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Abstract
This paper presents a new formulation of the second-order fourth-moment method (sometimes referred to as second-order 
perturbation method or second-order method of moments). The method allows to efficiently predict the stochastic moments 
of a response function and is therefore often used within robust design optimization. The new approach allows a non-intrusive 
implementation at the same cost as existing, highly intrusive formulations. Therefore, the new approach can be applied to 
any objective function without significant implementation effort. It is based on a few finite difference steps into special direc-
tions and hence is dependent on the corresponding step sizes. An automatic step size procedure is supplied beside a detailed 
convergence analysis. The advantages of the new formulation are demonstrated by robust design optimizations of a 2D and 
a 3D example using the geometrically nonlinear finite element method.

Keywords  Robust design optimization (RDO) · Robust topology optimization · Method of moments · Second-order 
perturbation approach

1  Introduction

Structural optimization became a popular field in the domain 
of structural mechanics since it helps to find highly efficient 
designs for a given purpose. In combination with the adjoint 
method, gradient-based optimization schemes lead to good 
designs with only a few finite element simulations (Sigmund 
2011). However, it is known that design optimization might 
lead to designs that are sensitive to imperfections. In con-
sequence, many approaches for optimization under uncer-
tainty have been presented during the last decades. Accord-
ing to Yao et al. (2011) and Kanno (2020) the major types of 
optimization under uncertainty are reliability-based design 
optimization [e.g. (Schuëller and Valdebenito 2010)], worst-
case optimization [e.g. (Henrichsen et al. 2015; Hederberg 
and Thore 2023)] and robust design optimization [e.g. 
(Schevenels et al. 2011)]. In addition, a distinction between 

aleatory and epistemic uncertainty is possible (Helton et al. 
2004). While epistemic uncertainty is quantified using pos-
sibility theory [e.g fuzzy arithmetic (MäMäck et al. 2019; 
Papaioannou et al. 2019)], aleatory uncertainty is tackled 
using probabilistic methods.

The current contribution is located in the field of robust 
design optimization (RDO) using probabilistic methods. 
In RDO, mean and standard deviation of an objective are 
minimized. There are several approaches to compute these 
stochastic quantities. For instance, Schevenels et al. applied 
the Monte-Carlo method to topology optimization in Sch-
evenels et al. (2011). This method is easy to implement and 
very accurate if a sufficient number of samples is considered. 
However, the Monte Carlo method requires one FE-simu-
lation per sample leading to extremely high computational 
cost.

There are several approaches to reduce the cost of the 
Monte Carlo method based on surrogate models (Chatterjee 
et al. 2019), such as neural networks or the non-intrusive 
polynomial chaos expansion (PCE). In the PCE, the system 
response is approximated using Legendre-polynomials (Kes-
havarzzadeh et al. 2017). The coefficients of the polynomial 
are computed using Gauß-Legendre integration. Using effi-
cient sampling methods, the number of function evaluations 
approximately scales linearly with the number of random 
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parameters for a linear expansion and quadratically for a 
quadratic expansion. The training of the surrogate model 
must be done in every optimization iteration leading to huge 
computational cost for many random parameters. Hence, dif-
ferent approaches have been proposed to reduce the number 
of random parameters such as reduced order models (Torres 
et al. 2021).

Another group of approaches is based on a Taylor series 
expansion of the system response. The perturbation approach 
is based on a Taylor series of the deformation vector. The 
stochastic moments of the objective are computed analyti-
cally from the approximated eformation covariance matrix. 
covariance matrix. This approach has been widely applied to 
truss structures [e.g. (Doltsinis et al. 2005; Asadpoure et al. 
2011; Changizi and Jalalpour 2017; Valm et al. 2022)] and 
to topology optimization [e.g. (Lazarov et al. 2012)]. Similar 
to the non-intrusive polynomial chaos expansion, the num-
ber of systems of equations scales linearly with the number 
of random parameters for a first-order approximation and 
quadratically for a second-order approximation.

As an alternative, the objective function itself can be 
approximated by a Taylor series, leading to the first-order 
second-moment method in the case of a first-order approxi-
mation and to the second-order forth-moment method in 
the case of a second-order approximation. In Kranz et al. 
(2023), a generalized formulation of the first-order second-
moment method is derived, where only two additional sys-
tems of equations have to be solved independently of the 
number of random parameters. The authors derived a non-
intrusive version of the first-order second-moment method 
in Krüger et al. (2023), which only requires one additional 
function evaluation at all. However, first-order approxima-
tions are very inaccurate in many situations (Kriegesmann 
2021) and therefore often cannot be used for robust design 
optimization.

As an alternative, a second-order approach can be utilized, 
which is referred to as “mean-variance approach” (Beyer 
and Sendhoff 2007), “second-order method of moments” 
(Green et al. 2002) or “second-order fourth moment method 
(SOFM)” (Kriegesmann et al. 2011). Jansen et al. applied 
this method to robust topology optimization for non-linear 
compliance (Jansen et al. 2015) using the adjoint method 
for gradient computation. In the mentioned publication, the 
method is called “second-order perturbation method”. Using 
the proposed approach given by Jansen et al. the number of 
systems of equation scales linear with the number of random 
variables and hence is much more effective than the afore-
mentioned approaches. However, this method is highly intru-
sive and requires storing large matrices, which limits the 
scalability of the approach. A similar efficiency is achieved 
by Tan et al. in Tan and Faghihi (2024), but again the result-
ing method is highly intrusive.

The current publication presents a non-intrusive version 
of the second-order fourth-moment method which has a 
comparable computational cost to the approach presented in 
Jansen et al. (2015). It is based on similar ideas as the princi-
pal sensitivity first-order second-moment method presented 
in Krüger et al. (2023). Due to its non-intrusive nature, the 
memory requirements are very low and it can be applied for 
any kind of optimization problem such as topology optimi-
zation or shape optimization.

The paper is organized as follows: First, the second-
order fourth-moment method is derived and simplified for 
the special case of normal distributed random parameters. 
Next, a standard finite difference framework is presented 
and analysed. Afterwards, the new approach called principal 
sensitivity second-order fourth-moment is derived. The new 
approach is analysed in terms of stability and performance. 
Afterwards it is applied to a shape optimization of a 3D 
compression bar, the 2D shallow arch topology optimization 
example given in Jansen et al. (2015) as well as a 3D shallow 
arch example with around 3.5 million finite elements.

2 � Robust design optimization using 
the second‑order fourth‑moment method

In robust design optimization, the structure of the optimiza-
tion problem is similar to a deterministic optimization. The 
whole parametrization (e.g. density-based topology optimi-
zation parametrization, size optimization parametrization) 
does not change. However, the objective (or constraint) 
differs significantly since a robust objective (or constraint) 
function given by

is used. Here y represents the vector of design variables and 
x represents the vector of random variables. The mean value 
�f  and the standard deviation �f  of the objective function f 
are combined using a weighting factor � . In order to compute 
the mean and the standard deviation, a probabilistic method 
(e.g. the second-order fourth-moment method) is embedded 
into the basic optimization framework. The weighting fac-
tor can be chosen arbitrarily. Under the assumption that the 
objective function follows a known distribution, the weight-
ing factor indicates the probability that a sample behaves 
worse than the robust objective value.

In this contribution, a new framework based on the sec-
ond-order fourth-moment method is presented. The basic 
equations have been derived in Doltsinis et al. (2005), Asad-
poure et al. (2011) in the context of the perturbation method 
and in Jansen et al. (2015), Kriegesmann et al. (2011). The 
basic concept of the second-order fourth-moment method is 

(1)fp(x, y) = �f (x, y) + ��f (x, y)
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to approximate the objective function using a Taylor series 
T given by

with the objective value in the mean case f0 and the mean 
value �i of xi (Kriegesmann et al. 2011). Analytic equations 
for mean and variance are given by

with the probability density function p(x) (Haldar and 
Mahadevan 1999). The integral is applied into all dimen-
sions of x . Inserting the Taylor approximation (2) to (3) and 
(4) leads to the approximations

where cov(xi, xj) denotes the covariance between the varia-
bles xi and xj . The operators �i,j,k and �i,j,k,l represent the third 
and the fourth central stochastic moments between the vari-
ables xi, xj, xk, xl . The standard deviation is computed from 
the variance. Under the assumption of normal distributed 
random variables, the third stochastic moment vanishes and 
Isserlis theorem (Isserlis 1918) can be applied to compute 
the fourth order stochastic moments using the covariance. 
Hence, Eq. (6) simplifies to

(2)

f (x) ≈ T(x) = f0 +

M∑

i=1

df

dxi
⋅ (xi − �i) +

1

2

M∑

i=1

M∑

j=1

d2f

dxidxj

⋅ (xi − �i)(xj − �j)

(3)�f = ∫
∞

−∞

f (x)p(x)dx

(4)�2

f
= ∫

∞

−∞

(f (x) − �f )
2p(x)dx

(5)�f ≈ f0 +
1

2

M∑

i=1

M∑

j=1

d2f

dxidxj
cov(xi, xj)

(6)

�2

f
≈

M∑

i=1

M∑

j=1

df

dxi

df

dxj
cov(xi, xj)

−
1

4

M∑

i=1

M∑

j=1

d2f

dxidxj

2

cov(xi, xj)
2

+
1

4

M∑

i=1

M∑

j=1

M∑

k=1

M∑

l=1

d2f

dxidxj

d2f

dxkdxl
�i,j,k,l

+

M∑

i=1

M∑

j=1

M∑

k=1

d2f

dxidxj

df

dxk
�i,j,k ,

If the random variables are also uncorrelated, (5) and (7) 
further simplify to

Here �2

xi
 denotes the variance of the random variable xi.

In the following, the simple case of uncorrelated ran-
dom variables which follow a normal distribution is con-
sidered. This is only a small limitation since variables that 
do not follow a normal distribution can be transformed to 
normal distributed variables using a translation process 
(Grigoriu Mircea 1998). In addition, correlated random 
variables can be transformed to uncorrelated variables 
(Kiureghian 2022).

In many design optimization disciplines, such as topol-
ogy optimization, only gradient-based methods lead to 
good designs in appropriate time (Sigmund 2011). Hence, 
the gradients of mean and standard deviation must be com-
puted. Using direct differentiation, the gradients read

The gradient of the standard deviation is computed from 
the variance by

(7)

�2

f
=

M∑

i=1

M∑

j=1

df

dxi
⋅

df

dxj
⋅ cov(xi, xj)

+
1

2

M∑

i=1

M∑

j=1

M∑

k=1

M∑

l=1

d2f

dxidxj

d2f

dxkdxl
⋅ cov(xi, xk)cov(xj, xl)

.

(8)�f = f0 +
1

2

M∑

i=1

d2f

dx2
i

�2

xi

(9)�2

f
=

M∑

i=1

df

dxi

2

⋅ �2

xi
+

1

2

M∑

i=1

M∑

j=1

d2f

dxidxj

2

⋅ �2

xi
�2

xj
.

(10)
d�f

dy
=

df

dy
+

1

2

M∑

i=1

d3f

dx2
i
dy

�2

xi

(11)

d�2

f

dy
= 2

M∑

i=1

d2f

dxidy

df

dxi
⋅ �2

xi

+

M∑

i=1

M∑

j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj
.

(12)
d�f

dy
=

1

2�f

d�2

f

dy
.
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3 � Existing approaches

In practical application there are several approaches to 
solve the Eqs. (8), (9), (10) and (11). In general, a distinc-
tion between analytic/exact and finite difference frame-
works is possible. While finite difference frameworks use 
the objective as a black box, analytic methods require fur-
ther information.

3.1 � Analytic approaches

A naive approach would be to evaluate the governing equa-
tions of the second-order fourth-moment method directly. In 
this case, the derivatives df

dy
 , df
dxi

 , d2f

dxidxj
 , d3f

dxidxjdy
 are computed 

analytically and afterwards inserted into (8), (9), (10) and 
(11). The computation of the derivatives can be done with 
any method such as direct differentiation, the adjoint method 
or automatic differentiation. In Kriegesmann and Lüdeker 
(2019) this approach is applied to an example with random 
loads. There, all derivatives are computed using the adjoint 
method. It is shown that computing the third order deriva-
tives requires the solution of several adjoint systems. 
Depending on the formulation, the number of adjoint sys-
tems scales bilinear with the size of y and x or it scales 
quadratically with the size of x . Hence the authors conclude 
that this approach can only be applied to very small 
systems.

A more efficient approach is given in Jansen et al. (2015) 
for a general nonlinear finite element formulation. Here, the 
adjoint method is applied to the robust objective itself to find 
the gradient. A detailed derivation can be found in B. First, 
the robust objective is evaluated using df

dxi
 and d2f

dxidxj
 . For that, 

several (adjoint) systems have to be solved. Afterwards, the 
robust objective function is augmented using the previously 
used (adjoint) systems. Differentiation and reordering leads 
to an explicit equation for the gradient of the robust objective 
and several new adjoint systems. The number of adjoint sys-
tems scales linearly with the size of x . Hence, this approach 
is much more effective than the framework given in Krieges-
mann and Lüdeker (2019).

Both methods are analytically derived and hence exact. 
The computation of the derivatives of the objective requires 
the solution of many adjoint systems. However, the system 
matrix stays constant while only the right hand side changes. 
In consequence, both approaches can be strongly accelerated 
using a matrix decomposition (e.g. Cholesky decomposi-
tion) of the system matrix. However this is only possible for 
rather small systems because the memory requirements of 
storing an exact matrix decomposition becomes infeasibly 
high, even for moderate models.

Apart from the advantages (especially the approach 
given by Jansen et al.) the aforementioned frameworks 

have significant disadvantages. First, the memory require-
ments are often very high. Both methods rely on several 
partial derivatives, such as �KT

�u
 where KT  represents the 

tangential stiffness matrix and u the deformation vector. 
These partial derivatives are often very memory consum-
ing compared to the system matrix. Furthermore, the 
aforementioned approaches are fully problem dependent. 
This means that all derivations must be done for every 
combination of objective, design variables and random 
variables. Especially higher-order derivatives have cou-
pled terms leading to a large number of possible combina-
tions. This results in a high effort for implementing a new 
problem. In addition, the user might not have full access to 
the source code of the used software. This holds especially 
for commercial code. While many tools (such as Abaqus, 
Ansys) deliver first order derivatives for many combina-
tions of objective function and parameters, higher-order 
derivatives are usually not given. Finally, there are objec-
tive functions (e.g. eigenfrequency) which provide a sin-
gular coefficient matrix of the linear equation system and 
adjoint systems with non-zero right-hand sides cannot be 
solved (Krüger and Kriegesmann 2024).

3.2 � Finite difference framework

In difference to the analytic approaches, the finite differ-
ence approach is a black box method. Hence, it is non-
intrusive and applicable to commercial code. It is assumed 
that the function value f and the gradient with respect to 
design variables df

dy
 are delivered by one function evalua-

tion. The remaining required derivatives df
dxi

 , d2f

dxidxj
 , d3f

dxidxjdy
 

are computed using finite differences and are afterwards 
inserted into (8), (9), (10) and (11). A detailed derivation 
of the used finite difference approximations including error 
estimation is given in A.

The mean of the objective is computed using the function 
value f itself and all diagonal entries of the hessian d2f

dxidxi
 with 

respect to the random parameters. The most effective finite 
difference framework for computing homogeneous second-
order sensitivities are central differences given by

with an error of O(Δx2
i
) at the cost of two function evalua-

tions per random variable. Here, �xi denotes a perturbation 
step into the i-th direction with the length Δxi . The gradient 
with respect to design variables is computed by applying 
central differences to the gradient of the objective leading to

(13)
d2f

dx2
i

≈
f (�x + �xi) − 2f (�x) + f (�x − �xi)

Δx2
i
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Again a convergence rate of O(Δx2
i
) is achieved at the cost 

of two gradient evaluations per random variable.
Computing the variance of the robust objective requires 

the gradient df
dxi

 as well as the full hessian matrix d2f

dxidxj
 . 

Since f (xi + Δxi) and f (xi − Δxi) are already computed, df
dxi

 
is calculated using central differences given by

without extra cost and an error of O(Δx2
i
) . (Here, also for-

ward finite differences could be applied. However, that 
would reduce the convergence rate without any benefit.) The 
diagonal elements of the hessian have already been com-
puted. Hence, only the non-diagonal elements have to be 
computed additionally. Further reduction of computational 
effort is achieved by only considering the lower diagonal 
elements since the hessian is always symmetric. Using (A.9), 
the mixed derivatives read as

with an error of O(Δxi) +O(Δxj) . The number of additional 

function evaluations is given by M
2

2
−

M

2
 where M is the num-

ber of random variables. Similar to the mean, the gradients 
with respect to design variables are computed by applying 
the finite difference equations to the gradient of the objec-
tive. Hence the quantities read as

Over all, the number of function evaluations is given by 
M2

2
+ 1.5M + 1 , where M is the number of random variables. 

The overall convergence rate is dominated by 
O(Δxi) +O(Δxj) . The errors of the gradients are consistent 
to the related functions, since the same finite difference 
frameworks are applied to function and gradient. Hence 
small numeric errors should not disturb the optimization 
procedure. If a convergence rate of O(Δx2

i
) +O(Δx2

j
) should 

be achieved, (A.11) must be applied. In consequence the 

(14)d3f

dx2
i
dy

≈

df (�x+�xi)

dy
− 2

df (�x)

dy
+

df (�x−�xi)

dy

Δx2
i

.

(15)
df

dxi
≈

f (�x + �xi) − f (�x − �xi)

2Δxi

(16)

d2f

dxidxj
≈

f (�x + �xi + �xj) + f (�x) − f (�x + �xi) − f (�x + �xj)

ΔxiΔxj

(17)d2f

dxidy
≈

df (�x+�xi)

dy
−

df (�x−�xi)

dy

2Δxi

(18)d3f

dxidxjdy
≈

df

dy
(�x + �xi + �xj) +

df

dy
(�x) −

df

dy
(�x + �xi) −

df

dy
(�x + �xj)

ΔxiΔxj
.

computational cost increases to 2M2 + 1 function 
evaluations.

The finite difference framework is fully non-intrusive. 
Hence, it can be applied to any commercial tool without a 
significant effort, similar to the implementation of the first-
order second-moment method presented by Steltner et al. 
(2022). At the same time, it can be fully parallelized since 
all steps are known a-priori. If theoretically a sufficient num-
ber of CPU-cores and memory are available, the computa-
tion time is equal to the computation time of a deterministic 
optimization. However, the required amount of resources 
would be extreme already for a moderate number of random 
variables.

4 � Proposed approach—principal sensitivity 
second‑order fourth‑moment method

The previous approaches either use much information (e.g. 
stiffness derivatives, partial objective derivatives) in order to 
gain high efficiency or only use black-box information with 
a low accuracy. The required information for the analytic 
methods can only be gained with high implementation effort 
if it is accessible at all.

An alternative new non-intrusive framework is presented 
which additionally uses the gradient with respect to the ran-
dom variables df

dx
 as an input to improve efficiency. It shows 

similarities to the principal sensitivity first-order second-
moment method (PSFOSM) presented in Krüger et  al. 
(2023) and hence, it is called principal sensitivity second-
order fourth-moment method (PSSOFM).

There are many ways to get the required gradients, even 
using commercial tools. In the case of in-house optimization 
tools, the gradient for a new combination of objective and 
parameters can be implemented without high effort. Many 
partial derivatives and adjoint systems do not differ from the 

computation of df
dy

 , which is already needed for deterministic 
optimization. Hence, only very few partial derivatives have 
to be added. Since first-order sensitivities have no couplings, 
different sets of variables can be merged without additional 
effort. If commercial tools are used, many gradients are 
implemented for optimization purpose. Gradients of various 
objectives used for topology optimization, shape optimiza-
tion, bead optimization and sizing contain derivatives with 
respect to density/stiffness, node coordinates and feature 
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sizes. These derivatives can be regarded as (or mapped to) 
derivatives with respect to random parameters. In addition, 
it is possible to implement own sensitivities using the soft-
ware interfaces as in Sartorti et al. (2023).

Using the same central differences like in the aforemen-
tioned finite difference framework leads to an error of order 
O(Δx2

i
) where the number of function evaluations scales 

linear with the number of random variables. The authors do 
not see any possible (non-intrusive) improvement and hence 
propose to use central differences (13) and (14) for (8) and 
(10) leading to

where M represents the number of random variables.
The second-order approximation of the variance (9) 

requires not only second-order derivatives with respect to 
one variable xi , but also mixed partial derivatives. In order 
to circumvent using (16), central differences are applied to df

dx

again with a convergence rate O(Δx2
i
) . This operation does 

not produce significant additional cost because the problem 
is already solved at the same evaluation points for Eq. (19).

The highest order derivatives occur in the approximation 
of the gradient of the variance (11), where d2f

dxidy
 and d3f

dxidxjdy
 

have to be computed. Like in the finite difference framework, 
d2f

dxidy
 is computed using (17) with an error of order O(Δx2

i
) . 

Again this operation does not produce significant computa-
tional cost because the problem is already solved at the same 
evaluation points for Eq. (19). Instead of computing d3f

dxidxjdy
 

directly, the second part of (11) is reformulated as

with the (diagonal) covariance matrix Cov . Further inspec-
tion shows that d3f

dxidydx
 is a matrix and Cov d2f

dxidx
�2

xi
 is a vector. 

This matrix vector product is interpreted as a directional 
derivative, which is different for every entry of xi . Hence it 
holds

(19)

�f ≈ f0 +
1

2

M∑

i=1

f (�x + �xi) − 2f (�x) + f (�x − �xi)

Δx2
i

�2

xi

(20)

d�f

dy
≈

df

dy
+

1

2

M∑

i=1

df (�x+�xi)

dy
− 2

df (�x)

dy
+

df (�x−�xi)

dy

Δx2
i

�2

xi
,

(21)d2f

dxdxi
≈

df

dx
(�x + �xi) −

df

dx
(�x − �xi)

2Δxi
,

(22)

M∑

i=1

M∑

j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj

=

M∑

i

d3f

dxidydx
Cov

d2f

dxidx
�2

xi

with

Here, si is the coordinate in the direction of si . Following the 
principal sensitivity first-order second-moment method 
(Krüger et al. 2023), these directions si are called second-
order principal sensitivity directions. A finite difference 
approximation of d3f

dxidydsi
 is found using (A.10), leading to

with the i-th step-size �i . This approximation has an error of 
order O(�i) +O(Δx2

i
) . If an error of O(�2

i
) +O(Δx2

i
) is 

required, (A.11) has to be applied, resulting in higher com-
putational cost. Since df

dy
 has already been evaluated at 

( �x + �xi ) and ( �x − �xi ) in (20), only two additional func-
tion evaluations have to be done for every value of i. Overall, 
this framework requires 4M + 1 function (and gradient) 
evaluations with the number of random variables M. In con-
sequence, the overall CPU time is 4M + 1 times the CPU 
time of the deterministic optimization problem. Based on 
these considerations, the principal sensitivity second-order 
fourth-moment method requires comparable (but still higher) 
computation time to the approach given in Jansen et al. 
(2015) (which only needs to solve systems of equations 
instead of the full problem). Assuming that the proposed 
non-intrusive approach is applied to extremely optimized 
commercial code instead of implementing the approach from 
Jansen et al. (2015) by hand, the computation time might be 
even lower. The overall framework is summarized in 
Algorithm 1.
Algorithm 1 Principal sensitivity second-order fourth-
moment method

(23)
M∑

i=1

M∑

j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj
=

M∑

i

d3f

dxidydsi

(24)si = Cov
d2f

dxidx
�2

xi
.

(25)

M∑

i=1

M∑

j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj
=

M∑

i

df

dy
(�x + �xi + �isi) −

df

dy
(�x − �xi + �isi) −

df

dy
(�x + �xi) +

df

dy
(�x − �xi)

2Δxi�i
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The full framework can be strongly parallelized. How-
ever, the evaluations of step 5 have to be done subsequent 
to steps 1 and 2, because the principal sensitivity direc-
tions si depend on the hessian matrix. If a sufficient num-
ber of CPU-cores and memory is available, the computa-
tion time is equal to two times the computation time of a 
deterministic optimization. However, for a high number 
of random variables, many resources are required.

4.1 � Remarks on the step sizes

Choosing a good step size is always a critical problem 
in the context of finite differences. Unfortunately, there 
are no general rules that propose a good step size based 
on model dimensions. Several publications aim at find-
ing a good step size from estimating the truncation error 
and the round-off error (Wang and Gau 1999; Iott et al. 
1985). However, it is usually expected, that the round-off 
error is caused by rounding of the objective value. This is 
not always the case for directional derivatives because the 
step is distributed over many entries leading to significant 
rounding errors of the step [see discussion in Krüger et al. 
(2023)].

The first question is which error to track. Mean and vari-
ance only depend on analytic terms and on the hessian 
matrix. Hence, the error of the hessian matrix should be 
minimized. The gradient of the mean has a consistent error 
to the mean itself and is therefore not analyzed. In difference 
to that, the gradient of the variance depends on the numeri-
cal approximations of d2f

dxidy
 , d3f

dxidydsi
 as well as on the second-

order principal sensitivity direction si , which depend on the 
hessian matrix. The numerical studies conducted for this 
paper have shown that the error of d3f

dxidydsi
 is always the most 

dominating error. Hence, a step size control should focus on 
this error. In the following, the expression d3f

dxidydsi
 is called the 

SO-variance-gradient since it originates form the second-
order term in (9).

The SO-variance-gradient is a vector which has as many 
entries as design variables. From a practical point of view it 
is not helpful to track all entries of the error vector separately 
due to the large number of entries. Instead, the error vector is 
aggregated. In the following, a relative norm error defined as

is used, where e(X) denotes the error vector of the vector X.
Another issue comes with the step �isi in (25). Since 

the vector si is computed from the hessian matrix of the 
current design, the length is different for every value of i. 
Additionally, it changes during the optimization. To cir-
cumvent the problem, a normalized step size 𝜖i is used 
such that

Using this normalization, 𝜖 has no unit. In theory, it is 
possible to use different step sizes Δxi and 𝜖i for every i. 
However, from a practical point of view, it is hard to opti-
mize many step sizes at the same time. Instead, all step 
sizes of the same type are chosen to be equal such that 
Δx1 = Δx2 = ... = ΔxM = Δx ≠ 𝜖1 = 𝜖2 = ... = ̂𝜖M = 𝜖 . The 
distinction between Δx and 𝜖 is chosen because (25) has a 
different convergence rate in Δx and 𝜖.

Figure 1 shows the error of the SO-variance gradient 
for the initial design of the 2D shallow arc example in 
Sect. 5.2 with a resolution of 400 × 30 elements. There, the 

(26)erel =
‖e
�∑M

i=1

d3f

dxidydsi

�
‖

‖
∑M

i=1

d3f

dxidydsi
‖

(27)𝜖i =
𝜖i

‖si‖
.

Fig. 1   Error of the SO-variance gradient at the later used 2D shallow arch with 12.000 finite elements
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error is shown for different step sizes allowing the follow-
ing observations. Using step sizes Δx = 0.03 and 𝜖 = 0.01 , 
a relative error of around 0.01% is achieved. At smaller 
step-sizes, rounding errors occur, while higher step sizes 
lead to increasing truncation errors. The rounding errors 
have a slope of 1, while the truncation error has a slope of 
2 for Δx and a slope of 1 for 𝜖 . This matches the expecta-
tion since Eq. (25) has an error of order O(Δx2) +O(�) . 
The plot for the step size Δx has a plateau in the range 
of −1.25 to 0.25. This means that the error due to 𝜖 is 
dominating there. Similar observations are done for the 
same model with a much higher resolution of 1600 × 120 
elements. The error of the SO-variance gradient is shown 
in Fig. 2. The shape of the error is similar to the low-
resolution example. However, the best results are found for 
a much larger step size of Δx = 0.23 and 𝜖 = 0.063.

4.2 � Automatic step size adaption

Without special system knowledge, it is very hard to find 
good step sizes for the principal sensitivity second-order 
fourth-moment method. Plotting the error for different step 
sizes is no good option in practice because this requires 
a huge amount function evaluations. As an alternative, an 
automatic step-size adaption scheme is presented. The 
major goal is to find a good value for Δx and 𝜖 such that 
the error of the SO-variance gradient is minimal. An error 
is caused by truncation in (25), but also by a wrong direc-
tion si caused by errors in the hessian matrix and round off 
effects. Especially high errors in si lead to unpredictable 
behavior. Hence, the error of the hessian matrix should be 
minimal. As a "side effect", a small error in the hessian 
matrix also leads to accurate approximations of mean and 
variance. This is achieved by a good step size Δx . The 
truncation error in (25) is of order O(Δx)2O(𝜖) . Hence, a 
good step size 𝜖 leads to a low truncation error.

From the error remainder in (25) it is known that the 
slope of the logarithmic error of the SO gradient is 1 ( ̂𝜖 ) 

or 2 ( Δx ) in the truncation area. From Wang and Gau 
(1999) and Iott et al. (1985) it is known that the rounding 
error has a slope of approximately 1. In a similar way it is 
known that the slope of the logarithmic error of the hes-
sian matrix is 2 in the truncation area. If one knows the 
errors of two points which are in different areas, the opti-
mal step size is approximately found at the intersection of 
the error lines. This is shown in Fig. 3. Applying the prin-
cipal sensitivity second-order fourth moment-method 
mainly makes sense if the SO-variance gradient is not 
given analytically. In this case, there is no reference to 
actually compute the error. A usual tool to compute the 
error if there is no analytic reference is to compare two 
similar methods with a different convergence rate. To 
apply this approach to the step size procedure, d3f

dxidydsi
 in 

(25) is now approximated with the higher-order approxi-
mation given in (A.11) and the hessian matrix is approxi-
mated using finite differences of order 4.

Using the previous considerations, the step size adap-
tion scheme reads as follows:

Fig. 2   Error of the SO-variance gradient at the later used 2D shallow 
arch with 192.000 finite elements

-3 -2 -1 0 1
-5

-4

-3

-2

-1 X -3
Y -0.8685

X 1
Y -1.7808

Fig. 3   Step size procedure: optimal step size is found at the intersec-
tion of two error lines

Fig. 4   Possible mistake when using the step size procedure: The ini-
tial guess is far away from the optimal step size. In this case, the esti-
mated optimal step near one of the evaluation points
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Algorithm 2 automatic step size procedure

The step size scheme is built on the assumption that the 
initial step size Δx0 is chosen such that 10−2Δx0 < Δxopt 
and 10−2Δx0 > Δxopt . If this is not the case, the computed 
optimal step size is near to 10−2Δx0 or 102Δx0 (see Fig. 4). 
In this case, the step size procedure should be repeated 
with the previously computed steps size as initial guess. 
The same holds for the step size 𝜖opt This step size pro-
cedure works robustly on all examples which the authors 
have tested.

4.3 � Matlab implementation

A Matlab implementation including the step size adaption 
scheme is added as supplementary material. The function 
“SOFM_PS” computes mean, standard deviation and the 
gradients using the principal sensitivity second-order fourth-
moment method. It strictly follows the Algorithm 1. The 
function “sofmAdaptStep” is an implementation of the auto-
matic step-size adaption scheme, strictly following Algo-
rithm 2. Both methods are called similar to the Matlab opti-
mization functions using the objective function as an input. 
Hence, they can be simply applied to many objectives. The 
main script “SOFM_example.m” demonstrates how to call 
the functions “SOFM_PS” and “sofmAdaptStep”. It includes 
a short optimization and an error study for a simple objec-
tive function.

5 � Numeric examples

The presented approach is applied to one shape optimization 
example and two density-based topology optimization exam-
ples using SIMP (Solid Isotropic Material with Penalization) 
like described in Sigmund (2001). In all examples, the struc-
ture is optimized for minimal compliance using geometric 
nonlinear finite elements under geometric imperfections and 
volume constraints. In order to show that the method can 
also be applied to larger models, the last example consists of 
a 3D shallow arch which is parametrized similar to the first 
topology optimization example.

All computations are done on a Matlab inhouse tool which 
mainly uses only one CPU core in parallel. Only the com-
putation of the element stiffness matrices is distibruted over 
several CPU cores. The geometric nonlinear finite element 
problems are solved using a load driven path follow solver 
as described in Wriggers (2008). The material behaviour is 
modelled with the Saint Venant-Kirchhoff constitutive law. 
In topology optimization, void elements cause convergence 
issues for the nonlinear solver. To avoid this problem, a relaxed 
convergence criterion as well as a continuation scheme for 
the penalization is used (Buhl et al. 2000) for the topology 
optimization examples. All occurring systems of equations 
are solved using a multigrid preconditioned iterative solver as 
described in Vassilevski (2008) and Amir et al. (2014) with a 
relative tolerance of 10−10 . Since the tangential stiffness matrix 
becomes indefinite in the postbuckling regime, the GMRES 
(Saad and Schultz (1986)) solver is used instead of the conju-
gate gradient method.

The optimization is done using the globally convergent 
method of moving asymptotes (GCMMA) as optimization 
method (Svanberg (2002)). The optimization is stopped if the 
relative change in the objective is less than 10−4 . All optimiza-
tions start from a homogeneous gray design.

Geometric imperfections are modelled using uncertain 
nodal coordinates. For that, a random imperfection is added 
to the vector of nodal coordinates. Correlation is defined using 

Fig. 5   Model and parameters of 
the compression bar
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a conditioned random field [see e.g. Ditlevsen (1991)] with 
a square exponential correlation function. It is assumed that 
imperfections in different directions are uncorrelated. A spec-
tral decomposition of the random field is done using the EOLE 
method as described in Sudret and Der Kiureghian (2000).

The overall optimization problem for all examples reads as

where the objective function f̄  is either the (end-)compli-
ance or the robust objective function (1) of the compliance. 
Since the problem uses the nonlinear finite element method, 
the residual R should be zero. In addition, the volume V(x, y) 
is restricted to be smaller than an initial volume V0.

5.1 � Compliance shape optimization of an 3D 
compression bar

The first example consists of a shape optimization of a 
square-profiled bar under a distributed compression load. 
The model and its parameters are given in Fig.  5 with 
the length l = 160mm , the position dependent width 
b(x) = 8mm and the compression load P = 50N . The bar 
is discretized by 320 × 16 × 16 finite elements with the 
Young’s modulus 2GPa and the Poissons ratio � = 0.3 . This 
example corresponds to the first Euler buckling shape (Euler 
1744) where the critical load is given by Fcrit =

�2EI

4l2
 with 

the moment of inertia for a square profile I = b4

12
 . Inserting 

the model data of the initial design leads to a critical load 
of Fcrit ≈ 65N.

The shape optimization problem is parametrized by the 
position-dependent width b(x) at every section of nodes. 
This is done by moving all surface nodes of the same section 
simultaneously. As proposed in Le et al. (2011), the inner 
nodes are updated using Laplacian smoothing to preserve a 
good mesh quality. In shape optimization, numerical insta-
bilities lead to mesh distortions Le et al. (2011). To avoid 
this problem, the design variables are filtered similar to the 
density filter in topology optimization (Sigmund 2007).

(28)

min
y

f̄ (x, y,u)

s.t.
V0

V(x, y)
− 1 ≤ 0

ymin ≤ y ≤ ymax

0 = R(x, y,u)

,

Geometric imperfections are modelled using a square 
exponential random field with the correlation length 
lc = 80mm and nodal variance of (0.3mm)2 . In this exam-
ple, only imperfections in y- and z-direction are considered. 
To reduce the number of random variables, only the first 
20 modes of the corresponding EOLE approximation are 
considered, leading to a relative error of the variance of less 
than 0.25% . In the robust optimization, the robust objective 
function is given by f̄ = 𝜇f + 𝜅𝜎f  with the weighting factor 
� = 3 . When using the principal sensitivity second-order 
fourth moment method, step sizes must be chosen. Using 
Δx = 2.5 × 10−5 m and 𝜖 = 2.5 × 10−4 m , leads to an relative 
error of the SO gradient of less than 10−4.

The optimizations lead to the designs shown in Fig. 6. 
The deterministic optimization converges after one itera-
tion because the initial design is already optimal. This is 
clear since the homogenous compression load is directly 
transferred to the supports without any curvature effects. 
However, it is known that this structure is prone to buckling 
with a critical load slightly above the applied load. Hence, it 

Fig. 6   Final designs of the optimization of the compression bar. Top: 
deterministic optimized design, bottom: robust optimized design

Fig. 7   History of the robust shape optimization of the compression 
bar

Table 1   Numeric results of the compression bar example

The stochastic quantities are evaluated using the second-order fourth 
moment method (SOFM), the first-order second-moment method 
(FOSM) and the Monte Carlo method (MC) with 10’000 samples

Optimization method → Deterministic Robust

f 3.125 mJ 3.379 mJ
�
f
 with SOFM 4.192 mJ 3.716 mJ

�
f
 with SOFM 1.057 mJ 0.326 mJ

�
f
 with MC 4.197 mJ 3.725 mJ

�
f
 with MC 1.067 mJ 0.324 mJ

�
f
 with FOSM 3.125 mJ 3.379 mJ

�
f
 with FOSM 0.019 mJ 0.02 mJ

Time 8.3 s 4700 s
No. iterations 1 28
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is expected that this structure is not optimal when consider-
ing uncertainties.

The robust optimization converges after 28 iterations. The 
final structure has an increased section area at the support 
and an decreased section area at the load introduction. This 
structure has a significant stiffness against bending moments 
which might occur due to geometric imperfections. The 
optimization history of the robust optimization is shown in 
Fig. 7. There, the robust objective as well as mean, standard 
deviation and deterministic objective function are shown for 
all iterations. The deterministic result corresponds to the 
values at iteration 1. The robust objective function follows 
a perfect asymptotic shape which shows that the optimiza-
tion runs without any problems. The figure shows that the 
decrease of mean and standard deviation comes at the price 
of an increase of the deterministic objective. At iteration 
5, the mean starts to increase slightly while the standard 
deviation still decreases. This is caused by the fact that the 
standard deviation is weighted by the factor � = 3.

In Table 1, the numeric values are shown. There, mean 
and standard deviation are evaluated using the second-order 
fourth-moment method (SOFM), the Monte Carlo method 
using 10,000 samples and the first-order second-moment 
method (FOSM). Doing a robust design optimization, the 
mean decreases about 12% and the standard deviation about 
70%. This is an huge improvement although the assumed 
uncertainties lie in a realistic range. In this example, the sec-
ond-order fourth-moment method excellently approximates 
the stochastic moments with an error less than 0.25% for the 
mean and less than 1% for the standard deviation. In differ-
ence, the first-order second-moment method significantly 
underestimates the stochastic quantities for both optimized 
designs. Especially the standard deviation is underestimated 

by 90–95% leading to the wrong interpretation that the 
deterministic optimized design is more robust. This shows 
the superior accuracy of second-order approaches com-
pared to first-order approaches. Especially it shows that a 
second-order method is required for the robust optimization 
to succeed.

The computations are done on a workstation with a 
64-core AMD Threadripper PRO 5995WX processor. The 
deterministic optimization was allowed to use 6 cores in 
parallel while the robust optimization was allowed to use 
60 cores. In this example it does not make sense to compare 
the total computation time since the deterministic optimiza-
tion only needed 1 iteration. The robust optimization needs 
4 ⋅ 20 + 1 = 81 function evaluations that are parallelized to 
ten workers. Hence it is expected that a robust iteration needs 
a factor 8 to 9 higher computation time than a deterministic 
iteration. In reality a factor of 20 is observed. There are sev-
eral reasons for this observation. First, the power limits of a 
workstation allow a higher speed per CPU core if less cores 
are used. Additionally, the CPU speed is higher if the system 
load is high only for a short time. Second, the FE-system 
in the first optimization consists of a perfect uniform mesh 
while the following designs have a non-uniform mesh. Using 

Fig. 8   Model and parameters of the 2D shallow arch

Fig. 9   EOLE modes of the 2D shallow arch example. Grey: perfect 
structure, red: structure with perturbation into corresponding mode 
direction. (Color figure online)
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multigrid preconditioned iterative solvers, the computation 
time usually increases for non-uniform meshes. In fact, the 
first robust iteration only needs 107 s which is only a factor 
13 higher than the deterministic value.

5.2 � Compliance topology optimization of a 2D 
shallow arch

The second example consists of an two dimensional shal-
low arch presented in Jansen et al. (2015). The model and 
its parameters are shown in Fig. 8 with the angle � = 30◦ , 
the external force F = 800 kN , the inner radius ri = 100m , 
the outer radius ra = 104m and the out of plane thickness 
t = 1 cm . The arch is discretized using 800 × 60 quadrilateral 
finite elements with the Young’s modulus E = 200GPa and 
the Poisson ratio � = 0.3 . It is loaded by a single load on the 
middle top node and is simply supported on the left and on 
the right edge. The simple support is realized by fixing all 
degrees of freedom of the middle nodes on the correspond-
ing edges.

Imperfections are modelled by a conditioned square expo-
nential random field with a correlation length lc = 17.45m 
and a constant variance of (0.33m)2 . The random field is 
conditioned such that the variance is zero for all boundary 
nodes. To reduce the number of random variables, only the 
first six modes of a corresponding EOLE approximation are 
used. The used EOLE modes are illustrated in Fig. 9. There, 

a perturbation into the direction of the corresponding mode 
is applied to the deterministically optimized design.

Mesh independency is achieved using the PDE filter given 
in Lazarov and Sigmund (2011). In order to get black and 
white designs, a regularized Heaviside projection given by

is used. Here, 𝜌̂i represents the projected density of ele-
ment i, which is computed from the filtered density �i . The 
parameter � is a threshold value and the parameter � defines 
the steepness of the projection function. In order to enforce 
a minimum length scale, the threshold value � is set to 0 
(Guest et al. 2004; Wang et al. 2011).

A continuation scheme is applied to the penalization 
parameter p and to the projection steepness parameter � to 
reduce the risk of highly deformed elements in the begin-
ning of the optimization. For every set of (p, �) , a whole 
optimization is applied. The final design is afterwards used 
as the initial design for a following optimization. In detail, 
the parameters are chosen as p = i and � = min(32, 2i−1) for 
the i-th sequence. Doubling the projection parameter � leads 
to a violation of the volume constraint. Hence, the optimizer 
struggles with finding a feasible solution and sometimes pro-
duces unstable designs. To circumvent this, the initial move 
limit is set to sini = 0.05 and the increment for the asymp-
totes is chosen as sincr = 1.1.

(29)𝜌̂i =
tanh(𝛽𝜂) + tanh(𝛽𝜌i − 𝛽𝜂)

tanh(𝛽𝜂) + tanh(𝛽 − 𝛽𝜂)

Fig. 10   Result of the determin-
istic optimization of the 2D 
shallow arch

Fig. 11   Result of the robust 
optimization of the 2D shallow 
arch
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The deterministic optimization leads to the design shown 
in Fig. 10a with the optimization history in Fig. 10b. The 
optimization starts from an infeasible design since a projec-
tion with � = 0 increases the volume. Hence the optimizer 
is constraint driven in the beginning. Afterwards a perfect 
asymptotic decrease of the objective is observed. At every 
peak, the parameters � and p are doubled leading to a con-
straint violation that has to be fixed.

The final design is similar to the design obtained in 
Jansen et al. (2015). It can be interpreted as two thin com-
pression bars which are connected to a stiff beam. From 
engineering knowledge it becomes clear that this structure 
is sensitive to geometric imperfections, because the bars are 
prone to buckling.

In the robust optimization, the robust objective function 
is given by f̄ = 𝜇f + 𝜅𝜎f  with the weighting factor � = 1 . 
When using the principal sensitivity second-order fourth-
moment method, step sizes have to be chosen. Therefore, 
the step size adaption scheme with an initial guess of 
Δx = 10−4, 𝜖 = 10−4 is applied twice in the beginning. Dur-
ing the optimization, the step size adaption is applied once 
after each change of projection and penalization parameters 
� and p with the last step size as initial guess. In conse-
quence, the error of the SO-variance-gradient is always 
around 3 × 10−4.

The optimized design is shown in Fig. 11a with the opti-
mization history in Fig. 11b. The optimization history is 
similar to the deterministic optimization. Again, the final 
design is very similar to the design obtained in Jansen 
et al. (2015). Small differences are observed, which may 
be caused by a different continuation scheme or a different 
realization of the boundary conditions, since these aspects 
are not described in Jansen et al. (2015). Also, different opti-
mization parameters lead to slightly different results. Here, 
the design can be interpreted as a combination of three 
beams. The beams are connected in a way that moments are 
transferred. From engineering knowledge it becomes clear 

that the robust optimized structure is much less sensitive to 
shape imperfections since the side beams are able to handle 
moments. Also asymmetric buckling seems to be unlikely 
due to the strong connections between the beams.

The previous considerations are supported by the numeric 
results. The results of both, the deterministic optimization 
and the robust optimization are summarized in Table 2. 
There are some aspects to be mentioned. Firstly, the results 
of the current optimization differ from the results in Jansen 
et  al. (2015) by around 10 %. The difference might be 
caused by different boundary conditions or load introduc-
tion as well as small differences in the design. Large dif-
ferences are found for the mean and standard deviation of 
the deterministic optimized design. It is expected that these 
differences originate from the high sensitivity of the designs 
with respect to geometric variation. Secondly, the second-
order fourth-moment method approximates the stochastic 
moments very well, when compared to results of a Monte 
Carlo simulation. At the robust optimized design an error of 
around 10% for the standard deviation and no error for the 
mean occurs. The error is comparable to the error obtained 
by Jansen et. al. In publications from other authors, second-
order perturbation approaches have similar errors [see eg. 
(da Silva and Cardoso 2016; Changizi and Jalalpour 2017; 
Doltsinis and Kang 2004; Asadpoure et al. 2011)]. In con-
sequence, the robust optimized design shows a significantly 
improved performance when considering imperfections. 
Similar to the previous example, the first-order second-
moment method totally underestimates mean and standard 
deviation. Especially in the deterministic case, the standard 
deviation is underestimated by 99% leading to the wrong 
interpretation, that the deterministic optimized design is 
more robust. Again this shows that a second-order method 
is required for the robust optimization to succeed.

The computations are done on a Laptop with an Intel 
i7 1185G7 processor. The computation time of the robust 
optimization is approximately 30 times higher than for the 

Table 2   Numeric results of the 
2D shallow arch example

The stochastic quantities are evaluated using the second-order fourth moment method (SOFM), the first-
order second-moment method (FOSM) and the Monte Carlo method (MC) with 10,000 samples

Optimization method → Deterministic Robust Deterministic Jansen 
et al. (2015)

Robust 
Jansen et al. 
(2015)

f 108 kJ 121 kJ 97 kJ 121 kJ
�
f
 with SOFM 843 kJ 132 kJ – 126 kJ

�
f
 with SOFM 1032 kJ 17 kJ – 12 kJ

�
f
 with MC 705 kJ 132 kJ 337 kJ 127 kJ

�
f
 with MC 1820 kJ 19 kJ 1033 kJ 13 kJ

�
f
 with FOSM 108 kJ 121 kJ – –

�
f
 with FOSM 11 kJ 12 kJ – –

Computation time 643s 18690s – –
No. iterations 243 347 – –
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deterministic optimization. This is expected because 6 ran-
dom parameters lead to 6 ⋅ 4 + 1 = 25 function evaluations 
per iteration. Parallel computation does not lead to signifi-
cant improvements due to thermal limits of the laptop.

5.3 � Compliance topology optimization of an 3D 
shallow arch

The last example is a three-dimensional shallow arch con-
sisting of 848 × 64 × 64 = 3.5M elements. The ratios are 
similar to the previous example, however, the model is 
much smaller and has a higher out of plane thickness. The 
model and its parameters are shown in Fig. 12 with the 
angle � = 30◦ , the inner radius ri = 393mm , the outer radius 
ra = 409mm and the out of plane thickness t = 16mm . The 
constant external line force has a value of F = 25N∕16mm . 
The model is supported by a hinge support on the left and 
right edge. This is modeled by fixing all degrees of freedom 
on the center line of the corresponding edge. The model is 

supposed to be 3D printed and hence, the material properties 
of resin are chosen. It is known that a classic filter forces the 
material to stick at the boundaries. To circumvent this prob-
lem, a PDE filter with consistent boundary conditions like 
described in Wallin et al. (2020) is used. In this example, a 
volume preserving projection using � = 0.5 is applied (Xu 
et al. 2010).

Again, a continuation scheme is applied to the penaliza-
tion parameter p and to the projection steepness parameter 
� . For every set of (p, �) , a whole optimization is applied. 
The parameters are chosen as p = 0.5 ⋅ i + 0.5 and � = 2p−1 
for the i-th sequence.

Imperfections are modeled with a conditioned square 
exponential random field with a correlation length 
lc = 70mm and a node variance of (0.5mm)2 . The random 
field is conditioned such that the variance at the boundary 
nodes is zero. In order to reduce the number of random 
variables, only 15 EOLE modes are considered leading to 
an error of the variance of less than 3%. The modes are 

Fig. 12   Model and parameters 
of the 3D shallow arch

Fig. 13   EOLE modes of the 
3D shallow arch example. 
Grey: perfect structure, blue: 
structure with perturbation into 
corresponding mode direction. 
(Color figure online)

Fig. 14   Final designs of the optimizations of the 3D shallow arc example. Left: Deterministic optimized, right: robust optimized
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illustrated in Fig. 13. There, a large perturbation into the 
direction of the corresponding EOLE mode is applied to 
the deterministically optimized design. This random field 
seems to be realistic since equivalent tolerances might be 
categorized as fine in the norm ISO 2768.

For the robust optimization, the robust objective is given 
by f̄ = 𝜇f + 𝜅𝜎f  with � = 3 . Assuming that the output func-
tion is normal distributed, the choice of � means that the 
objective is worse than the robust objective value for less 
than 0.13% of the samples. Similar to the previous exam-
ple, the automatic step size procedure is applied after every 
change of (p, �) leading to an error of the SO-variance gradi-
ent of less than 2 × 10−4.

The optimized designs are shown Fig. 14 with the cor-
responding optimization histories shown in Fig. 15. The 
optimization history plots have a similar structure as for 
the 2D example. At every peak, the parameters � and p are 
updated. In this example, a volume preserving projection 
is used and hence the constraint is not violated. However, 
the parameter update changes the projection and the mate-
rial penalization leading to worse function values. Between 

the updates, a perfect asymptotic decrease of the objective 
values is observed.

The deterministic optimized design is similar to the opti-
mized design in the 2D example. It consists of two plates 
which are weak against bending and a stiff beam in the mid-
dle. This structure is optimal for the given situation because 
it transforms the (bending) load to a pure compression load 
in the bars. It uses the full building space and thin plates 
to achieve a maximum angle between the plates for the 
external load leading to minimal compression forces. From 
engineering knowledge it is clear that the plates are prone 
to buckling.

The robust optimized design significantly differs from the 
deterministic design. It is also based on the same concept 
of three parts to transfer the external load to pure compres-
sion loads. However, instead of thin plates, beams with a 
U-profile are used to handle the compression loads. In dif-
ference to the plates of the previous design, the beams can 
handle (small) bending loads. Additionally, the bending-stiff 
middle part is connected to the beams in a way that (small) 
bending loads can be transferred to the beams. Thin bars 
between the stiffener in the middle and the supports further 
increase the stability. In consequence, the imperfections do 
not result in buckling of the structure.

The previous interpretations are supported by the numeric 
values given in Table 3. In the nominal case, the determin-
istic optimized design has superior performance. However, 
in presence of imperfections a much worse mean and a high 
standard deviation are observed. In difference to that, the 
robust optimized design has a very small standard devia-
tion. The approximation of the stochastic moments using 
the second-order fourth-moment method is very accurate for 
the both optimized designs with an error of less than 1% for 
the mean and less than 6% for the standard deviation. The 
errors are significantly lower than in the 2D example because 
a smaller relative standard deviation is used. Again, the first-
order second-moment method is much less accurate than the 
second-order fourth-moment method with the consequence 

Fig. 15   Optimization history 
of the 3D shallow arc example. 
Left: deterministic optimized, 
right: robust optimized

Table 3   Numeric results of the 3D shallow arch example

The stochastic quantities are evaluated using the second-order fourth 
moment method (SOFM), the first-order second-moment method 
(FOSM) and the Monte Carlo method (MC) with 5000 samples

Optimization method → Deterministic Robust

f 8.16 mJ 8.43 mJ
�
f
 with SOFM 8.95 mJ 8.55 mJ

�
f
 with SOFM 1.04 mJ 0.34 mJ

�
f
 with MC 8.95 mJ 8.60 mJ

�
f
 with MC 1.04 mJ 0.36 mJ

�
f
 with FOSM 8.16 mJ 8.43 mJ

�
f
 with FOSM 0.32 mJ 0.32 mJ

time 19 h 71 h
No. iterations 151 88
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that the deterministic optimized design would be (wrongly) 
interpreted as more robust.

Both optimizations are done on a workstation with 2 
AMD Epyc 9354 processors. The robust optimization is 
done on 60 cores, the deterministic optimization is done 
on 6 cores. At this configuration, the robust optimization 
needs approximately four times the time of the determinis-
tic optimization. For the robust optimization 15 ⋅ 4 + 1 = 61 
function evaluations are required per iteration. The code 
evaluates 10 functions in parallel leading to the cost of 
approximately 60∕10 = 6 deterministic optimizations. Con-
sidering the higher iteration number of the deterministic 
optimization, this agrees to the measured time.

6 � Conclusions

In the current publication, a new formulation of the second-
order fourth-moment method is presented. The number of 
function evaluations of the objective scales linearly with 
the number of random parameters and is therefore as effec-
tive as the best existing formulations. At the same time it is 
non-intrusive and hence can be applied to commercial tools 
without significant effort. The proposed approach uses finite 
difference approximations, which lead to numerical errors. 
It is shown that the error depends on two different step sizes 
Δx and 𝜖 with an order of O(Δx2) +O(𝜖) . Without further 
knowledge it is hard to find good step sizes. To circumvent 
this problem, an effective automatic step size procedure is 
provided which leads to nearly optimal steps in the examples 
considered. The approach is applied to different examples 
showing that it leads to the same results as given in litera-
ture, which shows that the numeric errors do not disturb the 
optimization significantly. Even in a 3D example with 10 
million degrees of freedom, the approximation provides a 
good accuracy at moderate computational cost leading to 
good results.

Future research might address the combination of the pro-
posed method with the principal sensitivity first-order sec-
ond-moment method. That way, the most important modes 
might be tackled using the second-order fourth-moment 
while the (high frequent) rest of the random field is con-
sidered using the less accurate first-order second-moment 
method. Hence, many random parameters can be considered 
without the need of a reduction of the random field at low 
computational cost.

Appendix A: Derivation of finite difference 
approximations for second‑order derivatives

For the derivation of finite difference approximations, the 
objective function is expanded using different Taylor series 
given by

(A.1)

T1 = f (x + �x1) = f (x) +
df

dx1
Δx1 +

1

2

d2f

dx2
1

Δx2
1

+
1

6

d3f

dx3
1

Δx3
1
+

1

24

d4f

dx4
1

Δx4
1
+O(Δx5

1
)

(A.2)

T2 = f (x − �x1) = f (x) −
df

dx1
Δx1 +

1

2

d2f

dx2
1

Δx2
1

−
1

6

d3f

dx3
1

Δx3
1
+

1

24

d4f

dx4
1

Δx4
1
+O(Δx5

1
)

(A.3)

T3 = f (x + �x2) = f (x) +
df

dx2
Δx2 +

1

2

d2f

dx2
2

Δx2
2

+
1

6

d3f

dx3
2

Δx3
2
+

1

24

d4f

dx4
2

Δx4
2
+O(Δx5

2
)

(A.4)

T4 = f (x + �x1 + �x2) = f (x) +
df

dx1
Δx1 +

df

dx2
Δx2

+
1

2

d2f

dx2
1

Δx2
1
+

d2f

dx1dx2
Δx1Δx2

+
1

2

d2f

dx2
2

Δx2
2
+

1

6

d3f

dx3
1

Δx3
1
+

1

2

d3f

dx2
1
dx2

Δx2
1
Δx2

+
1

2

d3f

dx1dx
2

2

Δx1Δx
2

2
+

1

6

d3f

dx3
2

Δx3
2

+
1

24

d4f

dx4
1

Δx4
1
+

1

6

d4f

dx3
1
dx2

Δx3
1
Δx2 +

1

4

d4f

dx2
1
dx2

2

Δx2
1
Δx2

2

+
1

6

d4f

dx1dx
3

2

Δx1Δx
3

2
+

1

24

d4f

dx4
2

Δx4
2

+O(Δx5
1
) +O(Δx5

2
) +O(Δx3

1
Δx2

2
) +O(Δx2

1
Δx3

2
)

+O(Δx4
1
Δx2) +O(Δx1Δx

4

2
)



Robust design optimization using a non‑intrusive second‑order approximation of stochastic… Page 17 of 20  124

(A.5)
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 For the homogeneous second-order derivative, central dif-
ferences given by

are used. This method has convergence order two with only 
two additional function evaluations. The computation of the 
mixed derivatives is more advanced.

A method with convergence order one is given by

With only one additional function evaluation, a method is 
derived which has a convergence order of two regarding the 
step size Δx1 and a convergence order of one regarding the 
step size Δx2 . This is done using

(A.7)

T7 = f (x − �x1 − �x2) = f (x) −
df

dx1
Δx1 −

df

dx2
Δx2

+
1

2

d2f

dx2
1

Δx2
1
+

d2f

dx1dx2
Δx1Δx2

+
1

2

d2f

dx2
2

Δx2
2
−

1

6

d3f

dx3
1

Δx3
1
−

1

2

d3f

dx2
1
dx2

Δx2
1
Δx2

−
1

2

d3f

dx1dx
2

2

Δx1Δx
2

2
−

1

6

d3f

dx3
2

Δx3
2

+
1

24

d4f

dx4
1

Δx4
1
+

1

6

d4f

dx3
1
dx2

Δx3
1
Δx2 +

1

4

d4f

dx2
1
dx2

2

Δx2
1
Δx2

2

+
1

6

d4f

dx1dx
3

2

Δx1Δx
3

2
+

1

24

d4f

dx4
2

Δx4
2

+O(Δx5
1
) +O(Δx5

2
) +O(Δx3

1
Δx2

2
) +O(Δx2

1
Δx3

2
)

+O(Δx4
1
Δx2) +O(Δx1Δx

4

2
)

(A.8)
d2f

dx2
1

=
T1 + T2 − 2f (x)

Δx2
1

+O(Δx2
1
)

(A.9)

d2f

dx1dx2
=

T4 − T3 − T1 + f (x)

Δx1Δx2
−

1

2

d3f

dx2
1
dx2

Δx1

−
1

2

d3f

dx1dx
2

2

Δx2

+O(
Δx3

1

Δx2
) +O(Δx2

1
) +O(Δx2

2
) +O(

Δx3
2

Δx1
)

=
T4 − T3 − T1 + f (x)

Δx1Δx2
+O(Δx1) +O(Δx2)



	 J. C. Krüger, B. Kriegesmann 124  Page 18 of 20

A method with second-order convergence for both step sizes 
is given by

Appendix B: Approach by Jansen et al.

In Jansen et al. (2015), the robust objective fR is computed 
by inserting the derivatives given by

into (3) and (4). Here, R represents the vector of inner forces 
and KT the tangential stiffness matrix. To compute the state 
variables the nonlinear systems of equations
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(B14)R(u) − P = 0

with the external load vector P are solved. Here, M repre-
sents the number of random variables. The state variables 
u,

du

dxi
 and v represent the model deformation, the derivatives 

of the model deformation and an adjoint variable respec-
tively. In order to compute the gradient of the robust objec-
tive, the robust objective fR is augmented using the previous 
Eqs. (B14)–(B16). This leads to the Lagrangian

with the adjoint variables �0,�i and � . Differentiation with 
respect to the design variables y leads to

with the adjoint systems
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