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District heating network simulation faces a fundamental computational challenge: traditional nonlinear
models become intractable at large scales due to the curse of dimensionality, while linear models cannot
accurately represent the nonlinear dynamics essential for district heating systems. Tensor-based methods have
demonstrated effectiveness in modeling heating, ventilation, and air conditioning (HVAC) as well as local
heating systems by providing a scalable compromise between accuracy and computational efficiency, yet
their application to district heating networks is first described in this paper. This work applies multilinear
time-invariant (MTI) modeling using a tensor-based framework for scalable representations of district heating
networks.

Tensor and multilinear functions efficiently represent the governing equations and their nonlinear re-
lationships, especially the quadratic pressure-loss relationships defined by the Darcy-Weisbach equation
and nonlinear friction factors across flow regimes without causing an exponential growth in model com-
plexity. Binary variables model discontinuous transitions between laminar and turbulent flow, maintaining
computational tractability while preserving physical accuracy. The tensor structure inherently avoids the
curse of dimensionality that constrains conventional approaches by factorization. Benchmarking against
established models on a small network shows minimal deviations alongside considerable memory reductions,
demonstrating the potential of tensor-based methods for efficient simulation and optimization of large-scale
district heating networks and supporting the integration of renewable energy sources and advanced control
strategies essential for modern energy-efficient systems.

1. Introduction while keeping hydraulic equations as steady state [2,4]. In dynamic

models, the dynamic aspects of both thermal and hydraulic states are

In this section, a brief review of existing approaches for simulation
of a district heating network (DHN) (Section 1.1) is first presented.
This is then followed by a brief assessment on the scalability challenge
of these models (Section 1.2) and ends with tensor-based methods
(Section 1.3) as a possible solution.

1.1. Literature review

Depending on the chosen modeling approach, a DHN model can be
categorized by whether it represents steady-state, quasi-dynamic or dy-
namic behavior [1-3]. For steady-state analysis, the dynamic properties
of both thermal and hydraulic processes are neglected. Quasi-dynamic
models on the other hand, solve the thermal equations dynamically,

considered [2,5]. Moreover, depending on the control strategies, three
commonly used approaches exist: Constant Flow Variable Temperature
(CF-VT), Variable Flow Constant Temperature (VF-CT), and Variable
Flow Variable Temperature (VF-VT) [1].

In recent years, Modelica-based tools have shown to be well suited
for the simulation of DHNs, covering the integration of new heat
sources [6,7] and storage options [8], co-planning approach [9], and
network optimization [10,11], among others, due to its characteristics
as an object-oriented, equation-based, acausal modeling language [1].
Furthermore, due to its acausality, Modelica is capable of model-
ing bidirectional flows. Several established libraries for DHN simula-
tions are for example ClaRa [12], TransiEnt [13], IBPSA [14], and
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AixLib [15]. Despite the open-source nature of the libraries and of the
Modelica programming language, these libraries are highly dependent
and are tested on the commercial software Dymola [3]. To address
this, a number of new libraries, e.g. DHN4Control [11], n5GDHC sim [8]
and a new concept shown in [3], have been introduced for the open-
source simulation tool OpenModelica. The performance of OpenModel-
ica, however, is still incomparable to Dymola, as shown in [3].

In recent years, a number of open-source Python libraries have also
been developed for the simulation of DHNs. DHNx is a components-
based simulation and optimization tool and is based on the open-
source Open Energy Modeling Framework (oemof), which implements
a steady-state modeling approach [16]. DiGriPy similarly builds upon
oemof and has a similar area of application as DHNx [17]. The open-
source package pandapipes offers a table-based steady-state tool for
the simulation of gas and heating networks, with a focus on cou-
pled simulations of power, gas and heat sectors [18]. In PyDHN, a
quasi-dynamic simulation tool is presented, where a Lagrange-based
modeling approach is used for the thermal dynamics [19], which
extends the concept introduced by [20]. Similarly, HeatNetSim offers a
quasi-dynamic simulation tool [5]. In Jarvis, a quasi-dynamic modeling
approach based on distributed simulation architecture is presented. De-
spite its modern approach, its performance has not been systematically
evaluated [21].

Beyond conventional simulation tools, recent works have explored
analytical approaches such as frequency-domain transfer function [22]
and Green’s function [23], as well as data-driven surrogates based on
graph neural networks [24,25], which target computational speedups.

1.2. The scalability challenge in district heating networks

Modeling and simulation of DHNs requires capturing both thermal
and hydraulic dynamics across potentially hundreds or thousands of
interconnected pipe segments. Large-scale networks present a funda-
mental computational challenge: the complexity of nonlinear models
grows exponentially with system size [1,26], a phenomenon known
as the curse of dimensionality [27]. While linear models offer com-
putational efficiency, they cannot adequately represent the nonlinear
dynamics inherent in fluid flow through pipes [1,28].

Existing simulation tools address this challenge through different
compromises. Modelica-based approaches (ClaRa, TransiEnt, IBPSA,
AixLib) provide dynamic, high-fidelity simulation but suffer from com-
putational scalability limitations [3,29]. DHNx, DiGriPy, pandapipes
improve computational efficiency by adopting steady-state approxima-
tions. PyDHN, on the other hand, is limited by its simulation speed [19].
Attempts to accelerate simulations through data-driven surrogates [24],
transfer function [22] or Green’s function [23] introduce their own
limitations, such as dependence on data availability and constant flow.
As a result, the fundamental tension between nonlinear model fidelity
and computational tractability persists, particularly for VF-VT control
strategies, which are essential for future district heating systems and
the subsequent integration of renewable energy sources [1].

1.3. Tensor-based methods for scalable solutions

In other thermal-hydraulic domains, such as heating, ventilation,
and air conditioning (HVAC) and local heating systems, tensor-based
multilinear modeling approaches have been demonstrated to capture
the system dynamics including inherent nonlinear behavior without
the computational overhead of traditional nonlinear approaches [30,
31]. Through structured tensor decomposition, these behaviors can
be expressed by high-dimensional relationships in a factored way,
such as canonical polyadic (CP) decomposition, and tensor train (TT)
decomposition [27,32]. This structured representation dramatically re-
duces computational requirements without sacrificing accuracy, as the
system’s dynamics are captured through a smaller number of vari-
ables [27].
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Although HVAC systems, local heating systems, and DHNs share
similar governing equations, the considerably larger scale of DH sys-
tems poses distinct computational challenges. Despite the potential
effectiveness of tensor methods in related thermal systems, their appli-
cation to large-scale DHN modeling, where the curse of dimensionality
is critical, remains unexplored. This gap is particularly significant given
the urgent need for scalable simulation tools that balance accuracy and
computational efficiency for large-scale systems [1].

The paper proceeds as follows. The fundamental physics of district
heating pipes are presented in Section 2. Section 3 then introduces
tensors and multilinearity and its subsequent implementation on the
fundamental equations of district heating pipes. The results are then
compared against established Modelica models in Section 4, followed
by an analysis of the runtime performance of the model in Section 5
and finally ends with a conclusion in Section 6.

2. Modeling concept

This section presents the fundamental equations of district heating
pipes. The conservation laws for mass (Section 2.1), energy (Sec-
tion 2.2), and momentum (Section 2.3) form the basis of the proposed
model.

2.1. Conservation of mass

The proposed model uses a static mass balance with no considera-
tion of mass storage effects or density changes. This assumption of an
incompressible fluid is often used in the context of a DHN [3,19,33].
The resulting mass balance between the inflow g,,;, and outflow g, ,,
can be described by

qm,[n + qm,our =0. (1)

2.2. Conservation of energy

Two main approaches exist in the literature to model the thermal
behavior of a pipe [3,34]. The first approach discretizes a pipe spa-
tially along the flow direction into N > 1 equal segments, whereas
precision increases with the number N of segments. This approach is
called lumped-parameter pipe model [34]. In contrast, the distributed-
parameter pipe model, also called PlugFlow, determines the properties
of the fluid at the inlet and outlet using the residence time of the
fluid [3,35]. Mathematically, PlugFlow model can be derived from the
lumped-parameter model using an infinitesimal segment volume, by go-
ing to the limit N — oo [34]. Based on the assessment in [3], heat losses
can be estimated more accurately using a lumped-parameter model.
Moreover, the computation of heat losses using PlugFlow models is not
valid for sudden temperature changes and flow reversal. Therefore, this
work adopts the lumped-parameter approach.

The dynamic behavior of the discretized pipe model of length / is
described by differential equations derived in [34], with boundaries at
i=1and i = N. Using this notation, the distributed temperature of the
pipe segments is denoted by 7}, ..., Ty with the corresponding ambient
temperature givenby T, |, ..., T, y . The dynamics are further influenced
by the thermal capacitance C,, ;, the specific heat capacity ¢, the mass
flow g,,, and the combined thermal conductance G, ;, which combines
the convective, conductive, and radiative thermal conductance of the
pipe wall and its insulation, as shown below

dT;
Cin,i d_tl =—csq,T; +crq, Ty — G, i T; + Gy, T, (2)
i=1,2,...,N.

The discretized pipe model is visualized in Fig. 1.
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Fig. 1. Disaggregated pipe with constant discretization length A/ [34].

2.3. Conservation of momentum

Following [36], the overall pressure change Ap is influenced by
the pressure loss from external forces 4p,,,, the dynamic pressure
difference Ag, and the rate of change of mass flow g, relative to its
inertance L, which denotes the reluctance of the mass flow rate to
change. The momentum balance can then be formulated as

dq,
d—;"L+Aq = Ap— Ap,y,. 3)

In this work, the difference in dynamic pressure Aq is neglected, as
the acceleration of a particle in the fluid is neglected [3]. Similarly,
the consideration of pressure loss from external forces 4p,,, is limited
to pressure loss due to pipe friction. Furthermore, the effect of inertance
is negligible for typical DHN operation [37]. These simplifications
therefore lead to a purely algebraic equation

Ap = Ap,y» ()]

for the momentum balance.
To characterize the pressure loss 4p in a cylindrical pipe due to
friction, the following Darcy-Weisbach pressure-loss equation

4p 8 qm2
T e 0 d>
is used [38]. This equation is influenced by the length I/ of the pipe
segment, the dimensionless pipe friction factor A, the hydraulic diam-
eter d of the pipe, and the density p of the fluid. The equation above
shows that the pressure loss is proportional to the square of the mass
flow g,,. The friction factor A is called Darcy-Weisbach friction factor
and depends on both the characteristic of the pipe and of the fluid
flow. Generally, the calculation can be divided into two different flow
regimes: laminar and turbulent. For laminar flow regimes, the friction
factor can be determined using

(5)

64
A== 6
Re’ ©®
where the Reynolds number
44,
= _m 7
e=- dn @)

depends on the mass flow g,,, the dynamic viscosity x4 and the hydraulic
diameter d of the pipe [38].

For turbulent flow regimes, the friction factor A can be described
implicitly using the empirical Colebrook-White equation

1 2.51 €
— = -2logy + R (8)
Vi Re/i  371d

where the roughness ¢ depends on the material of the pipe [38].

3. Tensor and multilinear functions in district heating pipes

As shown in Section 2, the equations describing a pipe flow are non-
linear but have a defined structure with repeating terms, which can
be exploited using defined mathematical methods. To bridge the gap
between physical equations and mathematical abstractions, tensors and
multilinear functions are introduced next.

A tensor is regarded as a multidimensional array or d-way ar-
ray, with d representing the order of the tensor [32,39]. Under this
convention, vectors and matrices are special cases of first- and second-
order tensors, which defines a tensor as a natural generalization for
higher-dimensional representations [32].

A function f(x) with x = (x|, ..., x,,) is called multilinear if it is linear
with respect to each individual variable x;, when all others are held
constant [39,40]. Exemplary for x = (x|, x,), a multilinear function may
look like the following equation

F(X) =x; + x5 + X1 X5. (©)]

When all variables except one are constant, a multilinear function
becomes a linear function. Taking (9) as an example and treating x,
as a fixed constant x, = X,, it becomes

fx) =1+ %) x + X, (10)

This function is an affine function, which is a linear function followed
by a translation [41]. Out of these definitions, polynomial functions of
degree 2 or higher, such as

[0 =x7 x,, (1n

are not multilinear functions.

Multilinear functions can furthermore be efficiently and compactly
represented using tensors [39,42]. This sets the stage for the subse-
quent sections, where the inherent connection between tensor, mul-
tilinear function, and the underlying physics of district heating pipes
are explored. A simplified representation of the underlying workflow is
illustrated in Fig. 2.

3.1. Multilinearity of district heating pipes
Flow of fluid within a district heating pipe inherently exhibits

multilinear relationships based on fundamental physical principles. To
assess these relationships, consider the thermal balance

dT.
Cin,i d_tl =—crqu i+ crquTioy — G Ti + Gy Ty (2)
i=1,2,...,N,

where all time-varying variables are highlighted in red. Focusing
on the convective heat term c g, T;, the heat transport involves the
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Fig. 2. Simplified workflow of this research.

product of two variables. Fixing one variable (e.g., T};), the result is an
affine function for g,,; conversely, fixing g,,, the product is affine for 7.
Such a relationship falls under the definition of a multilinear function.

For the pressure loss, the Darcy-Weisbach equation,

A _, 84’ 5)
! 2 p ds

with time-varying 4 and g,, is quadratic. Quadratic functions can how-

ever be reformulated into multilinear equation systems using auxiliary

variables [43]. An implementation of this can be found in the following

section (Section 3.2).

These inherent multilinearities motivate the adoption of multilinear
time-invariant (MTI) modeling frameworks, which exploit tensor-based
representations of these multiplicative variable interactions to achieve
computational efficiency without sacrificing physical fidelity.

3.2. Multilinear approximation of nonlinear friction factor

The friction factor A is not a constant but depends on the Reynolds
number. Under the incompressible flow assumption (Section 2.1), with
constant dynamic viscosity y, friction factor 4 is a function of mass flow
rate alone: 4 = A(g,,). This introduces a significant challenge: the
pressure drop now couples a nonlinear, mass flow-dependent friction
factor A(g,,) together with the quadratic mass flow term g,2, with the
relationship differing depending on the flow regime.

For laminar flow regimes (Re < 2300), A,, = 64/Re can be
substituted directly into the Darcy-Weisbach equation, resulting in a
linear equation:

Apy, 512

Dlam — Hdp ) (12)
/ mpd*
For turbulent flow regimes, however, friction factor 4 is governed

by the implicit Colebrook-White equation,

1 2.51 I3
— = -2log;o| ——=+ . (8)
Vi Revi | 371

Looking at (8), the reformulation into a multilinear function is not
possible, which prohibits its integration into the MTI framework. To

address this, least-squares multilinear approximation is used. Such
methods have been shown to be feasible to approximate hard empirical

correlations in HVAC systems (e.g. Nusselt number) [44]. For simplic-
ity, a sharp transition at Re = 2300 from laminar towards turbulent
flow regime is used.

The methodology is as follows: for a given pipe geometry charac-
terized by diameter d and roughness ¢, the Colebrook-White equation
is solved numerically across a range of mass flow rates ¢,. A multi-
linear polynomial is then fitted to these values using least-squares fit,
yielding an explicit algebraic approximation for A(g,,), which preserves
the multilinear structure required for MTI representation. Considering
the shape of the original function, and the possibility to represent a
quadratic relationship using auxiliary variables, the auxiliary variable
Yax = 4m [43] is implemented. By treating ¢, and y,, as separate
variables, a multilinear polynomial of degree 3 can be used as an
approximation function, which leads to the following fitting function,

0= a; )“qm yaux+02’1qm+a3 Ayaux+a4 A+ as Gm Yaux + a6 G+ a7 Yaux +as-
13)

As g,, and y,,, are tied together, the calculated fitting parameters are
non-unique. In other words, different parameter sets can yield identical
Mg,,) values.

Since DHNs operate using standardized pipe catalogs with discrete
nominal diameter d with known roughness values ¢ [45], fitting param-
eters can be pre-computed for each pipe type and stored in a lookup
table. The Example of a 263 mm steel pipe with £ = 0.007 mm [45] can
be found in the appendix (Table 4).

3.3. Implicit multilinear models

As introduced in Section 3, tensors are multidimensional arrays
encompassing vectors and matrices as special cases [32,39]. Using the
concept of monomial vector m(x), all combinations (variable products)
in a multilinear function can be systematically enumerated via the
Kronecker product. Any multilinear function can then be expressed
as the inner product of a coefficient vector ¢! and the monomial
vector m(x) [27]. In the following, an example is shown using a bilinear
function (x, and x,) with monomial vector

m(x,, %) = [xll] ® H = 14)
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x1

x3

Fig. 3. Example of Canonical Polyadic (CP) decomposition.

and coefficient vector

c= [co,cl,cz,c3] s (15)
which then leads to the following formulation

F(x1,%0) = eTm(xy, %) = ¢ + €1 X5 + €3 X1 + €3 X X (16)

Using the monomial vector, the implicit multilinear time-invariant
(iMTI) state-space model in [27]

Fm(x,x,u,y) =0 a7

has a state vector x € R”, inputs u € R", outputs y € R?, and model
matrix F e R2*"*”xe [27]. The parameter matrix F of the model
has rows corresponding to the number e of equations and columns
corresponding to the monomial m. When this approach is abstracted to
higher dimension, the contracted product of two tensors can be used to
define multilinear vector functions [27,39]:

(H|M(x,x,u,y)) =0 (18)

which is analogous to the representation (17) in vector form.

While the tensor representation via the monomial vector and the
contracted product (18) provides a structured mathematical framework
for multilinear models, the complete tensor encounters fundamental
scalability challenges for large-scale systems [27]. This issue stems
from the exponential growth of the monomial tensor M(x), which
includes all the possible products of the variables. For a system with
n state variables, m inputs, and p outputs, a total of 22"+"+P different
combinations has to be stored. M(x) therefore grows with the scale of
0(22+m+p) As the dimension of M (x) also determines the dimension of
H, the need for decomposition methods to reduce the dimension of the
tensors is prevalent.

3.3.1. Tensor decomposition and normalization

By representing the coefficients of a multilinear function as a tensor,
it becomes possible to apply tensor decomposition methods, which have
proven to be useful in a range of application domains [27,32,39]. This
work utilizes the canonical polyadic (CP) decomposition method as
described in [27]. In its simplest sense, CP decomposition refers to the
factorization of a tensor into a sum of its rank-1 tensors [32,39].

To exemplify the CP decomposition, the decomposition of a 3-way
tensor X € R>>< is shown in Fig. 3. The full tensor is decomposed into
a single rank-1 component. As the tensor is decomposed into a single
rank-1 tensor, the decomposed tensor rank R is 1. Mathematically, the
three-dimensional tensor X can now be concisely expressed as [39]:

X = M(xy,x5,x3) = <x11> ° <x12> ° <x13> 7

where the operator o denotes the outer product and x;, x,, and x;3
correspond to each of the three modes of the tensor.

As previously mentioned, each monomial term corresponds to a
tensor, leading to a total storage complexity of O(2') in the unreduced
case, with the number i of variables (states, inputs, and outputs).
Further reduction towards O(i) is also possible due to the monomial
tensor being of rank 1. In the CP-decomposed format, the storage re-
quirement of the tensor M is therefore reduced to O(i), as the number of
parameters that must be stored depends only on the rank of the tensor
M. This reduction in scaling from exponential to linear is especially
significant in large-scale models, where many variables are present in
the system.

To further reduce the storage requirement, the CP-decomposed
tensor H can be further reduced by normalization. Within this work,
the Manhattan norm (1-norm) is implemented [27,46]. The calculation
steps to compute the CP-normalized (CPN) are presented in [46]. By

2n+m+p times

—
applying the CPN to the model tensor H € R2X2X'X2xXR the
multilinear model can be represented using two matrices, namely the
structure matrix § € R®"mPXR and the parameter matrix @ €
Re*R [27,46]. The set of multilinear functions can now be expressed
using the 1-norm by

R 2n+m+p
Loy =Y @, [T (=18 + Syw), 209
k=1 i=1
where v = (x,x,u,y) € R?*"+ for all j € {1,2...,e}. Using this CPN
format, the storage requirement can further be reduced by approxi-
mately a factor of two [27].

3.3.2. Tensor representation of the energy equation

For the implicit tensor representation of the energy equation, (2) has
to be reformulated to its implicit form. To illustrate the reformulation,
a pipe model with N =2 is used as an example, leading to

dr,

Cin1 s

+ g, Ty = cpa, Ty + Gy ) Ty — Gy T, =0, 21
dr,
C‘MW + @ Ty — a4, T) + G 2T — Gy 2T, 5 = 0. (22)

Considering the standardized pipe catalogs and the assumptions of
incompressible flow, the parameters G, ;, C;,;, and c, are assumed to
be constant for the complete length of the pipe. As district heating pipes
are typically built underground, the ambient temperature T, is assumed
constant along the pipe length [47]. The used assumptions lead to the
following signals:

+ State variable x = [T}, T,] > n=2
e Inputs u = [q,,, T, T,] > m=3
* OQutputs y=[]—->p=0
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Using the notation of states and inputs, (21) and (22) can now be
reformulated into:

Cp X1+ cpupxp— cpupuy+ Gy x; — Guz =0 (23)
CpXy+ cpup Xy — cpup Xy + Gy xp — Gruz =0 24)

From these implicit equations, 8 distinct terms can be identified
(e.g. Xy, uj uy, ...). Using the CPN format defined in (20), the full tensor
can now be decomposed into S € R7*®, which represents the 8 terms

out of the 7 variables {x,, x5, x|, X3, U}, tp, 3}

wft o 00 00 00
“o0 1 0 0 0 0 0 0
oo 1 0 0 1 0 0

S=x[0 001 0 0 1 0 (25)
wloo 00 01 1 1 0
w0 00 0 1 0 0 0
w000 0 0 0 0 1

and @ € R>? containing the coefficients from the energy equations

Ch 0 Gy 0 —¢; ¢ 0 -Gy

®=lo ¢, 0 G, o0 —c; ¢ —Gy,

(26)

This representation compactly captures the two energy balance
equations compared to the full tensor representation. For this example,
storing 56 values, from R78, in the CPN format is equal to the 27 =
128 values required in the full tensor. With increasing discretization
amounts of N, the reduction effect is even more pronounced.

3.3.3. Tensor representation of the momentum equation

The pressure drop across a pipe segment is governed by the Darcy-
Weisbach Eq. (5). As discussed in Section 2.3, A itself depends on the
flow regime and based on the assumption of incompressible flow, the
Reynolds number Re solely depends on g,,. In this work, the transition
between laminar and turbulent flow is modeled at Re = 2300. As
shown in (12) the iMTI framework can directly be implemented for
laminar regime due to the linear relationship between 4p and g¢,,. In
the turbulent regime, A must be approximated first using (13). Due
to the discontinuous nature of the system, a single implicit equation
cannot simultaneously represent both regimes. This can be overcome
by the use of binary variables in the iMTI model [27]. Using a binary
variable z, a single equation can now be used to summarize the pressure
drop from both flow regimes.

In the implicit form, the pressure drop of a laminar flow (12) can
be reformulated as

512ul
Aplam ~dn il 0. 27)
mpd

For the turbulent flow regime, auxiliary variable y,, q, is
implemented to preserve the multilinearity from the original quadratic
equation (5), yielding

81
Apturb -4 Am Yaux m =0. (28)
From the multilinear approximation (13) of A, this function can now be
factorized into its CPN equivalent formulation (20). Within the implicit

multilinear framework, 4 is represented as:
0=@; (1 = [S11] + S11 Yaur)A = [S21 | + S2y H(A = [S31] + 531 g,) +
D (1 = 181l + 512 Yau (L = 1S90 | + Sy D(1 = [S3] + S35 q,). (29)

As the discontinuous change between laminar and turbulent regime
occurs at Re = 2300, (7) can be rearranged to calculate the value of the
transitional mass flow g,, . at Re = 2300, leading to

23007 d pu
Gperi = —E. (30)
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Using the value g, ., the value of the binary variable z can be
used to determine the flow regime for a particular g,,, leading to the
following equation

2z - 1)((1,,, - qm.cri[) <0. [€29)]
This automatically enforces z = 0 for laminar flow (g,, < g, ) and
z = 1 for turbulent flow (g,, > g,, ). At the transition g,, = g, it

both regimes could satisfy the constraint and z is chosen by the solver
based on the previous timestep [48].

The overall pressure loss due to friction from both regimes can now
be unified into a single equation

Pin — Pour (z— I)Aplam - ZApturb =0. (32)
Like the energy equations, the variables can be classified as inputs,

state, binary and output variables:

s Statex=[]—>n=0

* Inputs u = [g,,, pj,] > m=2

* Outputs y = Yaux> A, Poul = P = 3
* Binary z=[z] > ¢=1

By substituting and inserting the variables into the equations, the
following set of equations can now be used to describe the complete
momentum equation.

D (1 =[S 1+ 811 yDA = S|+ 851 y)(A = [S31] + S35 up) +
D (1 =[Sl + Sy = [Sp | + 55 y)( = [S3p| + S3pu1) =0 (33

u—y; =0 (34
512ul 512ul 81

Uy —y; — U Ziu —zZiu — =0 35

V3 e T 12 os (35)

2zyu; =221 Geric — U1+ Gmeric 0 (36)

From these implicit equations, 10 distinct terms can be identified
(e.g. uy, y;, zy uy, ...) out of 6 distinct variables. Using the CPN format
(20), the full tensor can now be decomposed into S € R*1°, leading to

WS, S, 0 1.0 0 0 1 0 0
Sy S» 10 0 0 1 1 0 0
g[S S» 0.0 00 0 1 00 @37
| 0 0 0o 0 1 0 0 0 0 O
»l O 0 0o 0 0 1 0 0 0 O
ziL O 0 0o 0 0 0 1 1 1 O
and @ € R*¥10, with
@, 0 0 0 ]
M
0 — e -1
0 -1 0 0
0 0 1 0 (38)
T _
®=lo o -1 0
512pul
0 0 2,5 0
0 0 0 _2£Im,cril
L 0 0 0 qm,crit i

containing the coefficients from the momentum equations. The last row
of @ corresponds to the inequality constraint of the equation set. S;,
and @, (fori=1,2,3 and k = 1,2) are determined from the multilinear
approximation (13) and its subsequent CPN formulation (20) for A.

3.3.4. Tensor representation of continuity equations

For the modeling of a pipe, the continuity equations can now be
combined into one unified CPN formulation. On top of the energy and
momentum equations, the mass Eq. (1) adds another equation. Notably,
the variable g, is shared across all three equation sets. In the CPN
format, using N = 2 as an example, the following variables can be
defined
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»Sn S, 0 0 0 0 0 0 0 06 01 0 0 0 1 0 0 O
»[Sy S8 0 0 0 0 0 0 06 0 000 0 0 1 0 0 O
wfS3y; S 0 0 0 0 1 1 1 0 1 0 O O I 1 O 0 O
[ 0 0 o o0 o0 o0 1 0 0 0 O O O O O 0 0 o0 O
usf 0 0 o o0 0 o0 0 o0 o0 1 0 0 0 0 0 0 0 O0 O
uyl O 0 o o0 0 0 0 0 o0 o0 O O 1 0o 0 0o 0 O0 O
S=y] 0 0 o o0 0 o0 0 0 0 0 O 0O O0O 1T 0O O0O 0 0 O (39)
vl O 0 o o0 0 0 o0 0 o0 0o O 0 0O 0O o0 o0 0 o0 1
X1 0 0 1 0 0 0O OO 0O 0 O 0 0 0O 0O O0 0 0 O
X 0 0 o 1 0 0 0O 0O0OO0O O O O O OO0 0 0 O
x] 0 0 o o 1 0 0 1 0 0 O O O O O0O O0O 0 O O
x| 0 0 o o0 o0 1 0 01 0 O O 0O O O 0 O O0 O
z| O 0 o o0 o0 o0 0 o0 o0 o0 O 0 0 0 1 1 0 1 O
Box I.

 State x = [T}, T)] > n=2

e Inputs u = [q,,, Ty, T,, p;,)] > m=4

* OUtPUts y= [yaux’ '1’ pow‘7 qm,out] - pP= 4
* Binary z=[z] > ¢=1

The combined structure matrix § € R!’X1®) with S in Box I,
encompasses all the variable combinations from the set of equations,
while the combined parameter matrix @ € R7*1°

(@, O 0 0 0 0 0

&, 0 0 0 0 0 0

0 C, 0 0 0 0 0

0 0 C, O 0 0 0

0 G, 0 0 0 0 0

0 0 G, O 0 0 0

0 - 0 0 0 0 0

0 s =7 0 0 0 0

0 0 ;0 0 0 0
o' =| 0 —Gu -Gy © 5102] 0 0

0 0 0 -1 e -l -1 (40)

0 0 0 -1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 -1 0 0

0 0 0 0 i‘j;j 0 2

0 0 0 0 —# 0 0

0 0 0 0 0 0 D crit

0 0 0 0 0 0 —2qperit

0 0 0 0 0 1 0

provides all coefficients of the multilinear equations. Using the iMTI
framework, both § and @ can be used to simultaneously determine
all states, inputs, outputs and binary variables. This unified represen-
tation enables modeling of transient thermal-hydraulic dynamics while
explicitly handling laminar-to-turbulent flow regime transitions.

3.4. Implementation

The CPN formulation of the system is implemented using the
MTI-Toolbox [49], a MATLAB-based framework for multilinear time-
invariant (MTI) systems. In the current version (2.1), this toolbox makes
use of the sparsity pattern of the equation system by reordering it
to a block lower triangular matrix and subsequently splitting it to
distinct sub-sets and sub-problems [48,50]. The system is then solved
numerically using MATLAB’s odel5i implicit ODE solver [51,52]. In
Fig. 4, a simplified flowchart of the framework implementation is
shown.

4. Validation

This section validates the proposed iMTI model against established
benchmarks. Temperature profile validation appears in Section 4.1,
followed by pressure profile validation in Section 4.2.

4.1. Validation of the temperature profile

To assess the validity of the proposed methodology, a comparison
is made between the temperature profile of a single DN80 pipe of / =
100 m with technical parameters taken from [28]. As references, the L4
pipe model from the ClaRa [12], the DynamicPipe model from Modelica
Standard Language [53], and the PlugFlow pipe model from AixLib
are used [15]. The simulations in Modelica are done in OpenModelica
v1.24.3 with the DASSL solver [54,55]. The comparison is made for
different discretization steps of N = 5, 10, 20, 50, 100. For the simulation,
the temperature of the different pipe segments T; are initialized at
20°C, with a constant ambient temperature 7, = 9°C. The inflow
temperature T, starts at 20°C and is increased stepwise to 40°C at
t =500 s. The results of this comparison can be seen in Fig. 5.

Visually, the results of the iMTI, ClaRa L4, and DynamicPipe models
are comparable for all discretization steps. The significant difference to
the PlugFlow temperature profile occurs due to the different modeling
approach, as PlugFlow model makes use of residence time instead of
discretizing the length of the pipe into multiple segments. The results
shown in this work align with results shown in literature [3,34].

In addition to the single pipe test, a second validation is made
using a section of the DHN in Pongau shown in Fig. 6 [28]. To assess
the model performance, visual comparison as well as numerical error
quantification (Appendix B) are made [56]. The datasets required for
this comparison are freely available as part of AixLib library [15]. For
the calculation, iMTI is compared against DynamicPipe, PlugFlow, and
measurement values, with discretization of 1 segment/m to better match
PlugFlow behavior.

As discussed in [28], the first 6 h of the simulation are highly likely
affected by model initialization and are therefore omitted. Temperature
profiles for substations 2 and 3 are shown in Fig. 7. At both substations,
iMTI and DynamicPipe show high alignment with PlugFlow. Devia-
tions from measured values reflect measurement uncertainty discussed
in [28].

For substation 4 (Fig. 8), substantial deviations appear between
models and measured values in zero-flow regions (highlighted in or-
ange). iMTI and DynamicPipe show identical behavior in these periods,
deviating from PlugFlow and measurements. In all other operating con-
ditions, the models show acceptable results. These zero-flow deviations
reflect known modeling limitations discussed in detail in [28].
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Fig. 4. Simplified representation of the implementation workflow.
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Fig. 5. Temperature profiles for DN80 pipe following 20K step input at t = 500 s, comparing iMTI, ClaRa L4, DynamicPipe, and AixLib PlugFlow models.

The numerical error indicators MAE, RMSE, and NRMSE for sub-
stations 2, 3, and 4 are shown in Table 1. Due to the known limitation
surrounding zero-flow regions [28], the analysis for substation 4 is done
once on values outside zero-flow regions and again for the complete
range. From Table 1, it is shown that the performance of iMTI and
DynamicPipe is similar and tends to be slightly worse than PlugFlow.
Even within zero-flow regions, the performance of iMTI is shown to be
adequate.

4.2. Validation of pressure profile

To check the validity of the proposed pressure model, a comparison
is made using the DynamicPipe model from Modelica. In the setup,
steady state momentum balance with a detailed pipe flow model is used
to quantify the pressure losses due to friction. For the simulation, a
DN80 pipe of I = 20 m with ¢ = 2.5-107 m is used. The fluid is
assumed to be incompressible water with constant properties of p =
995.6 kg/m> and y = 466107 Pa s. The simulation runs for 3600 s
with the mass flow ¢,, ramping from 0.01 kg/s to 3 kg/s.
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Fig. 6. Schematic representation of the district heating network in Pongau from [28].

Table 1
Numerical error quantification for different substations of DHN Pongau.
iMTI DynamicPipe PlugFlow
Substation 2
MAE [K] 1.38 1.43 1.00
RMSE [K] 1.70 1.77 1.30
NRMSE [%] 19.37 20.16 14.80
Substation 3
MAE [K] 1.23 1.29 0.97
RMSE [K] 1.66 1.72 1.38
NRMSE [%] 11.85 12.28 9.89
Substation 4 - Outside Zero-Flow Region
MAE [K] 2.72 2.73 2.58
RMSE [K] 8.54 8.56 8.36
NRMSE [%] 10.05 10.07 9.84
Substation 4 - Complete range
MAE [K] 5.60 5.53 3.15
RMSE [K] 11.01 10.85 8.77
NRMSE [%] 12.96 12.77 10.32

The results in Fig. 9 show strong overall alignment between the iMTI
and DynamicPipe. However, detailed analysis reveals regime-dependent
behavior. To better understand the sources of agreement and deviation,
the results are examined separately for the laminar, transition, and
turbulent regimes.

In the laminar regime (Fig. 10), the values match closely up to the
tail end of the laminar region. This occurs due to the friction model
implemented in Modelica’s DynamicPipe, where the laminar-turbulent
transition region begins below Re,;, = 2300 threshold (typically around
Re ~ 2000) [53].

The main difference occurs in the transition region (2025 < Re <
4000), as shown in Fig. 11. In DynamicPipe, this region is modeled
using Cubic Hermite interpolation, which smoothly blends laminar and
turbulent friction losses. This work, in contrast, employs a sharp binary
switch at Re = 2300. At Re = 2300, DynamicPipe blending assigns
approximately 94.7% weight to the laminar component, whereas the
discontinuous transition creates the observed overshoot.

This leads to a significant overestimation of friction losses in the
transition zone. However, this is operationally benign, as sizing of
district heating pipes is typically done for turbulent flow regime [16,28,
57,58] and DHNs typically operate at Re > 104 [59-62]. Subsequently,
in the turbulent regime (Fig. 12), both models show matching results.

To quantify model performance, RMSE (Pa), NRMSE (%), and R?
are used (see Appendix B). For the complete operational range, the
iMTI framework achieves RMSE = 0.53 Pa, NRMSE = 0.070% and
R? =0.999994. The turbulent regime shows RMSE = 0.53 Pa, NRMSE =
0.072% and R?> = 0.999994, while the laminar regime achieves RMSE
= 0.0041 Pa, NRMSE = 0.946% and R? = 0.9989 (max absolute error
0.019 Pa). The highest deviation is within the transition zone (2025 <
Re < 4000), with RMSE = 0.24 Pa, NRMSE = 12.340% and R* = 0.8469,
reflecting the different modeling approach.

5. Runtime performance

To compare runtime performance of Modelica models and the pro-
posed iMTI model in MATLAB, the fundamental difference has to be
highlighted. Modelica in itself is a modeling language rather than a
conventional programming language [53]. First, Modelica models must
be translated into a sequence of instructions (translation) and then
compiled (compilation) into an executable file, where the simulation
finally occurs. MATLAB, in contrast, is an interpreted language, where
code is executed line-by-line during runtime [51].

Performance is measured using the built-in Windows 11 tool Perf-
mon (Performance Monitor) [63], which logs indicators for individual
processes (e.g. translation, compilation, and simulation). Three perfor-
mance indicators are measured. Private Bytes represent total memory
allocated by a process, while Working Set represents the portion ac-
tively used at any given moment. In practice, Private Bytes typically
exceed Working Set as unused portions may be stored temporarily on
disk instead of the physical memory. Alongside the memories, CPU
usage is also measured for the duration of the task [63]. As CPU usage
is monitored on each logical core, values over 100% may occur, if the
process utilizes multiple cores simultaneously. These metrics are then
recorded across the test cases described below.
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Fig. 7. Temperature profile of Substation 2 and Substation 3 for iMTI, DynamicPipe, PlugFlow and measurement values.

360
< 340
g 320
S 300
S

g 280
[}

=~ 260

Region

DynamicPipe PlugFlow —— Measurement Zero-Flow Region
240
40 60 80 100 120 140 160
Time [h]

Fig. 8. Temperature profile of Substation 4 for iMTI, DynamicPipe, PlugFlow and measurement values.

To test the performance, the network shown in Fig. 6 is modeled
using iMTL, DynamicPipe, and PlugFlow. To reduce variability, the task
is repeated 5 times. In Table 2 the results are presented as mean
and standard deviation across the 5 runs. For the CPU performance,
Modelica models exhibit significant spikes during compilation, while
MATLAB maintains a more consistent average processor load. The
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spikes from Modelica models coincide with multiple concurrent com-
piler instances. From the runtime perspective, iMTI is significantly
faster than DynamicPipe, while PlugFlow is expectedly the fastest due
to its reduced equation count. From Table 2 it is further shown that
iMTI demonstrates the most efficient memory management. Notably,
DynamicPipe and PlugFlow showed larger gaps between their allocated
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(Private Bytes) and active (Working Set) memory, indicating less effi-
cient memory utilization. iMTI maintained the lowest variability across
all metrics, hinting at stable and predictable performance.

Despite the promising results, the direct comparison between iMTI,
DynamicPipe, and PlugFlow does not consider the inherent overhead
of the typical Modelica implementation, as Modelica models generally
make use of the medium model for the computation of the fluid

13000

3500 4000

Re [-]

Fig. 11. Comparison of pressure loss due to friction in the transition flow regime for iMTI and DynamicPipe.
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properties. Additionally, Modelica models also allow the modeling of
multiple substances or phases within a single flow, which is outside
the scope of this work [53]. As these overheads inherently increase the
model complexity and subsequently computational load, the compari-
son shown in Table 2 cannot be directly used to indicate whether the
memory saving of iMTI occurs due to the modeling overhead or due to
the tensor benefits.
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Fig. 12. Comparison of pressure loss due to friction in the turbulent regime for iMTI and DynamicPipe.

Table 2 Table 3
Performance comparison of the different frameworks. Performance comparison against minimal model.
iMTI DynamicPipe PlugFlow iMTI DirectEq Simscape
Runtime [s] 80.40 £ 2.61 143.99 +0.70 53.80 +0.84 Runtime [s] 80.40 +2.61 17.80 +0.84 40.00 + 6.74
Max Max
Working Set [MB] 1020.42 + 1.25 3349.94 + 112.35 2765.95 +47.10 Working Set [MB] 102042 + 1.25 1629.80 +32.14 1852.57 +3.07
Private Bytes [MB] 877.77 £ 15.53 7759.91 +7.39 7191.97 + 6.69 Private Bytes [MB] 877.77 +15.53 6056.98 + 1.12 1477.08 +3.22
CPU Usage [%] 369.54 +20.56 841.52 +45.72 645.63 +24.15 CPU Usage [%] 369.54 +20.56 667.07 + 101.45 234.92 +15.78
Mean Mean
Working Set [MB] 920.46 + 6.99 1800.06 + 17.52 1386.19 + 14.85 Working Set [MB] 920.46 + 6.99 591.63 +9.93 1476.88 + 62.70
Private Bytes [MB] 805.27 + 6.01 5058.17 +25.68 6034.15 + 61.00 Private Bytes [MB] 805.27 + 6.01 3657.47 + 127.28 1082.34 + 17.16
CPU Usage [%] 207.44 +3.65 147.93 +2.01 121.71 £ 2.10 CPU Usage [%] 207.44 +3.65 178.24 + 11.64 104.09 + 14.63

For this purpose, a minimal model of the DHN is once again gener-
ated using solely the set of equations. A direct equation implementation
(DirectEq) is created in OpenModelica to exactly match iMTI’s imple-
mentation. This approach isolates framework efficiency from modeling
overhead, as both DirectEq and iMTI solve identical equations without
component library abstractions. Nonetheless, this approach still does
not consider the inherent difference between compiled (Modelica) and
interpreted (MATLAB) language. To account for the language differ-
ence, a simplified Simscape model of the DHN is created. Simscape is
a physical modeling language within MATLAB, which is mainly used
for equation-based physical modeling [64]. As the model of the DHN
(Fig. 6) neglects the pressure calculation, standard Simscape libraries
are not directly usable [65]. To mitigate this, a causal model with
manually defined inputs and outputs is generated. However, explicit
causality in Simscape may reduce computational burden compared to
iMTI, introducing a potential bias in the comparison.

From the results in Table 3, it is clear that the simplified models
are significantly faster than the iMTI framework. The minimal Modelica
implementation minimizes the standard library translation overhead by
directly expressing the DHN equations in Modelica code, reducing the
need for object-to-equation conversion. This explains the faster runtime
compared to iMTI, which solves the same equations through matrix
operations. The iMTI infrastructure, however, shows more efficient
memory allocation. Interestingly, the memory actively used by DirectEq
is significantly lower than its allocated memory. When compared to
Simscape, a conventional component-based implementation within the
same programming language (MATLAB), the tensor-based framework
demonstrates substantial memory efficiency gains (877 MB vs 1477
MB), which reflects inherent tensor benefits. It is however important to
highlight that the implementations of the simplified models in Modelica
and Simscape are solely for benchmarking and do not reflect current
practical standards in DHN modeling. Nonetheless, the chosen ap-
proaches cannot produce exact comparisons but represent the practical
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effort toward fair model evaluation. The relevant code snippets for the
benchmark are available in the Supplementary Materials.

6. Conclusion

This work presents the first application of tensor-based implicit
multilinear time-invariant (iMTI) modeling to DHNs, addressing a crit-
ical scalability bottleneck in simulating large-scale thermal-hydraulic
systems. The proposed framework successfully captures the govern-
ing equations of DHN pipes including nonlinear friction factors and
quadratic pressure-loss relationships through compact tensor represen-
tations while maintaining computational tractability.

Benchmarking against established Modelica-based implementations
demonstrates substantial efficiency gains: up to 8.8x memory reduction
compared to full-featured component libraries (DynamicPipe), and 1.7x
reduction compared to the simplified Simscape framework, showing
that these advantages likely stem from inherent tensor benefits rather
than merely systematic overhead. The simplification around the transi-
tion zones (2025 < Re < 4000), however, introduces approximation
errors with observed NRMSE up to 12.340%. This is operationally
benign because: (a) DHNs are sized for the turbulent regime and (b)
oversizing provides inherent safety margin.

Future work should extend the framework to integrate other com-
ponents (e.g., valves, pumps, and heat exchangers), modeling concepts
(e.g. PlugFlow, Cubic Hermite interpolation), meshed networks, and
bidirectional flows. Additionally, applications on large-scale networks
should further assess real-world applicability. With these improve-
ments, the compact tensor representations and potential scaling of the
iMTI framework may offer a viable path toward practical deployment in
simulation and control contexts, particularly towards VF-VT operation,
which may support the integration of distributed renewable sources
essential for future district heating systems.
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Appendix A. Pre-computed lookup table for friction factor 1

See Table 4.

Appendix B. Model validation metrics

Mean Absolute Error (MAE).

N
MAE = 210391 (B.1)
Root Mean Square Error (RMSE).
1 N
RMSE = 4| - i;(y,- -5 (B.2)
Normalized Root Mean Square Error (NRMSE).
NRMSE = — "MSE 1009 (®.3)

max(y) — min(y)

Table 4
Pre-computed lookup table for a 263 mm
steel pipe with £ = 0.007 mm [45].

Fitting parameter Value

a, 7.09-107*
a, 1.98-1073
ay 1.54-1072
a, 431-1072
as 4.95-1073
ag 1.45-1072
a; 1.06 - 107!
ag 3.13- 107!
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Coefficient of determination (R2).
Z;ji] i = yi)z

R =1-
Zi]i](yi - }7)2

(B.4)

Appendix C. Supplementary materials

Supplementary data to this article are available as Supplemen-
tary_Material.zip athttps://doi.org/10.5281/zenodo.19454131.

Data availability

Data will be made available on request. The relevant datasets and
code for the runtime performance comparison (Section 5) are available
in the Supplementary Material.
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