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Abstract

This paper is dedicated to weighted composition semigroups on spaces of continu-
ous functions and their subspaces. We consider semigroups induced by semiflows and
semicocycles on Banach spaces F(£2) of continuous functions on a Hausdorff space 2
such that the norm-topology is stronger than the compact-open topology like the Hardy
spaces, the weighted Bergman spaces, the Dirichlet space, the Bloch type spaces, the
space of bounded Dirichlet series and weighted spaces of continuous or holomor-
phic functions. It was shown by Gallardo-Gutiérrez, Siskakis and Yakubovich that
there are no non-trivial norm-strongly continuous weighted composition semigroups
on Banach spaces F(ID) of holomorphic functions on the open unit disc ID such that
H> c F(D) C By where H is the Hardy space of bounded holomorphic functions
on D and B, the Bloch space. However, we show that there are non-trivial weighted
composition semigroups on such spaces which are strongly continuous w.r.t. the mixed
topology between the norm-topology and the compact-open topology. We study such
weighted composition semigroups in the general setting of Banach spaces of contin-
uous functions and derive necessary and sufficient conditions on the spaces involved,
the semiflows and semicocycles for strong continuity w.r.t. the mixed topology and as
a byproduct for norm-strong continuity as well. Moreover, we give several character-
isations of their generator and their space of norm-strong continuity.
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1 Introduction

Let (F(2), || - ||) be a Banach space of scalar-valued continuous functions on a Haus-
dorff space 2 such that the | - ||-topology is stronger than the compact-open topology
Teo 0N F(£2). Suppose that ¢ := (¢;);>0 is a semiflow and m := (m,);>¢ an associated
semicocycle on €2 such that the induced weighted composition semigroup (Cy, o (£)):>0
given by Cp () f :==m; - (f o) forallt > 0 and f € F(Q) is a well-defined
semigroup of linear maps from F(£2) to F(£2).

In the case that 2 = D C Cis the open unit disc, ¢ a jointly continuous holomorphic
semiflow and F(ID) a space of holomorphic functions on ID such semigroups are well-
studied in the unweighted case, i.e. m;(z) = 1 for all t > 0 and z € D, on the Hardy
spaces H” for 1 < p < oo in [10], on the weighted Bergman spaces AL fora > —1
and 1 < p < oo in [69], on the Dirichlet space D in [70] and on more general spaces
F (D) in [4, 12, 23, 38, 71]. In particular, they are always || - ||-strongly continuous on
HP, AE and D.

The weighted case, where m is a jointly continuous holomorphic semicocycle, is
more complicated and got more attention recently [5, 11, 17, 18, 39, 63, 77]. However,
to the best of our knowledge from the spaces mentioned above only for the Hardy
spaces H”, 1 < p < oo, and the weighted Bergman spaces AP 1 < p < oo and
o > —1, sufficient (non-trivial) conditions on general m are known such that the
weighted composition semigroup becomes || - ||-strongly continuous [47, 63, 68, 71,
77]. In [5] non-trivial sufficient conditions for || - ||-strong continuity are given for
Banach spaces F (D) of holomorphic functions in which the polynomials are dense in
the case that m; = ¢, forall r > 0.

Considering the Hardy space for p = oo, it is shown in [39] that the only | - ||-
strongly continuous weighted composition semigroups on F(ID) such that H* C
F([) C Bj are the trivial ones, i.e. ¢; = id for all r > 0. Here, B stands for
the Bloch space. In the unweighted case this has already been observed in [3, 38].
Similarly, it is shown in [21, Theorem 7.1, p. 34] that there no non-trivial || - ||-strongly
continuous composition semigroups on the space 7°*° of bounded Dirichlet series
on the open right half-plane. Nevertheless, there are non-trivial weighted composition
semigroups on such spaces F (D) resp. .72 as well and it is said in [38, p. 494] that
it would be desirable to substitute the || - ||-strong continuity by a weaker property so
that the description of the generator of a (weighted) composition semigroup given in
[38, Main theorem, p. 490] ([39, Theorems 2.1, 3.1, pp. 68—69] in the weighted case)
remains valid. This is one of the problems we solve in the present paper. We substitute
the || - ||-strong continuity by y -strong continuity where y := y (|| - ||, Tco) is the mixed
topology between the || - ||-topology and 7., which was introduced in [76] and is a
Hausdorff locally convex topology.

Let us outline the content of our paper. In Sect.2 we recall the notions of a Saks
space (X, || - ||, t), where (X, | - |) is a normed space and T a coarser norming
Hausdorff locally convex topology on X, the mixed topology y := y (]| - ||, T), some



Weighted Composition Semigroups on Spaces of Continuous... Page3of47 115

background on semigroups on Hausdorff locally convex spaces and in Theorem 2.7
how y-strongly continuous, locally y-equicontinuous semigroups are related to the
concept of a T-bi-continuous semigroup, which was introduced in [54, 55]. We then
give several examples of Saks spaces of the form (F(£2), || - ||, Tco), Which include
among others the Hardy spaces H” for 1 < p < oo, the weighted Bergman spaces A%
for 1 < p < oo and ¢ > —1, and the Dirichlet space D in Example 2.9, the v-Bloch
spaces w.r.t. a continuous weight v in Example 2.10, especially the Bloch type spaces
B, for « > 0, as well as weighted spaces of continuous resp. holomorphic functions,
especially, the Hardy space H* and the space #°° of bounded Dirichlet series in
Examples 2.11, 2.12 and 2.13.

In Sect. 3 we recap the notions of a semiflow ¢, a semicocycle m for ¢ and introduce
the notion of a co-semiflow (m, ¢). We give equivalent characterisations of their joint
continuity depending on the topological properties of €2, present several examples and
generalise the concept of a generator of a semiflow, which was introduced in [10] for
jointly continuous holomorphic semiflows.

In Sect. 4 we use the concepts and results of the preceding sections to prove one of
our main results Proposition 4.5, which generalises [36, Proposition 2.10, p. 5] and
[50, Corollary 4.3, p. 20], that the weighted composition semigroup (C, ,());>0 on a
Saks space (F(€2), || - |, Tco) i ¥ -strongly continuous and locally y -equicontinuous if
the semigroup is locally bounded (w.r.t. the operator norm) and the co-semiflow (m, @)
is jointly continuous. Then we derive sufficient conditions depending on (m, ¢) for
the local boundedness of the semigroup (C,(t));>0 for the Saks spaces mentioned
above, in particular in the case F(2) = 7 in Theorem 4.16.

In Sect. 5 we turn to the generator (A, D(A)) of locally bounded, y -strongly contin-
uous weighted composition semigroups and show in Proposition 5.4 that it coincides
with the Lie generator, i.e. the pointwise generator, if the Saks space (F(£2), || - II, Tco)
is sequentially complete (w.r.t. the mixed topology y) and the co-semiflow (m, @)
is jointly continuous. This generalises [36, Proposition 2.12, p. 6] and [26, Proposi-
tion 2.4, p. 118] where F(2) = Cp(£2) is the space of bounded continuous functions
on a completely regular Hausdorff k-space resp. Polish space €2 and m trivial. The
connection to t-bi-continuous semigroups from Sect.2 also allows us to deduce in

Proposition 5.3 that on sequentially complete Saks spaces (F(2), || - ||, Tco) such
semigroups are || - ||-strongly continuous if (F(2), || - ||) is reflexive, and to show
that the space of || - ||-strong continuity coincides with the || - ||-closure of D(A). In

Theorem 5.11 we turn to the special case that 2 C C is open, the jointly continuous
co-semiflow (m, ¢) continuously differentiable w.r.t. # and JF(£2) for instance a space
of holomorphic functions, which results in the representation

DA) ={f e F(Q)|Gf +gf e F()}, Af =Gf' +gf, f€D@A), (1)

of the generator, where G := ¢g and g := i denote the derivatives w.r.t. 7 of ¢
and m in t = 0, respectively. In Theorem 5.10 we also handle the more complicated
case where 2 C R is open and the space F(£2) need not be a space of continuously
differentiable or holomorphic functions, for example F(2) = Cp(2).

Section 6 is dedicated to the converse of (1) in the sense that a y -strongly continuous
semigroup with such a generator for some holomorphic functions G and g on €2 must
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be a weighted composition semigroup w.r.t. some jointly continuous holomorphic co-
semiflow (m, ) atleastif Q =D, (F(D), || - |, Tco) is a sequentially complete Saks
space of holomorphic functions and the embedding H(ﬁ) — (F (D), ||-]|) continuous
where H(ID) denotes the space of holomorphic germs near ID with its inductive limit
topology (see Theorem 6.1). In Example 6.2 we show that this embedding condition
is fulfilled for the spaces like H? for 1 < p < oo, AP fora > —land 1 < p <oo,D
and B, for @ > 0. Theorem 6.1 in combination with Theorem 5.11 (see also Theorem
7.4) is the counterpart of [38, Main theorem, p. 490] and [39, Theorems 2.1, 3.1,
pp. 68—69] we were searching for.

In the closing Sect.7 we generalise in Proposition 7.1 results from [25, 26] on
unweighted composition semigroups on C; (R) to the more general setting of weighted
composition semigroups on weighted spaces of continuous functions. Further, The-
orem 7.2 gives us necessary and sufficient conditions for a weighted composition
semigroup (Cy;,(1))r>0 on a sequentially complete Saks space (F(2), || - ||, Tco) of
holomorphic functions on an open connected set 2 C C to be || - [|-strongly continuous
resp. y-strongly continuous. In combination with Theorem 4.14 we obtain sufficient
conditions on (m, @) so that (Cp, 4 (t));>0 is || - [|-strongly continuous on the Hardy
spaces H? for 1 < p < oo, the weighted Bergman spaces A% for « > —1 and
1 < p < oo and on the Dirichlet space D. For the first two spaces we get back the
conditions from [63, 77] by a different proof and they improve the already known ones
from [47, 68, 71]. In combination with Theorems 4.15 and 4.17 we obtain sufficient
conditions on (1, @) so that (Cy, 4 (t));>0 is Y -strongly continuous on the Hardy space
H® and the Bloch type spaces By for a > 0.

2 Background on Semigroups on Saks Spaces

In this section we recall some basic notions and results in the context of semigroups
on Hausdorff locally convex spaces, bi-continuous semigroups, the mixed topology
and Saks spaces to keep this work practically self-contained. We refer the interested
reader for more detailed information to [22, 45, 46, 54, 79]. For a Hausdorff locally
convex space (X, t) over the field K = R or C we use the symbol L(X, ) for the
space of continuous linear operators from (X, 7) to (X, 7). If (X, || - ||) is a normed
space, we just write £(X) = L(X, t).|) where 7. is the || - [|-topology. First, we
recall the notions of strong continuity and equicontinuity.

2.1 Definition Let (X, 7) be a Hausdorff locally convex space, I a set and (7 (¢));es
a family of linear maps X — X.

(a) Let I be a Hausdorff space. (T (t)):ey is called t-strongly continuous if T (t) €
L(X,t)foreveryt € I and the map Ty : I — (X, 1), Ty (t) := T (¢)x, is contin-
uous for every x € X.

(b) Let o be an additional Hausdorff locally convex topology on X. (T'(¢))<; is called
o -T-equicontinuous if

Vpel,;dpel,, C>0Vrel, xeX: p(T(t)x) <Cp(x)
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where I'; and I'; are directed systems of continuous seminorms that generate ©
and o, respectively. If T = o, we just write t-equicontinuous instead of 7-7-
equicontinuous.

In the context of semigroups of linear maps there are different degrees of equicon-
tinuity and boundedness. In the following definition we use the symbol id for the
identity map on a set X, i.e. the mapid: X — X, id(x) := x.

2.2 Definition Let X be a linear space and (7'(7));>0 a family of linear maps X — X.

(@) (T(1))s>0 is called a semigroup if T(0) = id and T(t + s) = T(¢)T (s) for all
t,s > 0.

(b) Let (X, v) be a Hausdorff locally convex space. (T (t));>o is called locally t-
equicontinuous if (T (t)):c[0,1] 1S T-equicontinuous for all 1y > 0. (T (¢));>0 is
called quasi-t-equicontinuous if there exists w € R such that (e~ T (r));>0 is
T-equicontinuous.

(c) Let (X, || - |I) be a normed space. (T(¢));>0 is called locally bounded if for all
to > 0 it holds that

sup [ITOllgx) < o0
1€[0,10]

where |T()|lzcx) = Supyex. Ixli<1 |T(t)x|l. (T(¢));>0 is called exponentially
bounded if there exist M > 1 and @ € R such that |T (1) zx) < Me® for all
t>0.

Since local boundedness of semigroups of linear maps on normed spaces will be an
essential condition in our work, we give the following characterisation, which carries
over from the case of norm-strongly continuous semigroups on Banach spaces in [33,
Chap. I, 5.5 Proposition, p. 39] and whose simple proof we omit.

2.3 Proposition Let (X, || - ||) be a normed space and (T (t));>0 a semigroup of linear
maps X — X. Then the following assertions are equivalent.

(a) (T (t));>0 is exponentially bounded.
(b) (T (t))s>0 is locally bounded.
(c) There exists to > O such that sup, (o .0 |1 T (@)l £x) < 00.

If (X, || - ) is complete, then each of the preceding assertions is equivalent to:

(d) There exists to > 0 such that sup,¢jo ;1 IT ()x|| < oo forall x € X and T (1) €
L(X) forallt € [0, ty].

Let us recall the definition of the mixed topology, [76, Section 2.1], and the notion
of a Saks space, [22, 1.3.2 Definition, p. 27-28], which will be important for the rest
of the paper.

2.4 Definition [49, 2.1 Definition, pp. 3—4] Let (X, || - ||) be a normed space and 7 a
Hausdorff locally convex topology on X that is coarser than the || - ||-topology ..
Then
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(a) the mixed topology y := y(||-|l, T) is the finest linear topology on X that coincides
with 7 on || - ||-bounded sets and such that T C y C 7.

(b) the triple (X, || - ||, T) is called a Saks space if there exists a directed system of
continuous seminorms I'; that generates the topology t such that

x| = sup p(x), xe€X. (2)
pels

The mixed topology is actually Hausdorff locally convex and the definition given
above is equivalent to the one introduced by Wiweger [76, Section 2.1] due to [76,
Lemmas 2.2.1, 2.2.2, p. 51].

2.5 Definition [51, Definitions 2.2, 5.7, pp. 423, 433], [49, 2.4 Definition, pp. 4-5]
Let (X, | - |I, T) be a Saks space.

(a) Wecall (X, | - ||, t) (sequentially) complete if (X, y) is (sequentially) complete.
(b) Wecall (X, || - ||, t) semi-Montel if (X, y) is a semi-Montel space.
(c) We call (X, || - |I, ) C-sequential if (X, y) is C-sequential, i.e. every convex

sequentially open subset of (X, y) is already open (see [72, p. 273]).

A Saks space is complete if and only if the || - [|-closed unit ball B, = {x €
X | |lx]| < 1} is T-complete by [22, 1.1.14 Proposition, p. 11]. The definition of the
mixed topology given in Definition 2.4 (a) is a bit abstract but sometimes the mixed
topology coincides with a more concrete topology whose origin is [76, Theorem
3.1.1, p. 62], see for instance [22, 49, 76] for such cases. This happens for example if
(X, Il - 1I, ) is a semi-Montel Saks space. It is semi-Montel if and only if B, := {x €
X | |Ix|| < 1} is T-compact by [22, 1.1.13 Proposition, p. 11]. Since the space (X, y)
is usually not barrelled by [22, I.1.15 Proposition, p. 12], one cannot apply automatic
local equicontinuity results like [46, Proposition 1.1, p. 259] to y-strongly continuous
semigroups. A way to circumvent this problem is the condition that the space is C-
sequential. A sufficient condition that guarantees that (X, || - ||, t) is C-sequential is
that 7 is metrisable on By by [53, Proposition 5.7, p. 2681-2682].

2.6 Remark 1f (X, ||-||, v) is a sequentially complete Saks space, then the normed space
(X, |l - II) is complete because y is a coarser topology than the norm | - ||-topology
and completeness of a normed space is equivalent to sequential completeness.

On sequentially complete Saks spaces (X, || - ||, T) there is another notion of strong-
ly continuous semigroups, namely, so-called t-bi-continuous semigroups which were
introduced in [54, Definition 1.3, p. 6-7] (cf. [55, Definition 3, p. 207]). Due to
[52, 2.9 Remark (b)] (cf. [34, Proposition A.1.3, p. 73]) and the comments after
[51, Definition 2.2, p. 423], a semigroup (7' (¢));>0 of linear maps X — X is t-
bi-continuous if and only if it is locally sequentially y-equicontinuous and the map
T.: [0,00) = (X, y), Tx(t) = T(t)x, is continuous for every x € X (we note that
in contrast to Definition 2.1 (a) the definition of y-strong continuity in [52] does not
include the condition that 7' () € L(X, y) for every t > 0). Hence every y-strongly
continuous and locally y-equicontinuous semigroup on a sequentially complete Saks
space is T-bi-continuous and the converse is not true in general by [35, Example 4.1,
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p- 320]. However, on sequentially complete C-sequential Saks spaces the converse is
also true by [48, Theorem 7.4, p. 180] and [75, Theorem 7.4, p. 52], even more, every
T-bi-continuous semigroup is y-strongly continuous and quasi-y-equicontinuous by
[50, Theorem 3.17, p. 13]. Summarising, we have the following theorem.

2.7 Theorem Let (X, || - ||, ) be a sequentially complete C-sequential Saks space and
(T ())i=0 a semigroup of linear maps X — X. Then the following assertions are
equivalent.

(@) (T(t))s>0 is T-bi-continuous.
(b) (T'(t));>0 is y-strongly continuous and locally y -equicontinuous.
() (T(1))i>0 is y-strongly continuous and quasi-y -equicontinuous.

We close this section with some examples of Saks spaces and a convention we
will use throughout the paper. We denote by C(£2) the space of K-valued continuous
functions on a Hausdorff space € and by t., the compact-open topology on C(£2),
i.e. the topology of uniform convergence on compact subsets of 2.

2.8 Convention Let 2 be a Hausdorff space and (F(2), || - ||) a normed space such
that 7(€2) C C(2). Then C(£2) induces the relative compact-open topology Teo|F ()
on F(2) and we get a Saks space (F (), || - ||, tco|£(s)) if and only if

(i) for every compact set K C 2 there is C > 0 such that

sup [f() = ClfIl, feF€),
xekK

which is equivalent to the inclusion 7: (F(S2), || - ||) = (C(R), o), I(f) := f,
being continuous, and

(ii) there exists a directed system of continuous seminorms I
topology tco|F(g) such that

Teo) 7o that generates the

Ifll=sup p(f), feFE.

PElweo 7 ()

If this is fulfilled, we write that (F (), || - ||, Tco) := (F(S2), |l - |I, Teo|F(s)) is a Saks
space.

Further, we denote by H(2) := C(l:(Q) the space of holomorphic functions on an
openset 2 C CandsetD := {z € C | |z| < 1}. Moreover, we write C!(Q) := CHIQ(Q)
for the space of continuously differentiable functions on an open set &2 C R. Due to
[49, 3.5 Corollary, p. 9-10] and [81, Theorems 4.25, 9.8, p. 81, 260] we have the
following result.

2.9 Example For the following spaces (F (D), || - ||) the triples (F(D), || - ||, tco) are
complete semi-Montel C-sequential Saks spaces and F (D) C H(D):
(a) The Hardy spaces (H?, || - || ,) given by

2

1 )
HY = | f e HO) [1/1f = sup >— [ 170?76 < ool.
0<r<127 Jo
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(b) The weighted Bergman spaces (AL, || - llo,p) fora > —l and 1 < p < oo given
by

a+1
AL =7 €MD) 111y = 2 [ 1 @17 = Pz < o).
7 Jp
(c) The Dirichlet space (D, || - |p) given by

1
‘w=hemmum%:umW+—/uﬁm&<w}
T JD

with the inner product

- 1 -
(f,8):=f0)gO) + — /D f'(@g'(dz, f.g€D.

Moreover, the spaces in (a) for 1 < p < oo, in(b) fore > —land 1 < p < o0, and
in (c) are reflexive.

Our next example is the Bloch space w.r.t. a weight v.

2.10 Example ([49, 4.10 Corollary, p. 19]) For a continuous function v: D — (0, c0)
we define the v-Bloch space

BuD) :={f € HMD) | I /o) := £ (O] +Suﬂp)|f/(2)|U(Z) < oo}.
zZ€

Then (Bv(D), || - | BumD), Tco) is a complete semi-Montel C-sequential Saks space.

For o > 0 we get with v, (z) := (1 — |z|*)%, z € D, the usual Bloch type space
By = By (D) (see [80, p. 1144]).

The case p = oo in Example 2.9 (a) can also be covered, namely, we have the
following result for weighted H °°-spaces.

2.11 Example [49, 4.6 Corollary, p. 17-18] For an open set 2 C C and a continuous
function v: Q — (0, 00) we set

Hu(Q) :={f e HE) | [ fllv := Suglf(z)lv(z) < oo}

Then (Hv(S2), || - |lv, Tco) is @ complete semi-Montel C-sequential Saks space.

If v = 1, we set H®(Q) := Hv(RQ) and H® := H* (D), which is the Hardy
space of bounded holomorphic functions on D (see [81, p. 253]). Here, 1 denotes the
map 1: @ — K, 1(x) := 1, onaset 2 C K. In our following example we consider
the space of bounded Dirichlet series which is a topological subspace of H*(C;)
where C;. := {z € C | Rez > 0} is the open right half-plane, see e.g. [21, p. 27].
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2.12 Example We define the space 77 of bounded Dirichlet series as the topological
subspace of H*°(C_.) consisting of bounded holomorphic functions on C that can
be written as a Dirichlet series on some half-plane contained in C... Further, we
denote by || - || sz~ the restriction of the norm || - |1 of H>®(C4) to ##°°. Then
(%, || - || oo, Teo) is a complete semi-Montel C-sequential Saks space.

Proof Due to [7, Lemma 18, p. 227] the unit ball B, , o of > is 7co-compact.
Therefore (J7°°, || - || s, Tco) is @ complete semi-Montel Saks space by [22, 1.3.1
Lemma, p. 27] and [22,1.1.14,1.1.13 Propositions, p. 11]. Moreover, the topology ¢,
is metrisable on 777 and thus (S, ||- || sz, Tco) is C-sequential by [53, Proposition
5.7, p. 2681-2682]. O

For our last example of this section we recall that a completely regular Hausdorff
space Q2 is called a kg-space if any map f: €2 — R whose restriction to each compact
K C Q is continuous, is already continuous on €2 (see [59, p. 487]). In particular,
Polish spaces and locally compact Hausdorff spaces are kg-spaces. Due to [49, 4.5
Corollary, p. 15-16] and [50, Remark 3.19 (a), p. 14] we have the following result.

2.13 Example For a completely regular Hausdorff space €2 and a continuous function
v: Q2 — (0, 00) we set

Co(@):={f €CEI[Iflv:= Suglf(X)lv(X) < oo}

Then (Cv(2), || - |lv, Teo) is a Saks space, which is complete if €2 is a kg-space. It is
C-sequential if €2 is a hemicompact Hausdorff kr-space or a Polish space.

If Q C Cis open, then Hv(2) from Example 2.11 is a subspace of Cv(2) and the
mixed topologies are compatible, i.e.

Y (” : ||v|Hv(Q), Tco|Hv(S2)) =VY (” “Nlvs tCO‘CU(Q))‘Hv(Q)

by [22, [.4.6 Lemma, p. 44]. If v = 1, then we get the space of bounded continuous
functions Cp(2) = Cv(2) on Q and || - ||y = || - |lco is the supremum norm. Further
examples of Saks spaces may be found, for instance, in [22, 49, 50, 52, 54].

3 Semiflows, Semicocycles and Semicoboundaries

In this section we recall the notions and properties of semiflows, associated semico-
clyes and of semicoboundaries, which form a special class of semicocycles.

3.1 Definition Let /7, Q2 and Y be Hausdorff spaces and ¢ := (¢;);c; a family of
functions ¢, : Q@ — Y.

(a) We call ¢ separately continuous if ¢; and ¢()(x): I — Y are continuous for all
telandx € Q.

(b) We call ¢ jointly continuous if themap I x 2 — Y, (¢, x) — ¢;(x), is continuous
where I x  is equipped with the product topology.
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(c) Let I := [0, 00). We say that ¢.)(x) € C'0, 00) for x € Q if o (x) is
continuously differentiable on [0, co) where differentiability in # = 0 means
right-differentiability in = 0. Further, we set ¢;,(x) := (%w(.)(x))(to) for all
to € [0, 00).

(d) Let 2 C Kbe open. If ¢; € CH%(Q) for r € 1, we set ¢} (xq) := (%(pt)(xo) for all
xo € Q.

Let us come to semiflows.

3.2 Definition Let Q2 be a Hausdorff space. A family ¢ := (¢;);>0 of continuous
functions ¢, : Q@ — Q is called a semiflow if

(1) @o(x) = x forall x € 2, and
(1) @rys(x) = (¢r 0o @g)(x) forallz, s > 0and x € Q.

We call a semiflow ¢ trivial and write ¢ = id if ¢, = id for all + > 0. We call a
semiflow ¢ a Co-semiflow if lim; .o+ ¢;(x) = x for all x € Q. If @ C C is open, we
call a semiflow ¢ holomorphic if ¢, € H(S2) for all + > 0.

A lot of examples of jointly continuous holomorphic semiflows and their whole
classification are given in [71, p. 4-5] for Q = D, in [1, Proposition 1.4.26, p. 98] for
Q = C, in [1, Proposition 1.4.27, p. 98] for 2 = C\{0}, in [1, Proposition 1.4.29,
p-99]for Q ={z € C|r <|z|] < 1},0 < r < 1, and in [1, Proposition 1.4.30,
p. 99] for @ = D\ {0}. Further examples may be found in [13, Chap. 8] and also in the
following sections of our paper.

3.3 Proposition ([24, Theorems 2.2, 2.3, p. 692], [20, 2., p. 318-319]) Let ¢ be a
semiflow on a locally compact Hausdorff space 2.

(a) Let Q be o-compact. Then ¢ is jointly continuous if and only if ¢ is Cy.
(b) Let Q be metrisable. Then ¢ is jointly continuous if and only if ¢ is separately
continuous.

An important concept for semiflows is their generator.

3.4 Definition Let ¢ be a semiflow on a Hausdorff space Q such that ¢()(x) €
C l[O, oo) for all x € Q. A continuous function G: 2 — €2 is called the genera-
tor of ¢ if ¢;(x) = G(¢;(x)) forall > 0 and x € Q.

3.5 Remark 1f existing, the generator of ¢ is uniquely determined because we have
G(x) = G(po(x)) = ¢p(x) forall x € Q.

The generator is also called the speed of the semiflow (see [6, p. 210] where the
symbol X is used for G). For a separately continuous semiflow ¢ the existence of the
generator is equivalent to right-differentiability in = 0 and continuity of ¢g.

3.6 Proposition Let Q2 be a Hausdorff space and ¢ a separately continuous semiflow
on Q. Then ¢()(x) € C'10, 00) for all x € QL and §; € C(RQ) for all t > 0 if and only
if oy (x) is right-differentiable in t = 0 for all x € Q and o € C(R2). In this case
@1 (x) = @o(@;(x)) forallt > 0 and x € 2, and (g is the generator of ¢.
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Proof We only need to prove the implication <=. Let ¢(.)(x) be right-differentiable in
t =0forallx € Qand ¢y € C(2). For x € © we claim that ¢.)(x) is continuously
right-differentiable on [0, co) with right-derivative ¢@g(¢;(x)) for all + > 0. Indeed,
we have
i Pras(X) —@r(x) @ (@ (%)) — ¢ (x)
im ————— = lim

s—0+ S s—0+ S

= ¢o(¢r (X))

for all + > 0. Thus ¢ (x) is right-differentiable on [0, co) and the right-derivative
is continuous (in ) because ¢y € C(€2) and ¢ is separately continuous. It follows
that the continuous function ¢(.)(x) is continuously differentiable on [0, co) with
@r(x) = @o(¢r(x)) forall + > 0 (see e.g. [62, Chap. 2, Corollary 1.2, p. 43]). O

Further sufficient and necessary conditions for a given continuous function G : R —
R to be the generator of a jointly continuous flow on R are contained in [6, Lemma
2.2, p. 212]. The notion of a generator in the case of a jointly continuous holomorphic
semiflow was introduced in [10, p. 103]. In this case the generator always exists and
is not only continuous but even holomorphic.

3.7 Theorem [10, (1.1) Theorem, p. 101-102] Let 2 C C be open and ¢ a jointly
continuous holomorphic semiflow on Q. Then ¢()(z) € C'10, 00) for all z € Q and
there is G € H() such that ¢;(z) = G(¢;(2)) forallt > 0 and z € Q.

We also have the following generalisation of [13, Proposition 10.1.8 (1), p. 276—
277 where K = C and Q = D.

3.8 Proposition Let ¢ be a semiflow on an open set Q@ C K such that ¢.y(x) €
C'10, 00) for all x € Q and ¢, € Ck(Q) for all t > 0. Then

P0(¢r (X)) = @, (X)@o(x), >0, x € Q.
If in addition ¢ has a generator G, then
() = Glp(x)) = 9 (x)G(x), 1>0, x€Q.

Proof For all s, > 0 and x € Q we have ¢;(¢;(x)) = @r4+5(x) = (¢ 0 @5)(x). By
differentiating w.r.t. s we get

05 (@1(x)) = @ (95 (X)) s (x)

forall s,7 > 0 and x € €, which yields o (¢;(x)) = ¢, (x)@o(x) for s = 0. The rest
of the statement follows from the definition of a generator and Remark 3.5. O

Next, let us recall the notion of a semicocycle for a semiflow.

3.9 Definition Let ¢ := (¢;);>0 be a semiflow on a Hausdorff space 2. A family m :=
(m;)s>0 of continuous functions m,: Q@ — K is called a multiplicative semicocycle
for ¢ if
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(1) mo(x) = 1forall x € ©, and
(11) msqs(x) = my(x)mg(pr(x)) forallz,s > 0and x € Q.

We call a semicocycle m trivial and write m = 1 if m; = 1 for all + > 0. We call a
semicocycle m a Co-semicocycle if lim;_, o m;(x) = 1 forallx € Q. If @ C C s
open, we call a semicocycle m holomorphic if m; € H(2) for all r > 0.

If ¢ is a holomorphic semiflow on an open set 2 C C, then a simple example of
a holomorphic semicocycle m for ¢ is given by the complex derivatives m, := ¢; for
t > 0 by the chain rule. There is an analogon of Proposition 2.3 for semicocycles due
to Konig [47] which will be important later on. The similarity to Proposition 2.3 is
not a coincidence because they use the same ideas, which can be found in the proofs
of [27, VIII.1.4 Lemma, VIII.1.5 Corollary, p. 618-619].

3.10 Proposition Let ¢ be a semiflow on a Hausdorff space Q and m a semicocycle
for @. Then the following assertions are equivalent.

(a) There exist M > 1 and w € R such that ||m;||cc < Me“" forallt > 0.
(b) It holds that sup,c(g 41 llm: |l < 00 for all o > 0.

(c) There exists to > 0 such that SUP;e[0,10] Mmoo < 0.

(d) It holds that ||m;||s0 < 00 forallt > 0.

(e) It holds that lim sup,_, ¢, |Im;|lcc < 00.

Proof The implications (d)=(a)=(e)=(c)=>(d) follow from the proof of [47, Lemma
2.1 (a), p. 472] (we note that it is not relevant for the proof that (h;);>0 := m in the
cited lemma is assumed to be holomorphic and €2 to be equal to D). Moreover, the
implications (a)=>(b)=>(c) clearly hold. O

3.11 Definition Let ¢ be a semiflow on a Hausdorff space €2 and m a semicocycle
for ¢. We call the tuple (m, ¢) a co-semiflow on Q2. We call a co-semiflow (m, @)
jointly continuous (separately continuous, C, holomorphic) if ¢ and m are both jointly
continuous (separately continuous, Cp, holomorphic).

3.12 Proposition Let (m, @) be a co-semiflow on an open subset Q of a metric space
and @ jointly continuous. Then m is jointly continuous if and only if m is Cy.

Proof The implication = clearly holds. The other implication follows from [31, Defi-
nition 3.1, p. 1203], the proof of [31, Theorem 3.1, p. 1204] withD := Q and A := C,
and the observation that the assumption that D is an open connected subset of a Banach
space (see [31, p. 1200]) is not needed in the proof of [31, Theorem 3.1, p. 1204]. O

Analogously to Proposition 3.6 we have the following result for semicocycles.

3.13 Proposition Let Q2 be a Hausdorff space and (m, ¢) a separately continuous co-
semiflow on Q. Then m)(x) € C'0, 00) for all x € Q and in; € C(Q) forallt > 0
if and only if m(.y(x) is right-differentiable in t = 0 for all x € Q and iy € C(RQ). In
this case m;(x) = m;(x)mo(@;(x)) and m;(x) = exp(fot o (s (x))ds) forallt > 0
and x € Q2.
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Proof We only need to prove the implication <. Let m .y (x) be right-differentiable in
t =0forallx € Qand rig € C(2). For x € Q we claim that m.(x) is continuously
right-differentiable on [0, co) with right-derivative m; (x)mo(¢;(x)) for all + > 0.
Indeed, we have

lim Mg (x) — my(x) = m,(x) lim mg (@ (x)) — 1 = m, ()0 (e (x))

s—>0+ K s—>0+ s
for all > 0. Thus m(.)(x) is right-differentiable on [0, c0) and the right-derivative is
continuous (in r) because my € C(2) and (m, @) is separately continuous. It follows
from [62, Chap. 2, Corollary 1.2, p. 43] that the continuous function m.y(x) is con-
tinuously differentiable on [0, co) with 1, (x) = m,(x)mg(¢;(x)) for all > 0. Thus
for x € Q we know that the map ¢ — m,(x) solves the initial value problem

() = wt)g(e(x), 1 =0, w0) =1,

with g := mp € C(2). Another solution of this initial value problem is given by
the map r — exp( fot o (ps(x))ds). Since the solution of this initial value prob-
lem is unique (e.g. by [42, Chap. 1, Theorem 3, p. 7]), we get that m,;(x) =
exp( [y 1o (g5 (x))ds) for all # > 0. O

We have the following construction of a semicocycle given a jointly continuous
semiflow and a continuous function on a locally compact metric space.

3.14 Proposition Let ¢ be a jointly continuous semiflow on a locally compact metric
space Q2 and g € C(R2). Then the following assertions hold.

(a) The family m := (m;);>0 given by m;(x) := exp(fé g(ps(x))ds) forallt > 0 and
x € Qis ajointly continuous semicocycle for ¢. In particular, my(x) € C'[0, c0),
my(x) = m(x)g (@ (x)), mo(x) = g(x) and m;(x) # 0 forallt > 0 and x € Q.

(b) If 2 C Kis openand ¢;, g € CL(Q) forall t > 0, then m; € C}(Q) forallt >0
with m from part (a).

Proof (a) Lett > 0. We note that g o ¢; € C(2) and the map g(¢.)(x)) is continuous
and therefore integrable on [0, ¢]. For every xo € €2 there is a compact neighbourhood
U C Q of xo such that |g(¢¢)(x))| < sup{lg(es(w))| | (s,w) € [0,7] x U} < oo on
[0, ¢] for all x € U because 2 is locally compact, g € C(£2) and ¢ jointly continuous.
Setting Fy: Q — K, Fi(x) := fot g(ps(x))ds, we deduce that F; is continuous on
the metric space 2 by [32, 5.6 Satz, p. 147] and thus m; = expoF; as well. From
here it is easy to check that m is a Cy-semicocycle for ¢ and so jointly continuous by
Proposition 3.12. The rest of statement (a) follows from the integral form of m;(x)
and Proposition 3.13.

(b) In the case K = R the statement follows from [32, 5.7 Satz, p. 147-148] and in
the case K = C from [32, 5.8 Satz, p. 148]. O

On connected proper subsets of C every jointly continuous holomorphic semico-
cycle of a jointly continuous holomorphic semiflow is actually of the integral form in
Proposition 3.14 (a).
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3.15 Proposition Let Q2 C C be open and connected, and (m, ¢) a jointly continuous
holomorphic co-semiflow on Q. Then it holds m()(z) € C'10, 00), im; € H() and
m;(z) = exp(fot mo(@s(2))ds) forallt > 0 and 7z € Q.

and m, € H(Q) for all # > 0. Then it follows from Proposition 3.13 that m,(z)

Proof Due to [44, Theorem 4, p. 3392] we have m)(z) € Cl0, c0) forall z €
exp(fy 10(¢s(2))ds) forallz > O and z € Q. O

Proposition 3.15 improves [44, Theorem 3, p. 3392] with ¢ = my € H(2) from
simply connected open 2 C C to just connected open 2 C C. Moreover, Proposition
3.15 implies [47, Lemma 2.1 (b), p. 472]. There is another way to construct semi-
cocycles for a semiflow apart from the one in Proposition 3.14, namely, so-called
(semi)coboundaries, see e.g. [43, p. 240], [47, p. 469—470] and [61, p. 513]. For that
construction we need the notion of a fixed point of a semiflow.

3.16 Definition Let 2 be a Hausdorff space and ¢ a semiflow on Q. Wecallx € Q a
fixed point of ¢ if it is a common fixed point of all ¢, i.e. ¢;(x) = x forall > 0. We
denote the set of all fixed points of ¢ by Fix(¢) :=={x e Q |V >0: ¢;(x) = x}.

Let © be a Hausdorff space and ¢ a semiflow on Q. Let w € C(R2), ® # 0, such
that its set of zeros N, := {x € Q | w(x) = 0} fulfils that N,, C Fix(¢), and that
Q\N,, is dense in 2. We set

(g (x))
w(x)

my(x) := , >0, x € Q\N,y,

and note that m{’: Q\N,, — K is continuous for all > 0. Moreover,
my(x) =1 and m (x) =mP(x)m (g (x)), t,s >0, x€Q\N,. (3)

If N, # @, suppose additionally that m{’ is continuously extendable on € forall# > 0
and denote the (unique) extension by m{’ as well. Then (3) also holds for x € N,, by
continuity and the density of Q\N,, in Q. Thus m® := (m{’),;>¢ is a semicocycle for
¢ under this assumption.

3.17 Definition Let Q be a Hausdorff space and ¢ a semiflow on €. A semicocycle
m for ¢ is called a semicoboundary for ¢ if there is w € C(2), w # 0, such that
N, C Fix(¢), the set Q\N,, is dense in €2, and m = m®.

3.18 Example Let 2 C C be open and connected, ¢ a holomorpic semiflow on 2 and
w € H(R),  # 0, such that N, C Fix(¢). Then the semicoboundary m® for ¢
satisfies

(g (2) z € Q\Nw

m®(z) = (z)
t (go,/(z))ordw(z) . z€N,,

and m{ € H(L2) for all t > 0 where ord,,(z) € N is the order of the zero z € N, of
w. If ¢ is additionally jointly continuous, then m® is jointly continuous.
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Proof First, we note that 2\ N,, is dense in €2 since N,, is discrete in Q. For b € N,,
there is ¥ € H(S2) such that ¢ (b) # 0 and w(z) = (z — b)" ¥ (z) for all z € Q with
n := ord,(b). Lett > 0. Then we have for all z € Q\N,,

n ¥ (¢ (b))
v (b)

because N, C Fix(¢). Therefore m{ is continuously extendable on €2 and this exten-
sion is holomorphic on €2 by Riemann’s removable singularity theorem.

Now, if ¢ is additionally jointly continuous, then we have lim;_o. m{’(z) =
w(z)/w(z) = 1 forall z € Q\N,,. Furthermore, the map [0, c0) — C, ¢t > ¢/(2),
is continuous for every z € 2 by [43, Lemma 2.1, p. 242] with connected G := .
Hence we have lim;_, o, m?(z) = ((p{)(z))ord“’(Z) = 194 = | forall z € N,. We
conclude that m{ is Cq and thus jointly continuous by Proposition 3.12. O

o) _ ((pz(Z) - b)" v (¢1(2)

() Py v ®)

= (¢ (b))"

For Q@ = D the previous example is already contained in [68, p. 361-362]. We
already observed that (¢]);>0 is a simple example of a semicocycle of a holomorphic
semiflow ¢ on an open set 2 C C. If Q is also connected, then it holds Fix(¢) = Ng
with the generator G of ¢ by [1, Proposition 1.4.13 (i), p. 89]. Thus (¢;);>0 is even a
semicoboundary by Theorem 3.7 and Proposition 3.8, which is jointly continuous by
the arguments in the example above.

3.19 Example Let 2 C C be open and connected, and ¢ a jointly continuous holo-
morphic semiflow on 2 with generator G # 0. Then m,G (z) = ¢;(z) forallt > 0 and
z € Q, and m© is jointly continuous.

For @2 = D the previous example is also contained in [71, Example 7.4, p. 247—
248]. The relation between semicoboundaries and the semicocycles from Proposition
3.14 of a jointly continuous holomorphic semiflow on & = D is given in [47, Lemma
2.2, p.472].

4 Semigroups of Weighted Composition Operators

Before introducing weighted composition semigroups induced by a co-semiflow
(m, @), we start this section with weighted composition families induced by a tuple
(m, @) which need not be a co-semiflow. First, we generalise a part of [41, Proposition
1, p. 307].

4.1 Proposition Let Q2 be a Hausdorff space and (F(K2), || - |I, Tco) a Saks space such
that F(2) C C(R2). Let I be a set, ¢ := (¢1)ie; and m := (m;),e; be families of
Sfunctions ¢;: Q — Q and m;: 2 — K such that

(Q) Conyo@®) f :=m; - (fog) € F(Q) forallt € I and f € F(2), and
(ii) ¢1(K) := U, ¢; 91 (K) is relatively compact in Q and m(K) = J,c; m:(K) is
bounded in K for all compact K C Q.

Then (Ci,o(1))ier is Teo-equicontinuous. If in addition sup,c; [|Cp.o (D)l c(F) <
00, then (Cyy,o(t))req is y-equicontinuous.
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Proof First, we observe that (Cp, (f))ser is a well-defined family of linear maps
F () — F(R2) by condition (i). Second, for compact K C €2 we note that

sup |G, (1) f(x)| = sup |m(x) f(g:(x))| = sup [z] sup [f(x)]
xekK xekK zemy(K) xepr(K)

forallt € I and f € F(£2), implying that (Cp, ,(t)):e; is Tco-equicontinuous by
condition (ii) and the continuity of the functions in F(£2).

Now, suppose that sup,c; [|Ci, o () || c(F(Q)) < 00. Since T, i8 a coarser topology
than y, we obtain from the part above that the family (Cp o(f))rer i ¥-Tco-
equicontinuous. It follows from [50, 3.16 Proposition, (f)<(g), p. 12—-13] that
(Cim,o(t))rer 18 even y-equicontinuous. O

4.2 Remark Let 2 be a Hausdorff space, I a compact Hausdorff space, ¢ := (¢;);er
and m := (my);c; families of functions ¢;: 2 — Q and m;: 2 — K. If ¢ and m are
both jointly continuous, then condition (ii) of Proposition 4.1 is fulfilled since ¢ (K)
and m (K) are compact for all compact K C Q.

Our next goal is to derive necessary and sufficient conditions for the weighted com-
position family (Cy, ¢ (?))se; to be y-strongly continuous. For the necessary condition
we need the following definition.

4.3 Definition Let Q2 and / be Hausdorff spaces, F(2) C C(2) a linear space, and
¢ = (¢;)rer a family of functions ¢;: Q2 — Q. We say that the topology of 2 is
initial-like w.r.t. (¢, F(K2)) if for every compact set K C €2 the continuity of the map
I x K — K, (t,x) — f(p:(x)), forall f € F(2) implies the continuity of the map
I x K — Q,(t,x) = ¢(x).

4.4 Remark (a) Obviously, if Q carries the initial topology induced by F(£2), then
the topology of €2 is initial-like w.r.t. (¢, F(2)) for any family of functions ¢ :=
(¢1)ter with ¢;: Q@ — Q. For instance, a completely regular Hausdorff space €2
carries the initial topology induced by the space Cp(£2) of bounded continuous
functions on 2 (see [2, 2.55 Theorem, p. 49] and [2, 2.56 Corollary, p. 50]).

(b) If 2 C Kandtheidentityid: Q — 2, x — x, belongs to F(£2), then the topology
of Q is initial-like w.r.t. (¢, F(£2)) for any family of functions ¢ := (¢;);e; With
o Q— Q.

Now, we use the ideas of the proofs of [36, Proposition 2.10, p. 5] (see also [66,
Theorem 4.5, p. 51-52]) and [50, Corollary 4.3 (a), (b), p. 20] where F(2) = Cp(2)
is the space of bounded continuous functions on a completely regular Hausdorff space
Q2,1 =[0,00)and m = 1.

4.5 Proposition Let 2 be a Hausdorff space and (F(2), || - |I, Tco) a Saks space such
that F(2) C C(RQ). Let I be a metric space, ¢ = (¢;)ie; and m = (my)ef
be families of continuous functions ¢;: Q@ — Q and m;: Q — K such that
Cono@f =my-(fow) € F(Q) forallt € I and f € F(RQ). Further, sup-
pose that sup,c; |Cim,o (D £(F(@)) < 00. Then the following assertions hold.

(a) If ¢ and m are jointly continuous, then (Cy, ,(t))ies is y-strongly continuous.
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(b) If Q is a kr-space whose topology is initial-like w.r.t. (¢, F(RQ)), 1 € F(R), I is
locally compact, m;(x) # 0 for all (t,x) € I x Q and (Cy,,o(1))1eq is y-strongly
continuous, then ¢ and m are jointly continuous.

Proof First, we observe that Cp, ,(¢) is linear and y-continuous, thus Cp, ,(t) €
L(F(L2), y), for every t € I due to Proposition 4.1 and Remark 4.2 applied to the
singleton I; := {t} and the continuity of ¢; and m;.

Since / is a metric space and F(£2) C C(£2), the family (C, 4 (f))/¢s is y-strongly
continuous if and only if the map

I — C(K), = Cm,(p(t)flKa

is continuous for every compact K C 2 and f € F(2) by [22, I.1.10 Proposition,
p. 9] and the assumption sup, c; [|Cin, o (1) | £(F()) < 0. It follows from [30, Lemma
4.16, p. 56] that this is equivalent to the continuity of the map

I x K — K, (t,x) = m(x) f(g:(x)), “

for every compact K C Q and f € F(2).

(a) If ¢ and m are jointly continuous, then the map (4) is clearly continuous for
every compact K C Q and f € F ().

(b) Since 1 € F(L2), the continuity of the map (4) implies the continuity of the
map

I x K — K, (¢ x)~ mx), (5)

for every compact K C 2. The continuity of the maps (4) and (5), that m;(x) # O for
all (¢, x) € I x Q2 and that the topology of €2 is initial-like w.r.t. (¢, F(2)) yield the
continuity of the map

I xK—>K, (t,x)— ¢;(x), (6)

for every compact K C 2. Conversely, the continuity of the maps (5) and (6) clearly
implies the continuity of the map (4) for every compact K C Q and f € F(£2). Hence
the continuity of the map (4) for every compact K C Q and f € F(2) is equivalent to
the continuity of the maps (5) and (6) for every compact K C 2. Now, if [ is locally
compact and Q2 a kgr-space, then I x € is also a kr-space by a comment after the
proof of [15, Théoréme (2.1), p. 54-55]. Thus the y-strong continuity of (Cy,, o (£))res
implies the continuity of the maps (5) and (6) for every compact K C €2, which then
implies the joint continuity of ¢ and m because I x 2 is a kr-space. O

4.6 Remark Looking at the proof, we see that we can drop the condition that 1 € F(£2)
in Proposition 4.5 (b) if m; = 1 forallz € I.

From now on we restrict to the case that (m, ¢) is a co-semiflow on a Hausdorff
space Q. If F(2) C C(£2) is a linear space and C, () f 1= m; - (f o ;) € F(Q)
forall# > 0 and f € F(£2), then a simple computation shows that (Cy, ¢ (2));>0 is
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a semigroup of linear operators on F(2), i.e. Cyy; (1) : F(R2) — F () is linear and
Cipt+5) = Cpp)Cpy(s)forallt, s > 0.

4.7 Definition Let (m, ¢) be a co-semiflow on a Hausdorff space Q2 and F(2) C C(R2)
a linear space. The tuple (m, ¢) is called a co-semiflow for F(2) if Cy, () f =
my-(fog) e F(Q) forallt > 0and f € F(2). In this case (Cy;, o (1))s>0 is called
the weighted composition semigroup on F(2) w.r.t. the co-semiflow (m, ¢).

4.8 Remark Let Q2 be a Hausdorff space, F(£2) C C(2) a linear space and (m, ¢) a
co-semiflow for F(£2).

(@) If 1 € F(Q), thenm; = Cp, ()1 € F(Q) forall t > 0.
(b) Ifid € F(R2), then m;@; = Cy, o(t)id € F(2) forall t > 0.

If the semicocycle is actually a semicoboundary, then the weighted composition
semigroup may have a quite simple structure.

4.9 Remark Let 2 be a Hausdorff space, F(2) C C(R2) a linear space and (m, ¢) a
co-semiflow for F(£2) such that there is w € C(£2) with N, = & and m = m®. Then
a direct calculation shows that

Cm,(p(t) = M% C]l,(p(t)Mw

forallt > O where M, f == wfand M f := if forall f € F(R2). This means that
Cin,p(t) and Cq ,(¢) are similar as lineaér operators on F(2) for all + > 0 if (1, ¢)
is also a co-semiflow for F(£2) (cf. [39, p. 67] in the case 2 = D and F (D) being a
space of holomorphic functions).

Sufficient and necessary conditions for the existence of w in Remark 4.9 are given in
[44, Theorem 5, p. 3393] in the case that (i, ¢) is a jointly continuous holomorphic co-
semiflow on an open simply connected subset €2 of C. The question which tuples (m, ¢)
are co-semiflows for a given space F(£2) is difficult on its own. Using Proposition
4.1 and Proposition 4.5 (a), we obtain the following generalisation of [36, Proposition
2.10, p. 5] and [50, Corollary 4.3, p. 20].

4.10 Theorem Let 2 be a Hausdorff space, (F(2), || - |I, Tco) a Saks space such that
F(2) C C() and (Cp,»(1))i>0 a locally bounded weighted composition semigroup
on F(2) w.r.t. a jointly continuous co-semiflow (m, ¢). Then the following assertions
hold.

(@) (Cin,p(t))i>0 is y-strongly continuous, locally teo-equicontinuous and locally vy -
equicontinuous.

(b) If (F(2), || - I, Tco) is a sequentially complete Saks space, then (Cy, »(1))1>0 is a
Teo-bi-continuous semigroup on F(2).

©) If (F(2), 1l - Il, 7co) is a sequentially complete C-sequential Saks space, then
(Cin,p())1=0 is quasi-y -equicontinuous.
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Proof (a) The y-strong continuity follows from Proposition 4.5 (a) and the local

boundedness with I := [0, #9] for every o > 0. The local 7.,-equicontinuity and

local y-equicontinuity are a consequence of Proposition 4.1, Remark 4.2 and the local
boundedness with I := [0, #p] for every #p > 0.

(b)+(c) The remaining parts follow from Theorem 2.7 and the comments before it.

O

We note that (Cp(R), || - llco, Tco) 1S a sequentially complete C-sequential Saks
space and the left translation semigroup on Cp(R), i.e. the (un)weighted composi-
tion semigroup (Cq,,(f));>0 W.I.t. the jointly continuous co-semiflow (1, ¢) where
@(x) ==t 4+ x forall r > 0, x € R, is exponentially bounded, locally t.,-
equicontinuous and quasi-y -equicontinuous by (the proof of) [50, Theorem 4.1, p. 19]
and [50, Example 4.2 (a), p. 19] (or by Theorem 4.10), but not quasi-7.,-equicontinuous
by [56, Example 3.2, p. 549]. This shows that Theorem 4.10 is sharp in the sense that
we cannot expect quasi-Teo-equicontinuity of weighted composition semigroups in
general.

Looking at Theorem 4.10, we see that the local boundedness of (Cy,, o (1))/>0 is a
crucial ingredient. The rest of this section is dedicated to deriving sufficient conditions
on (m, ¢) and F(2) such that (Cy,; ¢(t));>0 becomes locally bounded. Our strategy
can be described as follows. Let 2 be a Hausdorff space, (m, ¢) a co-semiflow on 2
and (F(£2), || - Il, Tco) a Saks space such that F(2) C C(€2). We decompose C,,y =
Cn,idC1,¢ and see that (m, ) is a co-semiflow for F(Q2) if (m,id) and (1, ¢) are
co-semiflows for F(£2). In this case we have the estimate

1Cm,o Dl zF) < 1CmiaOlzF)ICreOll cF@))

for all ¢+ > 0. Therefore the semigroup (Cy,,¢(t))s>0 is locally bounded if (i, id) and
(1, ¢) are co-semiflows for F(£2), and the multiplication semigroup (Cy, id(t))i=0
as well as the unweighted composition semigroup (Cy ,(t));>0 are locally bounded.
This strategy might not be optimal but gives rather simple, more applicable, sufficient
conditions that guarantee the local boundedness of (Cy,y (£))>0.

4.11 Remark (a) If ¢ is a holomorphic semiflow on D and 1 < p < oo, then (1, ¢)
is a co-semiflow for H” and C1,,(t) € L(H?) for all t > 0 by [28, Corollary,
p- 29].

(b) If ¢ is a holomorphic semiflow on D, « > —l and 1 < p < oo, then (1, ¢) is a
co-semiflow for A} and Cy (1) € L(AY) for all t > 0 by [57, 3.4 Proposition,
p- 884].

(c) If ¢ is a holomorphic semiflow on D, then (1, ¢) is a co-semiflow for D and
C1,4(t) € L(D) forall t > 0 by [70, p. 166].

(d) Let vg: [0,1] — [0,00) be a continuous non-increasing function such that
vo(x) # Oforall x € [0, 1), vo(1) = 0 and set v: D— [0, 00), v(z) = vo(|z])
(see [60, p. 873]). Let ¢ be a holomorphic semiflow on ID. Then there is a nec-
essary and sufficient condition such that (1, ¢) is a co-semiflow for Bv(ID) and
C1,,(t) € L(Bv(D)) for all ¢ > 0 given in [60, Theorem 2.3, p. 876].

(e) Let Q be a completely regular Hausdorff space, v: 2 — (0, o) continuous and
¢ a semiflow on . Suppose that for every x € Q there is f € C(€2) such that
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vf € Cp(2) and f(x) # 0. This condition is for instance fulfilled if €2 is locally
compact. Then (1, ¢) is a co-semiflow for Cv(2) and Cq (1) € L(Cv(R)) for all
t > 01if and only if for every ¢ > O there is K; > 0 such that v(x) < K;v(¢;(x))
for all x € 2 by [67, 2.2 Theorem, p. 307].

(f) Let 2 C C be open, v: 2 — (0,00) continuous and and ¢ a holomorphic
semiflow on 2. Then (1, ¢) is a co-semiflow for Hv(2) and Cq o, (1) € L(Hv(2))
for all # > 0 if for every # > O there is K; > 0 such that v(z) < K;v(¢;(z)) for all
z € Q by [67, 2.2 Theorem, p. 307].

Let Q be a Hausdorff space and F(2) C C(R2) a linear space. We define the
multiplier space M(F (2)) of continuous multipliers of F(£2) by M(F(2)) := {g €
CQ) |V feFQ: gf € F}!

4.12 Proposition Let Q2 be a Hausdorff space, (F(2), || - ||, Tco) @ sequentially com-
plete Saks space such that F(Q2) C C(2) and suppose that for every x € QQ there
is [ € F(RQ) such that f(x) # 0. Then we have M(F(RQ)) C Cp(S2). Further,
Cm.ia(t) € L(F(Q)) forallt > 0if (m, id) is a co-semiflow on Q andm,; € M(F(L2))
forallt > 0.

Proof Due to our assumption, Remark 2.6 and Convention 2.8 (F(2), ] - ||) is a
functional Banach space in the sense of [29, p. 57] and thus our statement follows
from [29, Lemma 11, p. 57]. O

4.13 Proposition (a) M(H?) = M(AL) = H® fora > —land 1 < p < <.

(b) M(By) = H*® fora > 1, M(By) = By for0 < a < 1 and M(By) = {f €
H>® | sup_ep | /(211 = [z In((1 = [z)7") < o0}.

(c) M(Cv(R2)) = Cp(R2) for all locally compact Hausdorff spaces 2 and continuous
v: Q — (0, 0).

(d) M(Hv(2)) = H*>(2) for all open sets Q C C and continuous v: 2 — (0, 00)
if 1 € Hu(2).

Proof In (a) we have H® C M(HP) and H® c M(AL), in (c) we have C,(Q) C
M(Cv(£2)), and in (d) we have H*>°(2) C M (Hv(R2)). Therefore the statements in
part (a), (c) and (d) follow from Proposition 4.12 and Examples 2.9, 2.11, 2.13 since
in (a) 1 € HP, AL and since in (c) for every x € Q there is f € F(2) such that
f(x) # 0 because 2 is a locally compact Hausdorff space. Part (b) is [80, Theorem
27, p. 1170]. O

The multiplier space M (D) of the Dirichlet space is more complicated and its
elements can be described in terms of the Carleson measure by [73, Theorems 1.1 (c),
2.3,2.7,p. 115,122, 125] with & = % From Proposition 4.12 and 1 € D it follows
that M (D) C (DN H™®).

4.14Theorem Let (m, @) be a holomorphic co-semiflow on D such that ¢ is jointly
continuous. Then (m, @) is a co-semiflow for F (D) and the weighted composition
semigroup (Cp (t))r=0 on F (D) is locally bounded in each of the following cases if

! The multiplier space is defined as Mq(F(Q)) = {g: @ - K |V f € F(Q) : gf € F(Q)}in
[14, p. 272] Thus we have M(F(2)) C Mo(F(RQ)). If 1 € F(Q), then we even have M(F(R2)) =
M (F(2)) because F(2) C C(£2). We incorporated continuity in the definition of our multiplier space
since our semicocycles are by definition continuous.
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(a) F(D) = H? for 1 < p < 0o and lim sup,_, ¢, |lm;|lcc < 00,
(b) F(D) = AL fora > —1and 1 < p < oo andlimsup,_, o, [[m;]lec < 00,
(¢) F(D) =D and my € M(D) forallt > 0.

Proof The condition lim sup,_, q, [[m;|lcc < 00 in (a)and (b) yields thatm,; € H for
all + > 0 by Proposition 3.10, which is also true in (c) because M (D) C H. Hence
in all the cases (1, ¢), (m, id) and (m, ¢) are co-semiflows for 7 (ID) by Remark 4.11
and Proposition 4.13.

(a) We have

1+ 1 (0)]

)4
1 — g (0)] 1717

Ifoellp <
forallt > O and f € H? by [28, Corollary, p. 29], yielding

1+|<ot(0>|>3]

1C1.oO e S(
e SR PR

for all t > 0. Further, we note that ||Cy, ia(t) |l z(Hry < llm;lloo forall z > 0.

(b) Dueto[13, Theorem 8.1.15,p.211]and [13, Proposition 10.1.7 (1)< (2), p. 275]
thereis o > O suchthat ||¢; —id ||oc < 1 forall¢ € [0, #9] since ¢ is jointly continuous,
which implies that ||¢;|.c < 2 forall t € [0, #p]. Therefore we obtain

a+2
ot lloo + |<pt(0)|> z

ICLe @£z SK(¢)<
oDl zcan) “\lerllos — I (0)]

for all + € [0, f9] by [69, Lemma 1, p. 399] where K(¢;) := 1 if « > 0, and
K (@) == (lgtlloo+19: O P (gt lloo 431 (0))) /7 if —1 < & < 0. Furthermore,
we note that ||Cm,id(l)||£(A{;) < ||m¢]|co for all £ > 0.

(c) Due to [58, Theorem 2 (a), p. 26] and [1, Proposition 1.4.6, p. 85] we have

1 1
1101y = 1+ 5 (L@ + (L@@ +Le)?)

for all + > 0 where L(¢;) := —In(1 — |<pt(0)|2). By [81, Proposition 5.1, p. 101] we
have H* C B; and

lglB, < lglleo )

forall g € H*. By [73, p. 114] with @ = % there is M > 0 such that

1
—/ 1@ = [z1)72dz < Ml 115 ®)
7T Jp
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for all f € D. We deduce that

1
IConia (1) F 17 = 1m(0) £ (0)] + - /D |(m, £) (2)1%dz
2 2 2 / 2 / 2
< ||m,||oo||f||p+;/Dm,(z)f(zn +Im(2) f(2)*dz
2
< 2||mt||§o||f||%>+;fD|m;<z>|2<1 — 12 @A — |z 2dz

2 _
s2||mf||§o||f||%>+;||mt||él/D|f(z>|2(1 —z[*)2dz

201 + M)llm 2N £ 115

IA

O]

for eglt > 0and f € D, which implies ||c,,,,id(t)||§:m) < 2(1 + M)|im;||%, for all
t > 0.

Therefore we derive in (a), (b) and (c) from the joint continuity of ¢ that (Cy 4 (2)):>0
is locally bounded. Proposition 3.10 yields that (Cy, iq(?));>0 is locally bounded and
thus (C,(2))s>0 is locally bounded, too. O

Any semiflow ¢ on D given in [71, p. 4-5] is holomorphic and Cy, thus jointly
continuous by Proposition 3.3 (a). For any such ¢ take the semicocycle m given by
my: D — C, my(z) = exp(fé g(ps(z))ds), for all t > O for some g € H(D) (see
Proposition 3.14 (a)). If M := sup, . Re(g(z)) < oo, then [m;[lc < e'™ for all
t > 0 and so limsup,_,, m;llcc < 1 (cf. [47, p. 474]). Hence (Cpy,(2))i>0 is a
locally bounded semigroup on F(ID) in case (a) and (b) of Theorem 4.14.

An example in case (c) of the Dirichlet space D is the jointly continuous holomor-
phic co-semiflow (¢’, ¢) on D given by ¢;: D — D, ¢,(z) := e 'z, forall r > 0 for
some ¢ € C with Re(c) > 0since ¢;(z) = e~ forall 1 > 0 and z € D, which implies
m; = ¢, € D forall t > 0. The same is true if we choose ¢;(z) :==e 'z+1—e”’
forallz > 0 and z € D. Thus (Cyr ,(1))=0 is a locally bounded semigroup on D by
Theorem 4.14 (c) in both cases.

4.15 Theorem Let (m, @) be a holomorphic co-semiflow on D and o > 0. Then (m, @)
is a co-semiflow for By and the weighted composition semigroup (Cp, 4 (1))i>0 on By
is locally bounded if

Ko (@) == sup o, (2)I(1 — g, (2)1*) (1 — |z1)* < o0

zeD

Jorallt > 0, there exists to > 0 such that sup, (g ;1 Ke(¢1) < 00 and
(a) fora > 1iflimsup,_ g, [|m:llec < 00,

(b) fora = 1iflimsup,_, (., ||m:||lcc < 00 and

sup sup |m,(z)|(1 — |z[) In((1 — |z*)™") < oo,
te[0,19] zeD



Weighted Composition Semigroups on Spaces of Continuous... Page230f47 115

(¢) forO <a < 1ifm; € By forallt > 0 and sup,¢(g 4, Ilm:llg, < oc.
Proof By the proof of [78, Theorem 2.2 (i), p. 115] we have

ICLe O fI < I fllB, sup 9/ @10 = 1@ (D) (0 = [21)* = Ko@) £ 115,
zZ€

forallr > 0 and f € By, yielding f o ¢, € B, and that (1, ¢) is a co-semiflow for
B, . In addition, the existence of 7y > 0 such that SUP; (0,101 Ke (¢r) < oo gives that
(C1,9(#))r=0 is a locally bounded semigroup.

Moreover, the conditions in (a), (b) and (c) guarantee that m;, € M(13,) for all
t > 0 by Proposition 3.10 and Proposition 4.13 (b). Hence in all the cases (m, id) and
so (m, @) are co-semiflows for By,.

(a) For « > 1 we have by the proof of [80, Proposition 7, p. 1147] that there is
Ly > 0 such that

(@) = fO)| < Lall fllg, (1 = 2~ ©)
forall z € D and f € B,. It follows that
I flls, < I (@) F O] + sup Im}(2) £ @11 = 2H)* + sup Imi(2) £ (@)1 = [21H)*
< sup Im} (2)I(1 — |z|2>§2]g |F@IA = 2P+ 20m ool £ 115,
< Il sup | f@I(1 - 12157 + 2lmy ool £ 118,
H Il 5, ::}g(LaHfIIBH + 1O =127 +2Ime ol £ 115,
= lmelloo (La | £118, + 1£ O) + 2lm; llooll £11 3,

=GB+ Lo)lmillcll fliB,

forallt > Oand f € B,.

(b) For « = 1 we get as in the proof of [80, Proposition 7, p. 1147], using [80,
Proposition 7 3), p. 1146] witht = « — 1 = 0 and s = 0, that there is L; > 0 such
that

If(2) — FO] < Lill fllg, In((1 —[z21H7h (10)
forall z € D and f € Bj. It follows that
lm fliB, < sup Im ()1 — 121 £ @) — FO)] +1£O)]) + 2lmllsoll £1I5,
S
< Lillfllg, suplm,()|(1 — [z In((1 — [z1*)™)
10y zeD
+1£(0)] sup Im}(2)1(1 — |z + 2lm ool f 18,
S

< (3lmelloo + Ly sup [m,(2)|(1 — |zI*) In((1 — z1*)"H) I flI5,
) zeD
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forallt > Oand f € B;j.

(c) Again, for 0 < o < 1 we get as in the proof of [80, Proposition 7, p. 1147],
using [80, Proposition 7 1), p. 1146] witht = ¢ — 1 < 0 and s = 0, that there is
Ly > 0 such that

If (@) = fO)] = Lall flIB, Y

forall z € D and f € B,. This implies B, C H* and |gllc < (1 + Lo)lIgllB, for
all g € By, and 0 < «a < 1. It follows that

lm: flis, < sup i ()11 = 12 (1 f ) = O+ 1F O+ 2lm ol £ 115,

< (1+ L) flig, sup lm, )11 = |z + 2lmllooll £ B,
anh zeD

< (2lmelloo + (1 + L) llmells, ) flls, < 31+ L) lmel, 1 fll5,

forallt > Oand f € B,.

Hence our conditions in (a) and (b) combined with Proposition 3.10, and in (c)
guarantee that (Cyy i (¢));>0 is a locally bounded semigroup and thus (Cy; 4 (1));>0 as
well. O

The jointly continuous holomorphic co-semiflow (¢’, ¢) onID givenby ¢, : D — D,
@i (z) == ez, forallz > 0 for some ¢ € C withRe(c) > 0, fulfils m;(z) := ¢;(z) =
e—Ct ,

Ko(gp) = Supefke(c)t(l _ 672Re(c)tlz|2)fot(1 _ |Z|2)a < efRe(c)t

zeD
and [|¢f oo = e R as well as mj(z) = ¢/ (z) = 0 and |ml5, = lg;(0)| =
e~ Re! forallt > 0 and z € D. Thus (Cyr 4 (t))r=0 is a locally bounded semigroup
on By for all « > 0 by Theorem 4.15.

Let us turn to the space of bounded Dirichlet series. We say that a holomorphic
function ¢ : C; — C, belongs to the class ¥ if there exist ¢, € Ny and a Dirichlet
series p, which converges on some open half-plane and extends holomorphically to
Cy such that ¢(z) = cyz + py(2) for all z € C4 (see [21, Definition 2.6, p. 9]).

4.16 Theorem Let (m, ) be a holomorphic co-semiflow on C. Then (m, @) is a co-
semiflow for 7 and the weighted composition semigroup (Cy, o(t))i>0 on F is
locally bounded if ; € Goo, m;y € F® forall t > 0 and limsup,_, o, [|m;|lcc < 00.
The converse is true if inf cc, |m;(z)| > 0 forall t > 0.

Proof By [8, Proposition 2, p. 219] (1, ¢) is a co-semiflow for s> if and only
@1 € Yoo for all t > 0. Further, we observe that ||Cy ,(¢) fll g < || fll s for
all f € % if ¢, € Yoo for t > 0. Due to [74, Theorem 7 a), p. 9-10] we have
M) = 7%, which implies that (m, id) is a co-semiflow for 7#*° if and only
if m; € 7° for allt > 0. We note that ||Cp, ia(t) fll e < Mmool f Il oo for all
fen>®ifmy € % fort > 0.
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Now, the first implication follows from our considerations above and Proposi-
tion 3.10. Let us consider the converse implication. The properties m; €
for all + > 0 and limsup,_,q, ||m:llcc < oo follow from the local boundedness
of the weighted composition semigroup and the observation that 1 € J#° since
Im:lloo = llmll e = |Cim o (t) 1]l s for all + > 0. The property ¢; € ¥ for all
t > Ofollows from our first observation of the proof, writing Cq o () = (1/m;)Cp,(t)
and noting that 1 /m, belongs to the Banach algebra 77 by [64, Theorem 6.2.1, p. 147]
if and only if inf cc, |m:(2)| > 0. O

The jointly continuous holomorphic co-semiflow (1, ¢) on C. givenby ¢;: Cy —
Cq, ¢ (z) ;== z+1t, forall t > O fulfils with m;(z) := 1 forall t > 0 and z € C, that
@1 € Yoo, my € A forallt > 0 and lim sup,_, o, |7 ]loc = 1. Thus (Cq ¢ (#))r>0 is
a locally bounded semigroup on #* by Theorem 4.16.

4.17 Theorem Let Q C C be open, v: Q — (0, 00) continuous, 1 € Hv() and

(m, @) a holomorphic co-semiflow on Q. If lim sup,_, o, [|m;|lec < 00,

v(2)
K =
@0 = S @)

< 0

Jorall t > 0 and there exists to > 0 such that sup, o 1 K(¢1) < 00, then (m, ¢) is
a co-semiflow for Hv(82) and the weighted composition semigroup (Cy, (1));>0 on
Hv(R2) is locally bounded. If v = 1, then the converse holds as well.

Proof We deduce from Remark 4.11 (f) and Proposition 4.13 (d) that (m, id), (1, ¢)
and so (m, ¢) are co-semiflows for Hv(£2). We observe that

v(2)

v(g:(2))

ICLe() fllv = sup |f (@ (2))|v(g:(2)) = K@) fllv

forallt > 0 and f € Hv(£2), yielding [|C1,o ()l cHv)) < K(@r).
Moreover, we note that

1Crm.ia(®) fllv = sup Im: () f()v(z) < lImillooll fllv
zZ€

forall t > 0 and f € Hv(R2), yielding |Cp ia()llcHv@) = lIM;lloo- Therefore
(Cm.ia(t))s>0 1s locally bounded by Proposition 3.10. The same is true for the semi-
group (Cq,,(1)):>0 by the existence of #) > 0 and s0 (Cy, (#));>0 is locally bounded
as well.

If v = 1, then the converse holds as well by Proposition 3.10 since then K (¢;) = 1
and (|m¢llcc = Im¢lly = |Cpm.()1]|, for all z > 0. mi

Analogously we obtain the corresponding result for Cv(€2) by using Remark 4.11
(e) and Proposition 4.13 (c).
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4.18 Theorem Let Q2 be a locally compact Hausdorff space, v: Q — (0, 00) contin-
uous and (m, @) a co-semiflow on Q. If limsup,_, o, ||m;|lcc < 00,

K(¢;) :=su & <
v e v(er ()

for all t > 0 and there exists to > 0 such that SUP;€[0.10] K(¢;) < oo, then (m, @) is
a co-semiflow for Cv(2) and the weighted composition semigroup (Cp o (t)):>0 on
Cv(R) is locally bounded. If 1 € Cv(2) and v = 1, then the converse holds as well.

Apart from the weight v = 1 there are other weights that fulfil the conditions
of Theorem 4.17 and Theorem 4.18. For instance, take the left-translation semiflow
@ given by ¢;: K — K, ¢;(x) := x 4+ ¢, fort > 0 and set v: K — (0, 00),
v(x) := e . Then K(¢,) < e forall + > 0 and we can choose any 1o > 0
(cf. [67, (i), p. 310]). Taking now any (holomorphic) semicocycle m for ¢ such that
limsup,_, o, m;llcc < 00, we get a locally bounded semigroup (Cy, o (2));>0 on
Hv(C) (it K = Cand 1 € Hv(C)) resp. Cv(K) by Theorem 4.17 resp. Theorem 4.18.

5 Generators of Weighted Composition Semigroups

In this section we give several characterisations of the generator of a y-strongly con-
tinuous weighted composition semigroup on a Saks space. Let (X, || - ||, ) be a Saks
space and (7'(¢));>0 a y-strongly continuous semigroup on X . We define the generator
(A, D(A)) of (T (t));>0 according to [46, p. 260] by

. THx—x . .
D(A) := {x € X | y- lim —— exists in X}
t—0+ 1t
and
T(t)x —
Ax =y lim LOXTE L pa),
t—>0+ t

If (X, ||- ]I, T) is sequentially complete, then D(A) is y-dense in X by [46, Proposition
1.3, p. 261]. The bi-generator (Aj.j.c, D(Aj.|.2)) of (T (1));=0 is given by

. Tx—x . . IT()x — x|
DA ) =3x € X |1- lim ———— existsin X, sup ——— < ©
t—0+ t 0<t<I 1t
and
. THx—x
A||.||,Tx =7- lim ——, x € D(A”.”’T).
t—0+ t

In the context of 7-bi-continuous semigroups their generators are actually defined as
bi-generators (see [34, Definition 1.2.6, p. 7]). The notion of the bi-generator was
originally introduced in [54, 55] (and corrected in [34]).



Weighted Composition Semigroups on Spaces of Continuous... Page 27 of47 115

5.1 Proposition Let (X, || - ||, ©) be a Saks space and (T (t));>0 a y-strongly contin-
uous, locally bounded semigroup on X. Then we have

D(A) = D(A”.”,T) and A = A”.”,T.

Proof The inclusion D(Aj.|,c) C D(A) follows from [22, I.1.10 Proposition, p. 9],

which says that a sequence in X is y-convergent if and only if it is T-convergent and

| - [I-bounded. Further, Af = Ay.,. f for f € D(A) because 7 is coarser than y.
Conversely, suppose that there is x € D(A) such that sup,( 1 w = oo.

Due to the local boundedness of (7 (¢));>0 this implies that there is a sequence (#,),eN

in (0, 1] such that 7, — 0+ and sup,,c W = 00. Since y-1lim,_ oo W
exists in X, this is a contradiction because y-convergent sequences are || - ||-bounded
by [22, 1.1.10 Proposition, p. 9]. |

Due to Theorem 4.10 (a) and (b) we directly get the following corollary of Propo-
sition 5.1.

5.2 Corollary Let 2 be a Hausdorff space, (F(2), || - ||, Tco) a Saks space such that
F(2) C C(R) and (A, D(A)) the generator of a locally bounded weighted composi-
tion semigroup (Cy, o(t));>0 on F () w.r.t. a jointly continuous co-semiflow (m, ).
Then we have

D(A) =D(A) ) and A=Ay .

For our next observation we recall the definition of the generator of a norm-strongly
continuous semigroup on a Banach space. Let (X, | - ||) be a Banach space and
(T())i=0all - ||-strongly continuous semigroup on X. We define the norm-generator
(A, D(AY)) of (T (t))=>0 according to [33, Chap. 2, 1.2 Definition, p. 49] by

T(t)x —
D(A) = {x e X -1 tim COX =X istsin X}
t—0+ t
and
. Tx—x
Apgx =1-I-lim ———, x € D(A}p.
t—0+

5.3 Proposition Let 2 be a Hausdorff space, (F(2), |- ||, Tco) a sequentially complete
Saks space such that F(2) C C(R2) and (A, D(A)) the generator of the weighted
composition semigroup (Cp, o (t));>0 on F () w.r.t. a jointly continuous co-semiflow
(m, @). Then the following assertions hold.

(a) If (Cpn,o(@))i=0 is || - |-strongly continuous, then
D(A)=D(A))) and A=Ay,.

(b) If (F(82), || - |I) is reflexive and (Cy, 4 (t)):>0 locally bounded, then the semigroup
(Cim,p(t))i=0 is || - ||-strongly continuous.
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(c) Let [(m, ), .7-'(9)] denote the space of || - ||-strong continuity of (Cp, 4 (t)):>0, i.e.
[0, @), F@] :={f € F@ [ ]I -|I- lim Crp()f = f}.

If (Cp, (1))1>0 1s locally bounded, then we have

[(m, ), F()] = D(A)

where D(A)" ~ denotes the closure of D(A) w.r.t. the || - ||-topology.
Proof Due to [33, Chap. I, 5.5 Proposition, p. 39] a || - ||-strongly continuous semi-
group is exponentially bounded and thus locally bounded. Hence part (a) follows from

Theorem 4.10 (b) and [53, Lemma 5.15, p. 2684]. Parts (b) and (c) are a consequence
of Theorem 4.10 (b) and [54, Corollary 1.25, p. 26] resp. [16, Theorem 5.6, p. 340]. O

Let 2 be a Hausdorff space, F(€2) C C(S2) a linear space and (m, ¢) a co-semiflow
for F(£2). Then the Lie generator of the co-semiflow (m, ¢) is given by

m; (x) f (¢ (x)) — f(x)
t

exists in K

D(Ap.,) = {f €F@|YreQ: gk = lim

and g € ]—'(Q)}

and

Apgf(x) = lim m’(x)f(‘/”ix)) —SO) e DAy, x € .

In other words, the Lie generator is the generator of the weighted composition semi-
group (C,¢(2))>0 W.r.t. the topology of pointwise convergence. The Lie generator
was introduced in [26, p. 115] for the space F(2) = Cp(R2) of bounded continuous
functions on a Polish space €2, equipped with the supremum norm || - || = || - [|0, and
a jointly continuous co-semiflow (1, ¢). The following proposition generalises [36,
Proposition 2.12, p. 6] and [26, Proposition 2.4, p. 118] where F(2) = Cp(£2) and
a completely regular Hausdorff k-space resp. Polish space.

5.4 Proposition Let 2 be a Hausdorff space, (F(2), |- |, Tco) a sequentially complete
Saks space such that F(2) C C(R2) and (A, D(A)) the generator of a locally bounded
weighted composition semigroup (Cp, (t));>0 on F (2) w.r.t. a jointly continuous co-
semiflow (m, ¢). Then we have

D(A) = D(Am,gu) and A= Am’(p.

Proof Since y is stronger than 7., and thus stronger than the topology of pointwise
convergence, we only need to prove the inclusion D (A, ») C D(A).Let f € D(Ap, )
and set g := Ay o f. Since g € F(R2) and (Cyyy, ¢ (1));>0 is y-strongly continuous by
Theorem 4.10 (a), the y-Riemann integral fot Cin,p(s)gds exists in F(£2) for every
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t > 0 by [45, Proposition 1.1, p. 232] because (F(£2), y) is sequentially complete.
Now, the function fy: [0, 00) — K, s > m;(x) f (¢s(x)), is right-differentiable with
right-derivative g, : [0, 00) — K, s > m;(x)g(@s(x)), because f € D(A; ) and

M1 (X) f(@sr (X)) — my(x) f(@s(x))

tlil})ﬂl t
— o) tim mi (g (x))f(got(go;(x») —S@E) o) = £a(s)

for every s > 0 and x € Q. The right-derivative g, is continuous for every x € 2 as
g € F(R2) and (m, @) is jointly continuous. Hence f, € Cl0, co) with derivative gx
by [62, Chap. 2, Corollary 1.2, p. 43] and

t t
Cinp(®) f(x) = f(x) =m(x) f (g (x)) — f(x) =/O gx(s)ds =/O ms(x)g (s (x))ds
t
=/0 Cin,p(s)g(x)ds

for every t > 0 and x € Q by the fundamental theorem of calculus. In combination
with the existence of the y-Riemann integral fot Cpn,p(s)gds in F(L2) for every t > 0
this yields

t
CnpOf = f :/0 Cin.p(s)gds

for every ¢ > 0, implying our statement by [46, Proposition 1.2 (2), p. 260]. O

5.5Remark Let Q2 be a Hausdorff space, (F(2), || - ||, Tco) a sequentially complete
Saks space such that 7 (2) C C(R2) and (A, D(A)) the generator of a locally bounded
weighted composition semigroup (Cp,,y(#))r>0 on F(£2) w.r.t. a jointly continuous
co-semiflow (m, ¢). We may also define the tc,-generator (A, D(A,)) by

C nf—
Dmm):{fefmnnynm—ﬂﬂli—iamMmﬂQﬂ
t—0+ t
and
C ) f —
A, f = Teo- lim My f € D(Ar).
t—0+ t

Then it follows from 7., being coarser than y and Proposition 5.4 that

D(A) = D(A;.) and A=A

Tco Tco®

If we have more information on the co-semiflow than just joint continuity, then
we may give a simpler characterisation of the generator of a weighted composition
semigroup.
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5.6 Proposition Let 2 be a Hausdorff space, (F(2), |||, Tco) a sequentially complete
Saks space such that F(2) C C(2) and (A, D(A)) the generator of a locally bounded
weighted composition semigroup (Cy, id(t)):=0 on F () w.rt. a jointly continuous co-
semiflow (m, id). If m.)(x) is right-differentiable in t = 0 for all x € 2, then

DA)={f e F(Q) | mof € F(Q)} and Af =mof, f € D(A).

Proof For f € F(2) we have

— -1
i MOOFO) =) m —
t—0+ t t—0+ t
for all x € €2, yielding our statement by Proposition 5.4. O
5.7 Proposition Let 2 C K be open, (F(2), || - |, Tco) a sequentially complete Saks

space such that F () C C(2) and (A, D(A)) the generator of a locally bounded
weighted composition semigroup (Cp, (t))i>0 on F(Q) w.rt. a jointly continuous
co-semiflow (m, @).

(a) If
(i) my(x) € C'[0, 00) and ¢ (x) € C'[0, 00) for all x € Q,

then
Do :={f € CQNF(Q) | pof + o f € F(Q)) C D(A)
and Af = Qo f' + g f for all f € Dy.
(b) Let w C Q2 be open. If condition (i) is fulfilled and

(ii) @ has a generator G, i.e. there is a function G € C(R2) such that {;(x) =
(Gow)(x) forallt > 0and x € 2, and
(iii) t, :=inf{t >0 |3y e Q\w, y #x: ¢(x) =y} > 0forall x € Q\w,

then
Dy :={f € CL(@) NF(Q) | pof +rof € F(Q)} C D(A)

and Af = o f'+mo f forall f € Dy, where g f'+1g f € F(S2) in the definition
of D1 means that there is an extension g € F(2) of themap @o f'+1mof: v — K

Proof (a) Let f € C]Il((fz) N F(Q) and x € Q. Fix 7 > 0. We note that the map
Ry 10, 1] — K, by (s) = my ()@ (x) £/ (g5 (x)) + 125 (x) f (@5 (x)), is continuous by
condition (i), the continuity of f” and the joint continuity of (m, ¢). Then we have

_ 1t
mi () (“”i’“” ) = - /0 my () @5 (x) f (@5 (X)) + 1ing (x) f (05 (x))ds

1 t
= —/ hy(s)ds
t Jo
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for every 0 < t <7 by (i) and the fundamental theorem of calculus. This implies

m(x) f (g (%)) — f(x)
t

1 t
= ?/0 hy(s) — @o(x) f(x) — rig(x) f (x)ds (12)

— (@o(x) f'(x) + g (x) f (x))

forevery 0 <t < 7. Further, we observe that
Sl_i)r& hy(s) = mo(x)@o(x) f' (9o (x)) + rio(x) f (@o(x)) = @o(x) f/(x) + g (x) f (x),

by the continuity of /. Due to the Heine—Cantor theorem the continuous function %,
is even uniformly continuous on the compact interval [0, 7]. Thus for every & > 0
there is 0 < 8 < 7 such that for all s > 0 with |s| = |s — 0] < § we have

1

_ t
MWL =S oy 166 4 oo )| 51 /0 eds = ¢

t

forall 0 < ¢ < §. We deduce that

li my(x) f (g (x)) — f(x)
1m

= @o(x) f'(x) 4 rig(x) f (x). (13)
t—0+ t
The rest of the statement follows from (13) and Proposition 5.4.

(b) Let f € Cﬂk(a)) N F(2) and x € Q. First, we consider the case that x € w.
Since w is open, ¢o(x) = x € w, and ¢(.)(x) is continuous, there is §, > 0 such that
¢ (x) € wforallt € [0, 6,]. It follows that the map 4, : [0, 7] = K from part (a) is
still a well-defined continuous function for the choice 7 := 8, and the rest of the proof
carries over.

Let us turn to the case x € Q\w. Now, we need the restriction that ¢ f" + mo f €
F(2). We set p(x) :=inf{t > 0| ¢;(x) = x}. If p(x) = 0, then x is a fixed point of
¢, and thus

i O @) = fO) e O Z L

. t
i lim
t—0+ t t—0+ t

Suppose that p(x) > 0. Setting #(x) := min{p(x), t,}, we observe that 7(x) > 0 by
condition (iii). Hence the map Ay : (0, 7] = K from part (a) is still a well-defined
continuous function for the choice 7 := #(x). Next, we show that A, is continuously
extendable in s = 0. We denote by g € F(£2) the extension of ¢g f” + mg f and note
that g as an element of F(£2) is continuous on 2. Then g := g —rirg f is a continuous
extension of ¢ f' on . For 0 < s < t(x) we have by condition (ii) and Remark 3.5
that

95 (x) = G(ps(x)) = @o(es(x))
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and thus

m (x) @5 (x) (s (x)) — (x)

= ms () @5 (x) /(@5 (%)) — @0 (05 (X)) [ (@5 (X)) + @0 (@5 (X)) £/ (05 (x)) — Z(x)
= (mg(x) — D@o(s(x)) f/ (05 (X)) + @0(ps () f/ (@5 (x)) — g(x)

= (ms(x) — Dglgs(x)) + glps(x)) — g(x).

We derive that
Bim g (0 () (03 () = )

since ¢ is continuous in x and (m, ¢) is a Cp-co-semiflow. Hence 7, is continuously
extendable in s = 0 by setting /1, (0) := g(x) + mo(x) f(x) = g(x). From here the
rest of the proof of part (a) carries over with @g(x) f/(x) + mo(x) f (x) replaced by
g(x). o

The expression p(x) = inf{t > 0 | ¢;(x) = x} in the proof of part (b) is also
called the period of x € Q w.r.t. ¢ (see [65, p. 660]). For the proof of the converse
inclusion in Proposition 5.7 in the case that F(£2) is not a subspace of CH%(Q) we need
to know what happens with ¢; and m; to the left of # = 0, meaning we consider flows
and cocycles instead of just semiflows and semicocycles.

5.8 Definition Let ©2 be a Hausdorff space. A family ¢ := (¢;);er of continuous
functions ¢, : Q2 —  is called a flow if

(1) @o(x) = x forall x € 2, and
(1) @r45(x) = (@ 0o @5)(x) forall ¢, s € Rand x € Q.

We call a flow frivial and write ¢ = id if ¢; = id for all r € R. We call a flow ¢ a
Co-flow if lim;—9 ¢;(x) = x for all x € Q. A family m := (m;);cr of continuous
functions m; : 2 — K is called a multiplicative cocycle for a flow ¢ if

(1) mo(x) = 1forall x € 2, and
(1) msqs(x) = me(x)mg(@s(x)) forallz,s € Rand x € Q.

We call a cocycle m trivial and write m = 1 if m; = 1 forall r € R. We call a cocycle
m a Co-cocycle if lim;_,om;(x) = 1 for all x € Q. We call the tuple (m, ¢) a co-flow
on 2. We call a co-flow (m, ¢) jointly continuous (separately continuous, Cp) if ¢ and
m are both jointly continuous (separately continuous, Cp).

We have the following characterisation of joint continuity of flows and cocycles on
certain Hausdorff spaces 2.

5.9 Proposition Let (m, ¢) be a co-flow on a Hausdorff space Q2.

(a) Let Q2 be locally compact and o -compact. Then ¢ is jointly continuous if and only
if p is Cy.

(b) Let Q2 be an open subset of a metric space and ¢ jointly continuous. Then m is
Jjointly continuous if and only if m is Cy.
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Proof (a) We only need to prove the implication <. We define ¢ := (y,);>0 by
Yi(x) = @—(x) forall + > 0 and x € 2. Then it is easily checked that ¢ is a
semiflow. Further, we have

lim ¥, (x) = lim ¢_;(x) = lim ¢ (x) = x
t—0+ t—0+ t—0-

for all x € Q. It follows from Proposition 3.3 that  is jointly continuous and (¢;);>0
as well. Since ¥p(x) = x = ¢p(x) for all x € 2, we get that ¢ is jointly continuous.
The proof of part (b) is analogous and we only need to use Proposition 3.12 instead
of Proposition 3.3. O

5.10 Theorem Let Q C R be open, (F(2), | - |, Tco) @ sequentially complete Saks
space such that F(2) C C(2) and (A, D(A)) the generator of a locally bounded
weighted composition semigroup (Cp o(1))i>0 on F(2) w.r.t. a Co-co-flow (m, @)
such that m.y(x) € C'(R) and ¢)(x) € C'(R) for all x € Q, and m,(x) # 0 for all
(t,x) e R x Q.

(@) If the map Vy, — Q, (t,x) > @;(x), is surjective, where V, := {(t,x) € R x
Q| ¢ (x) # 0}, then

D(A) ={f e C'@QNF(Q) | o f + 1o f € F(Q)

and Af = o f' +mo f forall f € D(A).
(b) If

(1) (@1)i=0 has a generator G, and
(i) ty :=1inf{t >0 |IFy € Ng, y #x : ¢:(x) =y} > 0forall x € Ng, where
Ng ={z€Q]G(2) =0},

then
D(A) = {f € C'(QA\NG) NF(Q) | pof + o f € F(Q)}

and Af = pof' + g f forall f € D(A).

Proof (a) Due to Proposition 5.7 (a) we only need to show that D(A) C Dy. Let
f € D(A) and x € Q. By assumption there is (fo, Xo) € V,, such that x = ¢, (xp).
The arguments in the proof of Proposition 5.4 in combination with Proposition 5.9
applied to the Cop-co-flow (m, ¢) show that fi;: R — R, s > my(x0) f(¢s(x0)), is
continuously differentiable. We deduce that f o ¢(.)(xo) is continuously differentiable
on R since

Jro (1)

my(xo)

f @i (x0)) =

for all t € R, my(xp) € C I(R) and S €C '(R). By assumption we know that
@ (xg) € C L(R) with @1, (x0) # 0. By the inverse function theorem there is an open
neighbourhood U := U(fy) C R of 7y such that ¢ (xp) is invertible on U and the
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inverse is continuously differentiable on the open neighbourhood W := ¢y (xg) C Q2
of x = ¢, (xp). Noting that

£ = ((f 0 9000) o lo Gl )

for all y € W, we conclude that f is continuously differentiable in x = ¢, (xg) € W,
yielding f € C'(Q) N F(). Using (13) and Proposition 5.4, finishes the proof of part
(a).

(b) Due to Proposition 5.7 (b) with w := Q\ Ng we only need to show that D(A) C
Di.Let f € D(A). Since ¢p(x) = x and

Po(x) = G(po(x)) = G(x) #0

for every x € Q\Ng, we obtain that the map V, — Q\Ng, (¢,x) — ¢(x), is
surjective. Hence the proof of part (a) shows that f is continuously differentiable in
every x € Q\Ng. The first part of the proof of Proposition 5.7 (b) yields that

m(x) f(@r(x)) — f(x)

; = @o(x) f'(x) + mo(x) f(x)

= 1li
8= lim,

holds for all x € Q\Ng. The left-hand side g of this equation belongs to F(£2) as
f € D(A), yielding f € Dj. O

Looking at the proof of Theorem 5.10 (b), we see that part (a) is a special case
of (b) if there is a generator G such that Ng = @. If (¢;);>0 is the restriction of a
jointly continuous holomorphic semiflow i on an open set QcCCie @ = Y on
Q:=QNRforall t > 0, then the generator G of (¢;);>0 exists by Theorem 3.7,
namely, it is the restriction of the generator of i/ to 2. So condition (i) of Theorem
5.10 (b) is fulfilled in this case. If in addition v is non-trivial, Q simply connected and
Q # C, then |Ng| < |Fix(y¥)| < 1 by [13, Remark 10.1.6, p. 275] combined with
the Riemann mapping theorem and thus ¢, = inf @ = oo for all x € Ng, yielding
that condition (ii) of Theorem 5.10 (b) is also fulfilled.

Now, we will see that the proof of the converse inclusion in Proposition 5.7 is much
simpler if F(£2) is a subspace of CHIQ(Q).

5.11 Theorem Let Q C K be open, (F(2), || - ||, Tco) a sequentially complete Saks
space such that F(2) C CHIQ(Q) and (A, D(A)) the generator of a locally bounded
weighted composition semigroup (Cp, (t))i>0 on F(R) w.r.t. a jointly continuous
co-semiflow (m, @). If m)(x) € C'10, co0) and o (x) € C'[0, 00) for all x € Q,
then

D(A) ={f € F(Q) | @of' +1nof € F()}

and Af = o f' +mof forall f € D(A).
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Proof By Proposition 5.7 (a) and the assumption F(£2) C CHI((Q), we have
Do ={f € F(Q) | gof +mof € F(Q)} C D(A)

and Af = ¢of’ + mof forall f € Dy. The converse inclusion holds by F(2) C
C]}((Q), (13) and Proposition 5.4. O

Now, we may use the theory on weighted composition semigroups developed so
far to show (in combination with Proposition 4.5) that the condition that m(.)(x) €
C'[0, oo) for all x €  is quite often a necessary condition for y-strong continuity of
the induced weighted composition semigroup. The underlying idea of the proof comes
from the proof of [47, Theorem 1, p. 470].

5.12 Proposition Let Q2 C K be open, (F(R2), || - ||, tco) a sequentially complete Saks
space such that F(Q2) C CH1<(Q) and

VxeQIFeF(Q): F(x)#0. (14)

If (m, @) is a jointly continuous co-semiflow for F(2), (C,(t))s>0 locally bounded
and ¢ has a generator G, then m)(x) € C'10, 00), o € C(Q) and m;(x) =
exp(fot o (s (x))ds) forallt > 0 and x € Q. If in addition K = C and G € H(R),
then my € H(2).

Proof Let (A, D(A)) be the generator of the y -strongly continuous weighted compo-
sition semigroup (Cp, o (t));>0 on F(£2). We fix x € Q. By (14) there is F' € F(£2)
such that F(x) # 0. Since F is continuous on €2, there is a compact neighbourhood
U C Qof x such that F(z) # Oforallz € U.Due to Theorem 4.10 (a) (Cyy, o (t));>0 is
y-strongly continuous on the sequentially complete space (X, y), impying that D(A)
is y-dense in F(£2) by [46, Proposition 1.3, p. 261]. Thus there is f € D(A) such
that f(z) # O for all z € U since y is stronger than the topology 7., and U compact.
Using that ¢(x) = x and the joint continuity of ¢, we deduce that there are o > 0
and a neighbourhood Uy of x such that ¢s(¢) € U forall s € [0, #p] and ¢ € Up. In
particular, f(¢s(¢)) # Oforalls € [0, 9] and ¢ € Uy. Further, we have

mg(¢) —1 _ 1 ms(C)f(@s(C))_f(‘Ps(f))
s fes@) s
_ 1 Cm,(p(s)f(f) — flps(2))
 flee(©) s

forall 0 < s < 9 and

oy MO 1 <Cm,¢(s)f(;)—f(;) f(%({))—f(g*))
m —— = l1im —
s—0+ K s—0+ f(ps(8)) K )
1 1
= —(Af () — f ()¢ =——(Af(@©) - f(©)G
f@)( @) = f(©do(0)) f@)( (@) = fl(HGW©)
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forall ¢ € Uy. Therefore mo () = %(Af(;) — f1(£)G(¢)) forall ¢ € Uy, yielding
that /g is continuous on 2 because x is arbitrary. If in addition K = Cand G € H(f),
then we also get mo € H(S2). The continuous differentiability of m.)(x) on [0, co)

and m;(x) = exp(fot mo(@s(x))ds) forall + > 0 and x €  follow from Proposition
3.13. O

We note that we may replace the condition F(€2) C CHQ(Q) by the condition
D(A) C C]Il{(Q) because we only need it for the function f € D(A) in the proof of
Proposition 5.12. Condition (14) is for example fulfilled if T € F(2).

5.13 Corollary Let Q C C be open, (F(2), || - |, Tco) @ Sequentially complete Saks
space such that F(2) C H(R) and 1 € F(Q). If (m, @) is a jointly continuous
holomorphic co-semiflow for F(2) and (Cy,,(1))1>0 locally bounded, then m . (z) €
C'0, 00), g € H(Q) and m,(z) = exp(fot mo(@s(2))ds) forallt > 0 and z € L.

Proof Our statement follows from Proposition 5.12 since (14) is fulfilled as 1 € F(£2)
and ¢ has a generator G € H(2) by Theorem 3.7. O

Due to [33, Chap. I, 5.5 Proposition, p. 39] and Corollary 5.13 we get back [47,
Theorem 1, p. 470] as a special case where Q2 = D and F(D) = H”, 1 < p < oo,
is the Hardy space on ID. Moreover, in contrast to Proposition 3.15, where Q C C
is connected, Corollary 5.13 allows arbitrary open sets €2 but for the cost of more
assumptions on (m, ¢). For example the condition 1 € F(£2) in Corollary 5.13 implies
that m; € F(2) for all t > 0 (see Remark 4.8).

6 Converse of the Holomorphic Generation Theorem

Let Q C C be open, (F(£2), || - |I, 7co) a sequentially complete Saks space such that
F(2) C 'H(L2). Suppose that 2 is connected or that 1 € F(£2). Due to Theorem
3.7, Theorem 5.11, and Proposition 3.15 or Corollary 5.13 we know that the generator
(A, D(A)) of a locally bounded weighted composition semigroup (Cp,o());>0 on
F(£2) w.r.t. a jointly continuous holomorphic co-semiflow (m, ¢) is given by

DA ={f e F(Q) | Gf' +gf e F(Q}, Af =Gf' +gf. f e DA, (1)

where G € H(S) is the generator of ¢ and g := mg € H(2).

In this section we want to prove the converse statement, namely, if we know that the
domain of a y-strongly continuous semigroup (7°(¢));>0 on F(2) is given by (15), we
want to show, under suitable conditions, that this semigroup is a weighted composition
semigroup whose semiflow has G as a generator and whose semicocycle m is given
by m;(z) := exp(fé g(ps(2))ds) forallr > O and z € Q.

Our main result in this direction is an analogon of [38, Main theorem, p. 490]
(g = 0) and [39, Theorem 3.1, p. 69] where 2 = D and (7 (t));>0 is a || - ||-strongly
continuous semigroup. We define the space of holomorphic germs near the closed unit
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disc D by the inductive limit

H(ﬁ) = ll_l')n (H(w), tco)

wCC open, Dcw

equipped with its inductive limit topology (see e.g. [9, p. 81-82]). For n € Ny set
en: C— C, en(z) := z". Then e, € H(D) for all n € No. Hence the assumption that
H(D) — (FD), || - ||) embeds continuously implies that ¢, € F (D) for all n € Ny.

6.1 Theorem Let (F (D), || - II, Tco) be a sequentially complete Saks space such that
FD) € HD), and HD) — (FD), || - ||) embeds continuously. If (T (t));>0 is a
y -strongly continuous semigroup on F (D) with generator (A, D(A)) of the form

D(A)={f e FD) | Gf' +gf e FD)}, Af =Gf +gf, f € DA,

for some G, g € H(D), then there is a jointly continuous holomorphic co-semiflow
(m, @) for F (D) such that G is the generator of ¢, m;(z) = exp(fot g(ps(2))ds) for
allt > 0,z €D, and (T (1))1>0 = (Cpn, ()10

Proof The proof of [39, Theorem 3.1, p. 69] carries over to our setting. We only have
to adjust the proof in three instances. First, we have to use that Af = (;i—t T (¢)f forall
t > 0and f € D(A) by [46, Proposition 1.2 (1), p. 260] in the proof of [39, Claim
1, p. 70]. Second, D(A) is y-dense in F(ID) by [46, Proposition 1.3, p. 261]. Thus
for every f € F (D) there is a net (f,),cs, I a directed set, which is y-convergent
to f. Since T (¢) is y-continuous for every ¢ > 0, this implies that (7'(¢) f,),es is y-
convergent to 7'(¢) f for every ¢t > 0. This proves the validity of [39, Eq. (3.6), p. 71]
because y is finer than 7. Third, we note that §, € (F(ID), y) and 8, € (F(D), |- |’
for all z € I, where 8,(f) := f(z) forall f € F(D), because §, € (F(D), tc)" and
y and the || - ||-topology are finer than 7.,. We now get by [39, Eq. (3.10), p. 72] that

1
()" = ——=T(t)(en)(2)
m;(z)

forallz € D,n € Nand 0 < t < tp with #p > 0 from [39, p. 69]. Let I'), denote
a directed system of continuous seminorms that generates y. Since §, € (F(D), y),
T(t) € L(F(D), y) and the || - ||-topology is finer than y, there are p = p,;, € I,
K1 =Ki(z,t) > 0and K = K»(p) > 0 such that

1 1 1
mt(Z)T(I)(en)(Z) < Kj mf(z)p(en) < Klem;(z)

o ()" = llenll

forallz € D,n € Nand 0 < ¢ < fg. This implies that there is 0 < f; < fy such that
lp:(z)| < 1forallz € Dand 0 < ¢ < ¢ like in the proof of [38, Claim 2, p. 492]. This
is all we have to change in the proof of [39, Theorem 3.1, p. 69]. Moreover, we note
that the joint continuity of ¢ follows from [39, p. 65] and Proposition 3.3 (b), and the
joint continuity of m from Proposition 3.14 (a). O
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We note that Theorem 6.1 implies [39, Theorem 3.1, p. 69] if (T (t));>0 is || - |-
strongly continuous and 7'(¢) € L(X, y) for all # > 0 because then (7' (¢));>0 is also
y -strongly continuous. The semicocycle m in Theorem 6.1 is given by m; = T ()1 =
T (t)e and the semiflow ¢ by ¢, = mLtT(t) id = mLtT(t)el for all # > 0. Further, it is
shown in [11, p. 176—177] that the assumption that H(ﬁ) — (F(D), || - |I) embeds

. . . . 1
continuously is equivalent to lim sup,,_, o, llex|l” < 1.

6.2 Example For the following spaces (F(ID), ||-||) the embedding H(D) < (F(D), |-
) is continuous:

(a) The Hardy spaces (H”, || - ||,) for 1 < p < cosince |le,|, = 1foralln € N.
(b) The Bergman spaces (A%, | - llo,p) fora > —1and 1 < p < oo since
o+ 1 ) a+1 27 1 ' )
lenlls. = / 2" (1 — |z]|7)*dz = —/ f rP A = %) drdo
T D T 0 0

1
<2+ 1)/ PP = r)tdr = @+ DB (S 4+ La+1)
0

for all n € N by [40, Eq. 3251-1,p. 327] withu := p+2,A :=2andv :=a +1,
1

where B denotes the Beta function, and thus lim sup,,_, o [lex || » =1L
(c) The Dirichlet space (D, || - ||p) since

1 2 o gl 02
lealp =0+ —/ n*|z]*"2dz = n—/ / P ldrdg = 2 = n
7 Jp 7T Jo 0 2n

1
for all n € N and thus limy,—, o [lex [, = 1.
(d) The v-Bloch spaces (Bv(D), || - || 5ym)) for bounded continuous v: D — (0, oo)
since

lenllBom) = 0+ supnlz/"v(z) < nllvle
zeD

1
for all n € N and thus lim sup,,_, o, |lex ||Z"3U(D) <1
(e) The spaces (Hv(D), || - ||,) of weighted holomorphic functions on D for bounded
continuous v: D — (0, 00) since

llenlly = sup|z|"v(z) < vlloo
zeD

1
for all n € N and thus lim sup,,_, . llexlls < 1.

In particular, the embedding H(D) < (Bg, || - |l B,) for o > 0 is continuous by
Example 6.2 (d) because v, (z) = (1 — |z|%)® < 1 for all z € D. Further, we note
that Theorem 4.14, Theorem 4.15 and Theorem 4.17 in combination with Example
6.2 answer the question in [39, Remark 3.2, p. 72] for several spaces, namely, to give
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a sufficient condition such that Cy, () € F (D) for all t > 0 where (F(ID), || - ||) is a
space whose embedding H(D) < (F(D), || - ||) is continuous.

We remark that Theorem 6.1 is not restricted to the case 2 = D (cf. [4, p. 177-
178] (g = 0) and [39, Remark 3.3, p. 72-73] in the case of || - ||-strongly continuous
semigroups).

6.3 Remark Let 2 C C be open and simply connected, and (F(2), |- ||, Tco) a Sequen-
tially complete Saks space such that F(2) C H(S2). Suppose that (S(#));>0 is a
y-strongly continuous semigroup on J(£2) with generator (A, D(A)) of the form

D(A)=(f e F() | Gf' +gf e F()}, Af =Gf' +gf. f € D(A),

for some G, g € H(S2). Choose a biholomorphic map i#: D — 2 by the Riemann
mapping theorem and define the space Fj, (D) := {foh | f € F(£2)}, which becomes
a Banach space when equipped with the norm || f o &l 7, @) := | fIl for f € F(L).
It is easy to check that the composition operator Cj,: F(2) — Fn (D), Cp(f) :=
f o h, is an isometric ismorphism w.r.t. the norms, an isomorphism (F(2), 7¢o) —
(Frn(D), 7e0), and C;l = Cj,-1. Then it follows as in the proof of Proposition 4.1
that Cp,: (F(2), ¥ (Il - I, Te0)) = (Fa(D), ¥ (Il - [ 7,m)» Teo)) is an isomorphism as
well. Therefore (Fj,(D), || - [l 7, @), Tco) is a sequentially complete Saks space such
that 75, (D) C ‘H(D) and the semigroup (7'(¢));>0 on Fj (D) given by

T(t):=CpoS({t)oCy-1, t=>0,

is Y (Il - | 7, ), Teo)-strongly continuous. Assume that HD) — (FrD), | - 7, @)
embeds continuously. Like in [39, Remark 3.3, p. 73] it follows that the generator
(B, D(B)) of (T (t));>0 fulfils

DB)={f e FuM@) | Gi1f +gfeFu@}), Bf=Gif +gf, feDB),

where G1(z) := %G(k (z))and g1(z) := g(h(z)) forall z € D. Hence we may apply
Theorem 6.1 and obtain that there is a jointly continuous holomorphic co-semiflow
(m, @) for Fj, (D) such that G is the generator of ¢, m;(z) = exp(fot 21(ps(z))ds) for
allt > 0,z € D, and T(t) = Cpy (t) for all # > 0. Like in [39, Remark 3.3, p. 73]
we get that S(r) = C,, y (¢) for all + > 0 with the jointly continuous holomorphic
semiflow ¥ on  given by ¥; := h o ¢; o h~! and its jointly continuous holomorphic
semicocycle u given by u,(z) := (my o ) = exp(f(; g(Ys(z))ds) forallr > 0
and z € Q.

7 Applications

In this short section we apply our results from the preceding sections. In the following
proposition Cv(R) denotes the weighted space of continuous functions from Example
2.13 forK = R.
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3
7.1 Proposition Let v: R — (0, 00) be continuous, ¢;(x) := (x% + %) ,t,x € R,

and m := (my)rer be a cocycle for ¢ := (¢r)rer such that limg_,omg(x) = 1 for all
x € R, m; € Cp(R) forallt € R, my(x) € CL(R), m;(x) # 0 forall (t, x) € R?,

Cuw
K = 16
(@)1= sup Sy = % (16)

for all t € R and there exists ty > 0 such that SUP;[0.10] K(p;) < oo. Then the
following assertions hold.

(a) The weighted composition semigroup (Cp, o(t))i>0 on Cv(R) w.r.t. the co-flow
(m, @) is y -strongly continuous, Teo-bi-continuous, locally t.o-equicontinuous and
quasi-y -equicontinuous.

(b) The generator (A, D(A)) of (Ciu,o(1))r>0 fulfils

D(A) = {f € C'R\{0}) N Cu(R) | [x > x5 f'(x) +ritg(x) f ()] € Cu(R))

and Af(x) = x%f/(x) + mo(x) f(x), x £Z 0, for all f € D(A). If in addition
g € Cp(R), then D(A) = {f € CLR\{0}) NCv(R) | [x x%f’(x)] e Cv(R)}.

Proof (a) The flow ¢ is clearly Cy. The assumption lim;_,gmg(x) = 1 forall x € R
means that its cocycle m is also Cq and so the co-flow (m, @) is jointly continuous by
Proposition 5.9. Further, Cy, (t) f = m, - (f o ¢,) is continuous on R and

1Cm, (D) fllv = sup lms (x) f (@1 (X)) [v(e1 (X)) o (())) = K(g)lmllcoll fllv
Pt

forallr € Rand f € Cv(R) by (16). Hence (m, ¢) is a jointly continuous co-flow for
Cv(R) and (Cy,»(t))s>0 locally bounded by Proposition 2.3 since SUP;[0,1] K(pr) <
00 and sup, (g 4] 1m0 < 00 for some 71 > 0 by Proposition 3.10. We conclude
that statement (a) is valid by Example 2.13 and Theorem 4.10.

(b) Setting G: R — R, G(x) := x%, we note that
. A
@r(x) = | x3 + 3) = (G o) (x)

for all (¢, x) € R%. Thus Ng = {0} and tp = inf @ = oco. We deduce that the first
part of (b) follows from Theorem 5.10 (b). If additionally rg € Cp(R), then we have
mof € Cu(R) and thus D(A) = {f € C'R\{0}) N Cv(R) | [x — x%f’(x)] €
Cv(R)}. |

Proposition 7.1 is interesting because it illustrates the phenomenon of non-
differentiability of the elements in the domain of A at the zeros of G which cannot
happen in the case of weighted composition semigroups on spaces of holomorphic
functions (see Corollary 5.13). For m = v = 1 the statement of Proposition 7.1 (a) is
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known due to e.g. [25, Theorems 2.1, 2.2, 2.3, p. 5]. Proposition 7.1 (b) generalises
[26, Example 4.2, p. 124-125] where m = v = 1.

7.2Theorem Let Q@ C C be open and connected, (F(2), || - |, Tco) a sequentially
complete Saks space such that F(2) C H(2) and {1,1id} C F(£2), and (Cyn,o(1))1>0
the weighted composition semigroup on F (2) w.r.t. a holomorphic co-semiflow (m, ¢).
Then the following assertions hold.

(@) (Cp,p(t))r=0 is y-strongly continuous and locally y -equicontinuous if and only if
(m, ) is a Cy-co-semiflow and (Cy,,(t));>0 locally bounded.

(b) Supposethat (F(S2), ||-||) is reflexive. Then (Cpy, o (t))r>0 is || -||-strongly continuous
if and only if (m, @) is a Co-co-semiflow and (Cp, 4 (t)):>0 locally bounded.

©) If (Cin,p(t))r>0 is || - |I-strongly continuous with generator (Ay.;, D(Ay.)), then
we have {g, my € H(L) and

DA ={f € FQ) | pof +mof € F(Q)}

and A f = @of' +mof forall f € D(A)).

Proof First, we note that the open set 2 C C is a locally compact, o -compact space
w.r.t. the relative topology induced by the metric space C. In particular, €2 is a Hausdorff
kr-space, and the co-semiflow (m, ¢) is jointly continuous if and only if it is Cop
by Proposition 3.3 and Proposition 3.12. Second, if ¢ is Cp, so jointly continuous,
then ¢(y(z) € C'10, 00) for all z € Q and ¢y € H() by Theorem 3.7. Third,
my(z) € C'10, 00), 1y € H(RQ) and m,(z) # O forallt > 0 and z € Q by
Proposition 3.14 (a) and Proposition 3.15 since 2 C C is connected.

(a) Due to [37, Proposition 3.6 (ii), p. 1137] and [22, 1.1.10 Proposition, p. 10]
a y-strongly continuous, locally y-equicontinuous semigroup of linear operators is
locally bounded. Thus implication = follows from Remark 4.4 (b) and Proposition
4.5 (b). The converse implication < follows from Theorem 4.10 (a).

(b) Let (Cin,o(2))s>0 be || - ||-strongly continuous. Then (Cy, 4 (2));>0 is locally
bounded by [33, Chap. I, 5.5 Proposition, p. 39] and y -strongly continuous by Propo-
sition 4.1 with I := {¢} for all # > 0 and since y is coarser than the || - ||-topology. Due
to the assumption {1, id} C F(2) the topology of 2 is initial-like w.r.t. (¢, F(2))
by Remark 4.4 (b), and thus the co-semiflow (m, ¢) jointly continuous by Proposition
4.5 (b).

Let us turn to the converse. Suppose that (m,¢) is a Cp-co-semiflow and
(Cim,p(t))r=0 locally bounded. Then (m, ¢) is jointly continuous and (Cyy ¢ (2)):>0
y-strongly continuous by Proposition 4.5 (a). We deduce from Proposition 5.3 (b) that
(Cim,p(t))i>01s || - ||-strongly continuous since (F(£2), || - ||) is reflexive.

(c) By the the first part of the proof of (b) we get that (Cy,  (t)),>0 is locally bounded
and (m, ¢) a Co-co-semiflow. Applying Proposition 5.3 (a) and Theorem 5.11, this
finishes the proof of part (c). ]

Theorem 7.2 (b) implies [47, Lemma 3.1, p. 474] and [68, Theorem 1, p. 362]
for the reflexive Hardy spaces H?, 1 < p < oo, by [47, Definition 1 (i), p. 469],
Example 2.9 (a), Example 3.18 and Theorem 4.14 (a). It also answers the questions
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in [71, Example 7.4, p. 247-248] because it implies the || - ||-strong continuity of the
weighted composition semigroup induced by the semicoboundary (¢’, ¢) for a jointly
continuous holomorphic semiflow ¢ on D (see Example 3.19) on reflexive spaces
(FD), || - |I) such that F(D) C H(D) such as the Hardy spaces H” for 1 < p < oo,
the weighted Bergman spaces AL fora > —1 and I < p < oo, and the Dirichlet
space D due to Example 2.9 and Theorem 4.14 (and the computations thereafter).
Further, Theorem 7.2 (b) in combination with Theorem 4.14 (a) and (b) gives back
[63, Lemmas 2.13, 2.14, p. 828] and [77, Corollaries 3, 4, p. 8-9] for | < p < oo by
a different pI‘OOf.2 It also implies in combination with Theorem 4.14 (c) [70, Theorem
1, p. 167] where (D) = D and m = 1.

If (F(2), || - |, tco) 1s a sequentially complete Saks such that F(2) C H(€2) and
{1,id} C F(K2), then Theorem 7.2 (c) implies [12, Theorem 2, p. 72] where Q = D
andm = 1 butitis only assumed that (F(€2), | - ||) is complete and 7., coarser than the
| - |-topology (see [12, p. 67]). Moreover, Theorem 7.2 (c) generalises [68, Theorem
2, p. 364] (where m = m® is a semicoboundary for w € H(ID)) and the first part of
[47, Theorem 2 (b), p. 471] by Example 2.9 (a) and Example 3.18 where F (D) = H?
is the Hardy space for 1 < p < oco. Theorem 7.2 (c) also yields [69, Theorem 1 (ii),
p. 400-401] by Example 2.9 (b) where F (D) = A% is the Bergman space for @ > —1
and 1 < p < oo and m = 1. Theorem 7.2 (b) and (c) combined with Theorem 4.14
(c) also imply the || - ||-strong continuity of the weighted composition semigroup on
D w.r.t. the holomorphic Cp-co-semiflow (m, ¢) in [70, Corollary 2, p. 170] and the
form of its generator where Fix(¢) = {0} and m = m® with w(z) := z” forallz € D
for some p € N. If (F(2), || - ||) is a Banach space such that 7, is coarser than the
Il - |l-topology and F(2) C H(S2), then the assumptions in [39, Theorem 2.1 (ii),
p. 68] that Q = I and the continuity of H(D) < (F (), || - ||) are stronger than in
Theorem 7.2 (c) whereas vice versa the latter theorem has the stronger assumption
that (F(€2), || - II, Tco) 1s a sequentially complete Saks space.

We may also apply Theorem 7.2 (a) to weighted composition semigroups on the
Hardy space H! by Theorem 4.14 (a), the Bergman space A (L fora > —1 by Theorem
4.14 (b), the Bloch type space B, for @« > 0 by Theorem 4.15, the weighted spaces
Hv(2) and Cv(£2) of holomorphic resp. continuous functions on 2 by Theorem 4.17
resp. Theorem 4.18 if {1, id} C Hv(R2) resp. {1, id} C Cv(£2). For instance, we have
the following result for the Hardy space H*°.

7.3 Corollary Let (m, ¢) be a holomorphic co-semiflow on D. The weighted composi-
tion semigroup (Cp, o (t));>0 is y-strongly continuous and locally y-equicontinuous
on H*® if and only if (m, ¢) is a Co-co-semiflow and lim sup,_, o, ||m;|lcc < 00.

Proof This statement follows from Example 2.11, Theorem 4.17 with v := 1 and
Theorem 7.2 (a). O

7.4 Theorem Let Q2 C Cbeopen, (F(2), ||-l, tco) a sequentially complete Saks space
such that F(2) C H(R2), and (Cyyy,(1))1>0 a locally bounded weighted composition

2 We note that the necessary condition that m has to be jointly continuous is missing in [77, Corollaries 3,
4, p. 8-9] (see [77, p. 2]) even though the cited references therein concerning semicocycles like [43, 47]
have this incorporated in their definition of a semicocycle.
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semigroup on F(S2) w.r.t. a holomorphic Cy-co-semiflow (m, ¢). Then the following
assertions hold.

(@) (Ci,p(t))i=0 is y-strongly continuous, Tco-bi-continuous, locally t.-equicon-
tinuous and locally y -equicontinuous.

(b) If (F(), || - I, co) is a C-sequential Saks space, then (Cp, (t));>0 is quasi-y-
equicontinuous.

© Ifm(z) € C'0, 00) forall z € Q, then o € H() and the generator (A, D(A))
of (Cpn o ()10 fulfils

D(A) ={f e F(Q) | @of' +1nof € F()}

and Af = o f' +mgf forall f € D(A).
(d) If my(z) € C'0, c0) for all z € Q, then po € H(S2) and

[(m, ). F(@)] = [ € F©@) [ §0f + o] € F)

where [(m, ), .7-'(52)] is the space of || - ||-strong continuity of (Cp, 4 (t))s>0.

Proof By the first part of the proof of Theorem 7.2 we know that the Cy-co-semiflow
(m, @) is jointly continuous, ¢(.(z) € C'0, oo) for all z € Q and Qo € H(R2).

The parts (a), (b) and (c) follow directly from Theorem 4.10 and Theorem 5.11.
Part (d) is a consequence of Proposition 5.3 (¢) and Theorem 5.11. O

Comparing Theorem 7.4 (d) with [5, Theorem 10, p. 9] resp. [12, Theorem 1, p. 71]
where Q = Dand m; = <p; forallt > O resp. m = 1 we see that the former theorem is
more general w.r.t. the semicocycles and does not need the assumption 1 € F(£2), and
less general w.r.t. the tuples (F(2), || - ||, Tco)- In the latter theorem it is only assumed
that (F(2), || - ||) is complete and ., coarser than the || - ||-topology (see [12, p. 67]).
However, both theorems have the assumption on joint continuity of ¢ (see [12, (3°),
p. 68]) and local boundedness of (C,,,(7));>0 (see Proposition 2.3).

For H® C F(D) C By, (F(D), || - ) Banach, it holds [(L, ), F(D)] C F(D)
by [3, Theorem 1.1, p. 844] for any non-trivial jointly continuous holomorphic semic-
ocycle (1, ¢) for F(2) such that C1,,(t) € L(F (D)) for all + > 0. The weighted
version is given in [39, Theorem 4.1, p. 74].

In the case F (D) = H* it holds A C [(]l, @), H*® | by [3, Corollary 1.4, p. 844]
for any jointly continuous holomorphic ¢, and A # ][(]l, 0), H °°] for some ¢ by
[3, Proposition 4.3, p. 852] where A is the disc-algebra of holomorphic functions
on D that extend continuously to D.If @ consists of rotations or dilations, then A =
[(1, ), H*] by [3, Proposition 4.1, p. 850].

Further, we have [(]l, ), Ba] C B, fora > 0and any non-trivial jointly continuous
holomorphic semicocycle (1, ¢) for By such that Cq (1) € L(By) for all t > 0 by
[12, Theorem 3, p. 73]. In the case « = 1 it holds By C [(]l, ), Bl] for any ¢ by [12,
p. 73], and By = [(1, ¢), B1] if and only if the resolvent operator R(x, A) € L(B))
is weakly compact on By by [12, Corollary 1, p. 76] where By is the little Bloch space
of By, i.e. the space consisting of all f € By such that lim; |- (1 — lzI5)|f'(z)] = 0.
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The assertion By = [(]l, ®), Bl] is also equivalent to ¢ being elliptic and its generator
G fulfilling the logarithmic vanishing Bloch condition by [19, Theorem 1.1, p. 4].
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