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Summary

The contribution of this thesis is the development of algorithms to explore and moni-
tor unknown complex fields with different concentration levels. Using distributed control
schemes, each agent is equipped with local sensors, such as range and current concentra-
tion, where the swarm is required to locate the source while remaining together as a group.
For a more realistic approach, we allow noise-corrupted measurements and the presence of
obstacles. Moreover, we provide a solution for relaxing several conservative assumptions,
such as a single isolated maximum or initial distribution at sensible concentration areas.
The suggested approach is applicable to tracking different hazards, such as oil spills or
toxic clouds. This enables continued monitoring and intervention abilities to reduce a
disaster’s impact.

Here, we compare two different, yet equally important approaches: formation and flocking.
We wish to understand the differences between the two in terms of performance, stability,
and robustness. Complex tasks, such as level-curve tracking and multiple extrema, are
used to test the behavior of the proposed methods. The case of multiple sources is unique,
where agents are required to have equal distribution among the different extrema, which
requires the complex algorithm contributed here.

In addition to investigating cooperative motion, we examine different types of extremum-
seeking techniques. While we propose a distributed gradient-estimation process in formation-
based mission control, we establish a unified, gradient-free law in flocking. The agents are
governed by different model types, such as single/double integrator and non-holonomic
unicycles. Stability analyses are provided for the different cases. In addition, we propose
a unique and novel approach combining flocking and formation. Using a hierarchy struc-
ture, the agents are able to perform explicit formation in small groups while establishing
a higher relation between the different groups in flocking behavior. Thus, we benefit from
the advantages of both formation rigidity and flocking flexibility.

The proposed methods are tested in various simulations in 2D, as well as in 3D involving
spheres, different contours, and numerical representation of an oil spill. In addition, re-
alistic experiments are conducted for different scenarios of time-varying fields to examine
and evaluate our algorithms.

ii



iv



Contents

1 Introduction and Motivation
1.1 Contributions . . . . . . . . o e e e e e e e e e e
1.2 Thesis Structure . . . . . . . . . e e e e e e

2 Preliminaries

2.1 Graph Theory . . . . . . . . .
2.1.1 Formation Control . . . . . . . .. .. ... ... ... .. ... .
2.2 Linear Temporal Logic (LTL) . . . . . .. . ... . ... ... ...,
2.2.1 Definition . . . . . ...
2.3 Flocking . . . . . . ..
3 Formation-Based Source Seeking
3.1 Level-Curve Strategy . . . . . . . . .« . .
3.1.1 Distributed Gradient Estimation . . . . .. .. ... .. ... ....
3.1.2 Formation Hierarchy . . . . . . .. .. ... .. ... ... ......
3.1.3 Level-Curve Strategy Algorithm . . . ... ... ... . ... ...
3.1.4 Simulation Results . . . . . .. .. ... ...
3.2 Level-Curve Strategy in a Complex Environment . . . . . ... ... .. ..
3.2.1 Obstacle Avoidance . . . . . . ... . ...
3.2.2 Noise Robustness . . . . . . .. .. ... oo
3.2.3 Simulation Scenarios . . . . . .. ... L Lo
3.3 Multiple-Source-Seeking Problem . . . . . .. ... .. o000
3.3.1 Problem Statement . . . . . ... ... oL
3.3.2 Multiple-Extrema-Seeking Algorithm . . . . . . ... ... ... ...
3.3.3 Simulation Results . . . .. ... ... o000

4 Flocking-Based Source Seeking

4.1 Gradient-Free Source Seeking Using Flocking Behavior . . . . . . . . .. ..
4.1.1 Protocol . . . . . ..
4.1.2 Stability Analysis . . . . . . . . ...
4.1.3 Tuning Guidelines . . . . . . .. ... oL
4.1.4 Simulation Results . . . .. ... ... . o oL oL

4.2 Flocking: Extension to Nonholonomic Models . . . . . . .. .. .. ... ..
4.2.1 Kinematic Model . . . . . . .. . oo
4.2.2 Dynamic Model . . . . . . . . ...
4.2.3 Simulation Results . . . .. ... ... oo
4.2.4 Multiple-Extrema Seeking with Flocking . . . . . .. ... ... ...



vi

5 Comparison and Cooperation

5.1 Comparison . . . . . . .. ... Lo
5.1.1 ~-Agents as “Match-Making” Locations . . .. ...
51.2 LTL . ... . o e
5.1.3 Formation . . . . . .. ... ..o
5.14 Flocking . . . . . . ...
5.1.5 Sphere-Tracking Comparison Results . . . . . . . ..
5.1.6 Oil Spill Exploration . . . . . . ... ... ... ...

5.2 Flocking and Formation Cooperative Control . . . . . . ..
5.2.1 Definitions . . . . . ... ... oL

5.2.2 Cooperative Flocking and Formation Technique

5.2.3 Simulation Results . . . . . .. .. ... ... ....

6 Experimental Results

6.1 MESA . . . .
6.2 Gradient-Free Method with Flocking . . . . . ... ... ..
6.3 Cooperative Flocking and Formation . . . . . ... ... ..

7 Conclusions and Outlook

A Aerial and Naval 3D Exploration

A.1 Cooperative 3D Source Seeking . . . . ... ... ... ...
A.1.1 Simulation Results . . . .. ... ... ........
A.2 Oil Spill Exploration Algorithm . . . . . .. ... ... ...
A.2.1 Simulations . . . ... ... L oL

B Flocking Adaptive Potential Function

Appendices

CONTENTS

75

......... (0]
......... 76
......... 7

83

87

......... 87
......... 88
......... 90
......... 90

91

87



Notation

€

fo (pio)
'Yi,o
A?‘ﬁi

Oy

2]l

oe(2)

Ph

¢

Piz, Piy, Pio
Q

field of real numbers

field of none-negative real numbers

set of neighbors with respect to agent @

size of neighbors set

graph with |V| vertices and |€| edges

adjacency matrix

degree matrix

laplacian matrix

the identity matrix in R™*™

the kronecker product

Kronecker product of the laplacian matrix with identity matrix
concentration level measured by agents i located at g;

field reference concentration level

estimated gradient

even distribution process flag

discrete switching vector at iteration step p

resulted selected task from discrete consensus protocol
control law of agent 4

feedback error of agent ¢

obstacle avoidance potential function

obstacle repulsive element

formation signal-to-noise adaptive element

noise level evaluation parameter

agent’s sensing radius

agent’s luciferin level

bounded search area height and width

set of agents locating extremum at 7,

source density

sum of extrema

sum of estimated extrema

density error

position column vector of [¢, ..., q%]
swarm center-of-mass equilibrium
sigma norm

sigma norm gradient

bump function

sigmoid function

flocking repulsive/attractive element
control input for unicycle model
set of y-agents (match-making)

vii



viii

~v-agents index set

estimated field

number of agents in a subgroup (= N + 1)
sum of virtual leaders

set of agents corresponding to a y,-agent
~¥n, neighborhood set

field’s average measurement of group A

~vn constraint value

CONTENTS



Acronyms and Abbreviations

MAS
GSO
ACO
PSO
SNR
IFF
LTL
WEFF
MESA
CFFT
AUV
PCA

multi agent system

glowworm swarm optimization

ant colony optimization

particle swarm optimization

signal to noise ratio

information flow filter

linear temporal logic

well formed formulas

multiple extrema seeking algorithm
cooperative flocking and formation control
autonomous underwater vehicle
principal component analysis

ix



CONTENTS



Chapter 1

Introduction and Motivation

On March 11, 2011, a tsunami following the Tohoku earthquake caused an accident at the
Fukushima Nuclear Power Plant, which led to three nuclear meltdowns and the release
of radioactive materials. On April 20, 2010, in the Gulf of Mexico, a wellhead blowout
released 4.9 million barrels (794 million liters) of oil into the ocean, causing the largest
marine oil spill disaster in history. These, as well as other unfortunate accidents, require
fast and accurate response from the authorities so that such disasters can be located and
monitored. Here, we represent such problems as a generic mission-control problem, where
1 : R™ — RT represents the distribution of a relevant quantity (concentration of factors
such as radioactivity and pollution) and m (here, m = 2,3) is the dimension of the space
to be explored.

Source Seeking

One aspect of the field exploration which has received considerable attention is the source-
seeking problem where a group of agents are required to locate the extremum of an un-
known field. Several researchers have proposed solutions based on a single agent only
(e.g., [Cochran and Krstic, 2009], [Liu and Krstic, 2010], [Stankovié¢ and Stipanovié, 2010]),
which possess several advantages, such as reduced communication issues and ease of ma-
neuvering. In [Cochran et al., 2009], two source-seeking methods without a global posi-
tioning system are introduced. Using only the constant forward velocity or both constant
forward and pitch velocities by actuating the pitch and yaw (according to each implemen-
tation) allows a static/moving source to be located in a 3D environment. The constant
velocity causes the vehicle to revolve around the source, which leads to an inefficient so-
lution. A way to overcome this is to tune both the forward and angular velocities, as
proposed in [Lin et al., 2014]. A different approach presented in [Matveev et al., 2014] is,
instead of trying to align the velocity vector with the field gradient (which requires gra-
dient estimation), to employ a hybrid controller with three discrete states corresponding
to the hysteresis rules, which drives the robot to the field’s maximum. Nevertheless, the
disadvantages are broad. From a single malfunction criterion to a sensing limitation, a
group of agents offers enhanced robustness, efficiency, and exploration capabilities. Us-
ing cooperative control to exchange information between neighbors, a group is able to
explore, track, and adjust to time-varying field behavior (e.g., [Fiorelli et al., 2006], [Li
et al., 2014], [Paliotta et al., 2015]). For instance, in [Ogren et al., 2004] , the agents are
considered to be mobile sensors, where the distributed formation control is based on vir-
tual bodies and artificial potentials, and the agents adapt their sensing resolutions based
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on gradient estimation and formation geometry. To coordinate the agents’ motion in a
plane, in [Sydney and Paley, 2014], a multi-vehicle sampling algorithm is proposed to
generate trajectories for coverage of a non-stationary field, and [Sepulchre et al., 2007]
proposes a methodology that stabilizes an isolated relative equilibrium for parallel and
circular motions in a model of all-to-all coupled identical particles.

Level-Curve Tracking

An advanced task is to track different level curves to evaluate a field’s shape and bound-
aries. In [Rahmani, 2014], a combination of a rotated gradient with a force driving the
source is proposed, which keeps the agents rotating on the level curve. The results are
satisfactory but require high energy consumption. A different approach [Kingston et al.,
2008] is to exchange information regarding the perimeter length and number of team mem-
bers. For this method, a decentralized algorithm is proposed, where each agent possess a
consistent set of coordination variables. A recent study introduced in [Said and Fumin,
2018] has proposed a different approach that avoids the dependencies of gradient estima-
tion and the shared field’s measurements. Using principal component analysis (PCA) of
the relative positions of its neighbors in addition to local measurements to compute the
local body frame, an agent can modulate its speed accordingly.

It is important to provide the ability to complete these tasks in the presence of ob-
stacles or noisy measurements. For instance, with obstacles in the region, the agents are
required to continue their tasks while avoiding collisions. The topic of obstacle avoidance
for multi-agent systems has been investigated thoroughly. For example, [Ahmadi Barogh
et al., 2015] offers distributed formation control and collision-avoidance control laws for
reaching a consensus of a group of non-holonomic agents with limited communication.
Each agent’s controller requires information only from its local neighbors. [Wang and Xin,
2011] propose an optimal control approach that involves a non-quadratic penalty func-
tion to achieve consensus with obstacle-avoidance capability. To provide a solution to the
source-seeking problem in a complex environment, [Zou et al., 2015] propose strategies for
adaptation to real-life environments, such as obstacles and collision with objects, using
particle-swarm optimization (PSO). The objective of the seekers is to communicate, and
move in a manner so as to reach the global minimum of the cost function. A second
enhancement is providing noise robustness under corrupted measurements. [Young et al.,
2010] investigates robustness of consensus in networks driven by white noise and its de-
pendencies on the graph topology, while [Li and Zhang, 2009] uses time-varying gains in
the consensus protocol dependent on the measurement noise levels.

Multiple-Extrema

A more realistic approach is to track and monitor a field with multiple extrema. This
requires an intelligent algorithm that possesses hybrid mission-control characteristics.
Whereas a single isolated maximum is being investigated thoroughly, the problem of find-
ing multiple extrema has received little attention. In this work, we follow the growing line
of bio-inspired approaches imitating natural swarm behavior. Such optimizations were
proposed by several researchers (e.g., [Leitao et al., 2012]), or, for instance [Dorigo and
Caro, 1999, Dorigo et al., 2006, Xiang and Lee, 2008], where ant-colony optimization (ACO)
is introduced, which uses shared information between agents regarding visited sites/nodes
to find an optimal solution for the shortest route. PSO is a population-based stochastic
technique, first introduced by [Kennedy and Eberhart, 1995], that can be used for vari-
ous applications, such as source seeking and power systems [Zhao et al., 2005, del Valle



et al., 2008, Zou et al., 2015]. Our proposed algorithm is based on the work conducted by
Krishnanand and Ghose [Krishnanand and Ghose, 2009] regarding the glowworm-swarm
optimization (GSO) technique. Similar to glowworms in nature, the agents possess a lu-
minescence agent called luciferin, which defines a level of “attraction” to other agents.
Solutions for different problems based on the GSO technique were proposed [Wu et al.,
2012,Gong et al., 2011,He and Huang, 2016] in the past several years. For instance, in [Liao
et al., 2011], a sensor-deployment scheme based on GSO is presented for better coverage to
increase the effectiveness of a wireless sensor network. An important part of the solution
is developing efficient strategies and algorithms. For example, in [Casbeer et al., 2006],
a fire-monitoring solution using cooperative control of multiple unmanned aerial vehicles
(UAVs) is proposed. The UAVs, equipped with infrared sensors, monitor the behavior
of fire using a distributed load-balancing algorithm. The distributed algorithm is a co-
operative surveillance strategy that minimizes the latency of fire perimeter measurements
delivered to the base station. The algorithm converges for any changes in the perimeter
size and length. In most cases, such algorithms require switching topologies [Olfati-Saber
and Murray, 2004], [Xiao and Wang, 2008], [Ni and Cheng, 2010], [Bartels and Werner,
2014] and splitting formations [Olfati-Saber and Murray, 2002], [Chen et al., 2010].

Formation vs. Flocking

In the world of multi-agent systems (MAS), cooperative strategies are at the core of all
applications. Keeping the swarm together, in a collective behavior, is mandatory for
performing different navigational tasks. Two key frameworks are most commonly used:
formation and flocking. Formation control is mainly based on graph-theory tools [Mesbahi
and Egerstedt, 2010]. By defining a network connectivity (un/directed graph) in terms of
an adjacency matrix, which then constructs the Laplacian matrix, to describe the topolog-
ical communication, one can apply a structure on a swarm using distributed schemes [Fax
and Murray, 2004, Olfati-Saber and Murray, 2004]. A rigid formation guarantees stability
and robust performance for different types of linear and nonlinear agent models. For in-
stance, in [Gonzalez et al., 2015], a group of non-holonomic agents reach consensus under
switching topologies by representing the agents as a class of decomposable homogeneous
linear parameter-varying (LPV) models. A distributed controller is then synthesized by
solving standard linear matrix inequalities (LMIs). This is only one complex example of
many to present the broad applications of formation control.

However, for certain tasks, such as dynamic tracking, split and rejoin, or navigation in
a constrained environment, an explicit formation structure limits the swarm maneuverabil-
ity (although solutions are provided, e.g., [Olfati-Saber and Murray, 2002, Hu, 2012, Kan
et al., 2012, Barogh and Werner, 2016a], they contain strict constraints and conservative
assumptions). Thus, a solution may reside in an animal-imitation technique. Reynolds
rules, from 1986, were later established in consensus protocol by Saber in [Olfati-Saber,
2006] to dictate the flocking framework. Separation (collision avoidance), alignment (av-
erage velocity), and cohesion (average position) are controlled to guarantee the swarm’s
flocking behavior. An additional navigational function is added to perform different track-
ing tasks (e.g., [Tanner et al., 2005,Li et al., 2013]). The initial flocking framework is
based on a double-integrator agent’s model and extensions to the nonholonomic model are
proposed; however, for more complex models or advanced techniques (such as LPV), the
analysis becomes difficult. This motivates us to provide a solution that combines both
flocking and formation. Another motivation is to address problems where a small group
with fixed structure provides sufficient information for processes such as gradient climbing
or noise reduction; however, the whole swarm behaves as a flock for enhanced maneuvers
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or global tasks.

The connection between flocking and formation has been studied thoroughly. For
example, in [Dimarogonas and Kyriakopoulos, 2005] and [Dimarogonas and Kyriakopoulos,
2006], when formation is infeasible, the authors show that the swarm still possesses flocking
behavior in the sense of matching velocities and orientations. In [Lu et al., 2010], the
agents perform formation with flocking. A velocity consensus is achieved (alignment) to
keep the mobile agents moving in a fixed formation. Experimental results for outdoor
flight with autonomous aerial robots are presented in [Vasarhelyi et al., 2014]. Therein,
a velocity-tracking combination with flocking and formation is used to generate a full
dynamic equation controlling the flying robots. None of the above propositions explicitly
involve cooperative control between the flocking behavior and formation control. Here, we
wish to establish a hierarchical framework of coordinates between these two techniques,
where in the lower level, agents reach formation consensus and act as small group of
sensors, and in the higher level, a set of virtual leaders (i.e., y-agents) behaves as a flock.
The hierarchy separation reduces the analysis and synthesis complexity of a unified law,
which enables the use of a complex agent model but still benefits from flocking. The
different agents’ models (double integrator represents a y-agent and unicycle for an agent)
involve the possibility of divergence, where the fast, unconstrained dynamics of a y-agent
can separate it from its group. A recent result in [Awad et al., 2018] proposed a time-
scale separation to distinguish between fast and slow dynamics. Here, our solution is to
add feedback from the lower-hierarchy agents to their corresponding ~y-agent, providing
adaptive tuning with respect to the agents’ convergence status.

1.1 Contributions

The present dissertation proposes different mission-control strategies for challenging ap-
plications that arise in the field of source seeking. Using only local knowledge (without
the need for a global coordinate system—i.e., displacement formations), such as substance
concentration or distance to close neighbors, agents are required to search and locate an
unknown field’s extrema in the presence of obstacles and noisy measurements. The latter
requires advanced and sophisticated methods to reach consensus among agents in differ-
ent areas, such as formation, flocking, and source location. The following are the main
contributions.

- Level Curve Strategy. A novel mission-control strategy for source seeking and
level curve tracking in different environment is presented. A distributed control
scheme based on hierarchy formation and reduced topology is proposed, where the
lower level represents mobile sensors and the higher-level agents are in charge of the
mission process. Without prior knowledge of the field, several agents, equipped with
local sensors, navigate in R™ using an estimated gradient method. The contributions
are twofold. First, we propose a finite iteration process to reach a discrete consensus
between all agents for switching from one task to the next. Each group of agents
determines their current task according to the status of the other groups in the net-
work. Proof of consensus is introduced in Theorem 3.1. Second, a 4-task algorithm
is proposed to explore a time-varying, noisy field. In addition, the agents are pro-
vided with the ability to avoid obstacle collision during the whole field-exploration
process. Thus, the agents avoid collision not only when seeking the source but also
while tracking a level curve. Convergence to the location of the field’s maxima under
different conditions is introduced in Proposition 3.1 and 3.2
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- Gradient Free Flocking. A novel scheme that allows a group of mobile agents
equipped with sensing capabilities to locate the unknown maximum of a scalar field.
This scheme avoids the restrictions associated with gradient estimation and imposing
predetermined formations on the agents. Instead, the flocking approach is combined
with a technique inspired by GSO. Under mild assumptions, Theorem 4.2 proves
the stability and convergence of this approach using the joint work conducted with
Datar. A 3D simulation and 2D experimental results illustrate that the proposed
method outperforms other techniques in terms of the smoothness of the trajectories.

- Multiple Source Seeking. We propose a complete solution for realistic scenarios,
such as agent malfunction or time-varying topology. Here, we present the multiple-
extrema-seeking algorithm (MESA), where a group of autonomous agents are able,
from any arbitrary initial location in a bounded area, to locate multiple, unknown
extrema. The proposed algorithm includes a combination of bio-inspired attraction
with estimated gradient and formation control, where the task-switching methodol-
ogy is performed under the specification of the linear temporal logic formula.

- Cooperative Formation and Flocking. An approach combining two fundamen-
tal frameworks—flocking and formation—in the field of multi-agents is presented.
Motivated from the advantages in both techniques we establish a unique hierarchy
framework where low-level agents achieve formation (Proposition 5.3) and virtual
leaders in a high-level hierarchy flock to locate the unknown extremum. The two-
level hierarchies are synchronized by coupling the dynamics using a bump function.

In this thesis, different assumptions are applied. Throughout the thesis, we assume
that the agents know their local coordinate system and can measure a limited distance
from each other, and that the field is time-invariant for the analysis part. In Sections 3.1
and 3.2, the field is assumed to have a single maximum, whereas in Section 3.3, the field
can have multiple extrema within the bounded search area. The estimated gradient is
bounded and all obstacles are convex and time-invariant In Chapter 4, the scalar field is
concave and its gradient is well-defined.

1.2 Thesis Structure

Cooperative control techniques based on different results from graph theory are introduced
in Chapter 2, as well as the LTL framework to formulate hybrid tasks. This chapter also
discuss the different formation-control approaches and the flocking framework.

Chapter 3 introduces the formation-based mission-control strategy under different tasks
of level-curve tracking and multiple extrema. Complex environments involving obstacles
and noise are also addressed using temporal potential functions and varying the formation
structure with respect to the measured noise.

Bio-inspiration techniques based on flocking and glowworms are introduced in Chapter
4. Here, a unified, gradient-free rule is proposed to achieve fluent and robust behavior
in the search for the source; furthermore, a solution for the multiple-extrema case is
also presented. Chapter 5 evaluates both techniques by comparing them under different
conditions. In addition, we relax the initial distribution assumption, where an agent can
be deployed outside the region of interest. Next, we propose a cooperative scheme showing
that flocking and formation can be used together to achieve the benefits of both.

Finally, Chapter 6 provides a number of comprehensive application examples using mobile
robots. The novel multiple-extrema technique is tested under different scenarios, as well
as flocking for a time-varying field with obstacles and the cooperative technique.
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Chapter 2

Preliminaries

This chapter briefly reviews different frameworks, which are used later. Here, we introduce
several definitions from graph theory, as well as a discussion on the different approaches
for formation control. In addition, the LTL framework is set as the foundation for other
relevant parts in this thesis. The remainder of the chapter discuss flocking and the contri-
bution of [Olfati-Saber, 2006] in setting a generalized framework as the basis of controlling
multi-agent systems under flocking constraints.

2.1 Graph Theory

The communication structure in a group of agents can be represented by a graph, where
the cooperative control scheme is a combination of control and graph theories. Here, we
describe several definitions, as introduced by [Mesbahi and Egerstedt, 2010] and concepts
from graph theory.

Let G = (W, &) be a graph that consists of a set of vertices V = {1,2,..., N} and set of
edges € C {(i,5) : 4,5 € V,i # j}, and we assume that the graph is undirected.

Definition 2.1 (Undirected Graph). A graph is undirected if
(t,7) €€ & (4,i) € E, Vi, j € N;
otherwise, it is directed
The communication topology is represented by the adjacency matrix defined as follows:
Definition 2.2 (Adjacency Matrix).
A =[a;;] e RMN
N 1, (i,j)€eE (2.1)
%3 = {0, else '

Let A = diag(A - 1) be the degree matriz of G. We can then define the Laplacian
matrix.

Definition 2.3 (Laplacian Matrix).
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where 1 = [1,...,1]AT € RV,
In addition, we define L = L ® I,,,, where I,,, € R™*™ is the identity matrix and ® is the
Kronecker product. The following theorem holds.

Theorem 2.1. Given an undirected graph G, the following statements are equivalent:
i) G is connected
ii) The null space of the graph Laplacian is the agreement space
i) MM=0and A\; >0,i=2,...,N.

Note that the agreement space is the state where all agents’ locations are equal, i.e.,
{ai =q;, Vi,j € N}.

Proof. A proof of all equivalences can be found in [Mesbahi and Egerstedt, 2010]. O

We define the set of neighbors of agent i as
Ni={ieV:llg—all <rs}, (2.3)

where 7 is the communication sensing range.

2.1.1 Formation Control

The concept of a distributed control scheme is where, based on partial and relative infor-
mation, one can control a group of agents using a formation-control scheme. To design
such a scheme, one can use a consensus protocol. The latter behaves as a local control
law with which each agent is equipped, in addition to a communication topology governed
from the Laplacian matrix. For instance, given a single integrator dynamic, let ¢;(t) € R™
be the position of agent i and let u;(t) be a local control law for agent ¢; the applied
consensus protocol is then

() =u;(?)

wi(t) =3 (g;(t) — qilt)): (24)

JEN;

The different formation-control methods proposed in the literature can be divided into
three groups: position, displacement, and distance-based approaches. To characterize the
differences among the three, [Oh et al., 2015] offers an observation in terms of their sensing
capability over interaction topology (Figure 2.1).

- Position-based. The agents are required to have a common global coordinate
system where they sense their absolute position. This yields high sensing capabilities.
Thus, the requirement for interaction topology is low, where the formation achieved
by each agent’s position control.

- Displacement-based. The agents are not required to know the origin of the global
coordinate system, just their own local coordinate system, and sense relative posi-
tions of their neighbors with respect to the global coordinate system. By controlling
the displacement of their neighbors, the formation is achieved using the interaction
graph.
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- Distance-based. The agents are required to sense the relative positions of their
neighbors and carry only their own local coordinate systems. Thus, there is no need
for common orientation or any knowledge of the global coordinate system. This
requires a rigid interaction graph (see [Anderson et al., 2008]) where the desired
formation is specified by the required distance between pairs of neighbors.

more
sensing capability

Position-based

|8554| Displacement-based ‘_, more
interactions interactions

Distance-hased

Figure 2.1. Sensing capability vs. interaction topology with respect to different formation
techniques, as suggested in [Oh et al., 2015].

In the following subsections, we provide a literature survey of the different formation-
control methods.

Position Based

A control law example for the position-based method under single-integrator dynamics
can be expressed in the form

¢i =u;
u; =k(q — qi) = ke; (2.5)
é=—ke— (L®Iy)e e=ler,...,en]7,

where g;, u;, and ¢; are the position, control input, and objective of agent i, respectively,
and k is a static gain. From the absolute position measurements with respect to the
global coordinate, we obtain ¢; — ¢; = ¢; — ;- The authors of [Ren et al., 2007] show
sufficient conditions under which each information variable and its higher-order derivatives
converges to a common value. The common first-order consensus protocol, also proposed
in [Olfati-Saber and Murray, 2004], [Jadbabaie et al., 2003], is

¢=—1Lq

N
ui=— Y ai;k(g — q;).
j=1

In [Ren and Atkins, 2007] the agents are assumed to sense their absolute position, ve-
locity, and their neighbors’ relative positions. A second-order consensus protocol is then
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introduced under communication constraints or sensor limitations.

qi =Di

Pi =U;
N

wi ==Y aikij[(gi — q;) +v(pi — ),
j=1

where k;j,v > 0 are uniformly bounded. A general case for a linearly modeled agent is
introduced in [Fax and Murray, 2004] with the following dynamics:
i‘i :PAIL'Z' =+ PB’LLZ'
zij =Pc, (i — x;),j € Nj,
where y; and zj; represent internal and external state measurements relative to other
agents, respectively, with the following decentralized control law:
0, =Kav; + Kpy; + KB, 2

(2.7)
u; =Kcv; + Kp,yi + Kp, .
The following theorem now holds.

Theorem 2.2. A local controller (2.7) marginally stabilizes the formation dynamics of
(&,0)T = M - (x,0)T iff it simultaneously marginally stabilizes the set of N systems

T =Pasx + Ppu
y=Fc,x (2.8)
z =\iPe,x, i € [1,N],

where \; are the eigenvalues of L.
Proof. See the proof for Theorem 4 in [Fax and Murray, 2004]. O

This fundamental result is used in several applications and with different agent dynam-
ics, such as those proposed in [Pilz et al., 2011, Gonzalez Cisneros, 2014]. For instance,
in [Pilz et al., 2012, Bartels and Werner, 2014], an information-flow filter design is used
to control a group of autonomous quadcopters. The concept is to consider the separate
synthesis of two parts: formation and the local controller (see Figure 2.2). They pro-

dp dy

=0 Ly - F(2) iT_‘ K - 20 _’é)""’”
I i

Figure 2.2. Separated formation-control scheme [Pilz et al., 2011].

vided the following result. Using a generalized plant P(z) and Hoo/l1 synthesis method
for calculating K (z), the following can be stated about the stability of the MAS.



2.1. GRAPH THEORY 11

Theorem 2.3 (IFF stability [Pilz, 2013]). Assuming that K(z) stabilizes P(z), a MAS,
as shown in Figure 2.2, is stable for any number of agents N and arbitrary switching
communication topologies with any time-varying communication delays if there exists an
invertible matriv D € R?%4 s.t. ||DT,,» D71 < 1 and min||T,,.||, where T,,., denotes
the closed-loop transfer function from w; to z1 and that T,,, from r; to zs.

Proof. The proof is given in [Pilz, 2013]. O

Displacement Based

Displacement-based formation control is similar to position-based but the objective § €
R™N does not comprise absolute desired positions, but specified desired displacements.
For instance, in the control law (2.7), if y; does not depend on absolute measurements, it
can be considered displacement-based. A general consensus protocol for single-integrator
dynamics is in the form

wi =k Y wigl(gy — @) — (@ — @)
JEN;
¢ =k(L ® In)e.

Definition 2.4 (Formation Feasibility [Dimarogonas and Kyriakopoulos, 2008]). The for-
mation configuration is considered feasible if the set

of feasible formation configurations is nonempty.

Whenever the latter does not hold, the formation configuration is called infeasible.
In [Dimarogonas and Kyriakopoulos, 2008], it is proven that under the above control law,
the assumptions that the formation configuration is feasible and the graph is connected,
the state of the system converges to the desired formation configuration. If the graph is
only connected, all agents attain a common velocity vector ¢; = ¢, Vi € N given by

i= v @@

i jeEN;

Displacement-based formation control of general linear agents, where the information
transmission between neighboring agents is assumed to be intermittent in the present
framework, is introduced in [Wen et al., 2012]. A detailed convergence analysis for di-
rected spanning tree topology is performed under the condition of the existence of an
infinite sequence of uniformly bounded and non-overlapping time intervals.

Distance Based

Complex tasks in confined spaces or indoor arenas involve difficulties when using a com-
mon coordinate system for all agents. This encourages several researchers to focus on
developing different methods using distance-based formation control for reaching consen-
sus. For instance, [Oh and Ahn, 2014] proposed a gradient-control law using potential
function ¢; : RMIN:I+1) _ R+

. . k o o
Gilals-ap ) =5 > Wla =gl = 116 — all®),
JEN;
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where k& > 0 and v : R — R, is differentiable. The control law is designed as
i i O (dji)
up = =Vaq;oi(q, - qj,---) =k Z #pj,

where dji = ||¢5 — ¢;|[* — ||¢; — @l[>. Distance-based formation control requires graph
rigidity. For an undirected graph G = (V, ), and the position of agent i is defined as g;,
where ¢ = [q1,...,qn]T € R™Y and m is the model order. The pair (G, q) is said to be a

framework of G in R™. The edge function gg : R™Y — R is defined as

_1
2
the rigidity of the framework is defined as follows:

Definition 2.5 (Graph rigidity [Asimow and Roth, 1979]). Let G be a graph with N
vertices and realization q. Let IC be the complete graph with the same vertex set of G. The
framework (G, q) is rigid in R™ if there exists a neighborhood U of q in R™N such that

96" (9e(Q) NU = gic* gk (q)) NU.

In [Barogh and Werner, 2016a] and its companion paper [Barogh and Werner, 2016b]
(extension to nonholonomic models), the authors propose a distance-based formation con-
troller that stabilizes both the formation shape and orientation. This way, flip and flex
ambiguity is avoided, which prevents the achievement of unique shapes and eliminate the
necessity of initial constraint closeness to the desired formation and orientation. Using
the quantities of the measured distance and angle between neighbors, a rigid formation
is achieved (with comparison to similar techniques, such as those proposed in [Anderson
et al., 2008, Sun and Anderson, 2015]).

gc(q) [ Mg —gjll? - 17V, 4) € &

2.2 Linear Temporal Logic (LTL)

To provide a formal specification for different hybrid control schemes, a common technique
is the linear temporal logic (LTL) framework. LTL is a modal-temporal-logic with modal-
ities referring to time. LTL provides an intuitive formalization for expressing complex
behavior, such as task switching or temporal processes, where one can encode formula
about the future of paths (where condition will eventually be true or until additional fact
becomes true). There has been growing use of LTL over the past several years in diverse
areas. Task planning under constraints [Kloetzer et al., 2011, Kantaros and Zavlanos,
2016], motion planning [Zhang and Cowlagi, 2016, Guo et al., 2013], and control synthe-
sis [Papusha et al., 2016] are only a few examples. For instance, in [Fainekos et al., 2005],
a framework for generating hybrid controllers is proposed to perform high-level tasks or
behaviors while satisfying different LTL formulas. The authors present solutions for dif-
ferent tasks (e.g., locating a fish, animal herding) with an individual or group of robots all
specified and constrained by LTL formulas. The latest studies offer control strategies for
coordinate multi-agent systems to express high-level goals as LTL formulas [Verginis and
Dimarogonas, 2018b, Verginis and Dimarogonas, 2018a]. Each agent, subject to connectiv-
ity and collision-free status, is required to satisfy a given local temporal logic specification.
The control design includes continuous protocols that guarantee the agent’s transition and
object transportation among the predefined regions of interest. For instance, [Verginis and
Dimarogonas, 2018b] provides the following Lemma. Let the sequences oy, of be the ser-
vices provided to the agent and the object, respectively, over their trajectories.
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Lemma 2.1. The behaviors b;,b; satisfy formulas ¢;,po; if o; E ¢; and o] E ©7,
respectively.

The control objectives are given as LTL formulas ¢, ,,, which are satisfied if there
exist behaviors bj, b of agent i and object j that satisfy ¢;, ¢,,. Here, similar to [Loizou
and Kyriakopoulos, 2004], we formulate a control-switching procedure in the form of LTL
specifications to guarantee convergence and robustness.

2.2.1 Definition
Syntax

LTL is built up from a finite set of propositional variables a € AP, the logical operators
A —and,V — or,— — not, extended with the temporal operators:

O : always, ¢ : eventually, O : next, U : until, —: implies.

For instance, Until operator is defined as follows. The until operator specifies that a
formula is true until another one is true. There are two parts in the definition of p1Uy :

- formula @9 must hold at some position on the path;
- at all previous positions, formula ¢; must hold.
The above temporal operators define the semantics of the following operators.
- eventually: Oy := true U ¢; ¢ will become true at some point in the future.
- always: Oyp := =0—p; ¢ is always true; i.e., “never(eventually (—¢p)).”
Formally, the set of LTL formulas over AP is inductively defined as follows:
e if a € AP, then a is an LTL formula.
o if ¢ and p9 are LTL formulas, then —p1, ©1 V2, Op1 and p1Ups are LTL formulas.

Consider the following LTL formula:

@ = truelalpr A p2|@1 V 2| | Oplo1ltpa
The following is defined as well-formed formulas (wff):
e true,false,a,—a are wif Va € AP.
o if p; and pg are wif, then 1 A w2 and @1 V o are wif.
e if ¢1 and py are wif, then Oy and p1U - are wif formulas.

Examples of LTL formula evaluation over a sequence of states (path) follow.

a

next step “Oa”: Q O O O
a A —b a A —b

b
TR @ e e e

J
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Semantics

An LTL formula can be satisfied by an infinite sequence of truth evaluations of variables in
AP. These sequences can be viewed as a word on a path of a Kripke structure (an w-word
over alphabet 247).

Definition 2.6. Let 0 = ag,a1,as,... be such an w-word, and let o(i) = a;;0° =

ai, Giy1,.... Formula ¢ is satisfiable if there exist an w-word o, such that o E .

The satisfaction relation = between a word o € (24F)% and an LTL formula is defined
as follows:

e ckEaiff a € o(0).

e o EpiANpeiff o =1 and 0 = pa.
o e iff o b p.

o= Oy iff ot = ajasas ... = .

o= @ilhps iff 35 >0, s.t. 07 |= o, and YO < k < j, oF = 1.

o EQpiff 3j >0, s.t. o/ | .
e o Epiff Vj >0, s.t. 0/ .

Remark 1: Note that one state can be defined with different words; thus, the formula is
not unique. For instance, ¢1 — @2 can be described as p1 U (=1 V @2).

Remark 2: Some authors also define a weak until binary operator, with semantics similar
to that of the until operator but the stop condition is not required to occur.

It is common to represent an LTL formula using a Biichi automaton. The latter
is a type of w-automaton, which extends a finite-state machine to infinite inputs. A
deterministic Biichi automaton (DBA) is a tuple A = (Q, X, §, qo, F') consists the following:

e () is a finite set where its elements are the states of A.

e Y is a finite set called the alphabet of A.

6 :Q x X — @ is the transition function of A.

qo is the initial state of A.
e [ C (@ is the acceptance condition.

Note that DBA does not support ”eventually forever” (0C¢) and the accepting state is
visited ”infinitely often”.

For a non-deterministic Biichi automaton (NBA) the transition function § becomes a set
of states (noted as A), and the initial state g replaced with set of initial states Qo.

Lemma 2.2. An w-language is recognizable by a deterministic Biichi automaton if it is
the limit language of some regular language (can be expressed using a regular expression).
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Closure properties:

Let A, B be a Biichi automata and C' a finite automaton where ¢ = (Q;, X, 6;, Qo,, F;), i =
A, B,C. The set of Biichi automata is closed under the following operations:

e Union: Exists a Biichi automaton that recognizes the language L(A) U L(B).

o Intersection: Exists a Biichi automaton that recognizes the language L(A) N L(B).

Concatenation: Exists a Biichi automaton that recognizes the language L(C)- L(A).

e w-closure: If L(C) ¢ (0, then exists a Biichi automaton that recognizes the language
L(C)~.

e Complementation: Exists a Biichi automaton that recognizes the language ¥ /L(A).

Example:

Let the LTL formula defined as
¢ =0(a — Ob),

such that £.,(A,) = Words(yp), then the corresponding Biichi automaton is in the form of

—aVb —b
a A —b

2.3 Flocking

Here, we review fundamental results regarding the flocking framework, which will be re-
ferred to in future chapters. This section quotes the definitions introduced in [Olfati-
Saber, 2006] for achieving Reynolds rules. Consider a multi-agent system of N mobile,
autonomous agents, where ¢ represents an agent that is governed by
Gi=n (2.9)
bi = Uy,
where ¢;,p;,u; € R™, and ¢; € R™ and p; € R™ can be seen as position and velocity,
respectively, of agent i, where the notation ¢ = [¢f , ..., ¢%]" andp = [pT, ..., pk]T € RV™
are the position and velocity of the whole network of agents stacked up. Let d denote a
desired distance between two neighbor agents.

Definition 2.7 («-Lattice). An a-Lattice is a configuration q satisfying the set of con-
straints

lg; — aill = d, Vj € Ni. (2.10)



16 CHAPTER 2. PRELIMINARIES

Let G(q) = (V,&(q)) be a prozimity net defined by the set of vertices V = [1,..., N]
and the set of edges

E(q) ={6,7) e VxV:llgj —aill <rsi#j}
Next, we define a flock.

Definition 2.8 (Flocks). A group of a-agents is called a flock over the interval [to,ts], t >
to if the proxzimity net G(q) is connected over that interval.

To construct a differentiable (smooth) flocking potential function and weighted adja-
cency matrix, we use the o-norm definition [Olfati-Saber, 2006]. The o-norm is a nonneg-
ative map R — R>( defined as

1
l1z]le = =(v/1+¢€||z]|2—1),e>0 (2.11)

T e
with a corresponding gradient of

z z

o.(z) =V||z|ls = = . 2.12
6( ) || ||U 1+€||Z|| 1+6||Z||g ( )
For the construction of smooth potential functions with finite cut-offs and smooth adja-

cency matrices, we use the bump function [Saber and Murray, 2003] (Figure 2.3) defined
by

1 ,2€1[0,h)
pn(z) = § L(1 +cos(ri=h)) L,z e [h1] | (2.13)
0 ,else

where z is the distance from a given agent and h € (0,1) is a tuning parameter that
determines the slope. We use an algebraic sigmoid-based function to describe the repul-

0 0.5 1
Z

Figure 2.3. pn(z) bump function with h = 0.4

sive/attractive force.
(a+b)(z+c)

1
w1 =3 L+ (z+c)?

+(a—0b)|, (2.14)
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where 0 < a < b,¢ = |a — b|/V4ab. From graph theory, the Laplacian matrix L of an
undirected graph is always positive semidefinite and satisfies, for all z € RY,

1
ZTLZ = 5 'Zeg Qi (Zj — Zi)2; (215)
2¥)

and its second smallest eigenvalue \o(L) determines the speed of convergence.

The flocking protocol proposed in [Olfati-Saber, 2006] (eq. (23)) is based on two terms: a
gradient-based term and a consensus term, which satisfy all three Reynolds rules: separa-
tion (collision avoidance), alignment (average velocity), and cohesion (average position).
Let do, = ||d||», and replace the set of constraints in (2.10) with

lg; — ¢illo = da, Vi € Ni. (2.16)

The modified rule in (2.16) induces a smooth collective potential function

= > ), 217)

i g

. 4dji .
B (g;1) = /d  olle)ds

aji = |lgj — @ille € Rxo.

where

The term ¢} : R — R is the action function; using (2.13) and (2.14), we obtain a repul-
sive/attractive force

&1 (q5:) =pn(gji/7a) s (@0 — da), (2.18)
where r, = ||7s]|o. The velocity consensus is achieved by defining a weighted adjacency
matrix

aij =pn(qji/Ta) (2.19)

and using the flocking protocol.

Control law I:
Z ¢ QJz nji + Z azg pz (2-20)
JEN; JEN;

where n;; = 0.(q; — ¢;) € R™ is a vector along the line connecting g; to g;.

A second protocol includes adding a navigational feedback element. This way, the authors
relax assumptions regarding group cohesion or connectivity of the proximity net of the
agents, and it holds for a generic set of initial states (where the former protocol can yield
fragmentation instead of flocking). The navigational term is in the form

UZ = f?(%apiathr) = _Cl(qi - qT) - CQ(pi _pT)’ C1,C2 > 0’ (221)

which yields
Control law II:

U :uq‘+u7:

=" dlaingi + Y aij(py — pi) + 17 (@i, pis @ r)- (2.22)

JEN; JEN;

The problem with the current protocol is that one must equip the agents with an explicit
target set, which is not guaranteed to be available. The significant differences in group
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behaviors created by control laws I and IT are due to the considerable differences in the
structural dynamics induced by the two protocols. Let 31 be the structural dynamics of
control law I:

e {v _ VV(2) - L) (2.23)

where z,v is a moving frame (origin at ¢.,p.) applying

Ti =4qi —qc, Vi = Pi — Pc

and L = L®1I,, is the Laplacian matrix. In comparison, let 3o be the structural dynamics
of control law II:

Dy : {x —v A , (2.24)
0==-V(V(x)+caJ(x)) — (L(x) + calm)v

where J(z) = 3 vazl [|z;]|? is the moment of inertia and the second term of ¥ is a damping
matrix. The corresponding Hamiltonians are

(2.25)

where U(z) = V(z) + e1J(z) and K (v) = 1 SN [Joi||? is the kinetic energy.
The goals of the proposed control laws are the following:

i. Convergence to an equilibrium (z*,0).
ii. All agents asymptotically move with the same velocity.
iii. No inter-agent collisions occur.

The proofs are based on the La Salle’s invariance principle using the Hamiltonian’s defi-
nitions in (2.25).



Chapter 3

Formation-Based Source
Seeking

This chapter proposes different methods for field exploration using formation-control tools.
By reaching consensus and different gradient climbing approaches, agents form groups for
field exploration. Here, we demonstrate a level-curve strategy in neutral and complex
environments where, by applying the 4-task algorithm, agents are divided into two main
groups of anchors and patrols. The former subgroups are quasi-static and set to monitor
the field’s extremum, and the latter track the corresponding level curve by traveling along
it between the anchors. This technique allows the level curve to continue being tracked,
even in the presence of obstacles or noisy measurements. A more realistic approach is the
solution we propose for exploring a multiple-extrema field. This complex task requires
multiple conditions and terms where the LTL framework and a bio-inspiration technique
are applied. A definition for the occupied extremum is set in addition to the source
density for evaluation of the agents’ state and future steps. This way, we guarantee, under
a certain assumptions, that all existing extrema are explored and monitored. In section 3.1
and 3.2 we use single integrator agents exploring a single extremum, where in section 3.3
the agents are modeled as unicycles (kinematic model) and search for multiple extrema.

3.1 Level-Curve Strategy

A full exploration of a field involves not only the source (i.e., extremum) location but its
structure as well. Here, we propose a 4-task algorithm that enables a group of N agents
to first locate the highest concentration and then, by decomposition into several search
groups, locate and track the field’s level curves. Moreover, a finite iteration process to
reach a discrete consensus between all agents for switching from one task to the next is
introduced. Each group of agents determines their current task according to the status of
the other groups in the network.

3.1.1 Distributed Gradient Estimation

A key element for solving the source-seeking problem is a technique that navigates agents
toward the extremum location. The gradient direction-based method is, perhaps, the
most common type. For instance, in [Ogren et al., 2004], the agents are considered to
be mobile sensors, where the distributed formation control is based on virtual bodies

19
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and artificial potentials, and the agents adapt their sensing resolutions based on gradient
estimation and formation geometry. In [Brinon-Arranz et al., 2011], by rotating agents
around their center of mass and using all-to-all communication, the gradient is estimated
at this location. Here, we use a distributed technique proposed in [Rosero and Werner,
2014a).

For the general case, let ¢; € R™ be the position of a single agent, where m = 2/3 is
the space dimensions, and let ) : R™ — RT describe the level of concentration at g;.
Each agent ¢ = 1,..., N measures the signal strength 1(g;) at position g;. We assume the
following.

Assumption 3.1. ¥ has a single mazimum in qs and is time-invariant. Fach agent knows
its current position and the local value of 1(gq;).

Approximation by Taylor series, neglecting higher-order terms, leads to

(g;) = (@) + (5 — @) Vi (a), (3.1)

where j € N; and N is the set of neighbors of agent i and Vi (g;) € R™*! is the
real gradient. To assess the robustness to noise, a modified model for noisy field mea-
surements, proposed in [Olfati-Saber and Shamma, 2005] and improved by [Rosero and
Werner, 2014b], is used. Each agent measures a field signal sy ; = ¥; + ny;, corrupted
by a zero-mean Gaussian noise n,; € R. The signal is then estimated according to a
distributed consensus filter,

v = @p[ Z ij(Sp,i — Sy,5) — Z aij (i — ;) + (L + di) (59, — ¥5) | (3.2)
JEN; JEN;

where 7,/;z is the estimate of v;, By is a scalar tuning parameter and d; is the agent’s degree.

The shared information is in the form of the computed slope between agent ¢ and the group

of its neighbors in Ny := {i1,...,ix; |}, where 4; is the first neighbor j of agent i. Define
T

g = [qiu ce- aqi\/\fi\] )
b(ai) = Plai) (i, — )"
: = : V() (3.3)
T/G(ini‘) - 7/;(%) (qiu\/ﬂ - Qi)T

b; R;

where b; € RVilx1 and R; € RVilxm  The distributed estimated gradient is then com-
puted using least squares as
gi = (RTR))"'RTb;, (3.4)

where §; € R™*!. The inverse of (RT R;)~! exists iff R; is full-column rank, which requires

m < [Nl

3.1.2 Formation Hierarchy

The motivation of using different two hierarchy layers is to reduce the communication
complexity by decomposing the tasks. As described later in this chapter, our algorithm
contains a repeated iteration process, where minimization of the computation time is
crucial. Thus, we use formation hierarchy to describe our graph topology as two layers,
leaders and followers. Let G be the lower level considered as a mobile, diamond-shaped
sensor for enhanced measurements and let the higher level G2 be the leaders (Figure 3.1).
The combination of the two layers is a hierarchical product graph.
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Definition 3.1 (Hierarchical Product Graph [Glavaski et al., 2008]). Given n graphs, we
call G = Gy X - - - X Gy, their hierarchical product graph if the vertices of G;4+1 are replaced
by a copy of G; such that only the leader from each G; replaces each of the vertices of Gi41
foralll1 <i<n-—1.

Figure 3.1. Hierarchical formation. The lower hierarchy is defined as Gi1(N1 = 4) and the
higher as G2(N2 = 8). The leaders are marked with two circles.

Assume G = (W1, E1), |Vi| = N1 and Gy = (Va, E2), |V2| = Na; then, the hierarchical
product graph is defined as G = (V, E), |V| = N = Ny - Ny, |E| = |E1| - |Va| + | F2|, and
its Laplacian matrix is given by

L=1In,®Lg, +La, ®On,, (3.5)

where Lg, is the Laplacian of G;, Iy, € RM2*N2 is the identity matrix, and Oy, is a
N; X N1 matrix with only the (1,1) entry equal to 1 and the rest zero.
For example, assume that in the lower hierarchy, a group of N; = 3 agents obtain the
topology

1 -1 0

0 -1 1

Then, defining

1 0 0
INQZ[(l) ﬂ,ole 00 0
0 0 0
from (3.5), the complete Laplacian matrix is
r 1 1 0 1 0 0
L:(l) ﬂ@ -1 2 -1 +[11 f]@ 000
- 0o -1 1 0 0 0

0
0 0 o -1 2 -1
0 0 0 0o -1 1

Figure 3.2 illustrates the complete graph topology of the example.
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Figure 3.2. Hierarchical communication graph example.

3.1.3 Level-Curve Strategy Algorithm

The following section describes the algorithm and the discrete consensus protocol for
switching between the tasks.

Algorithm Description

For complete exploration of the field and its concentration levels, we propose a 4-task
algorithm (Figure 3.3), as follows:

Task I—Locating the extremum: The agents start by forming a diamond shape, and
by exploiting the formation hierarchy topology, use the distributed gradient-estimation
method to locate the extremum.

Task II—Finding the level curve: Once the agents reach the maximum and a discrete
agreement is achieved, the agents switch to their second task: locating a specified level
curve by searching in different directions.

Task III—FEwven distribution: Again, once agreement is reached, the groups start a
process to distribute themselves evenly along the level curve by measuring the distance to
their neighbors.

Task IV—Anchors and patrols: In this final task, two different roles are assigned. The
groups are separated according to odd (for anchors) and even (for patrols) group numbers.
The anchors are in charge of tracking the level curve and maintaining formation, whereas
the patrols are in charge of exploring the level curve shape between their anchors. This
way, the agents are able to map the structure of the field and react properly according to
its changes.

Discrete Agreement Consensus

To switch evenly between tasks, we propose a distributed discrete consensus protocol.
Here, the hierarchy formation enables a fast iteration process by averaging over G; and
iterating only on the leaders in Ga. Let ¢ € {0, ..., ¢} represent the number of performed
iterations, where ¢ = max,, , d(u,v) is the graph’s diameter (the “longest shortest path”
between any two graph vertices (u,v), d(u,v) is a graph distance). The switching value of

group 4 € [1, No] at iteration step [ is represented by S’Z-(ycl) € {1,2,3,4}. At each step, every
agent sets the initial switching value Si(ol) according to the current task and conditions,
T
so the initial switching vector is defined as Sl(o) = [Sﬁ), ey SJ(\?)I . Then, the iteration
process is defined as
St = 1. (), (3.6)

where L is the Laplacian. Using the agent’s topology, at each iteration step, the agent’s
switching value Si(i) is affected by more and more layers of its neighbors such that, by
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Figure 3.3. The proposed 4-task algorithm for field exploration.

the end of the process (after ¢ steps), the whole network is taken into account. Let
Py e{l,...,Ns}, Ny > 1 be the selected task of agent i at a time [.

Pl:[Pl,la"'7PN,l]Ta

s 5@ _ o 3.7)

]Di,l —_ il » Ml , PO — ]_7 (
Py, else

where P, ;_1 is the previous result of the iteration process. From (3.7), one can see that

only when SZ.(C? = 0 an agent changes task; otherwise, no change occurs (and the previous
switch value is used).

Definition 3.2 (Agreement Set). Let P = {1,2,...,a}" be the set of all possible switching
vectors. Then, C is defined as the agreement set,

C={SeP|S;=5,Vije[l,N]}. (3.8)

Once the agents reach the same initial value (S’l(o) € C), the product in (3.6) produces

S’l(l) = 0 (where 0 = [0,...,0]" € RYN) after the first iteration. However, once Sl(o) ¢ C,
then the iteration process needs to be completed for the whole network to be aware of the
disagreement. This way, the agents are forced to wait until they all reach the same initial
value and an agreement is reached.

Theorem 3.1. If S© e C, i.e., SO = 1~S§O),Vi, then, after at most ¢ iterations, S©© = 0
and a discrete consensus is reached. If S© ¢ C, i.e., 3i # j, Si(o) #+ SJ(O), then S© #£ 0,

consensus is not reached, and the previous task holds, i.e., P, = P;_q.

Proof. First, we prove the equality. From graph theory, the Laplacian matrix has a zero
eigenvalue with corresponding eigenvector 1, L-1 = 0-1 = 0. Assume a constant a € Z™,
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which takes a value in [1,N,]. If S© € C then 5°) = a,Vi € [1,N], meaning S© =
[a,...,a]T = a - 1. Therefore, SV = L.80 = ¢.L.1 = 0, where S is the first
iteration. Now, because L -0 = 0, then also after ¢ iterations, the result remains S = 0
and a consensus is reached. Proving the inequality requires a closer look at the iteration

process. If SO ¢ C, then there exists at least one agent j for which Si(o) #+ SJ(»O), Vi#je

[1, N]. For simplicity, assume SZ-(O) = a,Sj(-O) = b, so SO = [a,...,a,b,a,...,a]%xl.

Define N; as the group of neighbors of agent i. Following the first iteration S™) =
L-SO if g ¢ Nj, then all its neighbors have the value a and SZ-(l) = 0; otherwise,
SZ-(l) # 0. For example, if i = {j — 1,7 + 1} € N, then, after the first iteration, S =
[0,...,0,a —b,2b— 2a,a — b,0,..., O]T. The second iteration also affects the second layer
of neighbors (the neighbors of the neighbors of j). Following our example, the groups of
i € Njy1 and i € Nj_;. In that case, only for i ¢ {N;,N;_1,Njy1}, SZ-(2) = 0; otherwise,
SZ-(Q) =% 0. The iteration process proceeds, affecting more and more layers of neighbors,
until the path between the farthest agents (graph’s diameter”) ¢ is completed. Thus, in
the final iteration, it is guaranteed that once S ¢ C, S(© £ 0. O

The following example examines two possible iteration steps, one where discrete con-
sensus is achieved and one where it is not. Given the graph topology depicted in Figure
3.4, the corresponding Laplacian matrix is

eée

Figure 3.4. Discrete consensus protocol example.

2 -1 0 -1
-1 2 -1 0
0 -1 2 -1
-1 0 —1 2

Lo=

Thus, the number of iteration needed in each step is ¢ = max, , d(u,v) = 2. For the
consensus case, assume that all agents agreed on task II, where

s\ = ec.

N NN N

Then, at the first iteration, consensus is already achieved, so the second iteration is re-
dundant:

Sl(l) — Ly SO = , Sl(z) _

o o o O

0
0
0
0
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and we receive P;; = Sl((;) = 2. Now, we set agent 4 status in task I, where the rest satisfy
the conditions for task 1I. This disagreement shall cause no change in the value of P ;.

2
0 2

s =13 | ¢c
1

Now, the iteration values of Sf are calculated as

1 4

1 0 2 —2
Sl(): . 7Sl(): . £0,

-2 —6

where consensus is not achieved and P;; = P;;—1 = 1,Vi € N. One can see that, with-
out completing all iteration steps (pausing after the first in the example), agent 2 will
mistakenly believe that the swarm has reached consensus.

Algorithm Formulation

After presenting the agreement process, we can now describe the algorithm. All agents
start in Task I, i.e., Py = 1 where here we assume that each agent is represented as a
single integrator (m = 2)

¢ = uj, (3.9)
where i = [1,...,N], ¢; = [zs,:]7 is the position vector and u; € R? is the control input
of agent ¢. The control law is then

wi =k Y aijl(as, — a5,) — (6 — @)] + kgi =
jENv
(3.10)

=ky Z Lij(ag, — a;) + kgGi,

where kf,k; > 0 are tuning parameters for the formation and gradient, respectively;
a5, = [qﬁ,q%]T,qh are the reference relative positions of agents ¢, j, respectively; and
ai; is the corresponding element in the adjacency matrix. In addition, we have an upper
bound for the field velocity enabling tracking changes.

At every step, the initial iteration value is set according to the following conditions (all
conditions are at iteration step ! so the notation is dropped):

1 ,€i>517Pi,l—1:1
2 yep<ey, Piop=1

SO =13 A < ey, Py =2, (3.11)
4 & =1,Py1=3

Pii—1 ,else

where e; = N Zk 1[ (qffq)+g} ,L=L®I, and Ay = le Tef — 1, are
the errors for every group {%, Vk}. The even distribution process is performed according

to ;

0, |[d/ —db| > h

g = Ol —dil>h (3.12)
1, else



26 CHAPTER 3. FORMATION-BASED SOURCE SEEKING

where df = ||gi — q¢iy1l], d° = ||lgi — ¢i_1|| are the Euclidean distances between group i
and its forward and backward neighbors, where h is a minimum allowed distance. S; ;-1
is the previous switch state, SZ-((;) is the initial iteration for (3.7), and e1,e5 are calibrated

thresholds. Figure 3.5 shows the switching topology as a distributed state machine.

P

P P

Figure 3.5. The switching sequence can be interpreted as a state machine where the initial
state is Task I and, following the conditions, it continues until reaching the accepting state, Task
Iv.

Once the iteration process is completed (according to (3.7)) and the task is chosen, the
estimated gradient is affected accordingly (again, the notation [ is dropped).

Ji ,Py=1
Mg Py =2
Migi +Tg; P,
Mg +Tg , Py =4

giji = (3.13)

When P, ; =1, g; is simply calculated according to (3.4). To reach a specified level curve
Vi ref, an additional element is added:

M = (Yires — Vi) - Ds, (3.14)

where D; € R™*™ is the exploring direction for each group i (notice that D; # D;, Vi, j €
[1, N2]). To evenly distribute agents along the level curve, the gradient is rotated using
the transformation

Tew, df > d? +h

T = Teew, df +h < dl (3.15)
I, else
0 -1 0 1 . . .
where T, = 1 0 s eew = 1 0 are clockwise and counterclockwise rotations

according to the distance conditions. Finally, the role assignments of anchors (i,) and
patrols (i.) are

TCW’dif>h’6T:1ai€ie 1ad$§h
T = chw, d,lZ > h,,(ST = 27’L S ie ;6T = 27 dzf S h (316)
15,1 € i, or,else

where {i.: mod (4,2) =0, i, : mod (¢,2) =1} and dp = 1.

Proposition 3.1. Consider a group of N agents with dynamics (3.9) applying the control
law (8.10). Then, under the described assumptions, the agents converge into formation
and complete the sequence of 4 phases using Theorem 3.1.
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Proof. We first proof phase I convergence to source location. Let 1/?1 = —; and & =
¢ — q1.i, where € = [€1,...,&n]T. Consider the following Lyapunov candidate

1 N
_ LT 7.
V=3¢ L§+i§:11/fz

and it is follows that
E=u=-VV.

Thus,
V=vvTé=vvT(-vV)=—||VV|? <o.

Since the field posses a single maximum the agents shall converge to source location in
formation (where g. = ¢, and g. its the swarm center of mass). The next step, tracking
a level curve invokes from Theorem 3.1 where agents reach discrete consensus and switch
to phase II. Here, 1/?1 = —(¢irer — ¥;) and the proof is repeated as for phase I where
here the convergence is to an invariant set along the level curve using LaSalle’s. Phase
IIT apply evenly distribution where the agents arrange themselves equally along the level
curve. This is done by orthogonal gradient such that V1/~)Z- = TV’L/N)i. In phase IV, the
anchors behave as in phase II and the patrols behave as in phase III. o

For a time-varying field with constant velocity, one can select the local controller to
achieve a specified bound on the steady-state error.

3.1.4 Simulation Results

To present the practicality of the proposed algorithm, a MAS of 32 agents, each modeled
as a single integrator, divided into 8 groups of 4 is simulated in formation and topology
according to Figure 3.1. In all simulations, the field has a single maximum, and for
a more realistic scenario, although not mentioned in the analysis, we add noise to the
measurements.

The first simulation assumes a time-invariant field. The scalar field is defined as

W(q) = Awe (4—a:)" Hi(a— qs))+A¢e (4—a:)" H2(a~ 2:)) (3.17)

), Hy = diag(s=

30, Ay = 3, the maximum locatlon is in ¢s = [40, 80] and the noise has a normal distri-
bution of ny; ~ N(0,0.04). Figure 3.6 shows the traJectories of the agents in the =z — y
plane. At the beginning, the agents start in Task I from a location with low concentration
of the field and reach the maximum using the distributed gradient-estimation process.
Once the maximum and a discrete consensus are reached, the mission switches to Task
II and the agents split into eight groups to find the reference level curve. Once all eight
groups find the level curve, the mission switches to Task III, where the groups evenly dis-
tribute themselves along the level curve. Finally, the agents switch to Task IV, where the
anchors position themselves in a formation while the patrols explore the shape of the level
curve between them. Because of the noisy measurements, one can see that the trajectories
are not smooth lines. Nevertheless, the agents are able to perform their tasks (locate the
extremum and track the level curve).

Next, we allow the field to be time-varying outside of the assumptions to examine the algo-

1 _ _ _ _
%7 307, ), 0z, = 10,04, = 50,0,, = 80,0y, =

where H; = diag(52

20’2 ’ 20’2
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Figure 3.6. Time-invariant scalar field with isolated maximum in [40,80] and a reference level
curve with 50% of the highest concentration. Although the measurements are corrupted by noise,
the agents locate the extremum and track the desired level curve.

rithm capabilities (Figure 3.7); it is defined as (g, t), so the parameters o4, , 0y, , Oas,, Oy,
Ay, gs are now time-dependent (with respect to the simulation sample step t,), where

qs(t) =¢s(0) + [0.01,0.01] ¢4,
=0,,(0) 4 0.01 - £,
oy, (t) =0y, (0) +0.02 - t.

The initial extremum location is in ¢s(0) = [40, 80], whereas it moves when ¢ € [80 — 120]
and expands when ¢ € [140 — 160]. The final location of the field’s extremum is ¢s(t =
160) = [75,115]. Similar to the first simulation, the agents reach the field maximum, find
the specified level curve, distribute themselves evenly, and start to explore the curve shape.
Throughout this process, the agents reach discrete consensus to switch between the tasks
and while keeping formation.

3.2 Level-Curve Strategy in a Complex Environment

The previous section describes a two-level hierarchy of autonomous agents to track a level
curve. In this section, we wish to extend the proposed solution to a more complex and
realistic environment. By using distribution to groups of patrols and anchors, a novel
solution for level-curve tracking in the presence of obstacles is achieved. To handle noise
and errors in measurement, we propose a formation-adapting technique and distributed
localization method.
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Figure 3.7. Time-varying scalar field with noise-corrupted measurements. The field starts
with maximum in [40,80] and level curves in diamond shape, and reaches at t=160 the location
[75,115] with a circular level curve. One can see the evolution of the field over time captured by
the agents.

3.2.1 Obstacle Avoidance

In this section, we propose a technique for avoiding collision with unknown obstacles when
agents navigate toward a source or track level curves by generating a virtual repulsive force
around the obstacle via estimation of its center and influence radius. First, we establish
the following assumption.

Assumption 3.2. All obstacles are convex, bounded, and time-invariant.

Next, we define ; as a temporal term, active in the presence of a nearby obstacle,

based on potential function (Figure 3.8). Using a potential function as a repulsive force is
a common and efficient technique, but requires knowledge of the obstacle’s location and
radius of influence (the radius of a circle around the obstacle), which, in most cases, is
unavailable. Here, we propose a method to estimate an obstacle’s location and shape by
generating a repulsive virtual potential field around the obstacle using a running-mean
method.
Let o be an obstacle index, where o € [1, Nyps] and Nops is the number of detected obstacles,
and let pg be the agents’ sensing radius. At each tx = k- T, where k, T are the sampling
instant and interval, respectively, an agent ¢ measures a location on the obstacle’s surface
Gio(tr) = [mio,yio]ﬁ. The process is repeated in different locations where the obstacle’s
shape is revealed. Once an obstacle is detected, g,(to) = gio(to), the process continues by
estimating a virtual center

9o(tr) = (io(tk) + go(tr-1))/2 (3.18)



30 CHAPTER 3. FORMATION-BASED SOURCE SEEKING

and influence radius

ho(tk) = oltk) — Gio(l
(1) = s [1ao(t) = gt

(3.19)
po(tk) =€d - pa + ho,

where ¢4 > 1 is a tuning parameter. There are several applicable potential functions; here,
we choose one similar to that in [Yan et al., 2011]:

€obs (H—1 _ ,—1)2 <
fo(pio) — 2 (pzo po ) Y p’LO — po , (320)
0 , else
where e,p5 > 0 is a scaling factor and p;, = ||¢; — ¢ol| is the relative distance between the

i-th agent and the o-th obstacle. Then, the repulsive force of obstacle o is given by the
negative gradient of the potential function

Yi,o = — vfo(pio) =

_ Eobs(pi_ol - P;1)9;3(Qi - QO) s Pio S Po (321)
0 , else '
/#’
/">/
I < 1
[N

Figure 3.8. Agent ¢;, equipped with p, sensing radius, detects obstacle o’s surface at several
points qio|iz+4 and estimates its virtual location ¢, and the influence radius po.

Finally, the contribution of all obstacles is then calculated as

Nobs

V=Y Yo (3.22)
o=1

Obstacles Disturb Level-Curve Path

For the source seeking task, agents encircle obstacles using the gradient climbing element
which continues pushing them to the maximum. This is not the case in the level-tracking
task where a different solution is required. One solution is to set an arbitrary direction
or excitation force for the agents to encircle the obstacle; however, it requires a constant
update regarding the desired direction, which becomes inefficient. Furthermore, it does not
guarantee continuity of the specified level curve tracking task. Here we present a solution
using the proposed field exploration strategy. As described in [Turgeman and Werner,
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2017], in Task IV the agents are divided into two groups of patrols and anchors. Once an
obstacle is detected by a patrol agent, the destination anchor becomes a temporary target
which generates an attractive force for encircling the obstacle

Nobs
ﬁi = Z ﬁi,o
Z (3.23)
Bi,o :kogio(qa - Ql)a

where k, > 0 € R?*2 and g, is the position of the target agent. This intervention is only
active when an agent is inside the influence region of an obstacle, i.e.,

1 ioS o
59:{ » Pio = Po. (3.24)

! 0 ,else

Now, we can produce the complete control law as
N
wi =k Y Lij(qg, — ;) + kg + Bi + - (3.25)
j=1

Proposition 3.2. Consider the MAS (3.9) with control law (3.25). Then, under the
described assumptions, the agents converge into formation and complete the sequence of 4
phases using Theorem 3.1 while avoiding obstacles.

Proof. Similar as in Proposition 3.1, the Lyapunov candidate is structured as

N
V= 2+ HE+ Y Tt fo

=1
where 3 = [f1,...,8n5]T and §=u=—VV. Thus
V =VV(E)TE=VV(O(-VV(E) = —||[VV (9> <.

and the rest of the proof is similar. O

3.2.2 Noise Robustness

We approach the problem of corrupted measurements using two methods: a noise-robustness
technique where the agents change their relative distance in relation to the noise level and a
distributed localization method where, based on shared information with other neighbors,
an agent handles noise-corrupted measurements by using a prediction technique based
on a Kalman filter. Different concepts for using a distributed Kalman filter have been
proposed in [Aragues et al., 2011] and [Barooah et al., 2010]; here, we use the concept of
a central Kalman filter taking the average Kalman gain instead of the inverse covariance
and measurements, as suggested in [Olfati-Saber, 2005].

Distributed Kalman Filter

An agent’s model described by Kalman filter equations is

ity :Aqi,tk71 + Bui7tk—l T Wity (3.26)
Zity =Hqi ¢, + Vit s
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where ¢; € R? is the agent’s state vector, z; € R™ is the measurement vector, and the
variables w, v represent the process and measurement noise, respectively. The latter is
assumed to be independent, white, and with normal probability distributions p(w) ~
N(0,Q), p(v) ~ N(0, R), where @ is the process and R is the measurement-noise covari-
ance matrix. The process involves two steps. The first is a prediction step using the agent
model

(jz'_,tk. :Aq/\i,tk—l + Buiatk—l

P :APL',tk71AT + Qa

Z,tk

(3.27)

where P; i, is the estimated error covariance matrix. The Kalman gain K; € RP*™ mini-
mizes the error covariance. Thus, averaging over agents’ neighbors generates a distributed
Kalman gain, which increases the model prediction accuracy according to

K;, =P, H'(HP,;, H" + R)™*,

1,tk 2,tk

1 _ (3.28)
K =——— K ;.-
Col+ |M| q:i§’€Ni o

Finally, the correction step is

ity :(ji_,tk + Ki (Zi7tk - H(jz_,tk) (3 29)
P4, =(I - Ki,tkH>Pi;:k'

Signal-to-Noise Ratio

Next, we describe a solution for noisy measurements of level curves, based on modifying the
formation structure with respect to the signal-to-noise ratio (SNR). This way, the gradient
is measured in locations with a sufficient distance to result in a significant difference
between measurements, which reduces the noise effect. Previously, we introduced in (3.2),
a distributed consensus filter that improves the accuracy of time-varying signal tracking
and attenuates high-frequency noise.

Lower-frequency noise (which can be considered as a sequence of disturbances) is more
difficult to filter. Therefore, measurements with significant differences are required. In the
source-seeking task, by calculating the gradient in several distant locations, the agents are
able to cope with noisy measurements and locate the maximum. From (3.4), the element
of the estimated gradient between two neighbor agents is

bi,j =Sp,j — Sp,i = (V5 — i) + (ny,; — ny,)

:A’l/)iﬁj — Anwi’j
R =llai — gjll = di; (3.30)
N 7A'lpi,j - Anwm
Gig=——g
57

One can observe that once the distance increases, Aw;; and d;; become larger while
Any, ; remains the same. Thus, the varying range for g;; becomes tighter (i.e., more
accurate). For this adaptive formation structure, we propose a technique based on an
SNR calculation. The agents change their group’s structure according to the level of
concentration and noise (Figure 3.9). This way, they will extend the search area when
the SNR is low and narrow the formation when approaching the maximum. The adaptive
element is calculated by

Su,i
Agyi = 20log;(—22), (3.31)
Oy
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Figure 3.9. Illustration of agents’ adapted formation.

where oy, > 1is a tuning parameter for evaluating the noise level. The formation’s behavior
depends on the ratio between the signal and the noise evaluation. If the ratio is less than
one (i.e., oy > $y,i), then the distance of agent i to its neighbors increases; otherwise, it
decreases. Choosing a low value of o will cause small changes in the formation structure,
which might not be enough to cope with the noise. On the other hand, choosing a large
value will cause an inefficiently large formation at the maximum. Thus, we propose an
adaptive noise-evaluation method.

oy alts) = (g ilte) + lspi(t)D/2 5 opilter) < lspilte)l (3.32)
oy.i(th=1) , else

where oy ;(0) = 1. The value of 0y ; increases with respect to the signal’s highest value,
but does not exceed it. Thus, we ensure that the agents will increase their formation size
while seeking the source and reduce the size when they approach it. To achieve smooth

2
behavior of Agy,;, a second-order filter SQJFQC:W is included in the output of (3.32).
Let Aqs = [Agya,--.,Aqrn]T; then, the formation structure is adapted according to

Apr :ka : AQf & [L 1]T

(3.33)
qar :max{q,c, qf — A(pr : sgn(qf)},

where k,, > 0 is a scalar tuning gain.
We demonstrate the algorithm capabilities with simulation results.

3.2.3 Simulation Scenarios
Field Exploration with Obstacle Avoidance

A simulation of collision-free motion is presented in Figure 3.10. Similar to that in
the previous section, a group of 32 agents, each modeled as a single integrator, is di-
vided into 8 groups of 4. The field is time-varying and is defined as 1(q,t) where
Oty Tyrs Oans Oyns Ay, s are now time-dependent. The field is moving from g, = [40,80]
to gs = [60,120]7. The figure shows the trajectories of the agents in the 2 — y plane
where they successfully locate the source (phase I) while detecting and avoiding collision
with an obstacle in the way, where the gradient participates as the attractive force. After
the agents complete phase IV and start exploring the shape of the field by tracking the
desired level curve, one group encounters the second obstacle. Here, depending on their
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Figure 3.10. Exploration of time-varying field with two obstacles, where the second obstacle
interferes with level-curve tracking during the movement of the field.

direction, the anchor agent becomes a target with additional attractive force, which en-
ables the agents to encircle the obstacle and continue tracking the level curve. This action
is repeated sequentially.

Noise-Corrupted Measurements

In this section, the proposed noise-compensation technique is illustrated. The field’s pa-
rameters here are o,, = 30,04, = 30,0,, = 90,0,, = 50,4y = 4 and the maximum
location is in ¢s = [80, 100]7. Each scenario includes a distributed error of ny, ~ N(0,0.5)
where sy, = 19; + ny,. As explained, to achieve a smooth change of Agq; we use a second-
order filter with a natural frequency f,, = 0.25 Hz and a damping ratio of { = 0.707, and
we choose k;, = 2. To analyze the quality of the proposed methods, a comparison between
three different techniques is shown; using only distributed LPF, SNR and a combination
of SNR and the distributed localization method. We evaluate the proposed method by
calculating the final error with respect to the source location.

o
e=~ D llas —all (3.34)

where due to the formation reference, the minimum error is € > 5. To evaluate its efficiency,
we also check the swarm total traveled distance (the lower the better), using the following

calculation. ~
J = Z de,k,
k=0

[1]

= {kle <e}, (3.35)
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where gex = % Yien ||¢ikl| and e = 30. Table 3.1 summarize the simulation results,
concluding that using SNR reduced d significantly, whereas the combination of SNR and
localization provided the best results. Figure 3.11 illustrates the swarm behavior using

proposition d €
LPF 691.6 15.8
SNR 357.6 15.6

SNR + Localization 344.7 15.3

Table 3.1: Comparison between different approaches

the adaptive structure proposition for locating the source under noisy measurements. The
agents start in relatively close formation, where during motion, increase their structure for
better gradient estimation, which eventually drive them toward the unknown maximum.

160 ¢ 1

120 | » i

” 80 \ ]
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A
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Figure 3.11. Combined technique (consensus filter and adaptive formation) for seeking
the source with disturbances, where the agents succeed in locating the maximum and
remain there.



36 CHAPTER 3. FORMATION-BASED SOURCE SEEKING

3.3 Multiple-Source-Seeking Problem

Considering a realistic scenarios, such as oil tanker damage or pipe explosion, where a large
amount of toxic oil is spilled to the ocean. This disaster contains concentration levels that
enable exploitation via gradient calculation. In the previous sections, we assumed the field
to possess only a single maximum; however, here, the agents encounter several extrema
that need to be discovered. Thus, a different approach shall be considered. Furthermore,
several studies assume a predefined topology, where agents know their neighbors and a
formation is reached. Here, we wish to relax this assumption and let the agents construct
groups according to current conditions. This also provides a solution for malfunctioning
or lost agents.

3.3.1 Problem Statement

The proposed strategy is compatible with different agent models. Here we consider each
agent i as a non-holonomic unicycle with the kinematic model (Figure 3.12)

.jSi =; COS(@Z'),

Ji =v; sin(6;),

Z' - (@) (3.36)
(zmyi)

where, with respect to agent i, ¢; = [x;,3;]7 € R? is the position in the plane, 6; € [0, 27]
is the orientation with respect to the x axis, and v;,w; € R are the control input for linear
and angular velocities, respectively. The field vector is described as 1 = [¢1,...,¢¥n]T,

X

Figure 3.12. agent’s unicycle model.
where each agent measures a concentration level at 1, = ¥(g;). An example for such a
field, which is examined in our simulation, is the function

z=3(1—a)2e " WD _ 10(% T o i %e—<z+1>2—y2

depicted in Figure 3.13, involving 2 minima and 3 maxima.
A single assumption is made regarding the search area size.
Assumption 3.3. The initial search area is bounded.

The number of extrema in a field is N, and ¢ = [¢7, ..., (j%w]T is their position vector

where the agents, according to the law (3.43) introduced below, can locate both field’s
minima and maxima. Field exploration requires agents to form groups where a) 4 is the
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Figure 3.13. Multiple-extrema scalar field function.

maximum allowed number of agents in a single group and b) gy is the offset between agents
and the formation. To form such groups, a set

Q={q, - qu} Jo ={1,2,...,w}

> (3.37)
ma'XHqi - q]|| S QTsa VZ,j S jQ

of w predefined locations, acting as a “match-maker,” is generated by

. U
{ fQTSPJ , (3.38)

where hy and wy are the search area maximum height and width, respectively, and rs is
an agent’s maximum sensing radius. The number of extrema expected to be detected is
determined by IV, which set the number of agents

N =§-Ny. (3.39)

The task is to split into two parts: locating a single source and swarm field exploration.
For the first part, consider 1, = ¥(§a), @ € [1, Ny] as the concentration level of a source
located in ¢,.

Definition 3.3. The set of all agents which are locating an extremum at o is defined as
bo ={i € N| llda — @l < a5} (3.40)

Now, for the second part, to evaluate the field exploration performance of a swarm, we
define the source density as a measure of how many agents are located at the source.

Definition 3.4. A source density is defined as
1 N
— —lda—a:ll
Py = 3 gg e , (3.41)

where py,, € [0,1], a € [1, Ny].
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From (3.41), if py, = 1, then all agents are at the extremum location §,. For the case
of multiple extrema, it is desired that all densities be leveled (i.e., py, =+ = py Ny ). An
additional example is when all agents in a subgroup converge to the same location; this
yields a convergence at the source location as well, i.e., ¢; = {q, Vi € £, with a density of
oo = 7> Yo € [1, Ny].

Given a field, and under the assumption that the search area boundaries are known, the
problem is to design a mission-control strategy where:

a) the agents are able to locate.

b) the agents are able to locate all extrema as close as possible to equal density.

The agents, based only on local information, must establish communication with nearby
neighbors and reach a consensus regarding the formation and source location. For such a
mission-control design, we use the specification of an LTL formula ¢ to control switching
between tasks. Here, we use a fragment of LTL, where the formula is constructed over a
set of atomic propositions ({a} € AP) according to the grammar

¢ = truelaler A w2 | O plpilps, (3.42)

equipped with traditional (A, V,—) and temporal (O, ¢, O, U, —) operators. We use the
standard definitions and semantics of LTL, as in [Loizou and Kyriakopoulos, 2004], [Kress-
Gazit et al., 2009].

3.3.2 Multiple-Extrema-Seeking Algorithm

In this section we present MESA: a mission-control strategy for the described problem. The
idea is that after random deployment of the agents in a bounded area covered by equally
distributed predefined match-making points, groups are formed while approaching the
nearest match-making location, and search the plane for extrema using gradient climbing
and attraction forces. Once an extremum is located, the respective group generates a
virtual repulsive force to mark the location to encourage other agents to search for other
extrema.

Single-Extremum Seeking

First, we describe the control design for locating a single extremum. Our approach is
based on a combination of different elements, such as distributed gradient and luciferin
level, while keeping formation. Unlike previous methods, where only gradient estimation
technique is implemented, here, the GSO element is added for a complete and robust
solution. When a group of agents are set ”outside” the field (where no concentration is
measured) or when a single agent is lost, an attraction relationship is used in addition
between neighbors to preserve the agents as a cohesive group. This relaxes the gradient-
estimation process requirement m < |V;| due to the inverse element in (3.4).

A key element in the search procedure is the sensing radius rs. Thus, connections are
made and information is shared. The GSO method [Krishnanand and Ghose, 2009] is
based on adjusting agent attractiveness. Let [; be a property that defines the attraction
level of agent i, referred to as luciferin and given by

lig =1 = p)lit—at +CY(a)]- (3.43)
Then, the attraction level of agent j exerted on i is

I —1;

=—J ' 3.44
ZkGNi lk - li’ ( )

Dij



3.3. MULTIPLE-SOURCE-SEEKING PROBLEM 39

where j € N;, N; = {j + dij < rs;l; <1} is the set of neighbors of agent ¢ and d;; is
the Euclidean distance. Eventually, agent ¢ is attracted to its most attractive neighbor
{7 = Jl pij = max;(pi;)}; then,

a5 — qi

l
el =L =
’ llg5 — aill

(3.45)

where e} € R? and k; > 0 is a tuning parameter.
As described before, we implement the distributed gradient estimation in (3.4)

gi = (RTR;)"'RTb;.

Here, the agent’s neighbors are defined according to the sensing radius rs and under the
limitation of at most ¢ agents in a group. The gradient law is then

e‘z('],m = k9|gi11|sgn(eli,x>5 e‘iq,y = kg|giyy|sgn(eé,y)v (346>

where e] € R? and k,, is a tuning parameter. The sgn(eé) is added to enable exploration of
both the field’s minima and maxima such that |§; .| is the gradient’s estimated magnitude
in the z direction. To estimate the gradient by taking measurements in different locations,
each group arranges itself in a specified formation

ef =kpL(qr —q), (3.47)

where k¢ is a tuning parameter and ¢y is the relative formation vector.

Field Exploration

Next, we describe the second part concerning the field exploration performance of a swarm.

Each agent carries a predefined set of reference locations according to (3.37),(3.38). This

set’s contribution is twofold: neighbor “match-making” and extremum density. While an

agent is not a part of a group, it keeps searching for neighbors by traveling between the
reference locations according to

! = arg min —qill,

gp = arg min [lg, —gil|

- (3.48)

er =
N — all

K2

where k4 > 0 is a tuning parameter. If an agent reaches ¢, without finding a neighbor, then
this location is excluded and the search continues to the next nearest reference location
@ € Q,b # p e Jo. The same is applicable to locating all possible extrema. Once a
group locates an extremum 1), if another agent i approaches and

lg; — aill <75y § € &as @ E N, (3.49)

then a virtual repulsive force is generated by compelling the approaching agents to search
for the nearest reference location according to (3.48), and the searching procedure is
repeated. The overall error with respect to agent ¢ is

e; = plel + plel + pled + ple] (3.50)

11



40 CHAPTER 3. FORMATION-BASED SOURCE SEEKING

where e; € R? | e = [e1,...,en]|T € RN and
p_JO INif=d—1Allgll>0  ]0,(3.49) holds
! 1, else Fi 1, else

(3.51)

Pi =

' Mg

g _ {0, Wil < 2,(3.49) holds  ; {0, NG| = 0

1, else 1, else

The local control law that stabilizes and navigates the non-holonomic unicycle is similar
to [Ahmadi Barogh et al., 2015]
u; =[v;, wi]T
v; =kyDjcos(ey,
(. ) (3.52)
wi :kweei + Hdlﬂ

where e; = [ex,,ey,]", Di = (/€2 + €2, ey, = 04, — 0;, 0a, = tan~'(24) and ko, ky > 0
are tuning parameters.

Assumption 3.4. It is assumed that ep, # k%, k € {—1,-3,1,3} for all agents. In other
words, cos(eg,) # 0,Vi € N. When eg, = kT, the orientation error should be perturbed to
ey, = €p, + €p

The complete control scheme is presented in Figure 3.14 where K is the control law
from (3.52).

ar

Figure 3.14. Proposed distributed control scheme.

LTL Specification

Here, we formalize MESA using an LTL specification formula. We use (3.51) to define our
atomic proposition set {a1,as,as,aq4,a5} € AP:

a N <6 —1
as Nl =6d6—1
ag :[leill < {lkgli(q5)] + Rl (3.53)

aq ||q] _ql” S Tsaj € ga,i ¢-/\[]
as :|lgp — qil| > 0.
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When a; is true, the neighbor-searching and group-formation procedure is active, which is
completed once ag is true. ag is true when an agent is near an un-located extremum and
a4 is true when agent ¢ approaches an occupied extremum that leads to a5 and a repulsive
force. This can be stated as an LTL specification formula:

w; = 0[(a1 = Ca2) A (as O as — Qay)|Uas. (3.54)

Next we build a relevant Biichi Automaton [Gastin and Oddoux, 2001, Wolper, 2002], A,
which accepts this specification and consists of four states (Figure 3.15):

. l f —
L4 bO- pzi)apM/\/i‘zppi,‘Ni‘zlapi‘Ni‘zg - 1a
o bi: plpl p! =1, p0 =0,
L4 b2: 'L-Efa,

o by plplpl =0, o0 = 1.

ai az

az
start —
ai
—as aq as
ay as
@ as
as as

Figure 3.15. Automaton A,.

From A, one can see that the system starts in by where the relevant p; is active for
connecting with neighbors; once a full group is completed, the system switches to by,
where p? is canceled. Approaching a source that is already occupied by other groups
causes transition to state bs, where only p? is active and the agent is rejected from this
extremum. Once the reference location is reached, it returns to by and the procedure is
repeated to search for a different extremum. by is defined as the accepting state where an
unoccupied extremum is located; it can be reached from by, b1, and b3 as well. If Nw = Ny,
then all extrema are occupied, each with 0 agents, all ending in state bs. Otherwise, if
Nw < Ny, then only Nw extrema are located. If ]%, > Ny, then all Ny extrema are
located while § (% — Ny) agents continue to move around the bounded search area.

Analysis Discussion

In the next sections, the proposed algorithm is tested under different scenarios both in
simulations and experiments. Here we wish to discuss the algorithm outline in a sequence
manner. First, the deployed agents seek for neighbors by moving toward the closest
matching-point (e?) - state by. The matching points arrangement guarantee that at least
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one neighbor is found (< 2r4 between two points) and the search repeated until the group
is complete (N; = & — 1) - state by (a7 — Qaz). Then the agents start searching for a
source using

€; :elf—i—ef—i—eli.
The first term reach formation consensus. This can be show with the following Lyapunov
candidate

voy

=1

2 2 2 : . .
(ez, + ey, T ep,) then, V = —dies, —yiey, — kueq,.

i

|~

Now, by using v; = k,D; cos(eg,) and cos(64,) = eD’“:, sin(fq,) = 65’ in (3.36), we obtain

V= —ky(e2, + ei) cos®(eq,) — koeq, < 0.

The source is located using the gradient and luciferin rule where the attractive element
is constantly pointing toward a highest (absolute) concentration (e.g. |1;| > |¢;| implies
¢;i — g; until ¢, = * where 1. is the average concentration level of a group). If the
source is not occupied then state bs ({as3) is achieved and the sequence is completed. In
case it is occupied, i.e. state bz, then e is triggered again and the agents move toward a
far matching location - state by (a4 O a5 — Oaq) and the sequence is repeated.

Next we show that the source density error is bounded. According to Definition 1, a
group is belong to an extremum 9, as & = {¢ € N| ||¢a — ¢|| < dr}. Then, the source
density is (according to Definition 2)

1 - 1 ~ o -
- —NGa—aill « — —qy — 2 ,—q
Po. = D¢ Sy =g (3.55)
i€€n 1€€a
This is true Va € [1,Nw], ie., py, = Pyy, Vo, B € [1,](71/,]. Therefore, the density error
between the different extrema for the case of Nw > Ny is
1 &
ewa = N_ Z(pwa _pwﬂ)Q = 0
Y 5
=1

We also need to look at the case when Nw < Ny and show that the error is bounded:

Ny
1

_ _ 2
ewa - Nw Z(pwa pwﬂ)
B=1

N 1 &
= 2 —pu Pt 5 D (v —pus).
Y g=1 v B=Ny+1

We distinguish between two cases. When 1, € [1,]\~fw], then, as before, py, = py, =
%e“jf, Vo, B € [1,Nw] and V3 € [Nw + 1, Ny], py, = 0, so

1 &
—qf\2
ChacltNy) = R, > (™)
5:1\7w+1
Ny—Fy-16 .. (3.56)
=N, (p¢ ") Semm
P
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where £, > 1. When « ¢ [1, Ny], py, = 0 and

1 0 _zi\o
Cpa€[Ny+1,Ny] = N_d) Z(_Ne )
B=1
- (3.57)
_ N’l,b( 5 e,qf)Q < 5 532

These results are evaluated in the following simulations.

3.3.3 Simulation Results

In this section, we present the simulation results of exploring a scalar field with 5 extrema
using different numbers of unicycle agents constructing groups of § = 4. The time-invariant
scalar field used here is the peak function.

0a) = m(1 = @)%Y (-0 e e (T,
where 1 = [3,10, 1/3]. The field is constructed of one global maximum in ¢; = (—0.01, 1.6)
and two local maxima in ¢2 = (—0.46,—0.63),1¢3 = (1.28,0), in addition to one global
minimum in psiy = (0.24, —1.65) and a local one in 95 = (—1.35,0.2). First, we study the
case where Nw =5 and with groups of § = 4, for which, according to (3.39), the number of
agents is taken to be N = 20. Figure 3.16 shows the simulation results in the x —y plane.
At the beginning, the agents (gray rectangle/black top circle) are distributed arbitrarily in
the bounded search area (a). By moving toward the reference locations (red cross marks),
the agents locate neighbors (state bg) and cluster into groups while detecting attractive
agents and gradient changes. Then (ag is true change to state b1), the agents climb or
descend toward an extremum until each group is settled and the mission is completed (b),
i.e., ag is true, and the state changes to the acceptance state bs. If a single agent or group
approaches an occupied extremum, then they are repulsed and navigate to the nearest
reference location (i.e., state b3) until they reach it and repeat the search process (state
bo).
Table 3.2 shows a comparison of the sources’ densities according to (3.41) between MESA
and distributed gradient climbing (similar to [Rosero and Werner, 2014a] for the same
set of initial conditions). One can see that the gradient method, which is satisfactory for
locating a single isolated extremum, fails in the multiple-source-seeking mission; whereas
1o has the highest density, 14 and 15 were not discovered. MESA shows equal source
density levels and a low standard deviation where the error is almost zero.
Tables 3.3, 3.4 along with Figure 3.17 present the results of two additional simulations:
one for [Ny, =4, N = 16] and the other for [Ny, = 6, N = 24].
For the case when ]%, < Ny, from Table 3.3, one can notice that 13 was not detected
due to the low number of agents. The other extrema were located with equal density.
The measured value ey, is almost equal to the calculated one (3.56), (3.57) according to
whether an extremum is found or not. For the case where Nw > Ny, the results in Table
3.4 are similar to those of ]%, = Ny, with lower source density (due to the larger number
of agents in use). Whereas the first 20 agents locate and remain in all extrema locations,
the redundant 4 agents keep moving in the region, searching for potential field changes.
Experimental results of the proposed method are presented later, in section 6.1.
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Figure 3.16. The swarm exploration behavior in x—y plot: (a) initial arbitrary distribution of
the agents (b) final location. The agents possess each extremum in a desired diamond formation.
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P1 o Y3 Py s

MESA Do, 0.1665 0.1654 0.1656 0.1666 0.1656
Eq.(3.55) 0.1637 0.1637 0.1637 0.1637 0.1637
€ < le™S
Gradient Dy, 0.2459 0.3268 0.1655 0 0

€y 0.0268 0.0492 0.0175 0.0389 0.0389

Avg. py Tp, Avg. ey, Max. py
MESA 0.1659  0.0006  0.0000 0.1666
Gradient  0.1476  0.1463  0.0343 0.3268

45

Table 3.2: Performance comparison between different methods, Nw =Ny =5N=20,0=4

1 po 3 Py Ps
Do, 0.2095 0.2074 0 0.2084 0.2067
Cpe 0.0088 0.0086 0.0346 0.0087 0.0085
Eq.(3.56) 0.0092 0.0092 - 0.0092 0.0092
Eq.(357) - - 00368 - -

Table 3.3: For Ny < Ny, N =16, and €, = 1.1

1 ) Y3 Py ps
Do, 0.1388 0.1384 0.1380 0.1377 0.1377
Eq.(3.55) 0.1365 0.1365 0.1365 0.1365 0.1365
€ < 1le=6

Table 3.4: For Ny > Ny, N =24
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Figure 3.17. (a) agents’ final location for Ny, < Ny, N = 16 and (b) for Ny > Ny, N = 24
(the redundant agents are circled in dashed-red).



Chapter 4

Flocking-Based Source Seeking

In this chapter, we present a source-seeking scheme that is inspired by animal behavior
and avoids gradient estimation. The gradient-estimation process is typically based on the
underlying formation-control scheme, which can be restrictive. To avoid these restrictions,
we employ the flocking framework herein, which provides more flexibility.

4.1 Gradient-Free Source Seeking Using Flocking Be-
havior

In this section, we propose a novel solution for the source-seeking problem based on flocking
and GSO, where we prove the stability and convergence of this scheme under some mild
assumptions. Thus, we ensure that a group of autonomous agents locate the unknown
extremum while staying together without collision. An alternative solution based on a law
that embodies both flocking and an attraction element is introduced in Appendix B.

4.1.1 Protocol

Here, we use the definitions in section 2.3, where the agents are governed as in (2.9). Def-
inition (2.10) sets the distance between agents, and in addition to velocity matching using
the weighted adjacency matrix in (2.19), three Reynolds rules are achieved as sketched by
algorithm (2.20),
uf =Y langi+ Y aii(p; — i)
JEN; JEN;

This alone will converge the agents into a flock (or fragmentation), but for navigational
purposes, an additional term is added. Inspired by GSO, where agents with a higher level
of attractiveness attract others, we set v¢; as an agent’s level of attractiveness. This way,
an agent with larger 1; “pulls” an agent with lower v;, which causes a movement of the
swarm in the direction of the extremum. The term in the control law that achieves this is

ul =k Y (W — dingi, (4.1)

JEN;

where k > 0 is a tuning parameter and again nj; = o.(q; — ¢)-
We assume that the scalar field has a unique stationary point at its maximum and that
an a priori bound on the gradient of the field is known.

47
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A1 The scalar field ¥(q) is concave with a unique maximum at gs.
A2 3C > 0:||[VY(g)|]| < C Vg e R™.

Note that the gradient of the scalar field is not required for the application of the protocol,
but we require it for analysis. A generalization using non-smooth analysis can be carried
out for fields whose gradient is not well-defined everywhere.

As explained, the underlying concept is to modify (2.20) to generate an action function
that drives agents toward the source in flocking. To do so, we add the term in (4.1) to
(2.20) and obtain the control law for agent i:

wi= Y Ol (gingi+ Y aij(p; —pi) —epi + kY (5 — bi)nys,

JEN; JEN; JEN: (4.2)

[e3

where ¢p; with ¢ > 0 is an additional damping term (due to the double-integrator dynam-
ics). The protocol in (4.2) combines the group objective with flocking behavior and avoids
the use of a noise-sensitive gradient-estimation process.

4.1.2 Stability Analysis

The control law (4.2) leads to the closed-loop collective dynamics
q=p
p=-VV(g) = Llg)p — c-p+ f+(a),

where f,(q) € RV™ is defined as

[£+(@)li € R™, i=ke Y (W — dongi.

JEN;

We analyze the stability in two steps:

Part A: Define a dissipative Hamiltonian system, assuming that the agents can measure
the gradient of the scalar field locally without any communication with neighbors, and
analyze this system.

Part B:  Show that the proposed protocol leads to a system that can be seen as a per-
turbed evolution of the dissipative Hamiltonian system defined in Part A and prove that
under some assumptions, the states remain bounded.

[Part A]: We consider a scenario where each agent can measure the gradient Vi (g;)
locally and apply the following control law:

=Y dl(lay — ailngi + Y aii(9)(p; — pi) — ¢~ pi + V(i) (4.4)
JEN; JEN;
where Vi)(g;) € R™ and for the scalar case d’(q’) . This leads to the collective dynamics
q=p

. . (4.5)
p=-VV(g) — L(g)p —c-p+V¥(q),

where ¥ : R¥™ — R is the scalar field whose argument comprises the positions of all
agents and is defined as ¥(gq) = Y, ¢%(q;), and V¥(q) € RN™ is defined as V¥(q) =
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[V (q1), Vi(qa), - - -, Vio(qn)]T and for the scalar case, this is reduced to

dy(q1) dy(g2 d
VU(q) = wd(g )7 wd(g )7._.7 wC(IZN)]T.

Remark 1: For general scalar fields 1(g;), it is not possible to decompose V¥(q) as
in [Olfati-Saber, 2006]. Hence, the translation and structural dynamics cannot be de-
coupled and analyzed independently.

Remark 2: For quadratic scalar fields, e.g., ¥(q;) = —qT Hq, where H is symmetric positive
definite, we obtain linear forcing terms Vi (g;) = —2Hgq, which allow the decomposition
as suggested in [Olfati-Saber, 2006] and facilitates the analysis.

Decoupling the translational and structural dynamics completely, for general case, is dif-
ficult. Therefore, to characterize the system’s equilibria, we produce the agents center-of-
mass dynamics. Let g.,p. € R™ be two center-of-mass variables, where

1

dec = N(]-T o2y Im)‘]a (46>
1
pe = N(IT @ In)p. (4.7)

The translational dynamics of the center of mass are then

. 1 )

Ge = (17 ® In)d = pe
. 1 .

Dec = N(lT oY Im)p

) ) (4.8)
(1 @ Ln)[=VV(a) = L(g)p — ¢ p + V¥(q)]

1
N(]-T oY Im) : V\I/(q) — C- Pe-

We can observe that, for the translation dynamics of the center of mass to be in equilibrium,
the positions ¢ must satisfy (17 ® I,,,) - V¥(q) = 0. The following Lemma characterizes
the equilibrium for a special case when the scalar field ¢ (g;) is radially symmetric about
the stationary point g, := argmax 1(g;).

Let, for a given ¢ = [¢7,¢2,...,q%]T, convexhull(q) := {q € R™|3a1,asz,...,an € [0,1],
st. >, a;=1and ¢ =), a;q;}.

Lemma 4.1. Assume that the scalar field satisfies assumptions A1,A2. Additionally, if
it is radially symmetric, i.e., v(x) = Y(y) ¥V x, y, st || —gsl| = lly — ¢sl,

then all possible equilibria of the translational dynamics of the center-of-mass correspond
to ¢* such that qs € convexhull(g*).

Proof. Without loss of generality, we assume that the source ¢, is at the origin. A ra-
dially symmetric scalar field ¢ (g;) can be represented in polar coordinates by a function

Wy : Ry — R such that ¢,(r) = (g:) ¥ |lg|| = r. For |lq|| # 0, Vip(q;) = 255 140 and

from concavity of 1(g;), we can show that ¢, (r) is concave with the maximum located

at 7 = rs = ||gs|| = 0 from our earlier assumption. Similarly, dwgy) < 0 Vr # 0. Hence,
Vi(g;) is always in the direction of —¢q, Vg # 0.

Let us assume that there exists an equilibrium of the translational dynamics of the center of
mass corresponding to ¢*, such that ¢; ¢ convexhull(¢g*). Hence, there exists a separating
hyperplane such that g is located on the opposite half-space to that of ¢; Vi € 1,2,..., N.

°
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Define a unit vector h perpendicular to the separating hyperplane and pointing towards
qs; then, because all agents belong to the opposite side of the hyperplane, note that
ql'h < 0 Vi. The force f; acting on agent i along h is given by

_dyu(r) b
dr gl

a; h,

2

fi=(Vo(@)"h =k;-

where k; := dwgyi) : Hq—liH < 0V||q|| # 0 and ¢/'h < 0. Therefore, the force on each agent

along h is strictly positive. Hence, the net force f;, on the center of mass along h is

fa=fi+tfot--+fn>0.

Therefore, this cannot be an equilibrium of the translational dynamics of the center of
mass. We have thus shown by contradiction that for all equilibria, there exists no hyper-
plane separating the source g5 and the positions of the agents ¢;. Then, by considering
hyperplanes sequentially, the source must lie in the convexhull(¢*). O

A similar result can be reached by replacing the assumption of radial symmetry with
strong concavity of the scalar field ¢, which is weaker. Now, we have the following theorem.

Theorem 4.1. Under protocol (4.4), almost all trajectories asymptotically converge to the
equilibrium (¢*,0) characterized by VV (q) — V¥ (q) = 0. For the special case when 1(q;)
is radially symmetric, the trajectory converges to the equilibrium characterized by Lemma

J.1.

Proof. Straightforward application of La Salle’s invariance theorem.
Organize equation (4.5) as

=y A (19)
p=—-VU(q) — (L(q) +c)p,

where U(q) = V(q) — ¥(g) with the corresponding Hamiltonian

H(q,p) = U(q) + K(p).

Notice that the Hamiltonian is constructed from the potential U(g) and K (p) = 3 Zfil [|p:l|?
is a dissipative kinetic energy. In this case, the isolated local minima of U(q) correspond
to the stable equilibrium point. Derivation of H yields
H=¢"VU +p"p
=p"'VU +p" (VU — (L + ¢)p) = =p" (L + ¢)p

1
=—5 > aylp; —pill e lIpil* <o.

(i.j)€€ iEN

(4.10)

Thus, from LaSalle’s invariance principle [LaSalle, 1960] (H < 0, H(¢*,0) = 0), every
solution asymptotically converges to an equilibrium ¢* a minima of the potential function
U(q). O

[Part B]: Now, we relax the assumption that each agent can independently measure
the gradient locally. We want to analyze the gradient-free protocol proposed earlier, and
show that this protocol leads to dynamics that can be seen as a modification of the
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evolution of the collective dynamics shown in Part A.
The dynamics in (4.3) can be written as

q=p
p=—VV(g)— L(g)p —c-p+V¥q) + (fy(q) — V¥(q)) (4.11)
=—VV(q) — L(g)p—c-p+ VE(q) +e(q),

where

e(q) :== (f4(q9) — V¥(q)).

Then, we have the following theorem.

Theorem 4.2. Assume that is possible to tune rg, d, a,b, and k such that there exists a
constant C > 0 where ||e||oo < C Vq. Then the proposed protocol leads to stable dynamics.
Moreover, it behaves qualitatively similar to the protocol proposed in Part A.

Proof. Consider the total energy of the system.

T(q,p) = V(q) — ¥(q) + %pQ (4.12)
By differentiating with respect to time, we obtain
T(q,p) =(VV(q) = V¥(q)"p+p"p
=(VV(g) - V¥(q))"p
+p"(=VV(q) = L(q)p — ¢ p+ V¥(q) + e(q))
=—p"L(g)p—p"ep+p"e(q).

We will now use dissipative arguments. From the fundamental theorem of calculus, we
have

(4.13)

/ (q(r), pl(r))dr

=]

T(q(t),p(t)) =T(q(0),p(0)
=T(q(0), p(0)
+/O —p* (L(q) + ¢ - D)pdr

+ / plelq

<T(q(0), p(0)) + / pTe(q)dr

<T(g(0), p(0)) + [le]loo / pT1dr

) +
)

L(g
)T

(=)

t
0
)
t

<T(a(0).p(0) + [ll} | 7107
<T(q(0), p(0)) + [lel s (g(t) "1 = ¢(0)"1)
<K+ lefloo 1T q(2),

where K1 = T(q(0),p(0)) — ||e||oq(0)T1.

Now, —U(q) < T(q(t),p(t)); hence, we have

—U(q) < T(q,p) < K1 + |le]|o1q(t).
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Note that —¥(q) is a convex function with a maximum slope of C. Therefore, ||e||o < C
and 1 attains slope C' for some ¢. It can be shown that the set of points ¢ satisfying the
above inequality is compact. [l

Remark 3: This set can be geometrically visualized as the set of points where the
hyper-plane K1 + ||e||oo17 ¢ is above —¥(q). Hence, there exists a bound gpay (supremum
over all ¢ along the intersection of the two surfaces mentioned in the above remark) such
that ||¢]| < gmax for all time.

Remark 4: 1t is possible to use the information about the scalar field to develop
algorithms that reduce the bound on ||e||» using, for example, approximation theory for
functions.

4.1.3 Tuning Guidelines

The last theorem requires proper tuning of the control protocol parameters. In this section,
we examine the effect of these parameters on the swarm behavior and then conclude the
tuning rules. In our example, a proper tuning that provides good behavior is: rs = 15;d =
6;a = 1;b = 10; (see Figure 4.1). The large gap for choosing a, b values is due to the fact
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Figure 4.1. Nominal results with short-range and large repulsive area vs. wide-range and small
attractive area.

that we have an additional attractive element, the outcome of the field measurements.
The first two parameters are the sensing radius rs; and the desired distance d, which are
closely related. From definition r; > d, to check if there exists a limitation on the delta
(i.e., |rs — d|), we test two extreme cases where d is close to or far from ry. The effect
of different distance values is in the group size, where the performance remains without
significant change.

Next, we observe the behavior of the proportional gain k in the field’s attractive formula
(4.1). As is well known, increasing k increases the speed of convergence, but leads to a
poor transient response with low damping ratio, large peak overshoot, and oscillation. This



4.2. FLOCKING: EXTENSION TO NONHOLONOMIC MODELS 93

shall be tuned with respect to the agent representation and the whole swarm requirements
(such as settling time and overshoot).

The final two parameters are a,b, which define the sigmoid minimum (b) and maximum
(a) values, as well as the slope ¢ (see (2.14)). By definition, 0 < a < b, so we test the
behavior for small and equal values of a with respect to b. For both cases, the agents did
not, diverge, but the swarm structure had an important impact. For a small value, the
agents obtain a larger distance than the required d, owing to the small attractive area.
For larger values, the distance is too small and collision occurs due to the large impact of
the attractive element. Equal values of a = b in addition to the field’s attractive element
result an aggressive attraction which is not applied to Reynold’s rules.

To conclude this section, one should pay attention when tuning k, a in particular. Their
impact is determined according to the agent’s model as well as the desired distance d and
field structure.

Note: For different scenarios, such as oil spills or ideal spheres, the same tuning parameters
were applied. This provides strong evidence for the algorithm’s robustness and simplicity.

4.1.4 Simulation Results

In this section, we present both simulation and experimental results. All simulations are
conducted in 3D space (m = 3) with a spherical field characterized by
¥(g;) = 500 — ||gs — ¢i||> under the following chosen parameters.

€ a|b|k|c
|1|0.5|1|10|0.5|2

Figure 4.2 illustrates the proposed source-seeking scheme with 10 agents (small colored
spheres). The right color bar indicates the concentration level 1(g;) and the connecting
lines indicates the communication topology. The agents’ initial arbitrary locations are
shown in (a), and (b) presents the final convergence to the extremum location. To evaluate
the performance, let ds = ||gs — ¢.|| be the distance between the agents’ centers of mass
and extremum location. The results are

ds = ||gs — q¢|| = 0.024
¥(ge) =500 — [|gs — qc||* = 499.99,

which satisfy source detection under flocking constraints. Observation of the color bar
shows that in the initial state (a), the agents’ field-level measurements vary, whereas in
the final state (b), they reach consensus with a value of 1¥(g;) = 461. The case when
the field is time-variant is not part of the analysis but the observation is interesting (in
such a case the field has constant velocity and the controller should be tuned properly for
minimum steady-state error). The tracking ability of the swarm for this case is captured
in Figure 4.3. Although the filed is moving, the swarm keeps tracking its maximum in a
flocking behavior.

The experimental results of the proposed method are presented later, in section 6.2.

4.2 Flocking: Extension to Nonholonomic Models

In this section, an extension of the proposed gradient-free source-seeking concept to non-
holonomic agents is presented. Here, the control law is embedded slightly differently,
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Figure 4.2. Swarm exploration behavior in a spherical field: (a) agents’ initial locations, (b)
reaching consensus on source location.
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Figure 4.3. Swarm tracking a time-varying source (arrow direction) while flocking. One can
see that the agents’ concentration level remain the same indicating good tracking capabilities.

owing to the differences in each agent’s models. For instance, the damping element, which
is unavoidable for the double-integrator case, is omitted here. Two models are shown:
kinematic and dynamic. Such cases provide additional sufficient evidence for the algo-
rithm’s robustness and efficiency. Protocols and observation results for each technique are
presented. The cases are presented as concepts for possible solutions without analysis, but
are relevant for realistic scenarios.

4.2.1 Kinematic Model

Each agent is modeled as a kinematic model of a nonholonomic unicycle, similar to (3.36).
With respect to agent i, ¢; = [z;,v;] € R? is the position in the plane, 6; € [0, 27] is the
orientation with respect to the = axis, and v;,w; € R are the control inputs for linear and
angular velocities, respectively.

Here, we modify the control law in (4.2) such that

01 (q) =pn(ji/ra)ds(gji — d) + k(¥; — i)
ni; =0e(q; — qi) (4.14)

@i = Z dInij.

JEN;
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Interpretation to states x — y:
i = Y dindj piy = ) $inf
JEN; JEN;
x Tj — T Yy Yi —Yi

nt = , N =
YoVt -l Y VIt - alP

1

VIT g —al

Piw = > KOl (@5 —w), iy = Y KL (y; — i)

JEN; JEN;
and 0: _
00 = tan~ " (2L )
Pix
©io =0; — 0;q.

(4.15)

(4.16)

Note that the ;9 argument provides the alignment ability in Reynold’s flocking rules;

thus, the velocity-matching element is omitted.
The local control law remains as in (3.52).

U; = [Ui, wi]T

v, = kydsy COS(QDig), dip = \/ @121 + @gy

wi = —kuwpio + Oid

4.2.2 Dynamic Model

The extension to the dynamic model involves changes in the control input.

Here, the

control law interest is in providing torque commands 7;; and 7;2 to control the linear and
angular velocities, respectively. We assume that the linear velocity v; and angular velocity
w; are measured and fed back to achieve the desired v,y and w;q calculated according to

the gradient-free flocking protocol, similar to the kinematic case.
The agents’ dynamic model is in the form of

i = [#,9,0]" = Ry,

u; = [vg,w;] T

R; = |: Covz (1) :| , O = [Cos(ei)’Sin(ei)]T
w0 !
M= 0o 1 s Ti = [T, 2]

where m, ¢ are the mass and moment of inertia of agent 4.
The control input remains as proposed in (4.14)

v; = Z kglng;

JEN;

iz =Y _ K¢l (x; — 2:), piy = > KL (y; — i)

JEN; JEN:
L1,
Oia = tan™' (=), pig = 0; — Oig,

1T

(4.17)
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but the local control law is modified to

Us :[TilaTzQ]T

o =kyd; N od = S22
Vid kvdw COS(@Z@)’ dw Pix + (,Dzy (418)

wid = — kupio
Ti1 =k1(vig — v3), Tio = ka(wid — w;)

such that the torque commands 71, 7;2 serve as inputs to the motors controlling the vehicle
speed and angle.

4.2.3 Simulation Results

Simulation scenarios for the 2D plane are conducted with a group of 6 nonholonomic
unicycles. The field is drawn as circles centered at the origin with a function of ¢; =
10/||¢; — gs||- For the kinematic case, Figure 4.4 (a) shows the agents’ trajectories in time
and the corresponding field’s measurements. The observed peak in the field’s concentration
level is because one of the agents, while traveling across the field to generate the flocking
structure, passes through or near field’s maximum, which is expressed as the highest
measurement.

The results for the dynamic case are similar to those of the kinematic case, so it is
interesting to observe the behavior of the swarm for the time-varying field case. In Figure
4.4 (b) agent’s initial and final location are plotted. The agents manage to locate the
source, where they all reach concentration level consensus and keep track of the field in
time.

4.2.4 Multiple-Extrema Seeking with Flocking

In chapter 3.3, we provide a solution to the complex task of exploring a field with mul-
tiple extrema. We use formation control to converge the agents into groups and gradient
estimation along with GSO to attract agents toward the different sources. By using fixed
match-making locations, agents could meet while seeking potential neighbors or being
rejected from occupied extrema. Here, we wish to fulfill this task using the proposed
gradient-free flocking protocol. The algorithm proposed in (3.50) is modified, in the flock-
ing method, to

e; = plel + pl s, (4.19)

where ; is the law in (4.14). The simplicity of the law is notable owing to the unified
solution of flocking and source-seeking embedded in ;. The conditional terms are similar
to those in (3.51).

q{o, Wil =6 —1A¥: >0 f{0,||qaqz-||<c

‘ 1, else T 1, else

where §,, is an occupied peak when i ¢ &,.

The simulation results of the agents’ exploration process are presented in Figure 4.5 from
the initial distribution (a), and through the seeking process until reaching steady state
where five groups in team of four agents are located at each peak, where agents converge
in flocking structure (b). Note that the diamond shape is a result of the flocking a-lattice
characteristic (and not an explicit requirement, as in the formation case).



58 CHAPTER 4. FLOCKING-BASED SOURCE SEEKING

10 + .
S 5 \ A
5E
0 20 40 60 80 100
t [s]
10 + .
5 |
0 — 1 1 1 1
0 20 40 60 80 100
t [s]

20 T T T T

15+

10 -

Yi

_10 1 1 1 1
-10 0 10 20

Figure 4.4. Results for the dynamic representation; (a) agents’ trajectories (upper) and corre-
sponding concentration level (lower) in search for a static source. (b) Swarm exploration behavior
in time-varying field plotted over the x — y plane.
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Chapter 5

Comparison and Cooperation

In previous chapters, we have focused on the performance and stability analysis of two
different cooperative methods: flocking and formation. In this chapter, our intentions
are twofold. First, we compare the two methods under a realistic scenario, and then we
propose a unified solution that benefits from both. The notation ~v-agent is an external
tracking target which is defined as the match-making location in the first section and
described a virtual leader in the second.

5.1 Comparison

This section aims to explain the differences between flocking with glowworm characteristics
and formation with the gradient-estimation approach. A numerical representation of an
oil spill (can also be considered as a toxic cloud) is used as a complex task where agents
are required to locate and monitor the highest concentration by flocking or formation. All
agents are modeled as double integrators. In addition, we have added a novel solution for
the initial agents’ distribution. By using match-making locations, we relax the conservative
assumption that for at least one neighbor, {37 : ¢); > 0, j € N;,Vi € N}.

5.1.1 ~-Agents as “Match-Making” Locations

Let a ~v-agent describes a predefined matching location inside the polluted area (i.e., the
area of interest), where ¢,, € R? is the location and define @ as the set of all y-agents.

Q={dq",....q" }, Jo=1{1,2,...,w}

o (5.1)
max ||g,, — qu|| < 2r, Vi,j € Jo,

where w describes the total number of y-agents generated according to

w— | rwrdy
{ [2rs]2 J’ (52)

where h¢, wy and dy is the field maximum height, width, and depth respectively, and 7 is
an agent’s sensing radius. The attraction element toward a ~-agent is then set according

61
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to the following f, function:

(@i, pisar,) = —c1(qi — qr,) — C2pi

fri=Ffy-pi
e (5.3)
L N <npVip <e

. = arg min = qil|, pi =
ar, gjejgllqrj aill, pi {0, olse

Note that g, changes sequentially once it is reached (i.e., ||¢, —¢:|| = 0) but the conditions
still hold.

Let n, > 0 be the lower possible sum of neighbors for a single agent. For example, in a
2D case, this value is set to n, = 2.

Lemma 5.1. Under the protocol (5.3) and for any arbitrary initial location q(t = 0) = qo,
after finite time t, > 0, all agents are inside the field (i.e., ¥; > 0, Vi € N ) and have at
least n,, neighbors, |N;| > n,.

Proof. First, we show that all agents move toward and remain inside the field. Because
all y-agents are located in areas where v, > 0, then it is enough to show that an agent is
attract toward a ~y-agent. Without loss of generality we assume ¢; = ¢co = 1 and define
the following.

£ =qi — qr,

v=§=¢; =pi

ﬂ:pi:f'yzfgfy'
Let the following Lyapunov candidate V (&, v) = %§T§ + %Z/Tl/ where

V=ETer T =0T¢+ 0T (—6—v) =T <0

and V(£*,0) = 0 iff &* = 0 when ¢; = ¢,,. For the second part of the proof, let us observe
an extreme scenario. Assume that an agent is located at ¢; = ¢», with no neighbors,
ie., |N;| = 0. Thus, all other agents are located near ¢,, j ¢ Jo;. However, from
the definition in (5.1), the distance between two neighbors 7 locations is no greater than
twice the sensing radius of an agent. Therefore, agent ¢; must sense at least one agent
located near ¢, which leads to connectivity. This is true for any other scenario where
0 < NG| < np. O

5.1.2 LTL

Before introducing the two techniques using either formation or flocking, we find the LTL
formula that describes the algorithm flow. The possible states are defined as follows:

e bg: Seek neighbors while moving toward y-agent,
¢ b1: Maintain formation/flocking and use gradient-climbing technique,
e by: Peak located.

by is also defined as the acceptance state.
Next, the following atomic proposition is defined to describe the transition conditions
ai,as,az € AP, where

- ar NG| <np Vi <e,
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- ag: NG| =np Ay > e,
- a3z :u; <eq,

and n,, is the minimum required number of neighbors.
The LTL specification formula can be stated as

© =0(a1 — Oaz) A (a2Uas)
with the corresponding Biichi automaton A,.

a1 az N\ —ag *

az as
a

1

5.1.3 Formation
First, we describe the formation solution. Based on the results from Chapter 3, the control
law is in the form of

U{T = kai(Qf7Q)+kg'gi*0pi+f'y,i7 (5-4)

where cp; with ¢ > 0 is an additional damping term, ¢ € R™¥ is the relative formation
vector, and L = L ® I,, € RMVxmN ang g; is defined as in equation (3.4). From Lemma
5.1, the temporal effect of reaching a match-making location is achieved, i.e., p; = 0; then,
the closed-loop dynamics can be written as

HE R H It (5.5)

Proposition 5.1. Consider the MAS (2.9) with control law (5.4). For all ¢;(0) € R™,
the agents converge into formation gy located at source qs.

Proof. From Lemma 5.1 and under the LTL specification, for ¢ > ¢,, f,, = 0, and from
equations (2.9) and (5.4), we have

q=p

. . (5.6)
p=—kpL(q—qr) — keg(q) — cp.

Without loss of generality we assume ky = k; = 1 and let £ = ¢ — ¢ and v = ¢ such

that v = uch = —VU(&) where U(§) = —L(q¢ — qf) — . Then, the following Lyapunov
candidate V (&, v) = U(&) + 307 v, s.t.

V=ET"VU + " =0"VU + 7 (=VU — ) = =T ev <0,

and V(£*,0) =01iff ¢ — g5 =0, § = 0 so ¢* = ¢,. O
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5.1.4 Flocking

Next, we describe the solution based on flocking. Similar to Chapter 4, we generate a
gradient-free control law in addition to f, tracking capabilities.

ufl = Z ¢§ (gji)nji + Z aij(pj — pi) —cpi + k Z (V5 — Yi)ngi +fy

JEN JEN; JEN
ug u? (5.7)
= Z (67 (q50) + k(w5 — ¥i)]ngi + Z aij(pj — pi) — cpi + [+,
JEN; JEN;

Proposition 5.2. Consider the MAS (2.9) with the control law (5.7). For all ¢;(0) € R™
and t > 0, the agents locate the unknown field’s mazximum, where all possible equi-
libria of the translational dynamics of the center of mass correspond to ¢* such that
qs € convezhull(q™).

Proof. Similar to the formation proof, once condition as is completed and state b; is
reached, i.e., f, = 0, equation (5.7) is reduced to

ul' =3 6] (50) + k(s — vi)lngi + Y aij(p; — pi) — epi,

JEN; JEN;
which is the same as equation (4.2), where the proof is similar, thus omitted. O

Next, we compare the behavior of formation vs. flocking under a controlled scenario,
such as a moving sphere and the random noisy behavior of an oil spill. All simulations are
conducted using 10 double-integrator agents.

5.1.5 Sphere-Tracking Comparison Results

A sphere model representing a 3D field with maxima at the center is used. Whereas
with flocking there is no need for an explicit structure (only the desired distance), with
formation, we require the agents to generate a 3D diamond shape. This, as is demonstrated
soon, is a disadvantage once level-surface tracking is considered. Figure 5.1 presents the
initial (a) and final (b) stages of the agents. As described, the agents’ initial distribution
is outside the sphere and far from the sensing radius; nevertheless, by using match-making
locations, the agents are able to locate the field’s maxima and reach formation consensus.
For better observation, we provide the field with a repeated motion. In figure 5.2 a
comparison of the velocities of agent i is depicted, where with flocking the system behaves
more smoothly and has faster reaction as opposed to formation.

Level-Surface Tracking

The need for continuous information regarding the field’s size and expansion ratio is crucial
in the case of dangerous toxic substances. Flocking characteristics enable such a task to
be performed. Whereas the formation is limited by its rigid structure, with flocking, the
swarm adapts its structure while maintaining the required distance constraint. Figure 5.3
demonstrates the result of tracking the field structure in addition to time-varying changes.
The surface level is detected by increasing the distance d constraint until a surface is
reached with a value near zero (¢; <€, e < 1).
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Figure 5.1. Initial (a) and final (b) state of the agents with the proposed formation algorithm,
where agents initially posed outside the field, yet are capable to locate the source.

5.1.6 Oil Spill Exploration

Here, we use numerical models proposed by [Loncar et al., 2012, Stringari et al., 2013]
to describe the behavior of oil particles under different conditions, such as diffusion and
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Figure 5.2. Comparison between flocking (red,dashed) and formation (blue,solid) under re-
peated motion of the field.
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Figure 5.3. Sphere level-surface tracking with flocking and gradient-free approach.

evaporation, along with external effects, such as wind and current. The oil spill model
treats the oil as discrete particles using Lagrangian approximation to evaluate the tracer
(particles) motion over time. The independent effects (winds\currents) on each particle o
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are considered as advective forces and described as

Uo =K.U. + KUy,
‘/o :KC‘/C + K’wVwa (58)
Wo :KCWC + wo,

where U,, V,, W, are the zonal, meridional, and vertical velocity components; U, V., W,
are the current velocities in each direction; U,, V,, are the wind velocities; K., K,, are
current and wind coefficients; and w, is the particle-buoyancy. Diffusion processes depend
on oil’s physical-chemical characteristics. Here, we consider two processes: spreading
and turbulent diffusion. Spreading is a horizontal expansion effect due to the different
superficial tensions between water and oil.

(5.9)

2 2
where D, = Dy = 12&(%)1/3, V0 is the tracer volume and T} is the step interval.

The spreading effect is modeled as a random process

Us,o = Ry cos(2nR2)Uy, Vi, = R1sin(2nR2)V,, (5.10)

where Ry, Ry ~ N(0,1). Turbulent diffusion has a horizontal effect and is estimated using
random-walk methods and the particle’s maximum movement ability at a given time (ds).

Ud,o =ds cos(2mRy3), Vi, = ds sin(2mR2). (5.11)

The evaporation process has a vertical effect by controlling the mass balance; it depends
on the wind velocity and spill area (Ao).

A Vo)
fe,o :7::’0111 eXp_ 23ty . (512)

Finally, each particle’s trajectory is evaluated with time according to

A =gl 4+ Ty (UL + UL, + U ),
Yot =y + Ti(Vy + Vi + Vi), (5-13)
2B =2 L TU(WE A+ wh) + feos

where At is the time-step interval.

Oil Spill Estimation

As a result of using the particle model to represent the oil spill, one can consider different
spatial concentration levels. This allows the oil spill density to be measured based on the
number of particles surrounding a vehicle. Each vehicle is equipped with a sphere sensor
of range r,, which computes the concentration ¥ (q;) € R

The complex oil spill behavior requires an extension of the previously introduced 3D
source-seeking technique so in addition we use a discrete Kalman filter (DKF) to estimate
the oil density (which then lead to concentration levels). Let v(q;) be the estimated
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concentration level in g;, then
prediction:
U7 =Ui—at + Boti—as
P =P_ A+ Q
B, =[Up, Vi, W, |, ws—at = [cos(2m f,), sin(27 f,), fO]T
correction:
K, =P HY'(HP HT + R)™!
br =t + Ky(vpy — Hijy)
P, =(I-KH)P,

(5.14)

where @Q, R are the process and measurement-noise covariance matrices, f, ~ N(0,1)
represents the particles’ random trajectories, and H is the model prediction with respect
to measurements. Here, we use known parameters, such as water density and diffusion
coefficients, for the calculation of flotation U,,V, and vertical W, velocities. Table 5.1
shows the initial values for the oil spill model.

number of oil particles N, =100
tracer volume Vo=1md
gravity acceleration g =981 m/s?
saltwater density pw = 1025 kg/m?
oil initial density po = 980 kg/m3
water viscosity v = 0.893 pm? /s
wave energy o =36 kWs/m?
wave period w = 270.1 rad/s
coefficients k1 =0.57, ks = 0.725,

Ky=03 K, =1

Table 5.1: Initial conditions for the oil model

Results

First, we wish to demonstrate the quality of adding the y-agents’ match-making locations.
A three-phase procedure is depicted in Figure 5.4. On the right side, the agents’ initial
distribution is shown, where the agents are deployed randomly and not necessarily inside
the oil spill. Next, the agents locate and monitor the oil spill’s highest concentration
during its movement (middle and left) as a result of simulated wind and current in each
direction. Next, tracking the oil spill’s surface is depicted in figure 5.5; (a) shows the
flocking final result and (b) compares the behavior of agent ¢ over time and along the z
axis. It is readily apparent that while using flocking, the agent is able to hold its position
on the oil surface; with formation, the behavior fluctuates more due to the contradiction
between the level-surface-tracking task and the formation constraint.

5.2 Flocking and Formation Cooperative Control

Here we present a novel approach that combines these two fundamental techniques - flock-
ing and formation. Motivated from the advantages in both techniques we propose the
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Figure 5.4. Agents using the gradient-free flocking protocol to locate and track a time-varying
oil spill.
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(a) Oil spill level-surface tracking; (b) flocking (red,dashed) and formation
(blue,dashed-dot) comparison of tracking the surface where the fluctuation in formation is notice-
able

following: (i) two-level architecture with flocking for virtual-leaders, double integrator, as
~v-agents at the top-level, and unicycle formations at the bottom level (each such formation
representing a ”combined sensor” measuring the average concentration in its range); (ii)
demonstrating its benefits by application to a gradient-free source seeking strategy based
on Glowworm Swarm Optimization. The two-level separation reduces the analysis and
synthesis complexity of a unified law, which enables the use of complex agent models but
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still benefits from flocking.

5.2.1 Definitions

First we need to establish several definitions to distinguish between the formation and
flocking levels (notice that here i, j index describes an agent and m,n a virtual agent).
Consider a MAS of N mobile, autonomous agents and let G; = (V1,&1) be an undirected
graph. Each agent is modeled by the unicycle model introduced in (3.36),

i‘i = V; COS(@Z')7 yZ = V; sin(@i), 91 = W,

where, with respect to agent i, ¢; = [z;,7;]7 € R2. It is said that the set of neighbors with
respect to agent ¢ is

Ni={j€Vitai=1Vje N} (5.15)
The agents are arranged into groups of |[N;| + 1, so the total number of groups is

N

Ny=——
FTIN T

(5.16)

Let G3 = (V2, &) be an undirected graph topology for a group of y-agents (|V2| = N;)
and let N}* be the set of all agents corresponding to a y-agent n € G located at their
center.

N ={i € N: Jin =1,Yn € Ga}, (5.17)

where J € RN*Ni agsigns an agent to a vy-agent, n € Go, which corresponds to the
equations of motion.

qn = Pn

pn = unv

(5.18)

where ¢, pn,un € R? (e.g., ¢ = [Tn,yn]T), and the notation q = [qlT,...,qf,L]T and
p=I[pf, ..., p%l]T € R2Ni are the position and velocities of the whole network of agents

stacked up. Now, the neighborhood set of agent n is
Nn:{mEVQSH(]m*anSTS}, (519)

where 7 is the possible radial sensing range between two agents from different groups. We
let the adjacency matrix A = [anm] € RM*N representing the communication topology
between the virtual leaders similar to a;; with the corresponding L. Figure 5.6 illustrates
the hierarchy structure of the swarm.

The problem studied in this section is to achieve the following goal:

Cl1 Ast — oo, the maximum (”source”) located at gs must lie inside the convex hull of
the swarm center of mass - i.e. ¢s; € convexhull(¢*); this must satisfy

||Qm - Qn“ =d, Ym € Nnv
where d is a desired inter-agent distance.

In the following we propose a distributed control law that achieves C1 under field assump-
tions Al and A2 from chapter 4.
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Figure 5.6. Hierarchical flocking/formation, where the v-agents (dashed circle) located at the
center of each group of agents (solid circles) and the topology between agents and y-agents are
drawn in solid and dashed lines, respectively.

5.2.2 Cooperative Flocking and Formation Technique

As introduced in Chapter 4, group convergence to a source location is achieved using the
following control rule:

Up = Z Qﬁg(Q)é‘mn + Z anm(pm - pn) —Cpn + k Z (wm - wn)émn (520)

meN, meN, meN,

under the following definitions:

5 (@) =pn(Gmn /T0)bs (@mn — da)
Gmn =||gm — @ullo
Omn =(gm — @n)/(1 + ¢€l|zll5), da = [ld||o, ra = |I7s][o
¢ >0 : damping term,

where each virtual leader measures the field’s concentration according to

1
Un :W Z (I (5.21)

iENT

For achieving formation consensus followed by leader tracking in each subgroup, we propose
the following. The control law applied on each agent ¢; € R? comprises a formation
element and a navigational term tracking a y-agent with respect to ¢ € N}* and is in the
form of

¢i =krLi(ay — @) + ki(an — @), (5.22)
where gy,q € R2V is the relative formation and position vectors where § = [¢f, ..., q%]%,
L; € R?*2N s the i-th rows ([Lyi, Lyi]T) of the Laplacian matrix L = L ® Iy € R2NVX2N]
and kg, k; > 0 are tuning parameters. We can decompose (5.22) into the x,y components

Yzi =kfLi(xf — ) + ki(zn — ;)

(5.23)

eyi =k Li(yr —y) + ki(yn — vi)
where L; € R™¥ is the i-th row of the Laplacian matrix L and z,y,zs,yr € RY (e.g.
x = [z1,...,2n5]T). Now we can construct the local controller u; = [v;,w;]? that controls
the linear and angular velocities of each agent with respect to (5.23) and determines the
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desired location and orientation 64;

wo; =0; — 043, 0q; = tan_l(@)

Pri

(7 :k’udvi COS((‘D‘%)’ dvi = 4 /Soiz + (‘051 (524)

w; = — ke + 04;.

~v-Agent Constraints

Since the y-agents possess dynamics different from that of the physical agents, one needs
to constrain the flocking convergence speed of the top level leader according to the agents’
convergence rate. Following the proposed control law in (5.20), we add a continuous-
adaptive bump-function with a dependency on ¢; where

u#n::unph(un)
_ 1 n (5.25)
Hn _|M| + 1 -Zn |SDZ|/(10max'
z€./\fl
where @}, = max;enr @i.
First we place a lemma showing that a group stays together following their leader.

Lemma 5.2. Consider a group of N|* agents with dynamics (3.36) applying the control law
(5.24). Then, the group track their vy-agent with a bounded steady-state error in formation.

Proof. Since ¢, depends on ¢, and p, (see (5.21),(5.25)) then ||g, — gc|| < € where
ge = W Zie/\/l" gi is the group center of mass. Thus it follows that ||g, — ¢;|| < & where

€ = €+||gc — gi|| = e+ ¢¢,;. To reach formation consensus we use the following Lyapunov

candidate function ) )
V=2 (@it el + 5 ) e
i

K2

V = — szgam — Z ychyz - Z PoiPoi-

Without loss of generality, assume that k¢, k; = 1. Now, by substituting 0; = wg; + 04;

and from (5.24) using v; = kydy; cos(pg;) and cos(pg;) = ﬁsuiz, sin(f4;) = ﬁi’l we obtain

then

&; =v; cos(@g; + 0ai) = vi[cos(wai) cos(04;) — sin(pg;) sin(f4;)]
Py ]
d

=k ui 08> (gi) — kv cos(e:) sin(pa:)
Ui =v; sin(pg; + 04:) = v;[sin(pg;) cos(64:)

=kydy; COS(‘PGi)[COS(‘PGi)% — sin(ppi)

)Pyi
+ cos(pg;) sin(04;)]
:kydvi COS(@Gi)[Sin(we'ﬂ % + COS(@O*L) flyz]

=kypyi cos®(0a;) + Ky cos(pg;) sin(pps
Poi =i (0; — Oai) = —ku 3.

7
[
%

Yy
T

Eventually V is in the form of

V= —ky Y cos*(00i) (02 + 00) — kw Y 5

K2
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hence, V <0and V =0 iff Ozis Pyis Poi = 0.
O

Next, to achieve convergence to the source location in flocking (C1), we place the
following proposition.

Proposition 5.3. Consider a group of N agents, divided to small groups of Nj* agents,
and consider a group of Nj, vy-agents with dynamics (5.18) and the control law (5.25).
Then, under the described assumptions, all v-agents’ trajectories asymptotically converge
to the equilibrium (¢*,0) s.t. gs € convezhull(q*), where each is tracked by a group of N}
agents in formation.

Proof. We first show that the weighted control law does not affect the energy structure of
the agents’ dynamics. Applying (5.25) on (5.20),

Uy, :Unph(:un) = Z [Qﬁ:znémn + anm(pm - pn) — CPn + (wm - wn)é‘mn} Ph(,un)

mENn
= Z [d):znph(ﬂn)(;mn + anm(pm - pn)ph(ﬂn) - Cph(,un)pn + (7/)m - "/’n)ph(ﬂn)émn]
mENn
= Z ph(an/Ta>ph (,Un>¢s (an - d;n)(smn + Z anm(pm - pn>ph(ﬂn)
me~N,, meN,
= cpn(pn)pn + Y (Y — $u) o (tin)Sran
mENn
= Z pvh¢s5mn + ph(ﬂn) Z anm(pm *pn) - épn + f'y(q)
meN, meN,

= Vﬁ(Q) - f’gjpn — Cpn + fv(Q)

where U(q) is a potential function and LY = L¥ ® I, and L" is a weighted Laplacian
matrix. This leads to the closed-loop collective dynamics

Gg=p
p=-VU(q) — L¥pn — &pn + f+(q).

The product with (2.13) produces weighted elements of the potential function U(q), Lapla-
cian matrix L, damping constant ¢, and field climbing element f+(g). This modification
does not affect the energy structure of the agent’s dynamics or the convergence analysis,
only the convergence rate. Next, we organize the dynamics as

q=p
p=—VU(q) = (La(q) + &)p + VE(q) + (f,(q) — V¥(q))
=—VU(q) — (L2(q) + c)p + e(q).

The last equation is similar to the proposed structural dynamics in (4.3) where the proof
is in two parts; part A use La Salle’s invariance principle showing that the Hamiltonian
is a dissipative particle system; part B shows that the proposed protocol leads to a stable
dynamics and finally convergence to the equilibrium (g*,0). The steps are similar and
thus omitted. Finally, from Lemma 5.2, each group of agents remain in formation and

track their leader, which eventually leads to the source being located by the swarm.
O
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5.2.3 Simulation Results

In all simulations and experiments, the blue lines connecting the agents represent the
formation topology and the red lines represent the flocking connectivity between the -
agents. The dashed black curves are the field’s concentration levels, where a narrow circle
corresponds to the higher concentration level.

A group of N = 20 non-holonomic agents performs the proposed extremum-seeking tech-
nique on a scalar field

Q/J(z) = Aw [6_((Z_QS)TH1(Z_QS)) + e_((z_QS)THZ(Z_QS))]’

where H; = diag(ﬁ, ﬁ),h{2 = diag(ﬁ, ﬁ), 0z, = 10,04, = 50,0,, = 80,0,, =
30, Ay = 3, and a maximum is located at g5 = [40,40]7 with a value of ¥max = 6. The
agents are divided into a group of [N;|+1 = 4 (i.e., N; = 5 y-agents) with an initial
arbitrary location around [0,0]7. Figure 5.7 (a) presents the measured concentration level
1; over time. During the search procedure, the agents locate the field’s maxima at [30, 40]7
with an average value of Avgy, () = 5.85, as expected. In addition, in (b), the errors of the
control laws (5.22) and (5.25) are plotted over time. Owing to the use of the gradient-free
technique as the navigation function, both inputs approach zero.
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Figure 5.7. (a) Field concentration measurements over time. When agents locate the field’s
extremum they remain there as expected. (b) Agents (top) and y-agents (bottom) errors decreas-
ing behavior over time.



Chapter 6

Experimental Results

This chapter presents a number of experiments evaluating the proposed algorithms in
the previous chapters under different conditions. The experiments are conducted under
the Robotarium project by Georgia Institute of Technology [Pickem et al., 2017] using a
swarm of mobile, two-wheeled robots called “GRITSBot” (Figure 6.1 (a)). The size of the
GRITSBot size is 4 X 4 x 3 cm. It can reach a maximum forward speed of approximately

10 [£2] and can turn at up to 1 [£2]. A group of up to 20 mobile robots can be used in an

[ 3
5
"
4
L

(a) (b)
Figure 6.1. (a) a GRITSBot agent and (b) the arena.

arena with a size of 1.6 x 1.0 m (Figure 6.1 (b)). A camera-based position technique is used
to determine each agent’s location, which also assists in creating virtual fields and obstacles
projected on the arena table. Nevertheless, the agents’ control remains distributed. In
addition, the Robotarium implements barrier certificates to handle and prevent collisions
between agents.

6.1 MESA

In Section 3.3, the algorithm for multiple extrema is presented. This technique involves
elements of formation and gradient estimation, as well as nature-imitation techniques,
such as GSO. In addition, the concept of a predefined matching location is introduced to
connect agents in the search for neighbors or to repulse agents from occupied extrema.
Two experiments with a group of 10 agents are conducted. The agents are required to form

(0]
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two groups of 5 in a “plus” formation, where two extrema are posed (the field’s different
concentration levels are drawn in circles, where the source is located at the center). The
difference between the experiments is the distance between those two extrema. Initially, in
experiment 1 (Figure 6.2), the sources are located far from one another and the agents are
deployed at the center of the connecting line between them. The agents are first assigned
into two groups, which are then each attracted to a different extremum (the attraction
level is the same) and finally rest in both. To challenge our algorithm, we next move the

Figure 6.2. MESA 1 - field with 2 extrema located far apart.

two extrema closer, as shown in Figure 6.3. Now, all agents are attracted to the nearest
extremum. This results in an over-populated source. Without MESA, the agents would
have remained at this location, leaving one extremum unattended, and thus would have
failed the task. The actual result is that one group takes over the detected source, and
the rest are sent (using match-making locations) to search for the second, undiscovered
source. Finally, both extrema are occupied with same number of agents (equal density),
as requested.

6.2 Gradient-Free Method with Flocking

In Chapter 4, source seeking using a gradient free technique is developed. Here, as op-
posed to the previous section, the agents motion is dictated according the flocking rules
which are added to a modification of the GSO rule. Agents are attracted to both source
and neighbors, creating smooth movements using 2D consensus based on distance and
velocity. The experimental results with N = 8 wheeled robots are presented in Figure 6.4
(Experiment 1) and Figure 6.6 (Experiment 2). The 2-D scalar field indicated by its level
curves (dashed circles) with a maximum at its center in g; = [—0.5,0.5]7. In the first
experiment the agents navigate in a free environment from initially arbitrary locations to
a swarm with flocking behavior searching for the extremum.

The agents’ trajectories over time are depicted in (b), where the field’s extremum location
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Figure 6.3. MESA 2 - field with 2 extrema located close together.

is indicated by dashed lines. One can observe that the agents’ center of mass converges to
the extremum (i.e., ¢. = gs).

To evaluate the performance, we compare our proposed technique with flocking and the
gradient-estimation technique (3.4) computes the slope of field measurements between
agents. The control law is then

Upg, = koug + kgg;.

An experimental comparison of the two is depicted in Figure 6.5. The interference between
flocking and gradient estimation is observable compared with the smooth behavior of the
proposed technique.

The second experiment is conducted in a constrained environment (Figure 6.6). First,
the agents locate the source and construct a flocking structure. Subsequently, unknown
obstacles (gray squares) appear and the field starts moving in the positive = direction.
The agents keep tracking the field while avoiding obstacles during the whole movement
until the field comes to a rest. The obstacle-avoidance technique is based on the method
proposed in Section 3.2.

6.3 Cooperative Flocking and Formation

Here, we combined both the formation and flocking techniques to achieve the benefits of
both, where, in the lower level, the wheeled robots achieve a triangular or diamond shape
formation, providing better measures of the field’s concentration, and at the higher level,
virtual y—agents perform flocking, which prevents the different groups from diverging.
Here, instead of having an unnecessary explicit formation between the different groups,
all that is needed is to maintain cohesion and alignment. In Experiment 1 (Figure 6.7),
a group of N = 12, 2-wheeled robots are preassigned to groups of A = 4 in a diamond
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0 20 40 60 80 100

Figure 6.4. (a) (left) Robots’ initial locations. (right) final location around the field’s maxi-
mum. (b) x-y trajectory plot of 8 mobile robots locating an unknown extremum.

formation shape. The expected triangular shape of the v-agents (IN;=3) is drawn with
red lines. The agents start in arbitrary locations and, by using the proposed cooperative
flocking and formation technique (CFFT), construct the three subgroups and monitor the
field’s maxima. The y-agents’ flocking behavior maintains the desired distance d (cohesion
and separation), as well as velocity consensus (alignment), which enables smooth tracking
behavior of the swarm.

In Experiment 2 (Figure 6.8 (a)), a group of N = 15, A = 3 agents with corresponding
N; =5 y-agents was created. Here, the agents construct the desired triangular formation
shape with a pentagon flocking shape. The input (5.25) constrain the y-agents’ speed of
convergence with the agents’ consensus rate, which guarantees that the vy-agents do not
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Figure 6.5. (a) Trajectory samples comparing the agents’ behavior over time in two exper-
iments; proposed algorithm (blue,dashed) and flocking+gradient (red,solid). (b) Complete z,y
trajectories of gradient-based approach, where the perturbed behavior is easily noticeable.
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Figure 6.6. Experiment screenshots of the swarm behavior under different states: initial
distribution, source located, and tracking the time-varying source while avoiding obstacles until
the final position of the source is reached.

Figure 6.7. Experiment 1 - A group of 12 agents divided into 3 subgroups of 4, each in a
diamond formation structure, where the «y-agents construct a triangular shape according the the
flocking rules.

diverge.
Figure 6.8 (b) plots the average error of the v-agents throughout the experiment. The
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Figure 6.8. Experiment 2 - (a) Subgroups of 3 agents in a triangular formation track y-agents
in a pentagon shape to seek the extremum. (b) v-agents average error plot over time. The flocking
error decreases to the minimum value where the swarm keeps monitoring the source location using
the proposed CFFT.

error decreases until a relatively small steady-state value is reached, where the pentagon
shape is achieved along with formation consensus by the agents. The dynamic constraint
added in (5.25) is noticeable in the range of [15-25] sec., where the error decrease rate is
slowed until all agents track their corresponding v-agent in formation.



82

CHAPTER 6. EXPERIMENTAL RESULTS



Chapter 7

Conclusions and Outlook

The present dissertation details the use of different distributed control schemes to nav-
igate a group of identical agents through different tasks. Here, we focus on the task of
source-seeking, where the agents are required, based on limited measurements, such as
local concentration or neighbors’ knowledge, to locate and monitor an unknown field’s ex-
tremum. Presently, this challenge is important for applications to the unfortunately vast
quantity of disasters, either natural or manmade. The use of autonomous mobile robots
under conditions of high risk or limited accessibility is advantageous and, in some cases,
unavoidable. Here, we have proposed and examined the differences between two common
cooperative control techniques, formation and flocking, under different scenarios and agent
models, such as single and double integrators and non-holonomic kinematics.

Tasks of locating an unknown source or tracking a certain level curve require a vec-
tor to be generated that points to the extremum location. Section 3.1 first introduces
the distributed gradient-estimation process, where an agent generates a force pointing to
the source by computing the slope between the different field measurements in its neigh-
borhood. Then, to reach a consensus among a large group of agents, they are divided
into different groups, and we use a hierarchy structure to reduce the calculation time and
introduce a new technique for reaching a discrete consensus. Formation-based control is
used to achieve a rigid structure for better estimation in the lower hierarchy. Nature is
not a sterile environment, and agents therein can encounter obstacles or noise-corrupted
measurements in both concentration and position. Thus, in Section 3.2, we extend the
previous proposed approach to include an obstacle-avoidance technique with the use of the
potential function. For noise robustness, the agents modify the formation structure with
respect to the SNR. The assumption of a single extremum is unrealistic, where in prac-
tice, a substance has several extrema (points of interest), so in Section 3.3, we propose a
novel complete solution to explore such a field. We define the source density characteristic
to ensure that all extrema are properly explored. In addition, we assign match-making
locations to generate groups of rejected or lone agents.

The second part of this thesis proposes a different approach to tackle the task at
hand. Here, our approach is to mimic natural behavior. Flocking is a natural method
to keep individuals together with respect to their relative distance and velocity. The
latter allows us to relax the use of an explicit rigid formation and enables more flexible
motion of the swarm. To avoid the process of gradient estimation, we use the concept of
glowworms, where agents are attracted to others based on a modified cost function. The
main contribution is the combination of the two requirements into one unified rule. The
case of double-integrator agents is well introduced and synthesized in Section 4.1, and the

83
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proposition of extension to a non-holonomic kinematic and dynamic model is elaborated
in Section 4.2.

After introducing these two approaches, we try to evaluate and classify which is suitable
for which kind of problem (Section 5.1). We use complex scenarios, such as a time-varying
3D sphere model and numeric representation of an oil spill. The comparison focuses on
the convergence speed and tracking abilities for cases, such as a moving field and level
surface monitoring. Our first conclusion is that both approaches have high performance
and are suitable for most tasks. Nevertheless, by examining the details, one can find
several differences. Formation involves a rigid structure, which required when dealing
with noise-corrupted measurements in position or concentration. If it is necessary to
modify the group in the explicit structure (for energy efficiency, for instance) or to form
preassigned groups with respect to the agents, formation is the way. This field of research
is investigated thoroughly, with synthesis and analysis results under varied kinematic and
dynamic models. Therefore, if the task is well-defined with characteristics of convergence
speed (A2) and known topology, formation control is the suitable solution. In flocking, on
the other hand, the direct result of mimicking nature is fluid behavior. Without a priori
knowledge or the need for an agent’s neighborhood, the swarm maintains cohesive behavior
by simply keeping a desired distance. Although the shape is not explicitly designed, in
many cases, one can guess the a-lattice structure. This provides the swarm with robust
abilities that enable it to react to changes more smoothly and to track any level-surface
structure more efficiently. The flocking framework has been analyzed well for the double-
integrator case, and the results for the kinematic and dynamic models are presented, but
more work remains for different types of models and techniques (such as involving LPV
design). From our observation in the simulation and experiments, flocking seems to be a
promising technique, where, with small and simple control effort, one can provide varied
solutions that guarantee that the agents remain together.

In addition, we propose a novel solution to converge all agents to the field area for any
arbitrary initial location, which relaxes the strict assumptions. Next, we wish to benefit
from both advantages. Therefore, in Section 5.2 we propose a cooperative approach.
Again, a hierarchy structure is used, where in the lower level, agents reach formation
consensus by tracking their center of mass (presented as a virtual agent), and in the higher
level, the different groups maintain cohesion and field exploration by using flocking.

The last chapter of the dissertation provides several application examples using the
Robotarium arena, where the agents are small two-wheeled mobile robots. We tested our
different mission-control strategies for the case of a multiple-extrema field, gradient-free
flocking, and a cooperative flocking and formation technique by generating the structures
of motion of different virtual fields.

Remarks and Future Research Opportunities

The satisfactory results of both formation and flocking shall encourage further research in
the field of source seeking.

The different field models (toxic cloud, oil spill, etc.) are normally not stationary, and
require constant tracking in a time-varying environment. Although in this thesis, we pre-
sented our observation results on such a model, further analysis shall be conducted.

A heterogeneous group of agents would pose an interesting challenge, handling such com-
plex tasks. For instance, having the ability to control and reach consensus among aerial
and underwater vehicles may be a suitable solution for tracking a substance in the ocean.
The shared information from both the air and sea can assist in better localization and
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field monitoring. A cooperation of flocking and formation with different convergence ra-
tios (fast and slow dynamics) may be a suitable approach.

An important aspect of more realistic scenario, is communication limitation. From time
delays to package drops, the agents’ main decision-making protocol is based on information
sharing, where such problems may result in critical failures that must be handled properly.
This is also applied for the agents’ localization abilities, both for outdoors, where GPS
accuracy is not satisfactory, and indoors, where GPS is not available and which requires
different approaches, such as landmarks or distance-based determination.

In the author’s opinion, flocking seems to be the most suitable solution. The flexible
structure involves great advantages, such as robustness and adjustment. For example,
once a non-smooth field is obtained with flocking, agents can adapt their position to cover
the field’s structure based only on the relative distance (in contrast to formation, which
lacks this ability without prior knowledge of the structure). Thus, we encourage further
research on the synthesis and analysis for a wide range of agent models under different
problems and scenarios.
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Appendix A

Aerial and Naval 3D
Exploration

Here, we present an extension of the formation gradient-based approach (as introduced in
Section 3.1) for exploring 3D field.

A.1 Cooperative 3D Source Seeking

First, we require the agents to obtain a given formation that facilitates gradient estimation.
Whereas in the 2D case, the agents form a diamond shape in the plane for enhanced
sensitivity against time-varying field changes, here, the desired shape is a tetrahedron,
which has 4 triangular faces, 6 edges, and 4 vertices.
To achieve a desired formation, a relative formation-reference vector is provided by q; =
[q}jl, e ,qjj\ﬂ,yf]T. Then,

er = krlp(ar — ), (A1)
where ky is a tuning parameter and L, = L ® I3 € R33N g0 ¢y € R3V. The gradient
is again computed using the slope of the field measurements between agents.

gi = (RFR;))™'R]b;,

where § € R and the inverse of (R} R;)~! exists iff R; is full column rank, which requires
|Ni| > 3. Here, we consider a bounded Hessian ||V2¢(¢;)|| < o and a formation structure
where all reference distances are equal, 5 = ||¢; — ¢i||, so the estimation error is

€H,i = (RlTRz)ilRlTCz

T 1 e (A.2)
¢i = [ein,- e ] g = 56— @) V() (g — @)
and bounded by
1 1 _
||Ci||Sg\/|f\/z‘|a2||qg‘—qill2ﬁ—vMaq2 a3
llemall < (R R)™ R ||||eil| < 5 \/ ilagf||(RT Ri) ™' RY .
The gradient contribution to the control input is
eg =kq -3, (A4)
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where kg is a tuning parameter. The total input is a composition of the two:
e=es+ e, (A.5)
A.1.1 Simulation Results

The simulated scalar field is described as

w(%) — Aw(e_(Qi_Qm)THl(qi_QWL) + 6_(Qi_QWL)TH2(Qi_Qm))

1 1
2031 0 0 2032 0 0
1 _ 1
Hl — 0 2051 0 , H2 = 0 2052 0 (AG)
1 1
0 0 352 0 0 352
z z
_ max , max .max]T
dm = [:Cw ) yq/; ) Zw ]

using the parameters o,, = 10,04, = 50,04, = 80,0y, = 30,0, = 2,4y = 3. The
maximum location is in ¢, = [40,60,0]7. Figure A.1 shows the simulation results for
4 AUV agents in a tetrahedron formation seeking the unknown source. To graphically
display the concentration levels in & — y — z coordinates, we plot x — y cross scenarios of
the field along the z axis. The source, in this case, is located at z = 0 (marked as green
*) with a value of ¥ay = 17.  The agents start in ¢(0) = [0,0,—3]7 and climb toward

4 -
2
g —
/4‘1‘\‘\ \‘\
N0 ;’5;:; )
-2
D 60
-4 50 40
100
50 0 0 -

y

Figure A.1. 3D source seeking of a scalar field.

the source by using control law (A.5). Initially, because of the tetrahedron formation, the
gradient has a significant z component and the agents ascend rapidly; subsequently, they
move toward the maximum with similar linear velocities in all axes. Figure A.2 presents
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the (a) formation and (b) gradient errors over time. The agents reach formation consensus
after a short period of time and keep it during the rest of the simulation. The gradient
errors’ behavior is different among the three axes. It starts with a larger error in z, which
causes the early ascending movement. Then, a peak is observed where the steepest change
occurs; finally, all errors decrease to e; < 0.2, ey = 0.

20

-10t |

-20 ‘ ‘ ‘

Figure A.2. (a) Formation error; (b) gradient error where: e} (solid),el (dash), ey (dot).
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A.2 Oil Spill Exploration Algorithm

Here, we use the oil spill model introduced in Section 5.1.6. Similar to the algorithm
proposed in MESA | our control law is based on formation, gradient estimation, and GSO,
where

e=ef+es+e. (A7)
It is shown in [Krishnanand and Ghose, 2009] that [; increases/decreases monotonically and
asymptotically converges to I = (£)1(g;). Therefore, the attraction movement proceeds

. . p
until an equilibrium is reached, where

q; — qi
lim e;; = lim s- = < sl|a@rlls (A.B)
t—00 t—00 ||qj — qril|

so the tracking error is bounded.

A.2.1 Simulations

The oil spill tracking in time are plotted in Figure A.3 under different natural changes, such
as the diffusion or wind and current velocities. First, we simulate a quasi-static oil spill;
in other words, we assume that the current and wind effects on the oil spill are negligible
and time-varying changes are affected by the diffusion and evaporation processes in the
model. Then, we apply wind and current effects so that the oil model starts drifting in
the x — y plane. The agents were able to track the oil spill model under these different
conditions and changes. Figure A.3 presents the different stages of the oil spill.

4
»
N
N
N
0.2 5
N -0.2
-0.6
4 0 X

Figure A.3. Capture of oil spill simulation under internal and external interference.



Appendix B

Flocking Adaptive Potential
Function

In Chapter 4, a gradient-free source-seeking algorithm with flocking is introduced. Here, we
propose a different approach for the same problem. By using a time-varying potential func-
tion, one can adjust the relation between two neighbor agents based on their attractiveness
and distance. This potential function embodies both the flocking alignment /separation
rule and extremum seeking by imitating glowworms. The main contribution is that instead
of having several elements added together (the common approach), here, the forces act
together based on a single function.

Source-Seeking Navigational Protocol

Inspired by GSO, where, based on an objective function, agents with higher values attract
others, we set 1; as the agent’s level of attractiveness. This way, an agent with larger
1; pulls agents with lower ;, which causes movement of the swarm in the extremum
direction. The relation between two neighbor agents is described as

d
i

where we assume that .y is predictable or known. As explained, the concept is to
modify the potential function in (2.20) to generate an action function that drives agents
toward the source in flocking. In other words, we wish to define a stable equilibrium where
both conditions (2.10) and g. — g5 exist. To do so, we set a time-varying constraint with
dependence not only on d but also on the relation of ; and 1;,

(thy — i), (B.1)

) (q) = da —1i(q). (B.2)
Now, we can define a new set of constraints to produce the adaptive potential functions:
lla; = aillo = d] (a), Vj € Ni. (B.3)

A graphical interpretation is depicted in Figure B.1. For the case when ¢; = #; (mid-
solid curve), consensus is achieved (i.e., extremum located) and the repulsive/attractive
relation between agents j and i is governed by the flocking protocol. When agent j is
more attractive (located at a higher concentration level) than agent 4, i.e., ¥; > 1; (left-
dashed curve), then the attractive domain increases, as does the force driving agent i
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toward agent j. The opposite case occurs when agent j is less attractive than agent i, i.e.,
¥ < 1b; (right-dot curve), and the repulsive area increases. This process proceeds until
condition (B.3) holds; then, equilibrium is reached where ¢. = gs.

ot

> [ ~
J ? Va N
Y, \
2.5 ! | | 1
L } }
L |
lgjall=d | L,
; [ lla =@l > d N L
& Ofmeeeo T Lol ‘
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2.5 \ | |
.c.. |
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- - }
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a5, = llg; — aillo

Figure B.1. ¢!(q) plot for different values of 1; —1;, where values above zero indicate attractive
forces and those below are repulsive (here, rs = 11,d = 6).

The modified rule in (2.16) induces a smooth collective potential function

V=336l
q; J#i » (B.4)
()= | ¢l(s)ds = /d ¢! (s)ds.

d; a—1;i(q)

The term gb{ € R?™ — R is the action function, where, by using (2.13) and (2.14), we
receive a repulsive/attractive force driving agents toward the source

01(q) =pn(gji/Ta) s (a0 — &), (B.5)

where 7o = ||rs||s. The function ¢’ in (B.5) embodies two of the Reynolds rules, cohesion
and separation, when applying the attractive/repulsive force with respect to the term
llg; — ¢ille — dl. To satisfy all three Reynolds rules, an additional element for reaching
velocity consensus is added using a weighted a;;:

aij = pr(gji/Ta)- (B.6)
Then, the alignment (velocity-matching) behavior is achieved by applying

uy = aij(p; — pi)- (B.7)
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Now, we can construct the complete protocol applied to an agent i. Let n;; = oc(q; — ¢:)
be a vector along the line connecting ¢; to g;; then, for each agent 7,

ui =y oH@)ni; +aij(p; — pi) —cpi, (B.8)

uf

where c¢p; with ¢ > 0 is an additional damping term. The protocol in (B.8) combines the
group objective with flocking behavior, which avoids the use of a noise-sensitive gradient-
estimation process.

Observations

The simulation results are similar to the those presented in Chapter 4 where a smooth
convergence behavior is observed. This encourage us to test the algorithm in a more
realistic context. An experiment in complex environment is shown in Figure B.2, where
agents show the ability to monitor an unknown source in the presence of an obstacle with
flocking.

Figure B.2. Experiment screenshots of the swarm behavior under different states: initial
distribution, source located, and tracking the time-varying field while avoiding obstacles.
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