimizers xi(T ) ∈ X⋆

yi
 with piecewise 

constant parameter functions W (t), A(t), b(t) and at most 6 · D
switches. By choosing a sufficiently small discretization time h >
0, the results transfer to the ResNet on the horizon N =

⌈ T
h

⌉
, for 

details we refer to Ruiz-Balet and Zuazua (2023, Remark 3.2). □

Proposition 13 (Turnpikes in ResNet Training).  Consider the train-
ing OCP (5) with stage cost (19). Suppose that Assumption 11 holds. 
Then, there exists a constant ̂V  such that, for any parameter γ ∈ R+

in OCP (5), the optimal solutions satisfy 

#Qε ≥ N −
V̂

α(ε)
#Q̂ε ≤

V̂
α(ε)

(22)

for all ε ∈ R+, where #Qε is the cardinality of the set Qε and

V = 2
[
β

1
1 − ρ

+ β

]
as the upper bound on the value function for all x0 ∈ RD·C . □

Proof.  We first show that the soft cross-entropy loss function is 
globally Lipschitz with constant L = 2, i.e. for all x1, x2 ∈ RC  it 
holds that⏐⏐⏐ℓ̃f(x1, y) − ℓ̃f(x2, y)

⏐⏐⏐ ≤ L∥x1 − x2∥

≤ max
x̃∈RD·C

∥∇x̃ℓ̃f(x̃, y)∥∥x1 − x2∥.

The gradient depends on the vector of softmax probabilities 
p(x) ∈ [0, 1]C  and target probabilities q̃(y) ∈ [0, 1]C . Thus we 
have

∥p(x)∥2
=

C∑
c=1

p(c|x)2 ≤

C∑
c=1

p(c|x) = 1

and likewise for the target probabilities q(y). Hence, the norm of 
soft cross-entropy gradient is bounded from above by

max
x̃∈RD·C

∥∇x̃ℓ̃f(x̃, y)∥ ≤ max
x̃∈RC

∥|∇x̃ℓ̃f(x̃, y)∥

= max
x̃∈RC

∥p(x̃) − q̃(x)∥ ≤ max
x̃∈RC

∥p(x̃)∥ + ∥q̃(y)∥

≤ 1 + 1 = 2 = L.

Hence, the Lipschitz constant of the state cost ℓ̃f(xk, y) + r∥u∥2

is given by Lℓ = max {r, L}. Using this Lipschitz constant, As-
sumption  11 implies that there exists V̂  such that V γ

N

(
x0
)

≤

V

V γ

N

(
x0
)

=

N−1∑
k=0

[
ℓ̃f(xk, y) + r∥u∥2

]
+ γ ℓ̃f(xN , y)

≤

N−1∑
k=0

Lℓdist
((
x̃k, ũk

)
, Z̄⋆

)
+ Lℓdist

((
x̃N , ũN

)
, Z̄⋆

)
≤ Lℓ

[
N−1∑
k=0

βρk
+ γ βρN

]
≤ Lℓ

[
β

1
1 − ρ

+ β

]
=: V̂ .

Then, due to Proposition  10

λ(x⋆
N ) − λ(x0) ≤

N−1∑
k=0

ℓ(x⋆
k, u

⋆
k) − α(dist(z⋆

k, Z̄
⋆))

⇔ λ(x⋆
N ) − λ(x0) +

N−1∑
k=0

α(dist(z⋆
k, Z̄

⋆))

γ ( 0) ⋆

≤ VN x − γ ℓf(zN , y).
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Fig. 2. Illustration of the proposed loss function calculation for the ResNet. The propagation of the data through the network depicted in black is unchanged. In 
addition to the loss function of the output layer in green considered in the standard training formulation, the proposed loss function calculation also evaluates 
the loss function for the hidden layers in blue. The regularization of the ResNets parameters is also included in the training objective.  (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.)
By Proposition  10, we can choose λ(x) = c, c ∈ R+

0 , and thus 
λ(x⋆

N ) − λ(x0) = 0. Therefore

(N − #Qε)αℓ(ε) ≤

N−1∑
k=0

αℓ(dist(z⋆
k, Z̄

⋆)) ≤ V̂ .

Rearranging gives (22).  ■

For a singleton optimal steady state-input set Z̄⋆
= {x̄⋆

; ū⋆}, 
this corresponds to Proposition 2 from Faulwasser et al. (2024) 
or to similar results by Grüne (2013) for generic discrete-time 
optimal control problems.

Here, however, the turnpike
Z̄⋆

=
{
(x̄, 0) ∈ RD·C

× Rnu
⏐⏐x̄ ∈ X⋆

y
}

for the stacked data samples consists of individual subspace turn-
pikes for each class X⋆

1, . . . ,X
⋆
C  to which the trajectories of sam-

ples belonging to the respective class converge.
The optimal trajectories of the training OCP (5) using the soft 

cross-entropy as stage cost (19) and terminal penalty have a 
turnpike (Proposition  13) without a leaving arc. Consider the ε
neighborhood of the set of optimal states (21)
Nε =

{
x ∈ RD·C

⏐⏐ dist (x,X⋆
y
)

≤ ε
}
.

Remark 14 (Turnpike Without Leaving Arc).  If the optimal trajec-
tories of (5) enter an ε-neighborhood Nε for some ε > 0, i.e., x⋆

k̂
∈

Nε for some layer k̂ ∈ N[0,N], then there exists a layer k̃ ∈ N[0,N], 
k̃ ≥ k̂, such that for all following layers k ∈ N

[k̃,N]
 the optimal 

trajectories of OCP remain in the ε-neighborhood, i.e. x⋆
k ∈ Nε . 

For the ResNet, any state becomes a steady state for zero control 
inputs, and hence, any neighborhood Nε is rendered forward 
invariant with zero control input. Thus, the stationary minimizers 
of the stage cost are the minimizers of the soft cross-entropy 
loss function together with zero control inputs (Lemma  9). Since, 
the soft cross-entropy is also used as the terminal penalty, the 
states from the stationary minimizers also minimize the terminal 
penalty. Consequently, any leaving arc, which departs from the 
neighborhood Nε , would be suboptimal, c.f. Faulwasser et al. 
(2024, Proof of Theorem 4). Moreover, if x⋆

k̃
∈ X⋆

y, then the optimal 
trajectories remain at that state, which corresponds to both the 
minimizer of the stage cost and terminal penalty and thus the 
following adjoints of OCP (5) become zero, i.e., λk = 0 for all 
k ∈ N  (Faulwasser & Grüne, 2022; Zanon & Faulwasser, 2018).
[k̃,N]

8

Table  1 provides an overview of dissipativity properties for the 
different considered stage costs and regularizations. Fig.  2 illu-
strates how different choices of the state cost relate to the dissi-
pativity and turnpike phenomenon of the training problem.

5. Neural ODEs and other NN architectures

Our preceding analysis has focused on classic ResNets which 
we conceptualize as discrete-time systems. However, in view of 
the link between neural ODEs (2) and ResNets (1), we first turn 
towards the continuous-time extension and then also discuss 
other architectures.

5.1. Continuous-time training formulation

The neural ODE counterpart to (5) reads 

min
u(·)∈L∞([0,T ],Rnu )

∫ T

0
ℓ(x(t), u(t))dt + γ ℓf(x(T ), y) (23a)

s.t. ẋ(t) = fc(x(t), u(t)) ∀t ∈ [0, T ] , (23b)

x(0) = x0 ∈ RC ·D, (23c)

where the input signal stacks the bias and weight functions 
A(t), b(t) and is considered to be in L∞([0, T ],Rnu ) and the same 
data-stacking procedure as in Section 2 is applied. The data is 
propagated over the interval t ∈ [0, T ] and the stacked dynamics 
are 
ẋ(t) =fc(x(t), u(t))

.
=σ

(
(ID ⊗ A(t))x(t) + (1D

⊗ b(t))
)
, x(0) = x0.

(24)

The counterpart to the set Z̄ from (8) reads 
Z̄c =

{
(x̄, ū) ∈ RD·C

× Rnu | 0 = fc(x̄, ū)
}

(25)

Similar to before, optimal steady state pairs are computed via 
z̄⋆

∈ arg min
z̄

ℓ(z̄) s.t. z̄ ∈ Z̄c (26)

and the set of all optimal steady states is denoted as Z̄⋆
c ⊆ Z̄c.

Definition 15 (Strict Dissipativity in Cont. Time).  The dynam-
ical system (24) is said to be dissipative with respect to a set 
of steady-state pairs Z̄⋆

c if there exists a non-negative storage 
function λ : X → R+

0  such that for all pairs z(t) = (x(t), u(t))
defined over some interval [0, T ] and all z̄⋆

∈ Z̄⋆
c

λ(x(T )) − λ(x(0)) ≤

∫ T

ℓ(z(t)) − ℓ(z̄⋆)dt. (27a)

0
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Table 1
Overview of dissipativity properties of ResNet training for different stage costs and regularizations.
 Stage cost Strict dissipativity Turnpike object & Comments  
 ℓ(x, u) = ∥x − x̄∥ + ∥u∥2 Yes With respect to designed steady states and zero inputs, Z̄⋆

= {x̄; 0}
(Faulwasser et al., 2024).

 

 ℓ(x, u) = ℓf(x, y) + ∥u∥2

with ℓf from (7)
Not with αℓ ∈ K∞

in (10b)
The loss function attains its minimum for ∥x∥ → ∞ (Lemma  2), 
hence any finite horizon trajectory remains arbitrarily far from these 
states.

 

 ℓ(x, u) = ℓ̃f(x, y) + ∥u∥2

with ℓ̃f from (13)
Yes With respect to the set of soft cross-entropy minimizers and zero 

inputs Z̄⋆
=
{
(x̄, 0) ∈ RD·C

× Rnu
⏐⏐x̄ ∈ X⋆

y
} (Proposition  13).  
If additionally, there exists αℓ ∈ K∞ such that
λ(x(T )) − λ(x(0))

≤

∫ T

0
ℓ(z(t)) − ℓ(z̄⋆) − αℓ

(
dist

(
z(t), Z̄⋆

))
dt, (27b)

then system (24) is said to be strictly x−u dissipative with respect 
to Z̄⋆

c and for z(t) replaced by x(t) in the class K function the 
system is said to be strictly x dissipative.

OCP (23) is said to be (strictly) x − u dissipative with respect 
to Z̄⋆

c if for all T ∈ R+

0  and all x0 ∈ X0, the dissipation inequalities 
15 hold along any optimal trajectory of (23). □

5.2. Continuous-time results

The next corollary to Proposition  10 follows from the obser-
vations that the geometry of the soft cross-entropy loss function 
is not altered in the continuous-time setting and that the entire 
state space of (24) is covered by steady states with ū = 0.

Corollary 16.  Consider the training OCP (23) with stage cost (19). 
OCP is strictly x-u dissipative with constant storage λ(x) = c, c ∈

R+

0  and with respect to Z̄⋆
c =

{
(x̄, 0) ∈ RD·C

× Rnu
⏐⏐x̄ ∈ X⋆

y
}
 with 

X⋆
y from (21). □

The set
Θε,T (x0)

.
=
{
t ∈ [0, T ] | dist

((
x⋆(t), u⋆(t)

)
, Z̄⋆

c

)
> ε

}
collects all time points for which the optimal pairs stay outside of 
an ε-neighborhood of Z̄⋆

c . The reachability property used for the 
corresponding turnpike results is stated in the next assumption. 

Assumption 17 (Exp. Reachability in Cont. Time).  There exists 
constants ρ > 0 and β > 0 and an infinite-horizon control 
input ũ(·) ∈ L∞([0, T ],Rnu ) such that, for all initial conditions 
x0 ∈ X0 ⊆ X, the trajectories of (24) satisfy
dist

((
x̃(t), ũ(t)

)
, Z̄⋆

c

)
≤ β exp(−ρt),

where x̃(t) is the corresponding state trajectory driven by ũ(·). □

The next result translates Proposition  13 to the continuous-
time neural ODE setting. 

Proposition 18 (Measure Turnpikes). Consider the training OCP (23) 
with stage cost (19). Suppose that 17 holds. Then, there exists a 
continuous function ν : (0, ∞] → R+

0  independent of T  such that, 
for any γ ∈ R in OCP (5), the optimal solutions satisfy 

µ[Θε,T (x0)] ≤ ν(ε) < ∞, (28)

where µ is the Lebesgue measure on the real line. □

Moreover similar to the ResNet case, the optimal trajectories 
do no exhibit a leaving arc, similar to Remark  14. The proof fol-
lows the usual structure of dissipativity-based proofs of measure 
turnpikes (Carlson et al., 1991; Faulwasser et al., 2017). It is thus 
omitted.
9

5.3. Extension to other NN architectures

Our results so far raise the question of whether or not one 
could consider other architectures than ResNets? To this end, 
we first formalize the relation between the neural ODEs and the 
considered NN architecture. 

Definition 19 (Equilib. Consistent Discretization). Consider a conti-
nuous-time system of the form
0 = Fc(ẋ, x, u), x(0) = x0 ∈ RC .

Its discretization
0 = Fd(xk+1, xk, uk), x0 = x0 ∈ RC

is said to be equilibrium consistent, i.e. it preserves the equilibria 
if any (x̄, ū) which solves 0 = Fc(0, x̄, ū) also solves 0 = Fd(x̄, x̄, ū)
and vice-versa. □

Proposition 20 (Dissipativity & Architectures).  Consider the dis-
crete-time training OCP (5) with the soft-entropy stage cost (19) 
wherein the considered NN architecture captured in (5b) is an equi-
libria preserving discretization of (24). Then OCP (5) is strictly dissi-
pative with respect to Z̄⋆ from (20) and the storage function can be 
chosen as λ(x) = c, c ∈ R+

0 .

Proof.  The proof follows from the observation that the structure 
of the neural ODE (24) combined with σ (0) = 0 implies that for 
u = 0 the entire state space of (24) is covered by equilibria. Then 
applying any equilibria preserving discretization (which may be 
implicit or explicit, fixed step size of variable step size) means 
that also in OCP (5) the dynamics (5b) are such that the entire 
state space is covered by equilibria corresponding to u = 0. Hence 
the analysis of the geometry of the soft cross-entropy stage cost 
(19) can be conducted as in Lemma  7.  ■

Turnpike results similar to Proposition  13 are readily inferred 
if the setting of Proposition  20 is combined with suitable reach-
ability properties. In view of Remark  12 notice that sufficiently 
accurate equilibria preserving discretizations also preserve reach-
ability, cf. the results of Ruiz-Balet and Zuazua (2023) and Remark 
12. Moreover, the previous result shows that in our analysis the 
crucially helpful requirement on the network architecture is that 
the entire state space is covered by equilibrium points for zero 
inputs (which depends on the architecture and on the activation 
function). Thus, our dissipativity results readily transfer to other 
ResNet architectures consisting of multiple layers with one skip 
connection (Esteve & Geshkovski, 2023; He et al., 2016a), e.g., the 
architecture 
xik+1 = xik + σ2

(
Ak,2σ1

(
Ak,1xik + bk,1

)
+ bk,2

)
xi0 = xi ∈ RC ,

(29)

which first decreases the state dimension to a hidden dimension 
h by Ak,1 ∈ Rh×C , bk,1 ∈ Rh and then increases it again by 
Ak,2 ∈ RC×h, bk,2 ∈ RC . It thus has fewer trainable parameters 
per layer and non-linearity (Esteve et al., 2020). Furthermore, the 
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dissipativity results also extend to ResNet architectures which 
include convolutional layers with a skip connection (He et al., 
2016a).

Remark 21 (Link to Deep Equilibrium Networks). NN architectures 
can be obtained from the discretization of neural ODEs or from 
other considerations. Deep equilibrium networks are based on 
the observation that the repeated application of a single layer 
with the same parameters leads to an input-dependent equilib-
rium. The core idea of equilibrium networks is to obtain this 
equilibrium using the implicit steady state equation as the model 
of data propagation via tailored variants of Newton’s method. 
These networks achieve a performance similar the ones with 
distinct weights across layers, which therefore have many more 
parameters (Bai et al., 2019; Ling et al., 2024).

In contrast, in the present paper, and in different fashion also 
in Faulwasser et al. (2024), we shift finding the equilibrium to 
the training, while the optimal equilibrium subspace (the present 
paper) or a chosen pre-computed equilibrium (Faulwasser et al., 
2024) for the loss function is encoded in the regularization stage 
cost. In-depth exploration of the links between deep equilibrium 
networks and our approach is subject to future work.

6. Numerical experiments

To validate and illustrate the dissipative formulation of the 
ResNet training with soft cross-entropy we train networks on 
the two-spirals task and on the MNIST dataset (Deng, 2012). 
The training is implemented in Python using the PyTorch frame-
work (Paszke et al., 2019).

6.1. Two spirals task

As a first experiment, we consider the two-spirals task clas-
sification problem of separating two intertwined spirals (Lang & 
Witbrock, 1988). The dataset comprising 480 training samples is 
visualized in Fig.  3. On the dataset, we train a 30-layer ResNet 
with the architecture (29) with a hidden dimension of h = 8, a 
hyperbolic activation function σ1(x) = tanh(x) and one identity 
activation function σ2(x) = x. For the label smoothing we use 
pd = 0.95 as the probability for the correct class. The network 
is trained using the Adam optimizer (Kingma & Ba, 2014) with a 
learning rate α = 0.1 and weight decay r = 0.005 and a terminal 
penalty γ = 3.

The evolution of data trajectories in Fig.  4 shows how the 
two classes are separated in the first ten layers, after which the 
optimal steady state is reached and the data exhibits the turnpike 
phenomenon. In addition, the final layer’s data trajectories, as 
shown in Fig.  5, lie closely scattered around the minimizer sets 
for both classes.

6.2. MNIST dataset

To analyze the turnpikes for real-world datasets we consider 
the MNIST dataset for classifying handwritten digits from 0 to 9 
as a second experiment. Each 28 × 28 pixel image and is flattened 
to create the corresponding feature xi ∈ R784. We use the ResNet 
architecture (29) with a hidden dimension of h = 128 and one 
ReLU σ1(x) = max {0, x} and one identity activation function 
σ2(x) = x and train it according to the OCP (5) with γ = 1
and r = 10−5. For the label smoothing we use pd = 0.91 as 
the probability for the correct class. The PyTorch optimization 
hyperparameters are tuned to minimize the training loss, i.e., to 
foster the visibility of the turnpike phenomenon. The network 
depth is chosen large to obtain turnpikes.
10
Fig. 3. Two Spirals dataset.

Fig. 4. Evolution of the state trajectories for the two classes of the two spirals 
dataset.

Fig. 5. State of the data trajectories in the last layer and the sets of soft cross-
entropy minimizers for the two classes, X⋆

1 and X⋆
2 .

The softmax probabilities and therefore the loss function are 

calculated from the first 10 components of each data sample, 
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see Remark  4. Although the remaining states are not considered 
in the loss calculation, the weight matrices of the ResNet can 
still utilize the information contained in these states to aid the 
classification in the first ten states.

Fig.  6 shows a comparison of training with and without in-
cluding the soft cross-entropy loss function in the stage cost. 
It shows the evolution of the training loss over the layers of 
the ResNet for a 60-layer network trained with the soft cross-
entropy in stage cost in comparison to networks trained without 
the soft cross-entropy stage cost with depths from 10 to 60 
layers. The traditional training formulation has a stage cost that 
only consists of the Tikhonov regularization ℓ(x, u) = r∥u∥2, 
while the terminal penalty is the soft cross-entropy loss function 
evaluated for the output of the ResNet, i.e. the terminal state. 
Fig.  6 illustrates that the networks of different depth trained with 
this formulation achieve a significant reduction of the soft cross-
entropy loss function only after their full depth. Thus, a trained 
network of a certain depth provides little insight into the perfor-
mance of a shallower and deeper network which complicates the 
hyperparamter tuning.

Meanwhile, the 60-layer network trained with the soft cross-
entropy regularization achieves a significant reduction in the 
stage cost in its first 10 layers, after that the stage cost remains 
at the low level for the next 50 layers indicating the turnpike 
phenomenon. From a ML perspective, the turnpike spent at an 
equilibrium state corresponds to an identity mapping, and thus 
do not contribute to the learned input output transformation and 
indicates that the first 10 layers are sufficient for the given learn-
ing problem. The reaming 50 layers spent at the turnpike can then 
be removed after the training. The proposed dissipative formula-
tion thus encourages the ResNet to learn the given ML problem 
in the first layers which indicates the performance of shallower 
networks. Therefore this formulation includes the automatic ex-
ploration of different network depths and their parameters and 
can be exploited in the search of architectures (Elsken et al., 
2019). Starting with conservative guesses for the required net-
work depth, the depth can be reduced if the initial estimate turns 
out to be too conservative; in this case, the trained network 
can be pruned and used for inference. Conversely, if the trained 
network does not exhibit the turnpike phenomenon and the loss 
continues decreasing over the entire depth of the network, this 
may indicate that a deeper network might be required.

7. Conclusions and outlook

This work has formulated a dissipative version of ResNet train-
ing for classification wherein a regularization based on the label-
smoothing variant of the cross-entropy is used as stage cost. 
Assuming asymptotic reachability of the set of minimizers, we 
prove the existence of subspace turnpikes in the training formu-
lated as an optimal control problem. We have also discussed the 
extension to neural ODEs and to other NN architectures with skip 
connections. Experiments on the simple two-spirals task and on 
the MNIST dataset validate the turnpike results. Our numerical 
results show that the turnpike phenomenon (without leaving arc) 
allows to simplify the search of the network depth, since only the 
first layers strictly necessary for the given classification tasks are 
used for the transformation between the input and output, the 
remaining layers can then be pruned.

Follow-up work has already considered the extension to more 
general neural network architectures (Püttschneider et al., 2025). 
Yet, the formal analysis of generalization properties of the trained 
neural network remains open. Moreover, a suboptimality anal-
ysis of the interplay of the training algorithm and the problem 
formulation should be conducted, i.e., an analysis which quan-
tifies the required degree of optimality to observe the turnpike 
phenomenon.
11
Fig. 6. The loss over the layers of the ResNet for the MNIST dataset in linear and 
logarithmic scale. The straight line represents the training loss and the dashed 
line represents the test loss.
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