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ABSTRACT
Mixing of a passive scalar in a time-dependent flow is usually judged from the variance decay of a nominal flow. In many applications, 
though, stirring protocols and flow parameters are uncertain, and the more relevant question is whether the required level of homogeniza
tion is reached within a finite time. We study this reliability question for incompressible advection–diffusion with uncertain forcing param
eters, using a time-periodic double-gyre flow as the main benchmark and a periodically stirred cavity as a secondary test. Direct numerical 
simulations show that delayed mixing is not a fluctuation around the mean variance decay curve. Instead, slow realizations retain coherent 
scalar remnants near weakly exchanging regions of the flow, which produces a persistent upper tail in the mixing time distribution. To iden
tify these slow events without running a full simulation for every parameter sample, we build a parameter- and phase-dependent reduced 
transport operator by combining a proper orthogonal decomposition-based Koopman representation with a polynomial-chaos expansion 
in the uncertain parameters. From this operator, we compute a finite-time scalar-retention score based on the leading singular direction of 
the learned propagator in a scalar-energy metric. The diagnostic ranks parameter realizations by their tendency to retain scalar energy, iden
tifies the realizations contributing to the upper tail of the mixing time distribution, and recovers the scalar structures responsible for delayed 
homogenization. Reliable mixing under uncertainty is therefore controlled not only by the mean variance decay, but also by the least- 
damped scalar directions of the uncertain transport operator, which suggests that designs targeting reliable mixing should act on these 
directions directly.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0345598

I. INTRODUCTION
Mixing of a passive scalar by advection and diffusion controls how 

quickly scalar inhomogeneity is removed in a wide range of natural and 
engineered flows, including chemical and biomanufacturing processes, 
stirred reactors, microfluidic devices, environmental transport, and 
combustion. In laminar and weakly turbulent flows, mixing is often 
produced by repeated stretching and folding of material elements, 
which creates thin scalar filaments that are smoothed by molecular dif
fusion.1–3 Classical diagnostics therefore focus on stretching rates, 
finite-time Lyapunov exponents, scalar variance decay, transfer opera
tors, and spectral properties of advection–diffusion dynamics.4–7

A complementary physical interpretation is provided by the clas
sical lamellar description of mixing. Incompressible advection redis
tributes and deforms the scalar field but does not directly reduce its 
L2 energy. Stretching and folding compress scalar patches into thin 
lamellae, and molecular diffusion then acts across their decreasing 

transverse scale.8 This description has also been extended from two- 
dimensional strips to three-dimensional diffusive sheets.9 More gener
ally, scalar decay depends on the accumulated deformation history, 
because this history determines how quickly small scalar scales and 
strong gradients are formed.10 The diffuselet formulation provides a 
related reduced description of the interaction between deformation 
and diffusion.11 Recent hyperbolic formulations give a complemen
tary deterministic Lagrangian description of advection–diffusion 
transport.12 In the uncertain setting considered here, slow realizations 
correspond to parameter values for which the flow delays the forma
tion of thin scalar structures and therefore delays scalar dissipation 
and threshold crossing.

Many mixing problems, however, are not described by a single 
known flow. Stirring amplitude, actuation frequency, vortex strength, 
and similar flow parameters may vary between realizations. In that 
setting, the relevant question is not only whether a nominal flow 
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mixes rapidly, but whether the required level of mixing is reached reli
ably. A flow can have a favorable mean decay rate while still produc
ing a small but important set of slow realizations. These realizations 
control the probability that homogenization has not been achieved by 
a specified operating time. In this work, we study this question for 
two canonical time-dependent flows, a time-periodic double-gyre 
(DG) flow and a periodically stirred cavity (SC), both with uncertain 
forcing parameters.

To make this reliability question precise, we treat the uncertain 
parameters as a random vector n with a prescribed probability den
sity, so that each realization of n corresponds to one possible flow. For 
each realization, we define the mixing time TmðnÞ as the first time at 
which a scalar variance measure falls below a prescribed tolerance, so 
that reaching the tolerance later means slower mixing for that particu
lar flow. The quantity of interest is then the exceedance probability 

P TmðnÞ > s
� �

; (1) 

which measures the probability that the scalar has not yet reached the 
tolerance by time s. This tail probability is not determined by the 
mean decay rate alone. Two uncertain flows can have similar average 
scalar variance decay while having very different probabilities of 
remaining unmixed at time s. The tail of the mixing time distribution 
therefore contains information that is missed by a purely nominal or 
mean-flow analysis.

A useful way to understand these delayed events is through the 
geometry of transport. In deterministic flows, coherent structures 
organize scalar transport by separating regions that exchange material 
slowly over finite times. Finite-time Lyapunov exponent ridges iden
tify material structures that shape transport.13,14 Transfer-operator 
and coherent-set approaches identify regions with weak finite-time 
exchange.15–17 Related passive-scalar studies have also connected per
sistent concentration patterns and mixing quality to strange- 
eigenmode behavior in chaotic open flows.18,19 Koopman operator 
methods provide a complementary description through the evolution 
of observables of the flow and scalar field.20,21 Each of these 
approaches is designed for a single, fully specified flow. They have 
clarified transport organization for fixed velocity fields, but they do 
not, by themselves, identify which members of an uncertain family of 
flows are responsible for the slow tail of a mixing time distribution.

The central point of this paper is that slow mixing under para
metric uncertainty is governed by parameter-conditioned coherent 
scalar structures. These structures are not simply the transport bar
riers of the nominal or mean flow. They are scalar patterns selected by 
particular members of the uncertain transport-operator family. For 
these parameter realizations, scalar gradients remain organized near 
weakly exchanging regions for long enough to delay variance decay. 
Thus, the object relevant to reliability is not only a coherent structure 
in physical space, but a coherent scalar structure conditioned on the 
uncertain parameters.

This viewpoint can be stated in terms of finite-time scalar reten
tion. For the mean-zero passive scalar, diffusion makes the physical 
L2 variance non-increasing for each fixed parameter realization. Slow 
mixing therefore does not require growth of total scalar variance. It 
occurs when the finite-time transport operator has directions that 
are only weakly damped over the time interval of interest. Even when 
all directions eventually decay, some directions can decay much more 
slowly than others over the horizon of interest. This is related to 

non-normal finite-time dynamics: eigenvalues or asymptotic decay 
rates alone may not identify the directions that dominate finite-time 
response.22,23 Similar operator and eigenmode viewpoints have been 
used to analyze mixing and transient distributive transport in recircu
lating or periodically driven flows.24,25 In the present problem, the 
important directions are scalar structures that remain least damped 
for particular parameter values.

To study this mechanism, we build a reduced stochastic operator 
model from high-fidelity scalar simulations. Mean-removed scalar 
fields are first compressed into low-dimensional proper orthogonal 
decomposition (POD) coordinates. These reduced coordinates are 
advanced by a parameter- and phase-dependent Koopman approxi
mation. The dependence of this reduced transport operator on uncer
tain parameters is represented by a polynomial-chaos expansion.26,27 

The purpose is not only to obtain a fast surrogate for scalar snapshots. 
The purpose is to approximate the uncertain family of transport oper
ators well enough to evaluate finite-time scalar retention and to iden
tify the parameter values responsible for delayed mixing.

The novelty is not the use of Koopman approximation or poly
nomial chaos alone. Rather, the novelty is to use a parameter- 
dependent transport-operator representation to identify least-damped 
scalar structures that control finite-time mixing failure under uncer
tainty. The paper makes three contributions. First, it formulates mix
ing reliability as a tail problem for uncertain scalar transport, rather 
than as a mean variance decay problem. Second, it shows that slow 
mixing events are associated with coherent scalar structures that are 
strengthened or sustained by particular parameter realizations. Third, 
it introduces a finite-time retention diagnostic, computed from a 
Koopman polynomial-chaos representation of the uncertain transport 
operator, that identifies parameter regimes responsible for mixing 
failure.

The double-gyre flow serves as the primary benchmark, and the 
periodically stirred cavity provides an independent test of whether the 
same workflow extends beyond that geometry. In the primary results, 
the slowest realizations are not random deviations from the mean 
decay curve. They correspond to identifiable parameter regimes in 
which coherent unmixed scalar structures persist over finite times. 
The finite-time retention diagnostic separates these slow realizations 
from the rapidly mixing bulk and predicts the tail of the mixing time 
distribution. These results suggest that reliability-aware mixing design 
should not only improve nominal mixing rates, but should also sup
press weak finite-time contraction in the uncertain scalar transport 
operator.

II. PROBLEM FORMULATION: UNCERTAIN PASSIVE 
SCALAR MIXING

We consider the transport of a passive scalar in an incompress
ible flow whose dynamics depend on uncertain parameters. Let 
X � R2 be the spatial domain and let cðx; t; nÞ denote the scalar con
centration at position x 2 X and time t � 0. The scalar evolves 
according to the advection–diffusion equation 

@c
@t
þ uðx; t; nÞ � rc ¼ Pe−1Dc; r � u ¼ 0: (2) 

Here, uðx; t; nÞ is a prescribed incompressible velocity field, Pe is the 
Peclet number, and n 2 N � Rdn is a vector of uncertain but time- 
independent parameters. The probability density of n is denoted by 
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qðnÞ. In the examples considered later, n represents quantities such as 
forcing amplitude, oscillation frequency, vortex strength, and switch
ing period.

Throughout this work, the initial scalar field c0 is kept fixed. 
Randomness enters only through the parameter vector n, so the vari
ability of TmðnÞ reflects uncertainty in the transport dynamics rather 
than uncertainty in the initial condition.

We assume that the velocity field is sufficiently smooth for (2) to 
be well posed. Both benchmark problems are treated as closed domains. 
The prescribed velocity satisfies the no-penetration condition 

u � n ¼ 0 on @X; (3) 

and the passive scalar satisfies the homogeneous no-flux condition 

rc � n ¼ 0 on @X: (4) 

The spatial mean of the scalar is 

�c ¼
1
jXj

ð

X

cðx; t; nÞ dx: (5) 

Integrating (2) over X and using incompressibility together with 
the no-penetration and no-flux boundary conditions shows that �c is 
conserved in time. It therefore provides a well-defined reference value 
against which the degree of homogenization can be measured.

To measure the degree of mixing, we use the normalized scalar 
variance 

Mðt; nÞ ¼
jjcð�; t; nÞ − �cjj2L2ðXÞ

jjcð�; 0; nÞ − �cjj2L2ðXÞ

: (6) 

Variance-based measures are widely used in passive-scalar mixing 
because they quantify the decay of large-scale scalar inhomogeneity 
under the combined action of advection and diffusion.4,5 At t ¼ 0, 
Mð0; nÞ ¼ 1. As mixing proceeds, advection creates fine scalar gra
dients and diffusion reduces the scalar variance, so that Mðt; nÞ
decreases toward zero.

For a prescribed tolerance emix 2 ð0; 1Þ, we define the mixing 
time 

TmðnÞ ¼ inf t > 0 : Mðt; nÞ � emix
� �

: (7) 

Thus, TmðnÞ is the first time at which the scalar field reaches 
the required level of homogeneity for a given realization of the 
uncertain parameters. Since n is random, the mixing time is also a 
random variable. This definition is consistent with finite-time 
descriptions of mixing, where the objective is not only asymptotic 
decay but the time required to reach a prescribed level of scalar 
uniformity.4,5

The quantity of interest in this work is not the average value of 
Tm alone, but the probability that Tm exceeds a prescribed deadline. 
For a deadline s > 0, we define the mixing-failure probability 

Pf ðsÞ ¼ P TmðnÞ > s
� �

¼

ð

n2N:TmðnÞ>sf g
qðnÞ dn: (8) 

This probability measures the chance that the scalar field has not 
mixed sufficiently by time s. The distinction between mean mixing 
and reliable mixing is important. A flow may have a small expected 
mixing time and still produce a non-negligible probability of slow 

events. Conversely, a rapid initial decay of scalar variance does not 
necessarily imply a small tail probability. The tail of TmðnÞ can be 
controlled by parameter values for which scalar gradients remain 
organized near weakly exchanging regions of the flow for finite 
times.

It is useful to express this problem in operator form. For each 
parameter realization n, let StðnÞ denote the solution operator of (2) 
so that 

cð�; t; nÞ ¼ StðnÞc0: (9) 

For fixed n, classical mixing diagnostics describe the decay properties 
of StðnÞ through scalar variance decay and stretching rates.4,5 

Coherent-structure and transfer-operator methods describe weak 
exchange and transport barriers.15,16 Koopman methods provide a 
complementary spectral description of observable evolution.20,21 In 
the present setting, however, the object of interest is the uncertain 
family of operators 

StðnÞ : n 2 N
� �

: (10) 

Slow mixing occurs when particular members of this family sustain 
scalar structures that decay more slowly than expected from the nom
inal flow or from the ensemble-averaged response.

This formulation leads to two questions. First, which parameter 
realizations contribute most strongly to the tail probability Pf ðsÞ? 
Second, can these realizations be detected from a reduced representa
tion of the uncertain transport operator, without performing a full 
high-fidelity simulation for every sample of n? Sections III and IV 
address these questions by introducing a finite-time scalar-retention 
diagnostic and a Koopman polynomial-chaos reduced model for the 
uncertain transport dynamics.

III. FINITE-TIME SCALAR RETENTION AND SLOW 
MIXING

We now introduce the diagnostic used to identify parameter 
realizations that produce delayed mixing. Let 

qðx; t; nÞ ¼ cðx; t; nÞ − �c (11) 

denote the mean-removed scalar field. Because �c is independent of 
both space and time (Sec. II), the mean-removed field q satisfies the 
same advection–diffusion equation as c, i.e., 

@q
@t
þ uðx; t; nÞ � rq ¼ Pe−1Dq: (12) 

Multiplying (12) by q and integrating over X, together with incom
pressibility and the no-penetration and no-flux boundary conditions, 
gives the scalar-energy identity 

1
2

d
dt
jjqð�; t; nÞjj2L2ðXÞ ¼ −Pe−1jjrqð�; t; nÞjj2L2ðXÞ � 0: (13) 

Thus, diffusion makes the physical scalar variance non-increasing for 
each fixed parameter realization. Slow mixing is therefore not caused 
by growth of the total scalar variance above its initial value. It is 
caused by weak finite-time contraction: for some parameter values, 
coherent scalar structures remain organized long enough that diffu
sion removes variance much more slowly than in typical realizations.
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Let StðnÞ denote the solution operator of (12) on mean-zero sca
lar fields. For a fixed initial condition q0, the mixing index introduced 
in (6) can be written as 

Mðt; nÞ ¼
jjStðnÞq0jj

2
L2ðXÞ

jjq0jj
2
L2ðXÞ

: (14) 

This quantity measures the decay of one prescribed scalar field. To 
identify the structures most strongly retained by a given parameter 
realization, we consider the finite-time operator gain 

GtðnÞ ¼ supq6¼0
jjStðnÞqjjL2ðXÞ

jjqjjL2ðXÞ

: (15) 

The maximizing direction in (15) when it exists is the scalar structure 
that is least damped over the time interval [0, t]. In a passive-scalar 
problem with diffusion, GtðnÞ is bounded by one in the exact physical 
L2 energy norm. Large values of GtðnÞ therefore indicate weak con
traction, not indefinite growth. The physical interpretation of (15) is 
straightforward. If GtðnÞ is small, all scalar structures are rapidly 
damped over the time interval. If GtðnÞ is close to one, at least one sca
lar structure is retained over that interval. Such a structure can delay 
the crossing of the mixing threshold in (7). The associated parameter 
value then contributes to the slow tail of the mixing time distribution.

This diagnostic is related to coherent-structure ideas, but it is 
not the same object as a deterministic transport barrier. A determinis
tic barrier describes transport organization for one fixed flow. Here, 
the relevant structure depends on n. It is selected by the parameter- 
dependent transport operator StðnÞ and is important only if it delays 
scalar decay over the finite time horizon of interest. This parameter- 
conditioned viewpoint is consistent with finite-time transport analysis 
and coherent-set descriptions of weak exchange.14,16

In practice, the explicitly time-dependent flow is represented by 
a phase-conditioned family of reduced operators. The reduced coordi
nates and scalar-energy metric used in this section are constructed 
formally in Sec. IV; here, we introduce them only to the extent needed 
to define the retention diagnostic. The reduced state is taken directly 
as the POD coordinate, so that yk ¼ zk 2 Rr and p ¼ r. For a fixed 
parameter realization, 

ykþ1 ¼ Kðn; hkÞyk; (16) 

where tk ¼ kDts and hk is the known forcing or switching phase. For 
the double-gyre flow, hk ¼ xtkmod2p. For the stirred cavity, 
hk ¼ 2ptk=Tsmod2p, and hk selects the currently active vortex. The 
finite-time reduced propagator over N snapshot intervals is the 
ordered product 

KN:0ðnÞ ¼ Kðn; hN−1Þ � � �Kðn; h1ÞKðn; h0Þ: (17) 

The associated physical retention horizon is Tret ¼ NDts. Let H � 0 
denote the scalar-energy metric in the POD coordinates, as con
structed in Sec. IV. The metric-weighted finite-time propagator is 

ANðnÞ ¼ H1=2KN:0ðnÞH−1=2: (18) 

The largest finite-time retention is 

CNðnÞ ¼ rmax ANðnÞð Þ; (19) 

and the normalized retention score is 

GNðnÞ ¼
CNðnÞ

mediann2Edev CNðnÞ
: (20) 

The normalization is fixed from the development ensemble before 
any held-out or Monte Carlo evaluation. Thus, GNðnÞ > 1 indicates 
stronger-than-typical retention in the resolved POD subspace and 
does not imply physical growth of scalar variance.

The operator score and the mixing time measure related but dis
tinct quantities. The mixing time TmðnÞ is computed for the prescribed 
initial scalar field q0, whereas CNðnÞ is maximized over all resolved 
scalar-energy directions. To connect the two, we also compute the 
fixed-initial-condition retention 

gfix
N ðnÞ ¼

jjKN:0ðnÞy0jjH
jjy0jjH

; jjyjjH ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
y>Hy

p
; (21) 

where y0 ¼ z0 is the POD representation of the prescribed initial sca
lar field. By construction, 

gfix
N ðnÞ � CNðnÞ: (22) 

Let v1ðnÞ denote the leading right singular vector of ANðnÞ. We addi
tionally report the alignment 

a0ðnÞ ¼
jv1ðnÞ

>H1=2y0j

jjH1=2y0jj2
: (23) 

The fixed-initial-condition retention is the direct connection to the 
initial field used in the mixing time calculation; the single-vector 
alignment is reported only as a secondary diagnostic. The working 
hypothesis tested numerically is that parameter realizations with large 
GN are more likely to produce delayed mixing, while gfix

N quantifies 
the corresponding retention of the prescribed initial scalar field.

Section IV describes the POD coordinates, scalar-energy metric, 
and phase-conditioned Koopman polynomial-chaos operator.

IV. REDUCED OPERATOR MODEL
We now describe how the phase-conditioned, parameter-depen

dent operator Kðn; hÞ in (16) is obtained from scalar-field data. The 
reduced representation is used both to predict scalar snapshots and, 
more importantly, to evaluate the mixing time and finite-time reten
tion over many parameter realizations at low cost.

Let 

D ¼ cðjÞk ; nj

n oNs ;Nt

j¼1;k¼0
(24) 

denote a set of high-fidelity scalar snapshots, where cðjÞk ¼ cð�; tk; njÞ is 
the scalar field at time tk for the parameter realization nj. The parame
ter samples nj are drawn from the probability density qðnÞ. The snap
shots are generated by solving the advection–diffusion equation (2) 
for a finite training set of parameter values.

A. Mean-removed POD representation of scalar fields
Passive-scalar snapshots typically lie close to a low-dimensional lin

ear subspace, because the dominant scalar structures in a stirred flow are 
much lower in dimension than the full grid. POD is the standard tool for 
extracting such a subspace from snapshot data,28,29 and we use it here to 
obtain a compressed coordinate system for the mean-removed scalar 
field. For each scalar snapshot, the spatial mean is first removed, 
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qðjÞk ¼ cðjÞk − �cðjÞk 1: (25) 

The mean-removed training snapshots are arranged as row vectors in 
a snapshot matrix. A rank-r proper orthogonal decomposition basis 
Vr 2 Rnc�r is then obtained from its singular-value decomposition. 
The implementation uses Euclidean-orthonormal POD modes, 

V>r Vr ¼ Ir: (26) 

The POD coordinates and reconstructed mean-removed field are 

zðjÞk ¼ V>r qðjÞk ; (27) 

bqðjÞk ¼ VrzðjÞk : (28) 

The POD rank is selected using only the training trajectories and 
is then fixed for validation and testing. The POD coordinates are used 
as identity observables without an additional nonlinear lifting. We 
therefore set yk ¼ zk, p ¼ r.

B. Scalar-energy metric
The retention diagnostic in Sec. III is defined in the physical L2 

scalar-energy norm. For the diagnostic to remain physically meaningful 
in the reduced coordinates, we need a metric H on those coordinates 
that agrees with the discrete L2 energy of the reconstructed field. This is 
the standard energy-consistent inner product used in energy-based 
reduced-order modeling.30 On the uniform cell-centered grid, let 
DV ¼ Dx Dy. Because the POD modes are Euclidean orthonormal 
[Eq. (26)], the discrete L2 energy of the POD reconstruction is 

jjbqkjj
2
L2

h
¼ DV bq>k bqk

¼ DV z>k zk:
(29) 

Accordingly, the scalar-energy metric in the reduced coordinates is 

H ¼ Dx Dy Ir (30) 

and 

y>k Hyk ¼ jjbqkjj
2
L2

h
: (31) 

The matrix H is positive definite. The difference between y>k Hyk and 
the energy of the full high-fidelity field is therefore caused only by 
POD truncation and is evaluated on independent held-out snapshots 
in Sec. V D.

C. Phase-conditioned Koopman approximation
The scalar-field dynamics under a periodically forced or 

switched flow are not autonomous, so a single time-invariant linear 
operator cannot represent the transition from yk to ykþ1. We there
fore approximate the reduced dynamics by a phase-conditioned 
Koopman operator, following the extended dynamic mode decompo
sition and Koopman-operator viewpoint for non-autonomous sys
tems.20,21 Because the flow is explicitly time dependent, the transition 
from yk to ykþ1 depends on the forcing or switching phase hk as well 
as on n. The reduced dynamics are therefore approximated by 

yðjÞkþ1 � Kðnj; hkÞy
ðjÞ
k : (32) 

The deterministic phase dependence is represented separately from the 
random-parameter dependence. For the double gyre, the phase basis is 

bDGðhÞ ¼ 1; cos h; sin h; cos ð2hÞ; sin ð2hÞ½ �
>
: (33) 

For the stirred cavity, the velocity is constant within each half-cycle, 
and the phase basis is 

bCðhÞ ¼ 1; sðhÞ½ �
>
; sðhÞ ¼

1; 0 � h < p;

−1; p � h < 2p:

(

(34) 

This representation does not treat the deterministic phase variables as 
additional independent random parameters.

D. Polynomial-chaos representation of the operator
The dependence of the reduced operator on the uncertain 

parameters n needs to be represented in a way that admits inexpensive 
evaluation at any new sample n. When n has a smooth influence on 
the dynamics, generalized polynomial chaos provides a compact spec
tral representation for such parametric dependence.26,27 For the three 
uniformly distributed uncertain parameters used here, the corre
sponding orthogonal basis is the total-degree Legendre basis.31

Let Uaf ga2IP 
be the total-degree Legendre basis associated with 

the three independent uniform uncertain parameters. The phase- 
conditioned reduced operator is represented as 

Kðn; hÞ ¼
X

a2IP

Xnh

‘¼1
Ka‘UaðnÞb‘ðhÞ; (35) 

where nh ¼ 5 for the double gyre and nh ¼ 2 for the cavity. This is a 
polynomial-chaos representation in the uncertain parameters com
bined with a deterministic Fourier or switching basis in phase. It is 
not an intrusive stochastic Galerkin discretization of the full advec
tion–diffusion equation. Each uncertain parameter ni is affinely 
mapped to ½−1; 1� using the endpoints of its uniform support. The 
Legendre basis Uaf g is normalized so that 

Ð

½−1;1�3UaUb dn=23 ¼ dab 

(orthonormal). Before the ridge regression in Eq. (36), each 
parameter-phase feature UaðnjÞb‘ðh

ðjÞ
k Þ is standardized to zero 

mean and unit variance across the development set; the regularization 
k ¼ 10−4 therefore acts on standardized features.

The coefficient matrices Ka‘ are identified jointly from all 
reduced snapshot pairs ðyðjÞk ; yðjÞkþ1Þ in the development set by solving 

min
Ka‘f g

XNs

j¼1

XNt−1

k¼0

�
�
�
�

�
�
�
�y
ðjÞ
kþ1 −

X

a2IP

Xnh

‘¼1
Ka‘UaðnjÞb‘ðh

ðjÞ
k Þ

 !

yðjÞk

�
�
�
�

�
�
�
�

2

2

þ k
X

a2IP

Xnh

‘¼1
jjKa‘jj

2
F: (36) 

The regularization parameter k � 0 improves conditioning and limits 
overfitting. For a new parameter realization, the operator is evaluated 
at each known forcing or switching phase and the reduced trajectory 
is advanced using the ordered product in (17).

E. Prediction of scalar variance and mixing time
Once the operator Kðn; hÞ is available, a full scalar trajectory for 

any new parameter realization can be obtained by propagation in the 
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POD coordinates and reconstruction in physical space. This is the 
surrogate step that replaces a high-fidelity advection–diffusion solve 
when evaluating the mixing time distribution and the retention score 
over the Monte Carlo ensemble. For a new parameter realization n, 
the reduced model is initialized from the prescribed mean-removed 
scalar field, z0 ¼ V>r q0; and propagated according to 

bzkþ1 ¼ Kðn; hkÞbzk; bz0 ¼ z0: (37) 

The reconstructed mean-removed and full scalar fields are bqk 
¼ Vrbzk, and bck ¼ bqk þ �c 1. The predicted mixing index is 

bMðtk; nÞ ¼
jjbqkð�; nÞjj

2
L2ðXÞ

jjq0jj
2
L2ðXÞ

: (38) 

The surrogate mixing time and failure probability are 

bTmðnÞ ¼ inf tk > 0 : bMðtk; nÞ � emix

n o

; (39) 

bPf ðsÞ ¼ P bTmðnÞ > s

n o

: (40) 

The reduced model is validated using (i) scalar variance decay, (ii) 
mixing time prediction, and (iii) preservation of the upper tail of the 
mixing time distribution.

V. NUMERICAL SETUP AND VALIDATION PROTOCOL
This section gives the numerical details needed to reproduce the 

results. The definitions of the mixing index, mixing time, finite-time 
retention score and Koopman polynomial-chaos operator were intro
duced in Secs. II–IV. Here, we specify the benchmark flows, discretiza
tion, data generation, model-training protocol, validation metrics, and 
consistency checks.

A. Benchmark flows and uncertain parameters
We use two canonical two-dimensional time-dependent flows. 

The main benchmark is the time-periodic double-gyre flow, which is 
a standard testbed for finite-time transport and coherent-structure 
analysis.13,14 The secondary benchmark is a periodically stirred cavity 
of the alternating-vortex type, which has long been used to study cha
otic advection and mixing in bounded domains.1,2 Both flows are pre
scribed analytically, so all uncertainty enters only through their 
parameters.

The double-gyre flow is defined on X ¼ ½0; 2� � ½0; 1�. The 
incompressible velocity field is generated from the streamfunction 

wðx; y; t; nÞ ¼ −A sin pf ðx; tÞ
� �

sin ðpyÞ; (41) 

with f ðx; tÞ ¼ aðtÞx2 þ bðtÞx, aðtÞ ¼ � sinðxtÞ, bðtÞ¼ 1 −2�sinðxtÞ. 
The velocity is u¼ðux;uyÞ¼ ð@w=@y;−@w=@xÞ, which is 
divergence-free by construction. The uncertain parameter vector is 
n¼ðA;�;xÞ, with independent uniform distributions A�Uð0:15;
0:35Þ, ��Uð0:15;0:35Þ, x�Uð0:7�2p; 1:3�2pÞ. These ranges 
keep the flow in the same qualitative transport regime while introduc
ing enough variation to produce different finite-time mixing 
behavior.

As a secondary benchmark, we consider a periodically stirred 
cavity on X ¼ ½0; 1� � ½0; 1�. The flow is generated by two smooth 
vortices that alternate every half-period Ts=2. For an active vortex 
centered at xm ¼ ðxm; ymÞ, the streamfunction is 

wmðx;yÞ ¼
C

2p
exp −

ðx − xmÞ
2
þðy − ymÞ

2

2d2
v

" #

sin2ðpxÞ sin2ðpyÞ; (42) 

and the corresponding incompressible velocity field is 

umðx; yÞ ¼
@wm
@y

;−
@wm
@x

� �

: (43) 

The factor sin2ðpxÞ sin2ðpyÞ makes the streamfunction vanish on all 
four walls, so that um � n ¼ 0 on @X. The vortex centers are 

x1 ¼ ð0:35þ Dx1; 0:50Þ; (44) 
x2 ¼ ð0:65; 0:50Þ; (45) 

and the fixed vortex-core parameter is dv ¼ 0:20. The first vortex is 
active for 0 � tmodTs < Ts=2 and the second is active for 
Ts=2 � tmodTs < Ts. The uncertain parameter vector is 
n ¼ ðC;Ts;Dx1Þ, with independent distributions C � Uð3; 7Þ, 
Ts � Uð0:6; 1:4Þ, Dx1 � Uð−0:1; 0:1Þ.

B. High-fidelity scalar solver
The high-fidelity solver is used to generate both the training 

snapshots for the reduced model and the ground-truth mixing time 
distributions against which the reduced model is validated. It must 
therefore be accurate enough to resolve the fine scalar filaments pro
duced at Pe ¼ 1000 and stable enough to run reliably over many 
parameter realizations.

For each parameter realization, the passive-scalar equation (2) is 
solved from the same smooth initial condition, so that all variability 
in the mixing time comes from the uncertain transport dynamics. In 
the double gyre, the initial scalar field is 

c0ðx; yÞ ¼
1
2

1 − tanh
x − xc

‘c

� �� �

: (46) 

For the double-gyre benchmark, the interface is centered at xc ¼ 1:0 
with thickness ‘c ¼ 0:05, so that it is initially centered between the two 
gyres. The stirred-cavity benchmark uses the same smooth-interface form, 

c0;Cðx; yÞ ¼
1
2

1 − tanh
x − 0:50

0:03

� �� �

; (47) 

with xc ¼ 0:50 and ‘c ¼ 0:03. A smooth interface is used in both 
benchmarks to avoid early-time numerical oscillations associated 
with a discontinuous scalar jump. The initial scalar field is fixed across 
all parameter realizations within each benchmark.

The Peclet number is fixed at Pe ¼ 1000. The double-gyre simu
lations use a uniform grid with Nx � Ny ¼ 256� 256, time step 
Dt ¼ 0:005, and final time Tf ¼ 20. The stirred-cavity simulations 
use Nx � Ny ¼ 128� 128 with the same time step and final time. 
The mixing threshold used in all reported results is emix ¼ 5� 10−2.

For each parameter realization, we record the observed time 

~T mðnÞ ¼ min TmðnÞ;Tf
� �

(48) 

and the censoring indicator dðnÞ ¼ 1 TmðnÞ�Tff g. If dðnÞ ¼ 0, the real
ization has not crossed the mixing threshold by the final simulation 
time. Such a realization is recorded as TmðnÞ > Tf and is not treated 
as an exact observation at Tm ¼ Tf . For any deadline s � Tf , the 
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exceedance event is observed directly from the computed mixing 
index: TmðnÞ > s () Mðs; nÞ > emix. The failure probability 
over the simulated time interval can therefore be estimated without 
assigning an artificial mixing time to censored realizations.

The passive-scalar equation is discretized on a uniform cell- 
centered finite-volume grid. The advective term is written in conservative 
flux form. Face values are obtained using MUSCL reconstruction with a 
minmod slope limiter,32 and advection is advanced using the second- 
order SSP–RK2 scheme.33 The wall-normal advective flux is set to zero at 
every physical boundary. Diffusion is advanced using the Crank– 
Nicolson method with a symmetric cell-centered discrete Laplacian satis
fying the homogeneous Neumann condition rc � n ¼ 0, on @X. This 
treatment preserves the discrete spatial mean. At each time step, we mon
itor the spatial mean and normalized scalar variance. The maximum rela
tive scalar-mean drift and the maximum positive increment of the 
normalized scalar variance are recorded as numerical consistency checks. 
The normalized mixing index and the corresponding censored or uncen
sored mixing time are computed from Eqs. (6) and (7).

C. Reference ensemble, training data, and model 
identification

To distinguish uncertainty in the mixing response from any sen
sitivity of the reduced model to its own training data, all reference sta
tistics are computed on ensembles that are disjoint from the 
trajectories used to fit or select the reduced model.

The double-gyre reference statistics are obtained from an 
independent high-fidelity Monte Carlo ensemble of NMC ¼ 1000 
parameter realizations. This ensemble is disjoint from all trajecto
ries used for reduced-model identification and model selection. It 
is used for the high-fidelity statistics in Figs. 1 and 2. After the 
double-gyre reduced model has been identified, it is also evaluated 
on these same parameter values for the distributional and diagnos
tic comparisons in Figs. 3 and 4. The stirred-cavity model is evalu
ated on the separate 30-trajectory held-out ensemble described 
below.

For a deadline s � Tf , the empirical exceedance probability is 
computed directly from the observed mixing-index event, 

bPf ðsÞ ¼
1

NMC

XNMC

j¼1
1 Mðs;njÞ>emixf g: (49) 

The corresponding cumulative probability of mixing by time s is 

bFTmðsÞ ¼ 1 − bPf ðsÞ; 0 � s � Tf : (50) 

This definition does not assign Tm ¼ Tf to a realization that 
remains unmixed at the end of the simulation. Consequently, 
bFTmðTf Þ need not equal one and bPf ðTf Þ need not equal zero.

Pointwise uncertainty in the exceedance probability is reported 
with a 95% Wilson interval.34,35 Let bp ¼ bPf ðsÞ, n ¼ NMC, and 
z ¼ 1:96. The lower and upper limits are 

FIG. 1. Uncertainty creates a slow tail in the double-gyre response. Panels (a)–(c) show physical concentration on the common scale c 2 ½0; 1�: (a) the fixed initial field, 
(b) a fast realization at the deadline ss ¼ 15:20, and (c) a slow realization at the same deadline. (d) Mixing-index trajectories from the independent high-fidelity ensemble 
of NMC ¼ 1000 realizations; the shaded bands are the 5%–95% and 10%–90% percentile envelopes and the solid line is the median trajectory. (e) Histogram of the exact 
mixing times TmðnÞ for the uncensored subset only. The horizontal axis is truncated at the largest observed uncensored mixing time, strictly less than Tf ¼ 20. The number 
and fraction of right-censored realizations (Tm > Tf ) are printed in the panel and are not plotted as an accumulation at Tm ¼ Tf . (f) Direct estimate of the exceedance prob
ability bPf ðsÞ ¼ N−1

MC
P

j 1 Mðs;njÞ>emixf g with a pointwise 95% Wilson interval. The value at s ¼ Tf is the observed remaining failure fraction and is not forced to zero.
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P6ðsÞ ¼
bp þ z2

2n 6z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bpð1−bpÞ

n þ z2

4n2

q

1þ z2

n
: (51) 

The reduced-model database contains 200 independently sampled 
trajectories for each benchmark. The data are split by parameter reali
zation, not by snapshot: 170 trajectories form the development set 
and 30 trajectories form an independent held-out set. For the double 
gyre, the 170 development trajectories are used directly for fitting. For 
the cavity, they are further split into fitting and internal model- 
selection subsets, as described below (Table I). Scalar snapshots are 
stored at tk ¼ kDts, Dts ¼ 0:20. Each complete trajectory therefore 
contains Nt þ 1 ¼ 101 stored snapshots at tk ¼ 0; 0:2;…; 20. The 
default retention calculation uses N ¼ 50 snapshot intervals, giving 
Tret ¼ NDts ¼ 10. For the double gyre, development-set reconstruc
tion and rollout checks are used to fix r ¼ p ¼ 16, P ¼ 3k ¼ 10−4. 
Neither the independent held-out set nor the NMC ¼ 1000 evaluation 
ensemble is used for model selection or score normalization. The 
total-degree Legendre basis in three uncertain parameters contains 
jI 3j ¼ 20 terms. Together with the five phase functions, this gives 
100 parameter–phase terms. The independent 30-trajectory set is 
used for field-level, rollout, and scalar-energy checks. Distributional 
tail statistics are then evaluated on the independent NMC ¼ 1000 
ensemble defined above.

For the stirred cavity, the 170 development trajectories are 
divided into 140 fitting trajectories and 30 internal model-selection 
trajectories. Stable models are compared first by deadline-status 
agreement at sC ¼ 12, then by the median absolute mixing time 
error and the 90th percentile of the trajectory-averaged mixing-index 
error. This procedure selects r ¼ p ¼ 6, P ¼ 2. The corresponding 

Legendre basis contains jI 2j ¼ 10 terms and, with the two switching 
functions, 20 parameter–phase terms. The selected model is refitted 
on all 170 development trajectories and evaluated on the independent 
30-trajectory held-out set. The regularization parameter is k ¼ 10−4 

for both benchmarks.

D. Validation metrics and numerical consistency 
checks

Because the reduced model is meant to predict both individual 
mixing trajectories and the distribution of mixing times across the 
uncertain family, it is validated at three levels: pointwise scalar fields, 
per-realization mixing indices and mixing times, and distributional 
agreement with the high-fidelity mixing time law. Numerical consis
tency of the high-fidelity solver itself is verified separately through 
grid and time step refinement.

For a held-out realization, the relative field error is 

ecðtk; nÞ ¼
jjcð�; tk; nÞ −bcð�; tk; nÞjj2

jjcð�; tk; nÞjj2
: (52) 

The pointwise and trajectory-averaged mixing-index errors are 

eMðtk; nÞ ¼ jMðtk; nÞ − bMðtk; nÞj; (53) 

�eMðnÞ ¼
1

Nt þ 1

XNt

k¼0
eMðtk; nÞ: (54) 

The mixing time error is evaluated only when both calculations 
are uncensored, 

FIG. 2. Parameter conditioning of slow 
mixing for the independent high-fidelity 
ensemble of NMC ¼ 1000 realizations. 
(a) Samples in the ð�;x=ð2pÞÞ plane 
colored by the observed response 
~T m ¼ minðTm; Tf Þ. (b) Samples in the 
ðA; �Þ plane using the same response 
scale. (c) Overlaid marginal distributions 
of the amplitude A and the separatrix 
parameter � for the full ensemble and for 
the slow set Tm > ss; a common hori
zontal axis is used because A and �
share the same sampled range [0.15, 
0.35]. (d) Mean observed response 
~T m ¼ minðTm; Tf Þ on a uniform 25� 25 
bin grid in the ð�;x=ð2pÞÞ plane. Only 
bins containing at least five realizations 
are shown, and no smoothing is applied.
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eTðnÞ ¼ jTmðnÞ − bT mðnÞj: (55) 

Censored realizations are instead compared through their deadline- 
status indicators. Distributional agreement is measured by 

eCDF ¼ sup
0�s�Tf

jbF
HFM
Tm
ðsÞ − bF

ROM
Tm
ðsÞj: (56) 

The scalar-energy approximation is checked on independent 
held-out snapshots. For each snapshot, 

eH ¼
kjqjj2L2

h
− z>Hzj

max jjqjj2L2
h
; eH

n o ; (57) 

where 

eH ¼ max 10−6Q0:01 jjqjj2L2
h

� �
; 10−15

n o
: (58) 

Because z>Hz is exactly the discrete energy of the POD reconstruc
tion, eH measures POD truncation error. Its median, 95th percentile, 
and maximum are reported for both benchmarks in Fig. S1 and Table 
S1 of the supplementary material.

Grid convergence was evaluated for representative low-, median-, 
and high-retention double-gyre screening cases using 128� 128, 

192� 192, and 256� 256 cells at Dt ¼ 0:005. The cases are labeled 
according to their terminal mixing-index values because all three 
remain above the threshold at Tf ¼ 20. Relative to the 256� 256 calcu
lations, the maximum differences in the complete mixing-index curves 
on the 192� 192 grid were 4:06� 10−3, 5:88� 10−3, and 
3:67� 10−3. The corresponding differences on the 128� 128 grid 
were 1:40� 10−2, 2:00� 10−2, and 1:33� 10−2. Time convergence 
was evaluated on the 256� 256 grid using Dt 2 0:01; 0:005; 0:0025f g. 
Relative to Dt ¼ 0:0025, the maximum curve differences at the adopted 
step Dt ¼ 0:005 were 1:55� 10−4, 6:98� 10−5, and 2:48� 10−5. The 
maximum relative scalar-mean drift was of order 10−12, and no positive 
increment of the normalized scalar variance was detected. Figure S3 
and Table S2 of the supplementary material report the complete refine
ment results. Figure S4 and Table S3 of the supplementary material 
report the reduced-model sensitivity study.

VI. RESULTS
The results test the following mechanism: under parametric 

uncertainty, slow mixing is produced by scalar structures that remain 
weakly contracted over a finite interval for particular parameter 
realizations. We first establish the slow tail and its localization in 
parameter space. We then validate the reduced operator, evaluate the 
finite-time retention score, and identify the associated retained scalar 

FIG. 3. Validation of the reduced Koopman polynomial-chaos model on the independent double-gyre evaluation ensemble of NMC ¼ 1000 realizations. (a) High-fidelity and 
reduced mixing-index trajectories for representative fast, median-response, and slow realizations. (b) Mixing time parity for jointly uncensored realizations only; the four 
HFM/ROM censoring status counts are reported separately in the panel. (c) Cumulative probability of mixing computed as 1 − bPf ðsÞ from the directly observed deadline 
event. (d) High-fidelity and reduced exceedance probabilities with pointwise 95% Wilson intervals. No end point is appended at Tf in either panel. (e) Absolute mixing time 
error for jointly uncensored realizations. (f) Trajectory-averaged mixing-index error vs the high-fidelity observed response ~T m, with censored cases identified separately.
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FIG. 4. Censoring-consistent comparison of the finite-time retention score GN with three baseline diagnostics: an early-decay diagnostic, the forcing amplitude A, and a 
stretching proxy on the independent double-gyre ensemble of NMC ¼ 1000 realizations. (a)–(c) Each diagnostic, standardized as ~D ¼ ðD − �DÞ=rD so that all three share a 
common horizontal scale, vs the observed response ~T m ¼ minðTm; Tf Þ: (a) retention score GN, (b) early-decay diagnostic, (c) stretching proxy. Realizations satisfying Tm >
ss are marked separately (ss ¼ 15:20). (d) ROC curves for the fully observed deadline event Tm > ss for all four diagnostics. (e) Tail-enrichment factor Ea vs the selected 
upper fraction a, for the same event. (f) Numerical summary of the deadline event, the failure probability at ss, and the diagnostic ranking (Spearman correlation qs, area 
under the ROC curve, and tail enrichment E0:1) for each of the four diagnostics. Panels (d)–(f) and Table III use each diagnostic in its raw scale; standardization affects only 
the horizontal scale of panels (a)–(c) and leaves qs, AUC, and Ea unchanged. No censored realization is treated as an exact mixing time at Tf .

TABLE I. Numerical and reduced-model settings for the double-gyre (DG) and stirred-cavity (SC) benchmarks. Common settings are repeated only where needed for clarity. 

Physical and numerical setup Reduced model and data

Quantity DG SC Quantity DG SC

Domain ½0; 2� � ½0; 1� ½0; 1� � ½0; 1� Reduced dimensions r ¼ p 16 6
Grid 256� 256 128� 128 PCE degree P 3 2
Interface ðxc; ‘cÞ ð1:0; 0:05Þ ð0:50; 0:03Þ Polynomial terms jIPj 20 10
Vortex centers ðx1; x2Þ � � � ð0:35þ Dx1; 0:50Þ;ð0:65; 0:50Þ Phase terms nh 5 2
Core/switch ðdv;Ts=2Þ � � � ð0:20;Ts=2Þ Combined terms jIPjnh 100 20
Boundary conditions u � n ¼ 0; u � n ¼ 0; Regularization k 10−4 10−4

rc � n ¼ 0 rc � n ¼ 0
Peclet number Pe 1000 1000 Retention steps N 50 50
Solver step Dt 0.005 0.005 Retention horizon NDts 10 10
Snapshot step Dts 0.20 0.20 Development traj. 170 170
Final time Tf 20 20 Fit/selection split � � � 140=30
Mixing threshold emix 5� 10−2 5� 10−2 Held-out trajectories 30 30

DG evaluation set 1000 � � �
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structures. The periodically stirred cavity provides an independent 
test in a different transport geometry.

Slow double-gyre realizations are defined by the deadline event 

SslowðssÞ ¼ nj : Mðss; njÞ > emix
� �

¼ nj : TmðnjÞ > ss
� �

; (59) 

with ss ¼ 15:20 < Tf . The high-fidelity failure probability at this dead
line is 0.15. This definition remains valid for realizations that are right- 
censored at Tf . Fast realizations used in representative field comparisons 
are selected from the lower 10% of observed, uncensored mixing times.

A. Slow mixing tails in the uncertain double-gyre flow
Figure 1 shows the high-fidelity Monte Carlo results. Most real

izations mix within the central part of the observation window, while 
a smaller subset remains above the threshold substantially longer. The 
resulting distribution therefore has a persistent right tail rather than a 
narrow fluctuation around a nominal decay curve.

The scalar fields explain the tail physically. A fast realization rap
idly forms fine filaments that are removed by diffusion. At the same 
deadline, a slow realization retains a large-scale scalar remnant near a 
weakly exchanging region. Because scalar variance is non-increasing 
for every realization, the slow event reflects weak finite-time contrac
tion rather than scalar-energy growth.

The slow realizations are not distributed uniformly in parameter 
space. Figure 2 shows that the deadline failures occupy restricted 
regions of the uncertain parameter domain. The conditional parame
ter distributions and the binned mean observed response identify 
combinations of forcing amplitude, separatrix oscillation, and forcing 
frequency that sustain weak exchange between the two gyres. The 
slow tail is therefore parameter-conditioned rather than numerical 
scatter around the mean response.

The double-gyre reduced model is evaluated on the indepen
dent NMC ¼ 1000 ensemble, which is disjoint from the model- 
building data. Representative trajectories test the temporal decay, 
jointly uncensored samples test mixing time prediction, and the 
full evaluation ensemble tests the cumulative and exceedance 
probabilities. Tail-specific statistics are reported because agree
ment in the bulk alone does not establish reliable prediction of 
delayed mixing (Table II).

B. Retention score as a predictor of slow mixing
The finite-time retention score GNðnÞ ranks parameter realiza

tions by the least contraction of resolved scalar-energy directions over 
Tret ¼ 10. Because some realizations are right-censored at Tf , rank 

correlations are reported against the observed response 
~T m ¼ minðTm;Tf Þ, whereas classification and enrichment are com
puted from the fully observed deadline event Tm > ss with 
ss ¼ 15:20 < Tf . Figure 4 compares GN with three baseline diagnos
tics: an early-decay diagnostic, the forcing amplitude A (the strongest 
single-parameter baseline in this benchmark), and a stretching proxy. 
The operator score gives the strongest rank association, deadline clas
sification, and concentration of slow events. Table III tabulates the 
same four-diagnostic comparison numerically, and Fig. 4(f) prints the 
matching in-panel summary.

The three summary statistics reported in Table III and in 
Fig. 4(f) are the Spearman rank correlation qs between the diagnostic 
and the observed response ~T m, the area under the receiver operating 
characteristic (ROC) curve (AUC) for the deadline event Tm > ss, 
and the tail-enrichment factor E0:1 defined below. For visual compari
son across diagnostics with different physical units, panels (a)–(c) of 
Fig. 4 plot each diagnostic after standardization, ~D ¼ ðD − �DÞ=rD, 
where �D and rD are the sample mean and standard deviation on the 
evaluation ensemble. Ranks, ROC curves, and enrichment factors are 
invariant under this monotone transformation, so panels (d)–(f) and 
Table III use each diagnostic in its raw scale; standardization affects 
only the horizontal scale of panels (a)–(c) and does not affect qs, 
AUC, or Ea. For a diagnostic D oriented so that larger values indicate 
slower mixing, the tail-enrichment factor is 

EaðDÞ ¼
P Tm > ssjD � Q1−aðDÞ
� �

P Tm > ssf g
: (60) 

A value greater than one means that selecting the largest diag
nostic values concentrates deadline failures more effectively than ran
dom sampling.

C. Decoded retention modes and retained scalar 
structures

For each realization, let 

ANðnÞ ¼ UðnÞRðnÞVðnÞ>: (61) 

The leading right singular vector defines the least-damped initial 
direction in the resolved POD subspace, 

y?0 ¼ H−1=2v1: (62) 

TABLE II. Tail-aware validation of the double-gyre reduced model on the indepen
dent evaluation ensemble. Mixing time errors use jointly uncensored realizations 
only. The upper-tail column uses the upper 10% of observed, uncensored high- 
fidelity mixing times. Mixing times are recorded at the snapshot resolution 
Dts ¼ 0:20, so exact ties between the high-fidelity and reduced predictions are 
common in the upper-tail subset. 

Quantity Full evaluation set Upper 10% of Tm

Median �eM 0.007 0.007
Median eT 0.321 < Dts
CDF error eCDF 0.077 � � �

TABLE III. Comparison of the finite-time retention score GN with three baseline 
diagnostics for identifying double-gyre deadline failures on the independent 
NMC ¼ 1000 ensemble. The Spearman correlation qs is computed with the 
observed response ~T m ¼ minðTm; Tf Þ. AUC and the tail-enrichment factor E0:1 use 
the fully observed deadline event Tm > ss with ss ¼ 15:20, and E0:1 uses the larg
est 10% of each diagnostic. The values agree, up to rounding, with the summary 
printed in Fig. 4(f). 

Diagnostic Spearman qs with ~T m AUC E0:1

GN 0.815 0.924 4.963
Forcing amplitude A 0.653 0.870 4.000
Early-decay diagnostic 0.247 0.587 1.333
Stretching proxy 0.416 0.745 2.960
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The physical field compared with the high-fidelity remnant is not this 
initial direction. It is first propagated to 

y?N ¼ KN:0ðnÞy?0; /?
N ¼ Vry?N ; (63) 

at tN ¼ NDts ¼ 10. The high-fidelity mean-removed scalar and /?
N 

are individually L2 normalized. The sign of /?
N is chosen to make 

their inner product non-negative, and all field panels use a common 
symmetric color scale.

Their spatial overlap is 

gðnÞ ¼
jhqð�; tN ; nÞ;/?

Nð�; nÞiL2 j

jjqð�; tN ; nÞjjL2 jj/
?
Nð�; nÞjjL2

: (64) 

The fixed-initial-condition retention gfix
N and alignment a0 

defined in Eqs. (21) and (23) are reported together with the operator 
score so that GN is not interpreted as the decay of the prescribed ini
tial field.

The stirred cavity tests the same diagnostic in a flow organized 
by alternating vortices rather than an oscillating separatrix. The 
selected model uses r ¼ 6 and P ¼ 2 and is evaluated on 30 indepen
dent held-out trajectories (Table IV). The reduced model reproduces 
the mixing-index decay and deadline status, while GN remains 
strongly associated with the mixing response (Fig. 5).

For a held-out cavity trajectory, the error �eM is defined by 
Eq. (54). Its median, 90th percentile, and maximum are 0.006 43, 
0.008 45, and 0.010 27, respectively. The median absolute mixing time 
error is 0.0801. At sC ¼ 12, the high-fidelity and reduced failure prob
abilities are 0.5333 and 0.5000, giving an absolute error of 0.0333 and 
one deadline-status disagreement. The maximum relative scalar- 
mean drift is 1:05� 10−12, and no positive increment of M is detected 
(Fig. 6).

FIG. 5. Decoded retention modes for representative slow and fast double-gyre realizations using the final configuration r ¼ 16, P ¼ 3, N ¼ 50, and tN ¼ 10. 
(a) High-fidelity mean-removed remnant for a slow realization. (b) Propagated retention mode for the same slow realization. (c) High-fidelity mean-removed remnant for 
a fast realization. (d) Propagated retention mode for the same fast realization. (e) Group summaries of the spatial overlap g, fixed-initial-condition retention gfix

N , 
and initial-direction alignment a0 for the selected fast and slow sets. (f) All and only the 16 singular values of the metric-weighted finite-time propagator for the two 
representative realizations. The four field panels are individually L2 normalized, sign aligned where appropriate, and use one common symmetric color scale. Figure S2 of 
the supplementary material displays the initial and propagated directions separately.

TABLE IV. Independent held-out validation of the selected stirred-cavity reduced 
model (r ¼ 6, P ¼ 2). 

Quantity Value

Median �eM 0.006 43
90th percentile �eM 0.008 45

Maximum �eM 0.010 27
Median eT 0.0801
bPf ;HFMð12Þ 0.5333
bPf ;ROMð12Þ 0.5000

Absolute failure-probability error 0.0333
Deadline-status disagreements 1=30

Maximum relative scalar-mean drift 1:05� 10−12

Maximum positive increment of M 0
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D. Sensitivity to numerical and modeling choices
Sensitivity is evaluated on the independent 30-trajectory cavity test 

set for r 2 4; 6; 8; 10; 12f g, P 2 1; 2; 3f g, and N 2 25; 50; 75f g, corre
sponding to retention horizons of 5, 10, and 15. For r ¼ 4–10, the 
Spearman correlation between GN and Tm remains between 0.983 and 
0.990, with AUC 1.000. At r ¼ 12, the correlation and AUC decrease 
to 0.697 and 0.879. For P ¼ 1–3, the correlation remains between 0.981 
and 0.984, with AUC 1.000. Across the three retention horizons, it 
ranges from 0.970 to 0.984, again with AUC 1.000. The selected config
uration therefore lies in the stable part of the tested range. Figure S4 
and Table S3 of the supplementary material contain the full results.

Once trained, the reduced model replaces a full-grid advection– 
diffusion solve by phase-conditioned operator evaluation and propa
gation in the POD space. This makes dense evaluation of the mixing 
time tail and retention score practical. More importantly, the operator 
model provides the least-damped scalar directions, which cannot be 
obtained from direct interpolation of mixing times.

VII. DISCUSSION AND CONCLUSIONS
The results show that mixing reliability is controlled by more 

than the nominal or mean decay rate of scalar variance. In the 

uncertain flows considered here, most parameter realizations mix rap
idly, but a smaller subset produces delayed homogenization. These 
slow realizations are not random outliers in the scalar variance curve. 
They are associated with coherent scalar structures that remain orga
nized over finite times and therefore delay the crossing of the pre
scribed mixing threshold. This interpretation is consistent with the 
classical lamellar picture of mixing. Fast realizations generate thin sca
lar structures and strong gradients early enough for diffusion to act 
efficiently. Slow realizations delay this deformation and accumulate 
less scalar dissipation over the finite observation window. The con
nection between deformation history and scalar decay is central to 
lamellar descriptions of mixing.10 The retention diagnostic comple
ments this viewpoint. Lamellar models describe how a prescribed 
deformation history controls diffusion, whereas the present frame
work identifies which members of an uncertain flow family retain sca
lar structures long enough to populate the upper tail of the mixing 
time distribution. This interpretation is also consistent with reduced 
descriptions based on diffusive scalar elements.11

The main physical message is that rare slow mixing is governed 
by parameter-conditioned scalar retention. A coherent structure may 
be visible in a deterministic flow, but it becomes relevant for reliability 
only when it is sustained by parameter values that occur within the 

FIG. 6. Verification on the periodically stirred-cavity benchmark using the independent held-out set of 30 realizations and the deadline sC ¼ 12. Panels (a)–(c) show physical 
concentration on the common scale c 2 ½0; 1�: (a) the fixed initial field with nominal vortex centers marked only to indicate the stirring geometry, (b) a fast field at the dead
line, and (c) a slow field at the same deadline. (d) High-fidelity and reduced cumulative mixing probabilities with pointwise 95% Wilson intervals, computed without assigning 
censored cases to Tm ¼ 20. (e) Retention score vs the high-fidelity observed response ~T m, with censored cases marked separately. (f) Mixing time parity for jointly uncen
sored realizations; the deadline-status disagreements are reported separately.
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uncertain family. Thus, the important object is not simply a transport 
barrier of the nominal flow. It is a scalar structure selected by the 
parameter-dependent transport operator. This view is consistent with 
finite-time transport analysis, but shifts the emphasis from a single 
deterministic flow to an ensemble of possible transport operators.14,16

The finite-time retention score GNðnÞ provides a compact way 
to detect these slow mixing realizations. In the full passive-scalar 
equation, the L2 scalar variance is non-increasing because of diffusion. 
The relevant mechanism is therefore not growth of total scalar vari
ance above its initial value. It is weak finite-time contraction, or reten
tion of scalar-energy directions, relative to the typical parameter 
realization. In the reduced POD coordinates, this retention appears 
through large singular directions of the finite-time propagator. This is 
analogous to non-normal finite-time behavior, where eigenvalues or 
asymptotic decay rates alone do not determine the finite-time 
response.22,23

The propagated retention modes connect the operator diagnostic 
back to the fluid-mechanics picture. A large value of GNðnÞ is not 
only a numerical indicator. The leading right singular vector identifies 
the least-damped initial direction, and its propagated final state is 
reconstructed to reveal the scalar structure retained over the selected 
horizon. For slow mixing realizations, these decoded structures align 
with coherent unmixed regions observed in the high-fidelity simula
tions. This provides a physical explanation for why particular parame
ter values populate the slow tail of the mixing time distribution.

The Koopman polynomial-chaos model is useful because it gives 
a finite-dimensional representation of an uncertain family of trans
port operators. This is consistent with a broader trend in fluid 
mechanics toward data-informed reduced models for uncertainty 
quantification and statistical prediction.36 The Koopman approxima
tion advances the reduced POD coordinates, while the polynomial- 
chaos expansion represents how this operator varies with uncertain 
parameters. Once trained, the model can be sampled cheaply over 
many parameter realizations. This makes it possible to estimate the 
tail probability Pf ðsÞ and to compute GNðnÞ without repeating a full 
advection–diffusion simulation for every parameter sample. The use 
of polynomial chaos is appropriate when the dependence of the 
reduced operator on the parameters is sufficiently regular.26,27

Several limitations should be kept in mind. First, the method 
assumes that the reduced operator varies smoothly enough with n to 
be represented by a moderate-order polynomial-chaos expansion. If 
the flow undergoes abrupt topological changes, such as the creation 
or destruction of barriers over small parameter intervals, a global 
polynomial representation may converge slowly. Piecewise polyno
mial expansions or adaptive sampling would then be more 
appropriate.

Second, the reduced model depends on the quality of the POD 
representation. If the truncated POD basis removes fine scalar fila
ments that are important for the mixing threshold, the predicted mix
ing time and retention score may be biased. This issue becomes more 
serious at high Peclet number, where scalar gradients can become 
very sharp. Reconstruction error alone is therefore not sufficient. The 
POD space must also preserve scalar variance decay and the struc
tures that control late-time mixing.

Third, the present study uses two-dimensional benchmark flows. 
These flows are useful because they allow the slow mixing mechanism 
to be visualized clearly. Three-dimensional or turbulent scalar mixing 

would introduce additional difficulties, including broader spatial 
scales, stronger intermittency, more complex passive-scalar structures, 
and more expensive training data.37 The same operator viewpoint 
remains applicable, but the POD model and the retention calculation 
would need to be tested carefully in that setting.

The analysis also has a design implication, although no feedback 
controller is designed in this work. A conventional mixing design 
may aim to maximize a mean stretching rate or minimize an average 
mixing time. The present results show that this is not sufficient when 
reliability matters. A design can have good average performance while 
still allowing parameter values that retain coherent scalar structures 
for too long. Reliable operation should therefore also avoid regions of 
parameter space with large finite-time retention scores, since these 
regions are more likely to populate the slow tail of the mixing time 
distribution. A full closed-loop control formulation, including online 
measurements, input constraints, and controller comparison, is left 
for future work.

SUPPLEMENTARY MATERIAL
See the supplementary material for additional numerical valida

tion, sensitivity analyses, reduced-model diagnostics, and supple
mentary figures and tables for the double-gyre and periodically 
stirred-cavity benchmarks.
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