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Abstract. Parallel across the method time integration can provide small scale parallelism when
solving initial value problems. Spectral deferred corrections (SDCs) with a diagonal sweeper, closely
related to iterated Runge--Kutta methods proposed by Van der Houwen and Sommeijer, can use a
number of threads equal to the number of quadrature nodes in the underlying collocation method.
However, convergence speed, efficiency, and stability depend critically on the coefficients of the used
SDC preconditioner. Previous approaches used numerical optimization to find good diagonal co-
efficients. Instead, we propose an approach that allows one to find optimal diagonal coefficients
analytically. We show that the resulting parallel SDC methods provide stability domains and con-
vergence order very similar to those of well established serial SDC variants. Using a model for
computational cost that assumes 80\% efficiency of an implementation of parallel SDCs, we show
that our variants are competitive with serial SDC, previously published parallel SDC coefficients,
Picard iteration, and a fourth-order explicit as well as a fourth-order implicit diagonally implicit
Runge--Kutta method.
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1. Introduction. Numerical methods for solving initial-value problems for non-
linear systems of ordinary differential equations (ODEs)

du(t)

dt
= f(t, u(t)), t\in [0, T ], u(0) = u0 \in \BbbR N\mathrm{d}\mathrm{o}\mathrm{f} ,(1.1)

are of great importance in many fields of sciences. For ODEs arising from spatial
discretization of a partial differential equation (PDE) in a method-of-lines approach,
the number of degrees of freedom Ndof is often very large. Hence, developing efficient
methods for minimizing time-to-solution and computational cost becomes important.
Because of the large number of compute cores in modern computers, leveraging con-
currency is one of the most effective ways to reduce solution times.

A widely used class of methods for solving (1.1) are Runge--Kutta methods
(RKMs), usually represented by Butcher tables of the form
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IMPROVING EFFICIENCY OF PARALLEL SDC A431

\bfitc A

\bfitb \top 

with A \in \BbbR s\times s, \bfitb ,\bfitc \in \BbbR s, and s the number of stages. The Butcher table is a
concise way of representing the update from t0 to t0 +\Delta t, which, for a scalar ODE,
reads

solve: u(\bfitt s) - \Delta tAf(\bfitt s, u(\bfitt s)) = u(t01), \bfitt s = t01+\Delta t\bfitc ,(1.2)

update: u(t0 +\Delta t)\approx u(t0) +\Delta t\bfitb \top f(\bfitt s, u(\bfitt s)),(1.3)

where 1= (1, . . . ,1)\top is the vector with unit entries, and u(\bfitt s) is the vector containing
solutions at all times in \bfitt s.

1 For implicit Runge--Kutta methods (IRKs), where the
matrix A is dense, computing the stages in (1.2) requires solving a system of size
sNdof \times sNdof.

A popular class of IRKs are collocation methods [15, Sec II.7] based on Gauss-
ian quadrature. Collocation methods are attractive since they can be of very high
order and are A-stable or L-stable depending on the type of quadrature nodes used.
However, since they have a dense matrix A, they are computationally expensive.
Diagonally implicit Runge--Kutta methods (DIRKs) with a lower-triangular A are
computationally cheaper, because the implicit systems for the stages can be solved
independently. However, compared to collocation, DIRKs have lower order for an
equal number of stages and less favorable stability properties.

1.1. Parallelism across the method. The first ideas on exploiting parallel-
ism in the numerical solution of ODEs emerged in the 1960s [25]. Given the massive
increase in concurrency in modern high-performance computing, the last two decades
have seen a dramatic rise in interest in parallel-in-time methods; see the recent reviews
by Ong and Spiteri [28] and Gander [11]. In the terminology established by Gear [13],
we focus on ``parallelism across the method"" where a time integration scheme is de-
signed such that computations within a single time step can be performed in parallel.
By contrast, ``parallel across the steps"" methods like Parareal [23], PFASST [8], and
MGRIT [9] parallelize across multiple time steps. Revisionist integral deferred correc-
tions (RIDC) are a hybrid that compute a small number of time steps simultaneously
[27]. While parallelism across the method is more limited in the number of cores it
can employ, it often provides better parallel efficiency and is easier to implement than
parallelization across the steps.

Note that time parallelization is meant to be employed in combination with and
not instead of spatial parallelization. While we focus only on temporal parallelization
here, parallel spectral deferred corrections (SDCs) have been shown to be capable
of extending scaling beyond the saturation of pure spatial parallelization [10]. It is
important to keep in mind that parallelizations in space and time are multiplicative.
That is, if a code's spatial parallelization saturates at, say, 1000 cores, adding paral-
lelization in time with four cores would allow one to use up to 4\times 1000 = 4000 cores.

For collocation methods, parallel across the method variants exist based on di-
agonalization of A [3, 22, 26, 29, 39] or based on using a specific GMRES precon-
ditioning [21, 30, 24]. However, those approaches can introduce significant overhead
and, particularly for large problems, struggle to outperform sequential time-stepping
[4]. Runge--Kutta methods with parallelism across stages or blocks of stages, that is,
with diagonal or lower block diagonal Butcher matrices, have also been considered,

1For simplicity and to avoid complex notation using tensor products, we describe time integration
here only from the scalar perspective.
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A432 \v CAKLOVI\'C, LUNET, G\"OTSCHEL, AND RUPRECHT

but the resulting schemes lack stability and are of lower order than their sequential
counterparts [17, 18, 19, 31, 37].

Spectral deferred corrections (SDC), introduced in 2000 by Dutt, Greengard, and
Rokhlin [7], are an iterative approach for computing the stages of a collocation method
by performing multiple ``sweeps"" through the quadrature nodes with a lower order
method. SDC can also be interpreted as a preconditioned fixed-point or Richardson
iteration [16, 33]. In standard SDC, the preconditioner applied to (1.2) corresponds
to a lower triangular matrix that is inverted by forward substitution and results in
a sweep-like type of iteration. Speck [39] suggests using a diagonal preconditioner
instead, which allows one to parallelize the iteration update for the stages. However,
depending on the entries of the diagonal preconditioner, convergence of parallel SDC
can be much slower than convergence of standard SDC. Unbeknownst to the author,
this idea had been proposed before by van der Houwen and Sommeijer [44], but in
the context of iterated IRK methods instead of SDC.

Links between SDC and RKM are well established [5]. In addition, we show in
section 2.1 that SDC is actually equivalent to a specific iterated IRK method by van
der Houwen and Sommeijer [44] that uses a lower-triangular preconditioner.

IRK were widely studied in the 1990s and shown to preserve important attributes
of the underlying collocation method, such as order and stability [2]. They form
the basis of ``parallel iterated RK across the steps"" (PIRKAS) methods [34, 42, 43],
which can be written as block Gauss--Seidel SDC (BGS-SDC) methods [1, 14]. Both
PIRKAS and BGS-SDC methods have been combined with parallelism across the
method using diagonal preconditioning [44] to form the parallel diagonal implicitly
Iterated RK across the steps (PDIRKAS) methods [38, 41, 45, 46, 47], providing two
levels of parallelism in time. Similar two-level parallelism in time has been achieved
by a combination of PFASST [8] with parallel SDC [36].

The key to fast convergence and thus good performance of either parallel SDC or
iterated IRK is the choice of coefficients in the diagonal preconditioner [44, sect. 3].
The authors identify two possible optimization problems to compute good diagonal
coefficients for either nonstiff or stiff problems. Both seek to minimize the spectral
radius of certain matrices, but since these are ill conditioned, optimization algorithms
struggle as the number of parallel stages s increases. This was already acknowledged
both by van der Houwen and Sommeijer and Speck [44, 39]. Van der Houwen and
Sommeijer proposed using an objective function based on the stability function of the
iterated IRK as a remedy. However, this is applicable only to some types of IRK
methods and worked only for stiff problems.

1.2. Contributions. We present a generic approach to compute optimized co-
efficients for diagonal preconditioners in SDC or iterated IRK. It leads to three sets of
coefficients that we call MIN-SR-NS, MIN-SR-S, and MIN-SR-FLEX. While MIN-SR-NS

is suited for nonstiff problems, MIN-SR-S and MIN-SR-FLEX are designed for stiff
problems. We provide analytical expressions for the coefficients of MIN-SR-NS and
MIN-SR-FLEX and a generic approach to generate MIN-SR-S coefficients for any type
of collocation method. We show that the resulting parallel SDC methods remain
accurate and stable compared to state-of-the-art SDC preconditioners, in particular
those by van der Houwen and Sommeijer [44] and Weiser [48]. We demonstrate that
parallel SDC methods can compete with standard RKM from the literature with re-
spect to computational cost, because they allow one to exploit parallelism across the
method without sacrificing speed of convergence. All numerical experiments reported
in this paper can be reproduced with the accompanying code [40].
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IMPROVING EFFICIENCY OF PARALLEL SDC A433

2. Optimal diagonally preconditioned spectral deferred corrections. We
start by describing SDC in section 2.1 and develop the new diagonal preconditioners
in section 2.2. For details on SDC see Dutt, Greengard, and Rokhlin or Huang, Jia,
and Minion [7, 16].

2.1. Spectral deferred corrections as a fixed point iteration. Consider
the Picard formulation of the initial value problem (1.1) on [t0, t0 +\Delta t],

u(t) = u0 +

\int t

t0

f(s,u(s))ds,(2.1)

for some time step size \Delta t. By choosing M \in \BbbN collocation nodes 0\leq \tau 1 < \cdot \cdot \cdot < \tau M \leq 1
and defining tm = t0 + \tau m\Delta t, we can write (2.1) for each tm as

u(tm) = u0 +\Delta t

\int \tau m

0

f(t0 + s\Delta t, u(t0 + s\Delta t))ds, m= 1, . . . ,M.(2.2)

Let \ell i denote the ith Lagrange polynomial associated with the nodes \tau 1, . . . , \tau M . Using
a polynomial approximation of the integrand f turns (2.2) into

um = u0 +\Delta t

M\sum 
i=1

\biggl( \int \tau m

0

\ell i(s)ds

\biggr) 
f(ti, ui), m= 1, . . . ,M,(2.3)

where um is a discrete approximation of u(tm). We collect (2.3) for m= 1, . . . ,M in
the compact matrix formulation

\bfitu  - \Delta tQf(\bfitu ) = u01,(2.4)

with \bfitu = [u1, . . . , uM ]\top , f(\bfitu ) = [f(t1, u1), . . . , f(tM , uM )]\top , 1 = [1, . . . ,1]\top . The
collocation matrix Q\in \BbbR M\times M has entries

[Q]ij =

\int \tau i

0

\ell j(s)ds =: qi,j .(2.5)

We refer to (2.4) as the collocation problem. This is equivalent to the first RKM step

(1.2) since the collocation method is an IRK method with A = Q, [\bfitb ]i =
\int 1

0
\ell i(s)ds,

and [\bfitc ]i = \tau i [15, Thm. 7.7]. The second RKM step (1.3) is equivalent to the update

u(t0 +\Delta t)\approx u0 +\Delta t\bfitb \top f(\bfitu ).(2.6)

Note that if \tau M = 1, we can also set u(t0 +\Delta t)\approx uM instead.

Remark 2.1. Using the update (2.6) improves the order of the step solution but
can also reduce numerical stability [35, Rem. 4]. This is confirmed by numerical
experiments (not presented here), as some preconditioners that appear to be A-stable
lose this property when performing the collocation update. While this aspect would
need further investigation, it motivates us to only use node distributions with \tau M = 1
(i.e., Radau-right and Lobatto) for better numerical stability.

The distribution and type of quadrature nodes control the order of the collocation
method [44, Table 2.1]. We use Legendre polynomials, but other types can be used
as well. The interested reader can consult the book by Gautschi [12] for details and
examples. For example, Lobatto-type nodes for a Legendre distribution produce a
method of order 2M  - 2. Radau-II-type nodes for a Legendre distribution produce a
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A434 \v CAKLOVI\'C, LUNET, G\"OTSCHEL, AND RUPRECHT

method of order 2M  - 1. We refer to Radau-II quadrature as Radau-right to make
explicit that it includes the right boundary node \tau M = 1.

SDC solves (2.4) with the preconditioned fixed-point iteration

\bfitu k+1 =\bfitu k +P - 1
\bigl[ 
u01 - 

\bigl( 
\bfitu k  - \Delta tQf(\bfitu k)

\bigr) \bigr] 
,(2.7)

where P[\bfitu ] := \bfitu  - \Delta tQ\Delta f(\bfitu ), and Q\Delta \in \BbbR M\times M is a matrix called the SDC precon-
ditioner. Because Q\Delta is typically chosen to be lower triangular, the inversion of P
can be computed node by node by forward substitution. Therefore, one SDC itera-
tion (2.7) is often called a ``sweep."" It is fully defined by the used preconditioner P.
Note that the SDC preconditioner Q\Delta is problem independent in contrast to P. The
generic form of an SDC sweep is

\bfitu k+1  - \Delta tQ\Delta f(\bfitu 
k+1) = u01+\Delta t(Q - Q\Delta )f(\bfitu 

k).(2.8)

By setting Q\Delta = 0 we retrieve the classical Picard iteration (PIC). The original SDC
method [7] considers Q\Delta matrices based on explicit Euler (EE) and implicit Euler (IE)

QEE
\Delta =

\left[     
0 0 . . . 0 0

\Delta \tau 2 0 . . . 0 0
...

...
. . .

...
...

\Delta \tau 2 \Delta \tau 3 . . . \Delta \tau M 0

\right]     , QIE
\Delta =

\left[     
\Delta \tau 1 0 . . . 0
\Delta \tau 1 \Delta \tau 2 . . . 0
...

...
. . .

...
\Delta \tau 1 \Delta \tau 2 . . . \Delta \tau M

\right]     ,

where \Delta \tau m = \tau m  - \tau m - 1 for 1 \leq m \leq M , and \tau 0 = 0. The computational cost of
solving (2.8) with forward substitutions is the same as that of a DIRK method with
s=M stages.

Remark 2.2. We can also define the SDC sweep based on the A and \bfitc Butcher
arrays of a DIRKmethod. SettingQ\Delta =Q=A retrieves (1.2) from (2.8), independent
of \bfitu 0. The collocation update (2.6) is equivalent to the RKM update (1.3). Hence,
any generic SDC implementation based on (2.8) can be used to run any type of DIRK
or explicit RK method. Such an approach is implemented in pySDC [40].

As first suggested by Speck [39], it is also possible to use a diagonal Q\Delta . This al-
lows one to compute the sweep update for all nodes in parallel using M threads or pro-
cesses. Note that if we consider any IRK method introduced by van der Houwen and
Sommeijer [44, eq. 3.1a] with a dense Butcher matrix A, the diagonal preconditioned
iteration in (1.2) is equivalent to the generic SDC sweep (2.8) with a diagonal Q\Delta .

Possible choices for the entries of Q\Delta that have been suggested are the diag-
onal elements of Q, that is, Q\Delta = diag(q11, . . . , qMM ), or Q\Delta = diag(\tau 1, . . . , \tau M ),
corresponding to an implicit Euler step from t0 to tm (IEpar). However, these pre-
conditioners result in slow convergence of the SDC iteration (2.7), making it inefficient
[39, 44]. Hence, we focus on finding better coefficients for a diagonal Q\Delta for which
the resulting SDC iteration converges rapidly.

2.2. Optimal coefficients for diagonal preconditioning. Like van der
Houwen and Sommeijer and Speck [44, 39] we start with Dahlquist's test equation

du

dt
= \lambda u, \lambda \in \BbbC , t\in [0, T ], u(0) = 1.(2.9)

Applying (2.8) to (2.9) results in the sweep

(I - \Delta t\lambda Q\Delta )\bfitu 
k+1 =\Delta t\lambda (Q - Q\Delta )\bfitu 

k +\bfitu 0.(2.10)
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IMPROVING EFFICIENCY OF PARALLEL SDC A435

Table 1
Spectral radius \rho (K\mathrm{N}\mathrm{S}) of the nonstiff iteration matrix for optimal diagonal coefficients found

in the literature using M = 4 Radau-right nodes.

Coefficients Reference Spectral radius \rho (K\mathrm{S})

VDHS van der Houwen and Sommeijer 1991 [44] 0.025

MIN Speck 2018 [39] 0.42

MIN3 Speck at al. 2024 [40] 0.0081

Let \bfite k :=\bfitu k - \bfitu be the error w.r.t the exact solution of the collocation problem (2.4)
and z :=\Delta t\lambda . The iteration matrix K(z) governing the error is

\bfite k+1 =K(z)\bfite k, K(z) = z (I - zQ\Delta )
 - 1

(Q - Q\Delta ),(2.11)

To find optimal diagonal coefficients for Q\Delta , we use the spectral radius of the
iteration matrix \rho (K(z)) as the indicator for convergence speed. However, the depen-
dency on z =\Delta t\lambda would make the resulting optimization problem specific. Therefore,
we consider the spectral radii of the matrices

KNS = lim
| z| \rightarrow 0

K(z)

z
, KS = lim

| z| \rightarrow \infty 
K(z).

where (NS) denotes the nonstiff and (S) the stiff limit of the SDC iteration matrix.
In particular, we aim to find diagonal coefficients such that they become nilpotent

to ensure fast asymptotic convergence [48]. Short algebraic calculations yield

KNS =Q - Q\Delta ,(2.12)

KS = I - Q - 1
\Delta Q.(2.13)

The KS matrix was considered both by van der Houwen and Sommeijer [44] and
Speck [39]. Both noticed the difficulty of finding optimal coefficients when minimizing
the spectral radius of KS. Several diagonal coefficients are available in the literature
and summarized in Appendix A. Table 1 shows the spectral radius of the resultingKS.
Values for \rho (KS) depend on the used optimization approach. The MIN3 coefficients
proposed by Speck are similar to VDHS but were obtained differently by using an online
black box optimization software that, unfortunately, is no longer available.

The matrix in the nonstiff limit KNS was only considered by van der Houwen and
Sommeijer [44] but discarded because of the difficulty of numerically optimizing the
spectral radius of KNS and the poor performance of the obtained diagonal coefficients.
Both KS and KNS become very poorly conditioned as M increases, which makes
computing the optimal coefficients numerically very difficult. By contrast, we propose
an analytical approach to find diagonal coefficients by focusing on nilpotency of KNS

and KS instead.

2.2.1. Preliminaries. Given a set of distinct nodes 0 \leq \tau 1 < \cdot \cdot \cdot < \tau M \leq 1, we
can associate any vector \bfitx \in \BbbR M uniquely with a polynomial x \in PM - 1 having real
coefficients via the mapping

\Phi :\bfitx \mapsto \rightarrow x(t) =

M\sum 
j=1

\bfitx j\ell j(t),(2.14)

where \ell i \in PM - 1 are the Lagrange polynomials for the nodes \tau 1, . . . , \tau M . Inversely,
a polynomial x \in PM - 1 can be mapped to a vector \bfitx \in \BbbR M by evaluating it at the
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A436 \v CAKLOVI\'C, LUNET, G\"OTSCHEL, AND RUPRECHT

nodes and setting \bfitx j = x(\tau j). The bijective mapping \Phi defines the isomorphism
\BbbR M \sim = PM - 1. Using the definition of the collocation matrix Q from (2.5), we obtain

M\sum 
j=1

qm,j\bfitx j =

M\sum 
j=1

\bfitx j

\biggl( \int \tau m

0

\ell j(s) ds

\biggr) 
=

\int \tau m

0

M\sum 
j=1

\bfitx j\ell j(s) ds=

\int \tau m

0

x(s) ds(2.15)

for m= 1, . . . ,M so that

Q\bfitx =

\left[   
\int \tau 1
0

x(s) ds
...\int \tau M

0
x(s) ds

\right]   .(2.16)

Hence, multiplying a vector \bfitx \in \BbbR M by Q generates a vector that has the associated
polynomial integrated from zero to the quadrature nodes \tau m as components. Applying
\Phi to Q\bfitx fits a polynomial through the points (\tau m,

\int \tau m
0

x(t) dt) so that2

Qx :=

M\sum 
j=1

\biggl( \int \tau j

0

x(s) ds

\biggr) 
lj(t).(2.17)

The mappings Q, Q, and \Phi commute; see Figure 1.

Proposition 2.3. For 1 \leq n \leq M  - 1, let \bfittau n \in \BbbR M be the vector (\tau n1 , . . . , \tau 
n
M )

and \tau n \in PM - 1 the monomial t \mapsto \rightarrow tn. Then

\bfittau n \sim = \tau n.(2.18)

Proof. By definition of the mapping, \Phi \bfittau n is the polynomial of degree M  - 1
interpolating the points (\tau j , \tau 

n
j ) for j = 1, . . . ,M . Since the monomial \tau n \in PM - 1

interpolates these points and the interpolating polynomial is unique, we must have
\Phi \bfittau n = \tau n.

Remark 2.4. Note that we can still apply \Phi to vectors \bfittau n \in \BbbR M for n > M  - 1,
but we will no longer obtain the monomial \tau n. Instead, we obtain the polynomial

p(t) =

M\sum 
j=1

\tau nj lj(t)(2.19)

of degree M  - 1 that interpolates the points (\tau j , \tau 
n
j ).

Fig. 1. Bijective mapping between \BbbR M and PM - 1.

2Strictly speaking, we should write (Qx)(t) since Qx \in PM - 1, but we omit the argument t for
less cluttered notation.

© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license

D
ow

nl
oa

de
d 

04
/0

7/
25

 to
 1

34
.2

8.
50

.7
6 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
C

C
B

Y
 li

ce
ns

e 



IMPROVING EFFICIENCY OF PARALLEL SDC A437

Proposition 2.5. With the definitions from Proposition 2.3 we have

Q\bfittau n \sim =
\tau n+1

n+ 1
(2.20)

for 1\leq n\leq M  - 2.

Proof. Using (2.17), we have

Q\Phi \bfittau n =

M\sum 
j=1

\biggl( \int \tau j

0

sn ds

\biggr) 
\ell j(t) =

1

n+ 1

M\sum 
j=1

\tau n+1
j \ell j(t).(2.21)

Because lj(\tau m) = 1 if j = m and zero otherwise, evaluating this polynomial at the
nodes \tau j when applying \Phi  - 1 recovers the values \tau n+1

j /(n+ 1) so that

\Phi  - 1Q\Phi \bfittau n =
1

n+ 1
\bfittau n+1.(2.22)

Because \Phi is an isomorphism, we can apply it to both sides of the equation and, since
n+ 1\leq M  - 1, use Proposition 2.3 to get

Q\Phi \bfittau n =
1

n+ 1
\Phi (\bfittau n+1) =

1

n+ 1
\tau n+1.(2.23)

Note that Q\bfittau n \sim =Q\Phi \bfittau n completes the proof.

Proposition 2.6. Consider a set of nodes 0\leq \tau 1 < \cdot \cdot \cdot < \tau M \leq 1 with \tau 1 > 0 and
m\in \BbbN . Let

Q\Delta ,m := diag
\Bigl( \tau 1
m

, . . . ,
\tau M
m

\Bigr) 
(2.24)

be a diagonal matrix with entries \tau j/m and Q\Delta ,m := \Phi Q\Delta ,m\Phi  - 1. For 1\leq n\leq M  - 2,
it holds that

Q\Delta ,m\bfittau n \sim =
\tau n+1

m
,(2.25)

where \tau n+1 is again the monomial t \mapsto \rightarrow tn+1.

Proof. We have

Q\Delta ,m\bfittau n =

\left[   
\tau 1
m \tau n1
...

\tau M
m \tau nm

\right]   =
1

m

\left[   \tau 
n+1
1
...

\tau n+1
M

\right]   =
1

m
\bfittau n+1.(2.26)

Applying \Phi and using Proposition 2.3 yields

Q\Delta ,m\bfittau n \sim =\Phi Q\Delta ,m\bfittau n =\Phi 
\bfittau n+1

m
=

\tau n+1

m
.(2.27)

Proposition 2.7. For nodes 0< \tau 1 < \cdot \cdot \cdot < \tau M \leq 1, we have

Q - 1
\Delta ,m\bfittau n+1 =m\bfittau n \sim =m\tau n =Q - 1

\Delta ,m\tau n+1(2.28)

for 1\leq n\leq M  - 1.
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A438 \v CAKLOVI\'C, LUNET, G\"OTSCHEL, AND RUPRECHT

Proof. Because of \tau 1 > 0, the matrix Q\Delta ,m is invertible with inverse

Q - 1
\Delta ,m =diag

\biggl( 
m

\tau 1
, . . . ,

m

\tau M

\biggr) 
,(2.29)

and thus

Q - 1
\Delta ,m\bfittau n+1 =diag

\biggl( 
m

\tau 1
\tau n+1
1 , . . . ,

m

\tau M
\tau n+1
M

\biggr) 
=m\bfittau n.(2.30)

For 1\leq n\leq M  - 1 we have \bfittau n \sim = \tau n by Proposition 2.3. Finally,

Q - 1
\Delta ,m\tau n+1 =\Phi Q - 1

\Delta ,m\Phi  - 1\tau n+1 =\Phi Q - 1
\Delta ,m

\left[   \tau 
n+1
1
...

\tau n+1
m

\right]   =m\Phi 

\left[   \tau n1
...

\tau nM

\right]   =m\tau n(2.31)

using Proposition 2.3.

These results will be used in the proofs in the next sections.

2.2.2. MIN-SR-NS preconditioning. Here we introduce the MIN-SR-NS SDC
preconditioner Q\Delta =Q\Delta ,M with constant coefficients that is suited for non-stiff prob-
lems.

Theorem 2.8. For any set of collocation nodes 0< \tau 1 < . . . < \tau M \leq 1, the matrix
Q  - Q\Delta ,M is nilpotent with index M . For the MIN-SR-NS preconditioner, setting
Q\Delta =Q\Delta ,M , it holds that \rho (KNS) = 0.

Proof. Let \bfittau M - 1 \in \BbbR M . Then it holds that

Q\bfittau M - 1 =

\left[   
\int \tau 1
0

tM - 1 ds
...\int \tau M

0
tM - 1 ds

\right]   =
1

M
\bfittau M(2.32)

and

Q\Delta ,M\bfittau M - 1 =
1

M
\bfittau M(2.33)

so that \bfittau M - 1 \in ker(Q - Q\Delta ,M ). By Proposition 2.3 and because \Phi is an isomorphism,
\tau M - 1 = \Phi \bfittau M - 1 is in the kernel of Q - Q\Delta ,m. For 1 \leq n \leq M  - 2, Propositions 2.5
and 2.6 yield

(Q - Q\Delta ,M )\bfittau n \sim =
\biggl( 

1

n+ 1
 - 1

M

\biggr) 
\tau n+1.(2.34)

Now consider any polynomial p\in PM - 1 with p(t) =
\sum M

j=1 pjt
j . Then,

(Q - Q\Delta ,M )p=

M - 1\sum 
j=1

pj

\biggl( 
1

j + 1
 - 1

M

\biggr) 
tj+1 =

M\sum 
j=2

pj - 1

\biggl( 
1

j
 - 1

M

\biggr) 
tj(2.35)

so that (Q - Q\Delta ,M )p\in (PM - 1 \setminus P0)\cup \{ 0\} . By induction, we get

(Q - Q\Delta ,M )kp\in (PM - 1 \setminus Pk - 1)\cup \{ 0\} .(2.36)
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IMPROVING EFFICIENCY OF PARALLEL SDC A439

Applying (Q - Q\Delta ,M ) M times yields

(Q - Q\Delta ,M )Mp\in (PM - 1 \setminus PM - 1)\cup \{ 0\} = \{ 0\} .

As p\in PM - 1 was arbitrary, we have (Q - Q\Delta ,M )M = 0. Because \Phi is an isomorphism
we find that (Q - Q\Delta ,M )M = 0 and therefore \rho (KNS) = 0.

Remark 2.9. In the proof of Theorem 2.8, one can interpret p(\tau ) as a polynomial
representation of the collocation error, since the iteration matrix is approximated by
KNS. Hence, each SDC iteration using Q\Delta ,M preconditioning improves the solution
quality by removing the lowest order term in the error, up to the point where there
is no term left.

Note that the MIN-SR-NS coefficients are different from the ones derived by van
der Houwen and Sommeijer [44, sect. 3.3.1]. They suggest using a diagonal matrix
that satisfies

Q - 1
\Delta \bfittau =Q - 1\bfittau ,

which leads to Q\Delta =Q\Delta ,1 and corresponds to using an implicit Euler step between t0
and the nodes time tm (IEpar). The reason is that they aimed to improve convergence
of the nonstiff components of the solution for large time steps, which is different from
minimizing the spectral radius of KNS.

2.2.3. MIN-SR-S preconditioning. Here we introduce an SDC preconditioner
with constant coefficients that is suited for stiff problems.

Definition 2.10. Consider a set of collocation nodes 0< \tau 1 < \cdot \cdot \cdot < \tau M \leq 1. We
call a diagonal matrix Q\Delta with increasing diagonal entries that minimizes\bigm| \bigm| det \bigl[ (1 - t)I+ tQ - 1

\Delta Q
\bigr] 
 - 1

\bigm| \bigm| \forall t\in \{ \tau 1, . . . , \tau M\} (2.37)

a MIN-SR-S preconditioner for SDC. Such a preconditioner finds a local minimum
for \rho (KS).

As mentioned above, using the spectral radius as an objective function makes
the optimization problem very challenging to solve numerically. Instead, we search
for diagonal coefficients such that KS is nilpotent. While we have no guarantee that
such coefficients exist for every M , it is known that for M = 2 there are two possible
minimizers but only one where the coefficients are ordered [44]. If such coefficients
exist for any M , the following holds:

\forall t\in \BbbR , det
\bigl[ 
I+ t(Q - 1

\Delta Q - I)
\bigr] 
 - 1 = 0.(2.38)

Since det
\bigl[ 
I+ t(Q - 1

\Delta Q - I)
\bigr] 
 - 1 is a polynomial in t of degree M , we only need to

check (2.38) for M + 1 points. Because the equation is trivially satisfied for t = 0,
checking it for nodes 0< \tau 1 < \cdot \cdot \cdot < \tau M is sufficient to show (2.37).

Note that currently there is no theory showing whether (2.37) has one or more
solutions or no solution. We use MINPACK's hybrd algorithm implemented in scipy to
find diagonal coefficients that minimize locally the spectral radius of KS. For M = 4,
for example, the MIN-SR-S coefficients for Radau-right nodes shown in Appendix A
give \rho (KS) = 0.00024. However, this approach does not ensure that the diagonal co-
efficients are increasingly ordered. Because ordered coefficients led to better stability
in our numerical experiments (see the discussion in section 3.2), we used a particular
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A440 \v CAKLOVI\'C, LUNET, G\"OTSCHEL, AND RUPRECHT

choice of starting value for the minimization. Because the MIN-SR-NS coefficients
and the increasingly ordered coefficients minimizing the stiff spectral radius \rho (KS)
are similar, we used MIN-SR-NS as starting values for the optimization finding the
MIN-SR-S coefficients. This yielded increasingly ordered coefficients up to M = 4.
For larger values of M , we observed that we can fit a power-law of the form \alpha t\beta on
[0,1] through the points (\tau Mi ,MdMi ), i = 1, . . . ,M , where \bfitd M are the increasingly
ordered coefficients that minimize \rho (KS), and evaluate it to produce a starting value
for M + 1. Hence, we propose the following incremental procedure to provide good
starting values for the optimization to compute \bfitd M+1. Assuming that \bfitd M is known,

1. find values for \alpha and \beta such that the power-law minimizes the distance to the
points (\tau Mi ,MdMi ) in the L2 norm,

2. compute \widetilde \bfitd M+1
= \alpha t\beta /(M + 1) for t\in \bfittau M+1,

3. find a numerical solution for (2.37) using \widetilde \bfitd M+1
as initial guess.

Iterating this process up to a desired M yielded increasingly ordered coefficients with
a very small \rho (KS) in all numerical experiments.

Remark 2.11. The assumption \tau 1 \not = 0 in Definition 2.10 guarantees that Q\Delta is not
singular. If the first collocation node is zero, e.g., for Lobatto nodes, the collocation
matrix takes the form

Q=

\biggl[ 
x \bfity \top 

\bfitq \widetilde Q
\biggr] 
,

where \bfity ,\bfitq = [\bfitq 1, . . . ,\bfitq M - 1]
\top \in \BbbR M - 1, and x\in \BbbR . Then, (2.4) can be rewritten as\left[   u2

...
uM

\right]    - \widetilde Q
\left[   f(u2)

...
f(uM )

\right]   =

\left[   u0 + \bfitq 1f(u0)
...

u0 + \bfitq M - 1f(u0)

\right]   
since u(\tau 1) = u0. The matrix \widetilde Q is still a collocation matrix but now based on the
nodes 0< \tau 2 < \cdot \cdot \cdot < \tau M . We can apply the approach described in Definition 2.10 for\widetilde Q to determine a diagonal \widetilde Q\Delta and add a zero coefficient to build the diagonal Q\Delta 

preconditioner for the original node distribution.

2.2.4. MIN-SR-FLEX preconditioning. The discussion in section 2.2.3 illus-
trates the difficulty of finding a single set of diagonal coefficients that minimize \rho (KS)
analytically. Therefore, here we consider a series of preconditioners that change from
one iteration to the next, as was already suggested by Weiser [48, sect. 4.2]. Let Q

(k)
\Delta 

be the preconditioner used in the kth iteration of SDC. Telescoping the error iteration
(2.11) gives

\bfite k =K(k)(z) . . .K(1)(z)\bfite 0, K(k)(z) = z
\Bigl( 
I - zQ

(k)
\Delta 

\Bigr)  - 1 \Bigl( 
Q - Q

(k)
\Delta 

\Bigr) 
.(2.39)

Using the same calculation as for the iteration matrix in the stiff limit KS, we get

lim
| z| \rightarrow \infty 

\bfite k =K
(k)
S . . .K

(1)
S \bfite 0, K

(k)
S = lim

| z| \rightarrow \infty 
K(k)(z) = I - 

\Bigl( 
Q

(k)
\Delta 

\Bigr)  - 1

Q.

We use this result to introduce the following k-dependent preconditioning.
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IMPROVING EFFICIENCY OF PARALLEL SDC A441

Theorem 2.12. For any set of nodes with \tau 1 > 0, we have\Bigl( 
I - Q - 1

\Delta ,MQ
\Bigr) 
. . .

\Bigl( 
I - Q - 1

\Delta ,2Q
\Bigr) \Bigl( 

I - Q - 1
\Delta ,1Q

\Bigr) 
= 0,

where Q\Delta ,m is defined as in (2.24). Hence, using successive diagonal preconditioning

Q
(k)
\Delta =Q\Delta ,k with k \in \{ 1, . . . ,M\} provides SDC iterations such that lim| z| \rightarrow \infty \bfite k = 0,

with \bfite k being the iteration error defined in (2.39). We call this preconditioning MIN-
SR-FLEX.

Proof. Since Q\sim =Q, Q - 1
\Delta ,m

\sim =Q - 1
\Delta ,m, and I\sim = I, we have\Bigl( 

I - Q - 1
\Delta ,mQ

\Bigr) 
\sim =
\Bigl( 
I  - Q - 1

\Delta ,mQ
\Bigr) 
.(2.40)

For any monomial \tau n \in PM - 1, Proposition 2.3 yields\Bigl( 
I  - Q - 1

\Delta ,mQ
\Bigr) 
\tau n = \tau n  - Q - 1

\Delta ,mQ\Phi \bfittau n.(2.41)

With the help of equation (2.23) we find that\Bigl( 
I  - Q - 1

\Delta ,mQ
\Bigr) 
\tau n = \tau n  - Q - 1

\Delta ,m

\tau n+1

n+ 1
.(2.42)

Finally, Proposition 2.7 gives us\Bigl( 
I  - Q - 1

\Delta ,mQ
\Bigr) 
\tau n = \tau n  - m\tau n

n+ 1
=

\biggl( 
1 - m

n+ 1

\biggr) 
\tau n.(2.43)

If m= n+ 1, the right-hand side is zero and therefore \tau n \in ker(I  - Q - 1
\Delta ,n+1).

Let p \in PM - 1, p(t) =
\sum M - 1

j=0 pjt
j be an arbitrary polynomial of degree M  - 1.

Then

\Bigl( 
I  - Q - 1

\Delta ,1Q
\Bigr) 
p(t) =

1

2
p1t+

2

3
p2t

2 + \cdot \cdot \cdot + M  - 1

M
pM - 1t

M - 1 \in (PM - 1 \setminus P0)\cup \{ 0\} .

(2.44)

Applying I  - Q - 1
\Delta ,2Q removes the linear term so that\Bigl( 

I  - Q - 1
\Delta ,2Q

\Bigr) \Bigl( 
I  - Q - 1

\Delta ,1Q
\Bigr) 
p\in (PM - 1 \setminus P1)\cup \{ 0\} .(2.45)

Repeating this until k=M yields

\Bigl( 
I  - Q - 1

\Delta ,M - 2Q
\Bigr) 
\circ \cdot \cdot \cdot \circ 

\Bigl( 
I  - Q - 1

\Delta ,2Q
\Bigr) 
\circ 
\Bigl( 
I  - Q - 1

\Delta ,1Q
\Bigr) 
(p)\in PM - 1 \setminus PM - 1 \cup \{ 0\} ,

(2.46)

that is, p gets mapped to the zero polynomial. Since p was arbitrary, the mapping
must be the zero mapping. Using (2.40) shows that\Bigl( 

I - Q - 1
\Delta ,MQ

\Bigr) 
. . .

\Bigl( 
I - Q - 1

\Delta ,2Q
\Bigr) \Bigl( 

I - Q - 1
\Delta ,1Q

\Bigr) 
= 0.

Note that an observation similar to that stated in Remark 2.9 concerning the
error reduction can be made for the MIN-SR-FLEX preconditioner from Theorem 2.12.
As before, Remark 2.11 holds MIN-SR-FLEX preconditioners for any node distribution
with \tau 1 = 0. Theorem 2.12 defines the preconditioner for a fixed number of iterations
k\leq M and lets the user choose the coefficients for k >M . Since this preconditioning
is tailored to stiff problems, we use the MIN-SR-S preconditioning from Definition 2.10
in combination with MIN-SR-FLEX when k >M in all numerical experiments.
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A442 \v CAKLOVI\'C, LUNET, G\"OTSCHEL, AND RUPRECHT

3. Convergence order and stability. This section investigates the conver-
gence order and stability of parallel SDC with a fixed number of sweeps. This approach
is easier to compare against classical RKM than using SDC with a residuum-based
stopping criterion [39]. We use nodes from a Legendre distribution, but the reader
can generate plots for other choices with the provided code [40]. In all cases, the
initial solution \bfitu 0 for the SDC iteration is generated by copying the initial value u0

to all nodes.

3.1. Convergence order. As a rule of thumb, the SDC order of convergence
increases by at least one per iteration. This has been proved for implicit and explicit
Euler methods as sweepers [7, Thm. 4.1] as well as for higher order correctors [5,
Thm. 3.8]. However, except for equidistant nodes, sweepers of higher order are not
guaranteed to provide more than one order per sweep. For LU-SDC there is numerical
evidence that it increases order by one per sweep [48] but no proof seems to exist.
Van der Houwen, Sommeijer, and Couzy [45, Thm. 2.1] show that for any diagonal
preconditioner Q\Delta the order of the method after K sweeps is min(K,p\ast ), where p\ast is
the order of the underlying collocation method. We confirm this numerically for the
Dahlquist test problem (2.9) with \lambda = i and T = 2\pi .

Figure 2 shows the L\infty -error against the analytical solution for SDC with the
MIN-SR-NS preconditioner with M = 4 Radau-Right nodes (left) and M = 5 Lobatto
nodes (right) for K = 1,2, . . . ,M sweeps. The underlying collocation methods are of
orders seven and eight so that the order of SDC is determined by K. For Radau-right
nodes, SDC gains one order per sweep for K = 1 and K = 2, while the third sweep
increases the order by two. The same happens for Lobatto nodes when going from
K = 3 to K = 4 sweeps. This unexpected order gain has also been observed for other
configurations of the MIN-SR-NS preconditioner, but we do not yet have a theoretical
explanation for this. Increased order of MIN-SR-NS is also observed for more complex
problems; see section 4.2.

Figure 3 shows convergence of SDC with MIN-SR-S preconditioner, while Figure 4
shows convergence for MIN-SR-FLEX. In both cases the order increases by one per
sweep but without the additional gains we observed for MIN-SR-NS. Also, errors for
MIN-SR-S and MIN-SR-FLEX are generally higher than for MIN-SR-NS. This is expected,
as MIN-SR-NS is optimized for nonstiff problems, and the Dahlquist problem with \lambda = i
is not stiff. Note that no results seem to exist in the literature that analyze convergence
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Fig. 2. Convergence of SDC for the Dahlquist test equation with MIN-SR-NS preconditioner
using K = 1, . . . ,M sweeps per time step. Dashed lines with slopes from one to K are shown as a
visual guide. Left: M = 4 Radau-right nodes. Right: M = 5 Lobatto nodes.
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Fig. 3. Convergence of SDC for the Dahlquist test equation with MIN-SR-S preconditioner
using K = 1, . . . ,M sweeps per time step. Dashed lines with slopes from one to K are shown as a
visual guide. Left: M = 4 Radau-right nodes. Right: M = 5 Lobatto nodes.
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Fig. 4. Convergence of SDC for the Dahlquist test equation with MIN-SR-FLEX preconditioner
using K = 1, . . . ,M sweeps per time step. Dashed lines with slopes from one to K are shown as a
visual guide. Left: M = 4 Radau-right nodes. Right: M = 5 Lobatto nodes.

order of a nonstationary SDC iteration like MIN-SR-FLEX, where the preconditioner
changes in every iteration.

3.2. Numerical stability. We investigate stability of parallel SDC by numeri-
cally computing the border of its stability region

\scrS C = \{ z \in \BbbC s.t. | R(z)| = 1\} ,(3.1)

where R is the stability function of a given SDC configuration. A method is called
A-stable if \scrS C \subset \BbbC  - , that is, if the stability domain includes the negative complex
half-plane. We use M = 4 Radau-right nodes from a Legendre distribution for all
experiments. Other configurations can again be analyzed using the provided code.

Figure 5 shows stability for SDC with the PIC preconditioner (Picard iteration).
This is a fully explicit method and, as expected, not A-stable for any K. Interestingly,
K-many sweeps reproduce the stability contour of the explicit RKM of order K with
K stages. In particular, we recognize the stability regions of explicit Euler for K = 1
and of the classical explicit RKM of order 4 for K = 4.

Figure 6 shows stability regions for MIN-SR-NS. As for the Picard iteration, the
method is not A-stable for any number of sweeps, but the stability regions are
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Fig. 5. Stability region for SDC with M = 4 Radau-right nodes using the PIC preconditioner
for K = 1,2,3,4. The gray zones are unstable areas in the complex plane.
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Fig. 6. Stability region for SDC with M = 4 Radau-right nodes using the MIN-SR-NS precon-
ditioner for K = 1,2,3,4. The gray zones are unstable areas in the complex plane.
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Fig. 7. Stability region for SDC with M = 4 Radau-right nodes using the MIN-SR-S precondi-
tioner for K = 1,2,3,4. The gray zones are unstable areas in the complex plane. Note that the \lambda 
ranges are five times larger than those for the previous Figures 5 and 6.

significantly larger. That MIN-SR-NS is not A-stable is not unexpected since the coef-
ficients are optimized for the non-stiff case where | z| \simeq 1.

Figures 7 and 8 show stability regions for MIN-SR-S and MIN-SR-FLEX. While SDC
with MIN-SR-S appears to be A-stable for K \geq 3, SDC with MIN-SR-FLEX seems A-
stable for any number of sweeps K. However, this only holds for Radau-right nodes.
For example, SDC with M = 5 Lobatto nodes and K = 4 sweeps is not A-stable
(stability regions are not shown here). A theoretical investigation is left for later work.
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Fig. 8. Stability region for SDC with M = 4 Radau-right nodes using the MIN-SR-FLEX pre-
conditioner for K = 1,2,3,4. The gray zones are unstable areas in the complex plane.
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Fig. 9. Stability region for SDC with M = 4 Radau-right nodes using the LU preconditioner
for K = 1,2,3,4. The gray zones are unstable areas in the complex plane. Note that the stability
regions for IE-SDC are very similar.
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Fig. 10. Stability region for SDC with M = 4 Radau-right nodes using the VDHS preconditioner
for K = 1,2,3,4. The gray zones are unstable areas in the complex plane.

For comparison, we show the stability contours of the LU preconditioner byWeiser
[48] in Figure 9. Stability for SDC with a standard implicit Euler sweeper is very
similar and not shown. Note that the LU preconditioner is lower triangular and does
not allow for parallelism in the sweep. Since stability regions of MIN-SR-FLEX and LU

are similar, we can conclude that, with an optimized choice of coefficients, parallelism
in SDC can be obtained without loss of stability. For further comparison, we show the
stability contours for the VDHS preconditioner, obtained by minimizing the spectral
radius of I - Q - 1

\Delta Q [44, sect. 4.3.4] in Figure 10. For K \in \{ 1,2,3\} the stability regions
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are very small compared to LU or MIN-SR-FLEX. Even though the stable regions grow
as K increases, it does not include the imaginary axis, making the method unsuitable
for oscillatory problems with purely imaginary eigenvalues. Bounded stability regions
are also observed for the MIN preconditioner [39] (not shown). Since the spectral
radius of I - Q - 1

\Delta Q is significantly larger for MIN than MIN-SR-S and VDHS, we do not
consider it in the rest of this paper.

Remark 3.1. Experiments not documented here suggest that when minimizing
the spectral radius of the stiff limit I  - Q - 1

\Delta Q, enforcing monotonically increasing
coefficients for MIN-SR-S provides a notable improvement in numerical stability.

4. Computational efficiency. We compare computational cost versus accuracy
of our three new SDC preconditioners against SDC preconditioners from the literature,
the classical explicit 4th order (RK4) and the L-stable stiffly accurate implicit RKM
ESDIRK4(3)6L[2]SA [20] (ESDIRK43). The two RKM were implemented in pySDC

by Baumann et al. [1]. Again, all figures in this section can be reproduced using
scripts in the provided code [40].

4.1. Estimating computational cost. A fair run-time assessment of parallel
SDC requires an optimized parallel implementation, which is the subject of a separate
work [10]. Here we instead estimate computational cost by considering the elementary
operations of each scheme.

To solve a system of ODEs (1.1), both SDC and RKM need to
1. evaluate the right-hand-side (RHS) f(u, t) for given u, t; and
2. solve the following nonlinear system for some b, t and \alpha :

u - \alpha f(u, t) = b.(4.1)

We solve (4.1) with an exact Newton iteration, starting from the initial solution u0

or the previous SDC iterate uk - 1
m . We stop iterating when a set problem-dependent

tolerance is reached or after 300 iterations. In our numerical experiments, the Jacobian
Jf can be computed, and I  - \alpha Jf is inverted analytically. In this case, the cost of
one Newton iteration is similar to the cost of an RHS evaluation. For all methods,
we therefore model that computational cost of a simulation by NNewton +NRHS. For
the Allen--Cahn problem, since the cost of one Newton iteration is bigger than this
for one RHS evaluation, we model the computational cost by 2NNewton+NRHS. Note
that NNewton = 0 for explicit methods like RK4 or PIC-SDC.

For parallel SDC, the computations in every sweep can be parallelized across M
threads. To account for unavoidable overhead from communication or competition for
resources between threads, we assume a parallel efficiency of Peff = 0.8 or 80\%, which
is achievable in optimized implementations using compiled languages and OpenMP

[10]. Thus, in our performance model, we divide the computational cost estimate for
SDC by MPeff instead of M . The cost model is validated below against wall-clock
time measurements for the Allen--Cahn problem using MPI parallelization. Parallel
efficiencies there range between 74\% and 93\%, depending on time step size, providing
additional evidence that our assumption of 80\% efficiency is reasonable. No run-times
are shown for the Lorenz or Prothero--Robinson problem but can be generated with
the provided code [40].

4.2. Lorenz system. We first consider the nonlinear system of ODEs

dx

dt
= \sigma (y - x),

dy

dt
= x(\rho  - z) - y,

dz

dt
= xy - \beta z,(4.2)

© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license

D
ow

nl
oa

de
d 

04
/0

7/
25

 to
 1

34
.2

8.
50

.7
6 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
C

C
B

Y
 li

ce
ns

e 



IMPROVING EFFICIENCY OF PARALLEL SDC A447

with (\sigma ,\rho ,\beta ) = (10,28,8/3). The initial value is (x(0), y(0), z(0)) = (5, - 5,20), and we
use a Newton tolerance of 10 - 12. We set the final time for the simulation to T = 1.24,
which corresponds to two revolutions around one of the attraction points. A reference
solution is computed using an embedded RKM of order 5(4) [6] implemented in scipy

with an error tolerance of 10 - 14.
Figure 11 shows error versus time step size for MIN-SR-NS for SDC forK = 1, . . . ,5.

Since the Lorenz system is not stiff, we compare against Picard iteration (PIC), which
is known to be efficient for nonstiff problems. We do see the expected order increase by
one per iteration as well as the additional order gain for MIN-SR-NS starting at K = 3,
which was seen already for the Dahlquist problem. For the same number of sweeps,
this makes MIN-SR-NS more accurate than Picard iteration or other SDC methods.

Figure 12 shows error against modeled computational cost for MIN-SR-S and a
variety of other SDC variants (left) as well as RKM and the VDHS preconditioner
(right). The parallel and PIC preconditioners significantly outperform classical SDC
with explicit Euler or LU sweep. As expected, the preconditioner for nonstiff prob-
lems, MIN-SR-NS, is the most efficient, although the stiff preconditioners MIN-SR-S

and MIN-SR-FLEX remain competitive. MIN-SR-NS also outperforms the VDHS precon-
ditioner and ESDIRK43 RKM. For errors above 10 - 4, explicit RKM4 is more efficient
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Fig. 11. Error vs. time step size for SDC for the Lorenz problem using M = 4 Radau-right
nodes for K = 1, . . . ,5 sweeps per time step. Left: MIN-SR-NS preconditioner. Right: PIC precon-
ditioner. Dashed gray lines with slopes from 1 to 6 are shown as a visual guide.
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Fig. 12. Error vs. cost for SDC for the Lorenz problem using M = 4 Radau-right nodes and
K = 4 sweeps. Left: comparison with classical SDC preconditioners. Right: comparison with
efficient time integration methods from the literature and SDC with VDHS preconditioner.
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Fig. 13. Error vs. cost for SDC and Picard iteration for the Lorenz problem using M = 4
Radau-right nodes and K = 5 sweeps in comparison to RKM4 and ESIDRK43.
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Fig. 14. Error vs. time step size for parallel SDC and classical time integration schemes for
the Prothero--Robinson problem with \varepsilon = 10 - 3. SDC uses M = 4 Radau-right nodes and K = 4
sweeps. Left: error vs. time step. Right: error vs. cost.

than MIN-SR-NS, but for errors below 10 - 6, MIN-SR-NS outperforms RKM4. When
increasing the number of sweeps to K = 5, the advantage in efficiency of MIN-SR-NS
over RKM4 becomes more pronounced; see Figure 13.

4.3. Prothero--Robinson problem. Our second test case is the stiff ODE by
Prothero and Robinson [32],

du

dt
=

u - g(t)

\varepsilon 
+

dg

dt
.(4.3)

The analytical solution for this ODE is u(t) = g(t), and we set g(t) = cos(t) and
\varepsilon = 10 - 3. We also set a Newton tolerance of 10 - 12.

Figure 14 shows error versus time step size (left) and modeled computational cost
(right) for our three parallel SDC methods, nonparallel LU-SDC, parallel VDHS SDC,
and the implicit ESDIRK43 RKM [20]. All SDC variants use K = 4 sweeps. The
parallel SDC variants all show a noticeable range where the error does not decrease
with time step size. This is a known phenomenon for the Prothero--Robinson problem
[48, sect. 6.1] and means that a very small time step is required to recover the
theoretically expected convergence order. While MIN-SR-S outperforms LU-SDC in
efficiency up to an error of around 10 - 6, its stalling convergence results in LU-SDC
being more efficient for very high accuracies.

© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license

D
ow

nl
oa

de
d 

04
/0

7/
25

 to
 1

34
.2

8.
50

.7
6 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
C

C
B

Y
 li

ce
ns

e 



IMPROVING EFFICIENCY OF PARALLEL SDC A449

10 2 10 1 100

∆t

10 9

10 7

10 5

10 3

10 1

101

L
∞

 e
rro

r

MIN-SR-NS
MIN-SR-S
MIN-SR-FLEX
VDHS
ESDIRK43
LU

102 103 104

Cost

10 9

10 7

10 5

10 3

10 1

101

L
∞

 e
rro

r

MIN-SR-NS
MIN-SR-S
MIN-SR-FLEX
VDHS
ESDIRK43
LU

Fig. 15. Comparison of diagonal SDC and classical time integration schemes on the Prothero--
Robinson problem, using \varepsilon = 10 - 3. Each SDC configuration uses M = 4 Radau-right nodes and
K = 6 sweeps. Left: error vs. time step. Right: error vs. cost.

If we increase the number of sweeps to K = 6, the error level at which conver-
gence stalls is reduced, see Figure 15. This also pushes down the error where LU-SDC
becomes more efficient than MIN-SR-S to around 10 - 8. Nevertheless, in both cases
MIN-SR-S will be an attractive integrator unless extremely tight accuracy is required.

4.4. Allen--Cahn equation. As a last test problem, we consider the one-
dimensional Allen--Cahn equation with driving force

\partial u

\partial t
=

\partial 2u

\partial x2
 - 2

\varepsilon 2
u(1 - u)(1 - 2u) - 6dwu(1 - u), x\in [ - 0.5,0.5], t\in [0, T ].(4.4)

using inhomogeneous Dirichlet boundary conditions. The exact solution is

u(x, t) = 0.5

\biggl[ 
1 + tanh

\biggl( 
x - vt\surd 

2\varepsilon 

\biggr) \biggr] 
, v= 3

\surd 
2\varepsilon dw,(4.5)

and we use it to set the initial solution u(x,0) and the boundary conditions for
x = \pm 0.5. We set T = 50 as a simulation interval and set parameters \varepsilon = dw = 0.04.
The spatial derivative is discretized with a second order finite-difference scheme on
2047 grid points, and we solve (4.1) in each Newton iteration with a sparse linear
solver from scipy. Numerical experiments were run on one compute node of the JUSUF
cluster (AMD EPYC 7742 2.25 GHz) at J\"ulich Supercomputing Center, using a lo-
cally compiled version of Python = 3.11.9 (GCC = 12.3.0), with numpy = 2.0.2,
scipy = 1.14.1, and mpi4py = 4.0.0 wrapping ParaStationMPI = 5.9.2-1.

Figure 16 shows the absolute error in the L2 norm at T versus the time step size.
All methods converge to an error of around 2\times 10 - 4, which corresponds to the space
discretization error for the chosen grid. The fastest converging method is SDC with
LU, followed by ESDIRK43 and SDC with MIN-SR-FLEX preconditioners.

Figure 17 (left) shows the absolute error in the L2 norm at T versus modeled
computational cost. All methods converge to an error of around 2 \cdot 10 - 4, which
corresponds to the space discretization error for the chosen grid. The most efficient
methods is MIN-SR-FLEX parallel SDC, followed by ESDIRK43 and SDC with LU
preconditioner. Figure 17 (right) shows the absolute L2 error versus wall-clock time
in seconds. The plot looks very similar when using modeled cost, illustrating that
our cost model gives a reasonable approximation of actual cost. Again, MIN-SR-FLEX
is the most efficient integrator, except for very loose error tolerances of 10 - 1 and
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Fig. 16. Comparison of the accuracy of the diagonal SDC preconditioners and classical time
integration schemes for the Allen--Cahn equation. Each SDC configuration uses M = 4 Radau-right
nodes and K = 4 sweeps.
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Fig. 17. Comparison of the efficiency of diagonal SDC preconditioners and classical time in-
tegration schemes for the Allen--Cahn equation. Each SDC configuration uses M = 4 Radau-right
nodes and K = 4 sweeps. Left: error vs. modeled computational cost. Right: error vs. computation
time.

above where MIN-SR-S is faster. Note that in order for SDC with LU preconditioner
to catch up to MIN-SR-FLEX in terms of performance for a given time step size, the
efficiency of the parallel implementation would need to be below 40\%.

5. Conclusions. Using a diagonal preconditioner for spectral deferred correc-
tions allows one to exploit small-scale parallelization in time for a number of threads
up to the number of quadrature nodes in the underlying collocation formula. How-
ever, efficiency and stability of parallel SDC depend critically on the coefficients in
the preconditioner. We consider two minimization problems, one for stiff and one for
non-stiff time-dependent problems, that can be solved to find an optimized parame-
ter. This allows us to propose three new sets of coefficients, MIN-SR-NS for non-stiff
problems and MIN-SR-S and MIN-SR-FLEX for stiff problems. While we use numeri-
cal optimization to determine the MIN-SR-S diagonal coefficients, we can obtain the
MIN-SR-NS and MIN-SR-FLEX coefficients analytically. MIN-SR-FLEX is a nonstation-
ary iteration, where the preconditioner changes in every SDC sweep and is designed
to generate a nilpotent error propagation matrix.

We demonstrate by numerical experiments that the three new variants of parallel
SDC increase their order by at least one per sweep, similarly to existing nonparal-
lel SDC methods. The variants designed for stiff problems have excellent stability
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properties and might well be A-stable, although we do not have a rigorous proof yet.
Stability regions of MIN-SR-FLEX in particular are very similar to those of the non-
parallel LU-SDC variant and much larger than those of the iterated implicit Runge--
Kutta methods by van der Houwen and Sommeijer [44]. To model computational
efficiency, we count the number of right-hand side evaluations and Newton iterations
for all schemes and assume 80\% parallel efficiency for the implementation of parallel
SDC. We compare error against computational effort of our three new parallel SDC
variants against parallel SDC variants from the literature, explicit RKM4 and implicit
ESDIRK43 for the nonstiff Lorenz system, the stiff Prothero--Robinson problem, and
the stiff, one-dimensional Allen--Cahn equation. For all three test problems, the new
parallel SDC variants can outperform existing parallel SDC variants, state-of-the-art
serial SDC methods, as well as RKM4 and ESDIRK43. Wall-clock time measurements
for the Allen--Cahn problem show that our cost model closely tracks actual run-times
and that a parallel implementation of SDC can be more efficient than optimized serial
SDC methods as well as Runge--Kutta methods.

Appendix A. Optimized diagonal coefficients for the stiff limit. Here,
we repeat the coefficients used for our numerical experiments, either numerically com-
puted or obtained from the literature, as well as the resulting spectral radius of the KS

matrix. The values are for M = 4 Radau-right nodes from a Legendre distribution.

VDHS by van der Houwen and Sommeijer [45]

\bfitd = [0.32049937, 0.08915379, 0.18173956, 0.2333628], \rho (KS) = 0.025

MIN by Speck [40]

\bfitd = [0.17534868, 0.0619158, 0.1381934, 0.19617814], \rho (KS) = 0.42

MIN3 by Speck et al. [41]

\bfitd = [0.31987868, 0.08887606, 0.18123663, 0.23273925], \rho (KS) = 0.0081

MIN-SR-S introduced in this paper

\bfitd = [0.05363588, 0.18297728, 0.31493338, 0.38516736], \rho (KS) = 0.00024

Reproducibility of computational results. This paper has been awarded
the ``SIAM Reproducibility Badge: Code and data available"" as recognition that the
authors have followed reproducibility principles valued by SISC and the scientific
computing community. Code and data that allow readers to reproduce the results in
this paper are available at https://zenodo.org/records/13828395.
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