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A second-order approach to the Kato square root problem on open
sets
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Abstract. We obtain the Kato square root property for coupled second-order elliptic systems in divergence
form subject to mixed boundary conditions on an open and possibly unbounded set in R” under two simple
geometric conditions: The Dirichlet boundary parts for the respective components are Ahlfors—David regular
and a quantitative connectivity property in the spirit of locally uniform domains holds near the remaining
Neumann boundary parts. In contrast with earlier work, our proof is not based on the first-order approach
due to Axelsson—Keith—McIntosh but uses a second-order approach in the spirit of the original solution to
the Kato square root problem on Euclidean space. This way, the proof becomes substantially shorter and
technically less demanding.

1. Introduction

Let L be a coupled second-order elliptic system in divergence form on an open set
O C R", n > 2, with bounded, measurable, elliptic coefficients in £(C™), formally
given by

n n n
Lu=— Z 0i(a;joju) — Za,‘(bl‘u) + ch‘aiu + du.
i,j=1 i=1 j=1

The number m is the system size. Precise assumptions on the coefficients are presented
in Assumption (B). For each component i = 1,...,m, let D; € 90 be a closed,
possibly empty, subset of the boundary. Group them in the array B = (D;)/L,. Asan
abuse of notation, we also identify B with a subset of (0 0)". Then, we complement
the system L with Dirichlet boundary conditions on B On the remaining (Neumann)
boundary (00)™ \ B natural boundary conditions are imposed.
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To make the definition precise, define WID’?(O) as the closure in W1’2(0) of test
functions vanishing in a neighborhood of D; (see Definition 2.9), and put W%Z(O) =

[ WB’,Z(O). The system L can be properly defined using a sesquilinear form
. 1,2 1,2
a: WB (0) x WB (0) - C

using Kato’s form method. The form a is obtained from the (formal) definition of L
above by virtue of integration by parts, see (3).

The system L is invertible and m-accretive in L2(0)". In particular, it possesses
a (unique) m-accretive square root /L with the property (v/L)? = L. The question
whether or not the identity DKL) = Wl_Dg(O) holds has become famous as the Kato
square root problem. Let us mention that, if the coefficients of the system are self-
adjoint, then this property is essentially trivial. However, in the non-symmetric case,
even the case O = R" andm = 1 has resisted all attempts of a resolution for more than
40 years. Eventually, it was the breakthrough result due to Auscher, Hofmann, Lacey,
Mclntosh, and Tchamitchian [8] that answered Kato’s question in the affirmative in
the Euclidean case.

Given that L is an elliptic operator of second order, it might not seem too surprising
that the proof in [8] relies on harmonic analysis techniques for second-order elliptic
operators. Now, however, comes the plot twist: Few years after the original solution of
the Kato square root problem, Axelsson, Keith, and McIntosh proposed in their sem-
inal paper [10] a new framework, called the first-order approach, in which the Kato
square root problem (and many other problems from the so-called Calder6n program)
could be casted by reformulating them in terms of certain first-order differential oper-
ators (the so-called perturbed Dirac operators). Moreover, using this approach, they
were also capable of resolving first cases of the Kato square root problem when the op-
erator L is subject to mixed boundary conditions [9]. Eventually, using the first-order
approach became the gold standard when treating the Kato square root problem on
manifolds [31] or rough open sets subject to mixed boundary conditions [15,21,22].

Applications on sets with rough geometry come from various fields including,
with exemplary references, elliptic and parabolic regularity [16,27], Lions’ non-
autonomous maximal regularity problem [1,23], and boundary value problems [4,5].

The reader might wonder why the second-order proof on R” does not generalize
to the setting on an open set O. To give an explanation, we have to dive a bit into the
structure of the proof. What is common in both the second- and first-order approaches
is that the original problem is reduced to the validity of some quadratic estimate. In
our case, the quadratic estimate reads

| el

The operator ®, transforms a “vector field” in C@+Dm into a vector in C™; see Sect. 6
for a precise definition of ®; and more details. To obtain the quadratic estimate (©),

2
dr 2 1,2
" < luligzoy» u€ WB (0). ©)

2
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the task is further reduced to a Carleson measure estimate. The latter is the heart of the
matter and relies on involved local T (b)-techniques, see Sect. 8. The bottleneck for the
treatment of open sets is, however, the reduction to a Carleson measure estimate, pre-
sented in Sect. 7. Indeed, to obtain the desired estimates, suitable smoothing operators
in the spirit of Littlewood—Paley theory have to be introduced. In the original proof,
these smoothing operators are convolution operators with a nice kernel which are ap-
plied component-wise to the vector field Vu, see [8, Lem. 4.4]. In the same lemma,
a crucial argument is performed: Using the Fourier transform, these component-wise
smoothing operators commute nevertheless with any partial derivatives. Also in mod-
ern treatments of the Kato square root problem on Euclidean space, the same argument
is crucially invoked [20, Rem. 13.8]. Such a reasoning is, of course, impossible in our
setting, nourishing the need for the first-order approach.

The objective of the current manuscript is hence the following: We aim to reprove the
state-of-the-art result [15] on the Kato square root problem subject to mixed boundary
conditions by virtue of a second-order approach, that is, with a proof in the spirit
of [8,20]. Moreover, in [15] only the case D; = D was treated. We are going to
generalize [15] to allow a varying Dirichlet part among the different components,
which was already possible in [21] in a more restrictive geometric setting.

Our main result reads as follows.

Theorem 1.1 (Solution of the Kato square root problem). Let O C R”" be an open
set and, fori = 1,...,m, let D; C 90 be a closed subset of the boundary. Set
T)) = (D). Suppose for every i that D; is Ahlfors—David regular (Definition 2.1)
and that O is locally uniform near d O \ D; (Definition 2.5). Then, D(\/Z) = Wiz(O)
holds with equivalence of norms P

lully + IVully ~ IWEullz (1€ W(0)),
and the implicit constants depend on the coefficients of L only through the coefficient
bounds.

The geometric setting announced in the theorem is very general and includes settings
way below the Lipschitz class, including fractals like the von Koch snowflake. We will
give more information on the geometrical setting in Sect. 2.

Before we explain the central idea of our proof, let us comment on the motivation
for a second-order proof for Theorem 1.1. The first-order approach introduces an
extra layer of information and complexity, which is crucial for applications to related
areas such as elliptic boundary value problems (see the recent monograph [6] for
background), but can also impede extensions to other settings and questions. One
example is the Kato square root problem for parabolic operators. First, it was solved
by Auscher et al. [7] using the first-order approach. Their proof is incredibly technical.
Later, Ataei et al. [3] gave another proof using the second-order approach, which is not
only substantially shorter and easier, but also generalizes the previous result in several
aspects. So far, the Kato square root problem for parabolic operators on cylindrical
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domains was only treated by Ouhabaz [33] using regularity in time of the coefficients.
We expect that the methods developed in this article will prove useful in the treatment
of the Kato square root problem for parabolic operators on cylindrical domains without
any regularity of the coefficients, taking [3] as a blueprint. Some of the authors of this
article will pursue this question in future work.

We would also like to mention the recent result of Haardt and Tolksdorf [25] on the
Kato square root problem for generalized Stokes operators, which employs likewise the
second-order approach instead of the first-order approach due to reduced complexity.

Now, we shed some light on the central insight underlying this article. As we have
already mentioned, the standard proofs of the Kato square root problem using the
second-order approach use smoothing operators that belong to the functional calculus
of —A (or, if L contains lower-order terms as in our case, —A + 1 ) and apply them
component-wise to the vector field Vu (or, with lower-order terms, to [u, Vu]"). For
simplicity, we stick to the inhomogeneous case with lower-order terms from now
on. Write Tu = [u, Vu]". Then, at least formally, —A + 1 = T*T. Now, reversing
the order of terms on the right-hand side of the last identity, we define the operator
M:=TT*. Similar to —A + 1, the operator M can be defined using a sesquilinear
form and shares many desirable properties such as self-adjointness, m-accretivity, the
square root property (for self-adjoint operators), and so forth with it. We will introduce
the operators —A + 1 and M, both subject to mixed boundary conditions, in detail in
Sect. 3.2. The crucial change in our approach is that we define the smoothing operators
within the functional calculus of M instead of —A 4 1. Since M acts on vector fields
by definition, the same is true for the smoothing operators that we define. Hence, we do
not need to employ component-wise constructions. More concretely, our smoothing
operators are simply resolvents of M, see Definition 7.3. For them, the following
beautiful identity, which is a consequence of Proposition 3.10, holds

A+2M) ' Tu=TA+2(-A+1))"u, ue W%z(O),t >0. (D

With (1), we can still commute the “inhomogeneous gradient” T" with the smoothing
operator, similar to the commutation property using the Fourier transform on Euclidean
space, but this operation will transform the “vector-valued” operator M into the “scalar-
valued” operator —A + 1 and vice versa.

Also, we mention here that the operator M has its place in the 7 (b)-type argument
that is key to the solution of the Kato square root problem. We are going to perturb
the operator M by the elliptic coefficient matrix

d c
_ . (n+D)mx(n+1)m
B = |:b A:| :0—>C

to obtain the (still sectorial) operator M B. Its resolvents will be used to define the
T (b)-type test functions, see (22).

We tried to keep the present article as self-contained as possible. However, to avoid
too much repetition, results and arguments that can literally be taken from [15] or [20]
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will not be carried out again. Hence, the reader is advised to keep copies of these
manuscripts handy.

Notation

Given vectors £, € CK, put & - n:= ZLI &;n;. Their inner product can hence be
written as (§,n) = & - 7. For x € R" and r > 0, write B(x, r) for the Euclidean
ball centered in x of radius r. If B = B(x, r), put r(B):=r. Moreover, if ¢ > 0 and
B is an Euclidean ball, write ¢B for the concentric ball of radius cr(B). Similarly,
for x € R" and £ > 0, write Q(x, £) for the Euclidean (axis-parallel) cube centered
in x of sidelength £. If O = Q(x, £), put £(Q):={. Moreover, if c > 0 and Q is
an Euclidean cube, write ¢ Q for the concentric cube of sidelength ¢£(Q). For a fixed
(open)ambientset O € R", write Bo (x, r):=B(x, r)NO and Q (x, r):=Q(x, r)NO.
For ¢ € (0, m), define the open sector of opening angle 2¢ around the positive real
axis by Sy:={z € C\ {0}: |arg(z)| < ¢}. In the case ¢ = 0, put Sp:=(0, 00). The
corresponding closed sectors are denoted by §(p. Given A € R" and § > 0, write
As:={x € R": d(x, A) < §} for the tube of size § around A. Write d(A, B) for the
Euclidean distance of sets A, B C R". For A C R" measurable with |A] > 0 and
f an integrable function on A, write (f):=f 4 f(y)dy for the average of f over
A. Write C5°(R") for the space of smooth and compactly supported functions on R".
Let L(H, K) denote the bounded linear operators between two Hilbert spaces H and
K, and put L(H):=L(H, H). The space H*°(E) denotes the bounded, holomorphic
functions on an open set & € C.

2. Geometric setup

We adopt the geometric setting used in [15]. For convenience of the reader, we
summarize below the concepts that are necessary to understand our article.

By H*(E), s € (0, n], we denote the s-dimensional Hausdorff measure of E C R"
defined as follows. For ¢ > 0, we put

HI(E):=inf 1> r(B)' : | JB D E.x(B) <&,

1 1

and since this value is increasing as ¢ — 0, we define H*(E):=lim,_.o H}(E), see
[2, Sec. 5.1].

Definition 2.1. A closed set D C R” is called Ahlfors—David regular if there is
comparability

H" (BN D) ~r(B)"!

uniformly for all open balls B of radius r(B) < diam(D) centered in D.
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Remark 2.2. A practical interpretation is that Ahlfors—David regular sets behave (n —
1)-dimensional at all scales. When D is bounded, then, for any C € (0, c0), the
restriction on the radius may equivalently be changed to r(B) < C, at the cost of
changing the implicit constants, see [14, Lem. A.4]. Sets with the latter property for
C =1 are called (n — 1)-sets in [30].

Definition 2.3. An open set O C R” is called interior thick if
|1BNO| 2 |B|
uniformly for all open balls B of radius r(B) < 1 centered in O.

In analogy with Remark 2.2, the restrictionr(B) < 1 is arbitrary and can be changed
tor(B) < C for any fixed constant C € (0, 00), up to a change in the implicit constant.

Throughout the manuscript, we are going to employ the following notational con-
vention.

Convention 2.4 (Boldface symbols.) If the underlying set O of an elliptic system is
supposed to be interior thick, we write O instead of O. All other objects related to the
interior thick set O, such as an elliptic system L, the Dirichlet boundary parts B, and
so on, will likewise be denoted by the corresponding bold letters L, B, and so on.

2.1. Locally uniform domains

Definition 2.5. Let ¢ € (0, 1] and § € (0, 00]. Let O € R"” be openand N C 30.
Recall the notation Ns = {z € R": d(z, N) < §}. Then O is called locally an
(&, 8)-domain near N if the following properties hold.
1. All points x, y € O N N5 with |[x — y| < § can be joined in O by an e-cigar
with respect to 30 N Ns, that is to say, a rectifiable curve y € O of length
L(y) < 8_1|)C — y| such that

d(z, 30 N Nj) > Ele —xllz =y (z €y).
lx — vl
2. O has positive radius near N, that is, there exists ¢ > 0 such that all connected
components O’ of O with 90’ N N # @ satisfy diam(0’) > c.
If the values of ¢ and § need not be specified, then O is simply called locally uniform
near N.

Remark 2.6. Definition 2.5 describes a quantitative local connectivity property of O
near N. For an illustration of e-cigars with respect to d O, the reader can refer, for
instance, to [35, Fig. 3.1]. Having positive radius is of course only a restriction if O
has infinitely many connected components.

Locally uniform domains near N are compared to other popular geometric frame-
works for mixed boundary conditions in [15, Prop. 2.5] and the subsequent remarks.
We refer the reader to this discussion for more information.

Locally uniform domains satisfy the following corkscrew condition around the
Neumann part N.
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Proposition 2.7 (Corkscrew condition). Suppose that O C R” is open and locally
an (g, 8)-domain near N C 00. Then, there exists a constant k € (0, 1] such that:

Vx e Nsp,NO,r <1 Jze€B(x,r): B(z,kr) € ONB(x,r).

In Sects. 6-8, we are going to establish Theorem 1.1 first under the additional
assumption that O is interior thick. Afterward, we are going to use the corkscrew
condition to verify interior thickness of some auxiliary set in Sect. 9, which will
enable us to get rid of the interior thickness condition in Theorem 1.1. Moreover, in
combination with Ahlfors—David regularity of D:=d O \ N, the corkscrew condition
yields porosity (see the following proposition for a definition) of the full boundary
20, see [15, Cor. 2.11] for a proof.

Proposition 2.8 (Porosity of d0). Let O € R" be open and D < 90 be closed.
Suppose that D is Ahlfors—David regular and that O is locally uniform near 0O \ D.
Then 9O is porous, that is to say, there exists k € (0, 1] with the property:

Vx €00,r <1 dze€B(x,r): B(z,kr) €B(x,r)\d0.

In Sect. 4, we are going to introduce so-called “dyadic structures”, which mimic the
concept of dyadic cubes within an interior thick set O. Porosity of d O will provide
additional properties of the dyadic structures.

2.2. Sobolev spaces

The Hilbert space wl2 (O)onanopenset O C R"isthecollectionofallu € LZ(O)
such that Vu € L2(0)" with norm

) 5 1/2
We introduce the subspace of functions that vanish on a subset of 9 O as follows.

Definition 2.9 (Sobolev space subject to mixed BC). Let O C R”" be open and
D C 90 be closed. The Hilbert space WBZ(O) is the W1-2(0)-closure of the set of
test functions

C%O(O)::[ulo tu € CP(R) and d(supp(u), D) > 0}.

%
If D = (D;);, is an array consisting of sets D; € 90, then define the vector-valued
space

m
1,2 . 1,2
W2(0):=P W, (0).
i=1
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Due to the product structure, it is often possible to restrict one’s attention to the
case m = 1, at least when pure function space questions are concerned. We will do so
whenever possible. The given definition is standard in the modeling of mixed boundary
conditions, see, for instance, [32, Sec. 4.1]. In the geometric context of Theorem 1.1,
the space WBZ(O) can equivalently be defined by virtue of a more natural class of
test functions, see [13, Sec. 7].

For pure Dirichlet boundary conditions, we recover Wé’é(O) = W(l)’z(O). To
the contrary, in the case of pure Neumann boundary conditions it is possible that
Wé’Z(O) does not coincide with W!2(0). Indeed, a disk with a slit serves as a coun-
terexample [18, Ex. 1.1.10]. A sufficient condition for the validity of the identity
wi20) = Wé’Z(O) is the existence of a bounded Sobolev extension operator. This
is, for instance, the case if O is locally uniform, by virtue of Jones’ result [29].

The following result provides a bounded extension operator for the space W })’2(0).
It can be obtained by combining [15, Prop. 2.5] with the main result of [13]. In the
case D = ), it is compatible with Jones’ result.

Theorem 2.10 (Extension operator). Let O € R” be open and D C 90 be closed. If
O is locally uniform near d O\ D, then there exists a bounded linear extension operator
£ Wi)’z(O) — WBZ(R"). Moreover, the operator £ is local and homogeneous in
the following sense: There are ¢ > 1 and ry > 0, depending on geometry, such that,
forx € Oandr e (0, rol, there holds the estimate

1,2
IVEUll 2 @eery S VUl 2y ey 4 € WE(O).

Using the local and homogeneous estimates for the extension operator, a local
Poincaré inequality can be deduced for Wlbz(O). This is carried out in [15, Prop. 3.9
& Rem. 3.10].

Corollary 2.11 (Local Poincaré inequality). In the setting of Theorem 2.10, there are
¢ > 1andrg > 0 depending on geometry such that, for x € O and r € (0, ro), there
holds the estimate

llu — (“)Bo(x,r) ”LZ(BO(XJ)) 5 "”V””]](BO(X,N))-

Remark 2.12. Using a telescoping sum, the following extension of Corollary 2.11 is
possible. Let x € O and £ a positive integer such that 2¢7 < ro. Then, there holds the
estimate

nt YA
lu = WBoe.n 2@y w.2tr) S (€2 )2 IVl 2@ (x.catry):-
3. Elliptic operator
In this section, we properly define the elliptic system appearing in the formulation of
Theorem 1.1. Then, we collect some basic, but important, properties for it. Moreover,
we define and discuss a counterpart to the Laplacian acting on vector fields, which

will play a crucial role in the later analysis.
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3.1. Elliptic systems in divergence form

The main player in the Kato square root problem is the elliptic system of second
order in divergence form

n n n
Lu=— Z 0;(a;joju) — Zai(biu) + chaju +du
i=1 =1

ij=1
%
on O subjectto Dirichletboundary conditionson D < (9 O)™ and Neumann boundary
—
conditions on (8 0)™ \ D, where m > 1 denotes the size of the system.

Throughout this article, we work under the following implicit assumption on the
coefficients A, b, ¢, and d.

Assumption (B). The coefficients of L are bounded functions on O, that is, A €
Lo°(0; CMmxmmy p e L°(0; C"™* ™), ¢ € L*®(0; CV")andd € L>*°(0; C™*™M),
and they satisfy the (inhomogeneous) Garding inequality: There is some A > 0 such
that
2 2 1,2
a(u, u) = Allullz +IVulz), ueW(0),

where the form a is given by
au, v) = / AVu -V +bu -V + (cVu)o + (du)v, u,ve W%Z(O). (3)
0

Formally, L can be written as the composition

Lu=[1 —div] [‘; ﬂ [é} w=T*BTu,

where the inhomogeneous gradient is given by T = [1 VY, has (formal) adjoint
T* =[1 —div], and B denotes the matrix

d c
. (n+1)mxn+1)m
B = [b A:| :0—~>C

considered as a bounded multiplication operator on L2(0)"+Dm,
To make this precise, we define the gradient with appropriate boundary conditions
as a closed operator on L?(0)™ and set the divergence as its Hilbert space adjoint.

Definition 3.1 (Gradient and divergence). Denote by V& : W%Z(O) CL*0)" —
L?(0)"™ the gradient with Dirichlet boundary conditions on B This is a closed
and densely defined operator, and we denote its (unbounded) adjoint by —divy =
(V3)* : D(divy) S L*(0)"™ — L*(0)™.

Before we define the inhomogeneous gradient, we fix the convenient notation

N=m+1m.

Elements F € L2(0)" will sometimes be referred to as vector fields.
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Definition 3.2 (The operators Ty and T%). Define the inhomogeneous gradient
T =[1. V5] W%Z(O) C L2(0)™ — L2(0)" with Dirichlet boundary condi-

%
tions on D, and denote by Tf*)) : D(T%) C LZ(0)N - L2(0)™ its adjoint. By a
slight abuse of notation, we occasionally let T% also denote the bounded extension
7% : L2(0)N — (WL2(0))*.
D D
Note that ||T5>u||2 = ||u||W%z(0) foru € W%Z(O). If no confusion can arise, we
sometimes write T instead of TB’ and T* instead of T% to ease notation.

Definition 3.3. We define the elliptic operator L as the composition
L=T%BTy :D(L) S L2(0)" — L2(0)™

with maximal domain in L2(0)™.

While the direct definition is useful for algebraic manipulation, L can equivalently
be defined as the operator on L%(0)™ associated with the sesquilinear form a from (3).
To this end, observe the identity

a(u,v):/BT—Dm~TBv, M’UGW%2(0)'
o

Assumption (B) ensures that the form a is sectorial, so that the associated operator
on L2(0)™ is well defined. For a proof of the equivalence of these two definitions,
see [12, Lemma 12.1]. Also associated with a is a bounded operator

*
£:w0) > (W)
extending L to W%z (0). Asfor L, the bounded extension L is given as the composition
L= T% BT,

where this time T% is understood in the “very weak sense”, that is, as the bounded
operator T% L2(0)N — (W%Z(O))*.

One easily verifies that the adjoint L* is the operator associated with the adjoint
form a*, which shares the same properties as L for Assumption (B) is invariant under

taking adjoints. We collect some more important properties of the operator L and refer
to [12, Chapter 6] and [20] for background and proofs.

Proposition 3.4. The operator L is m-accretive and sectorial. In particular, the re-
solvent family {(1 + t>L)™"Y,~¢ is uniformly bounded in L(L*(0))™.

By the von Neumann inequality and Mclntosh’s theorem, we obtain quadratic esti-
mates for L.
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Corollary 3.5. The operator L has a bounded H*®-calculus and satisfies quadratic
estimates.

Besides uniform boundedness of resolvents, we sometimes need to control terms
of the form 73 (1 +¢>L) ™", which can be achieved via the following simple result.
Lemma 3.6. The family {tTB (1 + t>L)~"Y,~0 is uniformly bounded in L(L*(O)™,
L2(0)N), and its adjoint family is given by {t (1 4+ t*L£)~! T%}»(), where T% is the
bounded operator L2(0)N — (W%Z(O))*.

3.2. Operators —-Ap + 1 and M

Setting B = id¢~, we obtain the inhomogeneous Laplacian —Ap+1 given by the
composition —Ap+1= T% T3 with corresponding form

1.2, 4y
a(u, v) = (TBu, T3v> . v eWH0) =D(Ty).

Considering the sesquilinear form derived from T%,

b(F,G) = <T_*> F, TiG) , F,GeD(TY),
D D D

we obtain a natural operator M acting on vector fields F € L2(0)V.

Definition 3.7 (The operator M;). Define the operator M3 : D(M3) < L2(0)N —
L%(0)" as the composition Mz =Ty TT*)) with maximal domain

D(M3) = {Fe D(T%) : T%F € D(TB)}.

Remark 3.8. We claim that ran(MB) = ran(TB), and this is a closed subspace of
L2(0)N. First, closedness of ran(TB) is equivalent to the fact that the Sobolev space
W%Z(O) is complete. Second, ran(T—D>) - ran(MB) follows from invertibility of

_AB + 1. Indeed, letu € WI_D’)Z(O) and write u = (_AB + v = TT*)) TBU for some
v E D(—A—D>+1).Hence, T—D>u = TB T% T—D>v = MB F,where F:=T3v € D(MB)‘

1 — diVB

Formally, M is given by the operator matrix |: :| . Note, however,

VB _VB diVB
that for F = [Fp, F']' € L2(0)" x L*(0)"™, F € D(M) does not imply F' €
D(V divy), but only Fo — divy F' e D(V3).

From the sesquilinear form b, the operator M inherits the same desirable properties

as the inhomogeneous Laplacian.

Proposition 3.9. The operator M= is self-adjoint and non-negative. In particular,
M~ has a bounded H* -calculus on its (closed) range and satisfies quadratic estimates
as well as the square root property

IyMpFll2 = T3 Fll2, FeD(T%) =D(/M3p).
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The following intertwining property between M and —Ap + 1 is essential for
our arguments in Sect. 7.

Proposition 3.10 (Intertwining between Mz and —Ap + 1). Let f € H®(S,) for
some ¢ € (0, ). Then, one has the intertwining relation

T3 f(=Agp + Du= f(Mz)Tzu e WS (0)).

Proof. We suppose familiarity with the construction and basic properties of the secto-
rial functional calculus. A reader who is not yet familiar with this concept can consult
the monograph [26] or [20, Sec. 5].

Fix u € WI_D;Z(O). Also, let ¢ € (0,7) and f € H*(S,). We comment first
why the identity from the statement is well defined. First of all, f(—A5 + 1) is
well defined since the operator —A + 1 is sectorial of angle zero and injective
(even invertible). Next, write u = (_AB + l)_%v for a suitable v € L?(0)",
which uses the Kato square root property for —A + 1. Then, the representation
f(—AB + Du = (_AB + 1)_%f(—AB + 1)v shows that f(—AB + 1u is indeed
an element of W%Z(O) = D(TB)’ where we used a basic commutation property of the
functional calculus and boundedness of the H*-calculus for _AB + 1. Therefore, the
left-hand side of the claimed identity is well defined. For the right-hand side, note that
M= is in general not injective. However, if we restrict M- to ran(M3) = ran(M)
(see Remark 3.8 for this identity), then M+ becomes injective and f (M) can be
defined as an operator on ran(M—). We are not going to distinguish M+ from its
injective part notation-wise. Since TBM € ran(MB) by Remark 3.8, f (MB) isindeed
defined on the “gradient field” TZu appearing in the statement.

We split the proof into 3 steps.

Step 1: Show 73 (z — (—A5 + 1)~ 'u = (z— M3) ™' Tguforall z € C\ [0, 00).

The operators —AB +1and MB are sectorial of angle zero; hence, their resolvents
for z € C\ [0, c0) are well defined. Put v:i=(z — (_AB + 1))~ !u for convenience.
We can apply (z — (—AB + 1)) to the definition of v to find (z — (_AB + D)y =
u. Since u € WL}(O), we can apply T to the last identity. In conjunction with
TB(_AB +1)= MB TB’ this gives

Tzu=T3@—(-Ag + D)v= (- Mpz)Txv.

Finally, we apply (z — MB)’] to the last identity and plug in the definition of v to
conclude

@ —M3) ' Tyu=Tzv="T30c— (A5 + 1) 'u

Step 2: Show the intertwining relation for f € Hg"(Sy).
Since f € H3°(S,), we can write f(MB) and f(—AB + 1) via Cauchy integrals.
Then, the claim follows from Step 1 by standard arguments.
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Step 3: The general case f € H®(S).

Recall the standard regularizer e(z) = z(1472)~2 for the H*®-calculus of an injective
sectorial operator. By definition, f(—AB +Du = e(_AB +1)! (ef)(_AB + Du.
As discussed at the start of the proof, f (_AB + 1)u is again in W%Z(O). Therefore,
we can apply T to the last identity to get T3 f(—Ap + Du = Tge(—A5 +
H-! (ef)(—AB + 1)u. By construction of the functional calculus, v::(ef)(—AB +
Du is in the range of e(—AB + 1). Furthermore, v € W%Z(O). Put w::e(—AB +
1)~1v. We claim that also w € W%Z(O). Indeed, w = f(—A5 + Du € W%z(O) as
observed above.

Next, we show TBe(_AB + 1) v = e(M—D>)_1T—D>v. To this end, write TBU =
T—D> e(—AB + DHw = e(MB)TB w, where we used Step 2 for the last manipula-
tion. Therefore, TBU € ran(e(MB)) and we conclude e(MB)_lTBv = T—D>w =
TBe(—AB + 1)~ v as desired.

In summary, we deduce with another application of Step 2 to ef € Hg"(Sy) that

T f(=Ag + Du = Tge(—A5 + D7 ef)(=Ag + Du
= e(MB)_lTB (ef)(=A5 + Du
= e(M3) " (ef)(M3) T u
= f(MB)TBu O

Remark 3.11. The last proposition is our substitute for the observation made in [10,
Rem. 4.5].

One important property of elliptic operators in divergence form is their off-diagonal
decay. A standard way to derive them is by using Davies’ trick. In our geometric setting,
this was done in [11, 19] for the families {e_’zl‘ }+~0 and {tVe_’zL }t=0- The same proof
also applies to the family {re™" ’L }t=0. Indeed, it suffices to observe that the coercivity
condition used in the treatment of the gradient family is in fact an inhomogeneous
coercivity condition. Using the Laplace transform, these bounds can be transfered to
the respective resolvent families.

Proposition 3.12 (Off-diagonal estimates). The families {t(1 + t*?L)"'},~¢ and
{rv( + tzL)_l},>0 satisfy L2 off-diagonal estimates, that is, there exist constants
¢, C > Osuchthat, forallt > 0, allmeasurable subsets E, F C O andallu € L2(0),
there holds
27\—1 271 —cdEL)
Mgt +t"L) 1pulz + [1gtVA +1°L) 1pulla < Ce™ 7 |[1pull, .

By duality, also the adjoint family {t(1 + t>£)~" div};~¢ satisfies L* off-diagonal
estimates.
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3.3. Perturbations of MB

We perturb the operator M by the elliptic coefficient function B. The resulting
operator M+ B is again sectorial, a fact that we are going to exploit in the construction
of T (b)-type test functions in Sect. 8.

For instance in [18, Prop. 6.1.17], it is shown that the perturbation DB of a self-
adjoint operator D is bisectorial. We make a minor adjustment to their argument
to prove that, if D is non-negative, then DB is even sectorial. We formulate the
subsequent result only for the choice D = M. Let us mention that, if B were even
strongly elliptic and not merely Garding elliptic, then the subsequent result could be
proved in an easier manner [12, Prop. 6.9].

Lemma 3.13. [fthe coefficients B satisfy the Gdarding ellipticity condition on ran I3
as stated in Assumption (B), then the operator M= B is sectorial. Moreover, the family

{zT% B(1 4 t*M3 B)™'}1~0 is uniformly bounded in LIL*(O)N, L*(0)™).

Proof. To ease notation, write M, T, and T* for the operators MB’ TB’ and T%,
and write || - || instead of | - ||2. Recall that B satisfies Garding’s inequality on
ran(7T) = ran(M). The same is true for B* because Assumption (B) is invariant under
taking the adjoint. From [18, Prop. 6.1.17], we have the (non-orthogonal) topological
decompositions of LZ(0)" given by

L2(0)Y =ker(MB) ®ran(MB), )
L>(0)N = ker(B*M) @ ran(B*M) . (5)
Now, set

w:= sup |arg(BF,F)|€[0,%),
0#Feran M

andtake ¢ € (w, 7). Using the decompositions above, we prove that, forall z € (C\§¢,
we have the estimates

lz—=MBU| ZIlzIIUI, UeDMB), (6)
IG@—=B*MU| 2 IzlIUIl, UeD(B*M). (N

From this, we deduce that M B is sectorial as follows. Owing to (7), we find that 7 —
B*M is injective and that its range is closed. Since B is bounded, we have (B*M)* =
M B. Hence, (6) yields that 7 — B*M has dense range. Summarizing the two facts,
we find z € p(B*M). Taking the estimate (7) into account, this shows sectoriality of
B*M. Next, using that B*M is closed, it follows

(MB)* = (B*M)** = cl(B*M) = B*M..

Thus, arguing similarly as above entails sectoriality of M B.
We turn our attention to proving (6). Letz € (C\§¢,. LetU € D(M B) and, according
to (4), write U = V + W with V € ker(MB) and W € ran(MB) N D(MB).
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Note that BW e D(M). Hence, by positivity of M, it holds (BW, MBW) > 0.
Moreover, since W € ran(MB) C ran(M), we have (BW, W) € S,,. Therefore,
Z(BW, W) € C\ Sy_q. Cover C \ Sy_,, by the set C \ (Sy—w U —S¢_), which is
the complement of a bisector, and the (closed) sector around the negative real axis
—§¢_w. In the first case, if w € C\ (§¢_w U —§¢_w), then there holds comparability

lw| ~p—e | Imw] 3
asin [18, Prop. 6.1.17]. Otherwise, if w € —§¢,,w, there holds comparability
lw| ~ |Im w| — Re w. ©)]

Suppose for the moment (BW, zW) € —§¢_w. Then, from W € ran(M) = ran(T)
in conjunction with Garding’s inequality, (9), positivity of M, and boundedness of B,
we get
2l IW1? < 12| Re (BW, W)

S {BW, zW)|

~ |Im(BW,zW)| +Re (BW, —zW)

< |Im(BW, (z — MB)W)| +Re (BW,(MB — z)W)

<2[BW|l(z—MB)W|

SIWIGE—-MBYW].

Otherwise, if (BW, zW) belongs to the complement of the bisector, a similar calcu-
lation using (8) instead of (9) yields

1ZHIWI? S Im (BW, (z — MBY)W)| S W]l [[(z — MB)W].

Combining both cases yields || (z — MB)W|| 2 |z| | W||. Furthermore, ||(z — MB)V ||
= |z] ||V for V € ker(MB). Since (z — MB)W € ran(MB) and MBV = 0 €
ker(M B), the topological decomposition (4) gives

l(z=MBYU| ~ |(z—=MB)VI+ll[(z—=MB)WI| 2 [z (IVII + W) = Iz U] ,

which completes the proof of (6).

To prove (7), we split U € D(B*M) as U = V + Z with V € ker(B*M) and
Z e ran(B*M) N D(B*M). Since | B*F|| =~ | F|| on ran(M), we have ran(B*M) =
B*(ran(M)). Therefore, Z = B*W for some W € ran(M) N D(B*M B*). Reusing
the calculation leading to (6) from above with B replaced by B*, we have

2B W[ <1zl w2 < | B* W) |G - MBHW|
<|B*W| |B*z — MBHW

3

where we used (z — M B*)W e ran(M) in the last step. Thus, plugging in the defi-
nition of Z, deduce |Z| | Z|| < ||[(z — B*M)Z||. Then, as before, we deduce from the
splitting (5) the estimate (7).
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Finally, let us prove uniform boundedness of t7*B(1 4 t>M B)~!. Observe that
B(1412M B)~! maps into the domain of M and that M is associated with the sesquilin-
ear form b. Thus, for F € LZ(O)N, we have

1tT*B(1 +?MB)"'F||> = 6(:>B(1 +?MB)"'F, B(1 + *’MB)"'F)
- <t2MB(1 +2MB)"'F, B(1 + tzMB)_1F>

<|a-a+euhre||a+eusF| < iFR.

The last two steps make use of the Cauchy—Schwarz inequality, the boundedness of
B, and uniform boundedness of the resolvents (1 4+ 2M B)~! in L(L*(0)V), where
the latter follows by sectoriality of M B established in the first part of the proof. [J

4. Review on dyadic structures

Dyadic cubes are the foundation of dyadic harmonic analysis in R”. In this section,
we recall a substitute on interior thick open sets for them, which will be fundamental
for the analysis presented in Sects. 7 and 8.

To put things into a broader context, we note that an open and interior thick set O
equipped with the restricted Euclidean metric and restricted Lebesgue measure is a
locally doubling space, that is, there exists C > 2 such thatforallx € O andr € (0, 1]
it holds

IBo(x,2r)] = C|Bo(x,r)|. (10)

In [17, Thm. 11], Christ has constructed a full dyadic structure in spaces that fulfill the
doubling property (10), even for all r € (0, oo). With the local doubling property from
above, the same construction gives a dyadic structure on small scales, that is, we can
decompose the space O into small dyadic “cubes”, but not into large dyadic “cubes.”
For our formulation here, we combine [22, Thm. 7.4] with the boundary estimate [15,
Lem. 5.2] and the rescaling argument from [28, Prop. 2.12]. The boundary estimate,
that is, property (5) in the subsequent proposition, is a consequence of porosity of d O
established in Proposition 2.8. The remaining results hold for O merely interior thick.

Proposition 4.1 (Existence of a dyadic structure). Suppose that O is interior thick
and that 0 O is porous. Then, there exists a collection {Q{; k € No, a € I} of open
sets, where I, are countable index sets, and constants ag, ai, 1, C > 0 such that the
following hold:

1. Foreach k € Ny, it holds | O \ Ugef, Q% | = 0.

2. Ift > k, then, for each a € Iy and each B € Iy, either Qe C Q](; or Qg N Q§ =
@.

3. If € <k, then, for each a € I, there is a unique B € I, such that ngl c Qg.
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4. For each Q]&, k € Ng, o € I, there exists zlo‘l € O such that
Q(z. a2 )N 0 € 0f QL. a2 no.
5. Ifk € Ng, @ € Iy, and s > 0, then

fxe 0 1 dx,R"\ Q%) < s2_k}‘ < Cs”

04|.

Definition 4.2 (Dyadic “cubes”). In the setting of Proposition 4.1,putD27k:={Q§ o€
It}. Members of this collection are called dyadic “cubes” of generation 2. For
t € 2-&+D 2=k define also U;:=0,—«. In this case, the sidelength of Q € U;
is £(Q):=2"%. Finally, the collection (I of all (local) dyadic “cubes” is given by

Uk ‘:l2—1< .

Definition 4.3 (Children and parents). Let £ > k, R € Uy, and Q € Oy—. If
R C Q, then R is called a child of R, and Q is called the (unique) parent “cube” of
R.

With R and Q as in the preceding definition, Proposition 4.1 (2) asserts that R is
either a child of Q or disjoint to Q. Moreover, Proposition 4.1 (3) asserts the existence
of a parent “cube” to R. In conjunction with (2), this parent “‘cube” has to be unique,
which justifies our terminology of unique parent “cubes” in Definition 4.3.

Definition 4.4 (Double “cube”). If Q € [, then define the doubled “cube” 2Q via
20:={x € 0: d(x, Q) < L(OQ)}.

Using property (4) of dyadic “cubes”, interior thickness of O, and elementary
geometric considerations, we find [2Q| < |Q].

Remark 4.5. (1) and (2) in Proposition 4.1 imply that, outside of a null set 91, each
x € 0 \ is uniquely contained in a “cube” Q € [J; for each ¢ € (0, 1].

In the following definition, LIIOC(O) denotes the collection of measurable functions
which are integrable over bounded subsets of O.

Definition 4.6. For r € (0,1], x € O\ I, and u € Llloc(O) define the dyadic
averaging operator by

(A (x) = ][ u(y) dy,

where Qy ; € [J; is the unique “cube” containing x. For F' € Llloc(O)k , via a minor
abuse of notation, we define A, F by component-wise action, that is,

k
i=1’

(A F)(x) == ((A F)(x))

where F = (F)*_,.

We investigate some first properties.
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Proposition 4.7. .A,Z = A;, and A; is a contraction on L2(0)f0r allt € (0, 1].

Proof. Fix t € (0, 1]. For the projection property, note that

(A2u)(x) = ][ (7[
Oxt 0

where we used O, ; = O, for z € QO ; in the second step.

u(y) dy) dz =][Q wo,, dz= g, = Au(x),

Z,t

For the second claim, decomposing O \ 9t into the dyadic “cubes” UJ; and applying
Jensen’s inequality, we see for u € L?(0) that

w3 = 3 /Q|Atu|2= 3 IQI‘][QM

oeld, oeld,

2

=y IQl][Q|u|2= Il

oel,
O

The following is an important tool for later that is found in [31, Thm 4.3]. We will
repeat the notion of a Carleson measure at the beginning of Sect. 8.

Proposition 4.8 (Carleson’s inequality). If o is a Carleson measure on O x (0, 1]
with Carleson norm ||o ||, then

// AP do (e, t) < ol ul? .
0x(0,1]

5. A coercivity property

Throughout this section, we suppose that O € R” is interior thick and that D € 00
is closed and Ahlfors—David regular. In addition, we suppose that O is locally uniform
near 0 \ D. The goal of this section is to prove the following result.

Proposition 5.1 (Coercivity of _AB + 1). There exists o € (0, 1] and a constant
¢ > 0 such that for every function v € D(-A5 + 1D there holds the estimate

(=g + D F ol 2 T3l 20 wi2oy,

In the Euclidean setting, that is to say, when O = R”, one can take o = 1. Indeed,
this follows by using the Fourier transform. In [9], the authors introduce an abstract
condition similar to Proposition 5.1 which they call (H8). For the Kato square root
problem on R”, it amounts to showing that the domain of — A coincides with W22 (R")
as well as that the Hessian of a function u € D(—A) is controlled by —Au in norm.
On domains, the analogue to Proposition 5.1 is [22, (H7)].

The proof of Proposition 5.1 will ocupy the rest of this section.
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5.1. Fractional Sobolev spaces

We will use fractional Sobolev spaces of functions that vanish on a subset D € 00.
The starting point for their construction are the fractional Sobolev spaces W*2(R"),
which can be defined either as Bessel potential spaces or as Sobolev—Slobodeckij
spaces if s is not an integer, see [34].

Since D is a (n — 1)-set, see Remark 2.2 for this terminology, a version of the
Lebesgue differentiation theorem allows us to define traces on D. The following is a
weakened version of [30, Thm. VI.1] that suffices for our purpose.

Proposition 5.2. Lets € (%, %) and u € WH2(R"Y). For H" -almost everyx € D
the limit

(Rpu)(x):= lim

— u(y)dy
r—0 [B(x, r)| B(x,r)

exists. The restriction operator Rp maps W*2(R") boundedly into L>*(D, H"™1).

With the trace operator at hand, we introduce the closed subspace stz R"™) of
Ws,2(Rn) by

Wi (R"):={u € W*2(R"): Rpu = 0}.

In the case s = 1, this notion is consistent with Definition 2.9, see, for instance, [14,
Lem. 3.3]. Finally, we denote the distributional restriction to O by |p and define
fractional Sobolev spaces on O by restriction.

Definition 5.3. Lets € [0, 3) and 7 € (3, ). Put WS2(0):={ulo : u € W*2(R")}
and th’)z(O):z{u lo 1 u € th52 (R™)} and equip them with quotient norms.

Remark 5.4. These spaces are again Hilbert spaces by construction as quotients of
Hilbert spaces. Since O is interior thick, we have that W’I’JZ(O) is a closed subspace
of W! ’2(0) with an equivalent norm [14, Lem. 3.4]. As a cautionary tale, let us stress
that in the context of this section W!2(0) is embedded into but possibly not equal
to the collection of all u € L2(0) with Vu € L2(0)4 and norm (2). However, as a
consequence of Theorem 2.10, the definition of WBZ(O) above coincides with the
original one from Definition 2.9 up to equivalent norms when working in the geometric
setting of Theorem 1.1.

The (fractional) Sobolev spaces respect the following interpolation rule. The result
was originally shown in [14] under the additional assumption that 9 O is a (n — 1)-set.
Subsequently, the boundary regularity could be relaxed to porosity in [15, Prop. 4.16].
A reader who is not yet familiar with abstract interpolation theory can find further

information in [34].

Proposition 5.5 (Interpolation identity). Fors € (0, 1), one has the following inter-

polation identity

W2(0) (if s < 1/2)

[L2(0), W5 (O)s =1, , :
W2(0) (if's > 1/2)
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5.2. Identification of fractional power domains of the Laplacian

We recall an identification result from [15] that concerns certain fractional powers
%
of —A + 1. This property relies on the geometric quality of O and D and invokes
deep results from potential theory and related fields.

In analogy with the case o« = 1, we employ the notation W‘%Z(O):z " W‘B?(O),

where 7)) = (D;)], is a given array of Ahlfors—David regular boundary parts.

Theorem 5.6. Under the geometric assumptions fixed at the beginning of this section,
there exists € € (0, %) such that the fractional power domains of _AB +1inL2(0)"
are given by

WEH(0) ifa e (3. 14¢),

D(—A= + 1)) =
(A5 +D2) We2(0) ifa € (0, 5).

The identity holds with equivalence of norms, and, by invertibility of —Agp + 1, the
graph norm can be replaced by the homogeneous graph norm.

The proof of the preceding result is found in [15, Thm. 1.2].

5.3. Proof of Proposition 5.1

Eventually, we can give the proof of the main result of this section.
Proof of Proposition 5.1. Set « = ¢/2, where ¢ is introduced in Theorem 5.6. Note

that o < 1/2. Now, let v € D(—A + 1). Using Proposition 5.5 and the definition of
T = TT))’ calculate

2 ~ 2 _ 2 2
”TUH[LZ(O)m,W%Z(O)]a ~ ”Tvnwal(o) - ”v”Woc.Z(O) + ”Vv'lwa,Z(o)-

By definition of the scale of spaces W*2(0), the gradient maps W!**2(0) —
W%2(0) (see [15, Lem. 4.10] for details). Hence, taking Remark 5.4 and 1 + o €

[1, 1 + 1/2) into account, we continue by

”TUH[LZ(O)"’,WLD}Z(O)JQ S ||v||W1+‘Y>2(0) ~ HUHW%’“’Z(O)’
Eventually, Theorem 5.6 lets us conclude

e
||Tv||[L2(0)myw%2(0)]a S ”(_AB + 1) 2 U||2'
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6. Reduction to a quadratic estimate

In Sects. 6-8, we are going to prove our main result, Theorem 1.1, under the addi-
tional assumption that O is interior thick. This statement is equivalent to the validity
of certain quadratic estimates. The argument is well known in the literature (see [20,
Chap. 13] for instance), but we are going to briefly recap on it in this section for the
reader’s convenience. Eventually, we will remove the interior thickness condition in
Sect. 9 to complete the proof of Theorem 1.1.

The contents of this section are still valid without the interior thickness condition,
so we will not yet employ the bold letter convention (Convention 2.4) here. However,
interior thickness will be crucial in the verification of the quadratic estimate (QE)
appearing in the following proposition.

Proposition 6.1 (Reduction to a quadratic estimate). In the situation of Theorem 1.1,
the validity of Kato’s square root property is equivalent to the quadratic estimate

0 dr
27y—1 12 2 1,2
/O L+ 2D l3 S S Wl u € WEO), (QE)
for every elliptic system in divergence form L on O subject to Dirichlet boundary

conditionsin D C (d0)™

Hence, instead of showing Theorem 1.1 right away, we are going to establish (QE)
in the following two sections.

As in [20], the quadratic estimate (QE) can be reformulated in terms of the bounded
operator L : W%z(O) — (W%Z(O))*. More precisely, writing

O =t(1+1°L)"'T%B
with T} in the “very weak formulation” and keeping ||”||§W1,2(0) = ||T5>u||% in
mind, (QE) takes the form
o, T s lraly e
. e
A ,Duztwguz, MEB .

Lemma 6.2. The family {©,},~¢ is uniformly bounded in L(L*(0)N,L*(0)") and
satisfies L? off-diagonal estimates.

Proof. Since the coefficient matrix B acts as a bounded multiplication operator on
L2(0)N and preserves the support, the claim is a direct consequence of Proposi-
tion 3.12. 0

7. Principal part approximation

Throughout this section, we suppose that the pair (O, 7))) satisfies the geometric
assumptions from Theorem 1.1 as well as that O is interior thick. Recall Convention 2.4
on the usage of bold symbols. The goal of this section is to reduce the validity of (QE)
to a Carleson measure estimate. The latter is verified in Sect. 8.
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7.1. Presentation of the relevant operators

It is well known that, owing to the off-diagonal estimates from Lemma 6.2, O,

extends to a bounded operator L°°(0)N — L%OC(O)’" for all ¢, see, for instance, [20,

Prop. 11.12 & Def. 11.14]. We exploit this fact in the subsequent definition of the
principal part.

Definition 7.1 (Principal part). Identifying the standard unit vectors eq, ez, ..., ey €
CV with their respective constant functions on O, we define for € (0, 1] the principal
part of @, by

¥ = 1[0(e1), ..., O (en)] € L (0, C™N)

Remark 7.2. For almost every x € O, the principal part y;(x) is a linear map from
CN to C™ acting as

yw = 0, (wlg:)(x), weCV.
In particular, for F' € LZ(0)N,t € (0,1]and a dyadic “cube” Q € [J; we have
10(®;, — y, A)F =190 (F — (F)g) .
Definition 7.3 (Smoothing operators). For ¢ > 0, we define the smoothing operators
P =(1+Mz) e L@, Q= ITS P € LLZO)N, L2(0)).

A direct consequence of Proposition 3.10 with the function f : z — (1 4+1%z)"!is
the commuting relation

_ 2 -1
PTy =T+t (A5 + 1) . (11)

Lemma 7.4. The families { P;} and { Q;} are uniformly bounded in LL20)N) and
LL2(0)N,L2(0)™), respectively. Thus, also the adjoint family {QF} is uniformly
bounded in L(L*(0)™, L2(0)N), and O} is given by the bounded extension of t P; TB
10 L2(0)".

Proof. Uniform boundedness of {P;} is by m-accretivity of MB, and for { Q;} one
can use the sesquilinear form b, see the proof of Lemma 3.13 or [20, Lem. 11.7].

Lemma 7.5. For F € L2(0)", one has

o0 dt
/ 10:F18 < SIFIE .
0

If in addition F € ran(T), then we have the reproducing formula
/ Qt QtF - =
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Proof. Owing to Proposition 3.9, the square root property for the self-adjoint operator
My gives

1Q:Flly = 175 (1 + M)~ Fllo = || J2Mp (1 + 2 Mp) " Fll2.

Hence, the first assertion follows by quadratic estimates for M.
For the reproducing formula, note that @; maps into D(7), so we can compute

Q0 =12 +t2MB)_1T7)>Tli)>(1 +t2M3)_1 = tZMB(l +t2M7)>)_2 = f(tZMB),

where f(z) = z(1 + 7)72. By Remark 3.8, we have ran(TB) = ran(Mﬁ), so the
Calder6n reproducing formula [20, Thm. 6.16] yields the assertion. 0
With these operators, we first split the left-hand side of (QE) as
0 2 dr o 2 dr o 2 dr
|, lorsel, 5 [ Jourrgul, S [ o~ rorgul
(12)

The second term on the right-hand side can be controlled via a simple algebraic
manipulation.

Proposition 7.6. For F € L>(0)", there holds the quadratic estimate
> o dr 2
1©:(1 — P)F|3 - SIFI; -
0

Proof. Note that 1 — P; = t?M— P, and T BM— = T* BT=T% C LT*. Thus,
D D D D DD D

for F € L2(0)N, we can compute

©,(1- P)F =1(1+ rZL)—IT%Bz2M3 P,F
=121+ tzﬁ)_lﬁtT%PlF
=LA +?L)'QF=0-0+L)y"H,F.

By m-accretivity, the resolvents (1 4+ r2L)~! are uniformly bounded, so we arrive at
o dr o0 dr
| rea—rr s [Cier T Sirs.
0 0

where the last step follows from the quadratic estimate for Q; from Lemma 7.5. [J

7.2. Reduction to finite time
We want to approximate the first term in (12) by the principal part. However, since
the dyadic structure on O and hence the approximation y;.4; only exist on small scales,

the integral for # > 1 has to be treated separately.
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Proposition 7.7. It holds
” H@ PT H2 d < HT H2 WL2(0)
—ull — —ull , wuce ; .
1 DT ~ D D

Proof. Denote by H, the complex interpolation space [L2(0)™, W%Z(O)]a. Since
©; is uniformly bounded in £(L?>(0)Y,L?(0)™) and H* < L?*(0)™, we have

”G)tPtTBu

<
,~ HP[TBM

<
,~ HPI‘TBM

Hy

Recall from (11) the commuting relation P; TB u= T3 1+ t2(—A3 +1))"!u. Since
the resolvent (1+t2(—A3 +1)~! maps into D(_AB +1), we can use Proposition 5.1
in conjunction with the square root property of — Agp+ 1 and the intertwining property

from Proposition 3.10 with the H*-function f(z) = ﬁ to obtain

|7.rgul,, =175+ 205+ )l

I+a
SI=Ag +D A+ (=Ag + 1) ul
= T3 (—A5 + DIA+2(=Ag + 1) luls
= (M3) % PiT5ul,.

We can then estimate 1 < £°* to obtain a square function estimate for M5 with
f(@) =z*2(1+2)~!, which reads

Oo o dt * 2 2 2 —1 2 dr
Tl A (R & s
Oo 2 At 2
= | @M THulE T S 15l
where we used Proposition 3.9 in the final step. g
7.3. Smoothed principal part approximation

As the next step, we want to approximate ©; P; I by the smoothed principle part
y A P T%. This will be the content of Proposition 7.10. As a preparation, we establish

the following lemma first. To this end, recall from Remark 7.2 the (pointwise) matrix
action of y;.

Lemma 7.8. The family y, A, is uniformly bounded in LL20)N) fort € (0,1].
Moreover, for F = [Fy, ..., F,] € W%z(O)”H, there holds

1@ =y d)Flb St |T5F| . 1.1l
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Proof. Fix t € (0, 1] and the natural number k for which r € (2=%+D 27K First,
we work on a fixed Q € [J;. By utilizing Proposition 4.1 (4), there exist constants
ap, a; > 0 and z € O such that

Q(z,a2™) N0 € 0 CQiz ai27MHno. (13)

Let 0.:=Q(z, a2~y and 0*:=Q(z, aj 27K). Then, the left-hand side of (13) becomes
Q.. N O and the right-hand side 0* N 0. Owing to interior thickness of O, there holds

101 2 104 (14)

Foraboundedset K € O andb € L®(0)V,thelimit ©;b := limg_; oo @l(l2kQ*m0b)
exists in L2(K)" and is independent of Q*. Indeed, this is a consequence of the off-
diagonal estimates of @y, see, for instance, [20, Prop. 11.12]. We have already em-
ployed the same construction when defining the principal part in Definition 7.1. Now,
we define annuli of a “cube” Q by

C1(Q)=40"N 0, Cu(@:=(2""0"\20")n o,
where £ > 2. Using this notation in the definition of @b yields

k—1

o
PAF = lim Ol guno(F)g) = lim ; 0:(I¢,(g)(F)g) = ; ©:(1¢c,(0)(F)o)-

Now, note for £ > 2 that

d(Ce(Q), 0) _ d(Ce(Q), 09
t - t

> 2t

Both of the above, in conjunction with Lemma 6.2, allow us to see that

M2

|[1oaiP)|, <

1100 (1c,0)(F)o)|,
=1

67025 |

A
M

110 (Fol, -

~
Il
-

By Holder’s inequality and (14), we have

1 1
|Ce(Q)]? 2 0
l1cio ol =" | [ Fay ) Iorl, 2% J1orl,.

ol

5 (ICe(Q)I
“ el

which gives us

ad in
oA P, < (Zzz ‘ ) 1071, < 107,
=1
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Since the implicit constant is independent of Q and ¢, squaring the last bound and
summing in Q yield the first assertion. Now, we can proceed with the second assertion.
Since @, is bounded on L*(0)N, we have

o
O, F =) 0,(c,F).
(=1

Taking the difference with y; A, F and again applying off-diagonal estimates, we have

[10@; =y ANF|, <332, [100:(cy o) (F — (F)o)|,
SR e | Ligeno(F = (D)), (5)

Now, we distinguish whether 2¢7 is small or large. More precisely, there is a natural
number £ such that the local Poincaré inequality from Remark 2.12 is applicable on
260*N O if € < £y (note that we tacitly use comparability between balls and “cubes”
here). To the contrary, if £ > £g, we deduce that 2t > i, where K is a constant
depending on the geometry. In the first case, fix £ < £y and deduce by virtue of the
local Poincaré inequality (Remark 2.12) the estimate

141940 (F = (F)@) |, S €22 4|V Fll 2041 gonoy

< 2"\ T3 Fll 2001 9ono)-
In the second case, for fixed £ > £, estimate using Jensen’s inequality
|21 0xn0 (F = (0|, S 2P IIF 21 grnoy S 2" 241 T3 Fll2 e+ g4y

Plugging the last two bounds back into (15) and using the double exponential decay,
we obtain

o
_ At
[10©: — v ANF|, St e P ITH Fll2att1 gono)-
=1
To conclude the proof, we have to sum the last bound over all dyadic “cubes” on scale
t. Due to the rapid decay in £, this follows by standard arguments, see, for instance, [20,
Lem. 13.6] for details. O

Remark 7.9. Instead of using a local Poincaré inequality on small scales, there is
another approach to obtain the aforementioned result in the literature based on a
weighted (global) Poincaré inequality, see [22, Prop. 8.2]. For that approach, the
existence of an (inhomogeneous) Sobolev extension operator is necessary. Even though
our local Poincaré inequality was deduced by using a local and homogeneous Sobolev
extension operator, there might be other settings in which local Poincaré inequalities
are easier to obtain than a Sobolev extension operator.

Proposition 7.10. There holds the quadratic estimate

l AP T=u|” Y < ? 12
, @ —ravrrsul, T s rgul, . wewiio
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Proof. On the one hand, ®; — p, A, is uniformly bounded in LL20)N,L2(0)™),
see Lemmas 6.2 and 7.8. On the other hand, the E(V\VIT’))Z(O)"+l ,L2(0)™)-norm of

®; — y, A, is controlled by ¢ by virtue of Lemma 7.8. By interpolation, we obtain
boundedness

O, — A (H)" ™ > L0, 10, — yiAilly, 120y S1°

where H, denotes again the interpolation space [L2(0)", W%Z(O)]a. Therefore, in
conjunction with the intertwining property and Proposition 5.1 (compare with the
calculation in the proof of Proposition 7.7), we obtain that

| @ —narpTgu| <o |Prgu| S el PTsuL

With the H®-function f : z — z%/?(1 + z)~!, quadratic estimates for M give

! , dt L, , dt 2
1@ = AR T5uls S [ F @M Tl - S T

7.4. Reduction to a Carleson measure estimate
So far, we have reduced (QE) to the quadratic estimate

i

To eliminate the smoothing via the resolvents P; and to reduce this to a Carleson
measure estimate, we split again

Nparraal &< [
/()H}’tztBMHZTN/O

The second term can be dominated by

2 dr 2 .
;J,A,P,TBMH2 s HTBMHZ . wewo).

2 dr 1 2 dr
=0tz S [ Al

(16)

l 2 dedr _ (! 2 dx dr
/O/Rd‘”(")“‘tTB“)(’C)\ p S/0 /R(,\(ArTzu)(x)\ Iyl ==

where ||y, (x)|| denotes the operator norm of y;(x) € L(CV, C™). By Proposition 4.8,
this integral is controlled by || TBu ||%, provided do = ||y, 12 @ is a Carleson mea-
sure, which we are going to prove in Sect. 8. To treat the first term on the right-hand
side of (16), we need the following interpolation inequality, which is useful again in
Sect. 8.

Recall the notation Tu = [u, Vu]’ foru € W2(0). Later, we apply the subsequent
results with u € W%Z(O), sothat Tu = TB” as usual.
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Lemma 7.11 (Interpolation inequality). Let n be as in Proposition 4.1. We have the

bound
2 n 1-1
1 2 2
'][ Vu g—(][ |u|2) (f |W|2>
0 " \Jo 0

forallt € (0,11, Q € O; and u € W"2(0).

Proof. Fixt € (0,1], Q e J;andu € WL2(0). Write the estimate above as

X <enyn2zion2,

First, observe that X < Z by Jensen’s inequality and that ¥ = 0 implies Z = 0. Thus,

1/2

we can safely assume Y, Z > 0. Put t := Y/27=12 5 (0 and note that, for T > ¢, we

have
X<Z<thZ=¢"y"2z=n/2,

Hence, we can suppose T < ¢, which circumvents awkward cases. Let 0, = {x €
Q: d(x,R"\ Q) <r}forr > 0, and note that, by Proposition 4.1 (5), we have the
estimate

10,1 = Cre(Q)~"1Ql = Crt™7| Q. a7

Convolve 19\, ,, by a suitable kernel to obtain ¢ € CZ°(Q) with range in [0, 1],
equal to 1 on Q \ Q. and satisfying [|V¢| < 7 for ¢ > 0 depending only on n.
Now, write

Vu = ¢oVu + (1 — ¢)Vu,

and apply integration by parts (here, we use that ¢ is compactly supported in Q) to

see that
/Vu:—/ uV<p+/(l—g0)Vu.
0 Q Q

From here, apply the inequality (x 4+ y)? < 2(x2 + y?) as well as Holder’s inequality,
noting that both Vg and 1 — ¢ vanish on Q \ Q; and using (17), to achieve

o (o) ([ o) (o) ()
§|Qr|(r—2/Q|u|2+/Q|vu|2>
5r"t"|Q|<r2/Q|u|2+/Q|w|2).

Translating back in terms of X, Y and Z, the above says

QP X S22 QP Y + ¢t Q1P Z
) |Q|2 Ny n/2z1-n/2

Now, the claim follows when dividing the last inequality by | Q|>. 0
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The following inhomogeneous version of Lemma 7.11 is an easy consequence.

Corollary 7.12. With n as in Proposition 4.1, we have

2 1 5 3 s 1=n/2
foef <2 () ()
0 " \Jo 0

forallt € (0,11, Q € O; and u € W"2(0).

Proof. We use Jensen’s inequality, Lemma 7.11, ¢ < 1 and al="2 4 pl=n/2 < 2(q +
b)l_"/2 fora, b > 0, to estimate

ol = | [ o |
e () (o)
() () (o))
() (fymer)

We can now control the first term on the right-hand side of (16).

2
]

A

N

A

Proposition 7.13. There holds the square function estimate

I

Proof. Recall from Proposition 4.7 that the averaging operator 4; is a projection, that
is, .A,2 = A;. By the uniform boundedness of y;.4; from Lemma 7.8, we have

2 dt

2
_ < T ],2 .
“N” sul, . wewo)

YA (1 — Pt)TBM

Al = PoTgu| = |nAn A = PoTgu| | S |40 - POT5u

2
So, we are left to prove

1 2 dr < 2
= porga ) < gl

To establish this estimate, let us assume for the moment that there is a non-negative
function ¢ € L! ((0, 00), dt/7) such that for all s € (0, 1], ¢ > 0, we have the bound

| A1 = P)QFv, S ¢/ vl v= T%F for some F € D(Mp),  (18)

uniformly in v. Since A;(1 — Py) is a bounded operator on L2(0)N , the Calderén
reproducing formula in Lemma 7.5 with F' = T u gives

o N dr
AS(I_PS)TBMZ2/O AS(I_PS)Qt QtTBuT-
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Hence, as v:= QtTBM = tTT*))(l + tzMﬁ)_lTBu is admissible for (18), Young’s

convolution inequality with indices 1 + % = % + % on the multiplicative group (0, co)

2 T - /01 </000 HAS(I —P) Q7 Qi T3u 2 dt_t)z %
5/000 </Ooo§(s/t) lor5u), %2 @
o 2 oo
e (/0 ¢@) %) /0 ” QtTBqu —< HT—>M

where the last step above follows from the quadratic estimate in Lemma 7.4.
We turn our attention to proving (18). By Definition 7.3, one readily checks the
relations

with measure % gives

/ HAY(l Y)T»M

’

* 4 * * s *
P Q) = ;Pz o;, 1-P)Q; = ;(1 - P)Qy.
Indeed, this is proved by commuting resolvents of M. For instance, to see the second
identity, calculate on the dense subset W%Z(O) of L2(0)™ that

(1-P)QF = s2M3(1 +s2M3)—‘z(1 +t2M3)_1TB
. le—>(l + tzM—>)71s(1 +s2M—>)*]T—>
Tt D D D D
S
=-(1-P)Q;.

This identity extends to IRI(OK by continuity. Next, let F € D(MB) andv = TT*)) F.

For s < ¢, uniform L2-bounds (see Proposition 4.7 and Lemma 7.4) give

[ = P Qo] = = [A1 = P @iv], S > vl -

For ¢t < s, we have

t
[ A= P) Qo] S [ A Qo] + [P Q7vll, < A QFvll, + < lvlla -

So, we are left with estimating the first term on the right-hand side. Since F € D(MB ),
we have v = TT*)) F e D(TB), so Qfv = (1 + t2M7)>)_1 T3v. Writing out the
averaging operator at scale s, we have

|4 @iv]5 =Y IRl‘][tPtTeT_)

Rellg

19)

Combining T—> and T_> to M—> we can “‘commute” P; MB C MB P;, which yields
2
‘]{QIPITBT%F ]itTBT%PtF

@ Springer

2 2

tM->PtF
R D



J. Evol. Equ. A second-order approach Page 31 of 40 45

Using Corollary 7.12 and Hélder’s inequality (in the sequence space £2), we can thus
estimate the right-hand side of (19) by

! . o\ /2 o 1-n/2
— 3R] (][ )tTiP,F’ ) (f ‘tTBTiP,F‘ )
sh aell R D R D

n/2 1-n/2
1" N 2 x 2
=5 3 /R‘TBP,F‘ 3 /R’tTBTBP,F‘
REDS REDS
t"

n 2—n
- & [y o]
sn Il D 2 D 2

Now, since tMpz PF = tPMzF = Q;"TT*))F = Qjfv, Lemma 7.4 gives
ltM3 P F 2 < |lv|l2. Similarly, the square root property for M applied twice,
the fact that F € D(MB) C D( Mﬁ) and uniform boundedness of { P;};~¢ give

[T piF| =1 /MG PFI = 1P (M5 Pl S I Mg Pl = |15 F] = vl -
Putting things together, we arrive at (18) with ¢(t) = min{r, t~! + 7"}, which
belongs to L1((0, 00), dr/7). [l
7.5. Full principal part approximation

Let us summarize the different estimates of the previous sections in a single result
for future reference.

Proposition 7.14. There holds the quadratic estimate for the principal part approxi-
mation

[ L@ =narrsull < rly. wewgion
Proof. Write
A =0O; —p AP+ O,(1 - P) —y A1 = Pr).

Each term is treated separately in Propositions 7.6, 7.10 and 7.13, respectively. [

8. Carleson measure estimate and a first conclusion

In Sect. 7, we have reduced the proof of the quadratic estimate (QE) (and hence of
the Kato square root conjecture on the interior thick set Q) to proving that the measure
lv: (x)II2 % is a Carleson measure on (0, 1] x O, that is,

//( )Ilyz( )P —— drd < o1, Qel. (20)

Here, R(Q) denotes the Carleson box over Q and is given by R(Q) = (0, £(Q)] x
QO C (0, 1] x O. The estimate (20) follows from the subsequent lemma, whose proof
amounts to covering the unit sphere in C"*" by finitely many sectors.
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Lemma 8.1. Suppose that there is an ¢ > 0 such that, for each “sector”

o= e[ -

ss}, veC™N =1,

in C"*N  there holds the estimate

// Vr(x)lrs(yt(X))H < o1, Qel. 2y

Then ||y: (x) ||2 @ is a Carleson measure.
It remains to establish the bound (21).

8.1. Construction of Tb-type test functions

The proof of the key estimate (21) relies on a T (b)-argument and the construction
of test functions adapted to a “cube” Q e [ and a vector direction & = &, € CV.
This vector direction £ is related to a matrix direction v € C"™*N appearing in the
definition of the “sector” I';. Indeed, later on in Proposition 8.3, we will see that the
vector direction £ provides sufficient information to obtain an estimate for the matrix
direction v.

Proposition 8.2. There is a constant ey € (0, 1) such that, for all 0 < ¢ < &, all
unit vectors & € CV and each dyadic “cube” Q € O, we can find a “ T (b)-type test
function” b = b¥2¢ € L2(0)N with the following properties:
(@) 16521 10,
. £.0.¢
(b) Re (& ot 20) = 1,
() [[rio 7 () ADS Qe (x0) 2 &4 < 0] /62,

Proof. Fix aunit vector £ € CV and Q e [J, and denote by £ = £(Q) the “sidelength”
of Q. For ¢ > 0 subject to further constraints below, define

bi=b5:=2(1 4 > M3 B) ' (1208) , (22)

where the set 2Q was defined in Sect. 4. Recall also the bound |2Q| < | Q| from that
section. Owing to Lemma 3.13, MBB is sectorial, and hence b is well defined. We
are going to verify that, upon choosing ¢ € (0, 1) sufficiently small, b satisfies the
three properties listed above. Write v = ¢/ for brevity.

Proof of (a): Since M B is sectorial, the resolvents (1+ M 5 B)~! are uniformly
bounded in £(LZ(0)N), so we have

_ - = 1
bl = 2111 + T°M35 B) 12012 < 120812 S 1017

Proof of (b) The underlying heuristic of (b) is that the average of b over Q points
roughly in the direction £. To exploit this, we estimate the difference

5b—1y08 = —T°Mz B(1 + T* M3 B) 1508 = T° T3, (23)
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where v:i=— T% B(1+ rZMB B)_lleé , with the hope that this difference becomes
small in the end. Since this difference is a “gradient field”, Corollary 7.12 yields

ol < £ () ()

1
By (23) and (a), we have

——||v|| IIT—>UII

Ry

|750], = w2 146~ 1agE ], 5 =2 1012

Similarly, by the uniform boundedness from Lemma 3.13 and the doubling property
for dyadic “cubes”, we can control

— z — z — 1
lvllz = 175 B(L + M3 B) '1agéll S v lag€la ~ o' Q)2
Collecting the powers, we arrive at

'][ 3b — 1508 4 ][ T5v
0 0

Write C? for the implicit constant in the preceding bound. Now, assertion (b) follows

from
Re(§~][ b) =2+2Re<$~][ %b—lzgé) >2_2Cs?,
0 0

if we choose & small enough so that 2Ce"/* < 1.

Proof of (¢) Our choice of T (b)-type test function b is not in the range of 73, so we
cannot directly apply the principal part approximation estimate from Propos1t10n 7.14
to it. However, recalling (23), we split the integral as follows

dx dr dx dr
// AR LY < // (A — ObP + 1052 &
R(Q) t R(Q) t

_p i
S //R(Q) ‘(””4’ ~©)(3b - lzgé)‘ + A — O 150E [ + 10,5

=I1+11+1II.

2
=T

2 TA=n—4+2n
S—— =¢".
~Y

dx dr

Since %b - 12Q§ is in the range of 7=, Proposition 7.14 and property (a) above control
the first term as

1
_ dr _
1 5/0 (A — @) (36 — 1208113 -5 1513 + 112013 S 101

Since we have | Q| < | Q| /¢, this completes the treatment of the first term. The second
term can be estimated via off-diagonal estimates and the definition of the principal
part approximation, similar to the proof of Lemma 7.8. Recall that we seek to control

¢ _ o dt
) ||1Q()’t-At - (")t)IZQE”z ?
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On the “cube” Q, 12Q§ is constant, so we have .A,le&_' (x) = § for almost every
x € Q. This yields ytAtlzgé_‘ = (~)t§ on Q. With the notation from the proof of
Lemma 7.8, this leads to

Lo Ar — O 10 =190, (E — 1509€) = ZIQQI(ICj(Q)\2Q§)y (24)
j=1

where we split O into truncated annuli C;(Q). Observe that, for j > 1 andt < 1, we

have . - -
2 2/~ 2/ j—1 ¢
e T =e T e T <e Y e,

Then, L2 off-diagonal estimates (see Proposition 3.12) control the L2(0)-norm of (24)
by
3C(@\20.0)

_ N jONe.9) = _eY in
de T llejon0kll S e T 27 |0

izl izl

< (Z o—c2™! 21’7”>e—c/z |01/2

j=1
1/2
<tlol?,

where the last step follows from convergence of the series and estimating e ™ < % for
s > 0. It follows that

¢ _ . dt 1 dt
/0 1oy A —®z)le%‘II§7 5/0 10| " Slol.

For the last term /11, observe that resolvents of MBB map into D(MB B) C
D(T% B), so we have

@b =2t(1 + r2c)*1T% B(1+ M3 B) '150F
=2t(1 + tzL)_lT%B(l + rZMBB)_lleé

=11 +t2L)_1T7*)>Bb.

By Lemma 3.13, we have H T%Bb”z < t=1120E |2 < v~ 0Q["/2. Hence, uniform
boundedness of the resolvents (1 4+ L)~ in L(L?(0)™) gives

¢
dr
111 < 8—26—2/ 20| — = g
0 t &
8.2. Stopping time argument

We can now exploit the dyadic structure on O and the properties of the T (b)-test
functions constructed in Proposition 8.2 to derive the key estimate (21). For this, fix

@ Springer



J. Evol. Equ. A second-order approach Page 35 of 40 45

amatrix v € £(CV, C™) with |Jv]| = 1. As the adjoint matrix v* € £(C™, CV) also
has norm 1, we find unit vectors £ = &, € CV and n = n, € C” with & = v¥y.
To prove (21), the main point is to deduce from property (b) in Proposition 8.2 that
A b5 2 (x) points roughly in direction &, so that u.4,65<2¢(x) is not too small
whenever u € I'}, at least for all x in a “substantial subset” of Q.

Proposition 8.3. There is some ¢ € (0, &9) and some k > 0 such that, for all matrices
v e L(C™, CN) of unit norm and all Q € O, there exist pairwise disjoint dyadic
children Q; C Q such that for the sets

EQ=0\Joico. EY@=rRO\JRQH. @5
J J

there hold the following properties:

(a) |E(Q)| = « |0,
(b) [ (ALY (0)| = LIl for all (x.1) € E*(Q) and € T,

Proof. Having Proposition 8.2 at hand, we can follow the Euclidean proof (for instance
in [20, Lem. 14.8]) almost verbatim. Hence, we are only going to present the necessary
changes.

The selection of the dyadic children Q; € Q and the proof of part (a) is completely
analogous to the Euclidean case. Hence, we concentrate on (b). Let (x,t) € E*(Q)
and u € I'Y. For brevity, set vi=(A,;b52¢)(x) € CV. As in the Euclidean case, the
construction of E*(Q) implies the bounds |v| < 4]_5 and Re(¢ - v) > %. Using the
triangle inequality, the definition of I'{, and the upper bound for |v|, deduce

i
Il

1
—v| vl = vl —efv] = Jvo] = 7. (26)

|
[l

Next, by the Cauchy—Schwarz inequality in C™ and the relation & = v*7, we obtain
the lower bound

[vu| > Re(n, vv) = Re(v*n, v) = Re(E, v) = Re(& - v),

where the brackets denote the inner products in either C” or CV. Plugging this bound
back into (26) and using the lower bound for Re(¢ - v) deduce

1
>Re(§-v) -~ =

u
—v
Il

N =

Multiplying this bound by ||| yields the claim. 0

To conclude the proof of the key estimate (21), we cite the John—Nirenberg lemma
for Carleson measures. The result is well known and a detailed proof using the dyadic
“cubes” from Definition 4.2 is presented in [18, p. 191].
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Lemma 8.4 (John—Nirenberg lemma for Carleson measures). Let o be a Borel mea-
sure on O x (0, 1] such that there are K,k > 0 with the following property: Each
dyadic “cube” Q € U has pairwise disjoint dyadic children Q; € U such that the
sets E(Q) C Q and E*(Q) defined in (25) satisfy

(a) |[E(Q) =« |Ql.
(b) o(E*(Q)) = K|QI.

Then o is a Carleson measure with norm at most K /k.

Proof of the key estimate (21). Fix a unit matrix v € £(C™,CV) and set £ = &, €
CN. By Propositions 8.3 (b) and 8.2 (c), we compute

dxd dxd
// (n(x)lrs(yt(x))H "< <4 // \n(x)(AzbfQ€>(x>1rs(yt<x))\ e

dx dr
<4 \y:(x)(AbevQﬁ)(x)\ —3 '—Qz'.
R(0) ! €

By Lemma 8.4, this and Proposition 8.3 (a) ensure that do = ||y; (x) lrg (671€3)]
is a Carleson measure, which yields the asserted estimate (21). O

|2 dx dt
t

We are now done with the proof of the quadratic estimate (QE), and hence of
Theorem 1.1, under the additional assumption that O is interior thick. To convince the
reader, we give below a short proof summarizing the different reduction steps of our
proof.

Proof of Theorem 1.1 when O is interior thick. In Proposition 6.1, we have seen that
the Kato square root property is equivalent to (QE). The integral on the left-hand side
can be split as

o dr o dr o dr
/n@tTguu%Ts/ ||®t<1—P,>Tﬁu||%—+/ 10, P T5ul3 —
0 1 1

/II(®: }’zAz)T—>u||2 /II)’:AzT—WIIQ

The first and second terms are controlled by Propositions 7.6 and 7.7, respectively,
and the third one is estimated in Proposition 7.14. The last integral is bounded by

! 2 dxd
| [ [atgom] meor <%
0 Jo

By Proposition 4.8, it then suffices to prove that do = ||y, )12 dedz is a Carleson
measure on O x (0, 1], that is, the validity of (20). Splitting over angular sectors I'; in
L(C™, CN) reduces this to finding an & > 0 such that (21) holds true for all (matrix)
directions v € L(C™, CN). The latter was accomplished right above via the usage of
T (b)-type test functions and a stopping time argument. g
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9. Removing the thickness condition

In this final section, we remove the interior thickness condition imposed in the ap-
proach performed throughout Sects. 6-8, thereby completing the proof of Theorem 1.1
in the general case. To do so, we employ the transference strategy pioneered in [15,
Sec. 6]. If the Dirichlet parts were the same for all components, their argument would
apply out of the box. For the reader’s convenience, and since we want to extend their
result to varying Dirichlet parts for different components of the system, we recap their
argument and comment on the necessary changes.

Let O € R" beopenand D; C 90 be closed, and assume that O is locally uniform
near 00 \ D; forevery j =1,...,m. Put Bzz(Dj)’j’?:l. Now, fix a decomposition
of O into pairwise disjoint open sets O;. Define the array Bi via (Bi)j =D;NJ0;
and consider elliptic operators L; on O; subject to a vanishing trace condition on

B i € (00;)™ and whose coefficients are the restriction of the coefficients of L to
O;. Then, the following correspondence holds [15, Prop. 6.8].

Proposition 9.1 (Transference principle). The following are equivalent:
(i) DW/L) = W2(0Y" with | VLull2 ~ llullw12(),
(ii) D(WVL;) = W%z (0y) with ||/Liulla ~ ully.2(0, for all i, where the implicit

1
constants are independent of i.

Now, the central idea in [15] is as follows: Starting with a triple (O, 8, L) as in
Theorem 1.1, they construct a new triple (O, B, L) that satisfies all assumptions of
Theorem 1.1, contains (O, B L) as a “component” in the sense explained above, and
such that O is in addition interior thick. Then, since we have proved Theorem 1.1 under
the additional assumption that O is interior thick, item (i) of Proposition 9.1 is verified.
Therefore, Proposition 9.1 provides the square root property for all triples quantified
in (ii), including the triple (O, T)) L), which completes the proof of Theorem 1.1 in
the general case.

Hence, it only remains to clarify the construction of the triple (O, 7)) L). By as-
sumption, O is locally an (¢, §)-domain near 00 \ D; = N forall j =1,...,m.
Let X denote a grid of open axis-parallel cubes of diameter 3/8 in R”. Let X’ contain
those cubes Q from X for which Q intersects D but which have empty intersection
with the tube of size 8/4 around N*:= U;”:l N ;. Now, put

%
0:=0U | J(Q\90) and (D);:=00\N;.
Qeyxy’

In [15], all components were subject to the same Dirichlet boundary conditions,
so that N* = N in that paper. In our more general setting, all desired properties for

(0, 3) except the interior thickness condition immediately follow by the same proof
asin [15, Sec. 6.3].
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To show the interior thickness condition for O, the authors of [15] argue first that
only balls centered in x € O have to be considered. Now, we need to distinguish
cases: First, if x is in the §/2-tube around N*, then x is in the é/2-tube around N; for
some index j = 1, ..., m, and thickness in x is provided by the corkscrew condition
in Proposition 2.7. Otherwise, as in [15], it follows that x € a for some Q € ¥/,
so that thickness is guaranteed by the respective property of the cube Q. Thus, O is
indeed interior thick. Finally, the operator L can be extended to O by setting it equal
to —A5 +1on O\ O. This completes the proof. g
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