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Summary

In this thesis, we study the asymptotic behaviour of sequences of Poisson functionals,
i.e. random variables that depend on a Poisson process. An essential step in establishing
normal approximation results for Poisson functionals is in many cases the determination of
lower variance bounds. To address this, a generalised reverse Poincaré inequality is intro-
duced in this thesis, which provides a lower bound for the variance of Poisson functionals
that depends on the difference operator of order n of Malliavin calculus. As demonstrated
throughout the thesis, by combining this generalised reverse Poincaré inequality with al-
ready existing normal approximation results such as those of G. Last, G. Peccati and
M. Schulte from 2016 or those of M. Schulte and J. Yukich from 2023, one can derive
qualitative and quantitative central limit theorems. With the help of the latter, it is even
possible to obtain multivariate quantitative normal approximation results. Some of these
results require the positive definiteness of the covariance matrices of the considered vec-
tors of Poisson functionals. As illustrated in some of our applications, the generalised
reverse Poincaré inequality can be used to prove this property as well. In contrast to pre-
vious results for lower variance bounds, the generalised reverse Poincaré inequality mainly
simplifies the problem of deriving a lower variance bound for Poisson functionals to con-
structing configurations that arise with a positive probability and for which the difference
operator of a fixed order is bounded away from zero.

Since Poisson processes can be interpreted as collections of random points, Poisson
functionals have many applications in stochastic geometry. Hence, to illustrate how to
derive lower variance bounds by constructing specific point configurations, we explore
different applications from stochastic geometry: random graphs, random polytopes and
excursion sets of Poisson shot noise processes.

We start by showing the positive definiteness of the covariance matrix for different
vectors of functionals of spatial random graphs in Euclidean space, beginning with vectors
of degree counts or component counts of random geometric graphs and proceeding to
vectors of degree counts or total edge length functionals of k£ nearest neighbour graphs.
To highlight the influence of the geometry of the underlying space, we further consider
radial spanning trees in hyperbolic space, analyse the behaviour of their total edge length
functionals and compare them to their counterpart in Euclidean space. Next, we consider
random polytopes in the Euclidean unit ball and use the reverse Poincaré inequality to
show positive definiteness of the covariance matrix and a two-dimensional central limit
theorem for the vector of two LP surface areas. Finally, we consider a special class of
random sets, namely excursion sets of Poisson shot noise processes. For different families of
kernel functions, we analyse the asymptotic behaviour of the expectation and the variance
of several geometric functionals of excursion sets of Poisson shot noise processes and derive
corresponding central limit theorems.
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Chapter 1

Introduction

The classical central limit theorem states that for a sequence (X;);en of i.i.d. random
variables with E[X] = p and Var[X;] = ¢ € (0,00) it holds for S, = \/% Yo (X —p)
with n € N that

Sn N as n—o 0,

where N is a standard normally distributed random variable and %, denotes convergence
in distribution (see e.g. [61, Theorem 15.37]). Although it is a powerful statement in the
sense that it is true independently of the original distribution of the considered random
variables, it does not answer the question of how close the distribution of the standardised
sum .S, is to a standard normal distribution for fixed n € N. This question was answered
by the Berry-Esseen theorem, which was first shown in 1941 and 1942 independently by
A. C. Berry in [19] and C.-G. Esseen in [45]. It states that if E[|X;[3] < oo, there exists a
constant C' > 0 such that

3
sup|P(S, < z) —P(N < z)| < %
zeR o \/ﬁ

for all n € N (see e.g. [61, Theorem 15.51}).

Naturally, the question arises of what happens if we relax the conditions on the ran-
dom variables (X;);en and allow random variables that are not identically distributed or
weakly dependent. On the one hand, if the considered random variables are not identically
distributed, one can show a central limit theorem, for example, under the so-called Lin-
deberg condition (see for instance [61, Theorem 15.43]). On the other hand, for random
variables with specific dependency structures one can also derive central limit theorems in
some cases (see e.g. [37]). The aim of this thesis is to show qualitative and quantitative
central limit theorems for sequences of Poisson functionals arising in stochastic geometry,
which can be interpreted in a certain sense as sums of weakly dependent random variables.

1.1 Normal approximation and lower variance bounds of
Poisson functionals
A Poisson functional is a random variable that depends on a Poisson process. In this thesis,

we consider sequences of Poisson functionals (F§)s>;. Our aim is to analyse the asymptotic
behaviour of their distributions as s — oo and, specifically, show that their distributions



approach a normal distribution. In order to compare two probability distributions, we
need to be able to measure the distance between them. To this end, for two random
variables X and Y we typically use distances of the form

d(X,Y) = 22£|E[h(X)] —E[rY)]I;

where H is a suitable class of test functions. Note that the distance used in the Berry-
Esseen theorem, also known as Kolmogorov distance, fits into this framework by choosing
H as the family of indicator functions of the form 1{- < z} for z € R. Besides the
Kolmogorov distance, we are also interested in quantitative normal approximation results
in Wasserstein distance and, in the multivariate case, in do- and dconvex-distance, which
are also of this form (see Subsection 2.3.3).

In order to derive qualitative and quantitative central limit theorems for (Fjs)s>1, we
mainly use the results from [69], [70] and [103], which are based on the Malliavin-Stein
method. Malliavin calculus is a variational calculus for random variables, which was
first introduced for the Gaussian setting in [77] and later transferred to the Poisson case
in [81]. Stein’s method is a collection of techniques to derive qualitative central limit
theorems, which started with the paper [106] by C. Stein and was further developed in
several works. For an overview, see for example [37]. The Malliavin-Stein method is
a combination of Stein’s method and Malliavin calculus, which was first introduced in
the Gaussian setting in [79] and applied to Poisson functionals in [82]. Over time, using
the Malliavin-Stein method, normal approximation results for Poisson functionals were
shown for the Wasserstein distance in [82] and the Kolmogorov distance in [44] and [99].
Additionally, [67] and [70] derived bounds for both distances. In contrast to the previous
results, in which the normal approximation bounds also depend on the inverse Ornstein-
Uhlenbeck generator, the results in [67] and [70] only depend on the first order or the first
and second order difference operator, respectively. Since, by [67, Remark 1.1], in case that
the results from [67] and [70] are both applicable, one can expect the results from [70]
to be tighter, we mainly use the results from [70] for the Kolmogorov and Wasserstein
distance, which provide second order Poincaré inequalities.

The concept of stabilisation is repeatedly used in the context of normal approximation.
In the literature the exact definitions of stabilisation differ but, roughly speaking, the idea
of stabilisation is to consider functionals that are in some sense locally defined. In this
thesis we stick to the definition of stabilising functionals from [69] (see also Subsection
2.3.4). The concept of stabilisation was first introduced in the context of minimal spanning
trees in [74] and [75] and over time further extended and improved in, for example, [14,
15, 67, 69, 85, 87, 88] for the univariate case and in [84, 86, 103] for the multivariate case.
To handle those of our functionals that are stabilising, we mainly use the results from [69].
For multivariate normal approximation of stabilising functionals we employ the results
from [103], which provide bounds for the da-, d3- and dconvex-distance.

With the described normal approximation results one can show in many applications

estimates of the form
k
Fs — E[F] Ci(s)
d| =———= N | < .
< Var[Fs] ’ ) - ; Var[Fg|i

for some distance d, some k € N, expressions C;j(s) > 0, which might depend on s and
powers a; > 0 for i € {1,...,k}, if s is sufficiently large. This leads to the question of how

2



Var[F§] can be bounded from below and how it can be controlled for s — co. Investigating
the behaviour of the variance usually requires a lot of effort. Even if one has an explicit
expression for the asymptotic variance, it can be hard to show positivity because posi-
tive and negative terms could cancel out. Therefore, proving the non-degeneracy of the
asymptotic variance can be a different problem than computing an explicit representation
for it. In this case, it can be helpful to employ lower bounds for variances to deduce pos-
itivity of the asymptotic variance constant. This is the reason why this thesis treats the
problem of deriving a lower variance bound as a separate issue from establishing central
limit theorems. To this end in our main theoretical result in Chapter 3, we introduce a
lower variance bound for Poisson functionals, which can be seen as a generalised reverse
Poincaré inequality. This lower bound depends on the difference operator of Malliavin
calculus and mainly reduces the problem of deriving a lower variance bound to construct-
ing configurations, which occur with a positive probability and for which the difference
operator is bounded away from zero.

In the literature, lower variance bounds were already derived for several applications
(see e.g. [5, 11, 15, 38, 70, 86, 87, 90]). There exist several strategies for deriving lower
variance bounds. The approach that is most comparable to ours is the strategy from
[70, Theorem 5.2] although there the lower variance bound contains the expectation of
a difference of random variables, which can be both positive or negative and can thus
neutralise itself in the expectation. This cannot happen in our main theorem as the
random variable in the expectation in our theorem is non-negative. For a more detailed
comparison between these two results and an overview of the other strategies used in the
literature, see also Section 3.3.

Lower variance bounds can also be used for multivariate normal approximation since

the covariance matrix X, € R™*™ of Poisson functionals F: 551), .. F sgm)

Var [ Z aiFS(i)] = aTEsoz
i=1

, 8 > 1, satisfies

for all @ = (aq,...,q;,) € R™. This means that we can check whether ¥, is positive
definite by verifying whether Var[) ", aiFs(z)] > 0 for all (au,...,am) € R™\{(0,...,0)}.
If the asymptotic covariance matrix ¥ = lim,_, o, 25 exists, this relation can also be used
to establish the positive definiteness of ¥, which is required in some bounds for the quan-
titative multivariate normal approximation (see e.g. [103]).

1.2 Poisson functionals in stochastic geometry

Since Poisson processes can be interpreted as collections of random points in some space,
Poisson functionals have a wide range of applications in stochastic geometry. In this
thesis, we are mostly interested in the asymptotic behaviour of Poisson functionals in two
frameworks, namely the one of increasing intensity and the one of increasing observation
window. More precisely, we study for s — oo a family of Poisson functionals (Fy)s>1,
where Fj is either a Poisson functional on a homogeneous Poisson process with intensity
s or a functional of a fixed Poisson process depending on an observation window that
extends to the full space for s — co. Geometrically, these two frameworks coincide with
the idea of having either a fixed observation window, in which we add more and more

3



points randomly or the idea of keeping the expected number of points in a fixed area
constant but considering larger and larger observation windows. In Euclidean space one
can often use scaling properties to switch from one framework to the other one but for other
underlying spaces (such as, e.g., the hyperbolic space, which we consider in Section 4.3),
the asymptotic behaviour of Poisson functionals can differ substantially when switching
between these frameworks.

Many results already exist for central limit theorems and the asymptotic behaviour
of the variance of functionals from stochastic geometry. One can usually differentiate
between three different scaling types of the variance. The best studied case are functionals
whose variance is of order s in the framework of increasing intensity. This is referred to as
volume order scaling, as this usually corresponds to the case where in the other framework
of growing observation windows the variance scales like the volume of the observation
windows. In the case of increasing intensity it was shown for several functionals of random
graphs that the variance is of order s (see for instance [85, 87, 88]). The corresponding
volume order was also shown for some functionals of random sets in the framework of
growing observation windows (see e.g. [55, 66, 67]). In line with this, in Chapters 4 and
6 we show that both the variance of the statistics of random graphs and the variance of
the functionals of excursion sets of Poisson shot noise processes that we consider are of
volume order. For d € N the surface order scaling case in R? contains all functionals,
whose variance is of order s(@~1)/? for increasing intensity. This occurs for example in
the case of the number of maximal points (see e.g. [114]) or, with the right scaling of
the considered functionals such that a specific moment condition is of constant order (cf.
(2.24)), also for the Poisson-Voronoi volume estimator (see [114]). Finally, the variance of
some functionals of the convex hull of random points in a convex subset of R? with smooth
boundary scales like s(@~1/(@+1) for increasing intensity (see e.g. [34]). In Chapter 5, we
show that the LP surface area of random polytopes in a Euclidean ball also fits into this
category if we consider, as before, the functional with the right scaling.

In this thesis, we especially analyse functionals of spatial random graphs, random
polytopes and excursion sets of Poisson shot noise processes. Central limit theorems for
such functionals were, for example, established in [5, 15, 34, 66, 67, 69, 70, 84, 85, 86,
87, 88, 90, 103]. For more details on previous results for these functionals, we refer the
reader to the respective chapters of this thesis. In the following, an overview of these three
applications and the results derived in this thesis is given.

Spatial random graphs

Random graphs are constructed by interpreting the points of the Poisson process as vertices
and connecting two vertices according to deterministic rules. We consider three different
types of spatial random graphs: random geometric graphs, k-nearest neighbour graphs
and radial spanning trees. To construct a random geometric graph, also known as Gilbert
graph, we connect two vertices if their distance is smaller than or equal to some given
threshold. A k-nearest neighbour graph is constructed by connecting each point to its k
nearest neighbours. The radial spanning tree is a modification of the 1-nearest neighbour
graph, where each vertex is connected to its nearest neighbour that is closer to the origin
or, if no such point exists, to the origin itself. Note that in contrast to the usual k-nearest
neighbour graph, in this case, we add the origin to the set of vertices. In this thesis,
we analyse random geometric graphs and k-nearest neighbour graphs in Euclidean space,

4



while we consider radial spanning trees in hyperbolic space to give an idea of how the
geometry of the underlying space can influence the considered functionals.

There is a variety of functionals that can be studied for these graphs. For random
geometric graphs on a compact convex observation window we consider the degree count
and component count, i.e. the number of vertices with a specific degree or the number
of components of a specific size. In both cases, we show that with the right scaling,
the asymptotic covariance matrices of vectors of degree or component counts are positive
definite for increasing intensity. The degree count is also considered for the k-nearest
neighbour graph, as well as total edge length functionals, i.e. sums of specific powers of
the length of all edges. As for the random geometric graph, we show that the asymp-
totic covariance matrices of the corresponding vectors supplied with the right scaling are
positive definite in both cases for increasing intensity. Together with [103, Section 3] this
provides multivariate central limit theorems in do- and dgonyvex-distance for all these appli-
cations. Finally, we study the asymptotic behaviour of total edge length functionals of the
radial spanning tree in hyperbolic space, analyse its expectation and variance and show
a central limit theorem for increasing observation windows. To illustrate the influence of
the geometry of the underlying space on the graph, we further compare the degree of the
origin of a radial spanning tree in hyperbolic space to that of a radial spanning tree in
Euclidean space.

Random polytopes

Random polytopes are constructed by taking the convex hull of the points of a Poisson
process. As functional we study a generalisation of the surface area and the volume,
namely the LP surface area for p € [0, 1], which corresponds to a multiple of the volume
for p = 0 and the surface area for p = 1. The notion of L? surface areas originates from
the Minkowski problem, which asks for conditions under which a Borel measure on the
sphere is the LP surface area of a convex body (see also [76]). In this thesis, we study the
vector of two LP surface areas of random polytopes of homogeneous Poisson processes in a
Euclidean d-dimensional ball for p € [0,1]. We start with embedding these functionals in
the framework of stabilising functionals and show that the asymptotic covariance matrix
of the vector of two LP surface areas is positive definite. Together with [103, Section 3] this
provides a two-dimensional central limit theorem. Note that, in particular, this proves a
central limit theorem for the vector of volume and surface area.

Excursion sets of Poisson shot noise processes

Poisson shot noise processes are random fields that arise from adding up the contributions
of all points of a Poisson process. Thereby, how a point from the Poisson process con-
tributes to the field depends on the family of kernel functions that specifies the Poisson
shot noise process. Excursion sets of Poisson shot noise processes are random sets that
are obtained by considering the regions where a Poisson shot noise process is larger than
or equal to some given threshold. In this thesis, we first derive lower variance bounds
for the volume of excursion sets of Poisson shot noise processes for different families of
kernel functions. Compared to [32], [66] or [67] we consider slightly modified conditions
on the kernel functions. In a second step, we study the asymptotic behaviour of more
general geometric functionals such as intrinsic volumes of excursion sets of Poisson shot



noise processes. To this end, we restrict ourselves to a smaller class of kernel functions to
ensure that the excursion sets are almost surely polyconvex and the geometric functionals
are thus well defined. A prominent example of random sets is the Boolean model, which is
constructed by considering the union of the compact convex sets of an underlying Poisson
process on the space of compact convex sets. This model arises as a special case of our
model for a specific choice of kernel functions. In Section 6.3, we particularly generalise
the results from [55] for the variance asymptotics and the central limit theorem of geo-
metric functionals of the Boolean model to the case of excursion sets of Poisson shot noise
processes.

To summarise, the main achievements of this thesis are the introduction of a new lower
variance bound for Poisson functionals, its application in three models from stochastic
geometry, namely spatial random graphs, random polytopes and excursion sets of Poisson
shot noise processes, and the derivation of corresponding central limit theorems.

1.3 Outline

The following work is mainly based on and partially extracted from the following papers,
which are jointly written with Daniel Rosen, Matthias Schulte and Christoph Thaéle:

[96] Rosen, Schulte, Théle, Trapp (20244). The radial spanning tree in hyperbolic space
[101] Schulte, Trapp (2024). Lower bounds for variances of Poisson functionals

[109] Trapp (2024+). Geometric functionals of polyconvex excursion sets of Poisson shot
noise processes

This thesis is structured as follows. In Chapter 2, we establish some basic notation
and summarise the geometric and stochastic preliminaries. The section about geometric
preliminaries is divided into two parts. In the first one, basic facts from convex geometry
are presented, while the second one introduces the hyperbolic space. The last section of
this chapter contains an introduction to Poisson processes and functionals, summarises
the normal approximation results for Poisson processes that we use throughout the thesis
and introduces the concept of stabilisation.

Chapter 3 presents the theoretical main theorem of this thesis, the generalised reverse
Poincaré inequality, which provides a lower variance bound for Poisson functionals and
gives an idea of how this lower variance bound can be applied.

The remaining chapters are devoted to the applications from stochastic geometry in-
troduced in the previous section. In Chapter 4, we consider statistics of spatial random
graphs. The LP surface area of random polytopes is analysed in Chapter 5 and geometric
functionals of excursion sets of Poisson shot noise processes are studied in Chapter 6. For
better readability, we only note at the beginning of each chapter its main source on which
the respective chapter is based if not stated otherwise.



Chapter 2

Preliminaries

2.1 Basic notation

We start with introducing some basic notation. Throughout this thesis we denote by N the
natural numbers and define Nyg = NU{0}. By R we denote the real numbers, R>¢ = [0, c0)
and Ry = (0, 00).

For a set A we use the notation |A| for the number of elements in A and, if A is a
subset of a topological space, int(A) for the interior of A, A for the boundary of A and
A for its closure. The indicator function of A is defined by

1, ifxe A,
Laz) = {0 else

For better readability we also use the notation 1{-} if the condition that the indicator is
testing is more complex.

For d € N, the Euclidean space R? is equipped with the usual topology. By B(R?)
we denote the Borel g-algebra on R? and we write ||-|| for the Euclidean norm. For a set
A CR?% and a point = € R?, we define

d(w, 4) = i o — ],
where inf denotes the infimum. Analogously, we use the abbreviations sup, min and max
for the supremum, the minimum and the maximum, respectively.

The d-dimensional closed ball in R? around z with radius r > 0 is denoted by B%(x,r).
By kq we denote the volume of the d-dimensional Euclidean unit ball. For the surface
content of the corresponding (d — 1)-dimensional Euclidean unit sphere we write wy. Note
that wy = dry.

Let (X,X) be a measurable space with o-finite measure p and let f: X — R be a
measurable function on X. The restriction of f to some set A C X is denoted by f|4 and,
if X is a topological space, the support of f is defined by supp(f) = {z € X: f(z) > 0}.
Moreover, we say that f is square integrable (or f € L?(u)) if

HfH2 = /X|f(x)|2 pu(dr) < oo.



For d € N we denote by u? the product measure of 1 on X?. In many examples we consider
measures, which are multiples of the d-dimensional Lebesgue measure, which is denoted
by Agq. Integrating with respect to the Lebesgue measure is usually abbreviated by dz.
Moreover, in the context of Poisson processes we often use the Dirac measure on a point
x, which we denote by 9.

2.2 Background material from geometry

In this section we recap some definitions and basic facts from geometry. In the first part
of this section, results about convex bodies in R¢ are presented, which are mainly applied
in Chapter 6 and partially also in Chapter 5. The second part of this chapter introduces
the hyperbolic space H? of constant sectional curvature -1, which will be used in Chapter
4 to illustrate the influence of the geometry of the underlying space on the behaviour of a
specific spatial random graph.

2.2.1 Convex geometry

We start with summarising some basic facts from convex geometry. The following notation,
definitions and results are mainly based on [58] by D. Hug and W. Weil and [98] by R.
Schneider and W. Weil.

By F%, U? and C% we denote the set of closed, open and compact sets in R?, respectively.
The space of closed sets F? is equipped in this thesis with the Fell topology, also known
as topology of closed convergence, whose o-algebra B(F?) can be generated by {{F ¢
FL FNU #0}: U € U} (see e.g. [98, Lemma 2.1.1]). Note that on C? the topology
of the Hausdorff metric is strictly finer than the trace topology induced by F%. Anyway,
since by [98, Theorem 12.3.2] both topologies coincide on the set {C € C%: C C K} for
K € C%, it does not matter for our purposes, which topology we use.

Intrinsic volumes

For a set M C R?, some constant ¢ > 0 and a point € R¢ we define M +x = {y+z:ye
M} and cM = {cx: x € M}. For My, My C R the Minkowski sum of My and M is given
by

My + My ={x+y: z € M,y € My}.

Let K% denote the set of non-empty compact convex sets. Then, for K € K% the
parallel body K" is defined by

K=K+ B%0,r)={a+b:ac K,be BY0,r)} = {z e R®: d(K,z) <}

for 7 > 0, where 0 = (0,...,0) € R% With this definition we can introduce intrinsic
volumes. By Steiner’s formula we know that the volume of a parallel body is a polynomial
of degree at most d in the radius of the ball. The intrinsic volumes Vj, ..., Vy are then
defined with the help of the coefficients of this polynomial. By e.g. [98, p. 2] it holds that

Va(E") =Y rrg_yVi(K). (2.1)

d
k=0



The intrinsic volume V;(K) of a compact convex set K provides geometric information
about K. From e.g. [97, Chapter 4] we know that for a d-dimensional compact convex set
K, V4(K) is the volume, V;_1(K) half the surface area and Vy(K) the Euler characteristic
of K. Steiner’s formula especially provides the existence of a constant C7; > 0, which
might depend on d and r such that

d
Vi(K") < C1 Y Vi(K). (2.2)
k=0

The following basic properties of intrinsic volumes are summarised in [58, Remarks
3.21 and 3.22]. For K1, Ky € K¢ one can show that for i € {1,...,d}, intrinsic volumes
are non-negative, i.e. V;(K7) > 0, monotone in the sense that V;(K;) < V;(Ks) if K1 C Ko
and homogenous of order 4, i.e. V;(rK;) = r'V;(K7) for all » > 0. Moreover, one can
show that the map K — V;(K) is continuous with respect to the Hausdorff metric for all
non-empty compact convex sets K &€ Ke.

In the remaining part of this section we summarise some more advanced properties of
intrinsic volumes, which are used in Chapter 6. We start with an estimate of fRd Vi((K1 +
x) N Ks) do for K1, Ky € K% For i = d this integral can be computed exactly by the
translative integral formula, which can be found in [98, Theorem 5.2.1]. A bound of such
an integral for intrinsic volumes was derived in [55, Lemma 3.4]. Both statements are
summarised in the following lemma.

Lemma 2.1. For K1, Ky € K¢ it holds
/d Vd((Kl + a:) N KQ) dx = Vd(Kl)Vd(KQ) (2.3)
R

and for i € {1,...,d} there exists a constant ¢ > 0, which might depend on d, such that
for all K1, K, € K¢,

d d
/}RdVi((Kl—l—x)ﬁKg) dr < ¢S V(K1) Y Vi(Ka). (2.4)
Jj=t r=0

Moreover, the following lemma is taken from [55, Lemma 3.6].

Lemma 2.2. Let K1, Ko € K%. Then it holds for a suitable constant Co > 0, which might
depend on d,

d—1 d
Val{z € RY: (K1 +2)NoKy #0}) < Cy Z Vi (K2) Z Vo(K7). (2.5)
k=0 =0

As shown in [98, p. 613], for mixed volumes, which can be interpreted as generalisations
of intrinsic volumes, the Alexandrov-Fenchel inequality provides the following relation
between V;(K) and V;(K) for i < j.

Lemma 2.3. Let K € K% Then, fori,j € {0,...,d} withi < j it holds
Vi(K) < C(i, j)Vi(K )/, (2.6)

where i v
”ZH ( j)

ERC

C(i, j)
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For j € {1,...,d} and a given line N C R? through the origin, let G(N, ) be the
set of j-dimensional subsets of R? containing N and let I/JN denote the Haar measure
on G(N,j). Then, for Ki,Ky € K¢ with Ky C Ky the projection avoidance function

9502 RO (0} — [0,1] is given by

G(L(2),7)

where K;|L denotes the orthogonal projection of K; to L for i € {1,2} and L(z) is the
line spanned by x for 2 € R4\ {0}. With the help of the projection avoidance function
the following lemma shows a representation of V;(Ks3) — V;(K;) for i € {1,...,d}, which
is taken from [69, Lemma 3.8].

Lemma 2.4. Leti € {1,...,d}. Then, there exists a constant kq; > 0 such that for all
K, Ky € K% with K, C Ko,

Vi) = V() = g [ 0 )
K2\K1

Geometric functionals

Let R? be the convex ring which contains all polyconvex subsets of R?, i.e. all subsets of
R? that can be written as a finite union of compact convex sets. In this thesis we aim
to analyse geometric properties of polyconvex sets. To this end, we consider geometric
functionals.

Definition 2.5 (Geometric functional). A geometric functional ¢: R — R is a B(F%)-
B(R)-measurable function with the following three properties.

i) ¢ is translation invariant, i.e. (A + z) = p(A) for A € R? and = € R4
ii) ¢ is additive, i.e. (@) = 0 and
P(A1U As) = (A1) + p(A2) — p(A1 N As)
for A;, Ay € R4,
iii) ¢ is locally bounded, i.e.
[p(K)| < M, (2.7)
for all K € K¢ with K C [0, 1]¢, where M., only depends on ¢.

Together with the translation invariance, the bound in iii) also holds for each transla-
tion of [0,1]¢. For a polyconvex set A = Uj—1 K € R for K; € K%, j € {1,...,n} and
n € N, additivity opens up the possibility of tracing the definition of ¢(A) back to p(Kj),
j € {1,...,n}, so that functionals such as the intrinsic volumes, which we originally in-
troduced only on K? can be defined for all A € R?. The inclusion exclusion formula
provides

pA)= > ()M K). (2.8)

0AJC{1,...n} jeJ
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In harmony with this we define (A N CY) for A € R? and the half-open unit cube
Cd=10,1)? as

P(ANCEH) = p(ANCY) — p(ANdTCY), (2.9)

where C? = [0,1]¢ and 07 C? = CN\CY (see also [98, p. 394]).

The most prominent example of geometric functionals are intrinsic volumes but there
are also other types of geometric functionals like the more general example of mixed vol-
umes V(K[j], K1,...,Kq—j), where K[j] means that K is repeated j times, j € {1,...,d}
and K1,...,K4_; are fixed compact convex sets (see [97, Section 5.1]), or total measures
from translative integral geometry (see [98, Section 6.4]). For further details and more
examples of geometric functionals see also [55, p. 79] and the references therein. The
following lemma is taken from [98, Lemma 9.2.2].

Lemma 2.6. Let ¢ : R — R be a geometric functional. Then, it holds

lim % = ¢(C§)

for all W € K with Vy(W) > 0.

2.2.2 Hyperbolic geometry

The d-dimensional hyperbolic space H? of curvature —1 is the unique, complete and simply
connected Riemannian manifold of constant sectional curvature —1. We usually work with
a model that represents the hyperbolic space. Nevertheless, to illustrate the concepts
behind the formal definition above, we give in the following a short informal description
of Riemannian manifolds and curvatures. A more detailed introduction to and exact
definitions of these concepts can be found in [73]. The notation, definitions and results
from this subsection are mainly based on [36] by J. W. Cannon, W. J. Floyd, R. Kenyon
and W. R. Parry, [73] by J. M. Lee, [89] by J. G. Ratcliffe and [96] by D. Rosen, M.
Schulte, C. Théle and V. Trapp.

A Riemannian manifold is a pair (M,g), where M is a smooth manifold and ¢ a
Riemannian metric. By a smooth manifold, we mean a second-countable Hausdorff space,
which is locally Euclidean of dimension d and which is equipped with a smooth structure
that allows to differentiate functions and maps. For more details on smooth structures see
[73, Appendix A]. The Riemannian metric assigns an inner product on the tangent space
to each point p € M.

To understand the concept of curvatures of Riemannian manifolds, let us start with
defining the principle curvatures at a point p € S for a surface S in R3, i.e. a two-
dimensional embedded submanifold of R3. To this end, we fix a normal vector n and
consider the intersections of all possible normal planes of S at p, i.e. planes through
p that contain n, with S. For a specific normal plane, in a neighbourhood of p this
intersection is a plane curve 7, where we can choose 7 to be parametrised such that
||I7’|| = 1. Then, its signed curvature at p = 7(t) is defined by =+||7”(¢)||, where the
sign of the curvature depends on the orientations of n and the curve, determined by its
parametrisation. The principle curvatures are now the maximum and minimum curvatures
at p, which can be derived this way among all normal planes and give a first impression
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of the curvature of the surface. Anyway, one problem arises when talking about principle
curvatures because one can show that principle curvatures are not intrinsic properties of
the considered surface S, i.e. they are not properties that a 2-dimensional creature living
in this surface could compute. Therefore, we also consider the Gaussian curvature, which
is defined as the product of the principle curvatures and which turns out to be an intrinsic
property of a surface. Note that the concept of Gaussian curvature can be generalised
in such a way that it is well defined for any 2-dimensional Riemannian manifold and can
be computed directly from the Riemannian metric. To transfer this idea of curvature
now to Riemannian manifolds in higher dimension we use a similar procedure. The main
difficulty here is that in higher dimensions the manifold may curve in many different
directions. To this end we need to compute the Gaussian curvature for all possible 2-
dimensional submanifolds, which correspond to a 2-dimensional subspace of the tangent
space of the manifold at point p. Then, the sectional curvature at a point p is defined
as the map, which maps each 2-dimensional subspace of the tangent space at p to the
Gaussian curvature of the corresponding 2-dimensional submanifold. For more details see
e.g. [73, Chapter 1]. Finally, we say that a Riemannian manifold has constant sectional
curvature s, if the sectional curvature of all two-dimensional subspaces of the tangent
space at point p is s for any point p € M.

Let us now return from this general description of Riemannian manifolds and curva-
tures to the special case of the hyperbolic space H?, which is, as mentioned above, the
unique, complete and simply connected Riemannian manifold of constant sectional curva-
ture —1. In the following, rather than relying on this formal definition, we work with the
upper half-space model to represent the hyperbolic space. Nevertheless, it is important
for the results of this thesis to remember that, based on this formal definition, we expect
the hyperbolic space to behave locally similar to the Euclidean space as it is a Riemannian
manifold while we expect the curvature of the hyperbolic space to have more influence on
larger scales.

The upper half-space model

As already mentioned, the hyperbolic space can be represented in different models, which
are all equivalent. The most common models are the hyperboloid model, the Klein model,
the Poincaré disk model and the upper half-space model. For an overview of all these
models we refer the reader to [36, Section 7]. In this thesis we use the upper half-space
model to define and represent the hyperbolic space. As the name suggests, the upper
half-space model represents the hyperbolic space in the upper half-plane

{z=(z1,...,24) € RE: 24 > 0}
equipped with the Riemannian metric

daf + -+ da?

g = )
Lq
Then, the length L(7) of a piecewise regular parametric curve 7 = (71,...,74) with

7: [a,b] = R x Ry for a,b € R with a < b is given by

P I @)
L(T)—/a (@) dt,

12



Figure 2.1: Hyperbolic lines (red), balls (blue) and horoballs (green) in the upper half-
plane model for H? ([96, Figure 2]).

where 7/ denotes the derivative of 7. Here, piecewise regular means that there exists a
partition @ = t9 < t; < ... < t, = b for some n € N such that ||7/(¢)|] # 0 for all
t € (ti—1,t;) and ¢ € {1,...,n}. Note that the length of such a curve is invariant under
reparametrisation (see e.g. [73, Proposition 2.47 (b)]). We call the curve 7 parametrised
by its arclength if L(7|s4) =t — s for a < s <t <b. By [73, Proposition 2.49] one can
show that for each piecewise regular parametric curve 7: [a,b] — R%™! x R, there exists
a reparametrisation by arc length. Note that this idea can be generalised to curves whose
domain is [tg, o0) for some ¢y > 0 or R.

By [89, Theorem 4.6.1] the induced distance function in the upper half-space model,
i.e. the minimal length of all piecewise regular parametric curves, which start in x =
(z1,...,24) € R x Ry and end in y = (y1,...,yq) € R x Ry, is given by

dp(z,y) = arcosh(l + ||x—y||> '

2xqYdq

Similarly to the Euclidean case, the distance in the upper half-space model between a
point x € R4™! x R, and a set M C R4"! x Ry is defined by dj,(z, M) = inf,eps dp(z, 7).

A geodesic between the points x and y is a piecewise regular parametric curve, which
minimises the length of curves between these two points. Note that by [73, Theorem
4.27] this geodesic is unique up to reparametrisation of the curve in hyperbolic space.
As before, we can generalise this concept to piecewise regular parametric curves with
unbounded domains and call 7 a geodesic ray or a complete geodesic if the domain of 7
is [tg, 00) for some ¢ty > 0 or (—o0,00), respectively, and any segment of the curve is the
geodesic between both endpoints. In the upper half-plane model, geodesics are given by
(segments of) vertical lines and (segments of ) half-circles, which are orthogonal to the plane
{(z1,...,2q) € RY: 24 =0} (see [36, Theorem 9.3]). For an illustration for d = 2 see also
the red line and the red semicircle in Figure 2.1. The boundary 0H? of the hyperbolic space
is in this model given by the points of the boundary hyperplane {x; = 0} compactified
by adding the point at co. In particular, topologically it is a (d — 1)-dimensional sphere.
We call points of OH? ideal points. Observe that every geodesic ray 7: [tg, 00) — H? tends
to a unique ideal point 7(occ) € OH? and analogously, every complete geodesic tends to a
unique ideal point for ¢ — —oo and to another unique ideal point for ¢ — oo.

By [36, Fact 1], in the upper half-space model, hyperbolic spheres or balls are also
Euclidean spheres or balls but their centres do not coincide with the centres of Euclidean
balls (see e.g. the blue circle in Figure 2.1 whose centre is given by the blue dot). Of
particular importance to us are horospheres in hyperbolic space, which are, informally
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Figure 2.2: Construction of a horosphere (cf. [96, Figure 3]).

speaking, spheres of infinite radius. These can be constructed as follows. Fix a geodesic
ray 7(t) in H? and a point p on 7. For fixed ¢, consider the hyperbolic sphere S; centered
at 7(t) and passing through p. As ¢t — oo the spheres S; converge to an unbounded
hypersurface, called the horosphere passing through p around the ideal point 7(c0) (see
Figure 2.2). For concreteness, in the upper half-space model, horospheres are realised as
Euclidean spheres tangent to the boundary, or as Euclidean hyperplanes parallel to the
boundary, see Figure 2.1 for the case d = 2. Any horosphere H is the boundary of two
unbounded domains, only one of which is convex. We call this the horoball bounded by
H. More specifically, we call the corresponding horoball of the horosphere that passes
through p around the ideal point 7(c0), the horoball around the ideal point 7(c0) passing
through p. It can be seen as the limit of the balls bounded by the spheres converging to
H. In the upper half-space model, a horoball is realised as the Euclidean ball bounded by
a Euclidean sphere tangent to the boundary, or as the Euclidean half-space lying above
a Euclidean hyperplane parallel to the boundary. Note that in contrast to the Euclidean
case, horoballs do not coincide with half-spaces. While, as described, the boundary of a
horoball is given by a horosphere, the boundary of a half-space is given by a complete
geodesic (cf. Figure 2.1).

Hyperbolic trigonometry

In this section we consider hyperbolic triangles (see also Figure 2.3) whose vertices are
three noncollinear points A, B, C, i.e. points which do not lie on a geodesic and whose
sides are given by the geodesics from A to B, B to C' and C to A.

In contrast to Euclidean triangles, the angle sum of a hyperbolic triangle is always
smaller than 7 (see e.g. [89, Corollary 1]). Indeed, in hyperbolic space one can construct
triangles with an arbitrary angle sum, which is smaller than 7. If we allow the vertices
of the triangle to be ideal points on the boundary of H? we can even construct triangles
with angle sum 0. The following law of sines can be shown in hyperbolic space (see e.g.
[89, Theorem 3.5.2]).

Lemma 2.7. Let a, 8,7 be the angles of a hyperbolic triangle and let a, b, c be the lengths
of the opposite sides. Then, it holds
sinh(a)  sinh(b)  sinh(c)

sin(a)  sin(B)  sin(y)

Note that for a triangle with v = 7 the law of sines provides

(2.10)



A

Figure 2.3: A hyperbolic triangle

i.e. compared to the Euclidean set-up, the side length a and ¢ are replaced by sinh(a) and
sinh(c). The hyperbolic law of cosine in hyperbolic space is given in the following lemma
(see also [89, Theorem 3.5.3]).

Lemma 2.8. Let a, 5,7 be the angles of a hyperbolic triangle and let a,b, ¢ be the lengths
of the opposite sides. Then, it holds

cosh(c) = cosh(a) cosh(b) — sinh(a) sinh(b) cos(7).
Note that this lemma implies for a triangle with v = 5 that
cosh(c) = cosh(a) cosh(b), (2.11)

which can be interpreted as the hyperbolic Pythagorean theorem.

Integration formulas

Let H?% denote the d-dimensional Hausdorff measure on H?. This subsection introduces
several integration formulas in H? which may be viewed as disintegration formulas for
hyperbolic volume along spheres, hyperplanes, or horospheres and are taken from [96,
Section 2.2].

The first one is the standard formula for polar integration in H¢ Fix an arbitrary
origin 0 € H%, and associate to each point 2 € H?\ {0} the pair (s,u) € (0,00) x S9!
such that s = dj(0,z) and u is the unit vector tangent to the (unique) geodesic starting
at o and passing through z. Then, we have for every measurable function f: H? — [0, 00)
the formula

f(x)H(dz) = /OO f(s,u) sinh® 1 (s) duds, (2.12)
Hd 0o Jsi-1

where we denote by du the volume element of the standard rotationally-invariant volume
form on the unit sphere S¢! in the tangent space of H? at o. In particular, we get the
following formula for the volume of a hyperbolic ball for R > 0:

R
Vi(R) = HYBl(z, R)) = wd/o sinh?™!(u) du. (2.13)

The next formula is a disintegration of the hyperbolic volume along hyperplanes (see
also [96, Lemma 2.1]).
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Lemma 2.9. Let L C H? be a complete geodesic with an arclength parametrisation T(t).
For t € R let Hy be the hyperbolic hyperplane meeting L at 7(t) orthogonally. Then, for
any measurable function f: H? — [0,00) one has that

F(@) HY(da) = / F(a) cosh(dy (z, L)) H= (dz) dt.
Hd R JH

We call horospheres centered at the same ideal point parallel. The family of all parallel
horospheres corresponding to some ideal point cover the entire hyperbolic space, and
it is convenient to parametrise the family in terms of the signed distance from a given
horosphere H to some fixed point o € H¢, where we take the distance to be negative if o
lies inside the horoball bounded by H, and positive otherwise. Then, one can show the
following disintegration of the hyperbolic volume with respect to horospheres (see also [96,
Lemma 2.2]).

Lemma 2.10. Let (Hy)ier be a family of parallel horospheres in H®, parametrised such
that Hy has signed distance t from some fized point o € H®. Then, for any measurable
function f: H? — [0,00) it holds

f(@) HY(da) = / F) HE Y (da) de.
Hd R J H¢

In order to apply this lemma in Chapter 4, we use the following result from [59,
Proposition 4.1.(1)].

Lemma 2.11. Let B,‘f(o7 r) denote the hyperbolic ball around some fixed point o € H
and radius v > 0 and let H; be a horosphere in H® with signed distance t from o. Then,
Hy N B&(o,7) is a (d — 1)-dimensional ball in Hy for |t| < r and it holds

HIY(H, N B (0,7)) = kq_1]2e(cosh(r) — cosh(t))]@1)/2,

2.3 Background material from probability theory

Throughout this thesis let (£2, F,P) denote the underlying probability space and E[-], Var[']
and Cov(-,-) the expectation, variance and covariance, respectively. This section provides
a brief overview of the field of Poisson processes and gives some normal approximation
results for Poisson functionals. For a more detailed introduction to Poisson processes and
functionals we refer the reader to [71].

2.3.1 Poisson processes

We start with introducing Poisson processes and summarise their most important proper-
ties. The results from this subsection and the following notation are based on [71] by G.
Last and M. Penrose. Let (X,Xx’) be a measurable space and denote by N the set of all
measures, which can be written as a countable sum of integer valued measures, equipped
with the o-field N generated by mappings of the form v +— v(B) for B € X. Recall that
a measure v on X is called o-finite if there exists a sequence (By,)men with By, € X
v(Bp) < oo for m € N and |J,,,cy Bn = X. Note that any o-finite No-valued measure is
contained in N, where Ny = Ny U {oo}.
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A point process is an F-N-measurable map n: Q — N. In the following we denote the
mapping w — n(w, B) by n(B) for all B € X. By the definition of a point process, n(B) is
a random variable taking values in Ny, which can be interpreted as the number of points
in B. We call n a proper point process if there exist random elements X, Xo,... in X and
a Ng-valued random variable 7 such that almost surely

n=>Y dx,. (2.14)
=1

Note that for 7 = 0, this is interpreted as zero measure. This representation justifies
the idea of interpreting a proper point process as a countable collection of random points
(where the same point can occur more than once) instead of interpreting it as a measure.
We call the measure A\, which is defined by A(B) = E[n(B)] for B € X, the intensity
measure of 1.

Definition 2.12. Let A be a o-finite measure on X. A Poisson process 1 on X with
intensity measure A is a point process which satisfies

i) n(B) is Poisson distributed with parameter A(B) for all B € X, i.e.

for all k € Ng and B € X,

ii) n(B1),...,n(By) are independent for pairwise disjoint sets By,...,B, € X and
n € N.

Note that by [71, Theorem 3.6] for each o-finite measure A on X there exists a Poisson
process on X. Moreover, by [71, Corollary 3.7], if n is a Poisson process, there exists a
proper point process with the same distribution as 7. Thus, without loss of generality, we
always assume that Poisson processes are proper throughout this thesis. This is why one
can think of a Poisson process 1 as a random collection of points, where n(B) stands for
the number of points of  in B for all B € X', which satisfies i) and ii). If {z} € X for all
x € X and A does not have atoms, i.e. A({z}) =0 for all z € X, it holds n({z}) <1 for all
x € X almost surely, i.e. no multiple points occur almost surely and we can identify the
Poisson process directly with a set of points. If A has atoms, we would lose the multiplicity
of points by considering just the set of points. To avoid this we can provide each point
with a mark so that we can distinguish two points at the same location and identify the
random measure again with a set of random points. This justifies the notation = € n that
we use throughout the thesis.

To equip each point of a Poisson process with a mark from some measurable space
(Y,Y), which we call the mark space, we use a probability kernel K: X x Y — [0, 1], where
K(x,-) is a probability measure for all x € X and K (-,C) is measurable for all C' € ).
Then, if 7 is represented as in (2.14) and Y7, Y3, ... are random variables in Y such that for
given 7 = n € N and (X, )m<n the conditional distribution of (Y;;)m<n is the distribution
of independent random variables with distributions K (X,,,-) for m < n, the process

£=) dxm)
=1
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is a marked Poisson process on X x Y. By the marking theorem (see [71, Theorem 5.5])
such a marked Poisson process is a Poisson process on X x Y with intensity measure
A ® K. Note that if Y is equipped with a probability measure Q a possible choice of
the probability kernel is K (z,-) = Q for all x € X, which is the type of marked Poisson
processes we consider in Chapter 6.

Throughout this thesis we denote for k£ € N by 77;1 the set of all k-tuples of distinct
points of the support of , where multiple points are taken into account. With this notation
we can introduce the multivariate Mecke equation (see for example [71, Theorem 4.4]).

Theorem 2.13 (multivariate Mecke equation). Let n be a Poisson process on X with o-
finite intensity measure X. Then it holds for any measurable function f: X" x N — [0, c0),

E|: Z f(xly7$k7n):|_/kE[f('rlv7xk7n+5:ﬂ1++6xk)])\k(d(x17amk))
(r17...,xk)6ni X
(2.15)

Note that the multivariate Mecke equation continues to hold for any function f: X* x
N — R if

/kEHf(ml,...,xk,n—i—(Sml bt ) M (d(@ns ) < o0
X

Instead of working with Poisson processes one could also think about working with a
fixed number of random points. This means that for some probability distribution Q one
would take independent random elements X1, ..., X,,, which are distributed according to
Q for fixed n € N, and consider the point process m, = » . ; dx,. This process is called
binomial point process with sample size n and sampling distribution Q since n,(B) is
binomially distributed with parameters n and Q(B) for all B € X. Compared to binomial
point processes, working with Poisson processes has the advantage that we do not only
know the distribution of the number of points in a region but the numbers of points in
disjoint regions are also independent in the case of Poisson processes (see Definition 2.12
ii)). Roughly speaking, this means that the numbers of points in disjoint regions do not
influence each other, which is usually very helpful for the analysis of the process and is not
fulfilled for binomial point processes since the total number of points is fixed in this case.
Nevertheless, Poisson and binomial point processes are linked by the following proposition,
which is taken from [71, Proposition 3.8].

Proposition 2.14. Let n be a Poisson process on X with intensity measure A and 0 <
AX) < co. Then, the conditional distribution P(n € -|n(X) = n) for fired n € N is the
distribution of a binomial point process with sample size n and sampling distribution ﬁ.

2.3.2 Poisson functionals and the Fock space representation

A Poisson functional F is a measurable function that depends on the Poisson process
n. This means that there exists a measurable function f: N — R such that F' = f(n)
P-almost surely. This function f is called representative of F. For simplicity we use the
notation F' = F(n) throughout this thesis. If F' is square-integrable, we write F' € L727.
Again, the results from this subsection and the following notation are based on [71] by G.
Last and M. Penrose.
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The difference operator of a Poisson functional F' is defined by
Do F' = F(n+ 05) — F(n)

for z € X. If one interprets 7 as a collection of random points, this means that the difference
operator, also known as add-one cost operator, measures how adding an additional point
x changes the functional. Iteratively, higher order difference operators are defined as

D}, ¥ =Dy (D},

Tlyeey® s Ln

F)
forn € N and z1,...,z, € X. This yields the explicit representation
D F= Y VIR Y a) (2.16)
JCA{1,....,n} jeJ

for the difference operator of order n for n € N and z1,...,x, € X. Note that for any
permutation 7: {1,...,n} — {1,...,n} of {1,...,n} this provides

n n
Dzl,...,an = D$ﬂ<1),...,xﬂ<n)F7 (217)
i.e. the difference operator of order n is symmetric in 1, ..., Ty.

For n € N let H,, be the space of symmetric functions in L?(\") and define Hy =
R. Then, the Fock space H is the set of all sequences (up)n>0 € X952 H,, satisfying
((Un)n>0, (un)n>0)H < 00, where for sequences (un)n>0, (Vn)n>0,
— 1
((Un)nZOa (Un)n20>H = Z g<un7 vn>n-

n=0

Here, (-,-),, denotes the inner product on L?(\") for n € N and (a,b)o = ab for a,b € R.
Note that H is a Hilbert space, i.e. H is a complete metric space with respect to the
distance function induced by (-, ‘).

For any F' € L% there exists a sequence of expected difference operators of order n for
n > 0, where DYF = F. The following theorem will show that the second moment of F
coincides with the squared norm of this sequence of expected difference operators in the
Fock space. To this end we abbreviate f,(x1,...,z,) = %E[DQIMF] for xq,...,xy € X,
n € N and fy = E[F]. With this, we can introduce the Fock space representation, which
can be found for example in [71, Theorem 18.6] and [72, Theorem 1.1].

Theorem 2.15 (Fock space representation). Letn be a Poisson process on X with intensity
measure A and let F' € L727. Then, it holds

o0

E[F?] =) nllfull2, (2.18)

n=0
where ||-||, denotes the norm on L*(A\") for n € N and ||-|jo = |-|.

Note that the Fock space representation yields a representation of the variance in terms
of difference operators since subtracting E[F]? on both sides yields

o0

VarlF] = 3" nll ful2. (2.19)

n=1
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For any square-integrable Poisson functional there also exists an orthogonal decomposition
of F into a series of Wiener-It6 integrals, which is known as chaos expansion and converges
in L2(P) to F. The integrands of this chaos expansion are given by f,, for n € Ny (see [71,
Theorem 18.10] and [72, Theorem 1.3]). Note that the integrands are unique in the sense
that if F' has such a representation as a series of Wiener-It6 integrals with integrands g,
for n € Ny, it holds gy = fo and g, is A\"-a.e. equal to f,, for n € N.

A consequence of the Fock space representation is the following upper bound for the
variance known as Poincaré inequality (see [71, Theorem 18.7]).

Theorem 2.16 (Poincaré inequality). Let nn be a Poisson process on X with intensity
measure A and let F' € L727. Then it holds

Var[F] < /X E[(D,F)? A(dz). (2.20)

2.3.3 Normal approximation of Poisson functionals

Throughout this thesis we often aim to show convergence of a sequence of Poisson func-
tionals to a standard Gaussian random variable in distribution. To quantify these normal
approximation results, we need to be able to measure the distance between probability
distributions. To this end we introduce the Wasserstein and the Kolmogorov distance.

Let X,Y be random variables with E[| X|], E[|Y|] < co. Then, the Wasserstein distance
between X and Y is given by

dw (X,Y) = Sup [E[A(X)] = E[A(Y)]],

where Lip; denotes the set of Lipschitz functions with Lipschitz constant less than or equal
to one. The Kolmogorov distance between X and Y is defined by

dic(X,Y) = sup [B(X < 1) —B(Y < 1),
teR

i.e. it is given by the supremum norm of the distance of the distribution functions of X

and Y. To bound the Wasserstein distance between a Poisson functional and a standard

normally distributed random variable, we use the following bounds from [16, Theorem 3.1]
and [70, Theorem 1.1].

Theorem 2.17. Let n be a Poisson process on X with intensity measure A and let F' € L%
be a Poisson functional satisfying E[F] =0, Var[F] =1 and E[[(D,F)* A\(dz)] < co. By
N we denote a standard Gaussian random variable. Then,

dw(F,N) <y +v+v and dw(F,N) <+ +7s,

where

Y

}1/2

2
[
Il
[\
[ —

/(E[(DmF)Z(ngF)2])1/2(E[(D2 F)*(D3, 4, F)'])Y? X(d(21, 22, 73))
XS

1,23 2,23

72 = |:/X E[(D§17x3F)2(D372,13F)2] )\3(d(x1,$2,l‘3))] 1/27
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The following similar result for the Kolmogorov distance can be found in [70, Theorem
1.2].

Theorem 2.18. Let n be a Poisson process on X with intensity measure A and let F' € L%
be a Poisson functional satisfying E[F] = 0, Var[F] =1 and E[[(D,F)? A\(dz)] < co. By
N we denote a standard Gaussian random variable. Then,

dg(F,N) <m +92+ 73+ 71+ 75 + %,
where v1,7y2,7vs are defined as in Theorem 2.17 and

1

742

(E[FDY /X[(E[(DxF)Z‘])S“] A(dz),

1/2

5= ([ BID:2)) o)

0= ([ S0 Y D2, Y DY2 4 3E(D2, o, )] (o))
- 1,72 1,02

As a consequence of Theorems 2.17 and 2.18, the additional following bounds for the
Kolmogorov and Wasserstein distance were shown in [70, Theorem 6.1].

Theorem 2.19. Let i be a Poisson process on X with intensity measure A and let F' be
a Poisson functional satisfying E[ [ (DQCF)2 A(dz)] < 0o and Var[F] > 0, which fulfils the
moment conditions

E[|D,FP] <¢ for X-a.e. z€X,
E[|D2 , FP’] <& for M-ae. (z1,13) € X>

1,72

for some constant ¢ > 1.
Denote by N a standard Gaussian random variable. Then it holds

2 1/2
F —E[F] 5c
dw (W7N> = Var[F] (/X </XP(D3231,232F # 0)1/20 A(dx2)> )\(d%ﬂ)

¢ 2/5 \(da
G L POAF £ 027 )

and

2 1/2
F —EI[F] 5¢C 2 1/20 )\ (e .
i (WN> < o ( / ( | P2 L £ 0/ A 2>> Ad n)

el oclp el +2er)?
Var[F| = Var[F]3/2 Var[F]?
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D2 F £ 0)1/10 )\Q(d(xl, ZL‘Q))) 1/2,

T1,T2

V6¢ + /3¢
Vot L

where

Ip = /XIP’(DzF £ 0)1/10 \(dx).

Note that in the previous theorem, the bound for the Kolmogorov distance is a bound
for the Wasserstein distance, too. This can also be seen from comparing Theorems 2.17 and
2.18, since Theorem 2.19 can be proven directly by estimating ~v1,...,7vs from Theorems
2.17 and 2.18.

Since we aim to show multivariate central limit theorems in Chapters 4 and 5, we
introduce in the following two distances for random vectors. Let X,Y be random vectors
in R™ for some m € N with E[|X]||, E[|[Y]]] < cc. By H2, we denote the set of all
C?-functions h: R™ — R, which satisfy

|h(z) — h(y)| < ||z —y|| forallz,yeR™ and  sup ||Hessh(z)|op <1,
TrER™

where Hess h denotes the Hessian of h and ||-||o, stands for the operator norm of a matrix.
Then, the do-distance is defined by

da(X,Y) = Sup [E[R(X)] = E[R(Y)]].

Moreover, we use the dconvex-distance, which is given by

dconveX(X7 Y) = hsequ |E[h(X)} - E[h(Y)Hv

where Z,,, denotes the set of indicators of measurable convex sets in R™. As in the one-
dimensional case one can use the Kolmogorov distance to measure the distance of the
distributions of two random vectors, which was defined as the supremum norm of the
difference of the distribution functions. Note that by the definition of the donvex-distance,
the deonvex-distance is for m > 2 stronger than the Kolmogorov distance. Thus, all results
that we show for the dconvex-distance also hold for the Kolmogorov distance.

In [102, Theorem 1.1, Theorem 1.2] multivariate second order Poincaré inequalities
were shown for the da- and dconvex-distance, which are similar to the one-dimensional
versions for the Wasserstein and Kolmogorov distance in Theorems 2.17 and 2.18. Since
we do not use these expressions explicitly in this thesis we refrain from stating them here.
Just note that similarly to Theorem 2.17 and Theorem 2.18, the multivariate second order
Poincaré inequalities mainly depend on the first and second order difference operator.
Moreover, just as we need the positivity of the variance for the normal approximation
results in dy- and di-distance, the bounds for the do- and dconvex-distance are only
valid if the corresponding covariance matrix is positive definite. Finally, there is also an
analogous version of Theorem 2.19 for vectors of random variables, which can be found in
[102, Theorem 4.5].

22



2.3.4 Stabilising functionals

In this section we assume that the measurable space (X, X') is equipped with a o-finite
intensity measure A and a semi-metric d. We denote by B(z,7) the ball of radius r with
respect to d around z € X and assume that there exist constants £, > > 0 such that

lim sup AN B(z,r +¢)) — AM(B(zx,r))

e—0 3

< Boer™ 1 (2.21)

for all > 0 and = € X. Clearly, this assumption is satisfied if X is R? or a full-dimensional
subset of R% equipped with the usual Euclidean norm and X has a bounded density with
respect to the Lebesgue measure. The following definitions follow the notation from [69]
by R. Lachiéze-Rey, M. Schulte and J. E. Yukich, [101] by M. Schulte and V. Trapp and
[103] by M. Schulte and J. E. Yukich.

For s > 1 let ns be a Poisson process with intensity measure sA\. We consider a Poisson
functional Fy for s > 1. In many applications Fy can be written as a sum of scores, i.e.

Fs = Fs(ns) = Z Es(,ms) (2.22)

TENs

for some measurable function £5: X x N — R. One can think of F§ as the sum of contribu-
tions associated with the points of ;. The idea of stabilising functionals is that the score
of a point only depends on the points of the Poisson process 7 in a random neighbourhood
of z.

Let s > 1. A measurable map Rs: X x N — R is called radius of stabilisation for £, if

= <x’ (V EEDD 5“) B(x,RS(:c,V—i-dz))) =& (x’ vt ) 5“)
acA

acA

forall z € X, v € N and A C X with |A| < 9. Broadly speaking, this means that the value
of the score only depends on the points of the underlying point process in a ball with radius
Rs(z,v + 65) around x. One can also consider sums of scores, which fulfil the described
condition for more general random neighbourhoods as done e.g. in [21]. Here, so-called
stabilisation regions are introduced, which are not necessarily balls. This approach can
be useful to handle applications, where balls are not suitable. However, in this thesis, we
stick to the concept of stabilisation radii, as they are sufficient for our purposes.

The scores (§5)s>1 are called ezponentially stabilising if there exist radii of stabilisation
(Rs)s>1 and constants Cgiap, Cstab, Ostap > 0 such that

P(Rs(l‘a Ns + 51) > T) < Cstab exp[*cstab(sl/%r>a8tab] (223)

for x € X, r > 0, s > 1 and s from (2.21). For ¢ > 0, the scores ({5)s>1 fulfil a ¢-th
moment condition if there exists a constant Cy > 0 satisfying

& (a: Ns + 6 + anA(5a>

for A C X with |A| < 9. Finally, the scores ({5)s>1 decay exponentially fast with distance
to a measurable set K C X if there are constants Ck,cx,ax > 0 such that for z € X,
s>1and A C X with |4| <9,

IP’(&S (:L‘,ns + 0z + ;15(1) # 0) < Ok exp|—cg s®5/#d(x, K)°K], (2.25)

supsupE [ q} < (, (2.24)

s>1 zeX
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where d(z, K) denotes the distance from x to K with respect to the semi-metric d. In
contrast to the definitions in [69], those in [103] and in this section require that one can
add up to nine additional points instead of seven, but this difference is not essential and
all results from [69] we refer to throughout this thesis are still valid. The additional points
come from considering difference operators and applying the multivariate Mecke formula
since the k-th power of a sum of scores can be rewritten as sums over up to k different
points so that the multivariate Mecke formula leads to adding up to k—1 additional points.
Thus, the different numbers of points in the works [69] and [103] are caused by different
moment conditions. For more details on stabilising functionals we refer to [69] or [103]
and the references therein.

In Chapter 4 and Chapter 5 we represent the considered functionals in the framework
of stabilising functionals. In order to apply the normal approximation results from the
previous section to stabilising functionals the following properties from [69, Lemma 5.5],
(69, (5.8) in Lemma 5.10] and [69, Lemma 5.9] can be helpful. (Note that the statement
of [69, Lemma 5.9] contains a typo since the exponent « of dy(z1, K) = s'/#d(x1, K) is
missing in the upper bound.)

Lemma 2.20. Let (Fs)s>1 be a family of stabilising functionals of the form (2.22), whose
corresponding scores fulfil (2.23), (2.24) for ¢ = 4+ p for some p € (0,1] and (2.25) and
let @ = min{agtap, ax }

a) For any ¢ € (4,4 + p) there exists a constant C > 0 such that

E[D.F (s + Y 6u)

uelU

“<c (2.26)

forallxz € X, U C X with [U| <1 and s > 1.

b) For any B >0,
s / P(D,F, # 0)% A(d) < Css / expl—éss®/7d(x, K)] A(dz)

for some constants éﬁ> cg >0 and all s > 1.

c¢) For any B > 0 there exists constants Cg,cg > 0 such that
s / P(D2,,F, # 0)° A(dy) < Cj expl—css®/*d(z, K)°] (2.27)

forallx € X and s > 1.

The following multivariate normal approximation result in d¢onyvex-distance for a vector
of centred stabilising functionals was shown in [103, Theorem 4.1 c)].

Theorem 2.21. Form € N and s > 1 let Fs(l), . ,Fs(m) be functionals of the form (2.22)
such that the corresponding scores fulfil (2.23), (2.24) and (2.25). Let o = min{agtqp, i }
and 7 > 0. Then, there exists a constant C > 0 such that for any positive definite matrix

© = (0i)ijef1,..m}>

deonves (s~ T (FW —E[FWM], ... F™ —E[F™)]), No)
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< OmP 2 max{|07 2, 107137}

m (&) ()
X max{ Z Cov(F5", F5")

pa 827'
i,7=1

0;; — ,8 " max{siQTIKS, (572TIK,8)1/4}},

where Ng is a centred Gaussian random vector in R™*™ with covariance matriz © and

min{cgan, cx } min{p, 1}s*/7d(z, K)*
Igs= S/Xexp ( - sta 39 40+ ) A(dx)

for s > 1.

Note that we refrain from introducing the analogous bound for the ds-distance here
since we do not use this bound throughout the thesis. Nevertheless, there is a similar
result for the ds-distance, which can be found in [103, Theorem 4.1 b)].

To conclude, it should be noted that all normal approximation results mentioned
throughout this and the previous section require either the positivity of the variance in
the one-dimensional setting or the positive definiteness of the covariance matrix in the
multivariate setting. This is the reason why we introduce in the following chapter a lower
variance bound, which can also be used to show the positive definiteness of a covariance
matrix, as discussed in Section 1.1.
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Chapter 3

Lower bounds for variances of
Poisson functionals

In this chapter we derive the main theoretical result of this thesis: a lower variance bound
for Poisson functionals, which can be interpreted as a generalised reverse Poincaré inequal-
ity. This chapter is based on [101] by M. Schulte and V. Trapp and [109] by V. Trapp.
While [101, Theorem 1.1] introduced the reverse Poincaré inequality, [109, Theorem 2.3]
generalised this result to higher order difference operators.

3.1 Main theorem

Let (X,X) be a measurable space and let n be a Poisson process on X with o-finite
intensity measure A. To establish lower variance bounds for a Poisson functional F' € L%
that depend on difference operators we can use the Fock space representation. In a first
approach, with (2.19), one can directly derive for fixed n € N,

. 1 n n
Var[F] = 3 K| filli = nlllfall? = n'/x E[Dg, o FIP A" (21, 20)). (3.1)
k:l . n

The problem with this lower variance bound is that difference operators can in general
be positive or negative and, thus, can have expectation zero. To overcome this issue, we
provide in this chapter a counterpart to the well-known Poincaré inequality

VarlF] < /X E[(D.F)Y A(d)

for F' € L,27 (see Theorem 2.16). More precisely, we give conditions under which the
variance of F' can be bounded from below by a constant times the right-hand side of the
Poincaré inequality or its analogue for higher order difference operators. Thus, we can
think of it as a generalised reverse Poincaré inequality.

Theorem 3.1. Forn e N let F € L% with

E[/ (Dgl’...“,]ﬁnl?’)2 Ad(z1,y .. yxn)) | < 00
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satisfy

E[/XM(IDQF Tt )2/\"“((1(:1;1,...,%“))} < aE[/n(Dgh o )’ /\”(d(ml,...,xn))]
(3.2)

for some a > 0 and n € N. Then,

VarlF] 2 B[ [ (D5 PPN o))

cla,n)
for some constant c(a,n) > 0, which depends only on n and .

For n = 1 this theorem was proven in [101, Section 2]. The following proof for general
n is analogue to the one in [109, Appendix A].

Proof. For m € N and z1,...,2, € X let f(z1,...,2m) = %E[Dgi F] and fy =

E[F]. Then, the Fock space representation (2.18) provides

0o
F2 =" ml| foll-
m=0

For j € {n,n+1} this yields together with Fubini’s theorem and the monotone convergence
theorem,

sTm

_/ijzom! mE[Dyl’ (D T B N™d(y1, - ym)) M (d(21, ..., 75))
o] 1 ‘
_ et - |
_mz—om' XmﬂE[Dml"z’xmﬂ ] A j(d(xlv"'amerj))
[Ty (m—4) - i
= Z‘OTH!/mE[Dxl,...,meP A (d(xl,,xm))
m=j
co j—1
= > I =iyl fmli
m=11=0

This means, assumption (3.2) is equivalent to

[y

n—

> — i)l fm 5 (@ = m +n) > 0. (3.3)

m=1 1:0

Now, choose ¢(a,n) > H?:_Ol(m —i)(a —=m+n+1) =: g(m) for all m € Ny, which is
possible since g: Ng — R is uniformly bounded from above in m as the leading monomial
occurs with a negative sign. Then,

c(a, n)Var[F| — E[/(Dgh L F)2 A"(d(x1,...,2,))
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n—1

= i m'”me%@(C(a,n) _ H(m _ z))

=0
> Zm'ufmumH o —m+n)>0

by (3.3), which completes the proof. ]

We are also able to give an explicit constant ¢(a,n). Remember that by the proof of
Theorem 3.1, the theorem holds for any ¢(«, n) with

n—1
clay,n) > max | | (m—i)(a—m+n+1).

eN
MR

For n = 1 it was shown in [101, Theorem 1.1] that ¢(a, 1) can be chosen as

9 2
cla, 1) = (a—z ) .
This is due to the fact that (m (a“) > 0 implies (ot ) > m(a—m+2) for all m € Np.

Similarly, one can show that the functlon h:R>p— R Wlt h(m) =m"(a—m+n+1) is
n(a+n+1)

maximised for m = == —1 - Hence,
n—1 n +1
. n"(a+n+1)"
il_!)(mz)(aernqu)gm”(am+n+1)§ (1)

for all m € R>( and thus also for all m € Ny so that we can choose

n"(a+n+ 1)”‘H
(n+ 1)n+1

cla,n) =

for n € N. This means that we also have an explicit bound for ¢(a,n). Anyway, since we
are usually only interested in the order of the variance and not in explicit constants in
this thesis, we refrain from going deeper into the topic of optimising this constant.

For n = 1 we refer to Theorem 3.1 as reverse Poincaré inequality. Since it is sufficient
to work with the case n =1 in many applications, we recapitulate this version from [101,
Theorem 1.1] in the following corollary.

Corollary 3.2. Let F € L727 be a Poisson functional satisfying

E[/Xz(D;yF)Q )\Q(d(x,y))} < aE[/X(DmF)Q )\(dx)} < 00

for some constant a > 0. Then,

Var[F] > (aij[ /X (D, F)? )\(dx)]
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3.2 Application of the generalised reverse Poincaré inequal-
ity

The generalised reverse Poincaré inequality can be applied to show that the variance is of
a specific order. Typically, we consider a family of Poisson functionals (F§)s>1 and aim
to show that Var[Fg] > ¢; f(s) for some constant ¢; > 0 and some function f: R — Ry.
Establishing such a lower variance bound requires the following two steps for some fixed
n € N.

(1) Showing an upper bound for the left-hand side of (3.2), i.e. proving that

E [ [ O FP N ,xm»] < o f(s) (3.4)
Xn+1

for some constant co > 0.

(2) Deriving a lower bound for the right-hand side of (3.2), i.e. showing that

B [ (D2 P NG| 2 cf (o) 35)

for some constant ¢z > 0.

Then, condition (3.2) is fulfilled for a = £ since in this case

EU (Dﬁlf.l..,anFs)QA"“(d(@“h--~,xn+1))] < caf(s) = acsf(s)
Xnt1

and we derive as lower bound for the variance

Var[Fy] >

B [ (D2 PP W) 2

~—

c(a,n) cla,n

In the following chapters we consider applications from stochastic geometry. Here, we
typically derive bounds of variances scaling like the volume of the observation window or
like a specific power of s. For most applications it is sufficient to use the reverse Poincaré
inequality (i.e. Theorem 3.1 for n = 1). Only in Section 6.3 we will use the more general
version and show how this version can help to reduce our problem to a deterministic
geometric problem.

For stabilising functionals of the form (2.22), one can often use properties of the score
functions for step (1). For random graphs this will be illustrated for example in Lemma
4.2. The more involved case of random polytopes is treated in Section 5.2. Anyway,
functionals do not have to be stabilising to fulfil (3.4) as can be seen in the chapter about
excursion sets of Poisson shot noise processes. The functionals, which are considered in
this chapter are not stabilising. Nevertheless, it is possible to show (3.4).

Note that upper bounds as in (3.4) are often also required to derive quantitative
central limit theorems in Wasserstein and Kolmogorov distance (cf. Theorems 2.17 and
2.18). Thus, the main additional task that occurs when not only deriving a quantitative
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central limit theorem but also a lower variance bound is to find a lower bound as in (3.5).
To show (3.5) one usually constructs special point configurations that lead to a non-zero
difference operator and occur with positive probability. This is often much easier than to
verify that the expectation of the difference operator is non-zero as required in (3.1).

3.3 Comparison to other lower variance bounds

Let us discuss some alternative approaches to derive lower variance bounds for Poisson
functionals or statistics arising in stochastic geometry. The following theorem can be
found in [70, Theorem 5.2].

Theorem 3.3. Let F € L% and assume that there exist n € N, Iy, Io C {1,...,n} with
LUl ={1,...,n}, a measurable set U C X" and a constant ¢ > 0 such that

\E[F(Hiezh%) _F(Hiezb%)ﬂ >

for \"-a.e. (x1,...,x,) € U. Then,

C2

Fl>_—“—- i inf 1T
VarlF) 2 oo D£IC L n} Ve AL V),
AT(V) A" (U) /27

where Il denotes the projection onto the components whose indices belong to J.

The approach from Theorem 3.3 is the one from the literature, which is most compa-
rable to ours since, to apply this theorem, one also needs to control how the functional
changes, if points are added to the underlying Poisson processes, to derive a lower bound

for

‘E[F(m Z%—) . F(n n Zém)} ‘

i€ly 1€ls

for fixed n € N, I, I, C{1,...,n} and z1,...,z, € X. Note that adding more than one
point allows to enforce particular point configurations, which is why this expression is often
easier to control than the expectation of the first difference operator in (3.1). Nevertheless,
there is still the problem that the difference within the expectation can be both positive
and negative. In contrast to that, for an application of the generalised reverse Poincaré
inequality, we need a lower bound for E[(DZ . F)? for z1,...,z, € X. Due to the
square, the expression in the expectation is non-negative, which provides

E[(D},,. 0, F)?] > PP(D;, | 0, Fl > 0)
for any ¢ > 0. Thus, in contrast to the strategy from Theorem 3.3, it is sufficient for our
approach to construct configurations of points x1,...,7, € X for which |D}  F| >c
for some constant ¢ > 0 and n € N to obtain a lower bound for P(|Dy, . F|> ¢).

In the literature there are of course several further results for lower variance bounds. In
[15, 86, 87], lower bounds for variances of stabilising functionals of Poisson processes and
sometimes also binomial point processes were deduced. These results have all in common
that generalised difference or add-one-cost operators are required to be non-degenerate.

31



This is similar to our work, but the random variable that has to be non-degenerate is more
involved than the difference operator and, moreover, the results apply only to stabilising
functionals and not to general Poisson functionals.

A further approach is to condition on some o-field and to bound the variance from
below by the expectation of the conditional variance with respect to this o-field. In the
context of stochastic geometry this was used, for example, in [5, 11, 90]. By conditioning
on the o-field it is sufficient to consider some particular point configurations similarly as
in Theorem 3.1. In [38], a condition requiring that some conditional expectations are not
degenerate is used to establish lower variance bounds for stabilising functionals.

As already mentioned, we consider functionals of spatial random graphs, random poly-
topes and excursion sets of Poisson shot noise processes in the following chapters. Since
the considered statistics of spatial random graphs in Euclidean space fit into the framework
of stabilising functionals of Poisson processes, the results for the non-degeneracy of the
asymptotic variance of stabilising functionals discussed above might be applicable, while
this is not the case for the considered statistics in hyperbolic space. The LP surface area
is again stabilising, but here the variance does not scale like the intensity of the underly-
ing Poisson process, whence the previously mentioned results are not available anymore.
Finally, in case of general Poisson shot noise processes we do not have stabilisation at all.
Thus, the previously mentioned results cannot be used either.

Remark 3.4. Note that for functionals of isonormal Gaussian processes and for functionals
of Rademacher sequences (i.e. sequences of independent random variables with values +1)
one can also define an operator D™ for n € N. For isonormal Gaussian processes, this
operator is usually referred to as the derivative operator. In the case of Rademacher
sequences it is often called discrete gradient. This operator fulfils a similar role for its
respective functionals as the difference operator has for Poisson functionals. As in the
Poisson case there exist Fock space representations and chaos decompositions of functionals
of isonormal Gaussian processes and functionals of Rademacher sequences.

Since our proof of Theorem 3.1 only requires the Fock space representations of F, D" F
and D" F for some fixed n € N, the statement of Theorem 3.1 continues to hold for
functionals of isonormal Gaussian processes and for functionals of Rademacher sequences
if we rewrite the integral with respect to A/, which is the squared norm of D/F in L?(\)
for j € {n,n + 1}, in a proper way. This means that for isonormal Gaussian processes we
take the squared norm of DIF in H®J where H is the underlying Hilbert space and in
the case of Rademacher sequences one uses the squared norm of D/F in L?(u®7), where
i is the counting measure on N for j € {n,n + 1}. For more details on the Fock space
representations and the operators D¥ for k € N see, for example, [80] for the Gaussian
case and [65] for the Rademacher case.
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Chapter 4

Spatial random graphs

In this chapter we analyse functionals of three different spatial random graphs. Sections
4.1 and 4.2 consider random graphs in Euclidean space while Section 4.3 analyses the
radial spanning tree in hyperbolic space to illustrate the influence of the curvature of the
underlying space to the behaviour of the graph. If not stated otherwise, Sections 4.1 and
4.2 are based on [101, Section 3] by M. Schulte and V. Trapp whereas Section 4.3 is mainly
taken from [96] by D. Rosen, M. Schulte, C. Théle and V. Trapp.

4.1 Random geometric graphs

Throughout this section let W C R be a non-empty compact convex set with Ag(WW) > 0.
For s > 1 let ns be a homogeneous Poisson process on W with intensity s, i.e. a Poisson
process on RY with intensity measure A = sA\g|lyy. This section analyses the asymptotic
behaviour of different functionals of random geometric graphs as s — oo.

A random geometric graph G,, with radius ry = os /4 for a fixed o > 0 generated
by 7ns is a graph with vertex set ns, whose vertices vy, vy € ns with vy # vy are connected
by an edge if ||v; — va]| < 75. A simulation of a random geometric graph can be found in
Figure 4.1.

The random geometric graph, also known as Gilbert graph, was originally introduced
by E. N. Gilbert in [48]. There are already many results in the literature of how functionals
of random geometric graphs behave. For an overview of results until 2003 see for example
[83]. In the following years more properties of random geometric graphs were studied.
For high dimensions different functionals like the clique count, the number of edges or
more general geometric functionals were analysed for instance in [4, 28, 42, 51]. Results
for several functionals concerning the edges, degrees or components in the setting were
the intensity parameter goes to infinity while the radius goes to zero can be found in
[41, 68, 91, 92, 103], among others.

In this section we consider the vector of degree counts and the vector of component
counts of a random geometric graph and want to analyse these functionals as s — oo. For
Jj € Np let V]-T“" be the number of vertices of degree j in G,,, i.e.

Ve =Y 1{deg(y,ns) = j},
YENs
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Figure 4.1: Simulation of a random geometric graph in [0, 1]?

where deg(y,ns) stands for the degree of y in G,,. Moreover, let C’;S denote the number
of components of size j in G,,, i.e.

¢ == 3 1(Cl.me)| = 3}

YENs

where |C(y,ns)| is the number of vertices of the component C(y,7ns) of y in G,,. By the
component C(y,ns) we mean the set of all vertices that can be reached from y via edges.
In the following we study the asymptotic behaviour of these functionals as s — oo.

Theorem 4.1. a) For s — oo the asymptotic covariance matriz of the rescaled vector
of degree counts ﬁ(fo,,Vﬁ) for distinct j; € No, i € {1,...,n}, is positive
definite, i.e. for any a = (ai,...,an) € R™"\{0} there exists a constant ¢ > 0 such

that for s sufficiently large

Var > cs.

n
/s
Z aZVji

i=1

b) For s — oo the asymptotic covariance matriz of the rescaled vector of component
counts ﬁ(C;f, ..., C32) for distinct j; € No, i € {1,...,n}, is positive definite, i.e.
for any o = (ai,...,ap) € R"\{0} there exists a constant ¢ > 0 such that for s

sufficiently large

n
(s
Z aZCji

i=1

Var > cs.

One can show that the vectors %(VXS, .. .,Vj?;j) and %(C;f,,c;z) for distinct
Ji € No, i € {1,...,n}, fulfil the assumptions of Theorem 2.21. With this and an analo-

gous theorem for the do-distance it was shown in [103, Section 3.2] that, after centering,
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both vectors fulfil a quantitative central limit theorem in do- and dcopvex- distance if the
corresponding asymptotic covariance matrix is positive definite. This means that Theo-
rem 4.1 completes the proof of these multivariate quantitative central limit theorems from
[103, Section 3.2].

For the proof of Theorem 4.1 we introduce the following lemma, which is helpful for
verifying condition (3.2). More specifically, this means that we will derive lower bounds
of the form (3.5) on a case by case basis while (3.4) is controlled by the lemma below as
the considered functionals can be embedded in the framework of stabilising functionals.

Lemma 4.2. Let Fégl), ces ,Fs(n) be Poisson functionals on ns of the form (2.22) whose

corresponding scores 59), e ,gé”) satisfy a (4 + p)-th moment condition as described in
(2.24) for p € (0,1] and are exponentially stabilising, i.e. fulfil (2.23). Then, for any
a=(a1,...,an) € R"\{0} there exists a constant ¢ > 0 such that for s > 1,

// ZO" 1)) A(dz) /\(dy)]gcs.

Proof. Note at first that the scores gél), e ,Sgn) clearly fulfil (2.25) for a choice of K = W
and Cx = 1. Hence, we can apply Lemma 2.20 a) and ¢). Fix ¢ € (4,4 + p). Then,
using Lemma 2.20 a), Holder’s inequality for § and ¢ = (1 — %)_1 and Jensen’s inequality
provides

E[|D2,F ) = E ||D2, FOP1{D2, F) + 0}
7 2/e 2 i
(E[1D2, FOFB(D2, ) 4 o)1
()(

= (E[lDs F V(s +6y) — DoF D (0s) )Y P(DF, FY # 0)14

IN

. 2/ .
271 (B DO (1, +8,)F] + B DFO (o)) ) B(D2, FE £ 0)1a
402/€]P>(D2 FU) £ o)1/

IN

for i € {1,...,n}, where C' > 0 is the constant from Lemma 2.20 a). Therefore, using
Jensen’s inequality and Lemma 2.20 ¢), it follows

E| /W /W (p2, iaﬁ@f A(dz) Mdy)|

/ / a2(D2,,F @)2] A(dz) A(dy)
—nz 8 / 102, FO 2] A(dz) A(dy)
< n;ags /W s /W 4CQ/EP(Di7yFS(i) +£0)Y dz dy

n
< nZa?s/ 402/€Cl/q dz <cs
— w
for some constant ¢ > 0, which completes the proof. ]
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Proof of Theorem 4.1. For x € W and j € Ny the difference operators are given by

D,V = L{deg(w,n +0,) = j} + S (L{deg(y, s + 6,) = j} — L{deg(y,ns) = j})
YENs

and

D, Cf = ;H!C(%ns +02)| = j} + ; > (W{|Cly.ms + 82) = 4} = L{|Cly, ns)| = 5})-

YENs

0 (B (5 5)) =am 1 and (5o 5r) \B (5 5)) =0
Then, it follows for any y € 1, with y € B(z, %) that

for ¥ = 7,

Jms
deg(y, ) =
8y, ) {jm+1, for 9 = 1, + 6,

The degrees of all the other points are not affected by adding x. Thus, in this situation
only the numbers of points with degree j,,, and j,, + 1 change. Due to the choice of m, we

have
D (Z aﬂ@?)
i=1

For b) we consider configurations where

W(E( ) = (5 (3 \5 () =0

It follows that CTS decreases by 1 by adding = and C’ ° 1 increases by 1. The other
component counts are not affected. Because of the Ch01ce of m, it holds

D, Vi | = lamDa Vi | = |am(=(im + 1)] = lam|.

n
|DI <Z CM%C]T:>| = DmC;ZS = |ame0]TTsn| = ’O‘m’ .
i=1
Let A, = {z € W: B%(z,%) C W}. Then, for Fre=V/>or Fis=Cforie{l,... ,n}

and
jo— dJm 1, for Fir =V,
Jms for F ]ZS = CJT-;S,

it follows for s sufficiently large such that \;(As) > % that
[/ (Za@ FTS) dsv)} > sagn /W]P(‘ gaiDij:s
> safn /ASIP’<775(Bd<x, %)) = kﬂ]g(Bd(l’, ;rs)\Bd(x7 %)) = O) dz
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> SCV / Sgdd;kl —Sﬁdrgl/zd6—5,%(3'1_1)1{/2‘1 dz
o )\ (W) (Kao™)k e tad®e?/2t _. g
> odk ]| I

where ¢ > 0 depends on W, a, ¢, k and d.
Both functionals can be written as sums of scores as in (2.22). For j € Ny, y € s and
s > 1 the score for the degree count of degree j is given by

58(3/7 775) = H{deg(y> 773) = ]}

and for j € N, y € s and s > 1 the score for the number of components of size j is

€ (y,1s) = ;H{IC(y,m)! ~ ).

These scores clearly fulfil a (4+p)-th moment condition and are by [103, proofs of Theorem
3.5 (b) and Theorem 3.6 (b)] exponentially stabilising. Therefore, we can apply Lemma
4.2. Together with Theorem 3.1 for n = 1 the proof is complete. O

4.2 k-nearest neighbour graphs

Let W C R be a non-empty compact convex set with A\g(W) > 0. For s > 1 let 7, be
a homogeneous Poisson process on W with intensity s, i.e. a Poisson process on R¢ with
intensity measure A = s\g|w. In the following we study the asymptotic behaviour of a
k-nearest neighbour graph as s — oo.

A k-nearest neighbour graph for k € N generated by the Poisson process 7, is the
undirected graph with vertex set n,, where each vertex is connected with its k-nearest
neighbours. The set of all k-nearest neighbours of v; € 1y contains all vy € 1, with vy £ vq
and for which [|v; — va|| >||v1 — z|| for at most k vertices v1 # x € 55 or, in other words,
ns(B(v1, ||v1 — ve||)\{v1}) < k. Note that the set of all k-nearest neighbours of a point
x € ns, denoted by N(x,ns), contains k points almost surely since the distances of two
distinct points to some vertex is almost surely not equal. A simulation of a k-nearest
neighbour graph can be seen in Figure 4.2. The asymptotic behaviour of functionals of
k-nearest neighbour graphs are for example analysed in e.g. [5, 15, 69, 70, 87, 88, 103, 110],
to name just a few. In particular, the total edge lengths or edge length functionals of k-
nearest neighbour graphs are studied in a variety of papers. These are also the first type
of functionals that we consider.

For ¢ € [0,00) let L, denote the edge length functional of power ¢ of the k-nearest
neighbour graph generated by 7, which is defined by

1
Le=3 > 1{z € N(y,ns) or y € N(z,m:)}ly — 2||".
(yvz)eﬂf,;e

Let Fy = 54/ qu be its scaled version.
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Figure 4.2: Simulation of a k-nearest neighbour graph in [0,1]? for k =5

Theorem 4.3. For s — oo the asymptotic covariance matriz of %(Fql,...,Fqn) for
distinct ¢; > 0, i € {1,...,n}, is positive definite, i.e. for any o = (o, ..., o) € R™"\{0}
there exists a constant ¢ > 0 such that for s sufficiently large

n
E Ckini
i=1

The first quantitative result for the total edge length of a k-nearest neighbour graph
can be found in [5]. This convergence rate was further improved in [88] before in [70] the
presumably optimal rate was shown. In [103] this result was transferred to the multivariate
case of a vector of edge length functionals with the help of results as those from Theorem
2.21 but it was left open to show in general that its asymptotic covariance matrix is positive
definite. As before for the functionals of random geometric graphs, Theorem 4.3 closes
this gap and completes the proofs of the multivariate central limit theorems in do- and
deonvex-distance of the centred versions of vectors of the form %(qu ..., F,,) for distinct
¢ >0,1¢€ {1,...,n}.

In order to apply the reverse Poincaré inequality in the proof of Theorem 4.3, we need
to construct configurations for which we know how the difference operator behaves. To
this end, we aim to construct specific point configurations in some ball Bd(a:,r) around
the added point x for some r > 0. Additionally, to guarantee that the configuration in the
ball around z is not influenced by the points in R?\ B%(z,r), we also need to control the
behaviour of the points of 7 in R4\ B(z,r) and have to make sure that no point of 7 from
R4 BY(z,r) destroys the configuration in B%(z,r). For the random geometric graph, we
could construct such configurations rather easy by only considering configurations without
any points in a large enough annulus around B%(z,r) so that there were no edges between
point of 1 in B4(x,r) and points of 1 in R¥\ B%(z,r). To guarantee the same for the k-
nearest neighbour graph we need to make sure that the k nearest neighbours of all points of
n, which are in R?\ B4 (z, r), also lie in R4\ B%(z,r). The following lemma helps bounding
the probability of such point configurations. Since we will not only use this lemma to

Var > cs.
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prove Theorem 4.3 but also employ it in a slightly more general version in a further proof,
we present the lemma here directly in its generalised version.

Lemma 4.4. Let k,j € N be fizred. Then there exist constants c1,co > 0 depending on
k,j,d and W such that for all ¢ > 0 and x € W with B%(z,2(j + 1)e) C W,

P(3y € Mslraypaga ey Ms(Aje(@,)) <k —1) < ere™2,

where Aje(z,y) = (BUy, |z —y| — (5 — 1)e) N W)\(B4(z, je) U {y}).
Proof. Let x € W with B(z,2(j+1)e) € W. Then, fory € W with je < |lz—y|| < (j+1)e
we have that B4(y, ||z — y||) € W. Therefore, since y ¢ B%(x, je),

Nl Asie(9) 2 gmalllz =yl = G = De)

For y € W with ||z — y|| > (j + 1) it holds that ||z — y|| — je > i ([|lz — y|| — (j — 1)e).
Moreover, (B%(y, ||z —y|| — je) "W)\{y} C A;.(z,y). Hence, with [70, Lemma 7.4] there
is a constant cyy > 0 only depending on W such that

Ni(Aje(z,9)) = Ma(BU(y, Iz =yl — je) N W) = ew(|z — yl| — je)?
1 ) d
> e (5l =yl = G = o)) -
Altogether, for y € W\B%(z, je) it follows
Ni(Aje(z,y)) = e(le —yll = (j — 1)e)

for some constant ¢ > 0. For t € Ny there exist constants ¢, é > 0 such that zle™? <
¢re= %% for all z > 0. Hence, using the Mecke formula (2.15) and spherical coordinates,
we get

P(3y € nS‘Rd\Bd(x,je): ns(Aje(z,y) <k —1)
< E[ > 1{ns(Aje(z,y) < k—1}

YEs lpdy pd o, je)

<s / P(ny(Aje(z, ) < k— 1) dy
R\ Be(z, je)

o

A(Aje »”Cy 4(,4 (@.y))

= S 2 7,6 (Z,Y d
Joway S

7.]5 1=0

<s / bre—tMAss@w) g
R4\ Bd(z.jc)

/ &y se-casellle=yll~G=De)* g,
R\ Bd(z,je)

= / cis(r+(j — 1)5)d_1e_625‘3’"d dr < cre—se"

H

A

IN

for suitable constants ¢1, éo, c1,co > 0. O
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Proof of Theorem 4.3. Let e; denote the d-dimensional standard unit vector in the i-th
direction. For ¢ > 0, x € W with B%(x,4¢) C W and & = = + %661, we consider configu-
rations where 15(B%(#,¢/4)) = k + 1, ns(BY(z,e)\B%4(%,e/4)) = 0 and ns(A1 -(z,y)) > k
for all y € ns|ra\ pa(zc), Where Ay (z,y) is defined as in Lemma 4.4. Then, for ¢ > 0 the
difference operator of Fy is given by

DyFy=sY" %z —yll
yGN(JB»ns‘i’éz)

Inserting 7 = 1 in Lemma 4.4 provides

P(y € Nalpa\ paee) Ns(A1e(w,y)) < b —1) < ere—*

for some constants ¢y, cy > 0.
Now, let m = argmax;c(y . n}: a;0% and assume without loss of generality am, > 0.
1/d

If ; >0 forall i € {1,...,n}, we choose ¢ = ¢s~ /¢ with ¢ > 1 large enough such that

we have for the configurations mentioned above

n 1/a_\

st/de

D, Zaini > 80/ Z |z — y||% > ank ( 5 > >1
i=1 YyEN (z,15+0x)

and cre—se2=’ < % Otherwise, let £ = argmaX;c(y  n}:a;<0%- Then, ¢, > g¢ and it
follows for the configurations introduced above for s'/% > 1,

n n
DY oiFy =3 ot 3 eyl
i=1 i=1

YEN (x,ns+0z)

D DI LR D SN C R LD DI R

yEN (z,ns+0z) z'e{1,...,g}: YEN (2,75 +32)
;<
2 Qm Z (Sl/de - y”)qm - Z (—O[l) Z (Sl/de)%
yEN (z,ns+62) i€{1,..,n}: YEN (z,ns+02)
a; <0
— v /d
Zamk< 5 | Z (—ay)k(s /%)
ie{l,...,n}:
;<0
1 qm—qe
> J(st/ e <am2qm ()" 7 = X2 <—ai>>.
i€{1,...,n}:
a; <0

1

In this case, choose ¢ = s~1/4¢ > 0 with ¢ > 1 large enough such that cle_sc'ﬁd < 5 and

n
1 qm—qr
DIZaini > g (sl/ds) — Z (—ay) > 1.

=1 1€{1,...,n}:
a; <0
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To conclude, let Ay = {x € W: B%x,4¢) € W}. Due to the independence of
nS(Bd(i>6/4))7 nS(Bd(x75)\Bd(i‘75/4)) and Us(Al,s(any)) for y e nS’Rd\Bd(w,s) and x € A
and by Lemma 4.4 we have for s large enough such that A\y(Ag) > %,

[/( Za’ ) dx] /P<ngaini21>dm

> s [ POn(BYa,/0) =kt LB, )\ B 0,2/4) =
w

Ns(Are(x,y)) > k VY € Nslpa\ pa(e o) da

d\k+1
> S/ 4‘15(::%8(2—5-1)' _Sﬁdad/4d€_s“dad(1—1/4d)(1 — 61e—scgad) dx
As :
S)\d(W) (Kdéd)k—H —kqe? | 1 = c S
- 2 4dt+D) (k4 1)! 5 —* “aak,WdS:

Our functionals can be written as sums of scores as in (2.22). For y € n5, ¢ > 0 and s > 1
the corresponding score of Fy is given by

gs(%ns) = Z ]l{y c N(Z,?]s)}Hy;ZHq

ZEN(Z/J?S)

+ Ky ¢ N(z,ns)}Hly — =*.

The scores (£5)s>1 fulfil a (4+p)-th moment condition (see the proof of [69, Theorem 3.1])
and are by [103, proof of Theorem 3.1] exponentially stabilising. Therefore, we can apply
Lemma 4.2, which completes the proof together with Theorem 3.1. O

In the following we consider a second statistic of k-nearest neighbour graphs, namely
the number of vertices with a given degree. For j € Ny let ij denote the number of
vertices of degree j in the k-nearest neighbour graph generated by 7, i.e.

Vj"” — Z 1{deg(y,ns) = j}

YENs

We want to study the vector (V]’j, . V]'i) for distinct j; > k, i € {1,...,n}. The following
property of the degrees of k-nearest neighbour graphs can be found in [113, Lemma 8.4].

Lemma 4.5. The vertices of a k-nearest neighbour graph in R¢ have bounded degree.

Proof. The following arguments are based on the proof ideas of [23, Lemma S.] and [113,
Lemma 8.4]. Without loss of generality we assume that the origin 0 € R? is a vertex of
the k-nearest neighbour graph and show that its degree is bounded. Then, by translation
invariance, all vertices have bounded degree.

Since the unit sphere is compact, there exists a partition of the unit sphere into disjoint
spherically convex sets C1, ..., C), for some n € N, which might depend on d, such that for
any i € {1,...,n}, |[z—y| < 1for z,y € C;. Then, RY = J_, C;, where fori € {1,...,n},

Ci: {)\J:‘: $€C¢,)\ZO}.
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Let z,9y € C; with £ = Az and § = Aoy with 0 < A\; < XAy and z,y € C;. Then, since
lyll =1 and [z — y[[< 1,

12 =gl = Mz = Aayll = [[Ar(z = y) = (A2 = Ay
< Al =yl + (e = A)lyll < A2 = [I9]],

i.e. for z,y € C; it holds
12 = gl < max{][z]], [|g]]}- (4.1)

Now, the degree of 0 is bounded by nk for the following reason. Assume the degree of 0 is
larger than nk. Then, there exists ¢ € {1,...,n} such that C; contains more than k points,
which are connected to 0. Denote k+1 of these points by x1,...,Zx11, where x4 is such
that ||xgs+1] > ||z for @ € {1,...,k}. Then, zx4; is not one of the k nearest neighbours
of 0 and 0 is not one of the k nearest neighbours of zx1 since ||z; — 2g41]| < ||xpL1|| for
i€{l,...,k} by (4.1), which is a contradiction and completes the proof. O

By Lemma 4.5 there exists knax € N, the maximal possible degree that occurs with
a positive probability in a k-nearest neighbour graph. The smallest possible degree that
appears with positive probability in a k-nearest neighbour graph is clearly k. It arises
when a point is only connected to its k£ nearest neighbours but is not one of the k nearest
neighbours of any other point. Therefore, we consider in the following theorem only degree
counts of degree j with j € {k,k+1,...,kmax} for i € {1,...,n}.

Theorem 4.6. Ford > 2, n € N with n < kpax — k+ 1 and s — oo the asymptotic
covariance matriz of %(VJ’:, el V]’Z) for distinct j; € {k,k+1,... kmax}, ¢ € {1,...,n},
is positive definite, i.e. for any o = (au,...,a,) € R™"\{0} there exists a constant ¢ > 0

such that for s sufficiently large

Var

n
Z oziVj]j > cs.

=1

Similarly to the example of edge length functionals, it was shown in [103, Theorem 3.3]
that the scaled vector of degree counts ﬁ(V]’f, ey V]’fl) for distinct j; € {k,k+1,..., kmax},
i € {1,...,n} fulfils a quantitative multivariate central limit theorem in da- and deonvex-
distance if its asymptotic covariance matrix is positive definite. Thus, with Theorem 4.6

the proofs of these multivariate central limit theorems are complete.

Proof of Theorem 4.6. First note that the degrees ji, ..., j, are chosen in such a way that
they can occur in a k-nearest neighbour graph. A vertex can have k neighbours if it is only
connected to its k nearest neighbours and can have up to kpnax neighbours by the definition
of kmax. All degrees in between can occur as well as can be seen from the following
construction. Assume we have a configuration where z has kpax neighbours. Then we
delete 1 <t < knax — k vertices which are connected to x but are not one of the k£ nearest
neighbours of x and all other vertices that are not connected to x. Consequently, we obtain
a configuration where = has degree kmax —t. This means that P(deg(x, 8, + 0z) = ji) > 0
for i € {1,...,n}, where 8, denotes a binomial point process of j; independent random
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points uniformly distributed in B%(0,1) as defined in Subsection 2.3.1. Obviously, these
probabilities do not change if we take a binomial point process on any other ball.
The difference operator of V]k is given by

D,V = 1{deg(w, s + 62) = j} + Y _ (1{deg(y, ns + 62) = 5} — 1{deg(y,ns) = j})
YENs
for z € W. Denote I = {i € {1,...,n}: o # 0} and m = argmin;c;j;. We can assume
am > 0 without loss of generality. In the following we distinguish several cases that are

illustrated in Figure 4.3.

Case 1: j, > k

Let e > 0 and # € W with B%(z,8¢) C W. We consider configurations with ns(B%(z,¢)) =
Gms ns(BY(x,3¢)\B%z,¢€)) = 0 and ns(As(z,y)) > k for all y € Ns|rd\ Ba(z,3), Where
Az e(,y) is defined as in Lemma 4.4. Then, if = is connected to all z € 7s|ga(, .), We have

n
D, Z aiVj’: > Q-

i=1
Applying Lemma 4.4 for j = 3 provides

_ d
P(3y € nslra\ pa(z3e): Ms(Ase(z,y) <k —1) <ere” 2.
Now, choose ¢ = és~ V4 > 0 for e > 1 such that cle*SCQEd < % Let As = {x €
W: B%x,8) ¢ W} and s large enough such that \g(A4,) > )‘d(QW). Then, using the
independence property of Poisson processes and Proposition 2.14, we have for p,, =

E[/w (DI g aivjljy /\(d:c)] > azn /WP<Dz§aiVj]f > am) A(dx)
> o2

2 [ B (B0 2)) = (B 30N B 0. €)) = 0, e + ) = i)

s

P (ns(Asc(2,)) = VY € Nyl pogeze) ) A(da)
> s [ p (B = jm1s(BY B =
> s 1s(BY(@,)) = jm, s (B (@, 3¢)\B (2, €)) = 0
As
P (deg(@, sl pie.e) + 0s) = Jmlns(B(@,€)) = jm )

2 d\jm
= 3%/ Meisndsdeisnd(gdfl)gd]p (deg(m7 /Bjm _|_ 533) — jm) dx
As

2 Jm!
2 (skged)im Aa(W
« SKJ&
R A Y LR V(1o B
2 ]m! 2 s, VYV

Case 2: j,, = k.
If it exists, we denote by £ € {1,...,n} the index with j, = k + 1. Then,

. oy, if £ exists,
o =
0, if £ does not exist.
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Let ¢ > 0 and let € W be such that B%(z,8) ¢ W. We consider four different
configurations to deal with all possible vectors a = (aq,...,ay) € R™"\{0} (see Figure
4.3). Let e; denote the d-dimensional standard unit vector in the i-th direction.

1. ke Nand a,,(1 — k) + &k # 0:
In this case we consider the event Sy that for & = z + 221 we have ny(B%(%,e/4)) =
k+1, ns(Bd(x’3g)\Bd(j75/4)) =0 and 778(143,a(xvy)) >k forally € 778|Rd\Bd(x,35)‘
Then it follows

D, aiVF = 0D VE + 6D VE = am(1 — k) + 6k # 0.

=1

2. k>3 and ap(1 —k)+ak=0:
The condition (1 — k) + &k = 0 implies

am(3 — k) + &k — 2) = 2am, — &) = 20‘?’” £ 0. (4.2)

We consider the event Sy where 1s(B%(4;,e/16)) = 1 for i € {1,...,4} with &; =
z+ (—1)73¢; for j € {1,2} and &; = x + (—1)/Ee, for j € {3,4}, ns(B(z,¢/4)) =
k — 3, ns(B¥(z,3¢)\(B%(x,e/4) U U;L:1 B%(2i,2/16))) = 0 and ns(A3(x,y)) > k for
all Y € ns|ra\ pa(z,3¢)- Then we have with (4.2),

Dy Y iV = amDaViF + oy Do Vi) = (3 — k) + 6k — 2) #0.
=1

3. k=2and a(l —k)+ak=0:
In this case we use the event S3 where 7,(B%(%;,£/16)) = 1 for i € {1,2,3} with
Zj =a+ Zep + (1) %e, for j € {1,2} and 23 = = + £e;. Additionally, we
assume 7,(B%(z, 3¢)\(U_,; B4(&i,£/16))) = 0 and 75(Az(z,y)) > k for all y €
Nslra\ Ba(z,3)- Hence,

n
DY iV = amD, V¥ = apm #0.
i=1

4. k=1and o, (1 — k) + ak =0:
We look at the event Sy where n,(B%(31,2/4)) = 1 for &1 = z—ESey, ns(BY(22,¢/4)) =
2 for &y =z + ey, ns(B%(x, 3e)\ (UL, BY(#4,e/4))) = 0 and n,(Az(z,y)) > k for
all y € Ns|ga\ pa(z,30)- Since & = 0, it follows

n
Dy Y iV =20, #0.
1=1

Let ¢ = s~ /4 for ¢ > 1 such that 616862€d < % Then, analogously to Case 1, we get for
all z € W with B4(z,8¢) C W, P(S,) > cqkq for a constant copq > 0 and u € {1,...,4}.
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Case 1 Case 2.1 Case 2.2 Case 2.3 Case 2.4

Figure 4.3: Configurations in B%(z,¢) ([101, Figure 1]).

Moreover, let

am(l — k) + ak, for k € N and (1 — k) + ak # 0,
Jam(B—k)+a(k—2), fork>3and ay,(l—k)+dak=0,
fo = Qs for k =2 and o, (1 — k) + ak =0,
200, for k=1 and o, (1 — k) + &k = 0.

Then, for A, = {x € W: B%(z,8¢) C W} and s large enough such that \g(A;) > w it
follows for u € {1,...,4},

n 2
E[/ (DmZaz’Vﬁ) A(d%)] > Ci/ P(Su) Mdx) > cak,w,as
w i=1 As

for a suitable constant c, xw,q > 0.
Our functionals can be written as sums of scores as in (2.22). For y € ng, j €
{k,..., kmax} and s > 1 the corresponding score is given by

fs(yans) = l{deg(yans) = ]}

The scores (&)s>1 clearly fulfil a (4 + p)-th moment condition and are by [103, Proof
of Theorem 3.3] exponentially stabilising. Therefore, we can apply Lemma 4.2, which
completes together with an application of Theorem 3.1 for n = 1 the proof. ]

Remark 4.7. Throughout this section we assume that the underlying Poisson processes
have the intensity measures sAg|w for s > 1. However, we can generalise our results from
these homogeneous Poisson processes to a large class of inhomogeneous Poisson processes.
Let 1 be a measure with a density g: W — [0,00) such that ¢ < g(z) < ¢ for all z €¢ W
and constants ¢,¢ > 0. All results of this section continue to hold for Poisson processes
with intensity measures sy for s > 1. We only have to slightly modify the proofs by
bounding the intensity measure by scAg|w from below or by séA4|w from above depending
on whether a lower or an upper bound is required in our estimates. Consequently, some
of the constants might change.

Remark 4.8. While we consider an underlying Poisson process on W, an alternative ap-
proach is to study a Poisson process on R?. In the case that the intensity measure of this
Poisson process has a density g: R? — [0,00) such that ¢ < g(z) < ¢ for all z € R? and
constants ¢, ¢ > 0, all arguments and, thus, also all results in this section continue to hold.
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Figure 4.4: Simulation of an RST in H? ([96, Figure 1]).

4.3 Hyperbolic radial spanning trees

We call an undirected graph a rooted tree if two vertices of the graph are connected by
exactly one path and one vertex is designated as the root. To define the radial spanning
tree on a metric space (X, d) we fix a base point 0 € X and let { € N. The radial spanning
tree RST(&) on & with respect to the base point o is the tree rooted at o defined as follows.
The vertices of RST(§) are the points of £ + d,. Any vertex o # = € £ is connected by
an edge to its radial nearest neighbour n(x,§), which is the nearest vertex to x among all
vertices which lie in the interior of the ball B(o,d(o,z)) in X centred at o with radius
d(o, x), that is,
n(z,§) = argmin d(z,y).
y€&+do
d(o,y)<d(o,x)

This means that y is the radial nearest neighbour of x precisely when d(o,y) < d(o, x)
and there are no points of £ + J, in the interior of B(o,d(o,z)) N B(x,d(x,y)). Note that
we assume that the radial nearest neighbour is unique in this construction, which is almost
surely the case in the random set-up below, as discussed before for the k-nearest neighbour
graph.

In this section we mainly study the random radial spanning tree induced by a station-
ary Poisson process in the d-dimensional hyperbolic space H?, which was introduced in
Subsection 2.2.2. More precisely, let i be a stationary Poisson process on H¢ with intensity
measure YH? for some constant v > 0. We fix an arbitrary point o € H?, referred to as
the origin, and consider the radial spanning tree RST(n) on the full Poisson process 7,
as well as the radial spanning tree RST(7;) on the restriction 7y = 77|B;f(078) of n to the

closed hyperbolic ball B,‘f(o7 s) of radius s > 0, both with respect to the base point o. A
simulation of such a radial spanning tree in the upper half-space model can be seen in
Figure 4.4.

There are several reasons why we are interested in analysing the behaviour of stochastic
models in hyperbolic space. From a mathematical point of view replacing Euclidean space
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by other underlying spaces is a natural problem and the hyperbolic space is the first
candidate. Working with such a space is helpful in understanding which properties of a
stochastic geometry model depend on the curvature of the underlying space and which do
not. On the other hand, many real-world complex networks such as the internet graph seem
to have an underlying hyperbolic structure (see e.g. [27, 64, 104]). In fact, the random
graphs in hyperbolic space introduced in these papers share many crucial properties of
complex networks.

Transferring a problem from Euclidean to hyperbolic space can lead to some new
phenomena, which are not present in Euclidean space as illustrated by the following non-
exhaustive list of examples. In [18] it was shown that for some parameter choices in
Poisson-Voronoi-Bernoulli percolation in the hyperbolic plane, one simultaneously has
infinitely many black and infinitely many white components, which is a situation that
cannot occur in Euclidean space. For continuum percolation of the Boolean model in
hyperbolic space it was shown in [111] that there exists a regime with infinitely many
unbounded components, which is again not possible in Euclidean space. For the low
intensity Boolean model in the hyperbolic plane it was shown in [17] that an observer
located at a fixed non-covered point can see infinitely far in a fractal set of directions, a
phenomenon in sharp contrast to the Euclidean situation, where such an observer can only
see a bounded region. The same has also been shown in [17] for Poisson line processes
in the hyperbolic plane. While the surface area of a Poisson hyperplane process in an
increasing observation window satisfies a central limit theorem in Euclidean space, this
is only true in dimensions two and three in hyperbolic space [53], whereas non-Gaussian
limiting distributions arise for all higher space dimensions [59].

The radial spanning tree was originally introduced in Euclidean space in [9] motivated
by applications from communication networks. In [9] and [10], in particular semi-infinite
paths of the radial spanning tree in R? were studied. Variance asymptotics and quanti-
tative central limit theorems for edge-length functionals were derived in [100]. A crucial
role for the analysis of the radial spanning tree plays the directed spanning forest, where
each point is connected with its closest neighbour in the half-space generated by a fixed
direction.

In hyperbolic space, the radial spanning tree was first considered in [40], where the
same path properties as for the two-dimensional Euclidean radial spanning tree were shown
for any dimension. These results were further refined in [39]. The hyperbolic directed
spanning forest was first studied in [47]. It shows a radical different behaviour than its
Euclidean analogue as it is a tree containing infinitely many bi-infinite branches, while the
FEuclidean radial spanning forest is a countable collection of trees for d > 4 and does not
admit bi-infinite branches.

In the following subsection we start with analysing the degree of the origin of the
radial spanning tree in hyperbolic space and compare its behaviour with that of a radial
spanning tree in Euclidean space to give a first idea of how the underlying space influences
the properties of a radial spanning tree. In the remaining subsections we will concentrate
on the behaviour of edge length functionals and will especially derive a lower variance
bound and a central limit theorem for these functionals for growing observation windows.
These results are similar to those derived in [100] for the Euclidean case. The major
difference is that a hyperbolic ball scales differently with its radius than a Euclidean ball
and that in the asymptotic variance formula the integration over a half-space is replaced
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by the integration over a horoball.

4.3.1 Degree of the origin

In this subsection we consider the radial spanning tree RST(#) on H?, aim to analyse the
behaviour of the degree of the origin and compare it with its Euclidean analogue.

Theorem 4.9.

a) The degree of the origin has finite moments of all orders, i.e. E[deg(0)"] < oo for
alln € N.

b) The expected degree of the origin is given by

E[deg(o)] = ywq /000 sinh®1(r)

"2 cosh?(r) 2
X —2 _ —_—— -1 dt¢ | dr. 4.3
P Y- /0 [cosh2 (r—1t) ] " (43)

c) The degree of the origin is not almost surely bounded, i.e. for all n € N it holds that
P(deg(o) > n) > 0.

Proof. By the definition of the radial nearest neighbour and the Mecke equation (2.15) we
have that

Eldeg(0)] = E[ 3 1n(int(B{(z, du(o,2)) 1 Bi(0,d(0,)))) = 0}

y / P((BA(z, dy(0,2)) N B0, di(0,))) = 0) He(dx)
Hd

= 7/ exp(—yHY(BE(x, dp, (0, z)) N Bl(o, dy (0, x)))) H(dx).
Hd
Transforming to hyperbolic spherical coordinates (see also (2.12)) leads to
E[deg(0)] = ywd/ exp(—yHY (B (., r) N Bl(o,r))) sinh?~(r) dr, (4.4)
0

where z,, € H? is an arbitrary point satisfying dj, (o, z,) = 7.

To compute the hyperbolic volume of the intersection B,‘f(mr, T) ﬁB,‘f(o, r), first observe
that the intersection is the union of two caps of height 7/2 in a hyperbolic ball B(o,r) of
radius r (see Figure 4.5). The volume of such a cap can be computed using Lemma 2.9
(see Figure 4.6). We take as L the radial line of the ball passing through the apex of the
cap, and set the arclength parameter at the apex to zero. Then, Lemma 2.9 provides

r/2
HY(BE(x,,7) N Bl (o,7)) =2 / / cosh(dp,(x, L)) H* Y (dz) dt.
0 HiNB{(o,r)
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«—>

r/2
Figure 4.5: Intersection of two balls Figure 4.6: Computing the volume of a cap
([96, Figure 5, left]) ([96, Figure 5, right]).

The intersection H; N B;‘f(o, r) of the ball with the hyperplane H; orthogonal to L at
distance t € (0,7/2] from the apex is a (d — 1)-dimensional hyperbolic ball within the
hyperplane H,;, whose radius is

by the hyperbolic Pythagorean theorem (2.11). Together with the hyperbolic spherical
coordinates from (2.12) within Hy, this leads to

HA(Bj(zr,7) N Bii(0,7))

_cosh(r)

r/2 arcosh cosh('r t) o do
= 2wy 1/ / cosh(u) sinh®*(u) du dt

h(r)
_y pd-1 b cos
Wd—1 /0 d — sm (arcos <cosh =1 dt

W2 a1
2
— %%y, { cos 1] at,

cosh2 (r— t

where we have used that wy 1 = (d — 1)kg_; and sinh?(u) = cosh?(u) — 1 for u € R.
Plugging this back into (4.4) completes the proof of b).

Next, we show a). For n = 1 the result is clear by the previous proof. For n > 2 consider
the n-th factorial moment of deg(o). To emphasise the dependence of this random variable
on the underlying intensity v, we write deg, (0). Using the multivariate Mecke equation
(2.15) we obtain

E[deg, (0)(deg,(0) — 1) --- (deg,(0) —n + 1)]

—E{ Z {n(ml,n—FZé )zoforallie{l,...,n}H

(:I)l 2 677;&

_ - d d
— /Hd /Hd :wHZé )—oforaHZE{l,...,n})H(dxl)...’H(dzn)
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| t

I 2

| < t

1 7
Figure 4.7: C'onstructing a regular Figure 4.8: sin 7 = % by the hyperbolic
n-gon ([96, Figure 6, left]). law of sines (2.10) ([96, Figure 6, right])

sv”/ / exp(—Hy(21,...,20)) H(dz1) ... 1 (dzn),
H Hd

where .
(@) = vH (| (Bl (@i, dn(o, 1) 0 Bil(o, difo,2.))))
i=1
since x1,...,x, can only have o as their radial nearest neighbour if n has no points in the

union set considered in H,. Together with

Hy(x1,...,2p) > 7 gl&x }Hd(Bg(:Ui, dp(o,x;)) N Bg(o, dp(0,x;)))
1€1,....,n

> LS HU(Bil (i, du(o, 7)) N Bil(0,di(0,.)))
=1

this shows that
Efdeg, (o) (des, (0)

~1)
<n" (% /Hd exp ( - %Hd(Bff(x, dp(o,x)) N B,‘f(o, dp(o, x))))?—[d(d:v))n

= " (Eldeg (o))"

Since E[deg, /,(0)] < oo by b), E[deg, (0)(deg,(0) —1)--- (deg,(0) —n+1)] < oo and hence
E[(deg,(0))"] < oo as well. This completes the proof of a).

Finally, we show that the degree of the origin is not bounded. Note that it is sufficient
to show that P(deg(o) > n) > 0 for n > 3. Thus, we can assume that n > 3 throughout
the proof without loss of generality. Now, fix an arbitrary hyperbolic 2-plane E passing
through o. In a first step we show that there exists a hyperbolic regular n-gon in £ whose
side length t is larger than the radius r of its circumscribing circle. Such an n-gon may
be constructed by gluing together n isosceles triangles with side length r, base t and apex
angle 2= (see Figure 4.7).

By the hyperbolic law of sines (2.10) (see also Figure 4.8) it holds

-+ (deg,(0) —n +1)]

t = 2arsinh (sinh(r) - sin E) > 2log (2 sinh(r) - sin z) ,
n n
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which follows from arsinh(z) = log(z + V22 + 1) > log(2z) for any = > 0.

For r = 3log(n) we have, using in the second step the inequality sinz > %w for
x € [0, 5] (which follows from concavity of x + sinz on [0, 5]) with » = 7 and the
definition of sinh,

t > 2log (2 sinh(3log(n)) - sin E)
n

> 2t0g ( (w2 - ) - 2)

=2log (n*-2(1—n"%))
— 2[2logn + log (2(1 — n~%))]
> 4log(n) >r

as desired, where in the penultimate inequality we used that 2(1 — n_G) > 1.

To complete the proof, consider a regular n-gon within the 2-plane E as above, cir-
cumscribed in the circle of radius r around the origin 0. Denote its vertices by v1,..., v,
and choose € > 0 small enough so that r + 3¢ < t. Now, consider the event

An—{ (B (vi,e)) =1 fori e {1,...,n}, n(Bhor—}-s\UBh (vi, € >:0}.

By construction it holds d,(0,%;) < dp(%;,z;) for i # j and all z; € Bl(v;,¢) and z; €
Bé(vj,e). Hence, if the event A,, occurs it holds deg(o) > n and thus,

P(des(o) > n) > B(4,) = [ [P(B{0.0) = 1)-B(n(Bilorr +)\ L_J Bi(vi,2)) = 0)

i=1
> 0,

which completes the proof. O

Let us compare these results to the ones for a radial spanning tree in Euclidean space.
To this end, let n¥ be a Poisson process in R? with intensity measure yA; for some v > 0.
The mean degree of the origin in this Euclidean radial spanning tree is given by

Eldeg™(0)] = ywa / 1 exp (~2yp01Bar?) dr
0

_wa _VAT(§+3)
2dkg-1Ba  2Ba r(¢+1)’

where 2k4_104 is the volume of the intersection of two balls in R? with radius one whose
centres have distance one. This can be seen by adapting the proof of Theorem 4.9 b)
to the Euclidean set-up and was shown for d = 2 in [9, Equation (7)]. The constant

B4 can be written as 5 = 1Bs(‘“‘l, %) with the incomplete beta function By (a,b) =

fo a1 t)>=1dt. For the sake of comparison, Table 4.1 shows values of the expected
degree of the origin in the hyperbolic and the Euclidean case, for low dimensions d. In the
table one can see that for d € {2,..., 7} the expected degree of the origin in the Euclidean
case is smaller than the one in the hyperbolic case.
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d | E[deg(0)] approx. | E[deg”(0)] exact | E[deg®(0)] approx.
6

2 2.931 —373 2.558

3 3.985 13—6 3.200
127

4 5.397 57 —073 3.950

5 7.332 x5 4.832
307

6 10.010 Wm—27T3 5.866

7 13.749 28 7.087

Table 4.1: Expected degree of the origin in the radial spanning tree for the hyperbolic
case and the Euclidean case and d € {2,...,7} (cf. [96, Table 1]).

The result about the expected degree of the origin also fits to the result from Theorem
4.9 ¢). Remember that we have shown in Lemma 4.5 that the degree of a vertex in the k-
nearest neighbour graph in R? is bounded. By the same argument, the degree of the origin
of a radial spanning tree in Euclidean space is bounded, while Theorem 4.9 ¢) states that
the degree of the origin is not almost surely bounded in the hyperbolic case. The reason
for that lies in the geometry of the underlying space. The proof of the unboundedness in
the hyperbolic setting is mainly based on the fact that in hyperbolic space, for all n € N
there exists a regular hyperbolic n-gon, whose side length is larger than the radius of its
circumscribing circle. Due to the Euclidean Pythagorean theorem, such an n-gon does not
exist in Euclidean space if n is too large, which leads to the boundedness of the degree of
the origin in Euclidean space.

4.3.2 Expectation of total edge length functionals

Recall that n; denotes the restriction of 1 to Bg(o, s) for s > 0. We are interested in the
lengths of the edges from points of 75 to their radial nearest neighbours. Therefore, for

@)

a > 0 we denote by ng the edge-length functional

‘Cg?'y) = Z Uz, n)* = Z dn(z,n(z,n))",
TENs TENs

where ¢(z,n) = dj(z,n(z,n)) denotes the distance from z to its radial nearest neighbour.
In the remaining part of Section 4.3 we are now interested in the behaviour of 52‘2 as
s — 00.

Note at first that Lg% only counts the number of points of 5 in B,‘f(o, s), which is
Poisson distributed with parameter vV (s). Thus, we restrict the following theorems to
the case @ > 0. Recall that, up to constants, V}(s) grows like eld=Ds a5 s - o (see

(2.13)).
Theorem 4.10. Let oo > 0. Then it holds that

E[£{)] © 1/
lim sy) / G gy,
$—00 Vh(s) v 0

where G(u) 1is given by

d—1

G(u) = Kg-1 /Ou [2e7*(cosh(u) — cosh(t))] 2 dt.
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To show this theorem, we use the following two lemmas. Since these lemmas are also
helpful for the analysis of the variance and the central limit theorem we state some of the
results in a slightly more generalised version than we need for the proof of Theorem 4.10.
We start with the following geometric result.

Lemma 4.11. Let u > 0 be fized and let x5 be a point with dy(o,zs) = s. Moreover,
denote by HB,(0) the horoball around some fized ideal point e € OH? passing through o.
Then it holds

lim ”Hd(B,ﬁf(o, s) N B (xs, u)) = HA(HB,(0) N Bl(o,u)) = G(u)

S§—00

with G as in Theorem 4.10.

Proof. Applying appropriate hyperbolic isometries, we may assume instead that the centre
of the ball with radius u is fixed at the origin and compute the volume of the intersection
of the ball Bg(o,u) with a sequence of growing balls By of radii s > 0 passing through
o with centres tending to e. As s — oo these balls converge to a horoball HB.(0). We
conclude that

lim Hd(Bz(o, s) N B (xs, u)) = ’Hd(Bfll(o, u) NHB(0)).

S§—00

To compute the latter volume we consider the family (Hy)ier of parallel horospheres
corresponding to the horoball HB,(0), parametrised so that H; has signed distance ¢ from
o. With this convention, the horoball HB. (o) is the union J,~, H;. Applying Lemma
2.10, we get -

H?(Bjl(0,u) NHB,(0)) = / b HIY (B (0,u) N Hy) dt. (4.5)
0

The volume appearing on the right-hand side is zero for ¢t > u. For t € [0,u) it holds by
Lemma 2.11,

d—1

HIY (B (0, u) N Hy) = kg [2e7*( cosh(u) — cosh(t))] 2
Substituting this into (4.5) yields the result. O

Lemma 4.12. Let o« > 0.

a) For every x € H? it holds
dp (0,x)
E[l(x,n+ 6,)%] = a/ s exp(—de(B,‘f(x, u) N B,‘f(o, dp(o,x)))) du.
0

b) There exists a constant c(a) > 0 only depending on o and d such that
N UR[0(x, 1 + 8,)T{l(z,n + 0,) > t}] < e(@)1{t < dy(0,2)} exp(—yVi(t/2)/2)
for all x € H* and t > 0.
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Proof. First we compute the expectation from b), which can be written as
E[0(z, 1 + 0,)°1{l(z,n + 6,) > 1] = / P((z,n + 6,) > max{v!/*, 1)) d.
0

Since l(x,n + 0;) < dp(o,x) and l(xz,n + 0y

) > @ if and only if  has no points in the
interior of Bl(x, %) N Bi(o,dp(0,z)) for @ € (0,d

n(0,2)), we obtain

Ell(z,n + 6:)* 1{t(z,n + 62) = t}]
dp(0,x)%

— 1t < dp(o,2)) /0 P((z,n + 6,) > max{v"/*, 1)) dv
dp(0,2)*

= 1{t < dy(o, x)}/o P(n(Bf(z, max{v'/*,t}) N Bl(o,dy(0,z))) = 0) dv
dp(0,x)%

= 1{t < dp(o, l‘)}/o exp(—yH!(Bjl(w, max{v'/*, t}) N Bfl(0, dy(0, x)))) dv

dh(ovx)
= 1{t < dy(o, x)}a/ u* ! exp(—’y'Hd(Bg(x,max{u,t}) N Bg(o, dp(0,2)))) du,
0

where we used the substitution v = u® in the last step. For ¢ = 0 this provides a). Note
that for @ € (0,dp (0, 7)), the intersection Bf(z, )N B (o, dp(0,)) contains the hyperbolic
ball of radius @/2 around the midpoint between x and the point on the boundary of
Bé(x, ) closest to the origin. Hence, we have

HYBE(x, @) N Bi(o,dy(0,z))) > Vi(i/2). (4.6)
This implies
Ell(x,n + 6.)*1{l(z,n + b2) = t}]
dp (0,x)
<I{t < dh(o,:v)}a/o u® L exp(—yVj, (max{u, t}/2)) du
< It < dp(o,x)}exp(—yVi(t/2)/2) /OOO u® L exp(—yVj,(u/2)/2) du.

Since sinh(v) > v for all v > 0, it follows from (2.13) that
Vi(r) = wy /Or sinh?™!(v) dv > dkq /Or vl do = kgrd
for all » > 0. This leads to
~ gy /000 u® " exp(—yVi(u/2)/2) du < 40 /000 u® L exp(—yrg2~ 4 ud) du
= a/ooo 2 Lexp(—kg2~ 4 ) do,

which completes the proof of b). O
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Proof of Theorem 4.10. The Mecke equation (2.15) and Lemma 4.12 a) imply that

B[] =E[ 3 te.n)] =4 /BZ(OVS)EM(Q:,H@)Q] H(dz)

TENs
dy (o,x
= ’ya/ / u® " exp(—yHA(BE(x,u) N Bi(o,dp(0,z)))) du H(dx).
Using the polar integration formula (2.12) provides
E[LY] = Vawd/ / exp V’Hd(BZ(xt, u) N Bi(o, t))) sinh?~1(t) du dt,

where z; is a point in B{(o0,t) with dj(¢,0) = t. Since E[Eg 7)] — oo and Vj,(s) — oo as
s — 00, by ’'Hospital’s rule and (2.13) we obtain

- E[L{)]
Jm Vi(5)

= lim Wd() / u® ! exp (—’y’Hd(Bff(a:S, u) N Bi(o, s))) sinh?™1(s) du
Ss)Jo

5700 (g sinh?~1!

_ lim 1o / utexp (o HU B (e w) N B0, 9)) ) du
0

§—00

Since, by (4.6), the integrand is bounded by the integrable function (0,00) > u +
u®~texp(—vVj,(u/2)), the dominated convergence theorem and Lemma 4.11 lead to

E[L{)]
li -
sl{go Vh(s

= 'ya/ lim u® !exp (—de(Bg(xs, u) N Bi(o, s))) du
0

S§—00
:’ya/ u® L exp (—yG(u)) du.
0

Combining this with the change of variable v = u® we conclude that

T 1/a
slggo Vh(s N 7/0 xp (_VG(U )) dv,
which completes the proof. O

For a > 0 the Euclidean counterpart to the edge-length functional £§°2 is

IEHE

where nF = n¥| Ba(0,s) for s > 0 is the restriction of n® to the Euclidean ball B4(0, s)

and /g (z,n") denotes the Euclidean distance from z to its radial nearest neighbour in the
radial spanning tree on n® with respect to the origin. Its asymptotic behaviour for s — oo
is given by

E[£)F kg dfa 2 \e/d_ra
lim —=27 1 — T2 du =y — 'i-+1 4.7
SLI& Vd(s) 7A € ’ v 7<7I£d) (d + ) ( )
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. ElcM ) E[c1)E
d sll{glo ‘[/h (95 sll>rgo [V;(’;)
2 0.7591 0.7071
3 0.7514 0.6979
4 0.7762 0.7232
) 0.8087 0.7566
6 0.8426 0.7920
7 0.8761 0.8273

Table 4.2: Expected asymptotic volume-normalised edge-length functional of the radial
spanning tree for the hyperbolic case and the Euclidean case for « =1 and d € {2,...,7}
(cf. [96, Table 2]).

where Vy(s) = kgs? is the volume of a Euclidean ball of radius s. The first equality follows
from rewriting [100, (1.2) in Theorem 1.1], where the +1 is missing in the argument
of the Gamma function due to an inaccuracy in the last step of the proof. Note that
the polynomial volume growth in (4.7) is in sharp contrast to the exponential growth of
V1 (s) in the hyperbolic case. For the sake of comparison, Table 4.2 shows values of the
asymptotic expected volume-normalised Euclidean edge-length functional with o = 1 in
the hyperbolic case and the Euclidean case for low dimensions d.

Remember that in contrast to the examples from Section 4.1 and Section 4.2 we con-
sider in this section results for fixed intensity and a sequence of growing observation
windows. Naturally, the question arises of what happens for a fixed observation window
and increasing intensity. In this case one can expect that the asymptotic results for edge
length functionals coincide with the ones in Euclidean space (see also [96, Section 1.3]).
Roughly speaking, this can be explained with the fact that the edges of the radial span-
ning tree become shorter for increasing intensity. Then, since the hyperbolic space can
be locally approximated by its tangent space, total edge length functionals in hyperbolic
space should behave similarly to edge length functionals in Euclidean space. This is the
reason why we are interested in growing observation windows instead.

4.3.3 Variance of total edge length functionals

In this subsection we analyse the asymptotic behaviour of the variance of total edge length
functionals. To formulate the precise variance asymptotics of the edge-length functionals,
we need to consider a directed variant of the radial spanning tree, the so-called directed
spanning forest, which was introduced in the Euclidean case in [9] and generalised to
hyperbolic space in [47]. For a connection to the hyperbolic radial spanning tree see also
[40]. To define it, we fix an ideal point e € OH?. For a point y € H? denote by HB,(y) the
horoball around e with boundary passing through y. The directed spanning forest DSF,(n)
on the Poisson process 1 with respect to the ideal point e has the points of ) as vertices and
each vertex y is connected to its (a.s. unique) nearest neighbour in the horoball HB.(y).
We denote by /.(y) the distance between y and its nearest neighbour in DSF.(n+4,), and

by o) (y) the distance from y to its nearest neighbour in DSF.(n + &, + d,) for = € H.
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Theorem 4.13. Let o > 0. Then, the limit

) Var[ﬁ(a)]
(@) syl
V7 Shm 2 (5)

exists, is finite and given by

Vi) = B[l (0)**] + 29° /H b )E[E(ey)(O)aﬁég) ()] — Elle(0)E[le(y)*) H(dy),

where e € OH is an arbitrary ideal point.

For the Euclidean case the asymptotic variance constant was derived in [100, Lemma
3.4]. By rewriting in that formula the integral over R? as two times the integral over a
half-space with the origin in its boundary, one obtains the same expression as in Theorem
4.13 with an integral over a half-space instead of over a horoball. This is due to the fact
that in both the proof of Theorem 4.13 below and the proof for the Euclidean case in
[100] one has to deal with increasing balls with centres tending to infinity, which converge
to a horoball in the hyperbolic case and a half-space in the Euclidean case. In this
context, for the variance asymptotics of geometric functionals associated with Boolean
models stronger differences between Euclidean and hyperbolic space were observed in [56].
These are caused by boundary effects, which are negligible in Euclidean case but become
significant in hyperbolic space. Since we do not deal with edges of the radial spanning
tree crossing the boundary of the observation window, such effects are not present in the
current paper. However, we expect similar phenomena to occur if we take such edges into
account.

For the proof of this theorem we need some further notation. First, for a point p €
H? we consider the radial spanning tree RST,(n) build on 7 with base point p (i.e. p
plays the role of the origin). We denote by £,(z) the distance from x € H? to its radial

nearest neighbour (with respect to p) in RST,(n + J,) and by Zfoy) () the same distance
in RST,(n + 0, + d) for y € HL Observe that by the isometry-invariance of 7, for any
hyperbolic isometry ¢ and any x,y € H? one has the equalities in laws

(@) = Ly (o(x)) and  (E9)(2), 60 () = (E29 (o(2)), €85 (o(y))).  (48)

For p,z,y € HY the inequality Kéy) (z) < {,(x) is obvious since adding the point y can
only decrease the distance from z to its radial nearest neighbour with respect to p. Thus,
it follows from Lemma 4.12 b) that

sup E[f,(x)Y] < oo and sup E[El()y) ()] < o0 (4.9)
p,zeH? p,x,ycHd

for all a > 0. Moreover, if 7 is a geodesic ray in H? with ideal endpoint e = 7(c0) € OHY,
it holds for z,y € H¢ that

lriy (@) —= Le(w) and £Y) (2) — (W) (2) as. (4.10)

t—o00 t—o00

For the proof of Theorem 4.13 we need the following technical lemma.
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Lemma 4.14. For every a > 0 there exists a constant C(a) > 0 only depending on o and
d such that for all p, z1, 2y € HY,

B (1) 65 (22)°) — Elty(1 ) Elly(22)°]| < Ol exp ( — T (22,

Proof. For i € {1,2} we define the event

(- 2529) -

with 2; € H? being the point on the geodesic ray in the direction of p such that d, (%, z;) =

dp (z1,22)

1. We note that in case of Af, KI(JzQ)(zl) is completely determined by the points of

1 within B,Cf(zl, M) since there are potential radial nearest neighbours of z; in the
latter ball. Indeed, for p ¢ B{(21,dn(21,22)/4) the points of n in BE(21,dpn(21,22)/4)
are closer to p than z; and, thus, potential radial nearest neighbours of z;, while for
p € B(21,dp(21,22)/4), p is a potential radial nearest neighbour of z;. Analogously,
E,(,Zl)(zg) is in the case of A§ completely determined by the points of 7 in Bf(zs, M)
Due to the independence of the events A; and Ay by the defining property ii) of a Poisson
process we have for A = A; U Ay that

E[£§2) (21)*€() (22)* L ac] = E[ly(21)* Lac]E[€y(22)* L ag].
It follows together with the Cauchy-Schwarz inequality and (4.9) that

[E[65) (21 2)*] = Ellp(21)"|E[lp(22)%]|

)o%l(?zl (
= [E[5) (21) €5 (22)* (La + Lae)] = Ellp(21)* (1, + 1ag)|E[bp(22)* (14, + Lag)]|

[(ZQ)(ZDO‘E ) (22)*La] + Ellp(21)* 14, JE[6p (22)* L]
Ellp(21)" 1a, [E[lp(22)" Lag] + E[lp(21)" Las[E[ly(22)" L a, ]
< E[f(zz (z0) P HE[G) (22) ") A P(A)Y? + [y (21)* 1, JEG(22)°]
Ellp(22)* L4, JE[Ep(21)"]
< ]E[f(zz (z0) P HE[E) (22) ") AP(A)? + E[ly(21)*) P E £y (22) *TP(A1)/?
+ E[by(22)*) /2 E[£y(21)*[P(A2)'/?
< 01( J(P(A)'? +P(A)'/? + P(4)'/?)
< Co(a)(P(A1)"? + P(A2)'/?)
=203 (a) ex (— —Hd< ff( dn (21, ZQ)))) = 2Cs(a) exp ( - th(dh(zi’ZQ))>
for suitable constants C1(«), C2(c) > 0 only depending on « and d, which completes the
proof. O

Proof of Theorem 4.13. Due to the multivariate Mecke equation (2.15), the variance is
given by

Varlc) =B Xt el - (E[ > f(%n)aDQ +E|

(zy)en? TEMNs

> E(wm)za]

TENs
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=T(s) + E[LE),

where
/Bd / BV @0 )°) ~ Elt(a) B[A()") H(dy) H(d).
By Theorem 4.10 we have

E[£3] RCTARYICYS
lim —=>7 4 — / e 1G(u ) du.
5—00 Vh(s) v 0

On the other hand, a computation as in the proof of Lemma 4.12 a) shows that
E[l.(0)**] = / P(le(0) > u/ ) dy = / exp (— YHY(HB,(0) N B4(0,u!/?%)))) du.
0 0
Lemma 4.11 implies that H%(HB,(0) N B (o, u'/ %)) = G(u'/(?%)) and hence

(2a)
lim ElLsy ]

A = E[lc(0)*]. (4.11)

For the term T'(s) we write, by symmetry and polar integration,
—22 [ 60 ()"0 (4)°] — E[e(2)*[E[A(y)°] H(dy) H ()
Bd(o,s) J B&(o,dp (o, x))
= 27 [ s 0 [ B0 () ()% — Bl ()] Hy)
0 Bé(o,t)

where ; is the point on the geodesic ray in H? from o with ideal endpoint e = v(c0) € OH?
such that dj(z,0) =t for t € [0,00). From (2.13) and I"'Hospital’s rule we deduce

. T(s)
1
5500 Vi (s)
2 s pd—1
— lim 29%wg sinh®™ " (s)

s=oo g sinh?1(s)

= B2t [ B ) )) B B W0

o FIEO ) )] — Bl B

S§—00

Using (4.8) to change the roles of x5 and o, this can be rewritten as

lim T(s)

S5—»00 Vh(s)

= lim 272/ E[(Y) (0)*6 (y)*] — E[ly, (0)*]E[ls, (y)*] H(dy)
Bh(msz )

= lim 20? [ 1{y € Bian, 9} (BI04 0)7) = Bl o) Bl (1)) ().
(4.12)
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The absolute value of the integrand is bounded by C(«)exp ( — %Vh(%)) for y € H?
by Lemma 4.14. Since, by a further application of (2.12),

/ exp ( - %Vh (dh(zy))) H(dy) = wd/ sinh?1(#)e ™V #/H/2 4t < o0,
Hd 0

we can apply the dominated convergence theorem in (4.12). Combining (4.9) with (4.10)
provides for y € H¢,

and

E[ ()49 (4)") = EILY) (o)) (1)°].

Ts Ts

Moreover, we have
1{y € Bg($8as)} S_)—OO> 1{y € HBe(O)}

for H%a.e. y € HY. Altogether, we obtain

- T(s) 2/ d

lim =2y E[¢%) (0)*09) ()] — E[le(0)*|E[le(y)*] H(dy).

A HBE(O)[ (0)* €7 (y)*] — El[le(0)*|E[le (y)*] H(dy)
Combining this with (4.11) completes the proof. O

Note that the explicit representation of Vga) in Theorem 4.13 does not show its pos-

itivity due to the difference in the integral. Therefore, the following proposition answers
the question of the positivity of the asymptotic variance.

Proposition 4.15. Fiz cyg > 0. Then, there are constants cg,c, > 0 and sg > 1 depending
on a, d and ¢y, such that

2

cml_%th(s) < Var[ﬁé?‘v)] < ey T V(s)
for all v > ¢y and s > sq.

For the proof of this proposition we use some additional lemmas. We start with the
following geometric result.

Lemma 4.16. There exists a constant € > 0 only depending on d such that for all z €
B(0,3)¢ and all € B(z,1)\{z} the set

BZ(Z, dh(xa Z))C n Bg((L’, dh<m7 Z)) N BZ(Ov dh(xa 0))
contains a ball of radius €dy(z, z).

Proof. For z € B%(0,3)¢ and z € Bl(z,1)\{z} let 7: [0,1] — H¢ be the geodesic segment
from o to z, i.e. 7(0) = 0 and 7(1) = . Then,

Bjj(r(u), dp(z,7(u))) C Bji((v), dn(x, 7(v)))
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for u > v, i.e. shifting the origin in the direction of x along a geodesic ray decreases the
considered set. Since dp(x,z) < 1, dp(o,2) > 3 and dp(7(u), z) is continuous in u, there
exists ¢t € [0, 1] satisfying dp(7(t), z) = 3. Hence, together with rotational invariance it is
sufficient to show the desired statement for a fixed Z with dp(Z,0) = 3.

For z € B¥(2,1)\{2} let R(z) be the supremum over all radii of balls contained in
the set B{(2, dp(x, 2))¢ N B(x,dy(x,2)) N Bi(o,dn(z,0)). Note that R is continuous on

B&(2,1)\{}. Assume that the function h: BZ(2,1)\ {2} = R,z — df((;),%) is not bounded

away from 0. Then there exists a sequence (7, )nen in Bi(2,1) \ {2} such that

Since B(2,1) \ int(B{(2,u)) is compact for any u € (0,1) and h # 0 on BE(2,1)\ {2}, h
is bounded away from zero on B(2,1) \ int(B{(2,u)). This implies z,, — 2 as n — oc.
Define 7, = dp(xy, 2) for n € N. We have

n—0o0

lim inf —”Hd(Bh( 2)S N Bl (2, 70) N Bi(o, dp,(2n,0)))

> lim inf —(Hd(Bg(xn, ) N Bg(o, dp(xpn,0))) — ”Hd(Bg(xn, ) N Bg(é, rn)))

n—00 rd

> lim inf —(Hd(Bh(acn, ) N Bh(yn, dn(Tn,yn))) — ’Hd(Bg(a:n, ) N BZ(%, rn)))

n—o0 n

where y,, is the point on the geodesic between z;,, and o such that dp(z,,y,) = 2r,. Since
hyperbolic balls of small radii can be approximated by Euclidean balls in appropriate
tangent spaces, we obtain

lim inf —’Hd(Bh(z )¢ N B (2, 7) 0 B (0, dp (2, 0)))

n—00 Tn

> Vy(B40,1) N B(v9,2)) — Vg(B40,1) N B(vy,1)) =: ¢

with v, v2 € R? such that ||v1]| = 1 and [Jva|| = 2. Obviously, we have ¢; > 0. Next fix
€ (0,1). Then one has

hmsup de({w € Bh(z rn) ﬂBh(CCn,Tn) mBh(O dh(wm ))

n—oo T'p

Bff(w Ern) & Bi‘f(é,rn)c N Bg(:cn, ) N Bff(o, dp(xn,0))})

< limsup — (Hd (1+8)r)\ Bh(z Tn)) + Hﬁ(Bﬁ(ivnﬂ“n) \ Bg(mn, (1—=28)rn))

+Hd<<B (0, dn(wn, 0)) \ Bi(0, dn(wn, 0) — €1)) 1 Bil(ns 7))
= fimsup d(Hd 0,(1+8)ra) \ Bil(0,ma)) + H(Bjl(0,ra) \ Bi(o, (1 = &)rn))

+ Hd(Bh(o, dp(zp,0)) N Bg(:cn, Tn)) — Hd(B,‘f(o, dp(zp,0) —Erp) N B,Cf(:cn, rn))>

=@ e -1 (-5t % (&) = 40
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where v(&) = k' Va({(21,...,24) € B%0,1): 74 > &}) and where we used again con-
vergence of hyperbolic balls with small radii to Euclidean ones. Combining the previous
estimates, we see that

1
lim inf —de({w € BY(2,7,)¢ N B(xp, ) N Bl (o, dp, (2, 0)):
n—oo ’rn

Bg(wa érp) C Bg(é, 77)¢ N Bg(xm ) N Bg(o, dn(rn,0))})
>c1 —g(é).

Since g(t) — 0 as t — 0, the right-hand side is positive for £ sufficiently small. Thus,
for n large enough there exists w € B&(2,7,)¢ N B (z,7,,) N Bl(0, dp(n, 0)) such that
Bl(w,éry,) € BH(2,1,)¢ N Bl (2, ) N B0, dp(wy,0)) and, thus, h(z,) > . This is a
contradiction so that we have shown that h must be bounded away from zero, which
proves the desired statement. ]

In the following, the previous lemma is used to give a lower bound for the probability
that the difference operator is bounded away from 0, which we need for showing the lower
bound of the variance.

Lemma 4.17. Let cg > 0 be fized. Then, there exist constants c,C > 0, depending on «,
d and cy, such that for all v > cy and s > 3 one has with ¢, = v~ that

P(D.LY) >c))>C
for all z € B¥(o,s)\ B(o,3).

Proof. Fix ¢ > 0 such that ¢, = y~/de < 1 for all ¥ > ¢ and let z € H? be such that
dn(0,z) > 3. Denote by A, = {x € H¢: c#/a < dp(z,2) < 2(;#/&} the annulus with radii
c%/a < 20#/04 around z. For all x € A, with dj(z,0) > di(z,0) denote by z* € A, the

point on the geodesic from = to z satisfying dj(z*,2) = c,l/ “. Then, by the convexity

of the hyperbolic distance function along geodesics (see e.g. [3, Theorem 1.4.2]), one has
dp(z*,0) < dp(z,0) and hence,

Bi(o,dn(0,2*)) N Bl(z*, dn(z,2*)) N A, C Bi(0,dp(0,x)) N Bi(x,dy(z,2)) N A,.
The left-hand side can be rewritten as

Bg(O, dh(ov ZL‘*)) N Bg(l‘*, dh(za l‘*)) N A’Y

= Bl(z,dy(z*, 2))° N BL(z*, dy(z*, 2)) N Bl (o, dy(z*,0))
so that, by Lemma 4.16, Bf(o,dp,(0,z*)) N Bl(z*,dp(z,7)) N A, contains a ball of radius
gdp(x*,2) = Ec}/a = gcl/*y~1/4, Hence, we can choose € > 0 such that the interior of the
intersection By (o, dp,(0,2)) N B(x,dp(z,2)) N A, contains a ball of radius e, = y~1/%¢ for

all v > ¢p and x € A,. Note that ¢ does not depend on the choice of z € B,‘f(o, 3)°.
Now consider the event

E. = {n|a, is an €,-dense subset of A, and n(int(B(z, c}/o‘))) = 0},
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where a set is called ¢,-dense in A, if for all y € A, there exists a point of the ¢,-dense
subset having distance smaller than or equal to €, to y. We claim that assuming E, one

has Dzﬁé‘?Q > c¢y. Let us first show that, in the case of F,, z is not the radial nearest
neighbour of any = € 77|Bg(o,s)- Indeed, first let = € n|a, be such that dj,(o,z) > di(o, 2)
(so that z could potentially be the radial nearest neighbour of x). Then, by the choice
of e, and since 7|4, is e,-dense in A, there exists w € 7|4, which lies in the interior of
B(0,dp(0,7)) N B(x,dp(z, 7)), which in particular shows that z is not the radial nearest
neighbour of z. For B = R\ Bz, QCi/a) let now = € 0|5 with dj, (0, 2) > dj(0, 2). Let zp
be the intersection point of the geodesic segment [z, z] with the sphere 832(2, 20}/ %), and
let again w € 1|4, be such that w lies in the interior of Bf (o, dy(0, 25))NB(z g, dn(z, 28)).
Then, using again the convexity of the hyperbolic distance function along geodesics one
has

dp(o,w) < dp(0,xp) < max{dp(o,x),dr(0,2)} = dy(o, ).

Additionally, using the fact that zp lies on the geodesic segment [z, z] we see that
dp(w,x) < dp(w,zp) +dp(zp,x) < dy(z,zp) + dp(xp,x) = dp(z, x).

As above, these two conditions combined show that z is not the radial nearest neighbour
of x. This proves that, assuming F,, adding z does not delete any edges from the radial
spanning tree and hence adds exactly one edge between z and its radial nearest neighbour.

Since in the case of E, there are no points of 7 in the interior of BY(z, c}/ %), the length of

this edge is at least c}/ “. In other words, we have proven that

P(D.L) > c,) > P(E.).

To estimate the latter probability, fix a maximal collection {B;};cr of disjoint e, /4-balls
in A,. Then, any choice of one point from each ball is clearly e,-dense in A,. Let ¢, > 0
be such that sinh(z) < cyx for all x € [0,¢] and recall that sinh(z) > = for all z > 0.
Then, the number of such balls does not exceed

L — HA(B(o, 2ci/a)) < 62_12”10%!/& B cd=14d9dcd/a .
VS Bl ) S G e

which is independent from ~. This shows that

P(E.) > P(n(B;) =1 for all i, n(int(Bj(z,c}/*))) = 0)

> (’YHd(B;f(O, 57/4))6—7”(32(0@/4)))k e—’YHd(Bﬁ(o,c.ly/o‘))
> (Hdade‘cgfl“dgd/‘*d/zld)k e et — 0 s,
which completes the proof. ¥

Finally, we state three additional lemmas, which are essential for deriving the variance
bounds and the central limit theorem in the upcoming subsection. Lemma 4.19 and
Lemma 4.20 are derived analogously to Lemma 4.1 and Lemma 4.2 in [100] with the help
of Lemma 4.18.
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Lemma 4.18. Let ¢y > 0 be fixed. Then, for all c1,co > 0 there exist constants ¢1,¢o > 0,
only depending on c1,co, d and cg, such that for v > co and t > 0,

dy, (x,0) ~
/ e TerVhl o) H(dx) < 516_762‘/”(%).
HA\ Byl (o,t)

Proof. Let ¢ > co sinhfl(l) be such that for v > ¢,

yer Vi, (1) —(d—1)r> C’yVh(i>
Cc2 (6]
for all » > ¢ and some constant C' > 0. Then, for ¢t > ¢, together with (2.12) we have
dy, (z,0) oo T
/ 'ye_’yclvh(h?) H(dx) = wd/ 76—761‘/;1(5) sinh®~1(r) dr
H4\ B¢ (o,t) t

S T
< wd/ e 1V Gy d =) <L> dr
t €2

0 T
wd/ ’Ye_wcvh(a)sinhd_l <L> dr
t C2

IN

Cy — €
2, 'YCVh(CQ)'
C

For ¢t € [0,c|] we divide the integral into two parts. For the first part we use that there
exists a constant ¢ > 0 such that sinh(z) < €sinh(}) for all z < c¢. Then it holds

(4.13)

¢ T (& _ r
wd/ ye N sinh 7 (r) dr < et / 7e 7V sinnd =1 (L) d

t t C2

[o.¢]
C2 i C1 — Vi (Z) . _ T
< Zwge? 1/ ve Y h(az)smhd ! (—) dr
t

c1 C2 C2
C _ t

©2od-1, v«th(Q)'

c1

Similarly to (4.13) we derive for the second part of the integral

© o cy — < cy — t
Wd/ ~e ’yCth(Cz)Sinhd_l(T) dr < 626 YOVR(5) < 526 YOV (Z;)
C

Altogether, this completes the proof. O

Lemma 4.19. For co > 0 and p € N there exist constants C1p,Cap > 0, depending on p,
o, d and co, such that for all s >0, z, 21, 22 € Bi(o, s) and v > ¢y,

VPR DLEP) < Crp  and A PUED?, L] < Gy

21,22

Proof. For ¢ € N and z € B{(o, s) it holds

DL < £z, E+6)" + > 1{l(x,8) > dp(z,2) (2, &)™ (4.14)

el

Together with Jensen’s inequality and the Cauchy-Schwarz inequality we have

ap/d «
I DL
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< P~ Lye/AR (2 + 6,)°7] + 2p71,yap/dE[( Z 1{t(x,n) > dh(Z,x)}E(x,n)a>P:|

TENs

< 277y PRz, + 6.)°7)

+ 2071y R (3 1{t(, ) > dh(z,x)})Qp]l/ QE[ max (a,n)] 1/2
TENs £(m7n)2dh(z,x)

=: P~ IR (5 4 5,)0P] + 2P ORI (2)V2 My (2) 2. (4.15)
By Lemma 4.12 b) the first summand is uniformly bounded in z and ~.

For z € B{(o,s) the factor M;(z) can be written as a linear combination of terms of
the form

E[ 3 1{6(331-,77)zdh(xi,z),z':L...,k}}

(xlr“zxk)enjﬁé

for k € {1,...,2p}. Using the monotonicity relation £(x;,n+ Z?zl 0z;) < U(wi,m+dy,) for
i € {1,...,k}, the multivariate Mecke equation (2.15), Holder’s inequality and (4.6), we
have

E[ 3 n{e(xi,n)zdh(xi,z),izL...,k}}

(5517~--7$k)€77§,¢

k
. /Bg(o,s)kP(E(mi’nS + 30 00) 2 dilwi, )i = 1o k) (HYH (A, o))

j=1
k
<7 /Bd( ) HP(E(%‘JI + 0z,) = dp (i, Z))l/k (M) (d(, - 2))
R\S)T j=1

T,z ,0 k
< e el Hd(d@)kﬁ ( / 7e HEEEE 3y )
Bi(o,s) e

by Lemma 4.18, i.e. M; is uniformly bounded in z and for all v > ¢o.
For the factor My we have with the Mecke equation (2.15) and Fubini’s theorem,

vmp/dE[ o 5(»’6#7)2‘“”} = 2op/d / P( max ((z,7)*7 > u) du
TCT)s - TENs:
On)>dn (2,2) O eam)>dn(zn)

=yl / P(3x € n,: L(z,n) > max{u!/C) dy(z,2)}) du
0

< ~200/d /OOE[ > 1{l(z,n) > max{ul/(mp),dh(zyx)}}} du

0 TENs

= 2P g[S /Ooo 1{(2,n) > max{u!/ @), dy (2, 2)}} dul

TENs

= 2P| 3 e, )21, ) > dp(z2)}]
TENs
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= /Bd( ),72ap/d+1E[£(:E,77 + 02)2P1{l(,n + 0,) > dp(z,2)}] HE(dx).
nlo,s

Now it follows from Lemma 4.12 b) and Lemma 4.18 that

TENs:

72ap/dE[ max {(z, 77)20‘7’] < c(a)/ e Vi (dn(22)/2)/2 3y (40
L(x,m)>dp (2,x) Bj(0,s)

< ¢(a) / eV 02)/2)/2 (4 < c(a)é,
Hd

where & does not depend on «, v and z. Consequently, 27/ 4 My (z) is uniformly bounded
in v > ¢g and z € HY Finally, the uniform bounds for M; and 2°?/¢)f, provide the
existence of a constant C;, > 0 for which fyo‘p/dEUDzﬁg?;) P] < Cyp for all z € H? and
v 2 co.
For the second order difference operator we have
YPUR(|DZ, L, L4 P)

< 2"y D. L ()] + 2B DL L) (s + 05) ) (4.16)

for 21,29 € B,Cf(o, s). The first summand is uniformly bounded since we have already shown
that the left-most term in (4.15) is uniformly bounded. For the second expression we can
use similar arguments as above. Analogously to (4.14) we have

D2y L899 (15 + 823)] < L(z1,1m + 62 + 62,

Y Mt iy) 2 dia))  max ol )"
e sy 15232 dn (21 ,2)

Due to monotonicity it holds

E(Z]_,T/ + 5,22 + 5z1)a S E(Z]_;T/ + 5Z1)a7
>l n+0z) > dp(z,2)} <1+ Y 1{l(z,n) > di(21,7)}

TENs “1’522 TEMNs

and

max f(%’ﬂ‘f“szz)a < €(22>77+522)a+ max E(xan)av
TENs+02g: TEMs:
Lxm4-025)>dp (21,2) U(z,m)>dp (21,7)

which provides that the second summand in (4.16) is also uniformly bounded for 21, zo € H?
and v > ¢p. O

Lemma 4.20. For ¢y > 0 there are constants c1,co > 0, depending on «, d and cy, such
that for all s > 0, 21,29 € B,‘f(o7 s) and vy > ¢y,
P(D2, ., £4%) #0) < e~ 12Vl (a0e2)/0),

21,2278,
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Proof. We have

21 zzﬁga’y) Z Dz1 22 +D21£(22777+622)a+DZ2€(Z1777+521)Q'
TENs

This second order difference operator can only be non-zero if at least one of the three
summands above is non-zero. Hence,

P(D? @) £ 0) < P(3z € n,: D?

21, 22

21, ZZE(ZE, 77)& 75 0) + P(an(z%n + 522)a 7é O)
+ ]P)(DZQE(ZL n+ 621)a 7& 0)

Since D,,l(z1,n + 05,)" # 0 requires £(z1,m + d2,) > dp(z1, 22) and dp(z1, 22) < dp(o, 21),
we get

P(D,l(z1,n + 02,)* # 0) <P(U(21,n + 02,) > dp(21, 22)) 1{dp(21, 22) < di(0,21)}
= P(ns(Bii(21, dn (21, 22)) N Bi (0, dp(21,0))) = 0)
X 1{dp (21, 22) < dp(o,21)}
< e_’YVh(dh(zlyZQ)/z),

where we used (4.6) in the last step. Analogously, one can show that
P(Day 22,1+ 82,)* # 0) < e Valdn(122)/2),

For the first summand we use the Mecke equation (2.15) and the fact that D2 _ 0(z,n)* #

0 requires ¢(x,n) > max{d(z1,z),dn(z2,2)} and max{dy(z1,),dn(z2,2)} < dp(o,x) for
z € B{(0,s). Then, we get with Lemma 4.18 and (4.6),
B(3r € n.: D2, {(z.m)" £ 0)

21,22

<E| Y D2 .00 # 0}

TENs
- / B(DE, ., a0 + 02) # 0) H(dw)
B¢ (o,s)
< /d( )’Y]l{max{dh(zhrv), dp(z2,2)} < dp(o, )}
Bj (0,5

X P((z,n+ 6,) > max{dy(z1, x), dp (22, z)}) H(dx)
< / ’ye_ryvh(max{dh(zl,x),dh(ZQ,w)}/Q) Hd(dl‘)
Bd(0,s)

< / e Vi(dn(1.2)/2) 34 (4 )
Hd\Bd( 1, dh(zl’z2) )

+/ ye Vr(dn(222)/2) 344 (4g)
Hd\Bd(zz dh(221,22))
< 2516_&27Vh(dh(zl722)/4)’
which provides the result. O
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Proof of Proposition 4.15. The upper bound follows directly from the Poincaré inequality
(2.20) and Lemma 4.19, which provide together

Var[ﬁgo‘v)] <~ /
’ Bd(o,s)

= 01,271‘20‘/‘1Vh(s).

E [(chgf;))z)] 14(dz) < ~ /B v 20040 5 HA(dz)

z(o,s)

For the lower bound we use the reverse Poincaré inequality, i.e. we aim to apply Theorem
3.1 for n = 1. This means that the proof is complete once we find constants m, M > 0
such that

2
v /B ) )E {(pzzg«g) ]Hd(dz) > my'20/y, (s) (4.17)
(0,8
and
P[] B[DF L) R] ) W) < DR ). (418)
B;‘f(o,s) Bg(a,s)
For the lower bound in (4.17), we use Lemma 4.17 and obtain

y / E[0uL)] i) 2 / o 2RDL) > o) W)
Bii(o,s) Bf(0,5)\Bj(0,3)

> y2C - (Vi(s) = Vi(3))

Coa/acC
> /dT'Vh(S)

for sufficiently large s > 0, which shows (4.17).
To prove (4.18) we combine the Cauchy-Schwarz inequality with Lemma 4.19 to derive

B[D2, ., £ < BIID2, ., £ '[V2R(D2, L, L(e) # 0)'/2

214,22 S,y Z1,22 S,y 21,22
—20/d ~1/2 2 1/2
<7 of C'2,4 P(Dzl,zz‘cg?fy) 7é 0) / :

Together with Lemma 4.20 this implies
2
)2 / / E [(Dimc&f’i) ] H(d21) M (dzn)
Bi(o,s) JBi(o,s)
< y2/dgy 22 / / P(D? L) # 0)Y2 H(dz1) H(dzs)
Bg(o,s) Bg(o,s)
< 7120‘/”161/20217/42/ / e 1R Vildn(1,22) /12 2451 ) H(dzp)
Bi(o,s) J Bi(o,s)

< 71—2a/dci/2021/42 /Bd( | |:/Hd ,ye_'YCQVh(dh(Zl7Z2)/4)/2 %d(dZQ):| ”Hd(dzl)
a(o,s

< ,}/172a/dci/20217/42 |:/Hd ,}/e*'ycth(dh(o,w)/4)/2 ’Hd(dw)] . Vh(S).

By Lemma 4.18 the integral inside the brackets converges and is uniformly bounded for all
~ > ¢p. This completes the proof of (4.18) and with it, the proof of the proposition.  [J
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4.3.4 Central limit theorems for total edge length functionals

Finally, we turn to the central limit theorem. Note that we mainly use Theorem 2.19 to
derive rates in Wasserstein and Kolmogorov distance. Since the bound for the Kolmogorov
distance is also a bound for the Wasserstein distance, we only use the result for the
Kolmogorov distance to derive an upper bound in both distances. Nevertheless, using the
result for the Wasserstein distance in Theorem 2.19 leads to the same rate of convergence.

Theorem 4.21 (Central limit theorem for edge-length functionals). Let o > 0 and v > ¢
for some cg > 0. Denote by N a standard Gaussian random variable. Then, there exist
constants C' > 0 and sg > 0 only depending on d, a and ¢y such that

£ —E[L{) C

A NSO

de
Var[£%)]

for s > so and $ € {W, K}.

Proof. We use Lemma 4.19, which shows that the moments of the first and second order

difference operator of v/ dﬁs,ay) are uniformly bounded by some constant ¢ > 1 for all
v > ¢g. Then, Theorem 2.19 implies the inequality

£ BIL) | g (2L B
Var [ﬁgaw)] Var[y®/ dﬁg?év)]

erl/? 2cl eIyt 4 2er??

T Var[ye/dLl)]  Var[ye/dLP2  Varlyeldcly)?

5¢ I V6e + /3¢

Varlye/c$)] " Varpye/d£l)]

de

I3

for = W and & = K, where N is a standard Gaussian random variable and the terms
Iy, Iy and I3 are defined by

I = 7/d( )P(Dzﬁg?;) £ 0)1/10%d(dz),
By (o,s

2 1/2
I = (’7/d (’7/ P(Dgl,mﬁg%) 7& 0)1/20 ’Hd(d:UQ)) Hd(dx1)>
Bh(o75) BZ(O,S)

and

1/2
hz(y/ v/ MDQmﬁﬁ#m”wH%mnH%Mﬁ> .
Bi(o,s) Bd(o,s)

For I; we use the trivial bound P(Dzﬁg?fy) # 0) < 1 which gives I1 <V} (s). To bound Iy
we note that Lemma 4.20 and Lemma 4.18 yield

W/d( )]P)(Dgl,22£g?%? #0)Y/2dz < ¢ /dVG_WCQVh(dh(Zl’0)/4)/20d21 <Oy
Bj (0,8 H
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for some constant C5 > 0, which does not depend on v, and therefore
I < Coy 2V (s)V/2

Similarly, we have I3 < C3vY/2V}(s)Y/? for a suitable constant C3 > 0. Together with

the lower variance bound provided by Proposition 4.15, which states that Var['yo‘/ dﬁg?;) ] >
ceyVi(s) for s sufficiently large, we obtain for s > sg,

5(8?7)—1@[5(5%)] N < 2V (s)1/? 2¢yVi(s)
Var[ﬁg%)]7 = cryVa(s) 02/273/2Vh(s)3/2

do

N 575/4Vh(8)5/4 + 2573/2‘/]1(5)3/2
32 Vi(s)?
5C
ceyYVi(s)
C

= A

for some constant C' > 0, which completes the proof of the theorem. ]

+\/66+\/§E

Car 12V, ()1/2
cVin(s) (e)

Coy 2V ()12

Remark 4.22. One can also study the edge-length functionals for a@ < 0. For the Euclidean
case quantitative central limit theorems for a € (—d/2,0) were derived in [110]. Note that
for a < 0 short edges become crucial and that the restriction a > —% comes from the
fact that second moments do otherwise not exist. We believe that similar results can be
established for the hyperbolic case as well. Anyway, since this requires different proofs
than for a > 0, we refrained from considering this situation.
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Chapter 5

Random polytopes

In this chapter the vector of two different LP surface areas of a random polytope is con-
sidered and lower variance bounds for linear combinations as well as a result on the two-
dimensional normal approximation are derived. If not stated otherwise, this chapter is
based on [101, Section 4 and Appendix A.2] by M. Schulte and V. Trapp.

5.1 The model

For s > 1 let 1y be a homogeneous Poisson process on B%(0,1) with intensity s, i.e. a
Poisson process on R? with intensity measure \ = sAd|pa(o,1), where 0 = (0,...,0) € RC.
Let Conv(-) denote the convex hull. We consider the random polytope @ generated by
ns + do, i.e. @ is the convex hull Conv(ns + dg). A simulation of such a random polytope
can be seen in Figure 5.1. Note that we add the origin as an extra point to the Poisson
process mainly for technical reasons. However, since we are only interested in asymptotic
statements for s — oo, this does not make a difference since 0 is with high probability
contained in the convex hull of the points of ns; as s — co. The following lemma, which
is similar to [69, Lemma 3.9], even shows that the probability that a ball of fixed size is
not contained in the convex hull of 75 decreases exponentially in s as s — co. Throughout
this chapter, we fix pg € (0, 1) and define B_,, = B4(0,1)\B%(0,1 — py).

Lemma 5.1. There are constants cg, Co > 0, depending on pg and d, such that
]P’(Bd(O, 1 —po) € Conv(n,)) < Coe™*
for all s > 1.

Proof. The proof is similar to the one of [69, Proof of Lemma 3.6]. First note that there
exists m € N such that one can choose disjoint sets Ay,..., A, € B_,, with Ag(4;) >0
for i € {1,...,m} and such that for all v € N, with v(A4;) > 1 for i € {1,...,m},

B%(0,1 — py) € Conv(v).
This implies
P(B%(0,1 — pg) ¢ Conv(n,)) <P(Ji € {1,...,m}: ns(4;) = 0)
=1—-P(ns(A;) > 1forie{1,...,m})
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Figure 5.1: Simulation of a random polytope in a circle

—1_ H(l — exp[—sAq(4;)])
i=1
< Cyexp[—cos]

for suitable constants cg, Cy > 0, which might depend on pg, by Bernoulli’s inequality. [

The study of the convex hull of random points started with the works [93] and [94]. In
[90] central limit theorems for the volume and number of k-faces as well as variance bounds
were shown. Variance asymptotics and central limit theorems for all intrinsic volumes of
the convex hull in a ball were derived in [34]. In [69] the rates of convergence for the
central limit theorems were further improved.

In this chapter we are interested in the LP surface area of a random polytope for
p € [0, 1], which can be interpreted as a generalisation of the volume and the surface area.
For p € [0, 1] the LP surface area of a random polytope @ is given by

A=A Q) = > d0,F)PA(F) (5.1)
F facet of Q

(see for instance [54, Section 1]). The LP surface area measure for a convex body was
introduced in [76], where the LP Minkowski problem was described. The Minkowski prob-
lem asks for conditions under which a Borel measure on the sphere is the LP surface area
of a convex body. The discrete LP Minkowski problem is obtained in the special case
where this convex body is a polytope. This situation can, for example, be found in [57]
and the references therein. In [54] the expected LP surface area of random polytopes was
considered as a special case of T-functionals of random polytopes.

Note that although A, can also be computed for polytopes, which do not contain 0,
the definition in (5.1) is only useful for polytopes, which contain 0, which _is the reason
why we add 0 to the collection of random points. Anyway, if we denote by () the random
polytope that is generated by 7, i.e. @ = Conv(7s), and define A,(Q) by the right-hand
side of (5.1), Lemma 5.1 provides

P(4p(Q) # Ap(Q)) < P(BY(0,1 — po) & Conv(n,)) < Coe™ (5.2)
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for s > 1 with suitable constants Cp, cg > 0. For square integrable random variables X, Y
the triangle inequality implies

VVar[X] = VE[(X — E[X])?] < VE[(X - Y —E[X — Y])2] + VE[(Y - E[Y])?]
= /Var[X — Y]+ \/Var

Moreover, we have Var[X] < E[X?] for any square integrable random variable X. Then,
since d(0, F)177 < 1 for all p € [0, 1] and facets F C B%(0, 1), it holds |A4,(Q) — 4,(Q)| <
dkg, which provides together with the previous estimates the bound

[\ Var(4,(Q)] — Var 4, @)l < Var[4,(Q) — 4,@)] < E[(4,(Q) ~ 4,(@))]
< (dlid)QCQ(BiCOS (5.3)
and similarly _
[E[45(Q)] — ElA,(@)]| < draCoe™". (5.4)

Altogether, as already indicated in the beginning, (5.2), (5.3) and (5.4) show that for the
asymptotic statements that we are interested in it does not matter, whether we analyse

Q or Q.

5.2 Representation via scores

Before we provide the main results, we embed our functionals in the framework of stabil-
ising functionals in this section. To this end we consider the space X = B%(0,1) with the
metric

s, y) = e { & = yl|, \/ld(z, 0B2(0,1)) ~ d(y, 0B(0, 1)}

for x,3y € B4(0,1). To prove condition (3.2) for n = 1, we start with writing the difference
of the surface area of the ball B%(0,1) and the LP surface area of the random polytope
CNQ as a sum of scores. The notation and the following arguments are mostly analogous to
[69, Section 3.4], where similar representations for intrinsic volumes were derived.

We start with using the scores from [69, Section 3.4] for intrinsic volumes to define
the scores for the surface area, denoted by & . To this end, we aim to use the notation
introduced in the context of Lemma 2.4. For v € N let F denote the set of all facets of the
random polytope generated by v, V(F') the set of all vertices of F' € F and Cone(F) =
{ry: y € F,r > 0}. Then, for x € v we define

25’{'dd 1 1 01) Conv(v)
() = AL S /C o ol (t) dt,

FEF: zeV(F 0,1)\Conv(v))

where kg 41 is defined as in Lemma 2.4 and 193 (0 D).Convv) 5o the projection avoid-

ance function defined in Subsection 2.2.1. Then 1f [V(F)| = d for all FF € F and
0 € int(Conv(r)), Lemma 2.4 implies

Zgls z, I/ _ 25/‘fdd . Z / ||t||_1195550’1)’00nv(”)(t) dt

TEV e Y Cone(F)N(B4(0,1)\Conv(v))
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_ 25"{d,d—1/ ||t||—1195il§0,1),(30nv(l/) (t) dt
B4(0,1)\Conv(v)

= 25(Vy_1(B%(0,1)) — V4_1(Conv(r)))
= 5(Ag-1(0B%(0,1)) — Ag—1(0Conv (v))), (5.5)

where we use in the last step that Ay_1(0K) = 2V;_;(K) for any d-dimensional set K € K¢,
With the help of this score, we can introduce the scores &; for the LP surface area. For
x € v we define

Sy =baler)+g 3 (1-d0.F) A (F)

FeF: zeV(F)
= gl,s(l'yV) +€2,s<1’7y)- (5.6)

Note that for v = n,, |V(F)| = d almost surely for all F' € F. Then, if 0 € int(Q), we
have almost surely with (5.5),

> Glen) =Y Gulan) +5 30 D (L=d0,F)' A (F)

TENS TENs TENS Iﬁe’-%/](-'F)
= 5(Aa—1(0B%(0,1)) — Ag—1(0Q) + \a—1(0Q) — A,(Q))
= 5(A-1(0B(0,1)) — 4,(Q)).

In the following Lemmas 5.3, 5.4 and 5.5 and in the proof of Theorem 5.6 we consider
slightly modified scores, which are defined by

§s(z,ms) = {x € B*po}55($a778|3_p0 + do)

for x € ng, s > 1, and

gp = Z gs(@ﬁs)-

TENs

This means, we restrict ourselves to points in B_, . Note that these scores have asymp-
totically the same behaviour as the scores £s. Combining Lemma 5.1 with the fact that

[5(Aa-1(0B%(0,1)) — 4,(Q)) — Ay| < sdra,

we derive similarly to the proof of (5.2), (5.3) and (5.4) that there exist constants Cj, ¢, > 0
such that

max {P(s(Ag—1(9BY(0,1)) — 4,(Q)) # Ay). [E[s(Aa—1(9B4(0,1)) — A,(Q))] - E[4,],
[Var[s(A_1(9B%(0, 1)) — A,(@))] - Var[,]]} < Gy exp[—3ys]

for s > 1. Together with (5.2), (5.3) and (5.4) we obtain
max {P(s(Aq-1(0B(0,1)) = 4,) # Ap), [E[s(\a—1(0B(0,1)) — 4,)] — E[4,]|,
|Var[s(Ag_1(0B%(0,1)) — A,)] — Var[;lvpﬂ} < Cp exp|[—éps] (5.7)
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for s > 1 with constants C'p, ¢p > 0.

In the remaining part of this section we show that /~1p are stabilising functionals, i.e.
we show that the scores (£5)s>1 fulfil (2.23), (2.24) and (2.25). For the first property we
need a radius of stabilisation. To this end we use a similar construction as in [69, Section
3.4]. We only slightly modify the definition of the map R from [69, Section 3.4] since the
proof from [69, Section 3.4] showing that R is a radius of stabilisation is only valid for
d =2. As in [69, Section 3.4] we define u, = ﬁ for z € B4(0,1)\{0}, up = e; and

H, = {y € R": (ug,y) = |}
Moreover, for r > 0 and x € B%(0,1) let
4 — Conv((H, N Bz, 7)) U {z + r?u,}) if r < +/d(xz,0B%0,1)),
T BY(0,1)\Conv((B4(0, 1)\B%(z,v/2r)) U {z}) if r > +/d(z,0B%0,1)).

Denote by By, .. (z,7) the ball of radius r with respect to the dpax-distance. The properties
of A, , that we require are summarised in the following lemma. For a proof, the reader is
referred to the proof of Lemma 3.7 in [69].

Lemma 5.2.  a) There exists a constant ¢max > 1 satisfying Ay, C By, (%, CmaxT) for
allr>0 and x € B_,,.

b) There exist constants c1,ca > 0 such that for r € [0,1) and v € B_,,

1T < Na(Agy) < cor®t

We consider in the following the case r > \/d(z,0B%(0,1)) and want to construct
disjoint cuboids C1,(7),...,Cm.(x) for z € B%0,1) and some m € N with C;,.(z) C
Agy for i = 1,...,m, A\a(Cir(2)) > erdt! for some constant ¢ > 0, i € {1,...,m}
and B4(0,1)\Az, C C(z,y1,.-.,ym) for all y; € Ci,(z), i € {1,...,m} satisfying = ¢
Conv(y1,...,Ym,0), where

C(z, Y1y, Ym) :{x—FZt :t;>0fori=1,. }

We start with the case © = e; and consider r € (0,1). Let h,, ¢, > 0 be defined such
that (1 — h,)er + £rex € 0B%0,1) N B4 (x,+/2r) (see Figure 5.2). Then, the equations

2402 =2/ and (1—h)2+2=1

imply h =72 and 4, = V212 — Moreover let h,, £, > 0 be defined such that (1 — %T +
hy)er + £ Ley € 9BY(0,1) and ( )61 + ( +4.)es € aBd(O 1) (see again Figure 5.2).
Then, the equation (1 — % + h,)* + ZZ = 1 provides with 7 < r2 due to r < 1,
- — 7“4 r r2 r2 r?
TR () =y 0-5) 5 - (05)
h 2 2 + 2 2

=i/ (0= a5
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2 2

r r2\-1/2 _r?2 h
> —(1-— —) > =T, :
— 4 ( 4 — 4 4 (5:8)
For /,, the equation (1 — %)2 + (% + £,)? = 1 provides together with the estimate £, =
V2r2 —rd < \/2r,
_ rd 1 \/ r2 \/1 r2
2 o2 a4 _ 4 z_
£, 13 2re —r T‘< 1 7 5~ 1
_ r( 1 ) T
2 2 1 g2 2 2
Vi-geyi-g/ 2
1 1
=— o > —— . 5.9
2(V2+1) 2(v2+1) " (5.9)
Let

h, 1 9
H, = {(xl,...,xd) eR i =12 (022, 20)l| € (55*%&’)}'

Then, by (5.9) and rotational invariance, §) # H, C A, ,.

By (5.8) and (5.9), for fixed # > 0 we can choose a constant m € N and disjoint cuboids
Cii(x),...,Cni(x) C Ay s of height }f—g whose bases are regular cubes in H; of side length
el; for some € > 0. In particular, the variables €, m and the positions of the cubes can be
chosen in such a way that

BY0,1)\ Ay CC(x,y1, - - Ym) (5.10)

for any choices of y; € C; #(x) for i € {1,...,m}. Note that (5.10) is fulfilled if and only if

Bd(<1 - %)el, %) N {(xl,...,xd) eER: 2z =1— %} C Conv(yi,...,ym) (5.11)

for any choices of y; € C; #(x) N Hy for i € {1,...,m}. In the following we show that the
variables € and m can be chosen independently from r since we can transfer the existing
configuration for 7 to each r € (0, 1) such that

Bd(<1 - %)61, %) N {(ml,...,xd) eR¥: iz =1- %} C Conv(g1y.--,Um) (5.12)
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for any choices of §; € Cj,(x) N H, for i € {1,...,m}. To this end we consider the
transformation 7, : R — R? with

T,(z) = <1—hr/2+Z;<zl —1+};),ZZQ,...,ZZC[>

for z = (21,...,24) € RL For i € {1,...,m} we define C;,(z) = T,(C;+(x)). Then,

Cir(z) is a cuboid, whose base is a regular cube in H, of side length €/, and height %
Since r* < 72 for r € (0,1) and £2 < 272 it follows for x € C;,(z),

ol < e @_lhfg”&ﬁ+@_1@2

162" 162 16
14 2-81449
<1_ (2=
S (TR A
Thus, C;(z) € B4(0,1) and hence, C; (z) C A, ,. With (5.11) we get

d(aConV(ﬂh ey Tm)s (1 - %) )

ly hy 4y

= d(9Comv (TN @), T @) (1= ) 2 5
for any choices of §; € C;(z) N H, for i € {1,...,m}, which shows (5.12). Thus, m and
¢ can be chosen independently from r and A\g(C;.(z)) = £ 1h (=1 > 5(16 d+1 for all

€ (0,1).

Since A, , C A, , for any z with z = ae; for some a € [0, 1], we can define C;(z) =
Ci,(z) and all desired properties remain valid for » > /d(z,0B%(0,1)). Moreover, by
rotation invariance we can choose the analogous rotated cubes for any x € B%(0,1). This
means that we can find constants £, m and cubes Cy ,(z), ..., Cp () for any x € B4(0,1),
which fulfil that B4(0,1)\ A, C C(x,y1,...,Ym) for all y; € Ci (z), i € {1,...,m}
satisfying = ¢ Conv(yi,...,Ym,0) and A\g(Ci,(z)) > cr¢t! for some constant ¢ > 0,
i€{l,...,m} and r > \/d(z,0B%0,1)).

The hyperplane H, can be divided in open orthants, which we denote by G ;
for i € {1,...,2%71} such that ﬂQd 'G Gai = {x} and define H,; = G,; + Span(z) for
i€ {1,...,2d 1} Then we define forze {1,...,t},

Di(z) = {Am NH,,NB_,, ifr</d(x,0B%0,1)),

2d—1

Cixr() N B_p, if r > \/d(z,0B%(0,1)),

where t = 2471 for r < /d(x,0B%(0,1)) and t = m if r > /d(x,0B%(0,1)). Now fix
cr > 1 and define the map R: B%(0,1) x N — R by

Rlav+8,) = {min{2,cmaXcR inf{r € [0,1): v(D;,(z)) > 1,0 € {1,...,t}}} if z € B_,,

ife ¢ B_p,
(5.13)

for » € B%(0,1) and v € N.
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Lemma 5.3. R is a radius of stabilisation for 55 and there exist constants C,c > 0 such
that

P(R(z,ns 4 6,) > 1) < Cexp[—csrdtl] (5.14)
forr >0,z € BY0,1) and s > 1.

The following proof uses similar ideas as the proofs of Lemma 3.10 and Lemma 3.11
in [69].

Proof. To show that R is a radius of stabilisation, it is sufficient to show that Es (x,ns+dz)
is completely determined by the points in By, (z, R(z,ns + 6)) for all x € B_,.

We consider at first the case where the infimum in the definition of R is equal to some
r* € [0,1) and abbreviate d, = \/d(xz,0B%(0,1)). Then, if r* = d, and ns5(D;4,) > 1
for all i € {1,...,t} or r* < d,, there exists 297! points y1,...,yyd—1 in 9 with y; €
Apr NHy ;N B_p, @ € {1,...,2%1} for r = d, < cgr* or for r € (r*, min{crr*,d,}],
respectively. This provides z € Conv(yi, ..., ym,0) and hence, & (x,ns + 0,) = 0. Note
that this guarantees that &(z,7s + 0,) can be computed by just considering 7| Ageppr
On the other hand if 7* = d, and 7s(D; 4,) = 0 for some i € {1,...,t} or r* > d, there
exists r € [r*, cgpr*) with r > d, such that ny(D;,) > 1 for all ¢ € {1,...,t}. This means
that there exist m points yi,...,ym in n, with y; € C;,(x) N B_,, for i € {1,...,m}.
By the definition of C;,(x) it holds that either x € Conv(yi,...,Ym,0), which provides
gs(w,ns +6,) = 0 or B0, I\Az, C C(z,y1,---,Ym). Then, it is guaranteed that all
facets of the random polytope that have x as a vertex are contained in A, ,. Thus, since
r < cgr*, &(x,ms + 0,) can be determined by just considering Nsla, e+ Finally, in
both cases we know by Lemma 5.2 that Ay cpr+ € By, (¢, tmaxcrr™) for all 7* € (0,1).
Together with BY(0,1) C By, (x,2) for all x € B4(0, 1), this provides that R is a radius
of stabilisation.

For the proof of (5.14) it is sufficient to consider only x € B_,, and r € [0,

for some ro € (0,1) small enough such that A, /(caer) N B-po = Az /(cmaxcr) 0T all
r e [O,TO]. Then, by Lemma 52, Ad(Ax T/(CmaxCR) N H:El) 2 W’rd+l. To-

gether with Ag(Cj ) (cnaeen) (T)) = G +ofor i € {1,...,m}, this provides

2 T6(omaen) ™ r
Ad(Dir/(emaxer) (T)) = érd*l for i € {1,...,t} and some constant ¢ > 0. Thus,

]P)(RS(T]S + 530) > T) < ]P)(Ell € {17 s 7t}: nS(Di,r/(cmaXcR) (LU)) = 0)
=1- P(T]S(Dl r/(cdeCR)( )) >1forice {1, e ,t})

1— (1 — expl=sAa(Diremueen (@)])

%

—

— (1 — exp[—sér®™1])!
exp[ d—i—l]’
where the last step follows from Bernoulli’s inequality. This completes the proof. O

The previous lemma shows that the scores §~ s are exponentially stabilising with ag.p =
d + 1. The following two lemmas prove that they also decay exponentially fast with the
distance to dB%(0,1) with ax = d + 1 and fulfil a g-th moment condition for ¢ > 1.
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Lemma 5.4. There are constants C,c > 0 such that for s > 1, x € B40,1) and A C
B4(0,1) with |A| <9,

]P’(és (fc, Ns + 0 + aezAéa) % 0> < Cexp[—csdmax(z, 8Bd(0, 1))d+1].

The proof is similar to [69, proof of Lemma 3.12].

Proof. Let x € B_,,. Then, since cpaxcg > 1 and

R(ﬂs,ns + 0z + Z 6a> < R(z,ms + dz),
acA

it holds &, (x N+ 00+ oen 5a) —0if

R(x,ns + 0,) < /d(z,0B4(0,1)) = dpax(z, B4 (0,1)).

Hence, with Lemma 5.3,

P(& (2.m 480+ 30 00) #0) < PRz +82) > dae(,08%(0, 1)

acA
< Cexp[—csdmax(z, aBd(Oa 1))d+1]a

which provides the statement. O

Lemma 5.5. The scores & fulfil

sup sup IE[ & (1:,775 + 0 + Z 5a)

521 xeB4(0,1) acA

q] <,

for A C B4(0,1) with |A| <9, ¢ > 1 and some constant C, > 0.

Proof. In order to show a g-th moment condition for ¢ > 1, we consider the scores £~1, s and
€95, where & (z,v) = 1{z € B_po}Sis(x,v|p_,, + do) for x € BY0,1), v € N and & 5 is
defined as in (5.6) for i € {1,2}. Since & ; is twice the score &;_; introduced in [69, p. 960]
and [69, Lemma 3.13] provides a ¢’th moment assumption for &g_; (x, 7, + 6, + > acada)
we know that 5175 (x,ms + 0z + D 4c 4 0a) fulfils the required ¢’th moment condition. (Note
that in [69, Lemma 3.13] only sets A C B%(0,1) with |A| < 7 are considered but since
the proof does not rely on the specific number of points it also holds for all A ¢ B%(0,1)
with |A] <9 as demanded in our lemma.) This means that it only remains to show the
¢’th moment condition for ég,s(x, Ns + 0z + D 4ca0a). To this end note at first that due to
R(z,ms + 0z + D44 0a) < R(x, 15 + 65),

U F g Bglax (xaR(x7n8+6$)) g Bd (17, R(x7778+536))7
FeFy: xzeV(F)

where F4 is the set of vertices of the random polytope generated by 15 + 0z + > c 4 Sa-
Hence, due to monotonicity of the surface area of convex sets we have

> M) < drgR(z,ms + 6,) (5.15)
FeFa: zeV(F)
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Let now x € B_,, be a vertex of the random polytope and denote the hyperplane through
OB (z, R(z,ns + 65)) N 9B4(0,1) by H. By the definition of R in (5.13), we know that
if R(z,ns+ 0,) <1, [0, ] intersects H, where [0, z] denotes the line connecting 0 and z.
Moreover, the distance of the origin to a facet that contains x is at least as large as the
distance from the origin to the hyperplane H. Hence, for a facet F' that contains x we
have

d(0,F) > d(0,H) > \/1— R(z,ns + 0.)2 > 1 — R(x,ns + 6,)? (5.16)

since the radius of the (d — 1)-dimensional ball H N B%(0,1) can be bounded from above
by R(x,ns + d,). The bound in (5.16) is obviously also true for R(x,ns + d,) > 1.

Since d(0, F') < 1, it holds that d(0, F)'=P > d(0, F) for p € [0,1] and thus with (5.15)
and (5.16) we have for z € B_,, if B4(0,1 — pg) C Conv(ns),

Gs(wm+arYd)| =5 X a-do BT (E)
acA

FeFy: zeV(F)

S
<o > 10-dO. ) aa(F)
FeFy: eV (F)
< SR@nm+6.° Y Aa(F)

FeFa: zeV(F)
< KkgsR(x,ms + (5x)d+1.

Moreover, Lemma 5.3 provides E[(sR(x,ns + 6:) 19 < G, for some constant C, > 0.
Combining this with [£2 s(2, s + 0z + Y 4c 4 0a)| < sdkg and Lemma 5.1 implies

EHEQ,S(x, I q}
acA

= EHéz,s (:c,ns +6: 4> 6a)

acA
+E ngs (33‘, Ns + 0z + Z 5a)
acA
< k1C, + (sdkg)1Coexp|—cos] < 2k%C,

"1{B(0,1 - po) € Conv(n,)}]

q]l{Bd(O, 1—po) € Conv(ns)}]

for s large enough, which completes the proof. ]

5.3 Lower variance bounds for linear combinations of P sur-
face areas

In this section, the reverse Poincaré inequality is applied to a vector of two LP surface
areas to study the behaviour of its asymptotic covariance matrix.

Theorem 5.6. The asymptotic covariance matriz of the vector s@+3)/d+D) (4, A )
for p1,p2 € [0,1] with p1 # po is positive definite, i.e. for any o = (a1, az) € R?\{0} there
exists a constant ¢ > 0 such that for s sufficiently large

Var[ag Ay, + agAy,] > cs™(@H3/d+1)
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Lower and upper variance bounds of the same order as in Theorem 5.6 were already
derived for the volume in [90]. For binomial input, analogous variance bounds for intrinsic
volumes were shown in [11]. The case of an underlying Poisson process and, in particular,
variance asymptotics for intrinsic volumes were discussed in [34]. We expect that variance
asymptotics for the LP surface area and especially the positivity of the asymptotic variance
can be derived using the same method as in [34]. However, the proof in [34] cannot
be directly transferred to linear combinations of two LP surface areas because for linear
combinations with scalars of different signs the monotonicity argument in [34, p. 100] does
not work.

Let S(y™,...,4™) denote the simplex with vertices y1), . .. ,y™) for m e {1,...,d+
1}. For the proof of Theorem 5.6, the representation via scores from the previous section
will help showing an upper bound of the form (3.4). To show a lower bound as in (3.5)
for n = 1, we need to know how the LP surface area of a polytope changes if we add a
simplex on one of its facets. Let this d-dimensional simplex be given by S(z(1), ..., z(@+1)
for points z(M), ..., 21 ¢ B%0,1), where 2(*1) denotes the point that is added and
S (z(l), e ,z(d)) is the original facet of the polytope. The facets of the simplex are given
by F; = S(zW, ..., 20-D 20+ 2(@+1)) and the distance of a facet to the origin is
denoted by p; = d(F;,0) for i € {1,...,d+ 1}. We are interested in

d
1— 1—
Ap = p; PAaa(F) = pgiraa (Fas), (5.17)
i=1
which is the change of the L” surface area after adding the simplex.

In the following we also use the notation h = d(z(**D, F,; 1) for the height of the
added simplex, T; = S(z(l), 20D D (@) for the (d — 2)-dimensional faces of
the base of the simplex and h; = d(Z44+1,T;) fori € {1,...,d}, where Z;1 is the projection
of z(4+1) to Fi+1. The behaviour of A, is described in the following geometric lemma.
Lemma 5.7. Let 20, ... 2(4D ¢ BY(0,1). For a simplez S(z), ..., 2(4+D) whose
vertices are chosen in such a way that argmin;—q . q41 p; = d+ 1 and Zg41 belongs to the
interior of Fyy1, we have

(A,, - ﬁ é )\d_z(Ti)<\/h? T R2 - hi>

for p € [0,1] and

d+1
< patr(1=pas1) D Aa1(F)

d

B = By = 3 (02 = p) (6 = pas1)Aaa(F)
=1

d
<2p,77( "1~ pat1) Z)\d 1(F) + p 07 (1 = pay) Z Aa—2(T3) (\/ h? + h? — hi)
=1

for p1,p2 € 10, 1] with p1 < pa.

Proof. For i€ {1,...,d+ 1} let F$Z1 =S(zW, . 200 LD (@) z,00). Then, we
have

d

Ad—1(Fat1) Z)\d 1 d+1 Z
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and

d

3 Aaes ) = 3 e T ) = 2 S

=1

Hence,

d
Z Aa—1(F;) — Ag—1(Fyy1) = —— Z Aa—2(T; (\/h% + h2 - hi>. (5.18)
i=1

Note that, due to the mean value theorem and the assumption argmin;—y 441 p; = d+1,
one has for i € {1,...,d+ 1},

1— — _
0<1—p, "< (L=p)p;"(L=pi) < (L =p)pg{1(1 = pat1)-

Thus,

d+1 d+1

0< Y Nc1(F)A=p 7)< X1 (F)(A = p)pgti (1= pasr).
=1 i=1

Therefore, it follows with (5.17) and (5.18) that

A, - ﬁ Zd:Ad_z(:n) (V/h2 +52 — hi)
=1

d
= \Z DA-1(F) = (pi} = DA (Fagn)|
d+1 d+1
<3 A F)A =) <3 N1 (F) (A = p)pgPy (1= paa)
=1 =1
d+1
< Pt (1 = pag1) Y Aa-1(F).
i=1

For the second inequality we have for p; < po,
d
- 1— 1
Ap, —Ap, = Z(Pz Pr—p; ) Aa1 (i) — (Pd+11?1 - Pd+1 “)Ad-1(Far1)
d
- 1— 1 1
= (0; =5y P = (psh — Par ) Aa—1 ()

d
o = o) (30 M (F) = Aaca (Fur) ).

The mean value theorem leads to

1
P — Pd+1172| = pd+1 = ol < pd+1 H(p2 = pO)P " Y1 = pas1)
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= (p2 —p1)pg 1 (1 = pas1)-

Together with (5.18) it follows that

d
1- 1- 1- 1—
Ap, = Ap, — Z(PZ P Pi P (Pd_ﬁl - Pd+1172)))\d—1(Fi)
=1

d
_ 1 -
< (P2 = PP (L = par) 75 2 Aaa(T) (/2 + B2 = hy). (5.19)
=1

For u,v € [0,1] with v > v and 7 € [0, 1], Taylor approximation of the function g(z) = "
centred at x = 1 provides

T—2 T—2

L (-uw’+

lum —v" —T(u—0)| < 7(1 - T)< (1-— v)2> <7(1-7)0" %1 -v)%

Applying this inequality for 7 =1 —pj or 7 = 1 — pg, u = p; and v = pgi1, we derive
together with (5.19) and pg+q1 < 1,

d
‘Apl —Ap, = > (p2 = p1)(pi — par1)Aa—1(Fy)
i—1

d
< Z((l - pl)Plpngl + (1 —p2)p2ﬂgfifl)(1 — pa+1)* N1 (F;)
i1

d
. 1 =
+ (2 = p1)pa{i(1 = par1) 57— ; )\d—Z(Ti)(\/h? + R - hz’)

d d
< 20,727 1 = pac1)® D A1 (Fd) + pg3(1 = paga) D Aa—a(Th) (\/ h2 + h? — hi)>
i=1 i=1

which completes the proof. O

In order to derive Theorem 5.6 from Theorem 3.1, we consider the situation that
adding an additional point increases the random polytope by exactly one simplex over an
existing facet. Lemma 5.7 allows us to control the corresponding change of the LP surface
area. In order to calculate explicit values for the height and volume of such a simplex, we
give in the following lemma the corresponding formulas for regular simplices, which can
be found for example in [30, Section 6, p. 367]. Since the proof of the following lemma is
only indicated in [30, Section 6, p. 367], we present it here for the sake of completeness.

Lemma 5.8. Let Ry denote a d-dimensional reqular simplex with side length L. Then, it

holds
L [d+1 Lt [d+1
hd(Rd) = ﬁ T and Ad(Rd) = m 27, (520)

where hqg(Rg) denotes the height of Ry, i.e. the distance of each vertex to the opposite
(d — 1)-dimensional regqular simplex.

83



Proof. We show the general formula by induction. For d = 1 we have hj(R1) = M\ (R1) =

L. Now, assuming (5.20) for fixed d, since the centre of R; has distance hil(fld)

the facets of the simplex due to symmetry, we get with Pythagoras’ theorem

to each of

42 > L*d+1 L? d

2 2 2 2

hav1(Rit1) <d+1)2hd(Rd) (d+1)22 d 2 ( d+1>
_Ld+2)
o 2(d+1)

which shows the formula for the height. Using this formula provides for the volume

1 L? d+1 L [d+2

Aer(Rar) = GrgAalRahan (Ran) = 770 1)d!\/27d “eVart
B [d+1 \/m
o (d4 1)1V 24+

which finishes the proof. O

Finally, we can combine all results from this and the previous section to show Theorem
5.6 using the reverse Poincaré inequality. The main challenge of the following proof is to
show that the described situation is sufficiently likely. In order to improve the readability
of the proof, the details of some arguments are postponed to the following section.

Proof of Theorem 5.6. Let a > 0 be fixed. Throughout the proof we choose s > 1 de-
pending on a large enough such that several conditions hold. Recall that e; denotes the
standard unit vector in the i-th direction and define (1 = (1 — as=2/(4+D)e;. Let
zM ... 2@ ¢ BY0,1) be points in the hyperplane

H={y=(y1,---,y4) €ER?: y; =1 — (a + a?)s~ 2/}

of pairwise distance 2¢ = 2y/as~'/(?+1) that form a regular (d — 1)-dimensional simplex
S such that all points have the same distance to z(4*Y. Then, (M), ..., 2@t are the
vertices of a d-dimensional simplex with height h = a?s~%/(@+1), For a set A ¢ B%(0,1)
and 2 € B4(0,1)\int(A) let

Vis(z, A) = {y € B4(0,1): [y,z] Nint(A) = 0}

denote the visibility region at z. Recall that [y, x] denotes the line connecting x and
y. Let ep,ep € (0,1/4), which will be chosen sufficiently small such that some prop-
erties are satisfied throughout this proof. Now, we choose d cuboids CY,...,C§ C
Vis(z(@D Conv(z™, ..., 24*1)) containing (M, ..., 2@ each with height ej,a?s~2/(d+1)
and such that its (d — 1)-dimensional base is a cube of side length eyy/as™ /(41 that is
contained in the hyperplane H.

Let Sg—1 denote a regular (d — 1)-dimensional simplex of side length 2¢. Then, &;,¢ €
(0,1/4) can be chosen small enough such that C¥,...,C% C B4(0,1) because by Lemma
5.8 we have for y € CF with ¢ € {1,...,d},

d—1

2
Iyl < (1 = (a4 a® — epa?)s 2/ (@F)2 4 ( ha_1(S4—1) + (d — 1)54¢55—1/<d+1>)
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aS_Q/(d—"l)

Cqs™2/(dF1) a2s—2/(d+1)

Jas—1/(@+1)

Figure 5.3: Construction in B4(0,1) for d = 2 ([101, Figure 2]).

2
= (1= (a4 a® — epa?) s~/ @DY2 4 [ Q(d;:l)as—l/(d-i-l) (d = D)ep/as— /@D

=1- [2<Z+a2—aha2> —2(d—1) nga—(d— 1)%c2a

“(a+ta®— gha2)28—2/(d+1):| §—2/(d+1) - ¢

for ep,e4 € (0,1/4) small enough and s sufficiently large.

In the sequel, we use the same notation as in the context of Lemma 5.7. We consider
the simplex S(z™), ..., 2( D) where 2() € C? for i € {1,...,d} and 241 = gld+1D) _
ta%s~2/(4t e, for t € [0,1/2] (see Figure 5.3). Due to the choice of C¥ we have for s
sufficiently large and ¢ € [0,1/2],

pas1 >1— (a+ a2)3—2/(d+1) (5.21)
and
2 2
aZ s (“ —ena’ — %)5_2/(d+1) < h < a?s7HHY, (5.22)

where we used ¢p, € (0,1/4).

Moreover, for i € {1,...,d} we can control h; = d(T;, Z4+1), Aa—1(F;) and A\g_o(T;)
with the choice of ej, ey uniformly for s sufficiently large. One can show that there exist
constants ¢ 1, Cpu, CT,l5 CT,us CFl, CFu > 0 such that for s sufficiently large,

cnivas ) < hy < e fasTH A, (5.23)
cha(d 2)/25-(d=2)/(d+1) < N, o(T3) < T ald— 2)/28—(d—2)/(d+1) (5.24)

and
era@ D25 =D/ < 3, (F) < cpgaaldD/25=(@=D/(@+1) (5.25)

Here the constants do not depend on a, while the bounds for s such that the inequalities
hold may depend on a. The same applies to the inequalities and constants in the sequel
if not stated otherwise. For the detailed estimates see Section 5.4.
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Due to the fundamental theorem of calculus we have for x > y > 0,

y2
\/x2+y2—:1::/
0

2

2 > Y
222+ 142~ 2V/2x

1
—— dz> 5.26
s Y (5.26)
and

2

Y
2 2 _ < L 2
VI +y x o (5.27)

We can assume without loss of generality that p; < ps and that (a1, az) € R?\{0} satisfies
a1 + az > 0. In the following we distinguish the cases a3 # —ag and a3 = —ag. For
a1 # —ag, we have by Lemma 5.7, whose assumptions are satisfied by the choice of z411
and (5.23),

d
O‘lApl + a2Ap2 - (al + 042)d i 1 Z )\d,Q(Ti) (\/ h% + h2 — hi>
=1

d+1
< (Jaa| + |a2))p 3 (1 = par1) Y A1 (F).
=1

Together with (5.21), (5.22), (5.23), (5.24), (5.25) and (5.26) we obtain for oy + ag > 0,
t €10,1/2] and s sufficiently large,

a1y, +

d s
> AT ZCTla(d_Q)/Qs—(d—2)/(d+l) fgs— /D
Cod=l pri 2v/2¢p, ,at/2s=1/(d+1)

d+1
— (Jaa| + |az])272 (a + a?)s~ 2/ (@D ZCF’ua(dfl)/QS*(dfl)/(dJrl)
i=1
(@ld+3)/2 | g(d+1)/2) -1

- (d+5)/2 . —1  ~
cha( 125 — Cd,p1,pa

for suitable constants cg, ¢qp, p, > 0, where we used that pgiq1 > % for s sufficiently large.
Hence, we can fix a > 0 large enough such that this estimate provides for a; # —ao the
existence of a constant ¢; > 0 such that

1Ay, + agl,,| > EaldtD)/2571 (5.28)

for s sufficiently large and t € [0,1/2].
For ay = —ap we fix a € (0,1). To use the second part of Lemma 5.7 we show in
Section 5.4 that

pi — pasr1 > Cppas @ (5.29)

for s sufficiently large with a suitable constant c,;, > 0 that depends on a.
Together with Lemma 5.7 and the inequalities (5.21), (5.22), (5.23), (5.24), (5.25),
(5.27), (5.29) this provides for a fixed a € (0,1), ¢t € [0,1/2] and s sufficiently large,

d
Ay — A, > Z(m *pl)cplaS_Q/(dH)CFla(d_l)/2S_(d_1)/(d+1)
i=1
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d
—opF2(g a2)23’4/(d“) ZcFyua(df1)/287(d71)/(d+1)

i=1
d 4 —4/(d+1)
ope 2\.—2/(d+1) (d—2)/2 ;—(d—2)/(d+1) __ @S
2P2(a 4+ a®)s ; CT @ S QCh,lal/QS_l/(d+l)
—. a715—1 _ C’a725_(d+3)/(d+1) _ C’a,gs_(dJr?’)/(dH), (5.30)

which can be bounded from below by %C’a,ls_l for s sufficiently large.
Altogether, for ay # —ay we fix a > 0 sufficiently large such that (5.28) holds and for
a1 = —ap we fix a € (0, 1) such that (5.30) holds. Then, for

o 3Cat, for a; = —ag,
“ craldt9)/2 - elge,
it holds that
|041Ap1 + OQAm| > Cas_l (5.31)

for all t € [0,1/2] and s sufficiently large.

For the application of Theorem 3.1 we consider the situation that (). .. 2(9 are
points of the Poisson process and the point z(?t1) is added. To ensure that the change
of algpl + aggm is given by s(aqnAp, + aal\p,), we require that no further points of 7,
are present which prevent that z(2), ..., 2(4) form a facet of the random polytope or which
could be connected to z(t1) by edges. Therefore, we consider the set

M?={y=(y1,....9a) € BY0,1): y1 > 1 — cos~ 2/} (5.32)

for some constant ¢, > 0, which might depend on a and can be chosen independently
from s such that (B(0,1)\M?Z)N Vis(z(@D), Conv(z(D, ..., 24 z(d+1))) = § for all z2(1) €
CF,...,2(4 € C% (for more details see Section 5.4). In particular, this implies that
(B0, 1)\M?) N Vis(z(@D) Conv (2, ..., 2(¢+D)) = § for all t € [0,1/2]. From now on
let s be sufficiently large such that 1 — cqs~2/(4+1) > p.

Due to rotation invariance, the same configuration of sets can be constructed for any
x € BY0,1) with ||lz|| = 1 — (a + ta?®)s~2/(4*1) for t € [0,1/2] by defining MZ,CY,...,C?
for each z as the suitable rotated regions. Define

A={zeBY0,1): ||z]| =1 — (a + ta®)s ¥ @D and t € [0,1/2]}.
Combining our previous considerations leads to
aleprl + angZm = s(a1Ap, + a2l\p,)
if
d
ns(CT) =1 for ie{l,...,d} and ns(Mg\ U c;«’) —0
i=1
for s sufficiently large. Together with (5.31) we obtain for s sufficiently large

E [ / |1 Dy Ay, + 2Dy Ay, |2 A(dx)} >E { / la1 Dy Ay, 4 oDy Ay, |2 )\(daz)]
A
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> S/ P(!alegpl + anggp2| > (C,)C? dx
A
> (25 / (ne (322 U CF) = 0.n(CF) = 1,....ny(C) = 1) da

2 / (ne (322\ U cr) =) HIP’ ns(CT) = 1) da. (5.33)

Due to the definition of C¥ we know that \g(C¥) = epa®(epy/a)?1s™! for i € {1,...,d},
i.e. the volume of the sets C¥ is of order s~ 1.

For A\g(M?¥) we consider at first the radius r of the (d — 1)-dimensional ball Bo =
{(y1,---,ya) € BH0,1): y1 = 1 —cos~2/(4FD}. This radius fulfils 72 4 (1 — ¢,/ (4+1))2 =
1. Hence,

2

r? = 2cas /(441

_ 2@ < 90 2/ (@)

and therefore
Ag(M?) < kg7 eqs 2D < g 571

for &, = ra_1ca(v/2¢q)? 1. Thus, A\g(MZ\ U C?) is at most of order s~1. Therefore, since
=1
the Poisson process has intensity s, the order of the whole term in (5.33) can be bounded

from below by a multiple of sA;(A), where

2 d
Aa(A) = /{d((l — qs~2/(d+1)yd _ (1 - (a + %)8_2/(d+1)) > > gg—2/(d+1)

for a suitable constant ¢ > 0 and s sufficiently large. Altogether we have

E [ / |1 Dy Ap, + Dy Ay, |? dA(x)] > Csld=/(d+1)

for some constant C' > 0 and s sufficiently large.

Next, we check condition (3.2). Due to Lemma 5.3, Lemma 5.4 and Lemma 5.5 we
can use (2.26) and (2.27). With (2.26), the Holder inequality and Jensen’s inequality one
can show that

E[|D2, Ay, ") = E [|D2, A, 1{D2,, Ay, # 0}
< (B[|D3,, A, °))*/"P(D] , Ay, # 0)*/°
= (E[| D2 Ap, (s + 6,) — DAy, (n,)P)*°P(D] , Ay, # 0)*°
= 2/
< (2* (B[Da Ay, (ne +6,)P) + BID. A, )] ) B(D2, A, # 07
< 4C*P(D2 Ay, # 0)3/°

for i € {1,2} and the constant C' > 0 from (2.26). Therefore, using Jensen’s inequality
and (2.27), it follows

2 2
D2 Y oA, | A(dz) A(dy
/Bd(o,l) /Bd(o,l) ( ’yz p) (d) Ady)

=1
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2
<2y et [ [ BIDE, AP Ads) Ady)
P Bd(0,1) JB(0,1)
2
< 2204223/ s/ 4C*°P(D? ygpi £ 0)3° da dy
=1 Bd(0,1) JB4(0,1) '

2
S 8 Z a302/55/ 03/5 exp[_c3/55dmax($, 8Bd(0’ 1))(d+1)} dﬂf
i=1 B4(0,1)

<clls [ explocyss(l— )42 da
B4(0,1)

1 1
< cg)s/ exp[—c3/55(1 — P02 g = 0&2)3/ exp[—cg/5su(d+1)/2] du
0

0

(

< cg’)s/
0

for suitable constants i) > 0 for i € {1,2,3,4}, the constants c3/5,C3/5 > 0 from (2.27)
and s sufficiently large. This shows together with an application of Theorem 3.1 for n = 1
that Var[a;A,, + agd,,] > cs@=D/(@+1) for a suitable constant ¢ > 0. Now (5.7) yields a
lower bound of the same order for a1sA,, + azsA,,, which completes the proof. O]

03/55)2/(‘“'1)
e—t(d+1)/2872/(d+1)d,G < 684)88—2/(d+1) _ cg4)8(d—1)/(d+1)

In contrast to the examples of spatial random graphs in Euclidean space, the variance
is here not of order s. The reason for this is that in the case of random graphs the difference
operator can be bounded away from 0 no matter where exactly the corresponding point is
added (apart from some small effects near the boundary). In the case of random polytopes,
the difference operator can only be not equal to 0 if the added point is not in the convex
hull of the points of the underlying Poisson process. Especially, for increasing s this means
that the difference operator can only be distinct from 0 (with sufficiently large probability)
if the added point is close enough to the boundary. As one can see in the proof, this leads
to an additional factor of s~2/(4+1) which results from the shape of the boundary.

Remark 5.9. A natural extension of Theorem 5.6 is to consider linear combinations of more
than two LP surface areas, i.e. to study Var[> ", a;Ap,] for (aq,...,am) € R™, distinct
Pis--.,Pm € [0,1] and m € N with m > 2. For ;" | o; # 0 we can use the same strategy
as in the proof of Theorem 5.6 and apply the first part of Lemma 5.7, which provides a
lower variance bound of the desired order. However, for > ", a; = 0 it is not clear how
to generalise the second part of Lemma 5.7 so that we restricted ourselves to the case of
two LP surface areas.

5.4 Details of the proof of Theorem 5.6

In this section we derive the inequalities (5.23), (5.24), (5.25) and (5.29), which we use
in the proof of Theorem 5.6, and show that ¢, from (5.32) can be chosen independently
from s such that (B4(0,1)\MZ) N Vis(z(@*t1) Conv(z(), ..., 2(4) z(d+D)) = ¢ for all (V) ¢
CE,...,2 4 e C.
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Estimates for h; in (5.23)

For i € {1,...,d} we show in the following that we can control h; = d(T;, Z441) with the
choice of ¢y, ey uniformly for s sufficiently large. Define ﬁdﬂ = S(zW, ..., z@) and let
Zg+1 and Ty denote the projections of 2(d+1) ¢o Fyyq and Fyqq, respectlvely Moreover
let T; = Sz, .., 20D 20+ 2@ Then, for each y € Tj there exists § € T; such
that ||y — 7| < (d — 1)eg/as™ @+ 4 gpa2s 2/(6”1). Hence, with Lemma 5.8,

2 B B ~
qa—p Ve Y = @, )

< d(jd-l-laT) ( - I)Ee\fs /(d+1) + ey, als™ 2/(d+1)
<N Zas1 — Zagall + i + (d — Degy/as D 4 gy q272/(dH),
For the distance of the projections we have
1@a11 = Zanall < [Zasr = D) + 2D = 214 < 2a%672/ D, (5.34)

Hence, we derive for h;,

by > Vas V@D 9022/ (g _ 1)zp fas V@D _ gy 272/ (4D,

2
“\dd—-1)

Note that 2a2s~2/(d+1) < %, /ﬁ\/ﬁsq/(dﬂ) for s sufficiently large. Therefore, we can
choose ey, ep, > 0 small enough such that for all ¢ € [0,1/2] and s sufficiently large,
hi > cpyy/as /@D (5.35)

with a constant c,; > 0. Using again (5.34) as well as ep, e, < 1/4, we have

hi < ||Zap1 — Zasr || + d(Zas1, Ti)

< NFar1 — Zapr || + d(Zar, T) + (d — Vep/as™ @D 4 gy q?572/(@FD

< 222/ | < 2 d;1> Jas— 1@+

1° d(d—1)
<cp u\fs /(d+1) (5.36)

for a suitable constant c,, > 0, t € [0,1/2], and s sufficiently large, which provides (5.23).

Estimates for \;_o(7;) in (5.24)

By definition, T} with i € {1,...,d} is a regular (d — 2)-dimensional simplex of side length
20 = 2y/as~ /(41 We know that the (d — 2)-dimensional volume of a (d — 2)-dimensional
regular simplex of side length 2y/a in R? is continuous with regard to translations of
the vertices. Therefore, we can choose a cube around each vertex small enough such that
moving each vertex within the corresponding cube changes the (d —2)-dimensional volume
of the (d — 2)-dimensional simplex only slightly. Due to homogeneity we can transfer this
result to a regular simplex of side length 2y/as~Y/(¢*+1) for all s > 1, where each side of
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the cubes is scaled by s~Y(d+1)  Hence, we can choose ¢, ¢/ € (0,1/4) small enough such
that with (5.20) for s sufficiently large,

1 ~ 2= /1
o(Ty) > Mgo(T}) = ——"———
)\d 2( z) = 2)\d 2( z) 2(d—2)'

(d-2)/2 g—(d—2)/(d+1)

(Vas~1/(@+1)yd-=2
=:cr0

and
Ni—a(T}) < epyal @225~ (A=D)/(d+1) (5.37)

for a suitable constant ¢z, > 0, which finishes the proof of (5.24).

Estimates for \;_;(F;) in (5.25)
Together with (5.36) and (5.37), it holds

d
1
Aa—1(Fap1) = -1 Z Aa—2(T;)h;
=1
L
< . Z opua@D/2g= @2/ @) g g =1/
i=1

and with (5.22),

1 =
Ai—1(F;) = - 1>\d72(7})\/hl2 + h?

- i e all2)25 (02 D \/C%Z’uasfz/(dﬂ) + atg— /)

<

for i € {1,...,d}. Hence, we have for j € {1,...,d+ 1} and s sufficiently large,
)\dfl(Fj) S CFua(dil)/Zsf(dfl)/(dJrl)

for a suitable constant cg, > 0. Analogously, we have for s sufficiently large,
Aa—1(Fj) > cpgal@1/25=(@=1/(d+1)

for a suitable constant cp; > 0 and j € {1,...,d + 1}, which provides (5.25).

Lower bound for p; — pg41 in (5.29)

In the following we show the estimate for p; — pgiq for ¢ € {1,...,d}. Let u; be the
projection of 0 to F; for i € {1,...,d + 1} and note that Z,y1, which we introduced in
the estimate for h; as the projection of z(4+1) to ﬁd-s—l, is also the projection of 0 on ﬁd+1-
Then, for every i € {1,...,d}, there exist a constant 3; > 0 and a vector v; orthogonal to
ug+1 such that

U; = (1 + B,-h)udﬂ + v;
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and, thus,
i = lluill? = (14 Bih)?|lugil” + l[oil> = (1+ B:ih)*pG g + luil*.

Let @ be the projection of ug41 to ﬁd+1, while Zy is the intersection point of Fjyq with
the line through 0 and 2(*1) (see Figure 5.4). We show that we can choose &5 > 0 small
enough such that ugq is very close to Zp to ensure a minimum distance from w41 to T;.
It holds

|Zarll* + [Zarr — a@l® = a]® < uasa|® < 120)* < (|Zasll + ena®s™>/ ()2,
which implies
a1 — ]2 < 2 Zar lena®s > @D 4+ ats @D,
This provides
120 — wart||? < ||Zass — a% + 6%a43_4/(d+1) < 2epals~ /(@) 4 2€]21a48—4/(d+1)'

Hence, we can choose ¢j, € (0,1/4) small enough such that

. 1 2 _1/a+1) _ Va 2
_ < = VYT i<
170 = wasill < 74/ gra =5y A \dd—1) = aa-n’ 63

since a € (0,1). For gy > 0 small enough such that for s sufficiently large,

~ 1 2
Az, T0) 2 d(@ass, To) = 2epa®s ) — (0 = Depas™ /00 = 5, 2=t

(5.38) implies that d(ugs1,T;) > 1 ﬁé for i € {1,...,d} and s sufficiently large.

Then, for |v;| < % ﬁf, d(u;, T;) is at least & i l)f since d(ugy1,T;) < |Jvil] +
d(u;, T;) (see Figure 5.5). Hence, with the intercept theorem, (5.22) and (5.36) we have

pi — Pd+1 = Pih||ua1] = hm

1
Saan"

1/ 20 @y,
8\l d(d—1) \/a43—4/(d+1) + 2 as2/(@+])

2/(d+1)

Y

1425-2/(d+1)

>clas

for a suitable constant c,; > 0. If [jo;]| > % d(%_l)ﬁ, we have

1 2
ot = bl 2 0f = (14 B pis = il > ot

Hence,

2 1 a
i — > 2> 2= —2/(d+1)
P Patt = 6400 + pas)d(d — 1) = 64d(d— 1)  64d(d—1) ’

which completes the proof of (5.29).
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Figure 5.4: Point configuration  Figure 5.5: Decomposition of the projection of 0 to
on Fyy1 and Fiyg F; ([101, Figure 4])
([101, Figure 3])

How to choose ¢, > 0 in (5.32)

In the following we show that the constant ¢, > 0 from the definition of M¥ can be chosen
independently from s such that (B4(0,1)\MZ) N Vis(z(@tD), Conv(z1), ..., 2D gld+1))) =
0 for all z() e Cy,.. L2 e Cj, i.e. that ¢, > 0 can be chosen in such a way that any
line on the boundary of Conv(z), ..., 2(® £@+1) through z(+1) meets the hyperplane
{y=(y1,...,yq) € R%: 5y = 1 — ¢us~ 24D} outside the ball B4(0,1). With (5.34) and
(5.35) it holds that

A(Far1,Ti) > hi — |Zasr — Zasa|| > cnpy/as™ /@D - 942~ 2/(d+1)
> 6;17“/&5_1/(6”1) (5.39)

for ép; = %, i€ {l,...,d} and s sufficiently large.
Let Bg_l = BYZg41, 6h’l\/63_1/(d+1)) N H. Then, because of (5.39),

ViS(l'(d+1)7 COHV(Z(I)’ . ,Z(d),$(d+1)))

is a subset of the visibility region at z(4*1) of the smallest cone K with apex z(?+1) that
contains B& !, Hence, if we choose ¢, > 0 such that (B%(0,1)\M?) N Vis(z(4+1) K) = 0,
then also (B%(0,1)\MZ) N Vis(z(¢*t1) Conv(z(V, ..., 24 z(d+1D)) =@ Because of symme-
try it suffices to ensure that the line through z(?t1) and

g=(1—(a+d®)s 2@ )e; + &, /as (e,

meets H outside of B(0,1). A point z, on the line through z(**Y) and § can be described
by

2y = (1 —as 2/ D)e) 4 r(—a?s~ 2@ De) 4 6h71\/as_1/(d+1)62) (5.40)

for r € R. To determine a possible constant ¢, > 0, we need an r > 1 such that the point

Ty = (r1,...,2,q) fulfils ||, || > 1. If 2,1 > 1 — %Z?:2 x%i >4/1— 2?22 a:gvi, it holds
that z, ¢ B%0,1), i.e. z, ¢ BY0,1) if

r2

2
1—(a+4ra®)s /@D > 1 %5,2”%_2/(6“’1) = 55,% —ra—1>0. (5.41)
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This inequality is fulfilled for r > 1 large enough independently of s. Hence, inserting a
possible 7 > 1, which fulfils (5.41), in (5.40) provides that ¢, > 0 can be chosen indepen-

dently from s as ¢, = a + 7a’.

5.5 Central limit theorems for vectors of L? surface areas

As a consequence of the lower variance bound in Theorem 5.6, one can derive quantitative
bounds for the multivariate normal approximation of two LP surface areas.

Theorem 5.10. Let (Ap,, Ap,) be the vector of LP surface areas for p1,p2 € [0,1] with
p1 # p2. Denote by %(s) the covariance matriz of s{@+3)/UTD) (4, A Y. Let Nyys) be a
centred Gaussian random vector with covariance matriz ¥(s). Then there exists a constant
¢ > 0 such that

dconveX(S(d+3)/(2(d+l))(Am - E[Am]a Ap,y — E[Apz])a NE(s)) < cs~(d=1D)/(2(d+1))
for s > 1.

Let us compare our results to previous results from the literature. In [50] the mul-
tivariate normal approximation of the vector of all intrinsic volumes and all numbers of
lower-dimensional faces of the convex hull of Poisson points in a smooth convex body is
considered. As in Theorem 5.10, one compares it to a multivariate normal distribution
with the same covariance matrix, but as the so-called ds-distance is studied, no informa-
tion about the regularity of the asymptotic covariance matrix is required. In the same
work positive linear combinations of intrinsic volumes were considered since for coefficients
with different signs it could not be ensured that the corresponding asymptotic variance
is positive. For the special case of volume and surface area and an underlying ball, this
problem is resolved by Theorem 5.6. In contrast to the findings in [50], Theorem 5.10
deals with non-smooth test functions and the obtained bounds are of a better order since
a logarithmic factor could be removed. The rates of convergence derived in [69, Section 3]
for the univariate normal approximation of intrinsic volumes in Kolmogorov distance are
of the order s~ (@=1)/(2(d+1)) just like the rates in Theorem 5.10.

For the proof of Theorem 5.10 we use the following lemma, which is a direct conse-
quence of [22, Corollary 3.2].

Lemma 5.11. Let N; be a standard normally distributed random vector in R® and let
K € K. Then there exists a constant cq > 0 such that for all > 0,

P(N] S K\K_M) < cqp,
where K_, = {x € K: d(z,0K) > p}.

Proof of Theorem 5.10. For s > 1 we define Z, = (Zs(l), Z§2)) = s*(dfl)/(z(d“))(gpl,gpz).
By Lemmas 5.3, 5.4 and 5.5, A, is stabilising for ¢ € {1,2}. Hence, we can apply Theorem
2.21 for 7 = (d —1)/(2(d + 1)), which provides that

dconvex(zs - E[Zs]7 NE(S)) S 55_(d_1)/(2(d+1)) (542)

for s > 1 with a constant é > 0 if we can check that
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i) for any constant c; > 0 there exists a constant ¢; > 0 such that
s/ expl[—crsdmax (z, 0B%(0,1)) V)] dz < 7s(d-D/(d+1)
B4(0,1)

for s > 1,
i) [(X(5))u0 — Cov(Z™, Z")| is at most of order s~(@=1/CW+D) for all u,v € {1,2},

iii) [|X(s)"!|lop is uniformly bounded for s sufficiently large, where |-|lop denotes the
operator norm.

Analogously to the calculation at the end of the proof of Theorem 5.6 one can show i)
since

s/ exp[—crsdmax (2, 8B%(0,1)) 4] dz < 3/ exp[—crs(1 — ||z))) /2] du
B4(0,1) B4(0,1)

1
< cls/ exp[—crs(1 — r)@D/2] dp
0

s /oo g—2/(d+1) exp[_t(d+1)/2] dt
0
< c3s\@-D/(d+1) (5.43)

for suitable constants ci,ca,c3 > 0. Next, we want to show ii) for all u,v € {1,2}. We
start with the case u = v. Then, we have with (5.7),

[Var[s(+3/ G A | — Var[Z{W]| = s~ @D/ Var[s A, ] — Var[4,]|
< g~ (d=1)/(d+1)

C exp|—éps]
with the constants Cy, &, > 0 from (5.7), which shows ii) for u = v. For u # v we use that

2|Cov(sAy,,sAp,) — Cov(Ap,, Ay, )|

= |Var[sA,, + sAp,] — Var[A,, + Ap,] — Var[sA4,,] + Var[4,,]
— Var[sAp, ] + Var[ZpUH

< |Var[sA,, + sA,,] — Var[A,, + 4, ]| + |Var[sA,,] — Var[A,,]|

+ |Var[sA,, | — Var[A4,, ]|

The second and third term can be bounded by (5.7) as before, while for the first summand
we can apply an analogous version of (5.7) for the distance of the variances of these sums,
which can be derived in the same way as (5.7). This provides the existence of constants
C, c > 0 such that

|Cov (s G+ 4 (@+8)/@EHD) 4.y Coy(Z0), Z09)|

— S*(dfl)/(dJrl) ‘Cov(sApu, SApU) — COV(Apu, gpv”
< 5_(d_1)/(d+1)C’eXp[—CS],

which implies ii).
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It remains to establish iii). To this end we assume that there is a subsequence (sy,)nen
such that ||S(s,) !op — o0 and s, — 0o as n — oo. From the Poincaré inequality
(see (2.20)), Lemma 2.20 a) and b) and (5.43) one deduces that for ¢ € (4,4 + p) and

_ 2\—1

Var[Z9] = s~ @D/ @D yar (4, ] < 5—<d—1>/<d+1>E[ /
B4(0,1)

1{D, A,, # 0}(DyAp,)? dx]
)

(D2 p,)? A(da)]
_ s—<d—1>/<d+1>sE[ /
B4(0,1

< g (d-D)/(d+1) / P(Dy Ay, # 0)/9E[(Dy Ay, )¢ da
B4(0,1)

< s_(d_l)/(d"'l)cz/sél/qs/ exp[—él/qsdmax(fv, 6Bd(0, 1))(d+1)] dx
B4(0,1)

<c

for a suitable constant ¢ > 0. This means that all variances of the components of ZS
are uniformly bounded for s > 1. As before, one can show the same for all covariances
as well. By ii) the same holds for the entries of ¥(s). Thus, there exists a subsequence
(8n, )ken and a matrix ¥ € R**? such that X(s,,) — % as k — co. From Theorem 5.6 it

follows that X is positive definite as o’ Ya = klirn 'S (s, ) > 0 for any o € R?\{0}.
—00

Thus, |7 |ep is well-defined and ||S(sn,) " tHop — |7 op as & — oo. Since this is a
contradiction to the assumption, we have shown that ||X(s)™!||op is uniformly bounded
for s sufficiently large, which is iii) and completes the proof of (5.42).

Now let

Zs = 5(d+3)/(2(d+1))(Ap17Ap2) = 5_(d_1)/(2(d+1))(3Ap1a SApz)
and
Zy = s~ [@=D/CEAD) (5(\ g1 (0BY(0,1)) — Ap,), s(Ag—1(0BH(0,1)) — A,,)).

Then, Z, — E[Z] and —(Z, — E[Z,]) have the same distribution. Together with the
symmetry of the normal distribution and the triangle inequality it holds that

dconvex(Zs - E[Zs]a NE(S)) = dconvex(*(zs - E[Zs])7 NE(S)) = dconvex(Zs - E[Zs]a NE(S))

< dconvex(Zs - E[Zs]y Zs — E[Zs]) + dconvex(Zs - E[Zs]7 NE(s))

< P(ES 75 ZS) + dconvex(Zs - E[Zs]v NZ‘(S) + E[Z\S] - E[ZS])

S P(Z\s 7é 25) + dconvex(gs - E[Zs]a NE(S)) + dconvex(NE(s)a NE(S) + E[Z\s] - E[Zs])
Since the first term on the right-hand side vanishes exponentially fast by (5.7) and the
second one was treated in (5.42), it remains to study the third term. We have that

dconvex(NE(s)7 NE(S) + E[Z\S] - E[ES])
= deonvex(N1, N1 + 5(s)"*(E[Z,] - E[Z))
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< sup  P(N;e K\K_,), (5.44)
KCR? convex

where N7 is distributed according to a two-dimensional standard normal distribution and

K_,={zxe K:d(x,0K) > p} for p = IS(s)~V2(B[Z,] — E[ZJ))]-
From Lemma 5.11 one obtains that (5.44) is bounded by a constant times
p < NIZ(s) e IELZS) — E[Z4]]-

Now iii) from above and (5.7) imply that this expression vanishes exponentially fast for
s — 00, which completes the proof. ]

Remark 5.12. Theorem 5.6 and Theorem 5.10 especially provide a lower variance bound
and a result on the multivariate normal approximation for the vector of surface area and
volume of a random polytope since Ayg = dVy and Ay = S4_1, where V; and S;_1 denote
the volume and surface area, respectively.

Remark 5.13. The results of this chapter prevail if we assume that the Poisson processes
have underlying intensity measures sy for s > 0, where p is a measure with a density
g: B40,1) — [0,00) satisfying ¢ < g(z) < € for all z € B%0,1) and some constants
c,¢ > 0 (see also Remark 4.7). Moreover, we expect that it is possible to replace the
d-dimensional unit ball by a compact convex non-empty subset of R? with C?-boundary
and positive Gaussian curvature. Since the boundaries of these sets are locally between
two paraboloids as the boundary of the unit ball, we believe that similar arguments as in
[69, Section 3.4] allow to prove our results for this larger class of underlying bodies.
However, note that for our arguments a smooth boundary is necessary. Considering
random polytopes in other convex sets like polytopes is a different problem since random
polytopes show different behaviours close to corners of the underlying set. Results for
functionals like the volume or the number of ¢-dimensional faces of random polytopes in
polytopes for £ € {0,...,d — 1} can be found for example in [12, 13, 33, 35, 49, 52].
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Chapter 6

Excursion sets of Poisson shot
noise processes

In this chapter we consider geometric functionals of excursion sets of Poisson shot noise
processes and aim to analyse their asymptotic behaviours for growing observation windows.
We start with analysing the asymptotic variance of the volume of excursion sets for a non-
marked underlying Poisson process in Section 6.2. In Section 6.3 we consider a marked
underlying Poisson process and analyse more general geometric functionals of a more
restricted set of kernel functions, for which we can guarantee that the corresponding
excursion sets are almost surely polyconvex. For these geometric functionals we study the
asymptotic expectation, the behaviour of the asymptotic variance and derive qualitative
and quantitative central limit theorems. This chapter is mainly based on [101, Section 5]
by M. Schulte and V. Trapp and [109] by V. Trapp. Sections 6.1 and 6.3 are mainly taken
from [109], while Section 6.2 is based on [101, Section 5].

6.1 The model

Let (M, Fu, Q) be a mark space with o-field Fyy and probability measure Q. For d € N we
consider a marked Poisson process n on R? = RY x M with intensity measure A = yA\; @ Q
for some v > 0. For a family of measurable kernel functions (g, )mem with gp,: R? — R,
a Poisson shot noise process (fy(y))yera is defined by

)= D" gmly—x) (6.1)

(z,m)en

for y € R% To simplify the model, one can also consider Poisson shot noise processes
with underlying non-marked Poisson process and fixed kernel function g. In this case f;,
is analogously defined as in (6.1) by replacing g, with ¢ and summing over all points
of a Poisson process in R? with intensity measure y\y. (Note that this corresponds to
the model with M = {1}, Q({1}) =1 and g; = ¢.) In Section 6.2 we will consider this
simplified version of the Poisson shot noise process, while Section 6.3 deals with the more
general case of Poisson shot noise processes with an underlying marked Poisson process.
For a fixed u > 0, the excursion set of f,, is given by

Zy={y € R%: f,(y) > u}.

99



1000

800

400

T 0 0 0 D i
0 200 400 600 800 1000

Figure 6.1: Simulation of a Poisson shot noise process (left) and its excursion set (right)
for u =15, d = 2 and g, (z) = § for € K;;, and all m € M.

A simulation of a Poisson shot noise process and the corresponding excursion set can be
seen in Figure 6.1.

Random fields and their excursion sets are an important topic of probability theory
with a wide range of applications. They are used in various fields for modelling random
signals, with excursion sets corresponding to the regions where these signals interfere and
exceed some given threshold. In 1944, for example, random fields were used in [95] to
model random noise in electronic devices and analyse shot effects, which occur if a lot of
disturbances overlap. Beyond this, random fields have a variety of applications in different
areas such as wireless communication networks (see e.g. [7, 8]), insurance mathematics
(see for instance [29, 62, 108]) and medicine (see e.g. [107, 112]), to name just a few. For a
general introduction to random fields we refer the reader to [2, 6]. While the best studied
underlying fields in the literature are Gaussian random fields, we focus in this thesis on
Poisson shot noise processes and aim to study the behaviour of their excursion sets within
compact convex observation windows for fixed v > 0 for growing observation windows.
This means, we consider a family of windows (W)s>1 with Wy = sW for s > 1 and some
compact convex set W with A\;(W) > 0 and are interested in the asymptotic behaviour of
©(Z, N Ws), where ¢ is a functional that provides geometric information about Z, N Wi.

In the literature there already exist a few results for specific geometric functionals
of excursion sets of different random fields. For Gaussian random fields, [46] establishes
a central limit theorem for the Euler characteristic of excursion sets, while [26, 43] use
the Euler characteristic to construct tests for Gaussianity. Central limit theorems for
Lipschitz-Killing curvatures of Gaussian excursion sets are proven in [63, 78]. More gen-
eral random fields are considered for instance in [1, 25, 26, 32, 105]. Among other things,
the Euler characteristic, surface area and volume of excursion sets of two-dimensional sta-
tionary isotropic random fields are analysed in [26]. In [1, 25] the asymptotic expectation
of functionals like Lipschitz-Killing curvatures, the level perimeter or level total curvature
integrals are calculated for different fields such as stable fields or two-dimensional smooth
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stationary fields. An overview on asymptotic results for the volume of stationary random
fields is given in [105]. In [32] variance asymptotics and central limit theorems for the
volume of excursion sets of quasi-associated random fields were considered, which include
a large class of Poisson shot noise processes (see [32, Proposition 1]). Further research
on the asymptotic behaviour of the volume or a smoothed version of the volume of ex-
cursion sets of Poisson shot noise processes is for example done in [66, 67], which show
limit theorems and variance asymptotics under different conditions on the kernel func-
tions. Moreover, the perimeter or a smoothed version of the perimeter of Poisson shot
noise processes is considered in [24, 66, 67]. While [24] analyses its expectation, the works
[66, 67] show central limit theorems. Additionally, [66] shows asymptotic results for other
functionals like the Euler characteristic. In the following section we start with analysing
the volume of excursion sets of Poisson shot noise processes and complement the findings
from [32, 66, 67] to a wider range of kernel functions.

6.2 Volumes of excursion sets

We consider a specific class of Poisson shot noise processes with underlying non-marked
Poisson processes with intensity 1. Recall that this means that we consider a stationary
Poisson process n on R¢ with intensity measure Ay and a fixed integrable kernel function
g: R? = R. The corresponding Poisson shot noise process ( fn(y))yera is given by

Fa) = gly —x) (6.2)

Tren

for y € R%. Note that all arguments, which are used in the following, also work for Poisson
shot noise processes with underlying non-marked Poisson processes with intensity v > 0 for
fixed v > 0. Hence, all results of this section continue to hold in this case with constants
that may depend on ~.

We are interested in the volume of the excursion set in the observation window B%(0, s)
with s > 1, i.e. we want to analyse the behaviour of

Fy = X\({y € BY0,5): fyly) > u})

as s — 0o.

Since the volume of the excursion set can be written as integral over indicator functions,
one obtains with Fubini’s theorem and translation invariance of the Poisson shot noise
process

2

2
VarlF,] = E ( / y )l{fn(y)zu}dy> —E

/ 1{f,(y) > u} dy
B4(0,s)

- / / By () = u, fylye) = ) — P(y(y1) = wB(fy () = u) dys dy
B4(0,s) J B4(0,s)

- /Rd Ma({y € BY0,s): y+ 2 € BY0,s)})

X (B(fy(0) = u, fy() = u) — B(£,(0) = WB(fy() > u)) d.
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Note that Ag({y € B%0,s): y + 2z € B40,5)})/ a(B%0,s)) <1 for all z € R? and that
it converges to one as s — oo for all z € R%. Thus, the dominated convergence theorem
yields

lim Var[F]

lin B = /R P (0) 2w, £y (2) 2 w) = P(f(0) = wP(fy(2) = w) dz

if the integral on the right-hand side is well defined. However, since the difference in the
integral can be either positive or negative, this representation does not imply the positivity
of the asymptotic variance. This is the reason why we use Theorem 3.1 in this section to
derive a lower variance bound for F, under different assumptions on the kernel function
g. Among other things, we use the following assumption.

Assumption 6.1. There exist constants c,,¢g,0,7 > 0 and ¢; > 1 such that § + d/2 >
v > 6 > 3d and

- - -5
coll=ll™7 < lg(@)| <&l
for all z € RY with [|z]| > ¢,.
Then we can derive the following lower variance bound.

Theorem 6.2. Let g: RY — R be a continuous function with g(0) > 0.

a) If g fulfils Assumption 6.1, there exists a constant ¢ > 0 such that
Var[Fy] > cs?
for all s > 1.
b) Assume that g has compact support S. Then, there exists a constant ¢ > 0 such that
Var[Fy] > cs?
for all s > 1.

Replacing g by g(- — 2) for any z € R? leads to a translation of the Poisson shot noise
field and, thus, by translation invariance, to a Poisson shot noise process with the same
distribution. Thus, the assumption ¢g(0) > 0 is no loss of generality because any g that can
take positive values can be modified accordingly, while the case of a non-positive function
g is trivial because then the level set for v > 0 becomes empty.

Since statements of the form that the variance is at least of the order of the volume
of the observation window as in Theorem 6.2 were already proven in [32, Proposition 1]
and [66, Theorem 4.1], let us compare the assumptions of Theorem 6.2 a) with those
made before. In [32, Proposition 1], it is required that g is a bounded and uniformly
continuous function on RY with |g(z)| < ¢||z||® for some constant ¢ > 0 and « > 3d (as in
our Assumption 6.1). A crucial difference is that we allow g to take positive and negative
values, while it has to be non-negative in [32], where this assumption might be essential
since it ensures that the Poisson shot noise process is positively associated. A lower bound
on the decay of |g| as in Assumption 6.1 is not present in [32], but we use it only to ensure
the boundedness of the density of f,(0), which is assumed in [32], and to guarantee that
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g(x) for ||z|| sufficiently large is either positive or negative. The result in [32] deals with
marks in the sense that in (6.2) each summand is multiplied by an i.i.d. copy of a non-
negative random variable. It might be possible to generalise our results in this direction
as well. The assumptions in [66, Theorem 4.1] seem to be more restrictive than in our
case. There it is supposed that ¢ depends only on the norm of its argument and that
|g(x)| has an upper bound as in Assumption 1 but with § = 11d. Instead of a lower bound
on [g(x)|, a rather technical assumption (see (4.3) in [66]) is made, which even requires
differentiability of g. We are not aware of any results dealing with the situation of part b)
of Theorem 6.2. The compact support implies that f,(0) does not possess a density since

We prepare the proof of Theorem 6.2 with the following lemma.

Lemma 6.3. Let g: RY — R be a continuous, bounded function with g(0) > 0 that fulfils
Assumption 6.1. Then, f,(y) has a bounded density for all y € RY.

Proof. We use the fact that f;(y) has a bounded density if its characteristic function ¢ is
integrable. By [31, Chapter 1, Lemma 3.7] the characteristic function of f,(y) is given by

o(t) = exp {—/ 1 — eltoly—2) dw] ,
Rd
where i is the imaginary unit. Thus, f,(y) has a bounded density if

/R|<p(t)|dt:/R‘exp[—/Rdl—eitg(ym) dx”dt<oo.

Choose ¢ > 0 small enough such that 1 — cos(2) = Y70, (—1)**1 i%' > 2 for & € [—c, .
Then it holds

— cosltalu — o)) da (tgly —=))*
/Rdl (tg(y —x)) d 2/ d

{2€R4: 2g(y—2)2<c2, |y—2]|>cy} 4

23y — ||
. | P
{z€R%: 122 |ly—2]| 2 <c ly—zl|>cq} 4
22 oo
> drat S / r2vpd=1 qp
4 max{(tEg/c)l/é,cg}
dﬁdtQQf] (d—27)

= m - max {(tﬁg/@l/a , Cg}

and, therefore,

[ieonar= [ e[~ [ 1 et ad]| a
:2/R+exp[—/Rdl—cos(tg(y—x)) dx} dt
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drgt®c? (d—27)
<2 exp | ———% - max { (t¢ 61/6,6 dt
<2 p[ T =y e {2/ ey}

cgc/Eg oo
= 2/ exp[—clmgjdtz] dt + 2/ exp[—027%5’(175(2(5_'\/)‘5‘(1)/5] dt
0 cSefey

< 00

with suitable constants ci 4,54, 2,4,6,4 > 0 since 6 — + d/2 > 0. This shows that f,(y)
has a bounded density. O

Proof of Theorem 6.2. Let z € R% be fixed. In the first part of the proof we derive lower
bounds for |D,Fs| for particular point configurations. For the proof of a) we distinguish
the cases

g(z) <0 forall zeR? with |zf>c¢,

and
g(z) >0 forall zeR?Y with |lz|| > ¢,

which is sufficient since Assumption 6.1 and the continuity of ¢ imply that g(z) has the
same sign for all z € R? with ||z| > c,. We start with the first case. Let e; = (1,0,...,0) €
R?. Then, we can find k; € Ny such that

g(x) + krg(x + 2¢cqe1) <u—2 (6.3)

for all z € B%(0,c,). Moreover, by the intermediate value theorem we can choose ko € Ny
and xg € R\ B4(0,2¢,) such that

9(3cqe1)

. (6.4)

k1g(5cger) + kag(3cger — xo) = u —
By the continuity of g we can choose £ > 0 such that B4(xg,e) C R?\ B%(0,2¢,) and such
that for all z € B%(z,¢,), 21,..., %k € BY(z — 2c4e1,¢) and F1, ..., %k, € BY(z + zo,€) it
holds that g(z — z) + Ef;l g(x — ;) <u—1 due to (6.3), and thus,

kl k2
oo =2+ Y gl —w)+ Y gle—7) <u-1 (65)
i=1 i=1
since || — Z;|| > ¢4 for i € {1,...,k2}. Furthermore, by (6.4) we can choose € > 0 so
small that for all y € B4(z + 3cge1,€), T1,..., &k, € Bz — 2cge1,€) and Zy,..., Tk, €
Bz + g, ¢),
7
9y = 2) < g9(3cqen) (6.6)
and
S gty — a0+ gty - 30 € (u L0001, SoBe) (6.7
— g\y — & — g\y — & U 4 y U 4 . .
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We abbreviate Dy = B%(z — 2cq4e1,¢) and Dy = Bz +x0,¢) and let A; be the event that

min{|g(3cse1)], 1}
8

n(D1) = k1, n(D2) =k2 and Yo lgly—a) <

xEn|Rd\(D1UD2)

(6.8)

for all y € BY(z + 3cgeq, ) U BY(z,¢,). Assuming that the event A; is satisfied, adding z
to the underlying point configuration does not increase the excursion set since the Poisson
shot noise process can only increase on Bd(z, ¢g), where it does not exceed u after adding
z because of (6.5) and (6.8). On the other hand, the ball B%(z + 3c,4e1, ) belongs to the
excursion set before adding z but not thereafter due to (6.6), (6.7) and (6.8). Thus, we
have shown that

14, |D.Fs| > 14, kge? (6.9)

if BY(z + 3cgeq,¢) C B0, s).
We continue with the second case where

g(z) >0 forall zeR? with ||| > c,.
If g can become negative, we choose k; € Np such that
g(x) + kig(x + 2¢cqe1) > u+ 2

for all z € Bd(O,cg). In case that g is non-negative, we let k1 = 0. For this part of the
proof we assume that g(3cge1) < 2u. Note that this is not a restriction because g(x) — 0
as ||z]] — oo and hence, we can set ¢, large enough such that g(3cger) < 2u is fulfilled.
Then, we can find ky € Ny and xg € R?\ B4(0,2¢,) such that

9(3cqe1)

klg(5cg€1) + ng(BCgel — :L'()) = u — 5

Similarly to the first case we can choose ¢ > 0 sufficiently small so that B%(zg,e) C
R%\ B%(0,2¢,) and such that for all x € B4 (z,¢,), d1,...,3% € Bz — 2c4e1,¢) and
T1y---, Ty € Bd(z + CL'(),E),

kl k2

g(a:—z)—l—Zg(x—:i‘i)—i—Zg(x—:%i)Zu—i—l (6.10)

i=1 =1

if g can become negative. Moreover, we choose £ > 0 such that for all y € B4(z +3cge1,€),
&1,..., % € BYz — 2cge1,€) and T1,..., Ty, € Bz + g, ¢€),

gy —=2) > gg(?wgel) (6.11)

and

k1 ko
D_gly—di)+D_gly— i) € <u — 39(32961) u— 9(31981) ) (6.12)
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If the event A; occurs, after adding 2 to the underlying point configuration, B4(z+3c,e1, €)
is included in the excursion set, whereas no point of B%(z + 3cge1,€) was part of the
excursion set before adding z by (6.8), (6.11) and (6.12). If g is non-negative, the excursion
set cannot decrease after adding z. If g is somewhere negative on B%(0, cg), the excursion
set cannot decrease either as all points of B4(z, ¢;) belong to the excursion set after adding
z by (6.8) and (6.10). Thus, we can conclude that

1a,|D.Fs| > 14, 4"

if BY(z + 3cye1,e) C B0, s).
For b) we first assume that A\g({z € R%: g(x) > u}) = 0. Let k& € N be the largest
possible number such that

k—1

)\2_1({(1'1, o) € (ROFL, )\d({y e R%: g(y) + Zg(y —x;) > u}) > 0}) =0

=1
(6.13)

with the convention AJ(-) = 0. Then, there exists € > 0 such that the set

V= {(a:l, . xp) € (ROE: )\d({y eR%: g(y) + zk:g(y —xz;) > u}) > HdEd}
i=1

satisfies A%(V) > 0. Let

k

V= {(xl,...,xk) € (]Rd)k: )\d<{y e RY: Zg(y—xi) > u}) > 0}.

=1
With (6.13) it holds
Ni(V)

= /]Rd )\2_1 ({(:1:1, cey L) € (Rd)kflz )\d({y e R%: ZZj;g(y —xz;) > u}) > 0}) dxy
_ / N ({Gen o min) € RAF
Rd

/\d<{y e R: g(y) + Zg(y — ;) > u}) > 0}) dxj, = 0.

We choose Ry > 0 large enough such that g(y — 2) = 0 for all y € S and = € B%(0, Ry)°.
For z € R? this means that the points of 7 in B%(z, Ry)¢ do not influence the excursion
set on S + z. Define V = ((V 4 2)\V) N B4z, Ry)*, where M + z = {(21 + 2, ...,z +
2): (x1,...,21) € M} for M C (RY)* and let Ay be the event that

n(BYzRo) =k and 7i(V)#0.

The second condition guarantees that the k points in B%(z, Ry) are arranged in such a
way that the volume of the excursion set in S + z is 0 before adding z and larger than
raqe® after adding z. This implies

14,|D.Fy| > 14, k4"
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for all z € B4(0, s) with S+2 C B%(0, s). For \y({z € R%: g(x) > u}) > 0 this is obviously
true for a suitable & > 0 if Ay = {n(B%(z, Ry)) = 0}.

To control P(|D,F,| > rkqe?) we bound in the following P(4;) and P(A3). We abbre-
viate D3 = B%(z,¢,) U BY(z + 3cye1,¢). For a) let Ry > 0 be such that D3 C B%(z, Ry)
and define Bg = B%(z, R) for some R > Ro + ¢4. Then, for ¢ > 0 the Markov inequality
and the Mecke equation lead to

P<3y€D3: > \g(y—x)|>0> SlP’( > Hé%xw( —fv)|>6>

55677|B% J5677|BC

<°E
C

| A

1
S max gty a)ldo
R4\ B y€B(z,Ro)

1 _ _
[, ellel - Ry da
Cc R4\ Bg

oo

IN

d .
_ hd Egr_(s(r + Ro)? 1 dr.
¢ JR-Ro
Choosing R > P:g + ¢4 large enough such that the probability above is at most % for
= w and D; U Dy C Bp, provides for a) with (6.9),

P(|DZFS| > Kdgd) > ]P(Al)
> P(??(Dﬂ = k1,n(D2) = ke,n(Br\(D1 U D2)) = 0)

1
x P —a)| < mm{‘g(?’ggel)" b for all y Dg)
$€77|BC
1
> 5P(n(D1) = ki, 1(D2) = k2, n(Br\(D1 U D2)) = 0) =:p1 > 0.

For b) we get for \gy({z € R?: g(x) > u}) =0 and V = ((V+2)\V)N Bz, Ry)* with
the multivariate Mecke formula
P(|D.Fy| > kge?) > P(Ay)
=P(nk(V) # 0,n(B%2, Ro)) = k)
k'E[ S 1n(BYz Ro)) = k}
(

xlyzxk)en;célf/

L[ Po(BY, Ro)\ U, {2:}) = 0) d(ai, ..., )

=- D2

Clearly,
P(n(B%(z, Ro)\ Ui_y {2:}) = 0) = P(n(B"(z, Ry)) = 0) > 0.
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From (6.13) it follows that A%(((V + 2\V)\B%z, Rg)*¥) = 0 since as soon as one of
1, ..., 7} does not belong to B(z, Ry), we are in the situation of (6.13). Together with
A¥(V) =0 and AE(V) > 0 we sce that

NS(V) = Ms(((V + 2)\V) N Bz, Ro)*) = Ms(V) > 0.

This implies po > 0. The same holds for A\y({z € R?: g(x) > u}) > 0, where Ay =

{n(B%(2, Ro)) = 0}.
Altogether, for Wy = {z € R%: BY(z+ 3cye1,e) € B4(0,s)} and p = p; in case of a) or
W, ={zeR?: S+ 2 C B40,s)} and p = py in case of b) we conclude that

E U(DZFS)2 dz] > nﬁe%/ P(|D,Fy| > rge?) dz
Rd

> K?IEZd/ pdz > /'432 QdPAd(WS) > Cd,ssd

for some constant ¢4 > 0 and s large enough.
In the following we consider the second-order difference operator to check (3.2). For
21,29 € R? with z; # 25 we have

2
‘Dzl,ZQF = /Bd(o7 ) Zl,Zgﬂ{fﬂ( ) > U} dy

so that

D2 Fy| < 22\a(Bs(21, 22)) (6.14)

21,22

with Bs(21,20) = {y € B%0,s): D 2 U fy(y) = u} # 0}, where we used the bound
D2, 1{fy(y) > u}| < 2. The inequality (6.14) leads to

f=k [/ / Zl »F8) dz sz] < 4/ / [Aa(Bs(21,22))?] dz1 dzo.
Rd JRd et Jpa

First we study the situation of a). Let y € B¥(0,s) and assume that |g(y — z2)| <
lg(y — z1)|. It holds

D2 L f(y) > ul = (I{f(y) + 9(y — 21) + g(y — 22) > u} — 1{f(y) + g(y — 21) > u})
— ({fy(y) + 9(y — 22) > u} — 1{fy(y) > u}) =: di — da.

Note that dy = 0 if

[fa(y) +9(y — 21) —ul = |g(y — 22|
and doy = 0 if
| fu(y) = ul > |g(y — 22)].
Hence, we obtain that
D2 L, 1{fy(y) > u} =0
if
Fo) +9(y —21) & [u—[g(y — 22, u+ [g(y — 22)]]
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and
foy) & [u—19(y — 22)|,u+ |g(y — 22)|].

Together with the fact that the density of f,(y) is bounded by a constant C; > 0,
which was shown in Lemma 6.3, we derive

P(y € Bs(21,22)) < P(fy(y) + 9(y — 21) € [u — |9(y — z2)|,u + |9(y — 22)]])
+P(fy(y) € [u—|g(y — 22)|,u + |g(y — 22)[])
< A4C|g(y — 22)|-

Using the same arguments for |g(y — 22)| > |g(y — 21)|, we deduce

P(y € Bs(21, 22)) < 4C1 min{|g(y — 21)l, l9(y — 22)[}

so that with Hélder’s inequality and the inequality min{a, b} < \/av/b for a,b > 0,
E [)\d(BS(zl, 2’2))2]

= / / P(y1 € Bs(z1,22),y2 € Bs(z1, 22)) dy1 dyo
B4(0,s) J B4(0,s)
<[] e B )R € Buler,z) S i i
B4(0,s) J B4(0,s)
< 401/ / 9(y1 — 20)[V2|g(y1 — 22)[13|g(yo — 21)["/? dyn dyo.
B4(0,s) J B4(0,s)

From Assumption 6.1 and the continuity of ¢ it follows that g is bounded by a constant
Cy > 0. Using the decay of |g| and § > 3d in Assumption 6.1, we have for y € BY(0, s)
that

/ 9y — =) dz = / oy — )% dz + / 9y — =) dz
Rd ]Rd\Bd(y,cg) Bd(y,cg)
S/ el — 2707 dz + CY et
RN B4 (y,cq)

o0
= dlidc;/3/ pd=1p=0/3 qp 4 C%/gﬁdcd

g
Cg
=d —1/3 63_5/3 01/3 d __. C
= Hng m + 2 /€ng =: C3.

The same estimate holds for de(o 8)]g(y — 2)|'/3 dy for z € R Hence,

Ig/ / 166’1/ / g1 — 20)[V31g(y1 — 22)|/?
Rd JRRd B4(0,s) J B%(0,s)

x Jg(yz — 1)

160 / gy — =)|/3 / 9o — =)[/3
B4(0,s) JR? B4(0,s)

X /Rd|g(y1 — 2)[Y/3 dzy dys dzy dyy

dyy dy2 dz1 dz
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< 1601/ C’g dy; =: é15°.
B4(0,s)

For b) let R > 0 be such that S C B%(0, R) and let z1, zo € R%. Then, since
By(21,22) € {y € BY(0,5): |ly — z1|| < R, [ly — 2|l < R},
it follows
E [Aa(Bs(21,22))°] < Aal{y € BY0,9): |y — 21|l < R, |ly — 22| < R})*.

The triangle inequality implies Ag({y € B¥(0,s): [ly — z1]| < R, |y — z||< R}) = 0 for
|21 — 22|]| > 2R or ||22]| > s + R and therefore

reaf o iy e B0 - al < Ry -l < BY? da dz
B(0,5+R) J Bd(22,2R)

<4 / ~ / (kgRY? dz; dzy < 4(kqRY)2k3(2R)%(s + R)?
B(0,5+R) J B4(22,2R)
< Cs

for a suitable constant C' > 0. Combining the derived lower and upper bounds with
Theorem 3.1 for n = 1 completes the proof of both cases. O

Remark 6.4. An alternative approach is to construct the Poisson shot noise process only
with respect to points of the Poisson process within the observation window, i.e. to consider

Filpagy @ =Y 9ly—2)

€1 gd o,s)

for y € R? and the functional

Fs — )\d({y € Bd(07 3): fn‘Bd(O,s) (y) > u})7

which is the volume of the excursion set on Bd(O, s). Then, the integrals of the second
moments of the first-order difference operator can be bounded from below as in the proof
of Theorem 6.2. The arguments from this proof can also be used to control the second-
order difference operator in the case where g has compact support. Under Assumption
6.1, f"\sd(o,s) (y) does not posses a density as it has an atom in 0 so that the arguments
of the proof of Theorem 6.2 for the second-order difference operator do not carry over.
However, if there exists a constant ¢ > 0 such that

]P)(fn'Bd(O,s) (y) € [u —a,u+ CL]) < ca

for all y € B4(0,s) and a > 0, our proof works for the alternative setting as well.
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6.3 Geometric functionals of polyconvex excursion sets

In this section we want to study general geometric functionals of excursion sets of Poisson
shot noise processes, whose underlying Poisson process is a marked Poisson process on
RY x M with intensity measure y\g x Q as defined in (6.1). Let (Ws)s>1 be a family of
observation windows, where Wy = sW for s > 1 and W € K¢ with \q(W) > 0. Remember
that we denote by f, the Poisson shot noise process, while

ZyNWe={y € Wy: fyly) > u}

for s > 1.

By a geometric functional ¢ we mean a measurable, translation invariant, additive
and locally bounded functional as defined in Definition 2.5. Unlike functionals such as
the volume or the Euler characteristic, general geometric functionals are only well defined
for polyconvex sets. This requires the introduction of conditions on the family of kernel
functions for which the corresponding excursion sets in the observation window are almost
surely polyconvex, i.e. for which Z, N Wy can almost surely be written as a union of
finitely many compact convex sets. For this reason we denote by L'(RY) ¢ L'(R?) the
space of integrable functions on R% with compact convex support K satisfying Aa(K) >0,
whose restriction to K is continuous. In the following this space will be equipped with
the Borel o-algebra £, which is induced by the L'-norm. Throughout this section we use
the following assumption for our family of kernel functions (g, )mem-

Assumption 6.5. It holds that
i) gm is a non-negative, measurable function for all m € M.
ii) g, has a compact convex support K,, with A\g(K,,) > 0 for all m € M.
ili) gml|k,, is concave and continuous for all m € M.
iv) m — g, is an Fy-L1-measurable map.

Note that in iii) the continuity at inner points of K, also follows from the concavity
on K,, so that the continuity condition describes the behaviour of the function at the
boundary of K,,. Since g,, is non-negative by i), this basically guarantees that g, is
upper semi-continuous, i.e. that limsup,_,,, gm(2) < gm(zo) for all zg € R and m € M.
Under Assumption 6.5 we can also show the following measurability property for (gm )mem.

Lemma 6.6. Let (g)mem be a family of kernel functions satisfying Assumption 6.5.
Then, the map m v+ K, is Fy-B(F?)-measurable.

Proof. Recall that the Fell topology can be generated by {{F € F¢: FNU # 0}: U € U%}
(see Subsection 2.2.1). We start with showing that the map h : L*(R%) — F? defined by
h(f) = supp(f) for f € LY(R?) is £1-B(F?)-measurable. To this end, for U € U we need
to prove that

WY{FeF:FNU#0}) ={f € L'RY: supp(f) NU # 0}
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is an open set. Note at first that the facts that supp(f) is a closed convex set with
Ad(supp(f)) > 0 and U is open provides that supp(f) N U # 0 implies [;|f(z)| dz > 0.
Thus, if supp(f) NU # 0, we have for all g € L*(R%) with ||f — g|| < 3 Jylf(@)| dz,

/U l9(2)] da > /U (@) do - /U (@) - g(a)] dz
> 5 [ @)z >

i.e. supp(g)NU # 0. Hence, h™'({F € Fé: FNU # 0}) is open. Together with Assumption
6.5 iv) and since g,, € LY(RY) for all m € M, it follows that m — K,, is Fiy-B(F?)-
measurable. O

Throughout this section we also need some additional assumptions on the intrinsic
volumes of the supports. For the whole section we assume that

/ Vi(Km) Q(dm) < o0 (6.15)
M

for i € {1,...,d}. In the course of this section we also assume higher order moment
conditions of the form

/ Vi(Km)* Q(dm) < oo (6.16)
M

of up to order k = 4 for i € {1,...,d} to derive variance asymptotics and central limit
theorems.
We often represent a point & € 1 as & = (x,m) € R? x M and abbreviate

K@) =Kn+r={yeR:y—zecK,}
For K € K% define
Sk ={& = (z,m) e R x M: K(&)NK # 0}.
Since
Va{z e R K@) N W, #0}) = Va({z € RE: (K + 2) N Wy # 0}) = Vg(— K, + W)

and by Steiner’s formula (see also (2.1))

d
Va(— K + Wa) < V(=K + BY0, R(WY))) < C(5) > Vi(Kom)
k=0

for some constant C'(s) > 0, which might depend on the circumradius R(Ws) of Wy, the
moment assumption in (6.15) provides that

E[n(Sw,)] < 'Y/MVd(_Km + W) Q(dm) < oo
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and thus, n(Sw,) < oo almost surely for any s > 1. Let now n = n(Sw,) and denote
the points of the Poisson process in Sy, by &1 = (z1,m1),...,&n = (zp,my,). For j €
{1,...,n} we often use the short notation

Kj = K(ij) = Km]. + Zj.
For ) # I C {1,...,n} and K € K% we define
X1k = {y e K: ngj(y—a:j) >u,y € Kj for all j € I}. (6.17)
Jel
We use these sets to show that Z, N Wy is almost surely polyconvex.

Proposition 6.7. Let u > 0 be fized and n = n(Sw,). Then, X1 w, is a compact convex
set for allD #1 C {1,...,n} and

ZuonWs= ) Xw,
0AIC{1,...,n}

for all s > 1 almost surely.

Proof. In the following we show that the set Xy, for ) # I C {1,...,n} is a compact
convex set and that we can write Z, N Wy as a union of these sets for any s > 1. For
y1,y2 € Xrw, and a € (0,1) we have ay; + (1 —a)y2 € K since K is convex for all j € I.
Due to the concavity of g;,,; on Ky, it holds

D gmy(ayr + (1= a)yz —25) 2> agm; (y1 — 25) + (1 — a)gm, (y2 — ;) > u.
el jel

Hence, X7, is convex for ) # I C {1,...,n}. Since g, € L'(R%), the restriction of
gm; to Ky, is continuous for all j € {1,...,n}. Together with the fact that W; is a
compact convex set and X7y, C W for all s > 1, this ensures that X7y, is compact for
0#1IC{l,...,n}.

Moreover, U@#g{lw.’n} Xrw, € Z, N Wy since Xrw, € Z, N W, for all § # I C
{1,...,n} by the non-negativity of g,, for all m € M. As there is also ) # I C {1,...,n}
with y € X7y, for all y € Z, N Wy, it follows

Z,nWe= |J  Xiw.,
0AIC{1,...,n}

which completes the proof. O

Because of Proposition 6.7 the geometric functional ¢ of Z, N Wy is defined via the
inclusion exclusion principle (2.8). We have for n = n(Sw,),

o(Zu N W) = > (—)"H o (Nres Xw,),
JCP{L,..n)\0: |J[>1

where P({1,...,n}) denotes the power set of {1,...,n}.
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An important example of random sets are Boolean models, which correspond to con-
sidering the union of the supports Z = (J;¢, K(2). The behaviour of ¢(Z N W) for the
Boolean model Z was studied, for example, in [55, 71, 98]. It can be shown that the
expectation grows with order Vy(Ws) (see e.g. [98, Chapter 9.1]). Variance asymptotics of
order V4 (W;) and corresponding quantitative central limit theorems for the Boolean model
were derived in [55, Sections 3 and 9] or [71, Chapter 22.2]. One way to generalise the
Boolean model is to consider the union of cylinders of Poisson cylinder processes, which
have long-range dependencies. Variance asymptotics and central limit theorems for the
case of Poisson cylinder processes were shown in [20, Theorem 3.5 and Theorem 3.10].

The model introduced in this section also generalises the Boolean model. In fact, the
Boolean model arises as a special case of our model if g,,, () > w for all z € K,;, and m € M.
Since we do not consider the union of the supports but the union of the sets Xy, for
0#1C{L,...,n(Sw,)}, in general our random sets and the Boolean model differ mainly
in two aspects in which Boolean models and unions of the cylinders of Poisson cylinder
processes do not deviate. First, Xy, depends on |I| points while K (Z) only depends on
the point #. This also implies that two sets Xy w,, X jw, can depend on the same point for
I#JifINJ#0, while K(2) and K(¢) cannot depend on the same point if & # 3. The
second main difference arises from the possible number of convex sets needed to represent
the excursion set as a union of these convex sets. Let N(A) denote the smallest number
needed to write a polyconvex set A as a union of N(A) compact convex sets. Then, for
the Boolean model Z, N(Z N C%) < n(Sza) for C? = [0,1]¢. For our model we might
need up to 275c4) — 1 sets (cf. Proposition 6.7). This means that E[2V(Z«NC)] s not
necessarily finite (see also Example 6.12) and therefore, Z,, is in contrast to Z in general
not a standard random set as defined in [98, Definition 9.2.1].

In this section we want to derive the previously mentioned asymptotic results, which are
already known for the Boolean model and Poisson cylinder processes, also for excursion sets
of Poisson shot noise processes with polyconvex excursion sets in the observation windows.
Similarly to the case of the Boolean model treated in [55] or the case of Poisson cylinder
processes in [20], the proofs of this section are based on the Fock space representation
and the Malliavin-Stein method. In particular, the proof for the variance asymptotics in
Theorem 6.13 follows the strategy of the proof of [55, Theorem 3.1] and the proof for
the central limit theorems in Theorem 6.22 uses similar arguments as the proof of [20,
Theorem 3.5]. The main difference and difficulty compared to the proofs in [20, 55] is
that E[2V (Z“ﬂcd)] is in the case of Poisson shot noise processes not necessarily finite as
mentioned above. This makes the case of Poisson shot noise processes substantially more
intricate and requires the usage of the following dynamic decomposition.

6.3.1 A dynamic decomposition

For a set K € K% we use a dynamic decomposition, which depends on the number of
points whose corresponding supports hit but do not cover K. For this, we define n([Q]*)
for Q € K¢ as the number of points # € 1 for which K (2) N Q ¢ {0, Q}.

For n € Ng and z € Z9 let Q. = 27"(z + [0,1]¢) be the cube of side length 27"
and left lower corner 27"z. We start covering K with (J,cza. Qo..NK D Qo,z- Then, for
n=0,1,2,...,if n([Qn.]*) > L for a fixed constant L € N, we iteratively decompose @y, .
in 2¢ cubes Qn+1.p,,- - o Qnttpyy With {p1,... paa} = {22+ >, ye; for J C{1,...,d}},
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where e; denotes the unit vector in direction j. Thus, at the end we cover K with a
dynamic grid of cubes, i.e. we consider

U Q-
(n,z)elk, L,

with
IK,L = {(nv Z) € No x Zd: Qn,z NK 7& q)vn([Qn—l,\_z/Qj]*) > Lvn([QmZ]*) < L}a

with n([Qfl,Lz/QJ]*) =L+1and LZ/2J = (L21/2J,..., de/QJ) for z = (2’1,. . .,Zd) S Zd,
where |-| stands for the floor function. For (m,p) € Ik 1, let

N(m,p) = {(nv Z) € IK,L5 Qm,p N sz 7& @,n < m}

Then, the number of adjacent cubes | N (m, p)| which are not smaller than the current cube
itself is bounded by 3% for geometric reasons.

We use the following lemma to control the probability that (n,z) € Ik 1, for n € N and
z €74

Lemma 6.8. For every L € N there exists a constant C > 0, only depending on the first
moments in (6.15), d, L and v, such that for alln € N and z € 74,

P(U([Qn—uz/zﬂ*) > L,n([Qn:]*) <L) < o~ n(L+1).
Proof. For n € N and z € 74 define

P(na Z) = {‘% € R? x M: Qn—l,[z/ZJ N K(i) ¢ {van—l,Lz/QJ}}'

Let ¢, . denote the centre of Q1 |./2). Then, Q,_1 |2/ VK (2) & {0, Qp—1,|2/2) } implies
that d(0K(Z),cn,.) < g, because 0K (&) has to intersect @, |./2). Therefore, since
K(z) = Ky, + x for & = (z,m),

A(P(n, 2)) < ’y/M)\d<{:z € RY: d(OK (&), cn.z) < \2/3}) Q(dm)

Vd

'y/M)\d({x c R¢: d(0Km,cpn, —x) < 27}) Q(dm)

= [ ([ e dorcn,2) < Y1) atam)

where the last step uses the translation invariance of the volume. For fixed m € M it holds
by [55, Equation (3.19)] and the convexity of K,,,

M {2 € Ko d0Kn) < Y21) < na( (4 B9(0, 29) )\ Ko

- )\d<{x € RAK,,: d(0Km, ) < \2/5})
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Together with Steiner’s formula (2.1) we get
Vd
< d
A(P(n,2)) < 27/de((Km+B (0, = ))\Km> Q(dm)

-1 -
_zyz(\/&)d i /M Ve(Kp) Q(dm) < 2" (6.18)

k=0

for a suitable constant ¢ > 0, which might depend on the first moments in (6.15), d and
~. This provides

P(n([Qn—l,Lz/QJ]*) > Lvn([Qn,z]*) < L) < P(U(P(n’ Z)) > L)
= Y P(n(P(n,2)) =)

s>L+1

-y AP, 2))° _\(P(n,2))
s>L+1 st

Cs—L—l

AP Y

s>L+1

which shows together with (6.18) the lemma. O

In the following lemma we use our decomposition to bound moments of geometric
functionals of excursion sets. For this we define Z, (&) = {y € R%: fe(y) > u} for a set &
of points in R? x M, where fe(y) = Z(x m)ee gm(y — ).

Lemma 6.9. Let ¢ be a geometric functional and A = {Z1,..., %} be a set of t points in
R? x M for some t € Ng. Denote na = 1+ 22‘:1 z;. Then it holds for all K € K and
LeN,

22L+T

[p(Zu(na) NK)| <C

|Ik.1,

for T=|{je{1,...,t}: K;NK # {0, K}}| and some constant C' > 0, which may depend
ond. For Ki,Ko € K%, ki,ks € Ng and L € N with L > 2dmax{ky, ks} we have

k1 ko
Bl iy i 2] < Coy g Va(KY7) " Va (K57)

for some constant Cy, r, > 0, which may depend on ki, ko, d, -y, L and the first moments
in (6.15) and where K;/E = (K;)V? fori € {1,2}.

Proof. Denote by Zt41,. .., Z1y(s,) the points of the Poisson process in Sk. Let 0#£1C
{1,...,t+n(Sk)} and X; i be defined as in (6.17). For a set Q € K¢ with Q C K and
j€e{l,...,t+n(Sk)} we have X; x NQ C Xy .k NQ if @ C Kj and Xy 05,6 NQ =0
if QNK; = 0. Thus, for Jy = {j € {1,...,t}: K;nQ #{Q,0}}, a={j € {t+1,...,t+
n(Sk)}: K;NQ #{Q,0}y and M = {j € {1,...,t +n(Sk)}: K; N Q = Q} we have

Zu(na)NQ = U Xromr NQ.

ICJ1UJs:
TUM#(
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Under the condition that n([Q]*) < L this is the union of at most 24171l sets. Note that
for @ C K, it holds |J;| < T. Hence, if @ C K is contained in some translate of the unit
cube we have with (2.7) and the inclusion exclusion principle (2.8),

e(Zuna)N QN < D le(MresXiomx NQI< > M,

PA£JCP(J1UJ2) 0£JCP(J1UJ2)
2L+T
<22

Thus, we have for K € K¢,

e(Zuna) NE)| = |eo(Zu KN ) Que)

(n,2)€lk,L

< > p(Zumnkn () Qu:)

(B#JCIKL (n Z)EJ

< > Y (amonEn () Q)

(m,p)€lK,L JCN(m (n,z)ed
(m 7p)€J

d _oL+T
< 2%2% My|Ik L),

where the last inequality holds because of [N (m,p)| < 3% for (m,p) € Ik 1. This provides
the first part of the lemma.

Now, let K1, K5 € K. For the second part of the lemma note at first that the statement
is clear for k1 = ko = 0. For the other cases we define I, = {(n,2) € NgxZ%: Q,.NK, # 0}
for r = 1,2 and

= [{z €z Qo.NK, £ 0} < Va(K, + B0, Vd)) = V; (Kﬁ) (6.19)

Then, for fixed n € N, there are up to 2", vectors z € Z% such that (n, z) € I,. Together
with Lemma 6.8 we have for r € {1,2} and k, > 1,

EllIx, o)=Y E[1{(ni,z) €I, 1 forallie {1,...,2k}]
(ni7zi)€i”‘7
€{1,....2k,}
< 2kr Z E[l{(nl,zl) S IKT,L}]
(ni,zi)€lr,

ni>ng,
i€{1,...2k,}

= 2k, Z P(n([in—l,Lzlﬂﬂ*) > Laﬁ([Qm,zJ*) < L)

(nhzi)eira
ni>ng,
ie{l,...,.2k.}

gzkr + i Z Z 02—n1(L+1)]

n1=1n;€{0,...n1}, 2;€z4: (nl,zl)elr,
Z€{27 72k7"} 26{1, ,2]”»‘7«}

< 2k, 02" (1 +C Z (ny + 1)2’%—122’%”1‘12—"1(“1)) =: C), 2P < o0

ni=1

< 2k,
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for L > 2dk, and some constant Cj, > 0. Then, the Cauchy inequality implies for
L > Qdmax{kl,kQ},

E(lIx,, 0" Ik, 0|"] < Ell k0" V2B Ik, 0*]"? < \/Ch, Cry 0057,

which provides together with (6.19) the lemma for ki, ko > 1. The cases k1 = 0,ko > 1
and k1 > 1,k = 0 follow analogously. O

6.3.2 Expectation
We start with analysing the asymptotic behaviour of the expectation.

Theorem 6.10. Let ¢ be a geometric functional and let u > 0 be fived. If (gm)mem fulfils
Assumption 6.5 and (6.15) is valid, we have

lim E[@(Zu N Ws)]

where C4 = [0,1)? denotes the half-open d-dimensional unit cube and p(Z,NCY) is defined
as in (2.9).

Remark 6.11. For ¢ = V4 one can calculate the expectation directly. Since the Poisson
process is stationary, f,(y) has the same distribution as f;,(0). Therefore, P(y € Z,) =
P(0 € Z,) for all y € W, and we have

E[Vy(Zu \W,)] = E[/ 1y € Zu) dy] — B0 € Zu)Vy(W),
which shows the result in Theorem 6.10 not only in the limit but for all s > 1 as P(0 € Z,)
does not depend on the observation window W.

A similar result as in Theorem 6.10 was shown in [98, Theorem 9.2.1] for the limit of
E[p(ZNWs)], where Z is a so called standard random set. Remember that for a polyconvex
set A € R, N(A) denotes the smallest possible M € N such that A can be written as
a union of M compact convex sets, i.e. A = Uf\il K; for some compact convex sets K,
i€ {l,...,M}. A standard random set Z defined as in [98, Definition 9.2.1] fulfils the
integrability condition E[2V (4 mCd)] < 00. Our excursion sets do not necessarily fulfil this
integrability condition, which is essential for the proof of the asymptotic expectation in
[98, Theorem 9.2.1], and are therefore not necessarily standard random sets. In fact, if
n(Sca) = n, the construction in Proposition 6.7 may yield up to 2" — 1 convex sets and
if N(Z, N C?%) becomes with high probability too large, E[2Y(Z:"C")] is no longer finite.
Since Proposition 6.7 only shows an upper bound for N(Z, N C?), the following example
shows that E[2V (Zumcd)] is indeed not necessarily finite.

Example 6.12. Let Q be the probability measure on M = N with Q({k}) = (1 — p)p*~!
for k € N and some fixed p € (2_1/ 41), i.e. the marks are geometrically distributed with
parameter p. We consider the case v = 1 and d = 2, where for m € N and = € R?,
gm: R? — R is defined by

L forx € K,
gm(z) = 2 "
0 else,
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(K3+3;‘1)ﬂ02 (K3—|—$2)002

(K4 + CC4) nC?

(K4 + 1‘3) nC?

Rgl) Rg2)

Figure 6.2: Configuration in C? in Example 6.12 for i = 2, if there is exactly one point in
each of the sets Rgl), R( ) RE; ) and Rf), denoted by x1, z2, 3 and x4, where we omit
the representation of the marks in the figure for simplicity. If the corresponding support
of no other point hits C?, the red region is the corresponding excursion set Z, NC?, which
fulfils N(Z, N C%) = 4% = 4.

where Kj_1 = [—4(2].1_1) 4(2] ylx[=1,1] and Ky = [~ 1’1]X[‘4(T1—1>’m] for j € N.
One can show that E[2V (ZunC? )] = oo by constructing configurations with 2¢ points and
N(Z,NC?) =i? for all i € N, which arise with a sufficiently large probability. The idea
of the following construction is that we divide the 27 points in two groups of size 7 such
that the corresponding shifted supports of two points from different groups overlap in a
cube, which does not intersect the shifted support of any other point and hence provides
that N(Z, N C?) = 2.

To this end, for i € Nand k € {1,...,i} let R2z) 1= ?2’“1.:71), 4?51.—:51)] x [0,1] x {2i —1}

and Ré ) = =[0,1] x| 851 71), 4(851 51)] {2i}. Then, if for some fixed i € N,

(RS ) =n(RE) =1 for ke{l...i} and (S U (RS URE)) =0,
it holds N(Z, N C?) =42, For an illustration in the case i = 2 see Figure 6.2. Since

MBS = 2 & O(RY ;) = (2~ 1) = ;o2 < P g )

4(2i—1) 2(2i — 1) =
MRS ) > MRY)) = %p%‘l (6.21)
and
A(Soz\ U (RY | U Rg';>>) < A(Se2) < Aa([~2,2]2) = 16, (6.22)

k=1
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we have

oo

E[2NV(ZunC?)] Z N(Zy, N C?) =i n(Sc2) = 2i)

> 222 ( RQl )= (R(k)) =1forke{l,... i}, 17(502\ U R2Z 1 UR(k))> )

>3 HA () YA(RE) e ML) -MRE) A0z \Uj o (REL URE)
i=1

>c§:2Z H)\
=1

for a suitable constant ¢ > 0, where ¢ depends on the bounds in (6.20) and (6.22). Hence,
with (6.21),

E[N(Z:00)] > iZﬂ (L=p)*  ai2i1) i@ 4)2-2( (1-p)° )Z _
SO weiopEt =S i) T
because 2p* > 1, which shows that Z, is not a standard random set for p € (2714, 1).

Proof of Theorem 6.10. By Lemma 6.9 we have for K¢ 5 K C C¢,
E[lp(Z, N K)|] < eVa(KV9) < cVy(C? + BY(0,Vd)) < oo (6.23)

for some constant ¢ > 0, i.e. ¢(Z, NK) is integrable. By the translation invariance and the
additivity of ¢, ¢(Z, N A) is also integrable for A € R¢. Hence, we can define a function
$: R* = R by

¢(A) = E[p(Z, N A)].
This function is clearly additive, translation invariant by the stationarity of Z, and locally
bounded due to (6.23). Hence, we can apply Lemma 2.6, which shows Theorem 6.10. [J
6.3.3 Variance

Under a second moment condition we now consider the asymptotic behaviour of the vari-
ance.

Theorem 6.13. Assume that (gm)mem fulfils Assumption 6.5 and (6.16) is wvalid for
k=2. Let ¢ be a geometric functional and let uw > 0 be fixed. Then, the limit
S—00 Vd(WS)

= 0y
exists, is finite and given by
o0
0= 35 g Pl 20 LRI N s 20) Q)
where K = Kmﬂﬂ?ZQf(j and 0 = (0,...,0) € R
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Similar results as in Theorem 6.13 were already shown for geometric functionals of the
Boolean model in [55, Theorem 3.1] and for Poisson cylinder processes in [20, Theorem
3.10].

In order to calculate the asymptotic variance using the Fock space representation,
we need to control the expectation of the n-th difference operator. For the proof of
the central limit theorem we additionally require bounds for moments and products of
difference operators, which we establish here as well.

Lemma 6.14. Let 3; € R x M for j € {1,...,n} and K= Nj=1 f(j. Then it holds

Dzl,‘..,fcn‘P(Zu NW;s) = Dgl,‘..,fn‘P(Zu NWsNK) (6.24)

and for g, 2s € REx M with £ € {1,...,n1}, s € {1,...,n2}, n1,n2 € N and ki, ks € Ny,

E[|DG) g, #(Zu VWP DE? o o(Zu N W)[™]

o k “ k
< g 2R (AYT AW ) v (AT awy ) (6.25)
for some constant cy, r, > 0, which depends on k1 and ky and where A = vt K (4e) and

AQ = ﬂ?il K(és)
Proof. Forj € {1,...,n} and &; = (zj,m;) € RYxM we have gm; > 0and gm;(y—2;) =0
for y ¢ K ;- With the additivity of geometric functionals we get for K € Ke,

Dip(ZuNK) =o({y € K: fy(y) > u—gm;(y —2)}) —e({y € K: fy(y) > u})
=o({y e K: fo(y) > u}U{y € KN EK;: fy(y) > v — g, (y — 25)})
—v({y € K: fy(y) > u})
=o({y e KNEK;: fy(y) > u—gm,(y —x;)})
—o({y e KN K;: foly) > u})
= D;,¢(Z, N K N Kj).

Due to (2.17) this implies for the difference operator of order n,

DY - p(Z,NW,) =D} (D, o(Z, N W)

Xlyeeyln T1yees®n—1

— pnt (Dz, o(Zy "Wy N Ky))

21,00 Bn—1

= Dgn,fl,...,azn,ﬁO(Zu N Ws N Kn)
= Dg;clirl,...,i'n_g (Difnfﬁp(Zu N Ws N f{n))
= D.;L;.l'il,..,,in72 (D:?:n_l(P(Zu N Ws N R—n_l N Kn))

= Dgnfl@H#Eh-":ianso(Zu m WS m Kn—l m Kn)
= =D . o(Z,NW,NK),

which shows (6.24).
Equations (6.24), (2.16) and Lemma 6.9 provide for L € N and n € N,

|Dgl,...,in90(zu NWs)| = |Dgl,.,.,§:n90(zu NWsN k”
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=| > o Ve(zu(n+ Xoa ) nwin k)

I {Tm) jes
n
n L L
<> <k> C2 Wi, ol = €22 g, 1|
k=0

Note that T from Lemma 6.9 vanishes since K; N K N W, = K N W for j € {1,...,n}.
This provides

D5 g P(ZuNW)MIDE . o(Zu N W[
Ly Ek1+ka ok k k k
< (022 ) Trghmt 2n2|IAmWS,L‘ 1|IA2ﬁW5,L’ %

Now, Lemma 6.9 completes the proof of (6.25) with a choice of L = 2d max{ki, k2} since
Vd<(/LﬂWS)\/3) < Vd(fl;/aﬂwﬂ) for i € {1,2}. O

Remark 6.15. Note that for k € N, Lemma 6.14 especially provides
E|D, s, ¢(Zu N K NWI] < e o2 Va(K Y 0wy )!
for K = ﬂ?zl K j for all s > 1, which implies that
BIDS, s, ¢(Zu N K] < co2"" VoKV
since s can be chosen large enough such that K C W,

Moreover, we use the following lemma, which is similar to [55, Lemma 3.5].

Lemma 6.16. There exists a constant C3 > 0, depending on d, v and the first moments
in (6.15), such that

d

/(]RdxM)" Z

d
V(K N K1 0. N Kp) X(d(E, -, 80)) < CF Y Vi(K) (6.26)
k=0 k=0
for all K € K¢ and n € N.

Proof. The proof is analogous to the proof of [55, Lemma 3.5]. With the help of (2.4), we
compute

d

/ > V(K NKiN... 0Ky N'(d(#y,. .., &)
(RexM)™ k=0

d
:fyZ/(Rd w I/M/Rdvk(Kﬂ(Kml—l—xl)ﬂkgﬂ...ﬂkrb)dxl Q(dml)
k=0 xM)m=

x A"Nd(Za,. .., 20))

d d d
<33 [ Witk Qtam) [ S VKN Ean...0 k)
k=0 j=k ’M (RExM)™ =1 2 2
x A Nd(zg, ..., &)
Applying this scheme iteratively completes the proof. O
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Proof of Theorem 6.13. Since the second moment of |¢(Z, N W;)| exists by Lemma 6.9,
the Fock space representation (2.18) and Equation (6.24) provide

Var[p(Z, N Ws)] Zn'/d . D3, 2.9 O(Zy NWO)E A (A(d1, ..., dn))
n=1 X

[e.9]

s EDE a2 W DR N (A 20),

n=1
where K = M=y Kj. Let
i n AV2 =104 .
n,s = 5 Jtir N E|D’, 5 ZuﬁWSQK A d sy, Iy d
frstm) = i [ (DR D2 X ) dr
and forK:Kmlﬂﬂ?ZQf(j and 0 = (0,...,0) € RY,

fulmn) = / (ELDl a0 Za OV K X (A, )
(RdXM)” 1

i
Va(Ws) /Rd {131 T }

x / (ELDly a0 0 Zu OV K X (A, ) dan
(RdXM)" 1

.
= 1 e Wy
V(W) /Rd {o1+2 }

x / (B2, oo Za VKD X1, . 50)) dan
(RdXM)" 1 ( )
6.27

for any z € K,,,, by translation invariance. We want to show that

Var[VZfWﬂ)W n'/ frs(m1) Q(dmy) — Z / fn(my) Q(dmy) = o9

for s — oco. To this end, we first apply Fubini’s theorem and then show the convergence
of the integrals using the dominated convergence theorem.
To apply the dominated convergence theorem we start with bounding | f,, s(m1)|. With

Remark 6.15 we have together with the monotonicity of intrinsic volumes of convex sets
and (2.2),

[Fus(m)] < g / / Va(KVE N WY42e2 (4" A=Y (d (s, . . ., &) d
R RdXM

C'1010 ’Y/ /d f d 1
< ——— Va(K ﬂWs V )\n To,...,Tpn)) dxy.
ARG RdxMMJZJ (d( )

Equation (6.26) and the translation invariance of intrinsic volumes provide



With (2.2), (2.3) and
V(WY = Vy(sW + B40,V4d)) < s*Vy(W + B40,Vd)) = sV (WY

for s > 1, we have

/ Va(KY4nwyd) dxlz/ Va((KY9 + 1) N WYY day = ViKY V(YD)
R4 R4

d
<O Y Vil Koy )sWVa(W ).
k=0

Altogether, this leads with the positivity of the intrinsic volumes for convex sets and

Va(sW) = sV (W) to

— 1 XA A CE T V(WY 2
— < J K
D il fualm)] € 32— (kzzow )
C2Vy (W)
4C i Va(
< ACay2 C1VAV ) o (ka ml) : (6.28)

which is independent of s and by the second moment assumption in (6.16) integrable.
In the next step we bound |fy, s(m1) — fn(m1)|. By (6.27) it holds for any z € K, ,

|fn8(m1 — fa(m1)

7}1,...,9%”‘P<Zu NWsN K)])Q

R xM)™

— 1{z1 4 z € W,}(E[D

Rd

Tl

(Zu N2 AN (A, 20)) |-

The term in the mtegral becomes 0 if Kl C Wy or Kl N W, = 0. In the first case it
vanishes because for K1 C W it holds P(Zu N K) = ¢(Z,nW,N K) and 1 +2 € Ws.
In the second case it vanishes since for K3 N W, = () we have o(Z, N WsnN K ) = 0 and
x1 + z ¢ Ws. Remark 6.15 and the triangle inequality imply

’fn,s(m1> - fn(ml)‘

L{K1NOW, # B} (E[DE, 5, 9(Zu N Ws N K)))?

R4 (Rd XM)"*l

~ ot + 2 € WHEID, s, 0(Zu N K2 A7 (A, ., 80)) day

~ N
< Vd(WS) Ad H{Kl N 8Ws ?é @}

X / Vy(KVH22 4™ AL (d(4s, . .., 4n)) day.
(REXM)™ '

Together with the monotonicity of the intrinsic volumes, (2.2) and (6.26), we have for the
second part of the integral

/(Rd . 12Vd(f(\/3) A oA NN (A(d, . d0))
>< n
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<2 Va(kyD | Va( BV X1 (A(s, . )
(RexM)n—1

d
<2057 A V(KYDC1L S Vi (Ko,
=0

Equation (2.5) provides together with the the homogeneity of the intrinsic volumes

d
2
[Fs(ma) = fa(mo)] < 29CoCy e @ V(B (D2 Vi (Kam))
d 2
< 29005 A VAN (3 Vi (Ko))

for all s > 1. Hence,

— 1 — 1
|3 fatm) = 3 o)
d—1

d
, 2C1Cy 2 Vie(W)

< Oyl T2y (K (K LS A

> € Y C Cs Vd( my ) ( =~ V}( 1)) kzzo Sd_ka(W> )

which goes to 0 for s — oo and provides the theorem together with (6.28) by the dominated
convergence theorem. O

Theorem 6.13 does not answer the question under which conditions op > 0. In [55,
Section 4] this question was discussed for the special case of the Boolean model and for
example in [32, 66, 67] different conditions on the kernel functions were introduced to show
the positivity of the asymptotic variance and derive central limit theorems for functionals
like the volume of Poisson shot noise processes. As done in the previous section for
the volume, we use Theorem 3.1 to show in the following for different families of kernel
functions that the asymptotic variance is positive for specific geometric functionals. In
contrast to all previous examples we do not only use Theorem 3.1 for n = 1 but the choice
of n depends on the properties of (g, )mem-

Proposition 6.17. Let ¢ be a geometric functional, v > 0 and let o9 be defined as in
Theorem 6.13. Assume (6.16) for k =2 and Assumption 6.5 for (Gm)mem-

a) If Q({m € M: p({z € R": gm(x) > u}) # 0}) > 0, it holds oo > 0.

b) Assume that there exists o = (ay, ..., aq) € RITN\{0} satisfying

©= Zaivi. (6.29)

Then, if Q({m € M: max,cpa gm(x) < u,gm strictly concave on K,,}) > 0, it holds
og > 0.
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Remark 6.18. Proposition 6.17 mainly distinguishes the cases max,cpd gm(z) > v and
max,cprd gm () < u for all m € M and some M C M satisfying Q(M) > 0. In the first
case, our proof works for general geometric functionals if ({z € R%: g,,(x) > u}) # 0
for enough m € M. In the second case we can show the positivity of the variance for
geometric functionals that can be represented as a linear combination of intrinsic volumes
if g, is strictly concave for enough m € M. Note that by Hadwiger’s theorem (see for
example [98, Theorem 14.4.6]), this class of geometric functionals includes all geometric
functionals that are continuous and invariant under rigid motions.

For the proof of the positivity of the variance in b), we use three geometric lemmas for
which we introduce the following notation. Let my,...,m, € M and x,, € R? for some n €
N with n > 2. For v = (v1,...,v,_1) € (RD)" 1 let K(v) = N (Ko, +01) N (K, + 20)
and let fy: R? — Rsq with fy(y) = 377 gm; (¥ — vi) + gm,, (¥ — ). Moreover, we define

Zu(v) = {y € K(¥): fuly) 2 u}.

Lemma 6.19. Let n € N with n > 2, z, € R% and my,...,m, € M be such that Im,;
is strictly concave on Kp, and max,cgd gm;(x) < 25 fori € {1,...,n}. Let (Xp)ren
be a sequence in (R with x;, — x as k — oo for some x € (RY)""L. Then, for
te{l,...,d},

lim sup Vi(Zy (xx)) < Vi(Zu(%)).
k—o00
Proof. Let x = (z1,...,75-1) € (RY)" ! and x4 = (z.1,...,Tkpn-1) € (RY)" ! for k € N
with x;, — x as k — oo. We start with showing that for each compact set C' C R? there
exists Ky € N such that

Z,x)NC =0 = Z,(xx)NC =0 Yk > K. (6.30)

To this end let € C R? be a compact set with Z,(x) N C = @ and define C; = {y €
C: fx(y) = u}. For each y € C; there exists i € {1,...,n} with y ¢ K,,, + x; because
y ¢ Z,(x) and hence also B%(y,20(y)) N (Km, + ;) = 0 for some 6(y) > 0. Since
K, + 25 = Ky, + 2; in the Hausdorff metric as k — oo, there exists K;(y) € N with
By, 8(y)) N (K, + x1,) = O and hence B%(y,8(y)) N Zy(xx) = O for k > K;(y). Note
that by the strict concavity of g,,, on K,,, for i € {1,...,n}, the maximum of g, is
only attained at one point for i € {1,...,n}. Together with max, cga gm,(z) < % it
follows |C1] < 1 (for n > 2) or |C1| < 2 (for n = 2) for fixed x € (R*)"~!. This is
due to the fact that fx(y) = u outside of K(x) is only possible if for x = (z1,...,2,-1),
Im; (Y — ;) = max,cga gm, (x) for n — 1 indices i € {1,...,n} and g, (y — x) = 0 for the
remaining index j. B

Now, because of [C1] < 2 there exists K1 € N such that (J, ¢, By, 6(y)) N Zu(xx) =0
for k > Kj. Let Cy = C\int(Uyecl BUy,8(y))). Then, fx(y) < u for all y € Co. Assume
that there exists a sequence (k;)jen such that for all j € N there exists y; € Co with
kaj (yj) > u. Since Cy is compact, there exists a subsequence (y;,)seny which converges

to some y € Cy as { — oo. As g, is upper semi-continuous by Assumption 6.5 for
i€{l,...,n}, we have

lim sup kaje (y5,) < fx(y) <w,

{—00
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which is a contradiction to the assumption. Hence, Cy N Z,(x;) = 0 for almost every
k € N. Together with the result for C; there exists Ko € N with C'N Z,(xz) = 0 for all
k> Kp.

Additionally, there exists a compact set Z C R? such that Z, (x) € Z for all k € N
since X, — x as k — oo. Then, if Z,(x) = 0, applying (6.30) for C' = Z provides Zu(x) =
0 for k large enough. Thus, Vi(Zy(xx)) = V;g(~ Zy(x)) = 0 for k large enough in the case of
Zu(x) = 0. If Zy(x) # 0, for any £ > 0 we can use (6.30) for C' = Z\int(Z,(x)+ B(0,¢)),
which yields the existence of Ko(e) € N with Zu(xi) C Zy(x) + BY0,¢) for k > Ko(e).
Hence, Vi(Zy(x1)) < Vi(Zu(x) + BY(0,¢)) for any & > 0 if k is large enough. Since K —
Vi(K) is continuous with respect to the Hausdorff metric for all non-empty compact convex
sets (see also Subsection 2.2.1), this provides limsupy, ., Vi(Zu(x)) < Vi(Zu(x)). O

Lemma 6.20. Letn € N withn > 2, x, € R and my,...,m, € M. Define h: (R)""1 —
R>o by h(x) = max,cga fx(y) forx € (RH™L. Then, h is continuous for all x € (R)"1
with r(K(x)) > 0, where r(-) denotes the inradius.

Proof. For x € (RY)"! with r(K(X)) > 0 let ymax(X) be a point where the maximum of
fx is attained. For k € N let x;, € (R%)"~! with x;, — x as k — oo and let (Ymax (Xk;))jeN
be a sequence which converges to some y. Then, since gy, is upper semi-continuous for
i€ {l,...,n}, we have

hHlSllp ka (ymax(xk )) < fx(ﬂ) < fx(ymax(x)) = h(X)

j—)OO

Since (Ymax(Xk))ken 18 bounded, every subsequence of (ymax(Xk))ren has a convergent
subsequence. Thus,

lim sup h(xy) = imsup fx, (Ymax(xx)) < h(x).

k—o0 k—o0

For the reverse direction we use that for any 7 > 0 there exists some y, € R? with
Yyr & O(Kp, + ;) for i € {1,...,n} and such that fx(yr) > fx(Ymax(X)) — 7 = h(x) —
as r(K(x)) > 0 and since gm,|x,,, is continuous and K, is convex for all i € {1,...,n}.
Due to the continuity of g,, in y, —z; for i € {1,...,n}, we get

liminf h(xy) > liminf fx, (y-) = fx(yr) > h(x) —
k—ro0 k—o0
for any 7 > 0 and hence liminfy_, h(x;) > h(x). Altogether, klim h(xy) = h(x) for any
—00
x € (R 1 with r(K(x)) > 0. O
Lemma 6.21. Let n € N with n > 2, z, € R? and m1,...,m, € M be such that Im;

is strictly concave on Ky, and ' < max,cgd gm,(v) < %5 fori € {1,...,n}. Then, for
ted{l,...,d},

M ({x e RPN Vi(Zu(x) € (0,R)}) > 0
for all R > 0.
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Proof. As in Lemma 6.20 let h: (R?)"~! — R>q be defined by h(x) = max, cra fx(y) for
x € (RH)™ ! and let ymax(x) be a point where the maximum of fy is attained. Note at
first that r(Z,(x)) > 0 for all x € (R?)"1 with h(x) > u and r(K(x)) > 0 since fxlk(x) 18
continuous by the continuity of g, |r,, fori € {1,...,n} and because of ymax(x) € K(x)
for the case when h(x) > u and r(K(x)) > 0 as max,cga gm,(v) < -5 fori € {1,...,n}.

Moreover, the space of all x € (R%)"~! satisfying 7(K(x)) > 0 is path-connected for
the following reason. Let ¢; denote the centre of a ball of maximal radius inscribed in K,
for i € {1,...,n} and let v = (vq,...,v,_1) € (RY)""! be such that v; + ¢; = x,, + ¢cp
for i € {1,...,n — 1}. Note that by the choice of ¢; this especially implies r(K(v)) > 0.
Now, for each x = (1,...,2,_1) € (RY)"! with r(K(x)) > 0 there exists a path from
x to v such that 7(K(w)) > 0 for all w = (w1,...,w,—1) € (RY)"! on the path by
the convexity of K,,,,...,Ky,,. For example, such a path could be constructed in the
following way. In a first step, (z1,...,2,_1) is shifted simultaneously by some w; € R? to
w1 = (214w, .., Ty 1+wr) € (RY)"! such that r(K(w)) > 0 for all w € (R%)"~! on the
path and z,, + ¢, € int(K(wy)) at the end. Now, iteratively for each i € {1,...,n—1} we
can take the direct line to v; as path. By the convexity of K, ,..., K, it is guaranteed
that x, + ¢, € int(K(w)) and hence 7(K(w)) > 0 for all w € (R¥)"~! on the path
throughout the whole process, which shows that the space of all x € (R?)"~! satisfying
r(K(x)) > 0 is path-connected.

In the following we consider two cases. If there exists x € (R%)"~! with h(x) < u and
r(K(x)) > 0, we use that there exists X € (R?)"~! satisfying h(X) > u and r(K(X)) > 0
because of max,cgd gm,(x) > & for i € {1,...,n}. Then, by the continuity of i from
Lemma 6.20 and the fact that the space of all x € (R?)"~! satisfying r(K(x)) > 0 is path-
connected, there exist Z € R? and a sequence (Z)rey With Z — Z as k — oo, h(zx) > u,
h(z) = u, r(K(zr)) > 0 for all £ € N and r(K(z)) > 0. Additionally, since gy, is strictly
concave on K,,, for i € {1,...,n}, fy is strictly concave on K(v) for any v € (R%)"~1.
Thus, there is at most one point in Z,(z), hence V;(Z,(z)) = 0. As discussed in the first
paragraph, note that the condition h(Z;) > u for the sequence (Zj)reny guarantees that
r(Zu(21)) > 0 since  7(K(Z)) > 0 and hence, Vi(Zy(Zx)) > 0. By Lemma 6.19 it holds
0 < limsupy_,o Vi(Zu(Zx)) < Vi(Zyu(Z)) = 0. Hence, for any R > 0 there exists kg € N
such that 0 < Vi(Z,(Zx,)) < g. By Lemma 6.19 and Lemma 6.20, there exists 6 > 0 such
that h(x) > u, r(K(x)) > 0 and Vi(Z,(x)) < R for all x € (R)"~! with [[x — 2| < ¢
and thus V;(Z,(x)) € (0, R) for all x € (R4)"~! with ||x — Ziy|| < 6. This provides

N x e (R Vi(Zu(x)) € (0,R)}) = N ({x € (R [|x — Zgy || < 6)) >0

for any R > 0.

If h(x) > u for all x € (RY)"! with r(K(x)) > 0, it holds V;(Z,(x)) > 0 for any
x € (RY)"! with 7(K(x)) > 0 by the arguments from the first paragraph. Since K, is a
compact convex set, for any 2 € R\ K,, there exists y, € K, with ||y, —z| = max, 5 [|y—
z||. Hence, the hyperplane H through 7, which is orthogonal to y, — z, divides R? in two
half spaces H* and H~, where H™ denotes the half space that fulfils R’n C H*, and we
have H N K,, = {yn}. By choosing z = (z1,...,Z,—1) € (R} such that y, € K, + %
and K,, + 2z C H™ fori € {1,...,n — 1}, we obtain K(z) = {y,}. Clearly, there exists
a sequence (Zr)ren with Zy — Z as k — oo and r(K(2zg)) > 0 for all k& € N. Similarly
to the first case, by Lemma 6.19, it holds 0 < limsup;_, Vi(Zu(Zk)) < Vi(Zu(Z)) = 0,
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i.e. there exist kg € N and § > 0 such that V;(Z,(x)) € (0, R) for all x € (RY)"! with
HX — ZkRH < §. With

A ({x e RY)"H: Vi(Zu(x) € (0,R)}) = ApH({x € (R ||x — 7y || < 63) > 0
the proof of Lemma 6.21 is complete. O

Proof of Proposition 6.17. We use Theorem 3.1 for the difference operator of order n for
a suitable n € N. To verify the assumption in (3.2) we derive at first an upper bound for
the integral of the expected squared difference operator of order n+ 1. To this end we use
(6.25) and (2.3) to show that

[/ /|Dn+1 5 +1 Z ﬂW)P >\n+1(d(£17'”7§:n+1)):|
~ 2
§/‘“/02»04n+1vd< ﬂKi\/amWs\/a> A A(R, . Eng)
=1

S 7n+162704n+1 / Vd (KT\,{?)

Mn+1

n+1
X / Vd( ﬂ KQ/EQWQ/&> d(x1, ...y Tps1) QT (d(m, . .., mpg))
(Rd)n+1 .

:7n+1cQ,04"+1Ad(Wﬁ) /NW ( ) Hv( )@nﬂ( (M1, Mnt1))
< e ha(Ws)

for a suitable constant ¢; > 0. Note that due to the moment assumptions of up to order
two, the integrals are finite. For the proof of the positivity of the variance it remains to
show that

[/ /’D P(Zu W) A" (d(i1 --,iﬁn))} > caha(Ws)

for some ¢z > 0 and a suitable n € N. Then, assumption (3.2) is fulfilled and ooy > 0 by
Theorem 3.1.

For the proof of a) we choose n = 1. Let U,, = {x € R?: g,,(z) > u} for m € M
and M = {m € M: ¢(U,,) # 0}. By assumption, Q(M) > 0. Then, if n(Sk,, +.) = 0 for
m € M and x € W such that K,, + x C W, we have with (6.24),

D3p(Zy N W) = Dap(Zy N (K + 1)) = o(Un) — ‘P(m = ¢(Un)
for £ = (z,m). This provides
P(Dip(Zu N W5) = 9(Unm)) = P((Sk,p10) = 0) = e AHmte) — e=AEkm) - (6.31)

Let ro > 0 be such that Q({m € M: R(K,,) < ro}) > 0, where R( m) denotes the
circumradius of K,,, and Wy = {&z € W: d(z,0Ws) > ro}. Then, )\d(W) > IXy(W;) for
s large enough, which implies together with (6.31) for s large enough,

E[/’Di@(zu N Ws)|2 )‘(di)] > /P(DiSO(Zu N Ws) = SD(Um))QO(Um)2 )‘(di‘)
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> yAa(Ws) /M 1{R(Km) < ro}e N Exm)o(U,,)* Q(dm)
> 03)\d(Ws)

for a suitable constant ¢ > 0, which completes the proof of a).

For the proof of b) we use a similar proof strategy. This means, we start with point
configurations that occur with a positive probability and for which the excursion set on a
specific compact convex set is the empty set. Then, we add just enough points such that
it is not empty anymore and such that the corresponding difference operator is not equal
to zero. For the start let

M = {m € M: maﬁgm(x) < u, g strictly concave on Km}
z€eR

Note that Q(I\\7JI) > 0 by assumption. Moreover, let

M(v,e) = {mEI\\7JI: maggm(:v) € [v—s,v—i—a]}
zeR

for v € [0,u] and & > 0. Define the map f: M — [0, u] by m — max,cga gm () and denote
by Q¢ the corresponding push-forward measure. If Qf has an atom in a point v € [0, u]
with ¥ € N, it holds Q(M (v, 0)) > 0. If Q; does not have such a point, we can apply [60,
Lemma 1.19], which provides that

Qf({v € (O,u)\ U {%} Q(M(v,e)) >0 for all € > O})
€N
=Qf({v € [0,u]: Q(M(v,e)) > 0 for all € > 0}) > 0,

where we used in the first step that Q¢({0}) = 0 since K, is non-empty for all m € M.
Altogether, this guarantees that there either exists v € (0,u) with & ¢ N such that
Q(M(v,e)) > 0 for all € > 0 or there exists v € (0,u] with * € N and Q(M(v,0)) > 0.
This will be used to divide the proof in different cases. For the first two cases we will further
define n € N, M C M™ with Q*(M) > 0 and Sy C (RO™ for (my,...,my) € M
with

(1., Tn) € Smypmy = (X1 + 2, .., Tn 4+ 2) € Siy o, (6.32)
for any z € R? and 1, ..., z, € R?,
A {21,y 1) € (RDH: (@1, 000, 2021,0) € Sy }) >0 (6.33)

in case that n > 2 and

(@153 %) & Smypoimy i [ Ki = 0. (6.34)
=1

Let tmin = min{i € {0,...,d}: a; # 0}. We consider the following three cases.
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Case 1: There is some v € (0,u) with Q(M (v,¢)) > 0 for all ¢ > 0 and % ¢ N. Then,
we can choose € > 0 small enough such that there exists an n € N with n > 2 satisfying

u
<n<——+1.
v—¢€ v+e€

Now, we define M = M (v, )" and for ¢ = max{tyin, 1},
Sy oamn = {(21, - ) € RY™: Vi(Zu(x)) € (0, R) with x = (21,...,2,_1)}

for some R > 0. Then, (6.32), (6.33) and (6.34) are fulfilled by the translation invariance
of intrinsic volumes, Lemma 6.21 and since V;(()) = 0.

Case 2: We can find v € (0,u] with ¥ € N, Q(M(v,0)) > 0 and tyin # 0 or v # u.
Then, we define n = % +1, M = M(v,0)" and for t = max{tmin, 1} and U,, = {z €
R%: g, (z) > v},

Sr e = {(ml, ceay ) € (Rd)”: ‘Q(Zvu(x)) € (0, R) with x = (z1,...,2n-1),

u/v
m( (U, +xij)) =0 for {1, iy} C{1,...,n},

j=1
Z] 7& iy for 7 75 £ and all t > tmin}a

for some R > 0. Note that since U, consists by the strict concavity of g,, only of one
point for all m € M (v,0), it holds

u/v

/\Z/v({(xil,...,xiu/v) e (RAYW/". v;( N U, —i—a?i].)) ” 0}) —0

Jj=1

for {i1,... 4y} C {1,...,n} with i; # iy for j # £ and ¢t > tyin. Together with the
translation invariance of the intrinsic volumes, properties (6.32), (6.33) and (6.34) are
fulfilled as in Case 1.

Case 3: It holds Q(M (v,0)) > 0 for v = u and tmin = 0. Then, with (6.29), we have
for U,, = {x € R%: g,,(x) > v},

d

P(Un) = aiVi(Un) = ag #0
=0

for all m € M(v,0) since U,, consists only of one point by the strict concavity of g, for
all m € M(v,0). Hence, Q{m € M: ¢(U,,) # 0}) > 0. Thus, the assumption of part a)
of the proposition is fulfilled and therefore the proof for Case 3 is complete with the proof
of a).

It remains to show the proposition for Cases 1 and 2. To this end let K = ()", KinW,.
By the choice of n we have for n(Skx) = 0, (z1,...,2n) € Smy,...mn, (M1,...,mp) € M
and I C {1,...,n},

Zu("?‘i‘Z(Sji) NK =10

i€l
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if [I| <n —11in Case 1 and if [I| < n — 2 in Case 2. If |I| exceeds those thresholds, we
have

Zu <77 + Z 5x) NK = Xrk,
i€l
which is convex by the proof of Proposition 6.7.
Now, we consider %1, ..., &, with K; C W, for i € {1,...,n}. Note that for n(Sx) =0
and fixed z,, € R? we have Z,, (n—l—zg‘:l 5@2.) NK = Eu(x) forx = (z1,...,2,_1) € (RH"L,
In the following we use assumption (6.29) to represent the geometric functional as a

linear combination of intrinsic volumes. Recall that tmin = min{i € {0,...,d}: a; # 0}.
Without loss of generality we assume oy_. > 0. Then, for ¢y;, > 0 it holds with (2.6),

d
PZu) = | aii(Zu()|
=0
> > aVilZux) - Y alVi(Zu(x)

i€{0,...,d} : a;>0 i€{0,...,d}: ;<0

~ Vi(Zu(x))
> Viin (Zu (X)) i — || ———=——
t (o {E; Vtmm<zu<x>>>

2 ‘/tmin (211, (x)) (atmin - Z ‘a1|c(tm1n7 Z-)‘/tmin (Zu (X))(iitmin)/tmin>
iE{O,...,d}: ;<0
o, ~
> =5 Vi (Zu(x)
if Vi (Zy(x)) is small enough. Similarly, since Vo(Z,(x)) = 1 as Z,(x) is convex, we have
for tmin = 0,
P2 2 Vi Zu(0) (At = D JaulVilZu(x)

1€{0,...,d}: a;<0

> Vi (Za() (0t = D0 lailCOLDVA(Zu(x))')
1€{0,...,d}: a; <0
o ~

if V1(Zy(x)) is small enough. In Case 2 it additionally holds

n—1 n—1
(K0 (U, +21)) = o( (Ui, +21,)) =0
j=1 j=1
for (z1,...,2n) € Smi,.mn, (M1,...,mp) € M, i1,... i1 € {1,...,n} with i; # i, for

j#and K; C W, for i € {1,...,n}. Note that we can choose the parameter R > 0
in the definition of S, . m, sufficiently small by Lemma 6.21 such that all estimations
above hold while (6.33) remains valid. Then, if 7(Sk) = 0, it holds

n
(a7 ~
D3, 2 Zu V) = o (Zu(n+ 300, ) N K| 2 2220, (Zu() = iy, > 0
=1
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for (z1,...,2n) € Smy,....m, With K; C W, foric {1,...,n} and (mq,...,m,) € M, ie.
we have

P(| D" O(ZuNK)| > Cay.5)) = P(n(Sk) = 0) > e xmi) > 0, (6.35)

Z1,-.- 73377,

For m = (my,...,my,) € M let hy: RY = R5q be defined as

hm (1, ..., 2,) = C? 1{(z1,...,2,) € Sml,m’mn}e_A(SKml)'

Z15e- :wn

The translation invariance of the intrinsic volumes provides

Cfcl,...,;f:n = C(w1+z,m1),...,(azn+z,mn)

for any z € R% Then, by (6.32), hm is translation invariant and with (6.33) and (6.34)
we get

n—1
/(Rd) 1 Ko 0 (Y (Ko, +90) # 0 (3,90 1,0) Ay, 90 1) > 0. (6:36)
" i=1

Moreover, for W, = {(331, ) € RO K, CW,ie{l,...,n}}and yi,...,yn_1 € R?
satisfying K, N[, (K + y,) # (), there exists ro(my, ..., my) > 0 only depending on
mi, ..., My such that

M({y €RE: (y1 4y, g1 +y,y) € W)
/\d(WS)

5 (6.37)

> )\d({y € W,: d(y, oW,) > R(Km,) + 226{51%_1}3(1%)}) >

for all s > ro(my,...,my).

Now, let 79 > 0 be large enough such that Q({m € M: ro(m,...,m,) < r9}) > 0.
Then we have with (6.24), (6.35), (6.36), (6.37) and the translation invariance of hy, for
s = 70,

[/ /|D O(Zy N W) > X(d (1, ..,:&n))]
2/---/P<(Dgh e(Zan W, mﬂK)

2/---/]1{(m1,...,mn)GM,(xl,...,J:n)GWS}hm(:L“l,...,xn) AN (A(Z1, .. 20))

> Chyn ) C2 ey N (AR, 80)

n—1
M (Rd)n

=1
hm(y17 e 7y7’b—17 0) d(y17 e 7yn) Qn(d(mla B 7mn))

>7//Rd Ad{yGRd (Y1 +Y, . Yn—1+y,y) € Ws})

n—1

X H{Kmn N () Ko, + i) # (7)}

=1
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X hm(?/h <y Yn—1, 0) d(ylu “e 7yn—1) Qn(d(mh ey mn))
> carg(Ws)

for a suitable constant ¢4 > 0, which completes the proof. O

6.3.4 Central limit theorem

Finally we derive a qualitative central limit theorem and corresponding quantitative central
limit theorems in Wasserstein and Kolmogorov distance under different moment assump-
tions if the asymptotic variance is positive.

Theorem 6.22. Let ¢ be a geometric functional and let w > 0. Denote by N a standard
Gaussian random variable, let oy be defined as in Theorem 6.13 and assume og > 0. Let
(gm)mem fulfil Assumption 6.5.

a) If (6.16) is fulfilled for k = 2, it holds

‘P(Zu N WS) - E[‘P(Zu N Ws)] i>
V/ Var[p(Z, N W;)]

as S — OQ.

b) If (6.16) is fulfilled for k = 3, there exists a constant C' > 0, depending on v,d and
the first three moments in (6.16), such that

» (so(Zu N W) — Elp(Z, 0 W) N) ._cC
\/V&r[‘P(Zu NWs)] Va(Ws)

for s large enough.

c) If (6.16) is fulfilled for k = 4, there exists a constant C' > 0, depending on 7, d and
the first four moments in (6.16), such that

i (so(zu NWa) ~ Efp(Z, N Wsn?N) ._cC
\/Var[go(Zu NWy)] Va(Ws)

for s large enough.

Similar results as in Theorem 6.22 were also shown for geometric functionals of the
Boolean model and specific geometric functionals of excursion sets of Poisson shot noise
processes. The analogous results for the Boolean model and for Poisson cylinder processes
can be found in [55, Theorem 9.3] and in [20, Theorem 3.5]. For Poisson shot noise pro-
cesses there exist various results for different functionals under several model assumptions.
For example, for the volume or smoothed versions of the volume of excursion sets of Pois-
son shot noise processes central limit theorems were shown in [32, Proposition 3.2.1], [66,
Theorem 4.1] and [67, Theorem 4.3] under different conditions on the kernel functions.

For the proof of the qualitative central limit theorem we show that 1,72 and 73 from
Theorem 2.17 vanish as s — oco. For the proof of the quantitative central limit theorems
we show that 7, ..., from Theorem 2.17 and Theorem 2.18 are of the right order under
the additional moment assumptions. To this end we mainly use (6.25).
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O(ZuNWs)—E[p(Z,NWs)]
\/Var (ZunWs)] ’

Proof of Theorem 6.22. We consider Fs = For this standardised

random variable it holds that
D" (Z N Ws)
T1,... inFS
T \/Var (Zu W]

To show a) we start with bounding 71, 72 and 73 from Theorem 2.17. Let f(Kl, cees Kt) =

Voo, KY9) for K; € K% i € {1,...,t} and t € N. Then, for & = (z1,m1), &2
(z2,m2), &3 = (23, m3) € R x M we have with (6.25) for suitable constants ci,ca > 0,

c1
Var[p(Z, N Wy)]

E[<Di1F) (DI2F) ] Qf(K17W5)2f(K27W5)2

and

c2
Var[p(Z, N Wy)]

E[(D3, 2, F%)*(D3, 2,F5)°] <

Z1,23 22,23

B f(Kla K?)’ WS)Qf(K27 K3a W8)2‘
Since with (2.3) it holds for j € {1, 2} that
[ TG £ B W)y < (K [ FORG Ren W) iy = (0, 2 (R W),

we get for s > 1,

4./creay’
= G AT 0 T[S0 W 0 )

4y/erery’
= Var[p(Z, mW)] f( D2 (Ko )2 f (K )2 F(Ws) Q3 (d(ma, ma,m3))

_\;laﬁfﬂw /f )>3

Note that the integral exists because of the second moment assumptions in (6.16). By
Theorem 6.13 it holds Var[p(Z, N W)] > QRVa(W,) = ”O;d Va(W) for s large enough.
Then, since f(W;) < s¢f(W) for s > 1 we get for s large enough,

2 C3
<
= Vd(Ws)

(6.38)

for a suitable constant c3 > 0 and hence v; — 0 as s — co. Analogously, we get for 7,

cof (W, 3 c4
" S ValoZ mW /f (dm)) < Va(Ws) (6.39)

for a suitable constant ¢4 > 0 and s large enough. Thus, 79 — 0 as s — co. To bound 73
we use that

Cs

S Varlp(@o nwypr! Fo W’ (6.40)

E[| Dz, Fl’] <
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from (6.25) for some ¢5 > 0. Since additionally E[|Dg, Fi|*/?]?>/3 < E[|Ds, Fs|?]'/® by
Jensen’s inequality, we have for fixed ¢ > 0,

3 < V/M/Rd 1{f(Kpm,) < t}E[| Dz, Fs|*] dz; Q(dmy)
+ 27[]\1[[/]1@ ]l{f(Knu) > t}EHD:iIFSP]Z/?) dxq Q(dml) =: Il(S,t) + IQ(S,t).

For I;(s,t) we have with (6.40),

W(sot) < G gy [, T ) 000 [0 W) oy O(dma)
tes f(Ws) cet
_ww%mmmp/uﬂmﬁqw<>¢Mmhgwm@

for a suitable constant ¢g > 0 if s is large enough and hence, I;(s,t) — 0 as s — oo for
any ¢t > 0. Similarly, we get for I5(s,t),

202/3

B(sut) < g | W) > 00 [ 707 day Q(dm)

C2/3
- Vaf[ (Zf(mWI/I)/ )] / L f(Km,) > t}f(Kpm,)? Q(dmy)

gqéfummwwﬁmmﬁwwm

for a suitable constant c; > 0 if s is large enough. Note that by the second moment
assumptions in (6.16), [, 1{f( ml) > t}f(Kmy)? Q(dmy) — 0 as t — oo. This means
that for any € > 0 we can choose £ > 0 such that Ir(s,t) < 5 for s sufficiently large. Then,
for s large enough such that also I; (s, ) < 5, we have 73 < e. Altogether, we have shown
that 1,72 and 73 vanish as s — oo, which provides a).

For the proof of the Wasserstein distance in b) it is sufficient to additionally bound ~3
from Theorem 2.17 since we have already shown in (6.38) and (6.39) that ~; and 9 are of
the right order. To this end we use (6.40). Then, with (2.3) we have for s large enough,

Var{ (ZC5OW 3/2/ F(Kmy) / f( Kl, ,) dzy Q(dmy)
csvf (W,
:Var[ Zy ﬂW 3/2/ f(Em,)” Q(dmq)

N Vd(Ws)

for a suitable constant cg > 0. Note that the integral is finite by the moment assumptions
from (6.16) of order three, which provides together with (6.38) and (6.39) the result for
the Wasserstein distance.

To show ¢) we additionally bound 74,75 and 76 from Theorem 2.18. From [70, Lemma
4.2] we know that

E[F}] < max{256( / (E[(D;F,)"]"/?) )\(d:?:))Q,zl / E[(D;F,)Y A(d:z)+2}. (6.41)
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The bound

BIDs Fl') < oz o (Ko W) (6.42)

from Lemma 6.14 for some constant cg > 0 provides

(v [ EUD:F)2 oy @tm)”
SVar[ CZQVQW /f ma / FUKL, W, dwl@(dm1)>2

_Varc[waﬂW /f m) dml))

and

v [ [ EIDsE) dar Qam)

C97Y
= Varlp(Za mW /f ) /le’ ) da1 Q(dma)
N cov f(W.
= Var|p(Z, mW / J (Ko )" Qldma). (6.43)

Since the variance and f(W,) grow with order s, this bound leads with the fourth moment
assumptions and (6.41) to E[F2] < ¢ for a sultable constant cjp > 0 and s large enough.
Hence, with (6.25) we have

/4

< 290 / /R [(Ds, F)])Y* dey Q(dmy)

Var{ (ZClmW 3/2/ f m1 / f Kl, )dl“l Q(dml)
_ Cnf s
~ Var[p(Z, ﬂW 3/2/ f(Kmy)” Q(dmy) < B

for suitable constants c11,c12 > 0 and s large enough. By (6.43) we get for ~s,

C13
Vd(Ws)

2
S

for s large enough and some constant c13 > 0. Finally, for v we need the estimate

2 4 C14 2 4
E[(Dxl mgF> ] S Var[Lp(Zu N Ws)]2 f(KlaK27 Ws)

< C14
~ Var|p(Z, N Wy)]

Qf(Kla KQv WS)2f(K17 Ws)2'

for some c14 > 0. This provides with (6.42) and ¢15 = 6,/¢7¢14 + 3c14,

2 < 0157 PN 9 5
fK K1, Ko, Wy)* d(z1, d(ma,
% = Var[p(Z, N W) /W /Rd)2 1, W) (K1, Ko, We)? d(21, w2) Q%(d(ma, my))
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61572 ,
= Var[p(Z, N W)]? /M2 f(Kml K, / f( K1, Ko, W, ) d(x1,12) Q*(d(my, ms))

c1572 f (W,
< 157 f( ) 2/ f( dm1 / f mg dmg)
Var[p(Z, N W4)|? Ju
C16
o Vd(Ws)
for a suitable constant ci16 > 0 and s large enough. Altogether, the estimates for v1, ...,

complete the proof of the quantitative central limit theorem in Kolmogorov distance. [
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