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Abstract
Randomization techniques are a central tool in quantum information processing and

in near-term applications of quantum computers. Rather than tailoring the measurement
setting to a specific property of a quantum system, one can perform suitable randomized
measurements and reconstruct a variety of quantum features in post-processing. This
strategy is particularly effective in the current noisy intermediate-scale quantum (NISQ)
era, where the characterization of quantum devices and tackling the readout problem are
crucial to guarantee reliable performance. In principle, randomized protocols are most
naturally formulated in terms of Haar-random unitaries followed by measurements in a
fixed basis. However, their implementation quickly becomes impractical as the system size
grows. In practice, one draws samples from unitary k-designs, i.e., structured ensembles of
unitaries that mimic the behaviour of the Haar measure. In this case, the performance of
randomized experiments –in particular, shadow estimation and randomized benchmarking–
can often be analyzed by characterizing the associated measurement quantum channel using
tools from representation theory. By inverting the channel in post-processing, estimators
can be computed, and their variance determines the sampling complexity of the protocol.
In discrete systems, the Clifford group is the de facto standard ensemble, as it forms a
unitary 3-design, and it admits a simple description and efficient classical post-processing.
However, in many situation, e.g., when protocols must respect the physical symmetries of
the system, the behaviour of randomized measurements cannot be captured by standard
design theory.

In this thesis, we study twirling channels arising from structured ensembles beyond
group designs, focusing on applications to shadow estimation and randomized benchmarking.
Shadow estimation is an attractive primitive for predicting many features of quantum states
from the same experimental data. While protocols based on random Clifford unitaries yield
strong practical performance, they are often restricted in practice to local random gates
due to the high cost of implementing multi-qubit Cliffords. This motivates extensions to
ensembles without group structure, namely, random quantum circuits. Here, we provide an
analytical characterization of shadow estimation based on short random quantum circuits.

Randomized benchmarking (RB) is the most widely used protocol for the characterization
of quantum gates due to its modest experimental demands and intrinsic robustness to
state-preparation and measurement errors. In this thesis, we extend the protocol to photonic
platforms to characterize passive Gaussian unitaries on any given particle subspace. The
main technical difficulty is the symmetric nature of bosonic Hilbert spaces, which leads
to nontrivial representation-theoretic features in the associated twirling channel. We
derive analytical descriptions of the resulting measurement channel, highlighting inversion
formulae underlying post-processing and sampling complexity guarantees. We focus on
experimental settings involving Fock states and particle number resolving measurements
and analyze particle loss and distinguishability as the dominant sources of noise, but also
discuss Gaussian settings with either Gaussian input states or measurements and derive
first results.
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Introduction to this thesis

Understanding atomic and molecular interactions is a cornerstone of modern science and
engineering. Yet, the accurate simulation of microscopic systems is often beyond the
possibilities of classical computers due to the unfavourable scaling in the system size. In his
seminal talk, Feynman [1] introduced the idea of simulating quantum systems using another
programmable quantum system. Over the past four decades, this intuition has led to the
blossoming of quantum information processing and quantum computing. Foundational
results in information processing, such as quantum teleportation [2], and new algorithmic
techniques, such as Shor’s factorization algorithm [3] and Grover’s unstructured search
algorithm [4], crystallized the idea that quantum information processing can deliver a
genuine advantage over classical methods. However, building a quantum computer of
practical value remains puzzling. Despite recent major experimental milestones [5–13], the
transition from proof-of-principle demonstrations to practical applications is still elusive.
The main challenges lie in the fragility of quantum devices, as interactions with the
environment and imperfect control introduce noise that degrades coherence and can corrupt
the information encoded in quantum states. In principle, these effects can be suppressed
by encoding the quantum information into larger spaces with quantum error correcting
schemes. In practice, however, this approach comes with substantial overhead beyond the
capabilities of near-term quantum computers [14]. This has motivated the development
of methods to assess the performance of quantum devices. In particular, by collecting
sufficiently many measurement outcomes (e.g., in the form of bitstrings) on multiple copies
of the system, one can reconstruct a complete mathematical description of the underlying
state. However, achieving such a description requires exponential resources in the number of
qubits, restricting this strategy to systems with a very moderate number of qubits [15–17].
Nevertheless, one can design more scalable strategies that infer specific properties from
(fewer) measurement data. We refer to such task-specific schemes as estimation protocols,
and view them within the broad framework of quantum system characterization [18–20],
which comprises a landscape of protocols that benchmark properties of quantum devices
depending on the initial ansatz. Similarly, the practical demands of characterization have
spurred the development of techniques that mitigate the impact of noise while respecting
current architectural constraints [21].

A particularly versatile approach to designing scalable protocols is based on randomized
experiments [22]. Beyond mitigation and characterization, this approach enables further
experimental primitives, for instance, randomized compiling [23–25], the analysis of topo-
logical invariants [26], the computation of out-of-time order correlators (OTOCs) [27], or
applications in machine learning [28]. In particular, in the current noisy and intermediate
scale quantum (NISQ) era, a particularly successful primitive avoids tailoring the measure-
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INTRODUCTION TO THIS THESIS 2

ment setting to the properties of interest. Instead, one draws samples from a carefully
chosen ensemble, whose outcomes are then post-processed through a procedure tailored to
the task at hand [29], for instance, estimating overlaps between quantum states [30, 31]
or purity of quantum states [32, 33], measures of entanglement [33], or probing chaotic
quantum dynamics [27]. More precisely, we consider protocols that can be described in two
distinct phases: First, we consider a quantum experiment that can be repeatedly performed
in a lab. Each run consists of a randomized measurement where the input state is evolved
under a randomly chosen unitary, and followed by a measurement in a given basis (e.g., the
computational basis). The choice of input states, unitaries, and measurement is central
to the design of scalable protocols, and shall match experimental capabilities. Next, the
measurement outcomes are classically post-processed to infer properties of the system. In
the cases of our interest, this requires the classical simulation of a quantum circuit, so it
is highly desirable to consider experiments where this can be realized efficiently. In qubit
systems, for instance, this often corresponds to the implementation of stabilizer circuits,
which can be simulated efficiently using the Gottesman-Knill’ theorem [34, 35].

While this strategy is particularly compelling for a wide variety of applications, efficient
protocols with provable guarantees often rely on strong technical assumptions. More
precisely, it is often convenient to draw unitaries from the uniform distribution over the
unitary group, in particular, the Haar measure. In principle, this is not scalable, as
approximating arbitrary unitaries requires circuits of exponential size [36]. However, in
most cases, it is enough to draw samples from unitary designs, i.e., ensembles that mimic the
behaviour of the Haar measure up to a certain degree, which can be implemented efficiently.
Importantly, the Clifford group is the best-understood unitary design [37–41] due to its
relevance across quantum information processing. However, for many tasks, implementing
multi-qubit Clifford unitaries remains a major practical bottleneck: The required circuit
depth typically introduces too much noise for meaningful estimation on near-term devices.
Instead, short random quantum circuits can still capture non-local quantum features [42, 43]
and are central, for instance, in quantum advantage proposals [5]. Beyond random quantum
circuits, systems described by their physical degrees of freedom (either fermionic or bosonic)
may not admit a similar randomization scheme. For instance, this is the case of continuous
variable settings, where the non-existence of such designs has been proved recently [44], or
particle-preserving dynamics in both fermionic and bosonic systems. The extension of a
randomized protocol to such platforms is complicated by the intricacies of the associated
Hilbert spaces. In particular, the unitary action describing the symmetries of such systems
is often described by special classes of representations of the unitary group (i.e., symmetric
or antisymmetric representations for particle-preserving dynamics of bosons and fermions,
respectively), or by different groups (for instance, fermionic and bosonic Gaussian unitaries
are generated by orthogonal and symplectic transformations, respectively).

In this thesis, we explore randomization techniques beyond group designs. We focus
on applications in shadow estimation [45, 46] and randomized benchmarking (RB) [47, 48]
that naturally fit in the randomized measurement toolbox introduced above. In particular,
the data collection from quantum experiments is formally the same: We consider simple
experiments where an input state (unknown for shadow estimation, fixed for RB) is subjected
to random unitary evolution (for RB, using sequences of varying lengths) before measuring
the circuit outcome. The outcome of this procedure is a sample pair of a random unitary (or
a sequence of unitaries, for RB) and the corresponding measurement outcome. In shadow
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estimation, the samples are used to compute estimators of expectation values of a given set
of observables. In RB, the samples are post-processed to estimate the average quality of the
implementation of the unitaries in a state preparation and measurement (SPAM) robust
way: By fitting the data for different sequence lengths, decay rates can be extracted from
the measurement outcomes. More precisely, in the recently proposed filtered RB framework
[49, 50], the measurement outcomes are suitably postprocessed to ensure this procedure can
be applied to a wide variety of gate sets. In both protocols, the experiment can be described
in terms of a measurement channel that represents the map from the input state to the
observed outcomes under the randomized procedure. Suitable estimators can be constructed
by the classical inversion of the measurement channel, ideally reverting the system back
to its original state. Our contributions are summarized as follows: Standard proposals for
shadow estimation consider either global or local random unitaries, manifesting different
regimes in which the choice of the unitary ensemble leads to efficient estimators for different
features of quantum states. We interpolate between these two scenarios and characterize
the measurement channel associated with short random quantum circuits. This provides a
more direct construction of the classical shadows, and allows us to compare explicitly the
sampling complexity of this circuit construction with the one with local Clifford unitaries.
On the RB side, we bridge the gap between RB and bosonic systems, introducing the
first SPAM robust protocol for the characterization of bosonic passive transformations.
By extending recent advances in the RB literature [49–51], we propose a protocol that
successfully benchmarks the average quality of passive Gaussian transformations on fixed
number of particles using Fock states and particle number-resolving measurements. By
representation-theoretic means, we derive concise formulae for post-processing and for the
sampling complexity, and show that the total number of samples scales very mildly with
the number of modes.

In this thesis, we focus on the mathematical characterization of such protocols. We
extensively use representation theory to characterize the measurement channel (and, there-
fore, its inverse), as this requires the analysis of the invariant subspaces (hence, the relevant
irreducible representations). The thesis is divided into three parts:

• In Part I we give a self-contained overview of representation theory and related tools
that are essential for the understanding of our proofs. In Chapter 2, we discuss the
basics of representation theory of compact groups. Noncommutative Fourier analysis
is introduced as a tool for the analysis of the RB signal under mild noise assumptions.
In Chapter 3, we analyze the structure of the irreducible representations of the unitary
group and compute group twirlings for uniform distributions which will form the
baseline for later generalizations. We also formally introduce group designs and review
the relevant design properties of the Clifford group.

• In Part II, we focus on recent results in shadow estimation. In Chapter 5, we introduce
the shadow estimation framework from the point of view of frame theory and review
standard results with local and global random unitaries. These results are extended
in Chapter 6, where we present the characterization of the measurement channel
associated with short random quantum circuits and discuss potential extensions
to deeper circuits. This chapter is largely adapted from [52]. In Chapter 7, we
discuss shadow estimation for fermionic systems. We review the extension of classical
shadows to the matchgate and particle-preserving passive transformation ensembles,
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and discuss open problems in further extensions to randomized ensembles that respect
the spin symmetry.

• Part III aims at extending randomized benchmarking to bosonic systems. In Chapter 9,
we review the standard theory of RB and its extension to arbitrary compact groups by
discussing the filtered RB framework [49–51]. This forms the baseline for the extension
to bosonic systems discussed in Chapter 10, which is largely adapted from [53].
There, we introduce passive RB, a RB protocol to characterize the implementation
of energy-preserving Gaussian unitaries using Fock states and measurements. We
provide explicit post-processing procedure and workout the sampling complexity of
the protocol. Lastly, in Chapter 11, we discuss how partial distinguishability of bosons
affects the outcome data of passive RB, and we discuss Gaussian settings, deriving
first results for RB with either input coherent states or heterodyne measurements.



Part I

Representation theory and group
twirling

5



Chapter 1

Introduction

Representation theory of groups has long served as a unified language in theoretical physics,
providing the tools to rigorously describe symmetries and their actions on vector spaces
[54–56]. Group-theoretical techniques underpin a wide range of modern developments
in quantum information processing, from the description of the stabilizer states [34, 35]
and codes [57, 58], to the characterization of quantum devices [18, 19, 29] –for instance,
tomographic protocols and benchmarking techniques– to machine learning applications
[59], and analog quantum simulations [60]. Such progresses have sharpened the interest in
representations of groups without a differentiable structure, namely, finite and compact
groups.

In the current NISQ era, randomization techniques over unitaries have emerged as
a crucial tool to enable robust characterization of quantum devices [29]. While this is
well understood via the representation theory of U(d), for instance, via highest-weight
theory or Schur-Weyl’ duality, sampling Haar-random unitaries is not practical for large
systems. This has motivated the theory of quantum state and unitary designs, which
replicates (or approximates) averages over Haar-random unitaries up to some order. While
a unitary design exists for any order and dimension [61], it is crucial that it admits efficient
descriptions and implementations. This is often the case for finitely generated groups,
for which each element can be written in terms of a small number of generators, and, in
particular, it is the case of the Clifford group [38, 39].

Here, we provide a self-contained introduction to representation theory tailored to
randomized protocols in quantum information processing. We will introduce those concept
that are routinely applied to randomized techniques, while keeping the mathematical
development concise and accessible.

This part is structured as follows:

• In Chapter 2, we introduce the mathematical techniques that are essential for under-
standing our proofs. Section 2.1 is dedicated to the notation we will use for the rest of
this thesis. In Section 2.2, we discuss irreducibility and decomposition into irreducible
representations. In Sections 2.3 and 2.4, we specialize to compact groups and discuss
complete reducibility, orthogonality relations, and non-commutative Fourier analysis.

• Chapter 3 is dedicated to the unitary group and group twirlings. In Section 3.1, we
review the representations of U(d). Here, the purpose is two-fold: In Section 3.1.1, we
discuss the highest weights of SU(n) and tensor product of representations, introducing

6
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the Clebsch-Gordan decomposition, setting the stage for Part III. Then, the remaining
is dedicated to a brief review of Schur-Weyl’ duality for the computation of moment
operators discussed in Section 3.2. Here, we also introduce the notion of unitary
design. In Section 3.4, we shortly review frame theory, a framework that encompass
many randomized protocols and, in particular, shadow estimation and randomized
benchmarking. Lastly, in Section 3.5, we introduce the most relevant facts about the
Pauli and Clifford groups, and prove that the latter forms a unitary 2-design.



Chapter 2

Representation theory

Representation theory is a cornerstone in modern theoretical physics. Symmetries of a
physical system are naturally encoded by a group, and the way states and observables
transform under these symmetries is described by unitary representations of that group. In
practice, analyzing these symmetries is crucial, as they provide a natural way to reduce the
effective complexity of a problem. The Hilbert space underlying a quantum system can be
decomposed into smaller irreducible subspaces, and the relevant dynamics is then restricted
to these components.

In quantum information processing, group methods are ubiquitous, and randomization
techniques for finding theoretical guarantees for randomized benchmarking [49, 50] and
shadow estimation [45] heavily rely on the calculation of moments over the unitary group.

In this chapter, we discuss the aspects of representation theory that will be relevant
throughout this thesis. We provide an overview of the notation used in the following
chapters and give a short introduction to representation theory and Fourier analysis, with
a particular focus on compact groups. This chapter serves as a self-contained introduction,
and the well-versed reader in the topic may safely proceed to Chapter 3. We assume
knowledge of linear algebra and some aspects of topology, measure theory and functional
analysis.

2.1 Notation

In this section, we collect the most common notations used across this thesis. Some of
them will be formally introduced in the upcoming sections and in the next chapter.

If α ∈ C, we may denote with ᾱ and α∗ its complex conjugate.

Definition 1. Let f : G → C be an integrable function on a compact group G. A Haar
measure µH of G is an invariant (Radon) measure on G, i.e.,∫

H
dµH(g) ≥ 0 ,

∫
G
f(gh)dµH(g) =

∫
G
f(hg)dµH(g) =

∫
G
f(g)dµH(g) (2.1)

for all subsets H ⊆ G and h ∈ G.

We also assume the Haar measure to be normalized, i.e.,
∫
G dµH(g) = 1 and use the

notation dµH(g) ≡ dg interchangeably.

8



2.2. INVARIANT SUBSPACES, SCHUR’S LEMMA 9

We use the standard notation for the classical Lie groups. For instance, U(d), SU(n)
denote the complex unitary and special unitary groups and O(n), SO(n) denote the real
orthogonal and special orthogonal groups, respectively. We use the notation Pn,Cln to
denote the Pauli and Clifford groups over n qubits, respectively. Representations of groups
will be mostly denoted by greek letters, e.g. π, λ, ρ. We denote by C(π) := {A ∈ L(H) |
Aπ(g) = π(g)A∀g ∈ G} the commutant of the representation π. When G = U(d), we may
write U : U(d) → U(d) to denote the defining (fundamental) representation. For general
groups, we will also use U to denote a general (possibly reducible) representation.

Let H be a Hilbert space. The dual space of H is denoted by H∗. We denote vectors and
dual vectors using the braket notation as usual, i.e. |ψ⟩ ∈ H and ⟨ψ| ∈ H∗. We will denote
with L(H) the set of linear operators on H and with B(H) the set of bounded operators on
H. For a given linear operator A ∈ L(H), we write A† for its adjoint. The identity operator
is denoted by 1. In finite systems, we have H ∼= Cd for some d ∈ N, and L(H) ∼= Cd×d.

We denote the Hilbert-Schmidt inner product by a braket-like notation, namely

Tr(A†B) ≡ (A|B) A,B ∈ L(H) . (2.2)

Likewise, the outer product |A)(B| denotes the superoperator C 7→ (B |C)A. In this context,
we write id for the identity superoperator. Finally, for any k ∈ N, we set [k] := {1, . . . , k}.

2.2 Invariant subspaces, Schur’s lemma

In the following, H will denote any non-trivial separable, complex Hilbert space. Recall
that a group G is locally compact if every every open set has a compact neighbourhood
and it is Hausdorff, i.e., distinct points have disjoint neighbourhoods. We also recall that,
for any directed set A, a net in {Ta}a∈A ⊆ B(H) converges in the strong sense to T ∈ B(H)
if ∥(Ta − T )|ψ⟩∥ → 0 for any |ψ⟩ ∈ H, while we say that {Ta}a∈A converges to T in the
operator norm if ∥Ta − T∥ → 0, where ∥Ta − T∥ := supψ∈H∥(Ta − T )|ψ⟩∥.

Definition 2. Let G be a locally compact group. A (strongly) continuous homomorphism
π : G → GL(H) is a (group) representation. A unitary representation is a (strongly)
continuous homomorphism from G to U(H).

We will mostly focus on unitary representations due to their prominent role in quantum
theory. Moreover, in Section 2.3, we will see that for any (finite dimensional, non-unitary)
representation of a compact group G one can find an inner product with respect to which
the representation is unitary. H is referred as the carrier space of the representation π and
dimH is defined to be the dimension of π. We will also use the notation dimπ to denote its
dimension, if it is clear from the context. We remark that the strong continuity requirement
is necessary, as continuity in the norm topology would be too stringent. This follows from
Stone’s theorem: As unitary dynamics of a quantum mechanical system is a one-parameter
subgroup generated by a Hamiltonian H, continuity in the norm topology of a unitary
representations would imply H is bounded. However, physically relevant operators like
−i ddx are necessarily unbounded, as a consequence of Stone-Von Neumann’s theorem [56].
The norm-continuity prescription also poses challenges from a more abstract point of view.
For instance, let L2(G) be the Hilbert space of square integrable complex functions on G,
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i.e., the space of functions f : G→ C, f ∈ L2(G) such that ∥f∥22 =
∫
dg|f(g)|2 <∞. The

left-regular representation πL : G→ U(L2(G)) defined as

(πL(g)f) (h) := f(g−1h) , (2.3)

for any function f ∈ H ∼= L2(G), is never continuous in the topology induced by the norm
if G is not discrete [62, Exercise 9.3.3].

For a given representation π of G, we will also consider the representations constructed
as follows:

• Let J be a complex conjugation, i.e., a bijective, antilinear and inner product-
preserving bounded operator. The map π̄ : G ∋ g 7→ Jπ(g)J ∈ U(H) is the complex
conjugate representation of π.

• For any linear operator A, let AT denote its transpose. The map π†(g) := π(g−1)T is
the dual (or contragredient) representation of π.

Let π1 : G → U(Hπ1), π2 : G → U(Hπ2) be two unitary representations. The repre-
sentations π1, π2 are said to be intertwined if there exists a bounded linear operator
T : Hπ1 → Hπ2 –called the intertwining operator– such that Tπ1(g) = π2(g)T for any g ∈ G.
Let C(π1, π2) be the set of all the intertwining operators between π1 and π2. Note that, if
T ∈ C(π1, π2), then T † ∈ C(π2, π1), because

T †π2(g) = (π2(g
−1)T )† = (Tπ1(g

−1))† = π1(g)T
†.

Definition 3. Two representations π1, π2 are unitarily equivalent if C(π1, π2) contains a
unitary operator U , i.e., there exists a unitary operator U such that π2 = Uπ1U

∗. The set
C(π) ≡ C(π, π) is called the commutant or centralizer of the representation π.

It is easy to see that the latter defines an equivalence relation of representations, denoted
with “∼=”. Notice that π∗ ∼= π̄ on any fixed orthonormal basis as a consequence of Riesz’s
theorem.

Definition 4. Let J be a closed subspace of H. J is invariant with respect to a represen-
tation π : G→ U(H) if π(g)J ⊆ J for any g ∈ G. A representation π is irreducible if the
only invariant subspaces are the trivial ones. Otherwise, π is said to be reducible.

We will also say that an irreducible representation is an irrep. In the following, we
denote with Ĝ the set of inequivalent irreps of G, i.e.,

Ĝ := {[π] | π is an irrep of G} . (2.4)

For a non-trivial invariant subspace J of H, the map πJ (g)u := π(g)u for all u ∈ J is
called a subrepresentation of π. Notice that if J is an invariant subspace, then J ⊥ is also
invariant, and the decomposition π = πJ ⊕ πJ⊥ holds. In fact, for vectors u ∈ J and
v ∈ J ⊥, one has ⟨v, π(g)u⟩ = ⟨π(g)†v, u⟩ = 0, which implies π(g)v ∈ J ⊥. We remark
that this is not true for non-unitary representations, as shown by the following canonical
counter-example: The representation

R ∋ a 7→
(
1 a
0 1

)
, (2.5)
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is not unitary, and the only non-trivial invariant subspace is spanned by (1, 0)T .
For a given group G, representation theory aims at classifying all the irreps of G

(up to equivalence) and, for reducible representations, finding how it can be decomposed
into irreducible subrepresentations. General tools have been developed to answer such
questions. For instance the theory of induced representations and the Mackey machine
are very powerful techniques to lift irreps of a base group to a semi-direct product group
having the base group as a normal factor [63, 64].

Lastly, we recall the following fundamental result that will be routinely mentioned in
the following chapters:

Lemma 5 (Schur). Let π1, π2, π be unitary representations of a locally compact group G.
Then the following facts hold true:

(i) π is irreducible iff C(π) = {c1}c∈C.

(ii) Suppose π1, π2 are irreducible. If they are also unitarily equivalent, then C(π1, π2) is
one-dimensional. Otherwise, C(π1, π2) is empty.

Proof. (i): First, note that π is reducible iff the orthogonal projection onto any invariant
subspace is an element of C(π): Given an invariant subspace Hλ of H, let Pλ be the
orthogonal projection on Hλ. We have π(g)v = π(g)Pλv = Pλπ(g)v for any v ∈ Hλ.
Similarly, Pλπ(h)v = π(h)Pλv = 0 for any h ∈ H⊥

λ , which implies Pλ ∈ C(π). Conversely, if
Pλ ∈ C(π), we have that λ is invariant since π(g)v = π(g)Pλv = Pλπ(g)v ∈ Hλ. This prove
the implication from left to right, as C(π) contains nontrivial projections if π is reducible.
Conversely, if T ∈ C(π) and T ̸= c1, then A := 1

2(T + T ∗), B := 1
2i(T − T ∗) ∈ C(π). A, B

are self-adjoint by construction, and at least one of them is not a multiple of the identity
operator. Without loss of generality, suppose A ̸= c1. Thus, C(π) contains a non-trivial
projection due to the spectral decomposition of A [63].

(ii): Suppose T ∈ C(π1, π2). Hence, T ∗ ∈ C(π2, π1) as well. Then, T ∗T ∈ C(π2) since

TT ∗π2 = Tπ1T
∗ = π2TT

∗.

Likewise, T ∗T ∈ C(π1), so we have T ∗T = c1 and TT ∗ = c′1. Hence, it must be
either T = 0 or c−1/2T is unitary. Thus, if π1 and π2 are inequivalent, C(π1, π2) = {0}
and it consists of scalar multiples of unitary operators. Therefore, if T1, T2 ∈ C(π1, π2),
T−1
2 T1 = T ∗

2 T1 ∈ C(π1). Hence, T−1
2 T1 = c1, and dim C(π1, π2) = 1.

Applications of Schur’s lemma are ubiquitous in representation theory and we will
discuss some of them in later sections. For now, we observe the following elementary, but
useful, fact:

Corollary 6. The irreps of an Abelian group G are one-dimensional.

Proof. In fact, suppose π is an irreducible representation (irrep) of an Abelian group G.
Then, π(g1)π(g2) = π(g2)π(g1)∀g1, g2 ∈ G, which implies π(G) ⊆ C(π). This implies that
π is proportional to the trivial irrep of G.
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2.3 Compact groups

Analyzing unitary representations of locally compact groups is often a hard task, requiring
sophisticated techniques to deal with the intricacies of infinite-dimensional Hilbert spaces.
For instance, reducible representations of some classes of “pathological” groups (e.g., type
II groups) may not admit a unique decomposition into irreps [63]. For more structured
groups such as compact groups, however, the picture is far better: Representations are
well-behaved, and decompositions are essentially unique. In what follows, we collect the
key properties of compact groups that will be used throughout this thesis.

Let G be a compact group with Haar measure dg normalized in such a way that∫
G dg = 1. Note that, in this case, it is enough to consider unitary representations only. In

fact, let U : G→ GL(H) be a representation and let (·, ·) be an inner product on H. Then,
one can define the inner product ⟨u, v⟩ :=

∫
G dg (U(g)u, U(g)v) such that U is a unitary

representation with respect to H equipped with ⟨·, ·⟩ since

⟨U(h)u, U(h)v⟩ =
∫
G
dg (U(hg)u, U(hg)v) =

∫
G
dg (U(g)u, U(g)v) = ⟨u, v⟩ (2.6)

by the left-invariance of the Haar measure. Moreover, U is continuous with respect to
the topology induced by Eq. (2.6) [55]. We summarize the fundamental properties of
representations of compact groups:

Theorem 7. Let G be a compact group. The following are true:

• The irreps of G are finite dimensional.

• The representations of G are completely reducible. That is, every representation of
G can be decomposed in a direct sum of irreps.

In particular, the first statement follows from the observation that, for any representation
U of G and |ψ⟩ ∈ H, the operator

Tψ :=

∫
G
dg U(g)|ψ⟩⟨ψ|U(g)∗ (2.7)

is compact, see e.g. [63, Lemma 5.1] for a proof. In fact, by Haar invariance, Tψ ∈ C(U)
and, by Schur’s lemma, Tψ = c1H for some scalar c > 0 if the representation is irreducible.
Then, we observe that 1H is compact iff dimH <∞, which proves the first statement. The
second statement, restricted to finite dimensional representations, can be proved by picking
an invariant subspace λ of H and considering the orthogonal decomposition λ⊕ λ⊥. By
induction on dimH, one obtains a decomposition of H into irreducible representations. The
generalization to infinite dimensional representations follows from Zorn’s lemma, see [63,
Sec. 5.1] for more details.

Theorem 7 does not imply uniqueness in the irrep decomposition. In general, for a
representation U , we have the decomposition U =

⊕
π∈Ĝ Vπ, where Vπ denotes the π-isotype

defined as
Vπ := Hπ ⊕ · · · ⊕ Hπ︸ ︷︷ ︸

mπ

, (2.8)

withmπ denoting the multiplicity of π in U . By Schur’s Lemma 5, if π and π̃ are inequivalent,
Vπ ⊥ Vπ̃. Hence, we have the canonical decomposition H =

⊕
π Vπ. In other terms, the
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decomposition of U into isotypes is unique. However, there is no canonical decomposition
of isotypes into irreducible components, as, typically, this is realized by a suitable choice of
an orthonormal basis inside each multiplicity subspace.

Representations of compact groups can also be understood in terms of their characters.
For a representation π of G, the associated character is the function χπ(g) := Tr(π(g)). By
construction, characters are class functions, i.e., they only depend on the equivalence class
of the corresponding representations. Moreover, linear operations translate naturally, e.g.,
χπ⊗π̃(g) = χπ(g)χπ̃(g).

Lastly, we comment on matrix elements of representations of compact groups. Let
U : G→ U(H) be a (unitary) representation. The functions

cUψ,ϕ = ⟨ϕ |U(g)|ψ⟩ , |ϕ⟩, |ψ⟩ ∈ H (2.9)

are called matrix elements or coefficient functions of U . We recall the following standard
result about such coefficients that will be used in Chapter 10:

Theorem 8 (Schur’s orthogonality relations). If π, π̃ are irreps of G and |ϕ⟩, |ψ⟩ ∈
Hπ, |ϕ̃⟩, |ψ̃⟩ ∈ Hπ̃, the following orthogonality relations hold:∫

dg cπψ,ϕ(g)c
π̃
ϕ̃,ψ̃

(g)∗ =

{
d−1
π ⟨ϕ̃|ψ⟩⟨ϕ|ψ̃⟩ , if π ∼= π̃,

0 , otherwise .
(2.10)

Proof. For any linear map M : Hπ → Hπ̃, define

M̃ =

∫
G
dh π̃(h)†Mπ(h) . (2.11)

By Haar invariance, M̃ ∈ C(π, π̃) since

M̃π(g) =

∫
G
dh π̃(h)†Mπ(h)π(g) =

∫
G
dh π̃(g)π̃(h)†Mπ(h) = π̃(g)M̃ . (2.12)

Hence, by Schur’s Lemma 5, M̃ = 0 if π and π̃ are inequivalent, and M̃ = c1 otherwise.
Moreover, by taking the trace of M̃ we get

c =
1

dπ
Tr(M̃) =

1

dπ
Tr(M) . (2.13)

Now, let us consider M := |ψ̃⟩⟨ϕ| for ϕ ∈ Hπ and ψ̃ ∈ Hπ̃. Then, for ψ ∈ Hπ and ϕ̃ ∈ Hπ̃,
we have

⟨ϕ̃ |M̃ |ψ⟩ =
∫
G
dg ⟨ϕ̃ |π̃(g)†Mπ(g)|ψ⟩

=

∫
G
dg ⟨ϕ̃ |π̃(g)† |ψ̃⟩⟨ϕ |π(g)|ψ⟩

=

∫
G
dg cπ̃

ψ̃,ϕ̃
(g)∗cπψ,ϕ(g) .

(2.14)

Then, ⟨ϕ̃ |M̃ |ψ̃⟩ = c⟨ϕ̃|ψ⟩, with c = 1
dπ
⟨ϕ|ψ̃⟩.
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Then, for any orthonormal basis {|ei⟩} of Hπ, the coefficients cπi,j ≡
√
dπ⟨ei |π(g)|ej⟩

form an orthonormal basis for span{cπi,j}. Moreover, one can prove that

L2(G) =
⊕
π

span{cπi,j} , (2.15)

hence, an orthonormal basis for L2(G) is given by
⋃
π{

√
dπc

π
i,j | i, j ∈ [dπ]}. This is

one incarnation of Peter-Weyl’s theorem [63, Thm. 5.12]. Note that this also implies
orthogonality of irreducible characters, as they form an orthonormal basis for the space of
square-integrable class functions.

Lastly, let us briefly review the basic facts concerning (compact) Lie groups. If a group
G is also a smooth manifold –namely, it is locally diffeomorphic to Rn– and the product
and inverse operations on G are differentiable maps, G is a (compact) Lie group. The
classical matrix groups GL(d,C), GL(nd,R), SL(d,C), SL(d,R), O(d), SO(d), U(d), SU(d),
Sp(2d,R) are all examples of Lie groups, with O(d), SO(d), U(d), SU(d) also being compact.
The interest in Lie groups stems from the fact that their behaviour is at least partially
captured by algebraic relations. Formally, each Lie group G is associated with a Lie algebra,
namely, a finite-dimensional vector space g endowed with a skew-symmetric, bilinear map
[·, ·] satisfying the Jacobi identity [X, [Y,Z]]+ [Y, [Z,X]]+ [Z, [X,Y ]] = 0 for all X,Y, Z ∈ g.

While every (finite-dimensional, real) Lie group determines a Lie algebra (unique up
to isomorphisms), the converse fails in general, as a single Lie algebra can be associated
with non-isomorphic Lie groups. A canonical example is provided by SO(3) and SU(2),
which are non-isomorphic Lie groups (e.g., only SU(2) is simply connected) sharing the Lie
algebra so(3) ∼= su(2). In fact, the correspondence is bijective upon restricting to simply
connected Lie groups: By Cartan-Lie theorem, for each Lie algebra g there exists a unique
(up to isomorphism) simply connected Lie group whose Lie algebra is isomorphic to g, and
any connected Lie group with Lie algebra g is a quotient of this universal cover by a discrete
central subgroup [65].

For compact connected Lie groups, irreducible representations can be classified elegantly
via the highest-weight theorem; we briefly sketch the result here for later use and to keep
the exposition self-contained. Let G be a compact Lie group. A maximal torus is an
Abelian subgroup (called torus) T of G such that T ∼= S1× · · ·×︸ ︷︷ ︸

k

S1 for some k ∈ N, where

S1 ∼= U(1) is the unit circle group, and T is not properly contained in any other torus
T ′ ≤ G. The rank of G is r := dimT (as a Lie group). By construction, a (maximal) torus
is a compact Lie subgroup of G. Hence, we can consider the corresponding Lie algebra t.
If ρ is an irrep of G, the restriction ρ|T to the torus T decomposes into one-dimensional
irreps as

ρ|T ∼=
⊕
w∈Zr

χw ⊗ 1mw , (2.16)

with mw being the multiplicity of χw and χw : G→ U(1) being irreducible characters of T .
The quantities w are the so-called weights of the representation. For each w, the multiplicity
mw of χw equals the dimension of the corresponding weight space of w, defined as the
isotypic component χw ⊗ 1mw in ρ. The set of weights is a poset when equipped with the
following relation: First, let {αi}ri=1 be the roots of g with respect to t (i.e., the weights of
the adjoint representation). We say that a weight w1 is higher than a weight w2, and write
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w1 ≥ w2, if
w1 − w2 = c1α1 + · · ·+ crαr , (2.17)

where ci ≥ 0. Finally, the theorem of the highest weight [66, Thms. 9.4 and 9.5] states that
every finite dimensional irrep of a compact, connected Lie group G is identified by a unique
highest weight, up to isomorphisms. Conversely, for any highest weight wH , there exists
a finite dimensional irrep of G. In Section 3.1.1, we discuss the weights and the irreps of
SU(d).

2.4 Fourier analysis on compact groups

Fourier analysis plays a central role in representation theory and the decomposition of the
space L2(G) (which carries the regular representations) into its irreducible components.
The standard Fourier series and transform, defined respectively as

f(x) =
∑
n∈Z

fne
i2πnx , ĝ(ξ) =

∫
R
dx g(x)ei2πxξ

for suitable integrable functions, can also be understood as the concrete application of an
abstract Fourier transform for general locally compact, Abelian groups. For locally compact,
Abelian groups, the construction can be understood in terms of duality theory [63]: If G is
Abelian, the set of characters Ĝ = {[π] | π is a character of G} forms a group with respect
to the point-wise multiplication. By Pontrjagin’s duality theorem, the elements of G can
also be seen as characters of Ĝ, establishing an isomorphism between L2(G) and L2(Ĝ),
which is given by the Fourier transform and its inverse

f̂(ξ) =

∫
G
dg ξ(g)∗f(g) , f(g) =

∫
Ĝ
dξ g(ξ)f̂(ξ) (2.18)

(this is another incarnation of Plancherel’s theorem). By specifying G and its dual Ĝ, one
can retrieve all the elementary transforms, such as the Fourier series (G = Z and Ĝ ∼= U(1)),
the Fourier transform (G = R and Ĝ ∼= R) and the discrete Fourier transform (G = Zn and
Ĝ ∼= Zn), the latter being closely related to the quantum Fourier transform [57].

The Peter-Weyl theorem provides a natural framework to generalize standard Fourier
analysis to the non-Abelian setting. Intuitively, we can extend Eq. (2.18) to non-Abelian
compact groups by replacing the characters with matrix coefficients of irreps, as they form
an orthonormal basis in L2(G), c.f. Eq. (2.15). This is crucial for the construction of a
suitable isomorphism, because Ĝ does not have an obvious group structure, and there is no
clear intuition of a dual group. Hence, for any f ∈ L2(G), we can write

f(g) =
∑
π∈Ĝ

dπ∑
i,j=1

fπi,jπ(g)i,j , (2.19)

with fπi,j ≡ dπ
∫
G dg f(g)π(g)

∗
i,j . This suggest the following, coordinate-free, notion:

Definition 9. For a compact group G and an irrep π : G→ U(H), the Fourier transform
of f ∈ L2(G) at π is the operator

f̂ [π] :=

∫
G
dg f(g)π(g)† . (2.20)
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By Eq. (2.15), Eq. (2.20) induces the coordinate-free isomorphism L2(G) ∼=
⊕

π∈Ĝ L(Hπ),
where L(Hπ) is the space of linear operators on Hπ. Moreover, Eq. (2.20) admits the
inversion formula

f(g) =
∑
π∈Ĝ

dπ Tr
[
f̂ [π]π(g)

]
. (2.21)

Note that the pointwise convergence is not guaranteed for f ∈ L2(G) if the series is not
truncated. In this thesis, we will only consider functions supported on a finite subset
of irreps. For further information, we refer the reader to the discussion in [63, Lemma
5.24]. The Fourier transform (2.20) satisfies the usual properties of the standard Fourier
transform:

Definition 10. For two functions f1, f2 ∈ L2(G) where G is a compact group, we define
the convolution of f1 and f2 as the map ∗ : L2(G)× L2(G) → L2(G) such that

(f1 ∗ f2)(g) :=
∫
G
dh f1(gh

−1)f2(h) (2.22)

Due to non-commutativity of representations, the behaviour of the convolution under
the Fourier transform is slightly different from the Abelian case:

Proposition 11. The following equality holds true:

f̂1 ∗ f2 = f̂2f̂1 . (2.23)

Proof. In fact, we have

f̂1 ∗ f2[π] =
∫
G
dg (f1 ∗ f2)(g)π(g)†

=

∫
G
dg

∫
G
dh f1(gh

−1)f2(h)π(g)
†

=

∫
G
dg f1(g)

∫
G
dh f2(h)π(gh)

†

=

∫
G
dh f2(h)π(h)

†
∫
G
dg f1(g)π(g)

†

= f̂2[π]f̂1[π] ,

(2.24)

where we mapped g 7→ gh in the third step and used the invariance of the Haar measure
and Fubini-Tonelli’s theorem to change the order of integration.

It is also useful to recall Parseval’s identity:

Proposition 12. Let G be a compact group and let f ∈ L2(G). The following equality
holds true:

∥f∥22 =
∑
π

dπ∥f̂ [π]∥22 , (2.25)

where the norm on the l.h.s. is the L2 norm and the norm on the r.h.s. is the Hilbert-Schmidt
norm.
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Proof. The latter follows from the inversion formula (2.21) and orthogonality relations
(2.10):

∥f∥22 =
∫
G
dg
∑
π,ρ

dπdρTr
[
f̂ [π]π(g)

]∗
Tr
[
f̂ [ρ]ρ(g)

]
=
∑
π,ρ

dπdρ
∑
i,j,k,l

fπ∗i,j f
ρ
k,l

∫
G
dg π(g)∗i,jρ(g)k,l

=
∑
π

dπ
∑
i,j

|fπi,j |2

=
∑
π

dπ Tr
[
f̂ [π]†f̂ [π]

]
,

(2.26)

where in the third step we used orthogonality relations and the last step follows from the
identification

∑
i,j f

π
i,jf

π
i,j = Tr(f̂ [π]†f̂ [π]).

The previous discussion naturally generalizes to Fourier analysis of quantum channels.
This will be central in Part III, where we discuss the form of the RB signal and regard noisy
implementations of quantum gates as quantum channels. To this end, we view quantum
channels as matrices and their Fourier transform as the component-wise Fourier transform
defined in Eq. (2.20): Let f : G→ L(H). As Eq. (2.20) is operator-valued, we shall consider
the element-wise Fourier transform

f̂ [π]i,j =

∫
G
dg π(g)†fi,j(g) (2.27)

(notice that the order is not relevant here, as fi,j(g) ∈ C). Then, f̂(π) ought to be considered
as a tensor, and the previous equation justifies the following definition:

f̂ [π] :=

∫
G
dg π(g)⊗ f(g) . (2.28)

As before, we can define the convolution of matrix-valued functions as

f1 ∗ f2(g) :=
∫
G
dhf1(gh

−1)f2(h) , (2.29)

so we have f̂1 ∗ f2 = f̂1f̂2 (note the we recover the standard ordering with this definition)
and Parseval’s identity becomes [67]∫

G
dg ∥f(g)∥22 =

∑
π

dπ∥f̂ [π]∥22 , (2.30)

which follows from orthogonality of characters.
If π is not an irrep, we can still define f̂(π) by decomposing it into irreducible components.

Specifically, by considering the decomposition

π =
⊕
λ∈Ĝ

mλ⊕
i=1

π
(i)
λ , (2.31)
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we have by linearity

f̂ [π] =
⊕
λ

mλ⊕
i=1

f̂ [π
(i)
λ ] =

⊕
λ

f̂ [πλ]⊗ idmλ
. (2.32)

This coordinate picture justifies the following definition, which can be interpreted as a
basis-free definition of Fourier transform of matrix-valued functions [50]:

Definition 13. Let G be compact, π : G → U(Hπ) an irrep and f : G → L(H) be square
integrable. The Fourier transform of f at π is the linear operator L(H,Hπ) → L(H,Hπ)
such that

f̂ [π] :=

∫
G
dg π(g)†(·)f(g) . (2.33)

Note that Eq. (2.33) and Eq. (2.28) are equivalent up to the composition of a suitable
vectorization in a fixed orthonormal basis and a transposition [50]. The next proposition
summarizes the most relevant facts for our purposes:

Proposition 14. Let πλ : G→ U(Hπ) be an irrep and let ω : G→ U(H) be a representation.
Then, ω̂[π] is the orthogonal projection of ω onto the isotypic component of π in ω.

In particular, if ω is irreducible, then ω̂[π] is a rank-1 orthogonal projector if ω ∼= π and
0 otherwise.

Proof. By Eq. (2.33) and the convolution theorem,

ω̂[π]2 = ω̂ ∗ ω[π] =
∫
G
dg π(g)†(·)(ω ∗ ω)(g) =

∫
G
dg π(g)†(·)

∫
G
dhω(h)ω(h−1g)

=

∫
G
dg π(g)†(·)ω(g) = ω̂[π]

(2.34)

since
∫
G dh = 1. Haar invariance also implies that ω̂[π] is self-adjoint with respect to the

Hilbert-Schmidt inner product. In fact, by cyclicity of the trace,

Tr[ω̂(πλ)(A)
†B] = Tr

[∫
G
dg
(
πλ(g)

†Aω(g)
)†
B

]
= Tr

[∫
G
dg ω(g)†A†πλ(g)B

]
= Tr

[∫
G
dg A†πλ(g)Bω(g)

†
]
= Tr

[∫
G
dg A†πλ(g)

†Bω(g)
]

= Tr
[
A†ω̂[πλ](B)

]
.

(2.35)

Then, suppose ω =
⊕

η

⊕mη

i=1 π
(i)
η .

Tr [ω̂[πλ]] =

∫
G
dg Tr[πλ(g)

†] Tr[ω(g)] =
∫
G
dg Tr[πλ(g)

†] Tr

[⊕
η

mη⊕
i=1

π(i)η (g)

]

=
∑
η

mη∑
i=1

∫
G
dg Tr[πλ(g)

†] Tr
[
π(i)η (g)

]
=
∑
η

mη∑
i=1

δλ,η

= mλ

(2.36)
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by (character) orthogonality relations (2.10). The latter implies ω̂[πλ] is non-zero on the
isotype

⊕mλ
i=1 π

(i)
λ and zero otherwise. Hence,

ω̂[πλ] ∼=
mλ⊕
i=1

∫
G
dg πλ(g)

†(·)π(i)λ (g) . (2.37)

Moreover, if ω is an irrep of G, the latter implies that π̂λ[πλ] is a rank-1 orthogonal
projector.



Chapter 3

Unitary group twirlings

The unitary group is ubiquitous in quantum theory. The evolution of closed systems is
captured by (reversible) unitary transformations, as the dynamics described by a Hamilto-
nian H integrates to a one-parameter unitary group U(t) = e−iHt. At the same time, by
Wigner’s theorem, physical symmetries are essentially described by unitary operators [68].
Mathematically, U(d) is a compact Lie group, and its irreducible representations can be
elegantly described using the theorem of the highest weight. In this chapter, we provide a
short introduction to U(d), its representations, and the calculation of moment operators
over the unitary group. Next, we briefly review the notion of unitary designs, provide a brief
introduction to frame theory, and show that the Clifford group forms a unitary 2-design.

3.1 Representations of U(d)

The group U(d) is the group of automorphisms of the complex vector space Cd endowed
with the Hermitian inner product ⟨ψ |ϕ⟩ =

∑d
j=1 ψ̄jϕj , i.e., ⟨Uψ |Uψ⟩ = ⟨ψ |ϕ⟩ for all

U ∈ U(d). This implies that U † = U−1 and detU = ±1. By the relation UU † = 1,
it follows that the rows (and the columns) of U are orthonormal and U is bounded, as
|Ujk| ≤ 1, j, k = 1, . . . , d. Since U(d) is a closed subgroup of GL(d,C), the latter also
implies U(d) is compact. The irreps of U(d) are easily understood in terms of the ones
of SU(d), the subgroup of unitary matrices such that detU = 1. In fact, SU(d) is simply
connected, and its irreps are identified by the highest weights, as depicted in the previous
section. Then, following the observation that U(d) = SU(d) ⋉ U(1), irreps of U(d) are
obtained from irreps of SU(d) extended to U(d) via non-trivial characters of U(1), e.g.,
the determinant representation U 7→ detU . Therefore, without loss of generality, we will
consider irreps of SU(d).

Sections 3.1.1 and 3.1.2 are based on [53, Sec. TI.A]. The content has been adapted
and broadened to provide a self-contained overview of Young diagrams, their interpretation
and role in the classifications of the irreps of SU(d).

3.1.1 Irreps of SU(d)

Definition 15. For a given k ∈ N \ {0}, the symmetric group Sk is group formed by all
permutations of elements {1, . . . , k} ≡ [k].

20
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Note that Sk is non-Abelian for k ≥ 3. The importance of Sk stems from the close
connection with the irreps of U(d), as we show below.

A useful tool to represent permutations is the notion of Young diagrams: Let λ =
(λ1, . . . , λm) be a partition of k, i.e. λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0 with

∑m
i=0 λi = k. We will

also write λ ⊣ k. Any such partition is identified with a Young diagram, namely a collection
of boxes arranged in left-justified rows with a weakly decreasing number of boxes in each
row, where the i-th row contains λi boxes, e.g.,

(3.1)

corresponds to λ = (5, 3, 2). Young diagrams are a convenient tool for studying representa-
tions of Sk: Its irreps are classified (up to equivalence) by partitions of k, or equivalently
by Young diagrams with k boxes [69]. In this context, many useful quantities –such as
the dimension of an irrep– can be computed via combinatorial rules that can be expressed
directly in terms of Young diagrams. Notably, Young diagrams also label the irreps of
unitary groups (this statement will be made more precise using Schur-Weyl’ duality). We
will briefly discuss this fact over the next sections.

An irrep λ of Sk admits a natural orthonormal basis described as follows: A (semi-
standard) Young tableau is a filling of Young diagram boxes, with entries in N \ {0}, such
that the entries are weakly increasing across each row and they are strictly increasing down
each columns. A standard Young tableau is a semistandard Young tableau in which the
entries are given exactly by numbers {1, . . . , k}. In other terms, the entries in a standard
Young tableau are strictly increasing across each row and down each columns. For instance,
for the partition (5, 3, 2, 1) ⊣ 11 the following are a semistandard Young tableau and a
standard Young tableau, respectively:

1 2 2 4 6

3 4 5

4 6

7

, 1 3 5 7 9

2 4 6

8 10

11

.

The dimension of λ is the number of standard Young tableaux of this shape, which is
determined as follows: Let (i, j) be the row-column indices of a box in λ and let hλ(i, j) be
the number of boxes (i, r) with r ≥ j and (l, j) with l ≥ i, with the (i, j)th box counted
only once. Then, dimλ is determined by the formula [69]

dλ =
k!∏

(i,j) hλ(i, j)
. (3.2)

This is often referred as the hook-length formula. For instance, for λ = (5, 3, 2, 1) ⊣ 11 we
have the Hook lengths

8 6 4 2 1

5 3 1

3 1

1

, (3.3)
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where the filling of the (i, j)th box is in this case given by hλ(i,j). It follows that dimλ = 2310.
Going back to the case of SU(d), by the theorem of the highest weight, its irreps are

identified by highest weight vectors. In this case, rank SU(d) = d− 1 since

diag(eiθ1 , . . . , eiθd−1 , e−i
∑d−1

j=1 θj ) (3.4)

is a maximal torus isomorphic to U(1)×(d−1), and the highest weights of SU(d) are (d− 1)-
ples. Young diagrams uniquely determine irreps of SU(d) up to constant shifts, namely,
(λ1, . . . , λd) and (λ1 + c, . . . , λd + c) identify the same irrep for any integer c. Therefore,
we assume by convention λd = 0 without loss of generality. In the following we will
not distinguish between Young diagrams and the corresponding irreps, unless otherwise
specified.

For a fixed irrep λ of SU(d), the semi-standard Young tableaux of shape λ label an
orthonormal basis of λ, sometimes referred as the Weyl basis. For instance, the Young
tableaux

1 1
2

, 1 1
3

, 1 2
2

, 1 2
3

,

1 3
2

, 1 3
3

, 2 2
3

, 2 3
3

.
(3.5)

identify an orthonormal basis for the SU(3) adjoint irrep λ = (2, 1, 0).
We can compute the dimension of any irrep of SU(d) from the shape of the corresponding

Young diagram in the form of a suitable ratio of products of integers: Let λ be a Young
diagram and set dimλ = N/D. We compute N by constructing an irregular tableau of
shape λ as follows: The top left box is filled with d. Moving across the row, the entries
increase by 1 at each step. Moving across the column, the entries decrease by 1 at each
step. Then, N is the product of the entries of the constructed tableau. D is determined by
the Hook length formula applied to λ. In the latter example, we have

dim = 8. (3.6)

Lastly, we remark that, for a given irrep λ, the dual representation λ∗ defined as
λ∗(g) := λ(g−1)T acting on the dual carrier space is also irreducible. Having fixed a basis
for λ, we also have λ∗ ∼= λ̄, where λ̄(g) := λ(g) is the complex conjugate representation of
λ. Hence, for any irrep λ = (λ1, . . . , λd), this implies λ∗ is identified by the dual Young
diagram λ̄ := (λ1 − λd, λ1 − λd−1, . . . , λ1 − λ2, 0). More practically, λ̄ is constructed by
completing λ to a d× λ1 rectangular Young diagram, and rotating the diagram formed by
the newly added boxes by 180◦. For instance,

−→ , (3.7)

are dual Young diagrams in SU(5).
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Gelfand-Tsetlin patterns.

A more convenient way of labeling basis vectors for any irrep λ = (λ1, . . . , λd) of SU(d) is
by Gelfand–Tsetlin (GT) patterns.

A GT pattern M of shape λ and length d is represented by a triangular table with d
rows, the j-th row containing j integers (counting from the bottom to the top)

M =


M1,d M2,d ... Md−1,d Md,d

M1,d−1 M2,d−1 ... Md−2,d−1 Md−1,d−1

. . .
...

...
M1,2 M2,2

M1,1

 , (3.8)

and Mi,d = λi for every i ∈ [d] (and, in particular, Md,d = 0 by convention). The entries
satisfy the following interlacing or inbetweenness condition:

Mi,j+1 ≥Mi,j ≥Mi+1,j+1 (3.9)

for every i ∈ [d − 1] and j ∈ [d − 1]. We remark that by convention the indices in a GT
pattern are swapped, namely the first one is the column index, increasing from left to right,
as usual, while the second one is the row index, decreasing from top to bottom. We denote
the set of GT patterns of shape λ that satisfy the inbetweenness condition by GT(λ).

An orthonormal basis for λ –referred as the Gelfand–Tsetlin basis– is given by state
vectors {|λ,M⟩}, where M is a valid GT pattern with top row M1 ≡ (M1,1, . . . ,M1,d) = λ.
We will also use the notation |λ,M⟩ ≡ |M⟩ if λ is clear from the context. Hence, the
dimension of λ is equal to the number of such states, for which the following formula holds:

dimλ =
∏

1≤i≤j≤d

(
1 +

Mi,d −Mj,d

j − i

)
. (3.10)

In terms of the GT basis, the highest weight vector of λ is identified by the pattern
maximizing the inbetweenness conditions, namely

Mmax =


M1,d M2,d ... Md−1,d Md,d

M1,d M2,d ... Md−2,d Md−1,d−1

. . .
...

...
M1,d M2,d

M1,d

 (3.11)

(likewise, the lowest weight vector of λ is obtained by minimizing the inbetweenness
conditions).

GT patterns are in one-to-one correspondence with semi-standard Young tableaux. In
fact, for a given Young tableau T of shape λ, the shape of the corresponding GT pattern
M is the same shape as T and the entry Mj,k of M (remember the different indexing in
(3.8) compared to matrix indices) is given by the number of entries in the j-th row of T
which are less or equal than k. Conversely, given a GT pattern M of shape λ, the shape of
the corresponding Young tableau T is determined by the first row of M and Mj,k −Mj,k−1

is the number of k’s in the j’th row of T . Throughout this work, we assume that all illegal
coefficients are set to 0. For instance, the Young tableaux

1 1 2 2 3
2 2 3
3 4

,
1 1 1 1 1
2 2 3
3 4

(3.12)



3.1. REPRESENTATIONS OF U(d) 24

corresponds to the GT patterns(
5 3 2 0
5 3 2
4 2
2

)
,

(
5 3 2 0
5 3 1
5 2
5

)
, (3.13)

respectively, and the Weyl basis Eq. (3.5) corresponds to the GT basis(
2 1 0
2 1
2

)
,
(

2 1 0
2 0
2

)
,
(

2 1 0
2 1
1

)
,
(

2 1 0
2 0
1

)
,(

2 1 0
1 1
1

)
,
(

2 1 0
1 0
1

)
,
(

2 1 0
2 0
0

)
,
(

2 1 0
1 0
0

)
.

(3.14)

For a given GT patternM , the weight of |M⟩ is the (d−1)-tuple wM := (w
(M)
1 , . . . , w

(M)
d−1)

as introduced before, where each entry w(M)
i is determined by M as follows:

w
(M)
j = 2

j∑
i=1

Mi,j −
j−1∑
i=1

Mi,j−1 −
j+1∑
i=1

Mi,j+1 . (3.15)

We remark weights generalizes the notion of magnetic quantum number m for SU(2) in the
quantum theory of angular momentum to arbitrary many modes. In the latter expression,
we assume the convention that

∑j−1
i=1 Mi,j−1 = 0 if j = 1.

All states |M⟩ of the same weight w form a basis of the weight space of w. Note that
these are typically not one-dimensional, except for SU(2) [70–72]. For instance, the GT
patterns

M =
(

3 2 0
3 0
1

)
, M̃ =

(
3 2 0
2 1
1

)
(3.16)

are such that wM = wM̃ = (−1, 0). Thus the dimension of the weight space of w (the inner
multiplicity) corresponds to the number of GT states (or, equivalently, to the number of
semi-standard Young tableaux) with weight w. These amount to Kostka’s numbers, and
can be computed e.g. with recursive algorithms [73].

It is worth reminding here a related definition of a weight for U(d) (or GL(d)) repre-
sentations. Gelfand–Tsetlin patterns also label basis vectors of the corresponding irreps of
such groups. However, the condition Mm,m = 0 is dropped. In this case, the weight of the
GT pattern M is defined as wMU(d)

:= (wMU(d),1, . . . , w
M
U(d),d) with

wMU(d),j :=

j∑
i=1

Mi,j −
j−1∑
i=1

Mi,j−1 , (3.17)

therefore
w

(M)
j = wMU(d),j − wMU(d),j+1 . (3.18)

An equivalent definition that will be used in this work is the following: The tableau weight
is the m-tuple wT = (wT1 , . . . , w

T
d ) where wTi is the total number of i entries in T . If T is

the semi-standard Young tableau associated with M , we also have

wTj :=

j∑
i=1

Mi,j −
j−1∑
i=1

Mi,j−1 . (3.19)
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The weights wM and wT are clearly related in a similar way:

w
(M)
j = wTj − wTj+1 . (3.20)

We notice en passant that the tableau weight is always a sequence of non-negative integers,
which sometimes is more convenient for combinatorics. For instance, the tableaux T and T̃
associated with the GT patterns M and M̃ from the former examples are

T =
1 2 2
3 3

, T̃ =
1 2 3
2 3

and we have wT = wT̃ = (1, 2, 2).

Dual GT patterns.

For a given GT pattern M of shape λ, we define the dual GT pattern M̄ of shape λ̄ as the
pattern with entries satisfying the relation

M̄i,l :=M1,m −Ml−i+1,l , (3.21)

i.e. M̄ =M1,d + M̃ , where the sum shall be interpreted as the element-wise constant shift
of M̃ by M1,d, and M̃ is given by

M̃ =


−Md,d −Md−1,d ... −M2,d −M1,d

−Md−1,d−1 −Md−2,d−1 ... −M2,d−1 M1,m−1

. . .
...

...
−M2,2 −M1,2

−M1,1

 . (3.22)

By construction, M̄ defines a basis state for the dual irrep λ∗ ∼= λ̄. The conjugate operation
is also such that each state |M⟩ of λ is associated with a unique conjugate state |M̄⟩ of λ̄.
Specifically, the conjugation operation is such that [72]

|M⟩ = (−1)φ(M)|M̄⟩ , (3.23)

for a suitable phase function that can be determined as follows: For a GT pattern M , define
the function

sM (k) =

k∑
j=1

j∑
i=1

Mi,j , (3.24)

which corresponds to the sum of the labels of M in the first k rows (counting from bottom
to top). Then [72],

φ(M) = sM (d− 1)− sMmax(d− 1) , (3.25)

where Mmax is defined in Eq. (3.11). We remark that the latter holds up to a redefinition
of every GT basis state by a global phase. In this work, we consider the Condon-Shortley
convention that fixes the global phase in such a way that usual relations for SU(2) are
retrieved.
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3.1.2 Tensor product representation

Let π1, π2 be irreps of a compact group G acting on the Hilbert spaces Hπ1 ,Hπ2 . The
tensor product representation is the map

π1 ⊗ π2 : G ∋ g 7→ π1(g)⊗ π2(g) ∈ U(Hπ1 ⊗Hπ2) . (3.26)

Note that this generalizes the unitary evolution of a quantum state described by the
representation U(·)U †, which is isomorphic to U ⊗ Ū in a suitable orthonormal basis. The
representation (3.26) is completely reducible, c.f. Theorem 7, hence,

π1 ⊗ π2 ≃
⊕
λ

λ⊕mλ , (3.27)

where mλ is the multiplicity of λ in π1 ⊗ π2. For instance, if U : SU(d) → U(d) is the
defining representation, we have U ⊗ Ū = 1⊕Ad, where 1 is the trivial representation and
Ad: SU(d) ∋ g 7→ Adg ∈ Aut(su(d)) is the adjoint representation. Roughly speaking, the
decomposition is achieved by combining the two Young diagrams in all possible ways, and
summing up the results. In this case, there are only two possibilities that realize allowed
Young diagrams: Denoting with λU and λŪ the Young diagrams associated with U and Ū ,
respectively, λU can be attached on the right of the top row of λŪ , or on the bottom of the
column, i.e.

...d− 1 ⊗ = ... d ⊕ ... d− 2
. (3.28)

The first diagram on the r.h.s. is equivalent to the diagram with no boxes associated with
the trivial irrep, while the second Young diagram identifies the adjoint representation acting
on traceless matrices.

The general problem of finding the irrep decomposition of (3.26) for a general compact
group G is hard to solve, while in the particular case of the unitary groups a general solution
is available in terms of Young diagrams (or, equivalently, GT patterns [74]), as the previous
example suggests1. Specifically, Littlewood-Richardson’ rules can be used to decompose
the tensor product of two arbitrary irreps [54, 75, 76]. To spell out such rules, let λ1, λ2
be Young diagrams associated with irreps of SU(d). The tensor product representation
λ1 ⊗ λ2 can be evaluated algorithmically as follows [76, Sec. 13.5.3] (or also [54, Sec. C.3]):

1. Assign distinct labels to boxes in each row of the Young diagram λ2. For instance,
the boxes in the first row will be labeled by ‘a’, the boxes in the second row by ‘b’
and so on.

2. Attach boxes labeled by a to λ1 in all possible ways such that no two a’s appear in
the same column, and the result is still a proper Young diagram.

3. Repeat the steps above for all rows of λ2.
1Note that, due to similarities in their representation theory, the same result holds for general linear

groups GL(m,C), as they can be seen as the complexification of U(d).
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4. Elimination rule: For each box, assign numbers na = number of a’s above and right to
it, nb = number of b’s above and right to it, and so on. If, at any point, the relations
na ≥ nb ≥ nc ≥ nd ≥ . . . are not satisfied, discard this diagram.

5. Merging rule: If two diagrams are the same, then they are counted as the same if the
labels coincide. Otherwise, they refer to distinct irreps.

6. Cancel columns with m boxes (since they correspond to constant shifts of the highest
weight vector).

7. Remove all the labels after the cancellation and the merging steps.

Example 16. Let us consider the following diagrams:

λ1 = , λ2 = . (3.29)

Assigning labels to λ2 as in rule 1, and using the second and third rules, we get

⊗ a a
b

=

 a ⊕
a

⊕
a

⊗ a
b

=

 a a ⊕ a
a

⊕
a

a

⊗ b

⊕

 a
a

⊕ a
a

⊕
a

a
⊕ a

a

⊗ b

=
a a b ⊕ a a

b
⊕

a a

b

⊕ a b
a

⊕ a
a b

⊕
a

a
b

⊕
a b

a
⊕

a
b

a
⊕

a

a
b

⊕
b

a
a

⊕ a
a b

⊕ a
a
b

.

(3.30)

In the second step we got few equivalent diagrams with labels in the same positions, hence
they have been merged according to the merging rule. Moreover, we ignored the diagrams
with two a’s in the same column, in agreement with the symmetric constraint.
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By the elimination rule, all the diagrams with a b box attached on the top right shall
be eliminated, yielding the following decomposition:

⊗ a a
b

=
a a

b
⊕

a a

b
⊕ a

a b
⊕

a
a

b

⊕
a

b
a

⊕
a

a
b

⊕ a
a b

⊕ a
a
b

.

(3.31)

Finally, suppose for instance that these diagrams are associated with SU(3) irreps. Then,
all columns with three boxes can be omitted, while any diagram with more than 3 boxes in
a column is not allowed. This yields the following decomposition:

⊗ a a
b

=
a a

b
⊕ a

a b
⊕ a a ⊕ a

a
⊕ a

b
⊕ 1 . (3.32)

In the latter, notice that the diagram appears with multiplicity 2 in the decomposition,

as different labels are assigned to the two copies.
In the high energy literature [76], this decomposition is also written in terms of the

dimension of the irrep associated with each Young diagram as

8⊗ 8̄ = 27⊕ 10⊕ 10′ ⊕ 8⊕ 8⊕ 1 . (3.33)

Here, 10, 10′ indicates that the two irreps are inequivalent, while repeated dimensions
denote the same irrep appears with a non-trivial multiplicity.

Clebsch-Gordan’s coefficients

In the context of second quantization, the decomposition of (3.26) can be interpreted as the
generalization of the Clebsch-Gordan decomposition of sums of angular momenta in quantum
mechanics [54, 74, 77–81]. In particular, Theorem 7 implies that there exists a unitary
matrix C –here referred as the Clebsch-Gordan matrix– that realizes the isomorphism
implicit in Eq. (3.27):

C (π1 ⊗ π2)C
† =

⊕
λ

λ⊗ 1mλ
, (3.34)

where 1mλ
is the mλ×mλ identity matrix. We explicitly define C as the basis change matrix

that takes the product GT basis on the left hand side of Eq. (3.34) to the union of GT bases of
every λ on the right hand side. More precisely, for GT patterns M1 ∈ GT(π1),M2 ∈ GT(π2),
we have

|M1,M2⟩ =
∑
λ,r

∑
M∈GT(λ)

CM,r
M1,M2

|M, r⟩ , (3.35)

where r ∈ [mλ] denotes the r-th copy of λ in π1 ⊗ π2. The matrix coefficients CM,r
M1,M2

of C
are called the Littlewood-Richardson or Clebsch-Gordan’s coefficients. C is uniquely defined
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up to global phases, and by convention it is chosen to be real. Hence, we have the inverse
transformation

|M, r⟩ =
∑

M1∈GT(π1)

∑
M2∈GT(π2)

CM,r
M1,M2

|M1,M2⟩ . (3.36)

By unitarity of C, the following orthogonality relations hold true:∑
λ,r

∑
M∈GT(λ)

CM,r
M1,M2

CM,r
M3,M4

= δM1,M3δM2,M4 , (3.37)

∑
M1∈GT(π1)

∑
M2∈GT(π2)

CM,r
M1,M2

CM
′,r′

M1,M2
= δM,M ′δr,r′ . (3.38)

As in the case of SU(2), selection rules for Clebsch-Gordan coefficients of SU(d) are
available: For GT patterns M1 ∈ GT(π1),M2 ∈ GT(π2),M ∈ GT(λ), CM,r

M1,M2
= 0 if

wM ̸= wM1 + wM2 , (3.39)

where w(·) is the weight defined in Eq. (3.15).

3.1.3 The diagonal representation

The general problem of decomposing tensor product representations of U(d) is solved
by Littlewood-Richardson’ rules. A case of particular interest in quantum information
applications is the decomposition of the so-called diagonal representation of U(d): Let U
be the defining representation of U(d). The diagonal representation is defined as the map
∆k : U(d) ∋ g 7→ U(g)⊗k ∈ U(

(
Cd
)⊗k

). Clearly, ∆ is reducible for any k ≥ 2. For instance,
for k = 4, we have

⊗4
=

(
⊕

)
⊗ 2

=

 ⊕
⊕2

⊕

⊗

= ⊕
⊕3

⊕
⊕2

⊕
⊕3

⊕ .

(3.40)

The irreducible components of ∆k can be elegantly described via Schur-Weyl ’ duality, which
can be described as follows: Let πk : Sk → U(

(
Cd
)⊗k

) be the representation of Sk that
permutes the vector copies, i.e.,

πk(σ)|ψ1 . . . ψk⟩ := |ψσ−1(1) . . . ψσ−1(k)⟩ . (3.41)

By construction, πk commutes with ∆k, which implies πk ∈ C(∆k) and ∆k ∈ C(πk). In fact,
the commutants are spanned by such representations:
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Theorem 17 (Schur–Weyl’s duality, Thm. 9.1.2 [82]). Let ∆k be the diagonal representation
of U(d) and let πk be the representation of Sk acting on the space (C⊗d)⊗k as in Eq. (3.41).
Then,

C(∆k(U(d))) = span{πk(Sk)} , C(πk(Sk)) = span{∆k(U(d))} . (3.42)

Moreover,
(Cd)⊗k ∼=

⊕
λ⊢k,l(λ)≤d

Wλ ⊗ Sλ , (3.43)

where l(λ) denotes the length of the partition λ, i.e., the number of non-zero parts of λ, and
Wλ, Sλ are irreps of U(d),S(k), respectively.

Notice that the multiplicity of Wλ (Sλ, respectively) in (Cd)⊗k is determined by dimSλ
(Wλ, respectively), which directly follows from the duality relation in (3.42).

3.2 Moment operators

Theoretical guarantees in randomization protocols rely on the computation of averages over
groups of unitaries. Let dµH ≡ dg be the normalized Haar measure on U(d). Throughout
this work, we will make extensive use of the properties of the Fourier transform

M(·) :=
∫
U(d)

dg ω(g)†(·)ω(g) (3.44)

for a fixed representation ω of U(d) acting on the operator space L(Cd×d). By fixing an
orthonormal basis, the moment operator can be expressed as

M =

∫
G
dg ω̄(g)⊗ ω(g) . (3.45)

We will consider both forms, depending on the context. In the mathematical and quantum
information literature, the latter is referred as the group twirling or the moment operator of
U(d) with respect to ω. In Section 2.4, we have seen it corresponds to a sum of orthogonal
projectors onto isotypes following the irrep decomposition of ω.

Example 18 (Unitary twirl of a channel). Suppose ω(g) = U(g)(·)U(g)†, where U is the
defining representation of U(d). Then, ω ∼= id+Ad, where Ad is the adjoint representation
acting on the space of traceless operators. Then,

M(·) =
∫
G
dg (id(g)⊕Ad(g))(·)(id(g)⊕Ad(g)†)

=

∫
G
dg id(·)id⊕

∫
G
dg Ad(g)†(·)Ad(g)

= P1 ⊕ PAd ,

(3.46)

where we used the fact that π̂[π] is the projector onto π for any irrep π, c.f. Proposition 14.
Now, P1 projects onto the trivial subspace spanned by 1, while PAd projects onto the
(d2 − 1)-dimensional subspace of traceless operators, and we have P1 ⊕ PAd = id. Then, for
any superoperator Λ

P1(Λ) =
1

d
Tr(Λ)1 , PAd(Λ) = Λ− P1(Λ) = Λ− 1

d
Tr[Λ]1 . (3.47)
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If Λ is trace preserving, it follows

M(Λ) = Tr[P1Λ]P1 +
1

d2 − 1
Tr[PAdΛ]PAd

=
1

d
Tr[Λ]1+

Tr[PAdΛ]

d2 − 1

(
Λ− 1

d
1

)
=

1

d
(1− pΛ)1+ pΛΛ ,

(3.48)

where pΛ ≡ Tr[PAdΛ]
d2−1

.

In discrete variable systems, a recurrent quantity is the moment operator associated
with the diagonal representation ∆k for any k ≥ 1

Mk(·) :=
∫
U(d)

dg U(g)⊗k†(·)U(g)⊗k ∼=
∫
G
dg Ū(g)⊗k ⊗ U(g)⊗k . (3.49)

(note that for k = 2 this is equivalent to the previous example up to isomorphisms). Then,
for any A ∈ L((Cd)⊗k), Schur-Weyl duality implies

Mk(A) =
∑
σ∈Sk

cσ(A)πk(σ) . (3.50)

Recalling that U(g)⊗k commutes with πk, we have

(πk(τ)|Mk(A)) = (Mk(πk(τ))|A) = (πk(τ)|A) , (3.51)

where the last line follows from the normalization of the Haar measure. Hence,

(πk(τ)|A) =
∑
σ∈Sk

(πk(σ)|A) (πk(τ)|πk(σ))︸ ︷︷ ︸
≡Gτ,σ

. (3.52)

Therefore,
cσ(A) =

∑
τ∈Sk

G+
τ,σ Tr

[
πk(τ)

†A
]
, (3.53)

where G+ is the Moore pseudo-inverse matrix of the Gram matrix G. In summary, we have

Mk(A) =
∑

σ,τ∈Sk

G+
τ,σ Tr

[
πk(τ)

†A
]
πk(σ) . (3.54)

The matrix coefficients G+
τ,σ ≡ Wg(σ−1τ) are often referred as the Weingarten functions

[83, 84].

Example 19. We can compute the first two moments as they appear frequently in
applications. For k = 1, we clearly have that M1 is the projector onto the trivial subspace,
i.e.,

M1(A) =
1

d
Tr(A)1 . (3.55)

for any A ∈ L(Cd).
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Next, by Schur-Weyl’ duality, we have

M2(A) = cid(A)id + cF(A)F (3.56)

for A ∈ L((Cd)⊗2) (note that, up to vector spaces isomorphisms, this is equivalent to
Example 18). Moreover, we can express the projectors onto the symmetric and antisymmetric
subspaces as

Psym2 =
1

2
(id + F) , P∧2 =

1

2
(id− F) , (3.57)

from which we obtain the relations

id = Psym2 + P∧2 , F = Psym2 − P∧2 . (3.58)

Then, it follows

M2(A) =
2

d(d+ 1)
Tr[APsym2 ]Psym2 +

2

d(d− 1)
Tr[AP∧2 ]P∧2 . (3.59)

While Eq. (3.54) provides a general recipe to compute arbitrary kth-moment operators,
this is in general complicated by the sheer amount of elements in Eq. (3.54) as k increases,
restricting practical applications to a few cases. Specifically, easy expressions can be
computed if the operator A obeys some symmetries. For instance, suppose A ∈ L(Cd)
and A = |ψ⟩⟨ψ| for a vector |ψ⟩ ∈ Cd. Then, Mk(|ψ⟩⟨ψ|⊗k) is in C(U⊗k) ∩ C(πk) and
Psymk commutes with |ψ⟩⟨ψ|, as |ψ⟩⟨ψ|⊗k is invariant under permutations. Then, Schur’s
lemma and Schur-Weyl’ duality imply that Mk(|ψ⟩⟨ψ|⊗k) is proportional to Psymk :=
1
k!

∑
σ∈Sk

πk(σ). If |ψ⟩ ≡ |0⟩, this reads as

Mk(|0⟩⟨0|⊗k) =
⟨0 |Psymk |0⟩
Tr(Psymk)

Psymk =

(
k + d− 1

d− 1

)−1

Psymk . (3.60)

3.3 Unitary designs

In practical applications in quantum computing, implementing Haar random unitaries
is prohibitively expensive due to the exponential size of U(d). In particular, a counting
argument proves that implementing arbitrary unitaries requires exponentially-large circuits,
see [85] or Nielsen and Chuang [57, Sec. 4.5.4.]. This motivates the following definition:

Definition 20. A probability distribution ν on U(d) is a unitary k-design if its kth moment
operator Mν

k :=
∫
U(d) dν(g)U(g)⊗k(·)U(g)†⊗k coincides with the kth Haar moment operator

defined in (3.49) with respect to the defining representation of U(d), i.e.,

Mν
k =

∫
U(d)

dν(g)U(g)⊗k(·)U(g)†⊗k =
∫
U(d)

dg U(g)⊗k(·)U(g)†⊗k = Mk . (3.61)

Informally, a unitary k-design is indistinguishable from the Haar measure if we are only
interested in the first kth moment operators. By construction, a unitary k-design is also a
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(k − 1)-design. In fact,

Mk−1 =

∫
U(d)

dg U(g)⊗(k−1)(·)U(g)†⊗(k−1)

=

∫
U(d)

dg Tr1

[
U(g)⊗k(·)U(g)†⊗k

]
=

∫
U(d)

dν(g) Tr1

[
U(g)⊗k(·)U(g)†⊗k

]
=

∫
U(d)

dν(g)U(g)⊗(k−1)(·)U(g)†⊗(k−1)

= Mν
k−1 .

(3.62)

In most relevant cases, ν is supported on a finite subset U ⊂ U(d) and is taken to be the
uniform distribution on U . In such a case, it can be identified with the counting measure
on U and Mν

k simply becomes

Mν
k =

1

|U|
∑
g∈U

U(g)⊗k(·)U(g)†⊗k . (3.63)

In this case, we will also say that U is a unitary k-design. Moreover, since L(Cd) ∼=
Cd ⊗ (Cd)∗ ∼= Cd ⊗ Cd, Eq. (3.61) is equivalent to the condition∫

U(d)
dν(g)U⊗k ⊗ Ū †⊗k =

∫
U(d)

dg U⊗k ⊗ Ū †⊗k . (3.64)

If a unitary k-design ν is supported on a subset G ⊆ U(d) that form a group, we say that
ν is a unitary group k-design or simply a k-group design. In practice, it is highly desirable
that ν is a group design, as this often implies that it can be efficiently described in terms of
a small number of generators, which allows for an efficient description and implementation
in practice. In this case, as the moment operator Mk has the interpretation of a Fourier
transform, definition (3.61) is equivalent to ask that the equivalence holds for all the irreps
contained in U⊗k. In other terms, since Mk is the projection onto the commutant of U⊗k,
G ⊆ U(d) is a group design if the projections of U⊗k and U |⊗kG are identical.

We note that the above notion is naturally tailored to discrete quantum systems. In
particular, this stems from the choice of the defining representation in Definition 20. By
contrast, in bosonic and fermionic systems, the physically relevant representations are the
symmetric and antisymmetric irreps of U(d), which reflect the statistics of bosons and
fermions, respectively. For instance, in fermionic systems, a natural set of symmetries
is the group of matchgate unitaries, that is, unitary operators induced by orthogonal
transformations describing the evolution of a quantum system under free fermionic Gaussian
dynamics c.f. Chapter 7. This motivates the following natural generalization that will be
useful in later chapters:

Definition 21. Let γ be a representation of a compact group G and let ν be a complex
Radon measure on G. We say that ν is a design with respect to γ if

Mν
γ :=

∫
G
dν(g)γ(g) =

∫
G
dg γ(g) =: M , (3.65)

where M denotes the moment operator with respect to the representation γ as defined in
Eq. (3.44).
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3.4 Frames

Adding redundancy is a common strategy to enforce properties of (quantum) signals [16, 86].
While typical basis representations captures all the information of signals, they are often
sensitive to noise or loss, so that information is easily corrupted. Mitigating this effect is
crucial in practical applications where the noise cannot be completely suppressed. To make
this intuition precise, consider an orthonormal basis {ei}ni=1 ⊂ H on a Hilbert space H.
For any vector ψ ∈ H we can consider its basis decomposition |ψ⟩ =∑i⟨ei |ψ⟩|ei⟩, which
implies Parseval’s identity ∥ψ∥2 =

∑
i|⟨ei |ψ⟩|2. Now, suppose we try to recover a signal

from its components ⟨ei |ψ⟩. Being an orthonormal set, the loss of one of those coefficients
prevents the reconstruction of ψ, potentially adding a significant error. Instead, we can
consider a decomposition into a linearly dependent (overcomplete) set that spans the same
Hilbert space:

Definition 22. A set of vectors Φ ≡ {fi}mi=1 ⊂ H, m ≥ n = dimH, is a frame for H if
there are constants 0 < A ≤ B <∞ such that

A∥ψ∥2 ≤
∑
i

|⟨fi |ψ⟩|2 ≤ B∥ψ∥2 , ∀ψ ∈ H . (3.66)

The frame is tight if A = B. Note that Φ can be an infinite set. A frame is characterized
by the frame operator S : H → H defined by the relation S|ψ⟩ :=

∑
i⟨fi |ψ⟩|fi⟩. By

construction, S is self-adjoint and it satisfies the relation A1 ≤ S ≤ B1 since

⟨Sψ |ψ⟩ =
∑
i

⟨fi |ψ⟩⟨fi |ψ⟩ =
∑
i

|⟨fi |ψ⟩|2 . (3.67)

Then, S is also positive definite and bounded, which implies S is invertible. Note that if H
is finite dimensional, {fi}mi=1 is a frame if and only if it is a spanning set for H. In fact, if
ψ ∈ span{fi}⊥i , we have the implication

A∥ψ∥2 ≤
∑
i

|⟨fi |ψ⟩|2 = 0 , (3.68)

which implies ∥ψ∥ = 0 since A > 0. Next, we can define the dual frame of {fi}mi=1 to be the
the set of vectors Φ̃ ≡ {S−1fi}mi=1. This is also a frame with frame operator S−1, because
the latter satisfies B−11 ≤ S−1 ≤ A−11. We remark that if Φ is a tight frame S = A1 and
the dual frame operator is simply S̃ = S−1 = A−11. Moreover, the following reconstruction
formula holds:

|ψ⟩ =
∑
i

⟨fi |ψ⟩|f̃i⟩ =
∑
i

⟨f̃i |ψ⟩|fi⟩ . (3.69)

We remark that the dual frame is not uniquely specified [87, 88].
In quantum computation, frames naturally appear in characterization and tomographic

protocols, for instance, in the form of mutually unbiased bases (MUBs) [89]. In this thesis,
we are interested in frames associated with Haar random unitaries (or unitary designs).
In particular, it is straightforward to see that, for a unitary 2-design ν, the ensemble
{U |0⟩⟨0|U †}U∼ν is a frame. In fact, the operator S such that

S(A) = EU Tr[U |0⟩⟨0|U †A]U |0⟩⟨0|U †

= Tr1[EUU⊗2|0⟩⟨0|U †⊗2A⊗ 1] ,
(3.70)
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is a depolarizing channel, c.f. Eq. (3.48). Hence, it can be inverted, and the positive
operator-valued measure (POVM) {U |0⟩⟨0|U †} is a frame.

3.5 The Pauli and Clifford groups

Many methods to simulate, benchmark and certify quantum systems are based on the
special class of quantum circuits that entail stabilizer states, Clifford unitaries and Pauli
measurements. These can be efficiently described in terms of the stabilizer formalism, which
is mathematically grounded in the representation theory of the discrete phase space. In
this section, we provide an introduction to the Clifford group and discuss some of its design
properties. We refer to [90] for more details and proofs.

The Pauli group over n qubits is the group Pn generated by all n-fold tensor product of
Pauli operators

Pn := ⟨{ikσ1 ⊗ · · · ⊗ σn | x ∈ Z4, σi ∈ {1, X, Y, Z}}⟩ , (3.71)

where the single-qubit Pauli operators X,Y, Z have the following representation in the
computational basis:

X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
. (3.72)

It is convenient to parametrize single-qubit Pauli operators by binary vectors v = (z, x) ∈ F2
2,

where F2 = {0, 1} is the binary finite field, as

W (0, 0) := 1, W (0, 1) := X, W (1, 0) := Z, W (1, 1) := Y. (3.73)

Then, we define the n-qubit Pauli operators as tensor products of the single-qubit Pauli
operators, indexed by vectors v = v1 ⊕ · · · ⊕ vn ∈ F2n

2 :

W (v) :=W (v1)⊗ · · · ⊗W (vn) . (3.74)

We refer to this notation as the phase space representation of Pauli operators (or, equivalently,
as the Weyl representation), motivated by the relation

W (a)W (b) = (−1)[a,b]W (b)W (a) , (3.75)

for any a, b ∈ F2n
2 , where [·, ·] denotes the binary symplectic product defined as

[a, b] :=
n∑
i=1

aibi+n + ai+nbi (3.76)

Formally, the operators W (v) are the (projective) irreducible representations of the discrete
phase space F2n

2 , as they satisfy the composition law

W (a)W (b) = iβ(a,b)W (a+ b) , (3.77)

where β : F2n
2 ×F2n

2 → Z4 is a suitable phase that takes into account the additional (complex)
phases in the composition of two different Paulis (e.g., ZX = iY ). As such operators are
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traceless (except for the identity), it follows from the composition law that they define
an orthonormal basis for the space of linear operators on (C2)⊗n with respect to the
Hilbert-Schmidt inner product, i.e.

(W (a)|W (b)) ∝ TrW (a+ b) = δa,bTr1 . (3.78)

This motivates the shorthand notation

|v) ≡ 1√
d
W (v) (3.79)

for the normalized Pauli operators, so that the set {|v)} denotes the orthonormal Pauli
basis in Cd×d, where d = 2n is the dimension of the Hilbert space of n qubits from now on.

We remark that the irreps defined by (3.77) are intimately connected with the irreps of
the Heisenberg-Weyl group Hn(2) [90]. This is defined as the group of pairs (v, t) ∈ F2n

2 ×Z4

that satisfy the composition law

(v1, t1)(v2, t2) := (v1 + v2, t1 + t2 + β(v1, v2)) , (3.80)

where β : F2n
2 × F2n

2 → Z4, introduced in 3.77, is referred as a Schur multiplier [68]. In
particular, associativity of the group multiplication implies that

β(v + w, u) + β(v, w)− β(v, u+ w)− β(u,w) = 0 , (3.81)

from which we deduce

β(v, v) = β(v, 0) = β(0, v) = 0 , (3.82)
β(v, w)− β(w, v) = 2[v, w] . (3.83)

Setting v = (vz, vx) with vz, vx ∈ Fn2 , the unitary irreps of Hn(2) are given by

W̃ (v, t)f(u) = χ2(vz · u)χ4(t+ vz · vx)f(u+ vz) , (3.84)

where χ2, χ4 are characters of Z2 and Z4, respectively, and the product vz · vx is modulo
4. Then, W̃ (v, 0) are projective irreps of F2n

2 satisfying Eqs. (3.75) and (3.77), and we use
the shorthand notation W̃ (v, 0) ≡W (v) to denote the Weyl operators. Next, Stone-Von
Neumann’ theorem ensures that any irrep of Hn(2) that is unitarily equivalent to W̃
must agree with it on its centre, and vice versa. More formally, if ϕ is a centre-fixing
automorphism of Hn(2), W̃ ◦ ϕ is also an irrep of Hn(2) that is unitarily equivalent to
W̃ . Hence, there exists a unitary operator U that intertwines W and W ◦ ϕ, which is
uniquely determined up to a complex phase. Notably, one can prove that the centre-fixing
automorphisms of Hn(2) are given by pairs (g, α̃g), where g ∈ Sp(2n, 2) and α̃g is a function
that satisfies the relation [90]

β(g · v, g · w)− β(v, w) = α̃g(v + w)− α̃g(v)− α̃g(w) (3.85)

for any g ∈ Sp(2n, 2) and v, w ∈ F2n
2 . We define the Clifford group as the smallest finite

subgroup of the normalizer of the discrete phase space2. In particular, one can prove that
α̃g = αg + [w, ·], where αg : F2n

2 → F2 is a suitable function satisfying the compatibility
2More rigorously, Cln is the smallest finite subgroup of the normalizer of Hn(2) such that Z(Cln) = Z4.
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condition αg(0) = 0 [90, Sec. 3.3]. We remark that the latter relation can also be used to
compute the phase function β in time O(n3) by fixing the values of αg on an orthonormal
basis [90, Sec. 4.4]. With these notations, the action of U ∈ Cln on Weyl operators can be
written as

UW (v)U † := χ([a, v] + αg(v))W (g(v)) , (3.86)

where χ(v) := i−vz ·vx denotes the character of W (v).
We can use the facts just summarized to show that the Clifford group is a unitary

2-design [37–39]:

Proposition 23. Cln is a unitary 2-design. In particular, for u, v ∈ F2n
2 ,

EU∼ν U⊗2W (u)⊗W (v)U⊗2† =

{
1 , if u = 0 and v = 0
δu,v
d2−1

(dF− 1) , otherwise
, (3.87)

where δu,v is the Kronecker δ over F2n
2 , and F is the swap operator defined by F|ψ⟩ ⊗ |ϕ⟩ =

|ϕ⟩ ⊗ |ψ⟩ for any |ψ⟩, |ϕ⟩ ∈ Cd.

Proof. To show that Cln is a unitary 2-design, it is enough to check this property on the
Pauli basis. For v, u ∈ F2n

2 , we have

1

|Cln|
∑
U∈Cln

U⊗2W (u)⊗W (v)U †⊗2

=
1

|Cln|
∑
a∈F2n

2

χ([a, v + u])
∑

g∈Sp(2n)
χ(αg(v) + αg(u))W (g(v))⊗W (g(u))

=
1

22n

∑
a∈F2n

2

χ([a, u+ v])
1

|Sp(2n)|
∑

g∈Sp(2n)
χ(αg(v) + αg(u))W (g(v))⊗W (g(u))

=
1

|Sp(2n)|δu,v
∑

g∈Sp(2n)
W (v)⊗W (v) .

(3.88)
In the last line, we use orthogonality of characters. Then, observe that the average over
Sp(2n) can be written as an average over the orbit of v under Sp(2n) and, for v ̸= 0, the
actions of Sp(2n) over F2n

2 \ {0} is transitive, so that we obtain

1

|Cln|
∑
U∈Cln

U⊗2W (u)⊗W (v)U †⊗2 =
1

22n − 1
δu,v

∑
v∈F2n

2 \{0}
W (v)⊗W (v) . (3.89)

Moreover, as we have F = 2−n
∑

v∈F2n
2
W (v)⊗W (v), we have

1

|Cln|
∑
U∈Cln

U⊗2W (u)⊗W (v)U †⊗2 =

{
1

22n−1
δu,v (2

nF− 1) , v ̸= 0,

δu,01 , v = 0 .
(3.90)

On the other hand, from Eq. (3.59) we have∫
U(d)

dg U(g)⊗2(·)U(g)†⊗2 =
2

d(d+ 1)
|Psym2 )(Psym2 |+ 2

d(d− 1)
|PΛ2 )(PΛ2 | , (3.91)
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which implies∫
U(d)

dg U(g)⊗2(W (u)⊗W (v))U(g)†⊗2

=
2

d(d+ 1)
Tr[W (u)⊗W (v)Psym2 ]Psym2 +

2

d(d− 1)
Tr[W (u)⊗W (v)]PΛ2

=
1

d(d+ 1)

(
δu,0δv,0d

2 + δu,vd
)
(1+ F) +

1

d(d− 1)

(
δu,0δv,0d

2 + δu,vd
)
(1− F) .

(3.92)
Hence, the equivalence follows from a case-by-case comparison.
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Chapter 4

Introduction to this Part

Retrieving information about the state of a quantum system is a central task in quantum
technologies. Full quantum state tomography can recover a complete, precise classical
description of the state but requires a large number of state copies [16, 17, 19, 91, 92],
restricting concrete applications only to a small number of qubits. Moreover, for many
concrete tasks, complete knowledge of the quantum state is often unnecessary [93], and
estimation schemes for specific properties are often scalable, and hence, highly desirable.
Building on this insight, Huang et al. [45], Paini and Kalev [46] introduced a novel estimation
primitive, nowadays referred to as shadow estimation. By measuring a state ρ in randomly
selected bases, an approximation ρ̂, called the classical shadows, capable of estimating
expectation values with high probability is constructed. This approach is devised in a way
that converges to full state tomography in the ideal limit of many measurements. This
ensures that, by further post-processing, the classical shadows can be used to construct suit-
able estimators for arbitrary sets of observables. This procedure is scalable and outperforms
full quantum state tomography for many different tasks. More precisely, to design a scalable
shadow estimation protocol, one shall ensure the efficient experimental implementation of
the protocol by considering states, unitaries and measurements that are available in labs
[29, 94]. Then, we require that the sampling complexity scales favorably with system size
(for instance, ensured by carefully choosing the randomized measurement to respect the
symmetries of the system), and the classical post-processing can be performed in polynomial
time with the system size (guaranteed by efficient classical simulation algorithms such as
stabilizer simulation [34, 35]). The original examples introduced in [45] consider random
unitaries drawn from subgroups of the Clifford group. By considering global Cliffords on the
space of n qubit, efficient and rigorous guarantees on the sampling complexity of tasks such
as fidelity estimation can be formulated, while randomization over local unitaries –effectively
equivalent to measuring in randomly chosen Pauli bases– yields efficient estimators for local
properties1.

In this part, we introduce the shadow estimation protocol and discuss recent devel-
opments beyond group designs. In the discrete setting of digital quantum computation,
we discuss the generalization of shadow estimation to unitary ensembles without group
structure, characterizing the protocol for the arguably simplest non-trivial random quantum
circuit: A two-layered random circuit, in a brickwork architecture, consisting of product
of 2-local random unitaries. Next, we move the discussion to fermionic systems. Firstly

1This paragraph has been adapted from [52].
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motivated by fermionic quantum simulation, tomographic techniques based on random
fermionic unitaries are particularly attractive in near-term applications for their flexibility
and simple implementation [95–98]. In particular, due to their experimental friendliness
and versatility, classical shadows find a natural environment of applications in many-body
physics and quantum chemistry, and extensions to fermionic systems have been put forward
in recent works [96, 99].

This part is structured as follows. In chapter Chapter 5, we review the general shadow
estimation protocol of [45] from the point of view of frame theory. Broadly speaking, the
protocol has two distinct phases: In the first one, samples from a quantum system are
collected by performing suitable randomized measurements on an unknown input state.
Next, these data are further elaborated to obtain estimators of classes of observables.
We discuss in detail how the protocol is devised and the challenges in post-processing in
Section 5.1. In Sections 5.2 and 5.3, we review shadow estimation using global Clifford
circuits, respectively. Chapter 6 is adapted from [52] and it is dedicated to the analytical
analysis of shadow estimation using short random circuits. Here, the characterization
of the relevant measurement channel is discussed in details. In Section 6.4 we present
preliminary results and attempts to extend the characterization of the frame operator
of random quantum circuit or arbitrary depth. Lastly, we discuss the generalization of
shadow estimation to fermionic systems in Chapter 7, and formalize preliminary results for
symmetry-adapted classical shadows in spin systems.



Chapter 5

Shadow estimation

In practical applications, the full reconstruction of a quantum state is often unnecessary,
and it typically suffices to estimate expectation values of a prescribed family of observables.
Relevant quantities include, for instance, correlation functions, entanglement entropies,
energy values, or fidelities with respect to a target state. This perspective motivated the
development of shadow tomography [93], with the goal of estimating the “shadow” cast
by the state on a collection of measurements, rather than reconstructing the state itself.
Technically, this amounts to designing a procedure to find a POVM that accepts the input
state ρ with high probability whenever a given property holds, while keeping the overall
error probability under control. Such a scheme can be implemented using polynomially
many copies of ρ in the number of qubits. Building on this insight, Huang et al. [45]
introduced a randomized protocol, here referred to as (classical) shadow estimation, where
a random unitary is applied to the input state, later measured in a fixed basis. A suitable
classical post-processing phase guarantees the efficient prediction of many expectation
values from the same measurement data. In this chapter, we discuss this protocol under
the lens of frame theory, and review the most relevant mathematical aspects that will serve
for further extensions in the next chapters.

5.1 Classical shadows formalism

The shadow estimation protocol introduced by Huang et al. [45] can be naturally cast in the
language of frame theory discussed in Section 3.4 [52, 100]. Intuitively, instead of adapting
the measurement setting to the particular properties of a quantum state, we perform random
measurements sampled from a fixed ensemble. In practice, this is equivalent to perform a
measurement in a randomly chosen basis. Then, the sampled data are post-processed to
construct an estimator that captures some of the features of the input state. Importantly,
the same set of measurement data can be used to estimate several expectation values at the
same time. This intuition will also be applied later to estimate average gate fidelities with
randomized benchmarking [29, 50, 100]. We summarize the two steps in a data collection
phase and a classical post-processing phase:

Data collection phase Let ρ be a given unknown state on a n-qubit system, let d = 2n.
We fix a probability measure ν on the unitary group U(d) and perform the following steps:
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• Draw U ∼ ν and apply the transformation ρ 7→ UρU †.

• Perform a measurement in the computational basis described by the POVM {Ei :=
|i⟩⟨i|}i∈[d].

• Store the classical snapshot (i, U).

The above primitive is repeated T ∈ N times, yielding the snapshots {(ik, Uk)}Tk=1.

Classical post-processing Let O be an observable. To estimate Tr(Oρ), note that
the average over ν and the computational basis measurements amounts to applying the
measurement channel

S(ρ) :=
∑
i∈[d]

EU∼ν |Ei,U )(Ei,U |ρ) =
∑
i∈[d]

EU∼ν⟨i |UρU † |i⟩U †|i⟩⟨i|U , (5.1)

where Ei,U := U †EiU , with Ei = |i⟩⟨i|. If the POVM {Ei,U} is tomographically complete
[101], i.e., for all states ρ ̸= σ there exists a pair (i, U) such that ⟨i |UρU † |i⟩ ≠ ⟨i |UσU † |i⟩,
then, {Ei,U} is a frame [19, 102], and the associated measurement channel (5.1) has the
interpretation of a frame operator. In particular, S is positive definite, and thus invertible.
It follows that {Ẽi,U := S−1(Ei,U )} is the canonical dual frame and the identity

Tr(Oρ) = Tr(OS−1S(ρ)) =
∑
i

EU∼ν(O |Ẽi,U )(Ei,U |ρ) (5.2)

holds true. Note that S−1 is not a quantum channel in general, as it is not necessarily
completely positive. Nevertheless, it can be classically applied to the POVM element Ei,U
to obtain the dual frame elements S−1(Ei,U ), here referred as the classical shadows of ρ [45].
This name is justified by the simple observation that, by definition, ρ = E[S−1(U †|i⟩⟨i|U)].
Therefore, Eq. (5.2) can be interpreted as the expected value of fO(i, U) := (O |Ẽi,U )
when sampling U ∼ ν and i ∼ (Ei,U |ρ) and is, thus, the limit of the empirical average
ô =

∑T
k=1 fO(ik, Uk) over many experimental snapshots.

We remark that we can apply a similar procedure even if {Ei,U} is not tomographically
complete. In this case, S is not necessarily invertible and we restrict to the pseudo-inverse
S+, defined on the range of S. For instance, this is the case of certain unitary ensembles
drawn from subgroups G ⊂ U(d) that do not form a unitary 2-design, see e.g. [103].

Sampling complexity guarantees of shadow estimation follow from Chebyshev’s inequal-
ity: T = O(Var[ô]/(ϵ2δ)) suffices to ensure that |ô− o| < ϵ with high-probability δ. Note
that a Hoeffding bound here yields a worse bound scaling as (v |S |v)−2 following from
the definition of fO(i, U). This bound is sometimes formulated in terms of the shadow
norm introduced by Huang et al. [45], that depends only on the target function and the
measurement primitive, defined as

∥O∥2sh := max
ρ∈S(H)

∑
i∈[d]

EU∼ν(O |S−1 |Ei,U )2(Ei,U |ρ)

 . (5.3)

If the expectation values of ‘many’ observables are to be estimated at once, it may be
beneficial to use the median-of-means estimator with sampling complexity depending only
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logarithmically on δ [45]. This works as follows: Split the T measurement shots into K
equally sized batches. Typically, it is enough to choose K = Θ(log(M/δ)), with M being
the number of observables. For measurement shots in each block, the empirical average is
computed. The final output is the median over all batches. Intuitively, taking the median
effectively filters out the contribution of outliers compared to the standard empirical average
estimator, yielding only logarithmic dependence on δ and the number of observables M
[45, 104].

5.1.1 Classical post-processing

The inversion of the frame operator is central in the post-processing phase. However, it is
in general a highly non-trivial task, and the analytical inversion of S is often only possible
in very special cases where the probability measure is very structured. For instance, if
ν is the Haar measure on U(d), then the POVM {Ei,U} is a complex projective (state)
2-design and, thus, forms a tight frame on the space of traceless Hermitian matrices, c.f.
Section 3.4. As a consequence, S is a depolarizing channel and can be readily inverted.
A similar argument can be applied when the unitaries U are drawn Haar-randomly from
certain subgroups G ⊂ U(d) [50]. In the general case, analytic inversion is too complicated
and one has to rely on numerical methods which are not only expensive, but may also be
numerically unstable since there are no general guarantees on the condition number of S.
In principle, the condition number can even be exponentially large [50].

Nevertheless, the inversion of S is drastically simplified under certain conditions. Notably,
if the measure ν is right-invariant under multiplication with Pauli operators, S is diagonal in
the Pauli basis {|v) ≡ 1√

d
|W (v))}v∈F2n

2
[105]. To show this fact, let W(v) :=W (v)(·)W (v)†

be the action of Paulis on linear operators, let U be the defining representation of U(d) and
set ω = U(·)U †. Then, by right-invariance of ν,

W(v)†SW(v) =
∑
i∈[d]

∫
dν(g)W(v)†ω(g)†|Ei)(Ei|ω(g)W(v)

=
∑
i∈[d]

∫
dν(g)ω(g)†|Ei)(Ei|ω(g)

= S ,

(5.4)

Hence, S is invariant under the channel twirl over the Pauli group. Therefore, it is a Pauli
channel and, in particular, diagonal in the Pauli basis, which implies S−1 can be computed
via entrywise inversion of the diagonal elements (v |S |v). Notice that, for Pauli invariant
ensembles without group structure, it is convenient to construct the estimator according to
Eq. (5.2) instead of the classical shadows S−1(ρ) as in [45]: For instance, this is the case of
sparse observables in the Pauli basis [106], where the computation of the estimator (O |Ẽi,U )
is still numerically feasible. Indeed, in the latter case, one would rely on the decomposition
of ρ in the Pauli basis, which usually involves exponentially many terms.

5.1.2 Pauli-invariant ensembles

If O = W (v) is a Pauli observable (we call this task Pauli estimation) and if ν is Pauli
invariant, the sample complexity can be analytically bounded. In particular, S is diagonal
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in the Pauli basis, and we have

fW (v)(i, U) =
1

(v |S |v)(W (v)|Ei,U ) . (5.5)

Note that this expression features only a single diagonal element of the frame operator
independent of i and U . The sample complexity of the corresponding mean estimator ŵ(v) :=
1
T

∑T
j=1 fW (v)(ij , Uj) is determined by the variance of fW (v)(i, U) which is dominated by

the eigenvalues of (v |S |v)−1. In particular, we have the following fact [105]:

Proposition 24. Let ν be a Pauli invariant measure. Then, Var[ŵ(v)] ≤ (v |S |v)−1.

Proof. The statement follows from the following calculation, based on the definition of S:

Var[ŵ(v)] =
∑
i

EUfW (v)(i, U)2 −
[∑

i

EUfW (v)(i, U)

]2
≤
∑
i

EU (W (v) |S−1 |Ei,U )2(Ei,U |ρ)

=
1

d2
1

(v |S |v)2
∑
u∈F2n

2

∑
i

EU (W (u)W (v)W (u)|Ei,U )2(Ei,U |W (u)ρW (u))

=
1

d2
1

(v |S |v)2
∑
i

EU (W (v)|Ei,U )2(Ei,U |
∑
u∈F2n

2

W (u)ρW (u))

=
1

d

1

(v |S |v)2
∑
i

EU (W (v)|Ei,U )2

=
1

(v |S |v) ,

(5.6)

where we used Pauli-invariance in the third step, W (u)W (v)W (u) ∝W (v) in the fourth
step, and 1

d2
∑

u∈F2n
2
W (u)ρW (u) = 1

d1 as Pauli operators form a 1-design [38, 107]. Then,
Chebyshev’s bound ensures that the mean estimator is ϵ-precise using O((v |S |v)−1ϵ−2δ−1)
many snapshots with probability 1− δ.

For general observables, however, it is not easy to find strict guarantees for the sample
complexity, since it is hard to analytically bound the variance, even for different classes
of Pauli invariant measures. In these cases, one can rely on the weaker notion of locally
scrambled shadow norm [106, 108, 109], which can be interpreted as the average variance
over all states. In particular, since the variance is linear in the state ρ, the locally scrambled
shadow norm thus quantifies the performance when ρ is the completely mixed state.

Proposition 25. Let O be an observable and let ô be the classical shadow estimator. Define
the locally scrambled variance with respect to the completely mixed state as Var[ô|1d1]lssh =

E[ô2|1d1]− E[ô|1d1]2. Then, Var[ô]lssh ≤∑u
c2u

(u |S |u) .

Proof. Using the decomposition in the Pauli basis O = 1
d

∑
u∈F2n

2
cuW (u) with coefficients



5.2. SHADOW ESTIMATION WITH GLOBAL CLIFFORD UNITARIES 46

cu ≡ Tr(W (u)O), this reads as follows:

Var[ô]lssh ≤ 1

d

∑
i

EU (O |S−1 |Ei,U )2(Ei,U |1)

=
1

d

∑
i

EU
∑
u,w

cucw
(u |S |u)(w |S |w)(W (u)|Ei,U )(W (w)|Ei,U )

=
∑
u,w

cucw
(u |S |u)(w |S |w)(u |S |w)

=
∑
u

c2u
(u |S |u) .

(5.7)

In the remaining sections of this chapter, we will analyze revisit the results of [45]
concerning local and global Clifford unitaries under the lens of the formalism here introduced.

5.2 Shadow estimation with global Clifford unitaries

Arguably the simplest unitary ensemble to consider for shadow estimation is the full unitary
group U(d), i.e., ν ≡ µH is the Haar measure on U(d). In practice, this is equivalent to
sample from a unitary 2-design (or a unitary 3-design, in the case of the Clifford group
Cln). In particular, sampling from Cln can be achieved in polynomial time in n [110, 111]
and it ensures efficient classical simulability in the post-processing via Gottesman-Knill’s
theorem [34, 35].

In this scenario, one can compute S by either characterizing its eigenvalues, or its action
on quantum states. Specifically, it is possible to give a closed-form formula for the classical
shadow that follows from Schur-Weyl’s duality applications to the computation of moment
operators, c.f. Section 3.2. In particular, we have (v ̸= 0)

(v |SH |v) = 1

d

∑
i∈[d]

EU∼U(d)(v |ω(g)† |Ei)(Ei |ω(g)|v)

= EU∼U(d)⟨0 |U⊗2W (v)⊗2U⊗2† |0⟩

=
1

d2 − 1
⟨0 |dF− 1|0⟩

=
1

d+ 1
,

(5.8)

where we used Eq. (3.60). Hence, for Pauli estimation, we have Var[v̂] ≤ d+1. On the other
hand, we can compute the third moment operator to bound the shadow norm [45] (as Cln also
forms a unitary 3-design). First, recall that S is effectively a depolarizing channel for Haar
ensembles, i.e., S ≡ Dp with p = 1

d+1 , which admits the inverse D−1
p (·) := p−1(·)− Tr(·)1.

Then, we can focus on the traceless part O0 = O − Tr(O)
d 1 as the map O 7→ O0 is a

contraction since Tr(O2
0) = Tr(O2)− 1

d Tr(O)2 ≤ Tr(O)2. This implies for the shadow norm
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the following bound:

∥O0∥2sh := max
ρ

∑
i

EU (S−1(O0)|Ei,U )2(Ei,U |ρ)

= (d+ 1)2max
ρ

Tr

[
ρ
∑
i

EU Tr1,2

((
O⊗2

0 ⊗ 1
)
U⊗3|i⟩⟨i|⊗3U †⊗3

)]

= d(d+ 1)2
6

(d+ 2)(d+ 1)d
Tr
[
ρTr1,2

((
O⊗2

0 ⊗ 1
)
Psym3

)]
=
d+ 1

d+ 2
max
ρ

(Tr ρTrO2
0 + 2Tr(ρO2

0)) .

(5.9)

In the third line, we used Eq. (3.60). To compute the partial trace, we used the expression

Psym3 =
1

6

(
1⊗3 + U1,2 + U1,3 + U2,3 + U1,2,3 + U1,3,2

)
, (5.10)

where Ui,j , Ui,j,k denote the cyclic permutations of the indeces. In particular, we have

Tr1,2(O
⊗2
0 ⊗ 1U1,2) = Tr(O2

0)1 , Tr1,2(O
⊗2
0 ⊗ 1U1,3) = Tr(O0)O0 , (5.11)

Tr1,2(O
⊗2
0 ⊗ 1U2,3) = Tr(O0)O0 , Tr1,2(O

⊗2
0 ⊗ 1U1,2,3) = O2

0 , (5.12)

Tr1,2(O
⊗2
0 ⊗ 1U1,3,2) = O2

0 . (5.13)

Then,

∥O0∥2sh =
d+ 1

d+ 2
(Tr(O2

0) + 2∥O2
0∥∞) ≤ 3Tr(O2

0) . (5.14)

Therefore, this measurement primitive is particularly efficient if the Frobenius norm of the
observable is controlled, e.g., for fidelity estimation. However, the choice of global Cliffords
is limited by practical constraints, as the implementation of such unitaries requires linear
depth circuits, which are highly affected by noise.

This problem has been addressed in a recent series of works where global Cliffords
are replaced by shallow circuits [43, 52, 106, 109, 112]. Specifically, Schuster et al. [43]
proved that unitary k-designs can be approximated in logarithmic depth for one-dimensional
circuits, effectively retaining similar sampling complexity guarantees of global Cliffords. We
postpone this discussion to the next chapter.

5.3 Shadow estimation with local Clifford unitaries

The number of samples of shadow estimation with global Cliffords does not scale favorably
for local observables. For instance, the sampling complexity of estimating Pauli observable
scales as 2n for all Pauli strings. In such setting, we can construct better estimators by
randomizing over local unitary ensembles. Following Huang et al. [45], the most natural
choice is to implement randomized Pauli basis measurements in the form of random local
Clifford unitaries. Computing the frame operator is straightforward and very similar to the
previous case, as we have a local unitary 3-design: Given u, v ∈ F2n

2 , and denoting by SLC
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the frame operator associated with local Clifford (LC) shadows, we have

(u |SLC |v) =
1

d

∑
i

EU∼µ(u|Ei,U )(Ei,U |v)

=
1

d

∑
i

EU∼µTr[W (u)†U |i⟩⟨i|U †] Tr[U |i⟩⟨i|U †W (v)]

= EU∼µ⟨0 |U⊗2†W (u)⊗W (v)U⊗2 |0⟩ .

(5.15)

Considering the factorization

W (v) =W (v1)⊗ · · · ⊗W (vn) , (5.16)

by Proposition 23, we have

EU∼µU⊗2†W (u)⊗W (v)U⊗2 = δu,v
1

3|suppLC(v)|
(2F− 1)⊗|suppLC(v)| , (5.17)

where wt(v) is the binary vector wt(v) ∈ Fn2 such that wt(v)i = 0 iff vi = (0, 0) and
wt(v)i = 1 else, and suppLC(v) := {i | wt(v)i ̸= 0}.

Therefore, it follows

(v |SLC |v) =
1

3|suppLC(v)|
⟨0 |2F− 1|0⟩|suppLC(v)|

=
1

3|suppLC(v)|
.

(5.18)

From the discussion on Pauli invariant estimators, it follows that Pauli estimation is
efficient provided v is supported on a small number of qubit. We also remark that classical
shadows for the LC ensemble is available, as SLC amounts to a k ≡ |suppLC(v)|-tensor-copies
of depolarizing channels D by applying the result of Section 5.2 on each qubit.

Intuitively, the sample complexity scales favorably also for general local observables:
It is clear that if O factorizes in the form O = Ok ⊗ 1⊗n−k, with k = |suppLC(O)| and
|suppLC(O)| is the number of qubits on which O acts non trivially, only the non-trivial part
Ok contributes to Tr(Oρ), as both local Cliffords and computational basis measurements
factorize. Hence, the shadow norm factorizes in a similar fashion, and the only non-trivial
contribution is associated with the non-trivial action on Ok. Then, Huang et al. [45] proved
that for any observable O, one has ∥O∥2sh ≤ 4supp(O)∥O∥2∞. However, the formal proof is
significantly more involved, and we refer to [45, Prop. 3] for further details.



Chapter 6

Shadow estimation with shallow
brickwork circuits

The content of this chapter is largely adapted from [52], with the exception of the last
section. The material has been reformatted for self-consistency within this thesis: Sections
have been reorganized and notation has been harmonized with the rest of this work. No
changes were made to the core results.

Shadow estimation with global and local Clifford unitaries are, in a sense, two “extreme”
scenarios: Randomizing through global random Cliffords provides strict sampling complexity
guarantees for predicting global properties, while local Cliffords are more suitable for local
observables [33, 113, 114]. While the latter is readily available in experiments [114], global
Cliffords will typically introduce too much noise to be useful for estimation on near-term
hardware. This stems from the fact that one needs to implement a linear depth circuit,
which introduce a noise that can be limited up to some extent using robust variants of
shadow estimation [115–117].

Experimentally feasible alternatives, naturally interpolating between the two extreme
cases and potentially lowering the sample complexity over local Clifford unitaries, are
short Clifford circuits [108]. However, finding expressions for classical shadows for random
low-depth Clifford circuits is a challenging task. For instance, the construction by Hu et al.
[108] involve numerically solving a large system of equations.

In this chapter, we discuss recent developments in shadow estimation using shallow
random circuits. Specifically, we will focus on deriving closed-form analytic expressions
for classical shadows with simple brickwork circuits consisting of two layers of product of
random unitaries. In this case, we can observe that, for Pauli observables, one needs to
keep track of the relative positions of supported qubit to find advantages compared to local
Cliffords shadows. In fact, we will see that local Clifford unitaries yield a lower sampling
complexity for sparsely distributed Pauli observables (in a precise sense), while (very short)
brickwork shadows outperform the local Clifford ones when the observable is supported on
sufficiently many (adjacent) qubits.

The chapter is structured as follows: As the ensemble of unitaries we consider is Pauli
invariant, we work out the matrix representation of the frame operator in the Pauli basis.
In particular, we can use the local 2-design property of each brick to we derive recurrence
relations for subcircuits that can be analytically solved. In this way, we can identify the
regime where the resulting sampling complexity outperforms shadow estimation with local

49
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Figure 6.1: Brickwork circuits acting on n = 10 qubits. The left and right figures show
periodic and open boundary conditions, respectively, and the arrow indicates the direction
in which the circuit acts on quantum states. For both of them, the first layer is composed of
n/2 two-qubit Haar random unitaries acting on qubits (2i− 1, 2i), i ∈ [5], and the second
layer is shifted by one position. On the left, the bricks in the second layer acts on qubits
(2i, 2i+1) , i ∈ [5], with the periodic identification n+1 = 1. On the right, the second layer
acts on qubits (2i, 2i+ 1) , i ∈ [4], leaving the first and the nth qubit untouched.

Cliffords. In the last section of this chapter, we briefly review extensions to deeper circuits
and discuss preliminary unpublished results on the eigenvalues of such circuits.

6.1 The brickwork circuit: analytical results

We assume for simplicity that the number of qubits is even and consider one round of a
one-dimensional brickwork (BW) circuit built in the following way: a first layer of n/2
two-local Haar random unitaries is applied to qubits (2i− 1, 2i) for i ∈ [n/2]. The second
layer, built in the same way but shifted by one position, applies Haar random unitaries
to qubits (2i, 2i+ 1). Here, we consider two cases, see also Figure 6.1. First, the second
layer has periodic boundary conditions such that qubits n + 1 and 1 are identified, and
consequently, the n/2th random unitary acts on the qubit pair (n, 1). Second, we treat the
case of open boundary conditions, where the second layer does not act on the first and the
nth qubit. In practice, it can be more convenient to draw unitaries from a unitary 2-design,
such as the Clifford group (which, for qubits systems, is even a 3-design [38, 39]). Indeed,
implementing Haar-random unitaries is very hard [57] and, moreover, employing Clifford
unitaries ensures one can classically post-process shadows efficiently [34]. For a given vector
v = v1 ⊕ · · · ⊕ vn ∈ F2n

2 , we also define its weight vector as the binary vector wt(v) ∈ Fn2
such that wt(v)i = 0 if vi = (0, 0) and wt(v)i = 1 else. In other words, wt(v) has a zero in
the ith position if and only if W (v) is the identity on the ith qubit.

In the following, we derive analytical results for the frame operator of random brickwork
circuits with open and periodic boundary conditions. Both BW circuit ensembles are clearly
(left and right) invariant under tensor products of single-qubit unitaries, in particular they
are right-invariant under Pauli operators. By the discussion in Section 5.1.2, we thus know
that the frame operator S is diagonal in the Pauli basis. It is thus sufficient to compute
the matrix elements (v |S |v) for all v ∈ F2n

2 . Moreover, both BW circuit ensembles are
also invariant under local Clifford unitaries, i.e. tensor products of single-qubit Clifford
gates. This implies that (v |S |v) is invariant under the exchange of X, Y , and Z operators,
and hence depends only on the weight vector wt(v). As we show shortly, (v |S |v) is in
fact determined by non-vanishing pairs of elements in wt(v) corresponding to a brick in
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W (v) = Y ⊗ X ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ Z ⊗ 1 ⊗ 1 ⊗ Y

v = 1 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 1
∨ ∨ ∨ ∨ ∨ ∨ ∨ ∨ ∨ ∨

wt(v) = 1 1 0 0 0 0 1 0 0 1 (1)
∨ ∨ ∨ ∨ ∨

ṽ = 1 0 1 0 1

Figure 6.2: Example how the vector of supported bricks is computed from a 10-qubit Pauli
operator. The structure of the shaded bricks is the one of the second layer of the circuit.
First, the Pauli operator is transformed into its binary representation v ∈ F20

2 . We apply a
logical or (∨) per qubit to compute the weight vector wt(v). Subsequently, this procedure
is repeated for qubit pairs (2i, 2i + 1) and yields the vector of supported bricks ṽ. For
periodic boundary conditions, the last entry of ṽ is computed between the last and first
entry of wt(v) (here depicted by appending the first entry at the end in parentheses). The
brickwork support of this example is suppBW(v) = {1, 3, 5}, while its partition into local
factors is partBW(v) = (1, 2).

the second layer, and by their positions in the circuit. To make this precise, we have to
introduce some definitions.

Let us consider a Pauli string v = v1 ⊕ · · · ⊕ vn ∈ F2n
2 . Roughly speaking, a brick is

identified by a pair of two adjacent qubits, and it is in the support of v if at least one of
the qubits is in the support of v. More formally, we define the vector of supported bricks as

ṽ = (ṽ1, . . . , ṽn/2) ∈ Fn/22 , ṽi := wt(v)2i ∨ wt(v)2i+1 , i ∈ [n/2] , (6.1)

where x∨ y is the logical or between two bits x, y ∈ F2, i.e. x∨ y = 1 if x = 1 or y = 1, and
0 else. The last entry of ṽ is defined according to the boundary conditions of the second
layer, in particular ṽn/2 = wt(v)n ∨ wt(v)1 for periodic boundary conditions, and ṽn/2 ≡ 0
for open boundary conditions, see also Fig. 6.2 for an explicit example how ṽ is computed.
We say that the ith brick in the second layer, with i ∈ [n/2], is in the support of v if
ṽi = 1. Then, one can define the brickwork support of v ∈ F2n

2 as suppBW(v) := {i | ṽi ≠ 0}.
In the following, however, it will be equally important to keep track of sequences of
consecutive supported bricks in the circuit. Hence, we introduce the following notation: A
one-component of ṽ is a maximal tuple of consecutive ones in ṽ, where “consecutive” is again
meant w.r.t. the boundary conditions of the BW circuit. Then, we define the partition of
the brickwork support partBW(v) to be the integer sequence given by the (non-unique) sizes
of the one-components of ṽ. For instance, if we have periodic boundary conditions and
ṽ = (1, 0, 1, 0, 1) as in Fig. 6.2, then partBW(v) = (1, 2). Note that the maximal number of
consecutive ones is n/2−1 and n/2 for open and periodic boundary conditions, respectively.

We can now state our main result:

Theorem 26. Let S be the frame operator associated with one round of a two-local brickwork
circuit with open or periodic boundary conditions in the second layer. Then, S is diagonal
in the Pauli basis, and for v ∈ F2n

2

(v |S |v) =
{
Σpb(n) , partBW(v) = (n/2) ,∏
l∈partBW(v)Σob(2l + 2) , otherwise ,

(6.2)
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where, for any m ∈ N even,

Σpb(m) =

(√
41 + 5

)m/2
+ (−1)m/2

(√
41− 5

)m/2
(5
√
2)m

, (6.3)

Σob(m) =
5

2
√
41

(
25− 3

√
41
) (√

41 + 5
)m/2

+ (−1)m/2+1
(
25 + 3

√
41
) (√

41− 5
)m/2(

5
√
2
)m .

(6.4)

Let us briefly comment on the interpretation of the matrix elements of S. These values,
determined by the elements of partBW(v), are associated with different topologies of the
effective BW circuit.

First, note that the case partBW(v) = (n/2) can occur for periodic boundary conditions
only and corresponds to all bricks being in the support of v. In particular, for open boundary
conditions, the second case in Eq. (6.2) always applies.

Next, let us motivate the second case in Eq. (6.2). Concretely, let us first assume
partBW(v) = (n/2 − 1). In the case of open boundary conditions, this assumption cor-
responds to all bricks being in the support of v, since ṽn/2 = 0 by definition. Likewise,
this situation occurs in the BW circuit with periodic boundary conditions whenever there
exists exactly one i ∈ [n/2] such that ṽi = 0, see Figure 6.3. Then, we can make two
observations: First, the topology of the effective circuit changes from periodic to open
boundary conditions. Second, the effective circuit is equivalent –up to reordering of qubits
on which it acts– to the fully supported circuit with open boundary conditions described
before, which is depicted in Figure 6.1.

Suppose now we have a BW circuit with open boundary conditions, and there exists
another index i such that ṽi = 0. Then, two cases can occur: Either, (a), i = 1 or
i = n/2− 1, which implies partBW(v) = (n/2− 2), and we simply obtain a BW circuit with
open boundary conditions on n− 4 qubits. Otherwise, (b), partBW(v) = (i− 1, n/2− i− 1)
and the BW circuit again factorizes into two independent BW circuits with open boundary
conditions, acting on 2i and n− 2i qubits respectively.

In general, the effective circuit splits into as many independent BW circuits with open
boundary conditions as the number of elements in partBW(v), and the diagonal elements
of S are given by products of different contributions as in Eq. (6.2). These elements also
determine the number of qubits on which these subcircuits act, see Figure 6.3 for an example
with |partBW(v)| = 2.

As discussed in Section 5.1.2, the frame operator provides a bound on the variance of the
Pauli estimation task. Specifically, denoting with σ2BW(v, ρ) the variance of the estimator v̂
for any v ∈ F2n

2 , we have

σ2BW(v, ρ) ≡ σ2BW(v) ≤ 1

(v |S |v) . (6.5)

In Appendix A.1 we provide an alternative proof for circuits with periodic boundary
conditions which holds for unitary 3-designs.

The remaining of this section is dedicated to the proof of Theorem 26. It goes through
the following steps: First, in Lemma 27, we will prove that such eigenvalues are determined
by partBW(v) for any v ∈ F2n

2 . Those eigenvalues are associated with different, effective
BW circuits. Exploiting the structure of the BW circuit, we can ‘split’ the action of the
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Figure 6.3: Effective brickwork circuits associated with non-fully supported Pauli operators
in the case n = 10. On the left, the effective BW circuit associated with a v ∈ F20

2 such that
ṽ2 = 0 and partBW(v) = (4). In this case, open boundary conditions apply and the circuit
is topologically equivalent to the right one in Figure 6.1. On the right, the effective BW
circuit associated with v ∈ F20

2 such that ṽ2, ṽ5 = 0, which implies suppBW(v) = {1, 3, 4}
and partBW(v) = (1, 2). In this case, the circuit is the product of two smaller subcircuits
with open boundary conditions. In particular, the subcircuits are defined on 4 and 6 qubits,
respectively.

F

copies

qubits

Figure 6.4: Flip operator swapping tensor factors of two copies of the third qubit site.

layers in two separate (2-local) group twirls, which can be evaluated using standard results
in the computation of moment operators. Next, in Lemmas 28 and 29, using tensor network
techniques, we reduce the problem of finding such eigenvalues to two different systems
of recurrence relations associated with BW circuits with periodic and open boundary
conditions, respectively. The latter admit closed-form analytic solutions, which lead to the
explicit expression of (v |S |v).

In the following, given an operator A ∈ L(C2 ⊗ C2), we denote by A(2) ≡ A ⊗ A ∈
L(C4 ⊗ C4) the operator acting on two copies of two qubit “sites”. In particular, we will
extensively use the operator F(2) ≡ F⊗ F, where F is the flip operator which swaps tensor
factors of C2 ⊗ C2. The action of F is also depicted in Fig. 6.4.

As we observed in Section 5.1.2, the frame operator is diagonal in the Pauli basis for
Pauli invariant measures [105]. However, since unitaries in the BW circuit are Haar random,
we can characterize the matrix elements of the frame operator exploiting some known
results about the second moment operator, c.f. Section 3.4, also see [19]. As a side note,
this also implies that, in practice, we can draw unitaries from any unitary 2-design instead
[37, 118], such as the Clifford group.

Then, the following holds:

Lemma 27. Let S be the frame operator associated with one round of a two-local brickwork
circuit with periodic or open boundary conditions in the second layer. Then, S is diagonal
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in the Pauli basis, and

(v |S |v) =


1

(10
√
3)n

tpb(n) , partBW(v) = (n/2)

1
15|ṽ|

∏
l∈partBW(v)

tob(2l+2)

(2
√
5)2l+2 , otherwise

, (6.6)

where |ṽ| is the Hamming weight of ṽ, and

tpb(n) := Tr
[
(1+ F(2))

⊗n/2 D(2)

(
4F(2) − 1

)⊗n/2
D−1

(2)

]
, (6.7)

tob(n) := Tr
[
(1+ F(2))

⊗n/2
{
14 ⊗

(
(4F(2) − 1)⊗(n/2−1)

)
⊗ 14

}]
, (6.8)

with D|ψ1⟩ ⊗ · · · ⊗ |ψn⟩ := |ψ2⟩ ⊗ · · · ⊗ |ψn⟩ ⊗ |ψ1⟩ being a cyclic shift operator.

Proof. Let µ be a probability measure on the BW circuit. Hence, µ is the product of
probability measures µij , where i = 1, . . . , n/2, and j = 1, 2. In other terms, the operator
corresponding to the ijth brick is sampled independently from all the others. Then, given
u, v ∈ F2n

2 , we have

(u |S |v) = 1

d

∑
i

EU∼µ(u|Ei,U )(Ei,U |v)

=
1

d

∑
i

EU∼µTr[W (u)†U |i⟩⟨i|U †] Tr[U |i⟩⟨i|U †W (v)]

= EU∼µ⟨0 |U⊗2†W (u)⊗W (v)U⊗2 |0⟩ .

(6.9)

Consider now the following factorization of W (v):

W (v) =W (v2,3)⊗ · · · ⊗W (vn,1) , (6.10)

where, for each i ∈ [n/2],

v2i,2i+1 ≡ v2i ⊕ v2i+1 ∈ F2
2 ⊕ F2

2 , (6.11)

and each W (v2i,2i+1) is as in Eq. (3.74). Moreover, writing U = DU2D
†U1, where Ui is the

tensor product of two-local Haar random unitaries, it follows

(u |S |v) = Tr
[
EU1

[
U⊗2
1 |0⟩⟨0|U⊗2†

1

]
D(2) EU2

[
U⊗2†
2 D†

(2)W (u)⊗W (v)D(2)U
⊗2
2

]
D†

(2)

]
.

(6.12)
Hence, by Eq. (3.60) and Proposition 23, we have

EU1U
⊗2
1 |0⟩⟨0|⊗2U⊗2†

1 =
1

10n/2
P

⊗n/2
sym2 , (6.13)

EU2U
⊗2
2 D†

(2)W (v)⊗W (u)D(2)U
⊗2†
2 = δu,v

⊗
i∈[n/2]

Qṽi , (6.14)

where

Qṽi :=

{
1 if ṽi = 0 ,
1
15

(
4F(2) − 1

)
otherwise .

(6.15)
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Therefore, writing Psym2 = 1
2

(
1+ F(2)

)
,

(v |S |v) = 1

(2
√
5)n

Tr

(1+ F(2))
⊗n/2 D(2)

⊗
i∈[n/2]

Qṽi D
−1
(2)

 . (6.16)

Finally, we distinguish cases for the latter according to partBW(v). In particular, if
partBW(v) = (n/2), then Qṽi = 1

15

(
4F(2) − 1

)
∀i = 1, . . . , n/2, and Eq. (6.7) reads

immediately from Eq. (6.16). Next, assume partBW(v) = (n/2 − 1). In particular, due
to invariance under translations of bricks, we can assume without loss of generality that
ṽn/2 = 0, meaning Qṽn/2

= 1. This yields

(v |S |v) = 1

(2
√
5)n

1

15n/2−1
Tr
[(
1+ F(2)

)⊗n/2
1⊗

(
4F(2) − 1

)⊗n/2−1 ⊗ 1
]
. (6.17)

Consider now there exists i ∈ [n/2− 1] such that ṽi = 0. Then, we distinguish between two
cases. If i = 1 or i = n/2− 1, then (v |S |v) is still given by an expression that is morally
equivalent to Eq. (6.17) up to obvious modifications determined by partBW(v) = (n/2− 2).
More specifically, we have

(v |S |v) = 1

(2
√
5)n

1

15n/2−2
Tr
[
1+ F(2)

]
Tr
[(
1+ F(2)

)⊗n/2−1
1⊗

(
4F(2) − 1

)⊗n/2−2 ⊗ 1
]

=
1

(2
√
5)n−2

1

15n/2−2
tob(n− 2) .

(6.18)
On the other hand, if i ∈ {2, . . . , n/2− 2}, we have partBW(v) = (i− 1, n/2− 1− i), and
the circuit splits into two subcircuits, yielding

(v |S |v) = 1

(2
√
5)n

Tr
[(
1+ F(2)

)⊗i
1⊗

(
4F(2) − 1

)⊗(i−1) ⊗ 1
]

× Tr
[(
1+ F(2)

)⊗n/2−i
1⊗

(
4F(2) − 1

)⊗n/2−1−i ⊗ 1
]

=
1

(2
√
5)n

tob(2i) tob(n− 2i) .

(6.19)

All other cases follow from analogous considerations.

Note that the traces in the latter expression have two main contributions. The first
one, which is proportional to the projector on the symmetric subspace Psym2 , comes from
scrambling Ei with the first layer of the BW circuit, and it is independent of v. The second
layer, on the other hand, acts on W (u)⊗W (v), and the result of the scrambling for each
pair of qubits is an operator that depends on v. This means that effectively the second layer
determines whether the circuit factorizes at a given position, and the number of qubits on
which each subcircuit is defined is determined by the corresponding first layer of random
unitaries.

The next couple of technical results will give a way to evaluate the traces appearing in
the previous lemma. The core steps of the proofs are most conveniently presented in terms
of tensor network diagrams and deferred to Appendix A.2.
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Lemma 28. Let t1(n), t2(n), t3(n) defined as follows:

t1(n) := Tr
[(
1⊗

(
1+ F(2)

)⊗n/2−1 ⊗ 1
) (

4F(2) − 1
)⊗n/2]

, (6.20)

t2(n) := Tr
[(

F⊗
(
1+ F(2)

)⊗n/2−1 ⊗ F
) (

4F(2) − 1
)⊗n/2]

, (6.21)

t3(n) := Tr
[(
1⊗

(
1+ F(2)

)⊗n/2−1 ⊗ F
) (

4F(2) − 1
)⊗n/2]

. (6.22)

Then, tpb(n) = t1(n) + t2(n) and the following system of recursive relations hold true:
t1(n) = 24 t3(n− 2)

t2(n) = 24 t3(n− 2) + 60 t2(n− 2)

t3(n) = 24 t1(n− 2) + 60 t3(n− 2)

, n ≥ 2 , n = 0 mod 2 , (6.23)

with the following base conditions: 
t1(2) = 0

t2(2) = 60

t3(2) = 24

. (6.24)

Proof. The fact that tpb(n) = t1(n)+t2(n) is clear from the definition of t1 and t2. Relations
(6.23) and (6.24) are proved in Appendix A.2.

Lemma 29. Let t1(n), t2(n) be defined as follows:

t1(n) := Tr
[{
14 ⊗ (1+ F(2))

⊗(n/2−1)
}{

(4F(2) − 1)⊗(n/2−1) ⊗ 14

}]
, (6.25)

t2(n) := Tr
[{

F⊗ (1+ F(2))
⊗(n/2−1)

}{
(4F(2) − 1)⊗(n/2−1) ⊗ 14

}]
. (6.26)

Then, tob(n) = 4t1(n) + 2t2(n), and the following recursive relations hold true:{
t1(n) = 24 t2(n− 2)

t2(n) = 24 t1(n− 2) + 60 t2(n− 2)
n ≥ 4 , n = 0 mod 2 , (6.27)

with the following base conditions: {
t1(4) = 48

t2(4) = 216
. (6.28)

Proof. First, observe that

tob(n) := Tr
[
(1+ F(2))

⊗n/2
{
1⊗

(
4F(2) − 1

)⊗(n/2−1) ⊗ 1
}]

= Tr
[{

Tr1
[
(1+ F(2))

]
⊗
[
(1+ F(2))

⊗(n/2−1)
]}{

(4F(2) − 1)⊗(n/2−1) ⊗ 1
}]

= Tr
[{

(41+ 2F)⊗ (1+ F(2))
⊗(n/2−1)

}{
(4F(2) − 1)⊗(n/2−1) ⊗ 1

}]
= 4 t1(n) + 2 t2(n) .

(6.29)

Relations (6.27) and (6.28) are proved in Appendix A.2.
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Proof of Theorem 26. As discussed before, S is diagonal in the Pauli basis, and we only
need to characterize its diagonal elements (v |S |v), which, by Lemma 27, are determined by
partBW(v). In the first case, when partBW(v) = (n/2), the circuit retains periodic boundary
conditions, and (v |S |v) is proportional to tpb(n) according to Eq. (6.6). By Lemma 28,
tpb(n) can be expressed as the sum of two terms that can be calculated recursively using
the system of recurrence relations (6.23), and one can check that the solution of this system
is given by

tpb(n) = 6n/2
[(√

41 + 5
)n/2

+ (−1)n/2
(√

41− 5
)n/2]

. (6.30)

This solution can be found with a computer algebra system, or, by hand, using the Z-
transform [119], which maps recurrence relations to algebraic equations. Inserting Eq. (6.30)
into Eq. (6.6) then shows Eq. (6.3).

Otherwise, partBW(v) determines the factorization into (possibly many) subcircuits
with open boundary conditions. In particular, each entry l ∈ partBW(v) determines a
(factorized) subcircuit acting on 2l + 2 qubits. Each such subcircuit evaluates up to a
multiplicative constant to tob(2l + 2), that, by Lemma 29 fulfills the recurrence relations
(6.27). These also admit a closed-form solution that can be found with the same techniques
and is given as

tob(m) =
6m/2

6
√
41

[(
25− 3

√
41
)(√

41 + 5
)m/2

+ (−1)m/2+1
(
25 + 3

√
41
)(√

41− 5
)m/2]

,

(6.31)
for any m ≡ 2l + 2. This shows Eq. (6.4) for each subcircuit.

As a final remark, observe that the proof of the theorem can be generalized to systems
of arbitrary prime or power of prime local dimension. In particular, redefining ṽ according
to the local dimension, Eq. (6.16) holds true with obvious modifications for any prime p,
and the same holds for the traces Eqs. (6.7) and (6.8).

Finally, one may wonder whether it is possible to find analytical expressions for the
frame operator associated with circuits with more layers. However, in this case, splitting the
scrambling over multiple layers is more involved, since non-trivial ‘intertwinings’ between
layers occur. This implies that the analytical contraction of the corresponding tensor
network is more difficult compared to the calculations of Appendix A.2, and one might only
resort to numerical methods to evaluate the frame operator [106, 109].

6.2 Discussion and comparison with local Clifford circuits

Given the closed analytic expressions for the frame operator associated with the BW circuit,
we can now compare the performance with the LCs ensemble.

For LCs, the variance is exponential in the weight of the Pauli observable [45]. More
precisely, for any v ∈ F2n

2 we define the local Cliffords support as the set of weighted sites of
v, namely suppLC(v) := {i | wt(v)i ̸= 0}. Then, since the LCs ensemble is clearly invariant
under multiplication with Pauli operators, one can apply Eq. (5.6) to get a bound on the
variance. In particular, σ2LC(v) ≤ 1

(v |SLC |v) = 3|suppLC(v)|, where SLC is the frame operator
associated with LCs shadows (see Section 5.3 for the derivation of its matrix elements).
Notice also that, although this bound corresponds to the shadow norm [45], one does not
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need to maximize over all the states. The inequality solely originates in disregarding the
square of the first-moment (Ei,UfW (v)(i, U))2 which agrees by construction with Tr(W (v)ρ)2

for any ensemble. Therefore, we are most of the time comparing the exact expressions
for the second moment Ei,U [fW (v)(i, U)

2] allowing us to formally deduce lower and upper
bounds. In the following, all our expressions for the variances are understood as being up
to first-moment terms and we write, e.g. σ2LC = 3n.

As derived in the previous section, the variance for the brickwork circuit depends on the
partitioning of the brick support into local factors. In principle, for any Pauli string v, we
are able to compute such variance by means of Theorem 26. We also remark that the value
obtained in this way are strict upper bounds, since we are only disregarding the square of
the first moment term, which is upper bounded by 1. For simplicity, to compare the BW
and LCs ensembles, we derive lower and upper bounds to the exact variance expression
that make the asymptotic scaling transparent.

We obtain the simplest expression when partBW(v) = (n/2). In this case, Theorem 26
together with Eq. (5.6) implies that 0.8 · 2n < σ2BW < 2.1n+1; see Appendix A.3 for details.

To compare the scaling of σ2BW to the one of σ2LC, we introduce some notation to
distinguish different regimes. First, recall that we say that v ∈ F2n

2 is supported on the
ith brick if ṽi = 1, and, by definition, ṽi = 1 if at least one of wt(v)2i and wt(v)2i+1 is
non-zero. A supported brick can further be of two types. If wt(v)2i∧wt(v)2i+1 = 1, namely
the logical and between the two local weights is non-trivial, the ith brick is said to be fully
supported. Otherwise, the ith brick is said to be half supported if the logical xor between
the two local weights is non-trivial, or more formally wt(v)2i ⊻ wt(v)2i+1 = 1.

Still assuming partBW(v) = (n/2), we have two extreme cases:

• If each brick is fully supported, then σ2LC = 3n > 2.1n+1 > σ2BW for all n ≥ 2.
Thus, the brickwork circuits have an improved sample complexity compared to single
qubit random Clifford unitaries. The number of samples is reduced by one order of
magnitude for n ≥ 8 and by a factor of about 0.5 · 10−4 for n = 20.

• If each brick is half-supported, then σ2LC = 3n/2 < 1.75n < 0.8 ·2n < σ2BW for all n ≥ 2.
In this case, the BW circuit retains its periodic structure, while LCs shadow sees the
‘correct’ number of qubits in the support leading to a smaller sample complexity.

Similar considerations apply if partBW(v) = (n/2 − 1) i.e. when (v |S |v) is given by a
single term with open boundary condition. Evaluations of the expressions for both cases
are summarized in Figure 6.5. We observe that the scaling for both cases only differ in a
constant factor as we also explain analytically in Appendix A.3.

The two extreme cases suggest that shadows with BW circuits outperform the LCs ones
when the number of fully supported bricks reaches a certain threshold. More specifically,
based on our bounds, we can guarantee a lower sample complexity with BW circuits if
|suppLC(v)| ≥ 0.68(n + 1) for the cases partBW(v) = (n/2) and partBW(v) = (n/2 − 1),
see Appendix A.3. Furthermore, the additional constant term can be decreased for larger
number of qubits. Evaluations of the threshold for up to 100 qubits are summarized in
Figure 6.6.

Relaxing the restriction on partBW, we can ensure that σ2BW ≤ σ2LC provided that

|suppLC(v)| ≥ 0.8|partBW(v)|+ 1.4 |ṽ| , (6.32)
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Figure 6.5: Comparison of variances (exact evaluation of second moments) calculated for
brickworks and local Cliffords. For magenta and green triangles, we assumed suppLC(v) = n
and suppLC(v) = n/2, respectively. For blue and red dots, we assumed partBW(v) = (n/2)
and partBW(v) = (n/2− 1), respectively.

where | partBW(v)| is the number of entries in partBW(v) and |ṽ| the Hamming weight of ṽ,
i.e. the number of supported bricks in the circuit. The derivation of this criterion is given
in Appendix A.3.

The main contribution (up to rescaling factors) is given by the size of suppBW (which,
in turn, also influences the number of entries in partBW), while the number of connected
components in the effective circuit can be seen as a ‘correction’ to the naive comparison
between the notions of supported Pauli’s and bricks. In fact, by Eq. (6.16), the criterion
is more likely to be satisfied if the local Pauli’s are bunched together: Sparse Pauli
observables are associated with (effective) BW circuits with many disjoint partitions, which
imply a higher threshold. For instance, for a fixed | suppLC(v)|, as the the number of
distinct partitions increases, each subcircuit is less densely populated, and the threshold
for each subcircuit becomes harder to reach. Fig. 6.7 shows two non-fully supported Pauli
observables, supported on a different number of qubits, associated with the BW circuit
structure. Eq. (6.32) is satisfied by the second Pauli string only.

The threshold criterion is likely to hold for random Pauli observables, since, for a fixed
n, few additional qubits are needed to reach the threshold. On the other hand, for any
random Pauli string v ∈ F2n

2 , the probability of the ith brick to be fully supported is strictly
larger than the probability of being half supported. Indeed, evaluating the bounds for
random Pauli strings we observe that the brickwork circuit gives better performance with



6.2. DISCUSSION AND COMPARISON WITH LOCAL CLIFFORD CIRCUITS 60

Figure 6.6: Numerical evaluation of the threshold that determines the BW sample advantage
over LCs shadows in the case partBW(v) = (n/2). On the x axis, we represent the total
number of qubits. On the y axis, we represent the ratio between the smallest number
of qubits such that σ2BW ≤ σ2LC and the total number of qubits. The red line represents
the ratio between the lower bound for |suppLC(v)| and the total number of qubits. The
numerical dots are obtained by a direct comparison of σ2BW and σ2LC: For each fixed n, and
starting from the case where each brick is half-supported, we evaluated both of them for an
increasing number of qubits (i.e. increasing the number of fully supported bricks), until the
condition σ2BW ≤ σ2LC has been satisfied.

high probability drawing random Pauli strings, and p(σ2BW ≤ σ2LC)
n big−−−→ 1, see Figure 6.8.

In conclusion, we showed that LCs shadows still have their own merit, in particular
they are still the best choice for very sparse, local Pauli observables. However, they are
significantly outperformed in all the other cases. For instance, for fully supported bricks,
we observed that the variance is scaling as ≈ 2.1n, which is very close to the performance
of a global Cliffords ensemble for a moderate number of qubits, namely global properties
may be predicted using brickwork shadows. This represents a particular case of the shallow
shadows presented in [106], where the authors argue that brickwork circuits (in their case,
of depth log(n)) are expected to have the same sample complexity as the global Clifford
scheme.
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v1

v2

q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 q18

Figure 6.7: Effective circuits associated with two non-fully supported Pauli observables v1, v2.
Eq. (6.32) is satisfied by v2 only. In particular, we have |partBW(v1)| = | partBW(v2)| =
(2, 3, 1), | suppBW(v1)| = 9, | suppBW(v2)| = 11, which imply σ2BW(v1) = σ2BW(v2) ≈ 58 ·
103, σ2LC(v1) ≈ 19 · 103, σ2LC(v2) ≈ 177 · 103.

6.3 Numerical experiments

We now compare numerically performances of BW and LCs estimation procedures. For
the simulation, we prepare a stabilizer input state, for simplicity, ρ = |0⟩⟨0|, and draw
unitaries from the Clifford group. We choose to perform Pauli estimation for observables
of Z-type. In this way, we can classically simulate the whole procedure efficiently using
standard techniques [34, 35, 110]. The algorithms to perform the simulation work as follows:
First, given ρ = |0⟩⟨0| and a Pauli observable W (v), Eq. (5.2) becomes

⟨0 |W (v)|0⟩ = 1

(v |S |v)
∑
i

EU∼µ⟨i |UW (v)U † |i⟩|⟨i |U |0⟩|2 . (6.33)

As discussed above, U is chosen to be a Clifford operator, which is represented by a pair
(g, a), with g ∈ Sp(2n), and a ∈ F2n

2 . Then, writing U =
⊗n/2

i=1

⊗n/2
j=1 U

(i)
1 U

(j)
2 , each local

symplectic matrix is sampled using König-Smolin’s algorithm [110], and a is a uniformly
distributed vector in F2n

2 . Then, samples {(Uj , ij)}mj=1 are drawn according to standard
stabilizer simulation techniques [34, 35], and the estimator is given by the following empirical
average:

ŵ(v) =
1

m(v |S |v)
m∑
j=1

⟨ij |UjW (v)U †
j |ij⟩ . (6.34)

A single estimate requires the calculation of the phase function appearing in Eq. (3.86),
which can be done in time O(n3) [90]. However, when the observable is of Z-type, we can
avoid this calculation, and speed up the simulation. To prove this fact, let us consider the
decomposition F2n

2 = Zn ⊕Xn, and label the computational basis by binary vectors i ∈ Fn2 .
Then,

⟨i |UW (v)U † |i⟩ = (−1)αg(v)+[a,gv]+(gv)z ·i1Zn(gv) , (6.35)

where (gv)z ∈ Zn ≃ Fn2 is the Z part of the vector gv ∈ F2n
2 , and 1Zn is the indicator

function on Zn. Then, suppose the outcome of the latter is non-zero, so (gv)x = 0. Hence,
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Figure 6.8: Probability of σ2BW ≤ σ2LC, evaluated on 216 random bitstrings for each value of
n.

since vx = 0 by assumption, we find:

[a, gv] + (gv)z · i = (gv)z · i0 = (gv)z ·
∑
j

ij(gej)x

=
∑
j

ij [gv, gej ] =
∑
j

ij [v, ej ]

= 0 ,

(6.36)

where we wrote i = i0 + ax for some i0 ∈ Fn2 , and then we considered the decomposition
i0 =

∑
j ij(gej)z, where {ej} ⊂ Zn is the canonical basis.

Then, from Eq. (6.33) we get

(v |S |v) =
∑
i

EU∼µ⟨i |UW (v)U † |i⟩|⟨i |U |0⟩|2

=
∑
i

EU∼µ(−1)αg(v)|⟨i |U |0⟩|2 .
(6.37)

Define now
p± :=

1

|Sp(2n)| |{g ∈ Sp(2n) | gv ∈ Zn , (−1)αg(v) = ±1}| . (6.38)
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Then,

p+ + p− =
1

|Sp(2n)| |{g ∈ Sp(2n) | gv ∈ Zn}|

=
1

|Sp(2n)| |STAB(v)| · |Zn \ 0|

=
1

|Sp(2n)|
|Sp(2n)|

|Sp(2n) · v| · |Zn \ 0|

=
2n − 1

22n − 1
=

1

2n + 1
,

(6.39)

where STAB(v) denotes the set of stabilizers of v.
On the other hand, p+ and p− also have the interpretation of frequencies of ±1 outcomes

in Eq. (6.37) respectively. This means

(v |S |v) = p+ − p− =
|Zn|

22n − 1
=

1

2n + 1
, (6.40)

from which it follows p− = 0.
In conclusion, whenever vx = 0, we only need to check if (gv)x is trivial.
Then, we consider the following setting: Fix n = 10 as the number of qubits. Then, we

collect numerical data for three different Z-type operators, that we assume to be supported
on each brick. In particular, we consider the following Pauli strings: vfull, which is supported
on each qubit, vhalf , where each brick is half supported, and vthres, which is supported on 8
qubits, ensuring it satisfy the threshold criterion discussed in the last section. Notice that
it does not matter where the two half supported bricks are located in vthres, since all of
them are supported. Then, we fix m as the number of samples, and compute the empirical
average over all samples as described in Section 5.1, which yields an estimator for the given
observables and ρ = |0⟩⟨0|. We run this procedure 100 times, and evaluate the average of
the estimators over all runs. The latter has standard deviation given by σ/

√
100m, with

σ = σBW, σLC. Finally, the task is repeated for different values of m.
The results of the simulations, shown in Figs. 6.9 to 6.11, agree with the previous

discussion. In particular, for circuits that are fully supported or over the threshold, the
convergence to the expected values is faster using BW circuits, see Figure 6.9 and Figure 6.10,
while the converse happens in the case of half supported circuits, see Figure 6.11.

6.4 Extension to deeper circuits

In the previous sections, we have shown clear evidence for the potential of using short circuits
for shadow estimation, but also indicate limitations and the need for careful comparison in
specific applications. Moreover, we expect that the direct generalization of our analytic
approach to deeper circuits is considerably more involved.

To this end, the works of Akhtar et al. [109] and Bertoni et al. [106] characterize the frame
operator of finite, arbitrary depth brickwork circuits with numerical methods. In particular,
Akhtar et al. [109] applies the formalism based on entanglement features introduced by Bu
et al. [105] and discusses average case scenario upper bounds on sample complexity based
on the locally scrambled shadow norm [108]. A similar discussion, following a probabilistic
interpretation of the eigenvalues of the measurement channels, can be found in [106]. In
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Figure 6.9: Convergence of the estimator ŵ(vfull), as defined in Section 5.1. We consider a
system of 10 qubits with input state ρ = |0⟩⟨0|, ensuring we can classically simulate the
whole procedure efficiently. For each fixed m, 100 runs have been performed and then the
average over all of them, with the respective standard deviation, has been plotted. BW
estimator is converging faster than the estimator using LC unitaries.
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Figure 6.10: Convergence of the estimator ŵ(vthres), as defined in Section 5.1. We consider
a system of 10 qubits with input state ρ = |0⟩⟨0|, ensuring we can classically simulate the
whole procedure efficiently. For each fixed m, 100 runs have been performed and then the
average over all of them, with the respective standard deviation, has been plotted. BW
estimator convergence is faster than the estimator constructed using LC unitaries.
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Figure 6.11: Convergence of the estimator ŵ(vhalf), as defined in Section 5.1. We consider
a system of 10 qubits with input state ρ = |0⟩⟨0|, ensuring we can classically simulate the
whole procedure efficiently. For each fixed m, 100 runs have been performed and then the
average over all of them, with the respective standard deviation, has been plotted. BW
estimator convergence is slower than the estimator constructed using LC unitaries.
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particular, Bertoni et al. [106] conjecture that a logarithmic depth circuit is the ideal middle
ground between the local and global Cliffords ensembles. This claim is supported by the
analysis of the locally scrambled shadow norm that shows that ∥O∥2lssh is bounded by the
Frobenius norm ∥O∥2F for circuits of logarithmic depth. In comparison, we only focus on
a single-round of a brick-layer circuits, but provide analytic expressions for the estimator
of Pauli observables. A recent work by Schuster et al. [43] confirms this conjecture by
showing that random quantum circuits form approximate unitary k-designs in logarithmic
depth. The approximation is best controlled by the relative error ϵ, see [120] and [43] for
a discussion and comparison with the additive error (i.e., the diamond norm distance).
Formally, denote with U the defining representation of U(d) and recall the definition of the
kth moment operator Mk from Eq. (3.49). For a probability measure νRC on U(d), define

MνRCS
k (·) := EU∼νRC

U⊗k(·)U⊗k† (6.41)

We say that νRCS forms an ε-approximate unitary k-design (in relative error) if

(1− ε)Mk ⪯ MνRC
k ⪯ (1 + ε)Mk, (6.42)

where A ⪯ B means that B − A is a completely-positive map. Then, one can construct
approximate unitary k-designs in log n depth by glueeing small brickwork circuits, which
form approximate k-designs on log n qubits (this can be constructed in linear depth with
known techniques [120]).

This construction can be applied to estimate low-rank observables with classical shadows.
Recall from Section 5.2 that random global Clifford unitaries are particularly convenient
to estimate low-rank observables (for instance, for fidelity estimation), but their concrete
implementation is beyond near-term applications. Instead, classical shadows can be con-
structed from approximate designs paying a very small price: We consider an approximate
unitary 3-design over n qubits using random quantum circuit made up of Clifford circuits.
Recall that the frame operator associated with Haar random unitaries admits the following
block-diagonal representation in the Pauli basis:

SH =

(
1 0
0 sH1 ,

)
(6.43)

with sH ≡ 1
d+1 , c.f. Section 5.2. Then, by simply replacing the Haar random unitaries with

a log-depth random circuit, the protocol is characterized by the frame operator

SRCS :=
∑
i∈[d]

EU∼νRC
|Ei,U )(Ei,U | . (6.44)

Here, ν is approximate 2-design. Then, we can invert in post-processing with the inverse
Haar-random frame operator S−1

H at the cost of a small bias in the shadow estimator ô of
Tr(ρO) for any given observable O. In particular, one can show that the bias scales linearly
in the relative error ε [43]. A similar scaling also appears for the correction in the variance
of the estimator.

Here, we note that the analysis of Section 6.1 can be adapted to study the eigenvalues of
SRCS. First, we observe that we can compute the eigenvalues of a short brickwork circuit in
any local dimension. In other terms, Theorem 26 holds true for a suitable redefinition of the
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functions Σob and Σpb. This follows from the fact that the recurrence relations Eqs. (6.23)
and (6.27) are obtained by twirling Pauli strings with 2-local Haar random unitaries. Then,
denoting with p the local dimension, the systems of recurrence relations generalize to

tpb1 (n) = (p5 − p3) tpb3 (n− 2)

tpb2 (n) = (p5 − p3) tpb3 (n− 2) + (p6 − p2) tpb2 (n− 2)

tpb3 (n) = (p5 − p3) tpb1 (n− 2) + (p6 − p2) tpb3 (n− 2)

n ≥ 2 , n = 0 mod 2 ,

(6.45)
and{

tob1 (n) = (p5 − p3) tob2 (n− 2)

tob2 (n) = (p5 − p3) tob1 (n− 2) + (p6 − p2) tob2 (n− 2)
n ≥ 4 , n = 0 mod 2 , (6.46)

with base conditions
tpb1 (2) = 0

tpb2 (2) = p6 − p2

tpb3 (2) = p5 − p3
,

{
tob1 (4) = p6 − p4

tob2 (4) = p8 − p5 − p3
, (6.47)

for the periodic and open boundary topologies, respectively. By solving the latter, we find
the following expressions:

Σpb
(p)(m) =

(√
(p2 + 3)2 − 8 + (p2 + 1)

)m/2
+ (−1)m/2

(√
(p2 + 3)2 − 8− (p2 + 1)

)m/2
(
√
2(p2 + 1))m

,

(6.48)

Σob
(p)(m) =

p2 + 1

2
√

(p2 + 3)2 − 8

(
Aob(m, p) + (−1)m/2Bob(m, p)

)
, (6.49)

with

Aob(m, p) ≡
(
(p2 + 1)2 − (p+ 1)

√
(p2 + 3)2 − 8

)(√
(p2 + 3)2 − 8 + (p2 + 1)

)m/2
,

(6.50)

Bob(m, p) ≡
(
(p2 + 1)2 + (p+ 1)

√
(p2 + 3)2 − 8

)(√
(p2 + 3)2 − 8− (p2 + 1)

)m/2
.

(6.51)

The main idea is to consider a sequence of depth-2 BW circuits –constructed as in Section 6.1–
with increasing local dimension p. The rate at which p increases is informally associated
with the depth of a shallow BW circuit. Then, by iterating over the local dimension, we
can study the convergence of the eigenvalues. Note that, in linear depth, any eigenvalue
associated with a non-trivial Pauli string corresponds to an effective BW circuit realization
of the Haar ensemble, hence, the convergence becomes exact at that point. In this first
analysis, we study the convergence of the eigenvalues associated with fully supported circuits.
In particular, we consider v ∈ F2n

2 such that partBW(v) = (n/2), c.f. Section 6.1. Note
that if a (p = 2r)-qudit BW circuit is fully supported, the same applies to the following
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(p = 2r+1)-qudit BW circuit, as the relevant notion of locality is coarse-grained as the local
dimension increases. We measure the convergence of the eigenvalues in the relative error

εeigen ≡ |sRCS − sH |
sH

, (6.52)

where sRCQ ≡ (v |SRCS |v). For simplicity, we consider a system of local dimension p = 2k,
with k taking values in {2r | r ∈ {1, 2, . . . , ⌊log2 n⌋}}. Note that for k = 1 the latter reduces
to the qubit case, while the number of qubits on which each brick acts doubles at each
following coarse-graining step. In general, 2k is the number of qubits on which each brick
is supported. Intuitively, we interpret r as the number of “gluing” iterations. Then, the
corresponding number of qudits is n/k, and, setting Σpb

(2k)(m) ≡ Σ̃pb(k, n), Eq. (6.48)
becomes

Σ̃pb(k, n) =

(√
(4k + 3)2 − 8 + (4k + 1)

) n
2k

+ (−1)
n
2k

(√
(4k + 3)2 − 8− (4k + 1)

) n
2k

(
√
2(4k + 1))n/k

(6.53)
(a similar expression holds for Eq. (6.49)). In Fig. 6.12, we numerically analyze the scaling
of the relative error |Σ̃pb(k, n)−sH |/sH , showing convergence for the eigenvalues associated
with fully supported Pauli operators in logarithmic depth. If the BW circuit is not fully
supported, the analysis is complicated by the effective topologies determined by the the
geometry of the circuits associated with open boundary BW circuits. In particular, we
observe that the log-depth convergence of the eigenvalues does not hold for all Pauli
eigenoperators. For instance, this is the case of Pauli operators supported on a single qubit,
which converge exactly to sH in linearly many steps. As a simple criterion, we identify
the convergence to the fully supported topology with periodic boundary conditions as a
necessary condition for convergence. In fact, this occurs at linear depth for Pauli strings
supported on a single qubit, and at logarithmic depth for fully supported strings. As a rule
of thumb, in general, once the effective circuit reaches this topology, convergence is ensured
from log n depth on wards, in line with Fig. 6.12. However, the complete characterization
of the convergence rate of the eigenvalues is still elusive. Establishing it requires a careful
case-by-case analysis of the possible weight configurations in the partitions of the support
(c.f., Section 6.1). We leave these questions for future work.
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Figure 6.12: Numerical evaluation of the relative error for the eigenvalues of a fully supported
Pauli basis element. The y-axis is in logarithmic scale. We plot eigenvalues of BW circuits
with local dimension p = 2k, where k is the number of qubits on which each BW circuit
acts. For convenience, we consider the number of qubits n to be divisible by k and we
perform the computation with arbitrary accuracy using the Python library [121]. Here, 2k
is the number of qubits on which each brick is defined, and we consider a brickwork circuit
of local dimension that are associated with a random quantum circuit (RQC) with at most
log2 n layers. The relative error becomes suddenly negligible for k ≈ 2log2 n−1.



Chapter 7

Fermionic shadows

Some of the most promising applications of quantum computers lie in the simulation
of complex molecules and strongly correlated systems [122]. A deeper understanding of
these systems can lead to major advances in materials science, chemistry, and engineering
[123–128]. Yet, achieving accurate simulation remains challenging even for state-of-the-art
classical methods. For instance, the cost of density matrix renormalization group (DMRG)
techniques is too big outside favorable regimes [122]. In particular, DMRG provides a
scalable route to accurate ground state approximations for local lattice Hamiltonians in one
spatial dimension thanks to favorable entanglement area laws, while the same does not hold
in higher dimensions. At the same time, the limitations of near-term quantum hardware
motivate algorithmic approaches that trade circuit depth for additional measurements. A
prominent paradigm in the NISQ regime is that of variational quantum algorithms: One
prepares a parametrized quantum state and updates the parameters through a classical
optimization loop, which typically requires repeated estimation of expectation values for a
large collection of observables. In quantum chemistry and many-body physics, a particularly
important class of target expectation values are k-reduced density matrixs (kRDMs), which
encode correlations relevant, for instance, to energies [129–131]. In particular, all one-body
observables, such as orbital occupations and kinetic energy, and Coulomb interactions and
correlators are captured by k = 1, 2 kRDMs [132–134].

As such, classical shadows offer a clear path to estimating large families of fermionic
observables from randomized measurements. Extending the shadow formalism to fermions,
however, requires careful design choices for the unitary ensemble. Ideally, the ensemble
should admit experimentally simple implementations and lead to time-efficient and scalable
estimators, with tight bounds on the sampling complexity. In fermionic systems, a natural
candidate is the family of fermionic Gaussian transformations, identified by matchgate
unitaries [135]. Like Clifford circuits in the discrete setting, these transformations are
classically efficiently simulable [136]. However, several differences arise due to the structure
of the underlying groups. Moreover, it is often more practical to consider sampling from a
restricted subset of matchgates.

In this chapter, we discuss the extension of classical shadows to fermionic systems,
and discuss the case of symmetry-adapted fermionic shadows. The chapter is organized
as follows: In Section 7.1, we fix the notation and recall the formalism of fermionic
systems, with an emphasis on Gaussian unitaries. In Section 7.2 and Section 7.3, we review
shadow estimation based on matchgate ensembles and on passive fermionic transformations,
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respectively. Finally, in Section 7.4, we discuss adaptations of the protocol to spin-preserving
ensembles, and highlight challenges posed by multiplicities that arise in the corresponding
shadow estimators.

7.1 Gaussian transformations of fermionic systems

Let H ∼= Cm be a finite dimensional Hilbert space. A system of fermions with single-particle
Hilbert space H is described by the m-modes fermionic Fock-Hilbert space defined as

HF (Cm) :=
m⊕
n=0

n∧
(Cm) , (7.1)

where
∧n(Cm) denotes the totally anti-symmetric subspace of (Cm)⊗n describing the states

consisting of n fermions distributed over m modes. Here,
∧0(Cm) = spanC(|0⟩), where |0⟩

is the Fock vacuum state. For a fixed basis {|i⟩}i∈[m] of Cm we define a family of creation
and annihilation operators fj , f

†
j acting on HF (Cm), j = 1, . . . ,m satisfying the canonical

anti-commutation relations

{fj , f †k} = δj,k , {fj , fk} = 0 (7.2)

for j, k = 1, . . . ,m. The subspace
∧n(Cm) –of dimension dimHm

n =
(
m
n

)
– is spanned by

the (fermionic) Fock states

|x⟩ := (f †1)
x1(f †2)

x2 . . . (f †d)
xm |0⟩ , (7.3)

where x ∈ {0, 1}m. Due to anticommutation relations, basis elements for a particle number
sectors are indexed by occupation number sequences given by

Sn,m := {(z1, . . . , zn) | 1 ≤ z1 < z2 < · · · < m} , (7.4)

where each entry denotes which mode is occupied.
Fermionic Gaussian transformations correspond to the unitaries generated by Hamil-

tonians at most quadratic in the creation and annihilation operators. We distinguish
between active and passive transformations, with the ensemble of passive transformations
preserving the total number of particles in the system. Gaussian unitaries correspond to the
matchgate group, generated by unitaries of the form exp(iφW (v)⊗W (u)) with u, v ∈ F2

2

acting on nearest-neighbors qubits, and single qubit Z rotations [137]. These form the
metaplectic (projective) representation of O(2m). Due to energy conservation, the ensemble
of passive Gaussian unitaries corresponds to unitary operators generated by Hamiltonians
containing terms of the form f †j fk + h.c. and are identified by unitary matrices in U(m)
[138]. Formally, to preserve particle number, a passive Gaussian transformation is such
that fi 7→ f̃i =

∑m
j=1 Ui,jfj , for an invertible matrix U = (U)i,j . The transformed creation

and annihilation operators still satisfy the canonical anticommutation relations, i.e., it still
holds that {f̃i, f̃ †j } = δi,j and {f̃i, f̃j} = 0. Thus, by linearity, UU † = 1. Hence, U ∈ U(m).
Following the discussion in Section 3.1, we mostly restrict our attention to representations
of SU(m), which differ from the corresponding representations of U(m) by an overall phase
factor.
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7.2 Matchgate shadows

Shadow estimation extends naturally to the fermionic setting due to the natural isomorphism
between Pauli and Majorana operators [96]. Formally, the protocol works as in the general
prescription described in Chapter 5: After preparing a fermionic input state ρ, randomized
unitaries drawn from a suitable (group) ensemble U ⊆ U(Fm) is applied, and a measurement
in the computational basis is performed. Here, the measurement is conveniently described
by the fermionic Fock states POVM {|z⟩⟨z|}z∈Fm under the Jordan-Wigner isomorphism.
The outcome of the measurement and the drawn unitary are stored for post-processing as
in Section 5.1. In practice, U is often chosen to be a subset of matchgate unitaries to ensure
efficient sampling and post-processing via standard simulation techniques for fermionic
Gaussian circuits [135, 136, 139, 140]. Therefore, for a given observable O, we consider the
estimator of Tr(ρO) defined as

ô = (O |S−1ω(g)† |Ez) , (7.5)

with Ez ≡ |z⟩⟨z|, where ω is a suitable reference representation of U , and

S :=

∫
U
dg ω(g)†|Ez )(Ez|ω(g) , (7.6)

as in Chapter 5.
If the ensemble is chosen to be the matchgate group, this corresponds to sampling

unitaries from the Haar random distribution on O(2m). Here, the relevant representation
of the matchgate group acts on Majorana operators by the adjoint action of the matchgate
unitary. More formally, for anm-modes fermionic system, the associated Majorana operators
are the Hermitian operators defined as

γ2j−1 = fj + f †j , γ2j = −i(fj − f †j ) . (7.7)

Then, τ(g) is a matchgate unitary with g ∈ O(2m), and we consider the action of the
matchgate group described by the representation ω = τ(g)(·)τ(g)†. In particular, we have
τ(g)γjτ(g)

† =
∑

j∈[2m] gk,jγk. Notably, this representation decomposes into 2m inequivalent
irreps [137] which are spanned by suitable products of Majorana operators. Formally, this is
expressed as follows: Let γi be a single-mode Majorana operator. Setting A = {i1, . . . , i|A|},
one can consider the product of A ⊆ [2m] Majorana operators γA := γi1 . . . γi|A| with
i1 < · · · < i|A|. By definition, the action of a matchgate unitary is given by

τ(g)†γAτ(g) =
∑
B

det
(
g|A,B

)
γB , (7.8)

with B being a sequence of indices such that |B| = |A| and g|A,B denotes the submatrix of
g with rows indexed by A and columns indexed by B. Then, the irreducible subspaces of ω
are of the form ⟨γA | A ⊆ [2m]⟩ and, by Schur’s lemma, the frame operator is of the form
S =

∑2m
l=1 sl|1l )(1l|, where |1l )(1l| denotes the projector onto the lth irreducible subspace.

Then, one can show that [96]

S =
m∑
l=0

(
2m

2l

)(
m

l

)
|12l )(12l| . (7.9)
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This setting ensures efficient fidelity estimation of pure Gaussian states and Slater deter-
minants. This follows from classical simulation techniques of fermionic circuits described
within the Gaussian formalism [135]. An approach based on Grassmann’s calculus lead to
estimators for general observables as well [96, 136]. The third-moment operator can also be
analyzed in a similar fashion, leading to tight bounds on the variance of the protocol for
such observables. The same results hold if random unitaries are drawn from the ensemble
of matchgate Clifford unitaries O(2m) ∩ Clm, as these form a matchgate 3-design, c.f.
Definition 21, i.e.,∫

O(2m)
dg τ(g)⊗3(·)τ(g)⊗3† =

∑
g∈O(2m)∩Clm

τ(g)⊗3(·)τ(g)⊗k† (7.10)

for k = 1, 2, 3. Analogous results have been derived for similar ensembles of fermionic
unitaries [99], for instance, by sampling random signed permutation matrices. In particular,
random gates drawn from O(2m), SO(2m), O(2m)∩Clm, SO(2m)∩Clm lead to equivalent
estimation routines with similar variances [141].

7.3 Classical shadows with fermionic passive transformations

In practical tasks, exploiting symmetries of the system under examination is crucial to
reduce the size of the problem, and, consequently, the sampling complexity. Let x,y ∈ Sn,m
with |x| = |y| = k. Here, |x| denotes the Hamming weight of x. The task of estimating a
kRDM, defined as Tr[Dy

xρ], with

Dy
x := f †x1 . . . f

†
yk
fyk . . . fx1 (7.11)

is relevant for the description of interacting electrons or correlation functions [95], as
one and two-body observables are described by k = 1, 2 kRDMs. kRDMs are especially
relevant for systems with a definite number of particles distributed across m modes. Hence,
randomizing over particle-preserving unitaries is expected to lead to improvement in the
sampling complexity. In fact, Low [142] showed that, on average, the sampling complexity
does not depend on the number of modes m, leading to a favorable scaling in tasks such
as modeling dynamical correlations and simulations tasks where m≫ n [143–145]. In this
section, we review the characterization of the frame operator (7.6) from the point of view of
the Clebsch-Gordan decomposition, c.f. Section 3.1. We refer to [142] for the construction
of time-efficient simulations for the estimators of the overlaps Tr[Dy

xρ].
Let n ≤ m be the total number of particles and let

∧n(Cm) be the corresponding Fock
subspace. We assume the unknown state ρ has a well-defined number of particles n. The
ensemble of fermionic passive Gaussian unitaries is a natural choice to construct a shadow
estimator for kRDMs. Formally, we consider random unitaries τ(g) acting on

∧n(Cm),
where g ∈ U(m), c.f. Section 7.1. The relevant representation decomposes into multiplicity-
free irreps, and the frame operator can be computed (and inverted) in the basis where it is
block diagonal. To see this, first recall that

∧n(Cm) is the carrier space of an antisymmetric

irrep U(m), labeled by Young diagrams with only one column. For instance, denotes

the fermionic Fock space of 3 particles distributed over m ≥ 4 modes. Note that we can
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equivalently treat this space as an antisymmetric irrep of SU(m) without loss of generality, c.f.
Section 3.1.1. As such, the representation ωmn (g) ≡ ω(g) := τmn (g)(·)τmn (g)† ∼= τmn (g)⊗ τ̄mn (g)
is given by the product

ω = ... n ⊗ ... m− n , (7.12)

where the second Young diagram on the right hand side is associated with τ̄mn . The irrep
decomposition of the latter is multiplicity-free, c.f. Section 3.1.2: Consider a Young tableau
associated with the second diagram (e.g., labeling the boxes in alphabetic order). Young
diagrams with more than two columns cannot appear in the decomposition of ω, as they

would require to be of the type
a b

, for instance. Any such shape is not allowed

due to the antisymmetry constraint on the rows. As a consequence, assuming n ≥ m− n
without loss of generality, the only diagrams that can appear in the decomposition are
either completely antisymmetric, or of shape

...
...

...

k

m− 2k

(7.13)
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for k = 1, 2, . . . ,m− n. More precisely, observe that

ω =
... ⊗ ...

=

 ...
⊕

...

⊗ ...

=

 ...

⊕ ... ⊕

...


⊗ ...

=

 ...

⊕ ...
⊕

...
⊕

...


⊗ ...

. . .

=

n⊕
k=0

τk .

(7.14)

Note that by the elimination rule, c.f. Section 3.1.2, only the first terms in the parentheses
give rise to two summands.

Example 30. Let m = 7 and consider the irrep τ74 . Then, by Littlewood-Richardson’ rules,
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c.f. Section 3.1.2,
ω = τ74 ⊗ τ̄74

= ⊗
a

b

c

=



a

⊕

a


⊗

b

c

=



a

b
⊕

a

b

⊕

a

b


⊗ c

=

a

b

c
⊕

a

b

c

⊕

a

b

c

⊕
a

b

c

=

a

b

c
⊕

a

b

c

⊕

a

b

c

⊕ 1 .

(7.15)

We remark that in the formula

ω =

n⊕
k=0

τk (7.16)
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τ0 ≡ 1 is the trivial representation, and τ1 denotes the adjoint representation. By Schur’s
Lemma 5, it follows

S :=
∑

z∈Hm
n

∫
U(m)

dg ω(g)†|Ez )(Ez|ω(g)

=

n⊕
k=0

skidk ,

(7.17)

where sk = 1
dk

∑
z∈Hm

n
(Ez |Pk |Ez). To compute the coefficients, let us consider the

vectorization Ez
∼= |z, z⟩ and let Z be the GT pattern associated with z. Let Z̄ be the

corresponding pattern in the dual representation and recall that |Z⟩ = (−1)φ(Z)|Z̄⟩, c.f.
Eq. (3.23). Then, as Pk =

∑
M∈GT(τk)

|M ⟩⟨M |,

sk = d−1
k

∑
Z∈GT(τk)

⟨Z,Z |Pk |Z,Z⟩

= d−1
k

∑
Z∈GT(τk)

⟨Z, Z̄ |Pk |Z, Z̄⟩

=
1

dk

∑
Z∈GT(τk)

∑
M∈GT(τk)

⟨Z, Z̄ |M⟩⟨Z, Z̄ |M⟩

=
1

dk

∑
Z∈GT(τmn )

∑
M∈GT(τk)

|CMZ,Z̄ |2

= d−1
k

∑
M∈GT(τk)

δM,M

=
γk(0)

dk
.

(7.18)

The third step follows from the fact that Z, Z̄ are weight 1 vectors. This is a simple
consequence of the fact that τmn is a one-column diagram: The number of Young tableaux
with weight of shape τmn is exactly 1 (the same applies for τ̄mn by duality). In the fourth step,
we used the definition of Clebsch-Gordan coefficients, in the fifth step we used orthogonality
relations (3.37), and γk(0) is the inner multiplicity of 0 in τk. Moreover [146],

dk =

(
m

k

)2

−
(

m

k − 1

)2

, (7.19)

and by a numerical analysis of Kostka numbers, which amounts to the inner multiplicities,

γk(0) =

(
m

k

)
−
(

m

k − 1

)
. (7.20)

This implies

sk =
1(

m
k

)
+
(
m
k−1

) =

(
m+ 1

k

)−1

. (7.21)

The same result follows from Weingarten calculus for the unitary group [83] and by the
decomposition of the projectors Pk on the kth irrep in elementary symmetric polynomials
[142]. In particular, a polynomial-time routine to compute the estimators follows from such
construction. We refer to [142] for further details.
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7.4 Spin-adapted shadows

Fermionic systems often obey spin symmetries. This allows for further block-diagonalizations
of the relevant representation according to the structure of the spin sectors. In the language
of second quantization, this is modelled by considering a set of orthogonal spatial orbitals to
which an additional degree of freedom, the spin, can be associated to define the spin-orbitals
[147]. In this section, we use the following abstract “α-then-β” notation: Let α and β be the
possible values of the spin. For m spatial orbitals, we introduce 2m fermionic modes, labeled
such that modes 1, . . . ,m correspond to the α spin-orbitals, and modes m+ 1, . . . , 2m to
the β spin-orbitals (equivalently, fi ≡ fi,α and fi+m ≡ fi,β). With this ordering, under
the Jordan-Wigner transformation, each fermionic mode is mapped to one qubit, and the
computational basis encodes the occupation numbers. We consider the number operators
Nα :=

∑m
i=1 f

†
i fi, Nβ :=

∑2m
i=m+1 f

†
i fi. We will denote with nα and nβ the corresponding

eigenvalues. Next, define the spin operators [147]

Sz :=
1

2
(Nα −Nβ) , S2 := S2

x + S2
y + S2

z (7.22)

= S−S+ + Sz + S2
z , (7.23)

where S+ :=
∑m

i=1 f
†
i fi+m and S− = S†

+. In the latter, we used the relations S± = Sx± iSy
and [S+, S−] = 2Sz. In particular, it follows

S2 =
m∑

i,j=1

fif
†
j f

†
i+mfj+m +

Nα −Nβ

2
+

(Nα −Nβ)
2

4
. (7.24)

We are interested in the particle number-conserving unitaries that preserve the latter
symmetries and the total number of particles. In particular, conservation of Sz and the
total number operator N := Nα +Nβ amounts to conserving Nα and Nβ separately. Let
nα, nβ be the number of spin α and spin β particles, respectively. Therefore, we consider
passive Gaussian transformations τ : SU(2m) → U

(∧n(C2m)
)
, with n = nα + nβ , obeying

the symmetries

[τ(g), Nα] = [τ(g), Nβ] = [τ(g), S2] = 0 , ∀g ∈ U(2m) . (7.25)

For completeness, we also consider the case where S2 is not conserved, although this is not
typically relevant in practice. Then, we have can identify how the orbital transformations
restrict in the spin-adapted setting:

Lemma 31. The group of unitaries such that Nα and Nβ are preserved is isomorphic to
U(m)×U(m). The group of spin-preserving transformations is isomorphic to U(m).

Proof. We consider a fermionic system of nα + nβ particles distributed over 2m modes. Let
τ : U(2m) → U(H2m

nα+nβ
) be the representation of a passive Gaussian transformation onto

such space. Since the total number of particles is preserved by such map, we have

τ(g)f †i τ(g)
† =

2m∑
j=1

gj,if
†
j , τ(g)†f †i τ(g) =

2m∑
j=1

gi,jf
†
j . (7.26)
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for any g ∈ U(2m). Then, the conservation of Nα implies

τ(g)Nα = τ(g)
m∑
i=1

f †i fi

=
m∑
i=1

τ(g)f †i τ(g)
†τ(g)fiτ(g)†τ(g)

=
m∑
i=1

 2m∑
j=1

gj,if
†
j

( 2m∑
k=1

gk,ifk

)
τ(g)

=
2m∑
j,k=1

(
m∑
i=1

gj,igk,i

)
f †j fkτ(g)

.

(7.27)

More precisely, τ(g)Nα = Nατ(g) provided that

M∑
i=1

gj,igk,i =

{
δjk 1 ≤ j, k ≤M ,

0 j > M ∨ k > M .
(7.28)

Similarly, we have

τ(g)Nβ =
2m∑
j,k=1

(
2m∑

i=m+1

gj,igk,i

)
f †j fkτ(g) = Nβτ(g) (7.29)

iff
2m∑

i=m+1

gj,igk,i =

{
δjk m+ 1 ≤ j, k ≤ 2m,

0 j ≤ m ∨ k ≤ m.
(7.30)

By writing

g =

(
A B
C D

)
, (7.31)

Eqs. (7.28) and (7.30) are equivalent to the following relations:

AA† = 1 , AC† = 0 , BB† = 0 , (7.32)

DD† = 1 , BD† = 0 , CC† = 0 . (7.33)

In particular, it follows that B,C = 0 and A,D ∈ U(m).
Lastly, notice that

[τ(g), S2] =
m∑

i,j=1

[τ(g), fif
†
j f

†
i+mfj+m] +

1

2
[τ(g), Nα −Nβ] +

1

4
[τ(g), (Nα −Nβ)

2] (7.34)

=
m∑

i,j=1

[τ(g), fif
†
j f

†
i+mfj+m] . (7.35)
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The latter follows from the symmetries [τ(g), Nα] = [τ(g), Nβ] = 0 and since [A,BC] =
B[A,C] + [A,B]C for any triple of operators A,B,C. Then, we have

τ(g)
m∑

i,j=1

fif
†
j f

†
i+mfj+m =

m∑
i,j=1

τ(g)fiτ(g)
†τ(g)f †j τ(g)

†τ(g)f †i+mτ(g)
†τ(g)fj+mτ(g)†τ(g)

=
m∑

i,j=1

∑
a,b,c,d

ga,igb,jgc,i+mgd,j+mfaf
†
b f

†
c fdτ(g)

=
∑
a,b,c,d

(
m∑
i=1

ga,igc,i+m

) m∑
j=1

gd,j+mgb,j

 faf
†
b f

†
c fdτ(g) .

(7.36)

Since g =

(
A 0
0 D

)
, it follows

m∑
i=1

gi,agi+m,c =
m∑
i=1

Ai,aDi,c =
m∑
i=1

(A†)a,iDi,c , (7.37)

m∑
j=1

gd,j+mgb,j =
m∑
j=1

Dd,jAb,j =
m∑
j=1

Ab,j(D
†)j,d , (7.38)

and [τ(g),
∑m

i,j=1 fi, f
†
j f

†
i+mfj+m] = 0 provided that

m∑
i=1

(A†)a,iDi,c = δa,c ,

m∑
j=1

Ab,j(D
†)j,d = δb,d , (7.39)

which imply A†D = AD† = 1, respectively. Hence, D = A by unitarity.

In the remaining, we discuss modifications to fermionic shadow estimation under the
symmetry-adaptations described in Lemma 31. First, let us consider a fermionic system
with conservation of the spin sectors, i.e., Nα, Nβ are preserved. As before, we restrict to
special unitary transformations without loss of generality. In general, SU(m)× SU(m) acts
separately on the α and β sectors described by two copies of the Fock space

⊕m
i=0

∧iCm,

respectively. In particular, this action is described on the space
(⊕m

i=0

∧iCm
)⊗2

, which
is naturally isomorphic to the fermionic Fock space of 2m modes. This follows from the
fact that, for each k ∈ [2m],

∧k C2m ∼=
⊕

k1+k2=k

∧k1 Cm ⊗∧k2 Cm (easily verified by a
dimension counting using Vandermonde’s identity). More precisely, it is enough to identify
the ground states of the two spaces and construct the explicit unitary map [60]:

Proposition 32. Consider the Hilbert spaces Cm1 , Cm2 . The following isomorphism holds
true:

m1+m2⊕
i=0

i∧
Cm1+m2 ∼=

m1⊕
i=0

i∧
Cm1 ⊗

m2⊕
i=0

i∧
Cm2 . (7.40)

Proof. Let us consider the Fock spaces
⊕m1

i=0

∧iCm1 ,
⊕m2

i=0

∧iCm2 . These are given by the
span of the bases

Φ = {|z(1)⟩ ≡ f
(1)†
i1

. . . f
(1)†
ip

|0m1⟩ | p ≥ 0 , i1 < · · · < ip , ik ∈ N , k = 1, . . . p} , (7.41)
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Ψ = {|z(2)⟩ ≡ f
(2)†
i1

. . . f
(2)†
ip

|0m2⟩ | p ≥ 0 , i1 < · · · < ip , ik ∈ N , k = 1, . . . p} , (7.42)

where |0m1⟩, |0m2⟩ denote the vacuum states of Cm1 and Cm2 , respectively.
By fixing |0m1+m2⟩ to be the vacuum state of

⊕m1+m2
i=0

∧iCm1+m2 , we have the latter
is spanned by

{|z(1+2)⟩ ≡ f
(1)†
i1

. . . f
(1)†
ip

f
(2)†
j1

. . . f
(2)†
jq

|0m1+m2⟩} , (7.43)

with 0 < i1 < · · · < ip, 0 < j1 < · · · < jq.
Then, for any |ψ⟩ ∈⊕m1+m2

i=0

∧iCm1+m2 we can define the operator U such that

U |ψ⟩ =
∑

i1,...,ip,j1,...jq

⟨z(1+2) |ψ⟩|z(1)⟩ ⊗ |z(2)⟩ , (7.44)

which is unitary since

⟨Uψ |Uϕ⟩ =
∑

i1,...,ip,j1,...jq ,k1,...,kr,l1,...,ks

⟨z(1+2) |ψ⟩⟨y(1+2) |ϕ⟩⟨z(1) ⊗ z(2) |y(1) ⊗ y(2)⟩

=
∑

i1,...,ip,j1,...jq ,k1

⟨z(1+2) |ψ⟩⟨z(1+2) |ϕ⟩

= ⟨ψ |ϕ⟩

(7.45)

for any pair of vectors ψ, ϕ ∈⊕m1+m2
i=0

∧iCm1+m2 .

We now discuss the irreps of SU(m)× SU(m). In the following, for clarity, we use the
symbol ⊠ to denote the (outer) tensor product of two representations, which is defined
as follows: Let π1, π2 be representations of the groups G1, G2, respectively. The tensor
product representation is defined as π1 ⊠ π2(g1, g2) := π1(g1)⊗ π2(g2). Then, we consider

τ ⊠ τ : SU(m)× SU(m) → U

(
m⊕
i=0

i∧
Cm ⊗

m⊕
i=0

i∧
Cm
)
, (7.46)

where τ : SU(m) → U(
⊕m

i=0

∧iCm) describes the action of a passive transformation on the
fermionic Fock space of m modes. We remark that this picture agrees with the observation
in [148, App. C] in the setting of spin-adapted fermionic Gaussian transformations. More
precisely, Gaussian transformations that preserves spin α and β types are still block

diagonal, i.e., O =

(
Oα 0
0 Oβ

)
∈ O(4m), where Oα, Oβ ∈ O(2m). The action of these

transformations is defined on a set of spin Majorana operators supported on the product
space. The latter differs form the Majorana operators defined on each sector by a parity
transformation on the β sector that depends on the determinant of Oα [148, Eq. (C2)].
In our case, U(m) ∼= SO(2m) ∩ Sp(2m), see e.g. [149, Appendix B.1]. Hence, any passive
transformation is described by a special orthogonal transformation in the basis of Majorana
operators, and their action on the total Fock space is the one described in Eq. (7.46).

Next, recall that the spaces
∧iCm are invariant for i = 0, . . . ,m and the restriction of

τ to such spaces is irreducible. Then, we consider the irrep

T ≡ τα ⊠ τβ : SU(m)× SU(m) → U

(
nα∧

Cm ⊗
nβ∧

Cm
)
, (7.47)
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where τα (τβ , respectively) is the irrep of SU(m) on
∧nα Cm (

∧nβ Cm, respectively). Note
that T is irreducible by construction, see [63, Thm. 7.12]. Then, the action of a sector-
preserving unitary on quantum states is given by the representation T (·)T †. By fixing a
basis for the Hilbert space (in this case, the Fock basis), we have

Ω := T (·)T † ∼= T ⊗ T , (7.48)

Then, it follows
Ω ∼= T ⊗ T ∼= (τα ⊗ τα)⊠ (τβ ⊗ τβ) , (7.49)

The latter decomposes according to Eq. (7.16), namely,

τα ⊗ τ̄α =

min{nα,m−nα}⊕
k=0

τk , τβ ⊗ τ̄β =

min{nβ ,m−nβ}⊕
l=0

τl , (7.50)

where τ0 ≡ 1 and τ1 ≡ Ad. Therefore, we have

Ω ∼=
min{nα,m−nα}⊕

k=0

min{nβ ,m−nβ}⊕
l=0

τk ⊠ τl . (7.51)

It is now straightforward to compute the frame operator associated with Ω:

Proposition 33. Let S be the frame operator of a fermionic shadow estimation protocol
defined in Eq. (5.1), where unitaries are drawn from U(m)× U(m). Then, S = Sα ⊗ Sβ,
where

Sα =
∑

zα∈Hm
Nα

∫
SU(m)

dg ωα(g)
†|Ezα )(Ezα |ωα(g) , (7.52)

Sβ =
∑

zβ∈Hm
Nβ

∫
SU(m)

dg ωβ(g)
†|Ezβ

)(Ezβ
|ωβ(g) , (7.53)

with ωα := τα(·)τ †α , ωβ := τβ(·)τ †β and Ez ≡ |z⟩⟨z|. Moreover, Sα, Sβ admit the decomposi-
tions, c.f. Eq. (7.17),

Sα =

nα⊕
k=0

skidk , Sβ =

nβ⊕
l=0

slidl . (7.54)

Proof. Set M =
∑

zα
|Ezα )(Ezα | ⊗

∑
zβ
|Ezβ

)(Ezβ
|. By definition of Ω,

S =

∫
U(m)×U(m)

dg1dg2Ω(g1, g2)MΩ(g1, g2)
†

=

∫
U(m)×U(m)

dg1dg2 ωα ⊠ ωβ(g1, g2)Mωα ⊠ ωβ(g1, g2)
†

=

∫
U(m)×U(m)

dg1dg2 ωα(g1)⊗ ωβ(g2)Mωα(g1)
† ⊗ ωβ(g2)

† .

(7.55)
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Hence, since
∫
U(m)×U(m) dg1dg2 =

∫
U(m) dg1

∫
U(m) dg2, we have S = Sα ⊗ Sβ. Recall

now that Sα is the projection of Mα ≡ ∑
zα
|Ezα )(Ezα | onto the commutant of ωα =∑min{nα,m−nα}

k=0 τk. Schur’s Lemma 5 implies

Sα =

nα∑
k=0

Sk =

nα∑
k=0

sk1k , (7.56)

where sk := d−1
k Tr[PkMα], with Pk being the projector onto τk and dk = dim τk. The

latter observation holds for Sβ as well, and the assertion follows.

Therefore, for independent spin systems with well-defined Nα and Nβ spin numbers,
the estimator of [142] can be applied to the two spin sectors independently. Formally, if
O = Oα ⊗Oβ , we have the following estimator:

ô = Tr[Oα ⊗OβS
−1(Ez,g)] = Tr[OαS

−1
α (Ez,gα)] Tr[OβS

−1
β (Ez,gβ )] , (7.57)

where g ≡ (g1, g2) ∈ U(m)×U(m) and we used S = Sα ⊗ Sβ . Note that this is the case of
k-reduced density matrices, as Dp

q := f †p1 . . . f
†
pkfqk . . . fq1 is such that dq,p ≡ Tr[Dp

qρ] = 0

if the number of spin α and β is not preserved. Denoting with d̂q,p the corresponding
estimator, we have d̂q,p = d̂qα,pα

d̂qβ ,pβ
, where qα,pα (respectively, qβ,pβ) are subsets of

kα symbols (respectively, kβ symbols) of q,p that lives in the α sector (respectively, in the
β sector) with k = kα + kβ. Each d̂qγ ,pγ

, with γ ∈ {α, β}, can be computed in time
(
m
kγ

)
independently [142], which implies d̂q,p can be computed in time O

(
max{

(
m
kα

)
,
(
m
kβ

)
}
)
.

While this first analysis has the advantage of reducing the sampling cost of the protocol
outlined in Section 7.3, it does not take fully advantage of the natural symmetries of spin
systems (namely, the conservation of the total spin number). As a last topic of this part,
we briefly review the case of shadow estimation with spin-adapted unitaries, described
by unitary operations that preserve the total spin number S2. As before, we fix the spin
numbers nα, nβ and consider the space

∧nα Cm ⊗∧nβ Cm. By Lemma 31, the action of
U(m) is described by the representation τα⊗ τβ : U(m) → U(

∧nα Cm⊗∧nβ Cm), where τα
(respectively, τβ) is again the antisymmetric irrep of SU(m) on the space of nα (respectively,
nβ) fermions. Unlike Eq. (7.47), τα ⊗ τβ is completely reducible. In fact, the latter can
be seen as the restriction of T to the diagonal subgroup {(g, g) | g ∈ U(m)} ∼= U(m) of
U(m)×U(m). Then, define the representation ωα,β := τα ⊗ τβ ⊗ τ̄α ⊗ τ̄β and consider the
frame operator that describes shadow estimation with spin-adapted unitaries, i.e.,

Sspin :=

∫
U(m)

dg ωα,β(g)Mωα,β(g)
† , (7.58)

where M =
∑

zα
|Ezα )(Ezα | ⊗

∑
zβ
|Ezβ

)(Ezβ
|. The inversion of Sspin is complicated by

the insurgence of multiplicities that we observe in the following decomposition:

ω := ωα ⊗ ωβ

∼=
min{nα,m−nα}⊕

k=0

min{nβ ,m−nβ}⊕
l=0

τk ⊗ τl .
(7.59)
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In fact, the decomposition of τk ⊗ τl is not multiplicity-free in general. For instance, the
adjoint representation τ1 appears with multiplicity 2 in τ1 ⊗ τ1. As a consequence, the
frame operator becomes [50]

Sspin =
⊕
r

idr ⊗ sr , (7.60)

where the sum runs over all the irreps in ω and sr is a positive semidefinite matrix acting
on the multiplicity space of the rth irrep. From the isotypic decomposition of ωmα,β, and
denoting with Pr the projector on the rth irrep, it follows that Tr[sr] = d−1

r

∑
z(Ez |Pr |Er).

However, a further decomposition (and diagonalization) of the frame operator requires
the choice of an orthonormal basis in each isotype. A suitable choice is crucial to ensure
time-efficient computation of the estimators. The Clebsch-Gordan basis is a natural
candidate that can solve the ambiguity of the multiplicity subspaces. In fact, if in the irrep
decomposition there are non-trivial multiplicities, the Clebsch-Gordan decomposition is
not unique due to the degeneracy of the subspace of highest weight vectors [77]. Gram-
Schmidt orthonormalization can be used to solve such degeneracy, and, consequently, one
can construct the Clebsch-Gordan basis in each irreducible subspace. However, while
analytical expressions for such coefficients are available for some classes of irreps, such as
the fundamental representations [150–152], this is not true in general. To our knowledge,
analytical expressions for τk ⊗ τl decompositions are not known, and one must rely on
the numerical computation of Clebsch-Gordan coefficients. This restrict the practical
implementation to small systems due to the exponential size of the fermionic Hilbert space.
Finding efficient algorithms to compute the shadow estimator remains an open question.

Lastly, we note a similar phenomenon in systems with global spin symmetry. A unitary
that is symmetric under the conserved quantities N and S2 can be described as an element
of U(m) × SU(2), where the two factors are a reductive dual pair in U(2m) (namely,
their action commute on the Fock space of 2m modes). Therefore, the antisymmetric
representation of U(2m) restrict to U(m) × SU(2) according to Howe duality, and the
relevant representation is now [153–155]

τ (N) =

N/2⊕
S=0

τ
U(m)
λS

⊗ τ
SU(2)
S , (7.61)

where τSU(2)
S is an irrep of SU(2) labeled by the total spin S, and λS is a Young diagram

with at most two columns and N boxes. Then, we observe that the reference representation
τ (N)(·)τ (N)† may not decompose into multiplicity-free irreps. For instance, this is again the
case if τU(m)

λS
≡ τ1 is the adjoint representation of U(m).

In conclusion, we expect the development of spin-adapted shadows to remain an
important open problem requiring further investigation. Although the dimensionality
reduction induced by the additional symmetries may lead to improved protocols, in the
context of shadow estimation it is crucial to devise efficient classical algorithms for computing
the corresponding shadow estimators. However, the emergence of non-trivial multiplicities
complicates the computation of the frame operator, suggesting that more sophisticated
tools are needed to design practical protocols.



Part III

Characterization of bosonic systems
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Chapter 8

Introduction to this part

Bosonic quantum systems play a major role in the design of quantum technologies, such as
quantum simulation [156, 157], quantum communication [158], and quantum metrology [159].
This includes photonic quantum computing as a popular proposal for scalable quantum
computers [160–165]. Remarkable proposals encompass the implementation of bosonic
codes to encode qubits into bosonic states, and take advantage of the “built-in redundancy”
provided by the infinite-dimensional nature of the Hilbert space [166, 167], which include
the Gottesmann-Knill-Preskill (GKP) code [168] capable of correcting small shifts in the
quadratures of the oscillator and cat codes [159], or via the measurement-based approach to
quantum computing [169–171] enabled by the implementation of cluster states in photonic
platforms [172, 173]. The biggest advantages of this model rely on the implementation of
particle sources, detectors, and linear optical circuits on the same integrated chips [174–177],
and access to mixed schemes for quantum error correction via concatenation with quantum
LDPC [178] or surface codes [179]. Alternative non-universal models of computation based
on bosonic systems are also available: Boson sampling [180] and Gaussian boson sampling
[181, 182] are among the most studied experiments to test quantum advantage, including
practical realizations [183–185].

However, the intricacies of the bosonic Hilbert space represent a considerable challenge
for the formulation of rigorous, scalable protocols for the characterization of bosonic systems
[186, 187], and most common approaches rely on continuous-variable (CV) tomographic
techniques based on the phase space representation of quantum mechanics [91]. Notably, the
first rigorous guarantees for the latter were proven only recently [138, 188, 189]. However,
practical implementations of full tomography is effectively unfeasible for non-Gaussian CV
systems due to the unfavourable scaling of the number of measurement shots required
[186, 190–195]. Moreover, as in discrete variable systems, the outcome of quantum process
tomography depends on SPAM errors. At the same time, the design of randomized protocols
is particularly challenging due to the infinite-dimensional structure of the bosonic Hilbert
space that prevents a straightforward generalization of (discrete) scrambling techniques to
such platforms. For instance, Gaussian unitaries only form a unitary 1-design [196, 197],
and unitary 2-designs cannot exist for CV systems, unless rigged Hilbert spaces are
considered [44]. Such issues constrain characterization protocols to very specific settings,
as straightforward generalizations of protocols such RB require the computation of k = 2-
moment operators, where the implemented unitary operators are only benchmarked w.r.t.
a restricted set of input states [198].
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In this part, we bridge this gap and extend randomized benchmarking to passive
Gaussian transformations in bosonic systems. We extend recent results in the RB literature
[49, 50, 199, 200] and tackle the challenges posed by bosonic systems by a careful analysis
of the relevant representations describing the action of passive Gaussian transformations.
In Chapter 9, we provide an introduction to the mathematical theory of randomized
benchmarking. Starting from simple proposals for Clifford gates in Section 9.1, we discuss
limitations of standard RB. Most notably, we discuss the signal form of RB in detail, and
show that, in general, it is determined by a linear combination of exponential decays. Then,
in Section 9.2, we review the recent filtered RB framework, designed to overcome this (and
other) issue by introducing a suitable post-processing routine to isolate exponential decays
[49–51]. Next, in Chapter 10, we discuss our main results by extending the filtered RB
framework to bosonic systems. We propose an RB experiment akin to boson sampling
and, under mild assumptions on the noise, we show how to extract decay rates and isolate
particle loss rates. We also provide rigorous sampling complexity guarantees, as we show
that the number of samples scales very mildly in the number of modes. This suggests that
experimentally interesting implementations of the protocol are available for systems of
moderate size. Lastly, in Chapter 11, we discuss extensions of the protocol by analyzing
further experimental designs and noise models. In particular, we consider setups with either
Gaussian states or measurements, and provide first results on the behaviour of the RB
signal with distinguishable particles.



Chapter 9

Randomized benchmarking

Within the zoo of characterization methods for quantum processes on discrete variable
systems, RB plays a special role due to its robustness against SPAM errors and its rather
low demands on the measurement effort [47, 48, 199, 201–209]. Rather than certifying the
behaviour of a specific process, such as in quantum process tomography, RB estimates an
average metric over a set of implemented unitaries, typically summarised by one or a few
parameters. Since its initial formulation, the RB formalism has developed into a family of
protocols, including variants tailored to specific gate sets or designed to address specific
noise models. We refer to this collection as the RB framework. It includes, for instance,
protocols that assess the quality of a designated gate by interleaving it with random
unitaries (interleaved RB) [205, 210–213], schemes that focus on native gates generating a
given gate set [214], and variant targeting specific error models, such as coherent errors
[215], or protocols designed to quantify leakage [216–218]. These protocols follow a similar
prescription that is repeated many times and for quantum circuits of different depths:
Given an input state, one applies a sequence of random unitary operators –terminated by
an inversion gate that ideally trivialize the sequence– and then performs a measurement.
Notably, SPAM-related contributions enter the measured signal in a way that is independent
of sequence length, whereas the effect of gate imperfections accumulates with length. Fitting
the length dependence thus separates gate-set properties from SPAM errors and yields
parameters that reflect the average noise affecting the gate set.

Recent works led to general guarantees for RB protocols based on finite or compact
groups [49–51, 200, 219, 220], revealing the structure of the RB signal beyond unitary
2-designs. In this setting, one faces the fundamental issue of dealing with linear combination
of exponential decays: Estimating the corresponding decay rates becomes practically
unfeasible once more than a few of them are involved.

In this chapter, we review the mathematical structure of the RB framework from a
representation-theoretic perspective, highlighting both the challenges and strategies involved
in extending it to bosonic systems. In Section 9.1, we introduce the standard RB protocol
and discuss its limitations. We emphasize the difficulties that arise when performing RB
with general groups, as well as the post-processing challenges associated with isolating
exponential decays from measurement data. These issues are addressed in Section 9.2, where
we review the filtered RB protocol [49, 50] –which extends previous results of character RB
[51]– specializing the discussion to the case of multiplicity-free representations.
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9.1 Standard RB

For a digital quantum computer, the aim of standard RB is to characterize a subgroup
G ⊆ U(d) of unitary operations [47, 48, 201]. The protocol is specified by the choice of some
key parameters: A quantum state ρ in H = Cd that can be prepared reliably and a POVM
M = {Ex}x∈Ω. The ideal action of G is described by a representation U : G→ U(d), which
induces a representation of G on the space L(Cd) by the adjoint action ω(g) := U(g)(·)U(g)†.
We refer to the representation ω as the reference representation. In practice, this action is
noisy, and we consider the implementation map model [19] to describe noisy unitary gates
on L(Cd). This is specified by a map ϕ : G → L(L(Cd)) (the implementation map) that
associates elements in G with quantum channels. This model is implicitly justified by the
assumption of non-Markovian, time independent noise. Lastly, we define a set of sequence
lengths L ⊂ N. In the standard RB protocol, we consider the following primitive:

i. Fix a sequence length l ∈ L.

ii. Prepare the input state ρ.

iii. Apply unitaries g1, . . . , gl ∼ G sampled uniformly at random, followed by the inverse
unitary ginv = (g1 . . . gl)

−1.

iv. Perform a measurement described by a POVM {Ex}.
For each value l, the primitive is repeated T times. In a noiseless scenario, this corresponds
to implementing an identity gate and measuring the probability Tr[Exρ]. In the presence
of noise, this probability is reduced, so the likelihood of observing the same outcome
decreases as the sequence length increases. Formally, the protocol described above amounts
to sampling from the probability distribution

(Ẽx |ϕ(ginv)ϕ(gl) . . . ϕ(g1)|ρ̃) , (9.1)

where ρ̃, Ẽx are the noisy implementations of ρ and Ex, respectively. By averaging over
many samples, it follows from Eq. (2.29) and Haar invariance

p(l) :=

∫
dg1 . . . dgl(Ẽx |ϕ(ginv)ϕ(gl) . . . ϕ(g1)|ρ̃)

= (Ẽx |
∫
dg1 . . . dgl ϕ(g

−1
1 . . . g−1

l )ϕ(gl) . . . ϕ(g1)|ρ̃)

= (Ẽx |
∫
dg2 . . . dgl ϕ(g

−1
2 . . . g−1

l )ϕ(gl) · · ·
∫
dg1 ϕ(g2g

−1
1 )ϕ(g1)|ρ̃) (g2 7→ g2g

−1
1 )

= (Ẽx |
∫
dg3 . . . dgl ϕ(g

−1
3 . . . g−1

l )ϕ(gl) · · ·
∫
dg2 ϕ(g3g

−1
2 )(ϕ ∗ ϕ)(g2)|ρ̃) (g3 7→ g3g

−1
2 )

...

= (Ẽx |
∫
dgl ϕ(g

−1
l gl)ϕ

∗l(gl)|ρ̃)

= (Ẽx |ϕ∗(l+1)(e)|ρ̃) , (9.2)

where e ∈ G denotes the identity. Note that RB can be understood as a power method in
the Fourier space [199], as the convolution operator of maps on a group can be turned into
a (matrix) multiplication using a Fourier transform.
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9.1.1 The gate-independent noise case

The analysis of the RB data depends on the ansatz on the noise. In this section, we discuss
the simple case of gate-independent noise. Then, there exists quantum channels ΛL, ΛR
such that the implementation map can be written as ϕ(g) = ΛLω(g)ΛR for any g ∈ G,
which implies

ϕ∗(l+1)(e) = ΛL

(∫
G
dg ω(g)†Λω(g)

)l
ΛR , (9.3)

where Λ ≡ ΛRΛL and M(·) :=
∫
G dg ω(g)

†(·)ω(g) is the moment operator defined in
Eq. (3.49). Therefore, the RB data is fully characterized by such twirl, which amounts to
the orthogonal projection onto the commutant C(ω), c.f. Section 2.4.

RB with unitary gates

Suppose unitaries are uniformly drawn from the Haar measure on G = U(d). Notice that, in
practice, this is equivalent to draw unitaries from a unitary 2-design, e.g., Clifford unitaries.
Suppose the action of G is described by the reference representation ω := U(·)U †, with U
being the defining representation of U(d).

Then, we have ω ∼= id ⊕ Ad, c.f. Eq. (3.28), where id, Ad denote the trivial and the
adjoint representation, respectively.

Hence, M(Λ) is the depolarizing channel with depolarizing parameter pΛ = Tr[PAdΛ]
d2−1

,
c.f. Eq. (3.48). This is related to the average gate fidelity (AGF) in a simple way [36]: For
two arbitrary maps X ,Y, define the AGF as

Favg(X ,Y) :=

∫
dψ (X (|ψ⟩⟨ψ|)|Y(|ψ⟩⟨ψ|)) . (9.4)

By setting Favg(X ) ≡ Favg(X , id), we have this simple fact that follows from Haar invariance
and self-adjointness of T :

Favg(M(X )) =

∫
dψ (M(X )(|ψ⟩⟨ψ|)|id(|ψ⟩⟨ψ|))

=

∫
dψ (X (|ψ⟩⟨ψ|)|M(id)(|ψ⟩⟨ψ|))

=

∫
dψ ⟨ψ |X (|ψ⟩⟨ψ|)|ψ⟩

= Favg(X ) .

(9.5)

Setting X = M(Λ) = DpΛ , we have

Favg(DpΛ) =

∫
dψ Tr[|ψ⟩⟨ψ|DpΛ(|ψ⟩⟨ψ|)] =

1− pΛ
d

+ pΛ . (9.6)

Therefore,

pΛ =
dFavg(Λ)− 1

d− 1
. (9.7)
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It is now easy to show that RB with unitary 2-designs in the presence of gate-independent
noise estimates the average gate fidelity of G. In fact,

Dp(Dp(ρ)) = Dp(
1− p

d
1+ pρ)

=
1− p

d
1+ p

1− p

d
1+ p2ρ

=
1− p2

d
1+ p2ρ

= Dp2(ρ) ,

(9.8)

for any state ρ. Then, by induction on l, we have Dl
pΛ

= DplΛ
. Next, we have

p(l) = (Ẽx |ΛDplΛ
|ρ̃)

= plΛ(Ẽx |Λ|ρ̃) + (1− plΛ)(M̃ |Λ|d−11)

= plΛ(Ẽx |Λ|ρ̃− d−11) + (M̃ |Λ|d−11) .

(9.9)

Here, ρ̃, Ẽx denote the noisy implementations of the input state ρ and the POVM element
Ex, respectively. Therefore, we have

p(l) = AplΛ +B , (9.10)

where A ≡ (Ẽx |Λ|ρ̃− d−11), B = (Ẽx |Λ|d−11) are the SPAM constants. Remarkably, the
decay rate pΛ does not depend on SPAM errors, as intuitively one would expect.

General groups and representations

For general compact groups and representation ω := τ(·)τ †, Fourier properties of the
moment operator guarantee the results of the previous section readily generalize when τ is
not the defining representation. To simplify the presentation, we restrict our attention to
the multiplicity-free scenario.

Proposition 34. Let ω be a multiplicity-free reference representation of a compact group
G, i.e., ω =

⊕
λ∈ω̂ τλ. Then, the signal form of standard RB is described by the relation

p(l) = sid +
∑

λ∈ω̂\id
s̃λr

l
λ , (9.11)

for some coefficients s̃λ.

Proof. By Haar invariance, M(Λ) is in the commutant of ω. Hence, by Schur’s lemma 5,
it must be of the form

⊕
λ∈ω̂ rλidλ, where idλ is the (unnormalized) projector onto the

λth irrep. Let us denote with {|λM⟩}M∈Hλ
an orthonormal basis in Hλ and let C be the

matrix that realizes the changes of basis. We have M(Λ) = CDC−1, where D is diagonal
in the basis of operators {|λ1M1⟩⟨λ2M2| | λ1, λ2 ∈ ω̂ , M1 ∈ Hλ1 , M2 ∈ Hλ2}, namely

D =
∑
λ∈ω̂

rλ
∑
M∈Hλ

|λM ⟩⟨λM | . (9.12)
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The RB data reads as

p(l) = (Ẽx |M(Λ)l |ρ̃)
= (Ẽx |CDlC−1 |ρ̃)
=
∑
λ∈ω̂

rlλ
∑
M∈Hλ

⟨λM |C−1(ρ̃)C†(Ẽx)|λM⟩ .
(9.13)

In the first line, we absorbed ΛL and ΛR in the SPAM terms. By writing C†(Ẽx), C−1(ρ̃)
in the same operator basis, i.e.,

C†(Ẽx) =
∑
λ1,λ2

∑
M1∈Hλ1

∑
M2∈Hλ2

aλ1,λ2M1,M2
|λ1M1⟩⟨λ2M2| , (9.14)

C−1(ρ̃) =
∑
λ3,λ4

∑
M3∈Hλ3

∑
M4∈Hλ4

bλ3,λ4M3,M4
|λ3M3⟩⟨λ4M4| , (9.15)

and by the orthogonality relations ⟨λiMj |λkMl⟩ = δi,kδj,l, we have

p(l) =
∑
λ∈ω̂

s̃λr
l
λ = sid +

∑
λ∈ω̂\[id]

s̃λr
l
λ , (9.16)

where s̃λ =
∑

λ̃∈ω̂
∑

M∈Hλ

∑
M̃∈Hλ̃

aλ,λ̃
M,M̃

bλ̃,λ
M̃,M

, and in the r.h.s. we isolated the contribution
from the trivial representation in ω.

We remark that the latter results holds also if the decomposition of ω is not multiplicity-
free. If the reference representation decomposes as

⊕
λ

⊕mλ
r=1 τ

(r)
λ , where mλ is the multi-

plicity of τλ in ω, by Proposition 14, M projects onto C(ω) and it is such that

M =
⊕
λ∈ω̂

Pλ ⊗ idmλ
, (9.17)

where idmλ
is the mλ ×mλ identity on the multiplicity subspace. In particular França and

Hashagen [219] consider the Jordan decomposition [221]

CM(Λ)C−1 = D +N , (9.18)

where D is diagonal, N is nilpotent, and [D,N ] = 0. Then, one can repeat the same
analysis as before and, by fixing the intertwining operators that block-diagonalize ω, the
RB signal can be expressed as a linear combination of matrix exponential decays associated
with the isotypes in ω. Specifically, the nilpotent part vanishes if l ≥ max rλ, and the same
derivation applies.

9.1.2 The gate-dependent noise model

The analysis so far relies on the unrealistic assumption of gate-independent noise. While
this is convenient, it is typically a poor approximation in practice, and a more careful
treatment is required. In general, the analysis of the RB signal becomes significantly more
involved once gate-dependent noise is taken into account. Nevertheless, if the implemented
gates are not too noisy, the standard RB signal is still well approximated by the same linear
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combination of (matrix) exponential decays, up to an error that is exponentially suppressed
in the sequence length [49, 200, 222]. Here, we outline the underlying intuition, and refer
to [222, Thm. 4] for a formal proof in the case of unitary 2-designs, and [49, Thm. 8], [200,
Thm. 1] for the analysis of finite and compact groups, respectively.

RB under gate-dependent noise can be analyzed using matrix Fourier analysis introduced
in Section 2.4. The key steps can be summarized as follows [49, 199, 200]: Following the
decomposition of ω into irreps, one shall consider the Fourier inversion formula [49, 199]

ϕ(g) =
∑
λ∈Ĝ

dλTrλ

(
ϕ̂[τλ]τ̄λ(g

−1)⊗ 1
)
. (9.19)

In the Fourier space, the convolution is mapped to a product, and one has

p(l) = (Ẽx |ϕ∗(l+1)(e)|ρ̃)
=
∑
λ∈Ĝ

dλ(Ẽx |ρ̃)(Ẽx |Trλ(ϕ̂[τλ]l+1 τ̄λ(g)
−1 ⊗ 1)|ρ̃) . (9.20)

Crucially, if the implementation map is sufficiently ’good’, ϕ̂ can be interpreted as a
perturbation of ω̂. Formally, one can write ϕ̂ = ω̂+E, with E ≡ ϕ̂− ω̂ being a perturbation
term that is small enough in a given norm. Recall that ω̂ is effectively a direct sum of
projectors, each associated with a λ-isotype for λ ∈ Ĝ. Then, ϕ̂ is close to being a projector,
in the sense that ϕ̂[τλ] is also block-diagonal, i.e. ϕ̂[τλ] ≈ diag(Iλ, Oλ), with the error
from the diagonal components of ω̂[τλ] being well-controlled. Moreover, the second term
constitutes a sub-dominant term that is exponentially suppressed in the sequence length
provided the perturbation is small. This implies that for some super-operators Φ̂, Ω̂ we
have a functional form given by

p(l) = (Ẽx |Φ̂− Ω̂|ρ̃) + exponentially suppressed error . (9.21)

By fixing a basis in the space of the representation, as in Section 9.1.1, it is possible to
prove that

p(l) =
∑
λ∈Ĝ

Tr(AλM
l
λ) + exponentially suppressed error . (9.22)

In next section, we provide further details on the application of matrix perturbation theory
in the context of RB.

9.1.3 Fitting procedure

For Haar random unitaries (or unitary 2-designs), the decay rates may be associated
with suitably-defined average gate fidelities on each invariant subspace. If G is not a
2-design, it is convenient to combine the decay rates rλ in a single measure of the quality
of the implementation map in terms of the entanglement fidelity Fe of the noise channel
Fe(T ) := (EΩ |T ⊗ id|EΩ), where EΩ ≡ |Ω⟩⟨Ω| and |Ω⟩ := 1√

d

∑
i∈[d]|i, i⟩ is the maximally
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entangled state. Specifically, we have

Fe(M(Λ)) := (EΩ |Λ⊗ id|EΩ)

=
∑

i,j,k,l∈[d]
(|i⟩⟨j| ⊗ |i⟩⟨j| |M(Λ)⊗ id||k⟩⟨l| ⊗ |k⟩⟨l|)

=
∑
i,j

(|i⟩⟨j| |M(Λ)⊗ id||i⟩⟨j|)

≡ Tr(M(Λ))

= Tr(Λ) .

(9.23)

As M is a direct sum of projectors, by Lemma 5, it follows [219]

Fe(Λ) =
1

d2

∑
λ∈ω̂

dλrλ . (9.24)

Then, by fitting the curve to experimental data one could obtain estimates on the eigenvalues
of M(Λ). However, the post-processing phase incurs in some relevant issues that undermine
the feasibility of standard RB. Extracting decay rates requires fitting noisy data points
{xi}li=1 to a model of the form

p(l) = c0 +

|ω̂|∑
i=1

cie
−bixi . (9.25)

Despite the progress made over the last few years [223], the signal form poses significant
challenges in practical applications, as this non-linear fitting problem is affected by several
sources of numerical instability. For instance, the convergence of most algorithms strongly
depends on the choice of a good initial point. Similarly, numerical instabilities may arise if
the eigenvalues rλ are close [219]. Moreover, given pairs of experimental data {l, p̂(l)}l∈N, it
is hard to establish which parameter corresponds to which irrep in the decomposition of ω.
This poses additional issues in the reconstruction of the (entanglement) fidelity of the gate
set. In the gate-dependent setting, such issues persist. Moreover, when the decomposition
of ω is not multiplicity-free, the signal is more intricate, and fitting matrix exponential
decays becomes numerically unstable in practice, even for small multiplicities, rendering
the analysis effectively unfeasible [49].

A related question is whether RB decay parameters always coincide with average gate
fidelities. The answer is subtle and depends on the choice of a gauge, i.e., a change of
basis for the implementation map. In particular, gate fidelities are not gauge-invariant,
unlike decay parameters [206]. Nevertheless, such interpretation of the decay parameters
can always be recovered by a suitable change of basis, at the cost of the resulting map not
being necessarily completely positive [49]. However, whether such interpretation is justified
or not cannot be deduced from RB results alone, and additional information, e.g., on the
noise sources, is necessary. From this point on wards, we take the point of view of [49],
and view the decay rates as quantities that provide a benchmark for the quality of the
implementation in their own right.
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9.2 Filtered RB

Extracting exponential decays from the output signal of standard RB in practical applica-
tions is a challenging task, and the protocol is limited to a handful of gate sets for which the
reference representation decomposes into a very moderate number of irreps. For instance,
this proves to be hard to implement on analog simulators, and a different approach must
be taken.

In what follows, we describe techniques to isolate exponential decays and thereby reduce
the burden on the fitting procedure. In recent work, this problem has been addressed by
developing post-processing techniques that avoid some of the complications of standard
RB. Notably, character RB [51] omits the inversion gate and instead performs a suitable
post-processing of the data, where contributions associated to individual irreps are isolated
by effective projections onto the corresponding invariant subspaces. Other approaches
include cycle RB [213], its Pauli channel variant [224] and dyhedral RB [225]. In the setting
of non-uniform sampling, Helsen et al. [49] and Heinrich et al. [50] generalize character RB
by introducing a post-processing procedure based on filter functions to isolate decay rates
and generalize the framework to random quantum circuits.

9.2.1 Description of the protocol

Filtered RB differs from standard RB in a few key ingredients. Most importantly, it
includes a non-trivial post-processing procedure that allows to isolate individual decay
rates. Moreover, it does not include an inversion gate at the end of the sequence. Instead,
the inversion is performed in post-processing. This has significant practical advantages, as
implementing the actual inverting gate may be expensive even if the random sequence is
restricted to generators of the group. The protocol is characterized by the choice of the
following hyperparameters:

• A compact group G, representing the unitaries that can be implemented experimen-
tally.

• An input state ρ and a POVM {Ex}x∈Ω, where Ω is a suitable sample space.

• A reference representation ω of G on the space of linear operators determined by the
chosen state and measurement. Accordingly, an implementation map ϕ describing
the noisy implementation of ω that depends on the specifics of the experiment.

• A set of sequence lengths L ∈ N specifying the lengths of the random sequences
implemented in each iteration of the experiment.

• A probability distribution ν over G that controls the random sampling of group
elements in RB.

• The total number of samples T ∈ N, ideally chosen according to sampling complexity
guarantees associated with the protocol.

To fix the ideas, it suffices to restrict to the case ν ≡ µH , i.e., the Haar measure. At the
end of this section, we will comment on the differences arising in the general case. As in the
classical shadow protocol, we distinguish two separate phases, c.f. Section 5.1: In the data
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collection phase, one performs a quantum experiment described by the chosen input state ρ
and POVM M = {Ex ≡ |x⟩⟨x|}x∈Ω, and a sequence of random unitaries (without inversion).
This primitive is repeated T times, yielding a collection of samples {(g(i)1 , . . . , g

(i)
l , x(i))}Ti=1.

Next, in the post-processing phase, one computes the mean estimator of the so-called filter
function fλ, which depends on an irrep λ ∈ Ĝ. To simplify the notation, we will only
consider the case of multiplicity-free representations. More precisely, the aim of filtered RB
is to construct the empirical mean estimator

F̂λ(l) =
1

T

T∑
i=1

fλ(x, g
(i)
1 . . . g

(i)
l ) (9.26)

by repeating the data collection phase for different sequence lengths l ⊂ N.
Formally, suppose ω =

⊕
λ∈Ĝ τλ, and let Pλ be the projection onto the λth irrep. We

define the filter function

fλ(x, g|ρ) := (ρ |PλS+ω(g)† |Ex) , (9.27)

where S is the frame operator defined as in Chapter 5. Then, we define the filtered survival
probabilities

Fλ(l) :=

∫
Ω
dx

∫
G
dν(g1) . . . dν(gl)fλ(x, g1 . . . gl)p̃(g1 . . . gl|x, ρ) , (9.28)

with
p̃(g1 . . . gl|x, ρ) := (Ẽx |ϕ(gl) . . . ϕ(g1)|ρ̃) . (9.29)

Hence, collecting samples {(x(i), g(i)1 , . . . , g
(i)
l )} from Eq. (9.29), the estimator Eq. (9.26)

yields an unbiased estimator of Eq. (9.28).
Under mild assumptions on the noise, one can fit the estimated filtered survival proba-

bilities and extract individual decay rates associated with irreps. Definitions (9.28) and
(9.26) also determine the sampling complexity. In particular, under the assumption of
non-fine-tuned noise, the second moment E[f2λ ] is upper bounded by the ideal second
moment [50]

E[f2λ ]ideal :=
∫
Ω
dx

∫
G
dν(g1) . . . dν(gl)(ρ |PλS†

λω(g1 . . . gl)
† |Ex)2(Ex |ω(g1 . . . l)|ρ) . (9.30)

In this case, F̂λ can be bounded by Chebyshev’s inequality, yielding sampling complexity
guarantees as

T ≥ 1

ε2δ
E[f2λ ]ideal . (9.31)

The choice of the filter function (10.9) made by Heinrich et al. [50] is determined by the
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following observation in the case of noise-free implementations:

Fλ(l) =

∫
Ω
dx

∫
G
dν(g)fλ(x, g)p(g|x, ρ)

=

∫
Ω
dx

∫
G
dν(g)(ρ |PλS+ω(g)† |Ex)(Ex |ω(g)|ρ)

= (ρ|PλS+

∫
G
ω(g)†

∫
Ω
dx|Ex)(Ex|ω(g)|ρ)

= (ρ|PλS+

∫
G
ω(g)†Mω(g)|ρ)

= (ρ |PλS+S |ρ) .

(9.32)

In particular, if the POVM {ω(g)†(Ex)} is informationally complete, we have S+ = S−1,
and

Fλ(l) = (ρ |Pλ |ρ) . (9.33)

In other terms, the output of the ideal filtered RB signal is the overlap of ρ with the λth
irrep, while this is restricted to the span of the POVM if the latter is not informationally
complete. Notice that by summing over all irreps in the decomposition of ω one recovers
exactly the standard RB signal. In this sense, standard RB is a particular instance of
filtered RB with projection onto ω itself.

9.2.2 Signal form of filtered randomized benchmarking

Under mild assumptions on the noise, Fλ is well-approximated by a (matrix) exponential
decay [49, 50]. In this section, we review the derivation of Heinrich et al. [50] of this
fact in the simplified scenario of reference representations admitting multiplicity-free irrep
decompositions. While considering the general case of non-trivial multiplicities is formally
equivalent, practical implementations incur in numerical instabilities. To keep the notation
as simple as possible, we also restrict to the case of Haar-random unitaries.

The analysis of Fλ follows from the key observation that, provided the noise is not
too strong, the implementation function is close to the ideal reference representation, and
can be viewed as a perturbation of the latter [49, 50, 226]. More formally, consider the
Fourier transform ω̂[τλ] =

∫
G dg τλ(g)

†(·)ω(g) (c.f. Eq. (2.33)). By Proposition 14, there
exist unitary matrices A = [A1, A2], B = [B1, B2] such that[

A†
1

A†
2

]
ω̂[τλ][B1, B2] ∼=

(
id 0
0 0

)
. (9.34)

Then, for a perturbation matrix E that is small enough, i.e., ∥E∥∞ < 1/4, one can find
matrices R = [R1, R2], L = [L1, L2] satisfying L† = R−1, and matrices I, O such that[

L†
1

L†
2

]
(ω̂ + E)[R1, R2] =

(
I 0
0 O

)
. (9.35)

This is ensured by the fact that the block-diagonalizing matrices L, R are ‘close’ to the
unperturbed ones. In particular, this argument yields the bounds

∥I − id∥∞ < 2∥E∥∞ , (9.36)



9.2. FILTERED RB 99

∥O∥∞ < 2∥E∥∞ , (9.37)

∥L2∥∞∥R2∥∞ ≤ ∥E∥∞ (1− ∥E∥∞) +
1 + ∥E∥∞
1− 4∥E∥∞

. (9.38)

Theorem 35 (Thm. 16 in [49], Thm. 8 [50]). Let G be compact and let ω be a reference
representation. In particular, suppose the decomposition ω =

⊕
λ∈ω̂ τλ holds. Consider now

a non-trivial irrep τλ ∈ ω̂, and suppose ∥ϕ̂[τλ] − ω̂[τλ]∥∞ ≤ δλ < 1/4. Then, the filtered
signal in Eq. (9.28) is such that

Fλ(l) ≈ aλr
l
λ + αλ , (9.39)

where the additive error αλ ≥ 0 which is suppressed exponentially in l, aλ ∈ R, rλ ∈ (0, 1].
Moreover aλ does not depend on the initial state and measurement.

For τ : G→ U(Cd), we note that ω := τ(·)τ † is a real representation, as it is equivariant
under the involution J(X) := X†. Let τλ be an irrep in ω. It follows that either τλ is
an irrep of real type, or also the dual τ †λ appears in the decomposition of ω. Similarly, if
τλ ∈ ω̂ is a complex representation, equivariance under J implies τ †λ ∈ ω̂ as well, and the
corresponding multiplicities mλ, mλ† coincide. We note that τλ, in our setting, cannot be a
quaternionic irrep, i.e., a self-dual irrep that is equivariant under a quaternionic structure
defined by an antilinear map j : Hλ → Hλ such that j2 = −1. In fact, one can prove that
quaternionic irreps may only appear in the decomposition of ω with even multiplicities, due
to the structure of the multiplicity subspaces and equivariance under J .

Proof of Theorem 35. Let Pλ be the projector onto τλ and let Xλ be the partial isometry
such that Pλ = X†

λXλ. By construction, Xλ commutes with both S+ and ω. Hence, we
observe the following fact:

Fλ(l) =

∫
Ω
dx

∫
G
dg1 . . . dglfλ(x, g1 . . . gl)p̃(x|g1, . . . , gl)

= (ρ |PλS+

(∫
dgω(g)†(·)ϕ(g)

)l
(M̃)|ρ̃)

= (ρ |PλS+
λ ϕ̂[τλ]

l(M̃)|ρ̃)
= (ρ |XλS

+
λ ϕ̂[τλ]

l(XλM̃)|ρ̃)
= (ρ |XλS

+
λ ϕ̂[τλ]

l(M̃λ)|ρ̃)
= Tr

[
ϕ̂[τλ]

l|M̃λ)(R̃λ|
]
,

(9.40)

where M̃λ ≡ XλM̃ and R̃λ = |ρ̃)(ρ|XλS
+
λ . Let E = ϕ̂[τλ] − ω̂[τλ], so that we can write

ϕ̂[τλ] = ω̂[τλ] + E. As ∥E∥∞ ≤ δλ, ϕ̂[τλ] is a perturbation of ω̂[τλ]. Hence, the eigenspaces
of ω̂[τλ] are approximately invariant, and we can write

ϕ̂[τλ] = Rλ1rλL
λ†
1 +Rλ2OλL

λ†
2 , (9.41)

where Lλ†Rλ = id. In particular, the multiplicity-free assumption implies that rλ is a 1× 1
block, and thus Rλ1rλL

λ†
1 = rλR

λ
1L

λ†
1 ≡ rλPλ, where Pλ is a projector on the perturbed

range of ω̂[τλ]. The latter implies

ϕ̂[τλ]
l = d−1

λ Pλr
l
λ +Rλ2O

l
λL

λ†
2 . (9.42)
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Hence,
Fλ(l) = aλr

l
λ + (R̃λ |Rλ2OlλLλ†2 |M̃λ) , (9.43)

where aλ = d−1
λ (R̃λ |Pλ |M̃λ). By construction, |rλ − 1| < 2δλ and Oλ is bounded as

∥Oλ∥∞ ≤ 2δλ, c.f. Eq. (9.36).
The exponential suppression of the subdominant term follows from the following obser-

vation:

|(R̃λ |Rλ2OlλLλ†2 |M̃λ)| ≤ ∥Lλ†2 |M̃λ)(R̃λ|Rλ2∥1∥Oλ∥l∞
≤ ∥Lλ†2 (M̃λ)∥2∥Rλ†2 (R̃λ)∥2∥Oλ∥l∞
= ∥Lλ2∥∞∥Rλ2∥∞∥X†

λM̃∥2∥S+
λ Xλ|ρ)(ρ̃|∥2∥Oλ∥l∞ .

(9.44)

Let us analyze the latter term-by-term: First, Eq. (9.36) implies the bound ∥Lλ2∥∞∥Rλ2∥∞ <
(1− 4δλ)δλ +

1+δλ
1−4δλ

. Next, we have

∥S+
λ Xλ|ρ)(ρ̃|∥2 ≤ ∥S+

λ ∥∞∥Xλρ∥2∥ρ̃∥2 ≤ ∥S+
λ ∥∞

√
(ρ |Pλ |ρ) . (9.45)

Finally, recall M̃ =MEM is the noisy measurement channel, with M =
∑

x|Ex)(Ex| being
a projector by construction. Then, as Pλ = XλX

†
λ,

∥X†
λM̃∥22 = Tr[PλMEME†

MM ] = (Pλ |MEME†
MM) . (9.46)

In particular, Pλ projects onto a non-trivial subspace of Hermitian operators. Hence, the
components of MEME†

MM aligned with the λth subspace contribute non-trivially. Moreover,
M is unital. Hence, non-trivial contributions are associated with the unital, trace-preserving
components of EME†

M and one has ∥EME†
M∥∞ = 1 [227]. It follows from Hölder’s inequality

∥X†
λM̃∥22 ≤ ∥PλM∥1 ≤ min{dλ, d}.

In principle, one can extract decay rates from Eq. (9.39) by choosing sequence lengths
large enough to suppress the additive error αλ. In practice, Fλ(l) can be small (e.g., for
small irreps), and it is more convenient to look at the relative error αλ/(aλrλ), as we expect
it to decay with l as well. In particular, it is sufficient to choose the sequence length as
[50, 53]

l ≥
log dλ

sλ
+ 2 log 1

α + 4

2 log( 1
δλ
)

. (9.47)

The extension of Theorem 35 to irreps λ with non-trivial multiplicities is straightforward.
In this case, ω̂[τλ] is just the projector onto the λ-isotypic component of ω with rank given
by the multiplicity mλ, c.f. Proposition 14. Hence the output data is described by

Fλ(l) = Tr[AλI
l
λ] + Tr[BλO

l
λ] , (9.48)

where the SPAM constants Aλ, Bλ can be obtained as before, and Iλ is now a mλ ×mλ

matrix.
Lastly, we remark that the filtered RB framework is designed to extend RB to non-

uniform sampling and, in particular, to sampling from random quantum circuits. This
requires the following modification: Instead of considering the Fourier transform

ω̂[ω] =

∫
G
dg ω(g)†(·)ω(g) ,
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sampling from a probability distribution ν ̸= µH means that the relevant quantity is now
the moment operator defined as

ω̂ν [ω] :=

∫
G
dν(g)ω(g)†(·)ω(g) . (9.49)

If ν is supported on generators, and denoting with V1 the trivial isotype in ω, it can be
shown that ω̂ν [ω] admits the decomposition [50]

ω̂ν [ω] =

(
id 0
0 ω̂ν [ω ⊖ 1]

)
, (9.50)

where ω̂ν [ω⊖ 1] =
∫
G dν(g) (ω⊖ 1)(g)†(·)ω(g) and ω⊖ 1 =

∑
λ∈ω̂\1 τλ is the representation

on the orthogonal complement of V1. The difference between the latter and the moment
operator defined with respect to the Haar measure is determined by the spectral gap ∆ of
ν, i..e,

∥ω̂ν [ω]− ω̂[ω]∥∞ ≤ 1−∆ . (9.51)

Then, it is sufficient that ν defines a random walk on G that converges to µH , that is
ν∗l → µH for l → ∞. In fact, by the right invariance of the Haar measure, observe that

ω̂ν [ω]ω̂[ω] =

∫
G
dν(g)ω(g)†

∫
G
dhω(h)†(·)ω(h)ω(g)

=

∫
G
dν(g)

∫
G
dhω(h)†(·)ω(h)

= ω̂[ω] ,

(9.52)

and the same holds for ω̂[ω]ω̂ν [ω] by left invariance. As a consequence,

∥ω̂ν∗l(ω)− ω̂[ω]∥∞ = ∥ω̂ν [ω]l − ω̂[ω]∥∞
= ∥(ω̂ν [ω]− ω̂[ω])l∥∞
≤ (1−∆)l .

(9.53)

Hence, a suitable choice of ν ensures the spectral distance decays exponentially in the
sequence length.

This approach offers practical advantages as, for instance, sampling from generators
may be easier, as not all unitaries may be equally simple to implement. We remark that, in
this case, the quality of the approximation in the signal form and condition on the length
of the sequences depend on the spectral gap ∆.



Chapter 10

Bosonic randomized benchmarking

This chapter is mostly adapted from [53]. Only formatting (typesetting) and structural
modifications (e.g., rearranging sections to eliminate redundancy) have been made. The
research findings, analysis, and core content remain unchanged. Section 10.1 has been added
for a self-contained presentation of the results. Any further alterations to terminology or
minor adjustments were solely for stylistic consistency within this thesis and the most recent
literature.

Very recently, a bosonic randomized benchmarking protocol using random phase-space
displacements has been put forward [228]. The protocol follows the prescription of standard
RB and is summarized as follows: For a fixed l ∈ N, initialize a bosonic mode in the
ground state |0⟩⟨0| and applies l random displacement operators D(αi) := ei(αa

†−ᾱa), with
|αi| = |α0| for each i and the phases are uniformly drawn from {0, π/2, π, 3π/2}. The
sequence is terminated by the inversion gate D(−∑l

i=1 αi). The overlap with the ground
state is then measured to benchmark the fidelity between the initial and the evolved state.
Due to the Abelian character of the (projective) Heisenberg-Weyl group, the complicated
behaviour involving many decays is avoided, and common noise models e can be analyzed.
In particular, analytical error models for heating and dephasing noise are derived, and
dominant noise mechanisms can be extracted from the RB data.

In the non-Abelian setting, the peculiarities of the infinite dimensional Hilbert spaces
prevents a straightforward generalization of randomization techniques to bosonic systems,
and one cannot hope for such a simple analysis. Moreover, the analysis is complicated by
the fact that, in separable infinite-dimensional Hilbert spaces, Gaussian ensembles do not
form CV 2-designs [196, 197]. In fact, this is in fact a special case of a no-go result in CV
systems, which states the non-existence of CV t-designs for any t ≥ 2, unless rigged Hilbert
spaces are considered [44]. However, the results presented in Chapter 9 extend the RB
framework to general compact groups when revisited under the lens of representation theory.
Hence, we take this point of view, and generalize filtered RB to symmetric representations
of unitary groups to benchmark passive bosonic (Gaussian) transformations. We refer to
the protocol introduced in this way as passive bosonic RB, or short passive RB. In contrast
to the discrete variable systems explicitly considered in Ref. [50], reasonable guarantees
for a filtered RB protocol in bosonic systems are harder to obtain. This is because the
action of passive transformation on the full bosonic Hilbert space is considerably more
complicated than, e.g., the action of the qubit Clifford group, and thus a well-behaved
protocol requires a careful identification of relevant and feasible experimental settings. In

102
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the passive RB protocol, we navigate these complications by considering experiments where
the input state is a number state and particle number-resolving (PNR) measurements
are performed, resembling boson sampling experiments [180]. For practical reasons, we
propose to use collision-free states with at most one particle per mode. We then show that
the passive RB successfully benchmarks the average quality of passive transformations on
a fixed number of particles, thereby separating the effect of particle number-preserving
noise from particle loss using different post-processing of the same experimental data. In
general, we prove that there are as many decay rates as we have particles in the experiments
– however it is sufficient to only estimate a constant number of them in practice. By
representation-theoretic means, we derive explicit and concise formulas for the functions
used in the post-processing. As the protocol involves non-Gaussian elements, the classical
post-processing requires the computation of matrix permanents, and it is therefore generally
inefficient [180]. Specifically, we expect the post-processing to be feasible for ≈ 30 particles
and modes, thus allowing the protocol to target an experimentally interesting regime. The
inefficiency of the post-processing should not be unexpected, as a similar behaviour can be
found in linear cross-entropy benchmarking [50, 229]. There, the post-processing involves
the simulation of random circuit sampling, which is also known to be computationally
hard [5, 230–232]. We simulate the passive RB protocol for a small number of modes,
demonstrating that it works as intended. Finally, we analyze the sampling complexity of
our protocol by computing the relevant variances. We evaluate the obtained expressions
numerically and find a very mild scaling with the number of modes m which seems be
logarithmic.

The remainder of this chapter is structured as follows: In Section 10.1, we set the stage
for the remaining of this part, introducing the most common notation and facts concerning
bosonic systems. We do not assume previous knowledge on bosonic systems, and introduce
all the building blocks that are necessary for the comprehension of this chapter. Section 10.2
and Section 10.3 are the main sections of this chapter. In Section 10.2, we formulate our
passive RB protocol in full detail. In Section 10.3, we analyze our protocol, discuss the
role of the input states, and prove rigorous guarantees, including bounds on its sampling
complexity. We conclude with a brief overview on potential extensions of the protocol, some
which we address in the next chapter, in Section 10.4. The technical details and proofs are
deferred to Section 10.5.

10.1 Bosonic quantum systems

We consider a bosonic system of m ∈ N≥2 modes described by annihilation and creation
operators ak and a†k (k = 1, . . . ,m), respectively, satisfying the canonical commutation
relations (CCRs)

[ak, a
†
l ] = δkl , [ak, al] = [a†k, a

†
l ] = 0 , k, l = 1, . . . ,m ,

where δk,l is the Kronecker delta. These operators act on the Fock-Hilbert space Fm :=⊕∞
n=0Hm

n , where Hm
n is the subspace of n bosons distributed over m modes of dimension

dimHm
n =

(
n+m−1

n

)
spanned by the Fock or number states

|n⟩ ≡ |n1, . . . , nm⟩ :=
m∏
k=1

1√
nk!

a†nk
k |0⟩ , (10.1)
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where |n| :=∑m
i=1 ni = n and |0⟩ ≡ |0, . . . , 0⟩ denotes the vacuum state of m decoupled

one-dimensional harmonic oscillators [233]. The collection of Fock states {|n⟩}n∈Nm forms
an orthonormal basis in Fm. Equivalently, Hm

n can be identified with the symmetric n-fold
tensor product of a single-particle Hilbert space H ∼= Cm, obtained by projecting ⊗nH onto
the completely symmetric subspace. Such symmetrization encodes the indistinguishability
of bosons and is formally justified by the spin-statistic theorem [60]. This implies that a
unitary transformation on a bosonic system is associated with described by a maximally
symmetric Young diagram.

As Fm is infinite-dimensional, the space of quantum states is extremely rich and includes
infinite-dimensional quantum states as well. Here, we find various families of states that
can be routinely prepared in a lab are of special importance in quantum optics are among
the most thoroughly studied, including coherent states (as generated by lasers) and thermal
states (describing, for instance, black-body radiation). All these states, and many others
of practical relevance, can be efficiently described by Gaussian phase-space distributions,
and are therefore collectively referred as Gaussian states. Formally, define the displacement
operators

D(α) := eαa
†−ᾱa α ∈ C (10.2)

(the generalization to the multimode case is straightforward). A state ρ is Gaussian
if the characteristic function χρ(α) := Tr[ρD(−α)] is a Gaussian function (notice that
D(−α) = D(α)†). Importantly, one can check that coherent states, defined as

|α⟩ := D(α)|0⟩ = e−|α|2/2
∞∑
n=0

αn√
n!
|n⟩ , (10.3)

are eigenstates of the annihilation operator a, and therefore are Gaussian states.

10.1.1 Gaussian transformations

Gaussian transformations are a fundamental class of bosonic channels [234]. Those are the
channels that preserve Gaussianity, i.e., map Gaussian states to Gaussian states. Formally,
they are generated by Hamiltonians that are at most quadratic in the field mode operators
[235], such as

H =

N∑
k=1

gka
†
k +

N∑
k>l=1

fkla
†
kal +

N∑
k,l=1

hkla
†
ka

†
l + h.c. . (10.4)

Such Hamiltonians generate two broad classes of unitaries. The first class, associated
with Hamiltonians of the form gka

†
k + h.c., gives rise to displacement operators, and

they are formally given by the irreps of the Heisenberg group Hn(R) [233]. The second
corresponds to transformations that permute displacement operators among themselves,
which can be identified with the (projective) representations of Sp(2m,R) [236]. Informally,
for g ∈ Sp(2m,R), one has U(g)D(α)U(g)† ∝ D(g · α), up to a global phase. This
representation, called the metaplectic representation or Weil representation or oscillating
representation, plays a central role in the representation-theoretical aspects of Gaussian
states. It decomposes into two infinite-dimensional irreps, and the interplay with randomized
techniques is not yet fully understood. Symplectic transformations can be further divided
into passive and active ones, depending on whether they preserve the total energy of
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the system. Active transformations –formally generated by symmetric operators– do not
conserve the energy and corresponds to unitaries generated by Hamiltonians of the form
hkla

kal+h.c.. In standard optical setups, these are the single-mode and two-mode squeezing
operations. In contrast, passive transformations are energy-preserving and are generated
by number-conserving quadratic Hamiltonians. Practically, these can also be thought as
multimode interferometers, which can be decomposed in quadratically many two-modes
interferometers and phase shift transformations only [164, 237–240]. In this thesis, our focus
is on passive transformations. By definition, they form the group of unitary operators on
Fm that leave the total number of particles invariant. These are exactly the unitaries that
induce a transformation of the bosonic operators as ak 7→

∑m
l=1 Ulkal for a unitary matrix

U = (Ulk)
m
l,k=1 ∈ U(m). Hence, the group of passive transformations can be identified with

the unitary group U(m) ∼= Sp(2m,R) ∩O(2m) via the representation τm : U(m) → U(Fm)
[236]. The above representation on Fm is completely reducible as U(m) is compact and τm

is infinite-dimensional. In particular, we observe that the number operator n̂ :=
∑m

i=1 a
†
iai

commutes with τm(g) for any g ∈ U(m). This implies that τm|Hm
n
≡ τmn is invariant and,

in particular, one can show that the Fock-subspaces are indeed irreducible [241].

10.1.2 Observables

In this work, we are mostly interested in two families of POVMs. The first one, is represented
by the Fock-states POVM, which is implemented by single-mode PNR detectors, measuring
the number of photons in each mode. The ideal POVM for a single-mode detector is simply
given by the projector-valued measure (PVM) {|k⟩⟨k|}k∈N [242, 243]. In the case of a
photodetector with efficiency 0 < η < 1, the probability to detect k photons is

p(k | n) =
(
n

k

)
ηk(1− η)m−k , (10.5)

therefore the POVM elements are in this case given by statistical mixtures of projective
measurements, namely [244]

Mk =
∞∑
m=k

(
m

k

)
ηk(1− η)m−k|m⟩⟨m| . (10.6)

Often, it is enough to truncate the sum to a maximum number of detected photons, as a
real detector reach saturation after it exceeds the counting.

The second family of POVMs we consider is given by collections of Gaussian states,
referred as Gaussian POVMs: Measuring a Gaussian state with such measurements provide
Gaussian-distributed outcomes [245]. Experimentally, they are realized by appending
the input state with an ancilla, evolving the global system with Gaussian unitaries, and
measuring the quadrature operators. In practice, the relevant Gaussian POVMs are
homodyne detectors, where the measurement is realized on one of the two quadrature
operators, and heterodyne detectors, where the measurement is described by the coherent
state POVM {|α⟩⟨α|}α∈C [246]. Notice that the ideal detectors homodyne and heterodyne
detectors correspond to sampling from the Wigner and Husimi Q distribution, respectively,
[91]. Using the framework of s-ordered quasi-distributions, the noisy counterparts can be
described by convolutions of the POVM elements with a suitable Gaussian distribution
that summarizes the imperfections in the device [234].
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10.2 The passive randomized benchmarking protocol

10.2.1 Description of the protocol

The passive RB protocol follows the general procedure of the filtered RB framework
discussed in Section 9.2, adapted to the group of passive transformations acting on bosonic
systems. Additionally, we use post-selection to isolate particle loss rates., see Sec. 10.2.2
and 10.2.3 for details. Later, we also discuss preliminary results concerning the problem of
distinguishable particles, that mostly affect the state preparation phase, see Chapter 11.

As for any filtered RB protocol, passive RB consists of two phases: During the data
collection phase, we use a fixed number state ρ = |n0⟩⟨n0| as an input to passive transforma-
tions, and particle number-resolving (PNR) measurements {|n⟩⟨n|}n∈Nm are performed on
the output. Motivated from boson sampling experiments, we propose to use a collision-free
input state n0 = (1, 1, 1, . . . , 1, 0, . . . , 0) with n ≤ m particles [180], see also the discussion
in Section 10.3.2 below.

The collected data then undergoes the post-processing phase depicted in Section 9.2. In
particular, we fix a suitable irrep λ of U(m) and use its filter function fλ(n, g|ρ), as defined
in Eq. (9.27). Assuming the data {(n(i), g

(i)
1 , . . . , g

(i)
l )}Ti=1 has been gathered, we compute

the mean estimator

F̂λ(l) =
1

T ′

T∑
i=1

fλ(n
(i), g

(i)
1 · · · g(i)l |ρ) , (10.7)

where T ′ ≤ T is given in Section 10.2.2 below (note that this generalizes the estimator
defined in Eq. (9.26)). The data series (l, F̂λ(l))l∈L constitutes the (filtered) RB signal.
Finally, perform an exponential fit according to the model F̂λ(l) = Aλr

l
λ to extract the

decay rate rλ. Repeat for different irreps λ as needed.
We remark that we resort to the Haar measure to simplify the presentation. The

generalization to non-uniform sampling is straightforward, as this work builds on the
filtered RB framework. Using a gapped probability measure ν instead of the Haar measure,
typically has some advantages in practice. For instance, it might be easier to sample and
to take some practical limitations into account (perhaps not all passive transformations are
equally simple to implement). In particular, one can simply generate passive transformations
using random beam splitters and single-mode rotations. Note that in such a case, the
sequence length l changes its interpretation from the number of passive transformation
to be applied to the number of elementary transformations. The filtered RB framework,
c.f. Section 9.2, then predicts that the sequence of elementary transformations has to be
sufficiently long in order to “appear random enough” and this threshold l0 scales with
the inverse spectral gap ∆−1. In practice, l0 seems to be reasonable small such that we
expect that already very short random sequences can be used for passive RB. In particular,
this should outperform the quadratic depth needed to decompose Haar-random passive
transformations in terms of elementary transformations.

Additionally, the protocol inherits from the filtered RB framework the interpretation
of the decay rates into an average performance measure of passive transformations on the
n-particle subspace using the formula for the entanglement fidelity described in Eq. (9.24)
cf. Refs. [219, Cor. 10] and [49, Eq. (242)], that reads as

F = (dimHm
n )

−2
∑
λ

dλrλ , (10.8)
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where the sum runs over all relevant irreps λ with dimensions dλ, c.f. Eq. (9.24). We remind
the reader that caution is advised if F is interpreted as the average entanglement fidelity of
passive transformations due to inherent gauge freedom of RB, c.f. Section 10.3. Besides
the mentioned interpretational issues, let us note that, for discrete variable systems, a
suitable affine transformation is typically applied to Eq. (10.8) to produce a proxy for the
better-known average gate fidelity. This relies on the relation Favg = dF+1

d+1 for discrete
variable systems in d dimensions. In the here considered setting, such a transformation
would result in an expression akin to the average gate fidelity, where the average is performed
over input states in the n-particle subspace.

As F corresponds to a weighted average, it is typically sufficient to only consider the
largest weights which coincide with largest irreps. This means that it may not be necessary
to run the post-processing phase (II) of the protocol for every irrep λ. We justify this
statement and make it more precise later in Section 10.3.2. We refer to Section 9.2.2 for a
discussion on the interpretation of F and the gauge freedom aspects of RB.

For now, we restrict our attention to number state inputs and PNR measurements and
justify this choice in more detail in Section 10.2.2. In Chapter 11, we discuss extensions of
the passive RB protocol to Gaussian states or measurements.

Finally, the procedure described above is sometimes referred to as single-shot estimation,
in the sense that only a single shot (or measurement) is taken per sequence. In practice,
it is often advantageous to use multi-shot estimation instead, where multiple shots per
sequence are recorded. Then, the estimator (10.7) changes in an obvious way, but converges
to the same expectation value as (10.7). Except for the sampling complexity discussion in
Section 10.3.4 all results of this work also apply to the multi-shot estimator.

10.2.2 Details of the protocol

Choosing a number state |n0⟩ as input to the protocol has the advantage that –ideally–
the dynamics should happen on the finite-dimensional n-particle subspace Hm

n ⊂ Fm only,
where n = |n0|. On Hm

n , the passive transformations U(m) act via the totally symmetric
irrep τmn . To describe noise, we transition to the density operator formalism, in which
this action is described by conjugation, ωmn (g)(ρ) := τmn (g)ρ τmn (g)†. If we assume – for
the sake of the argument – that the noise is particle number-preserving, we can model
the noisy transformations by quantum channels ϕmn (g) on the space of bounded operators
B(Hm

n ), provided that the noise is time-stationary and Markovian. Regarding the ϕmn (g) as
(small) perturbations of ωmn (g), the filtered RB framework [50] then predicts RB decays in
one-to-one correspondence with the irreps of the reference representation ωmn . As we show
in Section 10.5.3, the latter decomposes into exactly n+ 1 distinct irreps λk1 and this is
the number of decays to expect.

Arguably, particle loss is one of the major noise sources in, e.g., photonic systems,
hence assuming particle-number preserving noise is unrealistic. This can nevertheless be
accounted for in our framework, as we are performing PNR measurements: By post-selecting
on particle number-preserving events, we obtain effective dynamics described by completely
positive, trace non-increasing maps ϕmn (g) on B(Hm

n ) and we can again rely on the results
in Ref. [50]. Note that this reasoning also applies to noisy PNR measurements by modelling
them as a sub-normalized POVM. This approach is justified as long as the product of the

1Here, λ0 = 1 is the trivial irrep and λ1 = Ad is the adjoint irrep of U(m).
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photon loss probability and the one of photon gain (e.g. through thermal noise in detectors)
is very small such that the error introduced by ignoring photon gain is comparable to the
shot noise. We expect this to be the case in modern photonic chips.

Finally, we introduce the filter function which isolates the exponential decays for each
irrep λ = λk in the post-processing of the collected data. Let Pλ be the projector on
the carrier space of λ and let dλ be its dimension. Then, given the measurement channel
M(A) :=

∑
n∈Nm⟨n |A|n⟩|n⟩⟨n|, the filter function defined in Eq. (9.27) becomes

fλ(n, g|ρ) := s−1
λ ⟨n |ωmn (g) ◦ Pλ(ρ)|n⟩ ,

sλ := d−1
λ Tr[PλM] ∈ R≥0 .

(10.9)

We will often simply write fλ(n, g|ρ) ≡ fλ(n, g) once the input state ρ is fixed. We give a
more concise formula for fλ in Section 10.3 as Theorem 36. In particular, we show that
sλ > 0 as long as the number of modes m is strictly larger than 1. As the filter function
is automatically zero if |n| ≠ n due to Pλ, we can formally describe the post-selection on
particle number-preserving events by defining

Tpr := |{i ∈ [T ] | |n(i)| = n}| , (10.10)

and using the mean estimator Eq. (10.7) with the choice T ′ = Tpr.

10.2.3 Estimation of particle loss rates

The same post-processing procedure can also be used to capture the estimation of particle
loss rates as follows. Define the filter function to be the indicator function2

f(n) :=

{
1 if |n| = n,

0 else,
(10.11)

and set T ′ = T . Thus, the associated mean estimator F̂ (l), cf. Eq. (10.7), simply yields
the ratio Tpr/T . To see that this leads to the wanted result, let us model particle loss
by a beam splitter with transmittivity √

p in every mode (i.e. p is the probability of not
loosing a particle). In addition, we assume transmittivities √

pSP and √
pM associated with

state preparation and measurement, respectively. Hence, the probability that a sequence
of l passive transformations preserves the particle number is pnSPp

n
Mp

nl = E[Tpr/T ] =

E[F̂ (l)]. Therefore, we can extract the transmittivity √
p from the data (l, F̂ (l))l∈L using

an exponential fit as before.
Note that the original filtered RB protocol does not perform the post-selection in

Section 10.2.2 above (i.e. T ′ = T in Eq. (10.7)). This leads to a mixing of the decay rate of
particle-preserving noise with the particle loss rate, resulting in a combined decay (pnrλ)

l.
By performing post-selection, we can consider these decays individually.

10.3 Analysis and guarantees

The filtered RB framework [50] implies a number of guarantees for the passive RB protocol,
which we specialize and extend in the following. We rely on the implementation map noise

2Note that this conicides with a suitably rescaled filter function (10.9) for the trivial irrep λ0.
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model which we justified using the post-selection argument in Section 10.2. In this model,
the noise is modeled by replacing the representation ωmn with an implementation map
ϕmn on U(m), which takes values in the set of completely positive, trace non-increasing
superoperators on Hm

n . This model allows for highly gate-dependent noise, which, however,
needs to be stationary and Markovian.

In the following, we use the short-hand notations ω ≡ ωmn , τ ≡ τmn , and ϕ ≡ ϕmn
whenever the parameters n and m are clear from the context.

10.3.1 The RB signal

In the filtered RB framework [50], noise is measured by the operator norm δλ := ∥T̃λ−Tλ∥∞
and “weak noise” is such that δλ ≤ 1/5. Then, Ref. [50] gives more precise conditions on
the error suppression in the expected signal. In particular, it is sufficient to choose the
sequence length as

l ≥
log dλ

sλ
+ 2 log 1

α + 4

2 log 1
2δλ

. (10.12)

where dλ is the dimension of the irrep and sλ is as in Eq. (10.9). In the technical part of
this work, Section 10.5, Proposition 39 and Theorem 41, we prove the following explicit
formulae for λ = λk:

dλk =
2k +m− 1

m− 1

(
k +m− 2

k

)2

, (10.13)

sλk =
m− 1

2k +m− 1

(
k +m− 2

k

)−1

. (10.14)

In particular, we have (for m > 1):

dλk
sλk

=

(
2k +m− 1

m− 1

)2(k +m− 2

k

)3

. (10.15)

Hence, it is sufficient to take sequences of length O(k log k+m−2
k ) which is O(m logm) in the

non-collision regime n ≤ m (as k ≤ n). However, we expect that these bounds are not tight.
In fact, Eq. (10.12) is not tight in the first place [50], nevertheless improving the bound is
hard in the gate-dependent noise setting. Based on the experience with discrete variable
RB, we expect that already very short sequences are sufficient and conjecture that the
dependence on dλk/sλk in Eq. (10.12) can in fact be dropped, meaning that constant-length
sequences are sufficient.

The signal form is concretely shown in Fig. 10.1, where we show the results of a
simulation of the protocol with |n0⟩ = |1⟩4 ≡ |1111⟩, assuming lossy gates for different
values of the transmittivity. By performing exponential fits, we retrieve values of the
transmittivity √

p using T = 10000 samples, matching the used transmittivities up to an
error of 10−3. We also simulated an experiment where the transmittivity is chosen at
random for each transformation, resulting in decay rates that match the average over the
allowed random decay rates. We provide additional details on numerical experiments in
Appendix B.4.
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1 2 3 4 5 6 7 8 9 10

sequence length l

10−2

10−1

100
F̂
λ

4

0.7 · 0.99l (
√
p = 0.99)

0.68 · 0.976l (
√
p = 0.975)

0.7 · 0.95l (
√
p = 0.95)

0.74 · 0.951l (
√
p ∈ [0.9, 1])

Figure 10.1: Passive RB signal (10.7) using n = m = 4 and input state |14⟩ ≡ |1111⟩ in
the presence of particle loss noise, using T = 10000 samples. The last (yellow) data set
corresponds to simulated gate-dependent noise where the transmittivities √

p are drawn
uniformly at random from [0.9, 1] for every transformation in the sequence. More details
can be found in Appendix B.4.

10.3.2 Choice of input state

For standard RB on discrete variable systems, the input state is typically chosen to be the
all-zeros state |0n⟩, and, in fact, the choice of input state plays a minor role in this case.
The underlying reason is that we typically have a single non-trivial irrep (i.e., the adjoint
irrep) with respect to which all states are equivalent.

In the finite-dimensional bosonic setting, we show in Lemma 38 in Section 10.5.3 that
ωmn decomposes into n+ 1 irreps and thus there is a certain freedom in choosing the input
state ρ = |n0⟩⟨n0|. In principle, the passive RB protocol is agnostic of the input state.
However, its choice influences the overall magnitude of the RB signal since the latter scales
with the overlap of the state with the irrep of interest [50]. As the variance of Fλ exhibits the
same scaling behaviour, the mean estimator F̂λ(l) also converges more rapidly for smaller
overlaps and hence the overall scale set by the overlap does not influence the sampling
complexity of the protocol, see also Section 10.3.4. Nevertheless, it may happen that the
input state has vanishing overlap with an irrep, in which case the RB signal is identically
zero and no information about decay rates can be extracted. Moreover, very small overlaps,
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and thus signals, may lead the numerical issues in the post-processing.
Our proposal of using a collision-free state n0 = 1n = (1, 1, 1, . . . , 1, 0, . . . , 0) is motivated

by practical considerations as generating higher Fock states can be a challenging task [247–
249]. In Fig. 10.2 and Fig. 10.3, we show its overlaps with the relevant irreps for n = m and
for n ≤ m with m fixed, respectively. We see that the largest overlap is always attained
with the largest irrep k = n and typically decreases with k, leading to small overlaps for
k ≪ n if m is not too small. Generally, one can show that the collision-free state for
n = m particles always has zero overlap with the λ1 (adjoint) irrep. This behaviour can be
avoided by optimizing n0, however likely leading to an input state that is hard to prepare
in experiments.

λ0 λ1 λ2 λ3 λ4 λ5 λ6

irrep

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

ov
er

la
p

n = m=2

n = m=3

n = m=4

n = m=5

n = m=6

Figure 10.2: Overlaps of the collision-free n-particle state 1n = (1, . . . , 1, 0, . . . , 0) with the
irreps λk, k = 0, . . . ,m. Lines are shown to enhance readability of data points and their
relationships. For n = m, we observe no overlap with the adjoint irrep λ1. For each m, the
overlap is maximized by the largest irrep.

As a matter of fact, the problem of vanishing and very small overlaps of the collision-free
state is not severe: Recall that the overall benchmarking quantity F , cf. Eq. (10.8), is
given as a weighted average of the decay rates rλk , where the weights are given by the irrep
dimension dλk . Since irreps with small k also have small dimension, their contribution to
the weighted average may be neglected. More precisely, if we only take into account the u
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Figure 10.3: Overlaps of the collision-free n-particle state 1n = (1, . . . , 1, 0, . . . , 0) with the
irreps λk, k = 0, . . . ,m for n ≤ m = 6. As before, the maximum overlap is obtained for the
largest irrep λn. Note that the overlap with λ1 is trivial only for n = m.

largest irreps, their combined weight can be readily computed as

(dimHm
n )

−2
u−1∑
i=0

dλn−i
= 1−

[
u∏
i=1

n− i+ 1

n+m− i

]2
. (10.16)

In particular, if n is fixed and m→ ∞, this converges to 1 for any u, and if n = m→ ∞,
the weight converges to 1 − 4−u. As the convergence is fast in both cases, taking only
a constant number of irreps (the largest ones) into account gives an exponentially good
approximation to F , already for a moderate number of modes. For instance, for n = 5
particles in m = 10 modes, taking the 3 largest irreps covers 99.9% of the total weight.
This also implies that it is sufficient to perform the post-processing phase (II) in the passive
RB protocol, Section 10.2, only a constant number of times.

10.3.3 Evaluation of the filter function

At the heart of the the passive RB protocol, Section 10.2, lies the evaluation of the
filter function (10.9) in the post-processing phase. We briefly sketch the central steps of
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its computation leading to Theorem 36 in the following and refer to the technical part,
Section 10.5, for more details and proofs.

First, note that ω ≃ τ ⊗ τ̄ can be explicitly decomposed into irreps using a suitable
generalization of the Clebsch-Gordan decomposition for the sum of two angular momenta
in quantum mechanics [54, 77]. This yields the following expansion of Fock states

|n⟩⟨n| ≃ |n,n⟩ =
∑
λ

∑
Mλ

C̃Mλ
n,n̄|Mλ⟩ , (10.17)

where λ runs over the irreps of ω and the |Mλ⟩ form a suitable basis of λ. The C̃Mλ
n,n̄

correspond to (generalized) SU(m) Clebsch-Gordan coefficients, up to a phase. Then,
the projection onto a specific irrep λ acts by selecting only the corresponding terms in
Eq. (10.17). Re-expressing the |Mλ⟩ in terms of Fock states and inserting the expansion
into Eq. (10.9) produces so-called permanents, which are defined for an arbitrary r × r
matrix A as

Per(A) :=
∑
π∈Sr

r∏
i=1

Ai π(i) , (10.18)

where Sr denotes the symmetric group over r symbols. Let us define An,m to be the
matrix obtained from A by taking mj copies of the j-th column of U and then taking ni
copies of the i-th row of the resulting matrix. Then, the appearance of permanents is due
to the well-known fact that

√
n!
√
m! ⟨n |τ(g)|m⟩ = Per(gn,m) [250], where we used the

multi-index notation n! := n1! . . . nm!.
Finally, we have the following concise formula that can be used for numerical computa-

tion:

Theorem 36 (PNR filter function – informal). The filter function (10.9) is given as

fλk(n, g) =
1

sλk

∑
M

C̃Mn0,n̄0

∑
n1∈Hm

n

C̃Mn1,n̄1

|Per(gn,n1)|2
n!n1!

. (10.19)

Here, M labels a so-called Gelfand-Tsetlin basis of the irrep λk and the coefficients C̃
coincide with Clebsch-Gordan coefficients for SU(m) up to a phase.

We refer to Section 3.1.1 for more details on the Gelfand-Tsetlin basis, the computation
of Clebsch-Gordan coefficients, and the occurring phases, and formally prove Theorem 36
in Section 10.5.5. We also give an alternative formula for fλk in Corollary 44 using matrix
coefficients of the irrep λk. These also correspond to permanents, however, of a different
dimension [251].

Generally speaking, the computation of filter functions of the form (10.9) requires to
simulate the entire experiment. As the proposed protocol involves non-Gaussian elements,
the computation of filter functions is expected to be generally inefficient. This is manifest
in the occurrence of permanents in our filter functions. The computational complexity of
evaluating permanents is central to the complexity-theoretic arguments for boson sampling.
It is known that even approximating permanents is computationally hard [180, 232].
Nevertheless, these quantities can be computed efficiently in some scenarios [252–257].

This finding should not come as a surprise, as we find a similar behaviour in the discrete
setting – namely linear cross-entropy benchmarking [50, 229]. There, the post-processing
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requires the simulation of random circuit sampling which is known to be computationally
hard, analogous to boson sampling [5, 230–232].

In practice, Clebsch-Gordan coefficients can be computed in polynomial time in the
dimension of λ [77]. This can be significantly sped up by taking advantage of the symmetries
of the weight diagrams under the action of the Weyl group of SU(m) [258]. Specifically, we
expect this to be feasible for m ≈ 20− 30 modes. In such regime, the computation of the
permanents appearing in Eq. (10.19) is also still possible, as we consider n ≤ m particles
and, by Ryser’s formula, it can be computed in time O(n · 2n) [259, 260].

10.3.4 Sampling complexity

In the following, we discuss the sample complexity of passive RB, i.e. the number of samples
needed to guarantee that the estimator F̂λ(l) is ϵ-close to its expected value Fλ(l) with high
probability. Recall from Eq. (10.7) that F̂λ(l) is a mean estimator for the filter function fλ.
Since the latter is only poorly bounded, we compute the variance Var[F̂λ(l)] = Var[fλ]/L
(here the variance is still taken over length-l sequences). Then, we can use Chebyshev’s
inequality to ensure |F̂λ(l) − Fλ(l)| < ϵ with probability 1 − δ given L ≥ ϵ−2δ−1Var[fλ]
samples.

In general, analyzing the variance Var[fλ] – more precisely the second moment E[f2λ ]
– can be quite cumbersome, as the underlying probability distribution is given by Born
probabilities involving the noisy input state, the noisy transformations, and the noisy
measurements. In the filtered RB framework [50] it is however shown that – under
reasonable assumptions on the noise3 – this problem can be reduced to analyzing the second
moment E[f2λ ]ideal in the ideal, noiseless case. In other words, the presence of noise cannot
decrease the efficiency of filtered RB. Using this assumption, we have the following result
bounding the variance of passive RB:

Theorem 37 (Variance bound – informal). The variance of the passive RB protocol is
bounded as

Var[fλk ] ≤ E[f2λk ]ideal = s−2
λk

∑
n∈Hm

n

g̃k(n,n0) , (10.20)

where g̃k(n,n0) is a function of Clebsch-Gordan coefficients of the representations ω and
λ⊗2
k .

A formal version of Theorem 37 is given as Theorem 48 in the technical part and also
proven there. It relies on expressing the second moment E[f2λk ]ideal as a suitable integral of
the representations λ⊗2

k and ωmn over SU(m) [50, 199]. Schur’s lemma then implies that
the non-trivial contributions to this integral are given by the irreps of λ⊗2

k which are also
contained in ω. We determine these irreps which allows us to finally write E[f2λk ]ideal in
terms of suitable Clebsch-Gordan coefficients.

Arguably, Eq. (10.20) is not very explicit and it is thus not clear how E[f2λk ] scales with
k, n, and m. Finding a meaningful bound for the expression in Eq. (10.20) turns out to be
difficult and we are left with the trivial bound

E[f2λk ] ≤ s−2
λk

=

(
1 +

2k

m− 1

)(
k +m− 2

k

)2

, (10.21)

3This is necessary as specially engineered noise can drastically change the behavior of the RB signal, for
instance by relabeling the measurement outcomes. Similar assumptions can be found throughout the RB
literature [208, 224].
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which suggests an exponential scaling like 24m in the worst case k = n = m. This bound is
however very loose: A numerical evaluation of the second moment (see below) reveals that
the upper bound (10.21) already overestimates the second moment for m = 2 by a factor of
10 and by a factor of 104 for m = 5.
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irrep
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m=5, n = 3

m=5, n = 4

m=5, n = 5

0.8 · log(m) + 0.9

Figure 10.4: Empirical second moment of the filter function fλk with T = 10000 samples for
different values of n ≤ m and m ≤ 6. The largest second moment (for fixed m) is always
attained at the largest irrep k = n. The scaling of the second moment for m = n = k with
m seems to be logarithmic, however there is insufficient data the make a definite conclusion.
Lines are shown to enhance readability of data points and their relationships.

The shear number of Clebsch-Gordan coefficients that need to be evaluated for the
formula (10.20) however limits a numerical study to very low values of k, n, and m using
standard algorithms [77].4 To increase the available data a bit, we furthermore estimate
the variance empirically using T = 10000 samples from the noiseless outcome distributions.
From Fig. 10.5, we can observe that this number of samples is already enough to give
reasonable estimates of E[f2λk ]ideal. In Fig. 10.4, we show the empirical second moments
for m ≤ 5 using a collision-free input state 1n with n ≤ m particles (cf. Appendix B.4
for further details on the sampling procedure). Similar to the behaviour for the ideal first
moments (overlaps) in Figs. 10.2 and 10.3, the second moment for a fixed m is maximized

4We expect Eq. (10.20) can be evaluated for a moderate number of modes exploiting the symmetries of
the weight diagrams under the action of the Weyl group [258].



10.4. EXTENSIONS OF THE PROTOCOL 116

λ0 λ1 λ2 λ3

irrep

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

E[
f

2 λ
] id

ea
l

n = m = 2 (exact)

n = m = 2 (empirical)

n = m = 3 (exact)

n = m = 3 (empirical)

Figure 10.5: Empirical second moment with T = 10000 samples compared to the exact
second moment (10.20) for n = m ≤ 3. We observe that this number of samples is already
sufficient to give reasonable approximations of the second moment. Lines are shown to
enhance readability of data points and their relationships.

at the largest irrep k = n. In addition, we analyzed the scaling scaling of the empirical
second moments for m = n = k with m. Although we have too few data points to make a
conclusive statement, we find that the scaling is best compatible with a logarithmic scaling
in m (or a polynomial of very small degree ≈ m1/20). This would be a double-exponential
improvement over the trivial bound (10.21).

10.4 Extensions of the protocol

Arguably, the most straightforward –and experimentally simplest– protocol would involve
a Gaussian input state and measurement. However, this would correspond to a classical
linear optics experiment and one should not expect to capture errors which would occur in
a quantum setting. Hence, it is more instructive to consider a variation of the passive RB
protocol, in which either the input state or the measurement is made Gaussian.

However, one needs to be careful when leaving the effectively finite-dimensional setting
which we explored in this chapter. Indeed, an ‘inherently infinite-dimensional’ RB protocol
is ill-behaved for the following reason: Any passive transformation U ∈ U(m) is represented
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as a unitary operator τm(U) on the full Fock space Fm :=
⊕∞

n=0Hm
n . Since U(m) is

compact, τm is completely reducible, and decomposes into infinitely many finite-dimensional
irreps acting on the boson number subspaces [261]. Then, the conjugation representation
ω ≡ τm( · )τm† decomposes into infinitely many irreps, too. This means we may find
infinitely many decay rates (each associated to one irrep) and it is unclear how to truncate
those with a regularization argument, as the irreps lack a clear physical interpretation. On
top of that, the decomposition of ω is not multiplicity-free,5 which may complicate the
post-processing and affect its numerical stability [49].

In the next chapter, as a first step, we consider a passive RB protocol with a number
input state and a balanced heterodyne measurement at the end of each mode, and a passive
RB protocol with coherent states and PNR measurements.

Lastly, we comment on the extension to other groups. Broadly speaking, active Gaussian
transformations play a fundamental role in CV systems, for instance in GKP encoding of
qubits in bosonic states [166], or in the preparation of input states for Gaussian boson
sampling experiments [181, 182, 262]. However, randomized benchmarking of general
Gaussian transformations faces many challenging issues, most strikingly the fact that this
group – the symplectic group Sp(2m,R) on m modes– is non-compact. As a consequence, a
Haar probability measure cannot exist, and thus it is not even clear how to ‘randomize’ in
this context. Hence, the filtered RB framework focuses on compact groups [50]. Some of the
ideas in Ref. [50] nevertheless carry over to the non-compact case if one considers suitable
random walks on Sp(2m,R). By the central limit theorem for reductive Lie groups [263],
such random walks converge to a Gaussian distribution on Sp(2m,R). However, this does not
clarify –to the best of our knowledge– the behaviour and convergence of the moment/twirling
operator. Since Sp(2m,R) has Kazhdan’s property (T) [264], the characterization of the
relevant representation theory – capturing the action of active transformations onto density
operators– plays a central role. This involves the well-known metaplectic (or oscillator)
representation of Sp(2m,R) and can – in principle – be approached using Howe duality
[265, 266]. Due to infinite-dimensional irreps [56] and open convergence questions, it is
however far from obvious whether a meaningful RB protocol can be developed for active
transformations. We leave the resolution of these questions for future work.

10.5 Technical details and proofs

Here, we provide proofs for the theorems introduced in Section 10.2: In Section 10.5.5
we prove Theorem 36 and in Section 10.5.6 we prove Theorem 37 based on notation and
technical tools introduced in Section 3.1.1. Throughout this section we assume that the
number of modes is m ≥ 2.

10.5.1 Further notations

As the Clebsch-Gordan decomposition is naturally related with the direct sum decomposition
of an Hilbert space of the form H1 ⊗H2, it will be convenient to introduce a vectorized
notation for operators and super-operators on Hm

n .
5Note that ω restricted to B(Hm

n ) is equal to ωm
n and –as mentioned in Section 10.2.2– each λk appears

in all ωm
n for n ≥ k.
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We consider the basis of linear operators for B(Hm
n ) given by Φ = {|n⟩⟨m|}n,m∈Nm

with
∑m

i=1 ni =
∑m

i=1mi = n. Any linear operator A ∈ B(Hm
n ) can be vectorized to an

element |A⟩ ∈ Hm
n ⊗Hm

n w.r.t. Φ as

|A⟩ =
∑
n,m

⟨n |A|m⟩|n,m⟩ , |n,m⟩ ≡ |n⟩ ⊗ |m⟩ . (10.22)

Under vectorization, we have the induced mapping τmn (·)τm†
n 7→ τmn ⊗ τ̄mn , where τ̄mn denotes

the complex conjugate representation of τmn (in the Fock basis ϕ). Moreover, as long as
it is clear from the context, we will not distinguish between super-operators and their
corresponding quantities acting on H1 ⊗H2.

Then, the filter function defined in Eq. (10.9) becomes

fλ(n, g) =
1

sλ
⟨n0,n0 |Pλ(τmn ⊗ τ̄mn )(g)† |n,n⟩ , (10.23)

where ρ = |n0⟩⟨n0| ∼= |n0,n0⟩ is the input state and sλ = (dλ)
−1∑

n∈Nm⟨n,n |Pλ |n,n⟩.

10.5.2 Symmetric irreps in SU(m).

In this section, we summarize a few basic facts concerning symmetric irreps of SU(m),
as they are of central importance throughout this work. By construction, the space of n
particles over m modes is maximally symmetric under permutations over the modes. This
implies that the action of g ∈ SU(m) on such space is described by the irrep

τmn ≡ (n, 0, . . . , 0︸ ︷︷ ︸
m−1

) =
. . .

n
, (10.24)

where the number of boxes has the interpretation of the number of particles in the system.
Formally, the Young diagram on the r.h.s. labels the maximally symmetric irrep in SU(m).
Notably, the weights of the maximally symmetric irreps uniquely identify GT basis elements,
as it can be easily checked via the associated tableaux weights.

In Hm
n , a common orthonormal basis is the Fock basis, given by Fock states {|n⟩ | n ∈

Nm,
∑m

i=1 ni = n}. We remark that the GT basis, as well as the Weyl basis, labels the
same set of orthonormal vectors as the Fock basis. In fact, for symmetric irreps, n is exactly
the tableau weight of the corresponding Young tableau, i.e. ni is the number of boxes filled
with i for each i ∈ [m], e.g.

|3, 2, 1⟩ =
∣∣ 1 1 1 2 2 3

〉
, (10.25)

from which follows the correspondence with the GT basis. In particular, for any Fock state
|n⟩ = |n1, . . . , nm⟩, the corresponding GT pattern –that will be denoted by N throughout
this work– is given as follows:

N =


n 0 . . . 0 0∑m−1

i=1 ni 0 . . . 0 0
. . .

...
...

n1 + n2 0
n1

 . (10.26)
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The complex conjugate representation (dual representation) on Hm
n

∼= (Hm
n )∗ is identified

by the Young diagram

τ̄mn =

. . .

...
. . . ...
. . .

n

m− 1
. (10.27)

Note that although τ̄mn acts on Hm
n , it is not symmetric (unless m = 2). We can construct

the dual GT basis labeled by GT patterns N̄ of the form (cf. Eqs. (3.21) and (10.26))

N̄ =


n n . . . n 0

n n . . . n nm
. . .

...
...

n
∑m

i=3 ni∑m
i=2 ni

 . (10.28)

By Eq. (3.23), the dual GT basis again coincides with the Fock basis of Hm
n , but modified

with the phase function Eq. (3.25).
Finally, unlike the general case of arbitrary irreps of SU(m), the weight spaces of

symmetric irreps are clearly one-dimensional: Each Fock state corresponds to one and only
one Young tableau, as there are no degrees of freedom for box-labeling. Weight spaces of
dual symmetric irreps have the same property by duality.

10.5.3 Clebsch-Gordan decomposition of the reference representation

In this section, we study the irrep decomposition of ωmn . From the previous discussion, we
have

ωmn = τmn ( · )τm†
n

∼= τmn ⊗ τ̄mn , (10.29)

where again complex conjugate representation is taken in the Fock basis. We can restrict
our focus to the irreps of SU(m) (or, equivalently, its corresponding Lie algebra su(m)) as
τmn can be extended to irreps of U(m) using nontrivial characters of the unit circle group
(roughly speaking, resulting in a multiplication by a global phase which vanishes in the
conjugate action of B(Hm

n )). The decomposition of ωmn into irreps can be computed using
Littlewood-Richardson’ rules, a general tool to classify the decomposition of tensor product
representations. We refer to Section 3.1.1 for a brief overview on how they can be employed
in the context of SU(m).

Lemma 38. Let τmn : SU(m) → U(Hm
n ) be the irreducible representation of SU(m) on the

space of n bosons distributed over m modes as in Eq. (10.24). Define the Young diagram

λk ≡
. . . . . .

...
. . .

...
. . .

k k

m− 1
, (10.30)
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where λ0 and λ1 denote the trivial irrep and the adjoint irrep of SU(m), respectively. Then,
for any n,m ∈ N \ {0},

ωmn =

n⊕
k=0

λk , (10.31)

where each λk, k = 0, . . . , n, appears exactly one time.

Proof. We will prove the following equivalent fact by induction:

ωmn = λn ⊕ ωmn−1 , ∀n ∈ N \ {0} . (10.32)

First, notice that

ωm1 = ...m− 1 ⊕ 1 ≡ λ1 ⊕ ωm0 , (10.33)

as ωm0 = 1 trivially.
The conjugate representation is associated with the tensor product of Young diagrams

. . .

...
. . .

...
. . .

n

m− 1
⊗ . . .

n

(10.34)

(swapping tensor factors does not influence the result). By Littlewood-Richardson’ rules,
we first have

. . .

...
. . .

...
. . .

n

m− 1
⊗

a . . . a

n
=

. . . a

...
. . .

...
. . .

n

m− 1
⊗

a . . . a

n− 1

⊕
. . .

...
. . .

...
. . .

n− 1

m− 1
⊗

a . . . a

n− 1
.

(10.35)

Note that the second term in the r.h.s. is by definition ωmn−1. Hence, we shall only prove
that

. . . a

...
. . .

...
. . .

n

m− 1
⊗

a . . . a

n− 1
= ⊕n

k=0λk . (10.36)



10.5. TECHNICAL DETAILS AND PROOFS 121

For this purpose, let us consider the factor

λ̃(s)r :=
. . . a . . . a

...
. . .

...
. . .

r s

m− 1
. (10.37)

Clearly, λ̃(r)r = λr and λ̃(0)0 = 1. Notice that

λ̃(s)r ⊗ τml =


. . . a . . . a

...
. . .

...
. . .

r s+ 1

m− 1
⊕

. . . a . . . a

...
. . .

...
. . .

r − 1 s
⊗

a . . . a

l − 1

=
(
λ̃(s+1)
r ⊕ λ̃

(s)
r−1

)
⊗ τml−1 .

(10.38)
With this notation, expanding the l.h.s. of Eq. (10.36) we get

λ̃(1)n ⊗ τmn−1 =


. . . a a

...
. . .

...
. . .

n

m− 1
⊕

. . . a

...
. . .

...
. . .

n− 1
⊗

a . . . a

n− 2

=
(
λ̃(2)n ⊕ λ̃

(1)
n−1

)
⊗ τmn−2

=
(
λ̃(3)n ⊕ λ̃

(2)
n−1 ⊕ λ̃

(2)
n−1 ⊕ λ̃

(1)
n−2

)
⊗ τmn−3

=
(
λ̃(3)n ⊕ λ̃

(2)
n−1 ⊕ λ̃

(1)
n−2

)
⊗ τmn−3

...

=
(
λ̃(i)n ⊕ λ̃

(i−1)
n−1 ⊕ · · · ⊕ λ̃

(1)
n−i+1

)
⊗ τmn−i

...

=

n⊕
i=0

λ̃
(n−i)
n−i

=
n⊕
k=0

λk .

(10.39)

In the latter, we used the merging rule for Young diagrams, see Section 3.1.1. Finally, we
have

ωmn =

n∑
k=0

λk ⊕ ωmn−1 =

n∑
k=0

λk ⊕
n−1∑
l=0

λl = λn ⊕ ωmn−1 , (10.40)

by the merging rule again.
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For instance, we have the following explicit decomposition for n = m = 3:

ω3
3 = 1⊕ ⊕ ⊕ , (10.41)

since:

⊗ a a a =

 a
⊕

⊗ a a (10.42)

=

 a a
⊕

a
⊕

⊗ a

(10.43)

=
a a a

⊕
a a

⊕
a

⊕ 1 .

(10.44)

The dimension of λk admits a nice closed-form expression in terms of the dimension of the
number subspace,

dimHm
k =

(
k +m− 1

k

)
, (10.45)

as follows:

Proposition 39. For any k ∈ N, set dλk ≡ dimλk. Then, the following holds:

dλk =

(
1− k2

(k +m− 1)2

)
(dimHm

k )
2 =

2k +m− 1

m− 1

(
k +m− 2

k

)2

. (10.46)

We prove this fact in Appendix B.1.
We remark that for the one-to-one correspondence of RB decays with irreps, it is

important that the reference representation ωmn decomposes into multiplicity-free irreps
[49, 50]. Moreover, these irreps should be of real type. This is the case for the irreps
λk, k = 1, . . . , n, because each term in the decomposition is self-dual and multiplicity
free (this can also be checked using e.g. [69, Proposition 26.24], where all the complex,
real, and quaternionic irreps of SU(m) are classified). In general, both conditions are not
necessarily fulfilled, which can lead to more than one decay per irrep that may also be
complex (i.e. oscillating).
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10.5.4 The passive frame operator

As the reference representation ω = ωmn := τmn (·)τm†
n of G = U(m) preserves the number of

particles, S acts non-trivially on the n-th Fock sector only, i.e.

S =



0
. . .

0

S(n)

0
. . .


, (10.47)

where S(n) is obtained via the restriction of M to the subspace of n particles. Moreover,
since ωmn decomposes as

⊕n
k=0 λk (see Lemma 38), Schur’s lemma implies [50]:

S(n) =
⊕
λ

S
(n)
λ , S

(n)
λ = sλidλ , (10.48)

where the direct sum is over all irreps of ωmn and, in general [50],

sλ = d−1
λ Tr[PλM] = d−1

λ

∫
Ω
dx Tr [|x⟩⟨x|Pλ(|x⟩⟨x|)] . (10.49)

Here, dλ ≡ dimHλ, with λ ∈ {λk}nk=0, and Pλ is the corresponding projector onto its
carrier space. In the second step, we used the fact that the Bochner integral commutes
with the trace since the latter is a continuous linear operator in the trace norm and the
trace of [|x⟩⟨x|Pλ(|x⟩⟨x|)] is finite.

10.5.5 Filter function for passive RB with PNR measurements

As the irrep decomposition of ωmn can be computed for any n and m (cf. Lemma 38),
we can evaluate explicit expressions for the filter function. This will provide the proof of
Theorem 36.

By construction, ωmn = τmn (·)τm†
n

∼= τmn ⊗ τ̄mn acts on elements |n,n⟩ (from here on
referred as the uncoupled basis). However, as pointed out in the Section 3.1.1, the second
entry shall be suitably interpreted as a basis element of τ̄mn , which requires the specification
of the relative phases between states of τmn and its dual. In particular, we have

|n⟩ = |N⟩ = (−1)φ(N)|N̄⟩ , (10.50)

where |N⟩ is the GT pattern defined in Eq. (10.26), |N̄⟩ is the dual state, cf. Eq. (3.21),
and the relative phase is given in Eq. (3.25). For the rest of this work, we fix the following
notation: For each Fock state |m⟩, the corresponding GT pattern will be denoted with the
corresponding Latin capital letter, namely the identification |m⟩ ≡ |M⟩ holds.

From previous considerations, it follows

ρ ∼= |n0,n0⟩ = |N0, N0⟩ = (−1)φ(N0)|N0, N̄0⟩ = (−1)φ(N0)
n∑
k=0

∑
M∈GT(λk)

CMN0,N̄0
|M⟩ ,

(10.51)
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with {|M⟩}M∈GT(λk) being an orthonormal basis (referred as the coupled basis from here
on) for the carrier space of λk. Notice that in Eq. (10.51) we do not need to specify the
multiplicity index of states and Clebsch-Gordan coefficients since λk is multiplicity free for
each k = 0, . . . , n.

Then, for a fixed irrep λ ∈ {λk}nk=0, we have Pλ =
∑

M∈GT(λ)|M ⟩⟨M | and the following
relation holds true:

Pλ|N0, N̄0⟩ =
∑

M∈GT(λ)

CMN0,N̄0
|M⟩ , (10.52)

We remark that – by the selection rules of Clebsch-Gordan coefficients Eq. (3.39) – the
sum is restricted to all the basis vectors such that the associated weight corresponds to the
sum of the weights of the states |N0⟩ and |N̄0⟩, Cf. Eq. (3.39). Specifically, by Eq. (3.21),
CM
N0,N̄0

is possibly nonzero provided that

w
(M)
j = w

(N0)
j + w

(N̄0)
j

= 2

j∑
i=1

N
(0)
i,j −

(
j−1∑
i=1

N
(0)
i,j−1 +

j+1∑
i=1

N
(0)
i,j+1

)
+ 2

j∑
i=1

N̄
(0)
i,j −

(
j−1∑
i=1

N̄
(0)
i,j−1 +

j+1∑
i=1

N̄
(0)
i,j+1

)

= 2

j∑
i=1

N
(0)
1,m −

(
j−1∑
i=1

N
(0)
1,m +

j+1∑
i=1

N
(0)
1,m

)
= 0 (10.53)

for each j = 1, . . . ,m, i.e. wN0 + wN̄0
= 0.

Moreover, for the 0 weight spaces, the inner multiplicity γλk(0) of 0 in λk can be easily
computed, as we prove the following fact:

Lemma 40. Let λk be an irrep of SU(m) as in Eq. (10.30) for any k ∈ N. Then,

γλk(0) =

(
k +m− 2

k

)
. (10.54)

We prove this fact in Appendix B.2. This provides the number of (possibly) non-zero
terms in Eq. (10.52) and is relevant for the evaluation of the eigenvalues of the frame
operator of passive RB with PNR measurements, for which we obtain the following simple
expression:

Theorem 41. Let λk, k = 0, . . . , n be an irrep in ωmn . For a PNR measurement setting,
the eigenvalues of the frame operator of the passive RB protocol are given by

sλk =
m− 1

2k +m− 1
γλk(0)

−1 , (10.55)

where γλk(0) is as in Eq. (10.54).

Proof. First, recall that a single mode (ideal) PNR detector measures the number of
particles in such mode [243]. In the case of m modes, the (ideal) POVM is therefore given
by {|n⟩⟨n|}n∈Nm and the (vectorized) measurement channel can be written as

M :=
∑

n∈Nm

|n,n⟩⟨n,n| =
∞∑
n=0

∑
n∈GT(τmn )

|N,N ⟩⟨N,N | . (10.56)
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Denoting by Pλk the projector onto λk ∈ ω̂mn , we have the following:

sλk =
1

dλk

∑
n∈Nm

⟨n,n |Pλk |n,n⟩ (10.57)

=
1

dλk

∑
N∈GT(τmn )

⟨N,N |Pλk |N,N⟩ (10.58)

=
1

dλk

∑
N∈GT(τmn )

(−1)2φ(N)⟨N, N̄ |Pλk |N, N̄⟩ (10.59)

=
1

dλk

∑
N∈GT(τmn )

∑
M∈GT(λk)

|CMN,N̄ |2 , (10.60)

where in the second step we used the fact that Pλk acts non-trivially on the n particle
subspace, and in the fourth step we used the fact that the phases φ(N) introduced in
the labeling of GT dual patterns are integers by construction, see Eq. (3.25). Finally,
recall that the non-trivial Clebsch-Gordan coefficients are determined by the selection rule
wM = wN + wN̄ = 0. Moreover, symmetric irreps of SU(m) –and their dual– preserve the
1-to-1 correspondence between weights and basis vectors, see Section 10.5.2. This implies∑

N∈GT(τmn )

|CMN,N̄ |2 =
∑

N∈GT(τmn )

∑
N̄ ′∈GT(τ̄mn )

CMN,N̄ ′C
M
N,N̄ ′ = 1 (10.61)

by orthogonality relations, cf. Eq. (3.37). Therefore,

sλk =
γλk(0)

dλk
(10.62)

and the assertion follows from Eq. (10.54) and Proposition 39.

Notice that sλk scales exponentially in both k and m. In particular, in the case
k = n = m, it is proportional to the m-th Catalan number, and it scales as O(4m/

√
m) for

large values of m.

Theorem 42 (Restatement of Theorem 36 - PNR version). Let ρ = |n0⟩⟨n0| ∼= |n0,n0⟩ =
|N0, N0⟩ be a m modes state and let {|n⟩⟨n|}n∈Nm be the Fock state POVM. Let N be the
GT pattern associated with n. Then, for a given irrep λk ∈ in ωmn , and assuming sλk ≠ 0,

fλk(n, g) =
1

sλk

(−1)φ(N0)

n!

∑
M∈GT(λk)

CMN0,N̄0

∑
N ′∈GT(τmn )

(−1)φ(N
′)

n′!
CMN ′,N̄ ′ |Per(gn,n′)|2

(10.63)
where sλk is evaluated in Theorem 41, the sums are restricted to all basis states such that
Eq. (10.53) is satisfied and Per(gn,m) denotes the permanent of the matrix obtained by g by
taking mj copies of the j-th column of U and then by taking ni copies of the i-th row of the
resulting matrix, and we used the multi-index notation n! := n1! . . . nm!.

Proof. By Eq. (10.51), and denoting by N0 and N the GT patterns associated with n0 and
n, respectively, the filter function defined in Eq. (10.9) becomes

fλk(N, g) =
1

sλk
⟨N0, N0 |Pλkτmn ⊗ τ̄mn (g)† |N,N⟩ (10.64)
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=
1

sλk
(−1)φ(N0)

∑
M∈GT(λk)

CMN0,N̄0
⟨M |(τ ⊗ τ̄)(g)† |N,N⟩ (10.65)

=
1

sλk
(−1)φ(N0)

∑
M∈GT(λk)

CMN0,N̄0

∑
N1,N2∈GT(τmn )

CMN1,N̄2
⟨N1, N̄2 |τmn ⊗ τ̄mn (g)† |N,N⟩

(10.66)

=
1

sλk
(−1)φ(N0)

∑
M∈GT(λk)

CMN0,N̄0

∑
N1,N2∈GT(τmn )

(−1)φ(N2)CMN1,N̄2
(10.67)

× ⟨N1, N2 |τmn ⊗ τ̄mn (g)† |N,N⟩ ,
where in Eq. (10.64) we used Eq. (10.52) and relabeled the second entries as dual basis
vectors by introducing the corresponding relative phases (Cf. Eq. (3.25)). In Eq. (10.65), we
used the Clebsch-Gordan decomposition M =

∑
N1,N2

CM
N1,N̄2

|N1, N̄2⟩, and in Eq. (10.66)
we relabeled N̄2 as a basis vector for τmn . In particular, the latter implies that fλk is
manifestly related to the computation of permanents [250], as each inner product resembles
the boson sampling problem when expressed in the Fock basis:

⟨N1, N2 |τmn ⊗ τ̄mn (g)† |N,N⟩ = ⟨n1,n2 |τmn ⊗ τ̄mn (g)† |n,n⟩ (10.68)

= ⟨n1 |τmn (g)† |n⟩⟨n |τmn (g)|n2⟩ (10.69)

=
1

n!
√
n1!n2!

Per(g†n1,n) Per(gn,n2) , (10.70)

Finally, since weights for symmetric irreps of SU(m) uniquely identify basis vectors, by
selection rules of Clebsch-Gordan coefficients we have that N2 = N1 (see also Eq. (10.61)),
and the assertion follows by plugging in Theorem 41.

Clebsch-Gordan coefficients can be calculated in polynomial time [77] for ≈ 20 modes
before memory overhead limits the application of such algorithms [258]. We remark
that –using exact formulae for CG coefficients for τmn ⊗ τ̄mn from [150]– one can compute
the necessary Clebsch-Gordan coefficients for higher number of modes m. Hence, the
computational hardness of fλk comes from the evaluation of the permanents appearing in
Eq. (10.63).

Alternatively, fλk can be expressed as a linear combination of matrix coefficients of λk
(in the corresponding GT basis). To show this fact, we introduce the following technical
result that will be used extensively in the rest of this work:

Lemma 43. Let N,X be GT patterns, and let N̄ , X̄ be their dual, respectively. Let τmn be
the n-particles maximally symmetric irrep of SU(m) and consider λk ∈ ωmn

∼= τmn ⊗ τ̄mn . Let
Pλk be the projector onto λk. Then, the following holds:

⟨N, N̄ |Pλk(τmn ⊗ τ̄mn )(g)† |X, X̄⟩ =
∑

M∈GT(λk)

CMN,N̄

∑
M ′∈GT(λk)

CM
′

X,X̄⟨M |λk(g)† |M ′⟩ .

(10.71)

Proof. By construction, Pλk selects the λk-th component of |N, N̄⟩, which can be conve-
niently isolated by the Clebsch-Gordan decomposition of ωmn ∼= τmn ⊗ τ̄mn . This implies

⟨N, N̄ |Pλk(τmn ⊗ τ̄mn )(g)† |X, X̄⟩ =
∑

M∈GT(λk)

CMN,N̄ ⟨M |τmn ⊗ τ̄mn (g)† |X, X̄⟩ . (10.72)
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To compute the inner product, recall that τmn ⊗ τ̄mn =
⊕n

l=0 λl (Cf. Eq. (10.31)). In
particular, observe that M is a basis element in λk, which implies the only non trivial
contributions from τmn ⊗ τ̄mn are associated with its λk-th component. Likewise, the only
relevant contributions to the inner product coming from |X, X̄⟩ are associated with its
restriction to λk that can be expressed as

|X, X̄⟩
∣∣
λk

=
∑

M ′∈GT(λk)

CM
′

X,X̄ |M ′⟩ . (10.73)

Hence,
⟨M |τmn ⊗ τ̄mn (g)† |X, X̄⟩ =

∑
M ′∈GT(λk)

CM
′

X,X̄⟨M |λk(g)† |M ′⟩ , (10.74)

from which the assertion follows.

As mentioned before, a first consequence is the following explicit expression for the filter
function:

Corollary 44. For a given irrep λk ∈ ω̂mn , and assuming sλk ≠ 0, the following holds true:

fλk(n, g) =
1

sλk
(−1)φ(N0)+φ(N)

∑
M∈GT(λk)

CMN0,N̄0

∑
M ′∈GT(λk)

CM
′

N,N̄ ⟨M |λk(g)† |M ′⟩ , (10.75)

where the sums are restricted to all basis states such that Eq. (10.53) is satisfied.

Proof. By Eq. (10.51), and denoting by N0 and N the GT patterns associated with n0 and
n, respectively, the filter function defined in Eq. (10.9) becomes

fλk(N, g) =
1

sλk
⟨N0, N0 |Pλk(τmn ⊗ τ̄mn )(g)† |N,N⟩ (10.76)

=
1

sλk
(−1)φ(N0)+φ(N)⟨N0, N̄0 |Pλk(τmn ⊗ τ̄mn )(g)† |N, N̄⟩ (10.77)

=
1

sλk
(−1)φ(N0)+φ(N)

∑
M∈GT(λk)

CMN0,N̄0

∑
M ′∈GT(λk)

CM
′

N,N̄ ⟨M |λk(g)† |M ′⟩ . (10.78)

In the last line, we used Lemma 43.

Notably, explicit expressions for the matrix elements of irreps of SU(m) are also available,
see for instance [151, Chapter 3] for SU(2) and [152, Chapter 9] for SU(m). Moreover,
numerical implementations of the bosonic realization of su(m) are available [251] and matrix
coefficients can be expressed as suitable permanents of λk(g).

10.5.6 Moments of the filter function for PNR measurement settings

In this section, we provide explicit expressions for the first two moments of the filter
function (10.9) w.r.t the ideal probability distribution p(n|g) = ⟨n |ωmn (g)(ρ)|n⟩, n ∈ Nm.
In particular, the ideal second moment will provide an upper bound to the sampling
complexity of the protocol, Cf. Section 10.3. Throughout this section dg denotes the Haar
measure on SU(m).

The following technical result will be useful:
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Lemma 45. Let N,X be GT patterns, and let N̄ , X̄ be their dual, respectively. Let τmn be
the n-particles maximally symmetric irrep of SU(m) and let λk be an irrep in ωmn . Then,
the following holds:

⟨X, X̄ |(τmn ⊗ τ̄mn )(g)|N, N̄⟩ =
n∑
j=0

∑
M,M ′∈GT(λj)

CMX,X̄C
M ′
N,N̄ ⟨M |λj(g)|M ′⟩ . (10.79)

Proof. The expression follows immediately from the Clebsch-Gordan decomposition. More
specifically, we have

|N, N̄⟩ =
n∑
i=0

∑
M∈GT(λi)

CMN,N̄ |M⟩ , |M,M̄⟩ =
n∑
j=0

∑
M ′∈GT(λj)

CM
′

X,X̄ |M ′⟩ , (10.80)

τmn ⊗ τ̄mn =

n⊕
k=0

λk , (10.81)

Cf. Eq. (10.51) and Eq. (10.31). Hence, since M and M ′ are basis elements of λi and λj ,
respectively,

⟨M |λk(g)|M ′⟩ ≠ 0 (10.82)

only if i = j = k, from which the assertion follows.

We will also need the following standard result in the representation theory of compact
groups, often referred as Schur’s orthogonality relations, see [63, Thm. 5.8]: For a given
irrep λ of SU(m) (or, in general, of any compact group G), if M1,M2,M

′
1,M

′
2 ∈ GT(λ),

then the following relation holds true:∫
dg ⟨M1 |λ(g)|M ′

1⟩⟨M2 |λ(g)† |M ′
2⟩ =

1

dλ
δM1,M2δM ′

1,M
′
2
, (10.83)

where dg denotes the Haar measure on G.
Before we prove the main results of this section, it is worth to quickly consider the first

moment E[fλk ], as the proof scheme is the same, but in the case of the second moment is
hidden behind additional technical details concerning the representations involved.

Lemma 46. For a PNR measurement setting, ρ = |n0⟩⟨n0| as input state, and an irrep
λk of ω(n) = τmn ( · )τm†

n , the following holds:

E[fλk ] =
∑

M∈GT(λk)

|CMN0,N̄0
|2 , (10.84)

where N0 is the GT pattern associated with n0, and N̄0 is its dual.

Proof. Since ρ is an n-particle state and ωmn is a passive transformation, the outcome of a
PNR measurement must also be an n-particle Fock state. Hence, we have

E[fλk ] :=
1

sλk

∑
n∈Hm

n

∫
dg ⟨n0,n0 |Pλk(τmn ⊗ τ̄mn )(g)† |n,n⟩⟨n,n |(τmn ⊗ τ̄mn )(g)|n0,n0⟩

(10.85)
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=
1

sλk

∑
N∈GT(τmn )

∫
dg ⟨N0, N̄0 |Pλk(τmn ⊗ τ̄mn )(g)† |N, N̄⟩⟨N, N̄ |(τmn ⊗ τ̄mn )(g)|N0, N̄0⟩

(10.86)

=
1

sλk

∑
M∈GT(λk)

CMN0,N̄0

∑
N∈GT(τmn )

∫
dg ⟨M |λk(g)† |N, N̄⟩⟨N, N̄ |

n⊕
j=0

λj(g)|N0, N̄0⟩ .

(10.87)

The second line follows since the relative phases between |M⟩ and |M̄⟩ highlighted in
Eq. (3.23) are integers and they appear an even number of times. In the third step,
we projected |N0, N̄0⟩ onto its λk-th component, see Eq. (10.52). Accordingly, the only
non-trivial contribution to the integral is determined by the λk-th component of τmn ⊗ τ̄mn .
Similarly, by orthogonality relations, the integral is non-zero only if λj = λk. Hence, it is
enough to consider the restricted Clebsch-Gordan decomposition to the λk-th irrep, and
the following holds:

E[fλk ] =
1

sλk

∑
M∈GT(λk)

CMN0,N̄0

∑
N∈GT(τmn )

∫
dg ⟨M |λk(g)† |N, N̄⟩⟨N, N̄ |λk(g)|N0, N̄0⟩

(10.88)

=
1

sλk

∑
M∈GT(λk)

CMN0,N̄0

∑
N∈GT(τmn )

∑
M1,M2,M3∈GT(λk)

CM1

N,N̄
CM2

N,N̄
CM3

N0,N̄0
(10.89)

×
∫
dg ⟨M |λk(g)† |M1⟩⟨M2 |λk(g)|M3⟩︸ ︷︷ ︸

= 1
dλk

δM,M3
δM1,M2

(10.90)

=
1

dλk

1

sλk

∑
M∈GT(λk)

|CMN0,N̄0
|2

∑
N∈GT(τmn )

∑
M1∈GT(λk)

|CM1

N,N̄
|2 (10.91)

=
∑

M∈GT(λk)

|CMN0,N̄0
|2. (10.92)

In the second step, we expanded |N, N̄⟩, |N0, N̄0⟩ in the coupled basis, and restricted the
decompositions to the λk-th components. In the third step, we used Schur’s orthogonality
relations to compute the integral, and in the final step we used the definition of the frame
operator, and in particular the result in Theorem 41.

In general, finding explicit expressions for the second moment E[f2λ ] is more involved
and the following technical result is necessary:

Lemma 47. Let λk be a Young diagram as in Eq. (10.30) labeling an irrep of SU(m), m ≥ 3.
Then,

λk ⊗ λk =
k⊕
l=0

λ
(l+1)
l ⊕

2k⊕
l=k+1

λ
(2k−l+1)
l ⊕ L , (10.93)

where λ0 ≡ 1, λ1 ≡ Ad, λ(i)j denotes the i-th copy of λj in λ⊗2
l , and L is a suitable direct

sum of irreps which are not of the form λl for any l ∈ N.
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Specifically, all irreps λl in λ⊗2
k are computed by identifying all admissible ways of

combining two copies of λk to a fixed shape using Littlewood-Richardson’ rules. This result
is proved in Appendix B.3.

Hence, we derive an explicit expression for E[f2λk ] using Eq. (2.10):

Theorem 48. For a PNR measurement setting, ρ = |n0⟩⟨n0| as input state, and an irrep
λk of ωmn , the following holds:

E[f2λk ] =
1

s2λk
(−1)φ(N0)

∑
N∈GT(τmn )

(−1)φ(N)gk(N,N0) , (10.94)

where gk(N,N0) is a function of Clebsch-Gordan coefficients of the representations τmn ⊗ τ̄mn
and λ⊗2

k given by

gk(N,N0) =

min(n,2k)∑
l=0

1

dλl

ml∑
r=1

∑
M,M ′∈GT(λk)
L,L′∈GT(λk)
R,R′∈GT(λl)

CMN0,N̄0
CM

′
N0,N̄0

CRN0,N̄0
CLN,N̄C

L′
N,N̄C

R′
N,N̄C

R,r
M,M ′C

R′,r
L,L′

(10.95)
where ml is the multiplicity of λl in λ⊗2

k as in Lemma 47 and dλl ≡ dimλl.

Proof. For any irrep λk ∈ ω̂mn , and by relabeling the second entries as basis elements of the
dual irrep τ̄mn , the second moment can be expressed as follows:

E[f2λk ] :=
1

s2λk

∑
n∈Hm

n

∫
dg ⟨n0,n0 |Pλk(τmn ⊗ τ̄mn )(g)† |n,n⟩2⟨n,n |τmn ⊗ τmn (g)|n0,n0⟩

=
1

s2λk

∑
N∈GT(τmn )

∫
dg ⟨N0, N0 |Pλk(τmn ⊗ τ̄mn )(g)† |N,N⟩2⟨N,N |τmn ⊗ τmn (g)|N0, N0⟩

=
1

s2λk

∑
N∈GT(τmn )

(−1)φ(N0)+φ(N)

∫
dg ⟨N0, N̄0 |Pλk(τmn ⊗ τ̄mn )(g)† |N, N̄⟩2

× ⟨N, N̄ |τmn ⊗ τmn (g)|N0, N̄0⟩

=
1

s2λk
(−1)φ(N0)

∑
N∈GT(τmn )

(−1)φ(N)gk(N,N0) ,

(10.96)
where

gk(N,N0) ≡
∫
dg ⟨N0, N̄0 |Pλk(τmn ⊗ τ̄mn )(g)† |N, N̄⟩2⟨N, N̄ |τmn ⊗ τmn (g)|N0, N̄0⟩ . (10.97)

By Lemmas 43 and 45, we obtain

gk,l(N,N0) =
∑

M,M ′∈GT(λk)

CMN0,N̄0
CM

′
N0,N̄0

∑
L,L′∈GT(λk)

CLN,N̄C
L′
N,N̄

n∑
j=0

∑
J,J ′∈GT(λj)

CJN,N̄C
J ′
N0,N̄0

×
∫
dg ⟨M,M ′ |λk(g)†⊗2 |L,L′⟩⟨J |λj(g)|J ′⟩︸ ︷︷ ︸

≡I
(10.98)
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We compute the integral with Schur’s orthogonality relations. Specifically, this requires the
irrep decomposition of λ⊗2

k : By Lemma 47, we have

⟨M,M ′ |λk(g)†⊗2 |L,L′⟩ = ⟨M,M ′ |
2k⊕
l=0

λ⊕ml
l (g)† |L,L′⟩ , (10.99)

where ml ∈ {0, 1, . . . , k} is the multiplicity of λl in λ⊗2
k worked out in Lemma 47. Then,

consider the following Clebsch-Gordan decompositions:

|M,M ′⟩ =
2k∑
i=0

mi∑
ri=1

∑
R∈GT(λi)

CR,riM,M ′ |R, ri⟩ , |L,L′⟩ =
2k∑
h=0

mh∑
rh=1

∑
R′∈GT(λh)

CR
′,rh

L,L′ |R′, rh⟩ ,

(10.100)
where ri, rh denote the ri-th and rh-th copies of λi and λh in λ⊗2

k , respectively. By
orthogonality of irreps, it follows

⟨M,M ′ |λk(g)†⊗2 |L,L′⟩ =
2k∑
l=0

ml∑
r=1

∑
R,R′∈GT(λl)

CR,rM,M ′C
R′,r
L,L′ ⟨R, r |λ(r)l (g)† |R′, r⟩ . (10.101)

By Schur’s orthogonality relations, this implies that the only non trivial contributions in
I are associated with irreps λl which appears in the intersection of the sets of irreps of
τmn ⊗ τ̄mn and λk ⊗ λk, i.e. j = l provided that λl appears in both decomposition. More
specifically,

I =

2k∑
l=0

ml∑
r=1

∑
R,R′∈GT(λl)

CR,rM,M ′C
R′,r
L,L′

∫
dg ⟨R, r |λ(r)l (g)† |R′, r⟩⟨J |λj(g)|J ′⟩

=
2k∑
l=0

δl,j

ml∑
r=1

∑
R,R′∈GT(λl)

CR,rM,M ′C
R′,r
L,L′

∫
dg ⟨R, r |λ(r)l (g)† |R′, r⟩⟨J |λl(g)|J ′⟩

=

2k∑
l=0

1

dλl
δl,j

ml∑
r=1

∑
R,R′∈GT(λl)

CR,rM,M ′C
R′,r
L,L′δR,J ′δR′,J .

(10.102)

Therefore, we have

gk(N,N0) =
∑

M,M ′∈GT(λk)

CMN0,N̄0
CM

′
N0,N̄0

∑
L,L′∈GT(λk)

CLN,N̄C
L′
N,N̄

n∑
j=0

∑
J,J ′∈GT(λj)

CJN,N̄C
J ′
N0,N̄0

×
2k∑
l=0

1

dλl
δl,j

ml∑
r=1

∑
R,R′∈GT(λl)

CR,rM,M ′C
R′,r
L,L′δR,J ′δR′,J

=

min(n,2k)∑
l=0

1

dλl

ml∑
r=1

∑
M,M ′∈GT(λk)

CMN0,N̄0
CM

′
N0,N̄0

∑
L,L′∈GT(λk)

CLN,N̄C
L′
N,N̄

×
∑

R,R′∈GT(λl)

CRN0,N̄0
CR

′
N,N̄C

R,r
M,M ′C

R′,r
L,L′ ,

(10.103)
from which the assertion follows.
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10.5.7 A worked out example

In the case of 2 modes systems, Clebsch-Gordan coefficients reduce to the usual ones, and
the analysis of the filter function and its moments drastically simplifies. In this section, we
show explicit expressions for such a case, which will highlight some technicalities implicit
in the general case of SU(m).

In the SU(2) case, it is convenient to switch from the bosonic realization of the SU(2)
algebra to its spin realization, where Clebsch-Gordan coefficients are naturally introduced.
This task is accomplished by the Jordan-Schwinger map [261]: For given annihilation
operators a1, a2 acting on a 2 mode system and satisfying the CCRs, the Jordan-Schwinger
map is such that

J1 :=
1

2

(
a†2a1 + a†1a2

)
, J2 :=

1

2

(
a†2a1 − a†1a2

)
, J3 :=

1

2

(
a†1a1 − a†2a2

)
, (10.104)

where [Ji, Jj ] = iϵijkJk, ϵ is the Levi-Civita’s pseudo-tensor, and

J2 = J2
1 + J2

2 + J2
3 =

n

2

(n
2
+ 1
)
, n = n1 + n2 , ni = a†iai . (10.105)

This implies the normalized states |n1, n2⟩ correspond to the eigenstates |jm⟩ of J2 and J3,
with the identification [78, 79]

n1 = j +m, n2 = j −m, (10.106)

hence, in this section, we will consider an input state ρ = |jm⟩⟨jm| and the Fock state
POVM becomes {|j′m′⟩⟨j′m′|}, where j′ ∈ 1

2N and m′ = −j′, . . . , j′. A spin state |jm⟩
and its dual are identified by the GT patterns(

2j 0
j +m

)
,

(
2j 0

j −m

)
, (10.107)

respectively, which implies the following relation:

|jm⟩ = (−1)j−m|j −m⟩ . (10.108)

Moreover, given any irrep λJ of SU(2), the following relations hold:

PJ =
J∑

M=−J
|JM ⟩⟨JM | , sJ =

1

2J + 1
. (10.109)

In particular, the expression for sJ follows from Eq. (10.55), the fact that the inner
multiplicities of SU(2) basis vectors are 1 (or, equivalently, each weight is uniquely associated
with a unique weight vector).

In this case, with the identification |x1, x2⟩ 7→ |j l⟩, Eq. (10.63) becomes

fJ(l, g) =
1

2J + 1
(−1)2j−m−lCJ0jm,j−mC

J0
jl,j−l⟨J0 |λJ(g)† |J0⟩ , (10.110)
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or, equivalently, it can be expressed as (Cf. Eq. (10.75))

fJ(l, g) =
(−1)2j−m

2J + 1
CJ0jm,j−m

j∑
m′=−j

(−1)−m
′
CJ0jm′,j−m′⟨jm′, j −m′ |(τ2n ⊗ τ̄2n)(g)

† |x1, x2⟩

=
(−1)2j−m

2J + 1
CJ0jm,j−m

j∑
m′=−j

(−1)−m
′
CJ0jm′,j−m′ |⟨x1, x2 |τ2n(g)|n′1, n′2⟩|2

=
1

2J + 1

(−1)2j−m

x1!x2!
CJ0jm,j−m

j∑
m′=−j

(−1)−m
′

n′1!n
′
2!

CJ0jm′,j−m′ |Per(g(n′
1,n

′
2),(x1,x2)

)|2 ,

(10.111)
where we set |jm′⟩ = |n′1, n′2⟩ by the inverse Jordan-Schwinger map.

The second moment expression also simplifies significantly. First, notice that, for a
given representation λJ ⊗λJ , each λK , with K ∈ {0, . . . , 2J}, is multiplicity free as all such
irreps are clearly maximally symmetric. This implies the decomposition of λ⊗2

J is formally
the same as the one of τ2n ⊗ τ̄2n, i.e.

. . .

K

⊗ . . .

K

= 1⊕ ⊕ ⊕ · · · ⊕ . . .

2K

(10.112)

and the second moment expression of Theorem 48 simplifies to

E[f2J ] =
1

s2J
(−1)2j |CJ0jm,j−m|2

j∑
l=−j

(−1)m+l|CJ0jl,j−l|2
2min(J,j)∑
K=0

1

2K + 1
CK0
jl,j−lC

K0
jm,j−m|CK0

J0,J0|2 .

(10.113)



Chapter 11

Open problems in bosonic RB

The passive RB protocol introduced in Chapter 10 allows for SPAM robust characterization
of passive Gaussian unitaries using very few samples. However, passive RB relies on the
preparation of Fock states and measurements to isolate particle loss rates. Fock states, in
particular, are often subjected to (partial) distinguishability [267–272]: Imperfections in
state preparation, for instance, the individual particles may have different polarizations,
can make the bosons distinguishable. In this regime, the system is no longer described
by the standard bosonic Hilbert space, and further modeling is required to capture the
correct behaviour. Another challenge of passive RB is the computational effort in post-
processing that restricts concrete applications to a moderate number of modes. While
the computation of Clebsch-Gordan coefficients still offers room for optimization, the
computation of permanents ultimately constitutes the main bottleneck towards scalability.

In this chapter, we collect first results and outline future directions aimed at extending
passive RB towards relevant noise models and alternative, more practical, implementations
of bosonic RB. In Section 11.1, we briefly review how the decay rates can be used to
obtain information about relevant quantum channels. A particularly notable approach is
the reconstruction of tomographic information of a fixed quantum channel using RB data
[220, 273, 274]. In Section 11.2, we present a first analysis of the passive RB signal in the
presence of distinguishability. We derive expressions for the SPAM component of the signal
when the input state consists of (partially) distinguishable bosons. These expressions can
be used to benchmark the implementation of input states. Further, we discuss preliminary
results using Gaussian measurements, appearing in [53], and present first steps towards
passive RB using coherent states and PNR measurements.

11.1 Interpretation of decay rates

In Chapter 10, we discussed how one can extract decay parameters to benchmark the
implementation of bosonic passive transformations. Besides particle loss, the interpretation
of such parameters requires further assumptions on the noise model. Interestingly, a noise
model may behave differently in different irreducible subspaces, see e.g. [275] for a discussion
on leakage in a trapped-ion platform. As this is a transversal topic throughout the RB
literature, in this section, we provide a brief overview in the general setting.

Beyond gate-set properties, RB techniques can be adapted to estimate the quality of the
implementation of a specific gate. Let G be a compact group, ω a reference representation

134
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and ϕ the corresponding implementation map. A common variant is interleaved RB
[205, 212], where an estimate of the quality of the implementation of a target gate gt is
obtained in a SPAM-robust way (we can assume for simplicity gt ∈ G here). This is realized
by inserting gt after every random gate in the RB sequence. Formally, the output data
assumes the following form:∫

G
dg1 . . . dgl(Ẽx |ϕ(ginv)ϕ(gt)ϕ(gl) . . . ϕ(gt)ϕ(g1)|ρ̃) , (11.1)

where ginv = (gtgl . . . gtg1)
−1 and ϕ is a given implementation function. Concretely, the

implementation of gt is benchmarked in a two-step procedure by first benchmarking the
average gate fidelity of the implementation of G, and then implementing the interleaved
sequence to obtain an estimate of the average gate fidelity of gt. In the gate-independent
scenario, this idea can be extended to obtain a tomographic reconstruction of a fixed
quantum channel from average gate fidelities estimated via RB [273, 274]. However, finding
rigorous guarantees is challenging, as this approach features steep exponential decays,
which translates mathematically in the fact that the implementation map is not closed to a
reference representation, see [49, Sec. VI.C].

An alternative approach put ideas from shadow estimation and RB together in a unified
framework [220]: The samples collected from an RB experiment are post-processed into
suitable correlation functions where a fixed superoperator is interleaved in post-processing.
Formally, for an input state ρ, POVM element Ex, reference representation ω and a
superoperator C, one defines

fC,λ(x, g1, . . . , gl) :=
1

sλ
(ρ |Pλω(gl)†Cω(gl−1)

†C . . . Cω(g1)|Ex) , (11.2)

where λ is an irrep in ω. Here, the superoperator C encodes some features of the gate set
that can be summarized in the decay parameters of the estimator associated with different
irreps. Then, the post-processing is formally equivalent to filtered RB: By collecting samples
{x(j), g(j)1 , . . . , g

(j)
l }j∈T , one can construct the estimator

F̂C,λ =
1

T

T∑
i=1

fλ,C(x
(j), g

(j)
1 , . . . , g

(j)
l ) (11.3)

of FC,λ(l) :=
∑

x

∫
G dg1 . . . dgl fC,λ(x, g1, . . . , gl)p̃(g1 . . . gl | x, ρ), where p̃(g1 . . . gl | x, ρ) is

defined as in Eq. (9.29) (this can be improved using the median-of-means estimator, as
in shadow estimation [220]). Fitting F̂C,λ for different values of l ∈ N, one can extract
decay rates for each irrep λ of G. We remark that, as for the filter functions and the
estimators in shadow protocols, the computation of the correlation functions typically
requires the simulation of the quantum experiment (restricted to the λth irreducible
subspace). However, in the same spirit as shadow estimation, the same sampled data can
be reused to estimate many properties at once. Specifically, it is possible to reconstruct a
unitary approximation of a quantum channel from average gate fidelities (with respect to
Clifford unitaries) [220, 273, 274]. As in RB approaches, the analysis is significantly more
involved with more complicated noise models. In particular, in the gate-dependent noise
scenario, in principle, a perturbative analysis may shed light on the output under general
gate-dependent, Markovian, time-independent noise. However, finding rigorous guarantees
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on the signal form is still an open problem. In particular, it is unclear how ’strong’ can
the noise be (in the sense of Theorem 35) before the perturbative approach is not viable
anymore. Moreover, this comes at the cost of the interpretability of the decay rates due
to the inherent gauge choice issue that is common to SPAM-robust protocols. Besides
such issues, in the bosonic setting, the derivation of sampling complexity guarantees is
complicated by the structure of its twirling, even in the gate-independent case. How the
noise affects the different irreducible subspaces is still an open question.

11.2 Distinguishable particles in bosonic RB

Indistinguishability, and therefore symmetry under particle exchange, is the defining property
of bosons. This has immediate consequences in quantum computation, as for, instance,
hardness of boson sampling is a direct consequence of indistinguishability, while it can be
efficiently simulated in the regime of distinguishable particles [270, 276, 277]. Intuitively,
distinguishability carries over the “which-path information” of otherwise identical particles,
effectively destroying quantum interference and leading to deviations in the output statistics
[278]. In the case of two particles interfering on a beam-splitter, their indistinguishability
is completely characterized by the Hong-Ou-Mandel experiment, which reflects on the
architecture of photonic quantum computers [160], while for larger systems lead to more
complicated behaviour, where the particles may be partially distinguishable by a restricted
set of internal degrees of freedom.

As in Chapter 10, we consider a finite-dimensional bosonic system of n particles
distributed across m modes. By construction, the associated Hilbert space is maximally
symmetric under permutations over the modes. This implies that the action of a passive
Gaussian unitary g ∈ SU(m) on such space is described by the maximally symmetric
irrep τmn defined in Section 10.5.2. In the ideal case, the reference representation is
ωmn ≡ τmn ( · )τm†

n
∼= τmn ⊗ τ̄mn =

⊕n
k=0 λk, where the irrep decomposition follows from

the Clebsch-Gordan decomposition discussed in Section 10.5.3. In this setting, we model
distinguishability between the modes of Hm

n by introducing additional modes, corresponding
to internal degrees of freedom. These may represent, for instance, the polarization of the
bosons, temporal modes induced by different emission times, or differences in central
frequency. In the extreme scenario, all n bosons are completely distinguishable. In this case,
the number of internal degrees of freedom (or ‘label’) is exactly n, so that each boson can be
correlated to a unique label. Consequently, the system is described by m× n modes (or, in
general, m× t modes for partial t-distinguishability), and the corresponding Hilbert space
is a subspace of Hmn

n (respectively, Hmt
n ). In principle, the internal degrees of freedom are

not relevant for the description of experiments using passive unitaries and PNR detectors,
namely, they remain unchanged and unobserved in such experiments. However, if particles
are (partially) distinguishable, by tracing out the internal degrees of freedom, one can
observe decoherence in the system [279].

We model distinguishable particles by considering passive unitaries that mix the internal
modes as follows: In a partially distinguishable system, let t be the additional modes
modeling internal degrees of freedom (in the general case, t = n). The internal modes are
initialized in the vacuum state. Without loss of generality, if ρ = |n0⟩⟨n0| with n0,i = 1 for
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each i = 1, . . . ,m, we have

n0,i 7→ n0,i = (n0,i, 0, . . . , 0︸ ︷︷ ︸
t−1 times

) (11.4)

and the input state in this enlarged Hilbert space is ρ̃ = ⊗m
i=1|n0,i⟩⟨n0,i|. Then, we include

the action of a passive transformation V on the internal modes so that the (partially
distinguishable) input state we consider is

|n0,i⟩ 7→
∑

mi∈Ht
ni

Vn0,i(mi)|mi⟩ (11.5)

and set ñ0 ≡
⊗m

i=1|n0,i⟩. Hence,

ρ̃ =
∑

m1,l1∈Ht
n0,1...

mm,lm∈Ht
n0,m

Vn0,1(m1)|m1⟩⟨l1|Vn0,1(l1)
† ⊗ · · · ⊗ Vn0,m(mm)|mm⟩⟨lm|Vn0,m(lm)

†

≡
∑

m1,l1∈Ht
n0,1...

mm,lm∈Ht
n0,m

Vñ0(m1, . . . ,mm)|m̃⟩⟨ l̃|Vñ0(l1, . . . , lm)
† ,

(11.6)
where |m̃⟩ ≡ ⊗m

i=1|mi⟩ and Vñ0(m1, . . . ,mm) ≡ Vn0,1(m1)⊗ · · · ⊗ Vn0,m(mm).
We consider a POVM that is able to resolve only the external modes. Hence, the ideal

POVM element |n⟩⟨n| with |n⟩ ∈ Hm
n is such that

ni 7→
∑

ni∈Ht
ni

|ni⟩ . (11.7)

It follows that

|n⟩⟨n| 7→
m⊗
i=1

 ∑
ni∈Ht

ni

|ni⟩⟨ni|

 =
∑

n1∈Ht
n1...

nm∈Ht
nm

|n1 . . .nm⟩⟨n1 . . .nm| . (11.8)

We can now consider a passive RB experiment where we assume the input state is
partially distinguishable. In this preliminary analysis, it is enough to consider distinguisha-
bility as an effect of imperfect preparation of the input state, as it typically arises from
single photons generated by different sources [280–282]. Hence, to analyze the contribution
of distinguishability, it is enough to compute how the SPAM constants are thereby affected.
These amount to the overlap of ρ with a fixed irrep λk. Specifically, we consider the scenario
where the probability distribution is determined by the action of ωm⊗t

n ≡ ω̃, while the
filtering in the post-processing is performed using the same filter function as in Chapter 10.
In this setting, the SPAM constants are given by

Tr(Aλk) = (ρ |PλkS−1 ˆ̃ω[ω](M̃)|ρ̃) , (11.9)

where ρ is the ideal input state and ρ̃ is the corresponding partially distinguishable state, ˆ̃ω
is the Fourier transform of the representation ω̃ and M̃ =

∑
n|En)(Eñ| is the measurement
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channel determined by the PNR (distinguishable) measurement that projects onto the ideal,
indistinguishable, Fock state |n⟩. Then, by vectorizing with respect to the Fock basis,

Tr(Aλk) =
1

sλk

∫
dg

∑
n∈Hm

n

⟨n0,n0 |Pλkω(g)† |n,n⟩
∑

m1,l1∈Ht
n0,1...

mm,lm∈Ht
n0,m

Vñ0(m̃)Vñ0 (̃l)
∗ ∑

n1∈Ht
n1...

nm∈Ht
nm

× ⟨n1 . . .nm,n1 . . .nm |ω̃(g)|m1 . . .mm, l1 . . . lm⟩
(11.10)

(note that we are using the general language of filtered RB that includes non-trivial
multiplicities. This is due to the structure of ω̃).

By unfolding Eq. (11.10) and setting ωmn ≡ ω, the SPAM constants are determined by
the integrals

I
(t)
k ≡

∫
U(m)

dg ⟨n0,n0 |Pλkω(g)† |n,n⟩⟨n1 . . .nm,n1 . . .nm |ω̃(g)|m1 . . .mm, l1 . . . lm⟩

=

∫
U(m)

dg ⟨n0,n0 |λk(g)† |n,n⟩⟨n1 . . .nm,n1 . . .nm |ω(g)⊗t |m1 . . .mm, l1 . . . lm⟩ ,
(11.11)

where the ith copy of ω acts on the ith internal modes, i.e., setting |n(i)1 , . . . , n
(i)
m ⟩ ≡ |n(i)⟩

where na ≡ (n
(1)
a , . . . , n

(t)
a ), we have

⟨n1 . . .nm,n1 . . .nm |ω(g)⊗t |m1 . . .mm, l1 . . . lm⟩ =
t∏
i=1

⟨n(i),n(i) |ω(g)|m(i), l(i)⟩ .

(11.12)
To this end, we need the decomposition of ω⊗t that can be inferred from multiple iterations
of Proposition 50. In this setting, we obtain that I(t)k is a linear combination of Clebsch-
Gordan coefficients associated with the relevant irrep decompositions (of ω and ωm⊗t). We
motivate this fact by analyzing the reference representation in the case t = 2, i.e., 2 internal
degrees of freedom may be assigned to the particles. In this case, the relevant reference
representation is

ω⊗2 =
n⊕

k,l=0

λk ⊗ λl , (11.13)

that admits the decomposition
∑

r λ
mr
r ⊕ R, where mr is the multiplicity of λr and R is

the direct sum of irreps that are not associated with Young diagrams of shape. Specifically,
we can prove this result by generalizing the proof of Lemma 47 to the case of different pairs
λk and λl:

Lemma 49. Let λk be a Young diagram as in Eq. (10.30) labeling an irrep of SU(m), m ≥ 3.
Then, for each k, l ≥ 0,

λk ⊗ λl =

min{k,l}⊕
j=0

λ
(j+1)
|k−l|+j ⊕

k+l⊕
j=min{k,l}+1

λ
(k+l−j+1)
|k−l|+j ⊕R , (11.14)

where λ0 ≡ 1, λ1 ≡ Ad, λ(i)j denotes the i-th copy of λj in λk ⊗ λl, and R is a suitable
direct sum of irreps which are not of the form λl for any l ∈ N.
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The proof follows from an analysis of the possible Young diagrams obtained by applying
Littlewood-Richardson’ rules and is discussed in Appendix B.5. Then, the following
decomposition follows immediately:

Proposition 50. For any m ≥ 3 and n ∈ N, ωm⊗2
n decomposes as

ω⊗2 =

n⊕
k,l=0

min{k,l}⊕
j=0

λ
(j+1)
|k−l|+j ⊕

k+l⊕
j=min{k,l}+1

λ
(k+l−j+1)
|k−l|+j

⊕R . (11.15)

Note that the multiplicities do not depend on the number of modes provided that m ≥ 3.
An explicit expression of the SPAM constants is provided in Appendix B.6 for the case
t = 2.

In principle, the contribution of distinguishability in state-preparation can be estimated
by computing the SPAM error contributions in the distinguishable and indistinguishable
settings (the latter being computed in Section 10.5.6, as the SPAM constant corresponds
to the expected value of the filter function). However, we note that this approach is
limited in practice by the sheer amount of Clebsch-Gordan coefficients associated with
the high-dimensional representations appearing in the decomposition of ω, ω⊗t, as well as
by their multiplicities. This is already apparent from the decomposition of ω⊗2, c.f. the
dimension formula Proposition 39. In fact, the generalization of Proposition 50 to more
than 2 internal degrees of freedom is straightforward by virtue of Lemma 49. In principle,
only the first n irreps of the form λk contribute to the SPAM constant since, following the
post-processing procedure of passive RB, we filter the experimental data with respect to
the irreps appearing in ω. Nevertheless, the post-processing is complicated by the further
multiplicities arising in ω⊗t, which lead to additional non-trivial overlaps while filtering. A
more detailed analysis of this scenario is left to future work.

11.3 Passive RB with heterodyne measurement

The technical results shown in this section are adapted from [53, App. E]. Only formatting
and structural modifications have been made.

Throughout this section, we will use the usual multi-index notation [283, Sec. 9.1]: For
elements n1,n2 ∈ Hm

n , n1+n2 denotes the component-wise sum. The multi-index factorial
of n ∈ Hm

n is defined as n! := n1! . . . nm!. Also, for a given α ∈ Cm, we consider the power
αn := αn1

1 . . . αnm
m , and we set |α|p := αp1 + · · · + αpm for p ≥ 1. With this notation, the

multi-mode coherent state |α⟩ can be expanded as

|α⟩ = e−|α|2/2 ∑
n∈Fm

αn

√
n!

|n⟩ . (11.16)

Lastly, we recall the identification between Fock states and GT patterns: we will write
|ni⟩ = |Ni⟩, meaning that Ni = Ni(ni).

Although Gaussian experiments involving Gaussian states and measurements lead to
technical challenges in the benchmarking of passive unitaries related to the dimension of the
bosonic Fock state, ‘partial’ settings using either Gaussian states or Gaussian measurements
may be considered. In this section and the following one, we provide first results in this
direction.
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We consider a filtered RB experiment with (balanced) heterodyne measurements, de-
scribed by the POVM {Eα ≡ |α⟩⟨α|}α∈Cm}, where |α⟩ is a m-mode coherent state.
Specifically, we consider an experiment where we prepare a Fock input state ρ = |n⟩⟨n|,
apply a sequence of (noisy) passive Gaussian unitaries, and then perform heterodyne
measurements at the end of each mode.

As before, the filter function (9.27) plays a central role and here assumes the following
form:

fλk(α, g) =
1

sλk
⟨n0,n0 |Pλkτmn ⊗ τ̄mn (g)† |α,α⟩ , (11.17)

where ρ = |n0⟩⟨n0| is the input state, λk is an irrep in τmn ⊗ τ̄mn
∼= τmn (·)τm†

n =: ωmn and
α ∈ Cm denotes an m-modes coherent state.

The coherent state POVM {|α⟩⟨α|}α∈Cm is informationally complete [284], which
implies sλk ̸= 0 for any λk ∈ ω̂mn [50]. Then, we can compute the filter function as in
Eq. (10.63):

Theorem 51 (Restatement of Theorem 36 - heterodyne version). Let ρ = |n0⟩⟨n0| be
a m modes state and let {|α⟩⟨α|}α∈Cm be the coherent state POVM. Let λk an irrep of
τmn ⊗ τ̄mn as in Eq. (10.30). Then, the filter function (10.9) is given by

fλk(α, g) =
(−1)φ(N0)

sλk

∑
M∈GT(λk)

CMN0,N̄0

∑
N ′∈GT(τmn )

(−1)φ(N
′)CMN ′,N̄ ′ |⟨α |τmn (g)|n′⟩|2 ,

(11.18)
where |n′⟩ = |N ′⟩.

Proof. The proof is analogous to the PNR case. By a slight generalization of Lemma 43 to
include coherent state measurements, we have

fλk(α, g) =
1

sλk
⟨n0,n0 |Pλkτmn ⊗ τ̄mn (g)† |α,α⟩ (11.19)

=
1

sλk
(−1)φ(N0)⟨N0, N̄0 |Pλkτmn ⊗ τ̄mn (g)† |α,α⟩ (11.20)

=
1

sλk
(−1)φ(N0)

∑
M∈GT(λk)

CMN0,N̄0
⟨M |τmn ⊗ τ̄mn (g)† |α,α⟩ (11.21)

=
1

sλk
(−1)φ(N0)

∑
M∈GT(λk)

CMN0,N̄0

∑
N1,N2∈GT(τmn )

CMN1,N̄2
⟨N1, N̄2 |τmn ⊗ τ̄mn (g)† |α,α⟩

(11.22)

=
1

sλk
(−1)φ(N0)

∑
M∈GT(λk)

CMN0,N̄0
(11.23)

×
∑

N1,N2∈GT(τmn )

(−1)φ(N2)CMN1,N̄2
⟨N1, N2 |τmn ⊗ τ̄mn (g)† |α,α⟩ (11.24)

=
1

sλk
(−1)φ(N0)

∑
M∈GT(λk)

CMN0,N̄0
(11.25)

×
∑

N1∈GT(τmn )

(−1)φ(N1)CMN1,N̄1
⟨N1, N1 |τmn ⊗ τ̄mn (g)† |α,α⟩ . (11.26)
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In Eq. (11.20), we used the identification with GT patterns and introduced the phases
described in Eq. (3.25). In Eq. (11.21), we projected |N0, N̄0⟩ onto λk, c.f. Eq. (10.52). In
Eq. (11.22), we applied the Clebsch-Gordan decomposition

|M⟩ =
∑

N1,N2∈GT(τmn )

CMN1,N̄2
|N1, N2⟩ . (11.27)

In Eq. (11.23), we used again Eq. (3.25), and in Eq. (11.25) we used selection rules for
Clebsch-Gordan coefficients, since N1, N2 ∈ GT(τmn ). By the identification |n1⟩ = |N1⟩, we
have

⟨N1, N1 |τmn ⊗ τ̄mn (g)† |α,α⟩ = |⟨n1 |τmn (g)|α⟩|2 , (11.28)

and the assertion is proved.

We remark that an expression analogous to Eq. (10.75) as a weighted sum of matrix
coefficients of λk can be worked out by considering the expansion of |α⟩ in the Fock basis.

Similarly, explicit expressions for the first two moments of probability of the filter
function (10.9) in the case of heterodyne measurements with respect to the ideal probability
distribution is p(α|g) = ⟨α |ωmn (g)(ρ)|α⟩, α ∈ Cm can be computed. In particular, the
ideal second moment will provide an upper bound to the sampling complexity of the
protocol, Cf. Section 10.3. As in Section 10.5.6, the proofs rely on the application of Schur’s
orthogonality relations (2.10). While the general functional form is similar to the PNR
setting, the expressions are complicated by the decomposition of coherent states in the
Fock basis. We refer to Lemma 63 and Theorem 64 for explicit statements and proofs.

From Eq. (11.18), we observe that the overlap between |α⟩ and |n′⟩ can be easily
computed. Hence, the filter function can be computed more efficiently for representations
of moderate size. Moreover, heterodyne measurements are more easily experimentally
accessible compared to PNR detectors. However, isolating loss contributions is more
subtle. In fact, while this is straightforward in the PNR setting, coherent states have non-
trivial overlaps with all Fock basis states, and further analysis is required with heterodyne
measurements.

11.4 Passive RB with coherent states

Heterodyne measurements can reduce the experimental effort in passive RB, but, at the
same time, introduce further challenges in the estimation of average particle loss rates
and distinguishability due to the experimental setup with Fock input states. A natural,
alternative approach considers coherent states instead, which can be implemented reliably
in experiments. For this RB experiment, we consider a coherent input state that goes
through a sequence of (noisy) passive unitaries. At the end of the sequence, we resolve the
total number of particles in each mode.

Formally, let ρ = |α⟩⟨α|, let ωmn := τmn (·)τm†
n be the usual reference representation

on L(Hm
n ) and let us consider the Fock states POVM {|n⟩⟨n|}n∈Nm . The latter POVM

implies that the eigenvalues of the frame operator are again given by

sλk =
1

dλk

∑
n

⟨n,n |Pλk |n,n⟩ =
m− 1

2k +m− 1

(
k +m− 2

k

)−1

, (11.29)
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c.f. Section 10.3. This simplifies the computation of the filter function compared to the
heterodyne setting, c.f. Theorem 51. In particular, using the fact that the projector Pλ
onto the λth irrep of ω ≡ ωmn := τmn (·)τm†

n commutes with ω, following the same steps as in
the proof of Theorem 51, we have

fλk(n, g) =
1

sλk
(−1)φ(N)⟨α,α |τmn ⊗ τ̄mn (g)†Pλk |N, N̄⟩

=
1

sλk
(−1)φ(N)

∑
M∈GT(λk)

CMN,N̄ ⟨α,α |τmn ⊗ τ̄mn (g)† |M⟩

=
1

sλk
(−1)φ(N)

∑
M∈GT(λk)

CMN,N̄

∑
N1,N2∈GT(τmn )

CMN1,N̄2
⟨α,α |τmn ⊗ τ̄mn (g)† |N1, N̄2⟩

=
1

sλk
(−1)φ(N)

∑
M∈GT(λk)

CMN,N̄

∑
N1∈GT(τmn )

(−1)φ(N1)CMN1,N̄1

× ⟨α,α |τmn ⊗ τ̄mn (g)† |N1, N1⟩

=
1

sλk
(−1)φ(N)

∑
M∈GT(λk)

CMN,N̄

∑
N1∈GT(τmn )

(−1)φ(N1)CMN1,N̄1
|⟨α |τ(g)|n1⟩|2 .

(11.30)
We outline first considerations for analyzing particle loss in this experimental setup.

Recall that the photon-number distribution of a coherent state |α⟩ is given by

|⟨α|n⟩|2 = e−|α|2 |α|2
n!

(11.31)

We remark that the number of photons in each mode is independently Poisson distributed
with mean value |αj |2. For simplicity, we say that the distribution of photons around
the average ∥α∥22 = n is described by the latter Poisson distribution. We also recall
that the action of passive Gaussian unitaries maps coherent states to coherent states.
In particular, let |α⟩ = D(α)|0⟩ be a coherent state, where D(α) := eα

Ta∗−ᾱTa is the
multimode displacement operator introduced in Section 10.1 and a ≡ (a1, . . . , am) is
the vector of annihilation operators. A passive transformation g ∈ U(m) is such that
τm(g)†aτm(g) = g ·a, where τm : U(m) → U(Fm) is the representation of g on the bosonic
Fock space. Then, we have τm(g)|α⟩ = |g ·α⟩ ≡ |α′⟩ and, by unitarity, ∥α′∥22 = ∥α∥22.

In the lossless case, the average number of particles detected is distributed with confi-
dence level 1− δ around ∥α∥22 according to the quantile function with n degrees of freedom.
Let us now consider lossy gates and let p be the probability of not losing a particle. After l
gates, the probability of preserving the particle number is pnl, ignoring SPAM contributions,
and the output distribution |⟨α′ |n0⟩|2, where α′ denotes the amplitude of the coherent
state after evolution (assuming only Gaussian processes) is centered around

∥α′∥22 = pnl · n = ⟨n̂⟩ . (11.32)

By a suitable definition of confidence intervals around the (input) mean, the output statistics
can highlight photon loss events (assuming that contributions from particle gain, such as,
for instance, thermal light, are negligible).

Moreover, by the Clebsch-Gordan decompositions of τmn (·)τm†
n , we can compute the first

two moments associated with the filter function with coherent states and PNR measurements,
assuming that the reference representation is ωmn := τmn (·)τm†

n .
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Theorem 52 (First moment). Let ρ = |α⟩⟨α| be a m modes state and let {|n⟩⟨n|}n∈Nm

be the Fock state POVM. Let λk an irrep of τmn ⊗ τ̄mn . Then,

E[fλk ] = e−2|α|2 ∑
n1,...,n4

ᾱn1+n2αn3+n4

√
n1!n2!n3!n4!

(−1)φ(N2)+φ(N4)
∑
M

CMN1,N̄2
CMN3,N̄4

. (11.33)

Proof. By the general theory of filtered RB, we have E[fλk ] = (ρ |Pλk |ρ). Hence,

E[fλk ] = ⟨α, α |Pλk |α, α⟩

= e−2|α|2 ∑
n1,...,n4

ᾱn1+n2αn3+n4

√
n1!n2!n3!n4!

⟨n1,n2 |Pλk |n3,n4⟩

= e−2|α|2 ∑
n1,...,n4

ᾱn1+n2αn3+n4

√
n1!n2!n3!n4!

(−1)φ(N2)+φ(N4)⟨N1, N̄2 |Pλk |N3, N̄4⟩

= e−2|α|2 ∑
n1,...,n4

ᾱn1+n2αn3+n4

√
n1!n2!n3!n4!

(−1)φ(N2)+φ(N4)
∑
M

CMN1,N̄2
CMN3,N̄4

.

(11.34)

Lastly, one can show that the same analysis of the third moment as in Theorem 48
leads to the following result:

Theorem 53. For a PNR measurement setting, ρ = |α⟩⟨α| as input state, and an irrep
λk of ωmn , the following holds:

E[f2λk ] =
e−3|α|2

s2λk

∑
N

(−1)φ(N)
∑

N1,...,N6

ᾱn1+···+n4αn5+n6

√
n1! . . .n6!

(−1)φ(N2)+φ(N4)+φ(N6)

×
∑
λl

∑
r

∑
M,M̃

∑
L1,L2

∑
M1,M2

1

dλl
CMN,N̄C

M̃
N,N̄C

M1

N1,N̄2
CM2

N3,N̄4
CL1,r
M1,M2

CL1

N,N̄
CL2,r

M,M̃
CL2

N5,N̄6
.

(11.35)

We note that passive RB with coherent states is suited for experimental realizations
in the context of, for instance, Gaussian boson sampling. In particular, its appeal lies in
the less demanding experimental requirements and more efficient post-processing scheme
compared to the scheme discussed in Chapter 10. However, so far, we assumed that we filter
on the irreps associated with a specific particle-number subspace. In general, a coherent
state is supported on all Fock subspaces, and the concrete implementation is complicated
by the onion-like structure of the irreducible subspaces over different particle subspaces
under the action of the reference representation. In particular, the reference representation
acts on coherent states as τm =

⊕∞
n=0 τ

m
n , and an irrep λk appears exactly once in each

subspace associated with n ≥ k particles. As a result, a naive filtering onto a fixed λk may
cause oscillations in the outcome signal induced by effective multiplicities across different
particle subspaces. One possible solution comes from the observation that the structure
of the bosonic Fock space induces a natural decomposition of the λkth isotype, and the
measurement setting is effectively projecting the signal onto a number subspace. This
comes at the cost of an increase in the sampling complexity. Determining the number of
samples needed to isolate individual irrep contributions with high probability remains an
open problem.



Conclusions

Randomized measurements are a fundamental tool for near-term quantum computing,
finding applications in estimation tasks, many-body quantum systems, and machine learning.
Notably, shadow estimation and randomized benchmarking stand out as experimentally-
accessible frameworks that leverage randomized measurements for efficient estimation
of quantum features and SPAM-robust characterization of quantum processes. In their
simplest form, these protocols often assume access to Haar random unitaries or, equivalently,
unitary (group) designs. However, extending these ideas to physical platforms, for instance,
photonic quantum computers, requires additional care. In these cases, the moment operator
arising from random unitaries may not coincide with the one obtained from uniform twirling
in the discrete settings due to the additional physical constraints on the Hilbert space.

In this thesis, we contributed to generalizations of shadow estimation and RB that go
beyond group designs and, more concretely, the standard setting of random Clifford unitaries.
In Chapter 6, we discussed explicit expressions and guarantees for shadow estimation with
short random quantum circuits: We derived closed-form analytic expressions for the frame
operator (and its inverse) associated with one round of a brickwork circuit. In particular,
these can be used to calculate the classical shadow and the corresponding linear estimators.
This allowed us, in contrast to numeric approaches, to explicitly work out the sample
complexity of Pauli estimation, giving rise to a simple criterion to identify regimes with a
scaling advantage over shadow estimation with local Clifford unitaries. Our results provide
clear evidence for the potential of using short circuits in well-defined regimes, while also
motivating the need for careful comparison in specific applications. Finally, we observed
that the recurrence relations can be adapted to more general random quantum circuits: The
generalization of our construction to arbitrary local dimensions leads to first steps towards
an analytical characterization of the corresponding frame operators. Then, in Chapter 7,
we turned to extensions of classical shadows to fermionic systems. Standard approaches
to randomization use either matchgate unitaries [96] for efficient implementations [136] or
fermionic passive transformations [142]. Motivated by common symmetries in quantum
chemistry and many-body systems, one could instead consider spin-preserving fermionic
(passive) Gaussian unitaries. Notably, when the total spin-squared operator S2 is conserved,
non-trivial multiplicities arise from the relevant representations. This complicates the
classical inversion of the frame operator, as, in particular, it requires the choice of an
orthonormal basis within each isotypic component. A natural candidate is the Clebsch-
Gordan basis. While analytic expressions exist for certain families of Clebsch-Gordan
coefficients of SU(m), no such closed-form formulae appear to be available for the relevant
irreps in the spin-adapted setting. To the best of our knowledge, the required coefficients
must therefore be obtained numerically, complicating the classical post-processing phase.
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Our next major contribution lies within the randomized benchmarking framework,
discussed in Part III. We introduced passive RB, the first SPAM-robust protocol for the
characterization of bosonic passive transformations. While a naive adaptation of discrete
RB to this setting would result in complicated signals, we combined techniques from filtered
RB with careful choices of initial state and measurement to propose an experimental
setting in which a meaningful benchmark is possible. By using collision-free n-particle
states as input and PNR measurements, we effectively restricted the dynamics to a finite-
dimensional setting in which the RB signal consists of (n+ 1) decays that can be isolated
with filtering techniques by projecting onto the relevant invariant subspaces. We showed that
estimating a constant number of these decays suffices to produce a meaningful benchmark
for passive transformations on n particles, and the same procedure can be used to estimate
particle loss rates. In addition, by computing the relevant variances, we observed that
the sampling complexity of passive RB scales very mildly with the number of modes,
hinting that meaningful experiments are possible with a small number of samples. The
primary bottleneck is the computation of the filter functions, which requires the calculation
of Clebsch-Gordan coefficients and the simulation of boson sampling experiments. We
expect this is feasible for a moderate and experimentally interesting number of particles, in
analogy with the simulation of random circuit sampling in discrete systems, by speeding
up the computation of Clebsch-Gordan coefficients using symmetries [285], and reducing
the permanents to the relevant irreps. Ultimately, however, the scaling is limited by the
computation of permanents in post-processing. This limitation is not a proof artifact,
as it is intrinsic to the experimental setting, much like the classical hardness of random
circuit sampling [229]. We also discussed an extension of the mathematical framework of
passive RB to incorporate (partially) distinguishable bosons, which primarily arises from
imperfections in state preparation. Lastly, we outlined preliminary results that address
the post-processing bottleneck of passive RB. We considered experimentally convenient
setups that replace either the input state or the measurement with Gaussian resources,
and provided initial results by computing the first two moments of the associated filter
functions. In the setting with coherent input states, distinguishability effects from state
preparation become negligible. However, the analysis of lossy processes becomes more
subtle because coherent states do not have a fixed particle number. In fact, the nested
irrep structure across different particle-number subspaces may induce multiplicities in the
filtered RB signals. The analysis of a post-processing strategy that resolves these effects
remains an open direction for future work.
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Appendices
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Appendix A

Additional calculations for shadow
estimation with brickwork circuits

A.1 Another take on the variance bound

In this section, we provide an alternative proof of the bound in Eq. (6.5) in the case of
BW circuits with periodic boundary conditions that relies on the 3-design property of the
multiqubits Clifford group. In particular, it is based on the following result:

Lemma 54. Let n ∈ N and let d = 2n be the dimension of a n-qubits system. If 0 ̸= v ∈ F2n
2 ,

then

EU∈Cln(2)U
⊗3
(
W (v)⊗2 ⊗W (u)

)
(U †)⊗3 =

1

d2 − 1
δu,0 (dF− 1d2)⊗ 1d ∀u ∈ F2n

2 . (A.1)

Moreover,
EU∈Cln(2)U

⊗3
(
1⊗2
d ⊗W (u)

)
(U †)⊗3 = δu,01d3 ∀u ∈ F 2n

2 . (A.2)

Proof. First, we recall notations for the phase space representation of Clifford operators,
c.f. Section 3.5.

Let [·, ·] : F2n
2 × F2n

2 → F2 be the standard symplectic product over F2n
2 . Let α̃g :

F2n
2 → Z4 be a centre fixing automorphism of the associated Heisenberg-Weyl group, where
g ∈ Sp(2n). One can prove that α̃g = αg + [w, ·], where αg : F2n

2 → F2 is a suitable
function satisfying the compatibility condition αg(0) = 0 [90, Sec. 3.3]. Notice also that
|Cln(2)| = d2|Sp(2n)|.

With these notations, the action of U ∈ Cln(2) on Weyl operators can be written as

UW (v)U † := χ([a, v] + αg(v))W (g(v)) , (A.3)

where χ(v) := i−vz ·vx denotes the character of W (v).
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Hence,

EU∈Cln(2)U
⊗3
(
W (v)⊗2 ⊗W (u)

)
(U †)⊗3

=
1

|Cln(2)|
∑
a∈F2n

2

χ([a, 2v + u])
∑

g∈Sp(2n)
χ(2αg(v) + αg(u))W (g(v))⊗2 ⊗W (g(u))

=
1

22n

∑
a∈F2n

2

χ([a, u])
1

|Sp(2n)|
∑

g∈Sp(2n)
χ(αg(u))W (g(v))⊗2 ⊗W (g(u))

=
1

|Sp(2n)| δu,0
∑

g∈Sp(2n)
W (g(v))⊗2 ⊗W (g(u))

=
1

|Sp(2n) · v| δu,0
∑

w∈Sp(2n)·v
W (w)⊗W (w)⊗ 12 .

(A.4)
Going from the third to the fourth line, we used

∑
a∈F2n

2
χ([a, u]) = d2δu,0. In the last step,

we wrote the average over Sp(2n) as an average over the orbit of v under Sp(2n). Notice
that, since v ≠ 0, Sp(2n) acts transitively on F2n

2 \ 0 [90], the average over such orbit can
be rewritten as an average over F2n

2 \ 0. Moreover, recalling that the flip operator has the
following Pauli expansion:

F =
1

d

∑
w∈F2n

2

W (w)⊗W (w) , (A.5)

it holds that

EU∈Cln(2)U
⊗3
(
W (v)⊗2 ⊗W (u)

)
(U †)⊗3 =

1

d2 − 1
δu,0 (dF− 1d2)⊗ 1d. (A.6)

If v = 0, the assertion follows trivially from previous considerations.

We will also need the following calculation:

Lemma 55. Given two copies of a system of 3 qubits, it holds

Tr3 Psym3 =
d+ 2

6
(1+ F) . (A.7)

Proof. We prove the latter using tensor network diagrams. First, let us consider the
decomposition Psym3 = 1

6

(
1+ P(1,2) + P(1,3) + P(2,3) + P(1,2,3) + P(1,3,2)

)
, P(·) are unitary

operators associated with elements of the permutation group S3, and each a ∈ S3 is
represented in cyclic notation. Then,

6 Psym = + +

+ + +

= (d+ 2)(1+ F ) .
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Proposition 56. For any state ρ, estimate W (v) using BW shadows with periodic boundary
conditions. Then, the variance of the estimator depends only on v ∈ F2n

2 , and

σ2BW(v) ≤ 1

(v |S |v) . (A.8)

Proof. In the following, we will denote by D the cyclic shift operator between Hilbert
spaces as before, so that a random brickwork unitary is given by U = DU2D

†U1, where
Ui, i = 1, 2, is the tensor product of two-local Haar random unitaries. For a given operator
A ∈ L(C2 ⊗C2), we will also consider the operator acting on three copies of two qubit sites
A(3) := A⊗A⊗A ∈ L(C8 ⊗ C8).

According to the shadow estimation protocol, we estimate the expectation value
Tr[W (v)ρ] of some Pauli observable W (v) by measuring ρ many times in the compu-
tational basis after having applied U ∼ µ, where µ is a probability measure on the ensemble
of BW operators. Then, a single such sample has a variance σ2BW(v, ρ) bounded as

σ2BW(v, ρ) :=
∑
i

EU∼µ(W (v)|Ẽi,U )2(Ei,U |ρ)− Tr[W (v)ρ]2

≤
∑
i

EU∼µTr
[
S−1(W (v))U †EiU

]2
Tr
[
U †EiUρ

]
= dEU∼µTr

[
U⊗3†|0⟩⟨0|⊗3U⊗3

(
S−1(W (v))⊗2 ⊗ ρ

)]
=

d

(v |S |v)2 EU∼µTr
[
U⊗3†|0⟩⟨0|⊗3U⊗3

(
W (v)⊗2 ⊗ ρ

)]
=

1

(2
√
5)n

d

(v |S |v)2 EU2 Tr
[
P

⊗n/2
sym3 D(3) U

⊗3
2

(
D†

(3)W (v)⊗2 ⊗ ρD(3)

)
U⊗3†
2 D†

(3)

]
,

(A.9)
where in the last step we applied again Eq. (3.60) and U = DU2D

†U1. Notice that Psym3

acts on triples of two neighboring qubit sites.
Consider now the expansion in the Pauli basis ρ =

∑
u∈F2n

2
cuW (u), where cu :=

1
d Tr(W (u)ρ), and for any w ∈ F2n

2 consider the decomposition

D†W (w)D =W (w2,3)⊗ · · · ⊗W (wn,1) , (A.10)

which agrees with the structure of the second layer of the BW circuit. Then, by Lemma 54,
we have

EU2U
⊗3
2

(
D†

(3)W (v)⊗2 ⊗W (u)D(3)

)
U⊗3†
2 = δu,0

⊗
i∈[n/2]

Qv̂i ⊗ 1d , (A.11)

from which it follows

σ2(v, ρ) ≤ 1

(2
√
5)n

d

(v |S |v)2 c0 Tr

P⊗n/2
sym3 D(3)

⊗
i∈[n/2]

Qṽi D
−1
(3) ⊗ 1d

 , (A.12)

where Qṽi is defined in Eq. (6.15). Hence, σ2(v, ρ) ≡ σ2(v), since c0 = 1/d. According to
Lemma 54, this means that each Clifford unitary in the second layer depolarizes any depen-
dency from the corresponding two-qubits Weyl operator appearing in the decomposition of
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ρ in the Pauli basis; periodic boundary conditions ensure that this applies to each pair of
qubits. Finally, by Lemma 55,

σ2(v) ≤ 1

(2
√
5)n

1

(v |S |v)2 Tr

Tr3(P⊗n/2
sym3 ) D(2)

⊗
i∈[n/2]

Qṽi D
−1
(2)


=

1

(2
√
5)2n

1

(v |S |v)2 Tr

(1+ F)⊗n/2 D(2)

⊗
i∈[n/2]

Qṽi D
−1
(2)


=

1

(v |S |v) ,

(A.13)

Finally, notice that Lemma 54 does not hold for arbitrary values of the local dimension.
Indeed, in odd dimensions, the flip operator has the Weyl expansion

F =
1

d

∑
v∈F2

p

W (v)⊗W (−v) , (A.14)

meaning the operator 1
d

∑
v∈F2n

2
W (v)⊗W (v) admits a nice expression for fields of charac-

teristic 2 only, and the proof of Proposition 56 holds for qubit systems only.

A.2 Tensor networks for Lemma 28 and 29

In this section, we show how t1, t2, t3 (respectively, t1, t2) appearing in Lemma 28 (re-
spectively, Lemma 29) can be written as a system of recurrence relations using tensor
networks.

First, notice that each operator in the traces Eqs. (6.7) and (6.8) acts on two copies of
2 qubits. That means that each brick is represented by two overlapping copies, see Fig. A.1.
Next, given (the two copies of) a brick, we set for notational purpose

Figure A.1: Each local operator corresponds to two overlapping copies of a brick in the
BW circuit.

≡ .
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Now notice that each brick is made up of identities and flips, the latter is usually represented
as

F = . (A.15)

Finally, tpb(n) and tob(n) will be simplified exploiting linearity and separability of bricks.
For this purpose, and to simplify the notation, we rewrite each pair of lines corresponding to
the same qubit as a single one. In particular, if two lines are straight (the identity operator
is applied), we summarize them as a single black line, otherwise as a red line when the flip
operator is applied. For instance, for a brick 1 + F in the first layer of the circuit (here
F ≡ F(2) for simplicity), we have

1+ F(2) = + ≡ + .

A.2.1 Proof of relations (6.23) and (6.24)

We show how to derive recurrence relations in Lemma 28. First, recall the following
definitions:

t1(n) := Tr
[(
1⊗

(
1+ F(2)

)⊗n/2−1 ⊗ 1
) (

4F(2) − 1
)⊗n/2] (A.16)

=
. . .

, (A.17)

t2(n) := Tr
[(

F⊗
(
1+ F(2)

)⊗n/2−1 ⊗ F
) (

4F(2) − 1
)⊗n/2] (A.18)

=
. . .

, (A.19)

t3(n) := Tr
[(
1⊗

(
1+ F(2)

)⊗n/2−1 ⊗ F
) (

4F(2) − 1
)⊗n/2] (A.20)

= . (A.21)
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Therefore, we have

t1(n) =
. . .

= 8
. . .

− 4
. . .

= 16
. . .

+ 32
. . .

− 16
. . .

− 8
. . .

= 24 t3(n− 2) .

Similarly, for t2 we obtain

t2(n) =
. . .

= 16
. . .

− 2
. . .

= 32
. . .

+ 64
. . .

− 8
. . .

− 4
. . .

= 24 t3(n− 2) + 60 t2(n− 2) .
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Finally, for t3 a similar calculation yields

t3(n) =
. . .

= 16
. . .

− 2
. . .

= 32
. . .

+ 64
. . .

− 8
. . .

− 4
. . .

= 24 t1(n− 2) + 60 t3(n− 2) .

Moreover,

t1(2) = 4F(2) − 1 = 0 ,

t2(2) = 4F(2) − 1 = 60 ,

t3(2) = 4F(2) − 1 = 24 .

A.2.2 Proof of relations (6.27) and (6.28)

Recall that, in this case,

t1(n) := Tr
[{
14 ⊗ (1+ F(2))

⊗(n/2−1)
}{

(4F(2) − 1)⊗(n/2−1) ⊗ 14

}]
(A.22)

=
. . .

, (A.23)

t2(n) := Tr
[{

F⊗ (1+ F(2))
⊗(n/2−1)

}{
(4F(2) − 1)⊗(n/2−1) ⊗ 14

}]
(A.24)

=
. . .

. (A.25)
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For the first trace we have

t1(n) =
. . .

= 8
. . .

− 4
. . .

= 16
. . .

+ 32
. . .

− 16
. . .

− 8
. . .

= 24 t2(n− 2) .

Similarly,

t2(n) =
. . .

= 16
. . .

− 2
. . .

= 32
. . .

+ 64
. . .

− 8
. . .

− 4
. . .

= 24 t1(n− 2) + 60 t2(n− 2) .
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Moreover,

t1(4) =
1+ F(2)

4F(2) − 1
= 8 1+ F(2) − 4 1+ F(2)

= 48 ,

t2(4) =
1+ F(2)

4F(2) − 1
= 16 1+ F(2) − 2 1+ F(2)

= 216 .

A.3 Numeric bounds on the variance

For the construction of the classical shadow, the exact expressions stated in Theorem 26
are required. We here derive simpler (and looser) bounds for controlling the variance.

Let us start with the case relevant for partBW(v) = (n/2). Set a := (
√
41 + 5)1/2/(5

√
2)

and b := i(
√
41 − 5)1/2/(5

√
2). We have 2 < 1/a < 2.1, 1

1−|b/a|2 ≤ 1.2 and 1
1+|b/a|2 ≥ .89.

Further, since |b/a| < 1 and assuming n ≥ 2 and n even,

1

Σpb(n)
=

1

an + bn
=

1

an
1

1 + (b/a)n
≤ 1

an
1

1− |b/a|2 ≤ 1.2 · 2.1n , (A.26)

and analogously
1

Σpb(n)
≥ 1

an
1

1 + |b/a|2 ≥ 0.8 · 2n . (A.27)

In the same way, we can bound 1/Σob(n). To this end, further set c = 5(25 −
3
√
41)/(2

√
41) and d = 5(25 + 3

√
41)/(2

√
41). We have, up to adjusting the phase of b,

1

Σob(n)
=

1

can + dbn
=

1

can
1

1 + (d/c)(b/a)n
(A.28)

and, thus, for n ≥ 4 we have

0.3 · 2n < 1

can
1

1 + (d/c)|b/a|4 ≤ 1

Σob(n)
≤ 1

can
1

1− (d/c)|b/a|4 < 0.6 · 2.1n. (A.29)

Note that Eq. (A.28) goes to c−1a−n ≈ 0.44 ·2.1n for large n as the second fraction becomes
1 asymptotically. Similarly, 1

Σpb(n)
asymptotically becomes a−n. The deviation from this

asymptotic scaling is small already for small n. E.g., the relative error of the asymptotic
approximation is smaller than 10−2 for n ≥ 6. Asymptotically the frame operator elements
for periodic and open boundary conditions only differ by a constant factor c−1 ≈ 0.44.

Setting Γ ≡ 1
c

1
1−(d/c)|b/a|4 and ∆ ≡ 1

a , a bound of the form 1/Σob(n) ≤ Γ∆n, implies
that the variance is dominated by

σ2BW ≤
∏

l∈partBW(v)

Σob(2l + 2)−1 ≤
∏

l∈partBW(v)

(Γ∆2)∆2l ≤ (Γ∆2)| partBW(v)|∆2Σ(partBW(v)),

(A.30)
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where |partBW(v)| denotes the length of the tuple partBW(v), i.e. the number of parts in
the partition, and Σ(partBW(v)) :=

∑
l∈| partBW(v)| l = |ṽ| is the cumulative length of all

parts.
Inserting the previous bounds for Γ and ∆ (without intermediate rounding), we conclude

that
σ2BW ≤ 2.2| partBW(v)|4.4Σ(partBW(v)) . (A.31)

When comparing to the variance of LC circuits in the case where partBW = (n/2) or
(n/2− 1), we are interested in ensuring that Γ∆n < 3|suppLC(v)|. This is the case when

|suppLC(v)| ≥ n log3∆+ log3 Γ , (A.32)

which for open and periodic boundary conditions translates to the sufficient condition

|suppLC(v)| > 0.68n+ 0.12 (A.33)

(the constant term for open boundary conditions is actually negative).
More generally, Eq. (A.31) is smaller than 3|suppLC(v)| if

|suppLC(v)| ≥ 0.8|partBW(v)|+ 1.4Σ(partBW(v)) . (A.34)



Appendix B

Additional calculations for bosonic
RB

B.1 Proof of Proposition 39

For convenience, we state again the proposition:

Proposition 57 (restatement of Proposition 39). For any k ∈ N, set dλk ≡ dimλk.

dλk =

(
1− k2

(k +m− 1)2

)
(dimHm

k )
2 . (B.1)

Proof. For any irrep λ = (m1,m2, . . . ,mm), the following fact holds: [77]

dimλ =
∏

1≤j<j′≤m

(
1 +

mj −mj′

j′ − j

)
. (B.2)

Let us denote the irrep defined in Eq. (10.30) as λk = (2k, k, . . . , k, 0). Hence, notice the
following facts:

• For j = 1 and j′ = 2, . . . ,m− 1 we obtain the contribution
∏m−1
j′=2

(
1 + k

j′−1

)
.

• For j = 1 and j′ = m we obtain the contribution 1 + 2k
m−1 .

• For 2 ≤ j < j′ ≤ m− 1 all the products are equal to 1.

• For 2 ≤ j ≤ m− 1 and j′ = m we obtain the contribution
∏m−1
j=2

(
1 + k

m−j

)
.

Using the latter facts, we have

dλk =
2k +m− 1

m− 1

m−1∏
j=2

k +m− j

m− j

m−1∏
l=2

k + l − 1

l − 1
(B.3)

=
2k +m− 1

m− 1

1

((m− 2)!)2

m−1∏
j=2

(k +m− j)
m−1∏
l=2

(k + l − 1) (B.4)
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=
2k +m− 1

m− 1

1

((m− 2)!)2

(
1

k
(k)m−1

)2

(B.5)

=
1

k2
2k +m− 1

m− 1

(
(k)m−1

(m− 2)!

)2

(B.6)

=
1

k2
2k +m− 1

m− 1
(m− 1)2

(
(k)m−1

(m− 1)!

)2

(B.7)

=
(2k +m− 1)(m− 1)

k2

(
(k +m− 1)!

k!(m− 1)!

k

k +m− 1

)2

(B.8)

=
(2k +m− 1)(m− 1)

k2
k2(m− 1)

(k +m− 1)2

(
k +m− 1

m− 1

)2

(B.9)

=
(2k +m− 1)(m− 1)

(k +m− 1)2

(
k +m− 1

m− 1

)2

(B.10)

=

(
1− k2

(k +m− 1)2

)
(dimHm

k )
2 . (B.11)

In Eq. (B.4) we factorized the denominators and observed that the factors range between 1
and m− 2. In Eq. (B.5) we introduced the Pochhammer raising factorial symbol, defined as
(a)k := a(a+ 1) . . . (a+ k − 1) for a, k ∈ N. In Eq. (B.8) we recognized that, by definition,

(k)m−1

(m− 2)!
=

(
k +m− 2

m− 1

)
=

(k +m− 2)!

(k − 1)!(m− 1)!
· k
k
. (B.12)

Finally, rearranging the terms and by symmetry of the binomial coefficient, the assertion
follows.

B.2 Proof of Lemma 40

In this section, for convenience, we will say that a box in a Young tableau is a k-box if it is
labeled by k ∈ [m]. Recall that for each N ∈ GT(τmn ) we have

w
(N)
j + w

(N̄)
j = 0 , ∀j = 1, . . .m− 1 . (B.13)

Lemma 58 (Restatement of Lemma 40). Let λk be an irrep of SU(m) as in Eq. (10.30)
for any k ∈ N. Then,

γλk(0) =

(
k +m− 2

k

)
. (B.14)

Proof. From the point of view of Young tableaux, we remark that a state with weight 0
implies that in the corresponding Young tableau TM –where M ∈ GT(λk) satisfies the
latter selection rules– all the entries appear the same number of times. Let SSYT(λk) be
the set of semi-standard Young tableaux of shape λk and consider the set

SSYT(0)(λk) := {T | T ∈ SSYT(λk) s.t. wTi = wTi+1 ∀i ∈ [m− 1]} . (B.15)

It follows that γλk(0) = |SSYT(0)(λk)| is the inner multiplicity of 0 in λk. Clearly, γ(w) = 1
for each weight w in SU(2), and Eq. (10.54) holds trivially.
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In a similar fashion, counting Young tableaux Tλk for SU(3) is straightforward: any
Young tableau T ∈ SSYT(0)(λk) contains the labels {1, 2, 3} exactly k times, with the 1’s
forced to be placed in the first k boxes of the first row, otherwise T would not be a legal
tableau. Then, if we consider a starting Young tableau of the form

1 . . . 1 2 . . . 2

3 . . . 3

k k

(B.16)

all remaining T ∈ SSYT(0)(λl) can be obtained by permuting the last 2-box in the first
row with the first 3-box in the second row. The total number of allowed swaps is k, which
implies γλk(0) = k + 1.

Consider now m > 3. As in the previous case, the 1-boxes are fixed to be placed at the
beginning of the first row. Suppose the m-boxes are all placed in the m− 1-th row, i.e. we
consider

1 . . . 1 2 . . . 2

3 . . . 3

4 . . . 4

...
. . .

...

m . . . m

k k

m− 1
. (B.17)

As long as the last row is fixed to contain m-boxes only, the total number of such Young
tableaux is

(
k+m−3

k

)
. Then, we only have to count the remaining allowed configurations of

k-boxes. For this purpose, observe that the remaining allowed positions for m-boxes are
only in the first row, and there are k such configurations. Hence, it is enough to count all
possible configurations for each placement of m-boxes in the first row, which is given by(

k − l +m− 2

k − l

)
, (B.18)

where l is the number of free boxes in the first row of the tableau. Therefore, the total
number of such configurations is

k∑
l=1

(
(k − l) +m− 2

k − l

)
=

k−1∑
j=0

(
j +m− 2

j

)
=

k−1∑
j=0

(
j +m− 2

m− 2

)

=

(
k +m− 3

k − 1

)
,

(B.19)

where we used Fermat’s identity

n∑
j=0

(
j + a

j

)
=

(
a+ n+ 1

n

)
. (B.20)
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Therefore, by Pascal’s identity, we have

γλk(0) =

(
k +m− 3

k

)
+

(
k +m− 3

k − 1

)
=

(
k +m− 2

k

)
. (B.21)

and the proof is complete.

B.3 Proof of Lemma 47

Lemma 59 (Restatement of Lemma 47). Let λk be a Young diagram as in Eq. (10.30)
labeling an irrep of SU(m), m ≥ 3. Then,

λk ⊗ λk =

k⊕
l=0

λ
(l+1)
l ⊕

2k⊕
l=k+1

λ
(2k−l+1)
l ⊕ L , (B.22)

where λ0 ≡ 1, λ1 ≡ Ad, λ(i)j denotes the i-th copy of λj in λ⊗2
l , and L is a suitable direct

sum of irreps which are not of the form λl for any l ∈ N.

Proof. Consider for any k ∈ N the tensor product

λk ⊗ λk =

. . . . . .

. . .

... . . .
...

. . .

⊗

a1 . . . a1 a1 . . . a1

a2 . . . a2

... . . .
...

am−1 . . . am−1

. (B.23)

By Littlewood-Richardson’s rules, the number of Young diagrams λl that can be constructed
from λ⊗2

k is determined by all possible allowed configurations we can attach the a1 boxes
to the first λk, since the way the remaining ai boxes, i = 2, . . . ,m− 1, are attached must
follow accordingly. First, notice that only the a1 boxes can be attached to the first row of
the first copy of λk due to the elimination rule. Hence, we have two different ‘generating’
Young diagrams conditioned by whether l ≤ k or k + 1 ≤ l ≤ 2k. Suppose l ≤ k at first.
The a1 boxes are attached to the first copy of λk as follows: The first l boxes are attached
to the first row, the next k boxes are attached to the second row and the remaining k − l
boxes are attached to the m-th row. Then, all the ai boxes, for any i = 2, 3, . . . ,m− 2 are
attached to the i+ 1-th row. Finally, the am−1 boxes are attached to the m-th row. The
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resulting Young diagram is given by

. . . . . . . . . . . . a1 . . . a1

. . . . . . a1 . . . a1 . . . a1

. . . . . . a2 . . . a2 . . . a2

...
...

...
...

...
...

...

. . . . . . am−2 . . . am−2 . . . am−2

a1 . . . a1 am−1 . . . am−1 am−1 . . . am−1

k k l

kk − l

m m− 2 (B.24)

Suppose now l ≥ k + 1. The a1 boxes are attached to the first copy of λk as follows: The
first l boxes are attached to the first row, while the remaining ones are attached to the
second row of λk. Then, for the ai boxes, for any i = 2, 3, . . . ,m− 2, the first 2k − l are
attached to the i-th row of λk, while the remaining ones are attached to the i+ 1-th row of
λk. The first am−1 boxes are attached to the m− 1-th row of Tk and the remaining ones
will form the m-th row of the diagram. The resulting Young diagram is

. . . . . . . . . . . . a1 . . . a1

. . . . . . a1 . . . a1 a2 . . . a2

. . . . . . a2 . . . a2 a3 . . . a3

...
...

...
...

...
...

...

. . . . . . am−2 . . . am−2 am−1 . . . am−1

am−1 . . . am−1

k k l

2k − l

2k − l l − k

m m− 2 (B.25)

For notation purpose, let us refer to the latter two Young diagrams as the generating Young
diagrams.

At this point, we can generate all the remaining copies of λl in the following way:

1. For any i = 1, . . . ,m− 2, replace the last ai box in the i+ 1-th row with an ai+1 box.

2. Replace the first am−1 box in the m-th row of the diagram with a1.

It follows that the multiplicity of λl in the decomposition of λ⊗2
k is determined by the

number of a1 boxes in the second row of the generating Young diagram.
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B.4 Additional details on numerical experiments

Here we provide additional details and plots for the numerical experiment discussed in
Fig. 10.1 and the numerical implementation of the filter function (10.63). Computation
of the filter function was performed on a MacBook Pro 2020 with Intel Quad-Core i5 (1,4
GHz), 8 GB LPDDR3 (2133 MHz).

The specifics of the simulation are the following: We consider the collision-free input
state |n0⟩ = |14⟩ ≡ |1111⟩ ∈ H4

n and filter onto the λk irrep for k = 0, . . . , 4. Random
unitaries g(i)j ∈ SU(4), i ∈ [T ], j ∈ [l] are drawn from the Haar probability measure according
to the procedure described in [286, 287], the sequence lengths considered consisting of
l = 1, . . . , 10 Haar random unitaries. We assume each gate comes with a probability
1 − p of losing a particle on each mode. In particular, we consider experiments with
gate independent noise, where √

p = 0.95, 0.975, 0.99 and simulate a gate dependent noise
experiment where the transmittivity √

pj of the j-th unitary in the sequence is drawn
uniformly at random from the interval [0.9, 1]. Concretely, denoting with L(g) the single-
mode lossy channel, this means that the noisy gate is modeled as ωmn (g) ◦ L(g)⊗m for each
gate g in the sequence. Lastly, random Fock states are drawn performing a boson sampling
simulation using the Python module Piquasso [288, 289]. Additionally, we collected noiseless
samples for evaluation of E[f2λk ]ideal by simply letting p = 1. We collect T = 10000 sampled

pairs ((g
(i)
j )lj=1,n

(i)) and store them for post-processing. We remark that the unitaries

g
(i)
1 , . . . , g

(i)
l are used to collect exactly one state from the boson sampler, as throughout

this work we consider the so-called single-shot estimator (10.7) [50].
By post-selecting on the outcome of the boson sampling experiment, we capture the

estimation of particle loss rates as described in Section 10.2.3. The results, which employ
the indicator filter function (10.11) are shown in Fig. B.1 (the estimator is again the
empirical average of the filter function). Since we run simulations under particle loss only,
the estimated decay rates are similar to the ones shown in Fig. 10.1.

Next, we evaluate the filter function (10.63) for each sampled pair. Specifically, we
compute Clebsch-Gordan coefficients using the SUNRepresentations Julia library [290],
which implements Alex’s et al. algorithm for the computation of SU(m) Clebsch-Gordan
coefficients [77]. The algorithm can be sketched as follows: For each irrep λk in τmn ⊗ τ̄mn
(or –in the case of the second moment– for each irrep in λ⊗2

k ) one shall first find the
Clebsch-Gordan coefficients of the highest weight state of λk (and possibly resolve the
ambiguity on the multiplicities by a suitable Gaussian elimination, in the case of λ⊗2

k ).
Lower weight states are obtained by repeated application of ladder operators. This implies
the calculation of all remaining Clebsch-Gordan coefficients by solving linear systems of
equations. We remark the computation of Clebsch-Gordan coefficients can be sped up by
exploiting the symmetries of the weight spaces under the action of the Weyl group [258] or
using analytic expressions for the coefficients CM

N,N̄
, with N ∈ GT(τmn ),M ∈ GT(λk) [150].

Lastly, we analyze the signal form for the irreps λ0, . . . , λ4 (we do not include λ1 as
there is no overlap with the chosen input state). The results are shown in Fig. B.2.
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1 2 3 4 5 6 7 8 9 10

sequence length l

10−1

100
F̂
I

1.01 · 0.99l (
√
p = 0.99)

1.01 · 0.975l (
√
p = 0.975)

1.01 · 0.95l (
√
p = 0.95)

1.0 · 0.953l (
√
p ∈ [0.9, 1])

Figure B.1: Passive RB signal with n = m = k and input state |14⟩ using T = 10000
samples. The plot shows post-selection on particle loss events under different values of
transmittivity.

B.5 Proof of Lemma 49

Lemma 60 (Restatement of Lemma 49). Let λk be a Young diagram as in Eq. (10.30)
labeling an irrep of SU(m), m ≥ 3. Then, for each k, l ≥ 0,

λk ⊗ λl =

min{k,l}⊕
j=0

λ
(j+1)
|k−l|+j ⊕

k+l⊕
j=min{k,l}+1

λ
(k+l−j+1)
|k−l|+j ⊕R , (B.26)

where λ0 ≡ 1, λ1 ≡ Ad, λ(i)j denotes the i-th copy of λj in λk ⊗ λl, and R is a suitable
direct sum of irreps which are not of the form λl for any l ∈ N.

Proof. Without loss of generality, we can assume that k > l. Then, we shall decompose the
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1 2 3 4 5 6 7 8 9 10

sequence length l

10−3

10−2

10−1

F̂
λ
k

0.03 · 0.95l (k = 0)

0.06 · 0.952l (k = 2)

0.19 · 0.952l (k = 3)

0.7 · 0.95l (k = 4)

Figure B.2: Passive RB signal in the presence of particles loss with transmittivity √
p = 0.95,

n = m = k and T = 10000 samples. The input state is set to |14⟩.

tensor product, C.f. Eq. (10.30)

λk ⊗ λl =

. . . . . .

. . .

...
. . .

...
. . .

k k

m− 1
⊗

. . . . . .

. . .

...
. . .

...
. . .

l l

m− 1
(B.27)

using Littlewood-Richardson’s rules. To simplify notation further, let us consider the case
m = 3, so that the number of rows reduces to 2. Then, as in the proof of Lemma 47, Young
diagrams contained in λk ⊗ λl of shape λr, for some r between k − l and k, is obtained
either as

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . .

k k r

l − r l
k − 2l + r l

k − l
∼= . . . . . .

. . .

k − l + r

k − l + r

(B.28)
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or

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

2k

l l

∼= (B.29)

if k = l+1 and r = 1. In the latter case, it is clear that the multiplicity of λ1 is always 1. In
the former, the multiplicity of λk−l+r is determined by the number of swaps between green
boxes and blue boxes in the second row, which is determined by the condition nb ≥ ng,
where, for each box in the diagram, nb (respectively, ng) is the number of blue (respectively,
green) boxes above and right to it. Hence, the multiplicity of λk−l+r is r + 1 for each r.

Notice that the proof generalizes to the case m > 3 straightforwardly, as the allowed
positions for yellow boxes is determined by the configuration of blue and green boxes, in
complete analogy with Lemma 47.

B.6 SPAM constants with distinguishable input states

Lemma 61. For any k ∈ [N ] we have

I
(2)
k = Φ(N0, N,N

(1), N (2), L(1), L(2))gk(N0, N,N
(1), N (2),M (1), L(1),M (2), L(2)) , (B.30)

where Φ(N0, N,N
(1), N (2), L(1), L(2)) = (−1)φ(N0)+φ(N)+φ(N(1))+φ(N(2))+φ(L(1))+φ(L(2)) and

gk =
1

dk

k∑
r,s=0

mk∑
c=1

∑
M0,M∈GT(λk),
M1,J1∈GT(λr)
M2,J2∈GT(λs)

CM0

N0,N̄0
CMN,N̄C

M1

N(1), ¯N(1)
CM2

N(2), ¯N(2)
CJ1
M(1), ¯L(1)

CJ2
M(2), ¯L(2)

× CM,c
M1,M2

CM0,c
J1,J2

,

(B.31)

where gk ≡ gk(N0, N,N
(1), N (2),M (1), L(1),M (2), L(2)) and mk is the multiplicity of λk in

λr ⊗ λs for each r, s ∈ [k].

Proof. Let A be the GT pattern associated with the Fock state |a⟩. By definition, we have

I
(2)
k =

∫
dg ⟨n0,n0 |λk(g)† |n,n⟩⟨n(1),n(1),n(2),n(2) |ω(g)⊗2 |m(1), l(1),m(2), l(2)⟩

=

∫
dg ⟨N0, N0 |λk(g)† |N,N⟩⟨N (1), N (1), N (2), N (2) |ω(g)⊗2 |M (1), L(1),M (2), L(2)⟩

= (−1)φ(N0)+φ(N)+φ(N(1))+φ(N(2))+φ(L(1))+φ(L(2))

×
∫
dg ⟨N0, N̄0 |λk(g)† |N, N̄⟩⟨N (1), N̄ (1), N (2), N̄ (2) |ω(g)⊗2 |M (1), L̄(1),M (2), L̄(2)⟩

≡ Φ(N0, N,N
(1), N (2), L(1), L(2))gk(N0, N,N

(1), N (2),M (1), L(1),M (2), L(2)) ,
(B.32)

where Ā = (−1)φ(A)A is the dual GT pattern of A. Consider now the following Clebsch-
Gordan decompositions:

|N0, N̄0⟩
∣∣
λk

=
∑

M0∈GT(λk)

CM0

N0,N̄0
|M0⟩ , (B.33)
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|N, N̄⟩
∣∣
λk

=
∑

M∈GT(λk)

CMN,N̄ |M⟩ , (B.34)

|N (1), N̄ (1)⟩ =
k∑

r1=0

∑
M1∈GT(λr1 )

CM1

N(1),N̄(1) |M1⟩ , (B.35)

|N (2), N̄ (2)⟩ =
k∑

r2=0

∑
M2∈GT(λr2 )

CM2

N(2),N̄(2) |M2⟩ , (B.36)

|M (1), L̄(1)⟩ =
k∑

r3=0

∑
J1∈GT(λr3 )

CJ1
M(1),L̄(1) |J1⟩ , (B.37)

|M (2), L̄(2)⟩ =
k∑

r4=0

∑
J2∈GT(λr4 )

CJ2
M(2),L̄(2) |J2⟩ . (B.38)

Then,

gk =
k∑

r1,r2,r3,r4=0

∑
M0,M∈GT(λk)

M1∈GT(λr1 ),M2∈GT(λr2 )
J1∈GT(λr3 ),G2∈GT(λr4 )

CM0

N0,N̄0
CMN,N̄C

M1

N(1),N̄(1)C
M2

N(2),N̄(2)C
J1
M(1)L̄(1)C

J2
M(2),L̄(2)

×
∫
dg ⟨M0 |λk(g)† |M⟩⟨M1,M2 |ω(g)⊗2 |J1, J2⟩

=

k∑
r,s=0

k∑
r1,r2,r3,r4=0

∑
M0,M∈GT(λk)

M1∈GT(λr1 ),M2∈GT(λr2 )
J1∈GT(λr3 ),G2∈GT(λr4 )

CM0

N0,N̄0
CMN,N̄C

M1

N(1),N̄(1)C
M2

N(2),N̄(2)

× CJ1
M(1)L̄(1)C

J2
M(2),L̄(2)

×
∫
dg ⟨M0 |λk(g)† |M⟩⟨M1,M2 |λr ⊗ λs(g)|J1, J2⟩ ,

(B.39)
where in the last line we write ω⊗2 =

⊕k
r,s=0 λr ⊗ λs. Observe that

⟨M1,M2 |λr ⊗ λs(g)|J1, J2⟩ = ⟨M1 |λr(g)|J1⟩⟨N2 |λs(g)|J2⟩ . (B.40)

By orthogonality of irreps, this implies that M1, J1 ∈ GT(λr) and M2, J2 ∈ GT(λs). Hence,

gk =

k∑
r,s=0

∑
M0,M∈GT(λk)
M1,J1∈GT(λr)
M2,J2∈GT(λs)

CM0

N0,N̄0
CMN,N̄C

M1

N(1),N̄(1)C
M2

N(2),N̄(2)C
J1
M(1)L̄(1)C

J2
M(2),L̄(2)

×
∫
dg ⟨M0 |λk(g)† |M⟩⟨M1,M2 |λr ⊗ λs(g)|J1, J2⟩ .

(B.41)

To compute the integral I ≡
∫
dg ⟨M0 |λk(g)† |M⟩⟨M1,M2 |λr ⊗ λs(g)|J1, J2⟩ we consider
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Lemma 49. Specifically, consider the Clebsch-Gordan decompositions

|M1,M2⟩ =
r+s∑
i=0

mi∑
a1=1

∑
R1∈GT(λi)

CR1,a1
M1,M2

|R1, a1⟩ , (B.42)

|M1,M2⟩ =
r+s∑
j=0

mj∑
a2=1

∑
R2∈GT(λj)

CR2,a2
J1,J2

|R2, a2⟩ (B.43)

induced by the decomposition λr ⊗ λs =
⊕r+s

h=0

⊕mh
c=1 λ

(c)
h . Then,

I ≡
∫
dg ⟨M0 |λk(g)† |M⟩⟨M1,M2 |λr ⊗ λs(g)|J1, J2⟩

=
r+s∑

i,j,h=0

mi∑
a1=1

mj∑
a2=1

mh∑
c=1

∑
R1∈GT(λi)
R2∈GT(λj)

CR1,a1
M1,M2

CR2,a2
J1,J2

×
∫
dg ⟨M0 |λk(g)† |M⟩⟨R1, a1 |λ(c)h (g)|R2, a2⟩ .

(B.44)

As before, by orthogonality of irreps, we have i = j = h and a1 = a2 = h. Hence,

I =
r+s∑
h=0

mh∑
c=1

∑
R1,R2∈GT(λh)

CR1,c
M1,M2

CR2,c
J1,J2

∫
dg ⟨M0 |λk(g)† |M⟩⟨R1, c |λ(c)h (g)|R2, c⟩

=
1

dk

mk∑
c=1

∑
R1,R2∈GT(λk)

CR1,c
M1,M2

CR2,c
J1,J2

δM0,R2δM,R1 ,

(B.45)

where the last line follows from Schur’s orthogonality relations. Therefore, Eq. (B.41)
becomes

gk =
1

dk

k∑
r,s=0

mk∑
c=1

∑
M0,M∈GT(λk)
M1,J1∈GT(λr)
M2,J2∈GT(λs)

CM0

N0,N̄0
CMN,N̄C

M1

N(1),N̄(1)C
M2

N(2),N̄(2)C
J1
M(1),L̄(1)C

J2
M(2),L̄(2)

× CM,c
M1,M2

CM0,c
J1,J2

,

(B.46)

which completes the proof.

B.7 Technical results for passive RB with heterodyne mea-
surements

In this section, we use the shorthand notation∫
d2α ≡

∫
d2α1· · ·

∫
d2αm , (B.47)

where d2αi is the complex measure on C. To characterize the frame operator S =∫
d2α

∫
dg ωm†

n (g)|Eα)(Eα|ωmn (g), consider the following quantity for any K ∈ 2N:

I({ni}Ki=1) =
1√

n1!n2! . . .nK !

∫
d2α e−K/2|α|2ᾱn1+...nK/2αnK/2+1+...nK . (B.48)
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The latter can be evaluated writing down the integral in polar coordinates and integrating
by parts. Specifically, for the single-mode integral, and for any η > 0, we have∫

d2α e−η|α|
2
αa+bᾱc+d =

∫ ∞

0
dr e−ηr

2
ra+b+c+d+1

∫ 2π

0
dθ eiθ(a+b−c−d)

= π

(
a+ b+ c+ d

2

)
! η−

a+b+c+d
2 δa+b,c+d .

(B.49)

Notice that the expression in parenthesis is a proper factorial due to the δ. This implies

I({ni}Ki=1) =
πm

(K/2)n

(
n1 + · · ·+ nK/2

)
!√

n1! . . .nK !
δn1+···+nK/2,nK/2+1+···+nK . (B.50)

where

δn1+···+nK/2,nK/2+1+···+nK =

{
1, if

∑K/2
i=1 ni =

∑K
i=K/2+1ni ,

0, otherwise
(B.51)

and we used the fact that |ni| = n for each i = 1, . . .K.

Theorem 62. Let λk an irrep of τmn ⊗ τ̄mn as in Eq. (10.30). For a balanced heterodyne
measurement setting, the eigenvalues of the frame operator of the filtered RB protocol are
given by

sλk =
πm2−n

dλk

∑
n1,n2

(−1)φ(N1)+φ(N2)

(
n1 + n2

n1

) ∑
M∈GT(λk)

CMN1,N̄1
CMN2,N̄2

, (B.52)

where N1, N2 ∈ GT(τmn ) are the GT patterns associated with n1,n2, respectively, and(
n1 + n2

n2

)
≡
(
n1,1 + n2,1

n2,1

)
. . .

(
n1,m + n2,m

n2,m

)
, (B.53)

where ni = (ni,1, . . . , ni,m).

Proof. For the balanced heterodyne measurement setting the corresponding (ideal) POVM is
{|α⟩⟨α| ≡ Eα}α∈Cm , where |α⟩ =⊗m

i=1|αi⟩ is an m modes coherent state. The associated
measurement channel is given by

M(·) :=
∫
Cm

d2αTr[|α⟩⟨α|(·)] |α⟩⟨α| . (B.54)

To evaluate Eq. (10.48), we use the multi-mode expansion defined in Eq. (11.16).
Moreover, since Pλk is defined onto a subspace of Hm

n , such expansions of the copies of α
are truncated. Hence, by Eq. (B.48), we have

sλk =
1

dλk

∫
d2α ⟨α |Pλk(|α⟩⟨α|)|α⟩ (B.55)

=
1

dλk

∑
n1,n2∈Hm

n
m1,m2∈Hm

n

I(n1,n2,m1,m2)⟨n1 |Pλk(|n2⟩⟨m2|)|m1⟩ (B.56)
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=
1

dλk

∑
n1,n2∈Hm

n
m1,m2∈Hm

n

I(n1,n2,m1,m2)⟨n1,m1 |Pλk |n2,m2⟩ (B.57)

=
1

dλk

∑
n1,n2∈Hm

n
m1,m2∈Hm

n

I(n1,n2,m1,m2)⟨N1,M1 |Pλk |N2,M2⟩ (B.58)

=
1

dλk

∑
n1,n2∈Hm

n
m1,m2∈Hm

n

(−1)φ(M1)+φ(M2)I(n1,n2,m1,m2)⟨N1, M̄1 |Pλk |N2, M̄2⟩ (B.59)

=
1

dλk

∑
n1,n2∈Hm

n
m1,m2∈Hm

n

(−1)φ(M1)+φ(M2)I(n1,n2,m1,m2)
∑

M∈GT(λk)

CMN1,M̄1
CMN2,M̄2

, (B.60)

where the phase φ(M) is defined in Eq. (3.25) and in the last step we used the definition of
Pλk , cf. (10.52):

⟨N1, M̄1 |Pλk |N2, M̄2⟩ =
∑

M∈GT(λk)

⟨N1, M̄1 |M⟩⟨M |N2,M2⟩ =
∑

M∈GT(λk)

CMN1,M̄1
CMN2,M̄2

.

(B.61)
Since N1, N2 ∈ GT(τmn ) and M1,M2 ∈ GT(τ̄mn ), selection rules for Clebsch-Gordan coeffi-
cients imply M1 = N1 and M2 = N2. Hence,

sλk =
1

dλk

∑
n1,n2∈Hm

n

(−1)φ(N1)+φ(N2)I(n1,n2)
∑

M∈GT(λk)

CMN1,N̄1
CMN2,N̄2

. (B.62)

By Eq. (B.50), we have

I(n1,n2) =
πm

2n

(
n1 + n2

n1

)
. (B.63)

with (
n1 + n2

n2

)
≡
(
n1,1 + n2,1

n2,1

)
. . .

(
n1,m + n2,m

n2,m

)
, (B.64)

from which Eq. (B.52) follows.

Lemma 63. For a heterodyne measurement setting, ρ = |n0⟩⟨n0| as input state, and an
irrep λk of τmn ⊗ τ̄mn , the following holds:

E[fλk ] =
1

dλksλk

∑
M∈GT(λk)

|CMN0,N̄0
|2

∑
n1,n2∈Hm

n
m1,m2∈Hm

n

(−1)φ(M1)+φ(M2)I(n1,n2,m1,m2)

×
∑

S∈GT(λk)

CSN1,M̄1
CSN2,M̄2

,

(B.65)

where |n0⟩ = |N0⟩, |n1⟩ ≡ |N1⟩, |n2⟩ ≡ |N2⟩, |m1⟩ ≡ |M1⟩, |m1⟩ ≡ |M1⟩, I is as in
Eq. (B.48) and φ is defined in Eq. (3.25).
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Proof. As in the proof of Theorem 62, considering the multi-mode expansion of α, only the
n-particle component provides non-trivial contribution to the first moment, since ωmn acts
non trivially on Hm

n only. Recalling Eq. (B.48), it follows

E[fλk ] =
1

sλk

∫
d2α

∫
dg ⟨n0 |Pλk ◦ ωmn (g)†(|α⟩⟨α|)|n0⟩⟨α |ωmn (g)(|n0⟩⟨n0|)|α⟩ (B.66)

=
1

sλk

∑
n1,n2∈Hm

n
m1,m2∈Hm

n

I(n1,n2,m1,m2)

∫
d2α

∫
dg ⟨n0 |Pλk ◦ ωmn (g)†(|n1⟩⟨m1|)|n0⟩

(B.67)

× ⟨n2 |ωmn (g)(|n0⟩⟨n0|)|m2⟩ . (B.68)

In particular,

H ≡
∫
d2α

∫
dg ⟨n0 |Pλk ◦ ωmn (g)†(|n1⟩⟨m1|)|n0⟩⟨n2 |ωmn (g)(|n0⟩⟨n0|)|m2⟩ (B.69)

=

∫
dg ⟨n0,n0 |Pλkτmn ⊗ τ̄mn (g)† |n1,m1⟩⟨n2,m2 |τmn ⊗ τ̄mn (g)|n0,n0⟩ (B.70)

=

∫
dg ⟨N0, N0 |Pλkτmn ⊗ τ̄mn (g)† |N1,M1⟩⟨N2,M2 |τmn ⊗ τ̄mn (g)|N0, N0⟩ (B.71)

= (−1)φ(M1)+φ(M2)

∫
dg ⟨N0, N̄0 |Pλkτmn ⊗ τ̄mn (g)† |N1, M̄1⟩ (B.72)

× ⟨N2, M̄2 |τmn ⊗ τ̄mn (g)|N0, N̄0⟩ (B.73)

= (−1)φ(M1)+φ(M2)
∑

M∈GT(λk)

CMN0,N̄0

∫
dg ⟨M |λk(g)† |N1, M̄1⟩ (B.74)

× ⟨N2, M̄2 |
n⊕
j=0

λj(g)|N0, N̄0⟩ . (B.75)

In the last step, we projected |N0, N̄0⟩ onto λk and we used the irrep decomposition of
τmn ⊗ τ̄mn , see Lemma 38. The latter can be computed by slight modifications of Lemmas 43
and 45. In particular, by orthogonality relations, the integral is non-zero only if j = k
and for basis vectors of λk. In other words, it is enough to restrict the Clebsch-Gordan
decompositions to the λk-th components:

|N1, M̄1⟩
∣∣
λk

=
∑

S1∈GT(λk)

CS1

N1,M̄1
|S1⟩ , (B.76)

|N2, M̄2⟩
∣∣
λk

=
∑

S2∈GT(λk)

CS2

N2,M̄2
|S2⟩ , (B.77)

|N0, N̄0⟩
∣∣
λk

=
∑

S3∈GT(λk)

CS3

N0,N̄0
|S3⟩ . (B.78)

Therefore, Schur’s orthogonality relations (2.10), we have

H =
1

dλk
(−1)φ(M1)+φ(M2)

∑
M∈GT(λk)

|CMN0,N̄0
|2

∑
S∈GT(λk)

CSN1,M̄1
CSN2,M̄2

(B.79)

from which the assertion follows .
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Lastly, we have the following explicit expression for the second moment:

Theorem 64. Consider a passive RB experiment with balanced heterodyne measurement
setting, initial Fock state ρ = |n0⟩⟨n0|, and λ is an irrep of ωmn = τmn ( · )τm†

n . Then, the
following holds:

E[f2λk ] =
1

s2λk
(−1)φ(N0)

∑
n1,n2,n3,
m1,m2,m3

(−1)
∑3

i=1 φ(Mi)I((ni)
3
i=1(mi)

3
i=1)gk(N ,M , N0) , (B.80)

where N ≡ (N1, N2, N3),M ≡ (M1,M2,M3), Ni ≡ N(ni),Mi ≡M(mi) are GT patterns
associated with ni,mi, respectively, I((ni)3i=1, (mi)

3
i=1) ≡ I(n1,n2,n3,m1,m2,m3) is as

in Eq. (B.50) and

gk(N ,M , N0) =

min{n,2k}∑
l=0

1

dλk

ml∑
r=1

∑
M,M ′∈GT(λk)
L,L′∈GT(λk)
R,R′∈GT(λl)

CMN0,N̄0
CM

′
N0,N̄0

CR,rM,M ′C
R
N0,N̄0

CR
′

N3,M̄3
CLN1,M̄1

× CL
′

N2,M̄2
CR

′,r
L,L′ .

(B.81)

Proof. By Eqs. (11.16) and (B.48), we have, for any λk,

E[f2λk ] =
1

s2λk

∫
d2α

∫
dg ⟨n0 |Pλk ◦ ωmn (g)†(|α⟩⟨α|)|n0⟩2⟨α |ωmn (g)(|n0⟩⟨n0|)|α⟩ (B.82)

=
1

s2λk

∑
n1,n2,n3∈Hm

n
m1,m2,m3∈Hm

n

I((ni)
3
i=1, (mi)

3
i=1)

∫
dg ⟨n0 |Pλk ◦ ωmn (g)†(|n1⟩⟨m1|)|n0⟩

(B.83)

× ⟨n0 |Pλk ◦ ωmn (g)†(|n2⟩⟨m2|)|n0⟩⟨n3 |ωmn (g)(|n0⟩⟨n0|)|m3⟩ (B.84)

≡ 1

s2λk

∑
n1,n2,n3,
m1,m2,m3

I((ni)
3
i=1, (mi)

3
i=1)Gk((ni)

3
i=1, (mi)

3
i=1,n0) , (B.85)

where

Gk((ni)
3
i=1, (mi)

3
i=1,n0) ≡

∫
dg ⟨n0 |Pλk ◦ ωmn (g)†(|n1⟩⟨m1|)|n0⟩

× ⟨n0 |Pλk ◦ ωmn (g)†(|n2⟩⟨m2|)|n0⟩⟨n3 |ωmn (g)(|n0⟩⟨n0|)|m3⟩ .
(B.86)

Introducing GT patterns, we have

Gk((ni)
3
i=1, (mi)

3
i=1,n0) ≡ Gk(N ,M , N0) , N = (N1, N2, N3) , M = (M1,M2,M3) .

(B.87)
Then, by Eq. (3.25), the latter assumes the following form:

Gk(N ,M , N0) =

∫
dg ⟨N0, N0 |Pλkτmn ⊗ τ̄mn (g)† |N1,M1⟩ (B.88)

× ⟨N0, N0 |Pλkτmn ⊗ τ̄mn (g)† |N2,M2⟩⟨N3,M3 |τmn ⊗ τ̄mn (g)|N0, N0⟩ (B.89)
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= (−1)φ(N0)+
∑3

i=1 φ(Mi)
∑

M,M ′∈GT(λk)

CMN0,N̄0
CM

′
N0,N̄0

(B.90)

×
∫
dg ⟨M,M ′ |λk(g)⊗2† |N1, M̄1, N2, M̄2⟩⟨N3, M̄3 |

n⊕
j=0

λj(g)|N0, N̄0⟩

(B.91)

≡ (−1)φ(N0)+
∑3

i=1 φ(Mi)gk(N ,M , N0) . (B.92)

We compute the integral

gk(N ,M , N0) ≡
∫
dg ⟨M,M ′ |λk(g)⊗2† |N1, M̄1, N2, M̄2⟩⟨N3, M̄3 |

n⊕
j=0

λj(g)|N0, N̄0⟩

(B.93)
as in the proof of Theorem 48: Consider the irrep decomposition of λ⊗2

k as in Lemma 47.
Then, by orthogonality of the matrix coefficients, the non-trivial contributions to the integral
come from irreps that appear –with their multiplicities– in both ωmn and λ⊗2

k . This implies

gk(N ,M , N0) =

min{n,2k}∑
l=0

ml∑
r=1

∫
dg ⟨M,M ′ |λ(r)l (g)† |N1, M̄1, N2, M̄2⟩⟨N3, M̄3 |λl(g)|N0, N̄0⟩ .

(B.94)
Therefore, by the Clebsch-Gordan decompositions

|M,M ′⟩ =
∑

R∈GT(λl)

CR,rM,M ′ |R, r⟩ , (B.95)

|N3, M̄3⟩ =
∑

J∈GT(λl)

CJN3,M̄3
|J⟩ , (B.96)

|N0, N̄0⟩ =
∑

J ′∈GT(λl)

CJ
′

N0,N̄0
|J ′⟩ , (B.97)

|N1, M̄1, N2, M̄2⟩ =
∑

L,L′∈GT(λk)

CLN1,M̄1
CL

′
N2,M̄2

|L,L′⟩ , (B.98)

|L,L′⟩ =
∑

R′∈GT(λl)

CR
′r

L,L′ |R′, r⟩ , (B.99)

it follows ∫
dg ⟨R, r |λ(r)l (g)† |R′, r⟩⟨J |λl(g)|J ′⟩ = 1

dλl
δR,J ′δR′,J (B.100)

by Schur’s orthogonality relations (2.10). Hence,

gk(N ,M , N0) =

min{n,2k}∑
l=0

1

dλk

ml∑
r=1

∑
M,M ′∈GT(λk)
L,L′∈GT(λk)
R,R′∈GT(λl)

CMN0,N̄0
CM

′
N0,N̄0

CR,rM,M ′C
R
N0,N̄0

CR
′

N3,M̄3

× CLN1,M̄1
CL

′
N2,M̄2

CR
′,r

L,L′ ,

(B.101)

and the assertion follows from a suitable sorting of all the terms.
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