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ABSTRACT
Accurate inverse models are essential for the control of underactuated multibody
systems. The servo-constraints approach is applied here, which formulates the
inverse model problem as a set of differential-algebraic equations (DAEs). These
DAEs have different properties depending on the system type. In this work,
the servo-constraints approach is analyzed for all three possible system types.
For differentially flat systems, experimental results demonstrate the real-time
capabilities of the approach. For minimum phase systems, various integration
methods are compared with respect to efficiency and accuracy. For non-minimum
phase systems, a simplification of stable inversion is proposed and an output
redefinition strategy is introduced for flexible bodies.
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INTRODUCTION
Industrial manufacturers have an increasing demand for higher manufacturing
accuracies, higher process velocities, more efficiency and extensive automation.
The following system designs contribute to these goals. Light and slender ma-
chines enable higher process velocities and less energy consumption compared
to conventional machines [DwivedyEberhard06]. Introducing compliance to in-
dustrial robots enables human-robot interaction and safe incorporation of ma-
chines into human work space [BicchiPeshkinColgate08]. Cable manipulators
combine the dexterity of industrial robots with the ability to carry high pay-
loads [HeydenWoernle06]. The aforementioned design trends usually result in
underactuated systems with more degrees of freedom than independent control
inputs. With advancing machine design, the software and control component
must be developed simultaneously to adapt to new system properties. There-
fore, efficient control strategies for underactuated systems are subject to current
research [LiuYu13, Seifried14].

1.1 Background and Motivation

Accurate mathematical models are essential for analysis, simulation and con-
troller design of mechanical systems. Multibody system dynamics is a suitable
method for modeling rigid mechanical systems [Schiehlen14] and is frequently
used for robotic applications [Spong06] and machine dynamics [Hollburg07].
However, the rigidity assumption might not be fulfilled for light and slender
structures undergoing elastic deformations. In that case, flexibility must be
taken into account in the mathematical model, for example by applying meth-
ods from flexible multibody system dynamics [Bauchau11].
Flexible systems usually belong to the class of underactuated multibody sys-
tems, since the elastic deformation often cannot be actuated directly. Therefore,
the systems possess more degrees of freedom than independent control inputs.
Generally, underactuation can arise due to several reasons, such as flexibility,
intentional design or actuator failure [Seifried14]. Control of underactuated sys-
tems is challenging and ongoing research [LiuYu13, Seifried14].
Two design degree of freedom control is an efficient control strategy for trajec-
tory tracking [Skogestad04]. It consists of a feedforward controller responsible
for trajectory tracking and a feedback controller responsible for disturbance re-
jection. Ideally, the feedforward controller is designed as an inverse model of the
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1.2. Aim of the Work

system to cancel out all known dynamics. If the model described the real system
perfectly, the feedforward control would result in perfect tracking of the desired
trajectory. However, there are always parameter uncertainties, unmodeled dy-
namics or other disturbances [ThrunBurgardFox06]. A feedback controller is
therefore added to stabilize the system around the desired trajectory.
This work focuses on the development of accurate inverse models for underactu-
ated multibody systems. The use of accurate inverse models in the feedforward
path results in small tracking errors, which has several advantages. For exam-
ple, it reduces complexity of the feedback controller design and linear control
strategies can be applied. Moreover, noise effects in the feedback loop can be
reduced.
Theoretically, inverse models can be computed analytically with methods from
nonlinear control theory [Isidori96, Sastry99]. However, this approach is quite
burdensome for complex multibody systems. Alternatively, the method of servo-
constraints is applied in this work, since it is applicable to general complex
systems. Servo-constraints are defined to constrain the system output to be
equal to the desired trajectory. They append the equations of motions to form a
set of differential-algebraic equations (DAEs), which can be solved numerically
for the inverse model [BlajerKołodziejczyk04].
Regarding the inverse model properties, dynamic systems are divided into three
classes. Differentially flat systems do not have internal dynamics and the inverse
model is purely algebraic [FliessEtAl95]. Differentially flat systems include e.g.
cable robots, undamped mass-spring chains and simple vehicle models [Mur-
rayRathinamSluis95]. Minimum phase systems have a dynamic inverse model
with stable dynamics [Sastry99]. This property is typical for damped mass-spring
chains or flexible joint manipulators [deLucaBook08]. Non-minimum phase sys-
tems have a dynamic inverse model with unstable internal dynamics [Sastry99].
This is typical for flexible link manipulators [deLucaBook08]. The system class
must be carefully analyzed to choose a suitable solving method for the servo-
constraints approach. For differentially flat systems and minimum phase sys-
tems, the inverse model DAEs can be integrated forward in time. This is ideally
done in real-time on the real system, since the feedforward controller is then
able to react to changes in the trajectory or the model itself. For non-minimum
phase systems, the set of DAEs cannot be solved forward in time, but a bound-
ary value problem [ChenPaden96] or an optimization problem [BastosSeifried-
Brüls13] must be solved.

1.2 Aim of the Work

The aim of this work is to extend the current use of servo-constraints to real-
time applications and to more complex mechanical systems. In other words, it
is desired to make the servo-constraints approach more suitable for real world
problems and to decrease the gap towards industrial application. These goals

2



Chapter 1. Introduction

are reached by looking at the framework of servo-constraints in a comprehensive
manner for all three system types.
For differentially flat systems, real-time capabilities of the approach are ana-
lyzed in detail. To this end, comparative studies are given to point out suitable
solvers [OttoSeifried18a]. Real-time application of first order as well as higher or-
der integrators is demonstrated in experiments for a large scale cable robot [Otto-
Seifried18c]. These results contribute to the application of servo-constraints to
standard industrial machines in the future.
The analysis of suitable solvers also enables an efficient inversion of minimum
phase systems. Therefore, it is possible to consider systems with more degrees of
freedom than examined so far. It is shown in simulations for a three-dimensional
manipulator that real-time inversion is possible. Thus, the method of servo-
constraints is advanced towards real-time integration of complex minimum phase
systems.
For non-minimum phase systems, a simplification of the boundary conditions
for stable inversion is proposed [DrückerSeifried20]. This simplification makes it
possible to consider multibody systems with more flexible elements than studied
so far in the context of stable inversion. This extension is demonstrated by
inverting a highly flexible manipulator modeled by the absolute nodal coordinate
formulation (ANCF). Additionally, a systematic approach for output redefinition
is proposed for flexible manipulators, which renders the internal dynamics stable
and simplifies the solution process. This makes it possible to treat the flexible
manipulator as a minimum phase system and further contributes to the goal of
inverting complex multibody systems in real-time.

1.3 Structure of the Work

In Chap. 2, rigid multibody system dynamics as well as the ANCF are presented
to model rigid and highly flexible bodies respectively. The mathematical models
serve as a basis for controller design in the subsequent chapters. There always
exists a trade-off between model accuracy and complexity. It is proposed in
this work to use rather complex models for system inversion to obtain accurate
feedforward controllers. Complex models can be considered conveniently in the
framework of servo-constraints. On the other hand, a more simple model can
be used for feedback control design to reduce controller complexity. The chap-
ter is completed with the introduction of application examples, which are used
throughout the work to point out relevant properties and aspects of the inversion
process.
Several methods for model inversion are presented in Chap. 3. Classical system
inversion based on nonlinear control theory, flatness based inversion and inver-
sion based on servo-constraints are considered. Inverse models based on servo-
constraints are the focus of this work, since they yield a general approach which
is applicable to complex underactuated multibody systems. Analysis methods
are presented to classify models with respect to the three system classes of dif-
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ferentially flat systems, minimum phase and non-minimum phase systems. For
each class, special care must be taken in the selection of suitable DAE solvers.
Typical solvers are presented, which are usually applied in the context of servo-
constraints. The chapter concludes with a classification of the application ex-
amples. The following three chapters are devoted to each of the three system
classes.
Chapter 4 concerns differentially flat systems. An undamped torsional oscillator
and two cable robot models are analyzed in detail. Numerical studies com-
pare different formulations of the inverse model DAEs. Experimental results
for the cable robot demonstrate the real-time capabilities of servo-constraints.
Moreover, typical combinations of feedforward control with feedback control are
validated in experiments. Thereby, a linear quadratic regulator and sliding mode
control are used in the feedback path.
Chapter 5 covers minimum phase systems. Since these systems possess internal
dynamics, suitable integration methods must be selected with care. An ap-
plication example with a combination of first order and second order internal
dynamics is analyzed and can serve as a benchmark problem for solver selection.
Moreover, the method of servo-constraints is applied to a four-link manipulator
with passive joint to demonstrate application to a complex three-dimensional
system. Comparative studies of the integration methods are presented.
Chapter 6 discusses non-minimum phase systems. Due to unstable internal dy-
namics, the inverse models cannot be integrated forward in time. Alternatively,
stable inversion is introduced, which defines a boundary value problem to ob-
tain a bounded solution for the inverse model. So far, complex definitions of
the boundary conditions restrict the approach to simple academic examples.
Simplified boundary conditions are proposed and convergence is validated for
a manipulator with one passive joint. Due to these simplifications, more com-
plex systems can be considered for model inversion. This is demonstrated for
a highly flexible manipulator modeled by the ANCF. Nevertheless, stable in-
version remains a burdensome approach due to the underlying boundary value
problem. Hence, a systematic approach is proposed for highly flexible manipu-
lators to redefine the system output, such that the internal dynamics becomes
stable. Then, the inverse model can be integrated forward in time, while the
original output is tracked approximately.
The presented work is summarized in Chap. 7 and future research directions are
pointed out.
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MODELING OF MULTIBODY SYSTEMS

Accurate mathematical models are essential for analysis, simulation, optimiza-
tion and controller-design of the underlying mechanical system. Multibody sys-
tem dynamics is a method for modeling mechanical systems undergoing large
translational and rotational motion [Schiehlen14, Seifried14]. It is applied in
various fields, such as robotics [Spong06], vehicle dynamics [Popp10], biome-
chanics [Ambrosio13], machine dynamics [Hollburg07] and others.

Multibody systems consist of rigid and flexible bodies, which are connected
by constraint elements and coupling elements [Schiehlen14]. Constraint ele-
ments include joints and other position-dependent connectors, while coupling
elements include springs, dampers and other force elements. Models are based
on certain approximations and assumptions. In rigid multibody dynamics, it
is assumed that the bodies do not deform. Efficient simulation is usually pos-
sible for rigid multibody systems because they have comparably few degrees
of freedom. However, the rigidity assumption might not be valid for light-
weight machines or fast-moving robots. In these systems, the structural flex-
ibility might influence the global motion and flexible multibody dynamics is ap-
plied [Bauchau11, Géradin01]. There exist different methods for modeling struc-
tural flexibility, e.g. the floating frame of reference approach [Schwertassek99],
geometrically exact finite element formulations [Simo85] or the ANCF [Sha-
bana11].

Underactuated multibody systems are a subclass of multibody systems. They are
defined as systems with less system inputs than degrees of freedom [Seifried14].
Underactuation can arise accidentally due to actuator failure, but it can also be
introduced intentionally to enable certain motion principles. This is the case for
cable-driven manipulators and crane systems [CamarilloEtAl08, OttoSeifried18c,
Woernle13]. Moreover, flexible multibody systems are inherently underactuated,
because the elasticity usually cannot be controlled directly. This is for example
the case for flexible joint manipulators [Spong87, deLucaBook08] and flexible link
manipulators [BurkhardtSeifriedEberhard15, deLucaBook08]. Further examples
of underactuated multibody systems are e.g. given in [LiuYu13]. Regarding
controller design, the properties of underactuated systems are quite different
compared to fully actuated systems. For example, it is not possible to control
all degrees of freedom independently. This makes control problems and model
inversion a challenging problem [LiuYu13, Seifried14, Spong98].
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2.1. Rigid Multibody System Dynamics

In this chapter, rigid multibody system dynamics is briefly introduced first. This
includes the equations of motion using generalized coordinates as well as redun-
dant coordinates. Then, the ANCF is presented for modeling flexible bodies.
Moreover, high-level actuator models for describing system inputs are intro-
duced. Finally, application examples are presented, which are analyzed in the
subsequent chapters.

2.1 Rigid Multibody System Dynamics

In rigid multibody system dynamics, the bodies are assumed to be rigid, such
that they do not undergo any elastic deformations. This assumption is valid if
internal forces due to structural deformations are small with respect to external
forces acting on the body.
In the following, the equations of motion are presented for holonomic rigid multi-
body systems modeled using generalized coordinates as well as redundant coor-
dinates. Afterwards, linearizations of the equations of motion are introduced.
The framework is presented according to [Schiehlen14].

2.1.1 Multibody Dynamics in ODE Form
A multibody system with nf degrees of freedom is considered. In case there are
no kinematic loops, a generalized coordinate vector y ∈ Rnf and a generalized
velocity vector v ∈ Rnf can be defined to describe the motion of the system.
The nu system inputs are collected in the vector u ∈ Rnu .
In order to obtain the equations of motion, Newton’s and Euler’s law are first
derived for each body. Then, d’Alemberts principle is inserted to eliminate
the reaction forces. This approach is formalized in the Newton-Euler formal-
ism [Schiehlen14]. The equations of motion arise as ordinary differential equa-
tions (ODEs) in the form

ẏ = Z(y)v (2.1)
M(y, t)v̇ + k(y, v, t) = q(y, v, t) +B(y)u (2.2)

with Z : Rnf → Rnf×nf describing the kinematic relationship between the gen-
eralized positions y and velocities v, a positive definite and symmetric mass ma-
trix M : Rnf × R → Rnf×nf , the Coriolis, centrifugal and gyroscopic forces k :
Rnf × Rnf × R → Rnf , the applied forces q : Rnf × Rnf × R → Rnf and the
input distribution matrix B : Rnf → Rnf×nu . Note that most of the time, the
generalized velocities are selected as v = ẏ and the kinematics matrix reduces
to Z = Inf with identity Inf of dimension nf .
For controller design, the system output z ∈ Rnu is assumed to be of the same
dimension as the system input and is defined as

z = h(y) (2.3)

with h : Rnf → Rnu .

6



Chapter 2. Modeling of Multibody Systems

2.1.2 Multibody Dynamics in DAE Form
It might be convenient to omit the use of generalized coordinates and to use
redundant coordinates instead. This choice of coordinates can simplify the mod-
eling process. For example, in case the multibody system has a kinematic loop,
it is not straightforward to select generalized coordinates to describe the motion
of the system.
Then, redundant coordinates y ∈ Rny , v ∈ Rny with ny = nf + nc can be used
to describe the constrained dynamics of a multibody system with nf degrees of
freedom and nc constraints. The equations of motion arise as DAEs of the form

ẏ = Z(y)v (2.4)
M(y, t)v̇ + k(y, v, t) = q(y, v, t) +C(y, t)Tλ+B(y)u (2.5)

c(y, t) = 0 (2.6)

with Z : Rny → Rny×ny describing the kinematic relationship between the
positions y and velocities v, a positive definite and symmetric mass matrix M :
Rny×R→ Rny×ny , the Coriolis, centrifugal and gyroscopic forces k : Rny×Rny×
R→ Rny , the applied forces q : Rny×Rny×R→ Rny and the input distribution
matrix B : Rny → Rny×nu . The Lagrange multipliers λ ∈ Rnc enforce the
constraints c : Rny × R → Rnc with the constraint gradient C : Rny × R →
Rnc×ny . A regular constraint gradient C is assumed, i.e. all constraints act in
independent directions. For notational simplicity, the same notation is used for
generalized coordinates as well as redundant coordinates. The specific choice of
coordinates is referenced in the subsequent chapters and examples.
For later reference, the derivatives of the algebraic constraints c(y, t) are

ċ(y, v, t) = ∂c(y, t)
∂y

Z(y)
︸ ︷︷ ︸
C(y, t)

v + ∂c(y, t)
∂t

= 0 , (2.7)

c̈(y, v, v̇, t) = C(y, t)v̇ + Ċ(y, v, t)v + d
dt

(
∂c(y, t)
∂t

)
= 0 . (2.8)

For controller design, the system output z ∈ Rnu is assumed to be of the same
dimension as the system input and is defined as

z = h(y) (2.9)

with h : Rny → Rnu .
Differential-algebraic equations, such as equations (2.4)–(2.6), are often classified
by the differentiation index. The differentiation index is defined as the number of
derivatives to be taken of the constraints c(y, t) until the equations can be trans-
formed to ordinary differential equations [CampbellGear95, Hairer02]. There
exist several other index concepts, which are compared and discussed in [Camp-
bellGear95]. In the scope of this work, the index refers to the differentiation

7



2.1. Rigid Multibody System Dynamics

index. It is possible to show that the equations of motion (2.4)–(2.6) have dif-
ferentiation index 3 due to invertibility of the matrix C(y, t)M(y, t)−1C(y, t)T.

2.1.3 Linearization of the Equations of Motion
For linear controller design and local analysis of the equations of motion, they
are linearized around a stationary linearization point [Schiehlen14, Seifried14].
The linearization is based on Taylor series and performed for both the equations
of motion in ODE form as well as DAE form. Here, only autonomous systems
are considered, such that the linearization around a stationary point yields linear
time-invariant equations of motion.
First, the equations of motion (2.1)–(2.2) in ODE form are considered. The
linearization is considered around the constant equilibrium point yeq, veq,ueq
defined by
[
ẏeq
v̇eq

]
=
[

Z(yeq)veq
M(yeq)−1 (q(yeq, veq)− k(yeq, veq) +B(yeq)ueq

)
]

= 0 . (2.10)

The linearized equations of motion for small values ỹ = y−yeq, ṽ = v−veq, ũ =
u− ueq read

˙̃y = Zy
lin ỹ +Zlin ṽ (2.11)

M lin
˙̃v +Dlinṽ +Klinỹ = Blinũ (2.12)

with the constant matrices

Zy
lin = ∂Zv

∂y

∣∣∣∣
yeq,veq

, (2.13)

Zlin = Z(yeq) , (2.14)
M lin = M(yeq) , (2.15)

Dlin =
(
∂k

∂v
− ∂q

∂v

)∣∣∣
yeq,veq

, (2.16)

Klin =
(
∂k

∂y
− ∂q

∂y
− ∂Bueq

∂y

)∣∣∣∣
yeq,veq

, (2.17)

Blin = B(yeq) (2.18)

of dimension Zy
lin ,Zlin ,M lin ,Dlin ,Klin ∈ Rnf×nf and Blin ∈ Rnf×nu . The

linearized equations of motion are summarized in
[ ˙̃y

˙̃v

]
=

[
Zy

lin Zlin

−M−1
linKlin −M−1

linDlin

]

︸ ︷︷ ︸
Alin

[
ỹ

ṽ

]
+

[
0

M−1
linBlin

]

︸ ︷︷ ︸
Blin

ũ (2.19)
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Chapter 2. Modeling of Multibody Systems

with Alin ∈ R2nf×2nf and Blin ∈ R2nf×nu . The linearized output for small
variations z̃ = z − zeq around the output zeq at equilibrium is

z̃ =

[
∂h

∂y

∣∣∣∣
yeq

0
]

︸ ︷︷ ︸
H lin

[
ỹ

ṽ

]
(2.20)

with H lin ∈ Rnu×2nf .
Secondly, the equations of motion (2.4)–(2.6) in DAE form are considered. The
equilibrium point yeq, veq,ueq,λeq is defined equivalently to equation (2.10).
Following [BrülsBastosSeifried13, GonzálezEtAl17], the linearization for small
values ỹ = y − yeq, ṽ = v − veq, ũ = u− ueq, λ̃ = λ− λeq yields

˙̃y = Zy
lin ỹ +Zlin ṽ (2.21)

M lin
˙̃v +Dlinṽ +Klinỹ = CT

linλ̃+Blinũ (2.22)
Cy

linỹ = 0 (2.23)

with the constant matrices

Zy
lin = ∂Zv

∂y

∣∣∣∣
yeq,veq

, (2.24)

Zlin = Z(yeq) , (2.25)
M lin = M(yeq) , (2.26)

Dlin =
(
∂k

∂v
− ∂q

∂v

)∣∣∣
yeq,veq

, (2.27)

Klin =
(
∂k

∂y
− ∂q

∂y
− ∂Bueq

∂y
− ∂CTλeq

∂y

)∣∣∣∣
yeq,veq

, (2.28)

Clin = C(yeq) , (2.29)

Cy
lin = ∂c

∂y

∣∣∣∣
yeq,

, (2.30)

Blin = B(yeq) (2.31)

of dimension Zy
lin ,Zlin ,M lin ,Dlin ,Klin ∈ Rny×ny , Blin ∈ Rny×nu and

Cy
lin,Clin ∈ Rnc×ny . The linearized equations of motion are summarized as


Iny 0 0
0 M lin 0
0 0 0




︸ ︷︷ ︸
Elin




˙̃y
˙̃v
˙̃
λ


 =



Zy

lin Zlin 0
−Klin −Dlin CT

lin

Cy
lin 0 0




︸ ︷︷ ︸
Alin



ỹ

ṽ

λ̃


+




0
Blin

0




︸ ︷︷ ︸
Blin

ũ (2.32)
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2.2. Flexible Multibody System Dynamics

with Elin,Alin ∈ R(2ny+nc)×(2ny+nc) and Blin ∈ R(2ny+nc)×nu . The linearized
output for small variations z̃ = z − zeq around the output zeq at equilibrium is

z̃ =

[
∂h

∂y

∣∣∣∣
yeq

0 0
]

︸ ︷︷ ︸
H lin



ỹ

ṽ

λ̃


 (2.33)

with H lin ∈ Rnu×(2ny+nc).

2.2 Flexible Multibody System Dynamics

The assumption of rigid bodies might not be valid for light and fast-moving
bodies which undergo elastic deformations. Then, structural flexibility must be
modeled. Here, the focus lies on beam formulations, which are suitable to model
flexible manipulators. Several approaches exist in flexible multibody system
dynamics to model structural flexibility, such as the floating frame of reference
formulation, geometrically exact formulations or the ANCF. A brief overview of
these approaches is given in the following. Afterwards, a beam model based on
the ANCF is introduced.

2.2.1 Overview of Different Approaches
The floating frame of reference approach couples large rigid body motion with
small linear elastic deformations with respect to the reference motion [Schwer-
tassek99]. A strong advantage lies in the possibility of linear modal reduction by
taking into account only the relevant modes for a certain problem. However, for
large deformations, modal reduction is in general not applicable and the method
becomes inefficient [GerstmayrSugiyamaMikkola13, WasfyNoor03].
The geometrically exact formulation describes the kinematic relations by intro-
ducing a moving frame which considers finite translations and rotations [Simo85,
Bauchau11]. The method is well-established and yields accurate results for large
deformations [BauchauEtAl15]. However, the numerical discretization of the
continuous equations is not straightforward [Romero08]. This is due to the in-
terpolation of rotation parameters. Advanced interpolation and integration tech-
niques must be implemented to deal with large rotations [Bauchau11, Romero04].
Thus, a direct integration into existing flexible multibody dynamics code is dif-
ficult [Romero08].
The ANCF is proposed in [Shabana98] to represent large rigid body rotations
as well as large deformations. While rigid body motion can be represented
exactly, the method does not rely on rotation parameters. Thus, integration
into existing multibody dynamics code is simple [Romero08]. However, lock-
ing problems are reported for ANCF elements and there exist advanced strate-
gies and element types to circumvent locking [DufvaSopanenMikkola06, García-

10



Chapter 2. Modeling of Multibody Systems

VallejoMikkolaEscalona07, GerstmayrShabana06]. Application examples of the
ANCF are cables, flexible pendulums [EscalonaHussienShabana98], rubber chains
[MaquedaMohamedShabana10], tyres [SugiyamaSuda09] and flexible manipula-
tors [NachbagauerZehetnerGerstmayr12, TianEtAl07, VoharKeglRen08].
Several works compare the three approaches. The floating frame of reference
approach is compared to the ANCF in [DiboldGerstmayrIrschik09]. The ANCF
is compared to the geometrically exact formulation and to experimental data
in [BauchauEtAl15]. Different aspects of both methods, such as accuracy, nu-
merical implementation and efficiency are compared in [Romero08]. The authors
conclude that the geometrically exact formulation is more efficient and more ac-
curate than the ANCF. However, implementation and integration into existing
code is easier for the ANCF.
Here, highly flexible manipulators undergoing large deformations are considered
for model inversion. Due to more simple implementation and integration into
existing code, the ANCF is applied to model highly flexible manipulators. In
subsequent chapters, it will be shown that an analytical Jacobian of the equations
of motion is indispensable for the applied methods. Therefore, the ANCF beam
formulation introduced in [OmarShabana01, García-VallejoEtAl04] is applied in
the context of this work. Note that the methods considered in this work are
generally also applicable to other beam formulations and the chosen ANCF beam
formulation only serves as an application example.

2.2.2 Absolute Nodal Coordinate Formulation

The two-dimensional beam element is introduced following [OmarShabana01,
García-VallejoEtAl04]. The beam element allows for shear deformation and the
cross-section does not necessarily stay perpendicular to the neutral axis. One
beam element of length L is shown in the deformed and undeformed configuration
in Fig. 2.1. A coordinate system is introduced with x ∈ [0;L] describing the axis
in beam direction in the undeformed configuration and y describing the direction
perpendicular to x. For notational simplicity, scaled coordinates are introduced
with ξ(x) = x

L
and η(y) = y

L
.

deformed
configuration

∂r

∂x

∂r

∂y

cross-section
coordinate frameneutral axis

coordinate frame

undeformed
configuration

y

x

Figure 2.1: Deformed and undeformed configuration of an ANCF element.
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2.2. Flexible Multibody System Dynamics

In the following, the equations of motion are stated for one beam element with
two nodes. They can then be assembled for N elements. The position r of an
arbitrary point on the beam element is written as

r(e) =
[
r1(e)
r2(e)

]
= Φ(x, y) e . (2.34)

Thereby, the function Φ : R × R → R2×12 contains the global shape functions
and e ∈ R12 is the generalized coordinate vector of one element with

y = e =
[
e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12

]T
. (2.35)

The generalized coordinates e are chosen to describe the absolute positions of
the nodes and the global slopes of the position vector r(e). The generalized
coordinates ei with i = 1, 2, . . . , 6 at the left node are expressed as

e1 = r1

∣∣∣∣
x=0

, e2 = r2

∣∣∣∣
x=0

, (2.36)

e3 = ∂r1

∂x

∣∣∣∣
x=0

, e4 = ∂r2

∂x

∣∣∣∣
x=0

, e5 = ∂r1

∂y

∣∣∣∣
x=0

, e6 = ∂r2

∂y

∣∣∣∣
x=0

(2.37)

and the coordinates ei with i = 7, 8, . . . , 12 at the right node are

e7 = r1

∣∣∣∣
x=L

, e8 = r2

∣∣∣∣
x=L

, (2.38)

e9 = ∂r1

∂x

∣∣∣∣
x=L

, e10 = ∂r2

∂x

∣∣∣∣
x=L

, e11 = ∂r1

∂y

∣∣∣∣
x=L

, e12 = ∂r2

∂y

∣∣∣∣
x=L

. (2.39)

The global shape function matrix Φ(x, y) is defined as

Φ(x, y) =
[
φ1(x, y)I φ2(x, y)I φ3(x, y)I φ4(x, y)I φ5(x, y)I φ6(x, y)I

]

(2.40)

with identity I ∈ R2×2 and the shape functions

φ1(x, y) = 1− 3ξ(x)2 + 2ξ(x)3 , φ2(x, y) = L
(
ξ(x)− 2ξ(x)2 + ξ(x)3) , (2.41)

φ3(x, y) = L (η(y)− ξ(x) η(y)) , φ4(x, y) = 3ξ(x)2 − 2ξ(x)3 , (2.42)
φ5(x, y) = L

(
−ξ(x)2 + ξ(x)3) , φ6(x, y) = Lξ(x) η(y) . (2.43)

The influence of the coordinates ei with i = 1, 2, . . . , 6 on the deformation field
is visualized in Fig. 2.2. Note that for visualization purposes, the scaling is
different for the different deformations. The coordinates ei with i = 7, 8, . . . , 12
have an equivalent influence on the deformation field at the right hand node.
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e1 e2 e3

e4 e5 e6

Figure 2.2: Influence of the coordinates ei on the deformation field of a beam
element for i = 1, . . . , 6.

The mass matrix is derived in [OmarShabana01] from the kinetic energy of the
beam as

M =
∫

V

ρΦ(x, y)T Φ(x, y) dV (2.44)

with element density ρ and volume V . The mass matrix M is constant and
can be evaluated before the simulation. The vector of Coriolis, centrifugal and
gyroscopic forces vanishes

k = 0 . (2.45)

The derivation of the applied forces q(e) is presented according to [García-
VallejoEtAl04] and is based on a general continuum mechanics approach. The
Green-Lagrange strain tensor ε : R12 → R2×2 reads

ε(e) = 1
2
(
J̄(e)TJ̄(e)− I2

)
. (2.46)

Thereby, the deformation gradient J̄ : R12 → R2×2 is

J̄(e) = ∂r

∂r0
(2.47)

with initial position r0 = Φ(x, y) e0 of a point on the beam in initial configura-
tion e0. For a linear elastic material model, the strain energy is given by

Ue(e) =
∫

V

λ+ 2G
2

(
ε11(e)2 + ε22(e)2)+ λ ε11(e)ε22(e) + 2Gε12(e)2 dV

(2.48)

with the components ε11(e), ε22(e) and ε12(e) of the symmetric strain ten-
sor ε(e). The material constants are

λ = E ν

(1− 2ν)(1 + ν) , G = E

2(1 + ν) (2.49)
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2.3. High-level Actuator Models

with Young’s modulus E and Poisson’s ratio ν. The applied forces q(e) arise
from the variation of the strain energy Ue as

q(e) = −∂Ue
∂e

. (2.50)

It is shown in [García-VallejoEtAl04] that the applied forces can be written as

q(e) = −K(e) e (2.51)

with a state-dependent nonlinear stiffness matrix K(e). Furthermore, invariant
matrices are introduced in [García-VallejoEtAl04] for simplified calculation of
the stiffness matrix K(e) to avoid solving volume integrals in each time step.
Moreover, the presented formulation makes it possible to derive an analytical
expression for the Jacobian of the elastic forces.

2.3 High-level Actuator Models

System inputs u are usually realized by actuators, such as servomotors. Ser-
vomotor controllers can be employed in torque-controlled or velocity-controlled
mode. In the torque-controlled case, a reference torque is given to the motor
controller. Cascaded internal control loops control the actual torque to be equal
to the reference torque, e.g. by measuring the motor current. In the velocity-
controlled mode, the internal control loops control the velocity to be equal to the
reference velocity. For both cases, it is assumed here that the internal control
loops are much faster than the system dynamics. If this assumption is not valid,
the actuator dynamics must be modeled in more detail.
Concerning the mechanical model, a force-controlled actuator enters the model as
an applied force. The velocity-controlled actuator can be modeled using different
relationships between the reference input u and the velocity ẋ of the body. A
few high-level models applied in the context of this work are summarized in the
following based on [Bishop08]. In a first approximation, a zero order relationship
can be assumed. Then, the reference velocity u directly corresponds to the body
velocity ẋ, such that the motor model is

ẋ = u . (2.52)

Alternatively, a first order relationship can be assumed. A first order model is

τ ẍ+ ẋ = u . (2.53)

The time constant τ describes how fast a reference velocity u is reached and
must be identified on the experimental setup. First order models are successfully
applied in [KnierimKriegerSawodny10, Radisch11]. A second order model is

...
x + 2ζωnẍ+ ω2

nẋ = ω2
nu (2.54)
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Chapter 2. Modeling of Multibody Systems

with the parameters ωn and ζ to be identified. Second order dynamics can
oscillate and can feature an overshoot in the dynamics. All models are displayed
in Fig. 2.3 for exemplary parameters τ = 0.02 s and ζ = 0.3, ωn = 70 rad

s and
a reference system input u = 1 m

s applied at time t = 0 s. Some properties of
the inverse model depend on the chosen actuator model, see also the discussion
in [OttoSeifried18b].
Furthermore, a time delay exists between the time instant of setting the reference
velocity and the motor reacting to the command. However, in this thesis, it is
assumed that the time delay is small compared to the dynamics of the system
and is therefore not modeled.

0 0.2 0.4
0

0.5

1

1.5

t [s]

ẋ
[ m s

]

zero order
first order
second order

Figure 2.3: High-level models for velocity-controlled actuators.

2.4 Application Examples

Different application examples are considered throughout this thesis. Each ex-
ample has specific properties regarding its inverse model. The models serve as
small computational examples in Chap. 3 in order to demonstrate theoretical
results. Simulation results and detailed analyses are shown in Chaps. 4–6. In
the following, the considered application examples are introduced. They include
two cable robot models, a torsional oscillator, a mass-on-car system, two ma-
nipulators with one passive joint and two flexible manipulators modeled by the
ANCF.

2.4.1 Cable Robot
The methods considered in this thesis are validated by experiments on the ex-
perimental cable robot setup shown in Fig. 2.4(a). The cable robot consists of a
trolley which can move on a set of parallel axis. A load platform is attached by
four cables. It is possible to actuate each cable individually in order to control
the orientation of the load platform. Depending on the motion of the cables,
two models are considered and presented in the following.
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2.4. Application Examples

Complex Cable Robot Model

The complex cable robot model denotes a two-dimensional model considering a
rotational degree of freedom of the load platform. For derivation of the model, it
is assumed that two cables each move synchronously and form a set. Each set of
cables can move independently from the other, such that the load platform can
rotate around one axis. Thus, the three-dimensional system can be modeled in
two dimensions and the model is shown in Fig. 2.4(b), see also [OttoSeifried17].
It consists of two rigid bodies connected by two cables. The first body is the
trolley moving horizontally, while the second body is the load platform.

Trolley

Platform

(a) Experimental setup.

x

z
L1

uT
uL2

xT

uL1

g

L2

mP

δP

K

xP

zP

(b) Model of the experimental setup.

Figure 2.4: Experimental setup and model of a cable robot [OttoSeifried17].

The model has nf = 4 degrees of freedom. There are nu = 3 system inputs,
namely the actuator moving the trolley and two actuators turning the winches to
vary the cable lengths. Thus, the system is underactuated with one unactuated
degree of freedom, which is the sway motion of the load platform. Due to the
kinematic loop, the equations of motion are derived in DAE form, see Sec. 2.1.2.
The equations of motion are stated in terms of the redundant coordinates

y =
[
xT L1 L2 xP zP δP

]T (2.55)
v = ẏ (2.56)

with xT describing the position of the trolley, L1 and L2 denoting the length of
each cable and xP, zP and δP denoting the position and orientation of the load
platform respectively, see Fig. 2.4(b). The actuators are employed in velocity-
controlled mode, see Sec. 2.3, and are collected in the vector

u =
[
uT uL1 uL2

]T
. (2.57)

Thereby, uT denotes the input of the trolley actuator and uL1 and uL2 denote
the inputs of the cable actuators. These reference velocities are directly trans-
formed to the dimension of the trolley velocity ẋT and cable velocities L̇1 and L̇1
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respectively. The first order model (2.53) is applied to model the influence of the
system input u. The time constants τT and τL1 = τL2 of the trolley and cable
actuators are identified on the experimental setup.
Combining the actuator dynamics with Newton’s and Euler’s law for the plat-
form dynamics yields the matrices of the equations of motion (2.4)–(2.6) as

M =




τT 0 0 0 0 0
0 τL1 0 0 0 0
0 0 τL2 0 0 0
0 0 0 mP 0 0
0 0 0 0 mP 0
0 0 0 0 0 IP



, (2.58)

k(ẏ) =




ẋT

L̇1

L̇2

0
0
0



, q =




0
0
0
0

mPg

0



, B =




1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0



. (2.59)

Thereby, mP and IP denote platform mass and moment of inertia respectively
and g denotes the gravitational constant. For the derivation of the algebraic con-
straints c(y, t) and the Jacobian C(y, t), the geometry of the cable robot model
is displayed in Fig. 2.5. The rotation matrix from the body-fixed coordinate
system K′ : {O′, x′, y′, z′} to the inertial coordinate system K: {O, x, y, z} is

S(y) =

[ cos(δP) 0 sin(δP)
0 1 0

− sin(δP) 0 cos(δP)

]
(2.60)

with S : Rny → R3×3. The algebraic constraints represent the cable lengths

c(y) =
[
L1 − ‖r1(y)‖
L2 − ‖r2(y)‖

]
= 0 (2.61)

with the position vectors

r0(y) =

[
xT − xP

0
−zP

]
, (2.62)

r1(y) = r0(y) + 1
2

[−LT,x
0
0

]
+ 1

2 S(y)

[
LP,x

0
LP,z

]
, (2.63)

r2(y) = r0(y) + 1
2

[
LT,x

0
0

]
+ 1

2 S(y)

[−LP,x
0

LP,z

]
, (2.64)
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where LT,x and LP,x, LP,z describe the size of trolley and platform respectively,
see Fig. 2.5. The algebraic constraints (2.61) are enforced by the Lagrange
multipliers λ =

[
λ1 λ2

]T, which represent the cable forces.
The angle between the center of mass of the platform and the center of mass of
the trolley is denoted by ϕ∗ and is a measure of the sway motion. The system
output is the position and orientation of the platform, such that

z =
[
xP zP δP

]T
. (2.65)

x

z

g x′

z′
K′

LT,x

r1 r0

LP,x

LP,z

K

r2
ϕ∗

Figure 2.5: Geometry of the cable robot model.

Reduced Cable Robot Model

In case both cables L1 and L2 move synchronously, the complex model can be
simplified. For L1 = L2 and uL1 = uL2, the load platform stays horizontal, such
that δP = 0◦. Therefore, the platform reduces to a point mass in the model.
The reduced model in shown in Fig. 2.6. It has nf = 3 degrees of freedom and
nu = 2 system inputs. Thus, it is underactuated with one unactuated degree of
freedom, which is the sway motion of the load platform. The reduced model is
analyzed in detail in [OttoSeifried18c].

L

uT
uL

ϕ
g

mP

xT

x

z

Figure 2.6: Reduced model of the cable robot [OttoSeifried18c].
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The equations of motion of the reduced cable robot model can be stated in ODE
form with the vector of generalized coordinates

y =
[
xT L ϕ

]T (2.66)
v = ẏ . (2.67)

Thereby, L denotes the single cable length and ϕ describes the sway angle of the
platform, see Fig. 2.6. The system input is collected in

u =
[
uT uL

]T (2.68)

with uT denoting the trolley actuator and uL denoting the cable actuator. The
actuator dynamics is again modeled with the first order model (2.53) with time
constants τT and τL for trolley and cable respectively. The matrices of the
equations of motion (2.1)–(2.2) are

M(y) =

[
τT 0 0
0 τL 0

cos(ϕ) 0 L

]
, k(ẏ) =



ẋT
L̇

2 ϕ̇ L̇


 , (2.69)

q(y) =

[ 0
0

−g sin(ϕ)

]
, B =

[1 0
0 1
0 0

]
. (2.70)

The equations of motion of the reduced cable robot can also be stated in DAE
form by describing the position of the platform with the coordinates xP, zP.
Thus, the vector of redundant coordinates is

y =
[
xT L xP zP

]T (2.71)
v = ẏ . (2.72)

The matrices of the equations of motion (2.4)–(2.6) are

M =



τT 0 0 0
0 τL 0 0
0 0 1 0
0 0 0 1


 , k(ẏ) =



ẋT
L̇
0
0


 , q =




0
0
0
g


 , (2.73)

C(y) =




0
0

2 (xP − xT)
2zP


 , B =




1 0
0 1
0 0
0 0


 . (2.74)

The algebraic constraint reads

c(y) = z2
P + (xP − xT)2 − L2 = 0 (2.75)
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which enforces the cable length. The scalar Lagrange multiplier λ corresponds
to the cable force.
For the reduced model, the system output is the position of the platform, which
can be expressed in generalized as well as redundant coordinates as

z =
[
xT + L sin(ϕ)
L cos(ϕ)

]
=
[
xP
zP

]
. (2.76)

2.4.2 Torsional Oscillator

The torsional oscillator is a simple model for a drive train or drill string. It
can be interpreted as a generalization of the elastic joint models of flexible joint
manipulators. The system is a typical example in the context of model inver-
sion, whereby usually equivalent translational mass-spring-damper chains are
considered [AltmannHeiland17, FumagalliEtAl10]. The torsional oscillator con-
sists of N rotating disks which are connected by linear springs and dampers
with coefficients ki, di for i = 1, 2, . . . , N − 1. The model is shown in Fig. 2.7.
It has nf = N degrees of freedom, while it is actuated by a single system input.
The system input u is a torque applied on disk 1. For N > 1, the system is
underactuated with N − 1 unactuated degrees of freedom.

ϕ1ϕ2ϕ3

u

z

. . .

ϕN

k1, d1k2, d2kN−1, dN−1

Figure 2.7: Torsional oscillator with N disks.

For deriving the equations of motion in ODE form, the vector of generalized
coordinates is selected as

y =
[
ϕ1 ϕ2 . . . ϕN−1 ϕN

]T (2.77)
v = ẏ , (2.78)
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where ϕi describes the rotation of disk i for i = 1, 2, . . . , N . The matrices of the
linear equations of motion (2.11)–(2.12) are

M lin =




I1 0
0 I2 0

. . . . . . . . .
IN−1 0

0 IN



, (2.79)

Dlin =




d1 −d1 0
−d1 d1 + d2 −d2

. . . . . . . . .
−dN−2 dN−2 + dN−1 −dN−1

−dN−1 dN−1



, (2.80)

Klin =




k1 −k1 0
−k1 k1 + k2 −k2

. . . . . . . . .
−kN−2 kN−2 + kN−1 −kN−1

−kN−1 kN−1



, Blin =




1
0
...
0
0



.

(2.81)
Thereby, Ii denotes the moment of inertia of disk i for i = 1, 2, . . . , N .
The system output z is defined as the rotation of the Nth disk with

z = ϕN . (2.82)

2.4.3 Mass-on-car System
A mass-on-car system is introduced in [SeifriedBlajer13] in order to illustrate
various properties and configurations arising for inverse model problems. It is
extended in [OttoSeifried18b] with an additional mass. The extended model is
introduced in the following.
The mass-on-car system consists of three masses with massmi each and is shown
in Fig. 2.8. The masses are coupled by linear spring-damper combinations with
coefficients ki, di for i = 1, 2. The first two masses are moving on a horizontal
base, while the third mass moves on an inclined plane. The plane is fixed on the
second mass and is inclined by the constant angle α. The system has nf = 3
degrees of freedom and nu = 1 system input. The system input u is modeled as
a force applied horizontally on the first mass. The system is underactuated with
two unactuated degrees of freedom, which describe the motion of mass 2 and 3.
The system is modeled in ODE form with the generalized coordinates

y =
[
x1 s1 s2

]T (2.83)
v = ẏ (2.84)
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k1 , d1

k2 , d2

z

Figure 2.8: Model of the mass-on-car system [OttoSeifried18b].

with x1 describing the position of mass 1, and s1 and s2 describing the posi-
tions of masses 2 and 3 relative to mass 1. The matrices of the equation of
motion (2.1)–(2.2) are

M =



m1 +m2 +m3 m2 +m3 m3 cos(α)
m2 +m3 m2 +m3 m3 cos(α)
m3 cos(α) m3 cos(α) m3


 , (2.85)

k =




0
0
0


 , q(y, ẏ) = −




0
d1ṡ1 + k1s1

d2ṡ2 + k2s2


 , B =




1
0
0


 . (2.86)

The system output z is the horizontal position of the third mass with

z = x1 + s1 + s2 cosα . (2.87)

2.4.4 Manipulators with one Passive Joint
A manipulator with one passive joint is the most simple model of a flexible
manipulator. The structural flexibility is modeled by a single elastic mode,
which is represented by a linear spring-damper combination parallel to a passive
joint. In the following, a simple two-dimensional manipulator with two links and
a complex three-dimensional manipulator with four links are considered.

Two-dimensional Manipulator with two Links

The two-dimensional manipulator with two links and one passive joint can be
described by compact equations of motion. Due to its simplicity, an analytical
analysis of the system is possible in subsequent chapters.
The model is shown in Fig. 2.9. It consists of two links with mass mi, length Li
and moment of inertia Ii respectively. They are connected by a spring-damper
combination with stiffness and damping coefficients k and d. The first link is
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α

βk

d

m1, L1, I1

m2, L2, I2

end-effector

u

(a) Robot model.

z

end-effector

u

(b) System output z.

Figure 2.9: Model of a two-link manipulator with one passive joint.

fixed at a pin joint. The manipulator model has nf = 2 degrees of freedom and
is actuated with the system input torque u. Thus, it is underactuated with one
unactuated degree of freedom, which is the motion of the second link.
For modeling the system in ODE form, the generalized coordinates are selected
as

y =
[
α β

]T (2.88)
v = ẏ . (2.89)

Thereby, α describes the angle between the first link and the horizontal line
and β is the relative angle between first and second link. The matrices of the
equations of motion (2.1)–(2.2) are

M(y) =
[
a1 + a2 + 2a3 + L2

1 m2 + I1 + I2 a2 + a3 + I2

a2 + a3 + I2 a2 + I2

]
, (2.90)

k(y, ẏ) =



−1

2 L1 L2β̇ m2
(
2α̇+ β̇

)
sin(β)

1
2 L1 L2 α̇

2 m2 sin(β)


 , (2.91)

q(y, ẏ) =

[
0

−k β − d β̇

]
, B =

[
1
0

]
. (2.92)

with the abbreviations

a1 = m1L
2
1

4 , a2 = m2L
2
2

4 , a3 = L1 L2 m2 cos(β)
2 . (2.93)

The control goal is the tracking of the horizontal end-effector position rx. The
position is given by

rx = L1 sin(α) + L2 sin(α+ β) . (2.94)

23



2.4. Application Examples

A linearization for small angles β yields

rx,lin = (L1 + L2) sin(z) (2.95)

with the auxiliary angle z shown in Fig. 2.9(b). The linearized end-effector
position rx,lin can be recovered from the auxiliary angle z. Therefore, the system
output is chosen as the auxiliary angle z with

z = α+ L2

L1 + L2
β , (2.96)

which follows directly from the linearization of the end-effector position rx. This
choice of linear system output is discussed in detail in [Seifried12]. Such a linear
system output simplifies an analytical analysis of the inverse model properties.

Three-dimensional Manipulator with Four Links

The two-link manipulator considered before is extended to a three-dimensional
robot with four links. Figures 2.10(a) and 2.10(b) visualize the front and top
view of the model respectively. Link 1 rotates around the z-axis with angle Ω.
Link 2 is connected to the end of link 1 by an actuated joint. The rotation of
link 2 around the local y′-axis is denoted by α. Similarly, link 3 is connected
to link 2 and its rotation around the local y′-axis is denoted by β, which is
measured relatively to angle α. Finally, the passive joint connects links 3 and
4 by a spring-damper combination. The rotation of the joint is measured by
angle γ relatively to angle β. The system has nf = 4 degrees of freedom and
nu = 3 system inputs actuate the system. System input u1 rotates link 1 around
the z-axis, while u2 and u3 actuate the links 2 and 3 respectively. Thus, the
system is underactuated with one unactuated coordinate, which is represented
by the motion of the fourth link.
The equations of motion are derived in ODE form with the generalized coordi-
nates chosen as

y =
[
Ω α β γ

]T (2.97)
v = ẏ . (2.98)

The explicit equations are omitted here due to their complexity. They can be
derived using the position vector ri of the center of gravity and the inertia
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Figure 2.10: Model of a three-dimensional manipulator with one passive joint.

tensor I(i) of each link i for i = 1, 2, . . . , 4. The position vectors are

r1 =




0
0
L1

2


 , r2(y) = SKK′(Ω)




L2

2 sin(α)
0

L1 + L2

2 cos(α)


 , (2.99)

r3(y) = SKK′(Ω)




L2 sin(α) + L3

2 sin(α+ β)
0

L1 + L2 cos(α) + L3

2 cos(α+ β)


 , (2.100)

r4(y) = SKK′(Ω)




L2 sin(α) + L3 sin(α+ β) + L4

2 sin(α+ β + γ)
0

L1 + L2 cos(α) + L3 cos(α+ β) + L4

2 cos(α+ β + γ)




(2.101)

with the rotation matrix SKK′ : R→ R3×3 from the local coordinate system K′ :
{O′, x′, y′, z′} to the inertial coordinate system K: {O, x, y, z}

SKK′(Ω) =

[cos(Ω) − sin(Ω) 0
sin(Ω) cos(Ω) 0

0 0 1

]
. (2.102)
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The inertia tensors in the body-fixed coordinate systems K(i) : {O(i), x(i), y(i), z(i)}
are

I(i) =



Ii,x(i) 0 0

0 Ii,y(i) 0
0 0 Ii,z(i)


 , (2.103)

which are transformed into the inertial coordinate system K: {O, x, y, z} by

Ii = (SKK′(Ω)SK′K(i) (Γi)) I(i) (SKK′(Ω)SK′K(i) (Γi))T . (2.104)

Thereby, SK′K(i) : R→ R3×3 denotes the rotation matrices from the body-fixed
frames into the coordinate system K′ : {O′, x′, y′, z′} with

SK′K(i) (Γi) =

[ cos(Γi) 0 sin(Γi)
0 1 0

− sin(Γi) 0 cos(Γi)

]
. (2.105)

The angle Γi for each link is given by Γ1 = 0, Γ2 = α, Γ3 = α + β and
Γ4 = α+ β + γ.
The three-dimensional system output is the end-effector position in the inertial
coordinate system K: {O, x, y, z} with

z = SKK′(Ω)

[
L2 sin(α) + L3 sin(α+ β) + L4 sin(α+ β + γ)

0
L1 + L2 cos(α) + L3 cos(α+ β) + L4 cos(α+ β + γ)

]
. (2.106)

A linearization of the end-effector position is omitted since the equations of
motion are too complex to analyze them analytically.

2.4.5 Flexible Manipulators Modeled Using the ANCF
The previously introduced manipulators with one passive joint are simple and
allow an analytical analysis of the inverse model properties. However, a simple
model might not be sufficiently accurate for highly flexible manipulators and the
flexibility is here modeled using the ANCF beam element described in Sec. 2.2.2.
In the following, two flexible manipulators are considered. First, a flexible one-
link manipulator is introduced for analysis of the proposed computation schemes.
Then, a two-link manipulator with one flexible link is considered.

Flexible Manipulator with one Link

The flexible manipulator with one link is shown in Fig. 2.11. Similar to the
manipulator with one passive joint, it is fixed on the left end by an actuated
joint. The degrees of freedom depend on the considered number of ANCF beam
elements. Due to nu = 1 system input and many degrees of freedom, the model
is underactuated with many unactuated degrees of freedom.
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Figure 2.11: Model of a flexible manipulator with one link shown for one ANCF
element.

In Sec. 2.2.2, the equations of motion for a free beam element are given in equa-
tions (2.44), (2.45) and (2.51). The free flexible manipulator modeled with N
ANCF elements has nf = 6(N + 1) degrees of freedom. In the context of this
work, N is considered in the range N = 1 , 2 . . . 10.
For the manipulator in Fig. 2.11, some additional algebraic constraints arise.
Four different constraint formulations are considered and are discussed in the
following. For all considered formulations, the pin joint on the left hand side of
the flexible manipulator is enforced by the constraint

c1(y) =
[
e1
e2

]
=
[

0
0

]
. (2.107)

As mentioned in Sec. 2.2.2, the ANCF captures shear deformation of the beam
and the cross-section does not necessarily stay perpendicular to the neutral axis.
Nevertheless, it might be desired to constrain the cross-section to be perpen-
dicular to the neutral axis on the left node, e.g. to model a bearing. Such a
constraint reads

c2(y) = −e3 e5 − e4 e6 = 0 . (2.108)

As discussed in Sec. 2.3, actuators can be either used in force-controlled or
velocity-controlled mode. Both configurations are considered for the flexible
manipulator. Considering a force-controlled actuator, the system input is applied
by the torque utor. For N = 1 element, the input is distributed in the equations
of motion by the matrix

B(y) = −
[
0 0 0 0 e6

f2
56

− e5

f2
56

0 0 0 0 0 0
]T

(2.109)

with the abbreviation

f56 =
√
e2

5 + e2
6 . (2.110)

The matrix B : R12×1 → R12×1 is derived in [OmarShabana01]. In case the
actuator is employed in velocity-controlled mode, the system input is the actu-
ator velocity uvel. The actuator velocity is assumed to be equal to the angular
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velocity γ̇ of the cross-section at the left node. This corresponds to the zero
order actuator model (2.52) and is described by the constraint

c3(y) = uvel − γ̇ = uvel + e6 ė5 − e5 ė6

f2
56

= 0 . (2.111)

In contrast to the torque-controlled mode, the velocity-controlled actuator model
reduces the degrees of freedom by one. Table 2.1 summarizes the considered
formulations and degrees of freedom of the flexible manipulator models.
For all considered formulations, the system output z is the angle between right
and left node of the flexible manipulator, see Fig. 2.11, with

z = arctan
(
e6(N+1)−4

e6(N+1)−5

)
. (2.112)

Table 2.1: Overview of considered configurations for N ANCF elements.

Case Cross-section
at joint System input type Active

constraints
Degrees of
freedom nf

1 free force-controlled c1 6(N + 1)− 2
2 free velocity-controlled c1, c3 6(N + 1)− 3
3 constrained force-controlled c1, c2 6(N + 1)− 3
4 constrained velocity-controlled c1, c2, c3 6(N + 1)− 4

Flexible Manipulator with two Links

The flexible manipulator with two links consists of a rigid and a flexible link,
see Fig. 2.12. The rigid link with length L1 is attached to an actuated pin joint
on the left end. The flexible link is attached to the rigid link by an actuated
joint. The flexible link with length L2 is modeled by the ANCF. The model has
nu = 2 system inputs and many unactuated degrees of freedom depending on the
number of considered ANCF beam elements. Thus, the system is underactuated.

z

x

y

u1

u2

α

L1

L2

Figure 2.12: Model of a flexible two-link manipulator.
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The redundant coordinate vector is chosen as

y =
[
α e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12

]T (2.113)
v = ẏ (2.114)

for N = 1 ANCF element. Thereby, the motion of the rigid link is coupled to
the motion of the flexible link. Thus, several constraints are necessary. The joint
between link 1 and link 2 is modeled by the constraint

c1(y) =
[
L1 cos(α)
L1 sin(α)

]
−
[
e1
e2

]
=
[

0
0

]
. (2.115)

Both actuators u1 and u2 are modeled as velocity-controlled actuators with zero
order models (2.52). Thus, the constraints are

c2(y) =
[
u1

u2

]
−




α̇

−e6 ė5 − e5 ė6

f2
56


 =

[
0
0

]
. (2.116)

In total, the system has 6(N + 1)− 3 degrees of freedom for N elements.
The system output is defined as the end-effector position and is expressed by

z =
[
e6(N+1)−5
e6(N+1)−4

]
. (2.117)
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MODEL INVERSION CONCEPTS FOR
FEEDFORWARD CONTROL

Accurate control is essential for the successful use of modern mechanical and
mechatronic systems. With advancing system development, the systems become
more complex in design and more flexible in application. At the same time,
their control becomes more difficult and is an active field of research, see e.g.
the survey [LiuYu13]. Generally, control objectives can be divided into two
main categories. Stabilizing control focuses on controlling a system around a
stationary operating point, while trajectory control moves the system in space
on a predefined trajectory.
The present work focuses on trajectory control of underactuated multibody sys-
tems. For trajectory control, a two design degree of freedom control structure is
an efficient approach and is visualized in Fig. 3.1 [Skogestad04]. The complete
controller consists of two parts. The feedforward part calculates the feedforward
input uffw, which is responsible for generating large motion of the system. The
feedback part ufb is responsible for rejecting disturbances and thereby stabilizes
the system around the desired output trajectory zd(t). For this purpose, the
feedback controller can utilize the desired state trajectory yd(t), which is also
computed by the feedforward control.
It is desired to apply a precise feedforward control, which accurately moves the
system on the desired trajectory and which yields small tracking errors. In that
case, a simple feedback control strategy is sufficient for accurate tracking, see
e.g. the experimental results in [OttoSeifried18c]. Moreover, small tracking er-
rors result in small correcting action of the feedback controller and sensor noise
is not amplified. Thus, the focus of this work is to design accurate feedfor-
ward controllers for underactuated multibody systems. Ideally, the feedforward
control is chosen as an inverse model of the system, since it cancels out all mod-
eled dynamics. While a forward simulation computes the motion of a system
based on prescribed forces and torques, the inverse model computes the forces
and torques required to induce a desired motion, see Fig. 3.2 [SicilianoEtAl09].
Since underactuated systems have more degrees of freedom than independent
control inputs, deriving the inverse model is not straightforward.
During controller design, there is generally a trade-off between model accuracy
and controller complexity [Skogestad04]. A detailed system model can cover all
dynamic effects of a system, but results in a difficult controller design. On the
other hand, a reduced model yields a simple control design, but might not cover
all important dynamic effects of the system. Concerning the two design degree
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Figure 3.1: Two design degree of freedom control structure.
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Figure 3.2: Schematics of forward model and inverse model.

of freedom control structure, it seems favorable to use a rather detailed model
for the inverse model and a more simplified model or a model-free approach for
the feedback part. In the course of this work, it is shown that the method of
servo-constraints [BlajerKołodziejczyk04] can be applied with reasonable effort
to compute the inverse models of considerably complex systems.
This chapter introduces theoretical background as well as various approaches
and analysis methods for the model inversion of multibody systems. Through-
out the chapter, the application examples introduced in Sec. 2.4 serve as small
computational examples to illustrate theoretical results. First, nonlinear con-
trol approaches are briefly presented and their limitations regarding complex
underactuated systems are discussed. Then, the framework of servo-constraints
is introduced, which is suitable for complex underactuated multibody systems.
Afterwards, numerical methods are presented to solve the servo-constraints ap-
proach in real-time environments. It is also shown how the combination of an
inverse model with a feedback controller reduces effort in the feedback part and
improves controller performance. Finally, the application examples introduced
in Chap. 2 are classified with respect to properties of their inverse models.
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3.1 Nonlinear Control Approaches for Model Inversion

In the following, model inversion approaches from nonlinear control theory are
discussed. First, the inversion of fully actuated systems is introduced, which
is also known as method of computed torques in the robotics community [Sicil-
iano08, SicilianoEtAl09]. The limitation of the method to fully actuated systems
is lifted in some instances by model inversion of differentially flat systems [Fliess-
EtAl95], which is discussed next. Finally, a systematic approach for the inversion
of nonlinear underactuated systems based on the Byrnes-Isidori normal form is
presented [Isidori96, Sastry99]. All presented methods have certain limitations
which make them unpractical for complex real world systems. The respective
limitations are discussed for each method.

3.1.1 Model Inversion for Fully Actuated Multibody Systems

Conventional robotic manipulators are usually modeled as fully actuated multi-
body systems, since all links are modeled as rigid bodies and there exists an ac-
tuator on each joint to control the motion of the following link [SicilianoEtAl09].
Here, model inversion for fully actuated systems is briefly introduced according
to [Spong06] in order to highlight some similarities to the more general approach
of the Byrnes-Isidori normal form discussed later.
A fully actuated multibody system has a control input for each degree of freedom,
such that nu = nf . The inverse model problem for fully actuated systems consists
of two steps. First, the desired state trajectory yd(t), vd(t) is computed from the
desired output trajectory zd(t). This is called inverse kinematics. Then, during
the inverse dynamics step, the desired system input uffw is computed from the
desired state trajectory yd(t), vd(t). In the following formulation, both steps are
performed in combination. The inverse model is introduced for the equations of
motion (2.1)–(2.2) in ODE form. The equations of motion are first reformulated
in the output coordinates z, which are defined in equation (2.3). The first two
derivatives of the output are

ż = ∂h(y)
∂y

Z(y)
︸ ︷︷ ︸
H(y)

v , (3.1)

z̈ = H(y)v̇ + Ḣ(y, v)v︸ ︷︷ ︸
h̄(y, v)

(3.2)

with the output Jacobian H : Rnf → Rnf×nf , its derivative Ḣ : Rnf × Rnf →
Rnf×nf and the local velocity h̄ : Rnf ×Rnf → Rnf . Replacing the acceleration v̇
by the equation of motion (2.2) yields the equations of motion in output coor-
dinates. All states y, v have to be substituted by the output coordinates z, ż
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using the inverse functions of equations (2.3) and (3.1) respectively to yield

z̈ = HM−1Bu+HM−1 (q − k) + h̄ . (3.3)

The function arguments are omitted here for better readability. Due to the
assumptions stated above, the output Jacobian H(y), the system input distri-
bution B(y) as well as the mass matrixM(y, t) are square and regular matrices.
Thus, the coupling matrix

P (y, t) = H(y)M(y, t)−1B(y) (3.4)

with P : Rnf × R→ Rnf×nf is invertible and the system input u is obtained as

u =
(
HM−1B

)−1 (
z̈ −HM−1 (q − k)− h̄

)
. (3.5)

Substituting the desired trajectory zd(t) and its derivatives into all arguments
in equation (3.5) yields the feedforward control input

uffw =
(
HM−1B

)−1 (
z̈d(t)−HM−1 (q − k)− h̄

)
. (3.6)

The feedforward control law cancels out the modeled system dynamics. Note
that the desired trajectory zd(t) must be twice continuously differentiable for
the control law to exist.
The introduced approach for inversion of fully actuated multibody systems can-
not be applied to underactuated systems. This becomes immediately evident
in the feedforward control law (3.6) since the matrices H(y) and B(y) are not
square and the coupling matrix P (y, t) is not necessarily invertible for underac-
tuated systems. However, the feedforward control law (3.6) expresses the system
input u as a function of the system output z and its derivatives ż, z̈. This prop-
erty is generalized in the following and results in differentially flatness.

3.1.2 Flatness-based Approach
Differential flatness is a system property introduced in [FliessEtAl95] for general
nonlinear systems, see also [RothfußRudolphZeitz97]. A system is called differ-
entially flat if it is possible to describe the system input u as a function of a
differentially flat fictitious output z and its derivatives, such that

u = Θ(z, ż, z̈, . . . ) (3.7)

with a nonlinear function Θ : Rnu × Rnu × Rnu × · · · → Rnu . In the scope of
this work, it is assumed that the fictitious output is the physical system output
that should be tracked. The control law (3.6) for a fully actuated multibody
system can be interpreted as such a function Θ(z, ż, z̈). Thus, a fully actuated
system with the above assumptions is differentially flat. However, in general
there does not exist a simple systematic approach to find a flat output z, to
derive the function Θ(z, ż, z̈, . . . ) or to make a statement about its existence. A
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detailed discussion on necessary and sufficient conditions for differential flatness
with focus on mechanical systems can be found in [Knoll16]. The derivation of
the function (3.7) is demonstrated in the following example.

Example 3.1 The equations of motion of the undamped 2-disk torsional
oscillator from Sec. 2.4.2 with parameters I1 = I2 = I and k1 = k2 = k are

[
I 0
0 I

][
ϕ̈1
ϕ̈2

]
+
[
k −k
−k k

][
ϕ1
ϕ2

]
=
[

1
0

]
u (3.8)

with system output z = ϕ2. From the first equation it can be verified that
the system input u is a function of the coordinates ϕ1, ϕ2 and ϕ̈1 with

u = I ϕ̈1 + k (ϕ1 − ϕ2) . (3.9)

Solving the second part of equation (3.8) for the angle ϕ1 and substituting
the system output z yields

ϕ1 = 1
k

(Iz̈ + k z) , (3.10)

which only depends on the output z and its second derivative. The expres-
sion can be differentiated twice to obtain an expression for ϕ̈1. Substituting
all information into term (3.9) shows that the undamped torsional oscilla-
tor with 2 disks is differentially flat with the input-output relationship

u = Θ
(
z̈, z(4)) = I2

k
z(4) + 2 I z̈ . (3.11)

The property of differential flatness also holds for an arbitrary number of
N disks for the undamped oscillator. This can be verified by applying the
presented substitution recursively.

Differential flatness is an advantageous property for controller design [Hagen-
meyerZeitz04]. Equation (3.7) is the feedforward control uffw when the desired
state trajectory zd(t) is substituted for the system output z with

uffw = Θ(zd(t), żd(t), z̈d(t), . . . ) . (3.12)

The control law (3.12) is a purely algebraic expression for the system input.
Thereby, a certain number of derivatives of the output zd is required for its
evaluation. This restricts the choice of feasible desired trajectories since they
must be smooth up to the order of the highest derivative appearing in the control
law (3.12).
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For linear systems, differential flatness is equivalent to controllability. General
differentially flat systems can be transformed to linear controllable systems by
quasi-static feedback [DelaleauRudolph98], which denotes that the feedback law
does not only depend on the new transformed states, but also the new system
input and its derivatives. Application of differentially flat control strategies is for
example presented for overhead cranes in [DelaleauRudolph98, KnierimKrieger-
Sawodny10, NeupertEtAl06]. Moreover, differentially flatness is utilized for the
control of cable robots in [HeydenWoernle06, Woernle13] and for vehicles in
[FuchshumerSchlacherRittenschober05, RouchonEtAl93]. A catalog of differen-
tially flat mechanical systems is presented in [MurrayRathinamSluis95]. Since
the derivation of the input-output relationship is not straightforward for large
systems, a systematic approach to obtain the relationship is introduced in the
following.

3.1.3 Byrnes-Isidori Normal Form

For general nonlinear systems, a systematic approach for deriving the input-
output relationship is developed in [Isidori96, Sastry99] and is called Byrnes-
Isidori normal form. It is formalized for underactuated multibody systems
in [Seifried14] and is generalized for multibody systems in DAE form in [Berger17,
Labisch13]. In the following, it is briefly summarized for single-input single-
output (SISO) systems in the input-affine ODE form

ẋ = f(x) + g(x)u (3.13)
z = h(x) (3.14)

with state vector x ∈ R2nf , function of generalized forces f : R2nf → R2nf ,
input distribution function g : R2nf → R2nf and a scalar output function h :
R2nf → R. Note that the equations of motion (2.1)–(2.2) with output (2.3)
can be transformed into form (3.13). The notation of Lie derivatives is used to
represent the derivatives of the system output z, see e.g. [Sastry99, SlotineLi91].
The Lie derivatives are the directional derivatives of a function h(x) along the
vector field f(x) with

L0
fh(x) = h(x) , (3.15)

Lifh(x) =
∂
(
Li−1
f

h(x)
)

∂x
f(x) , (3.16)

LgLfh(x) =
∂
(
Lfh(x)

)

∂x
g(x) . (3.17)
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Taking Lie derivatives of the system output z yields

ż = ∂h(x)
∂x

ẋ = Lfh(x) + Lgh(x)︸ ︷︷ ︸
= 0

u , (3.18)

z̈ = L2
fh(x) + LgLfh(x)

︸ ︷︷ ︸
= 0

u , (3.19)

...

z(r−1) = Lr−1
f h(x) + LgL

r−2
f h(x)

︸ ︷︷ ︸
= 0

u , (3.20)

z(r) = Lrfh(x) + LgL
r−1
f h(x)

︸ ︷︷ ︸
6= 0

u . (3.21)

The number of derivatives which have to be taken until the term LgL
r−1
f

h(x)
is not equal to zero is called the relative degree r. Roughly speaking, it deter-
mines through how many integrators the input influences the output. For the
systems (3.13)–(3.14), the relative degree is r ≤ 2nf .

Example 3.2 In order to highlight similarities to the fully actuated case,
the Byrnes-Isidori normal form is stated directly for the equations of mo-
tion (2.1)–(2.2) in ODE form with x =

[
yT vT]T. Then it is

ż = Lfh(x) + Lgh(x)︸ ︷︷ ︸
= 0

u = H(y)v ,

z̈ = L2
fh(x) + LgLfh(x)

︸ ︷︷ ︸
6= 0

u

= HM−1 (q − k) + h̄+HM−1Bu .

The non-vanishing term LgLfh(x) corresponds to the decoupling matrix
P = HM−1B, see also similarities to equation (3.5). Thus, SISO fully
actuated systems have relative degree r = 2.

The previous computations form the basis for a coordinate transformation to
new coordinates which include the output z and its first r − 1 derivatives. The
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new coordinates x̄ ∈ R2nf are chosen as

x̄ =




x̄1
x̄2
...
x̄r

x̄(r+1):2nf




= Ψ(x) =




z
ż
...

z(r−1)

η




=




h(x)
Lfh(x)

...
Lr−1
f

h(x)
Ψ(r+1):2nf (x)




(3.22)

with a function Ψ : R2nf → R2nf . The last part η ∈ R2nf−r of the new states x̄
must be chosen such that the transformation Ψ(x) is a local diffeomorphism [Sas-
try99]. As a rule of thumb, the unactuated coordinates are a good choice for the
states η in case the system output function h(x) contains all actuated coordi-
nates [Seifried14]. Substituting the new coordinates x̄ into the system dynam-
ics (3.13) yields the Byrnes-Isidori normal form

˙̄x =




˙̄x1

˙̄x2

...
˙̄xr−1

˙̄xr
˙̄x(r+1):2nf




=




x̄2

x̄3

...
x̄r

α(x̄) + β(x̄)u
ρ(x̄) + σ(x̄)u




=




x̄2

x̄3

...
x̄r

Lrfh(x̄) + LgL
r−1
f

h(x̄)u
ρ(x̄) + σ(x̄)u




(3.23)

with the functions α , β : R2nf → R and ρ ,σ : R2nf → R2nf−r. Thereby,
the terms α(x̄) and β(x̄) are expressed in the new coordinates x̄. The func-
tions ρ(x̄) and σ(x̄) are given by the coordinate transformation Ψ(x) for a
specific choice η. The inverse model for tracking a desired trajectory zd(t) can
be derived from the Byrnes-Isidori normal form by solving the rth part of equa-
tion (3.23) for the system input u. Substituting the desired trajectory zd(t)
into x̄ =

[
z ż . . . z(r−1) η

]T and into equation (3.23) yields the feedfor-
ward control input with

uffw = 1

β
(
zd, żd, . . . , z

(r−1)
d ,η

)
(
z

(r)
d − α

(
zd, żd, . . . , z

(r−1)
d ,η

))
. (3.24)

The invertibility of the term β(zd, żd, . . . , z
(r−1)
d ,η) follows directly from the

definition of the relative degree, see equation (3.21). Equivalently to the differ-
entially flat case, a possibly high derivative of the desired output zd(t) appears
in the feedforward control law (3.24). Therefore, the desired output trajectory
must be r times continuously differentiable for the control law to exist. How-
ever, in contrast to the differentially flat case, the control input uffw is not only
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a function of the desired output zd(t) and its derivatives, but also a function of
the coordinates η. The coordinates η describe the internal dynamics

η̇ = ρ
(
zd, żd, . . . , z

(r−1)
d ,η

)
+

σ
(
zd, żd, . . . , z

(r−1)
d ,η

)

β
(
zd, żd, . . . , z

(r−1)
d ,η

)
(
z

(r)
d − α

(
zd, żd, . . . , z

(r−1)
d ,η

))
,

(3.25)

which are obtained by substituting equation (3.24) into the last part of equa-
tion (3.23). The complete inverse model is then given by equations (3.24) and
(3.25). Note that the inverse model is now a dynamical system due to the internal
dynamics (3.25), which must be solved to evaluate the control law (3.24). The
presented approach can be generalized for multi-input multi-output (MIMO) sys-
tems, see e.g. [Sastry99, Seifried14]. Then, a decoupling matrix must be found to
determine the relationship between each input and output channel. The concept
of the relative degree is extended to a vector relative degree r = {r1, r2, . . . rnu},
where each output is differentiated until an input appears and a regular de-
coupling matrix exists between the input and output channels [Isidori96]. Note
that for r = Σri = 2nf , the internal dynamics vanishes and the inverse model
is completely algebraic. This is the case for fully actuated multibody systems
considered above and for differentially flat systems.
The internal dynamics (3.25) are ODEs, which are driven by the desired tra-
jectory zd(t). Stability analysis is usually performed using the concept of zero
dynamics. The zero dynamics is defined by zeroing the output z(t) = 0 for all t,
such that

η̇ = ρ(0, 0, . . . , 0,η)− σ(0, 0, . . . , 0,η)
β(0, 0, . . . , 0,η) α(0, 0, . . . , 0,η) = γ(η) (3.26)

with γ : R2nf−r → R2nf−r. Zero dynamics can be interpreted as the possible
motion of a system with the output z hold constant [Miu91]. The linearization
of the zero dynamics for small values η̃ around the equilibrium ηeq is

η̇ = ∂γ(η)
∂η

∣∣∣∣
ηeq

η̃ = Aη η̃ . (3.27)

An eigenvalue analysis of the linearized system matrix Aη ∈ R(2nf−r)×(2nf−r) de-
termines stability of the zero dynamics. Systems with stable internal dynamics
are called minimum phase systems, while systems with unstable internal dynam-
ics are denoted non-minimum phase systems [SlotineLi91]. Note that the relative
degree and zero dynamics are nonlinear extensions to the concept of pole excess
and invariant zeros of linear systems, see e.g. [Svaricek06]. Application of the
above procedure is shown in the following example.
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Example 3.3 The mass-on-car system introduced in Sec. 2.4.3 is consid-
ered in configuration α = 0 and without the first mass. The equations of
motion are

[
m1 +m2 m2
m2 m2

][
ẍ
s̈

]
+
[

0
ks+ dṡ

]
=
[
u
0

]
. (3.28)

The system output is the position of the second mass with z = x + s.
Differentiating the system output yields

ż = ẋ+ ṡ , (3.29)

z̈ = ẍ+ s̈ = −ks+ dṡ

m2
, (3.30)

...
z = −kṡ+ ds̈

m2
= − kṡ

m2
+ d

m1 m2

(
u+ (m1 +m2)(ks+ dṡ)

m2

)
. (3.31)

Since the system input u first appears in ...
z , the system has relative de-

gree r = 3 and internal dynamics of dimension 2nf − r = 1 remain. Ac-
cording to the rule of thumb in [Seifried14], the coordinate η of the internal
dynamics is chosen as the unactuated coordinate, η = s, since the output z
contains all actuated coordinates. Thus, the new coordinates are

x̄ =



x̄1
x̄2
x̄3
x̄4


 =



z
ż
z̈
η


 =



x+ s
ẋ+ ṡ
ẍ+ s̈
s


 . (3.32)

Expressing the dynamics in the new coordinates x̄ yields the Byrnes-Isidori
normal form

˙̄x =




˙̄x1

˙̄x2

˙̄x3

η̇




=




x̄2

x̄3

d

m2 m1
(u− x̄3(m1 +m2)) + k (x̄3m2 + kη)

dm2

−m2 x̄3 + k η

d



. (3.33)

The feedforward control input is obtained from substituting the desired
trajectory into the third equation of (3.33) as

uffw = m1 m2

d

(
...
z d(t) + k (m2z̈d(t) + kη)

dm2
− d(m1 +m2)z̈d(t)

m1 m2

)
. (3.34)

Thereby, the coordinate η is obtained by integrating the internal dynamics
in the fourth part of equation (3.33).
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The Byrnes-Isidori normal form is quite burdensome to derive for general multi-
body systems due to several reasons. The derivatives of the output z must be
computed in algebraic form and the system must be given in the input-affine
form (3.13). Moreover, the nonlinear state transformation Ψ(x) must be found.
Therefore, flexible multibody systems with multiple inputs and outputs and
many unactuated degrees of freedom are difficult to handle using this approach.

3.2 Framework of Servo-constraints for Model Inversion

The above approaches have limitations in their application to either fully actu-
ated multibody systems or systems with few degrees of freedom. Alternatively,
the inverse model can be computed with the servo-constraints approach. Servo-
constraints are also called control-, path- or program-constraints, see e.g. [Camp-
bell95]. A general framework for the use of servo-constraints in the context of
multibody system dynamics is introduced in [BlajerKołodziejczyk04, BlajerKoło-
dziejczyk07]. Moreover, the concept is formulated in the framework of Maggi’s
approach in [Chen08]. In the proposed approach, the equations of motion are
appended by algebraic constraints which constrain the system output z to be
equal to the desired output trajectory zd(t). This results in DAEs, which have
to be solved numerically for the feedforward control input uffw.
While some references solve the inverse model DAEs with backwards differenti-
ation formulas [FumagalliEtAl10, MobergHanssen10], the implicit Euler scheme
is used most of the time to solve the arising set of DAEs [BlajerKołodziejczyk04,
OttoSeifried18c, SeifriedBlajer13]. This is due to its advantages such as sim-
ple implementation, real-time applicability and stability properties [Hairer02].
Most common application examples are differentially flat systems, which in-
clude cranes [OttoSeifried18c, AltmannBetschYang16, BetschQuasemUhlar09]
and mass-spring chains [AltmannHeiland17, OttoSeifried18b, FumagalliEtAl10].
In the differentially flat case, the inverse model has no dynamics and the implicit
Euler is a reasonable choice because its numerical damping does not perturb the
solution. However, servo-constraints are also applicable to non-flat systems,
which have either stable or unstable internal dynamics. Minimum phase sys-
tems with stable internal dynamics are considered for example in [SeifriedBla-
jer13, OttoSeifried18a]. In that case, the solver must be chosen carefully to avoid
non-physical damping of the internal dynamics. Non-minimum phase systems
with unstable internal dynamics are considered in [BrülsBastosSeifried13, Bas-
tosSeifriedBrüls17, DrückerSeifried20]. The servo-constraints approach must be
formulated as a boundary value problem, because the unstable internal dynamics
prohibit an integration forward in time. The adaption of the servo-constraints
framework for non-minimum phase systems is presented in Chap. 6.
The inverse model DAEs are generally of higher differentiation index [Camp-
bell95]. For example, the index is 5 for overhead cranes [BlajerKołodziejczyk04].
For mass-spring chains, it increases by two for each additional mass [Otto-
Seifried18b]. However, most of the DAE solvers are developed for index 1
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systems. The problem becomes ill-conditioned for larger differentiation indices
and index reduction methods are advisable to reduce the index [Hairer02]. In
the framework of servo-constraints, minimal extension [AltmannBetschYang16,
YangBetschZhang20] and projection [BlajerKołodziejczyk04] are popular choices
for index reduction. In order to avoid solving a set of DAEs, a reformulation as
an optimization problem is proposed in [AltmannHeiland17].
In the following, the general framework of servo-constraints is presented and
different system configurations arising in this context are introduced. Moreover,
methods to compute the system zeros and poles are reviewed in order to deter-
mine if a model is differentially flat, minimum phase or non-minimum phase.
The relationship between relative degree and the differentiation index of the in-
verse model DAEs is presented afterwards. Since the differentiation index can
be considerably higher than 1, various index reduction approaches are presented
which are commonly used in this context.

3.2.1 General Framework
The general framework of servo-constraints in the context of multibody systems
is introduced according to [BlajerKołodziejczyk04]. The approach is motivated
from describing a general multibody system in redundant coordinates. Similar
to classical geometric constraints c(y, t), the servo-constraints

s(y, t) = z − zd(t) = h(y)− zd(t) = 0 (3.35)
constrain the system output z to be equal to the desired output zd(t) with s :
Rnf+nc × R → Rnu . Adding the servo-constraints s(y, t) to the equations of
motion (2.4)–(2.6) yields the DAEs

ẏ = Z(y)v (3.36)
M(y, t) v̇ + k(y, v, t) = q(y, v, t) +C(y, t)Tλ+B(y)u (3.37)

c(y, t) = 0 (3.38)
s(y, t) = 0 . (3.39)

The set of equations (3.36)–(3.39) has 2nf + 3nc + nu equations and the same
number of unknowns. The unknowns are the position coordinates y, the ve-
locity coordinates v, the Lagrange multipliers λ and the system input u. In
the context of this work, it is assumed that there exists a unique solution to the
DAEs (3.36)–(3.39). Some remarks about the existence of solutions for DAEs are
given in Sec. 3.3.1. Since the solution contains the system input u, it can be di-
rectly applied as a feedforward system input uffw. Thus, the DAEs (3.36)–(3.39)
describe the inverse model and will be referred to as inverse model DAEs in
the following. In contrast to the inversion approaches presented before, the in-
verse model is solved numerically. Algebraic manipulations are not necessary
to compute the feedforward control input uffw. However, some manipulations
help to gain further insight into the problem properties and are discussed in the
following.
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3.2.2 Configurations of Servo-constraint Problems

The inverse model DAEs (3.36)–(3.39) remain structurally similar to the set of
DAEs (2.4)–(2.6) which describe the forward dynamics of a multibody system.
While the Lagrange multipliers λ enforce the geometric constraints c(y, t), the
system input u enforces the servo-constraints s(y, t). Thus, the terms C(y, t)Tλ
and B(y)u have some similarities. However, there is also a difference. While
the matrix C(y, t) is the Jacobian of the constraints c(y, t), this is generally
not true for the input distribution matrix B. While the generalized reaction
forces λ act orthogonal to the tangent of the constraint manifold, this might not
be the case for the system input u. Possible configurations are distinguished
according to [BlajerKołodziejczyk04]. If the system input Bu is orthogonal to
the tangent of the constraint manifold, the inverse model is in ideal orthogonal
configuration. In case the system input Bu includes directions of both the
orthogonal and tangential manifold, the inverse system is in non-ideal orthogonal
configuration. The system is in tangential configuration in case the system input
lies completely on the tangent of the constraint manifold. Figure 3.3 visualizes
the different configurations. For MIMO systems, there can be orthogonal and
tangential configurations for individual input and output channels, which yields
a mixed tangential-orthogonal realization.

constraint
manifold

tangent
space

orthogonal
space

Bu

(a) Orthogonal.

constraint
manifold

tangent
space

orthogonal
space

Bu

(b) Non-ideal orthogonal.

constraint
manifold

tangent
space

orthogonal
space

Bu

(c) Tangential.

Figure 3.3: Configurations of the system input Bu with respect to the tangent
of the constraint manifold [BlajerKołodziejczyk04].

In order to determine the system configuration, some manipulations of the in-
verse model DAEs are necessary. To this end, both algebraic variables λ and u,
their distribution matrices as well as both constraints are collected in

µaug =
[
λ
u

]
, Gaug(y) =

[
C(y)

B(y)T

]
, caug(y, t) =

[
c(y, t)
s(y, t)

]
. (3.40)
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Thereby is µaug ∈ Rnc+nu , Gaug : Rny → R(nc+nu)×ny , caug : Rny×R→ Rnc+nu

with ny = nf + nc. The inverse model DAEs are summarized as
ẏ = Z(y)v (3.41)

M(y, t)v̇ + k(y, v, t) = q(y, v, t) +Gaug(y)T µaug (3.42)
caug(y, t) = 0 . (3.43)

Differentiating the constraints yields

ċaug(y, v, t) = ∂caug(y, t)
∂y

Z(y)
︸ ︷︷ ︸
Caug(y, t)

v + ∂caug(y, t)
∂t︸ ︷︷ ︸

caug,t(y, t)

= 0 , (3.44)

c̈aug(y, v, v̇, t) = Caug(y, t) v̇ + Ċaug(y, v, t) v + ċaug,t(y, t) = 0 (3.45)

with Caug : Rny × R → R(nc+nu)×ny and caug,t : Rny × R → Rnc+nu . Note
that due to the servo-constraints, it is ∂caug(y,t)

∂y
Z(y) = Caug(y, t) 6= Gaug(y, t).

Substituting the constraint c̈aug(y, v, v̇, t) on acceleration level for the constraint
caug(y, t) on position level leads to the formulation


Iny 0 0
0 M(y, t) −Gaug(y)T

0 Caug(y, t) 0




︸ ︷︷ ︸
Γ(y, t)



ẏ

v̇

µaug


 =




Z(y)v

q(y, v, t)− k(y, v, t)

−Ċaug(y, v, t) v − ċaug,t(y, t)




(3.46)

with the matrix function Γ : Rny×R→ R(2nf+3nc+nu)×(2nf+3nc+nu). For a regu-
lar matrix Γ(y, t) with rank rk(Γ) = 2nf +3nc+nu, equation (3.46) can be solved
for the algebraic variables µaug. In that case, the inverse model is in ideal or
non-ideal orthogonal realization [BrülsBastosSeifried13, FumagalliEtAl10]. For
rank 2nf + 3nc < rk(Γ) < 2nf + 3nc + nu, the system is in mixed tangential-
orthogonal realization, where rk(Γ) − 2nf − 3nc components of the output can
be reached directly. In case the rank is rk(Γ) = 2nf + 3nc, the system is in
tangential configuration and no output components can be influenced directly.
A tangential configuration is often characteristic for differentially flat systems,
but is not restricted to them [SeifriedBlajer13, OttoSeifried18b].
For systems written in ODE form (2.1)–(2.2) with added servo-constraint (3.35),
the following matrix conditions can also be used to determine the configura-
tion [BlajerKołodziejczyk04]. Differentiating the system output yields

ż = ∂h(y)
∂y

Z(y)
︸ ︷︷ ︸
H(y)

v , (3.47)

z̈ = H(y)v̇ + Ḣ(y, ẏ)v . (3.48)
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The accelerations v̇ can be obtained from the equations of motion (2.2) and are
substituted into equation (3.48) to yield

z̈ = H(y)M(y, t)−1 (q(y, v, t)− k(y, v, t) +B(y)u
)

+ Ḣ(y, ẏ)v . (3.49)

Equivalently to the concepts described in Sec. 3.1, the matrix

P (y, t) = H(y)M(y, t)−1B(y) (3.50)

with P : Rnf × R → Rnu×nu describes the input-output relationship. The rank
of the matrix P (y, t) is a measure for the system configuration [BlajerKoło-
dziejczyk04, SeifriedBlajer13]. For full rank rk(P ) = nu, the system input u
directly influences all system outputs and the matrix P (y, t) is invertible. Thus,
the system is of ideal or non-ideal configuration. For this case, the differenti-
ation index of the DAEs (3.36)–(3.39) is 3. In case the matrix P (y, t) is rank
deficient with 0 < rk(P ) < nu, only rk(P ) components of the output can be
directly influenced by the system input. This is a mixed tangential-orthogonal
realization. In case the rank is rk(P ) = 0, no output can be directly reached by
an input, and the inverse system is in tangential configuration.
The system configuration gives important information about the DAE index.
For an ideal or non-ideal configuration, the inverse model DAEs (3.36)–(3.39)
have differentiation index 3. For mixed tangential-orthogonal or tangential con-
figuration, the DAE index is larger than 3. Besides the DAE index, the relative
degree and stability of the zero dynamics are important properties of the system
and are analyzed in the following.

3.2.3 Computation of System Zeros and Poles

The zero dynamics introduced in Sec. 3.1.3 is a nonlinear extension to zeros
of linear systems [Svaricek06]. An overview of zeros for linear systems is given
e.g. in [HoaggBernstein07], while a general survey of the historic development
is given in [SchraderSain89]. System zeros of mechanical systems, such as flex-
ible beams, are interpreted and analyzed in [Miu91, Williams92]. According
to [HoaggBernstein07], a zero can have different effects on the behavior of a sys-
tem. For SISO systems, each zero in the left-half plane blocks a certain input
signal and for each zero in the right-half plane, a certain input signal becomes
unbounded. Moreover, zeros can cause over- and undershoots of the transient
response. The extension of those effects for linear MIMO systems is similar, but
more involved [HoaggBernstein07].
Briefly looking at the linear SISO case highlights the important properties for
the following discussion. In frequency domain with s ∈ C, the scalar transfer
function G : C→ C connects the scalar input U and output Y with

Y = G(s)U . (3.51)
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The transfer function consists of the numerator and denominator polynomi-
als pn : C→ C and pd : C→ C respectively, such that

G(s) = pn(s)
pd(s) . (3.52)

The roots of the numerator polynomial pn(s) are called zeros, while the roots
of the denominator polynomial pd(s) are called poles of the system G(s). The
inverse model of the system dynamics (3.51) is

U = G(s)−1 Y = pd(s)
pn(s) Y . (3.53)

The zeros of the forward dynamics become the poles of the inverse dynamics
and vice versa. In the following, the notation of zero and pole refers to a zero
and pole of the forward dynamics, if not denoted otherwise. For zeros in the
left-half plane, the inverse model has poles in the left-half plane and is stable.
The system is called minimum phase. A zero in the right-half plane becomes a
pole in the right-half plane of the inverse system. The inverse system becomes
unstable and is called non-minimum phase. For differentially flat systems, there
are no system zeros and the inverse G(s)−1 is a purely algebraic relation. Note
the equivalence to the discussion of the stability of zeros dynamics in Sec. 3.1.3.
Exact tracking is not possible for non-minimum phase systems [SlotineLi91].
While zeros are easy to define for SISO systems, the concept is more involved for
MIMO systems and multiple notions of zeros are developed [SchraderSain89].
Here, the concepts of invariant and transmission zeros are briefly introduced.
For linear MIMO systems of the form (2.32), the Rosenbrock matrix is given by

R(s) =
[
sElin −Alin Blin
−H lin 0

]
(3.54)

with R : C → C(2nf+3nc+nu)×(2nf+3nc+nu). An invariant zero is defined as the
complex value z̄ ∈ C, for which the Rosenbrock matrix R(z̄) loses rank [Hoagg-
Bernstein07, SchraderSain89]. The values z̄ correspond to the eigenvalues of a
generalized eigenvalue problem for the matrices Alin, Blin, H lin [HoaggBern-
stein07]. Transmission zeros are the zeros concerning the input-output behavior
and are defined based on the transfer function. They are a subset of the invari-
ant zeros. Both sets coincide for a minimal realization of the system dynamics,
since pole-zero cancellations cannot occur in this case.
With regard to the inverse model DAEs (3.36)–(3.39), stability of the zero dy-
namics and therefore position of the invariant zeros must be known in order to
choose a specific approach for solving the inverse model DAEs. For minimum
phase systems, the DAEs (3.36)–(3.39) can be integrated forward in time. For
non-minimum phase systems, this is not possible and the approach of stable
inversion is introduced in Chap. 6. However, a complete analysis based on the
Byrnes-Isidori form is often not desired due to the large analytical effort. Thus,
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the definition of invariant zeros based on a generalized eigenvalue problem is
adapted for the inverse model described by equations (3.36)–(3.39). Linearizing
the inverse model DAEs (3.41)–(3.43) according to Sec. 2.1.3 yields

˙̃y = Zy
linỹ +Zlinṽ (3.55)

M lin
˙̃v +Dlinṽ +Klinỹ = GT

aug,lin µ̃aug (3.56)
Cy

aug,lin ỹ = 0 . (3.57)

with the matrices

Cy
aug,lin = ∂caug

∂y

∣∣∣∣
yeq

and Gaug,lin = Gaug(yeq) . (3.58)

The linearized equations are summarized as



Iny 0 0

0 M lin 0

0 0 0




︸ ︷︷ ︸
E?




˙̃y
˙̃v

˙̃µaug


 =




Zy
lin Zlin 0

−Klin −Dlin GT
aug,lin

Cy
aug,lin 0 0




︸ ︷︷ ︸
A?



ỹ

ṽ

µ̃aug


 (3.59)

with E? ,A? ∈ R(2nf+3nc+nu)×(2nf+3nc+nu). Note the difference compared to
the linearized forward dynamics in the constraint equation, since for the inverse
model it is Gaug(y, t) 6= ∂caug(y,t)

∂y
Z(y) = Caug(y, t). The generalized eigenvalue

problem is

(A? − λ?E?) c? = 0 (3.60)

with 2nf + 3nc + nu generalized eigenvalues λ? ∈ C and generalized eigenvec-
tors c? ∈ C2nf+3nc+nu . There exist infinitely large eigenvalues λ?, which are
related to the algebraic constraints [Géradin01]. They represent the algebraic
constraints with infinitely fast motion related to zero mass. The finite eigenval-
ues λ? of the generalized eigenvalue problem for equation (3.59) represent the
invariant zeros of the forward system. Therefore, they determine if the system
is minimum phase or non-minimum phase.
Note that in an equivalent manner, the generalized eigenvalues of the forward
dynamics (2.4)–(2.6) can be determined by a generalized eigenvalue problem.
For the forward dynamics, the matrices E? and A? are given as E? = Elin and
A? = Alin of equation (2.32). The finite eigenvalues represent the poles of the
forward dynamics. Using this approach, the relative degree r can be determined
as difference between the finite poles and zeros of the system. Note that the
derived properties are local results around the chosen linearization point.
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3.2.4 Relative Degree and DAE Index
The differentiation index of the inverse model DAEs (3.36)–(3.39) is closely re-
lated to the relative degree r defined in Sec. 3.1.3. It is shown in [Campbell95]
that the differentiation index is r+ 1 for the case that the internal dynamics are
described by ordinary differential equations. This rule of thumb usually holds
for multibody systems. However, there are few special cases for which the differ-
entiation index can be larger than r+1. The concept of the differentiation index
concerns the complete set of DAEs describing the dynamics, while the relative
degree only concerns the input-output behavior. Thus, it is theoretically possi-
ble that the equations of motion are DAEs of index 3, while the relative degree
is smaller than 2. The following example illustrates such a special case.

Example 3.4 The undamped torsional oscillator shown in Fig. 3.4 consists
of three disks. In contrast to the model introduced in Sec. 2.4.2, the system
input is modeled as a position-based actuator mounted at the second disk.
It is enforced by the Lagrange multiplier λ and the constraint c(y). Thus,
the equations of motion are given using redundant coordinates as
[
I 0 0
0 I 0
0 0 I

][
ϕ̈1
ϕ̈2
ϕ̈3

]
+

[
k −k 0
−k 2k −k
0 −k k

][
ϕ1
ϕ2
ϕ3

]
=
[
0 1 0

]T
λ (3.61)

ϕ2 − u = 0 (3.62)

The system output is defined as the velocity of the third mass with z = ϕ̇3.
Thus, the servo-constraint is

ϕ̇3 − zd(t) = 0 . (3.63)

The differentiation index of the inverse model DAEs (3.61)–(3.63) can be
verified by computing the derivatives of the two constraints (3.62) and
(3.63) until the algebraic variables λ and u show up. The highest derivative
arises for differentiating the actuator constraint (3.62) with

ċ = ϕ̇2 − u̇ = 0 , (3.64)

c̈ = ϕ̈2 − ü = 1
I

(kϕ1 − 2kϕ2 + kϕ3 + λ)− ü = 0 . (3.65)

Since the Lagrange multiplier λ appears in the second derivative of the
geometric constraint, the DAEs describing the inverse model have differ-
entiation index 3. The relative degree is verified by differentiating the
system output until the input arises. This yields

ż = ϕ̈3 = 1
I

(−kϕ3 + kϕ2) = 1
I

(−kϕ3 + ku) . (3.66)

The system input u shows up in the first derivative of the system output
and thus the relative degree is r = 1, while the DAE index is 3. The general
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rule of thumb described above does not hold for this example. It can be
interpreted as follows. The system output is chosen on velocity level to
yield small relative degree of r = 1. At the same time, the dynamics of the
first mass is not related to the input-output behavior. The dynamics can
be interpreted as internal dynamics and it is described by index 3 DAEs.

ϕ1ϕ2ϕ3

u

Figure 3.4: Torsional oscillator with 3 disks.

The above example is designed to be simple and to show the relevant properties
at the same time. For the above system, the dynamics should not be described
by the DAEs (3.61)–(3.62), but the constraint (3.62) should be substituted to
obtain ODEs. However, it shows a simple example for which the rule of thumb
collapses. More complex systems can also show this behavior.

3.2.5 Index Reduction Approaches
The inverse model DAEs (3.36)–(3.39) can be of high index even for simple
mechanical systems. For example, the cable robot introduced in Sec. 2.4.1
has index 5 and the index of the torsional oscillator introduced in Sec. 2.4.2
increases by two for each additional disk. However, numerical methods be-
come ill-conditioned for high index DAEs. Thus, index reduction methods
are developed to reduce the differentiation index [Hairer02]. In the context of
servo-constraints, popular choices are Baumgarte stabilization [BencsikKovács-
Zelei17], projection [BlajerKołodziejczyk04] and minimal extension [Altmann-
BetschYang16, BetschAltmannYang16]. Moreover, a reformulation of the me-
chanical model using redundant coordinates can help to reduce the index in
special cases [OttoSeifried18c, BlajerKołodziejczyk11].
In the following, Baumgarte stabilization, the projection approach and a refor-
mulation using redundant coordinates are briefly reviewed. Their application
and effect on the numerical solution are shown in simulations in Chap. 4.

Baumgarte Stabilization

In multibody system dynamics, the geometric constraints usually constrain the
position of coordinates, e.g. a constraint representing a joint. The analyti-
cal solution to the DAEs also fulfills the constraints on velocity and acceler-
ation level [Hairer02]. This property gives rise to the idea to substitute the
original constraint caug(y, t) by its first derivative ċaug(y, v, t) or second deriva-
tive c̈aug(y, v, v̇, t). It follows from the definition of the index, that this substi-
tution reduces the index.
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While the original analytical solution is also a solution to the new set of equa-
tions, there will be a drift in the numerical computation [Hairer02]. Constraining
only the velocity level of the constraints yields a numerical error which grows
linear in time. This is due to small rounding and truncation errors in each time
step which accumulate on position level. Accordingly, fulfilling the constraints
on acceleration level yields an error which grows quadratically in time. A stabi-
lization is proposed in [Baumgarte72] to reduce the drift problem by substituting
the original constraint caug(y, t) with

c̃aug(y, v, v̇, t) = c̈aug(y, v, v̇, t) + 2αbgċaug(y, v, t) + βbgcaug(y, t) = 0 . (3.67)

The diagonal matrices αbg ∈ R(nc+nu)×(nc+nu) and βbg ∈ R(nc+nu)×(nc+nu) con-
tain the Baumgarte parameters on the diagonal, which are selected such that
equation (3.67) has asymptotically stable dynamics [Hairer02]. Equation (3.67)
acts as a PD controller to enforce the constraints on position and velocity level.
The selection of Baumgarte parameters αbg and βbg is problem-specific and
therefore not straightforward. If the parameters are chosen too large, the differ-
ential equations become stiff and more difficult to solve. If they are chosen too
small, the constraints are enforced with slow transient dynamics.

Projection Approach

The projection approach in the context of servo-constraints is presented in [Blajer-
Kołodziejczyk04] for systems modeled by ODEs and in [BlajerKołodziejczyk11]
for systems modeled by DAEs. Here, it is briefly reviewed for systems modeled
by the ODEs (2.1)–(2.2).
Suitable projection matrices are defined to project the equations onto the con-
strained and unconstrained subspaces. The constrained subspace is orthogonal
to the tangent of the constraint manifold. The unconstrained subspace is the
complementary subspace. In the case analyzed here, it is assumed that the servo-
constraints are the only constraints on the dynamics. Thus, the projection ma-
trixH : Rnf → Rnu×nf on the constrained subspace is the Jacobian of the servo-
constraints, see equation (3.47). The projection matrix P u : Rnf → Rnf×(nf−nu)

onto the unconstrained subspace is constructed with the conditions

H(y)P u(y) = 0 , P u(y)TH(y)T = 0 . (3.68)

Applying the projection onto the set of equations yields
[

P u(y)T

H(y)M(y, t)−1

] (
M(y, t) v̇ + k(y, v, t) = q(y, v, t) +B(y)u

)
. (3.69)

In these equations, it is possible to reduce the number of differential equations.
From the output equation (3.48) follows H(y)v̇ = z̈d(t)− Ḣ(y, ẏ)v, where the
second derivative of the system output is replaced by the desired trajectory z̈d(t).
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Substituting this information into the second projected equation (3.69) yields the
algebraic equation

H(y)v̇ = H(y)M(y, t)−1 (q(y, v, t)− k(y, v, t) +B(y)u) , (3.70)
z̈d(t)− Ḣ(y, ẏ)v = H(y)M(y, t)−1 (q(y, v, t)− k(y, v, t) +B(y)u) . (3.71)

The complete arising DAEs are reordered to distinguish between the remaining
differential and algebraic equations, such that

ẏ = Z(y)v (3.72)
P u(y)TM(y, t)v̇ = P u(y)T (q(y, v, t)− k(y, v, t) +B(y)u) (3.73)

0 = H(y)M(y, t)−1 (q(y, v, t)− k(y, v, t) +B(y)u)−
z̈d(t) + Ḣ(y, ẏ)v

(3.74)

0 = z(y)− zd(t) . (3.75)

The differential equations (3.72) and (3.73) are of dimensions nf and nf − nu
respectively, while the algebraic equations (3.74) and (3.75) are each of dimen-
sion nu. Using this projection, the index is reduced by 2.

Direct Substitution

It is shown in [OttoSeifried18c] that it might be convenient to describe the equa-
tions of motion using partially redundant coordinates. In the special case when
the system output z(y) is directly part of the redundant coordinate vector y, the
above index reduction process can be simplified, since the JacobianH(y) reduces
to two submatrices, which are the identity and the null matrix. The redundant
coordinate vector y can be reordered such that the output is represented as

z =
[
Inu 0

]
y , (3.76)

with identity Inu ∈ Rnu×nu and null matrix 0 ∈ Rnu×(nf+nc−nu). Then, the
servo-constraints and their derivatives can be formulated as

s(y) =
[
Inu 0

]
y − zd(t) = 0 , (3.77)

ṡ(y, v) =
[
Inu 0

]
Z(y)v − żd(t) = 0 , (3.78)

s̈(y, v, v̇) =
[
Inu 0

]
(Z(y)v̇ + Ż(y, v)v)− z̈d(t) = 0 . (3.79)

These equations represent the output and therefore some of the redundant states
are given directly in terms of the desired output and its derivatives. Thus, they
can be substituted into the equations of motion (3.36)–(3.38). Therefore, the
first nu equations of equation (3.37) reduce to algebraic equations instead of
differential equations and the index is reduced by 2.
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Example 3.5 The undamped torsional oscillator with 2 disks is considered
for demonstration of the direct substitution approach. The system output z
can be represented directly by the state vector with

z = ϕ2 =
[
1 0

]
ỹ =

[
1 0

] [ϕ2
ϕ1

]
. (3.80)

Substituting the servo-constraint s(y, t) = z − zd(t) = 0 and its first two
derivatives yields the inverse model equations

[
I 0
0 I

][
z̈d(t)
ϕ̈1

]
+
[
−k k
k −k

][
zd(t)
ϕ1

]
=
[

0
1

]
u . (3.81)

The servo-constraints can be dropped due to the substitution into the
equations of motion. The resulting DAEs have a differentiation index 3
compared to original index 5.

3.3 Numerical Methods

The computation of an analytical solution for the inverse model DAEs is usually
tedious or impossible. Thus, the equations are solved using numerical methods.
After a brief discussion about the existence of solutions, the numerical methods
which are applied in the scope of this work are presented. First, Newton’s method
is introduced to solve nonlinear equations, which arise within the time integration
schemes for the DAEs. Afterwards, several integration schemes are discussed to
solve DAEs numerically. These include implicit Runge-Kutta methods and the
backwards differentiation formulas. Considerations for real-time applicability of
the presented schemes are discussed and approaches to reduce the computational
effort are presented.

3.3.1 Considerations for Existence of Solutions
Theoretical results on the existence of solutions to DAE problems are generally
more involved compared to equivalent results for ODEs [Brenan89]. Most the-
oretical results exist for constant coefficient linear DAEs [Brenan89, Hairer08],
but results are also stated for general DAEs [Griepentrog86]. A solution to the
inverse model problem stated by the DAEs (3.36)–(3.39) does not necessarily
exist or there might be infinitely many solutions. For the existence of a solu-
tion, the initial conditions y0, v0,λ0,u0 must be consistent with the algebraic
constraints [Hairer02]. For index 1 problems, the algebraic constraints must be
fulfilled at initial time t0 with

caug(y0, t0) = 0 . (3.82)

For higher index problems, the respective derivatives of the constraints must
be fulfilled at initial time as well. Moreover, for the existence of at least one
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solution, some conditions on the desired trajectory zd(t) must be fulfilled. The
desired output trajectory zd(t) must be compatible with the geometric con-
straints on the system and cannot impose conflicting constraints on the motion.
Moreover, the desired trajectory zd(t) must be at least r times continuously
differentiable [Brenan89]. Note that this is also true for the inverse model based
on differential flatness and the inverse model based on the Byrnes-Isidori normal
form, see Sec 3.1.2 and Sec. 3.1.3 respectively. The smoothness assumption can
be quite restricting on the choice of trajectories.
Approaches for feasibility conditions of servo-constraints are presented in [Fu-
magalliEtAl10]. The generation of feasible trajectories itself is topic of active
research. For example, the generation of feasible trajectories for differentially
flat systems is based on the solutions of optimization problems in [Arnold-
EtAl08, FloresMilam06, SchultzMurphey12, Aschemann09]. An algorithm which
does not need to solve an iterative optimization problem is presented in [Knier-
imSawodny12].
Servo-constraints can also be applied to redundantly actuated multibody systems
with more system inputs than degrees of freedom. In that case, the solution to
the inverse problem is not unique. Additional requirements, such as minimizing
the energy can be enforced to choose one of the solutions, see e.g. [Bajodah-
HodgesChen05].
In the following, it is assumed that the desired trajectories are sufficiently smooth
and compatible with the possible motion of the system. Moreover, consistent
initial conditions are assumed.

3.3.2 Method for Solving Nonlinear Equations
Usually, time discretization schemes for initial value problems result in a set
of nonlinear equations. Here, Newton’s method is applied to solve the arising
set of nonlinear equations [Strang10, Strang12]. For notational simplicity, the
nonlinear equations of dimension ne are collected in

f e(ξ) = 0 (3.83)

with f e : Rne → Rne and the unknown vector ξ ∈ Rne . The scheme solves for
the unknown vector iteratively with

χi = −
(
J i(ξi)

)−1
f e(ξi) (3.84)

ξi+1 = ξi + χi . (3.85)

Thereby, χi ∈ Rne represents the update of the current guess ξi and the Jacobian
J i : Rne → Rne×ne denotes the gradient evaluated at the current guess ξi with

J i(ξi) = ∂f e(ξ)
∂ξ

∣∣∣∣
ξ=ξi

. (3.86)
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The scheme describes a linearization of the nonlinear equation f e(ξ) at the
current guess ξi, which is then solved for its new root ξi+1. An initial guess ξ0

must be supplied to start the iterative scheme. The method converges locally
quadratic for a sufficiently accurate initial guess [Hermann11, Strang10]. The
iterative scheme terminates when the condition

∥∥f e
(
ξi
)∥∥

max < εtol for i < nN,max (3.87)

is fulfilled for some positive finite value εtol or if the maximum admissible number
of iterations nN,max is reached.

3.3.3 Methods for Solving Initial Value Problems

The inverse model DAEs (3.36)–(3.39) must be solved preferably in real-time.
The solution includes the desired state trajectory and the desired system input
which can be applied directly as the feedforward input uffw. Generally, it is
more difficult to solve DAEs than ODEs and a solution cannot be guaranteed.
Here, it is assumed that a solution exists, see Sec. 3.3.1. Since some of the
considered examples possess internal dynamics, a suitable DAE solver must be
selected carefully and the solution should be monitored closely. For example,
this is possible by applying the computed input uffw to the model in a forward
simulation and comparing the simulated system output with the desired output.
Note that the system must be minimum phase for solving the inverse model as an
initial value problem. For non-minimum phase systems, stable system inversion
is presented in Chap. 6.
Common DAE solvers are presented in [Brenan89, Hairer02]. Here, the implicit
Runge-Kutta schemes and backwards differentiation formulas (BDF) are applied
and compared in the context of servo-constraints. Both schemes can be applied
to DAEs as well as ODEs. To simplify notation, the ODE/DAE system of
dimension nx is summarized with the unknown state vector x̃ ∈ Rnx in the form

f̃(x̃, ˙̃x, t) = 0 , (3.88)

with f̃ : Rnx ×Rnx ×R→ Rnx . For an ODE system, the Jacobian ∂f̃

∂
˙
x̃
is regular,

while it is singular for a DAE system.

Implicit Runge-Kutta methods

The implicit Runge-Kutta schemes belong to the class of single-step integration
methods. The approximated solution x̃n at time tn is computed based on the
solution x̃n−1 at the previous time step tn−1. Note that in this work, the step
size is constant with tn − tn−1 = ∆t. This is important for implementation
on experimental setups which are running with a fixed control loop frequency.
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Following [Brenan89], the srk-stage Runge-Kutta scheme for ODEs/DAEs given
by equation (3.88) is

f̃

(
x̃n−1 + ∆t

srk∑

j=1

a′ijX̃
′
j , X̃

′
i, tn−1 + c′i ∆t

)
= 0 i = 1, 2, . . . , srk (3.89)

x̃n = x̃n−1 + ∆t
srk∑

i=1

b′i X̃
′
i . (3.90)

Thereby, the values X̃
′
i ∈ Rnx denote the approximated derivatives at the time

instances tn−1 + c′i ∆t between the times tn−1 and tn. The values X̃
′
i are com-

puted with Newton’s method as solutions of the nonlinear equation (3.89), which
is of dimension ne = srk nx. A specific Runge-Kutta method is defined by the
coefficients a′ij , b′i and c′i. They are collected in the matrices A′, b′, c′ and
summarized in the Butcher-tableau

c′ A′

b′T
.

The implicit Euler scheme is a Runge-Kutta method of stage srk = 1 with the
coefficients given in Tab. 3.1. This scheme is usually applied in the context
of servo-constraints. It is here compared to the 3-stage Runge-Kutta method
Radau IIA. The 3-stage Runge-Kutta method Radau IIA is of order 5 and is
therefore called Radau5 in the following. Its coefficients are given in Tab. 3.1.
The convergence rates of the considered schemes are derived in [Hairer02] for
ODEs. For general higher index DAEs, convergence results are stated in [Hair-
erRocheLubich89]. Thereby, the convergence rate of the algebraic variables
might be lower than the convergence rate of the differential variables. Since
the algebraic variable u is used for the control, its convergence rate is of inter-
est here. The convergence rate for algebraic variables for an srk-stage scheme
with srk ≥ 2 is given as srk − 1 in [HairerRocheLubich89].

Table 3.1: Coefficients of the considered Runge-Kutta schemes.

Implicit Euler (srk = 1) Radau IIA of order 5 (srk = 3)

1 1
1

4−
√

6
10

88−7
√

6
360

296−169
√

6
1800

−2+3
√

6
225

4+
√

6
10

296−169
√

6
1800

88+7
√

6
360

−2−3
√

6
225

1 16−
√

6
36

16+
√

6
36

1
9

16−
√

6
36

16+
√

6
36

1
9
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Backwards Differentiation Formulas

The backwards differentiation formulas belong to the class of multi-step solvers.
The approximated solution x̃n at time tn is computed based on the last kbdf
solutions x̃n−1, x̃n−2, . . . , x̃n−kbdf . Following [Brenan89], the kbdf-step BDF
scheme for the implicit ODEs/DAEs (3.88) is

f̃

(
x̃n,

1
∆t

kbdf∑

i=0

α′i x̃n−i, tn

)
= 0 . (3.91)

In order to obtain the next approximation x̃n, the nonlinear equation (3.91) of
dimension ne = nx is solved with Newton’s method. The coefficients α′i define a
particular BDF scheme. Table 3.2 summarizes the coefficients for schemes with
kbdf = 1, 2, . . . , 6. Note that the implicit Euler scheme can again be obtained for
kbdf = 1. For a kbdf-step scheme, the first kbdf solutions x̃kbdf−1, x̃kbdf−2, . . . , x̃0
must be provided for example by a single-step scheme. Convergence results for
BDF methods are given in [Brenan89] for index 3 DAEs. In case the first kbdf
values are consistent of order kbdf + 1 and the algebraic equations are solved
at each step with accuracy O

(
∆tk+3) for kbdf = 1 or accuracy O

(
∆tkbdf+2)

for kbdf ≥ 2 respectively, then the constant step size kbdf-step BDF method
converges with order kbdf for kbdf < 7.

Table 3.2: Coefficients α′i of kbdf-step BDF schemes.

kbdf α′0 α′1 α′2 α′3 α′4 α′5 α′6

1 1 −1
2 3

2 −2 1
2

3 11
6 −3 3

2 − 1
3

4 25
12 −4 3 − 4

3
1
4

5 137
60 −5 5 − 10

3
5
4 − 1

5

6 49
20 −6 15

2 − 20
3

15
4 − 6

5
1
6

3.3.4 Considerations for Real-time Applicability

Most control applications run with a fixed control loop frequency f = 1
∆t . For

example, the frequency of the experimental setup introduced in Sec. 2.4.1 is
100 Hz. An algorithm with execution time tex is considered to be real-time
capable, if the condition

tex <
1
f

= ∆t = tn+1 − tn (3.92)
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Chapter 3. Model Inversion Concepts for Feedforward Control

holds in every iteration n of the control loop [BurgermeisterArnoldEsterl06].
Figure 3.5 visualizes this condition for two consecutive time steps tn and tn+1.
Detailed descriptions of real-time systems can be found in [Laplante04]. Due to
the constant control loop frequency, it is not possible to apply automatic step
size control methods, which are often used to increase efficiency [Burgermeis-
terArnoldEsterl06]. Note that requirements on the numerical accuracy are not
as strict compared to off-line simulations. Since the controlled system is de-
signed to be stable, small integration errors can be compensated in future time
steps [BurgermeisterArnoldEsterl06]. Moreover, there are other effects, such as
friction in the actuators that limit the control accuracy.
The complete execution time tex includes reading sensor data, computing control
inputs and sending the control input to the actuators. Thus, computation of the
feedforward control should only take a part of the available time ∆t. The feed-
forward control is computed by integrating the DAEs (3.36)–(3.39) numerically.
During numerical time integration, most computational effort is due to solving
nonlinear equations with Newton’s method. Different approaches are considered
to speed up the Newton iterations. They are presented in the following.

tn

tex

tn+1

t

Figure 3.5: Visualization of the real-time condition.

Limitation of Maximum Number of Iterations

The number of Newton iterations is limited to a maximum of nN,max. In case
the maximum number of iterations is reached before the abort criterion (3.92)
is met, the Newton algorithm (3.84)–(3.85) terminates and uses the current
guess as solution. Usually, the Newton method converges in few steps due to
its quadratic convergence for sufficiently accurate initial guesses [Hermann11].
The number of iterations can be decreased by providing an accurate first guess.
The first guess of one time step is usually the solution of the previous time step.
Since the considered trajectories are smooth by definition and discretization is
sufficiently small, the solution is expected to change smoothly.
A more restricted version of the approach is setting the maximum allowed num-
ber of iterations to nN,max = 1. For the implicit Euler integration scheme, this
results in the linear implicit Euler [BurgermeisterArnoldEsterl06]. It is shown
in experiments for the cable robot that the linear implicit Euler scheme yields a
sufficiently accurate solution for trajectory tracking, see Sec. 4.2.4.
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3.3. Numerical Methods

Analytical Jacobian

The Newton algorithm of equations (3.84)–(3.85) relies on the Jacobian J(ξ) of
the nonlinear equations f e(ξ) at each current guess. The Jacobian is commonly
calculated with finite differences [Hermann11]. This involves ne + 1 function
evaluations of the underlying ne equations for forward and backwards finite dif-
ferences. This computational effort can be eliminated by providing the analytical
Jacobian Jana(ξ) wherever possible. Analytical Jacobians can be generated e.g.
with the Symbolic Math toolbox or based on analytical derivations before the
simulation. Then, only one function evaluation of the nonlinear equation (3.83)
and of the analytical Jacobian Jana(ξ) is necessary. However, the generation of
an analytical Jacobian might be difficult or impossible for complex systems.

Broyden’s Method

Broyden’s method is another approach to circumvent the costly computation of
the Jacobian J(ξ) with finite differences in each time step. An approximated
Jacobian J̃(ξ) is computed iteratively in each Newton iteration [Broyden65,
Hermann11]. The iterative scheme for the approximated Jacobian J̃(ξ) is

J̃
i+1

(ξi+1) = J̃
i
(ξi) +

f e
(
ξi+1) (χi)T

‖χi‖2 . (3.93)

Thereby, χi is the update from equation (3.84) and ξi+1 the updated guess of
the Newton scheme. No additional function evaluations are required and thus ne
function evaluations are saved compared to computing the Jacobian with finite
differences. Theoretically, Broyden’s method (3.93) can be initialized with an
identity matrix as first guess J̃

0
. However, faster convergence is obtained by

calculating the initial Jacobian J̃
0
with finite differences in the very first time

step. Afterwards, the scheme is initialized with the approximated Jacobian of the
last time step. Note that generally speaking, applying Broyden’s method results
in more Newton iterations, since the Jacobian is not as accurate. However,
the overall computation time can be significantly faster, since each individual
Newton iteration is considerably faster. The trade-off must be monitored for
each individual problem. Note that there exist hybrid methods for which the
approximated Jacobian J̃(ξ) is reinitialized after a fixed number of time steps
or based on some other criteria. Simulation results are discussed in Sec. 4.2.5 to
demonstrate the trade-off.

Scaling the Algebraic Constraints

The Jacobian matrix J(ξ) might be ill-conditioned for higher index DAEs. Ill-
conditioning causes rounding errors and less accurate solutions [Hermann11].
The condition can be improved by scaling the algebraic constraints caug(y, t)
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with a scalar constant % in the order of magnitude of the time step ∆t [Brenan89,
HairerRocheLubich89], such that the new constraint is

c̄aug(y, t) = % caug(y, t) = 0 . (3.94)

Simulation results demonstrate the effect of scaling in Sec. 4.2.5.

3.4 Combination with Feedback Control

Regarding the two design degree of freedom control structure in Fig. 3.1, the
feedforward control input uffw is mainly responsible for trajectory tracking. In
case the inverse model reflects the system dynamics accurately, the tracking
errors are expected to be small. However, a model never captures all effects of the
real system. Five factors of uncertainty are identified in [ThrunBurgardFox06].

1. The environment of the system cannot be modeled completely. There re-
main unknown external forces which can act on the system. These include
for example process forces or wind loads.

2. There are parameter uncertainties due to imperfect sensor measurements.

3. System actuation is never perfect and there remain unmodeled effects in
the motors, such as dead zones or friction.

4. The system model itself is not perfect and there remains unmodeled dy-
namics, such as friction effects.

5. Computation time is limited in a real-time system, see Sec. 3.3.4. There-
fore, there are numerical uncertainties and rounding errors in the calcula-
tion of the control law.

For all these reasons, a feedback controller must be designed to reject those dis-
turbances and to minimize the tracking error. Note that the formulation of the
inverse model is closely related to the control strategy called feedback lineariza-
tion [Isidori96]. However, feedback linearization is known to have robustness
issues, see [SlotineLi91], and is not further pursued in the context of this work.
There are several advantages of using the two degree of freedom control struc-
ture in Fig. 3.1. In that case, the inverse model can be designed independently
from the feedback controller. Both control components can be designed, tuned
and tested separately. The existence of a feedforward control module poses some
advantages compared to using a feedback controller by itself. For example, since
most of the motion is generated by the feedforward control input uffw, the abso-
lute values of the feedback control input ufb are considerably smaller than the
feedforward control input uffw. Therefore, sensor noise is not amplified as much
compared to only using a feedback controller. This is briefly demonstrated in
the following example.
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3.4. Combination with Feedback Control

Example 3.6 The mass-on-car system introduced in Sec. 2.4.3 is consid-
ered in reduced form without the first mass. The adaptive funnel controller
is applied in the feedback path, see [BergerEtAl18, BergerHoàngReis18]
and the inverse model is computed with servo-constraints. In order to
show the effect of the feedback controller, the model is simulated with
disturbed parameters that differ from the nominal parameters used for
controller design. Figure 3.6 shows the control input for different setups.
First, the feedback control law ufb is applied without additional feedfor-
ward control. Then, the combination u = uffw + ufb of feedforward and
feedback control is applied. As reference, the feedforward control law uffw
is shown. It is evident that the combination of feedforward and feedback
part reduces spikes in the feedback control input. This reduces loads on the
mechanical parts and oscillations of the structure. Refer to [BergerEtAl18]
for more details on this example.

0 0.5 1 1.5 2 2.5 3

−50

0

50

100

t [s]

u
[N

]

ufb
ufb + uffw
uffw

Figure 3.6: System input for trajectory tracking of the mass-on-car system
with disturbed parameters [BergerEtAl18].

Another advantage of the two design degree of freedom control structure is that
tracking of a trajectory is possible without a time lag. If the complete tracking
motion is generated by the feedback controller, a time lag always exists. The
feedback controller can only react to the reference motion, since it does not know
about it beforehand. This is demonstrated in the following example.

Example 3.7 For the cable robot introduced in Sec. 2.4.1, trajectory con-
trol is performed with a combination of feedforward and feedback control
and compared to pure feedback control. Figure 3.7 shows experimental
results for the experimental setup described in Sec. 4.2.2. For the pure
feedback control ufb in Fig. 3.7(a), a time lag between the desired plat-
form trajectory xP,d and the measured position x̂P is evident. The time
lag is not present for the combined control uffw +ufb in Fig. 3.7(b) because
of the feedforward control part.
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t [s]
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P
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]

xP,d
x̂P

(a) Control ufb.

0 5 10 1510
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16

t [s]

x
P

[m
]

xP,d
x̂P

(b) Control uffw + ufb.

Figure 3.7: Experimental results for trajectory tracking of the cable robot.

Feedforward control based on servo-constraints can be combined with many dif-
ferent feedback strategies. In the following, simple feedback controllers which
are applied in the context of this work are briefly presented.

3.4.1 Linear Quadratic Regulator
A classical model-based state feedback controller is the linear quadratic regulator
(LQR) [Brogan91, Bryson75, Föllinger88]. The feedback gains are calculated by
solving an optimal control problem subject to either the linear time-invariant
(LTI) or time-variant equations of motion. Here, the LTI case is considered for
ODEs in the form (2.19) with x =

[
yT vT]T. The control goal is to stabilize

the system around the equilibrium xeq =
[
yT

eq vT
eq
]T. For an LTI system, the

control is optimal with respect to the cost function

J(x,u) = 1
2

∞∫

t0

(x(t)− xeq)TQlqr (x(t)− xeq) + u(t)TRlqru(t) dt (3.95)

with J : R2nf × Rnu → R. Thereby, Qlqr ∈ R2nf×2nf and Rlqr ∈ Rnu×nu

are weighting matrices used for tuning [Brogan91]. The weighting matrix Qlqr
penalizes errors in the state x and the weighting matrixRlqr penalizes the system
input. Assuming a linear ansatz function for the system input u and setting up
the optimization of the cost function J(x,u) subject to the LTI dynamics (2.19)
results in the algebraic Riccati equation

P lqrAlin +AT
linP lqr − P lqrBlinR

−1
lqrB

T
linP lqr +Qlqr = 0 (3.96)

with unknown matrix P lqr ∈ R2nf×2nf , see e.g. [Föllinger88]. Solving the al-
gebraic Riccati equation (3.96) for the matrix P lqr yields the constant gain
matrix F lqr ∈ Rnu×2nf , which is computed with

F lqr = R−1
lqrB

T
linP lqr . (3.97)

61



3.4. Combination with Feedback Control

The gain matrix can be implemented in the linear feedback law

ulqr(t) = −F lqr (x(t)− xeq) . (3.98)

Note that the control strategy only guarantees stability for the linearized system.
For a nonlinear system, stability cannot be guaranteed and the controller might
only work well in a region in which the linearized system approximates the
nonlinear system accurately. The presented controller is implemented on the
experimental setup of the cable robot and results are presented in Sec. 4.2.7 and
in [OttoSeifried18c].
Note that the control strategy described above can be extended for models de-
scribed by DAEs. This is for example shown in [Heiland16] for flow control
problems. Here, the general nonlinear DAEs are first linearized. Then, a projec-
tion approach based on a QR decomposition is applied to transform the DAEs
into a set of equivalent ODEs, see e.g. [Bauchau11]. Note that by taking this
projection approach, the dynamic equations are still formulated in the origi-
nal redundant coordinates. Therefore, the tuning matrices Qlqr and Rlqr act
on the original redundant coordinates in the cost function. This makes tuning
the weighting matrices more intuitive compared to introducing virtual states.
Details of the proposed strategy are presented in [OttoRückwaldSeifried19] and
experimental results are shown in Sec. 4.2.8.

3.4.2 Sliding Mode Control

Sliding mode control is a model-based state feedback controller developed in
the field of nonlinear control theory [Isidori96, SlotineLi91]. It is designed to
achieve accurate tracking in the presence of model uncertainties. Thereby, the
tracking problem of a system is transformed to a stabilization problem of smaller
dimension. Perfect tracking comes a the price of high controller activity, namely
fast switching of the control input [SlotineLi91].
Design of a sliding mode controller (SMC) for underactuated multibody sys-
tems is presented according to [AshrafiuonErwin08] for systems in the ODE
form (2.1)–(2.2). The equations of motion are partitioned into actuated and
unactuated parts

[
ẏa
ẏu

]
=
[
Zaa Zau
Zua Zuu

][
va
vu

]
(3.99)

[
Maa Mau
Mua Muu

][
v̇a
v̇u

]
+
[
ka
ku

]
=
[
qa
qu

]
+
[
Ba
0

]
u (3.100)

with the subvectors ya, va,ka, qa ∈ Rnu , yu, vu,ku, qu ∈ Rnf−nu and submatri-
cesMaa,Zaa,Ba ∈ Rnu×nu ,Mau,Zau ∈ Rnu×(nf−nu),Mua,Zua ∈ R(nf−nu)×nu ,
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Muu,Zuu ∈ R(nf−nu)×(nf−nu). The tracking errors are defined as

ỹ(y, t) =
[
ỹa(ya, t)
ỹu(yu, t)

]
= y − yd(t) , (3.101)

˙̃y(ẏ, t) =
[ ˙̃ya(ẏa, t)

˙̃yu(ẏu, t)

]
= ẏ − ẏd(t) (3.102)

with the tracking errors ỹa,
˙̃ya ∈ Rnu of the actuated coordinates and the track-

ing errors ỹu,
˙̃yu ∈ Rnf−nu of the unactuated coordinates. The tracking prob-

lem of the coordinates y, ẏ is transformed to a stabilization problem of a nu-
dimensional sliding surface

σsmc(ỹ(y, t), ˙̃y(v, t)) = Θa
˙̃ya(ẏa, t) + Λa ỹa(ya, t)+

Θu
˙̃yu(ẏu, t) + Λu ỹu(yu, t)

(3.103)

with σsmc : Rnf × Rnf → Rnu . Thereby, the matrices Θa ,Λa ∈ Rnu×nu and
Θu ,Λu ∈ Rnu×(nf−nu) are chosen to yield stable dynamics on the sliding surface.
The parameters of the matrices are for example selected based on a lineariza-
tion of the system in [AshrafiuonErwin08] or with a model-predictive control
scheme in [MuskeEtAl12]. The sliding surface is rewritten in terms of the veloc-
ities ẏa, ẏu such that

σsmc(ỹ(y, t), ˙̃y(v, t)) = Θa ẏa + Θu ẏu+(
−Θa ẏd,a(t)−Θu ẏd,u(t) + Λa ỹa(ya, t) + Λu ỹu(yu, t)

)
︸ ︷︷ ︸

sp(ỹ(y, t), t)
(3.104)

with the function sp : Rnf × R → Rnu . The stabilization of the sliding sur-
face σsmc(ỹ(y, t), ˙̃y(v, t)) and therefore tracking of the original coordinates is
obtained by enforcing σ̇smc(ỹ(y, t), ˙̃y(v, t)) = 0. This condition results in the
control law

usmc = −M−1
s

(
f̂ s + ṡp + κsmc sat

(
sΦ−1

smc
))

(3.105)

with the tuning parameters κsmc ∈ Rnu and Φsmc ∈ Rnu×nu and f̂ s denoting
the best estimate for f s. The terms M s ∈ Rnu×nu and f s ∈ Rnu are defined as

M s = (ΘaZaa + ΘuZua) M ′−1
aa Ba−

(ΘaZau + ΘuZuu) M ′−1
uu MuaM

′−1
aa Ba ,

(3.106)

f s = (ΘaZaa + ΘuZua) M ′−1
aa f ′a + (ΘaZau + ΘuZuu) M ′−1

uu f ′u+(
ΘaŻaa + ΘuŻua

)
va +

(
ΘaŻau + ΘuŻuu

)
vu .

(3.107)
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Thereby, the auxiliary matrices are

M ′
aa = Maa −MauM

−1
uu Mua , (3.108)

f ′a = (qa − ka)−MauM
−1
uu (qu − ku) , (3.109)

M ′
uu = Muu −MuaM

−1
aa Mau , (3.110)

f ′u = (qu − ku)−MuaM
−1
aa (qa − ka) (3.111)

with M ′
aa ∈ Rnu×nu , f ′a ∈ Rnu , M ′

uu ∈ R(nf−nu)×(nf−nu), f ′u ∈ Rnf−nu . Two
parameters are available to tune the performance of the controller. The controller
gain κsmc is

κsmc = F s + ηsmc (3.112)

with the upper bound F s ≥ |f s− f̂ s| on the estimation of the dynamic forces f s.
This term ensures robustness against unmodeled dynamics and parameter uncer-
tainties. The gain ηsmc ∈ Rnu is tuned such that the sliding surface is reached in
finite time [AshrafiuonErwin08, SlotineLi91]. The width Φsmc of the saturation
function determines the trade-off between high control action and minimizing
the tracking error. For very small width Φsmc, the saturation function reduces
to a sign-function and there is high frequent switching of the control input usmc
for exact tracking. For large width Φsmc, the control action is smooth, but
the tracking error increases. It is referred to [AshrafiuonErwin08] for more de-
tails on the control strategy. From the control law (3.105) follows, that the
desired state trajectories yd(t), ẏd(t) must be available for evaluation of the
control law. Note that these trajectories are usually not known for a defined
output trajectory zd(t). Here, they are obtained by solving the inverse model
DAEs (3.36)–(3.39).
Application of the sliding mode controller on the cable robot is shown in Sec. 4.2.7
and in [OttoSeifried18c]. Moreover, classical sliding mode control is compared
to an adaptive sliding mode control strategy in [BessaEtAl19] with supporting
experimental results for the cable robot.

3.5 Classification of the Application Examples

The application examples presented in Sec. 2.4 are chosen due to their specific
properties in the context of servo-constraints. The systems are divided into
three categories. Differentially flat systems do not have internal dynamics and
their inverse models are algebraic systems. Systems with internal dynamics are
subdivided into minimum phase and non-minimum phase systems. In order
to give an overview of the considered application examples, their properties
are briefly summarized in the following. The derivations of the properties and
detailed analyses are given in the subsequent chapters. Differentially flat systems
are analyzed in Chap. 4, minimum phase systems are considered in Chap. 5 and
non-minimum phase systems are considered in Chap. 6.
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The undamped torsional oscillator and the mass-on-car system in configuration
α = 0 are examples for differentially flat SISO systems, while the cable robot
is an example for differentially flat MIMO systems. The damped torsional os-
cillator and the mass-on-car system in configuration α > 0 are examples for
minimum phase SISO systems. The examples modeling elastic bodies are non-
minimum phase systems. Thus, the manipulator with one passive joint and the
flexible manipulator with one link are examples for non-minimum phase SISO
systems. The three-dimensional manipulator with one passive joint and the flex-
ible two-link manipulator are examples for non-minimum phase MIMO systems.
It might be possible to transform non-minimum phase systems into minimum
phase systems by performing parameter optimization or output redefinition, see
Sec. 5.2 and Sec. 6.5 respectively.
Models of all system categories can have high relative degree r and therefore
the inverse model DAEs can have high differentiation index. Of the considered
models, the torsional oscillator with nd dampers has the highest relative degree
which increases for N disks with r = 2N−nd. Moreover, the mass-on-car system
can have a relative degree as high as r = 6 depending on the system configura-
tion α. The cable robot and the flexible manipulator with one link have relative
degree r = 4 in at least one input-output channel. This shows that even simple
mechanical systems result in inverse model DAEs of higher differentiation index.
The remaining systems, such as the two- and three-dimensional manipulators
with one passive joint have relative degree r = 2 and their inverse models have
differentiation index 3.
An overview of the chosen application examples and their properties regarding
system classification and relative degree is shown in Tab. 3.3. The application
examples for each system class are analyzed in one of the three following chapters.
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DIFFERENTIALLY FLAT SYSTEMS

Differentially flat systems are introduced in Sec. 3.1.2 and have favorable prop-
erties for model inversion. By definition, the inverse model can be computed
analytically for differentially flat systems. Therefore, this property is often used
in controller design. In order to name few examples, model inversion based
on differential flatness is performed for cable robots in [HeydenWoernle06], for
three-dimensional overhead cranes in [KnierimKriegerSawodny10], for vehicles
in [FuchshumerSchlacherRittenschober05, RouchonEtAl93], for a complex drive
train model in [Pham19] and for quadrotors in [FaesslerFranchiScaramuzza18].
A catalog of differentially flat systems is given in [MurrayRathinamSluis95].
For complex systems, it is often not straightforward to derive the analytical
input-output relationship. Also, there does not exist a simple systematic ap-
proach to prove differential flatness [Knoll16]. In contrast to the analytical
derivation of the inverse model, the concept of servo-constraints is applicable
for systems with unknown differential flatness property, see Sec. 3.2. Nonethe-
less, differentially flat systems are popular application examples in the context
of servo-constraints. Most literature on servo-constraints is published for differ-
entially flat systems, for example overhead cranes [BlajerKołodziejczyk04, Fu-
magalliEtAl10, LeitzLeyendecker14, OttoSeifried18c], three-dimensional rotary
cranes [BetschAltmannYang16, BetschQuasemUhlar09, YangBetschZhang20] as
well as undamped torsional or translational oscillators [AltmannHeiland17, Fu-
magalliEtAl10, LiuEtAl15, OttoSeifried18b]. Recently, the approach is extended
to systems with internal dynamics, which are covered in Chap. 5.
In the context of servo-constraints, differentially flat systems are popular exam-
ples due to the existence of an analytical solution for the inverse model, which can
pose as a reference to the numerical computation [OttoSeifried18c]. Moreover,
inverse models of differentially flat systems do not contain internal dynamics,
which simplifies the numerical solution of the inverse model DAEs. Numerical
damping of the selected solvers only plays a minor role in contrast to the model
inversion of systems with internal dynamics [OttoSeifried18a, Seifried14]. Thus,
the implicit Euler scheme is often chosen to solve the inverse model DAEs of
differentially flat systems [BetschQuasemUhlar09, BlajerKołodziejczyk04]. On
the other hand, inverse model DAEs of differentially flat systems are often of
higher differentiation index. This complicates the numerical solution and index
reduction strategies introduced in Sec. 3.2.5 must be applied. First experimen-
tal results for servo-constraints are published in [BlajerEtAl09] for a mass-spring
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4.1. Undamped Torsional Oscillator

system and in [Bestle05] for a small scale crane system. However, the approach
is not implemented to run in real-time. A thorough analysis of the real-time
applicability and combination with feedback laws is shown in [OttoSeifried18c].
In the following, both the undamped torsional oscillator as well as the cable
robot are analyzed for model inversion based on servo-constraints. Results for
the undamped torsional oscillator demonstrate and compare the application of
various index reduction methods. Experimental results for the cable robot an-
alyze the application of servo-constraints in a real-time environment as well as
its combination with feedback controllers.

4.1 Undamped Torsional Oscillator

The torsional oscillator introduced in Sec. 2.4.2 is a popular example in the con-
text of model inversion [AltmannHeiland17, FumagalliEtAl10, SeifriedBlajer13].
The system properties are helpful for analyzing the servo-constraints approach.
The system is linear for linear spring-damper models and therefore enables a
linear reference analysis. For neglectable damping, the model is differentially
flat and enables an analytical reference analysis. Moreover, its relative degree
increases with the number of considered disks. Thus, the limits of the numerical
schemes for increasing relative degree and differentiation index can be analyzed.
In the following, the system properties are analyzed. Afterwards, different index
reduction methods are compared in simulations for increasing relative degree.
The simulation results are presented according to [OttoSeifried18b].

4.1.1 System Properties

For the torsional oscillator introduced in Sec. 2.4.2, the system output is chosen
as the rotation ϕN of the last disk N . The respective servo-constraint is

s(y, t) = ϕN − zd(t) = 0 . (4.1)

The equations of motion given by the matrices (2.79)–(2.81) together with equa-
tion (4.1) form the inverse model. Since the equations of motion are linear,
the relative degree can be derived with various methods, such as analysis of
the transfer function G(s), see Sec. 3.2.3, analysis of the generalized eigenvalue
problem, see Sec. 3.2.3 or a fully analytical analysis by differentiating the system
output, see Sec. 3.1.3.

Example 4.1 The analysis of the relative degree is demonstrated for
N = 2 disks with the equations of motion following from (2.79)–(2.81) as
[
I1 0
0 I2

][
ϕ̈1
ϕ̈2

]
+
[
d1 −d1
−d1 d1

][
ϕ̇1
ϕ̇2

]
+
[
k1 −k1
−k1 k1

][
ϕ1
ϕ2

]
=
[

1
0

]
u (4.2)
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and system output z = ϕ2. In frequency domain, the transfer function is

G(s) = k1 + d1s

s2
(
I1 I2 s2 + (I1 + I2) d1 s+ (I1 + I2) k1

) . (4.3)

The transfer function has one transmission zero at − k1
d1

and 4 poles. This
yields a relative degree r = 4 − 1 = 3. For neglectable damping with
d1 = 0, the transfer function reduces to

G(s) = k1

I1 I2 s4 + (I1 + I2) k1s2 . (4.4)

There is no transmission zero and the relative degree is r = 4, which corre-
sponds to the dimension of the state space. Thus, the undamped system is
differentially flat and the inverse model is given by G(s)−1. The analytical
solution of the inverse model in time domain is derived in Example 3.1.

In general, for the undamped oscillator with di = 0 for i = 1 , 2 , N − 1, the
analysis yields a relative degree of r = 2N for N disks. Therefore, there is
no internal dynamics. For each additional damper with di 6= 0, the numerator
polynomial of the transfer function includes a term (ki+dis). Thus, the oscillator
with nd dampers for nd = 1, 2, . . . , N − 1, has relative degree r = 2N − nd. The
fully damped system is therefore of relative degree r = N + 1. The internal
dynamics of the system consists of nd first order differential equations. The
differentiation index of the DAEs describing the inverse model changes according
to the relative degree r and is 2N − nd + 1. Thus, requirements on numerical
schemes and the smoothness of the desired trajectory increase with increasing
number of disks.

4.1.2 Comparison of Problem Formulations
In the following, the inverse model DAEs are solved for the undamped torsional
oscillator. The objective of this section is the comparison of index reduction
strategies and to determine a maximum possible number of disks to be considered
using this approach.
The analytical solution of the inverse model is given in equation (3.11) for N = 2
disks and respective analytical solutions for N > 2 disks can be derived in
a similar manner. The analytical solution is used as reference for the inverse
model computed with servo-constraints. The simulation parameters are shown
in Tab. 4.1. All parameters Ii = I, ki = k and di = d with i = 1, 2, . . . , N − 1
are assumed to be equal. The desired trajectory zd(t) is defined by the smooth
polynomial

zd(t) = z0 + (zf − z0)
(
−3432 τ15 + 25740 τ14 − 83160 τ13

+150150 τ12 − 163800 τ11 + 108108 τ10 − 40040 τ9 + 6435 τ8) (4.5)
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4.1. Undamped Torsional Oscillator

with τ = t
tf
. Here, the initial point is chosen as z0 = 0 ◦ and the final position

as zf = 360 ◦ with transition time tf = 6 s. Figure 4.1(a) shows the desired
trajectory. The analytical solution of the inverse model given by equation (3.11)
for N = 2 disks is shown in Fig. 4.1(b) in terms of the states y and in Fig. 4.1(c)
in terms of the desired system input uffw.

Table 4.1: Simulation parameters of the torsional oscillator.

Parameter I k d

Value 0.12 kg m2 2 N m
rad 0 N m s

rad

0 2 4 60

100

200

300

t [s]

z d
[◦ ]

(a) Desired trajectory.

0 2 4 60
100
200
300

t [s]

y
[◦ ]

ϕ1
ϕ2

(b) Desired states.

0 2 4 6
−0.5

0

0.5

t [s]

u
[N

m
]

(c) Desired system input.

Figure 4.1: Simulation results for a 2-disk torsional oscillator.

In order to compare the index reduction methods introduced in Sec. 3.2.5, the
servo-constraint inverse model problem is now formulated using the different in-
dex reduction schemes and increasing number of disks N . The inverse model is
integrated with the implicit Euler scheme. Since the system output z is directly
part of the coordinate vector y, the direct coordinate substitution presented
in Sec. 3.2.5 can be applied and is denoted by the index subs. The projection
approach presented in Sec. 3.2.5 is denoted by the index proj. Both index reduc-
tion approaches are compared to the original higher index formulation denoted
by orig.
The maximum numerical error emax is defined as

emax = max
t
|uref(t)− uffw(t)| (4.6)

with the analytical reference solution uref(t) and the numerical solution uffw(t).
The error is shown in the convergence plot in Fig. 4.2 for the different formula-
tions. Both the projection approach as well as the direct substitution approach
yield similar numerical results. Moreover, they yield numerically more stable
results than the original formulation orig due to index reduction. This is true
for all tested number of disks.
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N = 2 orig N = 3 orig N = 4 orig N = 5 orig
N = 2 proj N = 3 proj N = 4 proj N = 5 proj
N = 2 subs N = 3 subs N = 4 subs N = 5 subs

Figure 4.2: Convergence of the error emax for the N -disk torsional oscillator for
various inverse model formulations.

Using a larger number of disks in the mechanical model yields a numerically
less stable solution. This is due to a higher differentiation index. For N = 5
disks, convergence is slow and the smallest error can be reached at ∆t = 0.1 s
with emax = 0.26 N m. Index reduction only influences the numerical stability
slightly and the results are not satisfactory for accurate feedforward control.
However, acceptable errors can be obtained for N = 2, 3 and 4 disks. For N = 2
and 3 disks, index reduction helps to stabilize the numerical solution and the
error can be reduced by decreasing the step size ∆t. The smallest error for
N = 2 is emax = 5× 10−4 N m at ∆t = 1 ms, while it is emax = 6× 10−3 N m
at ∆t = 10 ms for N = 3 and emax = 2.5× 10−2 N m at ∆t = 50 ms for N = 4.
These solutions are expected to be sufficiently accurate for application of the
inverse model as a feedforward controller on an experimental setup.
The Jacobian J of the set of nonlinear equations to be solved in every time
step is analyzed in the following. The Jacobian can be derived analytically for
all three approaches and is used to speed up the computations. Its condition
number κ serves as an indicator of the stability of the numerical scheme. Large
condition numbers indicate an ill-conditioned set of equations. Figure 4.3 shows
the condition number κ for the analyzed formulations. The condition number in-
creases for larger numbers N and for higher differentiation index. This supports
the numerical problems shown in Fig. 4.2. At a given step size, the condition
number κ is larger for the original formulation orig compared to the formulations
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N = 2 proj N = 3 proj N = 4 proj N = 5 proj
N = 2 subs N = 3 subs N = 4 subs N = 5 subs

Figure 4.3: Condition number κ of the respective Jacobians J of the N -disk
torsional oscillator.

proj as well as subs. The condition numbers for the formulations proj and subs
behave similar with a small different constant.
In conclusion, with the currently available tools, the undamped torsional oscil-
lator can be accurately inverted for up to N = 4 disks which corresponds to a
differentiation index of 9. However, numerically more stable results are obtained
for N = 2 and N = 3 with index reduction. Application of repetitive index
reductions can be further investigated. Moreover, very light damping might be
introduced to reduce the differentiation index of the model directly at the cost
of introducing stable internal dynamics.

4.2 Cable Robot

Cable robots are typical differentially flat examples in the context of servo-
constraints. They are for example considered in terms of overhead cranes in
[BlajerKołodziejczyk04, FumagalliEtAl10, LeitzLeyendecker14] and considered
in terms of three-dimensional rotary cranes in [BetschAltmannYang16, Betsch-
QuasemUhlar09, YangBetschZhang20]. Thorough experimental validation of the
proposed scheme is given in [OttoSeifried18c]. The following results for the cable
robot demonstrate that servo-constraints can be implemented on an experimen-
tal setup to compute the feedforward control in real-time. Moreover, combina-
tions with feedback controllers are evaluated.
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First, the system properties are analyzed for the complex and reduced cable
robot models introduced in Sec. 2.4.1. Afterwards, the experimental setup and
a state observer are briefly introduced. Simulation results for the reduced cable
robot model are shown first to analyze the implicit Euler scheme for different
problem formulations. Afterwards, higher order integration schemes and differ-
ent approaches for improving the numerical computation are compared. A solver
most suitable for experiments is selected based on this analysis. Then, experi-
ments demonstrate the real-time capabilities of the selected solvers as well as the
combination of the feedforward control with feedback controllers. Moreover, ex-
perimental results are presented for the complex cable robot model with variable
platform orientation. This demonstrates the use of implicit servo-constraints as
well as the applicability of the approach to systems of increased complexity.

4.2.1 System Properties

Two cable robot configurations are considered in the following, which are both
introduced in Sec. 2.4.1. The complex cable robot model has nf = 4 degrees of
freedom and nu = 3 system inputs. It allows for individual cable lengths and
therefore models a variable platform orientation. The reduced cable robot model
with nf = 3 degrees of freedom and nu = 2 system inputs assumes equal cable
length and therefore a horizontal platform. For both systems, the vector relative
degree is determined according to Sec. 3.1.3 and Sec. 3.2.3.
For the complex cable robot model, the generalized eigenvalue problem according
to Sec. 3.2.3 shows that the sum of the vector relative degree is r = 8 = Σri.
Since this corresponds to 2nf = 8, the system is differentially flat and it is
theoretically possible to describe the system input as a function of the output
and its derivatives. A symbolic analysis of the system dynamics shows that one
of the inputs u1,u2,u3 arises for the first time at the output derivatives z(4)

1 ,
z̈2 and z̈3. However, the decoupling matrix is singular and strictly speaking,
the vector relative degree is therefore undefined. Further analytical derivations
including dynamic extension are quite burdensome and are not performed here.
Therefore, the inverse model DAEs of differentiation index 5 are solved.
For the reduced cable robot model, the sum of the vector relative is r = 2nf = 6
and the system is differentially flat. Even though the model is differentially flat,
model inversion based on the Byrnes-Isidori normal form according to Sec. 3.1.3
is quite involved. Differentiating the system output shows that one of the in-
puts u1,u2 first appears at the output derivatives z(4)

1 and z̈2. However, the
decoupling matrix between input and output channels is again singular. Strictly
speaking, the vector relative degree is undefined and dynamic extension must
be performed. This involves further analytical derivations, see [Isidori96] for
a general introduction and [BoustanyD’Andrea-Novel92] for application of the
overhead crane. This can be avoided by applying the presented servo-constraints
and directly solving the inverse model DAEs of differentiation index 5.
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4.2. Cable Robot

4.2.2 Experimental Setup
The experimental cable robot is setup at the Institute for Mechanics and Ocean
Engineering at Hamburg University of Technology and is shown in Fig. 2.4(a).
The trolley is actuated by two servomotors running synchronously. Each of the
four cables can be actuated individually by a servomotor connected to a winch.
All actuators are controlled by a Siemens Simotion D435 control unit with
cascaded internal control loops. As introduced in Sec. 2.3, the actuators are
operated in velocity-controlled mode. All actuators are equipped with absolute
angle encoders and force sensors measure the cable forces. Figure 4.4 shows
a top view of one half of the trolley with the described components. Physi-
cal dimensions and the identified time constants of the test bench are listed in
Tab. 4.2. Kinematic parameters, such as cable velocities are listed in Tab. 4.3.
For a detailed description of the experimental setup refer to [Rapp12].

Force sensor

Simotion
control unitTrolley drive

Winch Servomotor

Figure 4.4: Top view of one half of the cable robot trolley.

The hardware setup is supplemented by a real-time computer and a desktop
computer. The desktop computer offers a user-interface for programming the
control code which is then employed on the real-time computer. The control of
the test bench is implemented in LabVIEW [LabVIEW15]. The main program
architecture is developed in [Oltmann11].
The real-time computer is connected by a Process Field Bus (Profibus) con-
nection to the Simotion control unit. Sensor data and control commands are
exchanged via the Profibus. The Profibus loop is running at 500 Hz. A Com-
pactRIO unit pre-filters the force sensor measurements and passes the informa-
tion to the Profibus.
The control loop is executed at a frequency of 100 Hz and is running in parallel
to the Profibus loop on the real-time computer. The developed control strategies
are implemented in Matlab for simulations and testing. For application on the
test bench, the Matlab code is exported to C code, which is more efficient than
Matlab code. The generated C code is compiled in an executable dynamic link
library, which is called by LabVIEW during runtime.

74



Chapter 4. Differentially Flat Systems

Table 4.2: Physical parameters of the cable robot test bench [KreuzerRadisch14].

Parameter Symbol Value
Platform size LP,x×LP,y×LP,z 0.35 m× 0.86 m× 0.37 m
Platform mass 1 mP,1 12.9 kg
Platform mass 2 mP,2 18.9 kg
Trolley mass mT 270 kg
Time constant trolley τT 0.03 s
Time constant winch τL 0.02 s

Table 4.3: Admissible ranges of the cable robot states [Rapp12, Radisch18].

Parameter Admissible range
Sway angle ϕ ∈ [−12, 12] ◦

Cables L ∈ [3, 12] m , L̇ ∈ [−2, 2] m
s , L̈ ∈ [−3, 3] m

s2

Trolley position xT ∈ [0, 13] m , ẋT ∈ [−3, 3] m
s , ẍT ∈ [−4, 4] m

s2

4.2.3 Observer Design

While absolute angle encoders measure the trolley position xT and all cables
lengths Li, the sway angle ϕ as well as the platform orientation δP cannot be
measured directly. Therefore, an observer is implemented to estimate these
values. An unscented Kalman filter (UKF) for observing the sway angle ϕ is
designed in [Theis10, Rapp12] for the reduced cable robot model. It is based on
measuring the cable forces.
For the complex cable robot model with variable platform orientation, the pre-
viously designed UKF is not applicable because the motion of platform orienta-
tion δP and sway angle ϕ is coupled. Their dynamics is not observable from the
force sensor measurements and additional measurements of the platform motion
are necessary. The measurements are obtained by an inertial measurement unit
(IMU), which is placed inside the load platform, see Fig. 4.5. Thus, the platform
mass increases to platform mass mP,2, see Tab. 4.2. The IMU measurements are
evaluated by a MyRIO control unit, which is placed inside the platform. The
MyRIO control unit sends the sensor data to the real-time computer by a wire-
less connection.
Note that the complex cable robot model is given in DAE form. Therefore, the
classical UKF algorithm for ODEs, e.g. described in [ThrunBurgardFox06], can-
not be applied directly. Several approaches extend the UKF for systems in DAE
form, see e.g. the survey in [PatwardhanEtAl12]. It is noted in [MandelaEtAl10]
that the observer design is more complex due to two reasons. First, some ap-
proaches do not allow for measurements of the algebraic variables, because they
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IMU

(a) Front view.

Batteries

IMU

MyRIO

(b) Top view.

Figure 4.5: Pictures of the hardware inside the load platform.

are usually eliminated in the process of transforming a DAE into an ODE. Sec-
ondly, the estimated states might not be consistent with the algebraic constraints
of the system. In this thesis, the DAEs are transformed to ODEs by a QR de-
composition, see e.g. [Bauchau11]. Transforming the equations of motion in this
fashion preserves the original redundant coordinates. Thus, it is possible to tune
the observer gains with the physical quantities in mind. This can facilitate ob-
server tuning. Moreover, measurements of the algebraic variables, such as cable
forces, can be directly considered in the observer. See [OttoRückwaldSeifried19]
for details on the proposed UKF algorithm.

4.2.4 Comparison of Generalized and Redundant Coordinates
Considering the reduced cable robot model with platform mass mP,1, its equa-
tions of motion can be written in DAE or ODE form, see Sec. 2.4.1. Both
formulations are compared in the following with respect to the solution of the
inverse model problem. For both formulations, the inverse model problem is
solved and the error is compared to the analytical solution uref , e.g. given
in [FliessEtAl95, Rudolph03]. The following results are presented according
to [OttoSeifried18c].
Computing the maximum difference between the numerical feedforward control
input uffw and the analytical reference uref yields the error e(t) with

e(t) = max
i
‖uffw ,i(t)− uref ,i(t)‖ i = 1, 2 . (4.7)

Note that according to Sec. 2.4.1, both system inputs u1 and u2 are reference
velocities of the actuators given in the dimension of trolley and cable velocity
respectively. The maximum numerical error is defined as

emax = max
t
e(t) . (4.8)
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For definition of the reference trajectory zd(t), the system output of the cable
robot is the platform position, see equation (2.76). Each point p(σ) on the
trajectory is given by the straight line

p(σ(t)) = p0 + σ(t)
σt

(pf − p0) , σ(t) ∈
[
0 , σt

]
, (4.9)

in the coordinate system K: {O, x, y, z}, see Fig. 2.4(b). Thus, the initial point
is p0 =

[
xT,0 L0

]T and the final point is pf =
[
xT,f Lf

]T. The path is
parameterized by the scalar value σ(t), which defines the temporal sequence for
the trajectory. Due to vector relative degree r = {4, 2}, the timing law σ(t)
must be at least four times continuously differentiable, see Sec. 3.3.1. Here, it is
defined as the polynomial

σ(t) =
(

126
(
t

tf

)5
− 420

(
t

tf

)6
+ 540

(
t

tf

)7
− 315

(
t

tf

)8
+ 70

(
t

tf

)9
)
σt ,

(4.10)

with total arc length σt = ‖pf − p0‖2 . The following results are provided
for a reference trajectory from the initial position y0 =

[
xT,0 L0 ϕ0

]T =[
15 m 4 m 0◦

]T to the final position yf =
[
11 m 7 m 0◦

]T with transition
time tf =10 s. The desired trajectory and the desired system input uffw are
shown in Fig. 4.6, while Fig. 4.7 visualizes the trajectory in the x, y plane. The
simulation results are shown for the projected inverse model equations for the
system model described by generalized coordinates. The inverse model is solved
using the BDF solver with kbdf = 4 and step size ∆t = 10 ms.

0 2 4 6 8 100

5

10

15

t [s]

z
[m

]

zd,1
zd,2

(a) Desired output zd(t).

0 2 4 6 8 10
−1

0

1

t [s]

u
[ m s

]

u1
u2

(b) Computed system input uffw.

Figure 4.6: Desired trajectory zd(t) and numerical results for the reduced cable
robot model.

In the following, various formulations of the reduced cable robot model are com-
pared. Thereby, the focus lies on the formulations of the equations of motion
in either redundant or generalized coordinates, which are denoted by the in-
dices dae and ode respectively. Both formulations are presented in Sec. 2.4.1.
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Figure 4.7: Visualization of the desired trajectory.

The original inverse model problem has differentiation index 5, see Sec. 4.2.1.
The formulation of the cable robot using redundant coordinates is given by the
matrices (2.73)–(2.74) and the respective servo-constraint for the system out-
put (2.76). The index is reduced to 3 by direct substitution, see Sec. 3.2.5. The
formulations are denoted as ydae,i5 and ydae,i3 for the index 5 and index 3 formu-
lation respectively. The formulation of the cable robot with generalized coordi-
nates is given by the matrices (2.69)–(2.70) and the respective servo-constraint
for the system output (2.76). The index is reduced to 3 by the projection method
introduced in Sec. 3.2.5. The formulations are denoted as yode,i5 and yode,i3 for
the index 5 and index 3 formulation respectively. Different reduction schemes are
applied here, since the projection approach is formulated for equations of motion
in ODE form, while the direct substitution approach can be easily applied to
systems in DAE form due to the special selection of redundant coordinates.
All formulations are solved with the implicit Euler scheme and maximum num-
ber of nN,max = 10 Newton iterations. Figure 4.8 shows the error emax for
different step sizes ∆t. The time discretization ∆t = 10 ms available on the test
bench is highlighted by the vertical line. Both formulations in redundant coor-
dinates and generalized coordinates show a similar behavior for the index 3 and
index 5 case, respectively. Due to improved numerical condition, the index 3
formulation shows smaller maximum errors. Moreover, the index 3 formulation
runs into numerical rounding errors for much smaller steps sizes and is therefore
more robust. Note also that the maximum error emax ≈ 1.4× 10−3 m

s for the
discretization ∆t = 10 ms of the test bench is considerably smaller than other
disturbances in the actuators, such as friction. For practical application, the
numerical accuracy should be at least in the range of other disturbances on the
test bench. More accurate numerical solutions do not increase the tracking accu-
racy while the numerical effort increases with more advanced numerical schemes.
Here, nearly similar results are generated for the linear implicit Euler for which
the maximum number of Newton iterations is set to nN,max = 1, see Sec. 3.3.4.
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The convergence diagram is shown in Fig. 4.9. The only difference is present in
the redundant coordinates in index 5 formulation, which does not converge at
all.

In conclusion, the implicit Euler as well as the linear implicit Euler are applicable
to solve the inverse model of the cable robot with the desired step size. The
solution is considered to be sufficiently accurate for application on the test bench
in comparison to other disturbances.
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Figure 4.8: Maximum error emax for the implicit Euler scheme.
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Figure 4.9: Maximum error emax for the linear implicit Euler scheme.
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4.2.5 Application of Higher Order Integration Schemes

Even though the (linear) implicit Euler scheme proves to be sufficient in experi-
ments, the higher order schemes of the 4-step BDF method and 3-stage Runge-
Kutta method are applied in order to demonstrate their capabilities in real-time
applications. They might also be applied to other systems, for which the im-
plicit Euler scheme is not sufficient, such as systems with internal dynamics.
The following results are presented according to [OttoSeifried18a].
The results for the higher order integration schemes are computed for the reduced
cable robot model with platform mass mP,2. The inverse model formulation
based on redundant coordinates with index reduction based on direct substitu-
tion (configuration ydae,i3) is considered for this analysis. The desired trajectory
is again given by equations (4.9) and (4.10). Various approaches for increas-
ing computational speed are introduced in Sec. 3.3.4. These include scaling of
the algebraic constraints and Broyden’s method. These methods are applied
and compared in the following. Moreover, the BDF scheme is compared to the
Radau5 scheme, see Sec. 3.3.3 for an overview of the solvers. As a result of the
analysis, a solver most suitable for experiments is proposed.

Scaling of Algebraic Constraints

For the BDF as well as the Runge-Kutta methods, the influence of scaling the
algebraic constraints is analyzed according to Sec. 3.3.4. The BDF scheme is
considered with kbdf = 4 and is compared to the Radau5 integration scheme.
The Jacobian is approximated with Broyden’s method and reinitialized every
10 steps, see Sec. 3.3.4. The maximum error emax defined in equation (4.8)
is computed for the dimensionless scaling factors % ∈

[
1, ∆t−1, ∆t−2, ∆t−3].

Figure 4.10 shows the results of the inverse model computation. For both the
BDF scheme in Fig. 4.10(a) as well as the Radau5 scheme in Fig. 4.10(b), the
original unscaled inverse system with % = 1 results in an ill-conditioned set of
DAEs. The maximum error emax increases due to rounding errors for step sizes
∆t > 0.1 s and ∆t > 0.05 s for the BDF and Radau5 scheme respectively.
Regarding the BDF scheme, Fig. 4.10(a) shows that scaling improves the nu-
merical accuracy. Scalings of % = ∆t−2 and % = ∆t−3 yield almost identical
results, which are more stable compared to the unscaled solution with % = 1.
The maximum error emax reduces up to a step size ∆t = 10 ms before rounding
errors start to influence the accuracy. Concerning the Radau5 scheme, a scaling
of % = ∆t−2 results in the most stable solution. The maximum error emax starts
to increase for step sizes ∆t < 5 ms. Note that in contrast to the results for
the BDF scheme, a scaling % = ∆t−3 reduces the solution accuracy and yields
an ill-conditioned set of equations for this system. Due to the presented results,
the scaling % = ∆t−2 is chosen for the following simulations for both integration
methods.
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Figure 4.10: Variation of scaling factor % of the algebraic constraints.

Analysis of Radau5 Scheme with Broyden’s Method

In the following, Broyden’s method is analyzed in more detail for its applica-
tion within the Newton scheme of the Radau5 solver, see Sec. 3.3.4. Broyden’s
method is initialized by calculating the Jacobian J̃

0
with backwards finite dif-

ferences. The results for applying Broyden’s method continuously without reini-
tialization are denoted by J̃ . A reinitialization every 10 and 50 steps is denoted
by J̃10 and J̃50, respectively. The results are compared to Newton iterations
with a newly computed numerical Jacobian in each iteration, denoted by J .
Convergence of the approximated schemes might be improved by allowing more
Newton iterations in each time step. However, this will eventually slow down
computation time and is not further considered here. The maximum number of
Newton iterations is set to nN,max = 20.
The results for the various Broyden schemes are shown in Fig. 4.11(a) in terms
of the maximum error emax. It can be seen that the Radau5 scheme converges
approximately with order 2. This corresponds to the theoretical results stated in
Sec. 3.3.3. The convergence order is independent of the chosen Broyden update
method for step sizes ∆t ≥ 10 ms. For step sizes ∆t < 10 ms, recalculating the
Jacobian J in each time step yields the most accurate results since it is the
most accurate approximation of the correct Jacobian. The maximum error emax
increases due to rounding errors for step sizes ∆t ≤ 2 ms.
Broyden’s method is supposed to speed up calculation of the inverse model. The
total computation time tcalc for a complete computation of the inverse model
on a standard desktop computer is shown in Fig. 4.11(b). Note that the total
computation time tcalc only gives an estimate of the real-time applicability since
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the computation time tcalc,i of each time step must be within the respective
limit ∆t, see Sec. 3.3.4. Moreover, the computation time is usually slower on
the desktop computer compared to the experimental setup, since faster C code
is running on the real-time setup, see Sec. 4.2.2. Nonetheless, the comparison
yields an insight and relative comparison of the various schemes. In Fig. 4.11(b),
the total simulation time of 10 s and the available step size ∆t = 10 ms are
highlighted.

Recomputing the Jacobian J with finite differences in each time step yields the
largest computation times tcalc. This is not real-time capable for this system.
Applying Broyden’s method considerably speeds up the computation due to less
function evaluations. However, inaccuracies are introduced if the Jacobian is not
reinitialized at all, as can be seen in the convergence diagram in Fig. 4.11(a).
The approximated Jacobian J̃ becomes inaccurate after too many iterations.
Therefore, the number of Newton iterations increases, which eventually slows
down the complete computation. Therefore, the computation time with the
Jacobian J̃ is slower than using the Jacobians J̃10 and J̃50. Reinitializing the
Jacobian after 10 or 50 steps yields accurate results for step sizes ∆t ≥ 5 ms. At
the step size ∆t = 10 ms, the solution with the Jacobian J̃10 is approximately
9 times faster compared to recalculating the Jacobian in each time step. In
absolute values, the computation times are tcalc(J̃10) = 2.4 s and tcalc(J) = 20.5 s
respectively. As a consequence of these analyses, experiments will be performed
with Radau5 with Broyden’s method and a reinitialization every 10 steps.
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Figure 4.11: Variation of Broyden’s method within Radau5 scheme.
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Analysis of BDF Scheme

The BDF schemes are analyzed for different steps kbdf . The BDF results are
compared to the Radau5 schemes with reinitialized Jacobian J̃10 every 10 steps.
In the Newton iterations within the BDF method, the Jacobian J is computed
numerically.

Figure 4.12(a) shows the convergence of the BDF method and verifies the theo-
retical results for the convergence orders stated in Sec. 3.3.3 for kbdf = 1, 2, . . . , 6.
The maximum error emax for kbdf > 2 is orders of magnitude smaller than the
error of the implicit Euler scheme corresponding to kbdf = 1, which is usually
applied in the context of servo-constraints. However, note that the problem be-
comes ill-conditioned for k ≥ 5. The maximum error increases due to numerical
rounding errors for step sizes ∆t < 20 ms and ∆t < 50 ms for kbdf = 5 and
kbdf = 6, respectively. A choice of kbdf = 4 yields convergence of order 4 and
thus faster convergence compared to Radau5, while the results are still stable for
the step size ∆t = 10 ms of the experimental test bench. Concerning the com-
putation times in Fig. 4.12(b), the BDF and Radau5 scheme yield comparable
computation times. They are real-time capable at the test bench frequency. As
a result of the numerical analyses, the BDF scheme with kbdf = 4 is chosen for
experiments.
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Figure 4.12: Variation of kbdf-step BDF scheme.
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4.2.6 Experimental Results for Higher Order Integration Schemes

The higher order solvers analyzed above are now applied in real-time on the
experimental setup. Solver settings for both the BDF as well as Radau5 are
selected based on the above discussion. Note that the numerical errors are gen-
erally very small compared to other uncertainties and all solvers are expected
to yield similar experimental results. The desired trajectory is chosen according
to equations (4.9)–(4.10). Experimental results are shown in Fig. 4.13 for pure
feedforward control uffw computed by the inverse model. Estimated and mea-
sured values are denoted by �̂. The results demonstrate that the feedforward
controller is able to move the system on the desired trajectory quite accurately.
A small sway angle of ϕ̂ ≈ 0.3◦ remains, see Fig. 4.13(b). A distinction be-
tween observer error and tracking error is not possible due to lack of a direct
measurement.
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Figure 4.13: Experimental results for the reduced cable robot model with higher
order integration schemes.
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The inverse model is computed on the experimental setup in real-time. The
computation time tcalc,i to compute the desired system input uffw(ti) at each
time step ti is measured on the experimental setup on a microsecond clock.
Figure 4.13(c) shows the measured computation times for the BDF scheme with
a mean of t̄calc = 40.28 µs over the course of the trajectory. Figure 4.13(d)
shows the measured computation times for the Radau5 scheme with a mean of
t̄calc = 222.38 µs.

The timing results are validated with a series over 5 experiments each, see
Fig. 4.14. The mean computation time of the BDF scheme is t̄calc = 40.29 µs with
standard deviation σcalc = 0.08 µs. For the Radau5 scheme, the overall mean
calculation time is t̄calc = 235.87 µs with standard deviation σcalc = 10.85 µs.
In comparison, the evaluation of the analytical solution is faster with a mean
computation time t̄calc = 5.04 µs and standard deviation σcalc = 0.006 µs.
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Formulation

t̄ c
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Figure 4.14: Mean and two times of the standard deviation of 5 measurements
each of the mean calculation time t̄calc.

Compared to the simulation results presented in Sec. 4.2.5, the computation
time tcalc is considerably shorter on the experimental setup. This is due to the
C code export and faster code evaluation on the real-time operating system.
On the experimental setup, the BDF method is approximately 6 times faster
compared to Radau5. The computation time highly depends on the chosen
implementation of the integration scheme, the optimization during automatic C
code generation and the hardware. Nonetheless, as a main result, both higher
order integration methods are applicable on the experimental setup and are able
to solve the index 3 DAEs in real-time. Compared to the available time ∆t,
there is potential to solve for larger mechanical models, such as the cable robot
model including the platform orientation. This is demonstrated in Sec. 4.2.8.
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4.2.7 Experimental Results for Combining Feedforward and Feedback
Control

The combination of feedforward and feedback control is demonstrated in the
following for the reduced cable robot with platform mass mP,1. Even though
the numerical results using the implicit Euler are not as accurate as using higher
order integration schemes, the error is sufficiently small compared to other un-
certainties and disturbances on the experimental setup. Therefore, the implicit
Euler scheme is used to compute the feedforward control law in the following
experiments. The pure feedforward control uffw is compared to a combination
of feedforward control and LQR feedback control according to Fig. 3.1. The
LQR control is implemented according to Sec. 3.4.1 for the model linearized
around the final position. Moreover, the sliding mode controller introduced in
Sec. 3.4.2 is applied without the feedforward part. Tables 4.4 and 4.5 list the
chosen control parameters. Both controllers require information of the desired
state trajectory yd(t) , vd(t), which is calculated as part of the inverse model.
Thus, solving the inverse model is necessary for controller application. The fol-
lowing results are presented according to [OttoSeifried18c].

First, the feedback controllers are evaluated separately for stabilizing the sway
angle ϕ. The experimental results are shown in Fig. 4.15. A maximum platform
sway angle of ϕ̂ ≈ 5.2 ◦ is generated by imposing a step input of uT = −0.5 m

s
on the trolley for 3 s, as can be seen in Fig. 4.15(a). Then, there is a waiting
period of another 3 s before the controller is activated at time t = 6 s. The
dashed lines in Fig. 4.15 denote the controller activation. Figure 4.15(b) shows
that both controllers are able to dampen the sway angle ϕ compared to the
free system with ufb = 0. The free system itself contains very little damping.
While the LQR reduces the sway angle in approximately 17 s, the SMC shows

Table 4.4: Control parameters of the LQR [OttoSeifried18c].

Parameter Rlqr Qlqr

Value 100 I2

[
1000 I3 0

0 1000 I3

]

Table 4.5: Control parameters of the sliding mode control [OttoSeifried18c].

Parameter Θa Λa Θu Λu κsmc Φsmc

Value I2 0.5 I2

[
1.5
0

] [
−5.0

0

] [
1
1

]
I2
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Figure 4.15: Experimental results for platform sway reduction.

superior damping properties. Further tuning of the control parameters change
the performance on a Pareto optimal curve, since there is always a trade-off
between control accuracy and control input.
Both feedback controllers are now applied in combination with feedforward con-
trol uffw. The trajectory is again given by equations (4.9)–(4.10). The exper-
imental results are shown in Fig. 4.16. The pure feedforward control uffw as
well as the results with feedback control show accurate tracking. Most accurate
tracking is here achieved with the combination of feedforward control and LQR.
Accurate tracking of the pure feedforward control uffw indicates an accurate
inverted model of the experimental setup.

11 12 13 14 15

4

5

6

7
t = tf

t = t0

x [m]

z
[m

]

uffw
uffw + ufb,lqr
ufb,smc
zd

Figure 4.16: Experimental results for the straight trajectory.
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The influence and robustness of the feedback controllers is now demonstrated by
introducing an initial position error of ∆xT = 0.5 m. For this experiment, the
real initial position is chosen as y0 =

[
11 m 4.5 m 0◦

]T and the final position
is yf =

[
15 m 6 m 0◦

]T, while the transition time is tf = 15 s. The timing
law is again chosen according to equation (4.9). The trajectory is visualized in
Fig. 4.17 and the experimental results are shown in Fig. 4.18. Pure feedforward
control does not detect the initial position error and the error ∆xT is present
over the complete course of the trajectory, see Fig. 4.18(a). Both controllers
with feedback reduce the initial position error ∆xT. The LQR computes a large
correcting control input uT at the start of the trajectory to quickly reduce the
position error, see Fig. 4.18(b) and Fig. 4.18(c). However, this jerk motion results
in a sway motion, which is slowly reduced during the trajectory, see Fig. 4.18(e).
On the other hand, the SMC shows a slower response to the initial error, see
Fig. 4.18(b) and Fig. 4.18(c). Therefore, less sway motion is induced compared
to the LQR, see Fig. 4.18(e). However, the overall convergence to the desired
trajectory zd(t) is slower and the trajectory error e(t) is larger compared to
the LQR.
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Figure 4.17: Visualization of the desired straight trajectory with initial error.
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Figure 4.18: Experimental results with initial position error ∆xT = 0.5 m.
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4.2.8 Experimental Results for Control of the Platform Orientation
Experimental results are presented for control of the complex cable robot model
with variable platform orientation and with platform mass mP,2. The respec-
tive cable robot model has four degrees of freedom and is described by equa-
tions (2.58), (2.59) and (2.61). First, the feedforward control is analyzed. After-
wards, the DAE-based LQR controller, as presented in Sec. 3.4.1 is applied to
control the platform orientation.

Feedforward Control of the Platform Orientation

For the cable robot model with orientation control, the system output z is given
by equation (2.65) and it contains the platform orientation δP. It might be
unclear how to choose a certain reference trajectory zd(t) for the platform orien-
tation δP. Therefore, it is demonstrated how servo-constraints can also represent
an implicit condition. Instead of prescribing the platform orientation directly,
an implicit condition is derived to enforce zero relative acceleration for an ob-
ject lying on top of the platform. The following results are presented according
to [OttoSeifried17].
Figure 4.19 shows an object lying on the platform. The inertial coordinate system
is K: {O, x, y, z}, while the coordinate system K′ : {O′, x′, y′, z′} is fixed in the
center of gravity of the platform and the coordinate system K′′ : {O′′, x′′, y′′, z′′}
is fixed in the center of gravity of the small object.

x

z

g

δP

O
x′

z′
O′

z̈p

ẍp

x′′

z′′
O′′

rp

Figure 4.19: Geometry for object lying on the platform.

Enforcing the relative acceleration aO′′ of the object to be zero and deriving the
acceleration in the body-fixed coordinate system K′′ : {O′′, x′′, y′′, z′′} yields

aO′′(y) = F a(y)
m

− aF(y)− aC(y) =

[
ẍO′′

ÿO′′
z̈O′′

]
!=

[0
0
0

]
(4.11)

with the global acceleration aF : R3 → R3, the Coriolis acceleration aC : R3 →
R3 and the applied forces F a : R3 → R3. Substituting all the terms and assuming
a small distance rP between O′ and O′′ results in the implicit condition

ẍP = tan (δP) (−g + z̈P) (4.12)
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for the platform orientation δP. Thereby, g denotes the gravitational constant.
The orientation angle is adjusted such that an object lying on the platform is not
accelerated relative to the platform. The implicit condition (4.12) is added to the
two original servo-constraints enforcing the position of the center of gravity of
the platform. Experimental results for enforcing condition (4.12) are presented
in the following. The initial position is

y0 =
[
xT,0 L1,0 L2,0 xP,0 zP,0 δP,0

]T (4.13)

=
[
16 m 5.5 m 5.5 m 16 m 5.68 m 0 ◦

]T
. (4.14)

The reference trajectory zd(t) for the center of gravity of the platform is a
horizontal transition with transition time tf = 10 s, while the timing law is
defined by equation (4.10). The final position is

yf =
[
xT,f L1,f L2,f xP,f zP,f δP,f

]T (4.15)

=
[
11 m 5.5 m 5.5 m 11 m 5.68 m 0 ◦

]T
. (4.16)

The platform orientation δP is adjusted implicitly by condition (4.12). In total,
nu = 3 servo-constraints constrain the motion of the system to compute the
nu = 3 system inputs. Experimental results are shown in Fig. 4.20 for apply-
ing feedforward control based on solving the inverse model DAEs. The system
input uT of the trolley is shown in Fig. 4.20(a) and the respective motion xP
of the platform is shown in Fig. 4.20(b). The smooth transition between the
initial position xP,0 = 16 m to the final position xP,f = 11 m is evident. The
system inputs uL,i for the cable lengths are shown in Fig. 4.20(d). The cable
lengths are adjusted such that the orientation angle reaches δP ≈ 3 ◦ during the
acceleration phase and δP ≈ −3 ◦ in the deceleration phase. The platform is
tilted such that an object stays on top of the platform. The desired zero relative
motion of the virtual object is enforced. The desired platform orientation δP,d is
compared to the measured IMU data in Fig. 4.20(c). There is a good agreement
between both values. The desired horizontal acceleration ẍP,d is also compared
to the measured IMU data in Fig. 4.20(e). There is again a good agreement
between both values. Figure 4.21 shows snapshots of a video taken during the
experiment. Thereby, a negative rotation of the platform is visible during the
acceleration phase on the left hand side and a position rotation is visible during
the deceleration on the right hand side of the figure.
In conclusion, the experimental results show the effective application of servo-
constraints to an underactuated multibody system described by DAEs as well
as the application of an implicit servo-constraint.
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Figure 4.20: Experimental results for a horizontal trajectory with platform ori-
entation control.
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t = tft = t0

Figure 4.21: Video snapshots of feedforward control of the platform orientation.

Feedback Control of the Platform Orientation

Application of a feedback controller for platform orientation control is demon-
strated in the following. Since the model is only available in DAE form, a DAE-
based controller and observer are implemented, see Sec. 3.4.1 and Sec. 4.2.3 re-
spectively. For details of the implementation refer to [OttoRückwaldSeifried19].
For feedback control of the platform orientation, the trolley position is held
constant, while a constant desired angle δP,d = 5◦ is prescribed for the platform
orientation. Initially, the platform is horizontal with δP,d = 0◦. The complete
vector of initial conditions is

y0 =
[
xT,0 L1,0 L2,0 xP,0 zP,0 δP,0

]T (4.17)

=
[
16 m 5.35 m 5.35 m 16 m 5.53 m 0 ◦

]T
. (4.18)

The weighting matrices of the LQR for the linearization point y0 are chosen as

Qlqr = diag(1.87, 7.95, 6.03, 2.58, 2.03, 0.20, 1.59, 6.15, 2.68, 1.23) , (4.19)
Rlqr = diag(8000, 8000) . (4.20)

Note that the weight on the control input is considerably high, such that a slow
motion on the experimental setup is achieved. This avoids dangerous oscillations
in the cables during the experiments. Simulation and experimental results are
shown in Fig. 4.22. The desired orientation δP,d is reached after approximately
45 s in the simulation, see Fig. 4.22(a). This is achieved by actuating the cables in
opposite directions, see Fig. 4.22(c) and 4.22(d). The variation in cable length
changes the horizontal position xP of the platform, see Fig. 4.22(b). In the
experiments, the reference angle is reached after approximately 30 s and therefore
faster than in simulation. However, the general behavior is reproduced in the
simulation. Figure 4.23 shows snapshots of the video during the experiments.
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Figure 4.22: Experimental and simulation results for platform orientation con-
trol of the cable robot [OttoRückwaldSeifried19].
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Figure 4.23: Video snapshots of platform orientation control [OttoRückwald-
Seifried19].
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Measurements of the IMU form the basis for estimation of the platform ori-
entation δP. Its acceleration measurements are displayed in Fig. 4.24. The
acceleration measurements in static equilibrium are evaluated to compute the
true final orientation δP,true with

δP,true = arctan
(
− âx
âz

)
(4.21)

with âx and âz denoting the measured acceleration in x- and z-direction respec-
tively. An evaluation shows that the true final orientation angle is δP,true = 4◦
in contrast to the desired angle δP,d = 5◦. Further tuning of the UKF weighting
matrices is necessary to obtain a more accurate estimation of the platform ori-
entation. Note also that the IMU transmits the data by a wireless connection.
Transmission interruptions occur sometimes, as can be seen by the constant lines
at t = 3.5 s or t = 11 s in Fig. 4.24. These defects can also decrease the filter
accuracy. See [OttoRückwaldSeifried19] for additional results including a com-
parison of a DAE-based and ODE-based controller and simulations for trajectory
control including feedback control of the platform orientation.
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(b) Acceleration âz .

Figure 4.24: IMU measurements for platform orientation control.
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MINIMUM PHASE SYSTEMS

While some underactuated mechanical systems have a differentially flat output,
there are also systems with internal dynamics. Here, the notion of systems with
internal dynamics implies that the system is not differentially flat with respect to
the chosen system output. There might be other outputs that render the system
differentially flat with respect to the new output. However, this is not consid-
ered here. Typical mechanical systems with internal dynamics are flexible link
and flexible joint manipulators used for end-effector tracking [Seifried14, deLu-
caBook08]. Usually, flexible link manipulators are non-minimum phase systems
for homogeneous materials, while flexible joint manipulators are minimum phase
in case damping effects are taken into account. The joints are usually modeled
as torsional oscillators which are introduced in Sec. 2.4.2. For neglectable damp-
ing, the flexible joint manipulators are differentially flat, such as the torsional
oscillator analyzed in Sec. 4.1. Physical interpretation of the internal dynamics
of linear elastic systems is given in [Miu91] for translational mass-spring systems
and simple continuous elastic beams. It is shown that the system zeros relate to
energy propagation properties of the flexible systems.
From the point of view of nonlinear control theory, input-output linearization is
an efficient control strategy for systems with internal dynamics [Isidori96, Sas-
try99]. The ideas are specified and extended for underactuated mechanical sys-
tems in [Spong94]. Input-output linearization is for example applied to visco-
elastic joint manipulators in [deLucaFarinaLucibello05] or for two-link walking
robots in [CelikovskyZikmundMoog08]. However, input-output linearization is
known to have robustness issues because of the combined feedforward and feed-
back structure [SlotineLi91]. Moreover, input-output linearization is based on
burdensome analytical derivations introduced in Sec. 3.1.3. Thus, the method
is difficult to apply to complex multibody systems with many input and output
channels.
Servo-constraints are a suitable alternative, since less analytical derivations are
necessary to obtain a feedforward controller. Most literature on servo-constraints
focuses on differentially flat systems as discussed in Chap. 4. However, recent
results are reported for minimum phase systems. For example, the mass dis-
tribution of flexible link manipulators is optimized to yield stable internal dy-
namics in [Seifried14]. These minimum phase systems are then inverted using
servo-constraints. Flexible joint and flexible link manipulators are also consid-
ered in [MobergHanssen10]. A comparison of integration methods for minimum
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5.1. Mass-on-car System

phase systems is presented in [OttoSeifried18a]. A minimum phase design of
a flexible link manipulator is inverted and the feedforward control is combined
with funnel feedback control in [BergerEtAl18]. This combination shows that
control input peaks in the feedback channel can be effectively reduced by adding
feedforward control. Switching between two different servo-constraints period-
ically is proposed in [BencsikKovácsZelei17] in order to control the motion of
the internal dynamics for a certain type of cable robot. A stability analysis of
a control strategy directly combining servo-constraints with error feedback is
performed in [KovácsBencsik12] for the same robot.
In this chapter, minimum phase systems are considered, i.e. their inverse models
can be solved by forward time integration. Due to the arising internal dynamics,
the solvers of the inverse model DAEs need to be chosen more careful com-
pared to differentially flat systems. This is shown in the following and in [Otto-
Seifried18a, Seifried14]. Damping properties of the solvers must be taken into
account, since an accurate representation of the internal dynamics is impor-
tant for accurate feedforward control. In the following, the internal dynamics
of the mass-on-car system is analyzed analytically for different possible config-
urations and solvers are compared with respect to accuracy. Moreover, a three-
dimensional manipulator with one passive joint is considered in minimum phase
configuration. This example demonstrates the application of servo-constraints
for complex three-dimensional systems with internal dynamics.

5.1 Mass-on-car System

The mass-on-car system introduced in Sec. 2.4.3 is considered in the following.
Due to the simple equations of motion, the internal dynamics can be derived
explicitly. It is shown that the internal dynamics can be a combination of first
order and second order dynamics and that the relative degree changes based
on the system configuration. The explicit internal dynamics can be integrated
directly to obtain the feedforward control input, see Sec. 3.1.3. Therefore, the
system can pose as a benchmark problem for the inversion of minimum phase
systems using servo-constraints. Simulation results are shown to demonstrate the
necessity of using higher order integration schemes for minimum phase systems.

5.1.1 System Properties
In the following, the system properties are analyzed and the internal dynamics is
given explicitly for the mass-on-car system. The system properties vary with the
inclination angle α of the third mass and with damping di for i = 1, 2. Details
of the derivations can be found in [OttoSeifried18b].
The system has nf = 3 degrees of freedom and nu = 1 system input. It is there-
fore underactuated with two unactuated coordinates s1 and s2 which describe
the motion of the second and third mass respectively. The system output is cho-
sen as the horizontal position of the third mass and is given by equation (2.87).
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The system properties are evaluated according to Sec. 3.2.2. Evaluation of the
coupling matrix P (y, t) shows that it is P = 0 for all inclination angles α. This
result is in contrast to the original system without the added mass m1, which is
analyzed in [SeifriedBlajer13]. Thus, the inverse model is always in tangential re-
alization. For stability analysis, the internal dynamics is derived explicitly based
on a coordinate transformation similar to the one described in Sec. 3.1.3. The
coordinate transformation is here directly stated for the second order dynamics,
see [Seifried14] for details. The output z is chosen as part of the new coordinate
vector ȳ and the positions s1 and s2 complete the vector, such that

ȳ =

[
z
s1
s2

]
=

[
x1 + s1 + s2 cosα

s1
s2

]
=

[1 1 cosα
0 1 0
0 0 1

]
y . (5.1)

Note that in this case, the coordinate transformation is linear and can be applied
in a straightforward manner. The system dynamics in the new coordinates ȳ, v̄
follows as

˙̄y =



ż

ṡ1

ṡ2


 = v̄ (5.2)

˙̄v =




−m3 Fsd,1 sin2(α) +m2 Fsd,2 cos(α)
m3
(
m2 +m3 sin2(α)

)

Fsd,2 cos(α)
m2 +m3 sin2(α) −

Fsd,1 (m1 +m2 +m3 sin2(α))
m1
(
m2 +m3 sin2(α)

)

Fsd,1 cos(α)
m2 +m3 sin2(α) −

(m2 +m3)Fsd,2

m3
(
m2 +m3 sin2(α)

)




+




0

− 1
m1

0


u , (5.3)

with the spring-damper forces

Fsd,1 = d1 ṡ1 + k1 s1 and Fsd,2 = d2 ṡ2 + k2 s2 . (5.4)

The transformed equations (5.2)–(5.3) enable the derivation of the internal dy-
namics and the relative degree. The system has different properties depending on
the system parameters and the following cases are distinguished. The cases 1.1
and 1.2 describe configurations with angle α = 90 ◦, the cases 2.1 and 2.2 de-
scribe configurations with angle 0 ◦ < α < 90 ◦ and the cases 3.1 and 3.2 describe
configurations with angle α = 90 ◦. Thereby, the cases �.1 denote finite damping
di > 0 N s

m , while the cases �.2 denote neglectable damping di = 0 N s
m for i = 1, 2.

Figure 5.1 visualizes the considered configurations.
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case 1.1: di > 0 N s
m

case 1.2: di = 0 N s
m

case 2.1: di > 0 N s
m

case 2.2: di = 0 N s
m

case 3.1: di > 0 N s
m

case 3.2: di = 0 N s
m

z
z

z
uuu

Figure 5.1: Considered configurations of the mass-on-car system.

Case 1.1 The inclination angle is set to α = 90 ◦ and damping di > 0 N s
m for

i = 1, 2 is considered. Setting the angle to α = 90 ◦ decouples the motion of
body 3 from the first two bodies and the system output reduces to z = x1 + s1.
Thus, the motion of body 3 cannot be observed from the output. Analyzing the
second part of equation (5.3) gives the relation

u = −m1s̈1 − m1 +m2 +m3

m2 +m3
Fsd,1 , (5.5)

with input u depending on s̈1. From the first part of equation (5.3) follows
that ṡ1 is a function of the output acceleration z̈, which can be differentiated
once. Thus, the third derivative of the output z influences the input u and the
system is of relative degree r = 3 and internal dynamics of dimension 2nf−r = 3
remains. The states representing the internal dynamics can be chosen as η =[
s1 s2 ṡ2

]T. The internal dynamics is determined from the first and third
part of equation (5.3) as

η̇ =




−k1

d1
s1 − m2 +m3

d1
z̈

ṡ2

−d2ṡ2 + k2s2

m3


 =




−k1

d1
0 0

0 0 1

0 − k2

m3
− d2

m3




︸ ︷︷ ︸
A1.1

η + f1.1(z̈) . (5.6)

The internal dynamics consists of first order dynamics for the state s1 and second
order dynamics for the state s2. The internal dynamics is driven by the output
acceleration z̈, which is collected in the function f1.1 : R → R3. Stability of
the internal dynamics is analyzed as zero dynamics with z = ż = z̈ = 0 ∀ t
and therefore f1.1(0) = 0. Thus, stability of the linear zero dynamics can be
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determined by the eigenvalues λA1.1 of the matrix A1.1. The eigenvalues are

λA1.1 =




−k1

d1

−d2 +
√
d2

2 − 4k2m3

2m3

−d2 −
√
d2

2 − 4k2m3

2m3




(5.7)

and have negative real parts for all di > 0 N s
m for i = 1, 2. Thus, the zero

dynamics is asymptotically stable for case 1.1.

Case 1.2 In this case, the angle is again set to α = 90 ◦, but damping is ne-
glected with di = 0 N s

m for i = 1, 2. Therefore, the first part of equation (5.3)
reduces to an algebraic relationship between the output acceleration z̈ and the
coordinate s1, while equation (5.5) still holds. Thus, the relative degree is r = 4.
The internal dynamics is now second order dynamics with η =

[
s2 ṡ2

]T and is
given by

η̇ =




0 1

− k2

m3
0




︸ ︷︷ ︸
A1.2

η + f1.2(z̈) . (5.8)

The eigenvalues λA1.2 of the matrix A1.2 are

λA1.2 =




√
−k2

m3

−
√
−k2

m3




(5.9)

and lie completely on the imaginary axis. Therefore, the internal dynamics is
marginally stable for case 1.2.

Case 2.1 For case 2.1 with angle 0 ◦ < α < 90 ◦ and damping di > 0 N s
m for

i = 1, 2, the motion of body 3 is coupled to the motion of bodies 1 and 2. From
the second part of equation (5.3), the relation

u = −m1s̈1 +
m1Fsd,2 cos(α)− Fsd,1

(
m1 +m2 +m3 sin2(α)

)

m2 +m3 sin2(α) (5.10)
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can be obtained, which shows that the input u is again a function of s̈1. Moreover,
from the first part of equation (5.3) follows that ṡ1 depends on z̈. Thus, the
relative degree is r = 3. Choosing again the states of the internal dynamics
as η =

[
s1 s2 ṡ2

]T, yields the internal dynamics from the first and third part
of equation (5.3) as

η̇ =




−k1

d1
− k2 m2 cos(α)
d1 m3 sin2(α) − d2 m2 cos(α)

d1 m3 sin2(α)

0 0 1

0 − k2

m3 sin2(α) − d2

m3 sin2(α)




︸ ︷︷ ︸
A2.1

η + f2.1(z̈) . (5.11)

The internal dynamics consists of first order dynamics in s1 and second order
dynamics in s2. In contrast to case 1.1, the motion of both coordinates is coupled.
Stability of the zero dynamics (5.11) is determined by the eigenvalues λA2.1 of
the state space matrix A2.1 with

λA2.1 =




−k1

d1

−d2 +
√
d2

2 − 4 k2m3 sin2(α)
2m3 sin2(α)

−d2 −
√
d2

2 − 4 k2m3 sin2(α)
2m3 sin2(α)




. (5.12)

The eigenvalues λA2.1 have negative real parts for all di > 0 N s
m for i = 1, 2.

Therefore, the internal dynamics is asymptotically stable for case 2.1.

Case 2.2 In this case, the angle is set to 0 ◦ < α < 90 ◦ and damping is neglected
with di = 0 N s

m for i = 1, 2. Equation (5.10) still holds, but the first part
of equation (5.3) shows that s1 depends directly on the output acceleration z̈.
Thus, the system has relative degree r = 4. Choosing the states η =

[
s2 ṡ2

]T
yields the internal dynamics as

η̇ =




0 1

− k2

m3 sin2(α) 0




︸ ︷︷ ︸
A2.2

η + f2.2(z̈) . (5.13)
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The internal dynamics consists of second order dynamics in the coordinate s2.
The eigenvalues λA2.2 of the matrix A2.2 are

λA2.2 =




−
√
−k2√

m3 sin(α)
√
−k2√

m3 sin(α)




(5.14)

and lie on the imaginary axis. Thus, the zero dynamics is marginally stable for
case 2.2.

Case 3.1 For the angle α = 0 ◦ and damping di > 0 N s
m with i = 1, 2, the system

reduces to a three-mass-damper chain, which is similar to the one introduced in
Sec. 2.4.2 for rotational degrees of freedom. Thus, the results for the internal
dynamics are similar to Sec. 2.4.2 and are briefly summarized here. For a three-
mass chain, the relative degree is r = 4 and internal dynamics of dimension 2
remains. The coordinates of the internal dynamics are chosen as η =

[
s1 s2

]T
and the internal dynamics is

η̇ =



−k1

d1

k2
2 m2

d1 d2
2

0 −k2

d2




︸ ︷︷ ︸
A3.1

η + f3.1(...z ) . (5.15)

The internal dynamics consists of coupled first order dynamics in the coordi-
nates s1 and s2. Analyzing stability in terms of the zero dynamics, the eigenval-
ues λA3.1 of the matrix A3.1 are

λA3.1 =



−k1

d1

−k2

d2


 . (5.16)

The eigenvalues have negative real parts for all di > 0 N s
m for i = 1, 2 and the

internal dynamics is asymptotically stable for case 3.1.

Case 3.2 For angle α = 0 ◦ and neglectable damping di = 0 N s
m for i = 1, 2,

there is no internal dynamics. The system has relative degree r = 6 and is
therefore differentially flat. This case is analyzed and simulated in Sec. 4.1 for
the torsional oscillator.
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Summary The preceding analysis demonstrates that the same system can have
fundamentally different characteristics in terms of the internal dynamics. The
relative degree of the mass-on-car system ranges from r = 3 to r = 6. The
internal dynamics consists of either first order or second order dynamics or a
coupling of both. The different cases are summarized in Table 5.1. Such a
detailed analysis can pose as a benchmark case, since the explicit derivation of
the internal dynamics enables a direct integration of the internal dynamics and
therefore the inverse model, see Sec. 3.1.3. The solution can then be compared
to the solution of the inverse model stated with servo-constraints.

Table 5.1: Overview of different configurations of the mass-on-car system.

Case Angle Damping
(i = 1, 2)

Relative
degree r

DAE
index

Dimension
int. dyn.

1.1 α = 90◦ di > 0 3 4 3
1.2 α = 90◦ di = 0 4 5 2
2.2 0◦ < α < 90◦ di > 0 3 4 3
2.2 0◦ < α < 90◦ di = 0 4 5 2
3.1 α = 0◦ di > 0 4 5 2
3.2 α = 0◦ di = 0 6 7 0

5.1.2 Simulation Results
The mass-on-car system is simulated in the following. First, the root locus plot
visualizes the eigenvalues of the zero dynamics derived in Sec. 5.1.1. Afterwards,
simulations demonstrate numerical damping of the implicit Euler scheme for
minimum phase systems. The simulation parameters of the mass-on-car system
are given in Tab. 5.2. The system is simulated for case 2.
For the root locus plot, the eigenvalues λA2.1 and λA2.2 given by equations (5.12)
and (5.14) are shown in Fig. 5.2. For case 2.1 with damping d1 = d2 = 1 N s

m , they
have negative real parts. While the first eigenvalue is constant at λA2.1,1 = − k1

d1
,

the other two eigenvalues λA2.1,2 and λA2.1,3 depend on the damping d2 and the
angle α. The system is lightly damped for d2 < 2

√
k2 m3 sinα = d̂2 and the

eigenvalues are complex conjugates. For larger damping d2 > d̂2, the system is
strongly damped and the eigenvalues are real numbers. For a given value d2,

Table 5.2: Simulation parameters for the mass-on-car system.

Parameter m1 m2 m3 k1 = k2 d1 = d2 α

Value 1 kg 1 kg 3 kg 3 N
m 0 N s

m 15 ◦
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the value α̂ = arcsin
(

d2
2
√
k2m3

)
denotes this fundamental change of behavior.

For the chosen parameters, it is α̂ = 9.6 ◦. As the angle α approaches 0 ◦, the
eigenvalues tend to

lim
α→0

λA2.1,2 = −∞ and lim
α→0

λA2.1,3 = −k2

d2
(5.17)

and as the angle α approaches 90 ◦, the eigenvalues tend to

lim
α→90◦

λA2.1,2 = −d2 +
√
d2

2 − 4k2m3

2m3
, (5.18)

lim
α→90◦

λA2.1,3 = −d2 −
√
d2

2 − 4k2m3

2m3
. (5.19)

For case 2.2 without damping, the two eigenvalues λA2.2,1 and λA2.2,2 lie on the
imaginary axis. As the angle α approaches 0 ◦, the eigenvalues tend to

lim
α→0

λA2.2,1 = −∞i and lim
α→0

λA2.2,2 =∞i (5.20)

and as the angle α approaches 90 ◦, the eigenvalues tend to

lim
α→90◦

λA2.2,1 = −
√
−k2

m3
and lim

α→90◦
λA2.2,2 =

√
−k2

m3
. (5.21)

The root locus plot visualizes the eigenvalues and thus the different properties
of the zero dynamics. For the chosen parameters in Tab. 5.2, the eigenvalues of
the undamped internal dynamics are λA2.2,1 = −3.9i 1

s and λA2.2,2 = 3.9i 1
s .
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λA2.1,1, di = 1 N s
m
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m

λA2.1,3, di = 1 N s
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λA2.2,1, di = 0 N s
m

λA2.2,2, di = 0 N s
m

Figure 5.2: Eigenvalues λA2.i of the internal dynamics for cases 2.1 and 2.2.
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In the following, the influence of the integrator on the feedforward control based
on servo-constraints is investigated using case 2.2. In this case, the system has
internal dynamics but no physical damping. Thus, numerical damping prop-
erties of the solvers can be analyzed. The trajectory is defined as a smooth
transition from the initial output z0 = 1 m to the final position zf = 4 m with
transition time tf = 8 s. The timing law is chosen as the polynomial given by
equation (4.10). The desired trajectory and a solution of the inverse model prob-
lem is shown in Fig. 5.3. Since the inverse model DAEs are of differentiation
index 5, the index is reduced to 3 using the projection approach introduced in
Sec. 3.2.5. The system is solved using the BDF scheme with kbdf = 3, which is
introduced in Sec. 3.3.3. The undamped internal dynamics in the coordinate s2
is given by equation (5.13). It shows an oscillation after the end of the trajectory
at time tf = 8 s, see Fig. 5.3(c). This oscillation is counteracted by the input u
in order to keep the output z constant, see Figs. 5.3(b) and 5.3(a).

0 5 10 15 200

2

4

t [s]

z
[m

]

(a) Desired output zd(t).

0 5 10 15 20
−2

0

2

t [s]

u
[N

]

(b) Desired input uffw.
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−0.4
−0.2

0
0.2
0.4

t [s]

s 2
[m

]

(c) Internal dynamics s2.

Figure 5.3: Simulation results for model inversion of the mass-on-car system for
case 2.2.

Accurate integration of the inverse model DAEs is necessary for accurate track-
ing. However, numerical solvers with strong numerical damping in the low fre-
quency range are not able to compute the dynamics accurately. This is demon-
strated by solving the inverse model in this form with the implicit Euler and the
Radau5 scheme with step size ∆t = 10 ms. Figure 5.4 visualizes the computed
system input. The implicit Euler strongly damps the low-frequency internal
dynamics and therefore cannot accurately compute the desired system input
necessary to keep the output constant. In contrast, the Radau5 scheme has
much less numerical damping in this frequency range and correctly reflects the
undamped internal dynamics.
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0 5 10 15 20
−2
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2
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u
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]

impl. Euler
Radau5

Figure 5.4: Desired input uffw computed with ∆t = 10 ms for case 2.2.

In the following, the numerical error e(t) is computed by

e(t) = uffw(t)− uref(t) (5.22)

with uffw denoting the solution from the inverse model DAEs and uref denoting
the solution obtained from directly integrating the internal dynamics of equa-
tion (5.13) with the Matlab solver ode45. The numerical error e(t) is shown
for different integration schemes in Fig. 5.5. The implicit Euler scheme strongly
damps out the low-frequency dynamics and the error e(t) grows linearly in time.
Reducing the step size to ∆t = 1 ms reduces the error but not the general be-
havior, see Fig. 5.5(b). The maximum error is emax ≈ 0.5 N and emax ≈ 0.11 N
for ∆t = 10 ms and ∆t = 1 ms, see Fig. 5.5(a) and 5.5(b) respectively. In con-
trast, both the 3-step BDF scheme as well as the Radau5 scheme with step size
∆t = 10 ms yield similar numerical errors e(t) with a maximum error of approx-
imately emax ≈ 0.02 N. The errors are considerably smaller compared to the
error obtained by the implicit Euler scheme. Thus, the oscillation of the internal
dynamics is not damped as strongly, see Fig. 5.5(c) and 5.5(d) respectively.

In conclusion, integration methods must be chosen carefully for the inversion of
minimum phase systems based on servo-constraints. A system analysis and sta-
bility analysis of the internal dynamics helps to determine the system properties,
such as the relative degree, the dimension and order of the internal dynamics and
its eigenvalues. This can facilitate solver selection. For minimum phase systems,
integration schemes with low numerical damping in the low frequency range
should be preferred over the simple implicit Euler scheme. Then, the internal
dynamics can be reflected accurately and tracking errors can be avoided.
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(d) Radau5, ∆t = 10 ms.

Figure 5.5: Numerical error e(t) for different integration schemes.

5.2 Three-dimensional Manipulator with one Passive Joint

The three-dimensional manipulator introduced in Sec. 2.4.4 is considered in the
following. Based on this example, the application of servo-constraints to a rather
complex MIMO system with internal dynamics is demonstrated. The considered
manipulator has nu = 3 system inputs. Thus, a number of three coordinates can
be controlled, such as the position of the end-effector in three-dimensional space.
After analyzing the system properties, simulation results demonstrate the real-
time capabilities of the presented approach.

5.2.1 System Properties

The three-dimensional manipulator with one passive joint has nf = 4 degrees of
freedom and nu = 3 system inputs. Thus, it is underactuated and the angle γ
of the passive joint describes the unactuated degree of freedom.
The system properties are analyzed symbolically according to Sec. 3.1.3. The
vector relative degree of the system is computed as r = {2, 2, 2}. Due to
Σri = 6 < 2nf = 8, internal dynamics of dimension 2 remain. The second
order internal dynamics can be derived in terms of the angle γ for a linearized
system output. This is shown in [Seifried11, Seifried12] for a planer manipula-
tor with one passive joint. Stability analysis of the internal dynamics is here
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performed based on the generalized eigenvalue problem presented in Sec. 3.2.3.
Thus, no explicit derivation of the internal dynamics is required. When choos-
ing model parameters which correspond to a homogeneous mass distribution of
link 3 and 4, one system zero is in the right half plane. The system is therefore
non-minimum phase. A particle swarm optimization of the model parameters
is performed in [Seifried11, Seifried12] to obtain stable internal dynamics. This
involves adding counter-weights to link 4, which shift the center of gravity of
the unactuated link and alter its moment of inertia. The optimized mass dis-
tribution alters the dynamic behavior and shifts both system zeros to the left
half plane. The system zeros z̄ of the homogeneous mass distribution and the
optimized mass distribution are visualized in Fig. 5.6 for the parameters listed
in Tab. 5.3. Thereby, the stiffness c of the passive joint is varied from c = 5 N m

rad
to c = 100 N m

rad . A variation of the stiffness does not influence the stability of the
internal dynamics, but its transient behavior. In the following, simulations are
carried out with the optimized parameters, yielding a minimum phase system.
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Figure 5.6: System zeros z̄ of the three-dimensional manipulator.

Table 5.3: Optimized simulation parameters of the three-dimensional manipula-
tor according to [Seifried11, Seifried14].

body mi [kg] Li [m] Iix, Iiy [kgm2] Iiz [kgm2]
1 6.876 1 0.5773 0.0086
2 6.876 1 0.5773 0.0086
3 3.438 0.5 0.0738 0.0043
4 3.969 0.5 0.2449 0.005

spring-damper c = 50 N m
rad d = 0.05 N m s

rad
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5.2. Three-dimensional Manipulator with one Passive Joint

5.2.2 Simulation Results
Simulations are performed in the following to show the real-time capabilities of
the servo-constraints approach for a complex three-dimensional MIMO system.
The optimized model parameters yielding a minimum phase system are taken
from [Seifried11] and are listed in Tab. 5.3. The system output z is the end-
effector position in the inertial coordinate system K: {O, x, y, z} and is given by
equation (2.106). The desired trajectory zd(t) is defined as a circle in a plane
parallel to the x, y -plane with center pc and initial point p0 on the circle. The
circular path is parameterized by the scalar arc length σ(t) and is given by

zd(σ(t)) = pc + ρ σt SKKc




cos
(
σ(t)
ρ

)

sin
(
σ(t)
ρ

)

0


 , σ(t) ∈

[
0 , σt

]
, (5.23)

with radius ρ = ||pc − p0|| and the rotation matrix SKKc transforming the lo-
cal coordinate system Kc : {Oc, xc, yc, zc} to the inertial coordinate system K:
{O, x, y, z}. The local coordinate system is defined by the axis xc pointing from
the center pc to the initial point p0, the axis zc parallel to the inertial axis z and
the axis yc is computed to yield a right hand coordinate system, see e.g. [Sicilia-
noEtAl09]. The total arc length σt is the diameter of the circle with σt = 2πρ.
The timing law for the scalar arc length σ(t) is given by equation (4.10).
For the simulations, the initial state vector y0 of the manipulator is chosen
as y0 =

[
Ω0 α0 β0 γ0

]T =
[
0 10 160 0

]T ◦. This yields an initial end-
effector position p0 =

[
0.35 0 1

]T m. The center of the circle is chosen as pc =[
0.65 0.7 1

]T m and the transition time is tf = 2 s to yield an aggressive
maneuver. Figure 5.7 shows the desired trajectory zd(t) and initial position y0.

0

1

0

1

0

1

2

x [m]y [m]

z
[m

]

Figure 5.7: Visualization of the three-dimensional manipulator in initial posi-
tion y0 and the desired trajectory zd(t).
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The servo-constraints problem is set up and solved with the BDF solvers intro-
duced in Sec. 3.3.3. The results of the model inversion are shown in Fig. 5.8 for
a step size ∆t = 1 ms and kbdf = 2. Note that a small step size of ∆t = 1 ms is
necessary due to stiff equations and high-frequency oscillations in the solution.
Figure 5.8(a) shows the computed system input uffw over time. Oscillations of
the system input are present at the end of the trajectory at t = 2 s. These os-
cillations compensate the motion of the internal dynamics. The corresponding
system states y are shown in Fig. 5.8(b). The oscillations are also present in the
states and are shown in more detail below. Figure 5.8(c) shows the evolution of
the system output z over time, while the trajectory is shown in the x, y -plane in
Fig. 5.8(d). Thereby, the symbol � marks the base position of the manipulator.
The desired trajectory is tracked perfectly and the system output is completely
at rest at the end of the trajectory, since the motion of the internal dynamics is
not observable from the output.
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(d) System output z in the x, y -plane.

Figure 5.8: Inversion results of the three-dimensional manipulator for a circular
trajectory.
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5.2. Three-dimensional Manipulator with one Passive Joint

In order to show the motion of the internal dynamics in more detail, Fig. 5.9
shows the unactuated coordinate γ, which describes the motion of the internal
dynamics. The solution is shown for the BDF integrator with kbdf = 2 and
the implicit Euler scheme with kbdf = 1. The implicit Euler strongly damps
the low frequency oscillation of the internal dynamics. The oscillation can not
be reflected accurately and the corresponding system input computed with the
implicit Euler cannot guarantee perfect tracking. Therefore, higher order inte-
gration schemes with less numerical damping in the low frequency range should
be preferred to compute the inverse model of systems with internal dynamics.
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Figure 5.9: Numerical results of the internal dynamics γ.

In order to analyze real-time capabilities, the inverse model problem is solved
using different BDF schemes with kbdf = 1, 2, . . . 5 and the total computation
time tcalc of the inversion is measured. Various schemes to evaluate the Jacobian
of the problem are applied. These include the analytic Jacobian Jana, the ap-
proximated Jacobian J̃ using Broyden’s method and the numerical Jacobian J
computed with finite differences, see Sec. 3.3.4. After computing the inverse
model, the resulting feedforward control input uffw is applied to the model in a
forward simulation, using the Matlab ode15s integrator. The maximum track-
ing error ez,max of the output is computed with

ez,max = max
t
‖zsim(t)− zd(t)‖ (5.24)

based on the simulated system output zsim. The convergence results for the
error ez,max are presented in Fig. 5.10(a) and the respective total computation
time tcalc is presented in Fig. 5.10(b). The total simulation time of tf = 2 s
is denoted by the horizontal line to denote the real-time barrier. The total
computation time tcalc must at least be lower than 2 s to enable a computation
in real-time. Then, the computation time of each time step must be verified to
fulfill the real-time criterion (3.92), see Sec. 3.3.4.
The convergence of the error ez,max in Fig. 5.10(a) reflects the theoretical con-
vergence order results for the BDF integrators, see Sec. 3.3.3. The implicit Euler
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Figure 5.10: Convergence of the BDF solvers for the three-dimensional manipu-
lator.

with kbdf = 1 converges with first order and the tracking errors ez,max are rather
large due to the numerical damping demonstrated above. The BDF schemes
with kbdf = 2 and kbdf = 3 show decreasing errors for step sizes ∆t ≥ 1 ms. For
smaller step sizes, numerical errors start to influence the solution. For kbdf > 3,
the problem starts to get ill-conditioned. A solution can only be calculated for
step sizes ∆t ≤ 10 ms, while rounding errors start to influence the solution at
∆t ≈ 1 ms.
All Jacobian schemes yield nearly similar errors ez,max for each BDF scheme
respectively. However, note that Jacobians based on Broyden’s method do not
result in a solution for the larger time steps. This is reflected in the absence of
the respective markers for nearly all ∆t ≥ 5 ms. For these cases, the method does
not converge and no results are given. This is due to an inaccurate estimation
of the Jacobian and the maximum Newton iterations of nN,max = 20.
Considering the timing results in Fig. 5.10(b) shows that for a selected Jacobian
method, all BDF schemes result in similar computation times tcalc. Thereby, the
analytic Jacobian yields the smallest computation time and Broyden’s method
yields slightly larger computation times. The numerical Jacobian results in the
longest computation times, which are approximately 8 times larger compared
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5.2. Three-dimensional Manipulator with one Passive Joint

to the analytical Jacobian. Therefore, the BDF schemes using the numerical
Jacobian J are only real-time capable for step sizes ∆t ≥ 10 ms. The BDF
schemes using Broyden’s Jacobian J̃ are real-time capable for step sizes ∆t ≥
2.5 ms and the analytical Jacobian Jana is real-time capable for step sizes ∆t ≥
0.75 ms. Thus, Broyden’s method can be a convenient alternative if the analytical
Jacobian is not available due to system complexity. Depending on the desired
accuracy, it might be sufficient to compute the Jacobian numerically and use
larger step sizes. But if higher accuracy is required, Broyden’s method or the
analytical Jacobian are required to ensure real-time computation of the inverse
model for the three-dimensional manipulator.
In conclusion, the servo-constraints approach may be applied to rather complex
MIMO multibody systems with internal dynamics. Real-time computation of
the inverse model is possible if the numerical computation of the Jacobian can
be avoided by applying e.g. Broyden’s method or an analytical derivation. These
simulation results hint that the model inversion can be implemented on a test
bench of a minimum phase three-dimensional robot. However, experimental data
is necessary for further validation of the real-time applicability.
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NON-MINIMUM PHASE SYSTEMS

Non-minimum phase systems possess unstable internal dynamics. Therefore,
integration forward in time of the inverse model yields unbounded states and
system inputs.
Different approaches exist for the inversion of non-minimum phase systems and
they are summarized in the following. The system output can be redefined, such
that the new system output yields stable internal dynamics, while approximate
tracking of the original output is possible [SlotineLi91]. Such output relocation
is applied to flexible manipulators in [MorlockBurkhardtSeifried16, RaoufMo-
hamadMaarouf13]. Alternatively, it is proposed to optimize system parameters
such as mass, inertia and the center of gravity, to obtain stable internal dy-
namics [Seifried12]. The optimized parameters can be realized e.g. by adding
counterweights. Deriving an exact inverse model for the original non-minimum
phase system is proposed by [ChenPaden96, DevasiaChenPaden96] in terms of
stable inversion. For this purpose, a bounded solution to the inverse model
problem is obtained by solving a boundary value problem (BVP). The originally
proposed scheme formulates the BVP for the internal dynamics which have to
be derived explicitly in ODE form, such as shown in Sec. 3.1.3. It is shown in
[BrülsBastosSeifried13] that stable inversion can also be formulated in terms of
the inverse model described by servo-constraints. Stable inversion yields a non-
causal system input, which includes pre- and postactuation phases before and
after the time horizon of the output trajectory. Alternatively, it is proposed in
[GraichenHagenmeyerZeitz05] to modify the BVP, such that the desired output
trajectory is slightly varied instead of extending the time horizon.
Stable inversion involves the definition of boundary conditions based on the sta-
ble and unstable eigenspaces of the linearized zero dynamics. It is burdensome
to derive the boundary conditions, since a state transformation must be found to
transform the system into input-output normal form, see Sec. 3.1.3. Therefore,
systems with few degrees of freedom are usually considered in literature in the
context of stable inversion. The manipulator in [BastosSeifriedBrüls17] has one
passive joint, while the manipulators in [BastosSeifriedBrüls13, deLucaPanzieri-
Ulivi98, Seifried12] have two passive joints. However, these simple models might
not be sufficient to accurately reflect the behavior of flexible systems. Recently,
first results are presented in [BurkhardtSeifriedEberhard15] and [Seifried14] for
manipulators with 6 and 18 unactuated degrees of freedom respectively. Thereby,
the floating frame of reference approach is applied to model the flexibility.
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It is shown in [BastosSeifriedBrüls13] that solving the boundary value problem
can be avoided by formulating an equivalent optimization problem. In that case,
there is no need to derive the boundary conditions explicitly. Both approaches
are compared in [BastosSeifriedBrüls17]. It is shown that the solution of the
optimization problem converges to the solution of the boundary value problem
if the considered time horizon goes to infinity.
In the following, stable inversion is introduced and the various solving approaches
are discussed. Moreover, an approximation of the boundary conditions is pro-
posed to simplify the setup of the BVP. Convergence of the simplification is
analyzed for systems with linear scalar second order internal dynamics. After-
wards, stable inversion is applied to a manipulator with one passive joint and the
different approaches are compared with respect to accuracy and efficiency. With
the newly introduced simplified boundary conditions, it is possible to apply sta-
ble inversion to highly flexible manipulators. As an application example, this is
demonstrated for a manipulator modeled by the ANCF. Despite the simplifica-
tion, the setup of the BVP still yields some disadvantages, such as the definition
on an initial guess and long computation time. Hence, a systematic output redef-
inition procedure is proposed for the flexible manipulator to render the internal
dynamics stable. This enables integration forward in time of the inverse model
DAEs. Thus, no initial guess is necessary and real-time computation is possible.

6.1 Stable Inversion

In the following, stable inversion is introduced. First, the original formulation
is presented, which depends on deriving the stable and unstable eigenspaces
of the linearized zero dynamics for the definition of the boundary conditions.
Afterwards, simplifying boundary conditions are proposed, which do not depend
on the derivation of the internal dynamics. Finally, the reformulation as an
optimization problem is introduced, which completely omits the definition of
boundary conditions.

6.1.1 Original Formulation
In case the internal dynamics (3.25) are unstable, it is not possible to integrate
the inverse model forward in time. This applies to the analytical inverse model
given by equations (3.24) and (3.25) as well as the inverse model given by the
servo-constraints DAEs (3.36)–(3.39). Stable inversion is proposed in [Chen-
Paden96] in order compute a bounded solution of the inversion problem by solv-
ing a BVP. It is applicable for hyperbolic equilibria of the internal dynamics.
Stable inversion is originally stated for the explicit internal dynamics (3.25)
in [ChenPaden96] and is extended for the inverse model DAEs (3.36)–(3.39)
in [BrülsBastosSeifried13].
Concerning the original formulation based on the explicit internal dynamics in
ODE form (3.25), the boundary conditions are defined, such that the initial state
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starts on the unstable manifold WU
0 of the initial equilibrium point ηeq,0. The

final state reaches the final equilibrium point ηeq,f on its stable manifold W S
f .

The stable and unstable manifolds are locally approximated by stable and unsta-
ble eigenspaces ES and EU of the linearized zero dynamics. Thus, the boundary
conditions are given by

Bode
u
(
η(T0)− ηeq,0

)
= 0 (6.1)

Bode
s
(
η(Tf)− ηeq,f

)
= 0 . (6.2)

Thereby, T0 and Tf denote the initial and final simulation time. The matrices
Bode

s ∈ Rn
s×(2nf−r) and Bode

u ∈ Rn
u×(2nf−r) contain the ns stable and nu unsta-

ble eigenvectors of the zeros dynamics respectively. With nf degrees of freedom
and the relative degree r, the dimension of the internal dynamics is 2nf − r and
it holds ns + nu = 2nf − r. The boundary value problem yields a non-causal
solution in the sense that the system input uffw induces motion into the system
before the start t0 of the trajectory. Moreover, there is a system input after the
end tf of the trajectory to bring the internal dynamics to its equilibrium. In
order to capture these pre- and postactuation phases correctly, the simulation
time interval [T0, Tf ] is chosen larger than the interval [t0, tf ] of the trajectory.
Therefore holds T0 ≤ t0 and Tf ≥ tf . The stable inversion BVP consists of the
dynamics (3.25) subject to the constraints (6.1)–(6.2).
Equivalently, the problem can be formulated for the inverse model based on
servo-constraints [BrülsBastosSeifried13]. The boundary conditions are given by

Bdae
u (x(T0)− xeq,0) = 0 (6.3)
Bdae

s (x(Tf)− xeq,f) = 0 (6.4)

with the matrices Bdae
s ∈ Rn

s×(2nf+3nc+nu) and Bdae
u ∈ Rn

u×(2nf+3nc+nu) and
with x collecting all unknown variables x =

[
yT vT λT uT]T of the inverse

model DAEs (3.36)–(3.39). With nc constraints and nu system inputs, the num-
ber of boundary conditions matches again the number of unkowns of the BVP
and it holds ns + nu = 2nf + 3nc + nu. The stable inversion BVP consists of
the dynamics (3.36)–(3.39) subject to the constraints (6.3)–(6.4). Deriving the
boundary conditions (6.1)–(6.2) or (6.3)–(6.4) is not straightforward in practice
since they depend on the explicit derivation of the internal dynamics.

6.1.2 Simplified Boundary Conditions

It is proposed in [DrückerSeifried20] to simplify the above boundary condi-
tions (6.1)–(6.2) or (6.3)–(6.4). Instead of enforcing the states to lie on the stable
and unstable eigenspaces of the equilibrium point, it is proposed to constrain part
of the state vector to the initial and final equilibrium point respectively.
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For the internal dynamics described in ODE form (3.25), the simplified boundary
conditions are

Lode
0 η (T0) = Lode

0 ηeq,0 (6.5)
Lode

f η (Tf) = Lode
f ηeq,f . (6.6)

The matrices Lode
0 ∈ Rn

a×(2nf−r) and Lode
f ∈ Rn

b×(2nf−r) select na states to
be equal to the initial equilibrium ηeq,0 and nb states to be equal to the final
equilibrium ηeq,f . Thereby it is nb > 0 and na > 0. In total, a number of
na + nb = 2nf − r conditions are given, which equals the number of unknowns.
Equivalently for the inverse model described by the DAEs (3.36)–(3.39), the
simplified boundary conditions are proposed as

Ldae
0 x (T0) = Ldae

0 xeq,0 (6.7)
Ldae

f x (Tf) = Ldae
f xeq,f . (6.8)

with the matrices Ldae
0 ∈ Rn

a×(2nf+3nc+nu) and Ldae
f ∈ Rn

b×(2nf+3nc+nu). The
number of boundary conditions is again equal to the number of unknowns, such
that it holds na + nb = 2nf + 3nc + nu.
The simplified boundary conditions (6.5)–(6.6) or (6.7)–(6.8) reduce the effort
for system analysis. Especially in the form of the conditions (6.7)–(6.8), there
is no need to derive the internal dynamics. For small values of the states η
or x respectively, the simplified boundary conditions approximate the correct
boundary conditions.

Convergence Analysis of Simplified Boundary Conditions

In the following, it is analyzed that the solution ηsimp with simplified bound-
ary conditions (6.5)–(6.6) converges to the solution ηorig with correct boundary
conditions (6.1)–(6.2) for increasing the pre- and postactuation intervals. Con-
vergence is shown for a system with scalar linear internal dynamics of the form

Mη̈ +Dη̇ +Kη = f(zd(t)) . (6.9)

The internal dynamics is driven by the desired trajectory zd(t). The linearization
holds for small values η, η̇, e.g. when the desired trajectory does not excite the
internal dynamics too far from the equilibrium. The driving term f(zd(t)) is a
piecewise polynomial of the form

f(zd(t)) =





0 T0 ≤ t < t0

p(t) t0 ≤ t ≤ tf
0 tf < t ≤ Tf

(6.10)

since the output trajectory zd(t) is constant in the pre- and postactuation phase.
Thereby, p(t) describes a smooth polynomial of usually higher order due to the
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desired trajectory zd(t). The analytical solution of the linear internal dynam-
ics (6.9) has the piecewise form

η(t) =





η1(t) = C1 eλut + C2 eλst T0 ≤ t ≤ t0
η2(t) = C3 eλut + C4 eλst + p̃(t) t0 ≤ t ≤ tf
η3(t) = C5 eλut + C6 eλst tf ≤ t ≤ Tf

(6.11)

with the two eigenvalues λs and λu of the internal dynamics (6.9) and with p̃(t)
denoting a particular solution of the inhomogeneous ODE. There are 6 unknown
constants Ci, which are determined by boundary conditions. The general solu-
tion (6.11) holds for the solution ηorig using correct boundary conditions with
coefficients Corig

i and for the solution ηsimp using simplified boundary conditions
with coefficients Csimp

i . The particular solution p̃(t) is the same in both cases,
since the right hand side f(zd(t)) is the same. Two boundary conditions are given
by either the correct boundary conditions or the simplified boundary conditions.
The correct boundary conditions (6.1)–(6.2) can be written as

−ηorig(T0) + ΨU η̇orig(T0) = 0 and − ηorig(Tf) + ΨS η̇orig(Tf) = 0 (6.12)

with the coefficients ΨS and ΨU describing the directions of the stable and
unstable eigenspaces respectively. The proposed simplified boundary condi-
tions (6.5)–(6.6) are chosen in this example as

ηsimp(T0) = 0 and ηsimp(Tf) = 0 . (6.13)

Other possible choices are e.g. η̇simp(T0) = 0 and η̇simp(Tf) = 0, which lead
to similar convergence results. The remaining four conditions are continuity
conditions given at the beginning and end of the trajectory. The continuity
conditions hold for both solutions ηorig and ηsimp and are

η1(t0) = η2(t0) , (6.14)
η̇1(t0) = η̇2(t0) , (6.15)
η2(tf) = η3(tf) , (6.16)
η̇2(tf) = η̇3(tf) . (6.17)

For the convergence analysis, the error

e(t) =
∥∥ηsimp(t)− ηorig(t)

∥∥ (6.18)

is of interest in the limit T0 → −∞ and Tf → ∞. To evaluate the error e(t),
the difference between the coefficients Csimp

i and Corig
i is computed. The six

conditions each for Csimp
i and Corig

i are collected in the set of linear equations

AX = B (6.19)
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with the matrices

A =




eλuT0 eλsT0 0 0 0 0
0 0 0 0 eλuTf eλsTf

eλut0 eλst0 −eλut0 −eλst0 0 0
λueλut0 λseλst0 −λueλut0 −λseλst0 0 0

0 0 eλutf eλstf −eλutf −eλstf

0 0 λueλutf λseλstf −λueλutf −λseλstf



,

(6.20)

X =




Csimp
1 − Corig

1
Csimp

2 − Corig
2

Csimp
3 − Corig

3
Csimp

4 − Corig
4

Csimp
5 − Corig

5
Csimp

6 − Corig
6



, B =




−Corig
1 ΨUλueλuT0 − Corig

2 ΨUλseλsT0

−Corig
5 ΨSλueλuTf − Corig

6 ΨSλseλsTf

0
0
0
0



.

(6.21)

Now, let λu have positive real part denoting unstable dynamics, while λs has
negative real part denoting stable dynamics. Therefore, two coefficients of the
solution ηorig are known with

Corig
2 = 0 and Corig

5 = 0 . (6.22)

This information is substituted into equation (6.19) to simplify the right hand
side B. Moreover, some matrix manipulations are performed on equation (6.19).
The first row is multiplied by e−λuT0 and the second row is multiplied by e−λsTf .
This yields




1 e(λs−λu)T0 0 0 0 0
0 0 0 0 e(λu−λs)Tf 1
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗



X =




−Corig
1 ΨUλu

−Corig
6 ΨSλs
∗
∗
∗
∗



. (6.23)

The symbol ∗ in the last four equations denotes that the entries are equal to
the entries of the matrices A and B in equations (6.20)–(6.21) and are not
displayed for readability. Afterwards, the second and fifth column of matrix A
are manipulated to obtain a set of equations in terms of the vector

X̂ =




Ĉsimp
1 − Ĉorig

1
Ĉsimp

2 − Ĉorig
2

Ĉsimp
3 − Ĉorig

3
Ĉsimp

4 − Ĉorig
4

Ĉsimp
5 − Ĉorig

5
Ĉsimp

6 − Ĉorig
6




=




Csimp
1 − Corig

1
e(λs−λu)T0 (Csimp

2 − Corig
2 )

Csimp
3 − Corig

3
Csimp

4 − Corig
4

e(λu−λs)Tf (Csimp
5 − Corig

5 )
Csimp

6 − Corig
6



. (6.24)
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This is achieved by multiplying the second column by e−(λs−λu)T0 and multiply-
ing the fifth column by e−(λu−λs)Tf . The set of equations is then

ÂX̂ = B̂ (6.25)

with the matrices

Â =




1 1 0 0 0 0
0 0 0 0 1 1

eλut0 A1 −eλut0 −eλst0 0 0
λueλut0 λsA1 −λueλut0 −λseλst0 0 0

0 0 eλutf eλstf A2 −eλstf

0 0 λueλutf λseλstf λuA2 −λseλstf



, (6.26)

B̂ =




−Corig
1 ΨUλu

−Corig
6 ΨSλs

0
0
0
0




(6.27)

and the abbreviations

A1 = eλst0−(λs−λu)T0 , (6.28)

A2 = −eλutf−(λu−λs)Tf . (6.29)

As the limit T0 → −∞ and Tf → ∞ is taken, the terms A1 and A2 tend to 0
and the matrices Â and B̂ stay finite. Therefore, the vector X̂ must be finite
as well. Thus, it follows in the limit

lim
T0→−∞

(
Csimp

2 − Corig
2
)

= lim
T0→−∞

(
Ĉsimp

2 − Ĉorig
2
)
e−(λs−λu)T0 = 0 . (6.30)

This difference can be substituted in the error (6.18) between the solution ηsimp

and the solution ηorig at time t = T0. For the error holds

lim
T0→−∞

∥∥ηsimp(T0)− ηorig(T0)
∥∥ (6.31)

= lim
T0→−∞

∥∥(Csimp
1 − Corig

1 )eλuT0 + (Csimp
2 − Corig

2 )eλsT0
∥∥ (6.32)

= lim
T0→−∞

∥∥(Csimp
1 − Corig

1 + Ĉsimp
2 − Ĉorig

2 )eλuT0
∥∥ = 0 . (6.33)

Since it is Re(λu) > 0, the error approaches zero at the speed of λu in the
limit T0 → −∞. A similar reasoning is performed for the right hand bound Tf .
Equivalently follows for the difference Ĉsimp

5 − Ĉorig
5 in the limit

lim
Tf→∞

(
Csimp

5 − Corig
5
)

= lim
Tf→∞

(
Ĉsimp

5 − Ĉorig
5
)
e−(λu−λs)Tf = 0 . (6.34)
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Therefore, for the error between both solutions at time Tf holds

lim
Tf→∞

∥∥ηsimp(Tf)− ηorig(Tf)
∥∥ (6.35)

= lim
Tf→∞

∥∥(Csimp
5 − Corig

5 )eλuTf + (Csimp
6 − Corig

6 )eλsTf
∥∥ (6.36)

= lim
Tf→∞

∥∥(Ĉsimp
5 − Ĉorig

5 + Csimp
6 − Corig

6 )eλsTf
∥∥ = 0 . (6.37)

Since it is Re(λs) < 0, the error approaches zero at the speed of λs as Tf →∞.
For obtaining all other differences Csimp

i −Corig
i with i = 1, 3, 4, 6, the matrix Â

of equation (6.25) is inverted symbolically and the solution is manipulated to
show the upper bound between the differences Csimp

i −Corig
i . This is here shown

exemplary for Csimp
1 − Corig

1 and equivalent computations are possible for the
other terms. The solution to equation (6.25) yields

lim
T0→−∞
Tf→∞

(
Ĉsimp

1 − Ĉorig
1
)

= lim
T0→−∞
Tf→∞

(
Csimp

1 − Corig
1
)

(6.38)

= lim
T0→−∞
Tf→∞

−eλsTf
(
Corig

1 ΨUλueλuT0 − Corig
6 ΨSλseλsT0

)

eλuT0eλsTf − eλsT0eλuTf
(6.39)

= lim
T0→−∞
Tf→∞

−e(λs−λu)Tf
(
Corig

1 ΨUλue(λu−λs)T0 − Corig
6 ΨSλs

)

e(λu−λs)T0e(λs−λu)Tf − 1 = 0 . (6.40)

The blue terms approach 0 in the limit T0 → −∞ and Tf → ∞. Thus, the
difference Csimp

1 −Corig
1 approaches 0. With equivalent results for Csimp

i −Corig
i

with i = 3, 4, 6, the error
∥∥ηsimp(t)− ηorig(t)

∥∥ approaches 0 at all times t for
increasing pre- and postactuation phases. This convergence analysis is verified
in simulations with the manipulator with one passive joint in Sec. 6.3.4.

6.1.3 Reformulation as an Optimization Problem
In order to avoid derivation of the boundary conditions (6.1)–(6.2) or (6.3)–(6.4)
respectively, a reformulation as an optimization problem is proposed in [Bastos-
SeifriedBrüls13, BastosSeifriedBrüls17]. It is briefly summarized in the following.
The optimization problem can be stated as

min
η

Tf∫

T0

Jode(η, t) dt , (6.41)

subject to the internal dynamics (3.25) as constraints. It can also be written as

min
x

Tf∫

T0

Jdae(x, t) dt , (6.42)
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subject to the inverse model DAEs (3.36)–(3.39) as constraints. The cost func-
tionals Jode : R2nf−r × R → R and Jdae : R2nf+3nc+nu × R → R are chosen in
order to obtain a bounded solution. A common choice is for example

Jode(η, t) =
∥∥η − ηeq

∥∥2
2 , (6.43)

Jdae(x, t) =
∥∥y − yeq

∥∥2
2 . (6.44)

The cost functionals prevent the internal dynamics from becoming unbounded.
For the DAE case, the cost functional must be chosen such that the internal
dynamics states are kept bounded implicitly by preventing the complete state
vector from becoming unbounded. It is shown in [BastosSeifriedBrüls17] that
the solution of the optimization problem converges to the solution of the orig-
inal stable inversion problem as the time interval [T0, Tf ] increases. The opti-
mization problems are infinite dimensional. In general, there exist direct and
indirect methods to solve such optimization problems [Betts10]. Direct meth-
ods are so far applied in the context of stable inversion, such as direct tran-
scription [BastosSeifriedBrüls13, LismondeSonnevilleBrüls19] or multiple shoot-
ing [BastosSeifriedBrüls17]. For the direct approach, the cost functional as well
as the constraints are discretized using a suitable integration scheme. The re-
sulting finite dimensional optimization problem is then solved using standard
optimization algorithms [Betts10]. In the context of this work, the Matlab
solver fmincon is used.
Alternatively, indirect methods derive necessary optimality conditions for such
optimization problems by introducing adjoint variables [Betts10, Gerdts12]. The
optimality conditions result in a BVP, which is solved for the unknown variables
as well as the adjoint variables. The BVP has some similarities to the original
stable inversion BVP, but it is of larger dimension due to the adjoint variables.
The indirect approach is rather burdensome, since the optimality conditions
must be derived for the optimization problem and the derivation of an initial
guess of the adjoint variables is not straightforward.

6.1.4 Overview of Approaches for Stable Inversion

In total, the presented approaches result in six different problem formulations
for stable inversion. For the inverse model described by the ODEs (3.25), stable
inversion is stated as a boundary value problem (bvp-ode), as an optimization
problem solved directly (opt-ode) and an optimization problem solved indirectly
(idopt-ode). Similarly, for the inverse model described by the DAEs (3.36)–(3.39),
stable inversion is stated as a boundary value problem (bvp-dae), as an opti-
mization problem solved directly (opt-dae) and an optimization problem solved
indirectly (idopt-dae). Figure 6.1 visualizes the six problem formulations. The
approaches are compared in a numerical study for the manipulator with one
passive joint in Sec. 6.3.
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BVP Optimization

ODE DAE

ODE

DAE

bvp-ode bvp-dae idopt-ode idopt-dae opt-ode opt-dae

indirect
method

direct
method

ODE ODEDAE DAE

Int. dyn. given
by eq. (3.25)

DAE problem
(3.36)–(3.39)

Figure 6.1: Overview of problem formulations for stable inversion.

6.2 Numerical Method for Boundary Value Problems

The original stable inversion and the indirect method for the optimization prob-
lem result in BVPs. For notational simplicity, the BVPs are summarized as

E ˙̃x = f̃(x̃, t) (6.45)

b̃ (x̃(T0), x̃(Tf))) = 0 (6.46)

with the vector of unknowns x̃ ∈ Rnx , the boundary conditions b̃ : Rnx ×Rnx →
Rnx and the function f̃ : Rnx × R → Rnx containing the DAEs or ODEs. For
ODEs, the matrix E ∈ Rnx×nx is identity and for DAEs, it is a singular matrix
separating differential and algebraic equations.
Generally, boundary value problems can be solved by single shooting, multi-
ple shooting or finite differences [AscherMattheijRussell95]. Here, the problem
is solved using finite differences with Simpson discretization. The time inter-
val T0 = t0 < t1 < · · · < tN = Tf is divided into N + 1 grid points and the val-
ues x̃(T0) = x̃

0
, x̃

1
, . . . , x̃

N = x̃(Tf) approximate the solution at these grid
points. Then, Simpson discretization is given by

E x̃
i+1/2 = E x̃

i + ∆t
( 5

24 f̃
(
x̃
i
, ti
)

+ 1
3 f̃
(
x̃
i+1/2

, ti+1/2
)
− 1

24 f̃
(
x̃
i+1

, ti+1))

(6.47)

E x̃
i+1 = E x̃

i + ∆t
(1

6 f̃
(
x̃
i
, ti
)

+ 2
3 f̃
(
x̃
i+1/2

, ti+1/2
)

+ 1
6 f̃
(
x̃
i+1

, ti+1)) .
(6.48)

Thereby, x̃i+1/2 denotes the approximation on the solution at the midpoint
between two grid points i and i + 1 and ∆t denotes the constant step size
[ShampineGladwellThompson03]. Equations (6.47)–(6.48) add up to a large but
sparse set of nonlinear equations. They are solved using Newton’s method de-
scribed in Sec. 3.3.2. The Simpson discretization yields convergence of order 4
for solving ODEs or index 1 DAEs [Hairer02, ShampineGladwellThompson03].
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6.3 Manipulator with one Passive Joint

The manipulator with one passive joint, which is introduced in Sec. 2.4.4, is a
typical testing example for stable inversion. The simplicity of the model makes
it possible to derive the internal dynamics explicitly, allowing a detailed analysis.
The system is non-minimum phase for end-effector tracking when a homogeneous
mass distribution is chosen. This is a typical property for flexible manipulators.
After analyzing the system properties, stable inversion is solved with the various
approaches presented in Sec. 6.1 for a comprehensive comparison. Afterwards,
application of the proposed simplified boundary conditions is evaluated.

6.3.1 System Properties
In the following, the internal dynamics of the manipulator with one passive
joint is analyzed analytically according to [Seifried12, Seifried14]. The system
output z is defined in equation (2.96) to depend linearly on the actuated and
unactuated coordinates and it approximates the angle of the end-effector, see
Fig. 2.9(b). The input-output normal form is derived according to Sec. 3.1.3.
The relative degree of the system is r = 2 and internal dynamics of dimen-
sion 2 remains. Since the system output z depends on the actuated coordi-
nates, a diffeomorphic state transformation Ψ(x) can be found. The unactuated
states β , β̇ are chosen to represent the internal dynamics η and therefore the
new states are

x̄ = Ψ(x) =
[
z ż β β̇

]T
. (6.49)

Zero dynamics according to equation (3.26) arises as

L1
(
4 I2 + L2

2 m2 − 2L2
2 m2 cos(β)

)

4 (L1 + L2) β̈ + dβ̇ + kβ + L1L
3
2 β̇

2
m2 sin(β)

2 (L2
1 + 2L1L2 + L2

2) = 0 .

(6.50)

Linearizing the zero dynamics around its equilibrium βeq = β̇eq = 0 yields

L1
(
4 I2 − L2

2 m2
)

4 (L1 + L2) β̈ + dβ̇ + kβ = 0 . (6.51)

A stability analysis is performed by analyzing the eigenvalues of equation (6.51).
Assuming a homogeneous mass distribution with I2 = mL2/12 and setting
L1 = L2 = L, the eigenvalues λi are

λ1,2 = 1
L3 m2

(
6Ld±

√
6L (2 km2 L3 + 6Ld2)

)
. (6.52)

Since the system parameters m2, L, k, d are positive for a physical system, the
eigenvalues are real numbers with λ1 > 0 and λ2 < 0. Thus, the manipulator
with one passive joint is a non-minimum phase system.
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6.3.2 Simulation Results for Stable Inversion

In the following, the manipulator with one passive joint is inverted using stable
inversion. The simulation parameters are given in Tab. 6.1. The desired trajec-
tory zd(t) is chosen as a smooth transition from the initial output z0 = p0 = 0 ◦
to the final output zf = pf = 30 ◦. The trajectory and timing law are defined
by equations (4.9) and (4.10). Beginning and end of the trajectory are cho-
sen as t0 = 0 s and tf = 1 s respectively. Figure 6.2(b) visualizes the desired
trajectory with the dashed lines denoting t0 and tf .
Stable inversion results are shown for the formulation bvp-dae, which denotes
the BVP subject to the inverse model DAEs, see Sec. 6.1.4. The boundary value
problem is solved using Simpson discretization with step size ∆t = 0.01 s, see
Sec. 6.2. Numerical results of this stable inversion problem are shown in Fig. 6.2.
The preactuation phase has a length of approximately 0.2 s, see Fig. 6.2(a). Dur-
ing the preactuation, an input is applied on the system, while the output is con-
stant at z0 = 0 ◦. This is necessary to induce motion to the internal dynamics η.
The inverse model is verified in a forward simulation with the desired system
input uffw. Figure 6.2(b) shows that perfect tracking of the system output z
is possible for known parameters. The phase space of the internal dynamics η
is shown in Fig. 6.3. As enforced by the boundary conditions (6.3)–(6.4), the
coordinates leave the equilibrium βeq = 0 ◦ in the direction of the unstable
eigenspace EU

0 and converge to the equilibrium in the direction of the stable
eigenspace ES

f .

Table 6.1: Simulation parameters of the manipulator with one passive joint.

Parameter Value
L1 = L2 0.5 m
m1 = m2 0.05 kg

d 2.5× 10−5 N m s
rad

k 0.5 N m
rad

6.3.3 Numerical Comparison of Stable Inversion Approaches

In the following, all six stable inversion formulations summarized in Sec. 6.1.4 are
compared numerically using the manipulator with one passive joint as a testing
system. The desired trajectory and the simulation parameters are the same as in
Sec. 6.3.2. For the convergence analysis, the reference solution uref is calculated
with the Matlab solver bvp4c for the case bvp-ode and very small step size.
Note that the Matlab solver is only capable of solving BVPs for ODEs and is
therefore not applicable for solving the DAE-based boundary value problems.
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(a) Desired system input uffw.
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Figure 6.2: Simulation results for the manipulator with one passive joint.
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Figure 6.3: Phase space of the internal dynamics η for the manipulator with one
passive joint.

The maximum error of the system input is computed with

emax = max
t
|uref(t)− uffw(t)| . (6.53)

Figure 6.4 shows the accuracy of all six problem formulations for different step
sizes ∆t. All solutions converge in a similar behavior and the order of convergence
is approximately 4 as stated in [Hairer02]. The accuracy of the solution does not
improve for step sizes ∆t < 0.03 s for this example due to rounding errors. The
smallest achievable error is approximately emax = 4× 10−6 N m, which is small
enough to apply the control input as feedforward control on a real system.
The comparison shows that the various formulations result in solutions with
comparable accuracy. However, there are some differences in the computation
time tcalc. Both direct optimization problems result in comparably long compu-
tation times compared to the other formulations. The formulation opt-dae is ap-
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proximately 70 times slower and the formulation opt-ode is approximately 4 times
slower compared to the other approaches. The indirect optimization approaches
and the original boundary value problems result in similar fast computation
times. Since these four approaches have comparable accuracy and computation
times, it is proposed to apply the most simple approach for stable inversion.
The most simple approach is given by the formulation bvp-dae, since it is not
necessary to solve for any adjoint variables compared to the indirect optimiza-
tion approach and it is not necessary to explicitly derive the internal dynamics.
Thus, the effort in the equation setup is comparably small.
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Figure 6.4: Accuracy and computation time of the stable inversion formulations.
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6.3.4 Application of Simplified Boundary Conditions

Since it might not be possible to derive the internal dynamics (3.25) explicitly,
it is proposed in Sec. 6.1.2 to apply simplified boundary conditions (6.5)–(6.6)
or (6.7)–(6.8) for the boundary value problem. They approximate the correct
boundary conditions (6.1)–(6.2) or (6.3)–(6.4), respectively, and their influence
on the solution is analyzed numerically in the following. Thereby, the formula-
tion bvp-ode is applied in order to compare the numerical results to the analytical
convergence analysis in Sec. 6.1.2. Similar numerical results are obtained for the
formulation bvp-dae. The simplified boundary conditions are chosen in this ex-
ample as

η(T0) =
[

0 ?
]

and η(Tf) =
[

0 ?
]
, (6.54)

with the symbol ? denoting free bounds. Note that the other possible boundary
conditions

η(T0) =
[

0 ?
]

and η(Tf) =
[
? 0

]
, (6.55)

η(T0) =
[
? 0

]
and η(Tf) =

[
0 ?

]
, (6.56)

η(T0) =
[
? 0

]
and η(Tf) =

[
? 0

]
(6.57)

yield similar solutions. Figure 6.5 shows the numerical results of the stable
inversion for the interval T0 = t0 and Tf = tf . Thereby, simp denotes the
solution computed with the simplified boundary conditions (6.7)–(6.8) and orig
denotes the solution computed with the correct boundary conditions (6.3)–(6.4).
Due to the simplified boundary conditions, there is a small error of the system
input compared to the solution with correct boundary conditions, see Fig. 6.5(a).
This is also visualized in the phase diagram in Fig. 6.5(b).
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Figure 6.5: Simulation results for the interval T0 = t0 and Tf = tf .
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Increasing the pre- and postactuation phases

∆T = t0 − T0 = Tf − tf (6.58)

with T0 < t0 and Tf > tf , shows the convergence of the solution using simplified
boundary conditions to the solution using correct boundary conditions. This is
reflected in the system input shown in Fig. 6.6.
For further visualization of the convergence of the two solutions, the error

e(t) =
∥∥ηsimp(t)− ηorig(t)

∥∥ (6.59)

is computed between the internal dynamics ηsimp using simplified boundary con-
ditions and the internal dynamics ηorig using correct boundary conditions. The
error is evaluated at the times t = T0 and t = Tf and is shown in Fig. 6.7 for
different pre- and postactuation phases ∆T . Note that in contrast to the pre-
vious simulations, the plot is generated with damping d = 0.05 N m s

rad for better
visualization of the convergence speed. For this damping coefficient, the eigen-
values (6.52) of the zero dynamics have very different absolute values and thus,
the different convergence speeds at time t = T0 and t = Tf are clearly visible.
Figure 6.7 shows that the error e(T0) converges with the speed determined by
the unstable eigenvalue λu, denoted by the line e−λu∆T . The error e(Tf) con-
verges with the speed determined by the stable eigenvalue λs, denoted by the
line eλs∆T . The results support the convergence analysis given in Sec. 6.1.2. Es-
pecially the convergence speed of equations (6.33) and (6.37) for the beginning
and end of the trajectory can be verified.
For this example, the numerical solution using simplified boundary conditions
(6.7)–(6.8) converges to the solution using correct boundary conditions (6.3)–(6.4)
for increasing pre- and postactuation phases ∆T . Thus, it it proposed that the
simplified boundary conditions enable the application of stable inversion to more
complex systems, such as flexible manipulators.
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Figure 6.6: System input u for different simulation intervals ∆T .
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Figure 6.7: Convergence of the solution ηsimp to the solution ηorig.

6.4 Flexible Manipulator with one Link

The manipulator with one passive joint might not be sufficiently accurate for
simulating the behavior of highly flexible systems. Therefore, an ANCF model
of a flexible manipulator with one link is considered for model inversion in the
following. Solving stable inversion with the original boundary conditions is not
straightforward for this complex flexible system, because it is not straightforward
to derive its internal dynamics. Therefore, the simplified boundary conditions
proposed in Sec. 6.1.2 are applied. Note that the model based on the ANCF
serves as an application example of the simplified boundary conditions. Other
modeling approaches for flexible systems might also be applicable. The consid-
ered flexible manipulator is introduced in Sec. 2.4.5.
In the following, system properties with respect to the inverse model are dis-
cussed. Afterwards, stable inversion is solved with the simplified boundary con-
ditions proposed in Sec. 6.1.2, see also [DrückerSeifried20].

6.4.1 Discussion of the System Properties
The system output z is chosen in Sec. 2.4.5 as the angle between end-effector
and joint and is given by equation (2.112). The complex system dynamics make
a complete analytical derivation of the internal dynamics very difficult. Never-
theless, it is possible to derive the relative degree using the approaches presented
in Sec. 3.1.3 or Sec. 3.2.3.
As introduced in Sec. 2.4.5, four different manipulator configurations are con-
sidered. The cross-section at the left node of the beam element is either free
or constrained to be orthogonal to the neutral axis. Moreover, the system in-
put is either modeled as force-controlled or velocity-controlled. For the ANCF
model with unconstrained cross-section and force-controlled actuator, the rela-
tive degree is computed as r = 4. For the same model with velocity-controlled
actuator, the relative degree is r = 3. The decrease of the relative degree due to
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a velocity-controlled actuator is in accordance with results published in [Otto-
Seifried18b]. This reduction is due to a more direct actuation on velocity level.
For a constrained cross-section and force-controlled actuator, the relative degree
is r = 2, while it is r = 1 with velocity-controlled actuator respectively. Thus,
the relative degree of the system varies between r = 1 and r = 4 depending on
the considered configuration. Table 6.2 summarizes the results. The analysis of
the relative degree is performed for N = 1, 2, 3 elements. For the tested elements,
the relative degree is independent of the discretization. It is assumed that it is
true for any N elements, but not proven.
Since the constrained cross-section enforces Euler-Bernoulli assumptions at the
left node, the relative degree of r = 2 is consistent with literature in the
sense that flexible manipulators modeled by Euler-Bernoulli beams with force
control are reported to have relative degree r = 2 [BurkhardtSeifriedEber-
hard15, WangVidyasagar91]. If the constraint is relaxed in the ANCF model,
there is a dynamic coupling of second order between the rotation of the cross-
section and the rotation of the neutral axis. Since the input is applied at the
cross-section and the system output at the right end of the manipulator de-
pends on the motion of the neutral axis, an unconstraint cross-section increases
the relative degree by 2. This is in accordance with a relative degree r = 4 in
configuration 1. Nevertheless, there remain some open questions regarding the
analysis of the system properties, which are discussed in the following.
The above results for the relative degree are computed symbolically based on
the definitions in Sec. 3.1.3 or the generalized eigenvalue problem in Sec. 3.2.3
respectively. Both approaches result in ill-conditioned equations for the com-
putation of the system zeros, in the sense that small disturbances yield large
changes in the computed system zeros. The problem of highly sensitive system
zeros is documented in literature for other flexible beam models [SpectorFlash-
ner90, Williams92].
Thus, significance of the presented results must be further analyzed. For exam-
ple, the question remains, if the relative degree of the model corresponds to the
relative degree of the real system. It is relevant to compute the relative degree of
the model in order to know the differentiation index of the inverse model DAEs,
to choose a suitable solver, to perform index reduction and to choose sufficiently

Table 6.2: Relative degree of considered ANCF configurations.

Case Cross-section
at joint System input type Relative

degree r
1 free force-controlled 4
2 free velocity-controlled 3
3 constrained force-controlled 2
4 constrained velocity-controlled 1
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smooth trajectories. However, the relative degree of the underlying real system
must be concluded by convergence analysis for increasing number of elements
and comparison with the underlying partial differential equations. Results of the
system zeros of flexible manipulators modeled by partial differential equations
are for example documented in [Maslen95, Miu91, SpectorFlashner89] and con-
vergence results are documented in [Williams92]. In this respect, it is still an
open question, if the ANCF model is suitable to model the real system properties.
It is also unclear if some system zeros and poles are introduced as artefacts of the
system discretization, since finite element methods are known to introduce arti-
ficial high frequency modes [Bauchau11]. Moreover, the relative degree is closely
connected to wave propagation in flexible elements [WangVidyasagar91] and it
is unclear if the ANCF is suitable to model wave propagation accurately. Note
that some other finite element approaches are known to introduce numerical
dispersion and therefore model wave propagation incorrectly [Krenk01].

6.4.2 Simulation Results

The proposed simplified boundary conditions (6.7)–(6.8) enable the application
of stable inversion to flexible manipulators which are modeled by the ANCF.
Simulation results are presented in the following. First, convergence is shown
for increasing number of ANCF beam elements to determine a suitable number of
beam elements. Afterwards, the accuracy of the Jacobian of the ANCF equations
of motion (2.44), (2.45) and (2.51) is discussed. Then, the BVP is solved with
the simplified boundary conditions (6.7)–(6.8).
Simulation results are shown in the following for a flexible manipulator with
quadratic cross-section and with system parameters given in Tab. 6.3. Configu-
ration 3 with velocity-controlled actuator and free cross-section is considered at
first. Note that the other cases yield nearly similar numerical results, since the
chosen trajectory does not excite relevant shear deformation.
Convergence of the number of beam elements is shown in the following. For
this purpose, an equivalent rigid manipulator of same geometry and mass is
inverted and the computed system input is applied to the flexible manipulator
in a forward simulation. This yields oscillations of the flexible manipulator, since
the flexible modes are not considered during inversion. The forward simulation is

Table 6.3: Simulation parameters of the flexible manipulator with one link.

Material
parameter Value Geometry

parameter Value

ρ 910 kg
m3 L 1 m

ν 0 A 0.0081 m2

E 1.2× 107 Pa
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performed with an increasing number of ANCF beam elements and the simulated
output zN for N elements is compared to the output with a maximum number
of N = 15 elements. The percentage value z′(N) = 100 max(zN )

max(z15) is taken as
a measure of convergence and is shown in Fig. 6.8. As reported in [García-
VallejoMikkolaEscalona07], the ANCF converges slowly and a converged solution
is reached for approximately N = 8 elements. Since each additional ANCF
element increases the number of unknowns of the stable inversion BVP by 6
unknowns per grid point in time, N = 4 elements are chosen for system inversion.
This seems an appropriate trade-off between accuracy and number of unknowns.
The percentage of convergence for N = 4 elements is z′ = 99.3 %.
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z
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Figure 6.8: Convergence of ANCF beam elements.

In order to speed up the computation of the stable inversion BVP, accurate
computation of the Jacobian of the inverse model DAEs is important in order
to quickly solve the resulting set of nonlinear equations (6.47)–(6.48). The Ja-
cobian of the complete nonlinear equations is composed of the Jacobian of the
ANCF equations of motion (2.44), (2.45) and (2.51), which is analyzed in the fol-
lowing. For the chosen ANCF implementation, the analytical Jacobian is given
in [García-VallejoEtAl04]. Figure 6.9 shows the maximum relative error erel be-
tween the analytical Jacobian and the numerical Jacobian computed with finite
differences of step size h. The relative error converges with first order for for-
ward and backwards differences and with second order for central differences.
However, the computation is ill-conditioned. The error between analytical and
numerical computation is quite large for forward and backwards differences and
the inaccurate Jacobian will cause many Newton iterations. While central differ-
ences yield an accurate Jacobian, they are time-consuming due to many function
evaluations. Therefore, for stable inversion of a highly flexible manipulator, ex-
istence of the analytical Jacobian is an important aspect.
The stable inversion BVP is solved in the following using Simpson discretization
with step size ∆t = 0.01 s, see Sec. 6.2. The desired trajectory is chosen as in
Sec. 6.3, see Fig. 6.2(b). The pre- and postactuation phase is chosen as 1 s each,
such that the BVP is solved on the interval from T0 = −1 s to Tf = 2 s. The
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Figure 6.9: Relative error of the Jacobian compared to the analytical Jacobian.

initial guess for the BVP solver is obtained as follows. An equivalent rigid system
with similar system properties is inverted to obtain the equivalent rigid system
input urigid. The input urigid is then applied on the highly flexible manipulator
with stiffness E = 1.2× 109 Pa in a forward simulation. These values serve as
an initial guess for the BVP. Alternatively, it is possible to obtain the initial
guess from a forward simulation with a redefined system output, which renders
the internal dynamics stable, see Sec. 6.5.

Figure 6.10 shows the model inversion results. The control input ubvp from sta-
ble inversion is shown in Fig. 6.10(a). It is compared to the control input urigid,
which is obtained from inverting the equivalent rigid beam. The system in-
put ubvp features a short preactuation phase before the start of the trajectory.
Both system inputs are applied on the flexible manipulator in a forward simu-
lation. Note that for the forward simulation, N = 10 elements are chosen, since
convergence is reached for this number of elements, see Fig. 6.8. The simulated
system output is shown in Fig. 6.10(b) with zbvp and zrigid denoting the output
obtained from applying the input ubvp and urigid respectively. Applying the sys-
tem input urigid induces oscillations of approximately 8.4 ◦ around the final value
of the trajectory. Inversion of the rigid system is therefore not sufficient. The
input ubvp results in almost perfect tracking, since it captures most dynamic
modes of the model. Due to considering only N = 4 elements in the inversion,
but N = 10 numbers in the forward simulation, a residual oscillation of approx-
imately 0.2 ◦ remains. This shows that N = 4 elements are sufficient for the
inversion as the computational effort can be reduced while accurate results are
still possible. For visualization of the results, the flexible manipulator is plotted
in the x, y-plane for different time instances in Fig. 6.11.
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Figure 6.10: Model inversion results for the flexible manipulator.
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Figure 6.11: Simulation results for N = 10 beam elements at different times.
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Since the considered trajectory does not induce shear motion at the left node,
all considered beam configurations listed in Tab. 6.2 yield similar numerical re-
sults, while the computation time differs. Solving the inverse model problem
for a force-controlled actuator (case 1) and velocity-controlled actuator (case 2)
with free cross-section takes approximately tcalc,c1 = 55.5 s and tcalc,c2 = 29.5 s
respectively. The cases 3 and 4 result in computation times tcalc,c3 = 51.5 s and
tcalc,c4 = 76.5 s respectively. Overall, the computation of case 2 is fastest, even
though the DAE index is higher compared to cases 3 and 4. The cross-section
constraint, which reduces the index, probably introduces a very stiff constraint
of the dynamics and therefore, the computation times do not reduce compared
to the higher index configurations.

In conclusion, the results show that flexibility of a model must be considered
during model inversion to yield accurate tracking results. It is possible to solve
the stable inversion BVP efficiently with the proposed simplified boundary con-
ditions. This extends the area of application of stable inversion to more complex
systems, for which the internal dynamics cannot be easily derived. Application
and selection of the simplified boundary conditions must be further analyzed for
other flexible systems. Nevertheless, model inversion based on stable inversion is
far from real-time capable. Alternatively, output redefinition can be considered
for faster model inversion.

6.5 Output Redefinition

The above discussion about the inversion of non-minimum phase systems shows
that stable inversion is quite involved. Solving the boundary value problem is
not straightforward, since a sufficiently accurate initial guess is required. It is
also generally not possible to obtain a solution in real-time. Moreover, stable
inversion causes a non-causal preactuation phase, which might not be desired.
Alternatively, the system output can be redefined to an output which yields
stable internal dynamics. Tracking of the new output should still enable ap-
proximate tracking of the original output [SlotineLi91]. Perfect tracking is not
possible and a small error remains, which can be decreased by a feedback con-
troller. Due to the minimum phase characteristic for the new output, the inverse
model can be integrated forward in time. This is straightforward and potentially
real-time capable, see Chap. 5.
First results on output redefinition are published in [GopalswamyHedrick93] in
combination with a sliding mode controller. A flexible manipulator is considered
in [MoallemPatelKhorasani97, MoallemPatelKhorasani01] for output redefini-
tion. The output is the end-effector of the flexible manipulator described by
rigid and few elastic modes. The weighting of the elastic modes is varied until
the system becomes minimum phase. A similar output redefinition is proposed
in [TalebiPatelKhorasani04] in combination with a flexible manipulator modeled
by neural networks. The system output of a flexible manipulator is redefined
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in [YangKrishnanAng99] based on the tracking errors to yield a minimum phase
system of relative degree 1. An optimization approach is taken in [Morlock-
BurkhardtSeifried16, Seifried14] to redefine the output for flexible manipulators
modeled by the floating frame of reference approach.
In the following, a systematic approach is presented for flexible manipulators
modeled by the ANCF to redefine the system output, such that the internal
dynamics becomes stable. Simulation results are shown for one- and two-link
manipulators modeled by ANCF beam elements.

6.5.1 Systematic Approach for Output Redefinition
The new system output z̃ is defined as a linear combination of the original system
output zflex and an equivalent rigid system output zrigid with

z̃ = Γ zflex + (1− Γ) zrigid . (6.60)

The scalar weighting factor Γ ∈ [0, 1] determines the influence of the original
output zflex. For Γ = 1, the original flexible output remains and the system is
non-minimum phase. For Γ = 0, the equivalent rigid output zrigid remains and
the system is minimum phase. For some value 0 < Γ < 1, the stability property
switches. The equivalent rigid output zrigid describes the system output of a
rigid beam with similar properties as the flexible beam. It corresponds to the
collocated output of the system. It is shown below that the maximum value
of Γ for which the internal dynamics is stable yields best tracking results. The
proposed approach is applied to flexible manipulators with one and two links.

6.5.2 Simulation Results for the Flexible Manipulator with one Link
The flexible manipulator with one link introduced in Sec. 2.4.5 is considered for
an analysis of the proposed redefined system output (6.60). The original system
output is defined in equation (2.112) as the angle between the end-effector and
the horizontal with

z = zflex = arctan
(
e6(N+1)−4

e6(N+1)−5

)
. (6.61)

The motion of an equivalent rigid beam is completely described by the motion of
the cross-section vector

[
e5 e6

]T, since the actuator is applied on this vector,
see Fig. 6.12 and equation (2.111). The neutral axis of an equivalent rigid beam
moves perpendicular to the cross-section vector. Hence, the system output zrigid
of a rigid beam, which describes the angle between the end-effector and the
horizontal can be expressed as

zrigid = arctan
(−e5

e6

)
. (6.62)

Both system outputs zrigid and zflex are visualized in Fig. 6.12.
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Figure 6.12: Geometry of one ANCF element.

In order to analyze stability of the internal dynamics, the generalized eigen-
value problem (3.60) is solved according to Sec. 3.2.3 for the output z̃ of equa-
tion (6.60). The system becomes minimum phase for values Γ / 0.75 and the in-
verse model can be integrated forward in time for the redefined system output z̃.
This lifts the described restrictions of the BVP and more ANCF beam elements
can be considered. The following simulation results are shown for N = 10 beam
elements, since this yields a converged solution of the ANCF model, see Fig. 6.8.
For solving the inverse model DAEs, the BDF integrator with kbdf = 2 and ∆t =
0.01 s is chosen and the Jacobian is given analytically, see [García-VallejoEtAl04].
The desired trajectory is chosen as before, see Fig. 6.2(b). The total tracking
error et of the original output zflex is computed with

et = 1
tf

tf∫

0

(zflex − zd(t))2 dt . (6.63)

Figure 6.13 shows the tracking error et for different values of the weighting
factor 0 < Γ ≤ 0.75. The tracking error for inverting the equivalent rigid system
is et,Γ=0 ≈ 5.7× 10−3. The error decreases for increasing values Γ. For the
maximum possible value, the error is et,Γ=0.75 ≈ 6× 10−5. Thus, the maximum
possible value Γ should be applied for model inversion to minimize the tracking
error and therefore minimize the control effort of a feedback controller.
The results for model inversion are shown in Fig. 6.14 for Γ = {0, 0.2, 0.75}.
Setting Γ = 0 is equivalent to inverting the rigid system without any internal
dynamics. Therefore, the computed desired system input is zero at the end of
the trajectory, see Fig. 6.14(a). It does not compensate for the internal dynamics
of the fully flexible system. Applying this system input to the flexible system
in a forward simulation results in oscillations of approximately 8.3 ◦ around the
desired final value zd(tf) = 30 ◦, see Fig. 6.14(b). Setting Γ = 0.2 results in
small oscillations of the desired system input after the end of the trajectory.
Some motion of the internal dynamics can be compensated and the residual
oscillations are reduced to approximately 5 ◦ around the desired value. Choosing
the maximum possible weighting factor Γ = 0.75 yields nearly perfect tracking
and the residual oscillation is less than 1 ◦.
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Figure 6.13: Tracking error et for different values Γ.
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Figure 6.14: Simulation results for different Γ for N = 10 beam elements.

Regarding the computation time, solving the inverse model for 10 beam elements
for 2 s simulation time takes approximately tcalc = 8.5 s. Therefore, the compu-
tation is not real-time capable. Reducing the complexity to N = 1 and N = 2
beam elements results in computation times of tcalc = 1 s and tcalc = 1.8 s. Thus,
real-time inversion of the flexible manipulator with redefined system output z̃
can be possible for at least one and two elements. Further real-time capabilities
seem possible for optimized code implementation in a real-time environment.

6.5.3 Simulation Results for the Flexible Manipulator with two Links
The proposed redefined system output enables the incorporation of ANCF beam
elements into more complex multibody systems. Thus, the flexible manipulator
with two links, which is introduced in Sec. 2.4.5, is considered in the following
for model inversion. The system output is defined as the end-effector position in
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the x, y-plane and can be expressed directly by the generalized coordinates with

z = zflex =
[
e6(N+1)−5
e6(N+1)−4

]
. (6.64)

The equivalent rigid output follows from the geometry in Fig. 6.12 and the above
considerations for the motion of an equivalent rigid beam as

zrigid =



L1 cos(α) + L2

e6√
e2

5 + e2
6

L1 sin(α)− L2
e5√
e2

5 + e2
6


 . (6.65)

The model parameters of the flexible ANCF link are equal to the above simula-
tions, see Tab. 6.3, while the model parameters of the rigid first link are given
in Tab. 6.4. The initial state vector is chosen as

y0 =




α0
L1 cos(α0)
L1 sin(α0)

cos(α0)
− sin(α0)
sin(α0)
cos(α0)

(L1 + L2) cos(α0)
(L1 − L2) sin(α0)

cos(α0)
− sin(α0)
sin(α0)
cos(α0)




(6.66)

with α0 = −20◦. For model inversion, the desired trajectory is chosen as a circle,
similar to the trajectory defined by equation (5.23). The center of the circle is
pc =

[
1.7 0

]T m and the transition time is tf = 3 s. The initial position y0 is
visualized in Fig. 6.15(a), while Fig. 6.15(b) shows the desired output trajectory
over time. The inverse model is computed with the BDF scheme with kbdf = 2
for step size ∆t = 0.01 s.

Table 6.4: Parameters of the rigid link for the flexible two-link manipulator.

Parameter Value
m1 0.1 kg
L1 1 m
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Figure 6.15: Initial position y0 and desired trajectory zd(t) of the flexible two-
link manipulator.

0 0.2 0.4 0.6 0.8 10

10

20

Γ [-]

e t
[ cm

2]

Figure 6.16: Tracking error et for different values Γ.

The tracking error et defined in equation (6.63) is shown in Fig. 6.16 for different
values Γ. Similar to the single link, the two-link manipulator is minimum phase
for Γ / 0.75 and the tracking error et reduces exponentially for increasing Γ.
Detailed simulation results are shown for values Γ = {0, 0.2, 0.75} in Fig. 6.17.
The first and second system input are shown in Fig. 6.17(a) and Fig. 6.17(b)
respectively. While the first system input, which is applied to the rigid body,
is nearly similar for all values Γ, there are differences in the second system
input. This yields different behavior in both system outputs, which are shown
in Fig. 6.17(c) and Fig. 6.17(d). There remain large oscillations of the system
output around the desired trajectory for Γ = 0 and Γ = 0.2, since only little
flexibility is taken into account. Considering more flexibility in the system output
by setting Γ = 0.75, almost perfect tracking is achieved.
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Figure 6.17: Simulation results for the two-link manipulator for different Γ.

In conclusion, the redefined system output (6.60) yields a new system output
with stable internal dynamics for small values Γ. The inverse model can there-
fore be integrated forward in time. A certain amount of flexibility can be con-
sidered during the model inversion. The maximum value yields almost perfect
tracking in a forward simulation for the considered flexible manipulator. The
integration forward in time lifts the limitations of stable inversion, such as com-
putation time, computation of an initial guess and the definition of boundary
conditions. Therefore, more complex systems can be considered compared to
stable inversion.
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CONCLUSION AND OUTLOOK
Technological trends such as the design of compliant manipulators or light and
slender machines often yield underactuated multibody systems. These develop-
ments in hardware design necessitate the simultaneous development of suitable
control concepts. However, control of underactuated multibody systems is not
straightforward and is therefore subject to current research. Two degree of free-
dom control is often used for trajectory control of such systems. A feedforward
controller is responsible for trajectory tracking, while a feedback controller re-
jects disturbances. Within this framework, model inversion is an important tool
for the design of accurate feedforward control. An accurate inverse model yields
many advantages. For example, it moves the system approximately on the de-
sired trajectory and tracking errors are expected to be small. Therefore, simple
feedback controllers can be applied. Moreover, control effort in the feedback
loop is reduced, which reduces noise effects.
This work contributes to the efficient design of accurate inverse models for com-
plex underactuated multibody systems and to the efficient inversion of multi-
body systems in real-time. To this end, the framework of servo-constraints is
analyzed in a comprehensive manner. The individual chapters are summarized
in the following and contributions are pointed out.
First, Chap. 2 introduces multibody system dynamics and the absolute nodal co-
ordinate formulation to model rigid and flexible multibody systems, respectively.
Numerous application examples are introduced, such as a torsional oscillator, two
cable robot models, a mass-on-car system, manipulators with one passive joint
and highly flexible manipulators.
Afterwards, model inversion based on servo-constraints is analyzed comprehen-
sively in Chap. 3. In contrast to classical inversion approaches, servo-constraints
can be applied straightforwardly to more complex multibody systems. An ana-
lytical manipulation of the equations of motion is not necessary, since the inverse
model is represented by a set of DAEs. Within this work, all possible system
categories, such as differentially flat systems, minimum phase systems and non-
minimum phase systems are considered. Analysis tools and solving methods
are presented for all system categories. This gives a comprehensive overview
of the application of servo-constraints and points out important inverse model
properties.
Differentially flat systems are considered in Chap. 4. These systems do not
contain internal dynamics. Solving methods are analyzed for an undamped tor-
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sional oscillator as well as a cable robot. Due to the lack of internal dynamics,
simple integration methods, such as the implicit Euler scheme are sufficient for
computing the inverse model. Real-time capabilities of the servo-constraints
approach are shown experimentally for the cable robot. Moreover, short on-
line computation times show that there is potential to solve systems with more
degrees of freedom within the available control loop step size. Application of
implicit servo-constraints is demonstrated experimentally for the cable robot
with platform orientation control. Furthermore, feedforward control based on
servo-constraints is combined with feedback control in experiments. Both the
linear quadratic regulator and sliding mode control result in good performance
for disturbance rejection.
Minimum phase systems possess internal dynamics and are considered in Chap. 5.
Due to the internal dynamics, special care must be taken in the selection of solv-
ing methods. The implicit Euler scheme is not sufficient because it quickly
dampens out the internal dynamics and cannot represent the system accurately.
Therefore, higher order integration schemes should be applied for minimum
phase systems. Comparative studies are shown for a mass-on-car system and
a three-dimensional manipulator with one passive joint. The mass-on-car sys-
tem is designed to possess first order as well as second order dynamics to serve
as a benchmark problem for model inversion based on servo-constraints. Simu-
lations for the three-dimensional manipulator show that real-time inversion can
be possible for complex minimum phase systems.
Non-minimum phase systems are considered in Chap. 6. They contain unstable
internal dynamics and the inverse models cannot be integrated forward in time.
For stable inversion, a boundary value problem or an optimization problem must
be solved instead. A simplification of the boundary value problem is proposed
in this work to extend stable inversion to systems with more degrees of freedom.
First, convergence of the solution with simplified boundary conditions to the
correct solution is shown for a simple manipulator with one passive joint. Af-
terwards, the simplified methodology is applied to a highly flexible manipulator
modeled by the ANCF. Using the simplified boundary conditions now enables
the application of stable inversion to more complex systems than considered so
far. However, solving the boundary value problem is still burdensome. There-
fore, a new systematic output redefinition strategy is proposed for manipulators
modeled by the ANCF, which renders the internal dynamics stable. This en-
ables integration forward in time of the inverse model, while the original output
is tracked approximately. Due to less computational effort of the forward time
integration, it is possible to incorporate the considered highly flexible links into
more complex systems. This is demonstrated for a two-link manipulator with a
rigid first link.
From the above contributions, the following conclusions can be drawn. Servo-
constraints are a suitable method for the efficient inversion of complex underactu-
ated multibody systems independently of the underlying system class. However,
the system class must be determined in order to choose suitable solving methods.
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Chapter 7. Conclusion and Outlook

The real-time capabilities of servo-constraints are validated experimentally for
differentially flat systems. The experimental results show that there is potential
to solve systems with more degrees of freedom within the available control loop
step size. Moreover, simulations with a three-dimensional minimum phase sys-
tem show that real-time inversion is possible for this system class as well. This
result should be validated in experiments. In order to enable real-time com-
putation, requirements on the accuracy can be lowered, since there exist other
disturbances such as friction on the real system. Furthermore, feedback con-
trollers are able to reduce the arising tracking errors. With real-time inversion
of differentially flat systems and minimum phase systems, a large range of typical
mechanical systems is covered. This makes the approach suitable for many real
world industrial applications.
For non-minimum phase systems, stable inversion in real-time does not seem
possible in the near future. This is due to the boundary value problem which
has to be solved within one time step. However, the proposed simplifications
of the boundary value problem enable the consideration of systems with more
flexible elements than considered so far. This makes servo-constraints applica-
ble to highly flexible systems, such as machines for human-robot interaction or
soft robots. A suitable alternative to stable inversion is the proposed output
redefinition strategy for flexible systems modeled by the ANCF. Based on the
output redefinition, flexible systems can be treated as minimum phase systems.
The arising tracking errors of the original output stay small and can be further
reduced by adding feedback control.
With these aspects, steps are taken towards real-time inversion of standard in-
dustrial machines and real world applications. Moreover, the present work raises
interesting questions to be considered in future research.
In general, the servo-constraints approach can be extended to models with para-
metric uncertainty in order to represent the real model more accurately. Prelim-
inary studies with uncertain parameters modeled by fuzzy logic show promising
results. A system with fuzzy-valued parameters is inverted in order to yield a
system input which in average shows the best performance for the uncertain sys-
tem. Further investigation with different uncertainty models and experimental
studies should be performed for an extended insight into this research direction.
Regarding the real-time capabilities of servo-constraints, three developments are
of interest. First of all, application to standard industrial machines can be inves-
tigated in order to transfer current research results to industry standard. Sec-
ondly, with computation in real-time, it is possible to consider not only planned
trajectories, but also adaptable trajectories, which are modified in real-time.
This is interesting for collision avoidance or learning new tasks, which can be
specified by the user. Thirdly, it is possible to consider mechanical models which
are adapted on-line. Then, the models can be learned over time to approximate
the real system more accurately. Machine learning strategies or classical adap-
tive algorithms can be applied for the model update. Moreover, the models could
be adapted to account for arising contact forces. Considering models which are
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adapted on-line is strictly speaking not a feedforward strategy, since measure-
ments are necessary for the model update. However, preliminary studies show
that the overall tracking performance can be improved because the real system
is represented more accurately.
In terms of the inversion of minimum phase systems, simulation results pre-
sented in this work show that real-time integration of the inverse model DAEs
is possible. Experimental data is necessary to support this claim. The damped
torsional oscillator is a suitable application example for experimental studies.
Regarding non-minimum phase systems, several aspects can be investigated. The
proposed simplified boundary conditions for stable inversion should be applied
to other highly flexible multibody systems. A systematic procedure for the
selection of boundary conditions must be further explored. This can further
reduce the effort in the setup of the boundary value problem. Moreover, the
question remains if the considered flexible multibody systems are applicable to
reflect the relative degree of the real system. To this end, convergence of the
inverse model to the underlying continuous system must be further investigated.
Additionally, the application of the proposed output redefinition strategy to
manipulators with multiple highly flexible links should be analyzed. This is
necessary for an incorporation of flexible links into general flexible multibody
systems. Finally, feedback controllers for non-minimum phase systems must be
further improved for a complete implementation of the two design degree of
freedom control structure.
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ANCF absolute nodal coordinate formulation
BDF backwards differentiation formulas
BVP boundary value problem
DAE differential-algebraic equation
IMU inertial measurement unit
LQR linear quadratic regulator
LTI linear time-invariant
MBS multibody system
MIMO multi-input multi-output
ODE ordinary differential equation
Profibus Process Field Bus
SISO single-input single-output
SMC sliding mode controller
UKF unscented Kalman filter
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