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Abstract

In this paper, the general framework for contact-constrained topology optimization of Strémberg and Klarbring (2010)
is extended to robust topology optimization. In doing so, a linear elastic design domain is considered and the augmented
Lagrangian approach is used to model the unilateral contact. For topology optimization, the design space is parametrized
with the SIMP-approach and the Sigmund’s filter is applied. Additionally, the robust framework considers uncertainties at
the contact support such as deviations of the geometry of the contact surface and the friction coefficient. Both uncertainties
are described by the first-order second-moment method which leads to minimal additional costs. In fact, only two additional
linear equations must be solved to obtain the robust objective and its gradient with respect to the design variables. Hav-
ing both the objective and the gradient, the design update is computed with the method of moving asymptotes. The robust
framework is applied to 2D and 3D examples to prove its scalability for real-world applications.

Keywords Robust topology optimization - Robust design optimization - Contact - Method of moments

1 Introduction

Computer aided optimization has gained importance in
recent years, however, it has still limitations in application.
Besides other reasons, this is due to the fact, that optimi-
zations are based on simulation models, which in turn are
based on idealized model assumptions. It is well known,
that the optimization algorithms exhaust the model assump-
tions to reduce the objective as much as possible. Due to
that, it is of major importance to reduce the assumptions at
crucial areas such as the force transmission zones. In order
to weaken the model assumptions, Stromberg and Klarbring
(2010) developed a framework for contact-constrained topol-
ogy optimization. They concluded that standard boundary
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conditions might be well suited for finite element analysis
but result in weak design concepts in topology optimiza-
tion. Further analysis in Stromberg and Klarbring (2010)
have revealed that optimized designs obtained by contact-
constrained topology optimization are still very sensitive to
the contact parameters. Therefore in this paper, the concepts
of robust design optimization are derived as extension to the
framework of Stromberg and Klarbring (2010).

The robust design optimization is motivated by poorly
performing deterministically optimized designs, where
neglected uncertainties are the reason for poor performance.
For instance, the deterministic optimization is most likely
based on ideal bearing assumptions and perfect loading.
Moreover, tolerances of the geometry and the material are
most often neglected as well. In consequence, the determin-
istic optimized design might not perform as expected. In
topology optimization, the first steps towards robust design
optimization were made in the field of reliability-based
optimization with random loads, see Maute and Frangopol
(2003); Jung and Cho (2004). Taking a closer look at ran-
dom loads reveal, that one has typically only a few random
parameters, so that Monte Carlo methods can be applied
efficiently. More recently, also geometric uncertainties and
spatially varying material parameters were examined, see
Schevenels et al. (2011); Lazarov et al. (2012); Kriegesmann
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and Liideker (2019). Here, robust design optimization prob-
lems such as the minimization of a weighted sum of mean
and standard deviation of the objective function are mostly
considered. Generally speaking, the number of random
parameters increases significantly in comparison to random
loads, so that Monte Carlo methods become very costly.
Thus, several hundreds to thousands of random Monte Carlo
samples must be computed in each iteration of the optimiza-
tion to achieve a good estimate of the influence of the mod-
eled uncertainty. To avoid these tremendous computational
costs, other methods such as the non-intrusive polynomial
chaos expansion, see Keshavarzzadeh et al. (2017), and the
first-order second-moment method, see Kriegesmann and
Liideker (2019), were successfully applied to topology opti-
mization. The latter uses a first-order Taylor series expan-
sion of the objective function to approximate the first two
stochastic moments, namely the mean and the variance.

This work combines the contact-constrained topology
optimization with the robust design optimization. The first-
order second-moment method is used to approximate both,
the influence of scattering contact geometries and friction
coefficients, which leads to adaptions in the optimized
designs.

2 Equilibrium equations of the contact
problem

The equilibrium equations of a linear elastic body in contact
are here based on the finite element method. In doing so, the
stiffness matrix K, the nodal displacement field d, the nodal
contact forces f,, and the external forces g are introduced.
Additionally, the modified SIMP approach Sigmund (2007)
is used. Hence, the Young’s modulus E; of each element is a
function of its normalized density ¢; € [0, 1]

Ei = Emin + (pf(Emax - Emin)' (1)

Here, the penalization factor p = 3 is chosen. The Young’s
modulus of the void is defined as E,;, and the modulus of
the material is E,,. Further, the normalized densities are the
design variables of the later defined optimization problem,
which are summarized in the vector . Hence, the stiffness
matrix depends on the element’s density and the equilibrium

equations are
K(p)d +feon—q =0, @

which have to be amended by the contact conditions in order
to compute the contact forces f

con*
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2.1 Normal contact condition

Fig. 1 illustrates a potential contact node A of a linear elastic
body. Here, the contact gap is defined as

nt=g"—n-d", )

where the contact normal is 74 and g* is the initial gap
between the undeformed configuration and the support.

In order to solve Eq. (2), the nodal contact forces f ., must
be computed. Therefore, Signorini’s contact conditions (1959)
are introduced. The conditions for the A-th contact node read

20, n'20, &n't=0. “

The contact conditions of Eq. (4) state, that there is either a
gap ' > 0 between the A — th node and the contact support
and thus no contact force is transmitted & = O nor that the
node is in contact with the support #4 = 0 and a contact force
& > 01s transmitted. In practice, Signorini’s contact condi-
tions are imposed by functions that are either non-smooth
or have a singularity at zero. The used contact function is

@' = —& + max(0, & — ') = 0. ©)

Inserting Eq. (3) into the contact function of Eq. (5) results
in

& = - + max(0,&4 — r(g* —n? -dY)) =0, (6)

where r > 0 is a factor introduced to increase the numerical
performance. Eq. (6) is the standard augmented Lagrangian
formulation of Signorini’s contact conditions. This was com-
pared to an approach of Facchinei et al. (1999) in Stromberg
and Klarbring (2010). It was concluded in Stromberg and

d=0

Fig. 1 A linear elastic body unilaterally constrained by a rigid sup-
port Stromberg and Klarbring (2010)
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Klarbring (2010) that the augmented Lagrangian approach
was slightly better than the approach of Facchinei et al.
(1999). Additionally, the nodal contact force f, of Eq. (2)
are

feon =N'E, @)

where & is the normal contact force vector of all contact
nodes and the matrix N maps the contact force vector into
the nodal domain. Therefore, N consists of all contact nor-
mal directions n4. It is assumed that the normal directions
do not change due to the displacement field, since only small
displacements are considered.

Here, the equilibrium equations considering only uni-
lateral-normal contact forces read

7 _ K(¢)d +fcon(§) —q\ _
h.d.¢ @)= { ®(d.5) } =0, 8)
and can be linearized to
R K@) N’ g g
h (x,p) =| 0®(x) 0P(x) [5] — [d) ] =0,

od & |, ) )

|
j X rC

where the contact Jacobian jc, the state vector x and the
state independent vector r, are introduced. The vector r, con-
sists of the external forces g and the state independent part of
the contact law. The non-smoothness of the Karush-Kuhn-
Tucker Eq. (9) result from the used contact law or respec-
tively from the lower rows of the Jacobian, since they depend
on the current state of the contact nodes. Hence, one has to
distinguish between nodes that are in contact and nodes that
are not in contact. The A-th contact node is in contact, if

N —rg —nt-d*)>0. (10)

Consequentially, the partial derivatives of the contact condi-
tion inside the Jacobian read

0®' [ 0 no contact
ad* | rm” in contact ’ an
0®" [ —1 no contact o
9&4 | 0 in contact (12)
and the right-hand side is
0 no contact
A _
@ = { rg* in contact (13)

In doing so, a non-linear solver such as a line-search algo-
rithm can be used to calculate the solution of displacement

field d and the contact forces & Stromberg and Klarbring
(2010). Given a density distribution ¢ and a guess for the
state vector ¥, the search direction of the line-search algo-
rithm is

s= (J.& @) hE, §). (14)

2.2 Tangential contact condition

In this work, friction is modeled as global sliding. Using
global sliding is motivated by a footnote in Stromberg and
Klarbring (2010). In contrast to other laws such as Cou-
lombs-Law, the influence of random friction coefficients can
be captured by the used first-order second-moment method,
if global sliding is considered. This is due to the fact, that
the first-order second-moment method needs the derivative
of the objective with respect to the random variable. In con-
sequence, the friction coefficient must occur explicitly in the
equilibrium equations, see Schmidt et al. (2022).

In doing so, the contact forces taking friction into account
read

foon = (N +AD)'E, (15)

where no additional tangential contact function is intro-
duced. Here, N holds the normal directions, T the tangential
directions and & are the normal contact forces. In conse-
quence, the tangential contact forces are always proportional
to the normal contact forces.

The linear momentum of Eq. (2) and the contact functions
of all contact nodes ® € R’ defined in Eq. (6) form the
non-linear equilibrium equations. They read

— K(¢)d +fcon(§) —q —
K(@) (N+pD)7" d
h.(x,p)=|0®Px) P(x) [5]
od o0&
J. g 17)
q | _
_ [(Dc(x)] —0,
——
r

where the partial derivatives of the normal contact laws of
Egs. (12) and (13) are unchanged. Eq. (17) forms the basis
for the robust topology optimization approach.

@ Springer
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3 Robust topology optimization

The goal of robust topology optimization is to consider defined
unknown or stochastically scattered parameters during the
optimization process to obtain a less sensitive optimized
design. The work of Zang et al. (2022) provides an overview
of the main concepts of robust design optimization.

In contrast to the deterministic optimization problem, the
robust optimization problem minimizes a weighted sum of
the mean 4, and the standard deviation o, of the deterministic
objective f(y,z). In doing so, the objective f depends on the
design variables y and the random vector z, which describes
the considered uncertainty. Thus, the robust optimization prob-
lem is

H;in Hp(¥) + kop(y),

st{g@)fo (18)
T k) =

where the weighting factor ¥ > 0 of the mean and the stand-
ard deviation is introduced. Furthermore, the optimization
is subjection to inequality constraints g and equality con-
straints k. Hence, in order to apply robust topology optimi-
zation, the mean Mf(y) and the standard deviation of(y) or
the variance cf_f(v)2 of the objective f must be computed. In
general, the mean of the objective is defined as

My = / J@)pR)dz, (19)

and the variance is defined as
o} = / (f@) = up’pR)dz, (20)

where p(z) is a defined probability density function.

If the evaluation of the objective f of the optimization can
be done very fast, Monte Carlo simulations can be used to
approximate both by

ves

OB Q1)
i=1
and
1 yvics
o] & 1 Z(f(z) pp)*. 22)

Here z; is a set of randomly sampled variables and nycg is
the total number of Monte Carlo samples. However, comput-
ing the objective in structural mechanics is computationally
costly, especially if contact is considered. Therefore, Monte
Carlo simulation can often only be used as benchmark to

@ Springer

analyze the accuracy of other approximations of the mean
and the variance.

One alternative way to approximate mean and variance
is based on a Taylor series expansion of the objective
function, which is sometimes referred to as Method of
Moments, see Papoutsis-Kiachagias et al. (2012). Here,
the linear approximation, namely the first-order second-
moment method (FOSM) is applied. It was introduced by
Cornell (1969) and successfully applied to topology opti-
mization by Kriegesmann and Liideker (2019). In doing
so, the mean is approximated by

Hy = f(1y), (23)

where the mean of the random vector z is p_. Further, the
variance is approximately

0 0
6 ~ ZZ f(ﬂz) f(ﬂ cov (Zi’zj). 24)

i=1 j=1

The number of random quantities is n and cov(z;, z;) is an
entry of the covariance matrix, see Kriegesmann and Liide-
ker (2019); Haldar and Mahadevan (1999).

4 Robust contact-constrained compliance
optimization

In this work, the compliance of a linear-elastic structure
in unilateral contact with a support should be minimized.
The compliance reads

c=q'd= [q] ' [d] =rlx (25)
0 & ’

where x is the solution of the contact problem of Eq. (17).
The design variables of the optimization are the normalized
densities y = @ of the finite element discretization. Addi-
tionally, the geometry and the local friction coefficients of
the support are considered to be random. The described
setup is shown in Fig. 2, where the surface of the support
structure scatters due to, e.g., manufacturing tolerances.
More precisely, the actual gap g* between the A-th contact
node and the support structure as well as the actual nodal
friction coefficient i* are assumed to be random. Hence, the
random vector is

z n
7= z% = [Rz con (26)
i

where the subvector z, = [Z
gaps and z; = [zﬁ,
ficients of all contact nodes. The expected shape of the

... 2¢"]" holds all random
s zu“’"]T holds all random friction coef-
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d=0

Fig.2 A linear elastic body unilaterally constrained by a non-ideal
rigid support (z* - random contact gap, ;4?” - mean of the random con-

tact gap, z‘: - random friction coefficient, y* - mean of the random
B
friction coefficient)

support is shown in gray in Fig. 2 and locally described by
the mean values 4 and u of the random variables z, and
] f

Z;. Please note that i is the friction coefficient, whereas y is
the mean.
The resulting robust optimization problem reads

man U (@) + ko.(@)

h.(p,x)=0,
s.ta V(p)—V, <0,
0<@p<1l

@7

The equilibrium equations of the contact problem k&, a vol-
ume constraints as well as the constraint on the design vari-
ables must be fulfilled.

Last, the scattering of the random variables must be
defined. The random variables z, and z; are assumed to be
independent. However, they are assumed to scatter spatially.
Their random field is chosen to be stationary and homogene-
ous. In doing so, the exponential correlation function for the
contact nodes i and j is

_||d"—df||2>

Ci‘i = exp < 2 (28)

where [, is the correlation length. If the standard deviation of
the random variables ¢(z) is given, the covariance is
cov(z;, z) = Cy0(2)0(z), (29)

and the covariance cov(z;, ;) is stored in the covariance
matrix .

Note that, the scattering of the random gap z*g‘ and the fric-
tion coefficient zﬁ of the A-th node are independent of each
other. However, the gaps and the friction coefficients are cor-
related to their neighbor gaps and friction coefficients by the
correlation function.

4.1 Objective

In contrast to the standard compliance optimization, the robust
compliance optimization problem consists of the mean and the
standard deviation of the compliance. In consequence, both
must be computed and the mean of the compliance is approxi-
mated using FOSM

H(@) & c(x(@), ). (30)

Thus, the mean is approximated by the standard compliance.
However, the standard deviation is based on the variance

approximation of Eq. (24), where the costly partial derivative

: : o 0c(py)
of the compliance with respect to the random variables

is needed. In order to compute the gradient with respect to the
random friction coefficients z’s, the equilibrium equations must
explicitly depend on the friction coefficients. This is guaran-
teed using the global sliding friction model introduced in
Eq. (17).

The numerical costs can be reduced to a minimum by intro-
ducing the arbitrary adjoint variable {. The adjoint variable is
multiplied by the equilibrium equations & (x(u,)) = 0, so that
it can be arbitrary chosen. The compliance evaluated at the
mean of the random vector is then

cx, 1) = rix(p;) = ¢ he(x(py)), 31
and its derivative with respect to the random variable z; reads

o T 0x(u) . 0h (x(u,))
= aZi x(ﬂz) +r aZ,’ é’i aZi

——
0

ac(x, p,)
0z;

1

T ox(u,) ¢ aJc(x(llz))x
0z; ! 0z

(uy)

o 0
= CTJc(x(”z)) xa(FZ) + é‘;r rC(”Z)
Z; aZi
0.
= (1" - 1)) xa(z” g
<aJC(x<uz>> ) - arcmz))
oz, x(H, 0z .

i

(32)

If the adjoint { is chosen as

(r" = ¢ J.(x(uy)) =0, (33)

@ Springer
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the derivative of the compliance with respect to the random
variables simplifies to

oJ .(x(u,)) or.(u,)
—CT<TFX(MZ) - a—;l), (34)

1

dcle, p)
az;

1 1

where the adjoint Eq. (33) is independent of the random
variables z;. Consequentially, the adjoint is the same for
all partial derivatives of z. Hence, the adjoint { = ¢ is just
calculated once. Next to that, the partial derivatives of the
Jacobian with respect to the A-th contact node are

oJ(x(n) [0 0]

oz oo (35)
g
and
0, i#£A)]
oJ.(x ’
¥= ) {<tA>T’i=A} : (36)
“u 0 0 |
The derivatives of r (u,) are
0
or
% =|fo. i#A 37)
%g ri=A&n* <0
and
or(u;) [0
o o] (38)
U

The results of Egs. (35)—(38) imply that one partial deriva-
tive of Eq. (34) is zero, since z; corresponds to either a ran-
dom gap z; or a random friction coefficient zi;l . If the consid-

ered randomness corresponds to a contact gap, the partial
derivative of the compliance is

oc(x, p) _ or(y)

1 1
()zg ()zg

’ (39)

otherwise a random friction coefficient is considered, where
the partial derivative is

oJ (x(uy))
azi,

dc(x, u,)
az;

=-C x(py). (40)

In both cases, the adjoint ¢ is defined by the same adjoint
Eq. (33). As aresult, only one additional set of linear equa-
tions must be solved to calculate the FOSM approximation
of the variance of the compliance.

Next, the variance is calculated as stated in Eq. (24) and
the objective of the defined optimization problem Eq. (27) is
approximated with FOSM. The optimization problem using
FOSM reads

@ Springer

min c(x, p) +x

? -
M(l:‘OSM
2nCOH 2nC0n
dc(x, ) dc(x, 1)
cov(z;, Z/‘)
e~ £ 0z, 0z; '
=1 j=1 1 ]
N _ 41
gf?)rSM
h.(p,x)=0,
s.tq V(p)—V, <0,
0<¢e<1,
oc(x, p,) |
where B is defined by Egs. (39) and (40) and the
<j
covariance is obtained from the covariance matrix
s - EZg 0
oz | (42)

In Eq. (41) x is a weighting factor between the mean and
the standard deviation of the objective. If k¥ = 0, the robust
optimization problem simplifies to the non-robust contact-
constrained topology optimization problem of Stromberg
and Klarbring (2010).

4.2 Gradient of the objective using first-order
second-moment

The topology optimization update inside the used optimi-
zation algorithm is computed with the method of moving
asymptotes, see Svanberg (1987). In doing so, the deriva-
tive of the objective with respect to the design variables is
necessary. The gradient of the variance approximated by
FOSM can either be calculated using the adjoint method,
see Kranz et al. (2023) or by the non-intrusive approaches
presented in Steltner et al. (2022) or Kriiger et al. (2023).
Though a non-intrusive approach is appealing and the one
given by Kriiger et al. (2023) only requires one additional
objective function evaluation per iteration, it was shown in
Kriiger et al. (2023) that this approach is not well suited for
contact problems due to the discontinuity induced by the
contact. Hence, the adjoint method is used, which requires
a case-dependent derivation of the governing equation. In
the following, this derivation is given for both addends of
the objective Eq. (41).

The first addend of Eq. (41) is the approximation of the
mean of the compliance and an adjoint equation is used
once again to compute this gradient. Thus, the compliance
is extended to

E(x7 l‘lz) = MfOSM - EThc(x7 ”Z)’ (43)
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where the same adjoint approach is used as for the computa-
tion of the variance
az‘(x’ I’lz) or T T ax(l‘lz)
— +
o0, o0, x(pu) +r
Z,T ahc (x9 I'lz)
0@,
ox -toJ.(x
rT (”z) _ T C( (l’lz))x(”z)
0p, d@,
- ox(p,) _ror.(py)
T z T YT c\Mz
=6 J (x(py) +¢
C z a(pe a(pe
a-;(ﬂz) _ gT
Pe
o)
op, )’

op

e

(44)

= (- 20w

<0JC(X(IIZ))
T B a— A
0@

(uy)

e e

It turns out, that the same adjoint system of equations known
from Eq. (33) must be solved to avoid computing the costly

H,)

derivative . In consequence, the adjoint is & = £, if

@
the adjoint equation is chosen such that

(" - I w) = 0. 45)

Thus, no further computational costs occur for the first
addend of the derivative. The derivative is

(O x(1y)) >
¢ <—0(ﬂe x(uy) ). (46)

oc(x, py)
0@, -

The derivative of the Jacobian with respect to the element’s
density is

s[5 .
0P, o ol

where the derivative of the stiffness matrix with respect to
the e-th element is the derivative of the element’s local stiff-
ness matrix, including the SIMP approach of Eq. (1). A more
detailed derivation can be found in Stromberg and Klarbring
(2010).

Coming to the second addend of the objective, the
derivative of 6¥OSM with respect to the elements densities

must be computed as well. Consequentially, it is neces-
sary to compute

aGEOSM 1 P %Zm. 2n.0, dc(x, uy)
dp,  20TOMap \ & & oz )
de(x, u,)
... ———cov(z;, zj) .
0z

In order to reduce the computational costs to a minimum, the
chain rule is applied and the partial derivatives with respect
to z are replaced inside the double sum by Eq. (34). In doing
s0, Eq. (48) reads

21,0, 20,

b GFOSM

Cc _ 1
dp,  20FOSM

con “*con

cov(z;, z;)
i=1 j=1

de(x, J, oJ (xe(u,)
R | - (R
J ¢ ! 49
TN P 0 v
azi COV(Z;, Z; aZi a(Pe

o 0 .(x(uy)) or.(u;)
_€< 0z; ) - 0z; >]>

0 Lo

The computation of _C and ox are costly, which is why,
qOe qOe

two adjoint equations are needed. The variance approxima-

tion is extended by the arbitrary adjoint variables 7 and &,
that are multiplied with the equilibrium equations
h (x(u,)) = 0 and the adjoint Eq. (33)

(&SOSM)2 = (O.CFOSM)2 " h(e(11,))
—_——
=0
1 (50)
r =& J.(x(u)) )¢

o 7/

=07

Next, Eq. (49) must be extended as well

97 (e ()

1
0, _2¢7§‘OSM[_" 90,

eon

2Meon 2
s 53

oJ (x(u,))
..cov(z;, 9)% [ e <T,ﬂx(”z) (5D

1

_or(py) N de(x, py) de(x, py)

o [ o) oru)
Sl (FE-25E)]))

7 7

cov(z;, z;)

Note that, the following partial derivatives are zero

or or, or,
oo, oo, 07,09,
0%J . (x(p;) [0 0]

bl s

(52)
. 9700, |00

As aresult, the derivative of Eq. (51) simplifies to

@ Springer
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aO.FOSM ()5‘FOSM 1
C — C — _ 'ir
a(pe a(pe ZGEOSM [ (53)
oJ . (x(u,) oJ . (x(u,)
e ———x () + LT ———2F].
Jdp, 2,

Thereby, the following adjoint equations must be satisfied

2n,

ZCU“ [COV(Zi, Z])CT <M

2ncon

--3

=1 j=1 9z
oJ (x(u,)) Oc(x, u) oJ (x(p)) >] (54)
+
0z; 0z; 9z
e = (),

2ncon 2ncon

_ oc(x, uz) | oJ (x(uz)
0= ; ; [cov(zi,zj) < dzj [ oz,
drc] N oc(x, uz) <0Jc(x(ﬂz)

s X(UzZ) — —
(K2) 0z 0z, 9z,

(35)

i

d
cx(uz) — d_’;> >] +J.(x(u2)é.

Finally, the derivative of the objective with respect to the
design variables @ is defined as the sum of Egs. (46) and
(53). It reads

O(p O™ + ko] OM) o1 Yexz)
0@, - 0@,

K oJ . (x(uz)
ox(u) + 250 [_ T 0. x(uz) (56)
T A x(z) 6] ,
0,

where the adjoint Egs. (33), (54), and (55) must be satisfied.

4.3 Gradient of the Volume Constraint

Next to the objective, the gradient of the volume constraint
is needed. The constraint is introduced in Eq. (27) and its
derivative with respect to the density of the e-th element
reads

V(@) _
0@,

V., 7

where the volume of the e-th undeformed element is V,.
The gradient of the volume constraint with respect to the
design variables is independent of the design variables and
therefore constant.

@ Springer

4.4 Accuracy of the first-order second-moment
method

The fist-order second-moment method is based on a first
order Taylor series and therefore, the accuracy of the
approach depends on the impact of the random parameters
on the objective of the optimization problem. In conse-
quence, if the compliance depends linearly on the random
geometries z, and the random friction coefficients z;, FOSM
is as accurate as possible for the non-linear and non-smooth
contact problem. This implies, that higher order derivatives
of the compliance with respect to the random parameters
are zero.

Since the scattering of the random gaps z, and the ran-
dom friction coefficients z; are assumed to be independent
of each other, the impact of both is derived separately.

4.4.1 Accuracy for the random contact geometry

The second order derivative with respect to the random
contact gap z’g is derived from Eq. (31), where the arbitrary
adjoint ¢ was introduced. It reads

d%c A ’x  10%h()
dzédz’g 6zédz’g dzéaz’g

(58)

since the vector r does not depend on z,. Further, Eq. (58)
can be rewritten as

2
azx T a rc

0%c
= (' =¢)— —
azgaﬂg 6zg0z{g

azédz’g

(39

where the adjoint vector ¢ is once again chosen such that
(r"=¢"J,) =0. (60)
In consequence, the second order derivative of the compli-
ance with respect to the random contact gap is

9%c T o%r 02rc

— = —— =0 |, since
0z},0z, 0z},0z,

- =0.

0<10, ©
Hence, if the contact gaps scatter randomly, higher order
concepts will not increase the accuracy in comparison to
the first-order second-moment method. Note that, this result
implies, that the mean and the variance computed by FOSM
are the actual mean and variance of the system, if the equi-
librium equations would be smooth. However, the unilat-
eral contact-constraints are non-smooth and therefore the
equilibrium Eq. (17) is non-smooth as well, so that FOSM
does not compute the actual mean and variance. The impact
of this non-smooth behavior is discussed in the numerical
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examples, where FOSM is compared to Monte Carlo
simulations.

4.4.2 Accuracy for the random friction coefficients

The second order derivative with respect to the random friction
coefficient Zla is derived from Eq. (31) as well, where the arbi-

trary adjoint { was introduced. It is

- 0*h(x(u,))
02?l 02’Fl

0%c(x, )

=T 62x(yz) —
dzﬁdz’r1

0Z:A1 aﬂﬁ

(62)

since the vector r does not depend on %4 Further, the vector

r.(u,) is independent of z;, but the partial derivate of the

oJ .(x(pu))
Zp

in Eqgs. (35) and (36). Consequentially, Eq. (62) simplifies

to

contact Jacobian is constant and was introduced

o, ) L 0%x(p) 4 < 0J . (x(p,))
—— =7 — | —
az’ﬂdz’f1 01:1041 (32'pl
Ox() ) x(py)) Ox(k)
az’ﬂ az’pl 0z
02
- Jc(x(ﬂz))ﬂ>
az’pl c?z’pl

9% 0.
= (" - £ (e () x(l"z‘) B CT< x(p,)

0707, oz
L " (64)
0J (x(n)) | 0J(x(uy) 6x(ﬂz>>
o azg o )

Eq. (64) shows, that the second order derivative of the com-
pliance does not vanish, so that higher order approximations
will increase the accuracy of the approximation of the mean
and the variance. As always, higher order approximations
result in higher numerical costs, since more equations must
be solved.

5 Numerical Examples

The introduced robust compliance optimization is applied
to 2D and 3D examples of Stromberg and Klarbring (2010).
First, 2D examples are considered and the accuracy of the
robust optimization as well as the convergence are analyzed.
Next, the algorithms are applied to 3D examples.

5.1 2D Benchmark of Stromberg and Klarbring

The benchmark example of Stromberg and Klarbring (2010)
is shown in Fig. 3. The design domain represents a lug which
is unilaterally constrained by a rigid pin. Additionally, a slid-
ing bearing in the lower left corner is considered and the
domain is loaded in the lower right corner. The applied loads
are either in horizontal or vertical direction and the design
domain is discretized by 4444 finite elements, which results
in 50 contact nodes at the rigid pin. The considered linear-
elastic material is characterized by a Young’s modulus of
210 GPa and a Poisson’s ratio of 0.3. Further, the truncation
radius of the used sensitivity filter , see Sigmund (2007), is
10 mm and the volume fraction is 0.5.

At first, the geometry of the rigid pin scatters and in
Sect. 5.1.2 the friction coefficients scatter.

5.1.1 Random Contact Geometry

The scattering of the random parameters is described by
the covariance matrix of Eq. (29) including the exponential
correlation function of Eq. (28). The correlation length is
set to [, = 25 mm and the contact gaps are assumed to be
normal distributed with zero mean. The benchmark example
was introduced without friction and therefore, friction is not
considered here.

The robust optimization problem for the benchmark
example considering all four load cases f, = +1000 N and
fy = +1000 N reads

400 mm

11 00 mm
100 mm 150 mm

450 mm

A
7777 f=fer i)

T

Fig.3 The design domain of the 2D benchmark example of Strom-
berg and Klarbring (2010)
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) n=4 1
min E [Z (@) + 3%(@5)]

hc(¢’x)i = 0’ (65)
st V(p)—V, <0,
0<p<l.

The scattering of the contact gaps is based on manufacturing
tolerances with respect to the DIN EN ISO 286-1. In doing
so, the assumed random scattering of the rigid pin is chosen
in the range of component fits ranging from IT5 to IT11. The
scattering of a(zé) = 10 pm corresponds to an International
Tolerance Grade of IT7, whereas o-(z; ) = 25 pm corresponds
to IT9 and cr(zig) = 50 pm corresponds to IT11. The conver-
gence of the method is shown in Fig. 4 and the robust as well
as the deterministic optimization converge as expected. If
larger scatterings of the contact geometry are considered,
higher objective values are obtained, which is expected. This
can also be seen in Table 1, where the final average mean
and the final standard deviation of the optimizations are
listed. The optimized domains for the random contact geom-
etry are shown in Fig. 5.

Figure 5a visualizes the reference solution for the deter-
ministic optimization, without considering any contact
geometry scattering, as it is proposed by Stromberg and
Klarbring (2010). In contrast, Fig. 5Sb—d show the optimized
designs for the robust optimization using FOSM. Here, the
optimized designs are computed considering the random
scattering of the geometry, which is characterized by the
standard deviation o-(zé). The results reveal that a small scat-
tering of the geometry results in the same optimized design
Fig. 5b, while larger scatterings lead to a wider support in
the left and right diagonal strut at the cost of a splitting the
struts. Furthermore, the material at the bottom of the rigid
pin vanishes for large scatterings (see Fig. 5d), which
increases the local deformability of the component at the
pin. This crack-like topology can be reduced using density
filtering, see Bruns and Tortorelli (2001), instead of Sig-
mund’s Filter. The optimized design using density filtering
is shown in Fig. 6a and the combination of density and pro-
jection filtering is shown in Fig. 6b, where the latter outper-
forms the other two filtering techniques. Applying these
filtering techniques to the smaller scatterings of Fig. 5b and
c results only in minor changes. Nonetheless, Sigmund’s
filter is used in this work, since it is used in the deterministic
benchmark example Stromberg and Klarbring (2010).

The average compliance and the average standard devia-
tions with respect to all four load cases

n=4 n=4

1
uc=zl;uc(qo>i and o, =7 Y o.(@); (66)

1

Bl

i
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1,500 ‘ , , ,
= —— deterministic
= 70(zé) = 10 pm.
z, 1,000 o(zy) = 25um. ||
k= \ —o(z}) = 50 pm.
2 500 L -
o
o

O | | | |

0 10 20 30 40 50
Iterations [-]

Fig.4 Convergence of the optimization problem Eq. (65) for different
standard deviations o-(z":g) of the random contact gaps

(a) Deterministic opti- (b) Robust opt. U(Zé) =
mization [18]. 10 pm.

(c) Robust opt. a(zé) = (d) Robust opt. a(zé) =

25 pm. 50 pm.

Fig.5 Comparison of the optimized designs using deterministic and
robust optimization for different standard deviations o(z' ) of the ran-
dom contact gaps after 50 iterations

are shown in Table 1. For the deterministic optimization, the
expected compliance is the lowest. However, the standard
deviation of the optimized design decreases using the robust
optimization approach. Looking at a(z;) = 25 pm, the aver-



Robust contact-constrained topology optimization considering uncertainty at the contact...

Page110of 15 46

age compliance increases by 0.6%, while the average stand-
ard deviation decreases by 1.5%. If a random scattering of
a(z;) =50pum is considered, the average compliance
increases by 2.1%, while the average standard deviation
decreases by 3.2%. Consequentially, the presented robust
optimization approach reduces the standard deviation at the
cost of increasing the mean compliance of the component.
This is to be expected since the robust objective Eq. (27)
considers the mean and the standard deviation, where as the
deterministic optimization does only consider the actual
compliance in an ideal setup.

All simulations are performed on a standard workstation
and all performed optimizations terminate after 50 itera-
tions. In doing so, the deterministic optimization takes 254 s,
while the robust cases takes 4 to 5 times longer. More pre-
cisely, the robust optimization based on o-(z; ) = 10 pm takes
1011's, a(zé) = 25 pm takes 1226 s and U(Z;) = 50 pm takes
1235's.

Last, the accuracy of the first-order second-moment
is analyzed using Monte Carlo simulations with 10,000
random samples. In Sect. 4.4 it is shown, that the FOSM
approach is accurate, if the system equations of the con-
tact problem do not change. More precisely, the mean and
variance computed by the FOSM are exact if and only if
the contact surface does not change, for any non-perfect
contact geometry. This is unlikely in practice and in Monte
Carlo simulations. In consequence, the contact surface might
adapt to the imperfect geometry, which can lead to switch-
ing contact conditions in comparison to the ideal geometry.
Some nodes at the contact surface might come into contact
or might lose contact with the contact surface. The resulting
average compliance and the standard deviation considering
all four load cases are shown in Table 2. It turns out, that

(a) Density filter.
e = 169.57, 0. = 73.55. tion filter.
fie = 168.90, 0p = 72.82.

(b) Density and projec-

Fig.6 The impact of different filtering techniques in comparison to
Fig. 5d

Table 1 Average compliance and standard deviation of the optimized
designs approximated by FOSM for different geometry scatters a(z;).
(Fig. Sa—deterministic design, Fig. 5b—d—robust design)

"(z;) det. u, det. o, rob. u, rob. o,
10 (Fig. 5a & 5b) 166.18 15.05 166.25 14.97
25 (Fig. 5a & 5c¢) 166.18 37.63 167.20 37.06
50 (Fig. 5a & 5d) 166.18 75.25 169.67 72.87

the FOSM approach overestimates the average compliance
of the optimized designs by up to 3.3% for the deterministic
optimized design and by up to 3.5% for the robust designs.
Looking into the average standard deviations, very good
results are obtained for the smaller scattering of the random
contact geometry. However, if larger scattering is consid-
ered, the standard deviation of FOSM overestimates the
standard deviation by up to 31.2%. Nonetheless, the standard
deviations obtained by FOSM are still predicting that the
deterministic design is more sensitive than the robust design.

For the presented contact problem, FOSM overestimates
the results obtained by the Monte Carlo simulations. This
observation might be explained with the principal of mini-
mum potential in the Finite Element Method. The contact
surface must adapt to the imperfect contact geometry, which
results in a smaller potential than neglecting these adap-
tions. The adapting contact surface is not considered using
FOSM, so that - considering reasonable scattering - FOSM
will approximate higher values for the mean and variance. If
the scattering of the contact geometry becomes too large, the
non-smoothness of the contact problem dominates. Thus, a
linear method such as FOSM might not provide reasonable
approximations anymore. In this case, Monte Carlo simula-
tions are challenging as well, since solving the non-linear
and non-smooth contact problem for highly irregular devia-
tions from the ideal shape of the contact support becomes
numerically more and more challenging. Additionally,
assumptions such as linear-elasticity must be questioned as
well, since the contact support is modeled as rigid body.
Therefore, only the design domain can adapt to the devia-
tions of the contact support yielding large deformations, if
large scattering is considered. Whether this point is reached
depends strongly on the model parameters. Thus, robust

Table 2 Average compliance and standard deviation of the optimized
designs based on 10,000 Monte Carlo Samples for different geometry
scatters o(z'). (Fig. 5a - deterministic design, Fig. 5b to d - robust
design)

"(z;) det. u, det. o, rob. u, rob. o,
10 (Fig. 5a & 5b) 162.07 14.89 162.15 14.90
25 (Fig. 5a & 5c¢) 161.11 34.93 161.78 31.33
50 (Fig. 5a & 5d) 160.65 57.33 163.74 55.77
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optimization is here only applied for standard manufactur-
ing tolerances.

5.1.2 Random Friction Coefficients

The scattering of the random friction coefficients is
described by the covariance matrix of Eq. (29) including
the exponential correlation function of Eq. (28). The correla-
tion length is set to /[, = 25 mm and the friction coefficients
are assumed to be uniformly distributed between 0.15 and
0.25. In order to apply global sliding friction, the rigid pin
of the benchmark example is rotating in clockwise (cw) or
counterclockwise (ccw) direction. The same four load cases
are considered, but the weighting factor is increased to 30.
The optimization terminates after 50 iterations and the opti-
mization problem reads

) n=4 1
min 3 [ (@) + 300.(0)) |

h.(@,x); =0, 67)
st V(p)—V, <0,
0<ep<1l

The convergence of all optimizations are shown in Fig. 7
and the optimized designs are shown in Fig. 8. Also for the
random friction coefficients convergence is observed, but it
is a lot more difficult to distinguish between the determinis-
tic and robust optimization. This is due to the fact, that the
standard deviation of the compliance o,.(¢); is smaller than
1% of the mean y,(@);. Further, the direction of the rotation
of the pin has a significant impact on the objective.

Even though the impact of the random friction coef-
ficients on the compliance is small, different designs are

1,500 : ‘ : :
_ cw - det.
é ——cw - fosm
z 1,000 ——ccw - det. ||
o —— ccw - fosm
£ s00f :
O
@)

O | | | |

0 10 20 30 40 50

Iterations [-]

Fig.7 Convergence of the optimization problem Eq. (67) considering
random friction coefficients with a clockwise (cw) or counterclock-
wise (ccw) rotating pin

@ Springer

obtained using the proposed robust optimization approach.
Looking at the designs for the clockwise rotating pin (Fig. 8a
and b), only minor changes of the topology around the
contact support and the positioning of the small strut are
observed. If the pin rotates counterclockwise (Fig. 8c and
d), the right strut splits up. Additionally, minor changes of
the topology around the contact support and the positioning
of the small strut are observed again.

The resulting average mean and the average standard
deviation approximated by FOSM are listed in Table 3. Here,
the robust designs for the clockwise and counterclockwise
rotating pin reduce the standard deviation by 8-9%, while
the average compliance increases by less than 1%. In con-
sequence, a less sensitive and therefore more robust design
is found. However, also the deterministic design is not very
sensitive against the scattering friction coefficients.

Last, the accuracy of the derived method is analyzed using
Monte Carlo simulations with 10,000 samples. It is shown

(a) Deterministic opti- (b) Robust optimization
mization with clockwise with clockwise rotation.
rotation.

opti- (d) Robust optimization

(¢) Deterministic
mization with counter- with
clockwise rotation. rotation.

counterclockwise

Fig.8 Comparison of the optimized designs using deterministic and
robust optimization with a rotating pin considering random friction
coefficients after 50 iterations
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Table 3 Average compliance and standard deviation of the optimized
designs based on FOSM for a uniformly scattering friction coeffi-
cient i € [0.15,0.25] and a clockwise (cw) or counterclockwise (ccw)
rotating pin

Rotation det. .. det. o, rob. u. rob. o,
cw (Fig. 8a & 8b) 167.18 0.73 168.10 0.67
ccw (Fig. 8c & 8d) 164.90 0.80 166.09 0.73

Table 4 Average compliance and standard deviation of the optimized
designs based on 10,000 Monte Carlo Samples for a uniformly scat-
tering friction coefficient fi € [0.15,0.25] and a clockwise (cw) or
counterclockwise (ccw) rotating pin

Rotation det. p, det. o, rob. p, rob. o,
cw (Fig. 8a & 8b) 167.16 0.72 168.10 0.67
ccw (Fig. 8c & 8d) 164.89 0.80 166.06 0.74

in Sect. 4.4, that the compliance does not linearly depend on
the friction coefficients. In consequence, FOSM will not be
exact and higher order methods will increase the accuracy.
The results of Table 4 reveal a very good agreement with the
results of Table 3. Hence, FOSM is sufficient to model the
random friction coefficients in the presented example.

5.2 3D benchmark Stromberg and Klarbring

The presented robust framework is extended to the 3D prob-
lems of Stromberg and Klarbring (2010). The design domain
of Fig. 3 is extruded 200 mm in z-direction and only the load
case in negative y-direction is considered. The domain is
discretized into 138,219 tetrahedral finite elements and 1650
contact nodes. The material parameters are not modified and
100 iterations are performed. All computation are performed
on a standard workstation.

5.2.1 Random contact geometry

In doing so, the weighting factor is set to x = 0.05 and the
standard deviation of the scattering of the contact geom-
etry is set to o-(zé) =25 pm.

The deterministic design is shown in Fig. 9a and b,
whereas the robust design is shown in Fig. 9¢ and d. One
can see, that the two struts connecting the bearings and the
contact super become thinner for the robust design, while
more material is distributed at the top of the contact sup-
port. Furthermore, material is also placed inside the cutout
at the contact support. These minor modifications lead to
an increase of the average compliance y_ by approx. 2%,

(a) Det. design right side. (b) Det. design left side.

D

) Rob. design left side.

(c) Rob. design right side.

Fig.9 Comparison of a deterministic optimized design (top) and
robust optimized design (bottom) based on contact-constrained topol-
ogy optimization

while the standard deviation o, is reduced by approx. 11%
for the robust optimized design. These values are com-
puted using FOSM, since Monte Carlo simulations are
very expensive for 3D examples.

5.2.2 Random friction coefficients

Next, the friction coefficients are considered to be uniformly
distributed between 0.15 and 0.25. The weighting factor is
set to k = 100 and the pin is rotating in either clockwise or
counterclockwise direction. The optimized designs based on
a clockwise rotation are shown in Fig. 10, whereas the coun-
terclockwise case is shown in Fig. 11. Further, the approxi-
mated mean and standard deviations for all optimized
designs are shown in Table 5. For both rotation directions,
the robust designs have different strut sizes and positioning
in comparison to the deterministic design, while the overall
appearance of the component is similar. The robust designs
have a smaller standard deviation and are therefore more
robust against scattering friction coefficients. Nevertheless,
the absolute values of the standard deviations are very low
for all designs, so that in this example the deterministic
design also performs well. In general it turns out that this
example is not very sensitive to the friction coefficient as
well as the direction of rotation of the pin.

@ Springer
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(a) Det. design right side. (b) Det. design left side.

(c) Rob. design right side. (d) Rob. design left side.

Fig. 10 Comparison of a deterministic optimized design (top) and
robust optimized design (bottom) based on contact-constrained topol-
ogy optimization with a clockwise rotating pin

(a) Det. design right side. (b) Det. design left side.

(c) Rob. design right side. (d) Rob. design left side.

Fig. 11 Comparison of a deterministic optimized design (top) and
robust optimized design (bottom) based on contact-constrained topol-
ogy optimization with a counterclockwise rotating pin

6 Conclusion

In this paper, the general framework for contact-con-
strained topology optimization of linear-elastic structures

@ Springer

Table 5 Compliance and standard deviation of the optimized designs
based on FOSM for a uniformly scattering friction coefficient
fi € [0.15,0.25] and a clockwise (cw) or counterclockwise (ccw)
rotating pin

Rotation det. . det. o, rob. u. rob. o,
cw (Fig. 10) 1.3112 0.0008 1.3329 0.0004
ccw (Fig. 11) 1.2714 0.0010 1.2819 0.0007

is extended to a robust design optimization problem. In
doing so, the first-order second-moment method is used
to approximate the mean and the standard deviation of the
compliance with respect to the uncertain contact geom-
etries and friction coefficients. It is shown, that the accu-
racy of the first-order second-moment method is sufficient
even though a non-linear contact problem is considered.
The optimized designs adapt to the robust optimization
problem and less sensitive design are obtained. However,
the changes in the design domain do only lead to decrease
of the standard deviation by a few percent, which is to
be expected since only realistic scatterings in the range
of manufacturing tolerances are considered. Finally, the
performance of the method is most efficient, so that also
3D applications can be computed.
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