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ARTICLE INFO ABSTRACT

Prof. Andrew Hazel We introduce an algorithmic framework based on tensor networks for computing fluid flows around immersed
objects in curvilinear coordinates. We show that the tensor network simulations can be carried out solely using
highly compressed tensor representations of the flow fields and the differential operators and discuss the numeri-
cal implementation of the tensor operations required for computing fluid flows in detail. The applicability of our
method is demonstrated by applying it to the paradigm example of steady and transient flows around stationary
and rotating cylinders. We find excellent quantitative agreement in comparison to finite difference simulations
for Strouhal numbers, forces and velocity fields. The properties of our approach are discussed in terms of reduced
order models. We estimate the memory saving and potential runtime advantages in comparison to standard finite
difference simulations. We find accurate results with errors of less than 0.3% for flow-field compressions by a
factor of up to 20 and differential operators compressed by factors of up to 1000 compared to sparse matrix rep-
resentations. We provide strong numerical evidence that the runtime scaling advantages of the tensor network
approach with system size will provide substantial resource savings when simulating larger systems. Finally, we
note that, like other tensor network-based fluid flow simulations, our algorithmic framework is directly portable
to a quantum computer leading to further scaling advantages.
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1. Introduction Quantum computers (QCs) offer the potential to exponentially

reduce memory requirements for storing discretized flow fields [9,

Engineering computational fluid dynamics (CFD) is subjected to an
ever-increasing demand for higher spatial and temporal resolution. An
improved dynamic resolution is crucial to understand complex multi-
physics and multiscale dynamics whose analysis has so far been impos-
sible due to a lack of computing power. The most prominent example
probably relates to the simulation of turbulent flows with the full resolu-
tion of all spatiotemporal scales in a direct numerical simulation (DNS).
This requirement can pose enormous computational challenges because
the range of relevant scales increases nonlinearly with the Reynolds
number, which renders DNS infeasible for engineering CFD [1-3]. Clas-
sical remedies include turbulence closure models [4,5], which trade gen-
erality for reduced resolution requirements, and reduced-order models
(ROMs) [6,7], which mitigate the curse of dimensionality [8] but often
sacrifice long-term predictive reliability.
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10], though the linear nature of quantum mechanics poses chal-
lenges for nonlinear problems, compounded by noise and decoher-
ence on current hardware [11,12]. Various strategies have been
proposed, including Carleman linearization [13,14], quantum lin-
ear solvers [15,16], quantum lattice Boltzmann methods [17,18],
Schrodinger-equation mappings [19,20], and hybrid quantum-classical
variational approaches [21-24].

While these quantum algorithms hold long-term promise, cur-
rent hardware limitations motivate the development of quantum-
inspired methods, which reformulate classical algorithms using ten-
sor networks [25] as a programming paradigm [26,27] and can
already be implemented and benchmarked on classical hardware.
Fully scale-resolving quantum-inspired tensor network simulations are
computationally attractive only if the entanglement - i.e., the internal
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\begin {equation*}\begin {split} \text {Vectors (order-1 tensor):}& \,\vec {v},\\ \text {Matrices (order-2 tensor):}&\, \mat {A},\\ \text {Order-3 or higher tensors:}&\, \tensor {v},\, \tensor {A}, \\ \text {Tensor Trains:}&\, \qtt {v}, \,\qtt {A} \, . \end {split}\end {equation*}
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\begin {equation}\begin {aligned} \qtt {a} &:= \tensor {A}[1]_{\linkone {0}, \linkone {1}}^{\physone {1}}\tensor {A}[2]_{ \linkone {1}, \linkone {2}}^{\physone {2}} \cdots \tensor {A}[n]_{\linkone {n-1}, \linkone {n}}^{\physone {n}} \\ &\simeq \tensor {a}_{\physone {1}, \physone {2}, \ldots , \physone {n}} \, , \end {aligned} \label {eq:simpleMPS}\end {equation}
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\begin {equation}\tensor {C}[k]^{\physone {k}}=\begin {bmatrix} \tensor {A}[k]^{\physone {k}} & {\pmb {0}} \\ {\pmb {0}} & \tensor {B}[k]^{\physone {k}} \end {bmatrix} \, = \tensor {A}[k]^{\physone {k}} \oplus \tensor {B}[k]^{\physone {k}} \, , \label {Xeqn3-3}\end {equation}
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\begin {equation}\tensor {B}[k]_{1, (\linkone {k} \linktwo {k})}^{\physone {k}'} = \sum _{r_k} \tensor {M}[k]_{1, \linktwo {k}}^{\physone {k}', \physone {k}} \tensor {A}[k]_{1, \linkone {k}}^{\physone {k}} \label {Xeqn4-4}\end {equation}
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\begin {equation}\label {eq:LSE} \qtt {M}\qtt {a}= \qtt {b} \, .\end {equation}
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\begin {equation}\qtt {a} = \tensor {A}[1]^{\physone {1}}\tensor {A}[2]^{\physone {2}} \ldots \tensor {A}[n]^{\physone {n}} \simeq \tensor {a}_{\physone {1},\physone {2},\ldots ,\physone {n}} = f(\xi _{ij},\eta _{ij})\, . \label {Xeqn12-14}\end {equation}
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$\dot {{\theta }}= \dcyl \,\dot {\tilde {\theta }}/(2\, U_\infty ) = 1$


\begin {equation}U_\Gamma =\dot {\theta } U_\infty \, . \label {Xeqn27-35}\end {equation}


$\vecc {v}_{\Gamma }$


\begin {equation}\begin {split} u_{\Gamma _j} &= \dot {\theta } \cdot \sin (2\pi j\, \delta \xi ) \qquad \text {and} \\ v_{\Gamma _j} &= -\dot {\theta } \cdot \cos (2\pi j\, \delta \xi ) \, , \end {split}\label {eq:rot_bc}\end {equation}
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\begin {equation}\label {eq:discretization_unit_square} \begin {rcases2} \eta _{ij}&=(i+1) \delta \eta \ \\ \xi _{ij}&=j \delta \xi \
\end {rcases2} \, \text {with } \begin {array}{l} i = -1, \ldots , 2^{n_\eta } \ , \\ j = 0, \ldots , 2^{n_\xi } - 1 \ . \end {array}\end {equation}
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$\delta \eta = 1 / (2^{n_\eta }+ 1)$
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$\partial _x = \partial _x\xi \, \partial _\xi + \partial _x\eta \, \partial _\eta $


$\partial _x \xi =\partial _\eta z/J$


$\partial _x\eta =-\partial _\xi z/J$


$\partial _y \xi =-\partial _\eta x/J$


$\partial _y \eta =\partial _\xi x/J$


\begin {align}\label {eq:curviliner-deriavtive} (\partial _x, \partial _z) = \frac {1}{J} \begin {pmatrix} \partial _\eta z & -\partial _\xi z \\ -\partial _\eta x & \partial _\xi x \end {pmatrix} (\partial _\xi , \partial _\eta )^\intercal \, ,\end {align}


\begin {align}\Delta = \frac {1}{J}(\partial _\xi , \partial _\eta ) \frac {1}{J} \begin {pmatrix} g_{22} & -g_{12} \\ -g_{21} & g_{11} \end {pmatrix} (\partial _\xi , \partial _\eta )^\intercal \, ,\end {align}
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\begin {align}J &= (\partial _\xi x)(\partial _\eta z) - (\partial _\eta x)(\partial _\xi z) = \det \begin {pmatrix} \partial _\xi x & \partial _\eta x \\ \partial _\xi z & \partial _\eta z \end {pmatrix}\ , \\ g_{11} &= (\partial _\xi x)^2 + (\partial _\xi z)^2 \ , \\ g_{22} &= (\partial _\eta x)^2 + (\partial _\eta z)^2 \ , \\ g_{12} &= (\partial _\xi x)(\partial _\eta x) + (\partial _\xi z)(\partial _\eta z)\ .\end {align}


\begin {align}\Delta = \frac {1}{J} \Bigg \{ \partial _\xi \left ( \frac {g_{22}}{J} \right ) \partial _\xi + \frac {g_{22}}{J} \, \partial _{\xi \xi } - \partial _\xi \left ( \frac {g_{12}}{J} \right ) \partial _\eta \nonumber - \partial _\eta \left ( \frac {g_{12}}{J} \right ) \partial _\xi \\ - 2 \frac {g_{12}}{J} \, \partial _{\xi \eta } + \partial _\eta \left ( \frac {g_{11}}{J} \right ) \partial _\eta + \frac {g_{11}}{J} \, \partial _{\eta \eta } \Bigg \} \, .\end {align}
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\begin {align}\partial _\xi \phi \Big |_{ij} = \frac {\phi _{i,j+1}-\phi _{i,j-1}}{2\delta \xi } + \mathcal {O}(\delta \xi ^2), \\ \partial _\eta \phi \Big |_{ij} = \frac {\phi _{i+1,j}-\phi _{i-1,j}}{2\delta \eta } + \mathcal {O}(\delta \eta ^2)\,.\end {align}


\begin {align}\partial _{\xi \xi } \phi \Big |_{ij} &= \frac {\phi _{i,j+1}-2\phi _{i,j}+\phi _{i,j-1}}{\delta \xi ^2} + \mathcal {O}(\delta \xi ^2)\ , \\ \partial _{\eta \eta }\phi \Big |_{ij} &= \frac {\phi _{i+1,j}-2\phi _{i,j}+\phi _{i-1,j}}{\delta \eta ^2} + \mathcal {O}(\delta \eta ^2)\ .\end {align}


\begin {equation}\begin {split} \left .\partial _{\xi \eta } \phi \right |_{i,j} &= \frac { \phi _{i+1,j+1} - \phi _{i+1,j-1} - \phi _{i-1,j+1} + \phi _{i-1,j-1} }{4 \delta \xi \delta \eta } \\ &\quad + \mathcal {O}(\delta \xi ^2 + \delta \eta ^2)\,. \end {split} \label {Xeqn30-A.13}\end {equation}
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\begin {equation}\begin {split} A &= \begin {bmatrix} a_{11} & a_{12} & a_{13} \\ a_{21} & a_{22} & a_{23} \\ a_{31} & a_{32} & a_{33} \end {bmatrix} \\ \rightarrow \operatorname {vec}(A) &= [a_{11}\ a_{21}\ a_{31}\ a_{12}\ a_{22}\ a_{32}\ a_{13}\ a_{23}\ a_{33}]^\intercal \,. \end {split} \label {Xeqn31-B.1}\end {equation}
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\begin {equation}f_{ij} \simeq \tensor {A}[1]^{i_1} \tensor {A}[2]^{i_2} \cdots \tensor {A}[n_\eta ]^{i_{n_\eta }} \tensor {A}[n_\eta +1]^{j_1} \cdots \tensor {A}[n]^{j_{n_\xi }} \ , \label {Xeqn32-C.1}\end {equation}
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$i_k, j_k \in \{0,1\}$


$I$


$f_{Ij}$


$n_\eta $


$(I_1, \dots , I_{n_\eta }) \in \{0,1\}^{n_\eta }$


$I$


\begin {equation}\begin {split} f_{Ij} \simeq \, &\tensor {A}[1]^{i_1 = I_1} \tensor {A}[2]^{i_2 = I_2} \cdots \tensor {A}[n_\eta ]^{i_{n_\eta } = I_{n_\eta }} \\ &\tensor {A}[n_\eta +1]^{j_1} \cdots \tensor {A}[n]^{j_{n_\xi }} \ . \end {split} \label {Xeqn33-C.2}\end {equation}
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\begin {equation}f_{Ij} \simeq \mat {M}_I \cdot \left ( \tensor {A}[n_\eta +1]^{j_1} \cdots \tensor {A}[n]^{j_{n_\xi }} \right ) \ . \label {Xeqn34-C.3}\end {equation}
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\begin {equation}\begin {split} f_{iJ} \simeq \, &\tensor {A}[1]^{i_1} \tensor {A}[2]^{i_2} \cdots \tensor {A}[n_\eta ]^{i_{n_\eta }} \\ &\tensor {A}[n_\eta +1]^{j_1=J_1} \cdots \tensor {A}[n]^{j_{n_\xi }=J_{n_\xi }} \ . \end {split} \label {Xeqn35-C.4}\end {equation}
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\begin {equation}f_{iJ} \simeq \left ( \tensor {A}[1]^{i_1} \tensor {A}[2]^{i_2} \cdots \tensor {A}[n_\eta ]^{i_{n_\eta }} \right ) \cdot \mat {M}_J \, . \label {Xeqn36-C.5}\end {equation}
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\begin {equation}\begin {bmatrix} \begin {pmatrix} a\\ b \end {pmatrix} \begin {pmatrix} c\\ d \end {pmatrix} \end {bmatrix} \Join \begin {bmatrix} \begin {pmatrix} \alpha \\ \beta \end {pmatrix}\\ \begin {pmatrix} \gamma \\ \delta \end {pmatrix} \end {bmatrix} = \begin {pmatrix} a\\ b \end {pmatrix} \otimes \begin {pmatrix} \alpha \\ \beta \end {pmatrix} + \begin {pmatrix} c \\ d \end {pmatrix} \otimes \begin {pmatrix} \gamma \\ \delta \end {pmatrix} = \begin {pmatrix} a\alpha + c\gamma \\ a\beta + c\delta \\ b\alpha + d\gamma \\ b\beta + d\delta \end {pmatrix}\ , \label {Xeqn37-D.1}\end {equation}


\begin {equation}\begin {bmatrix} \begin {pmatrix} a\\ b \\ c \\ d \end {pmatrix} \begin {pmatrix} e\\ f \\ g\\ h \end {pmatrix} \end {bmatrix} \Join \begin {bmatrix} \begin {pmatrix} \alpha \\ \beta \end {pmatrix}\\ \begin {pmatrix} \gamma \\ \delta \end {pmatrix} \end {bmatrix} = \begin {pmatrix} a\\ b\\ c\\ d \end {pmatrix} \otimes \begin {pmatrix} \alpha \\ \beta \end {pmatrix} + \begin {pmatrix} e\\ f\\ g \\ h \end {pmatrix} \otimes \begin {pmatrix} \gamma \\ \delta \end {pmatrix} = \begin {pmatrix} a\alpha + e\gamma \\ a\beta + e\delta \\ b\alpha + f\gamma \\ b\beta + f\delta \\ c\alpha + g\gamma \\ c\beta + g\delta \\ d\alpha + h\gamma \\ d\beta + h\delta \end {pmatrix} \ . \label {Xeqn38-D.2}\end {equation}


$\vecc {t}=\left (1,2,3,4,5,6,7,8\right )^\intercal $


\begin {equation}\begin {imageonly} \begin {aligned} \begin {bmatrix} \begin {pmatrix} 1\\ 1 \end {pmatrix} & \begin {pmatrix} 0\\ 1 \end {pmatrix} \end {bmatrix} \Join \begin {bmatrix} \begin {pmatrix} 1\\ 1 \end {pmatrix} & \begin {pmatrix} 0\\ 1 \end {pmatrix}\\ \begin {pmatrix} 0\\ 0 \end {pmatrix} & \begin {pmatrix} 2\\ 2 \end {pmatrix} \end {bmatrix} \Join \begin {bmatrix} \begin {pmatrix} 1\\ 2 \end {pmatrix}\\ \begin {pmatrix} 2\\ 2 \end {pmatrix} \end {bmatrix} = \begin {pmatrix} 1\\ 2\\ 3\\ 4\\ 5\\ 6\\ 7\\ 8\\ \end {pmatrix}. \end {aligned} \end {imageonly}\end {equation}
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\begin {align}\label {eq:mesh} x_{ij} = \frac {\dcyl }{2} \left ( \frac {D_{\partial \Omega }}{ \dcyl } \right )^{\frac {i+1}{N_\eta + 1}} \cos (2 \pi j \delta \xi ) \ , \\ z_{ij} = \frac {\dcyl }{2} \left ( \frac {D_{\partial \Omega }}{ \dcyl } \right )^{\frac {i+1}{N_\eta + 1}} \sin (2 \pi j \delta \xi ) \ .\end {align}
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\begin {equation}\begin {split} F_\text {L} &= \vecc {e}_z^\intercal \int _\Gamma \matc {\tau }(\vecc {v},p) \vecc {n} \, ds \label {eq:lift_force} \\ &\approx 2\pi \delta \xi \frac {1}{2}\sum _{j=0}^{N_\xi -1} (\tau _{21}, \tau _{22}) \begin {pmatrix} \cos {2\pi j \delta \xi } \\ \sin {-2\pi j \delta \xi } \end {pmatrix}\ . \end {split}\end {equation}


\begin {align}\tau _{21} &= \frac {2}{Re}\Bigg (\frac {1}{2}\left ( \frac {\partial v}{\partial x}\Big |_\Gamma + \frac {\partial u}{\partial z}\Big |_\Gamma \right ) \Bigg ) \ , \\ \tau _{22} &= - \left ( p\Big |_{\Gamma } + \frac {2}{3Re}(\nabla \vecc {v})\Big |_{\Gamma } \right ) + \frac {2}{Re}\frac {\partial v}{\partial z}\Big |_{\Gamma }\ ,\end {align}
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correlations between different parts of the system — is limited, effectively
turning them into ROMs [10,28]. As conventional intrusive ROMs [29],
these methods allow complete CFD simulation within a compressed sub-
space, akin to studies in quantum many-body systems [30].

Quantics tensor trains [31], also known as a special type of ma-
trix product states (MPS) in quantum physics, and hereafter referred
to simply as tensor trains (TTs), have emerged as strong candidates for
quantum-inspired tensor network CFD methods. Building on the pio-
neering work of Dolgov et al. [32], which utilized the TT format to
solve semi-discrete parabolic problems, recent studies have successfully
extended quantum-inspired ROMs to a broad variety of increasingly
advanced CFD problems [32-43]. They mainly utilize conventional fi-
nite difference (FD) frameworks and address various challenges faced
by conventional CFD, such as incorporating higher-order spatial and
temporal approximation schemes. Through this approach, significant
speedups have been reported: a 12-fold reduction in computational time
for simulating a 2D decaying-turbulence flow on graphic-cards [35], one
order of magnitude runtime improvement [36] compared to classical
FD for the paradigmatic 2D lid-driven cavity problem and Gourianov et
al. [44] reported a reduction of memory and computational cost up to
six and three orders of magnitude, respectively, for the (5+1)D joint
probability density-function simulation of a chemically reactive turbu-
lent flow.

Applications of TT methods to complex geometries are still in their
infancy and simulations around non-rectangular bodies represent a chal-
lenge. Nowadays, mesh-based classical CFD methods predominantly re-
fer to body-fitted, unstructured polyhedral meshes [45,46]. Other ap-
proaches employ the immersed boundary method (IBM) to capture com-
plex geometries usually embedded in structured Cartesian grids [47-
50]. In addition, particularly in the area of complex multi-body flow
simulations, there are approaches based on overlapping domain-specific
grids, which are structured and body-fitted. A key challenge of overset
grids is certainly the organization of the dynamic connectivity between
grids and the related conservative inter-grid interpolation [51,52]. To
date, only two studies have investigated TT-based CFD methods for com-
plex domains. The first one was published by Peddinti et al. [38]. It
employs a direct-forcing IBM approach on a Cartesian mesh to simu-
late flow around circular and square cylinders, as well as a NACA0042
airfoil. However, the added geometry-representing penalty terms inher-
ent to this method generally introduce extra algorithmic complexity and
computational overhead. The second one, reported by Kornev et al. [53],
utilizes block-structured Cartesian meshes to simulate flow in a T-shaped
channel, yet can not resolve non-rectangular objects.

The present paper reports the implementation of a TT-based CFD
procedure for body-fitted structured-grid discretizations using curvilin-
ear coordinates. The transformation of Cartesian differential operators
into curvilinear operators within the TT format will be outlined in de-
tail. Analogous to classical approaches, the procedure is based on a
fractional-step algorithm [54-56]. This enables an accurate and efficient
simulation of incompressible flows around submerged objects, extend-
ing the applicability of TT methods beyond Cartesian grids. An investi-
gation of overset grids is, however, beyond the scope of this article but
it paves the way for future TT applications on these type of grids.

The remainder of the paper is organized as follows. Section 2 intro-
duces the TT format and its algebraic operations. Section 3 presents the
physical model, curvilinear coordinate transformation, and time inte-
gration scheme. Sections 4.1-4.2 apply the framework to laminar flows
around non-rotating and rotating circular cylinders (20 < Re < 200).

We observe excellent prediction and rapid convergence of the TT al-
gorithm toward the reference values characterizing the system dynam-
ics, such as mean lift coefficients and Strouhal numbers. Remarkably, for
the steady (non-rotating) cylinder case the proposed TT solver achieves
arelative error below 0.3% in the velocity magnitude utilizing only 5.8%
degrees of freedom of classical simulations, i.e., a 20-fold compression.
The flow dynamics in the transient case are also accurately predicted
with an absolute error below 1 x 1073 in the Strouhal number at com-
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Fig. 1. Example for the decomposition of an arbitrary vector a, reshaped as 2"-
component tensor a, ,, ., into the TT format by performing a series of SVDs,
where A[k] are order-3 tensors with mode indices r, € {0,1}, and bond indices
a,. The corresponding mathematical interpretation is given in Eq. (1).

pression ratios as low as 18%. Section 4.3 discusses the computational
performance of the TT solver on the transient flow case. We demon-
strate that the computational effort required to refine the discretization
is significantly reduced when using the TT method compared to classi-
cal FD simulations, particularly in cases where the bond dimension does
not grow substantially with the system size. Furthermore, we show that
the required curvilinear differential operators admit a compression of
up to 1000-fold in the TT format, efficiently encoding the orthogonal
cylindrical grid. The last section, Section 5, is devoted to conclusions
and outlook, where we discuss possible implications for future devel-
opments of tensor-network-based fluid dynamics. Additional technical
details, including the curvilinear discretization, TT decomposition pro-
cedures, grid specifications, and solver verification, are provided in the
Appendices.

The publication employs lower-case Latin letters to describe field
properties and uppercase Latin letters indicate reference quantities used
to non-dimensionalize the field quantities. Dimensional field quantities
are denoted by a tilde. In a symbolic representation, the number of un-
derlines indicates the tensorial order, e.g., X for the position vector and
V for the non-dimensional spatial derivative vector. Spatial vectors and
tensors are usually defined with reference to Cartesian coordinates. Fur-
thermore, the notation for discretized quantities follows

Vectors (order-1 tensor): v,
Matrices (order-2 tensor): A,
Order-3 or higher tensors: v, A,

Tensor Trains: v, 4.

2. Tensor trains: Principles and fundamental operations

This section presents a reduced order modeling framework based on
TTs in their binary (dyadic) form — usually called quantics tensor trains
or understood as a special case of matrix product states — which we adopt
for its compatibility with quantum hardware. Throughout the remainder
of the paper, the term TT will always refer to this binary specialization.

We define the notation and encoding of state vectors and opera-
tors into the TT format, followed by the required algebraic operations
(Section 2.1) and their complexity (Section 2.2). Throughout this sec-
tion, we practice the Einstein summation convention, where repeated in-
dices imply summation. Index fusion/extension assumes column order-
ing throughout, consistent with our JuLIA-based implementation [57];
details are given in Appendix B.

For an introduction to the fundamentals of TTs, a 2"-component vec-
tor is reshaped into an order-n tensor a, ,, . with binary r, € {0,1}
for k =1, ...,n and subsequently decomposed into a TT representation
of n order-3 tensors A[k] (TT-cores) [53,58-60], as it is schematically de-
picted in Fig. 1. For the representation of tensors in this work, we follow
the (graphical) Penrose notation [61], where a vector is an object with
one leg (cf. Fig. 1), a line sticking out of the blue box/circle, a matrix has
two legs, and an order-n tensor shows n legs. The number of outgoing
legs thereby determines the order of the tensor. A link between any two
tensors, indicated with a lowercase Greek letter, is referred to as a bond
(or artificial) index implying summation. The outer indices instead are
called physical (or real) indices with dimension 2 and indicated by a
lowercase Latin letter.
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Fig. 2. Graphical depiction of the TT representation M of a matrix M. The red
circles with outgoing legs denote TT-cores, where (r’l, ..., 1) represents the rows
of M and (r|, ..., r,) enumerates its columns. The corresponding mathematical
description is given in Eq. (2). (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

The decomposition in Fig. 1 is performed by successive singular
value decompositions (SVDs), though the TT-cross algorithm [62,63]
or analytical constructions for polynomial and trigonometric func-
tions [64] may also be used (see Appendix D for an example). As the de-
composition is not unique, we maintain a right-canonical form through-
out [25,65].

The dimension of the bond indices «, connecting individual order-3
tensors can be set by either neglecting singular values below a certain
threshold or by manually selecting the first y diagonal entries in the
singular value matrix [25]. In this regard, the complete TT-vector reads

as
r

a :=All, . A21Z o, -~ Alnly . o
= arl,rz,..,,r,, ’
where the dimensions of bond indices «, follow dim(a;)=

min(2¥,2" %, y) for k=0,...,n. Accordingly, y is always referred
to as the maximal value in the set {dim(ay), dim(a,), ...,dim(a,)}, and
controls the expressiveness of the representation, possibly affecting its
accuracy. In the case where the bond dimension is not under truncation,
the TT representation a =a, ,, . isexact.

Similarly, a matrix M can be represented as a TT-matrix M (TT-
operator) by local order-4 tensors M[k] with incoming (not primed) and
outgoing (primed) modes of the same mode size (square matrices), 2,
such that the contraction of incoming mode indices with the mode in-
dices of a TT-vector naturally gives a new TT-vector. The TT-matrix is
illustrated in Fig. 2.

The matrix M can be encoded through the successive application of
SVDs, defining the maximal bond dimension y (M) as the largest value in
the set {dim(f,), dim(f,), ..., dim(B,)}. The TT cross algorithm [62] may
also be employed to further reduce computational effort when obtain-
ing the TT-matrix. However, in most cases, numerical decompositions
are not required, as the TTs in these instances can be derived analyti-
cally [66].

Each Latin index again holds a mode size of 2. The resulting TT-
matrix [53], consisting of order-4 tensors, is given by

M= M MR M
: ﬂOvﬁl ﬂlvﬁZ ﬁn—l’ﬁn (2)
r/ r/,.“ r/
zMr},riw r:

Again, without truncation, the above representation is exact.

2.1. Algebraic operations

The common algebraic operations, such as addition (a + 6), matrix-
vector product (M a), and elementwise multiplication (a ® ), are in-
troduced in Sections 2.1.1-2.1.3, and the variational solution of linear
systems in Section 2.1.4. Since these operations generally increase the
bond dimension, we apply TT-rounding [25,58] after each step, trun-
cating to a fixed bond dimension y and additionally filters out singular
values below a threshold of 1014,

2.1.1. Vector-vector addition
Given two TT-vectors a and b, with cores A[k]"* and B[k]" and bond
dimension y(a) and y(6), a summation of a and 6 results in the new
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Fig. 3. Graphical representation of TT-matrix acting on a TT-vector, which is
achieved by contraction over common physical indices.

TT-vector c. For the summation, each core C[k] of ¢ is built as

[k]* 0

. |A
Clk]'x = [ 0 Bk

] =A[k]"* @ B[k]"*, 3
where the direct sum @ is the shorthand notation for this block encod-
ing. For k = 1 (k = n), the TT-cores of a and b are concatenated in a
row (column) vector, respectively. The resulting TT-vector ¢ will have
a bond dimension y(c) = y(a) + y(b), which may be truncated.

2.1.2. Matrix-vector product
The matrix-vector product is realized as a combination of TTs [66].
For the application of a TT-matrix M to a TT-vector 4, multiple contrac-
tions along the physical indices are required, as it is depicted in Fig. 3.
In mathematical terms, the TT-vector 6 = M a has the cores

r/ r/ s r
k — k k
B, ) = Z MUk, ALKLE, @
k
such that the resulting tensor train is

/
"1

14,(0!1[31)

’
n

B[22 0 (5)

b=B1] (a1 B a2 fp) *

Here, (a; f;) denotes the fused bond index formed by combining
and g, with total dimension dim(a;) x dim(,) (cf.Appendix B). As a re-
sult, this increases the bond dimension of the resulting TT-vector, which
requires regular truncation (e.g., using SVD) for operations to remain ef-
ficient.

2.1.3. Vector-vector elementwise multiplication

As the last fundamental operation, the vector-vector elementwise
multiplication, indicated by @, is introduced. For three TT-vectors 4,
b, and ¢, the elementwise product ¢ = a ® 6 is computed in two steps.

S

The first step involves contracting the copy tensor 6:k  tensor, defined
12

as [67]

6r;‘ _ L ifre=r,=r] )
Ty 0 otherwise

into each TT-core of a, which effectively doubles its physical dimension
(from 2 to 4). This turns the TT-vector a into a diagonal TT-matrix A4
with the vector entries along its diagonal (cf.Appendix B). Secondly, the
resulting TT ¢ = A5 is computed by the matrix-vector product, as it is
described in Section 2.1.2. Both steps of the vector-vector elementwise
operation are illustrated in Fig. 5. This increases the bond dimension of
the resulting TT-vector according to the matrix-vector product detailed
in the previous subsection.

2.1.4. Solving linear systems of equations

The discretization of partial differential equations typically leads to
linear systems of equations (LSEs). In this section, we introduce a TT-
based approach for solving such systems. In classical computing, the
unknowns of an LSE can be determined in many ways (e.g., Gauss-
elimination, Cholesky decomposition, ...). Within the TT format, how-
ever, one typically employs dedicated solvers; examples are described
in Refs. [68-71]. In the present work we adopt a single-site version
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Fig. 4. Graphical representation of the local linear system for the k-th TT-core A[k], obtained by enforcing the stationarity condition 0C/0A[k] = 0. Solving this

system yields the updated core A[k] (orange node).

Fig. 5. Graphical representation of vector-vector elementwise multiplication
between two TT-vectors 4 and b.

of the variational density matrix renormalization group (DMRG) algo-
rithm, also known as the alternating least-squares method, as detailed,
for example, in Refs. [69,70].

Generally, given TT representations of a matrix M, a vector 4 and a
right-hand side (RHS) 6 the linear problem reads as

Ma=5. 7)

For application of the DMRG, we define a cost function C(a), whose
global minimum corresponds to the exact solution of Eq. (7) if the matrix
M is symmetric and positive-semidefinite [32,72]. If this condition is
not satisfied, this cost function has still been shown to perform well [32];
alternatively, a least-squares formulation may be employed [72]. To ap-
proximate the solution of the given problem, we solve the optimization
problem

m&nC(a) = %(aMa) — ab, 8
where the unknown TT-vector a is fully parameterized. Taking the
derivative of the cost functional w.r.t. the individual TT-cores of a reads

oc__ 19(aMa)  o(ab)

0A[k] ~ 2 0A[k] 0A[k]
— eff
- (o) _ rha) ey ak)A[k]("k— 17 k%) ©
eff
R

where (a,_,r;a,) denotes the fused bond index formed by combining
indices a;_,, ry, and a; (cf.Appendix B).

The algorithm is then realized via successive DMRG-style sweeps
over all TT-cores [25,69]. During the update of core A[k], all other
cores are held fixed and a small linear system for the optimal A[k] is
obtained by enforcing the stationarity condition 0C/dA[k] = 0. This step

Table 1

Computational complexity of the TT operations intro-
duced in Section 2, including subsequent truncation to
a target bond dimension (TT-rounding), and variational
complexities as discussed in Ref. [73].

Operation Direct approach Variational
c=a+b O((x(@+ x(6)°)  O(x(O(x(@)+ x(5)?)
c=a0b O(x(a)* (b)) O(x(@x(6)*x(c)

+ (@) x(b)x(0))
mat-vec b= Ma  O(x(M) y(a)®) O(x(M)x(a) (b))
LSE Ma=6 N/A Oy (M) x(a)®

+ 2(MP y(@)?)

is graphically depicted in Fig. 4. The local effective matrix M is of size
242 X242, so that the matrix-vector product M°TA[k] scales as O(y*).

An alternative approach is to emulate the local matrix-vector prod-
uct by keeping the constituent tensors of M and applying succes-
sive tensor contractions [32]. This is reported to scale as (9( 1M 3 +
2(M)? y*). However, numerical studies have shown poor convergence
in the latter scheme in the case of ill-conditioned systems, rendering
preconditioners mandatory. A strategy to find preconditioners directly
in the TT format is outlined in [32].

2.2. TT complexity

Table 1 compares the computational complexity of direct TT opera-
tions (including TT-rounding) with variational alternatives [36,53,73].
Variational methods scale more favorably with y and are employed
here for the most expensive operations (elementwise multiplications
and LSEs). Direct methods are used for cheaper operations to avoid the
overhead and potential convergence issues of the variational approach.
Further improvements are possible through the TT multiplication algo-
rithm [39] or the zip-up method [74].

3. Computational model

This section briefly outlines the governing equations (Section 3.1)
and the classical FD-based discretization strategy based on curvilin-
ear coordinates (Section 3.2). In the latter, we describe how this dis-
cretization is implemented within the TT format, i.e., encoding two-
dimensional scalar fields (3.2.1), generating a body-fitted grid (3.2.2),
and transforming the corresponding differential operators (3.2.3).
The section concludes with detailing the fractional step method em-
ployed to solve the incompressible Navier-Stokes equations (INSE) in
Section 3.3.
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3.1. Governing equations

The two-dimensional, laminar fluid-dynamics problem is governed
by the INSE for a Newtonian fluid with constant density 5. Using non-
dimensional spatial coordinates x = X/L, velocities v = 9/U, in addi-
tion to a non-dimensional time 7 =7/T,.; and pressure p = p/ P, the
system of momentum (10) and continuity (11) equations inside a phys-
ical domain Q read
o ! in Q 10
— + (0 Y)u=-Vp+o-Av+f nQ 10)

V-u=0 in Q, an

where V denotes the vector of the non-dimensional spatial derivatives,
Re = U, L/V is the Reynolds number, T, = L/U, is a convective ref-
erence time, U, is the reference (approach flow) velocity, v refers to
the (constant) kinematic viscosity of the fluid and L denotes a refer-
ence length, typically the diameter D of the investigated cylinder stud-
ied in this paper, cf. Fig. 7. The employed reference pressure refers to
Pt = pU2 and f = fL/U2 denotes a non-dimensional volume-specific
body force.

The boundary of the object, denoted T, is subject to Dirichlet (no-
slip) conditions o for the velocity and a natural (Neumann) condition
for the pressure. The exterior boundaries of the domain 0Q are assigned
to Dirichlet conditions for both velocity and pressure, viz.

v-u =0, Vp-n=0, onl,

12
v-v, =0, p=0, on 0Q2.
Initial conditions are prescribed by a spatially dependent v = v, . ~for

t = 0. Boundary conditions are incorporated using a ghost-point ap-
proach. These conditions enter the discrete differential operators as ad-
ditive correction terms that augment the interior FD stencil. Thereby,
each operator application can be expressed as a matrix-vector prod-
uct plus an explicit boundary-correction vector, while boundary points
themselves are excluded from the solution vector [75]. Contributions to
the source term f as volume-specific body forces by the physical prob-
lem are neglected in the course of this work.

3.2. Discretization and representation

The spatial discretization of the two-dimensional physical domain
Q is based on a structured O-type grid G [76,77]. As outlined in Ap-
pendix A, the physical coordinates (x;;, z;;) are defined by a mapping
to a unit-square computational domain Q, using a simple transfinite
interpolation approach [78]. The interior supporting points of the com-
putational domain are located at

=+ 15 1= 0,2 —
iy = )"}with P20 2n -1 a3)

&; =js¢ j=0,...,2%—-1.

Hence, employing n, and n; TT-cores for the 5- and ¢-directions, re-
spectively. We set N, = 2"7 and N, = 2", thereby obtaining an N, X N,
structured grid with uniform spacings 67 = 1/(N, + 1) and 6¢ = 1/N;
(cf. A). Note that the auxiliary indices i = —1 and i = N,, coincide with
the inner (top) and exterior (bottom) boundaries of Q () domain,
while the &-direction is treated periodically.

Next, we define a coordinate transformation @ : Q; — Q that maps
the computational coordinates (;;,#;;) to the physical coordinates
(x;j, 2;;) with x;; = x(&;,m;;) and z;; = z(§;,n;;) [77]. Using this trans-
formation, we approximate the spatial derivatives in the momentum
Eq. (10) and continuity Eq. (11) by their analogues in the computa-
tional domain, thereby obtaining curvilinear forms of the differential
operators.

3.2.1. 2D field encoding
Before proceeding with the discretization in the TT format, we first
introduce the encoding of two-dimensional scalar fields, here defined
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Fig. 6. Graphical representation of a TT decomposition of a 2D field. Here, i,
(j,) represents the value of the k™ bit of bit string i, (j,).

over the computational domain Q), as TT-vectors. Consider, for ex-
ample, a scalar field a;. ;) such as the x-coordinate x(¢; j>1ij)- To
represent such a field as a TT-vector, a consistent enumeration of the
grid points (£;,#;;) must first be established. To each point (&;;, ;)
we assign a bit string r = i, U j, of length n = n, +n;, formed by con-
catenating i,, the length n, binary representation of row index i €
{0,1,...,N, = 1}, with j,, the length ne binary representation of column
index j € {0,1,..., N; — 1}. Note that i and j are the indices defined in
Eq. (13). Each bit in r is then interpreted as the two modes {0, 1} of the
indices of an order-n tensor a, ,, . that encodes N =2" discretized
field values as presented in Section 2, where r; is the k™ bit of r. Af-
ter decomposing a, ,, . for n—1 times, as illustrated in Fig. 6, one
obtains the TT-vector representation of the field

a=A[1]"A[2]2 ...A[n]" ~ a’l'rZW"rn = f(ffj,nfj) . a4

Vector fields, such as the velocity v, are treated by encoding x- and
z-components of a field separately into two different TT-vectors.

While the aforementioned method yields a flexible encoding of var-
ious fields, the computational cost is proportional to the number of
grid points N = N, N.. Practically, a field with recognized features
(e.g., uniform, harmonic, exponential, ...) has a low-rank representa-
tion that allows a direct construction of its TT-cores that only costs
O(log(N)x?) [64], or it can be found through tensor cross interpola-
tion [63]. For the simulations conducted in this paper, the TT-vectors of
the initial flow fields are directly constructed within the TT format, thus
avoiding the decomposition of order-n tensors. By keeping the bond di-
mension fixed to a constant value throughout each step of the algorithm
described in Section 3.3, the time evolution and subsequent analysis are
performed without requiring the full numerical representation of the
fields, thereby preserving the overall logarithmic scaling in N.

3.2.2. Mesh generation in TT format

The discretization (x;;, z;;) is classically defined by a grid ¢, which
can either be read in or generated directly in the TT format. In either
case, the number of interior grid points must satisfy the constraint 2" x
2"¢ to be compatible with the TT format. To preserve the logarithmic
scaling in the number of points N, the latter approach is preferable, as it
avoids the explicit construction and decomposition of full N-component
tensors, and is hence discussed in the following.

For a convex shape I" with supporting points on the surface given by
(xr» zr ;) the interior grid points can be constructed either uniformly
along the surface normal direction, or using a non-uniform distribution
with step sizes that gradually increase with the distance from the surface
I,e.g.,

s = Qi + 1)én (linear) or 15)
k(i+1)én _
si.e"p) = Q% (exponential) (16)
o~ —

where Q denotes the maximal normal distance to the surface I" and « is
a stretching parameter. For x — 0, the exponential s spacing reduces

i
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to linear si.““). The grid coordinates are constructed as a tensor product
of 1D functions defined along the #- and é-directions, respectively:

x;;=lixpj+s;n;  and a7
zj; = lizp; +; ﬂ,z- , 18

where s; is either s™ or s\¥

; , 1; denotes a vector of ones, and g}‘, gjz.
are the x- and z-components of the unit normal vector at surface point
j. For the orthogonal cylinder mesh illustrated in Fig. 7, Egs. (17), (18)
agree with the results of a slightly more involved classical transfinite
interpolation method [79].

To translate Egs. (17) and (18) into TTs, the N, z-component vectors
containing to the x- and z-coordinates of the object’s surface I, x;” and
z;.r’, as well as the components of the unit normal vector, ¥ and n?, with
j=0,...,N; — 1 must each be encoded as TT-vectors of length ne. These
are denoted as x(, 20, n*, and n?, respectively. Furthermore, the TT-
vectors of length n, corresponding to 1; and s;, with i =0,...,N, — 1,
are analytically prescribed and low-rank. The TT-cores of 1; and linear
spacing sﬁ““) can be constructed following Ref. [64], while the strategy
for the exponential spacing s,(.e"p ) is described in Ref. [27], and denoting
them by 1and s. The final TT-vectors of the interior coordinates (x;; — X

and z;; — 2) are then realized by concatenating the above TT-vectors as

x=1ux"+sun® and 19
z=10z0 +sun?, (20)

where U here denotes au b = A[1] ... Aln,1B[1] ... B[n,]. The resulting
TT-vector is then of length n, + n.

3.2.3. Constructing curvilinear operators in TT format
The construction of curvilinear operators as TT-matrices exemplarily
presented for the physical-space derivative o, follows (cf. Appendix A)

1
0, = (0,200, = 0;209,). @1

where J is the Jacobian determinant J = (0:x)(9,2) = (3,%)(9¢ 2). The
same construction strategy applies analogously to the physical-space
derivative 9, as well as to the Laplacian operator A. We note that all
computational-space derivatives are discretized using a second-order
central FD scheme (cf. A).

In convection-dominated regimes, it can be beneficial to employ
upwind-biased discretizations to enforce numerical stability. As demon-
strated by Ye and Loureiro [80] and Danis et al. [40], such schemes can
be realized in the TT format using Tensor Cross Interpolation (TCI) [63].
Alternatively, an iterative algorithm can be used [81]. The methods in-
troduced therein can likewise be extended to curvilinear coordinates. In
this work, however, we restrict ourselves to central differences, which
provide sufficient stability and accuracy for the parameter ranges inves-
tigated.

Given the TT-vector representations of the internal grid points, x
and z, as detailed in Section 3.2.2, the derivative operators d; and 9,
can be directly constructed as low-rank TT-matrices [66], D, and D,,
respectively. Accordingly, the TT-vector j of the Jacobian determinant
J is computed as

= D0, 2) — (D, )(D;2). (22)

Next, the computation of ¢, = (D,2) © j_l and ¢; = (D;2) © j_l is exe-
cuted where the inverse j’l is found as the solution of the LSE Ja = 1,
where 7 denotes the diagonal TT-matrix representation of j and 1 a TT-
vector of ones. Thus ¢; and ¢, are found by a combination of known
operations, cf. Section 2.1.3-2.1.4. As a final step, the prefactors ¢, ¢,
represented as TT-vectors, need to be multiplied into the TT-matrices D,
and D, to construct the partial derivative in x-direction in TT format,
viz. D, = ¢; D, — ¢, D,. This operation is realized as

D, = C,;D; - C,D,, (23)
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where C; (C,) are diagonal TT-matrices that have ¢; (c,) on its diag-
/

onal using the 6:" . tensor as introduced in Section 2.1.3. The matrix-
ko

matrix product C;D; is performed similarly to a TT-matrix with TT-
vector contraction with changes w.r.t. the physical dimension, and, in
the worst case, scaling as O(x(D;)® x(C,)*)). Note that the bond dimen-
sion y(C;) generally depends on the grid coordinates, while (D) is
low-rank and independent of the grid [66]. Moreover, they are indepen-
dent of the flow regime, as it requires the construction of the curvilinear
operators only once for a given FD scheme and discretization. Lastly, in
constructing the curvilinear operators as TT-operators, a truncation is
performed after each TT operation by discarding singular values below
10714 (cf. Section 2).

3.3. Fractional step method

A fractional step method [75] is used to advance the flow field de-
scribed by the momentum Eq. (10) and the continuity Eq. (11) from #™
to t0*D = (™ 4 51, In this approach, the pressure gradient-free momen-
tum equations are used to determine an intermediate velocity v* [82]

w _ g(m)
CEN S (0™ . V) = LAE*
ot Re 24)

& (l - iA)U* = o™ — 51(o™ - V)™,
Re /= ~ - T

The intermediate velocity v* is subsequently corrected by solving a pres-
sure Poisson equation [75], which is controlled by the divergence of the
intermediate velocity field, i.e.,

Ap(m+]) — z . Ex . (25)

1
ot
The gradient of the computed pressure p("*D is used to enforce the con-
tinuity constraint for the velocity at the next time step "+ with

2(m+1) — 2* _ 5tzp(m+|). (26)

Instead of an adaptive, Courant-based time step, 67 is kept constant to
maintain the efficiency in the TT format. The resulting method is equiv-
alent to the fractional step method originally proposed by Chorin [54].
The Poisson Eq. (25) is solved in TT format using the variational
optimization outlined in Section 2.1.4. This procedure is particularly
well suited to elliptic equations, and we include the Jacobian deter-
minant J to account for the varying cell sizes in the curvilinear dis-
cretization [72]. Consequently, the modified optimization problem for
the Poisson Eq. (25) reads

m&nC(a) = %(a(jM(A)>u) -a(job). 27)

Lastly, we note that the introduced methodology generalizes natu-
rally to simulating Navier-Stokes equation in 3D curvilinear coordinates.
This is detailed in A. In this article, however, we restrict our numerical
investigation to 2D configurations to provide a focused and succinct
assessment of the method. Furthermore, to facilitate the direct compar-
ison of the TT solver with its classical counterpart, the fractional step
method described above is implemented twofold. The first implemen-
tation follows the TT methodology, while the second refers to a classi-
cal FD implementation, which is verified against literature and finite-
volume results generated with OpenFOAM. The interested reader finds
more information in H.

4. Applications

In this section, we present a detailed comparison between our TT
solver and a reference classical FD solver for the paradigmatic 2D cylin-
der flow, considering both a non-rotating and a rotating cylinder. We
start by introducing the specific problem setup of the cylinder and its
discretization. Further, we introduce flow characteristics and diagnostic
quantities used to evaluate solution accuracy and computational effi-
ciency. Results of the first Section 4.1 are dedicated to the non-rotating
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Fig. 7. Dimensionless illustration of the investigated, discretized 2D cylinder
case with the grid lines indicated in light-gray and the exterior (interior) bound-
ary of the physical domain Q indicated in black (magenta) (cf. A).

cylinder in steady (Re = 20) and transient (Re > 50) regimes. The subse-
quent Section 4.2 discusses the transient flow around the rotating cylin-
der (Re = 100). Section 4.3 complements the numerical results with in-
sights into computational performance. All runs were carried out on 8
cores of an AMD EPYC 9654 CPU and 32 GB of RAM, except stated oth-
erwise.

Fig. 7 depicts the test case for a cylinder that features a unit diam-
eter D boundary I" which is centered in a circular domain Q with the
boundary dQ placed with diameter 32D.

The spatial discretization refers to a block-structured O-type grid, as
shown by the light-gray grid lines in Fig. 7. Three successively refined
grids, each equidistant in the circumferential direction, are considered:

Gy : N =256X256, n,=8 An; =8,
Gyt N=256X512, n,=8 An;=9, (28)
Gy i N=512X512, n, =9 An; =9,

with minimal grid spacings at the cylinder surface, each taken as the
smaller of the normal spacing or the circumferential arc length, that are
approximately A, ~ 6.78 X 1073, hy ~ 6.14 x 1073 and hyy, ~ 3.39 X
1073, respectively. Here, h;, = h,,;,/D denotes the smallest step size in
the physical domain which usually occurs at the interior boundary in the
radial direction. The grid points are specified in E. While the grids can be
constructed directly within the TT format as outlined in Section 3.2.2,
in this study we construct the grid points (x;;,z;;) and the associated
metric terms in a classical way and subsequently encode them into TT-
vectors. This ensures comparability between FD and TT-based solvers,
which therefore operate with identical coordinate transformations. The
computational overhead due to the transformation of the classical grid
into the TT format is neglected here. Yet, its advantageous efficiency
should be exploited for any other application.

The assessment of transient flow phenomena employs the Strouhal
number

St=a&D/2zU, 29

where @ [rad/s] is the circular frequency of the oscillating lift force F;.
The lift force F} is defined as the force per unit length acting perpendic-
ular to the approach flow, whereas the drag force F}, acts parallel to it.
The corresponding non-dimensional coefficients read

C,=2F /(U2 D) and Cp=2F,/(3U% D). (30)

The predictive accuracy is assessed by the L,-norm of a scalar field
s(&,n), which accounts for the variable grid spacing across the domain,
ie.,

lIslly, = 1//9 [s(€.mI2Td&dn = \[8Eonls; 12T, - (31)
0
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Fig. 8. Grid refinement study at Re =20 under fixed bond dimension con-
straints. Evolution of the relative L, error, ¢ , between the FD and TT solutions
is shown as a function of nondimensional pseudotime 7 for grids G, (circles), G,
(squares), and G (triangles) evolved with the nondimensional pseudotime steps
are 61, = 4.5x 1073, 6t, = 3.8 X 1073, and 6t; = 1.1 x 1073 respectively. Line col-
ors correspond to the bond dimension y as indicated in the colorbar. (For inter-
pretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Consequently, a relative difference between a TT solution s and a clas-
sical solution s reads

Il = sl

- (32)
> = s,

€L,
and is used to evaluate the error of the TT format. We also consider the
maximal difference error

€max = ”S - Slloo~ (33)

Moreover, time averages are denoted by an overline, e.g., the error
e, To quantify the compression achievable through the TT representa-
tion, we introduce the number of variables parameterizing the solution
(NVPS), which is the total number of values needed to be stored to rep-
resent a state [36]. The NVPS of a TT-vector depends on the dimensions
of its indices and is computed by

n
NVPSrp =2 ) oy, (34)
k=1
where a; denotes again the bond index between the k-th and (k + 1)-th
TT-core, and n = log (N) the number of TT-cores. Therefore, the NVPS
for a TT-vector grows only as O(ny?) [36]. In contrast, in a classical FD
description, the solution vector length grows exponentially as O(2").

4.1. Non-rotating cylinder

Within this section, the non-rotating cylinder is modeled by zero ve-
locity conditions such that v =01n Eq. (12). The initial Section 4.1.1
compares the INSE solutions (10-12) obtained from the classical FD
method with TT-based solutions for the steady state flow at Re = 20,
and scrutinizes the accuracy of the TT’s steady-state solution for several
bond dimensions. The subsequent Section 4.1.2 investigates the tran-
sient regime for increasing Reynolds numbers, where emphasis is given
to the ability of TT to accurately predict vortex shedding and the related
oscillating forces.

4.1.1. Steady flow (Re=20)

To study the effects introduced by the compression inherent to the
TT format, the differences between both strategies are analyzed for in-
creasing bond dimensions y. We note that the bond dimension is im-
posed uniformly on the TT-vectors of the two cartesian velocities u, v,
and the pressure p, such that each field has the same value of y. For the
sake of completeness, the accuracy of the classical FD code is verified
against a frequently used finite volume procedure in H. The simulations

are started from a uniform initial condition with v, ; = (U, 0)T.
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Fig. 9. Flow around the cylinder at Re = 20 using the medium-fine grid G, and 6t, ~ 3.8 x 10~3. Streamlines and horizontal velocity () contours for the steady-state
flow, predicted by (a) the classical FD method and (b) the TT method with y = 20. The u = 0 isoline is highlighted in solid red for FD and dashed green for TT,
with an inset in panel (b) showing a close-up comparison of both isolines. Predictive difference €L, (32) between the velocity magnitude field (c) and the individual
Cartesian velocity components u, v (d) obtained from the TT and the classical FD simulations. Panel (c) shows the temporal evolution for different bond dimensions
- Panel (d) depicts the steady state results for u (circles) and v (squares), supplemented by the NVPS fraction for each y (crosses) to indicate the corresponding
compression rate. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

In order to obtain the steady-state solution, we solve the dimen-
sionless Navier-Stokes equations by solving the pseudo-transient initial
value problem. In this context, time ¢ is interpreted as pseudotime that
keeps track of the duration of the evolution from the initial state. We
begin by examining the scaling behavior of the TT approach under grid
refinement for the steady case at Re = 20. To this end, we simulate the
flow on our three progressively finer grids, G,, G,, and G5, while keep-
ing the bond dimension y fixed at several levels. For each grid G,, we
compute the relative error e, with respect to the corresponding FD ref-
erence solution obtained on the same grid. For the stability criterion of
the convective term, a maximum velocity as U,,,, = yU,, is estimated
following the usual practice in the literature (cf. Ref. [75]); here we
adopt y = 1.5. Accordingly, for each grid G, we choose a pseudotime
step &1, = 6t, U, /D such that the resulting convective Courant num-
ber remains below unity with specific values given by 6¢; = 4.5 x 1073,
8ty =3.8x 1073, and 613 = 1.1 x 1073 respectively.

Fig. 8 illustrates the evolution of the relative L, error toward the
steady state, plotted against the pseudotime for a duration of 15 pas-
sage times (D/U,,). For a fixed bond dimension y, the error trajectories
across the grids collapse onto nearly identical curves. This indicates that
the approximation error is primarily governed by the bond dimension
and remains effectively independent of the grid resolution N within the
investigated range.

We now proceed with a detailed analysis of the flow fields and com-
pression properties using the representative medium-fine grid G,. While
the previous grid-refinement study included the most computationally
demanding grid G; and was thus limited to 15 passage times, the use
of G, allows us to examine a more extended evolution. To this end, we
extract solutions after 8100 pseudotime steps. This corresponds to more
than 30 passage times (D/U,).

Fig. 9(a) displays the steady-state streamlines and horizontal-
velocity (u) contours at Re = 20 predicted by the classical FD method,
while Fig. 9(b) shows the corresponding TT solution with y =20. In
both panels the u = 0 isoline is depicted, solid red for the FD and dashed
green for the TT. Moreover, Fig. 9(b) includes an inset that magnifies
these isolines for direct comparison. Qualitatively, the predicted fields

show excellent agreement, and the classical Foppl vortex pair behind
the cylinder is correctly captured.

Fig. 9(c) depicts the evolution of the relative difference (error) ¢,
between the velocity magnitude obtained from TT-based simulations
and FD predictions, evaluated across a range of fixed bond dimensions
- The error increases during the initial transient phase before stabiliz-
ing after around 25 passage times at distinct levels for each y, remain-
ing below 2 x 1073, The maximum difference in « is bounded by ¢,,,, <
9.9 x 10~ (y = 20), decreasing to 2.2 x 1077 (y = 50). Similarly, the v-
field satisfies €, < 1.3x 1072 (y = 20), dropping to €y, < 7.9 x 1078
(x = 50). The negligible lift coefficient of |C;| =1x 10~* for the FD
solver exhibits its largest deviation w.r.t. the TT solution at y =25
with |Cp | =3 x 1073, For all the bond dimension y > 30 the lift coef-
ficient is upper bounded by |C| < 1.7 x 1074, closely resembling the
FD solution. Moreover, in the energy norm commonly used to assess
ROM:s (cf. Ref. [83]), the steady-state relative error in total kinetic en-
ergy Eyn, = 1/2]| glliz compared to FD decays rapidly with bond dimen-
sion, from 7.65x 1073 at y =20, to 7.16 x 1078 at y =35, and down to
3.62x 107! at y = 50. Fig. 9(d) shows the final differences in « and v
after 8100 time steps.

In general, a remarkable agreement between the TT and FD solution
is observed. It is evident that with approximately 5.8% of the NVPS,
the TT-based approach achieves a relative error of 3 x 1073 (or 0.3%) in
the velocity magnitude, achieving an outstanding 20-fold compression.
Increasing the NVPS fraction to approximately 15% further reduces the
relative error by three magnitudes to 5.8 x 107°. In the most demanding
case with y = 50, the method still requires only around 1/4 of the NVPS
while achieving highly accurate solutions with relative errors on the
order of 1078, An extrapolation of the errors suggests that the accuracy
can in principle be reduced to machine precision by further increasing
the bond dimension. More details will be found in the analysis of the
time-dependent flow in the following section.

4.1.2. Transient flow
We now proceed to analyze unsteady flow regimes that emerge for
Re > 50. Our goal is to demonstrate that TT can not only efficiently
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Fig. 10. Snapshots of velocity magnitude |v| extracted at 7 = 84.85 from TT in
(a) (y = 40) and a classical FD (b) simulation at Re = 150 when using the coarse
grid G,.

capture simple steady-state flows but also faithfully reproduce tran-
sient dynamics. In particular, we investigate the trade-off between
parametrization (NVPS) complexity and pointwise solution errors, not-
ing that exact local accuracy may not be required to capture the essential
dynamics, aligning with the core idea of ROMs. The simulations apply
the two coarser grids G, and G, with a time step of 6t; = 61, U, /D =~
3.4x 1073 and 6t, = 61, Uy, /D ~ 3.1 x 1073, respectively. Here, the max-
imum velocity is estimated with y = 2, i.e., U, = Uy, so that the re-
sulting Courant number remains below unity for all Re considered. Ex-
pecting a Strouhal number of .St ~ 0.2 corresponds to a temporal resolu-
tion of approximately 60 time steps per period. Two algorithmic mod-
ifications are employed to compute the transient flows: (1) we trigger
transient effects by employing asymmetries within initial conditions. To
this end, we add an initial perturbation up, to the initial velocity field,
which consists of a 5% velocity modulation (as given in G) and (2) we
apply a preconditioning of the Poisson equation within the TT format,
allowing to efficiently simulate higher bond dimensions [32].

Fig. 10 displays snapshots of the TT for y = 40 and the FD-predicted
velocity magnitudes |v| for Re = 150. Results refer to the coarse grid G,
at around 84.85 passage times, i.e., approximately 2.5 x 10* time steps
when the flow has reached a periodic state.

Qualitatively, both velocity fields are almost indistinguishable from
each other, demonstrating that the TT simulation at y =40 is capa-
ble of capturing the Kdrmén vortex street similar to the classical ap-
proach. Fig. 11 illustrates the corresponding pointwise differences of
the velocity magnitude |v|, defined as |[o™T| - [0"P||, in the region
X/D € [-2,12], 2/ D € [—4,4]. The bond dimension y increases from top
to bottom across the panels, with y = 40, 60, and 80. Results are again
evaluated after around 2.5 x 10* time steps, when the flow reflects a pe-
riodic behavior in time.

Fig. 11 demonstrates that each increase of y by 20 bond units reduces
the local deviation by roughly two orders of magnitude.

For instance, at the location (%/D,%/D) = (8,2) (marked by ‘x’ in
Fig. 11), the deviation reads 5.2 x 1073, 6.3 x 107>, and 9.7 x 108 for in-
creasing values of y. This aligns with the convergence of TT toward FD
in the limit of increasing y. For the given system, the maximum possi-
ble bond dimension is y = 256. With a reduction to y = 80 and a corre-
sponding 87% of NVPS compared to FD, a maximum error of 2.54 x 1076
in the velocity magnitude |v| is recovered, cf. Fig. 11 (c). Nevertheless,
lower y values are sufficient to capture the essential physics for this Re,
as it was concluded before. This is confirmed by the error patterns in
the cylinder’s wake. As expected, the error patterns are aligned to the
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Fig. 11. Pointwise difference of the velocity magnitude |v| predicted by the TT
and classical FD method for the flow around a non-rotating cylinder at Re = 150
on the coarse grid ;. White crosses indicate the probe location (X¥/D, %/D) =
(8,2), for the comparison of velocity components.
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Fig. 12. Temporal evolution of the lift coefficient C; for the flow around a non-
rotating cylinder on the medium grid G,. Results predicted by the TT method
are shown for bond dimensions y = 40 (orange dashed) and y = 60 (magenta
dashed), with the FD reference solution (gray solid).

wake and appear similar for different values of y. This indicates a con-
sistent resolution of the dynamics with only differences in the resolution
accuracy, and underlines the suitability of the TT-based approach as a
ROM.

The capability of TTs to predict the relevant integral force quanti-
ties is assessed next. To this end, the Strouhal number is determined
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Fig. 13. Absolute difference of the Strouhal number St predicted by the TT and
the classical FD method for the flow around a non-rotating cylinder on the two
coarser grids G, (straight) and G, (dot-dashed).

from the oscillations of the lift force coefficient C; (30). Accordingly,
the computation of C;, can be performed entirely in the TT format, with-
out requiring an expensive contraction to the full classical representa-
tion. Specifically, it involves extracting one-dimensional TT-vectors of
n-constant lines adjacent to the surface I' (cf. Ref. [36]), combining TT
operations outlined in Section 2, and applying a summation (average-
like) operation as reported in [38]. Furthermore, the mapping from the
computational domain € to the physical domain Q must again be taken
into account, as detailed in F.

Fig. 12 presents the temporal evolution of C; over 50 passage times
for Re =100, 150, and 200. The figure compares the results obtained
from the TT approach on the medium grid G, for two different bond
dimensions, i.e., y =40 (orange) and y = 60 (magenta), and the FD
method (gray). The TT results clearly capture distinct oscillations. How-
ever, the agreement between y = 40 and FD slightly deteriorates as Re
increases. Notably, the phase seems to be shifting during the simulation
of the higher Re number in combination with y = 40. This is attributed
to an expected increase of the required bond dimension with Re at the
same accuracy, as also seen in Ref. [36].

To study how the observed deterioration in Fig. 12 affects the ac-

curacy of the predicted Strouhal numbers, the angular frequencies of
the lift forces were evaluated for a range of bond dimensions for the
two coarser grids G, and G,, respectively. Results were obtained from
successive (interpolated) zero crossings of C; over 50 passage times
(r € [50, 100]); these crossings were then used to compute the averaged
shedding period.
The difference between Strouhal numbers obtained from the TT sim-
ulations and the corresponding FD are presented in Fig. 13 for bond
dimensions y =40, 60 and y = 80. As a point of reference, we obtain
St =~ 0.1916 for Re = 200 from the FD results using G, which presents a
1073 absolute error w.r.t. the value of St ~ 0.1977 reported in Ref. [75].
This allows us to conclude that the prediction by TT is indeed gener-
ally very accurate, as confirmed by Fig. 13. Results demonstrate that as
x increases, the difference in the predicted Strouhal number decreases
monotonically, consistent with the observed decrease in pointwise field
differences shown in Fig. 11. Moreover, we observe the expected trend
where, for a fixed system size and bond dimension, the error in St in-
creases with growing Re. Despite this, the TT-based model is particu-
larly promising, as increases in the bond dimension y can provide in-
creasingly accurate Strouhal number estimates, which may be used in a
Richardson extrapolation scheme to approximate the exact value.

4.2. Rotating cylinder

As a further demonstration of the framework’s versatility, we exam-
ine the case of a cylinder rotating with the non-dimensional rotation rate
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Fig. 14. Temporal evolution of the TT-predicted (y = 40) lift-force coefficient
C,, for the flow around a rotating cylinder (Uy. = U, 0) at Reynolds Re = 100 on
the coarse grid G,.

Table 2

Comparison of C; and lift St values for the flow around
a rotating cylinder at Re = 100, § = 1. Values reported
in Ref. [85] (bold) are compared with values obtained
using the TT method with different bond dimensions y
and the classical FD solver.

Discretization x C, St

(interior) abs % abs %
241 x 241 - 2.4881 - 0.1655 -
256 x 256 40 2.4919 0.15  0.1662 0.42
256 x 256 50 2.4908 0.11 0.1663 0.49
256 x 256 60 2.4908 0.11 0.1663 0.49
256 x 256 FD  2.4908 0.11 0.1663 0.49

=D/ U,,) = 1, which gives rise to the widely studied phenomenon
known as the Magnus effect. To this end, the boundary condition of
the cylinder is changed to a no-slip condition with a non-vanishing pre-
scribed tangential velocity

Ur=0U,. (35)

The components of a normalized velocity vy at the discrete surface
points are given by

urj==9-shm2nj§§) and

. (36)
ur, = —0 - cos(2xj 6&),

where j =0, ..., N; — 1. The initial conditions are set to a uniform flow
field v, = (UOO,OV)T with no added perturbation, as employed in Sec-
tion 4.1.1, since the asymmetry of the boundary conditions is sufficient
to trigger the vortex shedding at § = 1 [84].

The application of Eq. (36) realizes a counter-clockwise rotation. As
a consequence of the rotation, the cylinder is subject to time-averaged
circulation, which mainly results in a shift of the oscillating lift force.
Fig. 14 shows the temporal evolution of the lift-force coefficient C;, (30)
for § = 1 (magenta) in comparison to the non-rotating case ( = 0, or-
ange) predicted by the TT method for Re = 100 on the coarse grid G,.

The maximum velocity is estimated with y = 3, i.e., U ,x = yUy, SO
that the resulting Courant number is below unity. Accordingly, the em-
ployed time step refers to 67, = 6{,U, /D = 2 x 1073, The TT-predicted
time-averaged lift force C; and the lift Strouhal number are outlined in
Table 2 for three different bond dimensions y = 40, 50, and 60.

These predictions compare favorably with our FD-predicted and
literature-reported values extracted from [84,85] which were obtained
for a similar resolution.

It is noteworthy, that the TT approximation used for the low rel-
ative error of 0.15% for C;, and 0.42% for the Strouhal prediction just
uses y =40 ~ 30% of NVPS on the coarse grid G;. A convergence to-
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Fig. 15. Velocity magnitude snapshots predicted by the FD method (a,b) and
the TT method (x = 40, ¢,d) on the coarse grid G, for the flow around a rotating
cylinder (§ = 1) at Re = 100. Panels (e) and (f) show the corresponding pointwise
errors between both methods. All error values below 10~7 are rendered as black
in the visualization.

wards the corresponding FD solver is observed as y increases, whereas
convergence toward literature-reported values is not observed, which
might be attributed to differences in the simulation methods and grids.
Nonetheless, we conclude that the TT-predicted values exhibit excellent
agreement with the literature while reducing the computational effort
at least by a third.

Fig. 15 shows the corresponding velocity magnitude fields predicted
by the FD solver (a,b) and the TT solver with y =40 (c,d), and the re-
spective pointwise error distribution (e,f) analogously to Fig. 11. The de-
picted snapshots clearly describe the formation of the wake and include
the initial transient state (¢ ~ 4) and the final periodic state (¢ ~ 15). The
deflection of the flow is visible and differs from the structure in Fig. 10,
which is due to the rotation of the cylinder. We observe well-defined
vortices are convected downstream in the wake region. An increase in
errors is detected in time, which we attribute to the accumulation of
numerical noise and truncation errors in the TT format.

4.3. Computational characteristics & performance

In this section, we examine the computational effort of the algorithm.
We confine the analysis to the assessment of the transient, non-rotating
cylinder case at Re = 150 (cf. Section 4.1.2) and assume that changes of
the physical model are not affecting the parameterization of the numer-
ics.

Following the fractional step approach introduced in Section 3.3, the
three most computationally expensive operations are identified. These
are (i) computing the RHS of the rearranged momentum Eq. (24), involv-
ing elementwise multiplications of TT-vectors to evaluate the convection
term, which scales as O(y*), (ii) solving an LSE (cf. Eq. (24)) for both
components of v*, scaling as O( %), and (iii) solving the Poisson Eq. (25)
with O(y?). The given scalings are taken from Table 1. The breakdown
of the absolute computational effort required by these three most ex-
pensive operations is evaluated over 2.4 x 10* time steps and displayed
in Fig. 16.

As evident in Fig. 16, each computational effort (i)-(iii) grows with
rising y while the ratios between the operations remain nearly constant
over time. The results of Fig. 16 indicate that the wall-clock time per
time step remains nearly constant throughout the simulation. We at-
tribute this behavior to the Poisson preconditioner, which enables a
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Fig. 16. Illustration of the computing time of the three most expensive algo-
rithmic tasks per time step for the flow around a cylinder at Re = 150 on the

coarse grid G, for three different bond dimensions.
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Fig. 17. Compressibility analysis of the generalized TT-operators. Panel (a) de-
picts the required bond dimension of the curvilinear and Cartesian operators.
Panel (b) shows the ratio of NVPS needed to represent the curvilinear operators
in TT and sparse format. Please note that the lines connecting the data points
are added solely for better visualization of the emerging trends.

rapid—if not fully optimal—pressure projection even when the Poisson
system is ill-conditioned and the RHS is noisy. In contrast, an unprecon-
ditioned DMRG solver performs less effectively with the truncation and
rounding errors that accumulate over time, leading to an increase in the
number of DMRG sweeps and, consequently, a higher cost per step.
With a focus on the individual operations, solving the linear sys-
tem (ii), for v* requires the least computational effort, significantly
less than solving the Poisson problem (iii), despite both being LSEs
(cf. Fig. 16). This discrepancy can be attributed to the better condition-

ing of the left-hand side matrix (1 + Z—LV2> in the momentum update,

resulting in faster convergence in the variational optimization. More-
over, we observe that computing the RHS (i) via elementwise multi-
plications of TT-vectors has roughly the same computational effort as
solving the Poisson problem (iii).

All these operations scale with the bond dimension y of the fluid field
representations. However, it is important to emphasize that the overall
complexity also depends on the bond dimensions of the TT-matrices rep-
resenting the differential operators (cf. Table 1). Accordingly, Fig. 17 (a)
illustrates the bond dimension of the curvilinear operators as TT (dashed
line) w.r.t. the corresponding operators defined on a Cartesian mesh
(solid line). As it is evident in this figure, the generalized operators re-
quire a comparable bond dimension, increasing only slightly for larger
grid sizes. Furthermore, the number of NVPS of the TT (NVPSTT) ex-
hibits a remarkable reduction — up to three orders of magnitude — com-
pared to the conventional sparse matrix representation (cf. Fig. 17 (b)).
For this comparison, we consider a sparse matrix size of NVPS™® = 5N
that represents the central point and its four neighboring points in
the second-order central FD approximation of the Laplacian operator.
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Fig. 18. Scaling of the average wall-clock time per iteration (sampled every
200t jteration) for the Re = 150 simulations discussed in Section 4.1.2.

Diagonal neighbors are not considered, due to the orthogonality of the
grid.

The wall-clock time of our TT-based approach is compared to the
classical FD in Fig. 18. As it is depicted in this figure, both approaches
reach similar computational times for the given system sizes. The slopes
of the TT simulations remain constant and the growth in bond dimension
x for increasing system size is only reflected in a y-axis offset. On the
other hand, the computational complexity of the classic FD scales expo-
nentially with the number of tensors (TT-cores) n. Despite the different
LSE solving strategies applied to TT and FD, such as the non-variational
approach or the absence of preconditioning in the FD, the extracted
conclusions from Fig. 18 remain valid. An improvement in the FD com-
putation times would shift the break-even point along the x-axis toward
higher tensor counts. Given that industrial CFD cases routinely exceed
20 million NVPS (~ 24 tensors), we anticipate that tensor-network meth-
ods like the one proposed here could deliver substantial computational
gains.

5. Conclusions & outlook

In this work, we demonstrated that the TT format can serve as an
efficient ROM framework for simulating INSE in curvilinear coordi-
nates. To the best of our knowledge, this study presents the first ap-
plication of tensor network methods to the encoding and simulation
of fluid fields on non-uniform, body-fitted meshes, extending their use
beyond the uniform discretizations commonly considered in previous
works [36,38,53]. This development marks a significant advancement
toward the realization of an industrial-grade Quantum Computational
Fluid Dynamics toolbox, as body-fitted meshes are integral to many es-
tablished CFD programs [75,86,87].

The methodology presented here ranges from outlining the mesh
generation process, formulated within the TT format, to describing the
curvilinear transformation of differential operators using known TT op-
erations, and includes the efficient readout of relevant quantities of in-
terest, such as the lift coefficient and the Strouhal number, directly in
the TT format [38]. Furthermore, the approach is reinforced through
the ghost point strategy for boundary treatment that eliminates the need
for penalty terms in the system of equations. This enables the versatile
application of common engineering boundaries within the TT format.
Similarly, the fractional-step method avoids determining additional de-
grees of freedom required to enforce the pressure-velocity coupling as
realized in Refs. [35,38,88,89].

This allows the implementation of various flow scenarios around an
immersed cylinder, ranging from Stokes flows to vortex streets with in-
stabilities at large Reynolds numbers, and even the Magnus effect in-
duced by cylinder rotation. In all cases, the TT-based solver demon-
strates outstanding agreement with a significant reduction up to 20-fold
of the NVPS required to represent fields and up to 1000-fold for the
operators.
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This work lays the foundation for future investigations into how
obstacle geometry, mesh generation, grid properties (e.g., orthogonal-
ity), and parallelization [90] further increase the TT’s operational effi-
ciency. In particular, certain mesh types-such as elliptic grids-may nat-
urally yield low-rank, geometry-aware operators, offering potential for
shape optimization and other industrial applications. To address high-
Reynolds number regimes, the second-order central discretization can
be extended to upwind-biased [24,80] or WENO-type schemes [40]
to ensure stability in convection-dominated regimes. The framework
generalizes naturally to three-dimensional configurations, which are
planned for future investigations (see Appendix A). A compelling next
step is to investigate laminar and turbulent flows around immersed el-
lipsoids and NACA airfoils [91]. In such cases, the curvilinear approach
is expected to be particularly advantageous compared to standard IBM.
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Appendix A. Discretization and Coordinate Transformation

In Fig. A.19 the two domains of interest are illustrated, i.e., the com-
putational (a) and the physical (b) domain. The former corresponds to
a uniformly discretized unit square Q, = [0, 1] x [0, 1), while the latter is
discretized using an O-type grid. The coloring highlights the correspond-
ing boundaries of the two domains; for instance, the outer boundary 9Q
of the physical domain (shown in black) maps to the top boundary of
the unit square (also black).

The computational domain Q, is discretized using (2" + 2) x 2% grid
points in the #(i)- and &(j)-directions, respectively, given by

Y = n
Ty = U0 iy =L 2 (A1)
&, =jo¢ j=0,...2%-1.

Here, i = —1 and i = 2" correspond to ghost points representing the
top (black) and bottom (magenta) boundaries, respectively. These grid
points are not part of the solution domain but are incorporated through
the ghost-point approach. The associated grid spacings are 6y = 1/(2" +
1) and 6¢& = 1/2". The difference in spacing reflects the boundary con-
ditions: periodicity in the £-direction versus non-periodicity in #.

The Cartesian spatial derivatives required by the momentum (10)
and continuity (11) equations (INSE) are expressed in the reference coor-
dinate system (&, #) by applying the chain rule, e.g., d, = 9,£ 9, + 9,1 9,,
and using a coordinate transformation, i.e., 0,& = d,z/J, d,n = —0;z/J,
0, = —0d,x/J and d,n = d;x/J, viz.

_ 1[0,z —0;2 T
(0y,0;,) = 7 <—a,7x 0 )(5570,,) ) (A.2)
for first spatial derivatives and
1 1( &xn —g12>
A= —(0:,0,)— (0, 0,7, (A.3)
J(g ”J<—g2| 811 e

for the Laplace operator. Here, J denotes the Jacobian determinant and
g the metric tensor. They are given by the following expressions

_ _ _ 0eX  0px
J = (agx)(a,,z) (0,7x)(65z) = det <a§z 622) s (A.4)
& = 0:%)7 +(9;2)*, (A.5)
g = (0,%) +(9,2) . (A.6)
a 0 167 b
or
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12 = (9:%)(9,%) + (9:2)(0,2) . (A7)
Writing out the Laplacian operator one obtains a sum of seven operator
terms
1 822 822 812 812
A= 7{"@(7)‘“ T ore =0 (5 Jon =0 (57 )2
812 811 811
2% a§n+a,7(7)a,1+70,m}. (A-8)

The derivatives w.r.t. ¢ and » are approximated with second-order cen-
tral difference methods. The first derivatives of a generic scalar field ¢

read

%], = % +068), A9
0,9, = % + 0. (A.10)
Similarly, the corresponding second derivatives read

Oeed|, = % +0(E) . (A11)
O], = %ﬂz’w‘“ + 06T . (A12)

and finally mixed derivatives are approximated by

i1+l — Pir1 o1 — Picije1 T Disjo1
46&6m (A.13)

¢
a~fn¢|,-'j =
+OGE +6n%).

Extension to three dimensions. The curvilinear TT framework generalizes
naturally to three-dimensional configurations. From an algorithmic per-
spective, the extension is straightforward since higher-dimensional vec-
tor fields are represented by extending the tensor chain to a total length
n = n, +n, + n,. The fundamental TT algebra and solver routines remain
conceptually identical to the 2D case. Mesh generation is treated as an
independent preprocessing step and therefore constitutes an exchange-
able module, allowing the use of standard 3D mesh generators. Given a
body-fitted curvilinear grid, the required three-dimensional metric ten-
sor g;;, Jacobian J, and coordinate derivatives are computed and passed
to the TT operator construction. While the transition to 3D increases the
number of terms in the discretized equations, the operator assembly in
TT form remains unchanged. Regarding computational efficiency, the ef-
fectiveness of TT compression depends more on inter-scale correlations
than on spatial dimensionality. Recent studies on 3D fluid simulations
suggest that comparatively low bond dimensions can capture key flow
properties in three dimensions [41,88].

Fig. A.19. Computational domain Q, with uniform discretization (left) and physical domain Q around a cylinder discretized using an O-type grid (right). In both,
light-gray points indicate grid nodes, and colored lines highlight corresponding boundaries.
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Appendix B. Sorting Vector to Matrix and Reverse

The column-major ordered vectorization of matrix A € R¥3, de-
noted vec(A), is

ap ap a3
A=lay apn ay B.1)
az  axp 4y ’

— vec(A) = lay; ay) a3 apy ax az a3 a3 azl'.

Appendix C. Read-out of Column or Row

Assuming the two-dimensional scalar field f;; 1= f(&;,n;) €
R2"*2" is represented as a TT, we write

fij = A[IVAR2]2 - Aln, 1" A, + 11 - A[n]" (C.1)

where total number of TT-cores is n= n, + ng. Each core A[/] €
Re-1X2% js equipped with a corresponding binary digit i, j, € {0, 1}
of the row and column indices, respectively.

To extract the I-th row, i.e., the slice f; j» we fix the first n, phys-
ical indices using the binary representation (I, ..., I,,”) €{0,1}™ of I,
resulting in the contracted form

fij ~A[1]1=11A[2]2=02 ...A[n”]i”n:’”n

. (c.2)
Aln, + 1Y - An]" .

This procedure effectively contracts the first n, tensor cores to form a

matrix M; € Rlxa"ﬂ, which is then left-multiplied into the remaining
TT-cores

Fiy = My~ (Aln, + 171 A" ) €3)
This yields a TT representation of the row f;; € R2". Similarly, to ex-
tract the J-th column, i.e., the slice f;;, we fix the last n; physical indices
using the binary representation (Jy, ..., J,,) € {0,1}" of J, resulting in
the contracted form )
fiy ~A[1T1A[2]2 - Aln,|"™

' - (oK)

Aln, + 1P= e Al ™

This procedure effectively contracts the last n; tensor cores to form a

matrix M ; € R ™! , which is then right-multiplied into the remaining
TT-cores:

fiy = (A[l]"lA[Z]"Z -~-A[n,1]i""> M. (C.5)

This yields a TT representation of the column f,; € R2".
Appendix D. Vector to Tensor Train Decomposition

The decomposition of a vector into a TT is exemplified here analyt-
ically for a vector of size 2> = 8 (n = 3). As a preliminary requirement,
mention the rank core product, denoted by [X]|, which acts as an array
multiplication given vector entities as

6|06+ ()=00)-

au + ey
apf + ed
ba + fy
bp+ fo
ca+ gy
cf+go
da + hy
df+ hé

aa +cy
af +cé
ba +dy
bp+do

. .1

(D.2)

QU o o9
>n = o
X
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If one now defines a vector ¢ = (1,2,3,4,5,6,7,8)7, its tensor decom-
position is

W N =

(D.3)

N
(=]
N
TN
()
~—
TN
NS S
~——
|
[o<JIEN Bie NV, T =N

Each of the square brackets represents one tensor core A[k], where k €
{0, 1,2}. Furthermore, the bond dimension and the physical dimension
are 2 in all cases.

Appendix E. Grid points in Application

The classically generated grid consists of N = N, X N; :=2"1 x 2"
interior support points, with indicesi =0, ..., N, -1 andj =0,..., N, =
1, provided as a tensor (outer) product of 1D functions as

i+l

D Ny+1

W= (5) " eenise, &1
D i+1
Np+1

z,,:%(%Q) " sinQrjsE) . (E.2)

Appendix F. Force Computation

The Strouhal number can be computed using different methods, de-
pending on the available data and flow characteristics. In this study, we
determine the Strouhal number from the oscillations in the dimension-
less lift force Fj, following the approach of [75]. The lift force corre-
sponds to the z-projection of the total force as

F =el /r (v, p)nds
) Ne—1
~ 21685 Z:‘) (1 T22)

(F.1)
( cos2mjéé

sin —27:/55) '

Here, the stress tensor components need to be determined on the cylin-

der surface via

a2 (422

27 Re\ 2\oxIr " ozIr/ | °
2 ov

2
= _(P|r + 3Re(Vy))l_) + ﬁ&h ’
where derivatives are computed in the computational domain Q, and

then transformed. A similar explicit formula can be derived for the imen-
sionless drag force Fp.

(F.2)

(F.3)

Appendix G. Algorithm Modifications for Transient

First, we implement an initial modulation onto the velocity field to
allow the vortex shedding to emerge. To do so, we employed the follow-
ing modulation

(i5n)°

(1 = 0) = Ag ==L 5in (26)

with perturbation strength A, = 0.05. This modulation introduces an
asymmetry w.r.t. the branch cut, while it vanishes radially towards the
far-field boundary 0Q. This was motivated to avoid strong perturbations
on the comparably large cells in the far field, potentially making the sys-
tem stiffer. Second, we employ a preconditioner for solving the Poisson
equation within the TT approach to enable faster convergence in terms
of the number of sweeps in the variational scheme [25], and to avoid
dealing with highly ill-conditioned LSE in the local variational updates.

(G.1)
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This allows us to make use of the fast matvec routine outlined in [32],
i.e., emulating the local matrix-vector multiplication by successive ten-
sor contractions scaling with O(y?) instead of assembling the local ma-
trix and naively applying it to a vector with scaling of O(y*).

Appendix H. Verification of the Finite Difference Reference

To validate the feasibility of the presented results, the in-house FD
code is benchmarked against reference values from OpenFOAM [93]
and the literature [75,94,95] for the case of flow around a cylinder. For
a quantitative comparison, the drag coefficient Cp as a function of the
Reynolds number over the range Re € [1,200] is given in Fig. H.20.

g\\ --A-- FD solver (n, = 8,n¢ = 8)
10! OpenFOAM[93]
'S O Ferziger[75], Fornberg[94], Hamielec[95]
[ORN
g O
g A
s B
@ b
& By
BN
\6\&
100 6\\&
)
100 10! 10°

Reynolds Number Re

Fig. H.20. Drag coefficient as a function of the Reynolds number Re for the
flow around a cylinder from Stokes to subcritical regimes. The benchmark study
compares results from literature [75,94,95], OpenFOAM [93] and the developed
FD solver.

The verification uses O marks for literature references, [ ] marks for
the numerical results from OpenFOAM [93], and /\ for results of the FD
solver under validation. Overall, the results confirm good agreement,
though minor discrepancies are apparent, especially at lower Re. These
deviations can be attributed mainly to two factors: 1) discretization dif-
ferences between the numerical models (finite approximation, grid res-
olution) and 2) differences in the computational setup (boundary layers,
pressure correction approach, boundary conditions).

1) The application of different meshes between the models in
Fig. H.20 is a source of discrepancy in the results. Furthermore, the
references either approximate the vorticity-streamfunction formulation
in [94,95], or apply finite volume discretizations [75,93], which inher-
ently conserve fluxes, whereas the in-house FD solver uses central sten-
cils introducing dispersion errors.

2) Another source of error lies in the computational model itself.
As conventional CFD solvers can handle more complex flow phenom-
ena, different types of boundaries and pressure correction approaches
are implemented. In contrast, the developed FD code relies on Dirichlet-
Neumann pressure boundaries to guarantee numerical stability. The dif-
ferences in the boundary conditions are important as the wall treatment
directly influences the computation of forces and reflects on the drag
coefficient Cp,. As a consequence, the corresponding literature symbols
do not correctly align with the numerical results that include inertial
contributions.

In conclusion, the FD solver delivers good accuracies and shows a
constant offset to the given references, indicating a well-functioning
of the model and motivating a reliable basis for benchmarking the TT
solver under discussion.
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