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INTRODUCTION

The travelling salesperson problem (TSP) is one of the cornerstones of combinatorial
optimisation, with origins going back (at least) to the 19th century work of Hamilton. For
surveys on the rich history, variants, and current status of TSP we refer to the dedicated
books [5, 28, 52, 82]. In the standard TSP, given n cities and their pairwise distances, we
seek a tour of minimum total distance that visits each city at least once. If the distances
obey the triangle inequality, then an optimal tour necessarily visits each city exactly once
(apart from returning to the starting city in the end). In the general case of the TSP with
arbitrary distances, the optimal tour may visit a city multiple times. Instances with non-
metric distances arise from various applications that are modelled by the TSP, e.g. from
scheduling problems.

In this work we study a more general problem where each city has to be visited
exactly a given number of times. More precisely, we are given a set V of n vertices,
with nonnegative pairwise distances (or costs) c(uv), for all edges uv, where u, v ∈ V .
Also given are integers r(v) ⩾ 1 for v ∈ V , which we refer to as visit requests or simply
requests. A valid tour of length r is a sequence (v1, . . . , vr) ∈ V r, where r =

∑︁
v∈V r(v),

such that each v ∈ V appears in the sequence exactly r(v) times. The cost of the tour is∑︁r−1
i=1 c(vivi+1) + c(vrv1). Our goal is to find a valid tour with minimum cost.
The problem is known as the many-visits TSP (MVTSP), and to the best of our knowl-

edge, it was first considered in 1966 by Rothkopf [97]. As an alternative name, high-mul-
tiplicity TSP also appears in the literature. The MVTSP is NP-complete, as it contains
the classical TSP as a special case, when r(v) = 1 for all v ∈ V . Similarly to the TSP,
one can consider the path version of the problem: in the Many-Visits Path TSP, special
end-vertices s and t are given, and the aim is to find a s-t-walk1 of minimum cost, that
visits each vertex v exactly r(v) times.

As a natural TSP-generalisation, MVTSP is a fundamental problem of independent
interest. In addition, MVTSP has proved to be useful for modelling other problems. The
aircraft sequencing problem or aircraft landing problem is one of the most referred applica-
tions in the literature [12, 21, 84, 94], where the goal is to find a schedule of departing
and/or landing aeroplanes that minimises an objective function and satisfies certain
constraints. The aircraft are categorised into a small number of classes, and for each
pair of classes a nonnegative lower bound is given, denoting the minimum amount of
time needed to pass between the take off/landing of two planes from the given classes.

1In graph theory, a walk is an alternating sequence of vertices and edges, that begins and ends with a
vertex; moreover, both vertices and edges can appear multiple times in the sequence.
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The problem can be embedded in the MANY-VISITS PATH TSP model by considering
the classes to be cities and the separation times to be the cost of the edge between them,
while the number of aeroplanes in a class corresponds to the number of visits of a city.

Suppose there are r jobs of n different types to be executed on a single, universal
machine; in particular, there are r(j) jobs of type j. Processing a job of type j bears
a cost p(j), switching from a type i to type j job costs s(ij), and the goal is to find
the sequence of jobs with minimal total cost. Modelling this problem as a MVTSP in-
stance is straightforward, by letting c(ij) denote the sum of p(j) and s(ij). Note that
c(ii) is not necessarily smaller than c(ij) for i ̸= j, meaning in some applications it is
beneficial to switch between job types. Emmons and Mathur [33] also describe an ap-
plication of the MVTSP to the no-wait flow shop problem. There is only a handful of
constant-factor approximation algorithms for scheduling problems with setup times [3];
see, for example, the results of Jansen et al. [64] and Deppert and Jansen [30] that con-
sider sequence-independent batch setup times, or van der Veen et al. [109] that considers
sequence-dependent setup times with a special structure.

A different kind of application comes from geometric approximation. A standard
technique to approximate geometric optimisation problems is to reduce the size of the
input by grouping certain input points together. Each group is then replaced by a single
representative, and the reduced instance is solved exactly. For example, we may snap
input points to nearby grid points, if doing so does not significantly affect the objec-
tive cost. Recently, this technique was used by Kozma and Mömke, to give an efficient
polynomial-time approximation scheme (EPTAS) for the MAXIMUM SCATTER TSP in
doubling metrics [79], addressing an open question of Arkin et al. [6]. In this case, the
reduced problem is exactly the MVTSP. Yet another application of the MVTSP is in set-
tling the parameterised complexity of finding a Hamiltonian cycle in a graph class with
restricted neighbourhood structure [81].

Outline

In Chapter 1 of this thesis, we provide a family of exact algorithms, that solve the Many-
Visits Travelling Salesman Problem optimally. These algorithms work under the most
general setting, in the sense that the edge costs can be asymmetric, and they do not
need to satisfy the triangle inequality. Our main result is a polynomial-space algorithm
with a single-exponential-time complexity that improves on the previously best algo-
rithm by Cosmadakis and Papadimitrou [29], making it the first improvement in over
35 years. This algorithm is asymptotically best possible, assuming the Exponential Time
Hypothesis. It also implies an improved PTAS for the Maximum Scatter TSP [79], re-
ducing the space dependence of the error parameter to polynomial. The algorithms in
this chapter use enumeration of directed spanning trees, and the polynomial-space one
relies on a recursive, “divide and conquer” approach inspired by the polynomial-space
TSP algorithm of Gurevich and Shelah [51].
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Chapter 2 is a short detour into matroid theory. We consider the BOUNDED DE-
GREE G-POLYMATROID ELEMENT WITH MULTIPLICITIES problem: given a g-polyma-
troid and a hypergraph on a common base set, one seeks a minimal cost element from
the g-polymatroid, such that the intersection of this element with the hyperedges of the
hypergraph satisfies certain bounds. We generalise the result of Király et al. [73] on the
MINIMUM BOUNDED DEGREE MATROID BASIS PROBLEM, and provide a polynomial-
time approximation algorithm to the BOUNDED DEGREE G-POLYMATROID ELEMENT

WITH MULTIPLICITIES problem that outputs an element of at most optimal cost, that vio-
lates the hyperedge constraints by a certain amount. Using this algorithm as a black box,
one can obtain a solution to the MINIMUM BOUNDED DEGREE k-COMPONENT MULTI-
GRAPH problem with cost at most the optimum, where each degree lower bound is
violated by at most 1.

Obtaining an approximate solution to the MINIMUM BOUNDED DEGREE k-COMPO-
NENT MULTIGRAPH problem serves as a key component in the main algorithmic result
of Chapter 3. In this chapter we consider the Many-Visits Path TSP, with the assumption
that the edge costs are symmetric and they satisfy the triangle inequality. We provide a
polynomial-time 3/2-approximation for this problem, where the constant factor matches
that of the best polynomial-time approximation algorithm for the single-visit Path TSP,
by Zenklusen [121]. The algorithm uses the techniques of Zenklusen, adapted to the
many-visits setting, as well as our approximation algorithm from Chapter 2.

Finally, in Chapter 4, we further generalise the MVTSP by introducing multiple
agents, that may or may not have to start and end their journey in their respective
depots. The Multiple-Agent MVTSP (MA-MVTSP) and Multiple-Depot MVTSP (MD-
MVTSP) variants ask for k MVTSP tours that together visit each vertex exactly r(v)

times, such that the overall cost of the tours is minimised. We present a full descrip-
tion of the different problem variants, as well as polynomial-time constant-factor ap-
proximations for all variants, assuming symmetric and metric edge costs. Finally, with
the help of the techniques presented in Chapter 2 and used in Chapter 3, we provide
polynomial-time 2-approximations to two of the problem variants.

Basic notation

Throughout this thesis, a graph G = (V,E) denotes a complete graph on n vertices.
There is a nonnegative cost c(uv) defined on the edges uv ∈ E. In the most general
settings these costs are asymmetric, but in certain parts of this work they are defined to
be symmetric (i.e. c(uv) = c(vu) for all u, v ∈ V ), or metric (i.e. satisfying the triangle
inequality, c(uw) ⩽ c(uv) + c(vw) for all u, v, w ∈ V ). Note that the edge set E includes
self-loops, i.e. edges vv for each vertex v ∈ V , which might occur a nonzero cost.

We use the terms ‘city’ and ‘vertex’ interchangeably. In case of symmetric edge costs
(Chapters 3 and 4), by ‘requirement’ we strictly mean the degree requirement of a vertex,
this quantity is twice as much as the request (denoted by the r(v) values) of a vertex. In
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case of asymmetric edge costs (Chapter 1), we will distinguish between outdegree and
indegree requirements, and will refer to them collectively as degree requirements.

A multigraph X is a graph on the vertex set V with a multiset E(X) as edge set, that
is, E(X) might contain several copies of the same edge. For a subset F ⊆ E of edges,
the set of vertices covered by F is denoted by V (F ). The number of connected components of
the graph (V (F ), F ) is denoted by comp(F ). We will simply use the term components of
a graph G referring to the connected components of G. For a subset W ⊆ V of vertices,
the set of edges spanned by W is denoted by E(W ). For W ⊆ V , the (multi)graph induced
by W is G[W ].

Given a multiset F of edges, the multiset of edges leaving the vertex set C ⊆ V (F )

is denoted by δF (C). Similarly, the multiset of regular edges (i.e. excluding self-loops)
in F incident to a vertex v ∈ V is denoted by δF (v). The multiset of all edges (i.e.
including self-loops) in F incident to a vertex v ∈ V is denoted by δ̇F (v). Then the
degree of v in F is denoted by degF (v) := |δ̇F (v)|, where every copy of the self-loop at v
in F is counted twice. We will omit the subscript when F contains all the edges of G,
that is, F = E(G). The multiplicity of an edge uv in a directed multigraph X means the
number of copies of an edge uv in X , and is denoted mulX(uv). If X is directed, the
outdegree of a vertex v ∈ V is degOX(v) =

∑︁
w∈V mulX(vw), the indegree of a vertex v ∈ V

is degIX(v) =
∑︁

u∈V mulX(uv). Given edge costs c : V × V → N ∪ {∞}, the cost of X is
simply the sum of its edge costs, i.e. cost(X) =

∑︁
u,v∈V mulX(uv) · c(uv).

Let us denote the set of edges between two disjoint vertex sets A and B by δ(A,B).
Given two graphs or multigraphs H1, H2 on the same vertex set, H1 + H2 denotes the
multigraph obtained by taking the union of the edge sets of H1 and H2. Observe that as
an effect, in case of directed graphs, outdegrees and indegrees are also added pointwise.
Formally, mulH1+H2(uv) = mulH1(uv)+mulH2(uv), deg

O
H1+H2

(v) = degOH1
(v)+degOH2

(v),
and degIH1+H2

(v) = degIH1
(v) + degIH2

(v), for all u, v ∈ V . The relation cost(H1 +H2) =

cost(H1) + cost(H2) clearly holds.

For a vector x ∈ RE , we denote the sum of the x-values on the edges incident to v

by x(δ̇(v)). Note that the x-value of the self-loop at v is counted twice in x(δ̇(v)). Given
a vector x ∈ RS and a set Z ⊆ S, we use x(Z) =

∑︁
s∈Z x(s). The lower integer part of x

is denoted by ⌊x⌋, so ⌊x⌋(s) = ⌊x(s)⌋ for every s ∈ S. This notation extends to sets, so
by ⌊x⌋(Z) we mean

∑︁
s∈Z⌊x(s)⌋. The support of x on a set Z ⊆ S is denoted by suppZ(x),

that is, suppZ(x) = {s ∈ Z | x(s) ̸= 0}. When talking about the support on the whole
base set, that is Z = S, we simply write supp(x) instead of suppS(x). The difference of
set B from set A is denoted by A− B = {s ∈ A | s /∈ B}. We denote a single-element set
{s} by s, and with a slight abuse of notation, we write A− s to indicate A− {s}. Let us
denote the symmetric difference of two sets A and B by A△B := (A − B) ∪ (B − A) and
the characteristic vector of a set A by χA.

When discussing time and space complexity, we will use the standard “big O” no-
tation. For example by f(n) = O(g(n)) we mark that f is bounded from above by g

asymptotically, i.e. there exists a positive real M , such that f(n) ⩽ Mg(n) holds for suf-
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ficiently large values of n. We also write f(n) = Ω(g(n)) if g(n) = O(f(n)) is true. By
f(n) = o(g(n)) we mean f is dominated by g asymptotically, i.e. there exists a positive
real M , such that f(n) < Mg(n) holds for sufficiently large values of n. Finally, we write
f(n) = ω(g(n)) if g(n) = o(f(n)) is true. The term superexponential refers to a quantity
of the form 2ω(n). Some algorithms in this thesis have a time and/or space complexity
(super-)exponential in n, and we are often interested in the exponential components,
and not so much in the polynomial ones. In these instances we use the O∗(·) notation,
which suppresses the factors bounded by a polynomial of n.

For a problem instance I , the encoding length of I is denoted by |I|. The classi-
cal computational model uses a binary representation for the numerical parameters of
an instance I , which means a parameter p is stored using log p bits. An algorithm is
a polynomial-time algorithm, if the number of operations it performs on an input I is
O(poly(|I|), where poly(·) is a polynomial function. A polynomial-space algorithm uses
O(poly(|I|)) bits of memory/storage during its execution.

Sometimes it is more natural to consider that the elementary arithmetic operations
(addition, subtraction, multiplication, division) can be performed in O(1) time, regard-
less of the size of the numbers participating in the operation. Suppose that a problem
instance I consists of N rational numbers. We say that an algorithm is strongly polyno-
mial, if the number of arithmetic operations is bounded by poly(N) and the algorithm
runs using polynomial space. In other words, the runtime of a strongly polynomial al-
gorithm depends only on the number of numerical parameters and not the size of them.

Consider a MVTSP tour TOUR = (v1, . . . , vr) ∈ V r. We refer to the unique di-
rected multigraph X consisting of the edges (v1, v2), . . . , (vr−1, vr), (vr, v1) as the edge set
of TOUR. We state a simple but crucial observation.

Lemma 1. Let X be a directed multigraph over V with outdegrees degOX(·) and indegrees
degIX(·). Then X is the edge set of a MVTSP tour that visits each vertex v ∈ V exactly r(v)

times if and only if both of the following conditions hold:

(i) the underlying graph of X is connected, and

(ii) for all v ∈ V , we have degOX(v) = degIX(v) = r(v).

Proof. The fact that the connectedness of X and degOX(v) = degIX(v) is equivalent with
the existence of a tour that uses each edge of X exactly once is the well-known “Euler’s
theorem”. (See Bang-Jensen and Gutin [9, Thm 1.6.3] for a short proof.) Clearly, visiting
each vertex v exactly r(v) times is equivalent with the condition that the tour contains
r(v) edges of the form •v and r(v) edges of the form v•.

Note that the description TOUR = (v1, . . . , vr) takes Ω(r) space, when stored as a
sequence, which is exponential in the input size O(n2 log r). For this reason, when keep-
ing track of a MVTSP tour TOUR, we use a compact representation of its multigraph X .
One can store X using O(n2 log r) space, by storing each edge uv of X along with its
multiplicity x(uv).
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Moreover, given such a representation of X , a tour TOUR′ with edge set X can easily
be recovered, such that cost(TOUR′) = cost(X) = cost(TOUR). This amounts to finding
an Eulerian tour of X , which can be done in time linear in the length r of the tour. To
avoid a linear dependence on r, we can apply the algorithm ConvertToSequence by
Grigoriev and van de Klundert [50] that calculates a classical cycle-decomposition of a
circulation, and thus constructs a compact representation of TOUR′ in time O(n4 log r).
For the sake of completeness, we include it as Algorithm 1.

Algorithm 1 ConvertToSequence by Grigoriev and van de Klundert [50]

Input: A multigraph X , given by the multiplicity x(uv) for every edge uv.
Output: A closed walk in X , represented by a collection C of pairs (C, µC), where C is a
simple cycle in X and µC its multiplicity.

1: C := ∅, q = 1.
2: while x(uv) ̸≡ 0 do
3: Find a simple closed walk Cq = (v1v2, v2v3, . . . , vtv1), where vi ∈ V for i = 1, . . . , t, such

that x(vivi+1) > 0 for i = 1, . . . , t− 1 and x(vtv1) > 0.
4: Let µq = min {x(uv) | uv ∈ Cq} and C := C ∪ {(Cq, µq)}.

Update x(uv) := x(uv)− µq for uv ∈ Cq , and q = q + 1.

5: return C

The number of iterations in Algorithm 1 can be bounded by O(n2) as at least one
variable x(uv) becomes 0 in each iteration. The polynomial size of the output C also
follows from this fact. Furthermore, the graph operations in Lines 3 and 4 can be done
in O(n2 log r) time, hence the time complexity of Algorithm 1 is O(n4 log r).

One can obtain an explicit MVTSP tour TOUR′ from C the following way: traverse
an arbitrary cycle C exactly µC times, and whenever a vertex u is reached for the first
time, traverse µC′ copies of every cycle C ′ containing u. As the edge sets of TOUR and
TOUR′ are equal, TOUR′ also visits each v ∈ V exactly r(v) times and cost(TOUR′) =

cost(X) = cost(TOUR). Thus, in solving MVTSP we only focus on finding a minimum
cost directed multigraph whose underlying undirected graph is connected, and whose
degrees match the visit requests in the problem instance.



CHAPTER 1

EXACT ALGORITHMS FOR THE

MANY-VISITS TSP

Introduction

To date, the fastest known exact algorithms for TSP (both in the metric and non-metric
cases) are due to Bellman [13] and Held and Karp [56], running in time O(2nn2) for
n-city instances; both algorithms also require space Ω(2n). When it comes to polynomial-
space algorithms, the state of the art is a recursive, divide and conquer approach by
Gurevich and Shelah [51], that solves the TSP in O∗(4n+o(n)) time.

As for the MVTSP, Psaraftis [94] gave a dynamic programming algorithm with run
time O(n2 ·

∏︁
v∈V (r(v) + 1)). Observe that this quantity may be as high as (r/n + 1)n,

which is prohibitive even for moderately large values of r. In 1984, Cosmadakis and
Papadimitriou [29] observed that the MVTSP can be decomposed into a connectivity
subproblem and an assignment subproblem. Taking advantage of this decomposition,
they designed a family of algorithms, the best of which has run time O∗(n2n2n + log r).
This result can be seen as an early example of fixed-parameter tractability, where the rapid
growth in complexity is restricted to a certain parameter (the number of vertices), rather
than the total size of the input.

The analysis of the algorithm of Cosmadakis and Papadimitriou is highly non-trivial,
combining graph-theoretic insights and involved estimates of various combinatorial
quantities. The complexity analysis of the algorithm is not known to be tight, but a
lower bound of 2Ω(n logn) is known to hold for its run time [29, p. 104]. Similarly, in the
space requirement of the algorithm, a term of the form 2Ω(n logn) appears hard to avoid.
While it extends the tractability of TSP to a new range of parameters, the usefulness
of the Cosmadakis-Papadimitriou algorithm is limited by its superexponential depen-
dence on n in the run time, with the issue of superexponential space perhaps even more
worrisome.

There have been further studies of the MVTSP. Van der Veen and Zhang [110] discuss
a problem equivalent to the MVTSP, called K-group TSP, and describe an algorithm with
polylogarithmic dependence on the number r of visits, similarly to Cosmadakis and
Papadimitriou. The value n however is assumed constant, and its effect on the run
time is not explicitly computed (the dependence can be seen to be superexponential).
Finally, Grigoriev and van de Klundert [50] give an ILP formulation for the MVTSP with
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O(n2) variables. Applying Kannan’s improvement [67] of Lenstra’s algorithm [83] for
solving fixed-dimensional ILPs to this formulation yields an algorithm with run time
nO(n2) log r. Further ILP formulations for the MVTSP are due to Sarin et al. [98] and
Aguayo et al. [2], both of which again require superexponential time to be solved by
standard algorithms.

Results

The main result of this chapter improves both the time and space complexity of the best
known algorithm for the MVTSP, the first improvement in over 35 years. Specifically, we
show that a logarithmic dependence on the number r of visits, a single-exponential depen-
dence on the number n of cities, and a polynomial space complexity are simultaneously
achievable. Moreover, while we build upon ideas from the previous best approach, our
algorithm is arguably easier to describe, easier to implement, and easier to analyse than
its predecessor. To introduce the techniques step by step, we describe three algorithms
for solving the MVTSP. We refer to the three algorithms, after their core subroutines, as
ENUM-MV, DP-MV, and DC-MV. The acronyms stand for enumeration, dynamic pro-
gramming, and divide and conquer, respectively. We also describe an improved variant
of the third algorithm, called DC-MV2. All our algorithms are deterministic. Their com-
plexities are summarised in Theorem 1.1, proved in §1.1.

Theorem 1.1.

(i) ENUM-MV solves MVTSP using space O(n2), in time O∗(nn + log r).

(ii) DP-MV solves MVTSP using space O(5n), in time O∗(5n + log r).

(iii) DC-MV2 solves MVTSP using space O(n2), in time O∗(16n+o(n) + log r).

The Exponential Time Hypothesis (ETH) [60, 61] implies that TSP cannot be solved
in 2o(n), i.e. sub-exponential, time. Under this hypothesis, the run time of our algorithm
DC-MV2 is asymptotically optimal for the MVTSP, up to the base of the exponential.
Further, note that the space requirement of DC-MV2 is also (essentially) optimal, as a
compact solution encodes for each of the Ω(n2) edges the number t of times that this
edge is traversed by an optimal tour. Note that throughout the chapter we assume that
each request can be stored in a constant number of machine words; if this is not the
case, e.g. if r is exponential in n, a factor O(log r) should be applied to the given space
bounds.

It is interesting to contrast our results for the MVTSP with recent results for the
r-simple k-path problem, where a path of length k is sought that visits each vertex at
most r times. For that problem, the fastest known algorithms—due to Abasi et al. [1]
and Gabizon et al. [46]—have run time exponential in k/r · log r, and such exponential
dependence is necessary assuming ETH.

The results of this chapter are joint work with André Berger, László Kozma and
Matthias Mnich. They first appeared at SODA 2019 [19], and an extended version
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with the final time complexities appeared in the ACM Journal Transactions on Algo-
rithms [20]. After the publication of our results, Kowalik et al. [78] made further fine-
grained time complexity improvements. The authors provided a tight analysis of DP-
MV, proving a O∗(4n) time and space complexity, and designed a new polynomial-
space algorithm running in time O(7.88n) by “using a more powerful minimum cost
flow network, which allows for computing the cheapest outbranchings (referred to them
as rooted spanning trees throughout this chapter) in smaller subgraphs”.

Overview of techniques. The Cosmadakis-Papadimitriou algorithm is based on the
following high-level insight, common to most work on the TSP problem, whether exact
or approximate. The task of finding a valid tour may be split into two separate tasks:
(1) finding a structure that connects all vertices, and (2) augmenting the structure found
in (1) in order to ensure that each vertex is visited the required number of times. In-
deed, such an approach is also used in the well-known 3/2-approximation algorithm of
Christofides and Serdyukov for metric TSP [27, 103]. There, the structure that guaran-
tees connectivity is a minimum spanning tree, and the Eulerian property is enforced by
the addition of a perfect matching that connects odd-degree vertices, ensuring that all
vertices have even degree, and can thus be entered and exited, as required.

In the case of MVTSP, Cosmadakis and Papadimitriou ensure connectivity (part (1))
by finding a minimal connected Eulerian digraph on the set V of input vertices. Indeed,
such a digraph must be part of every solution, since a tour must balance every vertex
(equal outdegree and indegree), and all vertices must be mutually reachable. Minimal-
ity is meant here in the sense that no proper subgraph is Eulerian, and is required only
to reduce the search space. Assuming that a connected Eulerian subdigraph of the solu-
tion is found, it needs to be extended to the edge set of a valid tour (part (2)). If this is
done with the cheapest possible set of edges, then the optimum must have been found.
This second step amounts to solving a transportation problem, which takes polynomial
time.
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a) Eulerian digraph b) Transportation problem c) MVTSP solution

FIGURE 1.1: Decomposition of a MVTSP solution by the Cosmadakis-
Papadimitriou algorithm. Visit requests are (5, 10, 17, 19, 2). The numbers spec-
ify the multiplicity of a certain edge in the multigraph.
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The first step, however, requires us to implicitly consider all possible minimal Eu-
lerian digraphs. As it is NP-complete to test the non-minimality of an Eulerian di-
graph [93], the authors relax minimality and suggest the use of heuristics for pruning
out non-minimal instances in practice. On the other hand, they obtain a saving in run
time by observing that among all digraphs with the same degree sequence only one with
smallest cost needs to be considered. Otherwise, in the final tour, the connected Eule-
rian subdigraph could be swapped with a cheaper one, while maintaining the validity
of the tour.

Cosmadakis and Papadimitriou thus iterate over feasible degree sequences of con-
nected Eulerian digraphs; for each such degree sequence they construct the cheapest re-
alisation (which may not be minimal) by dynamic programming. Finally they construct,
for each obtained Eulerian digraph, the cheapest extension to a valid tour, by solving a
transportation problem. The cheapest tour found over all iterations is returned as the
solution. Iterating and optimising over these structures is no easy task, and Cosmadakis
and Papadimitriou invoke a number of graph-theoretic and combinatorial insights. For
estimating the total cost of their procedure a sophisticated global counting argument is
developed.

The key insight of our approach is that the machinery involving Eulerian digraphs
is not necessary for solving MVTSP. To ensure connectivity (i.e. task (1) above), a directed
spanning tree is sufficient. This may seem surprising, as a directed tree fails to satisfy the
main property of connected Eulerian digraphs, strong connectivity. Observe however,
that a collection of directed edges with the same outdegrees and indegrees as a valid
MVTSP tour is itself a valid tour, as long as the digraph determined by the collection of
edges is weakly connected. Requiring the solution to contain a tree is sufficient to avoid
the case of disjoint cycles. The fact that the tree can be assumed to be rooted, i.e. all of
its edges are directed away from some vertex, follows from the strong connectedness of
the tour.1
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a) Directed spanning tree b) Transportation problem c) MVTSP solution

FIGURE 1.2: Decomposition of a MVTSP solution in our approach, r =
(5, 10, 17, 19, 2).

1We thank Andreas Björklund for the latter observation which led to an improved run time and a sim-
pler correctness argument.
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Directed spanning trees are easier to enumerate and optimise over than Eulerian
digraphs; this fact alone explains the reduced complexity of our approach. However,
to obtain our main result, further ideas are needed. In particular, we find the cheapest
directed spanning tree that is feasible for a given degree sequence, first by dynamic pro-
gramming, then by a recursive partitioning of trees, based on centroid-decompositions.

1.1 Improved algorithms for the Many-Visits TSP

In this section we describe and analyse our three algorithms. The first, ENUM-MV is
based on exact enumeration of trees (§ 1.1.1), the second, DP-MV uses a dynamic pro-
gramming approach to find an optimal tree (§1.1.4), and the third, DC-MV is based on
divide and conquer (§1.1.5 and §1.1.6). Before presenting the algorithms, we introduce
some notation and structural observations that are subsequently used.

In this chapter, a directed spanning tree of V is a tree with vertex set V whose edges
are directed; a rooted spanning tree is a directed spanning tree where each edge is directed
away from some vertex v0 ∈ V , in other words, the tree contains a directed path from v0

to every other vertex in V . Rooted spanning trees are alternatively called branchings,
arborescences, or out-trees. We refer to the vertex v0 as the root of the tree. We observe that
every valid tour contains a rooted spanning tree.

Lemma 1.2. Let X be the edge set of a tour on V with arbitrary nonzero requests, and let v0 ∈ V

be an arbitrary vertex. Then there is a rooted spanning tree T of X with root v0, and a directed
multigraph Z, such that X = T + Z.

Proof. We choose T to be the single-source shortest path tree in X with source v0. More
precisely, let d(v) denote the distance (i.e. number of edges) from v0 to v in X . Observe
that in a valid tour all vertices are mutually reachable, so d(v) is finite for all v ∈ V . Let
us now build T , by adding, for each vertex v ∈ V \ {v0}, an edge wv, where w ∈ V is an
arbitrary vertex such that d(w) = d(v) − 1. Such a w must exist, as the predecessor of v
on a shortest path from v0 has this property. The fact that d(·) strictly increases along
edges ensures that T is cycle-free, i.e. a tree.

We can thus split the MVTSP problem into finding a rooted spanning tree T with an
arbitrary root v0 and an extension Z, such that T +Z is a valid tour. We claim that in the
decomposition X = T +Z of an optimal tour X , both T and Z are optimal with respect
to their degree sequences.

Lemma 1.3. Let X be the edge set of an optimal tour for the MVTSP, let T be a rooted spanning
tree, and let Z be a directed multigraph such that X = T + Z. Then, T has the smallest cost
among all rooted spanning trees with degrees degOT (·) and degIT (·), and Z has the smallest cost
among all directed multigraphs with degrees degOZ (·) and degIZ(·).

Proof. Suppose there is a rooted spanning tree T ′ such that cost(T ′) < cost(T ), and
degOT ′(v) = degOT (v), and degIT ′(v) = degIT (v) for all v ∈ V . But then T ′ + Z is connected,
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has the same degree sequence as X , while cost(T ′ + Z) < cost(X), contradicting the
optimality of X .

Similarly, suppose there is a directed multigraph Z ′ such that cost(Z ′) < cost(Z), and
degOZ′(v) = degOZ (v), and degIZ′(v) = degIZ(v) for all v ∈ V . But then T + Z ′ is connected,
has the same degree sequence as X , while cost(T + Z ′) < cost(X), contradicting the
optimality of X .

1.1.1 ENUM-MV: polynomial space and superexponential time

Given the vertex set V , requests r(v) ∈ N and cost function c, we wish to find a tour
of minimum cost that visits each v ∈ V exactly r(v) times. From Lemma 1.2, our first
algorithm presents itself. It simply iterates over all rooted spanning trees T with vertex
set V , and extends each of them optimally to a valid tour X . Among all valid tours
constructed, one with smallest cost is returned (Algorithm 1.1).

This simple algorithm already improves on the previous best run time (although it
is still superexponential), and reduces the space requirement from superexponential to
polynomial.

Algorithm 1.1 ENUM-MV for solving MVTSP using enumeration

Input: Vertex set V , cost function c, requests r(v).
Output: A tour of minimum cost that visits each v ∈ V exactly r(v) times.

1: for each rooted spanning tree T with root v0 ∈ V do
2: Find a minimum cost directed multigraph Z such that for all v ∈ V :

degOZ (v) = r(v)− degOT (v),
degIZ(v) = r(v)− degIT (v).

3: Let X ← T + Z.
return X with smallest cost

The correctness of the algorithm is immediate: from Lemma 1.2 it follows that ev-
ery multigraph X considered is valid (connected, and with degrees matching the visit
requests), and by Lemma 1.3, the optimal tour X⋆ must be considered during the exe-
cution.

The iteration of Line 1 requires us to enumerate all labelled trees with vertex set V .
There are nn−2 such trees [23], and standard techniques can be used to enumerate them
with a constant overhead per item (see e.g. Kapoor and Ramesh [68]). For each consid-
ered tree we orient the edges in a unique way, away from v0.

Let T be the current tree. In Line 2 we find a minimum cost directed multigraph Z,
with given outdegree and indegree sequence, such as to extend T into a valid tour. If,
for some vertex v, it holds that degIT (v) > r(v) or degOT (v) > r(v), we proceed to the next
spanning tree, since the current tree cannot be extended to a valid tour. Observe that
this may happen only if r(v) < n− 1, for some v ∈ V . Otherwise, we find the optimal Z
by solving a transportation problem in polynomial time. Throughout the execution we
remember the best tour found so far, which we output in the end. We describe next the
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transportation subroutine, which is common to all our algorithms, and is essentially the
same as in the Cosmadakis-Papadimitriou algorithm.

The transportation problem. The subproblem we need to solve is finding a minimum
cost directed multigraph Z over vertex set V , with given outdegree and indegree re-
quirements. We can map this problem to an instance of the Hitchcock transportation
problem [58], where the goal is to transport a given amount of goods from N ware-
houses to M outlets with given pairwise shipping costs. Note that this is a special case
of the more general min-cost max-flow problem [32].

More precisely, let us define a digraph with vertices {σ, τ}∪{σi, τi | i ∈ V }. Edges are
{(σ, σi), (τi, τ) | i ∈ V }, and {(σi, τj) | i, j ∈ V }. We set cost 0 to edges (σ, σi) and (τi, τ),
and cost c(ij) (i.e. the costs given in the MVTSP instance) to (σi, τj). We set capacity∞
to edges (σi, τj), capacities r(i) − degOT (i) to (σ, σi), and r(i) − degIT (i) to (τi, τ). We can
think of these capacities as the supplies at the warehouses and demands at the outlets,
respectively.

The construction is identical to the one used by Cosmadakis and Papadimitriou,
apart from the fact that in our case the capacity of (σ, σi) may be different from the
capacity of (τi, τ). Observe that the sum of capacities of (σ, σi)-edges still equals the
sum of capacities of (τi, τ)-edges over all i ∈ V ; thus, a maximal σ − τ flow saturates all
these edges. The amount of flow transmitted on the edge (σi, τj) gives the multiplicity
of edge (i, j) in the sought after multigraph, for all i, j ∈ V . A minimum cost maximum
flow clearly maps to a minimum cost edge set with the given degree constraints.

In the Cosmadakis-Papadimitriou algorithm, the transportation subproblems are
solved via the scaling method of Edmonds and Karp [32]. This algorithm proceeds by
solving O(log r) approximate versions of the problem, where the costs are the same as in
the original problem, but the capacities are scaled (i.e. divided and rounded down) by
a factor 2p for p = ⌈log r⌉, . . . , 0. Each approximate problem is solved in O(n3) time, by
performing flow augmentations on the optimal flow found in the previous approxima-
tion, multiplied by two. The overall run time for solving the described transportation
problem is therefore O(n3 log r).

Cosmadakis and Papadimitriou describe an improvement which also applies for our
case. Namely, they show that the total run time for solving several instances with the
same costs can be reduced, if the capacities on corresponding edges in two different in-
stances may differ by at most n. The strategy is to solve all but the last log n approximate
problems only once, as these are (essentially) the same for all instances. For different in-
stances we only need to solve the last log n approximate problems, i.e. at the finest levels
of approximation. This gives a run time of O(n3 log r) for solving the “master problem”,
and O(n3 log n) for solving each individual instance. We refer to Cosmadakis and Pa-
padimitriou [29] as well as to Edmonds and Karp [32] for details.

In our case, the different instances of the transportation problem are for finding the
directed multigraphs Z for different trees T . Each of these instances agree in the under-
lying graph and cost function, and may differ only in the capacities. As the maximum
degree of each tree T is at most n− 1, the differences are bounded, as required.
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As an alternative to the Edmonds-Karp algorithm, we may solve the arising trans-
portation problems with a strongly polynomial algorithm, e.g. the one by Orlin [92] or
its extension due to Kleinschmidt and Schannath [74]. Note that these algorithms were
not yet available when Cosmadakis and Papadimitriou obtained their result. The run
time for the transportation subproblem then becomes O(n3 log n), i.e. independent of r.
Such an improvement is likely of theoretical interest only; furthermore, it assumes that
operations on the requests r(v) take constant time. If this assumption is unrealistic, e.g.
if r is exponential in n, we may fall back to the Edmonds-Karp algorithm, with the term
O(n3 log r) added to the run time.

Analysis of Algorithm 1.1. We iterate over all O(nn−2) rooted spanning trees and
solve a transportation problem for each, with run time O(n3 log n). The total run time
O(nn+1 log n) follows. The space requirement of the algorithm is dominated by that of
solving a (single) transportation problem, and of storing the edge set of a single tour
(apart from minor bookkeeping).

1.1.2 Degree sequences of directed trees

Observe that the solution of the transportation problem depends only on the degree se-
quence of the current tree T , and not the actual edges of T . Therefore, different trees
with the same degree sequence can be extended in the same way. Notice that several
trees may have the same degree sequence; in an extreme case, all (n− 2)! simple Hamil-
tonian paths with the same endpoints have the same degree sequence. This means that
ENUM-MV considers the same transportation problem multiple times.

Characterising degree sequences of directed spanning trees

In order to omit the redundant calculations, the straightforward idea is to group trees by
their degree sequences, and calculate the underlying transportation problem solution
only once for each group. We start exploring this idea by characterising the feasible
degree sequences of trees.

Although our final algorithm will use rooted spanning trees, as a warm-up we first
consider directed spanning trees. Observe that since every rooted spanning tree is a
directed spanning tree as well, Lemmas 1.2 and 1.3 hold for (non-rooted) directed span-
ning trees as well. Therefore we start with directed spanning trees for the sake of sim-
plicity, then show that the same results hold when switching to rooted spanning trees,
with an improved time complexity.

The feasibility of degree sequences for various graph classes is a well-studied sub-
ject, see e.g. [18, 34, 44, 53, 55, 72, 75]. The simple condition we state is similar to the
condition for undirected trees, given by Berge [17, page 117].

Lemma 1.4. Let V = {x1, . . . , xn} be a set of vertices, where n ⩾ 2. There is a directed
spanning tree of V whose outdegrees and indegrees are respectively degO(·) and degI(·), if and
only if
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(i) degO(xi) + degI(xi) > 0 for i = 1, . . . , n, and

(ii)
∑︁

i deg
O(xi) =

∑︁
i deg

I(xi) = n− 1.

Moreover, the number of such sequences is

DS(n) =

n−1∑︂
z=1

(︃
n

z

)︃(︃
n− 2

n− z − 1

)︃(︃
2n− z − 2

n− 1

)︃
< n · 23.471n = O(11.09n) . (1.1)

Proof. In the forward direction, a tree on n vertices has n − 1 edges, proving (ii). As
the tree is connected, each vertex has at least one incident edge, outgoing or incoming,
proving (i).

In the backward direction, we argue by induction on n. Let us denote the total degree
of a vertex xi as deg(xi) = degO(xi) + degI(xi). In the case n = 2, there are two vertices,
and from (i) and (ii) it follows that one of them has indegree 1, outdegree 0, and the
other has indegree 0, outdegree 1. Thus, we connect them with an appropriate edge,
satisfying the degree requirements.

Consider now the case of n vertices. From (i) and (ii) it follows that there is a vertex xi

such that deg(xi) = 1. Suppose first that degI(xi) = 1. Then for some j ∈ {1, . . . , n}\{i},
we have that degO(xj) ⩾ 1 and deg(xj) ⩾ 2. We decrease degO(xj) by one. It can be seen
that conditions (i) and (ii) hold for V \{xi}. By induction, we can build a tree on V \{xi},
and attach xi to this tree as a leaf, with the edge (xj , xi). The case when degO(xi) = 1 is
symmetric.

Now we turn to the number of such sequences. Let DS(n) denote the number of
different pairs of sequences (d′1, . . . , d

′
n), (d

′′
1, . . . , d

′′
n), that are feasible for an directed

spanning tree, i.e. for vertex set V = {x1, . . . , xn}, for some directed spanning tree T ,
we have degOT (xi) = d′i, and degIT (xi) = d′′i , for all i ∈ {1, . . . , n}. We show the exact
expression and upper bound for DS(n).

We enumerate outdegree sequences (or out-sequences) by their number of zero-
entries z, and for each out-sequence we count the number of possible indegree se-
quences (or in-sequences).

According to condition (i), for an out-sequence with z zeros (1 ⩽ z ⩽ n − 1), the
corresponding in-sequences can have at most n − z zeros. For each of the

(︁
n
z

)︁
ways to

distribute z zeros among n entries, there are
(︁

n−2
n−z−1

)︁
ways of distributing n− 1 degrees

among the n − z non-zero entries. (We can think of this as choosing n − z − 1 internal
separators to split the items, out of the n− 2 possibilities of a separator.)

As no vertex can have zero outdegree and indegree, we assign one indegree to each
node with zero outdegrees, leaving us with the task of distributing n − z indegrees
between n nodes arbitrarily. This can be done in

(︁
2n−z−2
n−z−1

)︁
=
(︁
2n−z−2
n−1

)︁
ways, choosing

the position of n− z − 1 separators in a sequence of (n− 1) + (n− z − 1) objects (items
and separators combined) in total, yielding the result. 2

2This counting approach is also known as stars and bars [37, II.5].
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Finally, we use Stirling’s approximation for
(︁
n
k

)︁
with the binary entropy function (see

e.g. [85, page 2]) and find that the summed quantity is maximized when z/n ≈ 0.382.

Unfortunately, subsequent trees might have different degree sequences, when enu-
merated using standard techniques [68], and storing the current best (minimal cost) tree
or transportation problem solution for each degree sequence would lead to an exponen-
tial space complexity. Hence we change the order of the trees considered. We iterate
through each possible degree sequence, and for each such sequence choose a minimum
cost tree and calculate the solution to the relevant transportation problem.

Computing a minimum-cost spanning tree for a degree sequence is an NP-complete
problem, as it contains the PATH TSP as a special case, when degI(v) = 1 for all vertices
but the starting one s and degO(v) = 1 for all vertices but the endvertex t. For this reason
we find an optimal tree using exhaustive approaches: first by simply iterating through
all directed spanning trees grouped by their degree sequences in § 1.1.3, then calculat-
ing a minimum cost directed spanning tree for each degree sequence using dynamic
programming in §1.1.4 and finally by a recursive approach in §1.1.5.

Generating degree sequences of directed trees

Algorithm 1.2 iterates over all feasible degree sequences of directed trees. It begins by
first generating all feasible outdegree sequences outseq, which means distributing n− 1

outdegrees among n vertices, allowing for vertices with zero degree. This is equivalent
to generating all

(︁
2n−2
n−1

)︁
ways of choosing n − 1 positions of separators between n − 1

items, and it is done in Line 4 of the algorithm. Then it generates all matching indegree
sequences inseq in Line 7, while making sure to fulfil the conditions of Lemma 1.4, in
particular that inseq[i] ⩾ 1 holds for all i ∈ {1, . . . , n}, such that outseq[i] = 0. This
is done by fixing one indegree at such vertices v ∈ Z in Line 9, then distributing the
remaining n − 1 − |Z| degree among n − 1 vertices; similarly to the outsequence, this
means all positions n−1 separators between n−1−|Z| elements. Finally, Algorithm 1.2
outputs all pairs (outseq, inseq).

Algorithm 1.2 Generating all degree sequences of directed trees.
1: Input: Positive integer n.
2: Output: A generator of all directed tree degree sequences on n vertices.
3: procedure DIRECTEDTREEDS(n)
4: for every array1 in COMBINATIONS(2n− 2, n− 1) do
5: outseq← COMBINATIONTOSEQUENCE(array1)

6: Z ← indices i with outseq[i] = 0

7: for every array2 in COMBINATIONS(2n− |Z| − 2, n− 1) do
8: inseq← COMBINATIONTOSEQUENCE(array2)

9: inseq[i]← inseq[i] + 1 for each i ∈ Z

10: yield (outseq, inseq)
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Note that Algorithm 1.2 does not return the list of degree sequences (outseq, inseq)

at once, it is instead a generator that serves as the head of the for loop in the exact al-
gorithms presented later in the chapter, outputting a different degree sequence in every
iteration. We used the keyword yield instead of return as a Python-style indication that
the algorithm does not terminate after “returning” the first result.

Algorithm 1.2 uses two simple procedures. First, COMBINATIONS outputs all possi-
ble positions of the separators, when distributing m elements into k parts, then COMBI-
NATIONSTOSEQUENCE converts it into a sequence containing the number of elements in
each part. For the sake of completeness, we included these procedures in Algorithms 1.3
and 1.4 below.

Algorithm 1.3 Generating all possible k-subsets of {1, . . . ,m}.
1: Input: Positive integers m and k.
2: Output: A generator of all possible k-subsets of {1, . . . ,m}.
3: procedure COMBINATIONS(m, k)
4: comb← [1, . . . , k]

5: yield comb

6: while true do
7: i← last index such that comb[i] ̸= m− k + i, if no such index exists, break
8: comb[i]← comb[i] + 1

9: for every index j ← i+1, . . . , k do
10: comb[j]← comb[j − 1] + 1

11: yield comb

The procedure COMBINATIONS implements algorithm NEXKSB by Nijenhuis and
Wilf [90, page 26]. It takes two integers as input, m and k, and generates all (ordered)
subsets of size k, of the base set {1, . . . ,m}. It starts with the set [1, 2, . . . , k] and generates
all k-subsets in lexicographical order, up to [m−k+1,m−k+2, . . . ,m−k+k] = [m−k+1,

m−k+2, . . . ,m]. In every iteration, it increments the rightmost entry comb[i] not equal to
m− k+ i, and makes comb[j] equal to comb[j − 1] + 1 for all j indices between [i+ 1, k].
The algorithm stops when there are no such indices i, which happens when reaching
[m− k + 1, . . . ,m].

1 2 3 4 5 6 7 8

FIGURE 1.3: Sequence [2, 4, 7, 8] representing the degree sequence [1, 1, 2, 0, 0]

An example is shown in Figure 1.3. The corresponding integer sequence would
be [1, 1, 2, 0, 0], however COMBINATIONS returned the sequence [2, 4, 7, 8], that is, a se-
quence of the positions (separating bars) of the integer sequence above. In order to
obtain the actual degree sequence, we use a short script COMBINATIONTOSEQUENCE in
Algorithm 1.4 that converts the sequence with the positions of the bars to the degree
sequence.
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Algorithm 1.4 Converting pos into [pos[1], pos[2]− pos[1]− 1, . . . ,m+ k − pos[k]].

1: Input: List of positions pos = pos[1], . . . , pos[k], integer m.
2: Output: A sequence of k + 1 integers that sum up to m.
3: procedure COMBINATIONTOSEQUENCE(pos, m)
4: seq[1]← pos[1]− 1

5: for every index i← 2, . . . , k do
6: seq[i]← pos[i]− pos[i− 1]− 1

7: seq[k + 1]← m+ k − pos[k]

return seq

Generating trees with a given degree sequence

Now that we can iterate through degree sequences, we turn into generating all directed
trees with a given degree sequence. In the proof of Lemma 1.5, we generate one directed
tree from its degree sequence. In this subsection we show how to generate all trees for a
given degree sequence (Algorithm 1.5).

Algorithm 1.5 Generating all directed trees for a given degree sequence

Input: Degree sequence (degO,degI) and forest xstub.
Output: A generator of all trees with degree sequence (degO,degI), attached to xstub.

1: procedure BUILDDIRECTEDTREE(degO, degI, xstub)
2: if

∑︁
deg(·) = 2 then

3: Let i and j be the indices where degO(xi) = 1 and degI(xj) = 1.
4: yield xstub ∪ {xixj}
5: else (

∑︁
deg(·) > 2)

6: Let i be the first index where deg(xi) = 1.
7: if degO(xi) = 1 then
8: for every index j ̸= i, such that deg(xj) ⩾ 2 and degI(xj) ⩾ 1 do
9:

(︂
degO

′
,degI

′)︂← (︂
degO,degI

)︂
10: degO

′
(xi)← degO

′
(xi)− 1

11: degI
′
(xj)← degI

′
(xj)− 1

12: yield BUILDDIRECTEDTREE(degO
′
, degI

′
, xstub ∪ {xixj})

13: else (degI(xi) = 1)

14: for every index j ̸= i, such that deg(xj) ⩾ 2 and degO(xj) ⩾ 1 do
15:

(︂
degO

′
,degI

′)︂← (︂
degO,degI

)︂
16: degO

′
(xj)← degO

′
(xj)− 1

17: degI
′
(xi)← degI

′
(xi)− 1

18: yield BUILDDIRECTEDTREE(degO
′
, degI

′
, xstub ∪ {xjxi})

The initial call to the BUILDDIRECTEDTREE procedure is with a feasible input degree
sequence (degO,degI) and an empty “stub” (xstub = {}) as arguments. The algorithm
finds the first vertex that is either a leaf of the final tree or whose subtree is already
complete (that is, deg(xi) = 1), then it finds all possibilities for attaching xi to the rest of
the tree: this means finding indices j ̸= i such that degI(xj) ⩾ 1 if degO(xi) = 1 holds,
or such that degO(xj) ⩾ 1 if degI(xi) = 1 holds. The procedure is then called recursively
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with modified arguments: edge xixj (or xjxi) is added to the stub and the degrees of xi
and xj are decremented.

At each recursive level there are as many new calls as possible candidates for the
next edge, with both degree demands decreased by one, and with the stub gaining one
additional edge. During the intermediate calls the stub may be disconnected, i.e. it
represents a forest. At the (n−1)-th level exactly two degree-one vertices remain, say, xi
with outdegree 1 and xj with indegree 1. Adding the edge xixj finishes the construction.

Observe that there are no “dead ends” during this process, i.e. every call of the pro-
cedure BUILDDIRECTEDTREE eventually results in a valid directed tree in the last level
of the recursion, and there are no discarded graphs during the process. The argument
mirrors the one in the proof of Lemma 1.5. In every call to BUILDDIRECTEDTREE, the
degree sequence (degO,degI) encodes a valid directed tree on the subset of vertices with
nonzero degree. Let h denote the number of vertices with nonzero degree. We argue
by induction on h that the construction succeeds. For h = 2 (Lines 2–4) this is clear.
For h ⩾ 3 (Lines 5–18), we attach xi to a vertex xj of a valid tree, constructed by the
recursive call with h− 1 vertices with nonzero degree.

For every directed tree with the required degree-sequence, repeatedly peeling off
the lowest-index leaf gives a valid edge-insertion order that is found by the algorithm.
The order in which vertices are considered is essentially the Prüfer sequence [88] of the
tree. Due to this nature of the procedure, the resulting objects will be indeed spanning
trees. Moreover, the trees constructed by the procedure have different Prüfer sequences,
hence no tree is constructed more than once.

Similarly to Algorithm 1.2, Algorithm 1.5 also does not return all directed trees with
a certain degree sequence at once, instead serves as the head of a for loop that outputs
a different tree in every iteration.
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FIGURE 1.4: Example: constructing all directed trees realising the degree se-
quence (1, 1, 2, 0, 0), (0, 1, 1, 1, 1).
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Example Suppose we want to build all directed trees realising the degree sequence
(1, 1, 2, 0, 0), (0, 1, 1, 1, 1); observe that such trees are rooted at vertex A. Let us label the
vertices by A, B, C, D and E. The lowest indexed leaf is A with outdegree 1, hence we
need to consider all non-leaves with a positive indegree: B and C. We first consider B,
and after adding the edge AB we update the degree sequence to (0, 1, 2, 0, 0), (0, 0, 1, 1, 1).
The procedure continues the same way, considering only vertices B–E and vertex B as
the leaf with the lowest index. The whole construction is shown in the first row of Fig-
ure 1.4.

The algorithm then considers the edge AC instead of AB, resulting in an updated
degree sequence (0, 1, 2, 0, 0), (0, 1, 0, 1, 1). The next leaf is D, with two possible vertices
to connect, B or C. The two paths of construction are shown in the second and third rows
of Figure 1.4. Note that the algorithm did not start by connecting the root vertex A be-
cause it was the root, but because it was the leaf with the lowest-index at the beginning
of the construction.

Degree sequences of rooted directed trees

Now we turn to the analysis of rooted trees, and show that they yield an improved exact
algorithm.

Lemma 1.5. Let V = {x1, . . . , xn} be a set of vertices, where n ⩾ 2. There is a rooted spanning
tree of V with root x1, whose outdegrees and indegrees are respectively degO(·) and degI(·), if
and only if

(i) degI(x1) = 0,

(ii) degI(xi) = 1 for i = 2, . . . , n,

(iii) degO(x1) > 0, and

(iv)
∑︁

i deg
O(xi) = n− 1.

Moreover, the number of such sequences is

DSr(n) =

(︃
2n− 3

n− 1

)︃
⩽ 4n . (1.2)

Proof. In the forward direction, in a directed spanning tree all non-root vertices have
exactly one parent, proving (i) and (ii). The root must have at least one child (iii), and
the total number of edges is n− 1, proving (iv).

In the backward direction, we argue by induction on n. In the case n = 2, we have
degI(x1) = degO(x2) = 0, and degI(x2) = degO(x1) = 1, hence an edge x1x2 satisfies the
degree requirements.

Consider now the case of n > 2 vertices. From (ii)–(iv) it follows that for some
k ∈ {2, . . . , n}, we have degI(xk) = 1 and degO(xk) = 0, i.e. xk is a leaf.

Let xj be a vertex for some j ∈ {1, . . . , n}\{k} such that degO(xj) ⩾ 1, and degI(xj)+

degO(xj) ⩾ 2; by (ii)–(iv) there must be such a vertex. We decrease degO(xj) by one.
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Conditions (i)–(iv) clearly hold for V \{xk}. By induction, we can build a tree on V \{xk},
and attach xk to this tree as a leaf, with the edge (xj , xk).

Let DSr(n) denote the number of different pairs of sequences (d′1, . . . , d
′
n), (d

′′
1, . . . , d

′′
n)

that are feasible for a directed spanning tree, i.e. for vertex set V = {x1, . . . , xn}, for some
directed spanning tree T with root x1, we have degOT (xi) = d′i, and degIT (xi) = d′′i , for all
i ∈ {1, . . . , n}. By the properties (i)–(iv), DSr(n) equals the number of ways to distribute
n − 1 outdegrees to n vertices, such that a designated vertex has nonzero outdegree.
This task is the same as distributing n− 2 balls arbitrarily into n bins, of which there are(︁
2n−3
n−1

)︁
= O(22n) = O(4n) ways.

According to Lemma 1.5, the number of degree sequences of rooted trees is smaller
than that of all directed trees, albeit still exponential. However, as we show later, using
rooted trees instead of directed trees can still reduce the number of iterations. Moreover,
degree sequences of rooted trees can also be generated via a simpler method, due to their
properties, see Algorithm 1.6.

Algorithm 1.6 Generating all degree sequences of rooted trees.
1: Input: Positive integer n.
2: Output: A generator of all rooted tree degree sequences on n vertices.
3: procedure ROOTEDTREEDS(n)
4: inseq[1]← 0

5: inseq[i]← 1 for i = {2, . . . , n}
6: for every array in COMBINATIONS(2n− 3, n− 1) do
7: outseq← COMBINATIONTOSEQUENCE(array)

8: outseq[1]← outseq[1] + 1

9: yield (outseq, inseq)

ROOTEDTREEDS constructs degree sequences that satisfy the conditions (i)–(iv) of
Lemma 1.5. It first fixes the indegrees (0 for the root, 1 for the other vertices), then
proceeds to assign the outdegrees. This is done by fixing one outdegree for the root
(Line 8), then distributing the rest of n− 2 outdegrees among n− 1 vertices (Line 6).3

Since the indegree sequence of a rooted tree is fixed for a size n, the algorithm gener-
ating rooted trees also becomes simplified, compared to Algorithm 1.5, the directed tree
counterpart. The simpler algorithm BUILDROOTEDTREE for rooter trees is presented in
Algorithm 1.7.

The initial call to the BUILDROOTEDTREE procedure is with a feasible input degree
sequence (degO,degI) and an empty “stub” (xstub = {}) as arguments. The algorithm
finds the first unattached vertex that is either a leaf of the final tree or whose subtree is
already complete (that is, degO(xi) = 0), then it finds all possibilities for attaching xi to
the rest of the tree. Observe that the fact that xi has no more capacity for outgoing edges
prevents cycles. The procedure is then called recursively with modified arguments:

3Note that Algorithm 1.2 and Algorithm 1.6 would be implemented by performing the operations in
Line 9 and Line 8, respectively, outside of the (second) for-loop; the operations were presented in a different
order as it allows for a simpler presentation.
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Algorithm 1.7 Generating all rooted directed trees for a given degree sequence

Input: Degree sequence (degO,degI) and forest xstub.
Output: A generator of all rooted trees with degree sequence (degO,degI), attached to xstub.

1: procedure BUILDROOTEDTREE(degO, degI, xstub)
2: if

∑︁
degI(·) = 1 then

3: Let i be the index where degI(xi) = 1.
4: yield xstub ∪ {(x1, xi)}
5: else
6: Let i be the first index where degO(xi) = 0 and degI(xi) = 1.
7: for every index j ̸= i, such that degO(xj) + degI(xj) ⩾ 2 do ▷ attach xi to parent xj

8:
(︂
degO

′
,degI

′)︂← (︂
degO,degI

)︂
9: degO

′
(xj)← degO

′
(xj)− 1

10: degI
′
(xi)← 0

11: BUILDROOTEDTREE(degO
′
, degI

′
, xstub ∪ {(xj , xi)})

edge (xj , xi) is added to the stub and the out-degree of xj and the in-degree of xi are
decremented.

At each recursive level there are as many new calls as possible candidates for the
next edge, with both degree demands decreased by one, and with the stub gaining one
additional edge. During the intermediate calls the stub may be disconnected, i.e. it
represents a forest. At the (n − 1)-th level exactly two degree-one vertices remain, say,
xi with in-degree 1 and the root x1 with out-degree 1. Adding the edge (x1, xi) finishes
the construction.

1.1.3 Improved enumeration algorithm

The improved algorithm is presented as Algorithm 1.8. It iterates over all trees grouped
by their degree sequences, and solves the transportation problem only once for each
degree sequence (there are DSr(n) of them). Procedure ROOTEDTREEDS from Algo-
rithm 1.6 serves as the for loop in Line 1, and BUILDROOTEDTREE from Algorithm 1.7
serves as the for loop in Line 3.

Algorithm 1.8 ENUM-MV for solving MVTSP using enumeration (improved)

Input: Vertex set V , cost function c, requests r(v).
Output: A tour of minimum cost that visits each v ∈ V exactly r(v) times.

1: for each feasible degree sequence degO(·),degI(·) of a directed spanning tree with root v0 do
2: Find a minimum cost directed multigraph Z such that for all v ∈ V :

degOZ (v) = r(v)− degO(v),
degIZ(v) = r(v)− degI(v).

3: for each directed spanning tree T with degOT = degO and degIT = degI do
4: Let X ← T + Z.

return X with smallest cost

The correctness is immediate, as all directed spanning trees T are still considered as
before.
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Since we need O(n) time to calculate the cost of a spanning tree, we obtain the run
time O(nn−2 · n + DSr(n) · n4 log n) = O(nn−1 + 4nn4 log n). The space requirement is
asymptotically unchanged.

1.1.4 DP-MV: exponential space and single-exponential time

Next, we improve the run time to single-exponential, by making use of Lemma 1.3.
Specifically, we observe that for every feasible degree sequence only the tree with the
minimum cost needs to be considered. The enumeration in Algorithm 1.5 can easily
be modified to return, instead of all trees, just one with smallest cost, this, however,
would not improve the asymptotic run time. Instead, in this section we describe a dy-
namic programming approach resembling the algorithms by Bellman [13], and Held
and Karp [56] for directly computing the best directed tree for a given degree sequence.

The outline of the algorithm is shown in Algorithm 1.9, and it is identical for DP-MV,
DC-MV and DC-MV2, described in § 1.1.4–1.1.6. The algorithms DP-MV, DC-MV and
DC-MV2 differ in the way they find the minimum cost directed tree, i.e. Line 2 of the
generic Algorithm 1.9.

Algorithm 1.9 Solving MVTSP by optimising over trees (common for DP-MV, DC-MV
and DC-MV2).

Input: Vertex set V , cost function c, requests r(v).
Output: A tour of minimum cost that visits each v ∈ V exactly r(v) times.

1: for each feasible degree sequence degO(·),degI(·) of a directed spanning tree do
2: Find a minimum-cost directed tree T with degIT = degI and degOT = degO.
3: Find a minimum-cost directed multigraph Z such that for all v ∈ V :

degIZ(v) = r(v)− degIT (v),
degOZ (v) = r(v)− degOT (v).

4: Let X ← T + Z.
return X with smallest cost

The dynamic programming approach (DP-MV) resembles Algorithm 1.5 for iterat-
ing over all directed trees with a given degree sequence. Specifically, let (degO,degI)
be the degree sequence for which we wish to find a minimum-cost tree. We build a
dynamic programming table T that holds an optimal tree and its cost for every feasible
degree sequence on every possible proper subsets of V . The solution can thus be read
from T [degO, degI]. Observe that specifying a degree sequence allows us to restrict the
problem to arbitrary subsets of V , by simply setting the degrees of non-participating
vertices to zero.

To compute T [degO,degI], we find the leaf with the smallest index xi and all non-
leaves xj that may be connected to xi by an edge in the optimal tree (similarly to Algo-
rithm 1.5). For each choice of xj we compute the optimal tree by adding the connecting
edge xjxi to the optimal tree over V \ {xi}, with the degree sequence suitably updated.

The correctness of the dynamic programming algorithm follows from an observation
similar to Lemma 1.3; every subtree of the optimal tree must be optimal for its degree
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sequence, as otherwise it could be swapped for a cheaper subtree. The details are shown
in Algorithm 1.10.

Algorithm 1.10 DP-MV for generating the optimal directed tree for a given degree se-
quence.

Input: Degree sequence (degO,degI), and edge costs c.
Output: (T, cost), where T is optimum tree with root x1, degrees degO,degI and cost denotes
its cost.

1: procedure T
[︂
degO,degI

]︂
2: if

∑︁
degI(·) = 1 then

3: Let i be the index where degI(xi) = 1.
4: return ({x1xi}, c(x1xi))
5: else (

∑︁
degI(·) > 1)

6: Let i be the first index where degO(xi) = 0 and degI(xi) = 1.
7: for every index j ̸= i, such that degO(xj) + degI(xj) ⩾ 2 do ▷ attach xi to parent xj

8:
(︂
degO

′
,degI

′)︂← (︂
degO,degI

)︂
9: degO

′
(xj)← degO

′
(xj)− 1

10: degI
′
(xi)← 0

11: (Tj , costj)← T [degO
′
,degI

′
]

12: Tj ← Tj ∪ {xjxi}
13: costj ← costj + c(xjxi)

14: return (Tj , costj) with minimum costj

Analysis of Algorithm 1.10. Observe that the number of possible entries T [·, ·], i.e. the
number of feasible degree sequences for trees on subsets of V , is at most

∑︁n
k=1

(︁
n
k

)︁
DSr(k).

Using our previous estimate DSr(n) = O(4n), this sum evaluates, by the binomial the-
orem, to O(5n). The overall run time of Algorithm 1.9, including the transportation
subproblem, with Algorithm 1.10 as a subroutine is O∗(5n), since the entry for a given
degree sequence is computed at most once over all iterations, and the values are stored
through the entire execution. In practice, storing an entire tree in each T [·, ·] is wasteful;
for the optimum tree to be constructible from the table, it is sufficient to store the node
to which the lowest-index leaf is connected. The claimed time and space complexities
follow.

1.1.5 DC-MV: polynomial space and single-exponential time

In this section we show how to reduce the space complexity to polynomial, while main-
taining a single-exponential run time.

The outer loop (Algorithm 1.9) remains the same, but we replace the subroutine
for finding an optimal directed spanning tree (Algorithm 1.10) with an approach based
on divide and conquer (Algorithm 1.11). The approach is inspired by the algorithm of
Gurevich and Shelah [51] for finding an optimal TSP tour.

The algorithm relies on the following observation about tree-separators. Let (V1, V2)

be a partition of V , i.e. V1 ∪ V2 = V , and V1 ∩ V2 = ∅, and let |V | = n. We say that
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(V1, V2) is balanced if max
{︁
|V1|, |V2|

}︁
⩽ ⌈2n/3⌉. The following result is folklore (see e.g.

Nishizeki and Chiba [91, § 9.1]), we give a short proof for completeness.

Lemma 1.6. Every tree T with vertex set V admits a balanced partition (V1, V2) of V such that
all edges of T between V1 and V2 are incident to a vertex v ∈ V1.

Proof. A very old result of Jordan [66] states that every tree has a centroid, which is a
vertex whose removal splits the tree into subtrees not larger than half of the original
tree. To find such a centroid, move from an arbitrary vertex, one edge at a time, towards
the largest subtree.

Let T1, . . . , Tm be the vertex sets of the trees, in decreasing order of size, resulting
from deleting the centroid of T . Let e1, . . . , em denote the edges that connect the re-
spective trees to the centroid in T . If |T1| ⩾ ⌊n/3⌋, then we have the balanced partition
(V \ T1, T1), with a single crossing edge.

Otherwise, let m′ be the smallest index such that ⌊n/3⌋ ⩽ |T1|+ · · ·+ |Tm′ | ⩽ ⌈2n/3⌉.
Observe that as |Ti| < ⌊n/3⌋ for all i, such an index m′ must exist. Now the balanced
partition is (V \ (T1 ∪ · · · ∪ Tm′), T1 ∪ · · · ∪ Tm′). The partition fulfils the stated condition
as all crossing edges are incident to the centroid, which is on the left side.

Algorithm 1.11 DC-MV for generating the optimal directed tree for a given degree se-
quence.

Input: Vertex set V , degree sequence
(︂
degO,degI

)︂
, edge costs c, and n = |V |.

Output: (T, cost), where T is optimum tree for degO,degI and cost denotes its cost.
1: procedure T

[︂
V,degO,degI

]︂
2: if |V | ⩽ 5 then
3: Directly find optimum tree T with cost cost.
4: return (T , cost)
5: else
6: for each partition (V1, V2) of V , such that |V1|, |V2| ⩽ ⌈2n/3⌉ do
7: for each v ∈ V1 do

8:
(︂
excessout

v , excessin
v

)︂
←
(︂∑︂
u∈V1

degO(u)− |V1|+ 1,
∑︂
u∈V1

degI(u)− |V1|+ 1
)︂

9:
(︂
degO

′
,degI

′)︂← (︂
degO,degI

)︂
10: degO

′
(v)← degO

′
(v)− excessout

v , degI
′
(v)← degI

′
(v)− excessin

v

11: V ′
2 ← V2 ∪ {w}

12: c(wu)← c(vu), c(uw)← c(uv), for all u ∈ V2

13:
(︂
degO

′
(w),degI

′
(w)
)︂
←
(︂
excessout

v , excessin
v

)︂
14: if degO

′
(·),degI′(·) ⩾ 0, degO

′
(v) + degI

′
(v) ⩾ 1, degO

′
(w) + degI

′
(w) ⩾ 1 then

15: cost1 ← T
[︂
V1, degO

′|V1
, degI

′|V1

]︂
16: cost2 ← T

[︂
V ′
2 , degO

′|V ′
2
, degI

′|V ′
2

]︂
17: cost← cost1 + cost2
18: T ←merge T1 and T2 by identifying v and w

19: return (T, cost) with minimum cost
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At a high-level, DC-MV works as follows. It guesses the partition (V1, V2) of the
vertex set V according to a balanced separator of the (unknown) optimal rooted tree T ,
satisfying the conditions of Lemma 1.6. It also guesses the distinguished vertex v ∈ V1 to
which all edges that cross the partition are incident. (Throughout the description of the
algorithm, guessing should be understood as iterating through all possible choices.)

The balanced separator splits T into a tree with vertex set V1 and a forest with vertex
set V2. There are two cases to consider, depending on whether the root r = x1 of T falls
in V1 or V2. In the first case, V1 induces a directed subtree of T rooted at r, in the second
case, V1 induces a directed subtree of T rooted at v.

Observe that the outdegrees and indegrees of vertices in V1 are feasible for a directed
tree, except for vertex v which has additional degree due to the edges crossing the par-
tition. We refer to this outdegree and indegree as the excess of v. The excess of v can
be computed using Lemma 1.5. This excess determines the number and orientation of
edges across the cut, even if the endpoints, other than v, of the edges are unknown.

By the same argument as in Lemma 1.3, the subtree of T induced by V1 is optimal
for its corresponding degree sequence after subtracting the excess of v, therefore we can
find it by a recursive call to the procedure.

On the other side of the partition we have a collection of trees. To obtain an instance
of our original problem, we add a virtual vertex w to V2 to play the role of v. For all
vertices u we set the distance between u and the virtual vertex w to be the same as the
distance between u and v. We set the outdegree and indegree of w to the excess of v,
to allow it to connect to all vertices of V2 that v connects to in T . Now we can find the
optimal tree on this side too, by a recursive call to the procedure.

On both sides of the partition, the roots of the directed trees are uniquely determined
by the remaining degrees. Observe that if the original root coincides with the centroid v,
then v and w will be the roots of the trees in the recursive calls. After obtaining the
optimal trees on the two sides (assuming the guesses were correct), we reconstruct T
by gluing the two trees together, identifying the vertices v and w. As this operation
adds all degrees, we obtain a valid tree for the original degree sequence, furthermore,
the tree must be optimal. We illustrate the two cases of this process in Figure 1.5 with
pseudocode given in Algorithm 1.11.

The threshold value 5 in Line 2 of Algorithm 1.11 is to ensure progress; the sub-
problem size ⌈2n/3⌉+ 1 (the second term accounts for the virtual vertex w) needs to be
less than n, which holds for n > 5. For n ⩽ 5, we proceed by a brute-force approach,
constructing all feasible trees and choosing one with minimal cost. In Line 8, the excess
outdegree and indegree of v are calculated. Both types of degrees need to sum to |V1|−1,
from which the expression follows. The condition in Line 14 ensures that we only solve
feasible problems. The notation deg|X indicates a restriction of a degree sequence to a
subset X of the vertices.

Analysis of Algorithm 1.11. For a set V of size n we consider at most 2n partitions
(Line 6) and at most ⌈2n/3⌉ choices of v (Line 7), and we recur on subsets of size at most
⌈2n/3⌉+ 1. All remaining operations take O(n) time. The run time t(n) of DC-MV thus
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FIGURE 1.5: Illustration of DC-MV. (left) optimal tree and balanced centroid-
partitioning, the centroid shown as a hollow circle; (right) optimal trees on the
two sides of the partitioning, centroid v and its virtual pair w shown as hollow
circles; (above) root is in the left side of the partition, shown as double circle;
(below) root is in the right side of the partition, shown as double circle.

satisfies:

t(n) ⩽ 2n · n · 2t(⌈2n/3⌉+ 1)

= nO(logn) · 2n(
∑︁

k (2/3)k)+O(logn)

= nO(logn) ·O(23n) .

Including the transportation problem, the overall run time of Algorithm 1.9 using the
procedure DC-MV is thus DSr(n) · (8nnO(logn) + n3 log n) +O(n3 log r) = O∗(32n+o(n) +

log r). For the space complexity, observe that (as opposed to DP-MV) the algorithm does
not precompute and store T [·, ·, ·] and, apart from minor bookkeeping, only a single tour
is stored at each time, spread over O(log n) recursive levels. The claimed bounds follow.

1.1.6 DC-MV2: polynomial space and improved single-exponential time

Finally, we modify the divide and conquer algorithm, improving its run time for a given
degree sequence, from 8n+o(n) to 4n+o(n), while maintaining polynomial space.

The result is based on a strengthening of the structural observation about tree-sep-
arators (Lemma 1.6). Specifically, we observe that the vertex set of a tree can be par-
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titioned in a “perfectly balanced” way, if we allow the edges across the partition to be
incident to a logarithmic number of vertices on one side (instead of a single vertex as in
Lemma 1.6).

Again, let (V1, V2) be a partition of V (T ), and let |V (T )| = n. We say that (V1, V2) is
perfectly balanced if max

{︁
|V1|, |V2|

}︁
⩽ ⌈n/2⌉.

Lemma 1.7. Every tree T admits a perfectly balanced partition (V1, V2) such that all edges of T
between V1 and V2 are incident to a vertex in {v1, . . . , vk} ⊆ V1, where k ⩽ ⌊log2 n⌋.

FIGURE 1.6: Illustration of the proof of Lemma 1.7.

Proof. We proceed by finding the special vertices vj one-by-one for j = 1, . . . , ⌊log2 n⌋
and updating the partition (V1, V2) in each iteration, maintaining the property that all
edges between V1 and V2 are incident to a vertex in {v1, . . . , vj}. We additionally require
the following conditions in every iteration: (1) v1, . . . , vj are, in this order, on a simple
path entirely within V1, and (2) |V1| ⩽ |V2|. Furthermore, if |V1| < |V2|, then we require
that there is a subtree T ′ of T attached to vj such that (3) T ′ is entirely contained in V2,
(4) |T ′| ⩽ n/2j , and (5) |V1| + |T ′| > n/2. In words, moving T ′ to the left side of the
partition would make the left side larger than the right side. The claim of the Lemma
follows from conditions (1)–(5), when j = ⌊log2 n⌋.

Let us prove that the conditions hold by induction on j. For the base case, j = 1,
we reuse our construction from Lemma 1.6. Let v1 be the centroid of T , and iteratively
move the subtrees of T attached to v1 to the initially empty V2 from the initially full V1,
until |V2| ⩾ |V1|. Denote the last subtree that is moved as T ′. Conditions (1)–(5) are
easily verified.

For the inductive step, assume that v1, . . . , vj have been found, satisfying conditions
(1)–(5), and let T ′ be the subtree attached to vj that fulfils conditions (3)–(5). Let v∗ be
the centroid of T ′, and let q1, . . . , qm be the internal vertices (in this order) on the path
from vj to v∗. Let qm+1 = v∗. Iteratively, for ℓ = 1, . . . ,m+ 1, move the nodes qℓ from V2

to V1, and after moving each qℓ, move one-by-one the subtrees of T ′ attached to qℓ, other
than the one containing the centroid v∗. By the definition of the centroid, and by (4), all
subtrees that we move have size at most n/2j+1. We stop when |V1| ⩾ |V2|. Observe that
this must happen eventually, due to condition (5).
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If the last move is a vertex qℓ, then |V2| ⩽ |V1| ⩽ |V2| + 1, so a perfectly balanced
partition has been found; we label qℓ as vj+1 and stop the entire process. In this case,
verifying conditions (1)–(5) is no longer needed. If the last move is a subtree, then we
move it back to V2, label it T ′, and label the last moved vertex qℓ as vj+1. By construction,
all edges across the partition are incident to one of the vertices v1, . . . , vj+1. This is be-
cause intermediate vertices q1, . . . , qℓ−1 have been moved across the partition together
with all their pendent trees, they cannot thus be incident to any edges across the par-
tition. (Recall that v1, . . . , vj+1 form a simple path, but are not necessarily consecutive
vertices on this path.) By construction, conditions (1)–(5) are satisfied with vj+1, the
new T ′, and the current V1, V2. See Figure 1.6 for illustration.

Our improved algorithm DC-MV2 follows the same outline as DC-MV, described in
§1.1.5. We highlight the main differences.

The algorithm guesses the partition (V1, V2) of the vertex set V , according to a per-
fectly balanced separator of the (unknown) optimal rooted tree T , satisfying the condi-
tions of Lemma 1.7. It also guesses the distinguished vertices {v1, . . . , vk} ⊆ V1 to which
all edges that cross the partition are incident. Again, the separator splits T into a tree
with vertex set V1 and a forest with vertex set V2. Again, we consider separately the
cases when the root r = x1 of T falls in V1 or V2. In the first case, V1 induces a directed
subtree of T rooted at r, in the second case, V1 induces a directed subtree of T rooted
at vi, for some 1 ⩽ i ⩽ k. (See Figure 1.7.)

Whereas in DC-MV all excess degrees belong to a single vertex, they are now dis-
tributed among v1, . . . , vk. Therefore, we compute the total excess of vertices v1, . . . , vk

and we guess their distribution. Distributing the excess indegree is easy. Assuming that
our guesses were correct, at most one of the vertices v1, . . . , vk has an incoming edge
across the partition. We just need to guess therefore, which vertex vi (if any) has excess
indegree 1, while all others have excess indegree 0 (see Figure 1.7). For the excess out-
degrees, we need to distribute a total value of at most n among k = O(log n) vertices,
amounting to nO(logn) possible choices.

We update the degrees of v1, . . . , vk in V1, removing their excesses. Assuming our
guesses to be correct, the subtree of T induced by V1 is optimal for its degree sequence,
by Lemma 1.2.

On the side of V2 we have a collection of trees. To obtain an instance of our problem
(i.e. a single tree), we add virtual vertices w1, . . . , wk to V2, to play the role of v1, . . . , vk,
and a virtual root w0 forcibly connected to the virtual vertices.

To achieve the correct connections, we first set the outdegrees and indegrees of
w1, . . . , wk to match the excesses of v1, . . . , vk. This allows them to connect to all ver-
tices of V2 that v1, . . . , vk connect to in T . Observe that the location of the root of T is
determined by the indegrees of the virtual vertices. If all wi have indegree 0, then the
root is on the left side of the partition (i.e. in V1). If wℓ, for some ℓ ∈ {1, . . . , k} has inde-
gree 1, then the root is on the right side of the partition (i.e. in V2), in a subtree attached
to vℓ.
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Algorithm 1.12 DC-MV2 for generating the optimal directed tree for a given degree
sequence.

Input: Vertex set V , degree sequence
(︂
degO,degI

)︂
, edge costs c, and n = |V |.

Output: (T, cost), where T is optimum tree for degO,degI and cost denotes its cost.
1: procedure T

[︂
V,degO,degI

]︂
2: if |V | ⩽ 9 then
3: Directly find optimum tree T with cost cost.
4: return (T , cost)
5: else
6: for each partition (V1, V2) of V , such that |V1|, |V2| ⩽ ⌈n/2⌉ do
7: for each {v1, . . . , vk} ⊆ V1, where k ⩽ ⌊log2 n⌋ do

8:
(︂
excessout, excessin

)︂
←
(︂∑︂
u∈V1

degO(u)− |V1|+ 1,
∑︂
u∈V1

degI(u)− |V1|+ 1
)︂

9: for each excess-partition
{︂
excessout

vi

}︂
1⩽i⩽k

,
{︂
excessin

vi

}︂
1⩽i⩽k

do

10:
(︂
degO

′
,degI

′)︂← (︂
degO,degI

)︂
11: Update degrees and edge costs appropriately. ▷ Algorithm 1.13
12: if degO

′
,degI

′
are valid for directed trees then

13: cost1 ← T
[︂
V1, degO

′|V1 , degI
′|V1

]︂
14: cost2 ← T

[︂
V ′
2 , degO

′|V ′
2
, degI

′|V ′
2

]︂
15: cost← cost1 + cost2
16: T ←merge T1 and T2 by identifying vi and wi and removing w0

17: return (T, cost) with minimum cost

In the first case, we make sure that all edges (w0, wi) are directed away from w0.
In the second case, edge (wℓ, w0) is directed towards w0, and all edges (w0, wi) for
i = 1, . . . , k, and i ̸= ℓ are directed away from w0 (see Figure 1.7). To enforce these
connections, we appropriately adjust the indegrees and outdegrees of w0, . . . , wk. We
also set distances involving virtual vertices w0, . . . , wk, such as to forbid unwanted con-
nections. (See Algorithm 1.13.)

After obtaining the optimal trees on the two sides (assuming the guesses were cor-
rect), we reconstruct T by gluing the two trees together, removing w0 with all its incident
edges, and identifying vi with wi for all i = 1, . . . , k. The optimality of the obtained tree
follows by observing that a tree with smaller cost would also induce an improved so-
lution on at least one of the subproblems, contradicting their optimality. Again, we
remark that “guessing” means iterating through all possible choices. We refer to the
detailed pseudocode described in Algorithm 1.12 and the illustration in Figure 1.7.

Some further remarks about Algorithm 1.12 are in order. The threshold 9 in Line 2
is to ensure progress; we need the recursive subproblem size ⌈n/2⌉ + ⌊log2 n⌋ + 1 (the
additive logarithmic term is due to the virtual vertices) to be less than n, which holds
for n > 9. In practice, even some values n ⩽ 9 may be too large to be solved by brute
force; in such cases we can switch back to Algorithm 1.11 (DC-MV) or Algorithm 1.10
(DP-MV), without affecting the asymptotic guarantees.
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Algorithm 1.13 Updating degrees and edge costs in DC-MV2: Line 11 of Algorithm 1.12.

1: degO
′
(vi)← degO

′
(vi)− excessout

vi , degI
′
(vi)← degI

′
(vi)− excessin

vi , for 1 ⩽ i ⩽ k

2: V ′
2 ← V2 ∪ {w0, w1, . . . , wk} ▷ virtual vertices

3: degO
′
(wi)← excessout

vi , degI
′
(wi)← excessin

vi + 1, for all 1 ⩽ i ⩽ k

4: c(w0wi)← 0, c(wiw0)← 0, for all 1 ⩽ i ⩽ k

5: c(w0u)←∞, c(u w0)←∞, for all u ∈ V2 \ {w1, . . . , wk}
6: c(wiwj)←∞, for all 1 ⩽ i, j ⩽ k

7: c(wiu)← c(viu), and c(u wi)← c(u vi) for all 1 ⩽ i ⩽ k, and u ∈ V2 \ {w0, . . . , wk}
8: degO

′
(w0)← k, degI

′
(w0)← 0

9: if excessin
vi > 0 for some i ∈ {1, . . . , k} then ▷ root is in V2, in subtree attached to vi

10: degO
′
(wi)← degO

′
(wi) + 1

11: degI
′
(wi)← degI

′
(wi)− 1

12: degO
′
(w0)← degO

′
(w0)− 1

13: degI
′
(w0)← degI

′
(w0) + 1

FIGURE 1.7: Illustration of DC-MV2. (left) optimal tree and perfectly balanced
partitioning; triangles indicate subtrees, shaded triangle contains root. (right)
optimal trees on the two sides of the partitioning, virtual vertices w0, w1, . . . , wk

shown; (above) root falls to the left side of the partition; (below) root falls to the
right side of the partition; new roots shown as double circles.

Lines 6, 7 and 9 contain the “guesses”, specifically, for the partition of V , for the
choice of v1, . . . , vk, and for distributing the excess degrees among v1, . . . , vk. Line 12 re-
quires a test similar to the corresponding test in Algorithm 1.11, that the guessed values
correctly describe a tree on both sides of the partition. Line 11 contains the update of
degrees and distances on the two sides of the partition, separated into Algorithm 1.13
for readability.
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Analysis of Algorithm 1.12. For a set V of size n we consider at most 2n partitions
(Line 6), at most nO(logn) choices for the vi (Line 7), and at most nO(logn) choices for
their excess indegrees and outdegrees (Line 9). We recur on subsets of size at most
⌈n/2⌉+ ⌊log2 n⌋+ 1.

All remaining operations take O(n) time. The run time t(n), can thus be bounded as:

t(n) ⩽ 2n · nO(logn) · 2t(⌈n/2⌉+ ⌊log2 n⌋+ 1)

= nO(log2 n) · 2n(
∑︁

k (1/2)k)+O(log2 n)

= nO(log2 n) ·O(22n) .

Including the transportation problem, the overall run time of Algorithm 1.9 using DC-
MV2 is therefore DSr(n) · (4nnO(logn) + n3 log n) + O(n3 log r) = O∗(16n+o(n) + log r),
with essentially the same space complexity as before.

We remark that in instances of MVTSP where some of the requests are smaller than
n − 1, not all degree sequences of trees are realisable. Pruning out unrealisable degree
sequences leads to improvements in efficiency. As a special case, suppose that all re-
quests are equal to 1 (i.e. the standard TSP). Then, the only possible tree is a path, with
a unique degree sequence, up to the choice of the leaf. In this case the run time of our
approach reduces to 4n+o(n), matching the Gurevich-Shelah algorithm [51].

1.2 Solving the Many-Visits Path TSP

Although the algorithms in this chapter were presented and analysed with regards to
the tour version of the MVTSP, with slight modifications we can obtain identical results
to the Many-Visits Path TSP as well. Let us assume there are two special end-vertices s

and t given. In the Many-Visits Path TSP, one seeks a minimum cost s-t-walk that visits
each vertex v exactly r(v) times. This means a multigraph H with out- and indegree
r(v) for all v ∈ V − {s, t}, out- and indegree r(s) and r(s) − 1 for vertex s and out- and
indegree r(t)− 1 and r(t) for vertex t.

Let us make an observation analogous to Lemma 1, for the path version of the
MVTSP:

Lemma 1.8. Let X be a directed multigraph over V with outdegrees degOX(·) and indegrees
degIX(·). Then X is the edge set of an s-t-walk that visits each vertex v ∈ V exactly r(v) times
if and only if the following conditions hold:

(i) the underlying graph of X is connected,

(ii) for all v ∈ V − {s, t}, we have degOX(v) = degIX(v) = r(v),

(iii) for vertex s we have degOX(s) = r(s) and degIX(s) = r(s)− 1 and

(iv) for vertex t we have degOX(t) = r(t)− 1 and degIX(t) = r(t).

Proof. By adding an edge ts to X , the claim immediately follows from Lemma 1.
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A tree rooted at v0 ∈ V is such that there are no edges ending at v0 but at least one
edge starting at v0. In a many-visits path, the same is true for the vertex s. Using the
same construction that in the proof of Lemma 1.2, we can see that the following is true:

Lemma 1.9. Let X be the edge set of a many-visits s-t-path on V with arbitrary nonzero re-
quests. Then there is a directed spanning tree T of X rooted at s, and a directed multigraph Z,
such that X = T + Z.

We can thus also split a many-visits path into a directed tree T rooted at s and a
multigraph Z.

Lemma 1.10. Let X be the edge set of an optimal many-visits s-t-path, let T be a directed
spanning tree, and let Z be a directed multigraph such that X = T + Z. Then, T has the
smallest cost among all directed spanning trees with degrees degOT (·) and degIT (·), and Z has the
smallest cost among all directed multigraphs with degrees degOZ (·) and degIZ(·).

Proof. The proof is analogous to that of Lemma 1.3.

Due to Lemmas 1.8–1.10, we can use the approaches ENUM-MV, DP-MV, DC-MV
and DC-MV2 to solve the Many-Visits Path TSP. The only modifications we need to
make in these algorithms concern the degree requirements of special vertices s and t the
multigraph Z calculated based on the degrees of the tree T . The degree requirements of
v ∈ V −{s, t} are identical to the ones in the tour case in Algorithms 1.1, 1.8 and 1.9, but
for s and t we change them the following way:

Algorithm 1.14 Line 2 of Algorithm 1.1, Line 2 of Algorithm 1.8 and Line 3 of Algo-
rithm 1.9 when solving the MANY-VISITS PATH TSP.

Find a minimum-cost directed multigraph Z such that:
degOZ (v) = r(v), ∀v ∈ V − {s, t},
degIZ(v) = r(v), ∀v ∈ V − {s, t},
degOZ (s) = r(s)− degOT (s),
degIZ(s) = r(s)− degIT (s)− 1,
degOZ (t) = r(t)− degOT (t)− 1,
degIZ(t) = r(t)− degIT (t).

Similarly to the tour case, we skip calculating the multigraph X if for any vertex
v ∈ V the degree requirement in X would be negative. The time and space complexities
of the algorithms also remain unchanged.

Summary

In this chapter we presented a family of exact algorithms that provide an optimal solu-
tion to the Many-Visits TSP and Many-Visits Path TSP. All algorithms are deterministic.
Algorithm 1.10, under the name DP-MV, provides an optimal solution using O∗(5n)

time and O∗(5n) space; these complexities asymptotically match the fastest approach
to the classical TSP by Bellman [13] and Held and Karp [56], that have O∗(2n) time
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and space complexity. An improved divide & conquer technique, DC-MV2 in Algo-
rithm 1.12 solves the MVTSP using space polynomial in n and log r, in O∗(16n+o(n))

time. This approach uses the recursive idea of the best polynomial-space algorithm
on the classical TSP by Gurevich and Shelah [51], and asymptotically matches its time
complexity of O∗(4n). Moreover, pruning out unrealisable degree sequences in the im-
plementation of DC-MV2 makes its time complexity O∗(4n+o(n)) for single-visit TSP
instances, essentially making it as fast as the algorithm of Gurevich and Shelah. Finally,
the algorithm DC-MV2 is asymptotically best possible, assuming the Exponential Time
Hypothesis.

Our results lead to improvements in applications where MVTSP is solved as a sub-
routine. For instance, as a corollary of Theorem 1.1(iii), the approximation scheme for
Maximum Scatter TSP [79] can now be implemented in space polynomial in the error
parameter ε.



CHAPTER 2

DEGREE-BOUNDED PROBLEMS AND

APPROXIMATIONS

Introduction

This chapter is about combinatorial optimisation problems with degree constraints. An
illustrious example is the MINIMUM BOUNDED DEGREE SPANNING TREE PROBLEM,
where the goal is to find a minimum cost spanning tree in a graph with lower and
upper bounds on the degree at each vertex. Checking the existence of a degree-bounded
spanning tree contains the NP-hard Hamiltonian path problem; therefore, efficiently
finding spanning trees that only slightly violate the degree constraints, is of interest.
Several algorithms were given that were balancing between the cost of the spanning
tree and the violation of the degree bounds [25, 26, 45, 76, 77]. Goemans [48] gave a
polynomial-time algorithm that finds a spanning tree of cost at most the optimum value
that violates each degree bound by at most 2. Singh and Lau [104] improved the additive
approximation guarantee to 1 by extending the iterative rounding method of Jain [63]
with a relaxation step. Zenklusen [120] considered an extension of the problem where
for every vertex v, the edges adjacent to v have to be independent in a given matroid.

Motivated by a problem on binary matroids posed by Frieze, a matroidal general-
isation called the MINIMUM BOUNDED DEGREE MATROID BASIS PROBLEM was intro-
duced by Király, Lau and Singh [73] in 2012. The problem takes as input a matroid
M = (S, r), a cost function c : S → R, a hypergraph H = (S, E) and lower and upper
bounds f, g : E → Z⩾0; the objective is to find a minimum-cost basis B of M such that
f(ε) ⩽ |B∩ε| ⩽ g(ε) for each ε ∈ E . For this problem, the authors developed an approx-
imation algorithm that is based on the iterative relaxation method and a clever token-
counting argument of Chaudhuri et al. [25] and Singh and Lau [104]. Let ∆ denote the
maximum degree of the hypergraph H . When both lower bounds and upper bounds
are present, their algorithm returns a basis B of cost at most the optimum value such
that f(ε)−2∆+1 ⩽ |B∩ε| ⩽ g(ε)+2∆−1 holds for each ε ∈ E . Based on a technique of
Bansal et al. [11], they showed that the additive error can be improved when only lower
bounds (or only upper bounds) are present, thus finding a basis B of cost at most the
optimum value such that f(ε)−∆+1 ⩽ |B ∩ ε| (respectively, |B ∩ ε| ⩽ g(ε)+∆− 1) for
each ε ∈ E . Bansal et al. [10] considered extensions of the MINIMUM BOUNDED DEGREE

MATROID BASIS PROBLEM to contra-polymatroid intersection and to crossing lattice
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polyhedra. In all of these cases, the solution for the problem is a 0−1 vector defined on
the ground set.

Results

In this chapter we consider another combinatorial optimisation problem involving de-
gree bounds. Given is a graph G = (V,E) with edge costs c(uv) for each u, v ∈ V , a pos-
itive integer degree requirement ρ(v) for each vertex v ∈ V , nonnegative lower and up-
per bounds L and U on the edges, and a positive integer k. In the MINIMUM BOUNDED

DEGREE k-COMPONENT MULTIGRAPH WITH EDGE BOUNDS problem we seek a min-
imum cost multigraph Z consisting of at most k components, such that the degree of
each vertex v ∈ V in Z is exactly ρ(v) and the number of copies of each edge vw is
between L(vw) and U(vw). This problem contains the MVTSP, therefore it is NP-hard.
As one of the main results of this chapter, we show a polynomial-time algorithm that
provides a solution to this problem with an additive error:

Theorem 2.1. There is an algorithm for the MINIMUM BOUNDED DEGREE k-COMPONENT

MULTIGRAPH WITH EDGE BOUNDS problem that, in time polynomial in n and log
∑︁

v ρ(v),
returns a multigraph Z consisting of at most k components and ρ(V )/2 edges, where each ver-
tex v has degree at least ρ(v) − 1 and the cost of Z is at most the cost of min{cTx | x ∈
PCG(ρ, L, U, k)}, which is defined below:

PCG(ρ, L, U, k) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩x ∈ RE
⩾0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

supp(x) has at most k components
x(E) =

∑︁
v ρ(v)/2

x(δ̇(v)) ⩾ ρ(v) ∀v ∈ V

L(vw) ⩽ x(vw) ⩽ U(vw) ∀v, w ∈ V

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . (2.1)

Observe that an optimal solution x∗ to the MINIMUM BOUNDED DEGREE k-COMPO-
NENT MULTIGRAPH WITH EDGE BOUNDS problem is a minimum cost integral vector
from the polytope PCG. We will use the result of Theorem 2.1 to obtain multigraphs
that will serve as building blocks in our approximation algorithms in Chapter 3 and
Chapter 4. Note that by choosing k = 1 we are seeking a connected multigraph.

In Equation (2.1), it is not immediately clear that the constraint “supp(x) has at most
k components” is a valid polyhedral constraint. We show this in Lemmas 2.9 and 2.10
in §2.3.

The presented MINIMUM BOUNDED DEGREE k-COMPONENT MULTIGRAPH WITH

EDGE BOUNDS problem shows a lot of similarities to the MINIMUM BOUNDED DEGREE

SPANNING TREE problem. However, neither the result of Singh and Lau [104] nor the
more general approach by Király et al. [73] applies directly to our setting, due to the
presence of parallel edges and self-loops in a multigraph.

A possible way to overcome these difficulties is as follows: first solve the corre-
sponding linear program, fix the integral parts of the coordinates in the solution, and
then work on a reduced problem where the variables are restricted to be between 0
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and 1. After fixing the integral parts, the remaining point can be shown to be in a ma-
troid, thus bringing the problem back to the matroid setting. Therefore, one would have
to extend the algorithm of Király et al. [73] to handle multiplicities.

Instead of this approach, we develop an extension of the result of Király et al. [73]
to generalised polymatroids and element multiplicities, which might be of independent
combinatorial interest. Formally, the BOUNDED DEGREE G-POLYMATROID ELEMENT

WITH MULTIPLICITIES problem takes as input a g-polymatroid Q(p, b) defined by a
paramodular pair p, b : 2S → R, a cost function c : S → R, a hypergraph H = (S, E)
with lower and upper bounds f, g : E → Z⩾0 and multiplicity vectors mε : S → Z⩾0 for
ε ∈ E satisfying mε(s) = 0 for s ∈ S−ε. The objective is to find a minimum-cost integral
element x of Q(p, b) such that f(ε) ⩽

∑︁
s∈εmε(s)x(s) ⩽ g(ε) for each ε ∈ E . We give a

polynomial-time algorithm for finding a solution with cost at most the optimum value
with bounds on the violations of the degree prescriptions.

Theorem 2.2. There is an algorithm for the BOUNDED DEGREE G-POLYMATROID ELEMENT

WITH MULTIPLICITIES problem which returns an integral element x of Q(p, b) with cost at
most the optimum value such that f(ε)− 2∆+1 ⩽

∑︁
s∈εmε(s)x(s) ⩽ g(ε)+ 2∆− 1 for each

ε ∈ E , where ∆ = maxs∈S
{︁∑︁

ε∈E mε(s)
}︁

. The run time of the algorithm is polynomial in n

and log
∑︁

ε∈E (f(ε) + g(ε)).

When only lower bounds (or only upper bounds) are present, we call the problem
LOWER (UPPER) BOUNDED DEGREE G-POLYMATROID ELEMENT WITH MULTIPLICITIES.
Similarly to Király et al. [73] for the matroid setting, we obtain an improved bound on
the degree violations when only lower or only upper bounds are present:

Theorem 2.3. There is an algorithm for LOWER BOUNDED DEGREE G-POLYMATROID ELE-
MENT WITH MULTIPLICITIES which returns an integral element x of Q(p, b) with cost at most
the optimum value such that f(ε) −∆ + 1 ⩽

∑︁
s∈εmε(s)x(s) for each ε ∈ E . An analogous

result holds for UPPER BOUNDED DEGREE G-POLYMATROID ELEMENT WITH MULTIPLIC-
ITIES, where

∑︁
s∈εmε(s)x(s) ⩽ g(ε) + ∆− 1. The run time of these algorithms is polynomial

in n and log
∑︁

ε∈E f(ε) or log
∑︁

ε∈E g(ε), respectively.

The results of this chapter are joint work with Kristóf Bérczi, André Berger and
Matthias Mnich, and they first appeared on arXiv [14].

2.1 Polyhedral background

In what follows, we make use of some basic notions and theorems of the theory of
generalised polymatroids. For background, see for example the paper of Frank and
Tardos [41] or Chapter 14 in the book by Frank [40].

Given a ground set S, a set function b : 2S → Z is submodular if

b(X) + b(Y ) ⩾ b(X ∩ Y ) + b(X ∪ Y )

holds for every pair of subsets X,Y ⊆ S. A set function p : 2S → Z is supermodular if
−p is submodular. As a generalisation of matroid rank functions, Edmonds introduced
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the notion of polymatroids [31]. A set function b is a polymatroid function if b(∅) = 0, b is
non-decreasing, and b is submodular.

We define

P (b) :=
{︁
x ∈ RS

⩾0

⃓⃓
x(Y ) ⩽ b(Y ) for every Y ⊆ S

}︁
.

The set of integral elements of P (b) is called a polymatroidal set. Similarly, the base poly-
matroid B(b) is defined by

B(b) :=
{︁
x ∈ RS

⃓⃓
x(Y ) ⩽ b(Y ) for every Y ⊆ S, x(S) = b(S)

}︁
.

Note that a base polymatroid is just a facet of the polymatroid P (b). In both cases, b
is called the border function of the polyhedron. Although non-negativity of x is not as-
sumed in the definition of B(b), this follows by the monotonicity of b and the definition
of B(b): x(s) = x(S) − x(S − s) ⩾ b(S) − b(S − s) ⩾ 0 holds for every s ∈ S. The
set of integral elements of B(b) is called a base polymatroidal set. Edmonds [31] showed
that the vertices of a polymatroid or a base polymatroid are integral, thus P (b) is the
convex hull of the corresponding polymatroidal set, while B(b) is the convex hull of the
corresponding base polymatroidal set. For this reason, we will call the sets of integral
elements of P (b) and B(b) simply a polymatroid and a base polymatroid.

Hassin [54] introduced polyhedra bounded simultaneously by a nonnegative, mono-
tone non-decreasing submodular function b over a ground set S from above and by a
nonnegative, monotone non-decreasing supermodular function p over S from below,
satisfying the so-called cross-inequality linking the two functions:

b(X)− p(Y ) ⩾ b(X − Y )− p(Y −X) for every pair of subsets X,Y ⊆ S .

We say that a pair (p, b) of set functions over the same ground set S is a paramodular
pair if p(∅) = b(∅) = 0, p is supermodular, b is submodular, and they satisfy the cross-
inequality. The slightly more general concept of generalised polymatroids was intro-
duced by Frank [39]. A generalised polymatroid, or g-polymatroid is a polyhedron of the
form

Q(p, b) :=
{︁
x ∈ RS

⃓⃓
p(Y ) ⩽ x(Y ) ⩽ b(Y ) for every Y ⊆ S

}︁
,

where (p, b) is a paramodular pair. Here, (p, b) is called the border pair of the polyhedron.
It is known (see e.g. Frank [40]) that a g-polymatroid defined by an integral paramodular
pair is a non-empty integral polyhedron.

A base polymatroid is a special g-polymatroid. Indeed, given a polymatroid func-
tion b with finite b(S), its complementary set function p is defined for X ⊆ S by p(X) :=

b(S) − b(S − X). It is not difficult to check that (p, b) is a paramodular pair and that
B(b) = Q(p, b). Another illustrious example is a box β(L,U) = {x ∈ RS | L ⩽ x ⩽ U}
where L : S → Z ∪ {−∞}, U : S → Z ∪ {∞}with L ⩽ U .
Theorem 2.4 (Frank [40, Theorem 14.3.9]). The intersection Q′ of a g-polymatroid Q(p, b)

and a box β(L,U) is a g-polymatroid. If L(Y ) ⩽ b(Y ) and p(Y ) ⩽ U(Y ) hold for every Y ⊆ S,
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then Q′ is non-empty, and its unique border pair (p′, b′) is given by

p′(Z) = max{p(Z ′)− U(Z ′ − Z) + L(Z − Z ′) | Z ′ ⊆ S} ,

b′(Z) = min{b(Z ′)− L(Z ′ − Z) + U(Z − Z ′) | Z ′ ⊆ S} .
(2.2)

Let us continue with two basic operations on g-polymatroids. Given a g-polyma-
troid Q(p, b) and Z, by deleting Z ⊆ S from Q(p, b) we obtain a g-polymatroid Q(p, b)\Z
defined on set S − Z by the restrictions of p and b to S − Z, that is,

Q(p, b)\Z :=
{︁
x ∈ RS−Z

⃓⃓
p(Y ) ⩽ x(Y ) ⩽ b(Y ) for every Y ⊆ S − Z

}︁
.

In other words, Q(p, b)\Z is the projection of Q(p, b) to the coordinates in S − Z.

Extending the notion of contraction from matroids to g-polymatroids is not immedi-
ate. A set can be naturally identified with its characteristic vector, that is, in the case of
matroids contraction is basically an operation defined on 0−1 vectors. In our proof, we
will need a generalisation of this to the integral elements of a g-polymatroid. However,
such an element might have coordinates larger than one as well, hence finding the right
definition is not straightforward. In the case of matroids, the most important property
of contraction is the following: I is an independent set of M/Z if and only if F ∪ I is
independent in M for any maximal independent set F of Z.

With this property in mind, we define the g-polymatroid obtained by the contraction
of an integral vector z ∈ Q(p, b) to be the polymatroid Q(p′, b′) := Q(p, b)/z on the same
ground set S with border functions

p′(X) := p(X)− z(X)

b′(X) := b(X)− z(X) .

Observe that p′ is obtained as the difference of a supermodular and a modular func-
tion, implying that it is supermodular. From similar arguments, the submodularity of b′

follows. Moreover, p′(∅) = b′(∅) = 0, and

b′(X)− p′(Y ) = b(X)− z(X)− p(Y ) + z(Y )

⩾ b(X − Y ) + p(Y −X)− z(X − Y ) + z(Y −X)

= b′(X − Y )− p′(Y −X),

hence (p′, b′) is indeed a paramodular pair. The main reason for defining the contraction
of an element z ∈ Q(p, b) this way is shown by the following lemma.

Lemma 2.5. Let Q(p′, b′) be the polymatroid obtained by contracting z ∈ Q(p, b). Then x+z ∈
Q(p, b) for every x ∈ Q(p′, b′).

Proof. Let x ∈ Q(p′, b′). By definition, this implies p′(Y ) ⩽ x(Y ) ⩽ b′(Y ) for Y ⊆ S. Thus
p(Y ) = p′(Y ) + z(Y ) ⩽ x(Y ) + z(Y ) ⩽ b′(Y ) + z(Y ) = b(Y ), concluding the proof.
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For a collection T of subsets of S, we call L ⊆ T an independent laminar system if
for any pair X,Y ∈ L: (i) they do not properly intersect, i.e. either X ⊆ Y , Y ⊆ X

or X ∩ Y = ∅, and (ii) the characteristic vectors χZ of the sets Z ∈ L are independent
over the real numbers. A maximal independent laminar system L with respect to T is
an independent laminar system in T such that for any Y ∈ T − L the system L ∪ {Y }
is not independent laminar. In other words, if we include any set Y from T − L, it will
properly intersect at least one set Y from L, or χY can be given as a linear combination
of {χZ | Z ∈ L}. Given a laminar systemL and a set X ⊆ S, the set of maximal members
ofL lying inside X is denoted byLmax(X), that is, Lmax(X) = {Y ∈ L | Y ⊊ X, ̸ ∃Y ′ ∈ L
s.t. Y ⊊ Y ′ ⊊ X}.

2.2 An approximation algorithm on bounded degree g-polyma-
troids

The aim of this section is to prove Theorem 2.2 and Theorem 2.3. These theorems ex-
tends the result of Király et al. [73] from matroids to g-polymatroids. However, adapting
their algorithm is not immediate due to the following major differences. A crucial step
of their approach is to relax the problem by deleting a constraint corresponding to a hy-
peredge ε with small g(ε) value. This step is feasible when the solution is a 0−1 vector,
but it is not applicable for g-polymatroids (or even for polymatroids) where an integral
element might have coordinates larger than 1. This difficulty is compounded by the
presence of multiplicity vectors, that makes both the computations and the tracking of
changes after hyperedge deletions more complicated. Finally, in contrast to matroids
that are defined by a submodular function (the rank function), g-polymatroids are de-
termined by a pair of supermodular and submodular functions. Thus the structure of
the family of tight sets is more complex, which affects the proof of one of the key claims
(Claim 2.6).

We start by formulating a linear programming relaxation for the BOUNDED DEGREE

G-POLYMATROID ELEMENT PROBLEM:

minimise
∑︂
s∈S

c(s) x(s)

subject to p(Z) ⩽ x(Z) ⩽ b(Z) ∀Z ⊆ S(LP)

f(ε) ⩽
∑︂
s∈ε

mε(s)x(s) ⩽ g(ε) ∀ε ∈ E

Although the linear program has an exponential number of constraints, it can be sep-
arated in polynomial time using submodular minimisation [62, 87, 99]. Algorithm 2.1
generalises the approach of Király et al. [73]. We iteratively solve the linear program,
delete elements which get a zero value in the solution, update the solution values and
perform a contraction on the polymatroid, or remove constraints arising from the hy-
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pergraph. In the first round, the bounds on the coordinates solely depend on p and b,
while in the subsequent rounds the whole problem is restricted to the unit cube.

Algorithm 2.1 Approximation algorithm for the BOUNDED DEGREE G-POLYMATROID

ELEMENT WITH MULTIPLICITIES problem.

Input: A g-polymatroid Q(p, b) on ground set S, cost function c : S → R, a hypergraph
H = (S, E), lower and upper bounds f, g : E → Z⩾0, multiplicities mε : S → Z⩾0 for ε ∈ E
satisfying mε(s) = 0 for s ∈ S − ε.
Output: z ∈ Q(p, b) with cost at most OPTLP, violating the hyperedge constraints by at most
2∆− 1.

1: Initialise z(s)← 0 for every s ∈ S.
2: while S ̸= ∅ do
3: Compute a basic optimal solution x for (LP).

(Note: starting from the second iteration, 0 ⩽ x ⩽ 1.)
a: Delete any element s with x(s) = 0.

Update each hyperedge ε← ε− s and mε(s)← 0.
Update the g-polymatroid Q(p, b)← Q(p, b)\s by deletion.

b: For all s ∈ S update z(s)← z(s) + ⌊x⌋(s).
Apply polymatroid contraction Q(p, b) ← Q(p, b)/⌊x⌋, that is, redefine p(Y ) :=

p(Y )− ⌊x⌋(Y ) and b(Y ) := b(Y )− ⌊x⌋(Y ) for every Y ⊆ S.
Update f(ε)← f(ε)−

∑︂
s∈ε

mε(s)⌊x⌋(s) and g(ε)← g(ε)−
∑︂
s∈ε

mε(s)⌊x⌋(s) for each

ε ∈ E .
c: If mε(ε) ⩽ 2∆− 1, let E ← E − ε.
d: if it is the first iteration then

Take the intersection of Q(p, b) and the unit cube [0, 1]S , that is, p(Y ) :=

max{p(Y ′)− |Y ′ − Y | : Y ′ ⊆ S} and b(Y ) := min{b(Y ′) + |Y − Y ′| : Y ′ ⊆ S}
for every Y ⊆ S.

return z

Theorem 2.2. There is an algorithm for the BOUNDED DEGREE G-POLYMATROID ELEMENT

WITH MULTIPLICITIES problem which returns an integral element x of Q(p, b) with cost at
most the optimum value such that f(ε)− 2∆+1 ⩽

∑︁
s∈εmε(s)x(s) ⩽ g(ε)+ 2∆− 1 for each

ε ∈ E , where ∆ = maxs∈S
{︁∑︁

ε∈E mε(s)
}︁

. The run time of the algorithm is polynomial in n

and log
∑︁

ε∈E (f(ε) + g(ε)).

Proof. Our algorithm is presented as Algorithm 2.1.

Correctness. First we show that if the algorithm terminates then the returned solu-
tion z satisfies the requirements of the theorem. In a single iteration, the g-polymatroid
Q(p, b) is updated to (Q(p, b)\D)/⌊x⌋, where D = {s : x(s) = 0} is the set of deleted ele-
ments. In the first iteration, the g-polymatroid thus obtained is further intersected with
the unit cube. By Lemma 2.5, the vector x − ⌊x⌋ restricted to S − D remains a feasible
solution for the modified linear program in the next iteration. Note that this vector is
contained in the unit cube as its coordinates are between 0 and 1. This remains true
when a lower degree constraint is removed in Line 3.c as well, therefore the cost of z
plus the cost of an optimal LP solution does not increase throughout the procedure.
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Hence the cost of the output z is at most the cost of the initial LP solution, which is at
most the optimum.

By Lemma 2.5, the vector x − ⌊x⌋ + z is contained in the original g-polymatroid,
although it might violate some of the lower and upper bounds on the hyperedges. We
only remove the constraints corresponding to the lower and upper bounds for a hyper-
edge ε when mε(ε) ⩽ 2∆− 1. As the g-polymatroid is restricted to the unit cube after
the first iteration, these constraints are violated by at most 2∆ − 1, as the total value of∑︁

s∈εmε(s)z(s) can change by a value between 0 and 2∆−1 in the remaining iterations.
It remains to show that the algorithm terminates successfully. The proof is based on

similar arguments as in Király et al. [73, proof of Theorem 2].

Termination. Suppose, for sake of contradiction, that the algorithm does not termi-
nate. Then there is some iteration after which none of the simplifications in Lines 3.a–
3.c can be performed. This implies that for the current basic LP solution x it holds
0 < x(s) < 1 for each s ∈ S and mε(ε) ⩾ 2∆ for each ε ∈ E . We say that a set Y is
p-tight (or b-tight) if x(Y ) = p(Y ) (or x(Y ) = b(Y )), and let T p = {Y ⊆ S : x(Y ) = p(Y )}
and T b = {Y ⊆ S : x(Y ) = b(Y )} denote the collections of p-tight and b-tight sets with
respect to solution x.

Let L be a maximal independent laminar system in T p ∪ T b.

Claim 2.6. span({χZ | Z ∈ L}) = span({χZ | Z ∈ T p ∪ T b})

Proof of Claim 2.6. The proof uses an uncrossing argument. Let us suppose indirectly
that there is a set R from T p ∪ T b for which χR /∈ span({χZ | Z ∈ L}). Choose this set R
so that it is incomparable to as few sets of L as possible. Without loss of generality, we
may assume that R ∈ T p. Now choose a set T ∈ L that is incomparable to R. Note
that such a set necessarily exists as the laminar system is maximal. We distinguish two
cases.
Case 1. T ∈ T p. Because of the supermodularity of p, we have

x(R) + x(T ) = p(R) + p(T ) ⩽ p(R ∪ T ) + p(R ∩ T ) ⩽ x(R ∪ T ) + x(R ∩ T )

= x(R) + x(T ),

hence equality holds throughout. That is, R∪T and R∩T are in T p as well. In addition,
since χR + χT = χR∪T + χR∩T and χR is not in span({χZ | Z ∈ L}), either χR∪T or
χR∩T is not contained in span({χZ | Z ∈ L}). However, both R ∪ T and R ∩ T are
incomparable with fewer sets of L than R, which is a contradiction.
Case 2. T ∈ T b. Because of the cross-inequality, we have

x(T )− x(R) = b(T )− p(R) ⩾ b(T −R)− p(R− T ) ⩾ x(T −R)− x(R− T )

= x(T )− x(R),

implying T − R ∈ T b and R − T ∈ T p. Since χR + χT = χT−R + χR−T + 2 χR∩T holds
and χR is not in span({χZ | Z ∈ L}), one of the vectors χT−R, χR−T and χR∩T is not
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contained in span({χZ | Z ∈ L}). However, any of the sets T − R, R − T and R ∩ T is
incomparable with fewer sets of L than R, which is a contradiction.

The case when R ∈ T b is analogous to the above. This completes the proof of the
Claim. ♢

We say that a hyperedge ε ∈ E is tight if either f(ε) =
∑︁

s∈εmε(s)x(s) or g(ε) =∑︁
s∈εmε(s)x(s) holds. As x is a basic solution, there is a set E ′ ⊆ E of tight hyper-

edges such that {mε | ε ∈ E ′} ∪ {χZ | Z ∈ L} are linearly independent vectors with
|E ′|+ |L| = |S|.

We derive a contradiction using a token-counting argument. We assign 2∆ tokens
to each element s ∈ S, accounting for a total of 2∆|S| tokens. The tokens are then
redistributed in such a way that each hyperedge in E ′ and each set in L collects at least
2∆ tokens, while at least one extra token remains. This implies that 2∆|S| > 2∆|E ′| +
2∆|L|, leading to a contradiction.

We redistribute the tokens as follows. Each element s gives ∆ tokens to the smallest
member in L it is contained in, and mε(s) tokens to each hyperedge ε ∈ E ′ it is contained
in. As

∑︁
ε∈E:s∈εmε(s) ⩽ ∆ holds for every element s ∈ S, thus we redistribute at most

2∆ tokens per element and so the redistribution step is valid. Now consider any set
U ∈ L. Recall that Lmax(U) consists of the maximal members of L lying inside U . Then
U −

⋃︁
W∈Lmax(U)W ̸= ∅, as otherwise χU =

∑︁
W∈Lmax(U) χW , contradicting the indepen-

dence of L. For every set Z in L, x(Z) is an integer, meaning that x(U −
⋃︁

W∈Lmax(U)W )

is an integer. But also 0 < x(s) < 1 for every s ∈ S, which means that U−
⋃︁

W∈Lmax(U)W

contains at least 2 elements. Therefore, each set U in L receives at least 2∆ tokens, as
required. By assumption, mε(ε) ⩾ 2∆ for every hyperedge ε ∈ E ′, which means that
each hyperedge in E ′ receives at least 2∆ tokens, as required.

If
∑︁

ε∈E ′:s∈εmε(s) ⩽ ∆ holds for any s ∈ S or Lmax(S) is not a partition of S, then an
extra token exists. Otherwise,

∑︁
ε∈E ′ mε = ∆ · χS = ∆ ·

∑︁
W∈Lmax(S) χW , contradicting

the independence of {mε | ε ∈ E ′} ∪ {χZ | Z ∈ L}.

Time complexity. Solving an LP, as well as removing a hyperedge in Line 3.a or re-
moving an element from a hyperedge in Line 3.c can be done in polynomial time. In
Lines 3.b and 3.d, we calculate the value of the current functions p and b for a set Y only
when it is needed during the ellipsoid method. We keep track of the vectors ⌊x⌋ that
arise during contraction steps (there is only a polynomial number of them), and every
time a query for p or b happens, it takes into account every contraction and removal that
occurred until that point.

Line 3.a can be repeated at most |S| times, while Line 3.c can be repeated at most
|E| times. Starting from the second iteration, we are working in the unit cube. That is,
when Line 3.b adds the integer part of a variable x(s) to z(s) and reduces the problem,
then the given variable will be 0 in the next iteration and so element s is deleted. This
means that the total number of iterations of Line 3.b is at most O(|S|).

Now we consider case when only lower or only upper bounds are given.
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Theorem 2.3. There is an algorithm for LOWER BOUNDED DEGREE G-POLYMATROID ELE-
MENT WITH MULTIPLICITIES which returns an integral element x of Q(p, b) with cost at most
the optimum value such that f(ε) −∆ + 1 ⩽

∑︁
s∈εmε(s)x(s) for each ε ∈ E . An analogous

result holds for UPPER BOUNDED DEGREE G-POLYMATROID ELEMENT WITH MULTIPLIC-
ITIES, where

∑︁
s∈εmε(s)x(s) ⩽ g(ε) + ∆− 1. The run time of these algorithms is polynomial

in n and log
∑︁

ε∈E f(ε) or log
∑︁

ε∈E g(ε), respectively.

Proof. The proof is similar to the proof of Theorem 2.2, the main difference appears in
the counting argument. When only lower bounds are present, the condition in Line 3.c
changes: we delete a hyperedge ε if f(ε) ⩽ ∆−1. Suppose, for the sake of contradiction,
that the algorithm does not terminate. Then there is an iteration after which none of the
simplifications in Lines 3.a–3.c can be performed. This implies that in the current basic
solution 0 < x(s) < 1 holds for each s ∈ S and f(ε) ⩾ ∆ for each ε ∈ E . We choose a
subset E ′ ⊆ E and a maximal independent laminar system L of tight sets the same way
as in the proof of Theorem 2.2. Recall that |E ′|+ |L| = |S|.

Let Z1, . . . , Zk denote the members of the laminar system L. As L is an independent
system, Zi −

⋃︁
W∈Lmax(Zi)

W ̸= ∅. Since x(s) < 1 for all s ∈ S,

x(Zi −
⋃︂

W∈Lmax(Zi)

W ) < |Zi −
⋃︂

W∈Lmax(Zi)

W | .

As we have integers on both sides of this inequality, we get

|Zi −
⋃︂

W∈Lmax(Zi)

W | − x(Zi −
⋃︂

W∈Lmax(Zi)

W ) ⩾ 1 for all i = 1, . . . , k .

Moreover,
∑︁

s∈εmε(s)x(s) ⩾ f(ε) ⩾ ∆ for all hyperedges; therefore,

|E ′|+ |L| ⩽
∑︂
ε∈E ′

∑︁
s∈εmε(s)x(s)

∆
+

k∑︂
i=1

⎡⎣|Zi −
⋃︂

W∈Lmax(Zi)

W | − x(Zi −
⋃︂

W∈Lmax(Zi)

W )

⎤⎦
=
∑︂
s∈S

x(s)

∆

∑︂
ε∈E ′
s∈ε

mε(s) +
∑︂

W∈Lmax(S)

|W | −
∑︂

W∈Lmax(S)

x(W ) ⩽ |S| .

In the last line, the first term is at most x(S) since
∑︁

ε∈E:s∈εmε(s) ⩽ ∆ holds for each
element s ∈ S. From x(S)−

∑︁
W∈Lmax(S) x(W ) ⩽ |S|−

∑︁
W∈Lmax(S) |W | the upper bound

of |S| follows. As |S| = |L|+ |E ′|, we have equality throughout. This implies that∑︂
ε∈E ′

mε = ∆ · χS = ∆ ·
∑︂

W∈Lmax(S)

χW ,

contradicting linear independence.
If only upper bounds are present, we remove a hyperedge ε in Line 3.c when g(ε) +

∆ − 1 ⩾ mε(ε). Suppose, for the sake of contradiction, that the algorithm does not
terminate. Then there is an iteration after which none of the simplifications in Lines 3.a–
3.c can be performed. This implies that in the current basic solution 0 < x(s) < 1 holds
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for each s ∈ S and mε(ε) − g(ε) ⩾ ∆ for each ε ∈ E . Again, we choose a subset E ′ ⊆ E
and a maximal independent laminar system L of tight sets the same way as in the proof
of Theorem 2.2.

Let Z1, . . . , Zk denote the members of the laminar system L. As L is an independent
system, Zi −

⋃︁
W∈Lmax(Zi)

W ̸= ∅ and so

x(Zi −
⋃︂

W∈Lmax(Zi)

W ) ⩾ 1 .

By
∑︁

s∈εmε(s)x(s) ⩽ g(ε), we get
∑︁

s∈εmε(s) −
∑︁

s∈εmε(s)x(s) ⩾ mε(ε) − g(ε) ⩾ ∆.
Thus,

|E ′|+ |L| ⩽
∑︂
ε∈E ′

∑︁
s∈εmε(s)−

∑︁
s∈εmε(s)x(s)

∆
+

k∑︂
i=1

x(Zi −
⋃︂

W∈Lmax(Zi)

W )

=
∑︂
s∈S

1− x(s)

∆

∑︂
ε∈E ′
s∈ε

mε(s) +
∑︂

W∈Lmax(S)

x(W )

⩽
∑︂
s∈S

1− x(s)

∆

∑︂
ε∈E ′
s∈ε

mε(s) + x(S) ⩽ |S| .

In the last line, the first term is at most |S| − x(S) since
∑︁

ε∈E:s∈εmε(s) ⩽ ∆ holds for
every element s ∈ S. Therefore, the upper bound of |S| follows. As |S| = |L| + |E ′|, we
have equality throughout. This implies that

∑︁
ε∈E ′ mε = ∆ · χS = ∆ ·

∑︁
W∈Lmax(S) χW ,

contradicting linear independence.

We have seen in § 2.1 that base polymatroids are special cases of g-polymatroids.
This implies that the results of Theorems 2.2 and 2.3 immediately apply to polymatroids.
In the BOUNDED DEGREE POLYMATROID BASIS WITH MULTIPLICITIES problem, we are
given a base polymatroid B(b) = (S, b) with a cost function c : S → R, and a hypergraph
H = (S, E) on the same ground set. The input contains lower and upper bounds f, g :

E → Z⩾0 and multiplicity vectors mε : S → Z⩾1 for every hyperedge ε ∈ E . The
objective is to find a minimum-cost element x ∈ B(b) such that f(ε) ⩽

∑︁
s∈εmε(s)x(s) ⩽

g(ε) holds for each ε ∈ E .

Corollary 2.7. There is a polynomial-time algorithm for BOUNDED DEGREE POLYMATROID

BASIS WITH MULTIPLICITIES problem which returns an integral element x of B(b) with cost
at most the optimum value such that f(ε) − 2∆ + 1 ⩽

∑︁
s∈εmε(s)x(s) ⩽ g(ε) + 2∆ − 1 for

each ε ∈ E .

Corollary 2.8. There is a polynomial-time algorithm for LOWER BOUNDED DEGREE POLY-
MATROID BASIS WITH MULTIPLICITIES problem which returns an integral element x of B(b)

with cost at most the optimum value such that f(ε) − ∆ + 1 ⩽
∑︁

s∈εmε(s)x(s) for each
ε ∈ E . An analogous result holds for UPPER BOUNDED DEGREE POLYMATROID BASIS

WITH MULTIPLICITIES problem, where
∑︁

s∈εmε(s)x(s) ⩽ g(ε) + ∆− 1.
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2.3 Degree-bounded k-component multigraphs

In this section we show that Algorithm 2.1 can be applied in order to obtain an approxi-
mation to the MINIMUM BOUNDED DEGREE k-COMPONENT MULTIGRAPH WITH EDGE

BOUNDS problem, as described in Theorem 2.1.

Theorem 2.1. There is an algorithm for the MINIMUM BOUNDED DEGREE k-COMPONENT

MULTIGRAPH WITH EDGE BOUNDS problem that, in time polynomial in n and log
∑︁

v ρ(v),
returns a multigraph Z consisting of at most k components and ρ(V )/2 edges, where each ver-
tex v has degree at least ρ(v) − 1 and the cost of Z is at most the cost of min{cTx | x ∈
PCG(ρ, L, U, k)}, which is defined below:

(2.1) PCG(ρ, L, U, k) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩x ∈ RE
⩾0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

supp(x) consists of at most k components
x(E) = ρ(V )/2

x(δ̇(v)) ⩾ ρ(v) ∀v ∈ V

L(vw) ⩽ x(vw) ⩽ U(vw) ∀v, w ∈ V

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

Let us consider a MINIMUM BOUNDED DEGREE k-COMPONENT MULTIGRAPH WITH

EDGE BOUNDS problem instance (G, c, ρ, L, U, k) on a graph G(V,E), where c, ρ, L, U
and k are nonnegative and ρ(V ) =

∑︁
v∈V ρ(v) is even. 1 Note that we do not require c to

satisfy the triangle inequality.

The vectors x for which x(E) is a given number and the number of components
of supp(x) is at most k form a polymatroid. The additional constraints on the vertices
can be regarded as intersecting a polymatroid with boxes, and the result is also a poly-
matroid, as shown in Theorem 2.4. Therefore, we can use the result in Corollary 2.8
to obtain an approximate solution to the MINIMUM BOUNDED DEGREE k-COMPONENT

MULTIGRAPH WITH EDGE BOUNDS problem. We start with defining the specific input
variables passed over Algorithm 2.1.

We first set the base set S as the edge set E of our original graph G. In the hypergraph
H = (S, E), the elements of S thus correspond to the edges of G. Moreover, there is a
hyperedge ε for every vertex in V , defined the following way: E := {δ̇(v) | v ∈ V }. The
multiplicity of an element s in a hyperedge ε is 1, that is, mε(s) := 1 if s corresponds to
a regular edge e ∈ E, and mε(s) := 2 if s corresponds to a self-loop. We set the lower
bound f for a hyperedge ε according to the degree requirement of the corresponding
vertex v, that is f(ε) := ρ(v).

We now define the second input of Algorithm 2.1, a g-polymatroid Q(S, p, b). This is
done in two steps, by first defining an auxiliary polymatroid Q′(S, p′, b′), then taking the
intersection of the g-polymatroid Q′ with a box. From now on we use ρ̂ = ρ(V )/2−|V |+k.
We define the border function p′ as the zero vector on S, and b′(Z) as follows:

1Due to the handshaking lemma, the sum of degrees in a graph is even, therefore ρ(V ) being even is
necessary.
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Lemma 2.9. Let b′ denote the following function defined on sets Z ⊆ S:

(2.3) b′(Z) =

⎧⎨⎩|V (Z)| − comp(Z) + ρ̂ if Z ̸= ∅,

0 otherwise .

Then b′ is a polymatroid function.

Proof. By definition, b′(∅) = 0 and b′ is monotone increasing. It remains to show that b′ is
submodular. Let X,Y ⊆ S. The submodular inequality clearly holds if one of X and Y

is empty. If none of X and Y is empty then the submodular inequality follows from the
fact that |V (Z)| − comp(Z) is the rank function of the graphic matroid.

Consider the g-polymatroid B(p′, b′) determined by the border functions defined in
Equation (2.3). Let us define the set B = {x ∈ ZE

⩾0 | x(E) = ρ(V )/2, supp(x) consists of at
most k components}.

Lemma 2.10. B = B(p′, b′) ∩ ZE
⩾0.

Proof. Take an integral element x ∈ B(p′, b′). Since an element of B consists of at most
k components, let us take a partition V1 ⊎ · · · ⊎ Vk+1 of V , and denote the set of edges
between V1, . . . , Vk+1 by C. Then

x(C) = x(E)− x
(︁
E(V1) ∪ · · · ∪ E(Vk+1)

)︁
⩾ |V | − k + ρ̂−

(︄
k+1∑︂
i=1

|Vi| − comp
(︁
E(V1) ∪ · · · ∪ E(Vk+1)

)︁
+ ρ̂

)︄
⩾ 1,

(2.4)

therefore supp(x) consists of at most k components.2 Since x(E) = |V | − k + ρ̂ = ρ(V )/2,
x ∈ B follows, showing that B(p′, b′) ⊆ B.

To see the other direction, take an element x ∈ B. Let F be a set of edges such that
F ⊆ E, and let G/F be the graph where the edges in F are contracted, resulting in each
component of F being contracted to a new vertex in G. Since suppE(G)(x) consists of at
most k components, suppE(G/F )(x) also has to consist of at most k components. As the
number of vertices of G/F is comp(F ) + |V − V (F )| and suppE(G/F )(x) consists of at
most k components, necessarily x(E−F ) ⩾ comp(F )+ |V −V (F )|−k holds. Therefore

x(F ) = x(E)− x(E − F )

⩽ ρ(V )/2− (|V − V (F )|+ comp(F )− k)

= |V (F )| − comp(F ) + ρ̂,

thus x(F ) ⩽ b′(F ). As x(E) = ρ(V )/2 = |V | − k + ρ̂, we obtain x ∈ B(p′, b′), showing
B ⊆ B(p′, b′).

2Note that considering a partition of V with less than k + 1 parts, the right hand side of Equation (2.4)
is zero or less, therefore allowing supp(x) to consist of 1, . . . , k components.
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So far we proved that the integral points of Q′(S, p′, b′) correspond to a connected
multigraph on V that has ρ(V )/2 edges. Let β(L,U) be the box defined by

β(L,U) :=
{︁
x ∈ RS

⩾0 | L(s) ⩽ x(s) ⩽ U(s) ∀s ∈ S
}︁

.

Let us define the polymatroid Q = (S, p, b) as the intersection of the polymatroid Q′ and
the box β, where the border functions p, b are defined as in Equation (2.2). We now prove
that taking H = (S, E) and Q(S, p, b) as input, the output of Algorithm 2.1 corresponds
to a multigraph with the properties stated in Theorem 2.1.

Proof of Theorem 2.1. Consider the linear program (LP) that is defined in the iterative
rounding method for the G-POLYMATROID ELEMENT WITH MULTIPLICITIES problem.
The constraints regarding the bounds on the hyperedges imply ρ(v) ⩽ x(δ̇(v)) for every
v ∈ V : note that mε(s) = 2 for self loops and 1 for simple edges, and this is equal to the
contribution of an edge uv to the value x(δ̇(v)). This, together with Lemma 2.10 and the
fact that x is contained in the box β(L,U), implies that Algorithm 2.1 returns an integral
solution z such that the cost of z is at most the minimum cost element of PCG.

According to Theorem 2.3, the integral solution z violates the bounds f on the hyper-
edges by at most ∆− 1, where ∆ := maxs∈S

{︁∑︁
ε∈E:s∈εmε(s)

}︁
. But we defined mε(s) to

be equal to 2 if s corresponds to a self-loop in G and 1 otherwise, meaning that the solu-
tion z violates the bounds f on the hyperedges and thus the bounds ρ on the vertices by
at most 1. The solution z has at most k components, with a total number of edges ρ(V )/2

and z satisfies the edge bounds L and U , due to Theorem 2.3. Therefore, the solution z

corresponds to a multigraph that admits the properties in the claim of Theorem 2.1.

Remark 1. Note that Theorems 2.2 and 2.3 only provide a solution if there exists a (fractional)
solution to the underlying linear program in (LP). Consequently, Theorem 2.1 only provides a
solution if the polytope PCG in Equation (2.1) is not empty.

Summary

In this chapter we showed a polynomial-time approximation for the BOUNDED DEGREE

G-POLYMATROID ELEMENT PROBLEM WITH MULTIPLICITIES. Our algorithm outputs an
element with at most the optimal cost, that violates the hyperedge constraints by at most
2∆− 1. If only lower or only upper bounds are present on the hyperedges, the violation
on these constraints is at most ∆ − 1. These results generalise the results of Király et
al. [73], who provided approximations with the same additive error in case of matroids.

As a direct application, we provided a solution to the MINIMUM BOUNDED DEGREE

k-COMPONENT MULTIGRAPH WITH EDGE BOUNDS problem, that has cost at most the
optimal cost and the degree of each vertex in the solution is at most one short of the re-
quired one. Besides being of fundamental interest, this problem arises as a subproblem
in our approximation algorithms in Chapter 3 and Chapter 4.



CHAPTER 3

CONSTANT-FACTOR

APPROXIMATIONS FOR THE

MANY-VISITS PATH TSP

Introduction

The TSP is well-known to be NP-hard even in the case of symmetric costs, that satisfy
the triangle inequality, i.e. when c(uv) = c(vu) and c(uw) ⩽ c(uv) + c(vw) holds for
every vertex u, v, w ∈ V . For symmetric, metric costs, the most widely known approx-
imation ratio that can be obtained in polynomial time is 3/2, discovered independently
by Christofides [27] and Serdyukov [103]. Approximating the metric PATH TSP has a
long history, from the first 5/3-approximation by Hoogeveen [59], through subsequent
improvements [4, 49, 101, 102, 111] to the recent breakthroughs. The latest results even-
tually closed the gap between the metric TSP and the metric PATH TSP: Traub and Vy-
gen [106] provided a (3/2 + ε)-approximation for any ε > 0, Zenklusen [121] provided a
3/2-approximation and finally, the three authors showed a reduction from the PATH TSP
to the TSP [108].

Throughout this chapter, we make the same assumptions on the edges, and consider
the metric MANY-VISITS PATH TSP on symmetric edge costs c. Formally, a graph G =

(V,E) is given with a positive integer r(v) for each v ∈ V , and a nonnegative cost
c(uv) for every pair of vertices u, v; finally, a departure city s and an arrival city t are
specified. We seek a minimum cost s-t-walk that visits each city v exactly r(v) times,
where leaving city s as well as arriving to city t counts as one visit. Let us denote
by cmin(v) := minu∈V−v c(uv) the cheapest edge adjacent to v. Besides the inequality
c(uw) ⩽ c(uv)+ c(vw) for every triplet u, v, w, the cost function being metric means that
the cost of the self-loop c(vv) at each vertex v ∈ V is at most the cost of leaving city v to
any other city u and returning1, that is:

c(vv) ⩽ 2 · cmin(v) for all v ∈ V .

We denote the total number of visits by r(V ) :=
∑︁

v∈V r(v).
1Note that, unlike in most results involving metric costs, we do not assume that the cost of a self-loop

is 0.
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The assumption of metric costs is necessary, as the TSP, and therefore the MANY-
VISITS TSP, does not admit any non-trivial approximation for unrestricted cost func-
tions, assuming that P ̸= NP (see e.g. Theorem 6.13 in the book of Garey and John-
son [47]). To the best of our knowledge, no constant-factor approximation algorithms
for metric MANY-VISITS TSP2 or metric MANY-VISITS PATH TSP are currently known.

Results

We start with a simple approximation idea, that leads to a constant-factor approximation
in strongly polynomial time:

Theorem 3.1. There is a polynomial-time 5/2-approximation for the metric MANY-VISITS

PATH TSP. The algorithm runs in time polynomial in n and log r(V ).

The approximation factor 5/2 in Theorem 3.1 still leaves a gap to the best-known
factor 3/2 for the metric PATH TSP, which is due to Zenklusen [121]. His recent 3/2-
approximation for the metric PATH TSP uses a Christofides-Serdyukov-like construc-
tion that combines a spanning tree and a matching, with the key difference that it calcu-
lates a constrained spanning tree in order to bound the costs of the tree and the matching
by 3/2 times the optimal value.

The main algorithmic result of this chapter matches this approximation ratio for the
metric MANY-VISITS PATH TSP.

Theorem 3.2. There is a polynomial-time 3/2-approximation for the metric MANY-VISITS

PATH TSP. The algorithm runs in time polynomial in n and log r(V ).

Our approach follows the main steps of Zenklusen’s work [121], but differs in many
details. The reason for those differences are the presence of requests r(v)—which could
be exponentially large in n—makes the problem significantly more difficult, and sev-
eral new ideas are needed to design an algorithm which returns a tour with the correct
number of visits and still runs in polynomial time. For instance, whereas the backbone
of both Christofides and Zenklusen’s algorithm is a spanning tree (with certain proper-
ties), the possibly exponentially large number of (parallel) edges in a many-visits TSP
solution requires us to work with a structure that is more general than spanning trees.

We therefore consider the problem of finding a minimum cost connected multigraph
with lower bounds ρ on the degrees of vertices, and lower and upper bounds L and U ,
respectively, on the number of occurrences of the edges. This problem is the k = 1

case of the MINIMUM BOUNDED DEGREE k-COMPONENT MULTIGRAPH WITH EDGE

BOUNDS problem introduced in Chapter 2, to which we also showed an approximation
algorithm.

As a direct consequence of Theorem 3.2, we obtain the following:

2At the Hausdorff Workshop on Combinatorial Optimization in 2018, Rico Zenklusen brought up the
topic of approximation algorithms for the metric version of MANY-VISITS TSP in the context of iterative
relaxation techniques; he suggested an approach to obtain a 3/2-approximation, which is unpublished.
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Theorem 3.3. There is a 3/2-approximation for the metric MANY-VISITS TSP that runs in time
polynomial in n and log r(V ).

The results of this chapter are joint work with Kristóf Bérczi and Matthias Mnich,
and they first appeared on arXiv [15].

3.1 Preliminaries

Many-Visits Path TSP Recall that in the MANY-VISITS PATH TSP, we seek for a min-
imum cost s-t-walk X that visits each vertex v ∈ V exactly r(v) times. Let r(V ) =∑︁

v∈V r(v). The sequence of the edges of X has length r(V )− 1, which is exponential in
the size of the input, therefore we always use a compact representation of X that uses
O(n2 log r(V )) space, as discussed in the Introduction.

A vector z ∈ ZE
⩾0 represents a feasible many-visits path if supp(z) is a connected

multigraph on the vertex set V , degz(v) = 2 · r(v) holds for all v ∈ V − {s, t} and
degz(v) = 2 · r(v) − 1 for v ∈ {s, t}. Recall that each self-loop vv contributes 2 in the
value deg(v) = |δ̇(v)|. Let us point out that the definition of z only makes sense if s
and t are distinct vertices, otherwise the total degree of z would need to be odd, which
is impossible due to the handshaking lemma. For technical reasons like the one above,
from now on we assume that the two endpoints s and t are different.

Denote by X⋆
c,r,s,t an optimal solution for an instance (G, c, r, s, t) of the MANY-

VISITS PATH TSP. Let us denote by X⋆
c,1,s,t an optimal solution for the single-visit coun-

terpart of the problem, i.e. where r(v) = 1 for each v ∈ V . Relaxing the connectivity
requirement for solutions of the MANY-VISITS PATH TSP yields Hitchcock’s transporta-
tion problem [58] presented in § 1.1.1. Due to the different degree requirements of the
special vertices s and t, the supplies corresponding to v ∈ V − s are defined by r(v), the
supply of s by r(s) − 1; the demand of each vertex v ∈ V − t by r(v) and the demand
of t by r(t) − 1, in the transportation problem. This yields to capacities r(v) for (σ, σv)

and (τv, τ), and r(s)− 1 for (σ, σs) and r(t)− 1 for (τt, τ) in the corresponding min-cost
max-flow problem; see §1.1.1 for more details. The transportation problem is thus solv-
able in polynomial time using a minimum cost maximum flow algorithm [32] and we
denote the multigraph constructed from the optimal solution by TP⋆

c,r,s,t, where s and t

denote the special vertices with decreased capacities in the flow formulation.

Lemma 3.4. Let TP⋆
c,r,s,t be an optimal solution to the Hitchcock transportation problem, where

supply(v) + demand(v) is odd for v ∈ {s, t} and it is even otherwise. Then TP⋆
c,r,s,t can be

decomposed into cycles and exactly one s-t-path.

Proof. Any solution Z to the transportation problem is essentially a multigraph that has
a positive even degree for vertices v ∈ V −{s, t}, and an odd degree for v ∈ {s, t}. Hence,
because of a parity argument, there has to be an s-t-path U in Z, possibly covering other
vertices W ⊂ V − {s, t}. Vertices w ∈ W have an even degree in U . Therefore, deleting
the edges of U from Z, all vertices v ∈ V will have an even degree in the modified
multigraph Z ′. Thus Z ′ can be decomposed into a union of cycles (possibly taking
multiple copies of the same cycle), and the lemma follows.
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The decomposition provided by the lemma is called a path-cycle representation. Such
a representation can be stored as a path P0 and a collection C of pairs (C, µC), where
each C is a simple closed walk (cycle) and µC is the corresponding integer denoting
the number of copies of C. Below we show that one can always calculate a path-cycle
decomposition in polynomial time, and such a decomposition takes polynomial space.

Lemma 3.5. Let Xc,r,s,t be a many-visits TSP path with endpoints s, t, and TPc,r,s,t be a
transportation problem solution with special vertices s, t. There is a path-cycle representation
of Xc,r,s,t and TPc,r,s,t, both of which take space polynomial in n and log r(V ), and can be
computed in time polynomial in n and log r(V ).

Proof. We first show the proof for a many-visits TSP path Xc,r,s,t. Let us first add an
edge ts to Xc,r,s,t, and denote the resulting multigraph by Z. Observe that Z is a many-
visits TSP tour with the same number of visits as Xc,r,s,t, since it is connected and the de-
gree of every vertex v in Z is 2·r(v). We can now use the procedure ConvertToSequence
in Algorithm 1, which takes the edge multiplicities of Z, denoted by {x(uv)}u,v∈V as in-
put, and outputs a collection C of pairs (C, µC). Here, C is a simple closed walk, and µC

is the corresponding integer denoting the number of copies of the walk C in Z. Lastly,
choose an arbitrary cycle C such that ts ∈ C, and transform one copy of C into a path
as follows. Let C0 := C, and remove the edge ts from C0, resulting in an s-t-path P0.
Update µC := µC − 1. Now (P0, C) is a path-cycle representation of Xc,r,s,t.

In every iteration, the procedure ConvertToSequence looks for a cycle C and re-
moves each of its occurrences from {x(uv)}u,v∈V . The procedure stops when variables
{x(uv)}u,v∈V represent a graph without edges. This demonstrates that the input need
not represent a connected graph in the first place, as the edge removals possibly make
it disconnected during the process. Note that the only structural difference between
TPc,r,s,t and Xc,r,s,t is that the underlying multigraph of TPc,r,s,t might be disconnected.
This means that the procedure ConvertToSequence can be applied to obtain a path-
cycle representation of TPc,r,s,t the same way as in the case of Xc,r,s,t.

Finally, the number of cycles C in C can be bounded by O(n2) (as removing all occur-
rences of a cycle C sets at least one variable x(uv) to zero), and the algorithm has a time
complexity of O(n4) [50]. The edge insertion and deletion, and other graph operations
during the process, can also be implemented efficiently. This concludes the proof.

Let (P0, C) be a path-cycle representation of a many-visits TSP path Xc,r,s,t. One can
obtain the explicit order of the vertices from (P0, C) the following way: traverse the s-t-
path P0, and whenever a vertex u is reached for the first time, traverse µC copies of
every cycle C containing u.

From now on, we assume that the path-cycle decompositions appearing in this chap-
ter are stored in space polynomial in n and log r(V ).
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3.2 Simple 7/2- and 5/2-approximations for Metric Many-Visits
Path TSP

One can obtain a simple 7/2-approximation solution to a MANY-VISITS PATH TSP in-
stance (G, c, r, s, t) as follows. First, calculate a 3/2-approximation to the corresponding
single-visit PATH TSP instance (G, c, 1, s, t). The cost of this path is at most 3/2 times the
cost of the optimal solution X⋆

c,r,s,t to the instance (G, c, r, s, t), due to the metric edge
costs. Then, for every v ∈ V , add r(v) − 1 copies of the self-loop at vertex v to the path
above. The resulting s-t-walk X is clearly a feasible solution to (G, c, r, s, t), since it is
connected and the degree of each vertex v ∈ V − {s, t} is 2 · r(v), while the degrees
or s and t are 2 · r(s) − 1 and 2 · r(t) − 1, respectively. The total cost of the self-loops is∑︁

v∈V (r(v)− 1) · c(vv) and can be bounded from above the following way:

(3.1)
∑︂
v∈V

(r(v)− 1) · c(vv) ⩽
∑︂
v∈V

(r(v)− 1) · 2 · cmin(v) ⩽ 2 · c(TP⋆
c,r,s,t) ⩽ 2 · c(X⋆

c,r,s,t) ,

where the second inequality follows from the fact that ensuring a visit to a vertex v

costs at least cmin(v), and one needs r(v) many of such visits. Since the path computed
in the first step imposes a cost of 3/2 · c(X⋆

c,r,s,t) and the self-loops cost an additional
4/2 · c(X⋆

c,r,s,t), the approximation ratio 7/2 follows.

Remark 2. Some clarifications regarding the second inequality are in order. When we talk about
the minimum cost of visiting a vertex v in TP⋆ or X⋆, we consider a cost of cmin(v)/2 arriving
to v and likewise a cost of cmin(v)/2 departing from v. This adds up to a total cost cmin(v) we
incur when visiting v once, and r(v) · cmin(v) when visiting r(v) times. For vertex s, however,
r(s) visits corresponds to departing the vertex r(s) times but arriving to it only r(s)− 1 times,
hence this case it follows that r(s) visits cost at least (r(s)− 1/2) · cmin(s). Similarly, r(t) visits
to t cost (r(t)− 1/2) · cmin(t), and thus c(TP⋆

c,r,s,t) can be bounded from below by∑︂
v∈V

v/∈{s,t}

r(v) · cmin(v)+ (r(s)− 1/2) · cmin(s)+ (r(t)− 1/2) · cmin(t) ⩾
∑︂
v∈V

(r(v)− 1) · cmin(v) ,

and therefore the second inequality of Equation (3.1) holds.

Now we present Algorithm 3.1, an approximation algorithm for the metric MANY-
VISITS PATH TSP, that runs in polynomial time and achieves an improved approxima-
tion factor of 5/2.

Theorem 3.1. There is a polynomial-time 5/2-approximation for the metric MANY-VISITS

PATH TSP. The algorithm runs in time polynomial in n and log r(V ).

Proof. The algorithm is presented as Algorithm 3.1. Since Xα
c,1,s,t is connected and Z

contains all the edges of Xα
c,1,s,t, P is also connected. Let (P0, C) be a path-cycle decom-

position of TP⋆
c,r,s,t. The graph Z thus consists of Xα

c,1,s,t and the cycles of C. The edges
of Xα

c,1,s,t contribute a degree of 1 in case of s and t, and 2 for v ∈ V − {s, t}; the cycles
of C contribute a degree of 2 · r(v)− 2 for v ∈ {s, t}, and a degree of 2 · r(v) or 2 · r(v)− 2
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Algorithm 3.1 A polynomial-time (α+1)-approximation for metric MANY-VISITS PATH

TSP.
Input: A complete undirected graph G = (V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, distinct vertices s, t ∈ V .
Output: An s-t-walk that visits each v ∈ V exactly r(v) times.

1: Calculate an α-approximate solution Xα
c,1,s,t for the single-visit metric PATH TSP instance

(G, c, 1, s, t).
2: Calculate an optimal solution TP⋆

c,r,s,t for the corresponding transportation problem, to-
gether with a path-cycle decomposition (P0, C), where C is a collection of pairs (C, µC).

3: Let Z be the union of Xα
c,1,s,t and µC copies of every cycle C ∈ C.

4: Do shortcuts in Z and obtain a solution X , such that X visits every city v exactly r(v) times
(that is, degX(v) = 2·r(v) for every vertex v ∈ V −{s, t}, and degX(v) = 2·r(v)−1 otherwise).
return X

for v ∈ V − {s, t}. Let us denote the latter set by W , matching the notation used in the
proof of Lemma 3.4. The total degree of v in Z is therefore:

2 · r(v)− 1 for v ∈ {s, t},
2 · r(v) for v ∈W, and

2 · r(v) + 2 for the remaining vertices in V − (W ∪ {s, t}).

As a direct consequence of the degrees and connectivity, Z is an open walk that starts
in s, visits every vertex v ∈ V either r(v) or r(v) + 1 times, and ends in t. Since the edge
costs are metric, we can use shortcuts at the vertices w ∈ V − (W ∪{s, t}) to reduce their
degrees by 2. We describe the procedure below.

Shortcutting. At Line 3, (Xα
c,1,s,t, C) denotes the compact path-cycle representation of

the many-visits path Z. Let us construct an auxiliary multigraph A on the vertex set V
by taking the edges of Xα

c,1,s,t and each cycle C from C exactly once. Note that parallel
edges appear in A if and only if an edge appears in multiple distinct cycles, or in the path
Xα

c,1,s,t and at least one cycle C. Due to the construction, s and t have odd degree, while
every other vertex has an even degree in A, which means that there exist an Eulerian
trail in A. Moreover, there are O(n2) cycles [50], hence the total number of edges in A is
O(n3). Consequently, using Hierholzer’s algorithm [38, 57], we can compute an Eulerian
trail η in A in O(n3) time. The trail η covers the edges of each cycle C once. Now an
implicit order of the vertices in the many-visits TSP path Z is the following. Traverse
the vertices of the Eulerian trail η in order. Every time a vertex u appears the first time,
traverse all cycles C that contain the vertex µC times. Denote this trail by η′. It is easy
to see that the sequence η′ is a sequence of vertices that uses the edges of Xα

c,1,s,t once
and the edges of each cycle C exactly µC times, meaning that this is a feasible sequence
of the vertices in the path Z. Moreover, the order itself takes polynomial space, as it is
enough to store indices of O(n3) vertices and O(n2) cycles.
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Denote the surplus of visits of a vertex w ∈ V − (W ∪ {s, t}) by γ(w) := degP (w)/2 −
r(w).3 In Line 4, we remove the last γ(w) occurrences of every vertex w from Z by doing
shortcuts: if an occurrence of w is preceded by u and superseded by v in Z, replace the
edges uw,wv by the single edge uv in the sequence. This can be done by traversing
the compact representation of η′ backwards, and removing the vertex w from the last
γ(w) cycles C(w)

r(w)−γ(w)+1, . . . , C
(w)
r(w). As

∑︁
w γ(w) can be bounded by O(n), this operation

makes O(n) new cycles, keeping the space required by the new sequence of vertices and
cycles polynomial. Moreover, since the edge costs are metric, making shortcuts the way
described above cannot increase the total cost of the edges in Z. Finally, using a similar
argument as in the algorithm of Christofides, the shortcutting does not make the trail
disconnected. The resulting graph is therefore an s-t-walk X that visits every vertex v

exactly r(v) times, that is, a feasible solution for the instance (G, c, r, s, t).

Costs and complexity. The cost of the path X constructed by Algorithm 3.1 is equal
to c(X) ⩽ c(Xα

c,1,s,t) + c(TP⋆
c,r,s,t). Since c(TP⋆

c,r,s,t) is an optimal solution to a relax-
ation of the MANY-VISITS PATH TSP, its cost is a lower bound to the cost of the corre-
sponding optimal solution, X⋆

c,r,s,t. Since the cost of Xα
c,1,s,t is at most α times the cost

of an optimal single-visit TSP path X⋆
c,1,s,t, and c(X⋆

c,1,s,t) ⩽ c(X⋆
c,r,s,t) holds for any r,

Algorithm 3.1 provides an (α+ 1)-approximation for the MANY-VISITS PATH TSP. Us-
ing Zenklusen’s recent polynomial-time 3/2-approximation algorithm on the single-visit
metric PATH TSP [121] in Line 1 yields the approximation guarantee of 5/2 stated in the
theorem.

The transportation problem in Line 2 can be solved in O(n3 log n) operations us-
ing the approach of Orlin [92] or its extension due to Kleinschmidt and Schannath [74].
Line 3 can also be performed in polynomial time [50], and the number of closed walks
can be bounded by O(n2). Moreover, the total surplus of degrees in Z is at most n− 2,
therefore the number of operations performed during shortcutting in Line 4 is also
bounded by O(n). This proves that the algorithm terminates in polynomial time.

Corollary 3.6. There is a polynomial-time 5/2-approximation for the metric MANY VISITS

TSP, running in time polynomial in n and log r(V ).

Proof. One can obtain a 5/2-approximation for the metric MANY-VISITS TSP by simply
running Algorithm 3.1 for every pair (u, v) ∈ V × V and setting s = u and t = v,
then choosing a solution whose cost together with the cost of the edge uv is minimal.
However, Algorithm 3.1 can be simplified while maintaining the same approximation
guarantee. This approach appeared in an unpublished manuscript [14] and has a sim-
pler proof, as the algorithm does not involve making shortcuts.

The TSP, as well as the PATH TSP can also be formulated for directed graphs, where
the costs c are asymmetric. (Note that c still has to satisfy the triangle inequality, which
implies the following bound for the self-loops: c(vv) ⩽ minu∈V−v {c(vu) + c(uv)}.) In

3Note that by construction, Z is such that the surplus of visits γ(w) equals either 0 or 1. However, the
same shortcutting procedure is used in Algorithm 3.3 later in this chapter, where γ(w) can take higher
values as well.
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a recent breakthrough, Svensson et al. [105] gave the first constant-factor approxima-
tion for the metric ATSP. In a subsequent work, Traub and Vygen [107] improved the
constant factor to 22 + ε for any ε > 0. Moreover, Feige and Singh [36] proved that an
α-approximation for the metric ATSP yields a (2α + ε)-approximation for the metric
PATH-ATSP, for any ε > 0. By combining these results with a suitable modification of
Algorithm 3.1, one can obtain the following results:

Corollary 3.7. There exists a (23+ε)-approximation for the metric asymmetric MANY-VISITS

TSP, and a (45 + ε)-approximation for any ε > 0 for the metric asymmetric MANY-VISITS

PATH TSP in polynomial time.

3.3 A 3/2-approximation for the Metric Many-Visits Path TSP

Before we prove the main result of this chapter, as a warm-up we show a 3/2-approxi-
mation for the metric MANY-VISITS TSP, using the result in Theorem 2.1.

Algorithm 3.2 A 3/2-approximation algorithm for the metric MANY-VISITS TSP

Input: A complete undirected graph G = (V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1.
Output: A MVTSP tour that visits each v ∈ V exactly r(v) times.

1: Compute a connected multigraph Z on V such that each vertex v ∈ V has degree at least
2 · r(v)− 1.

2: Compute a minimum-cost matching M with respect to c on the vertices odd(Z).
3: Let Z ′ denote the MVTSP tour Z +M .
4: Do shortcuts in Z ′ and obtain an MVTSP tour X that visits each city v exactly r(v) times.

return X

We show that Algorithm 3.2 is an efficient 3/2-approximation for the metric MANY-
VISITS TSP.

Theorem 3.3. There is a 3/2-approximation for the metric MANY-VISITS TSP that runs in time
polynomial in n and log r(V ).

Proof. Let X⋆
c,r denote an optimal MVTSP tour for the instance (G, c, r).

According to Theorem 2.1, the multigraph Z calculated in Line 1 has cost at most
c(X⋆

c,r). Due to Christofides and Serdyukov [27, 103], the cost of M calculated in Line 2
has cost at most 1/2 times c(X⋆

c,1), the cost of an optimal single-visit TSP tour on the
instance (G, c), which itself is at most c(X⋆

c,r) due to c being metric. Again because of c
being metric the shortcutting procedure in Line 4 cannot increase the cost of Z, hence
the cost of X is at most 3/2 · c(X⋆

c,r).
Note that X is a feasible MVTSP tour for the instance (G, c, r), as every vertex v ∈ V

has a degree at least 2 · r(v) in Z, and Line 4 ensures that the degrees are exactly 2 · r(v)
in X .

Due to Theorem 2.1, Line 1 takes time polynomial in n and log r(V ). The same is true
for the graph operations in Lines 2–3. We can perform shortcuts in Line 4 in a similar
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fashion than described in he proof of Theorem 3.1; one can simply remove an arbitrary
edge of Z ′ to transform it into a many-visits path. Since these operations also take time
polynomial in n and log r(V ), the proof is finished.

Remark 3. Note that the approach described in Algorithm 3.2 can be used to obtain a simple
5/3-approximation to the metric MANY-VISITS PATH TSP. The arguments of Hoogeveen [59]
also hold for the many-visits setting, hence it is possible to bound the cost of M by 2/3 ·c(X⋆

c,r,s,t),
where X⋆

c,r,s,t is an optimal many-visits TSP path. We omit the details here.

Now we extend Algorithm 3.2 in order to obtain a 3/2-approximation for the metric
MANY-VISITS PATH TSP. Our approach follows the general strategy of Zenklusen [121],
but we need to make several crucial modifications for the many-visits setting. Instead
of calculating a constrained spanning tree, we use the result in Theorem 2.1 to obtain
a connected multigraph Z with a sufficiently large number of edges. Then compute a
matching M so that all the degrees in Z + M have the correct parity, and the cost of
Z + M is at most 3/2 times the optimal cost. In order to ensure this bound, we have
to enforce certain restrictions on Z, similarly to the computation of the spanning tree
in [121]. However, as we will show, the many-visits setting leads to further challenges.

Let us recall that the two endpoints, s and t are different. First we define the Held-
Karp relaxation of the MANY-VISITS PATH TSP as min{cTx | x ∈ PHK}, where PHK

denotes the following polytope:

(3.2) PHK :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
x ∈ RE

⩾0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓

x(δ(C)) ⩾ 2 ∀C ⊂ V,C ̸= ∅, |C ∩ {s, t}| ∈ {0, 2}
x(δ(C)) ⩾ 1 ∀C ⊆ V, |C ∩ {s, t}| = 1

x(δ̇(v)) = 2 · r(v) ∀v ∈ V − {s, t}
x(δ̇(s)) = 2 · r(s)− 1

x(δ̇(t)) = 2 · r(t)− 1

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
The Q-join polytope (where Q ⊆ V is of even cardinality) is defined as follows:

(3.3) P↑
Q-join :=

{︁
x ∈ RE

⩾0

⃓⃓
x(δ(C)) ⩾ 1 ∀Q-cut C ⊂ V

}︁
,

where a Q-cut is a set C ⊆ V with |C ∩Q| odd.
In the following, we assume arbitrary but fixed parameters c, r and endvertices s, t,

and denote the optimal many-visits TSP path by X⋆ = X⋆
c,r,s,t. Observe that given a

solution y of the linear program min{cTx | x ∈ PHK}, the vector y/2 is not necessarily in
P↑
Q-join for every even set Q ⊆ V . Indeed, y only needs to have a load of 1 on s-t-cuts,

therefore y/2 may violate some of the constraints of P↑
Q-join. This means that calculating a

minimum cost perfect matching on an arbitrary even set Q ⊆ V might lead to a match-
ing M with higher cost than c(X⋆)/2. Therefore, simply taking a solution Z provided
by the algorithm for the MINIMUM BOUNDED DEGREE k-COMPONENT MULTIGRAPH

WITH EDGE BOUNDS described in Theorem 2.1, and a minimum cost matching M on
the vertices with degrees having incorrect parity, then applying shortcuts would not
lead to a 3/2-approximation.
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To circumvent this problem, we would like to have a control over the vertices of Z
that take part in the minimum-cost matching phase of the algorithm. Similarly to the
work of Zenklusen [121], we calculate a point q that is feasible for the Held-Karp re-
laxation of the MANY-VISITS PATH TSP, and that is only needed for the analysis of the
algorithm. Let odd(Z) denote the vertices v with an odd degree in Z. We need Z and q

to meet the following requirements:

(R1) c(Z) ⩽ c(X⋆),

(R2) c(q) ⩽ c(X⋆), and

(R3) q/2 ∈ P↑
QZ -join, where QZ := odd(Z)△{s, t},

where c(q) stands for the cost of the vector q with respect to the cost function c, that is,
c(q) =

∑︁
e∈E c(e)q(e).

Adding a shortest QZ-join J to the multigraph Z results in a multigraph Z ′ where
every vertex v ∈ V − {s, t} has an even degree at least 2 · r(v), and every v ∈ {s, t} has
an odd degree at least 2 · r(v)− 1. Due to (R3), the cost of the shortest QZ-join J satisfies
c(J) ⩽ c(q)/2. Therefore, using Wolsey’s analysis for Christofides’ algorithm [112], the
solution X obtained by taking the edges of Z ′ and applying shortcuts has cost at most
3/2 · c(X⋆).

Let x∗ be an optimal solution to the Held-Karp relaxation of the MANY-VISITS PATH

TSP:

(3.4) min
{︂
cTx

⃓⃓⃓
x ∈ PHK

}︂
.

In order to obtain Z and q that satisfy the conditions (R1)–(R3) above, we will calcu-
late another solution y ∈ PHK with c(y) ⩽ c(X⋆), and set q to be the midpoint between x∗

and y, that is, q = x∗/2 + y/2. The construction of Z also depends on y, the details are
given in Algorithm 3.3 and the reasoning in the proof of Lemma 3.9. Being a convex
combination of two points in PHK, q is in PHK as well. We would like to ensure the
existence of a multigraph Z such that q/2 ∈ P↑

QZ -join, therefore we need to construct y
accordingly.

Let Q ⊆ V be a set of even cardinality. Recall the definition of P↑
Q-join at Equa-

tion (3.3), which requires that the load on Q-odd cuts is at least 1. Since q is in PHK,
q(δ(C))/2 ⩾ 1 holds for any non-s-t-cuts, i.e. for cuts C ⊂ V,C ̸= ∅with |C∩{s, t}| ∈ {0, 2}.
However, for s-t-cuts, the property y ∈ PHK only implies y(δ(C)) ⩾ 1. If in addition
x∗(δ(C)) ⩾ 3 holds, then we get q(δ(C))/2 ⩾ 1 regardless of our choice of the multi-
graph Z. If, however, x∗(δ(C)) < 3 holds, we cannot use the same argument. In that
case we need to take care of the constraints of P↑

QZ -join that correspond to s-t-cuts where
the x∗-load is strictly less than 3. Let us denote the family of these cuts by B(x∗), that is,

B(x∗) := {C ⊆ V | s ∈ C, t /∈ C, x∗(δ(C)) < 3} .

For a family B ⊆ {C ⊆ V | s ∈ C, t /∈ C} of s-t-cuts, we say that a point y ∈ PHK is
B-good, if for every B ∈ B we have
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(i) either y(δ(B)) ⩾ 3,

(ii) or y(δ(B)) = 1, and y is integral on the edges δ(B).

Therefore, if y ∈ PHK is B(x∗)-good, then q = x∗/2+y/2 satisfies q(δ(C))/2 ⩾ 1 for every QZ-
cut C. We will refer to a cut B satisfying condition (i) as a type (i) cut, and if it satisfies
condition (ii) we will refer to it as a type (ii) cut. Note that condition (ii) translates to
having a single edge f ∈ δ(B) with y(f) = 1 and y(e) = 0 for all other edges e from
δ(B). The notion of B-goodness was introduced by Zenklusen for the elements of the
(single-visit version of the) polytope PHK in relation to metric PATH TSP [121].

Lemma 3.8. The characteristic vector χU of any many-visits s-t path U is B-good for any
family B of s-t-cuts.

Proof. The lemma easily follows from the fact that a many-visits s-t path U crosses any
s-t-cut an odd number of times.

We present our algorithm for the metric MANY-VISITS PATH TSP as Algorithm 3.3.

Algorithm 3.3 A 3/2-approximation algorithm for the metric MANY-VISITS PATH TSP

Input: A complete undirected graph G = (V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, distinct vertices s, t ∈ V .
Output: An s-t-walk that visits each v ∈ V exactly r(v) times.

1: Calculate an optimal solution x∗ to the Held-Karp relaxation of the MANY-VISITS PATH TSP,
i.e. x∗ := argmin{cTx | x ∈ PHK}.

2: Determine a B(x∗)-good solution y ∈ PHK minimizing cTy.
3: Let B1 ⊂ · · · ⊂ Bk denote the type (ii) cuts with respect to y.
4: Compute a connected multigraph Z on (V, supp(y)) such that

a: each vertex v ∈ V − {s, t} has degree at least 2 · r(v)− 1,
b: each vertex v ∈ {s, t} has degree at least 2 · r(v)− 2, and
c: Z contains no parallel edges leaving Bi for i = 1, . . . , k.

5: Compute a minimum-cost matching M with respect to c on the vertices odd(Z)△{s, t}.
6: Let Z ′ denote the many-visits path Z +M .
7: Do shortcuts in Z ′ and obtain an s-t-walk X that visits each city v exactly r(v) times.

return X

In Line 4 of the algorithm, we use Theorem 2.1 to obtain a multigraph with addi-
tional properties besides the degree requirements. In the single-visit counterpart of the
problem, one can show that even though x∗(δ(B)) < 3 and y(δ(B)) = 1 for type (ii)
cuts B, the corresponding point q/2 = x∗/4 + y/4 is still in P↑

QZ -join. However, due to the
possible parallel edges in Z, the parity argument given by Zenklusen [121] does not
hold (we will provide a more detailed explanation in the proof of Lemma 3.9), therefore
we need to treat this case separately. For this reason we make the following distinction.
Let Ey denote the set of edges that correspond to type (ii) cuts in y, that is

Ey := {e ∈ E | ∃B ∈ B : supp(y) ∩ δ(B) = e} .
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We let U(e) := 1 for all e ∈ Ey, U(e) := +∞ for the rest of the edges of supp(y),
and U(e) := 0 for edges e ∈ E − supp(y). Moreover, we set L(e) := 0 for every edge
e ∈ E. Finally we let ρ(v) be defined as 2 · r(v) for v ∈ V − {s, t} and as 2 · r(v) − 1 for
v ∈ {s, t}. The goal is to find a multigraph Z that satisfies the conditions in Lines 4.a–
4.c. According to the claim of Theorem 2.1, we can achieve this by using Algorithm 2.1
to approximate the MINIMUM BOUNDED DEGREE k-COMPONENT MULTIGRAPH WITH

EDGE BOUNDS problem, with parameters k = 1, and L,U and ρ as defined above. The
cost of the resulting multigraph Z is at most min{cTx | x ∈ PCG(ρ, L, U)}, where the
polytope PCG(ρ, L, U) depends on the instance (G, c, r, s, t) and can be written in the
following form:4

PCG(ρ, L, U) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
x ∈ RE

⩾0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓

supp(x) is connected
x(E) = r(V )

x(δ̇(v)) ⩾ 2 · r(v) ∀v ∈ V − {s, t}
x(δ̇(v)) ⩾ 2 · r(v)− 1 ∀v ∈ {s, t}
0 ⩽ x(e) ⩽ 1 ∀e ∈ Ey

0 ⩽ x(e) ⩽ +∞ ∀e ∈ supp(y)− Ey

x(e) = 0 ∀e ∈ E − supp(y)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
It is not difficult to see that y ∈ PCG(ρ, L, U), and thus

c(P ) ⩽ min
{︂
cTx

⃓⃓⃓
x ∈ PCG(ρ, L, U)

}︂
⩽ cTy ,

therefore c(Z) ⩽ cTy holds; this is one of the reasons behind restricting PZ to supp(y).
Moreover, according to Lemma 3.8, the inequality cTy ⩽ c(X⋆) holds, hence the bound
c(Z) ⩽ c(X⋆) follows. Now we have all the ingredients to prove the correctness of
Algorithm 3.3.

Lemma 3.9. Algorithm 3.3 provides a feasible solution to the MANY-VISITS PATH TSP, with
cost at most 3/2 times the optimal cost.

Proof. Recall that QZ = odd(Z)△{s, t}. First we prove that q = x∗/2+ y/2 implies that q/2

is in P↑
QZ -join. For that we need to show that we calculated the solution y in a way that q

satisfies q(δ(C))/2 ⩾ 1 for all cuts C ⊂ V for which |C ∩ odd(Z)△{s, t}| is odd.
Clearly, q ∈ PHK, as q is the midpoint of two points from PHK. Therefore, for any

QZ-cut C ⊆ V that is a not an s-t-cut, we have q(δ(C))/2 ⩾ 1 as needed. Moreover, by
definition, for any QZ-cut C ⊆ V that is an s-t-cut and is not included in B(x∗), we have
x∗(δ(C)) ⩾ 3, and so

1

2
q(δ(C)) =

1

4

(︁
x∗(δ(C)) + y(δ(C))

)︁
⩾ 1,

as y ∈ PHK, and thus y(δ(C)) ⩾ 1.

4The fact that the constraint “supp(x) is connected” is a valid polyhedral constraint is proven in §2.3 of
Chapter 2.
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It remains to consider QZ-cuts C ⊆ V that are in B(x∗). Since y is B(x∗)-good by
construction, either y(δ(C)) ⩾ 3, or y(δ(C)) = 1 with y being integral on the edges δ(C).
If y(δ(C)) ⩾ 3, then q(δ(C))/2 ⩾ 1 follows from x∗(δ(C)) ⩾ 1 and the definition of q. If
y(δ(C)) = 1 and y is integral on the edges δ(C), it holds that y(e) = 0 for all edges of
δ(C) except for one f ∈ δ(C) where y(f) = 1. It is at this point where we exploit the
restrictions imposed on Z. Since supp(Z) ⊆ supp(y) and the load on an edge e ∈ Ey is
at most 1 in Z, the only edge of Z with a positive load on δ(C) is f and that load is at
most 1. Moreover, every cut has at least 1 load in Z, which means |Z ∩ δ(C)| = 1. But
an s-t-cut C ⊆ V with |δZ(C)| odd cannot be a QZ-cut because of the following:

(3.5)
|C ∩ odd(Z)| ≡

∑︂
v∈C
|δ̇Z(v)| (mod 2)

= 2 · |{uv ∈ Z | u, v ∈ C}|+ |δZ(C)| .

Equation (3.5) implies that |C ∩ odd(Z)| is odd, and hence the quantity |C ∩ QZ | =
|C ∩ (odd(Z)△{s, t})| is even because C is an s-t-cut. By the above, any cut of type (ii)
partitions the vertices of odd(Z)△{s, t} into two subsets of even cardinality. This means
that no cut constraint of P↑

QZ -join requires a load of 1 for q/2 on C, and so q/2 ∈ P↑
QZ -join

holds.
The cost of the matching M can therefore be bounded as follows:

c(M) ⩽ c
(︂q
2

)︂
=

1

4
cTx∗ +

1

4
cTy ⩽

1

2
c(X⋆),

since cTx∗ ⩽ c(X⋆). Thus, the multigraph obtained from P + M has cost at most 3/2 ·
c(X⋆), as claimed.

Note that for a cut C with y(δ(C)) = 1 and y being integral on δ(C), the term |T ∩
δ(C)| in the proof of Theorem 2.1 of Zenklusen [121] corresponds to the term |δZ(C)| in
Equation (3.5). Since the spanning tree T computed on supp(y) in the algorithm of [121]
cannot contain parallel edges, |T ∩ δ(C)| has a value of 1 without enforcing an upper
bound on the edge e ∈ δT (C) for y(e) = 1. Because of possible parallel edges in our
case, we need to apply an upper bound on the edges of Ey.

Taking shortcuts. According to Theorem 2.1, every vertex v ∈ V − {s, t} has degree
at least 2 · r(v) − 1, while vertices s and t have degrees at least 2 · r(s) − 2 and 2 ·
r(t)−2 respectively, in the multigraph Z. The matching M provides 1 additional degree
for vertices with the wrong parity, therefore Z ′ will have an even degree at least r(v)
for all v ∈ V − {s, t} and an odd degree at least r(v) − 1 for v ∈ {s, t}. This means
that Z ′ corresponds to a many-visits s-t-path that visits each vertex v at least r(v) times,
but possibly more. In Line 7 we proceed with taking shortcuts the way described in
Algorithm 3.1, so that X is a feasible solution to the MANY-VISITS PATH TSP instance
(G, c, r, s, t).

Before we show how to calculate a B(x∗)-good point y ∈ PHK, let us show that the
number of cuts in B is polynomial in n, and that the set B can be computed efficiently:
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Lemma 3.10. Let q ∈ PHK. Then the family B(q) of s-t-cuts of q-value strictly less than 3

satisfies |B(q)| ⩽ n4 and can be computed in O(mn4) time, where n := |V | and m := supp(q).

Proof. Let us define an auxiliary graph H = (V,E′) whose edge set E′ consists of the
edges in supp(q) and an additional st edge. Let qH = q + χst. Clearly, for non-s-t-cuts
we have qH(δH(C)) = q(δ(C)), while for s-t-cuts we have qH(δH(C)) = q(δ(C)) + 1 ⩾ 2

because of the newly added edge st. Therefore, the family B(q) can be written as

B(q) = {C ⊂ V | s ∈ C, t /∈ C, qH(δH(C)) < 4} .

The minimum cut has a load of at least 2, and due to Karger [69] the number of cuts
with a load less than k times the minimum cut is at most O(n2k). Moreover, using an
algorithm by Nagamochi et al. [89], we can enumerate the cuts of size at most k times
the minimum cut in time O(m2n + n2km). These results prove that the number of cuts
in |B(q)| is O(n4), and that they can be enumerated in time O(mn4).

The dynamic program

Given a family B of s-t-cuts, our goal is to determine a minimum cost B-good point
y ∈ PHK. We use the dynamic programming approach introduced by Traub and Vy-
gen [107] and improved upon by Zenklusen [121]. More precisely, the goal of the dy-
namic program is to determine which cuts in B are of type (i), and which ones are of
type (ii). Our approach is constructive as the dynamic program also determines a point y
that is B(x∗)-good.

Consider a B(x∗)-good point y. Let B1, . . . , Bk denote the type (ii) s-t cuts in B with
respect to y, that is, y(viui) = 1 for exactly one edge viui ∈ δ(Bi) and y(e) = 0 for
e ∈ δ(Bi) − viui. It is not difficult to see that these cuts necessarily form a chain (see
e.g. [121]), thus we set the indices such that B1 ⊊ · · · ⊊ Bk. The endpoints of viui are
named such that vi ∈ Bi, ui /∈ Bi. Furthermore, we define B0 := ∅, Bk+1 := V , u0 := s

and vk+1 := t for notational convenience. Note that ui and vi+1 might coincide for some
i = 0, . . . , k + 1.

The work of Zenklusen [121] argues that the ‘first’ and ‘last’ cuts are type (ii) cuts,
that is, B1 = {s} and Bk = V −{t}, because the constraints of PHK enforce a degree of 1
on vertices s and t. In the many-visits setting, however, this is not necessarily true, as
the instance possibly requires more than one visit for s or t.

Assume for a moment that we know the cuts B1, . . . , Bk and the edges viui, and
we are looking for a B(x∗)-good point y ∈ PHK such that among all cuts in B the cuts
B1, . . . , Bk are precisely those where (a) y is integral, and (b) y(δ(Bi)) = 1 for all i =

1, . . . , k. Then the B-good points y ∈ PHK that satisfy these constraints (a) and (b) have
the following properties for all i = 1, . . . , k:

(P1) y(viui) = 1 and y(e) = 0 for all edges e ∈ δ(Bi)− viui,

(P2) the restriction of y to the vertex set Bi+1 − Bi is a solution to the Held-Karp re-
laxation for the MANY-VISITS PATH TSP with endpoints ui and vi+1, with the
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additional property that y(δ(B)) ⩾ 3 for every cut B ∈ B such that Bi ∪ ui ⊆ B ⊆
Bi+1 − vi+1.

The dynamic program thus aims to find cuts B1, . . . , Bk while exploiting the prop-
erties (P1) and (P2) above. Formally, it is defined to find a shortest path on an auxiliary
directed graph. Let us define the auxiliary directed graph H = (N,A) with node set N ,
arc set A, and length function d : A→ R⩾0. The node set N is defined by N = N+ ∪N−,
where

N+ = {(B, u) ∈ B × V | u /∈ B} ∪ {(∅, s)} , and

N− = {(B, v) ∈ B × V | v ∈ B} ∪ {(V, t)} .

The arc set A is given by A = AHK ∪AE , where

AHK =
{︁(︁

(B+, u), (B−, v)
)︁
∈ N+ ×N− ⃓⃓ B+ ⊆ B−, u, v ∈ B− −B+

}︁
, and

AE =
{︁(︁

(B−, v), (B+, u)
)︁
∈ N− ×N+

⃓⃓
B− = B+

}︁
.

Finally, the lengths d : A→ R⩾0 are defined as follows:

d(a) =

⎧⎨⎩c(vu) if a = ((B, v), (B, u)) ∈ AE ,

OPT(LP(a)) if a ∈ AHK,

where OPT(LP(a)) denotes the optimum value of

min cTx

subject to x ∈ PHK(B
− −B+, u, v)(LP(a))

x(δ(B)) ⩾ 3 for all B ∈ B s.t.

B+ ⊆ B ⊆ B−,

u ∈ B, v /∈ B,

where a = ((B+, u), (B−, v)).

In case u ̸= v, the polytope PHK(W,u, v) is defined as follows:

(3.6) PHK(W,u, v) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
x ∈ RE

⩾0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓

x(δ(C)) ⩾ 2 ∀C ⊂W,C ̸= ∅,
|C ∩ {u, v}| ∈ {0, 2}

x(δ(C)) ⩾ 1 ∀C ⊂W, |C ∩ {u, v}| = 1

x(δ̇(w)) = 2 · r(w) ∀w ∈W − {u, v}
x(δ̇(u)) = 2 · r(u)− 1

x(δ̇(v)) = 2 · r(v)− 1

x(e) = 0 ∀e ∈ E − E[W ]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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Observe that unlike in the single-visit case [121], we allow u being equal to s or v

being equal to t in Equation (3.6), and the corresponding polytopes PHK(B1, s, v1) and
PHK(V −Bk, uk, t) are feasible.

For y-values across the cuts B ∈ B so that B /∈ {B1, . . . , Bk}, we require that
y(δ(B)) ⩾ 3 holds. We ensure this by defining modified Held-Karp relaxations of the
MANY-VISITS PATH TSP instances between cuts Bi and Bi+1 for every i = 0, . . . , k.
More precisely, such an instance is defined on the subgraph of G induced on the vertex
set Bi+1 − Bi with distinguished vertices ui and vi+1, with the additional property that
it has a y-load of at least 3 on each cut B ∈ B with Bi ⊂ B ⊂ Bi+1, as shown in (LP(a)).

Let us now cover the case when for some index i ∈ {0, . . . , k}, vertices ui and vi+1

coincide. 5 In the single-visit PATH TSP, the solution is defined to be the all-zero vector
if ui = vi+1 is the only vertex in Bi+1 − Bi, and there exists no solution otherwise.
However, since we allow for a vertex to be visited more than once (i.e. have a degree
more than 2) in a solution to the Held-Karp relaxation for the MANY-VISITS PATH TSP,
we use a different extension in our approach. We define the corresponding subproblem
as the Held-Karp relaxation for the MANY-VISITS TSP. First assume that ui ̸= s and
ui ̸= t. Since y(viui) = 1 and y(uiui+1) = 1 by construction, the degree requirement
for ui in the MANY-VISITS TSP subproblem is two less that in PHK, namely r(ui) − 2.
If ui = s (or ui = t), then due to y(s u1) = 1 (or y(vk t) = 1) the degree requirement
for ui in the subproblem is one less that in PHK, which also equals r(ui)− 2. Note that if
ui = vi+1 there is no cut B ∈ B with ui ∈ B and vi+1 /∈ B, thus the linear program LP(a)

has the form min{cTx | x ∈ PHK(W,u, u)}, where:

(3.7) PHK(W,u, u) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩x ∈ RE
⩾0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

x(δ(C)) ⩾ 2 ∀C ⊂W,C ̸= ∅,
x(δ̇(w)) = 2 · r(w) ∀w ∈W − u

x(δ̇(u)) = 2 · r(u)− 2

x(e) = 0 ∀e ∈ E − E[W ]

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

If the request for u is r(u) = 1 and |W | > 1, the polytope PHK(W,u, u) is empty,
and thus the linear program LP(a) has no solution. In this case the cost of the arc a is
defined to be infinity. Note however that if r(u) = 1 and W = {u}, the corresponding
linear program has a nonzero solution, namely a vector that has value r(u) − 1 in the
coordinate of the self-loop uu, and 0 otherwise.

To find a B-good point with minimum cost cTy, we compute a shortest (∅, s)–(V, t)
path with respect to d in H ; due to Lemmas 3.8 and 3.11 this path has finite length. Let
(∅, s), (B1, v1), (B1, u1), (B2, v2), . . . , (Bk, uk), (V, t) be the nodes on this shortest path,
and similarly as before, define B0 := ∅, u0 := s and Bk+1 := V, vk+1 := t. By con-
struction of H , we have B0 ⊂ B1 ⊂ · · · ⊂ Bk+1. Let xi ∈ RE be an optimal solution to

5Note that the corresponding arc in H will have the form
(︁
(B+, w), (B−, w)

)︁
∈ AHK.
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LP(a) for a = ((Bi, ui), (Bi+1, vi+1)). Set

(3.8) y :=
k∑︂

i=0

xi +
k∑︂

i=1

χviui .

By the definition of the lengths d in H , cTy necessarily equals the length ℓ∗ of a shortest
(∅, s)–(V, t) path in H with respect to d. We now show that y computed in Equation (3.8)
is indeed a B(x∗)-good point of minimum cost.

Lemma 3.11. The length ℓ∗ of a shortest (∅, s)–(V, t) path in H with respect to d satisfies
ℓ∗ ⩽ min{cTz | z ∈ PHK, z is B-good}.

Proof. Let Bz ⊆ B be the family of cuts B ∈ B such that z(f) = 1 for precisely one edge
f ∈ δ(B), and z(e) = 0 for all other edges e ∈ δ(B) − f . These are the sets in B that
are type (ii) cuts with respect to z, and also Bz forms a chain: B1 ⊂ · · · ⊂ Bk holds,
where Bi ∈ Bz for i = 1, . . . , k. The cuts {B1, . . . , Bk} defines a partition of V into sets
B′

0 := B1, B′
1 := B2 − B1, . . . , B′

k−1 := Bk − Bk−1, B′
k := V − Bk. For i ∈ {1, . . . , k}, let

viui be the unique edge in δ(Bi) where z(viui) = 1, so that vi ∈ Bi and ui /∈ Bi.
Consider the path along nodes (B0, u0), (B1, v1), (B1, u1), . . . , (Bk+1, vk+1). It suffices

to show that the length ℓ of the path is at most cTz. For each i ∈ {0, . . . , k}, the vector
zi ∈ RE is defined to be the restriction of z to E[Bi+1 − Bi]. Assume for a moment
that zi is a feasible solution of LP(a) with a = ((Bi, ui), (Bi+1, vi+1)). Then the total
length ℓ is equal to

∑︁k
i=0 c

Txi+
∑︁k

i=1 c(viui) by definition, which is at most
∑︁k

i=0 c
Tzi+∑︁k

i=1 c(viui) = cTz. Since ℓ∗ is minimum among all possible ℓ’s, we get ℓ∗ ⩽ ℓ ⩽ cTz.
Since z is B-good, and zi(δ(B)) = z(δ(B)) for any cut B with Bi ⊊ B ⊊ Bi+1,

that means zi(δ(B)) = z(δ(B)) ⩾ 3. It remains to show that zi ∈ PHK(B
′
i, ui, vi+1) or

zi ∈ PHK(B
′
i, ui, ui) follows for i = 0, . . . , k.

Distinct endpoints. Let us start with the case when ui ̸= vi+1. By definition, zi(e) =

z(e) if both endpoints of e are in B′
i and zi(e) = 0 otherwise. Hence, for vertices w ∈ B′

i

such that w /∈ {ui, vi+1}, zi(δ̇(w)) = z(δ̇(w)) = 2 · r(w). First assume that ui ̸= s and
vi+1 ̸= t. Both of the endpoints ui and vi+1 have a total z-value of 1 on the edge set δ(B′

i)

due to z(viui) = 1 and z(vi+1ui+1) = 1, therefore the zi-value on the edges incident to
the endpoints is zi(δ̇(ui)) = z(δ̇(ui))−1 = 2 · r(ui)−1 and zi(δ̇(vi+1)) = z(δ̇(vi+1))−1 =

2·r(vi+1)−1. If ui = s or vi+1 = t, their zi-values equal to their z-values, that is 2·r(s)−1
or 2 · r(t)− 1, respectively. The degree constraints are therefore satisfied.

Finally, we have to show that for a cut C ⊆ B′
i, z

i(δ(C)) ⩾ 1 holds if C is a ui-vi+1-
cut, and zi(δ(C)) ⩾ 2 if C does not separate ui and vi+1. For the single-visit variant, the
proof goes by showing that zi is in the spanning tree polytope of G[B′

i], using the fact
that z is in the spanning tree polytope of G and the degree constraints of v ∈ B′

i [121].
However, these terms do not immediately generalise to the many-visits setting, so we
show that the connectivity of zi follows from the properties of z.

Non-ui-vi+1-cuts: First consider cuts that do not separate ui and vi+1; we prove that
the total zi-value across these cuts is at least 2. We may assume that C ⊂ B′

i contains
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neither ui nor vi+1 in this paragraph. In case ui, vi+1 ∈ C, we can take B′
i − C and we

are done, as zi(δ(C)) = zi(δ(B′
i − C)) = z(δ(C)) ⩾ 2, yielding zi(δ(C)) ⩾ 2. Assume

first that ui ̸= s and vi+1 ̸= t, and let C ⊂ B′
i. Then zi(δ(C)) ⩾ 2 simply because C is a

non-s-t-cut and thus z(δ(C)) ⩾ 2. Now let ui be equal to s, and let C ⊂ B′
i be a cut that

does not contain either s or v1. Likewise, z0(δ(C)) ⩾ 2 because C is a non-s-t-cut and
thus z(δ(C)) ⩾ 2. The argument for vi+1 = t goes the same way.

ui-vi+1-cuts: Here we have to prove that if C is a ui-vi+1-cut, then zi(δ(C)) ⩾ 1.
Assume that ui ̸= s and vi+1 ̸= t. Without the loss of generality, we may assume that
ui ∈ C. Since C is a non-s-t-cut, z(δ(C)) ⩾ 2. If we account for z(viui) = 1, then
zi(δ(C)) ⩾ 1 follows. One can similarly prove the claim if ui /∈ C and vi+1 ∈ C. Assume
now that ui = s and ui ∈ C; then C is an s-t-cut, so z(δ(C)) ⩾ 1. Moreover, vi+1 /∈ C,
so vi+1ui+1 /∈ δ(C), therefore zi(δ(C)) = z(δ(C)) ⩾ 1. If ui = s and vi+1 ∈ C, then
zi(δ(C)) ⩾ z(δ(C))− z(vi+1ui+1) ⩾ 1, since C is a non-s-t-cut and thus z(δ(C)) ⩾ 2. The
case vi+1 = t can be proved similarly.

Same endpoints. Now we cover the case when ui = vi+1. We need to prove that
zi ∈ PHK(B

′
i, ui, ui), as defined in Equation (3.7). The argument about the degrees is

analogous to the case above, the fact that zi(δ̇(w)) = 2 · r(w) directly follows for vertices
w ∈ B′

i−ui. Moreover, if ui /∈ {s, t}, the endpoint ui has a z-load of 2 on δ(B′
i) because of

z(viui) = 1 and z(vi+1ui+1) = z(uiui+1) = 1, hence zi(δ̇(ui)) = z(δ̇(ui))−2 = 2 ·r(ui)−2,
as desired. If ui ∈ {s, t}, then z(δ̇(ui)) = 2 ·r(ui)−1. Moreover, z(s u1) = 1 or z(vk t) = 1

if ui = s or ui = t, respectively. In both cases this means zi(δ̇(ui)) = z(δ̇(ui)) − 1 =

2 · r(ui)− 2.
Now turn to the cut constraints, and let C ⊂ B′

i be a cut. We can assume that ui /∈ C,
otherwise we take B′

i − C, and we are done. If ui /∈ C, then zi(δ(C)) = z(δ(C)) ⩾ 2

because C is a non-s-t-cut. The proof is complete.

Lemma 3.12. y ∈ PHK.

Proof. To prove this claim, we use the properties of xi. We again distinguish two cases,
based on whether the endpoints of subproblem LP(a) are the same or different.

Degree constraints. First, consider the indices i with ui ̸= vi+1. By definition, the
vector xi satisfies xi ∈ PHK(Bi+1 − Bi, ui, vi+1), meaning that it is a solution to the
Held-Karp relaxation for MANY-VISITS PATH TSP in the induced subgraph G[Bi+1−Bi]

with endpoints ui and vi+1. Recall that y =
∑︁k

i=0 x
i +

∑︁k
i=1 χviui by definition. For a

v ∈ Bi+1 −Bi, the value y(δ̇(v)) is equal to

1. xi(δ̇(v)) if v = ui = s or v = vi+1 = t,

2. xi(δ̇(v)) + 1 = 2 · r(v) if v /∈ {s, t} and v = ui or v = vi+1 for some i, due to the
edge viui or vi+1ui+1, respectively; and

3. xi(δ̇(v)) = 2 · r(v) otherwise.

By the above, y(δ̇(s)) = 2 · r(s) − 1, y(δ̇(t)) = 2 · r(t) − 1, and y(δ̇(v)) = 2 · r(t) for
v /∈ {s, t}, therefore the degree constraints are satisfied for all v ∈ V .
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If ui = vi+1, the value y(δ̇(v)) is equal to

1. xi(δ̇(v)) + 1 if v = s or v = t, because of the edge vu1 or vkv, respectively,

2. xi(δ̇(v)) + 2 = 2 · r(v) if v /∈ {s, t} and v = ui = vi+1 for some i, due to the edge
viui and vi+1ui+1; and

3. xi(δ̇(v) = 2 · r(v) otherwise.

Again, we get y(δ̇(s)) = 2 · r(s) − 1, y(δ̇(t)) = 2 · r(t) − 1, and y(δ̇(v)) = 2 · r(t) for
v /∈ {s, t}, therefore the degree constraints are satisfied for all v ∈ V .

Cut constraints. It remains to show that y satisfies the cut constraints. As in the proof
of Lemma 3.11, instead of building on a spanning subgraph polytope, we directly prove
that the cut constraints hold. As before, the cuts {B1, . . . , Bk} define a partition of V
into sets B′

0 := B1, B′
1 := B2 −B1, . . . , B′

k−1 := Bk −Bk−1, B′
k := V −Bk.

Let us first consider the value of y on s-t-cuts. For Bi ∈ {B1, . . . , Bk} the y-load on
δ(Bi) equals 1 due to the edge viui, therefore it satisfies the constraint y(δ(Bi)) ⩾ 1.

If C is a s-t-cut such that C /∈ {B1, . . . , Bk}, then there is at least one index i ∈
{0, . . . , k}, such that both B′

i ∩ C and B′
i − C are not empty. In other words, there is at

least one vertex from B′
i on both sides of the cut C.

If ui ̸= vi+1, xi satisfies the constraints of LP for a = ((Bi, ui), (Bi+1, vi+1)), we have
xi ∈ PHK(B

′
i, ui, vi+1). That means xi has a load of at least 1 on edges leaving every

proper subset of B′
i, including B′

i ∩ C, and xi(δ(B′
i ∩ C)) ⩾ 1 implies y(δ(B′

i ∩ C)) ⩾ 1,
which yields y(δ(C)) ⩾ 1.

If ui = vi+1, then xi ∈ PHK(B
′
i, ui, ui), which means that y(δ(B′

i −C,B′
i ∩C)) ⩾ 2, so

y(δ(C)) ⩾ 1 follows.
If C is a non-s-t-cut, we distinguish the following three cases. Note that in neither

of the cases is B′
0 ⊆ C or B′

k ⊆ C a possibility, as that would make C an s-t-cut.

• If C ⊊ B′
i for some i, and C is a ui-vi+1-cut so that ui ∈ C (or vi+1 ∈ C), then

y(δ(C)) has a load of at least 1 from the fact that xi ∈ PHK(B
′
i, ui, vi+1), and 1 load

from the edge vi−1ui (or viui+1). If C is not a ui-vi+1-cut, and ui, vi+1 are in C, then
y(δ(C)) ⩾ 2 because of the edges viui and vi+1ui+1; while if ui, vi+1 are not in C

then y(δ(C)) ⩾ 2 follows from xi ∈ PHK(B
′
i, ui, vi+1). Note that if ui = vi+1, C can

only be a non-ui-vi+1-cut. In that case xi(δ(C)) ⩾ 2 because xi ∈ PHK(B
′
i, ui, ui),

and thus y(δ(C)) ⩾ 2 follows.

• If C =
⋃︁
i∈I

B′
i for some I ⊂ {0, . . . , k}, let us define imin := min{i | B′

i ⊂ C} and

imax := max{i | B′
i ⊂ C}. Then y(δ(C)) ⩾ y(vimin−1uimin) + y(vimaxuimax+1) = 2 .

• Else there exists a set B′
i such that C ∩ B′

i ̸= ∅, and C ⊈ B′
i and B′

i ⊈ C hold, then
let us define imin and imax as follows:

imin := min{i | C ∩B′
i ̸= ∅, C ⊈ B′

i, B
′
i ⊈ C},

imax := max{i | C ∩B′
i ̸= ∅, C ⊈ B′

i, B
′
i ⊈ C} .
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Suppose that imin ̸= imax. Then, δ(C) has at least 1 y-load on δ(B′
imin
∩C,B′

imin
−C),

as well as at least 1 y-load between on δ(B′
imax
∩ C,B′

imax
− C), thus y(δ(C)) ⩾ 2.

In case of imin = imax, there must exist another index i ̸= imin such that B′
i ⊂ C (as

otherwise we are back in one of the previous two cases), in which case there is at
least one edge e in δ(C ∩B′

i) such that y(e) = 1 (either viui or vi+1ui+1 or both); in
total y(δ(C)) ⩾ 2 holds.

This concludes the proof of Lemma 3.12.

Lemma 3.13. y is B-good.

Proof. The proof follows the lines of the corresponding proof of Lemma 3.3 of Zen-
klusen [121]: there the claim can be deduced from cut constraints of PHK, while in our
case it follows from those of the polytope PHK. Nevertheless, we include the full proof
here for the sake of completeness.

For i ∈ {1, . . . , k}, we have by construction of y that y(viui) = 1 and y(e) = 0

for other edges e ∈ δ(Bi). This means that all cuts Bi satisfy (ii) of the definition of
B-goodness, i.e. the y-value is 1 and y is integral. Let us show that for any other cut
B ∈ B − {B1, . . . , Bk}, the y-load satisfies (i) of the definition.

First suppose that {B1, . . . , Bk} ∪ B is not a chain, in this case there is some index
j ∈ {0, . . . , k}, such that neither B ⊆ Bj nor Bj ⊆ B is true. Hence

y(δ(B)) + 1 = y(δ(B)) + y(δ(Bj))

⩾ y(δ(B −Bj)) + y(δ(Bj −B))

⩾ 4 .

The first line follows from y(δ(Bj)) = 1, this was shown at the beginning of the proof.
The first inequality holds by the cut functions C → y(δ(C)) being symmetric and sub-
modular. Since B and Bj are s-t-cuts, B−Bj and Bj−B are non-s-t-cuts, and the y-load
of both of these cuts is at least 2, hence the second inequality follows.

Suppose that {B1, . . . , Bk} ∪ B is a chain, then there is an index j such that Bj ⊊
B ⊊ Bj+1. If uj ∈ B and vj+1 /∈ B, then xj(δ(B)) ⩾ 3 because of the constraints of the
corresponding linear program LP(a), where a = ((Bj , uj), (Bj+1, vj+1)). Since y ⩾ xj

holds for all j component-wise, y(δ(B)) ⩾ 3 follows. If uj /∈ B and vj+1 ∈ B, then both
the edges vjuj and vj+1uj+1 are in δ(B); moreover xj(δ(B)) ⩾ 1 since B is a uj-vj+1-cut,
therefore

y(δ(B)) ⩾ xj(δ(B)) + y(vjuj) + y(vj+1uj+1) ⩾ 3 .

Finally, if B is not an uj-vj+1-cut, xj(δ(B)) ⩾ 2 since xj ∈ PHK(Bj+1 − Bj , uj , vj+1).
Moreover, either uivi or ui+1vi+1 is an edge in δ(B), depending on whether ui and vj+1

are in B or not; both of the possibilities imply y(δ(B)) ⩾ 3.

Lemma 3.14. Let B ⊆ {C ⊆ V | s ∈ C, t /∈ C}. One can determine in time polynomial in |B|
and the input size of (G, s, t, c) a B-good point y ∈ PHK of minimum cost.
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Proof. The number of nodes and arcs in H are polynomial in |B|. Calculating a shortest
path on H takes time polynomial in |H|. The feasibility of the linear programs (LP(a))
can be checked in time poly(n, log r, |B|), therefore an optimal solution can also be found,
using the ellipsoid method, in time polynomial in n, log r and |B| (see the discussion in
§ 58.5 of Schrijver’s book [100]).

Finally, we can prove our main theorem:

Theorem 3.2. There is a polynomial-time 3/2-approximation for the metric MANY-VISITS

PATH TSP. The algorithm runs in time polynomial in n and log r(V ).

Proof. The correctness of Algorithm 3.3 follows from Lemma 3.9. Now we turn to the
complexity analysis.

The constraints of the Held-Karp relaxation (Equation (3.4)) of the MANY-VISITS

PATH TSP can be tested in time polynomial in n and log r(V ), hence calculating x∗ takes
a poly(n, log r(V )) time as well [100, § 58.5]. This means Line 1 takes time polynomial
in n and log r(V ). According to Lemma 3.14, Line 2 also has a polynomial-time com-
plexity, and from Lemma 3.10 it follows that B(x∗) contains a polynomial number of
cuts, therefore selecting the type (ii) cuts can be done in polynomial time as well. By
Theorem 2.1, Line 4 takes polynomial time, while calculating a matching in Line 5 and
the graph operations in Line 6 can be done efficiently as well. Finally, since the number
of edges in Z is r(V ) and the matching M contributes at most n/2 edges, we remove at
most n/2 edges from Z ′ to obtain our solution X . This means that the number of op-
erations performed in Line 7 can be bounded by O(n). The claimed time complexity
follows.

Remark 4. It is worth considering how Algorithm 3.3 proceeds when applied to the single-visit
TSP, that is, when r(v) = 1 for each v ∈ V . The output of Algorithm 2.1 in Line 4 is then a
connected multigraph with r(V ) − 1 = n − 1 edges. This means that each vertex v has degree
at least 2 · r(v) − 1 = 1, which boils down to a connected graph with n − 1 edges, therefore a
spanning tree on G with the additional properties (R1)–(R3). Thus Algorithm 3.3 performs the
same operations as does the algorithm of Zenklusen [121] for the PATH TSP.

3.4 Strongly polynomial-time implementation

The transportation problem in Algorithm 3.1 can be solved in strongly polynomial time
[74, 92]. Computing compact path-cycle representations uses the algorithm of Grigoriev
and van de Klundert [50]; which, along with computing the Eulerian trail and making
shortcuts, can be done in strongly polynomial time. Moreover, the algorithm uses the
3/2-approximation for the PATH TSP by Zenklusen [121] as a black-box, which can also
be implemented in strongly polynomial time. Making shortcuts in Algorithm 3.1 can be
performed in strongly polynomial time as well, thus we can find a 5/2-approximation
for the metric MANY-VISITS PATH TSP in strongly polynomial time.
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Algorithm 3.3 involves solving three types of LPs. According to § 58.5 in Schrijver’s
book [100], if the feasibility of a linear program for a vector x can be tested in polynomial
time, then the ellipsoid method can find a solution in strongly polynomial time.

In Line 1, we calculate an optimal solution to PHK as defined in Equation (3.2), while
a number of linear programs of form LP(a) arise throughout the dynamic program in
Line 2. The feasibility of the cut constraints can be checked in strongly polynomial
time, by solving a minimum cut problem. The number of degree constraints in both
types of these LPs and the number of constraints x(δ(B)) ⩾ 3 in (LP(a)) is polynomial
in n. Finally, in (LP), the number of constraints involving hyperedges is polynomial
in n, and one can check the feasibility of the constraints involving the border functions
using submodular minimisation [62]. This means all of the linear programs arising in
Algorithm 3.3 can be solved in strongly polynomial time.

According to Lemma 3.10, the number of cuts in B is polynomial in n, hence Lines 1,
2 and 4 can be performed in strongly polynomial time. This is true for computing a
matching in Line 5, as well as all the remaining graph operations, using the same ar-
guments as in case of Algorithm 3.1. Hence, we provided a 3/2-approximation for the
metric MANY-VISITS PATH TSP in strongly polynomial time.

Summary

In this chapter we gave an approximation algorithm for a far-reaching generalisation of
the metric PATH TSP, the metric MANY-VISITS PATH TSP where each city v has a (poten-
tially exponentially large) request r(v) ⩾ 1. Our algorithm yields a 3/2-approximation
for the metric MANY-VISITS PATH TSP in time polynomial in the number n of cities
and the logarithm of the requests r(v). It therefore generalises the recent fundamental
result by Zenklusen [121], who obtained a 3/2-approximation for the metric PATH TSP,
finishing a long history of research.

At the heart of our algorithm is a polynomial-time approximation algorithm for the
BOUNDED DEGREE G-POLYMATROID ELEMENT WITH MULTIPLICITIES problem. That
algorithm yields a solution with cost at most the optimum, which violates the lower
bounds only by a constant factor depending on the weighted maximum element fre-
quency ∆. We use this algorithm to calculate a connected multigraph with certain
properties, analogous to the constrained spanning tree calculated by Zenklusen for the
single-visit Path TSP [121].

We also showed a simple approach, that gives a 5/2-approximation for the metric
MANY-VISITS TSP in strongly polynomial time, and an O(1)-approximation for the
metric asymmetric MANY-VISITS TSP in polynomial time.



CHAPTER 4

APPROXIMATION ALGORITHMS FOR

MULTIPLE-AGENT MVTSP

Introduction

As mentioned in the Chapter Introduction, the MANY-VISITS TSP and the MANY-VISITS

PATH TSP can be used to model scheduling problems. One such example is the high-
multiplicity job scheduling problem 1|HM, s(ij), p(j)|

∑︁
Cj , where each job of class j

has a processing time p(j) and there is a setup time s(ij) involved when switching
from a job of type i to a type j job. The MVTSP corresponds to the periodic vari-
ant of this scheduling problem, while the path version of the MVTSP corresponds to
the non-periodic variant. This means Theorem 3.3 from Chapter 3 thus provides a 3/2-
approximation for the aforementioned scheduling problems as well, provided that the
parameter c(ij) := s(ij) + p(j) satisfies the triangle inequality. Our work aims for gen-
eralising the techniques in Chapter 3 in order to provide approximations to scheduling
problems on parallel machines. We achieve this by generalising the MANY-VISITS TSP
(i.e. the tour version), by allowing for multiple salesmen (or agents), we call this problem
the MULTIPLE-AGENT MANY-VISITS TSP.

However, giving the precise definition of the MULTIPLE-AGENT MANY-VISITS TSP
is not straightforward; one can consider different, but equally valid descriptions when
introducing multiple salesmen to the MANY-VISITS TSP. Firstly, there is the choice of the
objective function: one possibility is to minimise the total cost of the tours, and another
is to minimise the cost of the longest tour. These objectives translate to minimising the
total processing time (

∑︁
Cj) and makespan (Cmax), respectively, in the ‘language’ of

scheduling theory. Observe that in the case of the MANY-VISITS TSP, where there is only
one agent, the two objectives are equivalent. One can also impose different constraints
on the tours sought in the solution, this includes requiring the tours of different agents
to be disjoint or forbidding empty tours, i.e. agents not visiting any city. Finally, one can
consider a special city for each salesman called its depot, and each tour in the solution
must contain exactly one depot; alternatively there are no depots and each agent simply
traverses a subset of the cities.

The four aspects mentioned above are independent from each other, therefore all
24 = 16 possible generalisations can be considered. We decided to focus on problem
variants with minimising the total cost of the tours,

∑︁
i cost(Xi), as their objective. This
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still leaves 8 problem variants to consider. In this chapter we first examine these vari-
ants, and show which ones are equivalent and which ones are different, with respect
to their optimal solution values. Then we provide polynomial-time constant-factor ap-
proximation algorithms for all problem variants.

The results of this chapter are joint work with Kristóf Bérczi and Matthias Mnich,
and they first appeared on arXiv [16].

Previous work

The generalisation of the (single-visit) TSP to multiple salesmen or agents is commonly
referred to as multiple TSP or MTSP. The first constant-factor approximation algorithm
for the MTSP is due to Frieze [43], who considered k salesmen starting from a sin-
gle vertex called depot. They extended the Christofides-Serdyukov algorithm for the
TSP [27, 103], and provided a 3/2-approximation.

A more diverse set of works considered a modification of the MTSP, where the sales-
men start from different depots. The Multiple-Depot TSP (also referred to as MDMTSP
in the literature) seeks k cycles that together cover a set of cities, and have exactly one
depot in each cycle. Rathinam et al. [96] provided a 2-approximation using a tree-
doubling approach, then Xu et al. [117] showed that a Christofides-like heuristic yields a
(2− 1/k)-approximation. Xu et al. first construct a minimum cost constrained spanning
forest, where each tree contains exactly one depot, then complete it with a minimum
cost matching on the odd degree vertices. They also argue that the cost of the match-
ing cannot be bounded by OPT/2, as in the case of TSP. The reason is that the edges of
the matching might go between vertices, that are in different components of the opti-
mal solution. The 3/2-approximation algorithm by Xu and Rodrigues [114] circumvents
this problem by exchanging the edges of the constrained spanning forest, although this
edge-exchanging procedure leads to a time complexity of nΩ(k). It is worth noting that
the results so far allow isolated depots in the solution, i.e. a salesman that visits no cities.

In the Generalised Multiple-Depot TSP (referred to as GMDMTSP), more than k de-
pots are available, but only at most k can be selected. The first constant-factor poly-
nomial-time algorithms are 2-approximations by Malik et al. [86] and by Carnes and
Schmoys [22]. Later, Xu and Rodrigues [115] provided a (2− 1/(2k))-approximation. The
algorithm of Xu and Rodrigues [114] can also be used to obtain a 3/2-approximation to
the Generalised Multiple-Depot TSP in nΩ(k) time.

Khachay and Neznakhina [70] considered the relevant k-size cycle cover problem, that
seeks k cycles covering the set of cities with minimum total cost. The authors show a 2-
approximation to this problem when the edge costs are asymmetric, satisfy the triangle
inequality, and the cost of each loop is zero.

4.1 Problem descriptions

The MULTIPLE-AGENT MANY-VISITS TSP is defined as follows. Given is a complete
graph G = (V,E), with nonnegative costs c(uv) for every pair of vertices u, v and a
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positive request r(v) for each vertex v. Moreover, an integer k is given, that denotes the
(maximum) number of agents, and

a) there is a set of depots D = {d1, . . . , dk} / there are no depots;

the corresponding problems are denoted with a MD / MA prefix, respectively.

The goal is to find a multigraph X , such that

b) X can be decomposed into at most / exactly k non-empty many-visits TSP tours;

where non-empty means containing at least one vertex for the MA-setting, or a depot
and at least one non-depot for the MD-setting.

Finally, the MVTSP tours are edge-disjoint1, and

c) vertex-disjoint / not necessarily vertex-disjoint.

Let us denote the many-visits TSP tour of agent j by Xj , for j = 1, . . . , k. Under point b),
we denote the variant with the possibly empty tours by the symbol ∅. Empty tours in
problems without depots mean the tour of one or more agents being the empty graph,
whereas in problems with depots an empty tour is assigned to agent i if V (Xi) = {di}
and E(Xi) = ∅. We call the component containing only a depot a trivial component of X .

Table 4.1 contains an overview of the problems considered.

arbitrary tours disjoint tours∑︁
i cost(Xi) MA-MVTSP P1 P2

MA-MVTSP+∅ P3 P4
MD-MVTSP P5 P6
MD-MVTSP+∅ P7 P8

TABLE 4.1: Overview of the problems considered in this chapter.

Without depots In the Multiple-Agent MVTSP variants (MA-MVTSP), the goal is to
obtain a multigraph consisting of k closed walks (MVTSP tours), that has a minimal total
cost and visits each vertex v ∈ V exactly r(v) times. When it comes to precise definitions
of this problem, one can set the rules for the k tours in different ways. Some of these
differences might seem subtle, but they are crucial in algorithm design. We denote the
different possible problems the following way:

(P1) MA-MVTSP with arbitrary tours: the edge set of the resulting multigraph X can
be partitioned into k MVTSP tours, meaning the k tours have to be edge-disjoint
but not vertex-disjoint;

(P2) MA-MVTSP with disjoint tours: the edge set of the resulting multigraph X can
be partitioned into k vertex-disjoint MVTSP tours, i.e. X has exactly k components,
each of them a MVTSP tour;

1The solution can include multiple copies of the same edge, and each copy is traversed exactly once by
exactly one agent.
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(P3) MA-MVTSP+∅ with arbitrary tours: the edge set of the resulting multigraph X

can be decomposed into at most k, edge-disjoint but not necessarily vertex-disjoint
MVTSP tours;

(P4) MA-MVTSP+∅ with disjoint tours: the edge set of the resulting multigraph X can
be decomposed into at most k vertex-disjoint MVTSP tours.

Recall that the cost of a self-loop at a vertex, i.e. going from vertex v to itself does
not necessarily incur a zero cost. Moreover, if an agent is assigned a single vertex v in a
solution, an isolated point does not count as one visit, i.e. the tour of that agent has to
consist of a self-loop at v for each visit they ought to make at v.

With depots In the MD-MVTSP problems, in addition to the setting of the MA-MVTSP
problems, there is a set D of special vertices called depots, and the aim is to find a
minimum cost multigraph consisting of k closed walks, such that each one contains
exactly one depot d from D. The problem definitions follow a similar pattern as in the
case of MA-MVTSP, but include the notion of depots:

(P5) MD-MVTSP with arbitrary tours: the edge set of the resulting multigraph X can
be partitioned into k MVTSP tours with one depot in each tour, but the tours can
have common vertices;

(P6) MD-MVTSP with disjoint tours: the edge set of the resulting multigraph X has
exactly k components—each of them a MVTSP tour—with one depot in each;

(P7) MD-MVTSP+∅ with arbitrary tours: the edge set of the resulting multigraph X

can be decomposed into at most k MVTSP tours with one depot in each tour, but
the tours can have common vertices;

(P8) MD-MVTSP+∅ with disjoint tours: the edge set of the resulting multigraph X has
at most k components—each of them a MVTSP tour—with one depot in each.

Note that although the depot set D is defined to be disjoint from the vertex set V ,
the edge costs c(uv) defined on graphs G(V,D,E) throughout this chapter satisfy the
triangle inequality for every triplet u, v, w from V ∪D.

Remark 5. Note that if we know the subsets of cities each agent visits, the problem reduces to
the Many-Visits TSP. More precisely, given a cover of cities for P1 and P3, a partition of cities
for P2 and P4, or an assignment of cities to agents for problems P5–P8, we can obtain an 3/2-
approximation for the k-agent problem by calculating a tour on each subset of the cities using
Algorithm 3.3.

Scheduling theory implications The problems above were defined having agents in
mind, that visit cities a certain number of times. However one can formalise the same
problems using scheduling theory terms. Assume there are k identical machines and n

job types, and we are given r(j) jobs of type j, where j = 1, . . . , n. Every job of type j has
a processing time p(j) and a sequence-dependent preparation time s(ij) that depends
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on the type i of the preceding job in the schedule. Moreover, the parameter c(ij) :=

s(ij) + p(j) is symmetric and satisfies the triangle inequality. The aim is to provide a
periodic schedule of jobs on k machines, such that the total processing time of the jobs
is minimal.

In case of MA-MVTSP, the disjoint tours variant can be translated as finding a sched-
ule of jobs, such that each job type j is only assigned to one specific machine, and every
job of type j has to be processed on that machine. The arbitrary tours variant corre-
sponds to finding a schedule of jobs, where jobs of the same type can be processed on
multiple machines, however, we do not allow any machine to be idle (i.e. with no jobs
scheduled on it). Finally, the empty tours variant corresponds to the case when we allow
for idle machines in the final schedule.

The different variants of the MD-MVTSP correspond to similar scheduling problems,
where additionally a special job (that corresponds to the depot) is present on each ma-
chine. One can think of this job as preparation that needs to be performed on a machine
if one intends to process other jobs on that machine. Note that the visit requirement
r(d) = 0 for any depot d ∈ D in the MD-MVTSP variants supports this assumption, as
one only needs to pay the preparation cost (that corresponds to the visit of d) if one uses
the machine.

Results

The main results of this chapter include polynomial-time constant-factor approximation
algorithms for all problem variants. We start with 3-approximations for the MA-MVTSP
with empty tours and the MD-MVTSP with arbitrary tours and empty tours variants
(Algorithms 4.1–4.3). The common theme in the these approaches is they all compute a
minimum cost constrained spanning forest, double its edges, then calculate an optimal
transportation problem solution. By bounding the cost of both of these structures, the
approximation ratio follows.

We continue by showing improved 2-approximations for the empty tours variant of
both MA-MVTSP and MD-MVTSP (Algorithms 4.4 and 4.5). These approaches build
on Theorem 2.1 from Chapter 2, that was used to obtain a polynomial-time 3/2-approx-
imation for the metric Many-Visits Path TSP in Chapter 3. The algorithms calculate
degree-bounded multigraphs, then apply an edge-doubling and an efficient shortcut-
ting procedure.

Finally, we show simple 4-approximations for the MA-MVTSP with arbitrary tours
and the disjoint tours variant of both the MA-MVTSP and the MD-MVTSP, presented
as Algorithms 4.8–4.10. These approaches are similar to the 3-approximations, as they
compute a minimum cost constrained spanning forest and double its edges, but they
augment the solution with self-loops instead of a transportation problem solution.

We provide an overview of these results in Table 4.2.
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arbitrary tours disjoint tours
MA-MVTSP 4-approx. (Algorithm 4.8) 4-approx. (Algorithm 4.9)

MA-MVTSP+∅ 3-approximation (Algorithm 4.1)
2-approximation (Algorithm 4.5)

MD-MVTSP 3-approx. (Algorithm 4.3) 4-approx. (Algorithm 4.10)

MD-MVTSP+∅ 3-approximation (Algorithm 4.2)
2-approximation (Algorithm 4.4)

TABLE 4.2: Overview of approximation algorithms for the different variants of
Multiple-Agent and Multiple-Depot MVTSP.

The MA-MVTSP with empty tours generalizes the k-cycle cover problem for undi-
rected graphs [70], hence improving the approximation ratio of Algorithm 4.5 for sym-
metric edge costs would imply an improved algorithm for the k-cycle cover problem.
The (single-visit) Multiple-Depot TSP allows some agents to not visit any cities, i.e.
having a component in the solution graph consisting of a depot and no other vertices
or edges. Thus, the MD-MVTSP with empty tours generalizes the MDMTSP, and the
approximation ratio of Algorithm 4.4 matches that of Rathinam et al. [96] and is only
slightly worse than that of Xu et al. [117].

Our results do not compare directly to the results by Jansen et al. [64] and Deppert
& Jansen [30]. In one aspect, the problem variants considered by the authors can be
regarded as easier than the problems considered in this paper, as they assume sequence-
independent setup times that only occur before processing a batch of jobs from the same
class. On the other hand, the jobs from the same class considered in those works [30, 64]
can have different processing times, which is a much more general assumption than the
cost structure of jobs considered in this work (the edge costs translate to zero processing
times and the sum of processing and setup times being metric).

Reductions among problem variants

Below we discuss the similarities and differences of the problems.

Claim 4.1. A feasible solution for P1, P2, P5 and P6 is a feasible solution for P3, P4, P7 and
P8, respectively. A feasible solution for P2, P4, P6 and P8 is a feasible solution for P1, P3, P5
and P7, respectively.

Proof. Problems P3, P4, P7 and P8 only differ from their respective counterparts of P1,
P2, P5 and P6 in one attribute: the former problems allow for empty tours in the solu-
tion. Moreover, problems P2, P4, P6 and P8 are relaxations of problems P1, P3, P5 and
P7, respectively, with the disjointness constraint lifted.

Lemma 4.2. There are polynomial-time reduction to problems P1, P2, P5, P6 from problems P3,
P4, P7, P8, respectively.

Proof. From the problem definitions, an optimal solution X⋆ to P3, P4, P7 or P8 consists
of k, possibly empty MVTSP tours, denoted by X1, . . . , Xk. Let us reorder the agents
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such that X1, . . . , Xℓ denote the empty tours and Xℓ+1, . . . , Xk the non-empty tours.
It is easy to see that X⋆ is not only an optimal solution to P3, P4, P7 or P8, but their
counterparts P1, P2, P5 or P6, with ℓ agents. This means by solving problem instances
of P1, P2, P5 or P6 considering ℓ agents, for ℓ := 1, . . . , k, the cheapest of the k solutions
will be an optimal solution to P3, P4, P7 or P8.

Certain problems we consider show some similarities, while others differ signifi-
cantly, in terms of their optimal solutions. Below we will address these similarities, and
use the symbol ‘≡’ to indicate that given the same parameters G, c, r and k, the opti-
mal solution values of two problems in question coincide. Intuitively this means that
restricting the tours to be disjoint or forbidding empty tours in the solution might have
no effect on the optimal solution value. Similarly, we use the symbol ‘̸≡’ if there are
instances where the cost of optimal solutions of the two problems are different.

In the next two claims we prove that in case we allow the agents to have empty
tours, it does not matter whether we require vertex-disjoint tours or allow the tours to
overlap.

Claim 4.3. P3 ≡ P4.

Proof. We will prove that the optimal solutions to P3 and P4 have the same cost, given
the same input variables (G, c, r, k).

Let us start with proving that OPTP3 ⩾ OPTP4. Consider an optimal solution to
P3, denoted by X⋆, then X⋆ has cost OPTP3. Suppose that the tours of agents i and j

overlap, that is, V (X⋆
i ) ∩ V (X⋆

j ) ̸= ∅. X⋆
i and X⋆

j are valid MVTSP tours, meaning
every vertex v ∈ V (X⋆

i ) has an even degree in X⋆
i , and every vertex v ∈ V (X⋆

j ) has
an even degree in X⋆

j . This means every v ∈ V (X⋆
i ) ∪ V (X⋆

j ) has an even degree in
X⋆

i ∪X⋆
j , and moreover, X⋆

i ∪X⋆
j is connected. One can now redefine the tour of agent i

as Xi := X⋆
i ∪ X⋆

j and the tour of agent j as the empty graph (Xj := ∅), making the
tours of agents i and j disjoint. The resulting multigraph X is also a solution to P4,
since it has k components and visit each vertex v ∈ V exactly r(v) times, therefore
cost(X) ⩾ OPTP4. Moreover, the cost of X is OPTP3, since they have the same edge
multiset, hence OPTP3 ⩾ OPTP4 holds.

Now assume we have an optimal solution to P4, denoted by Y ⋆, with cost OPTP4.
According to Claim 4.1, the multigraph Y ⋆ is a feasible solution to P3, thus OPTP3 ⩽

OPTP4, and the proof is complete.

Similar arguments work in the respective problems with depots.

Claim 4.4. P7 ≡ P8.

Proof. Proving that the optimal costs of P7 and P8 are equal goes similarly to the proof
of Claim 4.3.

Let X⋆ be an optimal solution to P7 with cost OPTP7, and suppose the tours of
agents i and j overlap in X⋆; i.e. there are k′ < k components in P7 with at least one
component having more than one depots. We do a similar transformation to the one in
the proof of Claim 4.3, resulting in disjoint tours the following way. Let us go through
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every vertex pair (u, v), incident to dj and replace all copies of edges dju and djv by a
copy of uv. Note that we did not require u ̸= v to hold, therefore this sequence of op-
erations resulted in a multigraph X⋆ where dj is an isolated vertex. Moreover, because
of the triangle inequality, this transformation did not increase the cost of X⋆. Repeat
this operation until there is exactly one depot in each component of X⋆. The result-
ing multigraph X⋆ is now a feasible solution to P8, with cost at most OPTP7, therefore
OPTP7 ⩾ cost(X⋆) ⩾ OPTP8 holds.

Now assume Y ⋆ is an optimal solution to P8, with cost OPTP8. Due to Claim 4.1, the
multigraph Y ⋆ is a feasible solution to P7, therefore OPTP7 ⩽ OPTP8 holds, completing
the proof.

d1 d2 d1 d2

a

b

c

FIGURE 4.1: Illustration for Claim 4.4. Because of the triangle inequality, the
blue edge (dashed, right) costs at most as much as the red edges (dashed, left)
(the two tours overlapped in the vertex in the middle).

In conclusion, there is an approximation-preserving reduction from problems P3/P4
to both P1 and P2; similarly there is approximation-preserving reduction from problems
P7/P8 to both P5 and P6.

Contrary of Claims 4.3–4.4, if we do not allow empty tours, the optimal solutions for
the arbitrary tours and the disjoint tours variants can be different:

Claim 4.5. P1 ̸≡ P2, P5 ̸≡ P6.

Proof. According to Claim 4.1, a solution to problems P2 and P6 are feasible solutions to
P1 and P5, respectively. Moreover, the only constraint that problems P2 and P6 impose
on the feasible solutions in addition to the constraints of P1 and P5 is that the tours of
the agents have to be disjoint. We show that the disjointness requirement is meaningful,
i.e. the optimal solution to an instance of problem P2 or P6 can have strictly higher cost
than the optimal solution to the corresponding instance of P1 or P5, respectively.

In case of problems P5 and P6, one can see in the example in Figure 4.2 that by ap-
propriately setting the edge costs, the solution on the right has significantly higher cost
than the solution on the left. For problems P1 and P2 the same example demonstrates
the claim, by assuming that d1 and d2 are regular vertices with a requirement of 1.

Finally, let us show that allowing empty tours in the solutions makes a significant
difference:

Claim 4.6. P1 ̸≡ P3, P2 ̸≡ P4.

Proof. We will prove that by allowing less than k components, the cost of the optimal
solution can be strictly smaller than in the case where we require exactly k components.



4.1. PROBLEM DESCRIPTIONS 81

d1 d2 d1 d2
ℓ

x

a

b

1

2

3

4 2 4

1 3

FIGURE 4.2: Illustration for Claim 4.5. Metric costs imply ℓ ⩽ a+b and x ⩽ a+b.
In the case ℓ+x > a+ b holds, the blue edges (dashed, right) costs less, than the
red edges (dashed, left).

This is true for the problems where we allow overlapping tours, and also for problems
with disjoint tours.

Consider a graph Ĝ on the edge set V , with edge set Ê = {v1v2, v2v3, . . . , vnv1},
therefore Ĝ is essentially the graph Cn with n = |V |. Now define a complete graph G

on the same vertex set, where the edge costs c(vivj) equal to the shortest path distance
between vi and vj in Ĝ. Moreover, assume r(v) = 1 for all v ∈ V .

Clearly, the optimal solution for the MA-MVTSP+∅ is the cycle v1-v2-. . . -vn-v1 with
cost n, for any k ∈ Z⩾1. However, if we require exactly k components in our solution,
the optimal solution has to use edges with cost larger than 1, resulting in a solution with
a cost larger than n.

The same is true when considering depots:

Claim 4.7. P5 ̸≡ P7, P6 ̸≡ P8.

Proof. Assume that the cost of every edge uv ∈ E and dv ∈ E is 1, where u, v ∈ V and
d ∈ D. In this case, any optimal solution to the MD-MVTSP+∅ consists of one non-trivial
components and k− 1 isolated depots. Therefore the optimal cost (the number of edges
in the solution) is

∑︁
v∈V r(v) + 1. On the other hand, in an optimal solution to the MD-

MVTSP the degree of every depot d ∈ D is 2, therefore the optimal cost is
∑︁

v∈V r(v)+k,
which, for k > 1 is larger than the optimal cost of MD-MVTSP+∅. This also holds if we
allow the tours to overlap.

1 1

1 1

1 1 1

11 1

1

FIGURE 4.3: Tour on the left has cost 6, tour on the right has cost 5

Now we have full description of the equivalence of problems P1 to P8. Based on
Claims 4.3 and 4.4, we do not distinguish between problems P3 and P4, as well as be-
tween problems P7 and P8. For this reason we will just refer to these problems as MA-
MVTSP with empty tours and MD-MVTSP with empty tours, respectively. We will also
simply call problems P1 and P5 as the arbitrary tours variant of MA-MVTSP and MD-
MVTSP, respectively; and problems P2 and P6 as the empty tours variant of MA-MVTSP
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and MD-MVTSP, respectively. An overview of the reductions among the different prob-
lem variants are shown on Figure 4.4.

MA-MVTSP with
arbitrary tours (P1)

MA-MVTSP with
disjoint tours (P2)

MA-MVTSP with
empty tours (P3/P4)

MD-MVTSP with
arbitrary tours (P5)

MD-MVTSP with
disjoint tours (P6)

MD-MVTSP with
empty tours (P7/P8)

FIGURE 4.4: Reductions among problems P1–P8. An algorithm for a problem at
the head of an arrow provides yields an algorithm for the problem at the tail of
the arrow.

Although the latter two problems may seem very similar, as feasible solutions to
both include multigraphs with less than k components, there is one key difference. In
case of MA-MVTSP with arbitrary tours, we have to be able to decompose the compo-
nents into k MVTSP tours. This condition does not hold for every feasible solution for
the MA-MVTSP with empty tours: Suppose k > 1 and r ≡ 1, then a Hamiltonian cycle
on V is a feasible solution to the empty tours case: 1 agent traverses the cycle while k−1

agents are idle. However it cannot be decomposed into k > 1 MVTSP tours, therefore it
is not a valid arbitrary tours solution.

Let us note that the depots have no r(·) values assigned, however, the problem def-
initions can inherently provide a lower bound for the number of visits: In the case of
disjoint and arbitrary tours the number of visits has to be at least one, while in the case
of empty tours this lower bound is zero. There is no implicit upper bound for the num-
ber of visits, however, there is always an optimal solution where every depot is visited
at most once, as in case of more than one visits it is possible to do shortcuts and obtain
a tour with smaller or equal cost, due to the edge costs being metric.

Contrary to the MA-MVTSP problems, it can happen that an instance is infeasible.
Take the case when there are more depots than cities, then there is no solution for the dis-
joint tours variant. Moreover, if there are more depots than the total visit requirements∑︁

v∈V r(v), there is no solution for neither the disjoint nor the arbitrary tour variants (in
case we do not allow empty tours in the solutions).
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4.2 3-approximations for arbitrary tours and empty tours vari-
ants

In this section we provide 3-approximations to the MA-MVTSP with empty tours and
both the arbitrary tours and the empty tours variants of the MD-MVTSP. The algorithms
share the basic ideas, hence we first present the notions and techniques that are common
to all algorithms.

Throughout Lemmas 4.8–4.10 we assume that the edge cost function c satisfies the
triangle inequality. Recall the Hitchcock’s transportation problem from §1.1.1, and ob-
serve that keeping the degree constraints but relaxing the connectivity (similarly to the
single-agent case in Chapters 1 and 3) and decomposability constraints in any of the
MA-MVTSP variants yields the transportation problem:

Lemma 4.8. Let X⋆ be an optimal solution to any of the MA-MVTSP variants (disjoint, ar-
bitrary or empty tours) on an instance (G, c, r). Let TP⋆ be an optimal transportation problem
solution on (G, c, r). Then, cost(TP⋆) ⩽ cost(X⋆).

For request vectors r, r′ : V → Z⩾1, let us denote by r ≼ r′ if r(v) ⩽ r′(v) holds for
all v ∈ V .

Lemma 4.9. Let TP and TP′ be optimal transportation problem solutions for the instances
(G, c, r) and (G, c, r′), respectively. If r ≼ r′ holds, then cost(TP) ⩽ cost(TP′).

Proof. By definition, δ̇TP(v) = 2 ·r(v) and δ̇TP′(v) = 2 ·r′(v) holds. If δ̇TP(·) ≡ δ̇TP′(·), we
are done. Otherwise, there is at least one vertex v ∈ V (G), such that δ̇TP(v) < δ̇TP′(v).
Apply shortcuts in TP, until δ̇TP(v) = δ̇TP′(v) holds for every v ∈ V (G) by applying the
following two operations in total of (δ̇TP′ (v)−δ̇TP(v))/2 times:

(A) If v is incident to copies of self-loops vv, remove a copy of vv.

(B) If there exist not necessarily distinct vertices u,w adjacent to v, replace a copy of
uv and vw by a copy of uw.

Operation (A) can only decrease the cost of TP′, as the edge costs are nonnegative. Due
to the triangle inequality, operation (B) can also only decrease the cost of TP. Therefore,
the cost of the resulting multigraph TP′′ will be cost(TP′′) ⩽ cost(TP′). Moreover, since
both operation (A) and (B) decrease the degree of a vertex by 2, applying one of the
operations (δ̇TP′ (v)−δ̇TP(v))/2 times will result in v having a degree of δ̇TP(v) in TP′′.

Perform the operations above for every vertex v ∈ V . Now multigraph TP has the
same degree sequence as TP′′, moreover, TP is a minimum cost such multigraph. Hence
cost(TP) ⩽ cost(TP′′) holds, and the proof follows.

Now we can show that the claim of Lemma 4.8 also holds for the problem variants
with depots.

Lemma 4.10. Let X⋆ be an optimal solution to any of the MD-MVTSP variants (disjoint,
arbitrary or empty tours) on an instance (G, c, r,D). Let TP be an optimal transportation
problem solution on (G, c, r). Then, cost(TP) ⩽ cost(X⋆).
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Proof. Let us define an auxiliary graph G′ on the vertex set V (G) ∪ D with edge costs
c′(uv) := c(uv) for every vertex u, v ∈ V (G)∪D. Define the requests of vertices v ∈ V (G)

by r′(v) := r(v), and the requests of the depots r′(d) := δ̇
⋆
X(d) for d ∈ D. Calculate an

optimal transportation problem solution TP′ on (G′, c′, r′).
TP′ is a minimum cost multigraph with the same degree sequence as X⋆, while

the connectivity and decomposability constraints relaxed. Hence cost(TP′) ⩽ cost(X⋆).
Moreover, as the depot set D is not covered by TP, one can think of the requests of
d ∈ D in the instance (G, c, r) as r(d) = 0. Since r(v) = r′(v) for vertices v ∈ V and
r(d) ⩽ r′(d) = δ̇

⋆
X(d) for d ∈ D, r ≼ r′ holds. Due to Lemma 4.9, cost(TP) ⩽ cost(TP′)

follows, which together with cost(TP′) ⩽ cost(X⋆) proves the claim.

As a direct consequence of Lemmas 4.8–4.10, we have the following:

Corollary 4.11. Let X⋆ be an optimal solution to any of the MA-MVTSP variants on an in-
stance (G, c, r) or any of the MD-MVTSP variants on an instance (G, c, r,D). Let TP be an
optimal solution to the transportation problem on (G, c, r′) with r′ ≼ r. Then, cost(TP) ⩽

cost(X⋆).

4.2.1 Without depots (empty tours)

First, let us consider the problem variant MA-MVTSP with empty tours.
Let G = (V,E) be a complete graph, c(uv) metric, symmetric edge costs and r(v)

requirements for every vertex v ∈ V . In all variants of the MA-MVTSP, we seek a min-
imum cost multigraph X⋆ that visits each vertex v ∈ V a total of r(v) times. Recall that
the problem MA-MVTSP with arbitrary tours and the MA-MVTSP with empty tours X⋆

has to consist of at most k components; in addition in the former we require the edges
of the multigraph to be partitioned into k MVTSP tours, while in the latter we allow for
k − k′ agents to have the empty tour, where k′ is the number of components in X⋆.

Let OPT(k)
c,r be the cost of an optimal MA-MVTSP with disjoint tours solution consist-

ing of exactly k components. Moreover, we denote the cost of the optimal MA-MVTSP
with empty tours solution by OPT

(⩽k)
c,r , this tour consists of at most k components. It is

easy to see that

(4.1) OPT(⩽k)
c,r = min

κ⩽k

{︂
OPT(κ)

c,r

}︂
.

Theorem 4.12. Algorithm 4.1 provides a 3-approximation for MA-MVTSP with empty tours
in time polynomial in n, k and log r(V ).

Proof. We first prove that Algorithm 4.1 constructs a feasible solution to the MA-MVTSP
with empty tours, and provide an upper bound to its cost. Finally, we show that the time
complexity claims hold.

Feasibility First, let us show that the multigraph X(κ) constructed by Algorithm 4.1
is a feasible solution to MA-MVTSP with empty tours, for any κ = 1, . . . , k. The span-
ning forest F (κ) has exactly κ components, and duplicating its edges does not change
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Algorithm 4.1 A 3-approximation for the MA-MVTSP with empty tours

Input: A complete undirected graph G(V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k.
Output: A multigraph consisting of at most k components that visits each v ∈ V a total of
r(v) times.

1: Calculate the solution to the transportation problem defined on G with supply and demand
being equal to r(v)− 1, denote it by TP.

2: for κ = 1, . . . , k do
3: Calculate a minimum cost spanning forest of G consisting of κ components, denote it

by F (κ), and its components F (κ)
1 , . . . , F

(κ)
κ .

4: Duplicate the edges of F (κ), and apply shortcuts to obtain κ Hamiltonian cycles on the
vertex sets V

(︁
F

(κ)
1

)︁
, . . . , V

(︁
F

(κ)
κ

)︁
; denote the resulting graph H(κ).

5: Define the multigraph X(κ) on vertex set V , such that the edge set of X(κ) consists of one
copy of E

(︁
H(κ)

)︁
and one copy of E(TP).

return the cheapest X(κ)

the number of components. Adding the edges of TP in Line 5 might connect different
components, thus the number of components of X(κ) is at most κ. Since the algorithm
considers κ values up to k, the algorithm returns a graph with at most k components.

In X(κ) for any κ, the multigraph TP provides 2 · (r(v)− 1) degree to a vertex v ∈ V ,
whereas H(κ) provides a degree of 2. This means δX(κ)(v) = 2 · r(v) for any v ∈ V in
Line 5.

Cost of solution In the κth iteration, the minimum cost spanning forest F (κ) computed
in Line 3 has cost at most OPT

(κ)
c,r , since the optimal solution to MA-MVTSP with κ

agents can be turned to a spanning forest with exactly κ components via edge deletion.
Moreover, because the costs c are metric, applying shortcuts in Line 4 does not increase
the cost of H(κ). The cost of the multigraph TP computed in Line 1 has cost at most
OPT

(⩽k)
c,r , due to Corollary 4.11.

In conclusion, in the κth iteration Algorithm 4.1 considers a solution that has cost at
most 2 · OPT(κ)

c,r + OPT
(⩽k)
c,r , therefore the cheapest X(κ) has cost at most

2 · min
κ=1,...,k

{︂
OPT(κ)

c,r

}︂
+ OPT(⩽k)

c,r = 3 · OPT(⩽k)
c,r ,

due to Equation (4.1).

This proves the approximation ratio of the algorithm.

Complexity analysis One can obtain TP by solving a min cost max flow problem,
which takes polynomial time [32, 74, 92], and computing a minimum cost spanning
forest can also be done efficiently. The number of iterations is k ⩽ n. Throughout the
algorithm we use a compact representation of all multigraphs, this way the time and
space complexity of graph operations can be bounded by O(n2 log r(V )).
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4.2.2 With depots (empty tours and arbitrary tours)

Now let us assume that, besides the vertex set V , the graph G comes with a set of special
vertices D called depots, such that D ∩ V = ∅ and k = |D|. Let us start with the empty
tours variant of the MD-MVTSP. The objective is to find k MVTSP tours each containing
one depot, that visit each vertex v ∈ V a total of r(v) times, and have the total cost
minimised. The components can be trivial (isolated depot).

Formally, we seek a minimum cost multigraph X with the following properties. Ev-
ery vertex v ∈ V has degree 2 · r(v) while every vertex d ∈ D has an even degree
(including zero) in X . Moreover, X has exactly k components and there is exactly one
vertex d from D in each component.

In this case we denote the cost of the optimal solution of MD-MVTSP with disjoint
tours by OPT

(k)
c,r,D which consists of k non-trivial components. Moreover, by OPT

(⩽k)
c,r,D

we denote the cost of the optimal MD-MVTSP with empty tours solution consisting
of k components, while allowing for isolated depots as components. Similarly to the
no-depot case,

OPT
(⩽k)
c,r,D = min

κ⩽k

{︂
OPT

(κ)
c,r,D

}︂
holds.

We can use the idea of Algorithm 4.1 to design an algorithm for the MD-MVTSP with
empty tours. However, due to the restrictions involving depots, we build the spanning
forest using the approach of Rathinam et al. [96], that goes as follows. First, assign a
zero cost for every edge that connects two depots, denote the new cost function by ĉ.
Now use Kruskal’s algorithm [80] to obtain a minimum cost spanning tree F̂ on G with
respect to ĉ. Finally, remove the edges with zero cost from F̂ and denote the resulting
graph F .

Lemma 4.13. Each component of the forest F calculated above contains exactly one depot
from D. Moreover, the total cost of F with respect to c is at most OPT(⩽k)

c,r,D.

Proof. Since Kruskal’s algorithm chooses the edges of G with increasing cost ĉ, the tree F̂
will contain k − 1 edges of zero cost, spanning the depot set D. It is easy to see that
removing these edges will result in a forest with k components with one depot in each
component.

Take an optimal MD-MVTSP with empty tours solution X⋆. The multigraph X⋆

clearly contains a spanning forest F ⋆, that consists of k components with one depot
in each component. Since the spanning forest F is a minimum cost of such graphs,
cost(F ) ⩽ cost(F ⋆) is true. Additionally, cost(F ⋆) ⩽ cost(X⋆) holds, hence the bound
follows.

The procedure described above serves as Line 2 of Algorithm 4.2.

Theorem 4.14. Algorithm 4.2 provides a 3-approximation for MD-MVTSP with empty tours
in time polynomial in n, k and log r(V ).

Proof. The proof goes as follows.
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Algorithm 4.2 A 3-approximation for the MD-MVTSP with empty tours

Input: A complete undirected graph G(V,D,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k = |D|.
Output: A multigraph consisting of k components, with one depot in each, that visits each
v ∈ V a total of r(v) times.

1: Calculate the solution to the transportation problem defined on G[V ] with supply and de-
mand being equal to r(v)− 1, denote it by TP.

2: Calculate a minimum cost spanning forest of G consisting of k components with exactly one
depot in each component [96], denote it by F , and its components F1, . . . , Fk.

3: Duplicate the edges of F , and apply shortcuts to obtain k Hamiltonian cycles on the sets
V (F1), . . . , V (Fk); denote the resulting graph H and its components H1, . . . ,Hk.

4: Define the multigraph Z on vertex set V , such that the edge set of Z consists of a copy
of E(H) and a copy of E(TP), denote the components of Z by X1, . . . , Xk′ .

5: If a component Xi contains more than one depot, disconnect all depots but one, using short-
cuts on the edges; denote the new trivial components Xk′+1, . . . , Xk.
return X := X1 ∪ · · · ∪Xk

Feasibility First, let us prove that the multigraph X constructed by Algorithm 4.2 is
a feasible solution to MD-MVTSP with empty tours. The spanning forest F has exactly
k components, and duplicating its edges does not change the number of components.
Adding the edges of TP in Line 4 might connect different components, thus the number
of components of X is k′, which is at most k. Finally, in Line 5 the number of components
becomes k with one depot in each component.

The multigraph TP provides 2 · (r(v) − 1) degree to a vertex v ∈ V , whereas the
Hamiltonian cycles provide a degree of 2 to all vertices in V . In total, the degree of each
vertex v ∈ V in X is 2 · r(v).

Cost of solution According to Corollary 4.11, the cost of TP is at most the cost of an
optimal MD-MVTSP with empty tours solution, X⋆. Due to Lemma 4.13, the cost of F
is at most cost(X⋆) as well. Because of metric edge costs, the shortcutting operations in
Lines 3 and 5 does not increase the cost of the multigraph in question, hence both

cost(Z) ⩽ cost(TP) + 2 · cost(F ) ⩽ 3 · cost(X⋆)

and cost(X) ⩽ cost(Z) hold. This proves that Algorithm 4.2 indeed provides a 3-ap-
proximation.

Complexity analysis One can obtain TP by solving a min cost max flow problem,
which takes polynomial time [32, 74, 92], and computing a minimum cost spanning for-
est can also be done efficiently. Throughout the algorithm we use a compact representa-
tion of all multigraphs, this way the time and space complexity of graph operations can
be bounded by O(n2 log r(V )).

Similarly to the problems without depots, we can use the idea of Algorithm 4.2 to
obtain an approximation algorithm for the MD-MVTSP with arbitrary tours. Note that
the k-component spanning forest algorithm of Rathinam et al. [96] outputs a spanning
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forest that may contain trivial components, i.e. isolated points. The MD-MVTSP with
arbitrary tours does not allow for empty tours, therefore we cannot compare the cost of
an optimal solution with the cost of a spanning forest calculated that way. Given a set K
of special vertices, Cerdeira [24] provides a matroid-based algorithm of calculating a
minimum cost forest such that every component contains exactly one vertex from K

and none of the components are trivial, i.e. they contain at least one vertex from V .
We cannot use the algorithm from [24] directly on the vertex sets V and D because

of the following. Note that the MD-MVTSP with arbitrary tours allows the MVTSP
tours to overlap in one or more vertices. This means that an optimal solution may not
contain a spanning forest with the properties from [24], but only a spanning forest with
possibly more depots than 1 in a component. Therefore, we cannot compare the cost of
the spanning forest calculated by the algorithm in [24] to the cost of an optimal solution.2

For the reasons above, we first build an auxiliary graph Ĝ in a way that a constrained
spanning forest of Ĝ obtained by the algorithm of Cerdeira [24] yields an appropriate
spanning forest in G: one that allows more than one vertices from D in a component but
has a cost at most the optimal solution to the MD-MVTSP with arbitrary tours.

Calculating an appropriate spanning forest Let an auxiliary graph Ĝ consist of the
depot set D and m(v) := min{|D|, r(v)} copies of every vertex v ∈ V , denoted by
v1, . . . , vm(v). Denote the set of the latter vertices by V̂ . The edges between the same
copies of a vertex v incur no cost, i.e. ĉ(vi, vj) = 0 for i, j ∈ 1, . . . ,m(v); while the other
edge costs are inherited from G the natural way: ĉ(d, vi) := c(d, v) and ĉ(vi, wj) :=

c(v, w) for all copies i = 1, . . . ,m(v) and j = 1, . . . ,m(w) of v and w, respectively.
Now calculate a minimum cost spanning forest F̂ , such that each component of F̂ con-
tains exactly one depot d ∈ D and at least one vertex v ∈ V̂ , using the algorithm by
Cerdeira [24]. Transform F̂ into a spanning forest F on vertex sets V and D, by identi-
fying all copies v1, . . . , vm(v) of v into a single vertex v.

Lemma 4.15. The graph F calculated above is a minimum cost spanning forest on G(V,D,E),
such that:

1) every component of F contains at least one depot d ∈ D,

2) every component of F contains at least one vertex v ∈ V ,

3) no vertex v ∈ V has more than r(v) depots among its neighbours.

Proof. Every component of F̂ contains exactly one depot; transforming F̂ to F can merge
components but cannot divide them, therefore the components of F will contain at least
one depot. The same argument proves that property 2) holds for a component of F as
well. Finally, due to construction, a copy vi of a vertex v ∈ V can be adjacent to at most 1
depot in F̂ , and there are at most r(v) copies of a vertex v. This proves property 3).

Now let us turn to the optimality of F . Note that by transforming F̂ into F we
delete edges with zero cost, hence cost(F̂ ) = cost(F ). Suppose indirectly, that there ex-

2Moreover, the MD-MVTSP with arbitrary tours always have a feasible solution if |D| ⩽
∑︁

v∈V r(v),
even if the depots outnumber the vertices, i.e. |D| > |V |. In these cases, a spanning forest with the afore-
mentioned properties does not even exist.
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ists a graph F ′ satisfying properties 1)–3), with cost lower than that of F , i.e. cost(F ′) <

cost(F ). Then, from F ′ we can construct a constrained spanning forest on Ĝ with ex-
actly one depot and at least one regular vertex in each component, the following way.
Make m(v)− 1 additional copies v1, . . . , vm(v)−1 of each vertex v ∈ V , and connect them
to v in an arbitrary way, then rename the vertex v into vm(v). The resulting graph,

denoted by F̂
′
, is a constrained spanning forest on Ĝ with the same properties as F̂ .

Moreover, because the transformation from F ′ into F ′ˆ only added edges with zero cost,
cost(F̂

′
) = cost(F ′) holds. From the indirect assumption cost(F ′) < cost(F ) it follows,

that cost(F̂
′
) < cost(F̂ ) holds, which contradicts the optimality of F̂ .

We will use the procedure above as a subroutine to get the approximation algorithm
in Algorithm 4.3. Moreover, Figure 4.5 illustrates Lines 1–3.

Algorithm 4.3 A 3-approximation for the MD-MVTSP with arbitrary tours

Input: A complete undirected graph G(V,D,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k = |D|.
Output: A multigraph, such that the edges can be partitioned into k MVTSP tours with one
depot and at least one non-depot, that collectively visit each v ∈ V a total of r(v) times.

1: Determine a minimum cost spanning forest F̂ of Ĝ, as described before Lemma 4.15, that
consists of m nontrivial components F̂ 1, . . . , F̂m with exactly one depot in each compo-
nent [24].

2: Identify all copies v1, . . . , vm(v) of v ∈ Ĝ into a single vertex v, denote the image of F̂ by F ,
and let Fi be the graph arising from F̂ i for i = 1, . . . ,m.

3: For i = 1, . . . ,m, duplicate the edges of Fi and apply shortcuts to obtain a Hamiltonian cycle
Hi on V (Fi).

4: Let Xi for all i = 1, . . . ,m be the MVTSP tours of the agents, with the initial values Xi := Hi.
5: Determine an optimal solution TP to the transportation problem defined on G[V ] with sup-

ply and demand being equal to r′(v) := r(v)− |{i | v ∈ V (Fi)}| for v ∈ V .
6: For each component TPj of TP, take an agent i with V (TPj) ∩ V (Hi) ̸= ∅, and update

Xi := Xi ∪ TPj .
return X := X1 ∪ · · · ∪Xm

(A) Spanning forest F̂ on the
auxiliary graph Ĝ (Line 1).

(B) Multigraph F , after dupli-
cating the edges (Lines 2–3).

(C) Hamiltonian cycles Hi of
the agents (Line 3).

FIGURE 4.5: Illustrating Lines 1–3 of Algorithm 4.3. Shaded ellipses in Fig-
ure 4.5a indicate copies of the same vertex v ∈ V . Cycles Hi of different agents
marked with different edge styles for clarity (Figures 4.5b–4.5c).
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Theorem 4.16. Algorithm 4.3 provides a 3-approximation for MD-MVTSP with arbitrary
tours in time polynomial in n, k and log r(V ).

Proof. The proof goes as follows.

Feasibility The Hamiltonian cycles constructed in Line 3 contribute a degree of 2 ·
(r(v) − r′(v)) to the degree of each vertex v ∈ V . Furthermore, by construction, each
v in V is contained in at most r(v) components of F̂ , therefore r′(v) ⩾ 0 holds and
the transportation problem has a solution. The solution TP contributes with a degree
of 2 · r′(v) to the degree of each v ∈ V . Therefore the total degree of each vertex v in
X1 ∪ · · · ∪Xm is 2 · r(v).

Cost of solution Let X⋆ be an optimal solution for the problem. By Corollary 4.11,
cost(TP) ⩽ cost(X⋆) holds. We claim that the cost of F is also bounded from above
by the cost of X⋆. Indeed, X⋆ fulfills the properties 1)–3) and, by Lemma 4.15, F is a
minimum cost spanning multigraph with these properties. Due to metric edge costs,
the shortcutting operation in Line 3 cannot increase the cost of the multigraph, hence
the approximation ratio follows.

Complexity analysis The number of vertices in Ĝ is O(n2), therefore Lines 1 and 2
take polynomial time. The operations in Lines 3 and 6 can also be performed efficiently.
Finally, the transportation problem in Line 5 can be solved in polynomial time as well.

Similarly to the problem variants without depots, due to Lemma 4.2, the claim in
Theorem 4.14 is a corollary of Theorem 4.16. Thus, in order to obtain a 3-approximation
for the MD-MVTSP with empty tours, it is sufficient to run Algorithm 4.3 with ℓ =

1, . . . , k agents, and choose the cheapest solution.

4.3 Improved 2-approximations for the empty tours variants

4.3.1 2-approximation algorithm for MD-MVTSP with empty tours

Theorem 4.17. The output of Algorithm 4.4 is a 2-approximation for MD-MVTSP with empty
tours.

Proof. The proof goes as follows.

Feasibility For every κ = 1, . . . , k, calculate an approximate solution to the MINIMUM

BOUNDED DEGREE 1-COMPONENT MULTIGRAPH problem on V̂ with ρ(v) = 2 · r̂(v)
for all v ∈ V̂ . The resulting multigraph X̂

(κ)
is connected and provides a degree at

least 2 · r̂(v) − 1 for every v ∈ V̂ . After doubling the edges, X(κ) is still connected. By
replacing d̂ with d1, . . . , dκ the resulting multigraph will have at most κ components.

After taking shortcuts, the number of components will be exactly k, with exactly one
depot in each component. In the end, each vertex v ∈ V is visited exactly r(v) times by
the components.
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Algorithm 4.4 A 2-approximation for the MD-MVTSP with empty tours

Input: A complete undirected graph G(V,D,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k = |D|.
Output: k MVTSP tours with total minimal cost such that each tour contains exactly one
depot d ∈ D and that the tours visit each v ∈ V a total of r(v) times.

1: Identify all depots d ∈ D into one meta-depot d̂. Let V̂ := V ∪ {d̂} and Ê := V̂ × V̂ .
Set cd̂,v = mind∈D cd,v for every vertex v ∈ V̂ − {d̂}, and let d(v) := argmind∈D cd,v . Set
r̂(v) = r(v) for v ∈ V̂ − {d̂}.

2: for κ = 1, . . . , k do
3: Set r̂(d) := κ.

4: Run Algorithm 2.1 to obtain a connected multigraph X̂
(κ)

on V̂ with δ̇
X̂

(κ)(v) ⩾ 2·r̂(v)−1
for all v ∈ V̂ .

5: Duplicate all edges in X̂
(κ)

.
6: Reverse the identification operation: replace d̂ with d1, . . . , dk and all copies of edges

(d̂, v) with (d(v), v) for v ∈ V̂ − {d̂} in X̂
(κ)

; denote the resulting multigraph X(κ).
7: If there is a component in X(κ) with more than one depot d ∈ D, disconnect depots until

there is only one depot per component, using shortcuts. Apply shortcuts in each non-trivial
component of X(κ) until the degree of every node v ∈ V is r(v), using the method defined
in Algorithm 4.6.

return the cheapest X(κ)

Cost of solution The multigraph X̂
(κ)

obtained by Line 4 has cost at most OPT(κ)
c,r,D,

therefore after doubling all its edges in Line 5 the resulting multigraph X(κ) has cost
at most 2 · OPT(κ)

c,r,D. Line 6 does not change the cost of X(κ), as we are replacing each
edge (d′, v) with an edge (d(v), v) of identical cost. Finally, the shortcuts in Line 7 cannot
increase the cost of X(κ), because the edge costs satisfy the triangle inequality.

Since the cost of X(κ) is at most 2 · OPT(κ)
c,r,D for every κ = 1, . . . , k; the cost of the

cheapest multigraph X(κ) has cost at most the cost of 2 · OPT(⩽k)
c,r,D.

Complexity analysis Due to Theorem 2.1, Line 4 can be done in polynomial time. The
graph operations in Lines 1, 5 and 6 can be done efficiently.

4.3.2 2-approximation for MA-MVTSP with empty tours

Theorem 4.18. The output of Algorithm 4.5 is a 2-approximation for MA-MVTSP with empty
tours.

Proof. The proof goes as follows.

Feasibility In Line 1 we calculate an approximate solution to the MINIMUM BOUNDED

DEGREE k-COMPONENT MULTIGRAPH problem on V with ρ(v) = 2 · r(v) for all v ∈ V .
The resulting multigraph X has at most k components and provides a degree at least
2 · r(v)− 1 for every v ∈ V . After doubling the edges, A still has at most k components,
and provides an even degree of at least 4 · r(v)− 2 to every vertex v ∈ V .
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Algorithm 4.5 A 2-approximation for the MA-MVTSP with empty tours

Input: A complete undirected graph G(V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k.
Output: A multigraph consisting of at most k components that visits each v ∈ V a total of
r(v) times.

1: Run Algorithm 2.1 to obtain a multigraph X ′ on V with at most k components, such that
δ̇X′(v) ⩾ 2 · r(v)− 1 holds for all v ∈ V .

2: Duplicate all edges in X ′, denote the resulting multigraph X .
3: Apply shortcuts in each component of X until the degree of every node v ∈ V is r(v), using

the method in Algorithm 4.6.
4: return X

After taking shortcuts, the number of components will be exactly k, with exactly one
depot in each component.

Each vertex v ∈ V is visited exactly r(v) times by the components.

Cost of solution The multigraph X obtained by Line 1 has cost at most OPT(κ)
c,r,D, there-

fore, after doubling all its edges in Line 2, the resulting multigraph A has cost at most
2 ·OPT(κ)

c,r,D. Applying shortcuts in Line 3 cannot increase the cost of A, because the edge
costs satisfy the triangle inequality.

Complexity analysis Due to Theorem 2.1, Line 1 can be done in polynomial time. The
graph operations in Line 2 can be done efficiently.

Algorithm 2.1 constructs a multigraph with r(V ) edges in total, hence, after dupli-
cating the edges in Line 5 of Algorithm 4.4 and in Line 2 of Algorithm 4.5, the resulting
multigraphs have a total degree surplus of r(V ). Therefore, in order to eliminate this
surplus and set the degree of each vertex v ∈ V to 2 · r(v), one has to apply short-
cuts. However, doing this the greedy way would mean performing O(r(V )) operations,
which is exponential in the input size. Moreover, one has to make sure not to split a
component into two components via shortcutting. Below we show how to decrease the
degree of the vertices by the needed amount efficiently.

Applying shortcuts efficiently

Let X⋆ be a feasible solution to any MA-MVTSP or MD-MVTSP variant. Then, let us
denote the tours of the agents by X1, . . . , Xk. Depending on the problem variant, a
multigraph Xi can be an empty graph or an isolated point, and two tours Xi and Xj

for i ̸= j might have common vertices. However in all problem variants, the degree of
every vertex v ∈ V (Xi) is even, and Xi is a connected multigraph, for every i ∈ 1, . . . , k.
Therefore, we can consider every Xi as a feasible solution to an MVTSP instance on the
vertex set V (Xi) with requests δ̇Xi(v)/2 for v ∈ V (Xi). If one ought to decrease the
number of visits of v by γ(v), the surplus of v, one has to decrease the degree of v by
2 · γ(v). This is possible using operations (A) and (B) in Lemma 4.9, however, arbitrarily
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applying these operations might take exponentially many steps or make the graph Xi

disconnected. We describe the procedure in Algorithm 4.6.

Algorithm 4.6 An efficient way of performing shortcuts

Input: A connected multigraph X with even degrees δX(v) and an even degree requirement
δ(v) for every v ∈ V (X).
Output: A connected multigraph X ′ with degrees δX′(v) = δ(v) for every v ∈ V (X).

1: Use CovertToSequence from [50] to calculate C = {(C, µC)}, a cycle decomposition of X .
2: Construct a multigraph A with one copy of each cycle C ∈ C.
3: Calculate an Eulerian trail η in A.
4: Calculate an implicit Eulerian trail η′ in X .
5: Remove the last γ(v) := δX(v)− δ(v) occurrences of v in η′, denote the resulting multigraph

by X ′.
6: return X ′

The task is the following. Given a connected multigraph X on n nodes and even
degrees δX(v) on every vertex v ∈ V (X), symmetric, metric edge costs c and even re-
quirements δ(v); find a multigraph X ′ with cost at most cost(X), such that the degree of
a vertex v in X ′ is δX′(v) := δ(v).

Lemma 4.19. Algorithm 4.6 runs in time polynomial in |V (X)| and log
∑︁

v γ(v), where γ(v) =
δX(v)− δ(v).

Proof. According to Grigoriev and van de Klundert [50], the multigraph X can be de-
composed into m = O(n2) different cycles, with multiplicities. Moreover, their algo-
rithm ConvertToSequence, presented as Algorithm 1 calculates the collection of cycles
with multiplicities C = {(C, µC)} in O(n4) steps; taking µC copies of each cycle C gives
back the edges of X .

The shortcutting procedure goes similarly to the one in proof of Theorem 3.1. How-
ever, this time extra attention is needed, as the total surplus is not bounded by a polyno-
mial of the input size. Let us construct a multigraph A on the vertex set V (X) by taking
one copy of each cycle C from C. Now calculate an Eulerian trail η in A; this is possible
to do since the degrees in A are even, moreover, this can be done in polynomial time due
to the polynomial size of A using the approach of Hierholzer [38, 57]. One can obtain
an (implicit) Eulerian trail η′ of X from η the following way. Start at the first vertex of η,
denoted by v1, and traverse the vertices of η in order. Every time a previously unvisited
vertex w is reached, traverse every cycle C containing w, µC times; in this case we say
that a cycle C is rooted at w. The Eulerian trail η′ of X can be described implicitly by
listing they traverse cycles in order, along with the vertices they are rooted at:

(4.2) v1 − (C1, µC1)− v2 − (C2, µC2)− · · · − vm − (Cm, µCm) .

For the sake of simplicity we index the cycles and vertices based on their traverse order
in the sequence. Note that the vertices vi might repeat multiple times, as different cycles
can be rooted at the same vertex. Also note that the description in Equation (4.2) con-
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sists of O(n2) elements of size O(n log r(V )), therefore it can be regarded as a compact
representation of η′.

Now we turn to taking shortcuts. Denote the visit surplus of a vertex v by γ(v), that
is, γ(v) := δX(v)−δ(v). Take a vertex v ∈ V , with γ(v) > 0, and let C(v) := {(C(v)

1 , µ
C

(v)
1

),

. . . , (C(v)
s , µ

C
(v)
s

)} denote the s unique cycles from C with multiplicities, that contain the
vertex v, in the order these cycles appear in η′. Now apply shortcuts to the last γ(v)
cycles from C(v): suppose s′ is the first index, such that µ

C
(v)

s′+1

+ · · · + µ
C

(v)
s

< γ(v),

i.e. the last γ(v) cycles of C(v) consists of some copies of cycles C
(v)
s′ and all copies of

cycles C
(v)
s′+1, . . . , C

(v)
s . Applying one shortcut means either 1) removing self loop vv, or

2) replacing 1-1 copy of the edges uv and vw by uw for some preceding vertex u and
superseding vertex w (u and w might be the same vertex). Perform these operations
in X , on the edges of all copies of cycles C

(v)
s′+1, . . . , C

(v)
s and some copies of cycle C

(v)
s′ ,

such that the total number of shortcuts taken is γ(v). As the number of unique cycles
in C is O(n2), decreasing the degree of vertex v by γ(v) using operations 1) and 2) can
be done by modifying O(n2) values with a total amount of O(log r(v)). Lastly, calculate
an Eulerian trail η′ on the updated multigraph X ′ the way described above. Perform
these steps for every vertex v ∈ V with a positive γ(v) value, in a total of O(n3 log γ(v))

steps.

Theorem 4.20. Algorithms 4.4 and 4.5 run in time polynomial in n, k and log r(V ).

Proof. Algorithm 4.6 runs in time polynomial in the number of vertices in the input
multigraph, k and log γ(V ), where γ(V ) is the total degree surplus. We can use Algo-
rithm 4.6 to the components of multigraphs calculated in Line 5 of Algorithm 4.4 and
in Line 2 of Algorithm 4.5, in order to decrease the total degree of each vertex v to
2 · r(v). According to Lemma 4.19, this operation can be done in time polynomial in
|V (Xi)|, k and log γ(V (Xi)); performing this on all components adds up to a time com-
plexity polynomial in n, k and log γ(V ), which implies a time complexity polynomial
in n and log r(V ), since γ(V ) = O(r(V )).

The other steps also take polynomial time, as shown in proofs of Theorems 4.17
and 4.18, hence the claim follows.

4.4 Simple 4-approximations

In this section we show simple 4-approximations for the MA-MVTSP with arbitrary
tours as well as for the MA-MVTSP with disjoint tours and the MD-MVTSP with disjoint
tours.

MA-MVTSP with arbitrary tours

We first present a simple 3-approximation idea for the MA-MVTSP with arbitrary tours.
However, during the publication of this thesis, we discovered a flaw in the analysis,
as well as a counterexample for the correctness of the algorithm. For transparency, we
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include the flawed algorithm, along with an explanation. Then we include a 4-approx-
imation for the MA-MVTSP with arbitrary tours, that uses a simpler technique, and
yields a slightly weaker approximation ratio.

Algorithm 4.7 An incorrect 3-approximation for the MA-MVTSP with arbitrary tours

Input: A complete undirected graph G(V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k.
Output: A multigraph, such that the edges can be partitioned into k MVTSP tours that visit
each v ∈ V a total of r(v) times.

1: Calculate the solution to the transportation problem defined on G with supply and demand
being equal to r(v)− 1, denote it by TP.

2: Calculate a minimum cost spanning forest of G consisting of k components, denote it by F ,
and its components F1, . . . , Fk.

3: Duplicate the edges of F , and apply shortcuts to obtain k Hamiltonian cycles on the vertex
sets V (F1), . . . , V (Fk); denote the resulting graph H and its components H1, . . . ,Hk.

4: Let Xi := Hi for all i = 1, . . . , k be the MVTSP tours of the agents.
5: Attach each component TPj of TP to any cycle Xi with V (TPj) ∩ V (Xi) ̸= ∅.

return X := X1 ∪ · · · ∪Xk

Algorithm 4.7 might output to a multigraph that cannot be decomposed into m

tours. Consider the case where all requirements are 1, the number of agents is m = 2,
and F is the union of two disjoint paths. In this case the odd-degree vertices in F are
the four endpoints of the paths, and a minimum cost matching might connect them into
a single cycle. Such a cycle cannot be decomposed into more tours than one, therefore it
is not a feasible solution to the MA-MVTSP with arbitrary tours.

Below we show a correct approach, yielding a 4-approximation.

Algorithm 4.8 A 4-approximation for the MA-MVTSP with arbitrary tours

Input: A complete undirected graph G(V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k.
Output: k non-empty MVTSP tours that visit each v ∈ V a total of r(v) times, or NO if no
solution exists.

1: If k > r(V ), then return NO.
2: If k > n, then for each v ∈ V add r(v) copies of the self-loop vv to X . Take a partition

X := X1 ∪ · · · ∪ Xk of X into k non-empty sets such that Xi contains copies of the same
self-loop for each i = 1, . . . , k, and return X := X1 ∪ · · · ∪Xk.

3: Determine a minimum cost spanning forest F of G consisting of k components, and let
F1, . . . , Fk denote its components.

4: For i = 1, . . . , k, if |V (Fi)| ⩾ 2 then let Hi denote the cycle on V (Fi) obtained by duplicating
the edges of Fi and applying shortcuts, otherwise let Hi consist of a single copy of the loop
on the vertex in V (Fi).

5: For each v ∈ V , pick an index i with v ∈ V (Hi), and add r(v) − 1 copies of the self-loop vv

to Hi. Denote the resulting multigraphs by Xi for i = 1, . . . , k.
return X := X1 ∪ · · · ∪Xk

Theorem 4.21. Algorithm 4.8 provides a 4-approximation for the MA-MVTSP with arbitrary
tours in time polynomial in n, k and log r(V ).
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Proof. We first prove that Algorithm 4.8 constructs a feasible solution to the MA-MVTSP
with arbitrary tours, and provide an upper bound to its cost. Finally, we analyze the
time complexity.

Feasibility. The cycles Hi contribute a degree of 2 while the loops contribute a degree
of 2 · (r(v) − 1) to the degree of each v ∈ V . Therefore the total degree of each vertex v

in X1 ∪ · · · ∪Xm is 2 · r(v).

Cost of solution. Let us denote by k⋆ the number of components (which does not neces-
sarily equal the number of MVTSP tours) in the optimal solution X , where 1 ⩽ k⋆ ⩽ k.
An optimal solution X contains a spanning forest F ⋆ having k⋆ components. Moreover,
cost(F ⋆) is at least cost(MSFk⋆), where MSFk⋆ denotes a minimum cost spanning for-
est having k⋆ components. It is easy to see that cost(F ) ⩽ cost(MSFk⋆), because F is a
minimum cost spanning forest with k ⩾ k⋆ components. Hence cost(F ) ⩽ cost(F ⋆) ⩽

cost(X⋆) follows.
Since the edge costs are metric, the shortcutting operations in Line 4 do not increase

the cost of the multigraph, therefore the total cost of the ‘non-loop Hi’s is at most 2 ·
cost(X). We claim that the total cost of the self-loops added in Lines 4 and 5 is also at
most 2 · cost(X), this was shown in Chapter 3:

(3.1)
∑︂
v∈V

r(v) · c(vv) ⩽
∑︂
v∈V

r(v) · 2 · cmin(v) ⩽ 2 · cost(TP⋆
c,r) ⩽ 2 · cost(X),

where the second inequality follows from the fact that ensuring a visit to a vertex v costs
at least cmin(v), and one needs r(v) many of such visits. This verifies the approximation
ratio.

Complexity analysis. Calculating a minimum cost spanning forest consisting of k

components can be done in time polynomial in n and log r(V ). Throughout the algo-
rithm, we use a compact representation of all multigraphs, this way the time and space
complexity of graph operations can be bounded by O(n2 log r(V )), hence the remaining
graph operations can also be done in polynomial time.

By Lemma 4.2, an analogous result holds for the MA-MVTSP with empty tours.

Corollary 4.22. There exists a 4-approximation algorithm for MA-MVTSP with empty tours,
with running time polynomial in n, k and log r(V ).

Disjoint tours variants

The main difficulty in the problem variants with disjoint tours is that the MVTSP tours
of the different agents must be vertex-disjoint. This restriction prevents us to use an
approach like in Algorithms 4.1 and 4.2, where we calculated k cycles from the k com-
ponents of a (constrained) spanning forest, and augmented this graph with a transporta-
tion problem solution. The transportation problem solution might contain edges with
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the two endpoints being in different cycles, and thus the resulting multigraph would
consist of less than k components. To prevent that from happening, we can use copies of
self-loops instead of the transportation problem solution, albeit this results in a slightly
weaker approximation ratio.

Algorithm 4.9 A 4-approximation for the MA-MVTSP with disjoint tours

Input: A complete undirected graph G(V,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k.
Output: k vertex-disjoint MVTSP tours that visit each v ∈ V a total of r(v) times.

1: Calculate a minimum cost spanning forest of G consisting of k components, denote it by F ,
and its components F1, . . . , Fk.

2: Duplicate the edges of F , and apply shortcuts to obtain k Hamiltonian cycles on the vertex
sets V (F1), . . . , V (Fk); denote the resulting graph H and its components H1, . . . ,Hk.

3: for i = 1, . . . , k do
4: Add r(v)−1 copies of the self-loop vv to Hi, for each v ∈ V (Hi), and denote the resulting

multigraph Xi.

return X := X1 ∪ · · · ∪Xk

Theorem 4.23. Algorithm 4.9 provides a 4-approximation for MA-MVTSP with arbitrary
tours in time polynomial in n, k and log r(V ).

Proof. The number of components of F is k by definition, duplicating all edges in Line 2
and adding the self-loops in Line 4 does not introduce any edges between these com-
ponents, hence H , and therefore X also consists of k components. The multigraphs
H1, . . . ,Hk are vertex-disjoint, and every vertex v ∈ V has a degree of 2 in the cycle Hi

traversing it. Moreover, the self-loops added in Line 4 contribute a degree of 2 ·(r(v)−1)
to each vertex v ∈ V , adding up to a total degree 2 · r(v) in X for every v ∈ V . This
means X is a feasible solution.

Let us fix an optimal solution X⋆. The cost of F is at most c(X⋆), therefore the cost
of H is at most 2 · c(X⋆). The total cost of the self-loops added in Line 4 is also 2 · c(X⋆),
according to Equation (3.1). The approximation ratio follows.

Finally, both calculating a k-component spanning forest, and the rest of the graph
operations of Algorithm 4.9 can be done in time polynomial in the input size.

By replacing Line 1 of Algorithm 4.9 by the algorithm of Cerdeira [24], we can obtain
a 4-approximation algorithm for the analogous problem with depots; please refer to
Algorithm 4.10.

Theorem 4.24. Algorithm 4.10 provides a 4-approximation for MD-MVTSP with arbitrary
tours in time polynomial in n, k and log r(V ).

Proof. The feasibility and complexity analysis follows from the same arguments as in
the proof of Algorithm 4.9, by adding that each depot d ∈ D has an even degree in H

and therefore in X as well.
Since an optimal solution X⋆ contains a spanning forest with the properties of those

of F , and F is a minimum cost such spanning forest, the bound c(F ) ⩽ c(X⋆) and
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Algorithm 4.10 A 4-approximation for the MD-MVTSP with disjoint tours

Input: A complete undirected graph G(V,D,E), costs c : E → R⩾0 satisfying the triangle
inequality, requests r : V → Z⩾1, number of agents k = |D|.
Output: k vertex-disjoint MVTSP tours each containing one depot from D and at least one
vertex from V , that visit each v ∈ V a total of r(v) times.

1: Calculate a minimum cost spanning forest of G consisting of k nontrivial components
with exactly one depot in each components. Denote this graph by F , and its components
F1, . . . , Fk.

2: Duplicate the edges of F , and apply shortcuts to obtain k Hamiltonian cycles on the vertex
sets V (F1), . . . , V (Fk); denote the resulting graph H and its components H1, . . . ,Hk.

3: for i = 1, . . . , k do
4: Add r(v)−1 copies of the self-loop vv to Hi, for each v ∈ V (Hi), and denote the resulting

multigraph Xi.

return X := X1 ∪ · · · ∪Xk

thus c(H) ⩽ 2 · c(X⋆) follows. Equation (3.1) also holds, proving that X is indeed a
4-approximation.

Summary

In this chapter we showed a family of possible generalisations of the Many-Visits TSP in-
troducing multiple agents. We showed that some of these problem variants are equiva-
lent, and provide polynomial-time approximation algorithms for all of them. We started
by 3-approximations for the arbitrary tours variant with depots and both empty tours
variants, that build on the common idea of first 1) building a constrained spanning
forest and then 2) calculating a transportation problem solution. We then provided
2-approximation algorithms for the empty tours variants, that calculate a constrained
multigraph using the algorithms in Chapter 2, followed by an edge-doubling and an
efficient shortcutting procedure. Finally we gave 4-approximations for arbitrary tours
variant without depots and the disjoint tours variants, where we modify the approach of
the 3-approximations by adding self-loops instead of a transportation problem solution;
these algorithms are both simple and easy to analyse.
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In this thesis, we introduced the Many-Visits Travelling Salesman Problem, which is a
generalisation of the TSP. We first presented exact algorithms for the MVTSP, the fastest
of these algorithms use O∗(5n) time and space, whereas the fastest polynomial-space
algorithm has its runtime bounded from above by O(16n+o(n)). These algorithms can be
adapted to solve the Many-Visits Path TSP as well, with essentially the same time and
space complexities.

The Many-Visits Path TSP, with both asymmetric and symmetric edge costs admit
constant factor approximations, provided the edge costs satisfy the triangle inequality.
In case of asymmetric edge costs, our algorithms use the approximation algorithms for
the single visit counterparts of the problems, as black box subroutines. For the sym-
metric Many-Visits TSP and Many-Visits Path TSP, we designed a 3/2-approximation
algorithm, that can be implemented to run in strongly polynomial time.

Lastly, we introduced and characterised different variants of the k-agent MVTSP,
including variants where the k salesmen start in pre-assigned depots. When the objec-
tive is minimising the total cost of the tours, we presented constant factor approxima-
tions for all problem variants, provided symmetric and metric edge costs. We showed
4-approximations for the problem variants where the tours of the agents have to be
disjoint. For the variants where we only require edge-disjointness, we presented a 4-ap-
proximation for the variant without depots and a 3-approximation for the variant with
depots. We also showed simple 3-approximations for problem variants allowing for
empty tours, and finally we presented 2-approximations for these problems.

Faster exact approaches for special edge weights

Recall that the best polynomial-space algorithm from Chapter 1 takes O∗(16n+o(n) +

log r) operations, which gradually decreases to O∗(4n+o(n)) when the r values converge
to 1. However, we do not know such improvements in efficiency for other special cases,
regarding the edge costs c.

Open problem 1.
Can we obtain more efficient exact algorithms for the Many-Visits TSP with symmetric

and/or metric edge costs?

In the open problems from now on, we assume that the distances in the arising
graphs satisfy the triangle inequality.
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Reducing the Many-Visits Path TSP to the MVTSP

A polynomial-time reduction from the TSP to the Path TSP is well-known. In a nutshell,
one assumes an edge uv is in the optimal solution, then solves the arising Path TSP
with starting vertex v and endvertex u. Performing these steps for every edge uv, then
choosing the cheapest of the solutions will yield an optimal solution to the TSP. This
reduction is approximation-preserving, i.e. an α-approximation for the Path TSP yields an
α-approximation for the TSP. In a recent result Traub, Vygen and Zenklusen showed an
approximation-preserving reduction from the Path TSP to the TSP [108], in particular
they showed that an α-approximation for the TSP yields an (α + ε)-approximation for
the Path TSP.

Approximation-preserving polynomial-time reductions from the Many-Visits TSP
to the Many-Visits Path TSP are shown in Corollary 3.6 and Theorem 3.3. However, the
other direction remains an open question.

Open problem 2.
Is the Many-Visits Path TSP substantially harder to approximate than the Many-Visits

TSP?

Improved approximation algorithms for the Multiple-Agent and
Multiple-Depot MVTSP

Although we showed a 3/2-approximation for the Many-Visits Path TSP, the best approx-
imation ratio for any Multiple-Agent or Multiple-Depot MVTSP variant is 2. A natural
question arises: can we obtain a polynomial-time α-approximation for α < 2? In case of
the single-visit counterparts of these problems, the same gap among the current best ap-
proximation ratios is present: for TSP, there exist efficient 3/2-approximations [27, 103],
whereas the best approximation ratio for the Multiple-Depot TSP is 2 − 1/k by Xu et
al. [117], that converges to 2 if k increases.

Let X be an optimal solution to a single-visit TSP instance. The Christofides heuristic
for the TSP calculates a minimum cost spanning tree T and a minimum cost perfect
matching M on the odd-degree vertices of T . The cost of T can be bounded by c(X),
and since X decomposes into two perfect matchings the cost of M is at most c(X)/2. For
the k-agent case, one may consider replacing T by a minimum cost spanning forest F .
However, there is currently no known way of bounding the cost of M , a minimum cost
matching on the odd-degree vertices of F . The difficulty lies in the fact that each tour of
X might have an odd number of odd-degree vertices in F , as there is no guarantee that
the components of F will coincide with those of X .

Open problem 3.
Are there polynomial-time constant-factor approximation algorithms for Multiple-Agent and

Multiple-Depot MVTSP variants, with a constant strictly less than 2?
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The Multiple-Depot TSP considered in Xu et al. [117] is a special case of the MD-
MVTSP with empty tours, which means any improvement on the approximation factor
for the latter would carry over for the former.

Xu and Rodrigues [114] provided a 3/2-approximation for the Multiple-Depot TSP,
that runs in nΩ(k) time, hence it is polynomial for fixed k. Their approach is based on an
exchange property of matroids, and they solve the problem of bounding the cost of the
matching using an edge exchange algorithm, by swapping the edges of a minimum cost
forest F . A natural question is whether a similar technique yields a 3/2-approximation
that is polynomial for a fixed number of agents.

Open problem 4.
Can we generalise the edge exchange algorithm [114] to obtain a 3/2-approximation for the

Multiple-Depot MVTSP with empty tours, that runs in O(nk log r) time?

Path versions of Multiple-Agent MVTSP

In the path variant of the Travelling Salesman Problems with multiple agent, referred to
as Multiple Depot Multiple Terminal Hamiltonian Path Problem (MDMTHPP), a set of
depots D and a set of terminals T are given, and the aim is to find paths of minimal total
cost, that start in separate depots from D, end separate terminals from T , and together
visit all cities exactly once. For the MDMTHPP there have been 2-approximations [8, 95]
and a (2− 1

2k+1)-approximation [118] when allowing for empty tours.
An interesting direction of future research could be characterising the path ver-

sions of the different Multiple-Agent and Multiple-Depot MVTSP variants. The 4-ap-
proximations provided in Algorithms 4.9 and 4.10 seems to be simple enough to be
adapted to 4-approximations for the Multiple-Agent and Multiple-Depot Many-Visits
Path TSP. These modifications would be using Hamiltonian paths instead of cycles in
Algorithm 4.9 and finding a constrained spanning forest with exactly one depot and one
terminal in each tree using a matroid intersection algorithm [8, 95] in Algorithm 4.10.

However, for the other problem variants, adapting the existing algorithms is not
this straightforward. The arguments in Claims 4.3 and 4.4 do not carry over for the
path case, so the path versions of problems P3–P4 and P7–P8 might require approaches
completely different to the ones presented in Chapter 4, in order to approximate.

Open problem 5.
Can the approaches in Algorithms 4.1–4.5, 4.7, 4.9 and 4.10 be applied for the Multiple-

Agent and Multiple-Depot Many-Visits Path TSP variants?

Moreover, there has been no mention of the tour variants reducing to the path vari-
ants of these problems. The naive attempt for such a reduction would be defining the
terminal set T ′ and a depot set D′ of a MDMTHPP instance to be the depot set D of
a MDMTSP instance, that is, D′ := D and T ′ := D. However, the solution to this
MDMTHPP instance might not provide a feasible solution for the underlying MDMTSP
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instance, as nothing prevents the paths from starting and ending in vertices that corre-
spond to different depots in D. It is not clear whether a reduction similar to the (Many-
Visits) TSP to the (Many-Visits) Path TSP exists.

Open problem 6.
Is there a reduction from some of the tour versions to the corresponding path versions of

the Multiple-Agent and Multiple-Depot MVTSP variants? Is there a reduction in the opposite
direction?

Minimising the longest tour in Multiple-Agent MVTSP

In Chapter 4 we considered Multiple-Agent MVTSP variants with the objective of min-
imising the total cost of the tours. It would be equally natural to consider minimis-
ing the longest (most expensive) tour in the solution as well. The single-visit coun-
terparts of such problems have been referred to min-max cycle cover and min-max
routing problems. The first constant-factor approximation result of the sort is due to
Frederickson et al. [42], and many other followed considering problems without de-
pots [7, 71, 113, 119], as well as with depots with different restrictions on the tours
sought [35, 65, 113, 116, 119]. The approximation guarantees of these approaches range
from 5/2 to 8 + ε.

The many-visits counterparts of these problems also have connections to scheduling
theory, in particular, they can be regarded as high-multiplicity scheduling problems
with sequence-depending setup times, with the objective of minimising the makespan
of the schedule, commonly denoted by Cmax.

Open problem 7.
Are there constant-factor approximation algorithms for Multiple-Agent and Multiple-Depot

MVTSP variants, considering the min-max objective?
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