
Lower variance bounds and normal approximation
of Poisson functionals in stochastic geometry

Vom Promotionsausschuss der
Technischen Universität Hamburg

zur Erlangung des akademischen Grades

Doktorin der Naturwissenschaften (Dr. rer. nat.)

genehmigte Dissertation (Monographie)

von
Vanessa Trapp

aus
Wetzlar

2024



1. Gutachter: Prof. Dr. Matthias Schulte
2. Gutachter: Prof. Dr. Matthias Reitzner

Tag der mündlichen Prüfung: 13. November 2024
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Summary

In this thesis, we study the asymptotic behaviour of sequences of Poisson functionals,
i.e. random variables that depend on a Poisson process. An essential step in establishing
normal approximation results for Poisson functionals is in many cases the determination of
lower variance bounds. To address this, a generalised reverse Poincaré inequality is intro-
duced in this thesis, which provides a lower bound for the variance of Poisson functionals
that depends on the difference operator of order n of Malliavin calculus. As demonstrated
throughout the thesis, by combining this generalised reverse Poincaré inequality with al-
ready existing normal approximation results such as those of G. Last, G. Peccati and
M. Schulte from 2016 or those of M. Schulte and J. Yukich from 2023, one can derive
qualitative and quantitative central limit theorems. With the help of the latter, it is even
possible to obtain multivariate quantitative normal approximation results. Some of these
results require the positive definiteness of the covariance matrices of the considered vec-
tors of Poisson functionals. As illustrated in some of our applications, the generalised
reverse Poincaré inequality can be used to prove this property as well. In contrast to pre-
vious results for lower variance bounds, the generalised reverse Poincaré inequality mainly
simplifies the problem of deriving a lower variance bound for Poisson functionals to con-
structing configurations that arise with a positive probability and for which the difference
operator of a fixed order is bounded away from zero.

Since Poisson processes can be interpreted as collections of random points, Poisson
functionals have many applications in stochastic geometry. Hence, to illustrate how to
derive lower variance bounds by constructing specific point configurations, we explore
different applications from stochastic geometry: random graphs, random polytopes and
excursion sets of Poisson shot noise processes.

We start by showing the positive definiteness of the covariance matrix for different
vectors of functionals of spatial random graphs in Euclidean space, beginning with vectors
of degree counts or component counts of random geometric graphs and proceeding to
vectors of degree counts or total edge length functionals of k nearest neighbour graphs.
To highlight the influence of the geometry of the underlying space, we further consider
radial spanning trees in hyperbolic space, analyse the behaviour of their total edge length
functionals and compare them to their counterpart in Euclidean space. Next, we consider
random polytopes in the Euclidean unit ball and use the reverse Poincaré inequality to
show positive definiteness of the covariance matrix and a two-dimensional central limit
theorem for the vector of two Lp surface areas. Finally, we consider a special class of
random sets, namely excursion sets of Poisson shot noise processes. For different families of
kernel functions, we analyse the asymptotic behaviour of the expectation and the variance
of several geometric functionals of excursion sets of Poisson shot noise processes and derive
corresponding central limit theorems.
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Johann. Thank you for always having my back and taking care of me, especially in the



very stressful phases.
Finally, I also want to thank all my family members who unfortunately cannot celebrate

this moment with me anymore but supported me for as long as they were on this earth.
Especially, I am grateful for my father Uli, whose pride gave me courage whenever not
everything worked out. Furthermore, I would like to thank my grandfather Hans, who was
one of the most patient and supportive persons I have ever met. Thank you for always
encouraging me, cheering me up and never letting me forget where my home is!



Contents

1 Introduction 1

1.1 Normal approximation and lower variance bounds of Poisson functionals . . 1

1.2 Poisson functionals in stochastic geometry . . . . . . . . . . . . . . . . . . . 3

1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Preliminaries 7

2.1 Basic notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Background material from geometry . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Convex geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.2 Hyperbolic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Background material from probability theory . . . . . . . . . . . . . . . . . 16

2.3.1 Poisson processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.2 Poisson functionals and the Fock space representation . . . . . . . . 18

2.3.3 Normal approximation of Poisson functionals . . . . . . . . . . . . . 20

2.3.4 Stabilising functionals . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Lower bounds for variances of Poisson functionals 27

3.1 Main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Application of the generalised reverse Poincaré inequality . . . . . . . . . . 30
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Chapter 1

Introduction

The classical central limit theorem states that for a sequence (Xi)i∈N of i.i.d. random
variables with E[X1] = µ and Var[X1] = σ2 ∈ (0,∞) it holds for Sn = 1√

nσ2

∑︁n
i=1(Xi − µ)

with n ∈ N that
Sn

d−→ N as n → ∞,

where N is a standard normally distributed random variable and
d−→ denotes convergence

in distribution (see e.g. [61, Theorem 15.37]). Although it is a powerful statement in the
sense that it is true independently of the original distribution of the considered random
variables, it does not answer the question of how close the distribution of the standardised
sum Sn is to a standard normal distribution for fixed n ∈ N. This question was answered
by the Berry-Esseen theorem, which was first shown in 1941 and 1942 independently by
A. C. Berry in [19] and C.-G. Esseen in [45]. It states that if E[|X1|3] < ∞, there exists a
constant C > 0 such that

sup
x∈R

|P(Sn ≤ x)− P(N ≤ x)| ≤ CE[|X1|3]
σ3

√
n

for all n ∈ N (see e.g. [61, Theorem 15.51]).
Naturally, the question arises of what happens if we relax the conditions on the ran-

dom variables (Xi)i∈N and allow random variables that are not identically distributed or
weakly dependent. On the one hand, if the considered random variables are not identically
distributed, one can show a central limit theorem, for example, under the so-called Lin-
deberg condition (see for instance [61, Theorem 15.43]). On the other hand, for random
variables with specific dependency structures one can also derive central limit theorems in
some cases (see e.g. [37]). The aim of this thesis is to show qualitative and quantitative
central limit theorems for sequences of Poisson functionals arising in stochastic geometry,
which can be interpreted in a certain sense as sums of weakly dependent random variables.

1.1 Normal approximation and lower variance bounds of
Poisson functionals

A Poisson functional is a random variable that depends on a Poisson process. In this thesis,
we consider sequences of Poisson functionals (Fs)s≥1. Our aim is to analyse the asymptotic
behaviour of their distributions as s → ∞ and, specifically, show that their distributions
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approach a normal distribution. In order to compare two probability distributions, we
need to be able to measure the distance between them. To this end, for two random
variables X and Y we typically use distances of the form

d(X,Y ) = sup
h∈H

|E[h(X)]− E[h(Y )]|,

where H is a suitable class of test functions. Note that the distance used in the Berry-
Esseen theorem, also known as Kolmogorov distance, fits into this framework by choosing
H as the family of indicator functions of the form 1{· ≤ x} for x ∈ R. Besides the
Kolmogorov distance, we are also interested in quantitative normal approximation results
in Wasserstein distance and, in the multivariate case, in d2- and dconvex-distance, which
are also of this form (see Subsection 2.3.3).

In order to derive qualitative and quantitative central limit theorems for (Fs)s≥1, we
mainly use the results from [69], [70] and [103], which are based on the Malliavin-Stein
method. Malliavin calculus is a variational calculus for random variables, which was
first introduced for the Gaussian setting in [77] and later transferred to the Poisson case
in [81]. Stein’s method is a collection of techniques to derive qualitative central limit
theorems, which started with the paper [106] by C. Stein and was further developed in
several works. For an overview, see for example [37]. The Malliavin-Stein method is
a combination of Stein’s method and Malliavin calculus, which was first introduced in
the Gaussian setting in [79] and applied to Poisson functionals in [82]. Over time, using
the Malliavin-Stein method, normal approximation results for Poisson functionals were
shown for the Wasserstein distance in [82] and the Kolmogorov distance in [44] and [99].
Additionally, [67] and [70] derived bounds for both distances. In contrast to the previous
results, in which the normal approximation bounds also depend on the inverse Ornstein-
Uhlenbeck generator, the results in [67] and [70] only depend on the first order or the first
and second order difference operator, respectively. Since, by [67, Remark 1.1], in case that
the results from [67] and [70] are both applicable, one can expect the results from [70]
to be tighter, we mainly use the results from [70] for the Kolmogorov and Wasserstein
distance, which provide second order Poincaré inequalities.

The concept of stabilisation is repeatedly used in the context of normal approximation.
In the literature the exact definitions of stabilisation differ but, roughly speaking, the idea
of stabilisation is to consider functionals that are in some sense locally defined. In this
thesis we stick to the definition of stabilising functionals from [69] (see also Subsection
2.3.4). The concept of stabilisation was first introduced in the context of minimal spanning
trees in [74] and [75] and over time further extended and improved in, for example, [14,
15, 67, 69, 85, 87, 88] for the univariate case and in [84, 86, 103] for the multivariate case.
To handle those of our functionals that are stabilising, we mainly use the results from [69].
For multivariate normal approximation of stabilising functionals we employ the results
from [103], which provide bounds for the d2-, d3- and dconvex-distance.

With the described normal approximation results one can show in many applications
estimates of the form

d

(︄
Fs − E[Fs]

Var[Fs]
, N

)︄
≤

k∑︂
i=1

Ci(s)

Var[Fs]αi

for some distance d, some k ∈ N, expressions Ci(s) > 0, which might depend on s and
powers αi > 0 for i ∈ {1, . . . , k}, if s is sufficiently large. This leads to the question of how
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Var[Fs] can be bounded from below and how it can be controlled for s → ∞. Investigating
the behaviour of the variance usually requires a lot of effort. Even if one has an explicit
expression for the asymptotic variance, it can be hard to show positivity because posi-
tive and negative terms could cancel out. Therefore, proving the non-degeneracy of the
asymptotic variance can be a different problem than computing an explicit representation
for it. In this case, it can be helpful to employ lower bounds for variances to deduce pos-
itivity of the asymptotic variance constant. This is the reason why this thesis treats the
problem of deriving a lower variance bound as a separate issue from establishing central
limit theorems. To this end in our main theoretical result in Chapter 3, we introduce a
lower variance bound for Poisson functionals, which can be seen as a generalised reverse
Poincaré inequality. This lower bound depends on the difference operator of Malliavin
calculus and mainly reduces the problem of deriving a lower variance bound to construct-
ing configurations, which occur with a positive probability and for which the difference
operator is bounded away from zero.

In the literature, lower variance bounds were already derived for several applications
(see e.g. [5, 11, 15, 38, 70, 86, 87, 90]). There exist several strategies for deriving lower
variance bounds. The approach that is most comparable to ours is the strategy from
[70, Theorem 5.2] although there the lower variance bound contains the expectation of
a difference of random variables, which can be both positive or negative and can thus
neutralise itself in the expectation. This cannot happen in our main theorem as the
random variable in the expectation in our theorem is non-negative. For a more detailed
comparison between these two results and an overview of the other strategies used in the
literature, see also Section 3.3.

Lower variance bounds can also be used for multivariate normal approximation since

the covariance matrix Σs ∈ Rm×m of Poisson functionals F
(1)
s , . . . , F

(m)
s , s ≥ 1, satisfies

Var

[︃ m∑︂
i=1

αiF
(i)
s

]︃
= αTΣsα

for all α = (α1, . . . , αm) ∈ Rm. This means that we can check whether Σs is positive

definite by verifying whether Var[
∑︁m

i=1 αiF
(i)
s ] > 0 for all (α1, . . . , αm) ∈ Rm\{(0, . . . , 0)}.

If the asymptotic covariance matrix Σ = lims→∞Σs exists, this relation can also be used
to establish the positive definiteness of Σ, which is required in some bounds for the quan-
titative multivariate normal approximation (see e.g. [103]).

1.2 Poisson functionals in stochastic geometry

Since Poisson processes can be interpreted as collections of random points in some space,
Poisson functionals have a wide range of applications in stochastic geometry. In this
thesis, we are mostly interested in the asymptotic behaviour of Poisson functionals in two
frameworks, namely the one of increasing intensity and the one of increasing observation
window. More precisely, we study for s → ∞ a family of Poisson functionals (Fs)s≥1,
where Fs is either a Poisson functional on a homogeneous Poisson process with intensity
s or a functional of a fixed Poisson process depending on an observation window that
extends to the full space for s → ∞. Geometrically, these two frameworks coincide with
the idea of having either a fixed observation window, in which we add more and more
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points randomly or the idea of keeping the expected number of points in a fixed area
constant but considering larger and larger observation windows. In Euclidean space one
can often use scaling properties to switch from one framework to the other one but for other
underlying spaces (such as, e.g., the hyperbolic space, which we consider in Section 4.3),
the asymptotic behaviour of Poisson functionals can differ substantially when switching
between these frameworks.

Many results already exist for central limit theorems and the asymptotic behaviour
of the variance of functionals from stochastic geometry. One can usually differentiate
between three different scaling types of the variance. The best studied case are functionals
whose variance is of order s in the framework of increasing intensity. This is referred to as
volume order scaling, as this usually corresponds to the case where in the other framework
of growing observation windows the variance scales like the volume of the observation
windows. In the case of increasing intensity it was shown for several functionals of random
graphs that the variance is of order s (see for instance [85, 87, 88]). The corresponding
volume order was also shown for some functionals of random sets in the framework of
growing observation windows (see e.g. [55, 66, 67]). In line with this, in Chapters 4 and
6 we show that both the variance of the statistics of random graphs and the variance of
the functionals of excursion sets of Poisson shot noise processes that we consider are of
volume order. For d ∈ N the surface order scaling case in Rd contains all functionals,
whose variance is of order s(d−1)/d for increasing intensity. This occurs for example in
the case of the number of maximal points (see e.g. [114]) or, with the right scaling of
the considered functionals such that a specific moment condition is of constant order (cf.
(2.24)), also for the Poisson-Voronoi volume estimator (see [114]). Finally, the variance of
some functionals of the convex hull of random points in a convex subset of Rd with smooth
boundary scales like s(d−1)/(d+1) for increasing intensity (see e.g. [34]). In Chapter 5, we
show that the Lp surface area of random polytopes in a Euclidean ball also fits into this
category if we consider, as before, the functional with the right scaling.

In this thesis, we especially analyse functionals of spatial random graphs, random
polytopes and excursion sets of Poisson shot noise processes. Central limit theorems for
such functionals were, for example, established in [5, 15, 34, 66, 67, 69, 70, 84, 85, 86,
87, 88, 90, 103]. For more details on previous results for these functionals, we refer the
reader to the respective chapters of this thesis. In the following, an overview of these three
applications and the results derived in this thesis is given.

Spatial random graphs

Random graphs are constructed by interpreting the points of the Poisson process as vertices
and connecting two vertices according to deterministic rules. We consider three different
types of spatial random graphs: random geometric graphs, k-nearest neighbour graphs
and radial spanning trees. To construct a random geometric graph, also known as Gilbert
graph, we connect two vertices if their distance is smaller than or equal to some given
threshold. A k-nearest neighbour graph is constructed by connecting each point to its k
nearest neighbours. The radial spanning tree is a modification of the 1-nearest neighbour
graph, where each vertex is connected to its nearest neighbour that is closer to the origin
or, if no such point exists, to the origin itself. Note that in contrast to the usual k-nearest
neighbour graph, in this case, we add the origin to the set of vertices. In this thesis,
we analyse random geometric graphs and k-nearest neighbour graphs in Euclidean space,
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while we consider radial spanning trees in hyperbolic space to give an idea of how the
geometry of the underlying space can influence the considered functionals.

There is a variety of functionals that can be studied for these graphs. For random
geometric graphs on a compact convex observation window we consider the degree count
and component count, i.e. the number of vertices with a specific degree or the number
of components of a specific size. In both cases, we show that with the right scaling,
the asymptotic covariance matrices of vectors of degree or component counts are positive
definite for increasing intensity. The degree count is also considered for the k-nearest
neighbour graph, as well as total edge length functionals, i.e. sums of specific powers of
the length of all edges. As for the random geometric graph, we show that the asymp-
totic covariance matrices of the corresponding vectors supplied with the right scaling are
positive definite in both cases for increasing intensity. Together with [103, Section 3] this
provides multivariate central limit theorems in d2- and dconvex-distance for all these appli-
cations. Finally, we study the asymptotic behaviour of total edge length functionals of the
radial spanning tree in hyperbolic space, analyse its expectation and variance and show
a central limit theorem for increasing observation windows. To illustrate the influence of
the geometry of the underlying space on the graph, we further compare the degree of the
origin of a radial spanning tree in hyperbolic space to that of a radial spanning tree in
Euclidean space.

Random polytopes

Random polytopes are constructed by taking the convex hull of the points of a Poisson
process. As functional we study a generalisation of the surface area and the volume,
namely the Lp surface area for p ∈ [0, 1], which corresponds to a multiple of the volume
for p = 0 and the surface area for p = 1. The notion of Lp surface areas originates from
the Minkowski problem, which asks for conditions under which a Borel measure on the
sphere is the Lp surface area of a convex body (see also [76]). In this thesis, we study the
vector of two Lp surface areas of random polytopes of homogeneous Poisson processes in a
Euclidean d-dimensional ball for p ∈ [0, 1]. We start with embedding these functionals in
the framework of stabilising functionals and show that the asymptotic covariance matrix
of the vector of two Lp surface areas is positive definite. Together with [103, Section 3] this
provides a two-dimensional central limit theorem. Note that, in particular, this proves a
central limit theorem for the vector of volume and surface area.

Excursion sets of Poisson shot noise processes

Poisson shot noise processes are random fields that arise from adding up the contributions
of all points of a Poisson process. Thereby, how a point from the Poisson process con-
tributes to the field depends on the family of kernel functions that specifies the Poisson
shot noise process. Excursion sets of Poisson shot noise processes are random sets that
are obtained by considering the regions where a Poisson shot noise process is larger than
or equal to some given threshold. In this thesis, we first derive lower variance bounds
for the volume of excursion sets of Poisson shot noise processes for different families of
kernel functions. Compared to [32], [66] or [67] we consider slightly modified conditions
on the kernel functions. In a second step, we study the asymptotic behaviour of more
general geometric functionals such as intrinsic volumes of excursion sets of Poisson shot
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noise processes. To this end, we restrict ourselves to a smaller class of kernel functions to
ensure that the excursion sets are almost surely polyconvex and the geometric functionals
are thus well defined. A prominent example of random sets is the Boolean model, which is
constructed by considering the union of the compact convex sets of an underlying Poisson
process on the space of compact convex sets. This model arises as a special case of our
model for a specific choice of kernel functions. In Section 6.3, we particularly generalise
the results from [55] for the variance asymptotics and the central limit theorem of geo-
metric functionals of the Boolean model to the case of excursion sets of Poisson shot noise
processes.

To summarise, the main achievements of this thesis are the introduction of a new lower
variance bound for Poisson functionals, its application in three models from stochastic
geometry, namely spatial random graphs, random polytopes and excursion sets of Poisson
shot noise processes, and the derivation of corresponding central limit theorems.

1.3 Outline

The following work is mainly based on and partially extracted from the following papers,
which are jointly written with Daniel Rosen, Matthias Schulte and Christoph Thäle:

[96] Rosen, Schulte, Thäle, Trapp (2024+). The radial spanning tree in hyperbolic space

[101] Schulte, Trapp (2024). Lower bounds for variances of Poisson functionals

[109] Trapp (2024+). Geometric functionals of polyconvex excursion sets of Poisson shot
noise processes

This thesis is structured as follows. In Chapter 2, we establish some basic notation
and summarise the geometric and stochastic preliminaries. The section about geometric
preliminaries is divided into two parts. In the first one, basic facts from convex geometry
are presented, while the second one introduces the hyperbolic space. The last section of
this chapter contains an introduction to Poisson processes and functionals, summarises
the normal approximation results for Poisson processes that we use throughout the thesis
and introduces the concept of stabilisation.

Chapter 3 presents the theoretical main theorem of this thesis, the generalised reverse
Poincaré inequality, which provides a lower variance bound for Poisson functionals and
gives an idea of how this lower variance bound can be applied.

The remaining chapters are devoted to the applications from stochastic geometry in-
troduced in the previous section. In Chapter 4, we consider statistics of spatial random
graphs. The Lp surface area of random polytopes is analysed in Chapter 5 and geometric
functionals of excursion sets of Poisson shot noise processes are studied in Chapter 6. For
better readability, we only note at the beginning of each chapter its main source on which
the respective chapter is based if not stated otherwise.
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Chapter 2

Preliminaries

2.1 Basic notation

We start with introducing some basic notation. Throughout this thesis we denote by N the
natural numbers and define N0 = N∪{0}. By R we denote the real numbers, R≥0 = [0,∞)
and R+ = (0,∞).

For a set A we use the notation |A| for the number of elements in A and, if A is a
subset of a topological space, int(A) for the interior of A, ∂A for the boundary of A and
Ā for its closure. The indicator function of A is defined by

1A(x) =

{︄
1, if x ∈ A,

0, else.

For better readability we also use the notation 1{·} if the condition that the indicator is
testing is more complex.

For d ∈ N, the Euclidean space Rd is equipped with the usual topology. By B(Rd)
we denote the Borel σ-algebra on Rd and we write ∥·∥ for the Euclidean norm. For a set
A ⊆ Rd and a point x ∈ Rd, we define

d(x,A) = inf
y∈A

∥x− y∥,

where inf denotes the infimum. Analogously, we use the abbreviations sup,min and max
for the supremum, the minimum and the maximum, respectively.

The d-dimensional closed ball in Rd around x with radius r ≥ 0 is denoted by Bd(x, r).
By κd we denote the volume of the d-dimensional Euclidean unit ball. For the surface
content of the corresponding (d− 1)-dimensional Euclidean unit sphere we write ωd. Note
that ωd = dκd.

Let (X,X ) be a measurable space with σ-finite measure µ and let f : X → R be a
measurable function on X. The restriction of f to some set A ⊆ X is denoted by f |A and,
if X is a topological space, the support of f is defined by supp(f) = {x ∈ X : f(x) > 0}.
Moreover, we say that f is square integrable (or f ∈ L2(µ)) if

∥f∥2 =
∫︂
X
|f(x)|2 µ(dx) < ∞.
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For d ∈ N we denote by µd the product measure of µ on Xd. In many examples we consider
measures, which are multiples of the d-dimensional Lebesgue measure, which is denoted
by λd. Integrating with respect to the Lebesgue measure is usually abbreviated by dx.
Moreover, in the context of Poisson processes we often use the Dirac measure on a point
x, which we denote by δx.

2.2 Background material from geometry

In this section we recap some definitions and basic facts from geometry. In the first part
of this section, results about convex bodies in Rd are presented, which are mainly applied
in Chapter 6 and partially also in Chapter 5. The second part of this chapter introduces
the hyperbolic space Hd of constant sectional curvature -1, which will be used in Chapter
4 to illustrate the influence of the geometry of the underlying space on the behaviour of a
specific spatial random graph.

2.2.1 Convex geometry

We start with summarising some basic facts from convex geometry. The following notation,
definitions and results are mainly based on [58] by D. Hug and W. Weil and [98] by R.
Schneider and W. Weil.

By Fd, Ud and Cd we denote the set of closed, open and compact sets in Rd, respectively.
The space of closed sets Fd is equipped in this thesis with the Fell topology, also known
as topology of closed convergence, whose σ-algebra B(Fd) can be generated by {{F ∈
Fd : F ∩ U ̸= ∅} : U ∈ Ud} (see e.g. [98, Lemma 2.1.1]). Note that on Cd the topology
of the Hausdorff metric is strictly finer than the trace topology induced by Fd. Anyway,
since by [98, Theorem 12.3.2] both topologies coincide on the set {C ∈ Cd : C ⊂ K} for
K ∈ Cd, it does not matter for our purposes, which topology we use.

Intrinsic volumes

For a set M ⊆ Rd, some constant c > 0 and a point x ∈ Rd we define M +x = {y+x : y ∈
M} and cM = {cx : x ∈ M}. For M1,M2 ⊆ Rd the Minkowski sum of M1 and M2 is given
by

M1 +M2 = {x+ y : x ∈ M1, y ∈ M2}.

Let Kd denote the set of non-empty compact convex sets. Then, for K ∈ Kd the
parallel body Kr is defined by

Kr = K +Bd(0, r) = {a+ b : a ∈ K, b ∈ Bd(0, r)} = {x ∈ Rd : d(K,x) ≤ r}

for r ≥ 0, where 0 = (0, . . . , 0) ∈ Rd. With this definition we can introduce intrinsic
volumes. By Steiner’s formula we know that the volume of a parallel body is a polynomial
of degree at most d in the radius of the ball. The intrinsic volumes V0, . . . , Vd are then
defined with the help of the coefficients of this polynomial. By e.g. [98, p. 2] it holds that

Vd(K
r) =

d∑︂
k=0

rd−kκd−kVk(K). (2.1)
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The intrinsic volume Vi(K) of a compact convex set K provides geometric information
about K. From e.g. [97, Chapter 4] we know that for a d-dimensional compact convex set
K, Vd(K) is the volume, Vd−1(K) half the surface area and V0(K) the Euler characteristic
of K. Steiner’s formula especially provides the existence of a constant C1 > 0, which
might depend on d and r such that

Vd(K
r) ≤ C1

d∑︂
k=0

Vk(K). (2.2)

The following basic properties of intrinsic volumes are summarised in [58, Remarks
3.21 and 3.22]. For K1,K2 ∈ Kd one can show that for i ∈ {1, . . . , d}, intrinsic volumes
are non-negative, i.e. Vi(K1) ≥ 0, monotone in the sense that Vi(K1) ≤ Vi(K2) if K1 ⊆ K2

and homogenous of order i, i.e. Vi(rK1) = riVi(K1) for all r > 0. Moreover, one can
show that the map K ↦→ Vi(K) is continuous with respect to the Hausdorff metric for all
non-empty compact convex sets K ∈ Kd.

In the remaining part of this section we summarise some more advanced properties of
intrinsic volumes, which are used in Chapter 6. We start with an estimate of

∫︁
Rd Vi((K1+

x) ∩ K2) dx for K1,K2 ∈ Kd. For i = d this integral can be computed exactly by the
translative integral formula, which can be found in [98, Theorem 5.2.1]. A bound of such
an integral for intrinsic volumes was derived in [55, Lemma 3.4]. Both statements are
summarised in the following lemma.

Lemma 2.1. For K1,K2 ∈ Kd it holds∫︂
Rd

Vd((K1 + x) ∩K2) dx = Vd(K1)Vd(K2) (2.3)

and for i ∈ {1, . . . , d} there exists a constant c > 0, which might depend on d, such that
for all K1,K2 ∈ Kd,∫︂

Rd

Vi((K1 + x) ∩K2) dx ≤ c
d∑︂

j=i

Vj(K1)
d∑︂

r=0

Vr(K2). (2.4)

Moreover, the following lemma is taken from [55, Lemma 3.6].

Lemma 2.2. Let K1,K2 ∈ Kd. Then it holds for a suitable constant C2 > 0, which might
depend on d,

Vd({x ∈ Rd : (K1 + x) ∩ ∂K2 ̸= ∅}) ≤ C2

d−1∑︂
k=0

Vk(K2)
d∑︂

ℓ=0

Vℓ(K1). (2.5)

As shown in [98, p. 613], for mixed volumes, which can be interpreted as generalisations
of intrinsic volumes, the Alexandrov-Fenchel inequality provides the following relation
between Vi(K) and Vj(K) for i < j.

Lemma 2.3. Let K ∈ Kd. Then, for i, j ∈ {0, . . . , d} with i < j it holds

Vj(K) ≤ C(i, j)Vi(K)j/i, (2.6)

where

C(i, j) =
κ
j/i
d−i

(︁
d
j

)︁
κ
(j−i)/i
d κd−j

(︁
d
i

)︁j/i .
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For j ∈ {1, . . . , d} and a given line N ⊂ Rd through the origin, let G(N, j) be the
set of j-dimensional subsets of Rd containing N and let νNj denote the Haar measure

on G(N, j). Then, for K1,K2 ∈ Kd with K1 ⊆ K2 the projection avoidance function
ϑK1,K2
j : Rd\{0} ↦→ [0, 1] is given by

ϑK1,K2
j (x) =

∫︂
G(L(x),j)

1{x ∈ (K2|L)\(K1|L)} ν
L(x)
j (dL),

where Ki|L denotes the orthogonal projection of Ki to L for i ∈ {1, 2} and L(x) is the
line spanned by x for x ∈ Rd\{0}. With the help of the projection avoidance function
the following lemma shows a representation of Vi(K2) − Vi(K1) for i ∈ {1, . . . , d}, which
is taken from [69, Lemma 3.8].

Lemma 2.4. Let i ∈ {1, . . . , d}. Then, there exists a constant κd,i > 0 such that for all
K1,K2 ∈ Kd with K1 ⊆ K2,

Vi(K2)− Vi(K1) = κd,i

∫︂
K2\K1

ϑK1,K2
i (x)∥x∥i−d dx.

Geometric functionals

Let Rd be the convex ring which contains all polyconvex subsets of Rd, i.e. all subsets of
Rd that can be written as a finite union of compact convex sets. In this thesis we aim
to analyse geometric properties of polyconvex sets. To this end, we consider geometric
functionals.

Definition 2.5 (Geometric functional). A geometric functional φ : Rd → R is a B(Fd)-
B(R)-measurable function with the following three properties.

i) φ is translation invariant, i.e. φ(A+ x) = φ(A) for A ∈ Rd and x ∈ Rd.

ii) φ is additive, i.e. φ(∅) = 0 and

φ(A1 ∪A2) = φ(A1) + φ(A2)− φ(A1 ∩A2)

for A1, A2 ∈ Rd.

iii) φ is locally bounded, i.e.

|φ(K)| ≤ Mφ (2.7)

for all K ∈ Kd with K ⊆ [0, 1]d, where Mφ only depends on φ.

Together with the translation invariance, the bound in iii) also holds for each transla-
tion of [0, 1]d. For a polyconvex set A =

⋃︁n
j=1Kj ∈ Rd for Kj ∈ Kd, j ∈ {1, . . . , n} and

n ∈ N, additivity opens up the possibility of tracing the definition of φ(A) back to φ(Kj),
j ∈ {1, . . . , n}, so that functionals such as the intrinsic volumes, which we originally in-
troduced only on Kd can be defined for all A ∈ Rd. The inclusion exclusion formula
provides

φ(A) =
∑︂

∅̸=J⊆{1,...,n}

(−1)|J |+1φ
(︂ ⋂︂

j∈J
Kj

)︂
. (2.8)
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In harmony with this we define φ(A ∩ Cd
0 ) for A ∈ Rd and the half-open unit cube

Cd
0 = [0, 1)d as

φ(A ∩ Cd
0 ) = φ(A ∩ Cd)− φ(A ∩ ∂+Cd), (2.9)

where Cd = [0, 1]d and ∂+Cd = Cd\Cd
0 (see also [98, p. 394]).

The most prominent example of geometric functionals are intrinsic volumes but there
are also other types of geometric functionals like the more general example of mixed vol-
umes V (K[j],K1, . . . ,Kd−j), where K[j] means that K is repeated j times, j ∈ {1, . . . , d}
and K1, . . . ,Kd−j are fixed compact convex sets (see [97, Section 5.1]), or total measures
from translative integral geometry (see [98, Section 6.4]). For further details and more
examples of geometric functionals see also [55, p. 79] and the references therein. The
following lemma is taken from [98, Lemma 9.2.2].

Lemma 2.6. Let φ : Rd → R be a geometric functional. Then, it holds

lim
s→∞

φ(sW )

Vd(sW )
= φ(Cd

0 )

for all W ∈ Kd with Vd(W ) > 0.

2.2.2 Hyperbolic geometry

The d-dimensional hyperbolic space Hd of curvature −1 is the unique, complete and simply
connected Riemannian manifold of constant sectional curvature −1. We usually work with
a model that represents the hyperbolic space. Nevertheless, to illustrate the concepts
behind the formal definition above, we give in the following a short informal description
of Riemannian manifolds and curvatures. A more detailed introduction to and exact
definitions of these concepts can be found in [73]. The notation, definitions and results
from this subsection are mainly based on [36] by J. W. Cannon, W. J. Floyd, R. Kenyon
and W. R. Parry, [73] by J. M. Lee, [89] by J. G. Ratcliffe and [96] by D. Rosen, M.
Schulte, C. Thäle and V. Trapp.

A Riemannian manifold is a pair (M, g), where M is a smooth manifold and g a
Riemannian metric. By a smooth manifold, we mean a second-countable Hausdorff space,
which is locally Euclidean of dimension d and which is equipped with a smooth structure
that allows to differentiate functions and maps. For more details on smooth structures see
[73, Appendix A]. The Riemannian metric assigns an inner product on the tangent space
to each point p ∈ M .

To understand the concept of curvatures of Riemannian manifolds, let us start with
defining the principle curvatures at a point p ∈ S for a surface S in R3, i.e. a two-
dimensional embedded submanifold of R3. To this end, we fix a normal vector n and
consider the intersections of all possible normal planes of S at p, i.e. planes through
p that contain n, with S. For a specific normal plane, in a neighbourhood of p this
intersection is a plane curve τ , where we can choose τ to be parametrised such that
∥τ ′∥ = 1. Then, its signed curvature at p = τ(t) is defined by ±∥τ ′′(t)∥, where the
sign of the curvature depends on the orientations of n and the curve, determined by its
parametrisation. The principle curvatures are now the maximum and minimum curvatures
at p, which can be derived this way among all normal planes and give a first impression
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of the curvature of the surface. Anyway, one problem arises when talking about principle
curvatures because one can show that principle curvatures are not intrinsic properties of
the considered surface S, i.e. they are not properties that a 2-dimensional creature living
in this surface could compute. Therefore, we also consider the Gaussian curvature, which
is defined as the product of the principle curvatures and which turns out to be an intrinsic
property of a surface. Note that the concept of Gaussian curvature can be generalised
in such a way that it is well defined for any 2-dimensional Riemannian manifold and can
be computed directly from the Riemannian metric. To transfer this idea of curvature
now to Riemannian manifolds in higher dimension we use a similar procedure. The main
difficulty here is that in higher dimensions the manifold may curve in many different
directions. To this end we need to compute the Gaussian curvature for all possible 2-
dimensional submanifolds, which correspond to a 2-dimensional subspace of the tangent
space of the manifold at point p. Then, the sectional curvature at a point p is defined
as the map, which maps each 2-dimensional subspace of the tangent space at p to the
Gaussian curvature of the corresponding 2-dimensional submanifold. For more details see
e.g. [73, Chapter 1]. Finally, we say that a Riemannian manifold has constant sectional
curvature κ, if the sectional curvature of all two-dimensional subspaces of the tangent
space at point p is κ for any point p ∈ M .

Let us now return from this general description of Riemannian manifolds and curva-
tures to the special case of the hyperbolic space Hd, which is, as mentioned above, the
unique, complete and simply connected Riemannian manifold of constant sectional curva-
ture −1. In the following, rather than relying on this formal definition, we work with the
upper half-space model to represent the hyperbolic space. Nevertheless, it is important
for the results of this thesis to remember that, based on this formal definition, we expect
the hyperbolic space to behave locally similar to the Euclidean space as it is a Riemannian
manifold while we expect the curvature of the hyperbolic space to have more influence on
larger scales.

The upper half-space model

As already mentioned, the hyperbolic space can be represented in different models, which
are all equivalent. The most common models are the hyperboloid model, the Klein model,
the Poincaré disk model and the upper half-space model. For an overview of all these
models we refer the reader to [36, Section 7]. In this thesis we use the upper half-space
model to define and represent the hyperbolic space. As the name suggests, the upper
half-space model represents the hyperbolic space in the upper half-plane

{x = (x1, . . . , xd) ∈ Rd : xd > 0}

equipped with the Riemannian metric

g =
dx21 + · · ·+ dx2d

x2d
.

Then, the length L(τ) of a piecewise regular parametric curve τ = (τ1, . . . , τd) with
τ : [a, b] → Rd−1 × R+ for a, b ∈ R with a < b is given by

L(τ) =

∫︂ b

a

√︄
∥τ ′(t)∥2
τd(t)2

dt,
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Figure 2.1: Hyperbolic lines (red), balls (blue) and horoballs (green) in the upper half-
plane model for H2 ([96, Figure 2]).

where τ ′ denotes the derivative of τ . Here, piecewise regular means that there exists a
partition a = t0 < t1 < . . . < tn = b for some n ∈ N such that ∥τ ′(t)∥ ̸= 0 for all
t ∈ (ti−1, ti) and i ∈ {1, . . . , n}. Note that the length of such a curve is invariant under
reparametrisation (see e.g. [73, Proposition 2.47 (b)]). We call the curve τ parametrised
by its arclength if L(τ |[s,t]) = t − s for a ≤ s ≤ t ≤ b. By [73, Proposition 2.49] one can

show that for each piecewise regular parametric curve τ : [a, b] → Rd−1 × R+ there exists
a reparametrisation by arc length. Note that this idea can be generalised to curves whose
domain is [t0,∞) for some t0 > 0 or R.

By [89, Theorem 4.6.1] the induced distance function in the upper half-space model,
i.e. the minimal length of all piecewise regular parametric curves, which start in x =
(x1, . . . , xd) ∈ Rd−1 × R+ and end in y = (y1, . . . , yd) ∈ Rd−1 × R+, is given by

dh(x, y) = arcosh

(︄
1 +

∥x− y∥
2xdyd

)︄
.

Similarly to the Euclidean case, the distance in the upper half-space model between a
point x ∈ Rd−1 ×R+ and a set M ⊆ Rd−1 ×R+ is defined by dh(x,M) = infy∈M dh(x, y).

A geodesic between the points x and y is a piecewise regular parametric curve, which
minimises the length of curves between these two points. Note that by [73, Theorem
4.27] this geodesic is unique up to reparametrisation of the curve in hyperbolic space.
As before, we can generalise this concept to piecewise regular parametric curves with
unbounded domains and call τ a geodesic ray or a complete geodesic if the domain of τ
is [t0,∞) for some t0 > 0 or (−∞,∞), respectively, and any segment of the curve is the
geodesic between both endpoints. In the upper half-plane model, geodesics are given by
(segments of) vertical lines and (segments of) half-circles, which are orthogonal to the plane
{(x1, . . . , xd) ∈ Rd : xd = 0} (see [36, Theorem 9.3]). For an illustration for d = 2 see also
the red line and the red semicircle in Figure 2.1. The boundary ∂Hd of the hyperbolic space
is in this model given by the points of the boundary hyperplane {xd = 0} compactified
by adding the point at ∞. In particular, topologically it is a (d− 1)-dimensional sphere.
We call points of ∂Hd ideal points. Observe that every geodesic ray τ : [t0,∞) → Hd tends
to a unique ideal point τ(∞) ∈ ∂Hd and analogously, every complete geodesic tends to a
unique ideal point for t → −∞ and to another unique ideal point for t → ∞.

By [36, Fact 1], in the upper half-space model, hyperbolic spheres or balls are also
Euclidean spheres or balls but their centres do not coincide with the centres of Euclidean
balls (see e.g. the blue circle in Figure 2.1 whose centre is given by the blue dot). Of
particular importance to us are horospheres in hyperbolic space, which are, informally
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Figure 2.2: Construction of a horosphere (cf. [96, Figure 3]).

speaking, spheres of infinite radius. These can be constructed as follows. Fix a geodesic
ray τ(t) in Hd and a point p on τ . For fixed t, consider the hyperbolic sphere St centered
at τ(t) and passing through p. As t → ∞ the spheres St converge to an unbounded
hypersurface, called the horosphere passing through p around the ideal point τ(∞) (see
Figure 2.2). For concreteness, in the upper half-space model, horospheres are realised as
Euclidean spheres tangent to the boundary, or as Euclidean hyperplanes parallel to the
boundary, see Figure 2.1 for the case d = 2. Any horosphere H is the boundary of two
unbounded domains, only one of which is convex. We call this the horoball bounded by
H. More specifically, we call the corresponding horoball of the horosphere that passes
through p around the ideal point τ(∞), the horoball around the ideal point τ(∞) passing
through p. It can be seen as the limit of the balls bounded by the spheres converging to
H. In the upper half-space model, a horoball is realised as the Euclidean ball bounded by
a Euclidean sphere tangent to the boundary, or as the Euclidean half-space lying above
a Euclidean hyperplane parallel to the boundary. Note that in contrast to the Euclidean
case, horoballs do not coincide with half-spaces. While, as described, the boundary of a
horoball is given by a horosphere, the boundary of a half-space is given by a complete
geodesic (cf. Figure 2.1).

Hyperbolic trigonometry

In this section we consider hyperbolic triangles (see also Figure 2.3) whose vertices are
three noncollinear points A,B,C, i.e. points which do not lie on a geodesic and whose
sides are given by the geodesics from A to B, B to C and C to A.

In contrast to Euclidean triangles, the angle sum of a hyperbolic triangle is always
smaller than π (see e.g. [89, Corollary 1]). Indeed, in hyperbolic space one can construct
triangles with an arbitrary angle sum, which is smaller than π. If we allow the vertices
of the triangle to be ideal points on the boundary of Hd we can even construct triangles
with angle sum 0. The following law of sines can be shown in hyperbolic space (see e.g.
[89, Theorem 3.5.2]).

Lemma 2.7. Let α, β, γ be the angles of a hyperbolic triangle and let a, b, c be the lengths
of the opposite sides. Then, it holds

sinh(a)

sin(α)
=

sinh(b)

sin(β)
=

sinh(c)

sin(γ)
.

Note that for a triangle with γ = π
2 the law of sines provides

sinα =
sinh(a)

sinh(c)
, (2.10)
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Figure 2.3: A hyperbolic triangle

i.e. compared to the Euclidean set-up, the side length a and c are replaced by sinh(a) and
sinh(c). The hyperbolic law of cosine in hyperbolic space is given in the following lemma
(see also [89, Theorem 3.5.3]).

Lemma 2.8. Let α, β, γ be the angles of a hyperbolic triangle and let a, b, c be the lengths
of the opposite sides. Then, it holds

cosh(c) = cosh(a) cosh(b)− sinh(a) sinh(b) cos(γ).

Note that this lemma implies for a triangle with γ = π
2 that

cosh(c) = cosh(a) cosh(b), (2.11)

which can be interpreted as the hyperbolic Pythagorean theorem.

Integration formulas

Let Hd denote the d-dimensional Hausdorff measure on Hd. This subsection introduces
several integration formulas in Hd, which may be viewed as disintegration formulas for
hyperbolic volume along spheres, hyperplanes, or horospheres and are taken from [96,
Section 2.2].

The first one is the standard formula for polar integration in Hd. Fix an arbitrary
origin o ∈ Hd, and associate to each point x ∈ Hd \ {o} the pair (s, u) ∈ (0,∞) × Sd−1

such that s = dh(o, x) and u is the unit vector tangent to the (unique) geodesic starting
at o and passing through x. Then, we have for every measurable function f : Hd → [0,∞)
the formula ∫︂

Hd

f(x)Hd(dx) =

∫︂ ∞

0

∫︂
Sd−1

f(s, u) sinhd−1(s) duds, (2.12)

where we denote by du the volume element of the standard rotationally-invariant volume
form on the unit sphere Sd−1 in the tangent space of Hd at o. In particular, we get the
following formula for the volume of a hyperbolic ball for R > 0:

Vh(R) = Hd(Bd
h(x,R)) = ωd

∫︂ R

0
sinhd−1(u) du. (2.13)

The next formula is a disintegration of the hyperbolic volume along hyperplanes (see
also [96, Lemma 2.1]).
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Lemma 2.9. Let L ⊂ Hd be a complete geodesic with an arclength parametrisation τ(t).
For t ∈ R let Ht be the hyperbolic hyperplane meeting L at τ(t) orthogonally. Then, for
any measurable function f : Hd → [0,∞) one has that∫︂

Hd

f(x)Hd(dx) =

∫︂
R

∫︂
Ht

f(x) cosh(dh(x, L))Hd−1(dx) dt.

We call horospheres centered at the same ideal point parallel. The family of all parallel
horospheres corresponding to some ideal point cover the entire hyperbolic space, and
it is convenient to parametrise the family in terms of the signed distance from a given
horosphere H to some fixed point o ∈ Hd, where we take the distance to be negative if o
lies inside the horoball bounded by H, and positive otherwise. Then, one can show the
following disintegration of the hyperbolic volume with respect to horospheres (see also [96,
Lemma 2.2]).

Lemma 2.10. Let (Ht)t∈R be a family of parallel horospheres in Hd, parametrised such
that Ht has signed distance t from some fixed point o ∈ Hd. Then, for any measurable
function f : Hd → [0,∞) it holds∫︂

Hd

f(x)Hd(dx) =

∫︂
R

∫︂
Ht

f(x)Hd−1(dx) dt.

In order to apply this lemma in Chapter 4, we use the following result from [59,
Proposition 4.1.(1)].

Lemma 2.11. Let Bd
h(o, r) denote the hyperbolic ball around some fixed point o ∈ Hd

and radius r > 0 and let Ht be a horosphere in Hd with signed distance t from o. Then,
Ht ∩Bd

h(o, r) is a (d− 1)-dimensional ball in Ht for |t| < r and it holds

Hd−1(Ht ∩Bd
h(o, r)) = κd−1[2e

−t(cosh(r)− cosh(t))](d−1)/2.

2.3 Background material from probability theory

Throughout this thesis let (Ω,F ,P) denote the underlying probability space and E[·], Var[·]
and Cov(·, ·) the expectation, variance and covariance, respectively. This section provides
a brief overview of the field of Poisson processes and gives some normal approximation
results for Poisson functionals. For a more detailed introduction to Poisson processes and
functionals we refer the reader to [71].

2.3.1 Poisson processes

We start with introducing Poisson processes and summarise their most important proper-
ties. The results from this subsection and the following notation are based on [71] by G.
Last and M. Penrose. Let (X,X ) be a measurable space and denote by N the set of all
measures, which can be written as a countable sum of integer valued measures, equipped
with the σ-field N generated by mappings of the form ν ↦→ ν(B) for B ∈ X . Recall that
a measure ν on X is called σ-finite if there exists a sequence (Bm)m∈N with Bm ∈ X,
ν(Bm) < ∞ for m ∈ N and

⋃︁
m∈NBm = X. Note that any σ-finite N0-valued measure is

contained in N, where N0 = N0 ∪ {∞}.
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A point process is an F-N -measurable map η : Ω → N. In the following we denote the
mapping ω ↦→ η(ω,B) by η(B) for all B ∈ X . By the definition of a point process, η(B) is
a random variable taking values in N0, which can be interpreted as the number of points
in B. We call η a proper point process if there exist random elements X1, X2, . . . in X and
a N0-valued random variable τ such that almost surely

η =
τ∑︂

i=1

δXi . (2.14)

Note that for τ = 0, this is interpreted as zero measure. This representation justifies
the idea of interpreting a proper point process as a countable collection of random points
(where the same point can occur more than once) instead of interpreting it as a measure.
We call the measure λ, which is defined by λ(B) = E[η(B)] for B ∈ X , the intensity
measure of η.

Definition 2.12. Let λ be a σ-finite measure on X. A Poisson process η on X with
intensity measure λ is a point process which satisfies

i) η(B) is Poisson distributed with parameter λ(B) for all B ∈ X , i.e.

P(η(B) = k) =
λ(B)k

k!
e−λ(B)

for all k ∈ N0 and B ∈ X ,

ii) η(B1), . . . , η(Bn) are independent for pairwise disjoint sets B1, . . . , Bn ∈ X and
n ∈ N.

Note that by [71, Theorem 3.6] for each σ-finite measure λ on X there exists a Poisson
process on X. Moreover, by [71, Corollary 3.7], if η is a Poisson process, there exists a
proper point process with the same distribution as η. Thus, without loss of generality, we
always assume that Poisson processes are proper throughout this thesis. This is why one
can think of a Poisson process η as a random collection of points, where η(B) stands for
the number of points of η in B for all B ∈ X , which satisfies i) and ii). If {x} ∈ X for all
x ∈ X and λ does not have atoms, i.e. λ({x}) = 0 for all x ∈ X, it holds η({x}) ≤ 1 for all
x ∈ X almost surely, i.e. no multiple points occur almost surely and we can identify the
Poisson process directly with a set of points. If λ has atoms, we would lose the multiplicity
of points by considering just the set of points. To avoid this we can provide each point
with a mark so that we can distinguish two points at the same location and identify the
random measure again with a set of random points. This justifies the notation x ∈ η that
we use throughout the thesis.

To equip each point of a Poisson process with a mark from some measurable space
(Y,Y), which we call the mark space, we use a probability kernel K : X×Y → [0, 1], where
K(x, ·) is a probability measure for all x ∈ X and K(·, C) is measurable for all C ∈ Y.
Then, if η is represented as in (2.14) and Y1, Y2, . . . are random variables in Y such that for
given τ = n ∈ N and (Xm)m≤n the conditional distribution of (Ym)m≤n is the distribution
of independent random variables with distributions K(Xm, ·) for m ≤ n, the process

ξ =

τ∑︂
i=1

δ(Xi,Yi)
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is a marked Poisson process on X × Y. By the marking theorem (see [71, Theorem 5.5])
such a marked Poisson process is a Poisson process on X × Y with intensity measure
λ ⊗ K. Note that if Y is equipped with a probability measure Q a possible choice of
the probability kernel is K(x, ·) = Q for all x ∈ X, which is the type of marked Poisson
processes we consider in Chapter 6.

Throughout this thesis we denote for k ∈ N by ηk̸= the set of all k-tuples of distinct
points of the support of η, where multiple points are taken into account. With this notation
we can introduce the multivariate Mecke equation (see for example [71, Theorem 4.4]).

Theorem 2.13 (multivariate Mecke equation). Let η be a Poisson process on X with σ-
finite intensity measure λ. Then it holds for any measurable function f : Xn×N → [0,∞),

E
[︂ ∑︂
(x1,...,xk)∈ηk̸=

f(x1, . . . , xk, η)
]︂
=

∫︂
Xk

E[f(x1, . . . , xk, η + δx1 + · · ·+ δxk
)] λk(d(x1, . . . , xk)).

(2.15)

Note that the multivariate Mecke equation continues to hold for any function f : Xk ×
N → R if ∫︂

Xk

E[|f(x1, . . . , xk, η + δx1 + · · ·+ δxk
)|] λk(d(x1, . . . , xk)) < ∞.

Instead of working with Poisson processes one could also think about working with a
fixed number of random points. This means that for some probability distribution Q one
would take independent random elements X1, . . . , Xn, which are distributed according to
Q for fixed n ∈ N, and consider the point process ηb =

∑︁n
i=1 δXi . This process is called

binomial point process with sample size n and sampling distribution Q since ηb(B) is
binomially distributed with parameters n and Q(B) for all B ∈ X . Compared to binomial
point processes, working with Poisson processes has the advantage that we do not only
know the distribution of the number of points in a region but the numbers of points in
disjoint regions are also independent in the case of Poisson processes (see Definition 2.12
ii)). Roughly speaking, this means that the numbers of points in disjoint regions do not
influence each other, which is usually very helpful for the analysis of the process and is not
fulfilled for binomial point processes since the total number of points is fixed in this case.
Nevertheless, Poisson and binomial point processes are linked by the following proposition,
which is taken from [71, Proposition 3.8].

Proposition 2.14. Let η be a Poisson process on X with intensity measure λ and 0 <
λ(X) < ∞. Then, the conditional distribution P(η ∈ ·|η(X) = n) for fixed n ∈ N is the
distribution of a binomial point process with sample size n and sampling distribution λ

λ(X) .

2.3.2 Poisson functionals and the Fock space representation

A Poisson functional F is a measurable function that depends on the Poisson process
η. This means that there exists a measurable function f : N → R such that F = f(η)
P-almost surely. This function f is called representative of F . For simplicity we use the
notation F = F (η) throughout this thesis. If F is square-integrable, we write F ∈ L2

η.
Again, the results from this subsection and the following notation are based on [71] by G.
Last and M. Penrose.
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The difference operator of a Poisson functional F is defined by

DxF = F (η + δx)− F (η)

for x ∈ X. If one interprets η as a collection of random points, this means that the difference
operator, also known as add-one cost operator, measures how adding an additional point
x changes the functional. Iteratively, higher order difference operators are defined as

Dn
x1,...,xn

F = Dx1(D
n−1
x2,...,xn

F )

for n ∈ N and x1, . . . , xn ∈ X. This yields the explicit representation

Dn
x1,...,xn

F =
∑︂

J⊆{1,...,n}

(−1)n−|J |F
(︂
η +

∑︂
j∈J

δxj

)︂
(2.16)

for the difference operator of order n for n ∈ N and x1, . . . , xn ∈ X. Note that for any
permutation π : {1, . . . , n} → {1, . . . , n} of {1, . . . , n} this provides

Dn
x1,...,xn

F = Dn
xπ(1),...,xπ(n)

F, (2.17)

i.e. the difference operator of order n is symmetric in x1, . . . , xn.
For n ∈ N let Hn be the space of symmetric functions in L2(λn) and define H0 =

R. Then, the Fock space H is the set of all sequences (un)n≥0 ∈ ×∞
n=0Hn satisfying

⟨(un)n≥0, (un)n≥0⟩H < ∞, where for sequences (un)n≥0, (vn)n≥0,

⟨(un)n≥0, (vn)n≥0⟩H =
∞∑︂
n=0

1

n!
⟨un, vn⟩n.

Here, ⟨·, ·⟩n denotes the inner product on L2(λn) for n ∈ N and ⟨a, b⟩0 = ab for a, b ∈ R.
Note that H is a Hilbert space, i.e. H is a complete metric space with respect to the
distance function induced by ⟨·, ·⟩H.

For any F ∈ L2
η there exists a sequence of expected difference operators of order n for

n ≥ 0, where D0F = F . The following theorem will show that the second moment of F
coincides with the squared norm of this sequence of expected difference operators in the
Fock space. To this end we abbreviate fn(x1, . . . , xn) =

1
n!E[D

n
x1,...,xn

F ] for x1, . . . , xn ∈ X,
n ∈ N and f0 = E[F ]. With this, we can introduce the Fock space representation, which
can be found for example in [71, Theorem 18.6] and [72, Theorem 1.1].

Theorem 2.15 (Fock space representation). Let η be a Poisson process on X with intensity
measure λ and let F ∈ L2

η. Then, it holds

E[F 2] =

∞∑︂
n=0

n!∥fn∥2n, (2.18)

where ∥·∥n denotes the norm on L2(λn) for n ∈ N and ∥·∥0 = |·|.

Note that the Fock space representation yields a representation of the variance in terms
of difference operators since subtracting E[F ]2 on both sides yields

Var[F ] =

∞∑︂
n=1

n!∥fn∥2n. (2.19)
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For any square-integrable Poisson functional there also exists an orthogonal decomposition
of F into a series of Wiener-Itô integrals, which is known as chaos expansion and converges
in L2(P) to F . The integrands of this chaos expansion are given by fn for n ∈ N0 (see [71,
Theorem 18.10] and [72, Theorem 1.3]). Note that the integrands are unique in the sense
that if F has such a representation as a series of Wiener-Itô integrals with integrands gn
for n ∈ N0, it holds g0 = f0 and gn is λn-a.e. equal to fn for n ∈ N.

A consequence of the Fock space representation is the following upper bound for the
variance known as Poincaré inequality (see [71, Theorem 18.7]).

Theorem 2.16 (Poincaré inequality). Let η be a Poisson process on X with intensity
measure λ and let F ∈ L2

η. Then it holds

Var[F ] ≤
∫︂
X
E[(DxF )2] λ(dx). (2.20)

2.3.3 Normal approximation of Poisson functionals

Throughout this thesis we often aim to show convergence of a sequence of Poisson func-
tionals to a standard Gaussian random variable in distribution. To quantify these normal
approximation results, we need to be able to measure the distance between probability
distributions. To this end we introduce the Wasserstein and the Kolmogorov distance.

LetX,Y be random variables with E[|X|],E[|Y |] < ∞. Then, theWasserstein distance
between X and Y is given by

dW (X,Y ) = sup
h∈Lip1

|E[h(X)]− E[h(Y )]|,

where Lip1 denotes the set of Lipschitz functions with Lipschitz constant less than or equal
to one. The Kolmogorov distance between X and Y is defined by

dK(X,Y ) = sup
t∈R

|P(X ≤ t)− P(Y ≤ t)|,

i.e. it is given by the supremum norm of the distance of the distribution functions of X
and Y . To bound the Wasserstein distance between a Poisson functional and a standard
normally distributed random variable, we use the following bounds from [16, Theorem 3.1]
and [70, Theorem 1.1].

Theorem 2.17. Let η be a Poisson process on X with intensity measure λ and let F ∈ L2
η

be a Poisson functional satisfying E[F ] = 0, Var[F ] = 1 and E[
∫︁
(DxF )2 λ(dx)] < ∞. By

N we denote a standard Gaussian random variable. Then,

dW (F,N) ≤ γ1 + γ2 + γ3 and dW (F,N) ≤ γ1 + γ2 + ˜︁γ3,
where

γ1 = 2
[︂ ∫︂

X3

(E[(Dx1F )2(Dx2F )2])1/2(E[(D2
x1,x3

F )2(D2
x2,x3

F )2])1/2 λ3(d(x1, x2, x3))
]︂1/2

,

γ2 =
[︂ ∫︂

X3

E[(D2
x1,x3

F )2(D2
x2,x3

F )2] λ3(d(x1, x2, x3))
]︂1/2

,
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γ3 =

∫︂
X
E[|DxF |3] λ(dx),

˜︁γ3 = ∫︂
X
(E[|DxF |3])1/3(E[min{

√
8|DxF |3/2, |DxF |3}])2/3 λ(dx).

The following similar result for the Kolmogorov distance can be found in [70, Theorem
1.2].

Theorem 2.18. Let η be a Poisson process on X with intensity measure λ and let F ∈ L2
η

be a Poisson functional satisfying E[F ] = 0, Var[F ] = 1 and E[
∫︁
(DxF )2 λ(dx)] < ∞. By

N we denote a standard Gaussian random variable. Then,

dK(F,N) ≤ γ1 + γ2 + γ3 + γ4 + γ5 + γ6,

where γ1, γ2, γ3 are defined as in Theorem 2.17 and

γ4 =
1

2
(E[F 4])1/4

∫︂
X
[(E[(DxF )4])3/4] λ(dx),

γ5 =
(︂∫︂

X
E[(DxF )4] λ(dx)

)︂1/2
,

γ6 =
(︂∫︂

X2

6(E[(Dx1F )4])1/2(E[(D2
x1,x2

F )4])1/2 + 3E[(D2
x1,x2

F )4] λ2(d(x1, x2))
)︂1/2

.

As a consequence of Theorems 2.17 and 2.18, the additional following bounds for the
Kolmogorov and Wasserstein distance were shown in [70, Theorem 6.1].

Theorem 2.19. Let η be a Poisson process on X with intensity measure λ and let F be
a Poisson functional satisfying E[

∫︁
X (DxF )2 λ(dx)] < ∞ and Var[F ] > 0, which fulfils the

moment conditions

E[|DxF |5] ≤ c̄ for λ-a.e. x ∈ X,
E[|D2

x1,x2
F |5] ≤ c̄ for λ-a.e. (x1, x2) ∈ X2

for some constant c̄ ≥ 1.
Denote by N a standard Gaussian random variable. Then it holds

dW

(︄
F − E[F ]√︁

Var[F ]
, N

)︄
≤ 5c̄

Var[F ]

(︄∫︂
X

(︄∫︂
X
P(D2

x1,x2
F ̸= 0)1/20 λ(dx2)

)︄2

λ(dx1)

)︄1/2

+
c̄

Var[F ]3/2

∫︂
X
P(DxF ̸= 0)2/5 λ(dx)

and

dK

(︄
F − E[F ]√︁

Var[F ]
, N

)︄
≤ 5c̄

Var[F ]

(︄∫︂
X

(︄∫︂
X
P(D2

x1,x2
F ̸= 0)1/20 λ(dx2)

)︄2

λ(dx1)

)︄1/2

+
c̄I

1/2
F

Var[F ]
+

2c̄IF

Var[F ]3/2
+

c̄I
5/4
F + 2c̄I

3/2
F

Var[F ]2
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+

√
6c̄+

√
3c̄

Var[F ]

(︂∫︂
X2

P(D2
x1,x2

F ̸= 0)1/10 λ2(d(x1, x2))
)︂1/2

,

where

IF :=

∫︂
X
P(DxF ̸= 0)1/10 λ(dx).

Note that in the previous theorem, the bound for the Kolmogorov distance is a bound
for the Wasserstein distance, too. This can also be seen from comparing Theorems 2.17 and
2.18, since Theorem 2.19 can be proven directly by estimating γ1, . . . , γ6 from Theorems
2.17 and 2.18.

Since we aim to show multivariate central limit theorems in Chapters 4 and 5, we
introduce in the following two distances for random vectors. Let X,Y be random vectors
in Rm for some m ∈ N with E[∥X∥],E[∥Y∥] < ∞. By H2

m we denote the set of all
C2-functions h : Rm → R, which satisfy

|h(x)− h(y)| ≤ ∥x− y∥ for all x, y ∈ Rm and sup
x∈Rm

∥Hess h(x)∥op ≤ 1,

where Hess h denotes the Hessian of h and ∥·∥op stands for the operator norm of a matrix.
Then, the d2-distance is defined by

d2(X,Y) = sup
h∈H2

m

|E[h(X)]− E[h(Y)]|.

Moreover, we use the dconvex-distance, which is given by

dconvex(X,Y) = sup
h∈Im

|E[h(X)]− E[h(Y)]|,

where Im denotes the set of indicators of measurable convex sets in Rm. As in the one-
dimensional case one can use the Kolmogorov distance to measure the distance of the
distributions of two random vectors, which was defined as the supremum norm of the
difference of the distribution functions. Note that by the definition of the dconvex-distance,
the dconvex-distance is for m ≥ 2 stronger than the Kolmogorov distance. Thus, all results
that we show for the dconvex-distance also hold for the Kolmogorov distance.

In [102, Theorem 1.1, Theorem 1.2] multivariate second order Poincaré inequalities
were shown for the d2- and dconvex-distance, which are similar to the one-dimensional
versions for the Wasserstein and Kolmogorov distance in Theorems 2.17 and 2.18. Since
we do not use these expressions explicitly in this thesis we refrain from stating them here.
Just note that similarly to Theorem 2.17 and Theorem 2.18, the multivariate second order
Poincaré inequalities mainly depend on the first and second order difference operator.
Moreover, just as we need the positivity of the variance for the normal approximation
results in dW - and dK-distance, the bounds for the d2- and dconvex-distance are only
valid if the corresponding covariance matrix is positive definite. Finally, there is also an
analogous version of Theorem 2.19 for vectors of random variables, which can be found in
[102, Theorem 4.5].
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2.3.4 Stabilising functionals

In this section we assume that the measurable space (X,X ) is equipped with a σ-finite
intensity measure λ and a semi-metric d. We denote by B(x, r) the ball of radius r with
respect to d around x ∈ X and assume that there exist constants β,κ > 0 such that

lim sup
ε→0

λ(B(x, r + ε))− λ(B(x, r))

ε
≤ βκrκ−1 (2.21)

for all r ≥ 0 and x ∈ X. Clearly, this assumption is satisfied if X is Rd or a full-dimensional
subset of Rd equipped with the usual Euclidean norm and λ has a bounded density with
respect to the Lebesgue measure. The following definitions follow the notation from [69]
by R. Lachièze-Rey, M. Schulte and J. E. Yukich, [101] by M. Schulte and V. Trapp and
[103] by M. Schulte and J. E. Yukich.

For s ≥ 1 let ηs be a Poisson process with intensity measure sλ. We consider a Poisson
functional Fs for s ≥ 1. In many applications Fs can be written as a sum of scores, i.e.

Fs = Fs(ηs) =
∑︂
x∈ηs

ξs(x, ηs) (2.22)

for some measurable function ξs : X×N → R. One can think of Fs as the sum of contribu-
tions associated with the points of ηs. The idea of stabilising functionals is that the score
of a point only depends on the points of the Poisson process ηs in a random neighbourhood
of x.

Let s ≥ 1. A measurable map Rs : X×N → R is called radius of stabilisation for ξs if

ξs

(︂
x,
(︂
ν + δx +

∑︂
a∈A

δa

)︂⃓⃓⃓
B(x,Rs(x,ν+δx))

)︂
= ξs

(︂
x, ν + δx +

∑︂
a∈A

δa

)︂
for all x ∈ X, ν ∈ N and A ⊂ X with |A| ≤ 9. Broadly speaking, this means that the value
of the score only depends on the points of the underlying point process in a ball with radius
Rs(x, ν + δx) around x. One can also consider sums of scores, which fulfil the described
condition for more general random neighbourhoods as done e.g. in [21]. Here, so-called
stabilisation regions are introduced, which are not necessarily balls. This approach can
be useful to handle applications, where balls are not suitable. However, in this thesis, we
stick to the concept of stabilisation radii, as they are sufficient for our purposes.

The scores (ξs)s≥1 are called exponentially stabilising if there exist radii of stabilisation
(Rs)s≥1 and constants Cstab, cstab, αstab > 0 such that

P(Rs(x, ηs + δx) ≥ r) ≤ Cstab exp[−cstab(s
1/κr)αstab ] (2.23)

for x ∈ X, r ≥ 0, s ≥ 1 and κ from (2.21). For q > 0, the scores (ξs)s≥1 fulfil a q-th
moment condition if there exists a constant Cq > 0 satisfying

sup
s≥1

sup
x∈X

E
[︂⃓⃓⃓
ξs

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂⃓⃓⃓q]︂
≤ Cq (2.24)

for A ⊂ X with |A| ≤ 9. Finally, the scores (ξs)s≥1 decay exponentially fast with distance
to a measurable set K ⊆ X if there are constants CK , cK , αK > 0 such that for x ∈ X,
s ≥ 1 and A ⊂ X with |A| ≤ 9,

P
(︂
ξs

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂
̸= 0
)︂
≤ CK exp[−cKsαK/κd(x,K)αK ], (2.25)
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where d(x,K) denotes the distance from x to K with respect to the semi-metric d. In
contrast to the definitions in [69], those in [103] and in this section require that one can
add up to nine additional points instead of seven, but this difference is not essential and
all results from [69] we refer to throughout this thesis are still valid. The additional points
come from considering difference operators and applying the multivariate Mecke formula
since the k-th power of a sum of scores can be rewritten as sums over up to k different
points so that the multivariate Mecke formula leads to adding up to k−1 additional points.
Thus, the different numbers of points in the works [69] and [103] are caused by different
moment conditions. For more details on stabilising functionals we refer to [69] or [103]
and the references therein.

In Chapter 4 and Chapter 5 we represent the considered functionals in the framework
of stabilising functionals. In order to apply the normal approximation results from the
previous section to stabilising functionals the following properties from [69, Lemma 5.5],
[69, (5.8) in Lemma 5.10] and [69, Lemma 5.9] can be helpful. (Note that the statement
of [69, Lemma 5.9] contains a typo since the exponent α of ds(x1,K) = s1/κd(x1,K) is
missing in the upper bound.)

Lemma 2.20. Let (Fs)s≥1 be a family of stabilising functionals of the form (2.22), whose
corresponding scores fulfil (2.23), (2.24) for q = 4 + p for some p ∈ (0, 1] and (2.25) and
let α = min{αstab, αK}.

a) For any ε ∈ (4, 4 + p) there exists a constant C > 0 such that

E
⃓⃓⃓
DxFs

(︂
ηs +

∑︂
u∈U

δu

)︂⃓⃓⃓ε
≤ C (2.26)

for all x ∈ X, U ⊂ X with |U | ≤ 1 and s ≥ 1.

b) For any β > 0,

s

∫︂
P(DxFs ̸= 0)β λ(dx) ≤ C̃βs

∫︂
exp[−c̃βs

α/κd(x,K)α] λ(dx)

for some constants C̃β, c̃β > 0 and all s ≥ 1.

c) For any β > 0 there exists constants Cβ, cβ > 0 such that

s

∫︂
P(D2

x,yFs ̸= 0)β λ(dy) ≤ Cβ exp[−cβs
α/κd(x,K)α] (2.27)

for all x ∈ X and s ≥ 1.

The following multivariate normal approximation result in dconvex-distance for a vector
of centred stabilising functionals was shown in [103, Theorem 4.1 c)].

Theorem 2.21. For m ∈ N and s ≥ 1 let F
(1)
s , . . . , F

(m)
s be functionals of the form (2.22)

such that the corresponding scores fulfil (2.23), (2.24) and (2.25). Let α = min{αstab, αK}
and τ > 0. Then, there exists a constant C > 0 such that for any positive definite matrix
Θ = (θi,j)i,j∈{1,...,m},

dconvex(s
−τ (F (1)

s − E[F (1)
s ], . . . , F (m)

s − E[F (m)
s ]), NΘ)
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≤ Cm13/2max{∥Θ−1∥1/2op , ∥Θ−1∥3/2op }

×max
{︂ m∑︂

i,j=1

⃓⃓⃓
θi,j −

Cov(F
(i)
s , F

(j)
s )

s2τ

⃓⃓⃓
, s−τ max{s−2τIK,s, (s

−2τIK,s)
1/4}

}︂
,

where NΘ is a centred Gaussian random vector in Rm×m with covariance matrix Θ and

IK,s = s

∫︂
X
exp

(︂
− min{cstab, cK}min{p, 1}sα/γd(x,K)α

39 · 4α+1

)︂
λ(dx)

for s ≥ 1.

Note that we refrain from introducing the analogous bound for the d2-distance here
since we do not use this bound throughout the thesis. Nevertheless, there is a similar
result for the d2-distance, which can be found in [103, Theorem 4.1 b)].

To conclude, it should be noted that all normal approximation results mentioned
throughout this and the previous section require either the positivity of the variance in
the one-dimensional setting or the positive definiteness of the covariance matrix in the
multivariate setting. This is the reason why we introduce in the following chapter a lower
variance bound, which can also be used to show the positive definiteness of a covariance
matrix, as discussed in Section 1.1.
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Chapter 3

Lower bounds for variances of
Poisson functionals

In this chapter we derive the main theoretical result of this thesis: a lower variance bound
for Poisson functionals, which can be interpreted as a generalised reverse Poincaré inequal-
ity. This chapter is based on [101] by M. Schulte and V. Trapp and [109] by V. Trapp.
While [101, Theorem 1.1] introduced the reverse Poincaré inequality, [109, Theorem 2.3]
generalised this result to higher order difference operators.

3.1 Main theorem

Let (X,X ) be a measurable space and let η be a Poisson process on X with σ-finite
intensity measure λ. To establish lower variance bounds for a Poisson functional F ∈ L2

η

that depend on difference operators we can use the Fock space representation. In a first
approach, with (2.19), one can directly derive for fixed n ∈ N,

Var[F ] =
∞∑︂
k=1

k!∥fk∥2k ≥ n!∥fn∥2n =
1

n!

∫︂
Xn

E[Dn
x1,...,xn

F ]2 λn(d(x1, . . . , xn)). (3.1)

The problem with this lower variance bound is that difference operators can in general
be positive or negative and, thus, can have expectation zero. To overcome this issue, we
provide in this chapter a counterpart to the well-known Poincaré inequality

Var[F ] ≤
∫︂
X
E[(DxF )2] λ(dx)

for F ∈ L2
η (see Theorem 2.16). More precisely, we give conditions under which the

variance of F can be bounded from below by a constant times the right-hand side of the
Poincaré inequality or its analogue for higher order difference operators. Thus, we can
think of it as a generalised reverse Poincaré inequality.

Theorem 3.1. For n ∈ N let F ∈ L2
η with

E
[︃ ∫︂

Xn

(Dn
x1,...,xn

F )2 λn(d(x1, . . . , xn))

]︃
< ∞
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satisfy

E
[︃ ∫︂

Xn+1

(Dn+1
x1,...,xn+1

F )2λn+1(d(x1, . . . , xn+1))

]︃
≤ αE

[︃ ∫︂
Xn

(Dn
x1,...,xn

F )2 λn(d(x1, . . . , xn))

]︃
(3.2)

for some α ≥ 0 and n ∈ N. Then,

Var[F ] ≥ 1

c(α, n)
E
[︃ ∫︂

Xn

(Dn
x1,...,xn

F )2 λn(d(x1, . . . , xn))

]︃
for some constant c(α, n) > 0, which depends only on n and α.

For n = 1 this theorem was proven in [101, Section 2]. The following proof for general
n is analogue to the one in [109, Appendix A].

Proof. For m ∈ N and x1, . . . , xm ∈ X let fm(x1, . . . , xm) = 1
m!E[D

m
x1,...,xm

F ] and f0 =
E[F ]. Then, the Fock space representation (2.18) provides

E[F 2] =
∞∑︂

m=0

m!∥fm∥2m.

For j ∈ {n, n+1} this yields together with Fubini’s theorem and the monotone convergence
theorem,

E
[︃ ∫︂

Xj

(Dj
x1,...,xj

F )2 λj(d(x1, . . . , xj))

]︃
=

∫︂
Xj

∞∑︂
m=0

1

m!

∫︂
Xm

E[Dm
y1,...,ym(D

j
x1,...,xj

F )]2 λm(d(y1, . . . , ym)) λj(d(x1, . . . , xj))

=
∞∑︂

m=0

1

m!

∫︂
Xm+j

E[Dm+j
x1,...,xm+j

F ]2 λm+j(d(x1, . . . , xm+j))

=
∞∑︂

m=j

∏︁j−1
i=0 (m− i)

m!

∫︂
Xm

E[Dm
x1,...,xm

F ]2 λm(d(x1, . . . , xm))

=

∞∑︂
m=1

j−1∏︂
i=0

(m− i)m!∥fm∥2m.

This means, assumption (3.2) is equivalent to

∞∑︂
m=1

n−1∏︂
i=0

(m− i)m!∥fm∥2m(α−m+ n) ≥ 0. (3.3)

Now, choose c(α, n) ≥
∏︁n−1

i=0 (m − i)(α − m + n + 1) =: g(m) for all m ∈ N0, which is
possible since g : N0 → R is uniformly bounded from above in m as the leading monomial
occurs with a negative sign. Then,

c(α, n)Var[F ]− E
[︃ ∫︂

(Dn
x1,...,xn

F )2 λn(d(x1, . . . , xn))

]︃
28



=

∞∑︂
m=1

m!∥fm∥2m
(︂
c(α, n)−

n−1∏︂
i=0

(m− i)
)︂

≥
∞∑︂

m=1

m!∥fm∥2m
n−1∏︂
i=0

(m− i)(α−m+ n) ≥ 0

by (3.3), which completes the proof.

We are also able to give an explicit constant c(α, n). Remember that by the proof of
Theorem 3.1, the theorem holds for any c(α, n) with

c(α, n) ≥ max
m∈N0

n−1∏︂
i=0

(m− i)(α−m+ n+ 1).

For n = 1 it was shown in [101, Theorem 1.1] that c(α, 1) can be chosen as

c(α, 1) =
(α+ 2)2

4
.

This is due to the fact that
(︂
m− (α+2)

2

)︂2
≥ 0 implies (α+2)2

4 ≥ m(α−m+2) for all m ∈ N0.

Similarly, one can show that the function h : R≥0 → R with h(m) = mn(α−m+ n+1) is

maximised for m = n(α+n+1)
n+1 . Hence,

n−1∏︂
i=0

(m− i)(α−m+ n+ 1) ≤ mn(α−m+ n+ 1) ≤ nn(α+ n+ 1)n+1

(n+ 1)n+1

for all m ∈ R≥0 and thus also for all m ∈ N0 so that we can choose

c(α, n) =
nn(α+ n+ 1)n+1

(n+ 1)n+1

for n ∈ N. This means that we also have an explicit bound for c(α, n). Anyway, since we
are usually only interested in the order of the variance and not in explicit constants in
this thesis, we refrain from going deeper into the topic of optimising this constant.

For n = 1 we refer to Theorem 3.1 as reverse Poincaré inequality. Since it is sufficient
to work with the case n = 1 in many applications, we recapitulate this version from [101,
Theorem 1.1] in the following corollary.

Corollary 3.2. Let F ∈ L2
η be a Poisson functional satisfying

E
[︃ ∫︂

X2

(D2
x,yF )2 λ2(d(x, y))

]︃
≤ αE

[︃ ∫︂
X
(DxF )2 λ(dx)

]︃
< ∞

for some constant α ≥ 0. Then,

Var[F ] ≥ 4

(α+ 2)2
E
[︃ ∫︂

X
(DxF )2 λ(dx)

]︃
.
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3.2 Application of the generalised reverse Poincaré inequal-
ity

The generalised reverse Poincaré inequality can be applied to show that the variance is of
a specific order. Typically, we consider a family of Poisson functionals (Fs)s≥1 and aim
to show that Var[Fs] ≥ c1f(s) for some constant c1 > 0 and some function f : R → R+.
Establishing such a lower variance bound requires the following two steps for some fixed
n ∈ N.

(1) Showing an upper bound for the left-hand side of (3.2), i.e. proving that

E
[︃ ∫︂

Xn+1

(Dn+1
x1,...,xn+1

Fs)
2 λn+1(d(x1, . . . , xn+1))

]︃
≤ c2f(s) (3.4)

for some constant c2 > 0.

(2) Deriving a lower bound for the right-hand side of (3.2), i.e. showing that

E
[︃ ∫︂

Xn

(Dn
x1,...,xn

Fs)
2 λn(d(x1, . . . , xn))

]︃
≥ c3f(s) (3.5)

for some constant c3 > 0.

Then, condition (3.2) is fulfilled for α = c2
c3

since in this case

E
[︃ ∫︂

Xn+1

(Dn+1
x1,...,xn+1

Fs)
2λn+1(d(x1, . . . , xn+1))

]︃
≤ c2f(s) = αc3f(s)

≤ αE
[︃ ∫︂

Xn

(Dn
x1,...,xn

Fs)
2 λn(d(x1, . . . , xn))

]︃
and we derive as lower bound for the variance

Var[Fs] ≥
1

c(α, n)
E
[︃ ∫︂

Xn

(Dn
x1,...,xn

Fs)
2 λn(d(x1, . . . , xn))

]︃
≥ c3

c(α, n)
f(s).

In the following chapters we consider applications from stochastic geometry. Here, we
typically derive bounds of variances scaling like the volume of the observation window or
like a specific power of s. For most applications it is sufficient to use the reverse Poincaré
inequality (i.e. Theorem 3.1 for n = 1). Only in Section 6.3 we will use the more general
version and show how this version can help to reduce our problem to a deterministic
geometric problem.

For stabilising functionals of the form (2.22), one can often use properties of the score
functions for step (1). For random graphs this will be illustrated for example in Lemma
4.2. The more involved case of random polytopes is treated in Section 5.2. Anyway,
functionals do not have to be stabilising to fulfil (3.4) as can be seen in the chapter about
excursion sets of Poisson shot noise processes. The functionals, which are considered in
this chapter are not stabilising. Nevertheless, it is possible to show (3.4).

Note that upper bounds as in (3.4) are often also required to derive quantitative
central limit theorems in Wasserstein and Kolmogorov distance (cf. Theorems 2.17 and
2.18). Thus, the main additional task that occurs when not only deriving a quantitative
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central limit theorem but also a lower variance bound is to find a lower bound as in (3.5).
To show (3.5) one usually constructs special point configurations that lead to a non-zero
difference operator and occur with positive probability. This is often much easier than to
verify that the expectation of the difference operator is non-zero as required in (3.1).

3.3 Comparison to other lower variance bounds

Let us discuss some alternative approaches to derive lower variance bounds for Poisson
functionals or statistics arising in stochastic geometry. The following theorem can be
found in [70, Theorem 5.2].

Theorem 3.3. Let F ∈ L2
η and assume that there exist n ∈ N, I1, I2 ⊆ {1, . . . , n} with

I1 ∪ I2 = {1, . . . , n}, a measurable set U ⊆ Xn and a constant c > 0 such that⃓⃓⃓⃓
E
[︃
F
(︂
η +

∑︂
i∈I1

δxi

)︂
− F

(︂
η +

∑︂
i∈I2

δxi

)︂]︃⃓⃓⃓⃓
≥ c

for λn-a.e. (x1, . . . , xn) ∈ U . Then,

Var[F ] ≥ c2

4n+1n!
min

∅≠J⊆{1,...,n}
inf
V⊆U

λn(V )≥λn(U)/2n+1

λ|J |(ΠJ(V )),

where ΠJ denotes the projection onto the components whose indices belong to J .

The approach from Theorem 3.3 is the one from the literature, which is most compa-
rable to ours since, to apply this theorem, one also needs to control how the functional
changes, if points are added to the underlying Poisson processes, to derive a lower bound
for ⃓⃓⃓⃓

E
[︃
F
(︂
η +

∑︂
i∈I1

δxi

)︂
− F

(︂
η +

∑︂
i∈I2

δxi

)︂]︃⃓⃓⃓⃓
for fixed n ∈ N, I1, I2 ⊆ {1, . . . , n} and x1, . . . , xn ∈ X. Note that adding more than one
point allows to enforce particular point configurations, which is why this expression is often
easier to control than the expectation of the first difference operator in (3.1). Nevertheless,
there is still the problem that the difference within the expectation can be both positive
and negative. In contrast to that, for an application of the generalised reverse Poincaré
inequality, we need a lower bound for E[(Dn

x1,...,xn
F )2] for x1, . . . , xn ∈ X. Due to the

square, the expression in the expectation is non-negative, which provides

E[(Dn
x1,...,xn

F )2] ≥ c2P(|Dn
x1,...,xn

F | ≥ c)

for any c > 0. Thus, in contrast to the strategy from Theorem 3.3, it is sufficient for our
approach to construct configurations of points x1, . . . , xn ∈ X for which |Dn

x1,...,xn
F | ≥ c

for some constant c > 0 and n ∈ N to obtain a lower bound for P(|Dn
x1,...,xn

F | ≥ c).
In the literature there are of course several further results for lower variance bounds. In

[15, 86, 87], lower bounds for variances of stabilising functionals of Poisson processes and
sometimes also binomial point processes were deduced. These results have all in common
that generalised difference or add-one-cost operators are required to be non-degenerate.
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This is similar to our work, but the random variable that has to be non-degenerate is more
involved than the difference operator and, moreover, the results apply only to stabilising
functionals and not to general Poisson functionals.

A further approach is to condition on some σ-field and to bound the variance from
below by the expectation of the conditional variance with respect to this σ-field. In the
context of stochastic geometry this was used, for example, in [5, 11, 90]. By conditioning
on the σ-field it is sufficient to consider some particular point configurations similarly as
in Theorem 3.1. In [38], a condition requiring that some conditional expectations are not
degenerate is used to establish lower variance bounds for stabilising functionals.

As already mentioned, we consider functionals of spatial random graphs, random poly-
topes and excursion sets of Poisson shot noise processes in the following chapters. Since
the considered statistics of spatial random graphs in Euclidean space fit into the framework
of stabilising functionals of Poisson processes, the results for the non-degeneracy of the
asymptotic variance of stabilising functionals discussed above might be applicable, while
this is not the case for the considered statistics in hyperbolic space. The Lp surface area
is again stabilising, but here the variance does not scale like the intensity of the underly-
ing Poisson process, whence the previously mentioned results are not available anymore.
Finally, in case of general Poisson shot noise processes we do not have stabilisation at all.
Thus, the previously mentioned results cannot be used either.

Remark 3.4. Note that for functionals of isonormal Gaussian processes and for functionals
of Rademacher sequences (i.e. sequences of independent random variables with values ±1)
one can also define an operator Dn for n ∈ N. For isonormal Gaussian processes, this
operator is usually referred to as the derivative operator. In the case of Rademacher
sequences it is often called discrete gradient. This operator fulfils a similar role for its
respective functionals as the difference operator has for Poisson functionals. As in the
Poisson case there exist Fock space representations and chaos decompositions of functionals
of isonormal Gaussian processes and functionals of Rademacher sequences.

Since our proof of Theorem 3.1 only requires the Fock space representations of F,DnF
and Dn+1F for some fixed n ∈ N, the statement of Theorem 3.1 continues to hold for
functionals of isonormal Gaussian processes and for functionals of Rademacher sequences
if we rewrite the integral with respect to λj , which is the squared norm of DjF in L2(λj)
for j ∈ {n, n+ 1}, in a proper way. This means that for isonormal Gaussian processes we
take the squared norm of DjF in H⊗j , where H is the underlying Hilbert space and in
the case of Rademacher sequences one uses the squared norm of DjF in L2(µ⊗j), where
µ is the counting measure on N for j ∈ {n, n + 1}. For more details on the Fock space
representations and the operators Dk for k ∈ N see, for example, [80] for the Gaussian
case and [65] for the Rademacher case.
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Chapter 4

Spatial random graphs

In this chapter we analyse functionals of three different spatial random graphs. Sections
4.1 and 4.2 consider random graphs in Euclidean space while Section 4.3 analyses the
radial spanning tree in hyperbolic space to illustrate the influence of the curvature of the
underlying space to the behaviour of the graph. If not stated otherwise, Sections 4.1 and
4.2 are based on [101, Section 3] by M. Schulte and V. Trapp whereas Section 4.3 is mainly
taken from [96] by D. Rosen, M. Schulte, C. Thäle and V. Trapp.

4.1 Random geometric graphs

Throughout this section let W ⊂ Rd be a non-empty compact convex set with λd(W ) > 0.
For s ≥ 1 let ηs be a homogeneous Poisson process on W with intensity s, i.e. a Poisson
process on Rd with intensity measure λ = sλd|W . This section analyses the asymptotic
behaviour of different functionals of random geometric graphs as s → ∞.

A random geometric graph Grs with radius rs = ϱs−1/d for a fixed ϱ > 0 generated
by ηs is a graph with vertex set ηs, whose vertices v1, v2 ∈ ηs with v1 ̸= v2 are connected
by an edge if ∥v1 − v2∥ ≤ rs. A simulation of a random geometric graph can be found in
Figure 4.1.

The random geometric graph, also known as Gilbert graph, was originally introduced
by E. N. Gilbert in [48]. There are already many results in the literature of how functionals
of random geometric graphs behave. For an overview of results until 2003 see for example
[83]. In the following years more properties of random geometric graphs were studied.
For high dimensions different functionals like the clique count, the number of edges or
more general geometric functionals were analysed for instance in [4, 28, 42, 51]. Results
for several functionals concerning the edges, degrees or components in the setting were
the intensity parameter goes to infinity while the radius goes to zero can be found in
[41, 68, 91, 92, 103], among others.

In this section we consider the vector of degree counts and the vector of component
counts of a random geometric graph and want to analyse these functionals as s → ∞. For
j ∈ N0 let V rs

j be the number of vertices of degree j in Grs , i.e.

V rs
j =

∑︂
y∈ηs

1{deg(y, ηs) = j},
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Figure 4.1: Simulation of a random geometric graph in [0, 1]2

where deg(y, ηs) stands for the degree of y in Grs . Moreover, let Crs
j denote the number

of components of size j in Grs , i.e.

Crs
j =

1

j

∑︂
y∈ηs

1{|C(y, ηs)| = j},

where |C(y, ηs)| is the number of vertices of the component C(y, ηs) of y in Grs . By the
component C(y, ηs) we mean the set of all vertices that can be reached from y via edges.
In the following we study the asymptotic behaviour of these functionals as s → ∞.

Theorem 4.1. a) For s → ∞ the asymptotic covariance matrix of the rescaled vector
of degree counts 1√

s
(V rs

j1
, . . . , V rs

jn
) for distinct ji ∈ N0, i ∈ {1, . . . , n}, is positive

definite, i.e. for any α = (α1, . . . , αn) ∈ Rn\{0} there exists a constant c > 0 such
that for s sufficiently large

Var

[︄
n∑︂

i=1

αiV
rs
ji

]︄
≥ cs.

b) For s → ∞ the asymptotic covariance matrix of the rescaled vector of component
counts 1√

s
(Crs

j1
, . . . , Crs

jn
) for distinct ji ∈ N0, i ∈ {1, . . . , n}, is positive definite, i.e.

for any α = (α1, . . . , αn) ∈ Rn\{0} there exists a constant c > 0 such that for s
sufficiently large

Var

[︄
n∑︂

i=1

αiC
rs
ji

]︄
≥ cs.

One can show that the vectors 1√
s
(V rs

j1
, . . . , V rs

jn
) and 1√

s
(Crs

j1
, . . . , Crs

jn
) for distinct

ji ∈ N0, i ∈ {1, . . . , n}, fulfil the assumptions of Theorem 2.21. With this and an analo-
gous theorem for the d2-distance it was shown in [103, Section 3.2] that, after centering,
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both vectors fulfil a quantitative central limit theorem in d2- and dconvex- distance if the
corresponding asymptotic covariance matrix is positive definite. This means that Theo-
rem 4.1 completes the proof of these multivariate quantitative central limit theorems from
[103, Section 3.2].

For the proof of Theorem 4.1 we introduce the following lemma, which is helpful for
verifying condition (3.2). More specifically, this means that we will derive lower bounds
of the form (3.5) on a case by case basis while (3.4) is controlled by the lemma below as
the considered functionals can be embedded in the framework of stabilising functionals.

Lemma 4.2. Let F
(1)
s , . . . , F

(n)
s be Poisson functionals on ηs of the form (2.22) whose

corresponding scores ξ
(1)
s , . . . , ξ

(n)
s satisfy a (4 + p)-th moment condition as described in

(2.24) for p ∈ (0, 1] and are exponentially stabilising, i.e. fulfil (2.23). Then, for any
α = (α1, . . . , αn) ∈ Rn\{0} there exists a constant c > 0 such that for s ≥ 1,

E
[︂ ∫︂

W

∫︂
W

(︂ n∑︂
i=1

αiD
2
x,yF

(i)
s

)︂2
λ(dx) λ(dy)

]︂
≤ cs.

Proof. Note at first that the scores ξ
(1)
s , . . . , ξ

(n)
s clearly fulfil (2.25) for a choice of K = W

and CK = 1. Hence, we can apply Lemma 2.20 a) and c). Fix ε ∈ (4, 4 + p). Then,
using Lemma 2.20 a), Hölder’s inequality for ε

2 and q = (1− 2
ε )

−1 and Jensen’s inequality
provides

E[|D2
x,yF

(i)
s |2] = E

[︂
|D2

x,yF
(i)
s |21{D2

x,yF
(i)
s ̸= 0}

]︂
≤ (E[|D2

x,yF
(i)
s |ε])2/εP(D2

x,yF
(i)
s ̸= 0)1/q

= (E[|DxF
(i)
s (ηs + δy)−DxF

(i)
s (ηs)|ε])2/εP(D2

x,yF
(i)
s ̸= 0)1/q

≤
(︂
2ε−1

(︂
E[|DxF

(i)
s (ηs + δy)|ε] + E[|DxF

(i)
s (ηs)|ε]

)︂)︂2/ε
P(D2

x,yF
(i)
s ̸= 0)1/q

≤ 4C2/εP(D2
x,yF

(i)
s ̸= 0)1/q

for i ∈ {1, . . . , n}, where C > 0 is the constant from Lemma 2.20 a). Therefore, using
Jensen’s inequality and Lemma 2.20 c), it follows

E
[︂ ∫︂

W

∫︂
W

(︂
D2

x,y

n∑︂
i=1

αiF
(i)
s

)︂2
λ(dx) λ(dy)

]︂
≤
∫︂
W

∫︂
W

E
[︂
n

n∑︂
i=1

α2
i (D

2
x,yF

(i)
s )2

]︂
λ(dx) λ(dy)

= n

n∑︂
i=1

α2
i

∫︂
W

∫︂
W

E[|D2
x,yF

(i)
s |2] λ(dx) λ(dy)

≤ n

n∑︂
i=1

α2
i s

∫︂
W

s

∫︂
W

4C2/εP(D2
x,yF

(i)
s ̸= 0)1/q dx dy

≤ n

n∑︂
i=1

α2
i s

∫︂
W

4C2/εC1/q dx ≤ cs

for some constant c > 0, which completes the proof.
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Proof of Theorem 4.1. For x ∈ W and j ∈ N0 the difference operators are given by

DxV
rs
j = 1{deg(x, ηs + δx) = j}+

∑︂
y∈ηs

(1{deg(y, ηs + δx) = j} − 1{deg(y, ηs) = j})

and

DxC
rs
j =

1

j
1{|C(x, ηs + δx)| = j}+ 1

j

∑︂
y∈ηs

(1{|C(y, ηs + δx)| = j} − 1{|C(y, ηs)| = j}).

Let m = argmaxi∈{1,...,n} : αi ̸=0ji and x ∈ W . For a) we consider configurations where

ηs

(︂
Bd
(︂
x,

rs
2

)︂)︂
= jm + 1 and ηs

(︂
Bd
(︂
x,

3

2
rs

)︂\︂
Bd
(︂
x,

rs
2

)︂)︂
= 0.

Then, it follows for any y ∈ ηs with y ∈ Bd(x, rs2 ) that

deg(y, ϑ) =

{︄
jm, for ϑ = ηs,

jm + 1, for ϑ = ηs + δx.

The degrees of all the other points are not affected by adding x. Thus, in this situation
only the numbers of points with degree jm and jm+1 change. Due to the choice of m, we
have ⃓⃓⃓⃓

⃓Dx

(︄
n∑︂

i=1

αiV
rs
ji

)︄⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓

n∑︂
i=1

αiDxV
rs
ji

⃓⃓⃓⃓
⃓ = |αmDxV

rs
jm

| = |αm(−(jm + 1))| ≥ |αm|.

For b) we consider configurations where

ηs

(︂
Bd
(︂
x,

rs
2

)︂)︂
= jm and ηs

(︂
Bd
(︂
x,

3

2
rs

)︂\︂
Bd
(︂
x,

rs
2

)︂)︂
= 0.

It follows that Crs
jm

decreases by 1 by adding x and Crs
jm+1 increases by 1. The other

component counts are not affected. Because of the choice of m, it holds⃓⃓⃓⃓
⃓Dx

(︄
n∑︂

i=1

αiC
rs
ji

)︄⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓

n∑︂
i=1

αiDxC
rs
ji

⃓⃓⃓⃓
⃓ = |αmDxC

rs
jm

| = |αm| .

Let As = {x ∈ W : Bd(x, rs2 ) ⊂ W}. Then, for F rs
ji

= V rs
ji

or F rs
ji

= Crs
ji

for i ∈ {1, . . . , n}
and

k =

{︄
jm + 1, for F rs

ji
= V rs

ji
,

jm, for F rs
ji

= Crs
ji
,

it follows for s sufficiently large such that λd(As) ≥ λd(W )
2 that

E
[︃ ∫︂

W

(︂ n∑︂
i=1

αiDxF
rs
ji

)︂2
λ(dx)

]︃
≥ sα2

m

∫︂
W

P
(︂⃓⃓⃓ n∑︂

i=1

αiDxF
rs
ji

⃓⃓⃓
≥|αm|

)︂
dx

≥ sα2
m

∫︂
As

P
(︂
ηs

(︂
Bd
(︂
x,

rs
2

)︂)︂
= k, ηs

(︂
Bd
(︂
x,

3

2
rs

)︂\︂
Bd
(︂
x,

rs
2

)︂)︂
= 0
)︂
dx
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≥ sα2
m

∫︂
As

(sκdr
d
s)

k

2dkk!
e−sκdr

d
s/2

d
e−sκd(3

d−1)rds/2
d
dx

≥ sα2
m

λd(W )

2

(κdϱ
d)k

2dkk!
e−κd3

dϱd/2d =: c · s,

where c > 0 depends on W,α, ϱ, k and d.

Both functionals can be written as sums of scores as in (2.22). For j ∈ N0, y ∈ ηs and
s ≥ 1 the score for the degree count of degree j is given by

ξs(y, ηs) = 1{deg(y, ηs) = j}

and for j ∈ N, y ∈ ηs and s ≥ 1 the score for the number of components of size j is

ξs(y, ηs) =
1

j
1{|C(y, ηs)| = j}.

These scores clearly fulfil a (4+p)-th moment condition and are by [103, proofs of Theorem
3.5 (b) and Theorem 3.6 (b)] exponentially stabilising. Therefore, we can apply Lemma
4.2. Together with Theorem 3.1 for n = 1 the proof is complete.

4.2 k-nearest neighbour graphs

Let W ⊂ Rd be a non-empty compact convex set with λd(W ) > 0. For s ≥ 1 let ηs be
a homogeneous Poisson process on W with intensity s, i.e. a Poisson process on Rd with
intensity measure λ = sλd|W . In the following we study the asymptotic behaviour of a
k-nearest neighbour graph as s → ∞.

A k-nearest neighbour graph for k ∈ N generated by the Poisson process ηs is the
undirected graph with vertex set ηs, where each vertex is connected with its k-nearest
neighbours. The set of all k-nearest neighbours of v1 ∈ ηs contains all v2 ∈ ηs with v2 ̸= v1
and for which ∥v1 − v2∥ ≥∥v1 − x∥ for at most k vertices v1 ̸= x ∈ ηs or, in other words,
ηs(B

d(v1, ∥v1 − v2∥)\{v1}) ≤ k. Note that the set of all k-nearest neighbours of a point
x ∈ ηs, denoted by N(x, ηs), contains k points almost surely since the distances of two
distinct points to some vertex is almost surely not equal. A simulation of a k-nearest
neighbour graph can be seen in Figure 4.2. The asymptotic behaviour of functionals of
k-nearest neighbour graphs are for example analysed in e.g. [5, 15, 69, 70, 87, 88, 103, 110],
to name just a few. In particular, the total edge lengths or edge length functionals of k-
nearest neighbour graphs are studied in a variety of papers. These are also the first type
of functionals that we consider.

For q ∈ [0,∞) let Lq denote the edge length functional of power q of the k-nearest
neighbour graph generated by ηs, which is defined by

Lq =
1

2

∑︂
(y,z)∈η2s,̸=

1{z ∈ N(y, ηs) or y ∈ N(z, ηs)}∥y − z∥q.

Let Fq = sq/dLq be its scaled version.
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Figure 4.2: Simulation of a k-nearest neighbour graph in [0, 1]2 for k = 5

Theorem 4.3. For s → ∞ the asymptotic covariance matrix of 1√
s
(Fq1 , . . . , Fqn) for

distinct qi ≥ 0, i ∈ {1, . . . , n}, is positive definite, i.e. for any α = (α1, . . . , αn) ∈ Rn\{0}
there exists a constant c > 0 such that for s sufficiently large

Var

[︄
n∑︂

i=1

αiFqi

]︄
≥ cs.

The first quantitative result for the total edge length of a k-nearest neighbour graph
can be found in [5]. This convergence rate was further improved in [88] before in [70] the
presumably optimal rate was shown. In [103] this result was transferred to the multivariate
case of a vector of edge length functionals with the help of results as those from Theorem
2.21 but it was left open to show in general that its asymptotic covariance matrix is positive
definite. As before for the functionals of random geometric graphs, Theorem 4.3 closes
this gap and completes the proofs of the multivariate central limit theorems in d2- and
dconvex-distance of the centred versions of vectors of the form 1√

s
(Fq1 , . . . , Fqn) for distinct

qi ≥ 0, i ∈ {1, . . . , n}.
In order to apply the reverse Poincaré inequality in the proof of Theorem 4.3, we need

to construct configurations for which we know how the difference operator behaves. To
this end, we aim to construct specific point configurations in some ball Bd(x, r) around
the added point x for some r > 0. Additionally, to guarantee that the configuration in the
ball around x is not influenced by the points in Rd\Bd(x, r), we also need to control the
behaviour of the points of η in Rd\Bd(x, r) and have to make sure that no point of η from
Rd\Bd(x, r) destroys the configuration in Bd(x, r). For the random geometric graph, we
could construct such configurations rather easy by only considering configurations without
any points in a large enough annulus around Bd(x, r) so that there were no edges between
point of η in Bd(x, r) and points of η in Rd\Bd(x, r). To guarantee the same for the k-
nearest neighbour graph we need to make sure that the k nearest neighbours of all points of
η, which are in Rd\Bd(x, r), also lie in Rd\Bd(x, r). The following lemma helps bounding
the probability of such point configurations. Since we will not only use this lemma to
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prove Theorem 4.3 but also employ it in a slightly more general version in a further proof,
we present the lemma here directly in its generalised version.

Lemma 4.4. Let k, j ∈ N be fixed. Then there exist constants c1, c2 > 0 depending on
k, j, d and W such that for all ε > 0 and x ∈ W with Bd(x, 2(j + 1)ε) ⊂ W ,

P(∃y ∈ ηs|Rd\Bd(x,jε) : ηs(Aj,ε(x, y)) ≤ k − 1) ≤ c1e
−sc2εd ,

where Aj,ε(x, y) = (Bd(y, ∥x− y∥ − (j − 1)ε) ∩W )\(Bd(x, jε) ∪ {y}).

Proof. Let x ∈ W with Bd(x, 2(j+1)ε) ⊂ W . Then, for y ∈ W with jε < ∥x−y∥ ≤ (j+1)ε
we have that Bd(y, ∥x− y∥) ⊂ W . Therefore, since y /∈ Bd(x, jε),

λd(Aj,ε(x, y)) ≥
1

2
κd(∥x− y∥ − (j − 1)ε)d.

For y ∈ W with ∥x − y∥ > (j + 1)ε it holds that ∥x − y∥ − jε ≥ 1
2(∥x − y∥ − (j − 1)ε).

Moreover, (Bd(y, ∥x− y∥− jε)∩W )\{y} ⊂ Aj,ε(x, y). Hence, with [70, Lemma 7.4] there
is a constant cW > 0 only depending on W such that

λd(Aj,ε(x, y)) ≥ λd(B
d(y, ∥x− y∥ − jε) ∩W ) ≥ cW (∥x− y∥ − jε)d

≥ cW

(︂1
2
(∥x− y∥ − (j − 1)ε)

)︂d
.

Altogether, for y ∈ W\Bd(x, jε) it follows

λd(Aj,ε(x, y)) ≥ c(∥x− y∥ − (j − 1)ε)d

for some constant c > 0. For t ∈ N0 there exist constants c̃1, c̃2 > 0 such that zte−z ≤
c̃1e

−c̃2z for all z > 0. Hence, using the Mecke formula (2.15) and spherical coordinates,
we get

P(∃y ∈ ηs|Rd\Bd(x,jε) : ηs(Aj,ε(x, y)) ≤ k − 1)

≤ E
[︃ ∑︂
y∈ηs|Rd\Bd(x,jε)

1{ηs(Aj,ε(x, y)) ≤ k − 1}
]︃

≤ s

∫︂
Rd\Bd(x,jε)

P(ηs(Aj,ε(x, y)) ≤ k − 1) dy

= s

∫︂
Rd\Bd(x,jε)

k−1∑︂
i=0

λ(Aj,ε(x, y))
i

i!
e−λ(Aj,ε(x,y)) dy

≤ s

∫︂
Rd\Bd(x,jε)

ĉ1e
−ĉ2λ(Aj,ε(x,y)) dy

≤
∫︂
Rd\Bd(x,jε)

ĉ1se
−ĉ2sc(∥x−y∥−(j−1)ε)d dy

= dκd

∫︂ ∞

ε
ĉ1s(r + (j − 1)ε)d−1e−ĉ2scrd dr ≤ c1e

−sc2εd

for suitable constants ĉ1, ĉ2, c1, c2 > 0.
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Proof of Theorem 4.3. Let ei denote the d-dimensional standard unit vector in the i-th
direction. For ε > 0, x ∈ W with Bd(x, 4ε) ⊂ W and x̂ = x+ 3

4εe1, we consider configu-
rations where ηs(B

d(x̂, ε/4)) = k + 1, ηs(B
d(x, ε)\Bd(x̂, ε/4)) = 0 and ηs(A1,ε(x, y)) ≥ k

for all y ∈ ηs|Rd\Bd(x,ε), where A1,ε(x, y) is defined as in Lemma 4.4. Then, for q ≥ 0 the
difference operator of Fq is given by

DxFq = sq/d
∑︂

y∈N(x,ηs+δx)

∥x− y∥q.

Inserting j = 1 in Lemma 4.4 provides

P(∃y ∈ ηs|Rd\Bd(x,ε) : ηs(A1,ε(x, y)) ≤ k − 1) ≤ c1e
−sc2εd

for some constants c1, c2 > 0.

Now, let m = argmaxi∈{1,...,n} : αi ̸=0qi and assume without loss of generality αm > 0.

If αi ≥ 0 for all i ∈ {1, . . . , n}, we choose ε = c̄s−1/d with c̄ ≥ 1 large enough such that
we have for the configurations mentioned above

Dx

n∑︂
i=1

αiFqi ≥ αmsqm/d
∑︂

y∈N(x,ηs+δx)

∥x− y∥qm ≥ αmk

(︄
s1/dε

2

)︄qm

≥ 1

and c1e
−sc2εd < 1

2 . Otherwise, let ℓ = argmaxi∈{1,...,n} : αi<0qi. Then, qm > qℓ and it

follows for the configurations introduced above for s1/dε ≥ 1,

Dx

n∑︂
i=1

αiFqi =

n∑︂
i=1

αis
qi/d

∑︂
y∈N(x,ηs+δx)

∥x− y∥qi

≥ αmsqm/d
∑︂

y∈N(x,ηs+δx)

∥x− y∥qm −
∑︂

i∈{1,...,n} :
αi<0

(−αi)s
qi/d

∑︂
y∈N(x,ηs+δx)

∥x− y∥qi

≥ αm

∑︂
y∈N(x,ηs+δx)

(︂
s1/d∥x− y∥

)︂qm
−

∑︂
i∈{1,...,n} :

αi<0

(−αi)
∑︂

y∈N(x,ηs+δx)

(s1/dε)qi

≥ αmk

(︄
s1/dε

2

)︄qm

−
∑︂

i∈{1,...,n} :
αi<0

(−αi)k(s
1/dε)qℓ

≥ k(s1/dε)qℓ

(︄
αm

1

2qm

(︂
s1/dε

)︂qm−qℓ
−

∑︂
i∈{1,...,n} :

αi<0

(−αi)

)︄
.

In this case, choose ε = s−1/dc̄ > 0 with c̄ ≥ 1 large enough such that c1e
−sc2εd < 1

2 and

Dx

n∑︂
i=1

αiFqi ≥ αm
1

2qm

(︂
s1/dε

)︂qm−qℓ
−

∑︂
i∈{1,...,n} :

αi<0

(−αi) ≥ 1.
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To conclude, let As = {x ∈ W : Bd(x, 4ε) ⊂ W}. Due to the independence of
ηs(B

d(x̂, ε/4)), ηs(B
d(x, ε)\Bd(x̂, ε/4)) and ηs(A1,ε(x, y)) for y ∈ ηs|Rd\Bd(x,ε) and x ∈ As

and by Lemma 4.4 we have for s large enough such that λd(As) ≥ λd(W )
2 ,

E
[︃ ∫︂

W

(︂
Dx

n∑︂
i=1

αiFqi

)︂2
λ(dx)

]︃
≥ s

∫︂
W

P
(︂
Dx

n∑︂
i=1

αiFqi ≥ 1
)︂
dx

≥ s

∫︂
W

P
(︁
ηs(B

d(x̂, ε/4)) = k + 1, ηs(B
d(x, ε)\Bd(x̂, ε/4)) = 0,

ηs(A1,ε(x, y)) ≥ k ∀y ∈ ηs|Rd\Bd(x,ε)

)︁
dx

≥ s

∫︂
As

(sκdε
d)k+1

4d(k+1)(k + 1)!
e−sκdε

d/4de−sκdε
d(1−1/4d)(1− c1e

−sc2εd) dx

≥ s
λd(W )

2

(κdc̄
d)k+1

4d(k+1)(k + 1)!
e−κdc̄

d · 1
2
=: cq,α,k,W,ds.

Our functionals can be written as sums of scores as in (2.22). For y ∈ ηs, q ≥ 0 and s ≥ 1
the corresponding score of Fq is given by

ξs(y, ηs) =
∑︂

z∈N(y,ηs)

1{y ∈ N(z, ηs)}
∥y − z∥q

2
+ 1{y /∈ N(z, ηs)}∥y − z∥q.

The scores (ξs)s≥1 fulfil a (4+p)-th moment condition (see the proof of [69, Theorem 3.1])
and are by [103, proof of Theorem 3.1] exponentially stabilising. Therefore, we can apply
Lemma 4.2, which completes the proof together with Theorem 3.1.

In the following we consider a second statistic of k-nearest neighbour graphs, namely
the number of vertices with a given degree. For j ∈ N0 let V k

j denote the number of
vertices of degree j in the k-nearest neighbour graph generated by ηs, i.e.

V k
j =

∑︂
y∈ηs

1{deg(y, ηs) = j}.

We want to study the vector (V k
j1
, . . . , V k

jn
) for distinct ji ≥ k, i ∈ {1, . . . , n}. The following

property of the degrees of k-nearest neighbour graphs can be found in [113, Lemma 8.4].

Lemma 4.5. The vertices of a k-nearest neighbour graph in Rd have bounded degree.

Proof. The following arguments are based on the proof ideas of [23, Lemma S.] and [113,
Lemma 8.4]. Without loss of generality we assume that the origin 0 ∈ Rd is a vertex of
the k-nearest neighbour graph and show that its degree is bounded. Then, by translation
invariance, all vertices have bounded degree.

Since the unit sphere is compact, there exists a partition of the unit sphere into disjoint
spherically convex sets C1, . . . , Cn for some n ∈ N, which might depend on d, such that for
any i ∈ {1, . . . , n}, ∥x−y∥ < 1 for x, y ∈ Ci. Then, Rd =

⋃︁n
i=1 Ci, where for i ∈ {1, . . . , n},

Ci = {λx : x ∈ Ci, λ ≥ 0}.
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Let x̂, ŷ ∈ Ci with x̂ = λ1x and ŷ = λ2y with 0 < λ1 ≤ λ2 and x, y ∈ Ci. Then, since
∥y∥ = 1 and ∥x− y∥< 1,

∥x̂− ŷ∥ = ∥λ1x− λ2y∥ = ∥λ1(x− y)− (λ2 − λ1)y∥
≤ λ1∥x− y∥+ (λ2 − λ1)∥y∥ < λ2 = ∥ŷ∥,

i.e. for x̂, ŷ ∈ Ci it holds

∥x̂− ŷ∥ < max{∥x̂∥, ∥ŷ∥}. (4.1)

Now, the degree of 0 is bounded by nk for the following reason. Assume the degree of 0 is
larger than nk. Then, there exists i ∈ {1, . . . , n} such that Ci contains more than k points,
which are connected to 0. Denote k+1 of these points by x1, . . . , xk+1, where xk+1 is such
that ∥xk+1∥ ≥ ∥xi∥ for i ∈ {1, . . . , k}. Then, xk+1 is not one of the k nearest neighbours
of 0 and 0 is not one of the k nearest neighbours of xk+1 since ∥xi − xk+1∥ < ∥xk+1∥ for
i ∈ {1, . . . , k} by (4.1), which is a contradiction and completes the proof.

By Lemma 4.5 there exists kmax ∈ N, the maximal possible degree that occurs with
a positive probability in a k-nearest neighbour graph. The smallest possible degree that
appears with positive probability in a k-nearest neighbour graph is clearly k. It arises
when a point is only connected to its k nearest neighbours but is not one of the k nearest
neighbours of any other point. Therefore, we consider in the following theorem only degree
counts of degree j with j ∈ {k, k + 1, . . . , kmax} for i ∈ {1, . . . , n}.

Theorem 4.6. For d ≥ 2, n ∈ N with n ≤ kmax − k + 1 and s → ∞ the asymptotic
covariance matrix of 1√

s
(V k

j1
, . . . , V k

jn
) for distinct ji ∈ {k, k+ 1, . . . , kmax}, i ∈ {1, . . . , n},

is positive definite, i.e. for any α = (α1, . . . , αn) ∈ Rn\{0} there exists a constant c > 0
such that for s sufficiently large

Var

[︄
n∑︂

i=1

αiV
k
ji

]︄
≥ cs.

Similarly to the example of edge length functionals, it was shown in [103, Theorem 3.3]
that the scaled vector of degree counts 1√

s
(V k

j1
, . . . , V k

jn
) for distinct ji ∈ {k, k+1, . . . , kmax},

i ∈ {1, . . . , n} fulfils a quantitative multivariate central limit theorem in d2- and dconvex-
distance if its asymptotic covariance matrix is positive definite. Thus, with Theorem 4.6
the proofs of these multivariate central limit theorems are complete.

Proof of Theorem 4.6. First note that the degrees j1, . . . , jn are chosen in such a way that
they can occur in a k-nearest neighbour graph. A vertex can have k neighbours if it is only
connected to its k nearest neighbours and can have up to kmax neighbours by the definition
of kmax. All degrees in between can occur as well as can be seen from the following
construction. Assume we have a configuration where x has kmax neighbours. Then we
delete 1 ≤ t ≤ kmax − k vertices which are connected to x but are not one of the k nearest
neighbours of x and all other vertices that are not connected to x. Consequently, we obtain
a configuration where x has degree kmax − t. This means that P(deg(x, βji + δx) = ji) > 0
for i ∈ {1, . . . , n}, where βji denotes a binomial point process of ji independent random
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points uniformly distributed in Bd(0, 1) as defined in Subsection 2.3.1. Obviously, these
probabilities do not change if we take a binomial point process on any other ball.

The difference operator of V k
j is given by

DxV
k
j = 1{deg(x, ηs + δx) = j}+

∑︂
y∈ηs

(1{deg(y, ηs + δx) = j} − 1{deg(y, ηs) = j})

for x ∈ W . Denote I = {i ∈ {1, . . . , n} : αi ̸= 0} and m = argmini∈Iji. We can assume
αm > 0 without loss of generality. In the following we distinguish several cases that are
illustrated in Figure 4.3.

Case 1: jm > k
Let ε > 0 and x ∈ W with Bd(x, 8ε) ⊂ W . We consider configurations with ηs(B

d(x, ε)) =
jm, ηs(B

d(x, 3ε)\Bd(x, ε)) = 0 and ηs(A3,ε(x, y)) ≥ k for all y ∈ ηs|Rd\Bd(x,3ε), where
A3,ε(x, y) is defined as in Lemma 4.4. Then, if x is connected to all z ∈ ηs|Bd(x,ε), we have

Dx

n∑︂
i=1

αiV
k
ji ≥ αm.

Applying Lemma 4.4 for j = 3 provides

P(∃y ∈ ηs|Rd\Bd(x,3ε) : ηs(A3,ε(x, y)) ≤ k − 1) ≤ c1e
−sc2εd .

Now, choose ε = c̄s−1/d > 0 for c̄ ≥ 1 such that c1e
−sc2εd ≤ 1

2 . Let As = {x ∈
W : Bd(x, 8ε) ⊂ W} and s large enough such that λd(As) > λd(W )

2 . Then, using the
independence property of Poisson processes and Proposition 2.14, we have for pm =
P (deg(x, βjm + δx) = jm) > 0,

E
[︃ ∫︂

W

(︂
Dx

n∑︂
i=1

αiV
k
ji

)︂2
λ(dx)

]︃
≥ α2

m

∫︂
W

P
(︂
Dx

n∑︂
i=1

αiV
k
ji ≥ αm

)︂
λ(dx)

≥ α2
m

∫︂
As

P
(︂
ηs(B

d(x, ε)) = jm, ηs(B
d(x, 3ε)\Bd(x, ε)) = 0,deg(x, ηs|Bd(x,ε) + δx) = jm

)︂
· P
(︂
ηs(A3,ε(x, y)) ≥ k ∀y ∈ ηs|Rd\Bd(x,3ε)

)︂
λ(dx)

≥ s
α2
m

2

∫︂
As

P
(︂
ηs(B

d(x, ε)) = jm, ηs(B
d(x, 3ε)\Bd(x, ε)) = 0

)︂
· P
(︂
deg(x, ηs|Bd(x,ε) + δx) = jm|ηs(Bd(x, ε)) = jm

)︂
dx

= s
α2
m

2

∫︂
As

(sκdε
d)jm

jm!
e−sκdε

d
e−sκd(3

d−1)εdP (deg(x, βjm + δx) = jm) dx

≥ s
α2
m

2

(sκdε
d)jm

jm!
e−sκd3

dεdpm
λd(W )

2
=: cα,k,W,ds.

Case 2: jm = k.
If it exists, we denote by ℓ ∈ {1, . . . , n} the index with jℓ = k + 1. Then,

α̂ =

{︄
αℓ, if ℓ exists,

0, if ℓ does not exist.
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Let ε > 0 and let x ∈ W be such that Bd(x, 8ε) ⊂ W . We consider four different
configurations to deal with all possible vectors α = (α1, . . . , αn) ∈ Rn\{0} (see Figure
4.3). Let ei denote the d-dimensional standard unit vector in the i-th direction.

1. k ∈ N and αm(1− k) + α̂k ̸= 0:
In this case we consider the event S1 that for x̂ = x+ 3ε

4 e1 we have ηs(B
d(x̂, ε/4)) =

k + 1, ηs(B
d(x, 3ε)\Bd(x̂, ε/4)) = 0 and ηs(A3,ε(x, y)) ≥ k for all y ∈ ηs|Rd\Bd(x,3ε).

Then it follows

Dx

n∑︂
i=1

αiV
k
ji = αmDxV

k
k + α̂DxV

k
k+1 = αm(1− k) + α̂k ̸= 0.

2. k ≥ 3 and αm(1− k) + α̂k = 0:
The condition αm(1− k) + α̂k = 0 implies

αm(3− k) + α̂(k − 2) = 2(αm − α̂) = 2
αm

k
̸= 0. (4.2)

We consider the event S2 where ηs(B
d(x̂i, ε/16)) = 1 for i ∈ {1, . . . , 4} with x̂j =

x+ (−1)j 3ε4 e1 for j ∈ {1, 2} and x̂j = x+ (−1)j 3ε4 e2 for j ∈ {3, 4}, ηs(Bd(x, ε/4)) =

k − 3, ηs(B
d(x, 3ε)\(Bd(x, ε/4) ∪

⋃︁4
i=1B

d(x̂i, ε/16))) = 0 and ηs(A3,ε(x, y)) ≥ k for
all y ∈ ηs|Rd\Bd(x,3ε). Then we have with (4.2),

Dx

n∑︂
i=1

αiV
k
ji = αmDxV

k
k + αℓDxV

k
k+1 = αm(3− k) + α̂(k − 2) ̸= 0.

3. k = 2 and αm(1− k) + α̂k = 0:
In this case we use the event S3 where ηs(B

d(x̂i, ε/16)) = 1 for i ∈ {1, 2, 3} with
x̂j = x + 7ε

16e1 + (−1)j 7ε16e2 for j ∈ {1, 2} and x̂3 = x + 7ε
8 e1. Additionally, we

assume ηs(B
d(x, 3ε)\(

⋃︁3
i=1B

d(x̂i, ε/16))) = 0 and ηs(A3,ε(x, y)) ≥ k for all y ∈
ηs|Rd\Bd(x,3ε). Hence,

Dx

n∑︂
i=1

αiV
k
ji = αmDxV

k
k = αm ̸= 0.

4. k = 1 and αm(1− k) + α̂k = 0:
We look at the event S4 where ηs(B

d(x̂1, ε/4)) = 1 for x̂1 = x− ε
4e1, ηs(B

d(x̂2, ε/4)) =

2 for x̂2 = x+ 3ε
4 e1, ηs(B

d(x, 3ε)\(
⋃︁2

i=1B
d(x̂i, ε/4))) = 0 and ηs(A3,ε(x, y)) ≥ k for

all y ∈ ηs|Rd\Bd(x,3ε). Since α̂ = 0, it follows

Dx

n∑︂
i=1

αiV
k
ji = 2αm ̸= 0.

Let ε = c̄s−1/d for c̄ ≥ 1 such that c1e
sc2εd ≤ 1

2 . Then, analogously to Case 1, we get for
all x ∈ W with Bd(x, 8ε) ⊂ W , P(Su) ≥ cα,k,d for a constant cα,k,d > 0 and u ∈ {1, . . . , 4}.
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Case 1 Case 2.1 Case 2.2 Case 2.3 Case 2.4

x

ε

jm

x

ε

k + 1
x

ε

k − 3

x

ε

x

ε

Figure 4.3: Configurations in Bd(x, ε) ([101, Figure 1]).

Moreover, let

cα =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
αm(1− k) + α̂k, for k ∈ N and αm(1− k) + α̂k ̸= 0,

αm(3− k) + α̂(k − 2), for k ≥ 3 and αm(1− k) + α̂k = 0,

αm, for k = 2 and αm(1− k) + α̂k = 0,

2αm, for k = 1 and αm(1− k) + α̂k = 0.

Then, for As = {x ∈ W : Bd(x, 8ε) ⊂ W} and s large enough such that λd(As) >
λd(W )

2 it
follows for u ∈ {1, . . . , 4},

E
[︃ ∫︂

W

(︃
Dx

n∑︂
i=1

αiV
k
ji

)︃2

λ(dx)

]︃
≥ c2α

∫︂
As

P(Su) λ(dx) ≥ cα,k,W,ds

for a suitable constant cα,k,W,d > 0.

Our functionals can be written as sums of scores as in (2.22). For y ∈ ηs, j ∈
{k, . . . , kmax} and s ≥ 1 the corresponding score is given by

ξs(y, ηs) = 1{deg(y, ηs) = j}.

The scores (ξs)s≥1 clearly fulfil a (4 + p)-th moment condition and are by [103, Proof
of Theorem 3.3] exponentially stabilising. Therefore, we can apply Lemma 4.2, which
completes together with an application of Theorem 3.1 for n = 1 the proof.

Remark 4.7. Throughout this section we assume that the underlying Poisson processes
have the intensity measures sλd|W for s ≥ 1. However, we can generalise our results from
these homogeneous Poisson processes to a large class of inhomogeneous Poisson processes.
Let µ be a measure with a density g : W → [0,∞) such that c ≤ g(x) ≤ c for all x ∈ W
and constants c, c > 0. All results of this section continue to hold for Poisson processes
with intensity measures sµ for s ≥ 1. We only have to slightly modify the proofs by
bounding the intensity measure by scλd|W from below or by scλd|W from above depending
on whether a lower or an upper bound is required in our estimates. Consequently, some
of the constants might change.

Remark 4.8. While we consider an underlying Poisson process on W , an alternative ap-
proach is to study a Poisson process on Rd. In the case that the intensity measure of this
Poisson process has a density g : Rd → [0,∞) such that c ≤ g(x) ≤ c for all x ∈ Rd and
constants c, c > 0, all arguments and, thus, also all results in this section continue to hold.
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Figure 4.4: Simulation of an RST in H2 ([96, Figure 1]).

4.3 Hyperbolic radial spanning trees

We call an undirected graph a rooted tree if two vertices of the graph are connected by
exactly one path and one vertex is designated as the root. To define the radial spanning
tree on a metric space (X,d) we fix a base point o ∈ X and let ξ ∈ N. The radial spanning
tree RST(ξ) on ξ with respect to the base point o is the tree rooted at o defined as follows.
The vertices of RST(ξ) are the points of ξ + δo. Any vertex o ̸= x ∈ ξ is connected by
an edge to its radial nearest neighbour n(x, ξ), which is the nearest vertex to x among all
vertices which lie in the interior of the ball B(o, d(o, x)) in X centred at o with radius
d(o, x), that is,

n(x, ξ) = argmin
y∈ξ+δo

d(o,y)<d(o,x)

d(x, y).

This means that y is the radial nearest neighbour of x precisely when d(o, y) < d(o, x)
and there are no points of ξ + δo in the interior of B(o, d(o, x)) ∩B(x,d(x, y)). Note that
we assume that the radial nearest neighbour is unique in this construction, which is almost
surely the case in the random set-up below, as discussed before for the k-nearest neighbour
graph.

In this section we mainly study the random radial spanning tree induced by a station-
ary Poisson process in the d-dimensional hyperbolic space Hd, which was introduced in
Subsection 2.2.2. More precisely, let η be a stationary Poisson process on Hd with intensity
measure γHd for some constant γ > 0. We fix an arbitrary point o ∈ Hd, referred to as
the origin, and consider the radial spanning tree RST(η) on the full Poisson process η,
as well as the radial spanning tree RST(ηs) on the restriction ηs = η|Bd

h(o,s)
of η to the

closed hyperbolic ball Bd
h(o, s) of radius s > 0, both with respect to the base point o. A

simulation of such a radial spanning tree in the upper half-space model can be seen in
Figure 4.4.

There are several reasons why we are interested in analysing the behaviour of stochastic
models in hyperbolic space. From a mathematical point of view replacing Euclidean space
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by other underlying spaces is a natural problem and the hyperbolic space is the first
candidate. Working with such a space is helpful in understanding which properties of a
stochastic geometry model depend on the curvature of the underlying space and which do
not. On the other hand, many real-world complex networks such as the internet graph seem
to have an underlying hyperbolic structure (see e.g. [27, 64, 104]). In fact, the random
graphs in hyperbolic space introduced in these papers share many crucial properties of
complex networks.

Transferring a problem from Euclidean to hyperbolic space can lead to some new
phenomena, which are not present in Euclidean space as illustrated by the following non-
exhaustive list of examples. In [18] it was shown that for some parameter choices in
Poisson-Voronoi-Bernoulli percolation in the hyperbolic plane, one simultaneously has
infinitely many black and infinitely many white components, which is a situation that
cannot occur in Euclidean space. For continuum percolation of the Boolean model in
hyperbolic space it was shown in [111] that there exists a regime with infinitely many
unbounded components, which is again not possible in Euclidean space. For the low
intensity Boolean model in the hyperbolic plane it was shown in [17] that an observer
located at a fixed non-covered point can see infinitely far in a fractal set of directions, a
phenomenon in sharp contrast to the Euclidean situation, where such an observer can only
see a bounded region. The same has also been shown in [17] for Poisson line processes
in the hyperbolic plane. While the surface area of a Poisson hyperplane process in an
increasing observation window satisfies a central limit theorem in Euclidean space, this
is only true in dimensions two and three in hyperbolic space [53], whereas non-Gaussian
limiting distributions arise for all higher space dimensions [59].

The radial spanning tree was originally introduced in Euclidean space in [9] motivated
by applications from communication networks. In [9] and [10], in particular semi-infinite
paths of the radial spanning tree in R2 were studied. Variance asymptotics and quanti-
tative central limit theorems for edge-length functionals were derived in [100]. A crucial
role for the analysis of the radial spanning tree plays the directed spanning forest, where
each point is connected with its closest neighbour in the half-space generated by a fixed
direction.

In hyperbolic space, the radial spanning tree was first considered in [40], where the
same path properties as for the two-dimensional Euclidean radial spanning tree were shown
for any dimension. These results were further refined in [39]. The hyperbolic directed
spanning forest was first studied in [47]. It shows a radical different behaviour than its
Euclidean analogue as it is a tree containing infinitely many bi-infinite branches, while the
Euclidean radial spanning forest is a countable collection of trees for d ≥ 4 and does not
admit bi-infinite branches.

In the following subsection we start with analysing the degree of the origin of the
radial spanning tree in hyperbolic space and compare its behaviour with that of a radial
spanning tree in Euclidean space to give a first idea of how the underlying space influences
the properties of a radial spanning tree. In the remaining subsections we will concentrate
on the behaviour of edge length functionals and will especially derive a lower variance
bound and a central limit theorem for these functionals for growing observation windows.
These results are similar to those derived in [100] for the Euclidean case. The major
difference is that a hyperbolic ball scales differently with its radius than a Euclidean ball
and that in the asymptotic variance formula the integration over a half-space is replaced
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by the integration over a horoball.

4.3.1 Degree of the origin

In this subsection we consider the radial spanning tree RST(η) on Hd, aim to analyse the
behaviour of the degree of the origin and compare it with its Euclidean analogue.

Theorem 4.9.

a) The degree of the origin has finite moments of all orders, i.e. E[deg(o)n] < ∞ for
all n ∈ N.

b) The expected degree of the origin is given by

E[deg(o)] = γωd

∫︂ ∞

0
sinhd−1(r)

× exp

⎛⎝−2γκd−1

∫︂ r/2

0

[︃
cosh2(r)

cosh2(r − t)
− 1

]︃ d−1
2

dt

⎞⎠ dr. (4.3)

c) The degree of the origin is not almost surely bounded, i.e. for all n ∈ N it holds that
P(deg(o) ≥ n) > 0.

Proof. By the definition of the radial nearest neighbour and the Mecke equation (2.15) we
have that

E[deg(o)] = E
[︂∑︂
x∈η

1{η(int(Bd
h(x, dh(o, x)) ∩Bd

h(o, dh(o, x)))) = 0}
]︂

= γ

∫︂
Hd

P(η(Bd
h(x, dh(o, x)) ∩Bd

h(o, dh(o, x))) = 0)Hd(dx)

= γ

∫︂
Hd

exp(−γHd(Bd
h(x, dh(o, x)) ∩Bd

h(o, dh(o, x))))Hd(dx).

Transforming to hyperbolic spherical coordinates (see also (2.12)) leads to

E[deg(o)] = γωd

∫︂ ∞

0
exp(−γHd(Bd

h(xr, r) ∩Bd
h(o, r))) sinh

d−1(r) dr, (4.4)

where xr ∈ Hd is an arbitrary point satisfying dh(o, xr) = r.

To compute the hyperbolic volume of the intersection Bd
h(xr, r)∩Bd

h(o, r), first observe
that the intersection is the union of two caps of height r/2 in a hyperbolic ball Bd

h(o, r) of
radius r (see Figure 4.5). The volume of such a cap can be computed using Lemma 2.9
(see Figure 4.6). We take as L the radial line of the ball passing through the apex of the
cap, and set the arclength parameter at the apex to zero. Then, Lemma 2.9 provides

Hd(Bd
h(xr, r) ∩Bd

h(o, r)) = 2

∫︂ r/2

0

∫︂
Ht∩Bd

h(o,r)
cosh(dh(x, L)) Hd−1(dx) dt.
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r/2

Figure 4.5: Intersection of two balls
([96, Figure 5, left])

L

Ht

r
r − t

Figure 4.6: Computing the volume of a cap
([96, Figure 5, right]).

The intersection Ht ∩ Bd
h(o, r) of the ball with the hyperplane Ht orthogonal to L at

distance t ∈ (0, r/2] from the apex is a (d − 1)-dimensional hyperbolic ball within the
hyperplane Ht, whose radius is

arcosh

(︃
cosh(r)

cosh(r − t)

)︃
by the hyperbolic Pythagorean theorem (2.11). Together with the hyperbolic spherical
coordinates from (2.12) within Ht, this leads to

Hd(Bd
h(xr, r) ∩Bd

h(o, r))

= 2ωd−1

∫︂ r/2

0

∫︂ arcosh
(︂

cosh(r)
cosh(r−t)

)︂
0

cosh(u) sinhd−2(u) dudt

= 2ωd−1

∫︂ r/2

0

1

d− 1
sinhd−1

(︃
arcosh

(︃
cosh(r)

cosh(r − t)

)︃)︃
dt

= 2κd−1

∫︂ r/2

0

[︃
cosh2(r)

cosh2(r − t)
− 1

]︃ d−1
2

dt,

where we have used that ωd−1 = (d − 1)κd−1 and sinh2(u) = cosh2(u) − 1 for u ∈ R.
Plugging this back into (4.4) completes the proof of b).

Next, we show a). For n = 1 the result is clear by the previous proof. For n ≥ 2 consider
the n-th factorial moment of deg(o). To emphasise the dependence of this random variable
on the underlying intensity γ, we write degγ(o). Using the multivariate Mecke equation
(2.15) we obtain

E[degγ(o)(degγ(o)− 1) · · · (degγ(o)− n+ 1)]

= E
[︂ ∑︂
(x1,...,xn)∈ηn̸=

1

{︂
n
(︂
xi, η +

n∑︂
i=1

δxi

)︂
= o for all i ∈ {1, . . . , n}

}︂]︂

= γn
∫︂
Hd

· · ·
∫︂
Hd

P
(︂
n
(︂
xi, η +

n∑︂
i=1

δxi

)︂
= o for all i ∈ {1, . . . , n}

)︂
Hd(dx1) . . .Hd(dxn)
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t

r

2π
n

Figure 4.7: Constructing a regular
n-gon ([96, Figure 6, left]).

r t
2π

n

Figure 4.8: sin π
n = sinh(t/2)

sinh r by the hyperbolic
law of sines (2.10) ([96, Figure 6, right])

≤ γn
∫︂
Hd

· · ·
∫︂
Hd

exp(−Hγ(x1, . . . , xn))Hd(dx1) . . .Hd(dxn),

where

Hγ(x1, . . . , xn) = γHd
(︂ n⋃︂

i=1

(Bd
h(xi, dh(o, xi)) ∩Bd

h(o, dh(o, xi)))
)︂

since x1, . . . , xn can only have o as their radial nearest neighbour if η has no points in the
union set considered in Hγ . Together with

Hγ(x1, . . . , xn) ≥ γ max
i∈{1,...,n}

Hd(Bd
h(xi, dh(o, xi)) ∩Bd

h(o, dh(o, xi)))

≥ γ

n

n∑︂
i=1

Hd(Bd
h(xi, dh(o, xi)) ∩Bd

h(o, dh(o, xi)))

this shows that

E[degγ(o)(degγ(o)− 1) · · · (degγ(o)− n+ 1)]

≤ nn
(︂γ
n

∫︂
Hd

exp
(︂
− γ

n
Hd(Bd

h(x, dh(o, x)) ∩Bd
h(o, dh(o, x)))

)︂
Hd(dx)

)︂n
= nn

(︁
E[degγ/n(o)]

)︁n
.

Since E[degγ/n(o)] < ∞ by b), E[degγ(o)(degγ(o)−1) · · · (degγ(o)−n+1)] < ∞ and hence
E[(degγ(o))n] < ∞ as well. This completes the proof of a).

Finally, we show that the degree of the origin is not bounded. Note that it is sufficient
to show that P(deg(o) ≥ n) > 0 for n ≥ 3. Thus, we can assume that n ≥ 3 throughout
the proof without loss of generality. Now, fix an arbitrary hyperbolic 2-plane E passing
through o. In a first step we show that there exists a hyperbolic regular n-gon in E whose
side length t is larger than the radius r of its circumscribing circle. Such an n-gon may
be constructed by gluing together n isosceles triangles with side length r, base t and apex
angle 2π

n (see Figure 4.7).
By the hyperbolic law of sines (2.10) (see also Figure 4.8) it holds

t = 2arsinh
(︂
sinh(r) · sin π

n

)︂
≥ 2 log

(︂
2 sinh(r) · sin π

n

)︂
,
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which follows from arsinh(x) = log(x+
√
x2 + 1) ≥ log(2x) for any x > 0.

For r = 3 log(n) we have, using in the second step the inequality sinx ≥ 2
πx for

x ∈ [0, π2 ] (which follows from concavity of x ↦→ sinx on [0, π2 ]) with x = π
n and the

definition of sinh,

t ≥ 2 log
(︂
2 sinh(3 log(n)) · sin π

n

)︂
≥ 2 log

(︃(︂
n3 − n−3

)︂
· 2
n

)︃
= 2 log

(︁
n2 · 2

(︁
1− n−6

)︁)︁
= 2

[︁
2 log n+ log

(︁
2
(︁
1− n−6

)︁)︁]︁
≥ 4 log(n) > r,

as desired, where in the penultimate inequality we used that 2
(︁
1− n−6

)︁
≥ 1.

To complete the proof, consider a regular n-gon within the 2-plane E as above, cir-
cumscribed in the circle of radius r around the origin o. Denote its vertices by v1, . . . , vn
and choose ε > 0 small enough so that r + 3ε < t. Now, consider the event

An =
{︂
η(Bd

h(vi, ε)) = 1 for i ∈ {1, . . . , n}, η
(︂
Bd

h(o, r + ε)
\︂ n⋃︂

i=1

Bd
h(vi, ε)

)︂
= 0
}︂
.

By construction it holds dh(o, xi) < dh(xi, xj) for i ̸= j and all xi ∈ Bd
h(vi, ε) and xj ∈

Bd
h(vj , ε). Hence, if the event An occurs it holds deg(o) ≥ n and thus,

P(deg(o) ≥ n) ≥ P(An) =
n∏︂

i=1

P(η(Bd
h(vi, ε)) = 1) · P

(︂
η
(︂
Bd

h(o, r + ε)
\︂ n⋃︂

i=1

Bd
h(vi, ε)

)︂
= 0
)︂

> 0,

which completes the proof.

Let us compare these results to the ones for a radial spanning tree in Euclidean space.
To this end, let ηE be a Poisson process in Rd with intensity measure γλd for some γ > 0.
The mean degree of the origin in this Euclidean radial spanning tree is given by

E[degE(o)] = γωd

∫︂ ∞

0
rd−1 exp

(︂
−2γκd−1βdr

d
)︂
dr

=
ωd

2dκd−1βd
=

√
π

2βd

Γ
(︁
d
2 + 1

2

)︁
Γ
(︁
d
2 + 1

)︁ ,
where 2κd−1βd is the volume of the intersection of two balls in Rd with radius one whose
centres have distance one. This can be seen by adapting the proof of Theorem 4.9 b)
to the Euclidean set-up and was shown for d = 2 in [9, Equation (7)]. The constant
βd can be written as βd = 1

2B 3
4
(d+1

2 , 12) with the incomplete beta function Bx(a, b) =∫︁ x
0 ta−1(1 − t)b−1 dt. For the sake of comparison, Table 4.1 shows values of the expected
degree of the origin in the hyperbolic and the Euclidean case, for low dimensions d. In the
table one can see that for d ∈ {2, . . . , 7} the expected degree of the origin in the Euclidean
case is smaller than the one in the hyperbolic case.
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d E[deg(o)] approx. E[degE(o)] exact E[degE(o)] approx.
2 2.931 6π

4π−3
√
3

2.558

3 3.985 16
5 3.200

4 5.397 12π
8π−9

√
3

3.950

5 7.332 256
53 4.832

6 10.010 30π
20π−27

√
3

5.866

7 13.749 2048
289 7.087

Table 4.1: Expected degree of the origin in the radial spanning tree for the hyperbolic
case and the Euclidean case and d ∈ {2, . . . , 7} (cf. [96, Table 1]).

The result about the expected degree of the origin also fits to the result from Theorem
4.9 c). Remember that we have shown in Lemma 4.5 that the degree of a vertex in the k-
nearest neighbour graph in Rd is bounded. By the same argument, the degree of the origin
of a radial spanning tree in Euclidean space is bounded, while Theorem 4.9 c) states that
the degree of the origin is not almost surely bounded in the hyperbolic case. The reason
for that lies in the geometry of the underlying space. The proof of the unboundedness in
the hyperbolic setting is mainly based on the fact that in hyperbolic space, for all n ∈ N
there exists a regular hyperbolic n-gon, whose side length is larger than the radius of its
circumscribing circle. Due to the Euclidean Pythagorean theorem, such an n-gon does not
exist in Euclidean space if n is too large, which leads to the boundedness of the degree of
the origin in Euclidean space.

4.3.2 Expectation of total edge length functionals

Recall that ηs denotes the restriction of η to Bd
h(o, s) for s > 0. We are interested in the

lengths of the edges from points of ηs to their radial nearest neighbours. Therefore, for

α ≥ 0 we denote by L(α)
s,γ the edge-length functional

L(α)
s,γ =

∑︂
x∈ηs

ℓ(x, η)α =
∑︂
x∈ηs

dh(x, n(x, η))
α,

where ℓ(x, η) = dh(x, n(x, η)) denotes the distance from x to its radial nearest neighbour.

In the remaining part of Section 4.3 we are now interested in the behaviour of L(α)
s,γ as

s → ∞.
Note at first that L

(0)
s,γ only counts the number of points of η in Bd

h(o, s), which is
Poisson distributed with parameter γVh(s). Thus, we restrict the following theorems to
the case α > 0. Recall that, up to constants, Vh(s) grows like e(d−1)s, as s → ∞ (see
(2.13)).

Theorem 4.10. Let α > 0. Then it holds that

lim
s→∞

E[L(α)
s,γ ]

Vh(s)
= γ

∫︂ ∞

0
e−γG(u1/α)du,

where G(u) is given by

G(u) = κd−1

∫︂ u

0

[︁
2e−t

(︁
cosh(u)− cosh(t)

)︁]︁ d−1
2 dt.
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To show this theorem, we use the following two lemmas. Since these lemmas are also
helpful for the analysis of the variance and the central limit theorem we state some of the
results in a slightly more generalised version than we need for the proof of Theorem 4.10.
We start with the following geometric result.

Lemma 4.11. Let u > 0 be fixed and let xs be a point with dh(o, xs) = s. Moreover,
denote by HBe(o) the horoball around some fixed ideal point e ∈ ∂Hd passing through o.
Then it holds

lim
s→∞

Hd
(︁
Bd

h(o, s) ∩Bd
h(xs, u)

)︁
= Hd(HBe(o) ∩Bd

h(o, u)) = G(u)

with G as in Theorem 4.10.

Proof. Applying appropriate hyperbolic isometries, we may assume instead that the centre
of the ball with radius u is fixed at the origin and compute the volume of the intersection
of the ball Bd

h(o, u) with a sequence of growing balls Bs of radii s > 0 passing through
o with centres tending to e. As s → ∞ these balls converge to a horoball HBe(o). We
conclude that

lim
s→∞

Hd
(︁
Bd

h(o, s) ∩Bd
h(xs, u)

)︁
= Hd

(︁
Bd

h(o, u) ∩HBe(o)
)︁
.

To compute the latter volume we consider the family (Ht)t∈R of parallel horospheres
corresponding to the horoball HBe(o), parametrised so that Ht has signed distance t from
o. With this convention, the horoball HBe(o) is the union

⋃︁
t≥0Ht. Applying Lemma

2.10, we get

Hd
(︁
Bd

h(o, u) ∩HBe(o)
)︁
=

∫︂ ∞

0
Hd−1(Bd

h(o, u) ∩Ht) dt. (4.5)

The volume appearing on the right-hand side is zero for t ≥ u. For t ∈ [0, u) it holds by
Lemma 2.11,

Hd−1(Bd
h(o, u) ∩Ht) = κd−1

[︁
2e−t

(︁
cosh(u)− cosh(t)

)︁]︁ d−1
2 .

Substituting this into (4.5) yields the result.

Lemma 4.12. Let α > 0.

a) For every x ∈ Hd it holds

E[ℓ(x, η + δx)
α] = α

∫︂ dh(o,x)

0
uα−1 exp(−γHd(Bd

h(x, u) ∩Bd
h(o, dh(o, x)))) du.

b) There exists a constant c(α) > 0 only depending on α and d such that

γα/dE[ℓ(x, η + δx)
α
1{ℓ(x, η + δx) ≥ t}] ≤ c(α)1{t ≤ dh(o, x)} exp(−γVh(t/2)/2)

for all x ∈ Hd and t ≥ 0.
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Proof. First we compute the expectation from b), which can be written as

E[ℓ(x, η + δx)
α
1{ℓ(x, η + δx) ≥ t}] =

∫︂ ∞

0
P(ℓ(x, η + δx) ≥ max{v1/α, t}) dv.

Since ℓ(x, η + δx) ≤ dh(o, x) and ℓ(x, η + δx) ≥ ũ if and only if η has no points in the
interior of Bd

h(x, ũ) ∩Bd
h(o, dh(o, x)) for ũ ∈ (0, dh(o, x)), we obtain

E[ℓ(x, η + δx)
α
1{ℓ(x, η + δx) ≥ t}]

= 1{t ≤ dh(o, x)}
∫︂ dh(o,x)

α

0
P(ℓ(x, η + δx) ≥ max{v1/α, t}) dv

= 1{t ≤ dh(o, x)}
∫︂ dh(o,x)

α

0
P(η(Bd

h(x,max{v1/α, t}) ∩Bd
h(o, dh(o, x))) = 0) dv

= 1{t ≤ dh(o, x)}
∫︂ dh(o,x)

α

0
exp(−γHd(Bd

h(x,max{v1/α, t}) ∩Bd
h(o, dh(o, x)))) dv

= 1{t ≤ dh(o, x)}α
∫︂ dh(o,x)

0
uα−1 exp(−γHd(Bd

h(x,max{u, t}) ∩Bd
h(o, dh(o, x)))) du,

where we used the substitution v = uα in the last step. For t = 0 this provides a). Note
that for ũ ∈ (0, dh(o, x)), the intersection Bd

h(x, ũ)∩Bd
h(o, dh(o, x)) contains the hyperbolic

ball of radius ũ/2 around the midpoint between x and the point on the boundary of
Bd

h(x, ũ) closest to the origin. Hence, we have

Hd(Bd
h(x, ũ) ∩Bd

h(o, dh(o, x))) ≥ Vh(ũ/2). (4.6)

This implies

E[ℓ(x, η + δx)
α
1{ℓ(x, η + δx) ≥ t}]

≤ 1{t ≤ dh(o, x)}α
∫︂ dh(o,x)

0
uα−1 exp(−γVh(max{u, t}/2)) du

≤ 1{t ≤ dh(o, x)} exp(−γVh(t/2)/2)α

∫︂ ∞

0
uα−1 exp(−γVh(u/2)/2) du.

Since sinh(v) ≥ v for all v ≥ 0, it follows from (2.13) that

Vh(r) = ωd

∫︂ r

0
sinhd−1(v) dv ≥ dκd

∫︂ r

0
vd−1 dv = κdr

d

for all r ≥ 0. This leads to

γα/dα

∫︂ ∞

0
uα−1 exp(−γVh(u/2)/2) du ≤ γα/dα

∫︂ ∞

0
uα−1 exp(−γκd2

−d−1ud) du

= α

∫︂ ∞

0
vα−1 exp(−κd2

−d−1vd) dv,

which completes the proof of b).
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Proof of Theorem 4.10. The Mecke equation (2.15) and Lemma 4.12 a) imply that

E[L(α)
s,γ ] = E

[︂ ∑︂
x∈ηs

ℓ(x, η)α
]︂
= γ

∫︂
Bd

h(o,s)
E[ℓ(x, η + δx)

α] Hd(dx)

= γα

∫︂
Bd

h(o,s)

∫︂ dh(o,x)

0
uα−1 exp(−γHd(Bd

h(x, u) ∩Bd
h(o, dh(o, x)))) du Hd(dx).

Using the polar integration formula (2.12) provides

E[L(α)
s,γ ] = γαωd

∫︂ s

0

∫︂ t

0
uα−1 exp

(︂
−γHd(Bd

h(xt, u) ∩Bd
h(o, t))

)︂
sinhd−1(t) dudt,

where xt is a point in Bd
h(o, t) with dh(xt, o) = t. Since E[L(α)

s,γ ] → ∞ and Vh(s) → ∞ as
s → ∞, by l’Hospital’s rule and (2.13) we obtain

lim
s→∞

E[L(α)
s,γ ]

Vh(s)

= lim
s→∞

γαωd

ωd sinh
d−1(s)

∫︂ s

0
uα−1 exp

(︂
−γHd(Bd

h(xs, u) ∩Bd
h(o, s))

)︂
sinhd−1(s) du

= lim
s→∞

γα

∫︂ s

0
uα−1 exp

(︂
−γHd(Bd

h(xs, u) ∩Bd
h(o, s))

)︂
du.

Since, by (4.6), the integrand is bounded by the integrable function (0,∞) ∋ u ↦→
uα−1 exp(−γVh(u/2)), the dominated convergence theorem and Lemma 4.11 lead to

lim
s→∞

E[L(α)
s,γ ]

Vh(s)
= γα

∫︂ ∞

0
lim
s→∞

uα−1 exp
(︂
−γHd(Bd

h(xs, u) ∩Bd
h(o, s))

)︂
du

= γα

∫︂ ∞

0
uα−1 exp (−γG(u)) du.

Combining this with the change of variable v = uα we conclude that

lim
s→∞

E[L(α)
s,γ ]

Vh(s)
= γ

∫︂ ∞

0
exp

(︂
−γG(v1/α)

)︂
dv,

which completes the proof.

For α > 0 the Euclidean counterpart to the edge-length functional L(α)
s,γ is

L(α),E
s,γ =

∑︂
x∈ηEs

ℓE(x, η
E)α,

where ηEs = ηE|Bd(0,s) for s > 0 is the restriction of ηE to the Euclidean ball Bd(0, s)

and ℓE(x, η
E) denotes the Euclidean distance from x to its radial nearest neighbour in the

radial spanning tree on ηE with respect to the origin. Its asymptotic behaviour for s → ∞
is given by

lim
s→∞

E[L(α),E
s,γ ]

Vd(s)
= γ

∫︂ ∞

0
e−γ

κd
2
ud/α

du = γ
(︂ 2

γκd

)︂α/d
Γ
(︂α
d
+ 1
)︂

(4.7)
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d lim
s→∞

E[L(1)
s,1]

Vh(s)
lim
s→∞

E[L(1),E
s,1 ]

Vd(s)

2 0.7591 0.7071
3 0.7514 0.6979
4 0.7762 0.7232
5 0.8087 0.7566
6 0.8426 0.7920
7 0.8761 0.8273

Table 4.2: Expected asymptotic volume-normalised edge-length functional of the radial
spanning tree for the hyperbolic case and the Euclidean case for α = 1 and d ∈ {2, . . . , 7}
(cf. [96, Table 2]).

where Vd(s) = κds
d is the volume of a Euclidean ball of radius s. The first equality follows

from rewriting [100, (1.2) in Theorem 1.1], where the +1 is missing in the argument
of the Gamma function due to an inaccuracy in the last step of the proof. Note that
the polynomial volume growth in (4.7) is in sharp contrast to the exponential growth of
Vh(s) in the hyperbolic case. For the sake of comparison, Table 4.2 shows values of the
asymptotic expected volume-normalised Euclidean edge-length functional with α = 1 in
the hyperbolic case and the Euclidean case for low dimensions d.

Remember that in contrast to the examples from Section 4.1 and Section 4.2 we con-
sider in this section results for fixed intensity and a sequence of growing observation
windows. Naturally, the question arises of what happens for a fixed observation window
and increasing intensity. In this case one can expect that the asymptotic results for edge
length functionals coincide with the ones in Euclidean space (see also [96, Section 1.3]).
Roughly speaking, this can be explained with the fact that the edges of the radial span-
ning tree become shorter for increasing intensity. Then, since the hyperbolic space can
be locally approximated by its tangent space, total edge length functionals in hyperbolic
space should behave similarly to edge length functionals in Euclidean space. This is the
reason why we are interested in growing observation windows instead.

4.3.3 Variance of total edge length functionals

In this subsection we analyse the asymptotic behaviour of the variance of total edge length
functionals. To formulate the precise variance asymptotics of the edge-length functionals,
we need to consider a directed variant of the radial spanning tree, the so-called directed
spanning forest, which was introduced in the Euclidean case in [9] and generalised to
hyperbolic space in [47]. For a connection to the hyperbolic radial spanning tree see also
[40]. To define it, we fix an ideal point e ∈ ∂Hd. For a point y ∈ Hd denote by HBe(y) the
horoball around e with boundary passing through y. The directed spanning forest DSFe(η)
on the Poisson process η with respect to the ideal point e has the points of η as vertices and
each vertex y is connected to its (a.s. unique) nearest neighbour in the horoball HBe(y).
We denote by ℓe(y) the distance between y and its nearest neighbour in DSFe(η+δy), and

by ℓ
(x)
e (y) the distance from y to its nearest neighbour in DSFe(η + δy + δx) for x ∈ Hd.
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Theorem 4.13. Let α > 0. Then, the limit

V(α)
γ = lim

s→∞

Var[L(α)
s,γ ]

Vh(s)

exists, is finite and given by

V(α)
γ = γE[ℓe(o)2α] + 2γ2

∫︂
HBe(o)

E[ℓ(y)e (o)αℓ(o)e (y)α]− E[ℓe(o)α]E[ℓe(y)α]Hd(dy),

where e ∈ ∂Hd is an arbitrary ideal point.

For the Euclidean case the asymptotic variance constant was derived in [100, Lemma
3.4]. By rewriting in that formula the integral over Rd as two times the integral over a
half-space with the origin in its boundary, one obtains the same expression as in Theorem
4.13 with an integral over a half-space instead of over a horoball. This is due to the fact
that in both the proof of Theorem 4.13 below and the proof for the Euclidean case in
[100] one has to deal with increasing balls with centres tending to infinity, which converge
to a horoball in the hyperbolic case and a half-space in the Euclidean case. In this
context, for the variance asymptotics of geometric functionals associated with Boolean
models stronger differences between Euclidean and hyperbolic space were observed in [56].
These are caused by boundary effects, which are negligible in Euclidean case but become
significant in hyperbolic space. Since we do not deal with edges of the radial spanning
tree crossing the boundary of the observation window, such effects are not present in the
current paper. However, we expect similar phenomena to occur if we take such edges into
account.

For the proof of this theorem we need some further notation. First, for a point p ∈
Hd we consider the radial spanning tree RSTp(η) build on η with base point p (i.e. p
plays the role of the origin). We denote by ℓp(x) the distance from x ∈ Hd to its radial

nearest neighbour (with respect to p) in RSTp(η + δx) and by ℓ
(y)
p (x) the same distance

in RSTp(η + δx + δy) for y ∈ Hd. Observe that by the isometry-invariance of η, for any
hyperbolic isometry ϱ and any x, y ∈ Hd one has the equalities in laws

ℓ(x)
d
= ℓϱ(o)(ϱ(x)) and

(︁
ℓ(y)(x), ℓ(x)(y)

)︁ d
=
(︁
ℓ
(ϱ(y))
ϱ(o) (ϱ(x)), ℓ

(ϱ(x))
ϱ(o) (ϱ(y))

)︁
. (4.8)

For p, x, y ∈ Hd, the inequality ℓ
(y)
p (x) ≤ ℓp(x) is obvious since adding the point y can

only decrease the distance from x to its radial nearest neighbour with respect to p. Thus,
it follows from Lemma 4.12 b) that

sup
p,x∈Hd

E[ℓp(x)α] < ∞ and sup
p,x,y∈Hd

E[ℓ(y)p (x)α] < ∞ (4.9)

for all α > 0. Moreover, if τ is a geodesic ray in Hd with ideal endpoint e = τ(∞) ∈ ∂Hd,
it holds for x, y ∈ Hd that

ℓτ(t)(x) −−−→
t→∞

ℓe(x) and ℓ
(y)
τ(t)(x) −−−→t→∞

ℓ(y)e (x) a.s. (4.10)

For the proof of Theorem 4.13 we need the following technical lemma.
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Lemma 4.14. For every α > 0 there exists a constant C(α) > 0 only depending on α and
d such that for all p, z1, z2 ∈ Hd,⃓⃓

E[ℓ(z2)p (z1)
αℓ(z1)p (z2)

α]− E[ℓp(z1)α]E[ℓp(z2)α]
⃓⃓
≤ C(α) exp

(︂
− γ

2
Vh

(︂dh(z1, z2)
4

)︂)︂
.

Proof. For i ∈ {1, 2} we define the event

Ai =

{︃
η

(︃
Bd

h

(︃
ẑi,

dh(z1, z2)

4

)︃)︃
= 0

}︃
with ẑi ∈ Hd being the point on the geodesic ray in the direction of p such that dh(ẑi, zi) =
dh(z1,z2)

4 . We note that in case of Ac
1, ℓ

(z2)
p (z1) is completely determined by the points of

η within Bd
h(z1,

dh(z1,z2)
2 ) since there are potential radial nearest neighbours of z1 in the

latter ball. Indeed, for p /∈ Bd
h(ẑ1, dh(z1, z2)/4) the points of η in Bd

h(ẑ1, dh(z1, z2)/4)
are closer to p than z1 and, thus, potential radial nearest neighbours of z1, while for
p ∈ Bd

h(ẑ1, dh(z1, z2)/4), p is a potential radial nearest neighbour of z1. Analogously,

ℓ
(z1)
p (z2) is in the case of Ac

2 completely determined by the points of η in Bd
h(z2,

dh(z1,z2)
2 ).

Due to the independence of the events A1 and A2 by the defining property ii) of a Poisson
process we have for A = A1 ∪A2 that

E[ℓ(z2)p (z1)
αℓ(z1)p (z2)

α
1Ac ] = E[ℓp(z1)α1Ac

1
]E[ℓp(z2)α1Ac

2
].

It follows together with the Cauchy-Schwarz inequality and (4.9) that

|E[ℓ(z2)p (z1)
αℓ(z1)p (z2)

α]− E[ℓp(z1)α]E[ℓp(z2)α]|

= |E[ℓ(z2)p (z1)
αℓ(z1)p (z2)

α(1A + 1Ac)]− E[ℓp(z1)α(1A1 + 1Ac
1
)]E[ℓp(z2)α(1A2 + 1Ac

2
)]|

≤ E[ℓ(z2)p (z1)
αℓ(z1)p (z2)

α
1A] + E[ℓp(z1)α1A1 ]E[ℓp(z2)α1A2 ]

+ E[ℓp(z1)α1A1 ]E[ℓp(z2)α1Ac
2
] + E[ℓp(z1)α1Ac

1
]E[ℓp(z2)α1A2 ]

≤ E[ℓ(z2)p (z1)
4α]1/4E[ℓ(z1)p (z2)

4α]1/4P(A)1/2 + E[ℓp(z1)α1A1 ]E[ℓp(z2)α]
+ E[ℓp(z2)α1A2 ]E[ℓp(z1)α]

≤ E[ℓ(z2)p (z1)
4α]1/4E[ℓ(z1)p (z2)

4α]1/4P(A)1/2 + E[ℓp(z1)2α]1/2E[ℓp(z2)α]P(A1)
1/2

+ E[ℓp(z2)2α]1/2E[ℓp(z1)α]P(A2)
1/2

≤ C1(α)(P(A)1/2 + P(A1)
1/2 + P(A2)

1/2)

≤ C2(α)(P(A1)
1/2 + P(A2)

1/2)

= 2C2(α) exp
(︂
− γ

2
Hd
(︂
Bd

h

(︂
o,

dh(z1, z2)

4

)︂)︂)︂
= 2C2(α) exp

(︂
− γ

2
Vh

(︂dh(z1, z2)
4

)︂)︂
for suitable constants C1(α), C2(α) > 0 only depending on α and d, which completes the
proof.

Proof of Theorem 4.13. Due to the multivariate Mecke equation (2.15), the variance is
given by

Var[L(α)
s,γ ] = E

[︃ ∑︂
(x,y)∈η2s,̸=

ℓ(x, η)αℓ(y, η)α
]︃
−

(︄
E
[︃ ∑︂
x∈ηs

ℓ(x, η)α
]︃)︄2

+ E
[︃ ∑︂
x∈ηs

ℓ(x, η)2α
]︃
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= T (s) + E[L(2α)
s,γ ],

where

T (s) = γ2
∫︂
Bd

h(o,s)

∫︂
Bd

h(o,s)
E[ℓ(y)(x)αℓ(x)(y)α]− E[ℓ(x)α]E[ℓ(y)α] Hd(dy) Hd(dx).

By Theorem 4.10 we have

lim
s→∞

E[L(2α)
s,γ ]

Vh(s)
= γ

∫︂ ∞

0
e−γG(u1/(2α)) du.

On the other hand, a computation as in the proof of Lemma 4.12 a) shows that

E[ℓe(o)2α] =
∫︂ ∞

0
P(ℓe(o) ≥ u1/(2α)) du =

∫︂ ∞

0
exp

(︁
− γHd(HBe(o) ∩Bd(o, u1/(2α)))

)︁
du.

Lemma 4.11 implies that Hd(HBe(o) ∩Bd
h(o, u

1/(2α))) = G(u1/(2α)) and hence

lim
s→∞

E[L(2α)
s,γ ]

Vh(s)
= γE[ℓe(o)2α]. (4.11)

For the term T (s) we write, by symmetry and polar integration,

T (s) = 2γ2
∫︂
Bd

h(o,s)

∫︂
Bd

h(o,dh(o,x))
E[ℓ(y)(x)αℓ(x)(y)α]− E[ℓ(x)α]E[ℓ(y)α] Hd(dy) Hd(dx)

= 2γ2ωd

∫︂ s

0
sinhd−1(t)

∫︂
Bd

h(o,t)
E[ℓ(y)(xt)αℓ(xt)(y)α]− E[ℓ(xt)α]E[ℓ(y)α] Hd(dy) dt,

where xt is the point on the geodesic ray in Hd from o with ideal endpoint e = γ(∞) ∈ ∂Hd

such that dh(xt, o) = t for t ∈ [0,∞). From (2.13) and l’Hospital’s rule we deduce

lim
s→∞

T (s)

Vh(s)

= lim
s→∞

2γ2ωd sinh
d−1(s)

ωd sinh
d−1(s)

∫︂
Bd

h(o,s)
E[ℓ(y)(xs)αℓ(xs)(y)α]− E[ℓ(xs)α]E[ℓ(y)α] Hd(dy)

= lim
s→∞

2γ2
∫︂
Bd

h(o,s)
E[ℓ(y)(xs)αℓ(xs)(y)α]− E[ℓ(xs)α]E[ℓ(y)α] Hd(dy).

Using (4.8) to change the roles of xs and o, this can be rewritten as

lim
s→∞

T (s)

Vh(s)

= lim
s→∞

2γ2
∫︂
Bd

h(xs,s)
E[ℓ(y)xs

(o)αℓ(o)xs
(y)α]− E[ℓxs(o)

α]E[ℓxs(y)
α] Hd(dy)

= lim
s→∞

2γ2
∫︂
Hd

1{y ∈ Bd
h(xs, s)}

(︁
E[ℓ(y)xs

(o)αℓ(o)xs
(y)α]− E[ℓxs(o)

α]E[ℓxs(y)
α]
)︁
Hd(dy).

(4.12)
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The absolute value of the integrand is bounded by C(α) exp
(︁
− γ

2Vh

(︁dh(o,y)
4

)︁)︁
for y ∈ Hd

by Lemma 4.14. Since, by a further application of (2.12),∫︂
Hd

exp
(︂
− γ

2
Vh

(︂dh(o, y)
4

)︂)︂
Hd(dy) = ωd

∫︂ ∞

0
sinhd−1(t)e−γVh(t/4)/2 dt < ∞,

we can apply the dominated convergence theorem in (4.12). Combining (4.9) with (4.10)
provides for y ∈ Hd,

E[ℓxs(o)
α]E[ℓxs(y)

α] −−−→
s→∞

E[ℓe(o)α]E[ℓe(y)α]

and

E[ℓ(y)xs
(o)αℓ(o)xs

(y)α] −−−→
s→∞

E[ℓ(y)e (o)αℓ(o)e (y)α].

Moreover, we have
1{y ∈ Bd

h(xs, s)} −−−→
s→∞

1{y ∈ HBe(o)}

for Hd-a.e. y ∈ Hd. Altogether, we obtain

lim
s→∞

T (s)

Vh(s)
= 2γ2

∫︂
HBe(o)

E[ℓ(y)e (o)αℓ(o)e (y)α]− E[ℓe(o)α]E[ℓe(y)α]Hd(dy).

Combining this with (4.11) completes the proof.

Note that the explicit representation of V(α)
γ in Theorem 4.13 does not show its pos-

itivity due to the difference in the integral. Therefore, the following proposition answers
the question of the positivity of the asymptotic variance.

Proposition 4.15. Fix c0 > 0. Then, there are constants cℓ, cu > 0 and s0 ≥ 1 depending
on α, d and c0, such that

cℓγ
1− 2α

d Vh(s) ≤ Var[L(α)
s,γ ] ≤ cuγ

1− 2α
d Vh(s)

for all γ ≥ c0 and s ≥ s0.

For the proof of this proposition we use some additional lemmas. We start with the
following geometric result.

Lemma 4.16. There exists a constant ε > 0 only depending on d such that for all z ∈
Bd

h(o, 3)
c and all x ∈ Bd

h(z, 1)\{z} the set

Bd
h(z, dh(x, z))

c ∩Bd
h(x, dh(x, z)) ∩Bd

h(o, dh(x, o))

contains a ball of radius εdh(x, z).

Proof. For z ∈ Bd
h(o, 3)

c and x ∈ Bd
h(z, 1)\{z} let τ : [0, 1] → Hd be the geodesic segment

from o to x, i.e. τ(0) = o and τ(1) = x. Then,

Bd
h(τ(u), dh(x, τ(u))) ⊂ Bd

h(τ(v), dh(x, τ(v)))
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for u > v, i.e. shifting the origin in the direction of x along a geodesic ray decreases the
considered set. Since dh(x, z) ≤ 1, dh(o, z) > 3 and dh(τ(u), z) is continuous in u, there
exists t ∈ [0, 1] satisfying dh(τ(t), z) = 3. Hence, together with rotational invariance it is
sufficient to show the desired statement for a fixed ẑ with dh(ẑ, o) = 3.

For x ∈ Bd
h(ẑ, 1)\{ẑ} let R(x) be the supremum over all radii of balls contained in

the set Bd
h(ẑ, dh(x, ẑ))

c ∩ Bd
h(x, dh(x, ẑ)) ∩ Bd

h(o, dh(x, o)). Note that R is continuous on

Bd
h(ẑ, 1)\{ẑ}. Assume that the function h : Bd

h(ẑ, 1)\{ẑ} → R, x ↦→ R(x)
dh(x,ẑ)

is not bounded

away from 0. Then there exists a sequence (xn)n∈N in Bd
h(ẑ, 1) \ {ẑ} such that

lim
n→∞

R(xn)

dh(xn, ẑ)
= 0.

Since Bd
h(ẑ, 1) \ int(Bd

h(ẑ, u)) is compact for any u ∈ (0, 1) and h ̸= 0 on Bd
h(ẑ, 1) \ {ẑ}, h

is bounded away from zero on Bd
h(ẑ, 1) \ int(Bd

h(ẑ, u)). This implies xn → ẑ as n → ∞.
Define rn = dh(xn, ẑ) for n ∈ N. We have

lim inf
n→∞

1

rdn
Hd(Bd

h(ẑ, rn)
c ∩Bd

h(xn, rn) ∩Bd
h(o, dh(xn, o)))

≥ lim inf
n→∞

1

rdn

(︁
Hd(Bd

h(xn, rn) ∩Bd
h(o, dh(xn, o)))−Hd(Bd

h(xn, rn) ∩Bd
h(ẑ, rn))

)︁
≥ lim inf

n→∞

1

rdn

(︁
Hd(Bd

h(xn, rn) ∩Bd
h(yn, dh(xn, yn)))−Hd(Bd

h(xn, rn) ∩Bd
h(ẑ, rn))

)︁
where yn is the point on the geodesic between xn and o such that dh(xn, yn) = 2rn. Since
hyperbolic balls of small radii can be approximated by Euclidean balls in appropriate
tangent spaces, we obtain

lim inf
n→∞

1

rdn
Hd(Bd

h(ẑ, rn)
c ∩Bd

h(xn, rn) ∩Bd
h(o, dh(xn, o)))

≥ Vd(B
d(0, 1) ∩Bd(v2, 2))− Vd(B

d(0, 1) ∩Bd(v1, 1)) =: c1

with v1, v2 ∈ Rd such that ∥v1∥ = 1 and ∥v2∥ = 2. Obviously, we have c1 > 0. Next fix
ε̃ ∈ (0, 1). Then one has

lim sup
n→∞

1

rdn
Hd({w ∈ Bd

h(ẑ, rn)
c ∩Bd

h(xn, rn) ∩Bd
h(o, dh(xn, o)) :

Bd
h(w, ε̃rn) ̸⊆ Bd

h(ẑ, rn)
c ∩Bd

h(xn, rn) ∩Bd
h(o, dh(xn, o))})

≤ lim sup
n→∞

1

rdn

(︂
Hd(Bd

h(ẑ, (1 + ε̃)rn) \Bd
h(ẑ, rn)) +Hd

h(B
d
h(xn, rn) \Bd

h(xn, (1− ε̃)rn))

+Hd((Bd
h(o, dh(xn, o)) \Bd

h(o, dh(xn, o)− ε̃rn)) ∩Bd
h(xn, rn))

)︂
= lim sup

n→∞

1

rdn

(︂
Hd(Bd

h(o, (1 + ε̃)rn) \Bd
h(o, rn)) +Hd(Bd

h(o, rn) \Bd
h(o, (1− ε̃)rn))

+Hd(Bd
h(o, dh(xn, o)) ∩Bd

h(xn, rn))−Hd(Bd
h(o, dh(xn, o)− ε̃rn) ∩Bd

h(xn, rn))
)︂

= κd

(︂
(1 + ε̃)d − 1 + 1− (1− ε̃)d +

1

2
− v(ε̃)

)︂
=: g(ε̃),
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where v(ε̃) = κ−1
d Vd({(x1, . . . , xd) ∈ Bd(0, 1) : xd ≥ ε̃}) and where we used again con-

vergence of hyperbolic balls with small radii to Euclidean ones. Combining the previous
estimates, we see that

lim inf
n→∞

1

rdn
Hd({w ∈ Bd

h(ẑ, rn)
c ∩Bd

h(xn, rn) ∩Bd
h(o, dh(xn, o)) :

Bd
h(w, ε̃rn) ⊆ Bd

h(ẑ, rn)
c ∩Bd

h(xn, rn) ∩Bd
h(o, dh(xn, o))})

≥ c1 − g(ε̃).

Since g(t) → 0 as t → 0, the right-hand side is positive for ε̃ sufficiently small. Thus,
for n large enough there exists w ∈ Bd

h(ẑ, rn)
c ∩ Bd

h(xn, rn) ∩ Bd
h(o, dh(xn, o)) such that

Bd
h(w, ε̃rn) ⊆ Bd

h(ẑ, rn)
c ∩ Bd

h(xn, rn) ∩ Bd
h(o, dh(xn, o)) and, thus, h(xn) ≥ ε̃. This is a

contradiction so that we have shown that h must be bounded away from zero, which
proves the desired statement.

In the following, the previous lemma is used to give a lower bound for the probability
that the difference operator is bounded away from 0, which we need for showing the lower
bound of the variance.

Lemma 4.17. Let c0 > 0 be fixed. Then, there exist constants c, C > 0, depending on α,
d and c0, such that for all γ ≥ c0 and s > 3 one has with cγ = γ−α/dc that

P(DzL(α)
s,γ ≥ cγ) ≥ C

for all z ∈ Bd
h(o, s) \Bd

h(o, 3).

Proof. Fix c > 0 such that cγ = γ−α/dc ≤ 1 for all γ ≥ c0 and let z ∈ Hd be such that

dh(o, z) > 3. Denote by Aγ = {x ∈ Hd : c
1/α
γ ≤ dh(x, z) ≤ 2c

1/α
γ } the annulus with radii

c
1/α
γ < 2c

1/α
γ around z. For all x ∈ Aγ with dh(x, o) > dh(z, o) denote by x∗ ∈ Aγ the

point on the geodesic from x to z satisfying dh(x
∗, z) = c

1/α
γ . Then, by the convexity

of the hyperbolic distance function along geodesics (see e.g. [3, Theorem 1.4.2]), one has
dh(x

∗, o) ≤ dh(x, o) and hence,

Bd
h(o, dh(o, x

∗)) ∩Bd
h(x

∗, dh(z, x
∗)) ∩Aγ ⊆ Bd

h(o, dh(o, x)) ∩Bd
h(x, dh(z, x)) ∩Aγ .

The left-hand side can be rewritten as

Bd
h(o, dh(o, x

∗)) ∩Bd
h(x

∗, dh(z, x
∗)) ∩Aγ

= Bd
h(z, dh(x

∗, z))c ∩Bd
h(x

∗, dh(x
∗, z)) ∩Bd

h(o, dh(x
∗, o))

so that, by Lemma 4.16, Bd
h(o, dh(o, x

∗)) ∩ Bd
h(x

∗, dh(z, x)) ∩ Aγ contains a ball of radius

εdh(x
∗, z) = εc

1/α
γ = εc1/αγ−1/d. Hence, we can choose ε > 0 such that the interior of the

intersection Bd
h(o, dh(o, x))∩Bd

h(x, dh(z, x))∩Aγ contains a ball of radius εγ = γ−1/dε for
all γ ≥ c0 and x ∈ Aγ . Note that ε does not depend on the choice of z ∈ Bd

h(o, 3)
c.

Now consider the event

Ez = {η|Aγ is an εγ-dense subset of Aγ and η(int(Bd
h(z, c

1/α
γ ))) = 0},
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where a set is called εγ-dense in Aγ if for all y ∈ Aγ there exists a point of the εγ-dense
subset having distance smaller than or equal to εγ to y. We claim that assuming Ez one

has DzL(α)
s,γ ≥ cγ . Let us first show that, in the case of Ez, z is not the radial nearest

neighbour of any x ∈ η|Bd
h(o,s)

. Indeed, first let x ∈ η|Aγ be such that dh(o, x) > dh(o, z)

(so that z could potentially be the radial nearest neighbour of x). Then, by the choice
of εγ and since η|Aγ is εγ-dense in Aγ , there exists w ∈ η|Aγ which lies in the interior of
Bd

h(o, dh(o, x))∩Bd
h(x, dh(z, x)), which in particular shows that z is not the radial nearest

neighbour of x. For ˆ︁B = Rd \Bd
h(z, 2c

1/α
γ ) let now x ∈ η| ˆ︁B with dh(o, x) > dh(o, z). Let xB

be the intersection point of the geodesic segment [z, x] with the sphere ∂Bd
h(z, 2c

1/α
γ ), and

let again w ∈ η|Aγ be such that w lies in the interior of Bd
h(o, dh(o, xB))∩Bd

h(xB, dh(z, xB)).
Then, using again the convexity of the hyperbolic distance function along geodesics one
has

dh(o, w) < dh(o, xB) ≤ max{dh(o, x), dh(o, z)} = dh(o, x).

Additionally, using the fact that xB lies on the geodesic segment [z, x] we see that

dh(w, x) ≤ dh(w, xB) + dh(xB, x) < dh(z, xB) + dh(xB, x) = dh(z, x).

As above, these two conditions combined show that z is not the radial nearest neighbour
of x. This proves that, assuming Ez, adding z does not delete any edges from the radial
spanning tree and hence adds exactly one edge between z and its radial nearest neighbour.

Since in the case of Ez there are no points of η in the interior of Bd
h(z, c

1/α
γ ), the length of

this edge is at least c
1/α
γ . In other words, we have proven that

P(DzL(α)
s,γ ≥ cγ) ≥ P(Ez).

To estimate the latter probability, fix a maximal collection {Bi}i∈I of disjoint εγ/4-balls
in Aγ . Then, any choice of one point from each ball is clearly εγ-dense in Aγ . Let cu > 0
be such that sinh(x) ≤ cux for all x ∈ [0, ε] and recall that sinh(x) ≥ x for all x ≥ 0.
Then, the number of such balls does not exceed

kγ =
Hd(Bd

h(o, 2c
1/α
γ ))

Hd(Bd
h(o, εγ/4))

≤ cd−1
u 2dc

d/α
γ

(εγ/4)d
=

cd−1
u 4d2dcd/α

εd
=: k,

which is independent from γ. This shows that

P(Ez) ≥ P(η(Bi) = 1 for all i, η(int(Bd
h(z, c

1/α
γ ))) = 0)

≥
(︂
γHd(Bd

h(o, εγ/4))e
−γHd(Bd

h(o,εγ/4))
)︂k

e−γHd(Bd
h(o,c

1/α
γ ))

≥
(︂
κdε

de−cd−1
u κdε

d/4d/4d
)︂k

e−cd−1
u κdc

d/α
=: C > 0,

which completes the proof.

Finally, we state three additional lemmas, which are essential for deriving the variance
bounds and the central limit theorem in the upcoming subsection. Lemma 4.19 and
Lemma 4.20 are derived analogously to Lemma 4.1 and Lemma 4.2 in [100] with the help
of Lemma 4.18.
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Lemma 4.18. Let c0 > 0 be fixed. Then, for all c1, c2 > 0 there exist constants c̃1, c̃2 > 0,
only depending on c1, c2, d and c0, such that for γ ≥ c0 and t ≥ 0,∫︂

Hd\Bd
h(o,t)

γe
−γc1Vh(

dh(x,o)

c2
) Hd(dx) ≤ c̃1e

−γc̃2Vh(
t
c2

)
.

Proof. Let c ≥ c2 sinh
−1(1) be such that for γ ≥ c0,

γc1Vh

(︂ r

c2

)︂
− (d− 1)r ≥ CγVh

(︂ r

c2

)︂
for all r ≥ c and some constant C > 0. Then, for t ≥ c, together with (2.12) we have∫︂

Hd\Bd
h(o,t)

γe
−γc1Vh(

dh(x,o)

c2
) Hd(dx) = ωd

∫︂ ∞

t
γe

−γc1Vh(
r
c2

)
sinhd−1(r) dr

≤ ωd

∫︂ ∞

t
γe

−γc1Vh(
r
c2

)+(d−1)r
sinhd−1

(︂ r

c2

)︂
dr

≤ ωd

∫︂ ∞

t
γe

−γCVh(
r
c2

)
sinhd−1

(︂ r

c2

)︂
dr

=
c2
C
e
−γCVh(

t
c2

)
. (4.13)

For t ∈ [0, c] we divide the integral into two parts. For the first part we use that there
exists a constant c > 0 such that sinh(x) ≤ c sinh( x

c2
) for all x ≤ c. Then it holds

ωd

∫︂ c

t
γe

−γc1Vh(
r
c2

)
sinhd−1(r) dr ≤ ωdc

d−1

∫︂ c

t
γe

−γc1Vh(
r
c2

)
sinhd−1

(︂ r

c2

)︂
dr

≤ c2
c1
ωdc

d−1

∫︂ ∞

t

c1
c2
γe

−c1γVh(
r
c2

)
sinhd−1

(︂ r

c2

)︂
dr

=
c2
c1
cd−1e

−γc1Vh(
t
c2

)
.

Similarly to (4.13) we derive for the second part of the integral

ωd

∫︂ ∞

c
γe

−γc1Vh(
r
c2

)
sinhd−1(r) dr ≤ c2

C
e
−γCVh(

c
c2

) ≤ c2
C
e
−γCVh(

t
c2

)
.

Altogether, this completes the proof.

Lemma 4.19. For c0 ≥ 0 and p ∈ N there exist constants C1,p, C2,p > 0, depending on p,
α, d and c0, such that for all s > 0, z, z1, z2 ∈ Bd

h(o, s) and γ ≥ c0,

γαp/dE[|DzL(α)
s,γ |p] ≤ C1,p and γαp/dE[|D2

z1,z2L
(α)
s,γ |p] ≤ C2,p.

Proof. For ξ ∈ N and z ∈ Bd
h(o, s) it holds

|DzL(α)
s,γ (ξ)| ≤ ℓ(z, ξ + δz)

α +
∑︂
x∈ξ

1{ℓ(x, ξ) ≥ dh(z, x)}ℓ(x, ξ)α. (4.14)

Together with Jensen’s inequality and the Cauchy-Schwarz inequality we have

γαp/dE[|DzL(α)
s,γ |p]
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≤ 2p−1γαp/dE[ℓ(z, η + δz)
αp] + 2p−1γαp/dE

[︂(︂ ∑︂
x∈ηs

1{ℓ(x, η) ≥ dh(z, x)}ℓ(x, η)α
)︂p]︂

≤ 2p−1γαp/dE[ℓ(z, η + δz)
αp]

+ 2p−1γαp/dE
[︂(︂ ∑︂

x∈ηs
1{ℓ(x, η) ≥ dh(z, x)}

)︂2p]︂1/2
E
[︂

max
x∈ηs :

ℓ(x,η)≥dh(z,x)

ℓ(x, η)2αp
]︂1/2

=: 2p−1γαp/dE[ℓ(z, η + δz)
αp] + 2p−1γαp/dM1(z)

1/2M2(z)
1/2. (4.15)

By Lemma 4.12 b) the first summand is uniformly bounded in z and γ.

For z ∈ Bd
h(o, s) the factor M1(z) can be written as a linear combination of terms of

the form

E
[︂ ∑︂
(x1,...,xk)∈ηks,̸=

1{ℓ(xi, η) ≥ dh(xi, z), i = 1, . . . , k}
]︂

for k ∈ {1, . . . , 2p}. Using the monotonicity relation ℓ(xi, η+
∑︁k

j=1 δxj ) ≤ ℓ(xi, η+ δxi) for
i ∈ {1, . . . , k}, the multivariate Mecke equation (2.15), Hölder’s inequality and (4.6), we
have

E
[︂ ∑︂
(x1,...,xk)∈ηks, ̸=

1{ℓ(xi, η) ≥ dh(xi, z), i = 1, . . . , k}
]︂

= γk
∫︂
Bd

h(o,s)
k

P
(︂
ℓ
(︂
xi, ηs +

k∑︂
j=1

δxi

)︂
≥ dh(xi, z), i = 1, . . . , k

)︂
(Hd)k(d(x1, . . . , xk))

≤ γk
∫︂
Bd

h(o,s)
k

k∏︂
i=1

P(ℓ(xi, η + δxi) ≥ dh(xi, z))
1/k (Hd)k(d(x1, . . . , xk))

≤ γk
(︂∫︂

Bd
h(o,s)

e−γHd(o,
dh(x,z)

2
)/k Hd(dx)

)︂k
≤
(︂∫︂

Hd

γe−γVh(
dh(x,o)

2
)/k Hd(dx)

)︂k
≤ c̃k1

by Lemma 4.18, i.e. M1 is uniformly bounded in z and for all γ ≥ c0.

For the factor M2 we have with the Mecke equation (2.15) and Fubini’s theorem,

γ2αp/dE
[︃

max
x∈ηs :

ℓ(x,η)≥dh(z,x)

ℓ(x, η)2αp
]︃
= γ2αp/d

∫︂ ∞

0
P
(︂

max
x∈ηs :

ℓ(x,η)≥dh(z,x)

ℓ(x, η)2αp ≥ u
)︂
du

= γ2αp/d
∫︂ ∞

0
P(∃x ∈ ηs : ℓ(x, η) ≥ max{u1/(2αp), dh(z, x)}) du

≤ γ2αp/d
∫︂ ∞

0
E
[︂ ∑︂
x∈ηs

1{ℓ(x, η) ≥ max{u1/(2αp), dh(z, x)}}
]︂
du

= γ2αp/dE
[︂ ∑︂
x∈ηs

∫︂ ∞

0
1{ℓ(x, η) ≥ max{u1/(2αp), dh(z, x)}} du

]︂
= γ2αp/dE

[︂ ∑︂
x∈ηs

ℓ(x, η)2αp1{ℓ(x, η) ≥ dh(z, x)}
]︂
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=

∫︂
Bd

h(o,s)
γ2αp/d+1E[ℓ(x, η + δx)

2αp
1{ℓ(x, η + δx) ≥ dh(z, x)}] Hd(dx).

Now it follows from Lemma 4.12 b) and Lemma 4.18 that

γ2αp/dE
[︃

max
x∈ηs :

ℓ(x,η)≥dh(z,x)

ℓ(x, η)2αp
]︃
≤ c(α)

∫︂
Bd

h(o,s)
γe−γVh(dh(z,x)/2)/2 Hd(dx)

≤ c(α)

∫︂
Hd

γe−γVh(dh(o,x)/2)/2 Hd(dx) ≤ c(α)c̃1,

where c̃1 does not depend on α, γ and z. Consequently, γ2αp/dM2(z) is uniformly bounded
in γ ≥ c0 and z ∈ Hd. Finally, the uniform bounds for M1 and γ2αp/dM2 provide the

existence of a constant C1,p > 0 for which γαp/dE[|DzL(α)
s,γ |p] ≤ C1,p for all z ∈ Hd and

γ ≥ c0.

For the second order difference operator we have

γαp/dE[|D2
z1,z2L

(α)
s,γ |p]

≤ 2p−1γαp/dE[|Dz1L(α)
s,γ (ηs)|p] + 2p−1γαp/dE[|Dz1L(α)

s,γ (ηs + δz2)|p] (4.16)

for z1, z2 ∈ Bd
h(o, s). The first summand is uniformly bounded since we have already shown

that the left-most term in (4.15) is uniformly bounded. For the second expression we can
use similar arguments as above. Analogously to (4.14) we have

|Dz1L(α)
s,γ (ηs + δz2)| ≤ ℓ(z1, η + δz2 + δz1)

α

+
∑︂

x∈ηs+δz2

1{ℓ(x, η + δz2) ≥ dh(z1, x)} max
x∈ηs+δz2 :

ℓ(x,η+δz2 )≥dh(z1,x)

ℓ(x, η + δz2)
α.

Due to monotonicity it holds

ℓ(z1, η + δz2 + δz1)
α ≤ ℓ(z1, η + δz1)

α,∑︂
x∈ηs+δz2

1{ℓ(x, η + δz2) ≥ dh(z1, x)} ≤ 1 +
∑︂
x∈ηs

1{ℓ(x, η) ≥ dh(z1, x)}

and

max
x∈ηs+δz2 :

ℓ(x,η+δz2 )≥dh(z1,x)

ℓ(x, η + δz2)
α ≤ ℓ(z2, η + δz2)

α + max
x∈ηs :

ℓ(x,η)≥dh(z1,x)

ℓ(x, η)α,

which provides that the second summand in (4.16) is also uniformly bounded for z1, z2 ∈ Hd

and γ ≥ c0.

Lemma 4.20. For c0 ≥ 0 there are constants c1, c2 > 0, depending on α, d and c0, such
that for all s > 0, z1, z2 ∈ Bd

h(o, s) and γ ≥ c0,

P(D2
z1,z2L

(α)
s,γ ̸= 0) ≤ c1e

−γc2Vh(dh(z1,z2)/4).
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Proof. We have

D2
z1,z2L

(α)
s,γ =

∑︂
x∈ηs

D2
z1,z2ℓ(x, η)

α +Dz1ℓ(z2, η + δz2)
α +Dz2ℓ(z1, η + δz1)

α.

This second order difference operator can only be non-zero if at least one of the three
summands above is non-zero. Hence,

P(D2
z1,z2L

(α)
s,γ ̸= 0) ≤ P(∃x ∈ ηs : D

2
z1,z2ℓ(x, η)

α ̸= 0) + P(Dz1ℓ(z2, η + δz2)
α ̸= 0)

+ P(Dz2ℓ(z1, η + δz1)
α ̸= 0).

Since Dz2ℓ(z1, η + δz1)
α ̸= 0 requires ℓ(z1, η + δz1) ≥ dh(z1, z2) and dh(z1, z2) ≤ dh(o, z1),

we get

P(Dz2ℓ(z1, η + δz1)
α ̸= 0) ≤ P(ℓ(z1, η + δz1) ≥ dh(z1, z2))1{dh(z1, z2) ≤ dh(o, z1)}

= P(ηs(Bd
h(z1, dh(z1, z2)) ∩Bd

h(o, dh(z1, o))) = 0)

× 1{dh(z1, z2) ≤ dh(o, z1)}
≤ e−γVh(dh(z1,z2)/2),

where we used (4.6) in the last step. Analogously, one can show that

P(Dz1ℓ(z2, η + δz2)
α ̸= 0) ≤ e−γVh(dh(z1,z2)/2).

For the first summand we use the Mecke equation (2.15) and the fact that D2
z1,z2ℓ(x, η)

α ̸=
0 requires ℓ(x, η) ≥ max{dh(z1, x), dh(z2, x)} and max{dh(z1, x), dh(z2, x)} ≤ dh(o, x) for
x ∈ Bd

h(0, s). Then, we get with Lemma 4.18 and (4.6),

P(∃x ∈ ηs : D
2
z1,z2ℓ(x, η)

α ̸= 0)

≤ E
[︂ ∑︂
x∈ηs

1{D2
z1,z2ℓ(x, η)

α ̸= 0}
]︂

=

∫︂
Bd

h(o,s)
γP(D2

z1,z2ℓ(x, η + δx)
α ̸= 0) Hd(dx)

≤
∫︂
Bd

h(o,s)
γ1{max{dh(z1, x), dh(z2, x)} ≤ dh(o, x)}

× P(ℓ(x, η + δx) ≥ max{dh(z1, x), dh(z2, x)}) Hd(dx)

≤
∫︂
Bd

h(o,s)
γe−γVh(max{dh(z1,x),dh(z2,x)}/2) Hd(dx)

≤
∫︂
Hd\Bd

h(z1,
dh(z1,z2)

2
)
γe−γVh(dh(z1,x)/2) Hd(dx)

+

∫︂
Hd\Bd

h(z2,
dh(z1,z2)

2
)
γe−γVh(dh(z2,x)/2) Hd(dx)

≤ 2c̃1e
−c̃2γVh(dh(z1,z2)/4),

which provides the result.

67



Proof of Proposition 4.15. The upper bound follows directly from the Poincaré inequality
(2.20) and Lemma 4.19, which provide together

Var[L(α)
s,γ ] ≤ γ

∫︂
Bd

h(o,s)
E
[︂(︂

DzL(α)
s,γ

)︂2]︂
Hd(dz) ≤ γ

∫︂
Bd

h(o,s)
γ−2α/dC1,2Hd(dz)

= C1,2γ
1−2α/dVh(s).

For the lower bound we use the reverse Poincaré inequality, i.e. we aim to apply Theorem
3.1 for n = 1. This means that the proof is complete once we find constants m,M > 0
such that

γ

∫︂
Bd

h(o,s)
E
[︃(︂

DzL(α)
s,γ

)︂2]︃
Hd(dz) ≥ mγ1−2α/dVh(s) (4.17)

and

γ2
∫︂
Bd

h(o,s)

∫︂
Bd

h(o,s)
E
[︂
(D2

z1,z2L
(α)
s,γ )

2
]︂
Hd(dz1)Hd(dz2) ≤ Mγ1−2α/dVh(s). (4.18)

For the lower bound in (4.17), we use Lemma 4.17 and obtain

γ

∫︂
Bd

h(o,s)
E
[︂
(DzL(α)

s,γ )
2
]︂
Hd(dz) ≥ γ

∫︂
Bd

h(o,s)\B
d
h(o,3)

c2γP(DzL(α)
s,γ ≥ cγ) Hd(dz)

≥ γc2γC ·
(︁
Vh(s)− Vh(3)

)︁
≥ γ1−2α/d c

2C

2
· Vh(s)

for sufficiently large s > 0, which shows (4.17).
To prove (4.18) we combine the Cauchy-Schwarz inequality with Lemma 4.19 to derive

E[|D2
z1,z2L

(α)
s,γ |2] ≤ E[|D2

z1,z2L
(α)
s,γ |4]1/2P(D2

z1,z2L
(α)
s,γ ̸= 0)1/2

≤ γ−2α/dC
1/2
2,4 P(D

2
z1,z2L

(α)
s,γ ̸= 0)1/2.

Together with Lemma 4.20 this implies

γ2
∫︂
Bd

h(o,s)

∫︂
Bd

h(o,s)
E
[︃(︂

D2
z1,z2L

(α)
s,γ

)︂2]︃
Hd(dz1) Hd(dz2)

≤ γ−2α/dC
1/2
2,4 γ

2

∫︂
Bd

h(o,s)

∫︂
Bd

h(o,s)
P(D2

z1,z2L
(α)
s,γ ̸= 0)1/2 Hd(dz1) Hd(dz2)

≤ γ1−2α/dc
1/2
1 C

1/2
2,4

∫︂
Bd

h(o,s)

∫︂
Bd

h(o,s)
γe−γc2Vh(dh(z1,z2)/4)/2 Hd(dz1) Hd(dz2)

≤ γ1−2α/dc
1/2
1 C

1/2
2,4

∫︂
Bd

h(o,s)

[︃∫︂
Hd

γe−γc2Vh(dh(z1,z2)/4)/2Hd(dz2)

]︃
Hd(dz1)

≤ γ1−2α/dc
1/2
1 C

1/2
2,4

[︃∫︂
Hd

γe−γc2Vh(dh(o,w)/4)/2Hd(dw)

]︃
· Vh(s).

By Lemma 4.18 the integral inside the brackets converges and is uniformly bounded for all
γ ≥ c0. This completes the proof of (4.18) and with it, the proof of the proposition.
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4.3.4 Central limit theorems for total edge length functionals

Finally, we turn to the central limit theorem. Note that we mainly use Theorem 2.19 to
derive rates in Wasserstein and Kolmogorov distance. Since the bound for the Kolmogorov
distance is also a bound for the Wasserstein distance, we only use the result for the
Kolmogorov distance to derive an upper bound in both distances. Nevertheless, using the
result for the Wasserstein distance in Theorem 2.19 leads to the same rate of convergence.

Theorem 4.21 (Central limit theorem for edge-length functionals). Let α > 0 and γ ≥ c0
for some c0 > 0. Denote by N a standard Gaussian random variable. Then, there exist
constants C > 0 and s0 > 0 only depending on d, α and c0 such that

d♢

⎛⎝L(α)
s,γ − E[L(α)

s,γ ]√︂
Var[L(α)

s,γ ]

, N

⎞⎠ ≤ C√︁
γVh(s)

for s ≥ s0 and ♢ ∈ {W,K}.

Proof. We use Lemma 4.19, which shows that the moments of the first and second order

difference operator of γα/dL(α)
s,γ are uniformly bounded by some constant c̄ ≥ 1 for all

γ ≥ c0. Then, Theorem 2.19 implies the inequality

d♢

⎛⎝L(α)
s,γ − E[L(α)

s,γ ]√︂
Var[L(α)

s,γ ]

, N

⎞⎠ = d♢

⎛⎝γα/dL(α)
s,γ − E[γα/dL(α)

s,γ ]√︂
Var[γα/dL(α)

s,γ ]

, N

⎞⎠
≤ c̄I

1/2
1

Var[γα/dL(α)
s,γ ]

+
2c̄I1

Var[γα/dL(α)
s,γ ]3/2

+
c̄I

5/4
1 + 2c̄I

3/2
1

Var[γα/dL(α)
s,γ ]2

+
5c̄

Var[γα/dL(α)
s,γ ]

I2 +

√
6c̄+

√
3c̄

Var[γα/dL(α)
s,γ ]

I3

for ♢ = W and ♢ = K, where N is a standard Gaussian random variable and the terms
I1, I2 and I3 are defined by

I1 = γ

∫︂
Bd

h(o,s)
P(DzL(α)

s,γ ̸= 0)1/10Hd(dz),

I2 =

(︄
γ

∫︂
Bd

h(o,s)

(︄
γ

∫︂
Bd

h(o,s)
P(D2

x1,x2
L(α)
s,γ ̸= 0)1/20 Hd(dx2)

)︄2

Hd(dx1)

)︄1/2

and

I3 =

(︄
γ

∫︂
Bd

h(o,s)
γ

∫︂
Bd

h(o,s)
P(D2

x1,x2
L(α)
s,γ ̸= 0)1/10 Hd(dx1) Hd(dx2)

)︄1/2

.

For I1 we use the trivial bound P(DzL(α)
s,γ ̸= 0) ≤ 1 which gives I1 ≤ γVh(s). To bound I2

we note that Lemma 4.20 and Lemma 4.18 yield

γ

∫︂
Bd

h(o,s)
P(D2

z1,z2L
(α)
s,γ ̸= 0)1/20dz1 ≤ c1

∫︂
Hd

γe−γc2Vh(dh(z1,o)/4)/20dz1 ≤ C2
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for some constant C2 > 0, which does not depend on γ, and therefore

I2 ≤ C2γ
1/2Vh(s)

1/2.

Similarly, we have I3 ≤ C3γ
1/2Vh(s)

1/2 for a suitable constant C3 > 0. Together with

the lower variance bound provided by Proposition 4.15, which states that Var[γα/dL(α)
s,γ ] ≥

cℓγVh(s) for s sufficiently large, we obtain for s ≥ s0,

d♢

⎛⎝L(α)
s,γ − E[L(α)

s,γ ]√︂
Var[L(α)

s,γ ]

, N

⎞⎠ ≤ c̄γ1/2Vh(s)
1/2

cℓγVh(s)
+

2c̄γVh(s)

c
3/2
ℓ γ3/2Vh(s)3/2

+
c̄γ5/4Vh(s)

5/4 + 2c̄γ3/2Vh(s)
3/2

c2ℓγ
2Vh(s)2

+
5c̄

cℓγVh(s)
C2γ

1/2Vh(s)
1/2 +

√
6c̄+

√
3c̄

cℓγVh(s)
C3γ

1/2Vh(s)
1/2

≤ C√︁
γVh(s)

for some constant C > 0, which completes the proof of the theorem.

Remark 4.22. One can also study the edge-length functionals for α < 0. For the Euclidean
case quantitative central limit theorems for α ∈ (−d/2, 0) were derived in [110]. Note that
for α < 0 short edges become crucial and that the restriction α > −d

2 comes from the
fact that second moments do otherwise not exist. We believe that similar results can be
established for the hyperbolic case as well. Anyway, since this requires different proofs
than for α > 0, we refrained from considering this situation.
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Chapter 5

Random polytopes

In this chapter the vector of two different Lp surface areas of a random polytope is con-
sidered and lower variance bounds for linear combinations as well as a result on the two-
dimensional normal approximation are derived. If not stated otherwise, this chapter is
based on [101, Section 4 and Appendix A.2] by M. Schulte and V. Trapp.

5.1 The model

For s ≥ 1 let ηs be a homogeneous Poisson process on Bd(0, 1) with intensity s, i.e. a
Poisson process on Rd with intensity measure λ = sλd|Bd(0,1), where 0 = (0, . . . , 0) ∈ Rd.
Let Conv(·) denote the convex hull. We consider the random polytope Q generated by
ηs + δ0, i.e. Q is the convex hull Conv(ηs + δ0). A simulation of such a random polytope
can be seen in Figure 5.1. Note that we add the origin as an extra point to the Poisson
process mainly for technical reasons. However, since we are only interested in asymptotic
statements for s → ∞, this does not make a difference since 0 is with high probability
contained in the convex hull of the points of ηs as s → ∞. The following lemma, which
is similar to [69, Lemma 3.9], even shows that the probability that a ball of fixed size is
not contained in the convex hull of ηs decreases exponentially in s as s → ∞. Throughout
this chapter, we fix ρ0 ∈ (0, 14) and define B−ρ0 = Bd(0, 1)\Bd(0, 1− ρ0).

Lemma 5.1. There are constants c0, C0 > 0, depending on ρ0 and d, such that

P(Bd(0, 1− ρ0) ⊈ Conv(ηs)) ≤ C0e
−c0s

for all s ≥ 1.

Proof. The proof is similar to the one of [69, Proof of Lemma 3.6]. First note that there
exists m ∈ N such that one can choose disjoint sets A1, . . . , Am ⊆ B−ρ0 with λd(Ai) > 0
for i ∈ {1, . . . ,m} and such that for all ν ∈ N, with ν(Ai) ≥ 1 for i ∈ {1, . . . ,m},

Bd(0, 1− ρ0) ⊆ Conv(ν).

This implies

P(Bd(0, 1− ρ0) ⊈ Conv(ηs)) ≤ P(∃i ∈ {1, . . . ,m} : ηs(Ai) = 0)

= 1− P(ηs(Ai) ≥ 1 for i ∈ {1, . . . ,m})
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Figure 5.1: Simulation of a random polytope in a circle

= 1−
m∏︂
i=1

(1− exp[−sλd(Ai)])

≤ C0 exp[−c0s]

for suitable constants c0, C0 > 0, which might depend on ρ0, by Bernoulli’s inequality.

The study of the convex hull of random points started with the works [93] and [94]. In
[90] central limit theorems for the volume and number of k-faces as well as variance bounds
were shown. Variance asymptotics and central limit theorems for all intrinsic volumes of
the convex hull in a ball were derived in [34]. In [69] the rates of convergence for the
central limit theorems were further improved.

In this chapter we are interested in the Lp surface area of a random polytope for
p ∈ [0, 1], which can be interpreted as a generalisation of the volume and the surface area.
For p ∈ [0, 1] the Lp surface area of a random polytope Q is given by

Ap = Ap(Q) =
∑︂

F facet of Q

d(0, F )1−pλd−1(F ) (5.1)

(see for instance [54, Section 1]). The Lp surface area measure for a convex body was
introduced in [76], where the Lp Minkowski problem was described. The Minkowski prob-
lem asks for conditions under which a Borel measure on the sphere is the Lp surface area
of a convex body. The discrete Lp Minkowski problem is obtained in the special case
where this convex body is a polytope. This situation can, for example, be found in [57]
and the references therein. In [54] the expected Lp surface area of random polytopes was
considered as a special case of T -functionals of random polytopes.

Note that although Ap can also be computed for polytopes, which do not contain 0,
the definition in (5.1) is only useful for polytopes, which contain 0, which is the reason
why we add 0 to the collection of random points. Anyway, if we denote by ˜︁Q the random
polytope that is generated by ηs, i.e. ˜︁Q = Conv(ηs), and define Ap( ˜︁Q) by the right-hand
side of (5.1), Lemma 5.1 provides

P(Ap(Q) ̸= Ap( ˜︁Q)) ≤ P(Bd(0, 1− ρ0) ⊈ Conv(ηs)) ≤ C0e
−c0s (5.2)
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for s ≥ 1 with suitable constants C0, c0 > 0. For square integrable random variables X,Y
the triangle inequality implies√︁

Var[X] =
√︁
E[(X − E[X])2] ≤

√︁
E[(X − Y − E[X − Y ])2] +

√︁
E[(Y − E[Y ])2]

=
√︁
Var[X − Y ] +

√︁
Var[Y ].

Moreover, we have Var[X] ≤ E[X2] for any square integrable random variable X. Then,
since d(0, F )1−p ≤ 1 for all p ∈ [0, 1] and facets F ⊆ Bd(0, 1), it holds |Ap(Q)−Ap( ˜︁Q)| ≤
dκd, which provides together with the previous estimates the bound⃓⃓⃓√︂

Var[Ap(Q)]−
√︂
Var[Ap( ˜︁Q)]

⃓⃓⃓2
≤ Var[Ap(Q)−Ap( ˜︁Q)] ≤ E[(Ap(Q)−Ap( ˜︁Q))2]

≤ (dκd)
2C0e

−c0s (5.3)

and similarly
|E[Ap(Q)]− E[Ap( ˜︁Q)]| ≤ dκdC0e

−c0s. (5.4)

Altogether, as already indicated in the beginning, (5.2), (5.3) and (5.4) show that for the
asymptotic statements that we are interested in it does not matter, whether we analyse
Q or ˜︁Q.

5.2 Representation via scores

Before we provide the main results, we embed our functionals in the framework of stabil-
ising functionals in this section. To this end we consider the space X = Bd(0, 1) with the
metric

dmax(x, y) = max
{︂
∥x− y∥,

√︂
|d(x, ∂Bd(0, 1))− d(y, ∂Bd(0, 1))|

}︂
for x, y ∈ Bd(0, 1). To prove condition (3.2) for n = 1, we start with writing the difference
of the surface area of the ball Bd(0, 1) and the Lp surface area of the random polytope˜︁Q as a sum of scores. The notation and the following arguments are mostly analogous to
[69, Section 3.4], where similar representations for intrinsic volumes were derived.

We start with using the scores from [69, Section 3.4] for intrinsic volumes to define
the scores for the surface area, denoted by ξ1,s. To this end, we aim to use the notation
introduced in the context of Lemma 2.4. For ν ∈ N let F denote the set of all facets of the
random polytope generated by ν, V (F ) the set of all vertices of F ∈ F and Cone(F ) =
{ry : y ∈ F, r > 0}. Then, for x ∈ ν we define

ξ1,s(x, ν) =
2sκd,d−1

d

∑︂
F∈F : x∈V (F )

∫︂
Cone(F )∩(Bd(0,1)\Conv(ν))

∥t∥−1ϑ
Bd(0,1),Conv(ν)
d−1 (t) dt,

where κd,d−1 is defined as in Lemma 2.4 and ϑ
Bd(0,1),Conv(ν)
d−1 is the projection avoid-

ance function defined in Subsection 2.2.1. Then, if |V (F )| = d for all F ∈ F and
0 ∈ int(Conv(ν)), Lemma 2.4 implies∑︂

x∈ν
ξ1,s(x, ν) = 2sκd,d−1

∑︂
F∈F

∫︂
Cone(F )∩(Bd(0,1)\Conv(ν))

∥t∥−1ϑ
Bd(0,1),Conv(ν)
d−1 (t) dt
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= 2sκd,d−1

∫︂
Bd(0,1)\Conv(ν)

∥t∥−1ϑ
Bd(0,1),Conv(ν)
d−1 (t) dt

= 2s(Vd−1(B
d(0, 1))− Vd−1(Conv(ν)))

= s(λd−1(∂B
d(0, 1))− λd−1(∂Conv(ν))), (5.5)

where we use in the last step that λd−1(∂K) = 2Vd−1(K) for any d-dimensional setK ∈ Kd.
With the help of this score, we can introduce the scores ξs for the L

p surface area. For
x ∈ ν we define

ξs(x, ν) = ξ1,s(x, ν) +
s

d

∑︂
F∈F : x∈V (F )

(1− d(0, F )1−p)λd−1(F )

=: ξ1,s(x, ν) + ξ2,s(x, ν). (5.6)

Note that for ν = ηs, |V (F )| = d almost surely for all F ∈ F . Then, if 0 ∈ int( ˜︁Q), we
have almost surely with (5.5),∑︂

x∈ηs
ξs(x, ηs) =

∑︂
x∈ηs

ξ1,s(x, ηs) +
s

d

∑︂
x∈ηs

∑︂
F∈F :
x∈V (F )

(1− d(0, F )1−p)λd−1(F )

= s(λd−1(∂B
d(0, 1))− λd−1(∂ ˜︁Q) + λd−1(∂ ˜︁Q)−Ap( ˜︁Q))

= s(λd−1(∂B
d(0, 1))−Ap( ˜︁Q)).

In the following Lemmas 5.3, 5.4 and 5.5 and in the proof of Theorem 5.6 we consider
slightly modified scores, which are defined by

ξ̃s(x, ηs) = 1{x ∈ B−ρ0}ξs(x, ηs|B−ρ0
+ δ0)

for x ∈ ηs, s ≥ 1, and

˜︁Ap =
∑︂
x∈ηs

ξ̃s(x, ηs).

This means, we restrict ourselves to points in B−ρ0 . Note that these scores have asymp-
totically the same behaviour as the scores ξs. Combining Lemma 5.1 with the fact that

|s(λd−1(∂B
d(0, 1))−Ap( ˜︁Q))− ˜︁Ap| ≤ sdκd,

we derive similarly to the proof of (5.2), (5.3) and (5.4) that there exist constants C̄p, c̄p > 0
such that

max
{︁
P(s(λd−1(∂B

d(0, 1))−Ap( ˜︁Q)) ̸= ˜︁Ap), |E[s(λd−1(∂B
d(0, 1))−Ap( ˜︁Q))]− E[ ˜︁Ap]|,

|Var[s(λd−1(∂B
d(0, 1))−Ap( ˜︁Q))]−Var[ ˜︁Ap]|

}︁
≤ C̄p exp[−c̄ps]

for s ≥ 1. Together with (5.2), (5.3) and (5.4) we obtain

max
{︁
P(s(λd−1(∂B

d(0, 1))−Ap) ̸= ˜︁Ap), |E[s(λd−1(∂B
d(0, 1))−Ap)]− E[ ˜︁Ap]|,

|Var[s(λd−1(∂B
d(0, 1))−Ap)]−Var[ ˜︁Ap]|

}︁
≤ Ĉp exp[−ĉps] (5.7)
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for s ≥ 1 with constants Ĉp, ĉp > 0.

In the remaining part of this section we show that ˜︁Ap are stabilising functionals, i.e.
we show that the scores (ξ̃s)s≥1 fulfil (2.23), (2.24) and (2.25). For the first property we
need a radius of stabilisation. To this end we use a similar construction as in [69, Section
3.4]. We only slightly modify the definition of the map R from [69, Section 3.4] since the
proof from [69, Section 3.4] showing that R is a radius of stabilisation is only valid for
d = 2. As in [69, Section 3.4] we define ux = x

∥x∥ for x ∈ Bd(0, 1)\{0}, u0 = e1 and

Hx = {y ∈ Rd : ⟨ux, y⟩ = ∥x∥}.

Moreover, for r ≥ 0 and x ∈ Bd(0, 1) let

Ax,r =

{︄
Conv((Hx ∩Bd(x, r)) ∪ {x+ r2ux}) if r ≤

√︁
d(x, ∂Bd(0, 1)),

Bd(0, 1)\Conv((Bd(0, 1)\Bd(x,
√
2r)) ∪ {x}) if r >

√︁
d(x, ∂Bd(0, 1)).

Denote by Bdmax(x, r) the ball of radius r with respect to the dmax-distance. The properties
of Ax,r that we require are summarised in the following lemma. For a proof, the reader is
referred to the proof of Lemma 3.7 in [69].

Lemma 5.2. a) There exists a constant cmax ≥ 1 satisfying Ax,r ⊆ Bdmax(x, cmaxr) for
all r > 0 and x ∈ B−ρ0.

b) There exist constants c1, c2 > 0 such that for r ∈ [0, 1) and x ∈ B−ρ0,

c1r
d+1 ≤ λd(Ax,r) ≤ c2r

d+1.

We consider in the following the case r >
√︁
d(x, ∂Bd(0, 1)) and want to construct

disjoint cuboids C1,r(x), . . . , Cm,r(x) for x ∈ Bd(0, 1) and some m ∈ N with Ci,r(x) ⊂
Ax,r for i = 1, . . . ,m, λd(Ci,r(x)) ≥ crd+1 for some constant c > 0, i ∈ {1, . . . ,m}
and Bd(0, 1)\Ax,r ⊂ C(x, y1, . . . , ym) for all yi ∈ Ci,r(x), i ∈ {1, . . . ,m} satisfying x /∈
Conv(y1, . . . , ym,0), where

C(x, y1, . . . , ym) =
{︂
x+

m∑︂
i=1

ti(yi − x) : ti ≥ 0 for i = 1, . . . ,m
}︂
.

We start with the case x = e1 and consider r ∈ (0, 1). Let hr, ℓr > 0 be defined such
that (1− hr)e1 + ℓre2 ∈ ∂Bd(0, 1) ∩Bd(x,

√
2r) (see Figure 5.2). Then, the equations

h2r + ℓ2r = 2r2 and (1− hr)
2 + ℓ2r = 1

imply hr = r2 and ℓr =
√
2r2 − r4. Moreover, let h̄r, ℓ̄r > 0 be defined such that (1− hr

2 +

h̄r)e1 +
ℓr
2 e2 ∈ ∂Bd(0, 1) and (1− hr

2 )e1 + ( ℓr2 + ℓ̄r)e2 ∈ ∂Bd(0, 1) (see again Figure 5.2).

Then, the equation (1− hr
2 + h̄r)

2 + ℓ2r
4 = 1 provides with r4 < r2 due to r < 1,

h̄r =

√︃
1− 2r2 − r4

4
−
(︂
1− r2

2

)︂
=

√︃(︂
1− r2

2

)︂2
+

r2

2
−
(︂
1− r2

2

)︂
=

1

2

∫︂ r2/2

0

(︂(︂
1− r2

2

)︂2
+ z
)︂−1/2

dz ≥ r2

4

(︂(︂
1− r2

2

)︂2
+

r2

2

)︂−1/2
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x

h̄r

ℓ̄r

C1,r(x) C2,r(x)

ℓr =
√
2r2 − r4

hr = r2

√
2r

Figure 5.2: Construction for x = e1

≥ r2

4

(︂
1− r2

4

)︂−1/2
≥ r2

4
=

hr
4
. (5.8)

For ℓ̄r, the equation (1 − hr
2 )2 + ( ℓr2 + ℓ̄r)

2 = 1 provides together with the estimate ℓr =√
2r2 − r4 ≤

√
2r,

ℓ̄r =

√︃
r2 − r4

4
− 1

2

√︁
2r2 − r4 = r

(︄√︃
1− r2

4
−
√︃

1

2
− r2

4

)︄

=
r

2

(︄
1√︂

1− r2

4 +
√︂

1
2 − r2

4

)︄
≥ r

2 +
√
2

=
1

2(
√
2 + 1)

√
2r ≥ 1

2(
√
2 + 1)

ℓr. (5.9)

Let

Hr =
{︂
(x1, . . . , xd) ∈ Rd : x1 = 1− hr

2
, ∥(0, x2, . . . , xd)∥ ∈

(︂1
2
ℓr,

9

16
ℓr

)︂}︂
.

Then, by (5.9) and rotational invariance, ∅ ≠ Hr ⊆ Ax,r.
By (5.8) and (5.9), for fixed r̂ > 0 we can choose a constant m ∈ N and disjoint cuboids

C1,r̂(x), . . . , Cm,r̂(x) ⊆ Ax,r̂ of height
hr̂
16 whose bases are regular cubes in Hr̂ of side length

εℓr̂ for some ε > 0. In particular, the variables ε,m and the positions of the cubes can be
chosen in such a way that

Bd(0, 1)\Ax,r̂ ⊆ C(x, y1, . . . , ym) (5.10)

for any choices of yi ∈ Ci,r̂(x) for i ∈ {1, . . . ,m}. Note that (5.10) is fulfilled if and only if

Bd
(︂(︂

1− hr̂
2

)︂
e1,

ℓr̂
2

)︂
∩
{︂
(x1, . . . , xd) ∈ Rd : x1 = 1− hr̂

2

}︂
⊆ Conv(y1, . . . , ym) (5.11)

for any choices of yi ∈ Ci,r̂(x) ∩Hr̂ for i ∈ {1, . . . ,m}. In the following we show that the
variables ε and m can be chosen independently from r since we can transfer the existing
configuration for r̂ to each r ∈ (0, 1) such that

Bd
(︂(︂

1− hr
2

)︂
e1,

ℓr
2

)︂
∩
{︂
(x1, . . . , xd) ∈ Rd : x1 = 1− hr

2

}︂
⊆ Conv(ỹ1, . . . , ỹm) (5.12)
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for any choices of ỹi ∈ Ci,r(x) ∩ Hr for i ∈ {1, . . . ,m}. To this end we consider the
transformation Tr : Rd → Rd with

Tr(z) =
(︂
1− hr/2 +

hr
hr̂

(︂
z1 − 1 +

hr̂
2

)︂
,
ℓr
ℓr̂
z2, . . . ,

ℓr
ℓr̂
zd

)︂
for z = (z1, . . . , zd) ∈ Rd. For i ∈ {1, . . . ,m} we define Ci,r(x) = Tr(Ci,r̂(x)). Then,
Ci,r(x) is a cuboid, whose base is a regular cube in Hr of side length εℓr and height hr

16 .
Since r4 < r2 for r ∈ (0, 1) and ℓ2r ≤ 2r2 it follows for x ∈ Ci,r(x),

∥x∥2 ≤ 92

162
ℓ2r +

(︂
1− 7

16
hr

)︂2
≤ 2 · 81

162
r2 +

(︂
1− 7

16
r2
)︂2

≤ 1−
(︂14
16

− 2 · 81 + 49

162

)︂
r2 < 1.

Thus, Ci,r(x) ⊆ Bd(0, 1) and hence, Ci,r(x) ⊆ Ax,r. With (5.11) we get

d
(︂
∂Conv(ỹ1, . . . , ỹm),

(︂
1− hr

2

)︂
e1

)︂
=

ℓr
ℓr̂
d
(︂
∂Conv(T−1

r (ỹ1), . . . , T
−1
r (ỹm)),

(︂
1− hr̂

2

)︂
e1

)︂
≥ ℓr

2

for any choices of ỹi ∈ Ci,r(x) ∩Hr for i ∈ {1, . . . ,m}, which shows (5.12). Thus, m and

ε can be chosen independently from r and λd(Ci,r(x)) = εd−1

16 hrℓ
d−1
r ≥ εd−1

16 rd+1 for all
r ∈ (0, 1).

Since Ax,r ⊆ Az,r for any z with z = ae1 for some a ∈ [0, 1], we can define Ci,r(z) =

Ci,r(x) and all desired properties remain valid for r >
√︁

d(x, ∂Bd(0, 1)). Moreover, by
rotation invariance we can choose the analogous rotated cubes for any x ∈ Bd(0, 1). This
means that we can find constants ε,m and cubes C1,r(x), . . . , Cm,r(x) for any x ∈ Bd(0, 1),
which fulfil that Bd(0, 1)\Ax,r ⊂ C(x, y1, . . . , ym) for all yi ∈ Ci,r(x), i ∈ {1, . . . ,m}
satisfying x /∈ Conv(y1, . . . , ym,0) and λd(Ci,r(x)) ≥ crd+1 for some constant c > 0,

i ∈ {1, . . . ,m} and r >
√︁
d(x, ∂Bd(0, 1)).

The hyperplane Hx can be divided in 2d−1 open orthants, which we denote by Gx,i

for i ∈ {1, . . . , 2d−1} such that ∩2d−1

i=1 Gx,i = {x} and define Hx,i = Gx,i + Span(x) for
i ∈ {1, . . . , 2d−1}. Then we define for i ∈ {1, . . . , t},

Di,r(x) =

{︄
Ax,r ∩Hx,i ∩B−ρ0 if r ≤

√︁
d(x, ∂Bd(0, 1)),

Ci,r(x) ∩B−ρ0 if r >
√︁

d(x, ∂Bd(0, 1)),

where t = 2d−1 for r ≤
√︁
d(x, ∂Bd(0, 1)) and t = m if r >

√︁
d(x, ∂Bd(0, 1)). Now fix

cR > 1 and define the map R : Bd(0, 1)×N → R by

R(x, ν + δx) =

{︄
min{2, cmaxcR inf{r ∈ [0, 1) : ν(Di,r(x)) ≥ 1, i ∈ {1, . . . , t}}} if x ∈ B−ρ0 ,

0 if x /∈ B−ρ0

(5.13)

for x ∈ Bd(0, 1) and ν ∈ N.
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Lemma 5.3. R is a radius of stabilisation for ξ̃s and there exist constants C, c > 0 such
that

P(R(x, ηs + δx) ≥ r) ≤ C exp[−csrd+1] (5.14)

for r ≥ 0, x ∈ Bd(0, 1) and s ≥ 1.

The following proof uses similar ideas as the proofs of Lemma 3.10 and Lemma 3.11
in [69].

Proof. To show that R is a radius of stabilisation, it is sufficient to show that ξ̃s(x, ηs+δx)
is completely determined by the points in Bdmax(x,R(x, ηs + δx)) for all x ∈ B−ρ0 .

We consider at first the case where the infimum in the definition of R is equal to some
r∗ ∈ [0, 1) and abbreviate dx =

√︁
d(x, ∂Bd(0, 1)). Then, if r∗ = dx and ηs(Di,dx) ≥ 1

for all i ∈ {1, . . . , t} or r∗ < dx, there exists 2d−1 points y1, . . . , y2d−1 in ηs with yi ∈
Ax,r ∩ Hx,i ∩ B−ρ0 , i ∈ {1, . . . , 2d−1} for r = dx < cRr

∗ or for r ∈ (r∗,min{cRr∗, dx}],
respectively. This provides x ∈ Conv(y1, . . . , ym,0) and hence, ξ̃s(x, ηs + δx) = 0. Note
that this guarantees that ξ̃s(x, ηs + δx) can be computed by just considering ηs|Ax,cRr∗ .

On the other hand if r∗ = dx and ηs(Di,dx) = 0 for some i ∈ {1, . . . , t} or r∗ > dx, there
exists r ∈ [r∗, cRr

∗) with r > dx such that ηs(Di,r) ≥ 1 for all i ∈ {1, . . . , t}. This means
that there exist m points y1, . . . , ym in ηs with yi ∈ Ci,r(x) ∩ B−ρ0 for i ∈ {1, . . . ,m}.
By the definition of Ci,r(x) it holds that either x ∈ Conv(y1, . . . , ym,0), which provides
ξ̃s(x, ηs + δx) = 0 or Bd(0, 1)\Ax,r ⊆ C(x, y1, . . . , ym). Then, it is guaranteed that all
facets of the random polytope that have x as a vertex are contained in Ax,r. Thus, since
r < cRr

∗, ξ̃s(x, ηs + δx) can be determined by just considering ηs|Ax,cRr∗ . Finally, in

both cases we know by Lemma 5.2 that Ax,cRr∗ ⊆ Bdmax(x, cmaxcRr
∗) for all r∗ ∈ (0, 1).

Together with Bd(0, 1) ⊆ Bdmax(x, 2) for all x ∈ Bd(0, 1), this provides that R is a radius
of stabilisation.

For the proof of (5.14) it is sufficient to consider only x ∈ B−ρ0 and r ∈ [0, r0]
for some r0 ∈ (0, 1) small enough such that Ax,r/(cmaxcR) ∩ B−ρ0 = Ax,r/(cmaxcR) for all

r ∈ [0, r0]. Then, by Lemma 5.2, λd(Ax,r/(cmaxcR) ∩ Hxi) ≥ c1
2d−1(cmaxcR)d+1 r

d+1. To-

gether with λd(Ci,r/(cmaxcR)(x)) ≥ εd−1

16(cmaxcR)d+1 r
d+1 for i ∈ {1, . . . ,m}, this provides

λd(Di,r/(cmaxcR)(x)) ≥ ĉrd+1 for i ∈ {1, . . . , t} and some constant ĉ > 0. Thus,

P(Rs(ηs + δx) ≥ r) ≤ P(∃i ∈ {1, . . . , t} : ηs(Di,r/(cmaxcR)(x)) = 0)

= 1− P(ηs(Di,r/(cmaxcR)(x)) ≥ 1 for i ∈ {1, . . . , t})

= 1−
t∏︂

i=1

(1− exp[−sλd(Di,r/(cmaxcR)(x))])

≤ 1− (1− exp[−sĉrd+1])t

≤ t exp[−sĉrd+1],

where the last step follows from Bernoulli’s inequality. This completes the proof.

The previous lemma shows that the scores ξ̃s are exponentially stabilising with αstab =
d + 1. The following two lemmas prove that they also decay exponentially fast with the
distance to ∂Bd(0, 1) with αK = d+ 1 and fulfil a q-th moment condition for q ≥ 1.
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Lemma 5.4. There are constants C, c > 0 such that for s ≥ 1, x ∈ Bd(0, 1) and A ⊆
Bd(0, 1) with |A| ≤ 9,

P
(︂
ξ̃s

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂
̸= 0
)︂
≤ C exp[−csdmax(x, ∂B

d(0, 1))d+1].

The proof is similar to [69, proof of Lemma 3.12].

Proof. Let x ∈ B−ρ0 . Then, since cmaxcR ≥ 1 and

R
(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂
≤ R(x, ηs + δx),

it holds ξ̃s

(︂
x, ηs + δx +

∑︁
a∈A δa

)︂
= 0 if

R(x, ηs + δx) ≤
√︂

d(x, ∂Bd(0, 1)) = dmax(x, ∂B
d(0, 1)).

Hence, with Lemma 5.3,

P
(︂
ξ̃s

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂
̸= 0
)︂
≤ P(R(x, ηs + δx) > dmax(x, ∂B

d(0, 1)))

≤ C exp[−csdmax(x, ∂B
d(0, 1))d+1],

which provides the statement.

Lemma 5.5. The scores ξ̃s fulfil

sup
s≥1

sup
x∈Bd(0,1)

E
[︂⃓⃓⃓
ξ̃s

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂⃓⃓⃓q]︂
≤ Cq

for A ⊂ Bd(0, 1) with |A| ≤ 9, q ≥ 1 and some constant Cq > 0.

Proof. In order to show a q-th moment condition for q ≥ 1, we consider the scores ξ̃1,s and
ξ̃2,s, where ξ̃i,s(x, ν) = 1{x ∈ B−ρ0}ξi,s(x, ν|B−ρ0

+ δ0) for x ∈ Bd(0, 1), ν ∈ N and ξi,s is

defined as in (5.6) for i ∈ {1, 2}. Since ξ̃1,s is twice the score ξ̃d−1 introduced in [69, p. 960]
and [69, Lemma 3.13] provides a q’th moment assumption for ξ̃d−1(x, ηs + δx +

∑︁
a∈A δa)

we know that ξ̃1,s(x, ηs + δx +
∑︁

a∈A δa) fulfils the required q’th moment condition. (Note
that in [69, Lemma 3.13] only sets A ⊂ Bd(0, 1) with |A| ≤ 7 are considered but since
the proof does not rely on the specific number of points it also holds for all A ⊂ Bd(0, 1)
with |A| ≤ 9 as demanded in our lemma.) This means that it only remains to show the
q’th moment condition for ξ̃2,s(x, ηs + δx +

∑︁
a∈A δa). To this end note at first that due to

R(x, ηs + δx +
∑︁

a∈A δa) ≤ R(x, ηs + δx),⋃︂
F∈FA : x∈V (F )

F ⊆ Bd
max (x,R(x, ηs + δx)) ⊆ Bd (x,R(x, ηs + δx)) ,

where FA is the set of vertices of the random polytope generated by ηs + δx +
∑︁

a∈A δa.
Hence, due to monotonicity of the surface area of convex sets we have∑︂

F∈FA : x∈V (F )

λd−1(F ) ≤ dκdR(x, ηs + δx)
d−1. (5.15)
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Let now x ∈ B−ρ0 be a vertex of the random polytope and denote the hyperplane through

∂Bd
(︁
x,R(x, ηs + δx)

)︁
∩ ∂Bd(0, 1) by ˜︁H. By the definition of R in (5.13), we know that

if R(x, ηs + δx) ≤ 1, [0, x] intersects ˜︁H, where [0, x] denotes the line connecting 0 and x.
Moreover, the distance of the origin to a facet that contains x is at least as large as the
distance from the origin to the hyperplane ˜︁H. Hence, for a facet F that contains x we
have

d(0, F ) ≥ d(0, ˜︁H) ≥
√︁

1−R(x, ηs + δx)2 ≥ 1−R(x, ηs + δx)
2 (5.16)

since the radius of the (d− 1)-dimensional ball ˜︁H ∩Bd(0, 1) can be bounded from above
by R(x, ηs + δx). The bound in (5.16) is obviously also true for R(x, ηs + δx) > 1.

Since d(0, F ) ≤ 1, it holds that d(0, F )1−p ≥ d(0, F ) for p ∈ [0, 1] and thus with (5.15)
and (5.16) we have for x ∈ B−ρ0 if Bd(0, 1− ρ0) ⊆ Conv(ηs),⃓⃓⃓

ξ̃2,s

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂⃓⃓⃓
=
⃓⃓⃓s
d

∑︂
F∈FA : x∈V (F )

(1− d(0, F )1−p)λd−1(F )
⃓⃓⃓

≤ s

d

∑︂
F∈FA : x∈V (F )

|(1− d(0, F ))|λd−1(F )

≤ s

d
R(x, ηs + δx)

2
∑︂

F∈FA : x∈V (F )

λd−1(F )

≤ κdsR(x, ηs + δx)
d+1.

Moreover, Lemma 5.3 provides E[(sR(x, ηs + δx)
d+1)q] ≤ C̃q for some constant C̃q > 0.

Combining this with |ξ̃2,s(x, ηs + δx +
∑︁

a∈A δa)| ≤ sdκd and Lemma 5.1 implies

E
[︂⃓⃓⃓
ξ̃2,s

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂⃓⃓⃓q]︂
= E

[︂⃓⃓⃓
ξ̃2,s

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂⃓⃓⃓q
1{Bd(0, 1− ρ0) ⊆ Conv(ηs)}

]︂
+ E

[︂⃓⃓⃓
ξ̃2,s

(︂
x, ηs + δx +

∑︂
a∈A

δa

)︂⃓⃓⃓q
1{Bd(0, 1− ρ0) ⊈ Conv(ηs)}

]︂
≤ κqdC̃q + (sdκd)

qC0 exp[−c0s] ≤ 2κqdC̃q

for s large enough, which completes the proof.

5.3 Lower variance bounds for linear combinations of Lp sur-
face areas

In this section, the reverse Poincaré inequality is applied to a vector of two Lp surface
areas to study the behaviour of its asymptotic covariance matrix.

Theorem 5.6. The asymptotic covariance matrix of the vector s(d+3)/(2(d+1))(Ap1 , Ap2)
for p1, p2 ∈ [0, 1] with p1 ̸= p2 is positive definite, i.e. for any α = (α1, α2) ∈ R2\{0} there
exists a constant c > 0 such that for s sufficiently large

Var[α1Ap1 + α2Ap2 ] ≥ cs−(d+3)/(d+1).
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Lower and upper variance bounds of the same order as in Theorem 5.6 were already
derived for the volume in [90]. For binomial input, analogous variance bounds for intrinsic
volumes were shown in [11]. The case of an underlying Poisson process and, in particular,
variance asymptotics for intrinsic volumes were discussed in [34]. We expect that variance
asymptotics for the Lp surface area and especially the positivity of the asymptotic variance
can be derived using the same method as in [34]. However, the proof in [34] cannot
be directly transferred to linear combinations of two Lp surface areas because for linear
combinations with scalars of different signs the monotonicity argument in [34, p. 100] does
not work.

Let S(y(1), . . . , y(m)) denote the simplex with vertices y(1), . . . , y(m) for m ∈ {1, . . . , d+
1}. For the proof of Theorem 5.6, the representation via scores from the previous section
will help showing an upper bound of the form (3.4). To show a lower bound as in (3.5)
for n = 1, we need to know how the Lp surface area of a polytope changes if we add a
simplex on one of its facets. Let this d-dimensional simplex be given by S(z(1), . . . , z(d+1))
for points z(1), . . . , z(d+1) ∈ Bd(0, 1), where z(d+1) denotes the point that is added and
S(z(1), . . . , z(d)) is the original facet of the polytope. The facets of the simplex are given
by Fi = S(z(1), . . . , z(i−1), z(i+1), . . . , z(d+1)) and the distance of a facet to the origin is
denoted by ρi = d(Fi,0) for i ∈ {1, . . . , d+ 1}. We are interested in

∆p =
d∑︂

i=1

ρ1−p
i λd−1(Fi)− ρ1−p

d+1λd−1(Fd+1), (5.17)

which is the change of the Lp surface area after adding the simplex.
In the following we also use the notation h̄ = d(z(d+1), Fd+1) for the height of the

added simplex, Ti = S(z(1), . . . , z(i−1), z(i+1), . . . , z(d)) for the (d− 2)-dimensional faces of
the base of the simplex and hi = d(z̄d+1, Ti) for i ∈ {1, . . . , d}, where z̄d+1 is the projection
of z(d+1) to Fd+1. The behaviour of ∆p is described in the following geometric lemma.

Lemma 5.7. Let z(1), . . . , z(d+1) ∈ Bd(0, 1). For a simplex S(z(1), . . . , z(d+1)), whose
vertices are chosen in such a way that argmini=1,...,d+1 ρi = d+ 1 and z̄d+1 belongs to the
interior of Fd+1, we have⃓⃓⃓

∆p −
1

d− 1

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂⃓⃓⃓
≤ ρ−p

d+1(1− ρd+1)
d+1∑︂
i=1

λd−1(Fi)

for p ∈ [0, 1] and⃓⃓⃓
∆p1 −∆p2 −

d∑︂
i=1

(p2 − p1)(ρi − ρd+1)λd−1(Fi)
⃓⃓⃓

≤ 2ρ−p2−1
d+1 (1− ρd+1)

2
d∑︂

i=1

λd−1(Fi) + ρ−p2
d+1(1− ρd+1)

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂
for p1, p2 ∈ [0, 1] with p1 < p2.

Proof. For i ∈ {1, . . . , d+ 1} let F
(i)
d+1 = S(z(1), . . . , z(i−1), z(i+1), . . . , z(d), z̄d+1). Then, we

have

λd−1(Fd+1) =

d∑︂
i=1

λd−1(F
(i)
d+1) =

1

d− 1

d∑︂
i=1

λd−2(Ti)hi

81



and

d∑︂
i=1

λd−1(Fi) =

d∑︂
i=1

1

d− 1
λd−2(Ti)d(z

(d+1), Ti) =
1

d− 1

d∑︂
i=1

λd−2(Ti)
√︂

h2i + h̄2.

Hence,

d∑︂
i=1

λd−1(Fi)− λd−1(Fd+1) =
1

d− 1

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂
. (5.18)

Note that, due to the mean value theorem and the assumption argmini=1,...,d+1 ρi = d+1,
one has for i ∈ {1, . . . , d+ 1},

0 ≤ 1− ρ1−p
i ≤ (1− p)ρ−p

i (1− ρi) ≤ (1− p)ρ−p
d+1(1− ρd+1).

Thus,

0 ≤
d+1∑︂
i=1

λd−1(Fi)(1− ρ1−p
i ) ≤

d+1∑︂
i=1

λd−1(Fi)(1− p)ρ−p
d+1(1− ρd+1).

Therefore, it follows with (5.17) and (5.18) that

⃓⃓⃓
∆p −

1

d− 1

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂⃓⃓⃓

=
⃓⃓⃓ d∑︂
i=1

(ρ1−p
i − 1)λd−1(Fi)− (ρ1−p

d+1 − 1)λd−1(Fd+1)
⃓⃓⃓

≤
d+1∑︂
i=1

λd−1(Fi)(1− ρ1−p
i ) ≤

d+1∑︂
i=1

λd−1(Fi)(1− p)ρ−p
d+1(1− ρd+1)

≤ ρ−p
d+1(1− ρd+1)

d+1∑︂
i=1

λd−1(Fi).

For the second inequality we have for p1 < p2,

∆p1 −∆p2 =

d∑︂
i=1

(ρ1−p1
i − ρ1−p2

i )λd−1(Fi)− (ρ1−p1
d+1 − ρ1−p2

d+1 )λd−1(Fd+1)

=

d∑︂
i=1

(ρ1−p1
i − ρ1−p2

i − (ρ1−p1
d+1 − ρ1−p2

d+1 ))λd−1(Fi)

+ (ρ1−p1
d+1 − ρ1−p2

d+1 )
(︂ d∑︂

i=1

λd−1(Fi)− λd−1(Fd+1)
)︂
.

The mean value theorem leads to

|ρ1−p1
d+1 − ρ1−p2

d+1 | = ρ1−p1
d+1 |1− ρp1−p2

d+1 | ≤ ρ1−p1
d+1 (p2 − p1)ρ

p1−p2−1
d+1 (1− ρd+1)

82



= (p2 − p1)ρ
−p2
d+1(1− ρd+1).

Together with (5.18) it follows that

⃓⃓⃓
∆p1 −∆p2 −

d∑︂
i=1

(ρ1−p1
i − ρ1−p2

i − (ρ1−p1
d+1 − ρ1−p2

d+1 ))λd−1(Fi)
⃓⃓⃓

≤ (p2 − p1)ρ
−p2
d+1(1− ρd+1)

1

d− 1

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂
. (5.19)

For u, v ∈ [0, 1] with u ≥ v and τ ∈ [0, 1], Taylor approximation of the function g(x) = xτ

centred at x = 1 provides

|uτ − vτ − τ(u− v)| ≤ τ(1− τ)
(︂uτ−2

2
(1− u)2 +

vτ−2

2
(1− v)2

)︂
≤ τ(1− τ)vτ−2(1− v)2.

Applying this inequality for τ = 1 − p1 or τ = 1 − p2, u = ρi and v = ρd+1, we derive
together with (5.19) and ρd+1 ≤ 1,

⃓⃓⃓
∆p1 −∆p2 −

d∑︂
i=1

(p2 − p1)(ρi − ρd+1)λd−1(Fi)
⃓⃓⃓

≤
d∑︂

i=1

((1− p1)p1ρ
−p1−1
d+1 + (1− p2)p2ρ

−p2−1
d+1 )(1− ρd+1)

2λd−1(Fi)

+ (p2 − p1)ρ
−p2
d+1(1− ρd+1)

1

d− 1

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂
≤ 2ρ−p2−1

d+1 (1− ρd+1)
2

d∑︂
i=1

λd−1(Fi) + ρ−p2
d+1(1− ρd+1)

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂
,

which completes the proof.

In order to derive Theorem 5.6 from Theorem 3.1, we consider the situation that
adding an additional point increases the random polytope by exactly one simplex over an
existing facet. Lemma 5.7 allows us to control the corresponding change of the Lp surface
area. In order to calculate explicit values for the height and volume of such a simplex, we
give in the following lemma the corresponding formulas for regular simplices, which can
be found for example in [30, Section 6, p. 367]. Since the proof of the following lemma is
only indicated in [30, Section 6, p. 367], we present it here for the sake of completeness.

Lemma 5.8. Let Rd denote a d-dimensional regular simplex with side length L. Then, it
holds

hd(Rd) =
L√
2

√︃
d+ 1

d
and λd(Rd) =

Ld

d!

√︃
d+ 1

2d
, (5.20)

where hd(Rd) denotes the height of Rd, i.e. the distance of each vertex to the opposite
(d− 1)-dimensional regular simplex.
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Proof. We show the general formula by induction. For d = 1 we have h1(R1) = λ1(R1) =

L. Now, assuming (5.20) for fixed d, since the centre of Rd has distance hd(Rd)
d+1 to each of

the facets of the simplex due to symmetry, we get with Pythagoras’ theorem

hd+1(Rd+1)
2 = L2 − d2

(d+ 1)2
hd(Rd)

2 = L2 − d2

(d+ 1)2
L2

2

d+ 1

d
=

L2

2

(︂
2− d

d+ 1

)︂
=

L2(d+ 2)

2(d+ 1)
,

which shows the formula for the height. Using this formula provides for the volume

λd+1(Rd+1) =
1

d+ 1
λd(Rd)hd+1(Rd+1) =

Ld

(d+ 1)d!

√︃
d+ 1

2d
× L√

2

√︃
d+ 2

d+ 1

=
Ld+1

(d+ 1)!

√︃
d+ 2

2d+1
,

which finishes the proof.

Finally, we can combine all results from this and the previous section to show Theorem
5.6 using the reverse Poincaré inequality. The main challenge of the following proof is to
show that the described situation is sufficiently likely. In order to improve the readability
of the proof, the details of some arguments are postponed to the following section.

Proof of Theorem 5.6. Let a > 0 be fixed. Throughout the proof we choose s ≥ 1 de-
pending on a large enough such that several conditions hold. Recall that ei denotes the
standard unit vector in the i-th direction and define x(d+1) = (1 − as−2/(d+1))e1. Let
x(1), . . . , x(d) ∈ Bd(0, 1) be points in the hyperplane

H = {y = (y1, . . . , yd) ∈ Rd : y1 = 1− (a+ a2)s−2/(d+1)}

of pairwise distance 2ℓ = 2
√
as−1/(d+1) that form a regular (d − 1)-dimensional simplex

S such that all points have the same distance to x(d+1). Then, x(1), . . . , x(d+1) are the
vertices of a d-dimensional simplex with height h = a2s−2/(d+1). For a set A ⊂ Bd(0, 1)
and x ∈ Bd(0, 1)\int(A) let

Vis(x,A) = {y ∈ Bd(0, 1) : [y, x] ∩ int(A) = ∅}

denote the visibility region at x. Recall that [y, x] denotes the line connecting x and
y. Let εh, εℓ ∈ (0, 1/4), which will be chosen sufficiently small such that some prop-
erties are satisfied throughout this proof. Now, we choose d cuboids Cx

1 , . . . , C
x
d ⊂

Vis(x(d+1),Conv(x(1), . . . , x(d+1))) containing x(1), . . . , x(d) each with height εha
2s−2/(d+1)

and such that its (d − 1)-dimensional base is a cube of side length εℓ
√
as−1/(d+1) that is

contained in the hyperplane H.
Let Sd−1 denote a regular (d−1)-dimensional simplex of side length 2ℓ. Then, εh, εℓ ∈

(0, 1/4) can be chosen small enough such that Cx
1 , . . . , C

x
d ⊂ Bd(0, 1) because by Lemma

5.8 we have for y ∈ Cx
i with i ∈ {1, . . . , d},

∥y∥2 ≤ (1− (a+ a2 − εha
2)s−2/(d+1))2 +

(︃
d− 1

d
hd−1(Sd−1) + (d− 1)εℓ

√
as−1/(d+1)

)︃2
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x(2)x(1)

x(d+1)

cas
−2/(d+1)

a2s−2/(d+1)

as−2/(d+1)

√
as−1/(d+1)

Cx
1 Cx

2

z(2)z(1)

z(d+1)

ta2s−2/(d+1)

Figure 5.3: Construction in Bd(0, 1) for d = 2 ([101, Figure 2]).

= (1− (a+ a2 − εha
2)s−2/(d+1))2 +

[︃√︃
2(d− 1)a

d
s−1/(d+1) + (d− 1)εℓ

√
as−1/(d+1)

]︃2
= 1−

[︃
2
(︂a
d
+ a2 − εha

2
)︂
− 2(d− 1)

√︃
2(d− 1)

d
εℓa− (d− 1)2ε2ℓa

− (a+ a2 − εha
2)2s−2/(d+1)

]︃
s−2/(d+1) < 1

for εh, εℓ ∈ (0, 1/4) small enough and s sufficiently large.

In the sequel, we use the same notation as in the context of Lemma 5.7. We consider
the simplex S(z(1), . . . , z(d+1)), where z(i) ∈ Cx

i for i ∈ {1, . . . , d} and z(d+1) = x(d+1) −
ta2s−2/(d+1)e1 for t ∈ [0, 1/2] (see Figure 5.3). Due to the choice of Cx

i we have for s
sufficiently large and t ∈ [0, 1/2],

ρd+1 ≥ 1− (a+ a2)s−2/(d+1) (5.21)

and

a2

4
s−2/(d+1) ≤

(︂
a2 − εha

2 − a2

2

)︂
s−2/(d+1) ≤ h̄ ≤ a2s−2/(d+1), (5.22)

where we used εh ∈ (0, 1/4).

Moreover, for i ∈ {1, . . . , d} we can control hi = d(Ti, z̄d+1), λd−1(Fi) and λd−2(Ti)
with the choice of εh, εℓ uniformly for s sufficiently large. One can show that there exist
constants ch,l, ch,u, cT,l, cT,u, cF,l, cF,u > 0 such that for s sufficiently large,

ch,l
√
as−1/(d+1) ≤ hi ≤ ch,u

√
as−1/(d+1), (5.23)

cT,la
(d−2)/2s−(d−2)/(d+1) ≤ λd−2(Ti) ≤ cT,ua

(d−2)/2s−(d−2)/(d+1) (5.24)

and

cF,la
(d−1)/2s−(d−1)/(d+1) ≤ λd−1(Fi) ≤ cF,ua

(d−1)/2s−(d−1)/(d+1). (5.25)

Here the constants do not depend on a, while the bounds for s such that the inequalities
hold may depend on a. The same applies to the inequalities and constants in the sequel
if not stated otherwise. For the detailed estimates see Section 5.4.
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Due to the fundamental theorem of calculus we have for x > y > 0,√︁
x2 + y2 − x =

∫︂ y2

0

1

2
√
x2 + z

dz ≥ y2
1

2
√︁
x2 + y2

≥ y2

2
√
2x

(5.26)

and √︁
x2 + y2 − x ≤ y2

2x
. (5.27)

We can assume without loss of generality that p1 < p2 and that (α1, α2) ∈ R2\{0} satisfies
α1 + α2 ≥ 0. In the following we distinguish the cases α1 ̸= −α2 and α1 = −α2. For
α1 ̸= −α2, we have by Lemma 5.7, whose assumptions are satisfied by the choice of zd+1

and (5.23), ⃓⃓⃓
α1∆p1 + α2∆p2 − (α1 + α2)

1

d− 1

d∑︂
i=1

λd−2(Ti)
(︂√︂

h2i + h̄2 − hi

)︂⃓⃓⃓

≤ (|α1|+ |α2|)ρ−p2
d+1(1− ρd+1)

d+1∑︂
i=1

λd−1(Fi).

Together with (5.21), (5.22), (5.23), (5.24), (5.25) and (5.26) we obtain for α1 + α2 > 0,
t ∈ [0, 1/2] and s sufficiently large,

α1∆p1 + α2∆p2

≥ α1 + α2

d− 1

d∑︂
i=1

cT,la
(d−2)/2s−(d−2)/(d+1)

a4

16s
−4/(d+1)

2
√
2ch,ua1/2s−1/(d+1)

− (|α1|+ |α2|)2p2(a+ a2)s−2/(d+1)
d+1∑︂
i=1

cF,ua
(d−1)/2s−(d−1)/(d+1)

≥ c̃da
(d+5)/2s−1 − c̃d,p1,p2(a

(d+3)/2 + a(d+1)/2)s−1

for suitable constants c̃d, c̃d,p1,p2 > 0, where we used that ρd+1 ≥ 1
2 for s sufficiently large.

Hence, we can fix a > 0 large enough such that this estimate provides for α1 ̸= −α2 the
existence of a constant c̃1 > 0 such that

|α1∆p1 + α2∆p2 | ≥ c̃1a
(d+5)/2s−1 (5.28)

for s sufficiently large and t ∈ [0, 1/2].
For α1 = −α2 we fix a ∈ (0, 1). To use the second part of Lemma 5.7 we show in

Section 5.4 that

ρi − ρd+1 ≥ cρ,l,as
−2/(d+1) (5.29)

for s sufficiently large with a suitable constant cρ,l,a > 0 that depends on a.
Together with Lemma 5.7 and the inequalities (5.21), (5.22), (5.23), (5.24), (5.25),

(5.27), (5.29) this provides for a fixed a ∈ (0, 1), t ∈ [0, 1/2] and s sufficiently large,

∆p1 −∆p2 ≥
d∑︂

i=1

(p2 − p1)cρ,l,as
−2/(d+1)cF,la

(d−1)/2s−(d−1)/(d+1)
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− 2p2+2(a+ a2)2s−4/(d+1)
d∑︂

i=1

cF,ua
(d−1)/2s−(d−1)/(d+1)

− 2p2(a+ a2)s−2/(d+1)
d∑︂

i=1

cT,ua
(d−2)/2s−(d−2)/(d+1) a4s−4/(d+1)

2ch,la1/2s−1/(d+1)

=: Ca,1s
−1 − Ca,2s

−(d+3)/(d+1) − Ca,3s
−(d+3)/(d+1), (5.30)

which can be bounded from below by 1
2Ca,1s

−1 for s sufficiently large.
Altogether, for α1 ̸= −α2 we fix a > 0 sufficiently large such that (5.28) holds and for

α1 = −α2 we fix a ∈ (0, 1) such that (5.30) holds. Then, for

Cα =

{︄
1
2Ca,1, for α1 = −α2,

c̃1a
(d+5)/2, else,

it holds that

|α1∆p1 + α2∆p2 | ≥ Cαs
−1 (5.31)

for all t ∈ [0, 1/2] and s sufficiently large.
For the application of Theorem 3.1 we consider the situation that z(1), . . . , z(d) are

points of the Poisson process and the point z(d+1) is added. To ensure that the change
of α1

˜︁Ap1 + α2
˜︁Ap2 is given by s(α1∆p1 + α2∆p2), we require that no further points of ηs

are present which prevent that z(1), . . . , z(d) form a facet of the random polytope or which
could be connected to z(d+1) by edges. Therefore, we consider the set

Mx
s = {y = (y1, . . . , yd) ∈ Bd(0, 1) : y1 ≥ 1− cas

−2/(d+1)} (5.32)

for some constant ca > 0, which might depend on a and can be chosen independently
from s such that (Bd(0, 1)\Mx

s )∩Vis(x(d+1),Conv(z(1), . . . , z(d), x(d+1))) = ∅ for all z(1) ∈
Cx
1 , . . . , z

(d) ∈ Cx
d (for more details see Section 5.4). In particular, this implies that

(Bd(0, 1)\Mx
s ) ∩ Vis(z(d+1),Conv(z(1), . . . , z(d+1))) = ∅ for all t ∈ [0, 1/2]. From now on

let s be sufficiently large such that 1− cas
−2/(d+1) ≥ ρ0.

Due to rotation invariance, the same configuration of sets can be constructed for any
x ∈ Bd(0, 1) with ∥x∥ = 1− (a+ ta2)s−2/(d+1) for t ∈ [0, 1/2] by defining Mx

s , C
x
1 , . . . , C

x
d

for each x as the suitable rotated regions. Define

A = {x ∈ Bd(0, 1) : ∥x∥ = 1− (a+ ta2)s−2/(d+1) and t ∈ [0, 1/2]}.

Combining our previous considerations leads to

α1Dx
˜︁Ap1 + α2Dx

˜︁Ap2 = s(α1∆p1 + α2∆p2)

if

ηs(C
x
i ) = 1 for i ∈ {1, . . . , d} and ηs

(︂
Mx

s \
d⋃︂

i=1

Cx
i

)︂
= 0

for s sufficiently large. Together with (5.31) we obtain for s sufficiently large

E
[︃∫︂

|α1Dx
˜︁Ap1 + α2Dx

˜︁Ap2 |2 λ(dx)
]︃
≥ E

[︃∫︂
A
|α1Dx

˜︁Ap1 + α2Dx
˜︁Ap2 |2 λ(dx)

]︃
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≥ s

∫︂
A
P(|α1Dx

˜︁Ap1 + α2Dx
˜︁Ap2 | ≥ Cα)C

2
α dx

≥ C2
αs

∫︂
A
P
(︂
ηs

(︂
Mx

s \
d⋃︂

i=1

Cx
i

)︂
= 0, ηs(C

x
1 ) = 1, . . . , ηs(C

x
d ) = 1

)︂
dx

= C2
αs

∫︂
A
P
(︂
ηs

(︂
Mx

s \
d⋃︂

i=1

Cx
i

)︂
= 0
)︂ d∏︂

i=1

P(ηs(Cx
i ) = 1) dx. (5.33)

Due to the definition of Cx
i we know that λd(C

x
i ) = εha

2(εℓ
√
a)d−1s−1 for i ∈ {1, . . . , d},

i.e. the volume of the sets Cx
i is of order s−1.

For λd(M
x
s ) we consider at first the radius r of the (d − 1)-dimensional ball BC =

{(y1, . . . , yd) ∈ Bd(0, 1) : y1 = 1−cas
−2/(d+1)}. This radius fulfils r2+(1−cas

−2/(d+1))2 =
1. Hence,

r2 = 2cas
−2/(d+1) − c2as

−4/(d+1) ≤ 2cas
−2/(d+1)

and therefore
λd(M

x
s ) ≤ κd−1r

d−1cas
−2/(d+1) ≤ c̃as

−1

for c̃a = κd−1ca(
√
2ca)

d−1. Thus, λd(M
x
s \

d⋃︁
i=1

Cx
i ) is at most of order s−1. Therefore, since

the Poisson process has intensity s, the order of the whole term in (5.33) can be bounded
from below by a multiple of sλd(A), where

λd(A) = κd

(︃
(1− as−2/(d+1))d −

(︂
1−

(︂
a+

a2

2

)︂
s−2/(d+1)

)︂d)︃
≥ c̃s−2/(d+1)

for a suitable constant c̃ > 0 and s sufficiently large. Altogether we have

E
[︃∫︂

|α1Dx
˜︁Ap1 + α2Dx

˜︁Ap2 |2 dλ(x)
]︃
≥ C̃s(d−1)/(d+1)

for some constant C̃ > 0 and s sufficiently large.
Next, we check condition (3.2). Due to Lemma 5.3, Lemma 5.4 and Lemma 5.5 we

can use (2.26) and (2.27). With (2.26), the Hölder inequality and Jensen’s inequality one
can show that

E[|D2
x,y
˜︁Api |2] = E

[︂
|D2

x,y
˜︁Api |21{D2

x,y
˜︁Api ̸= 0}

]︂
≤ (E[|D2

x,y
˜︁Api |5])2/5P(D2

x,y
˜︁Api ̸= 0)3/5

= (E[|Dx
˜︁Api(ηs + δy)−Dx

˜︁Api(ηs)|5])2/5P(D2
x,y
˜︁Api ̸= 0)3/5

≤
(︂
24
(︂
E[|Dx

˜︁Api(ηs + δy)|5] + E[|Dx
˜︁Api(ηs)|5]

)︂)︂2/5
P(D2

x,y
˜︁Api ̸= 0)3/5

≤ 4C2/5P(D2
x,y
˜︁Api ̸= 0)3/5

for i ∈ {1, 2} and the constant C > 0 from (2.26). Therefore, using Jensen’s inequality
and (2.27), it follows

E

⎡⎣∫︂
Bd(0,1)

∫︂
Bd(0,1)

(︄
D2

x,y

2∑︂
i=1

αi
˜︁Api

)︄2

λ(dx) λ(dy)

⎤⎦
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≤ 2

2∑︂
i=1

α2
i

∫︂
Bd(0,1)

∫︂
Bd(0,1)

E[|D2
x,y
˜︁Api |2] λ(dx) λ(dy)

≤ 2
2∑︂

i=1

α2
i s

∫︂
Bd(0,1)

s

∫︂
Bd(0,1)

4C2/5P(D2
x,y
˜︁Api ̸= 0)3/5 dx dy

≤ 8
2∑︂

i=1

α2
iC

2/5s

∫︂
Bd(0,1)

C3/5 exp[−c3/5sdmax(x, ∂B
d(0, 1))(d+1)] dx

≤ c(1)α s

∫︂
Bd(0,1)

exp[−c3/5s(1− ∥x∥)(d+1)/2] dx

≤ c(2)α s

∫︂ 1

0
exp[−c3/5s(1− r)(d+1)/2] dr = c(2)α s

∫︂ 1

0
exp[−c3/5su

(d+1)/2] du

≤ c(3)α s

∫︂ (c3/5s)
2/(d+1)

0
e−t(d+1)/2

s−2/(d+1)dt ≤ c(4)α ss−2/(d+1) = c(4)α s(d−1)/(d+1)

for suitable constants c
(i)
α > 0 for i ∈ {1, 2, 3, 4}, the constants c3/5, C3/5 > 0 from (2.27)

and s sufficiently large. This shows together with an application of Theorem 3.1 for n = 1
that Var[α1

˜︁Ap1 + α2
˜︁Ap2 ] ≥ cs(d−1)/(d+1) for a suitable constant c > 0. Now (5.7) yields a

lower bound of the same order for α1sAp1 + α2sAp2 , which completes the proof.

In contrast to the examples of spatial random graphs in Euclidean space, the variance
is here not of order s. The reason for this is that in the case of random graphs the difference
operator can be bounded away from 0 no matter where exactly the corresponding point is
added (apart from some small effects near the boundary). In the case of random polytopes,
the difference operator can only be not equal to 0 if the added point is not in the convex
hull of the points of the underlying Poisson process. Especially, for increasing s this means
that the difference operator can only be distinct from 0 (with sufficiently large probability)
if the added point is close enough to the boundary. As one can see in the proof, this leads
to an additional factor of s−2/(d+1) which results from the shape of the boundary.

Remark 5.9. A natural extension of Theorem 5.6 is to consider linear combinations of more
than two Lp surface areas, i.e. to study Var[

∑︁m
i=1 αiApi ] for (α1, . . . , αm) ∈ Rm, distinct

p1, . . . , pm ∈ [0, 1] and m ∈ N with m > 2. For
∑︁m

i=1 αi ̸= 0 we can use the same strategy
as in the proof of Theorem 5.6 and apply the first part of Lemma 5.7, which provides a
lower variance bound of the desired order. However, for

∑︁m
i=1 αi = 0 it is not clear how

to generalise the second part of Lemma 5.7 so that we restricted ourselves to the case of
two Lp surface areas.

5.4 Details of the proof of Theorem 5.6

In this section we derive the inequalities (5.23), (5.24), (5.25) and (5.29), which we use
in the proof of Theorem 5.6, and show that ca from (5.32) can be chosen independently
from s such that (Bd(0, 1)\Mx

s )∩Vis(x(d+1),Conv(z(1), . . . , z(d), x(d+1))) = ∅ for all z(1) ∈
Cx
1 , . . . , z

(d) ∈ Cx
d .
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Estimates for hi in (5.23)

For i ∈ {1, . . . , d} we show in the following that we can control hi = d(Ti, z̄d+1) with the
choice of εh, εℓ uniformly for s sufficiently large. Define ˜︁Fd+1 = S(x(1), . . . , x(d)) and let
z̄d+1 and x̄d+1 denote the projections of z(d+1) to Fd+1 and ˜︁Fd+1, respectively. Moreover,
let ˜︁Ti = S(x(1), . . . , x(i−1), x(i+1), . . . , x(d)). Then, for each y ∈ Ti there exists ỹ ∈ ˜︁Ti such
that ∥y − ỹ∥ ≤ (d− 1)εℓ

√
as−1/(d+1) + εha

2s−2/(d+1). Hence, with Lemma 5.8,√︄
2

d(d− 1)

√
as−1/(d+1) = d(x̄d+1, ˜︁Ti)

≤ d(x̄d+1, Ti) + (d− 1)εℓ
√
as−1/(d+1) + εha

2s−2/(d+1)

≤ ∥x̄d+1 − z̄d+1∥+ hi + (d− 1)εℓ
√
as−1/(d+1) + εha

2s−2/(d+1).

For the distance of the projections we have

∥x̄d+1 − z̄d+1∥ ≤ ∥x̄d+1 − z(d+1)∥+ ∥z(d+1) − z̄d+1∥ ≤ 2a2s−2/(d+1). (5.34)

Hence, we derive for hi,

hi ≥

√︄
2

d(d− 1)

√
as−1/(d+1) − 2a2s−2/(d+1) − (d− 1)εℓ

√
as−1/(d+1) − εha

2s−2/(d+1).

Note that 2a2s−2/(d+1) ≤ 1
2

√︂
2

d(d−1)

√
as−1/(d+1) for s sufficiently large. Therefore, we can

choose εℓ, εh > 0 small enough such that for all t ∈ [0, 1/2] and s sufficiently large,

hi ≥ ch,l
√
as−1/(d+1) (5.35)

with a constant ch,l > 0. Using again (5.34) as well as εh, εℓ ≤ 1/4, we have

hi ≤ ∥x̄d+1 − z̄d+1∥+ d(x̄d+1, Ti)

≤ ∥x̄d+1 − z̄d+1∥+ d(x̄d+1, ˜︁Ti) + (d− 1)εℓ
√
as−1/(d+1) + εha

2s−2/(d+1)

≤ 9

4
a2s−2/(d+1) +

(︄√︄
2

d(d− 1)
+

d− 1

4

)︄
√
as−1/(d+1)

≤ ch,u
√
as−1/(d+1) (5.36)

for a suitable constant ch,u > 0, t ∈ [0, 1/2], and s sufficiently large, which provides (5.23).

Estimates for λd−2(Ti) in (5.24)

By definition, ˜︁Ti with i ∈ {1, . . . , d} is a regular (d− 2)-dimensional simplex of side length
2ℓ = 2

√
as−1/(d+1). We know that the (d−2)-dimensional volume of a (d−2)-dimensional

regular simplex of side length 2
√
a in Rd is continuous with regard to translations of

the vertices. Therefore, we can choose a cube around each vertex small enough such that
moving each vertex within the corresponding cube changes the (d−2)-dimensional volume
of the (d− 2)-dimensional simplex only slightly. Due to homogeneity we can transfer this
result to a regular simplex of side length 2

√
as−1/(d+1) for all s ≥ 1, where each side of
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the cubes is scaled by s−1/(d+1). Hence, we can choose εh, εℓ ∈ (0, 1/4) small enough such
that with (5.20) for s sufficiently large,

λd−2(Ti) ≥
1

2
λd−2( ˜︁Ti) =

2(d−2)/2
√
d− 1

2(d− 2)!
(
√
as−1/(d+1))d−2

=: cT,la
(d−2)/2s−(d−2)/(d+1)

and

λd−2(Ti) ≤ cT,ua
(d−2)/2s−(d−2)/(d+1) (5.37)

for a suitable constant cT,u > 0, which finishes the proof of (5.24).

Estimates for λd−1(Fi) in (5.25)

Together with (5.36) and (5.37), it holds

λd−1(Fd+1) =
1

d− 1

d∑︂
i=1

λd−2(Ti)hi

≤ 1

d− 1

d∑︂
i=1

cT,ua
(d−2)/2s−(d−2)/(d+1)ch,u

√
as−1/(d+1)

and with (5.22),

λd−1(Fi) =
1

d− 1
λd−2(Ti)

√︂
h2i + h̄2

≤ 1

d− 1
cT,ua

(d−2)/2s−(d−2)/(d+1)
√︂

c2h,uas
−2/(d+1) + a4s−4/(d+1)

for i ∈ {1, . . . , d}. Hence, we have for j ∈ {1, . . . , d+ 1} and s sufficiently large,

λd−1(Fj) ≤ cF,ua
(d−1)/2s−(d−1)/(d+1)

for a suitable constant cF,u > 0. Analogously, we have for s sufficiently large,

λd−1(Fj) ≥ cF,la
(d−1)/2s−(d−1)/(d+1)

for a suitable constant cF,l > 0 and j ∈ {1, . . . , d+ 1}, which provides (5.25).

Lower bound for ρi − ρd+1 in (5.29)

In the following we show the estimate for ρi − ρd+1 for i ∈ {1, . . . , d}. Let ui be the
projection of 0 to Fi for i ∈ {1, . . . , d + 1} and note that x̄d+1, which we introduced in
the estimate for hi as the projection of z(d+1) to ˜︁Fd+1, is also the projection of 0 on ˜︁Fd+1.
Then, for every i ∈ {1, . . . , d}, there exist a constant βi ≥ 0 and a vector vi orthogonal to
ud+1 such that

ui = (1 + βih)ud+1 + vi
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and, thus,

ρ2i = ∥ui∥2 = (1 + βih)
2∥ud+1∥2 + ∥vi∥2 = (1 + βih)

2ρ2d+1 + ∥vi∥2.

Let ū be the projection of ud+1 to ˜︁Fd+1, while z̄0 is the intersection point of Fd+1 with
the line through 0 and z(d+1) (see Figure 5.4). We show that we can choose εh > 0 small
enough such that ud+1 is very close to z̄0 to ensure a minimum distance from ud+1 to Ti.
It holds

∥x̄d+1∥2 + ∥x̄d+1 − ū∥2 = ∥ū∥2 ≤ ∥ud+1∥2 ≤ ∥z̄0∥2 ≤ (∥x̄d+1∥+ εha
2s−2/(d+1))2,

which implies

∥x̄d+1 − ū∥2 ≤ 2∥x̄d+1∥εha2s−2/(d+1) + ε2ha
4s−4/(d+1).

This provides

∥z̄0 − ud+1∥2 ≤ ∥x̄d+1 − ū∥2 + ε2ha
4s−4/(d+1) ≤ 2εha

2s−2/(d+1) + 2ε2ha
4s−4/(d+1).

Hence, we can choose εh ∈ (0, 1/4) small enough such that

∥z̄0 − ud+1∥ ≤ 1

4

√︄
2

d(d− 1)
as−1/(d+1) =

√
a

4

√︄
2

d(d− 1)
ℓ ≤ 1

4

√︄
2

d(d− 1)
ℓ (5.38)

since a ∈ (0, 1). For εℓ > 0 small enough such that for s sufficiently large,

d(z̄0, Ti) ≥ d(x̄d+1, ˜︁Ti)− 2εha
2s−2/(d+1) − (d− 1)εℓ

√
as−1/(d+1) ≥ 1

2

√︄
2

d(d− 1)
ℓ,

(5.38) implies that d(ud+1, Ti) ≥ 1
4

√︂
2

d(d−1)ℓ for i ∈ {1, . . . , d} and s sufficiently large.

Then, for ∥vi∥ ≤ 1
8

√︂
2

d(d−1)ℓ, d(ui, Ti) is at least 1
8

√︂
2

d(d−1)ℓ since d(ud+1, Ti) ≤ ∥vi∥ +

d(ui, Ti) (see Figure 5.5). Hence, with the intercept theorem, (5.22) and (5.36) we have

ρi − ρd+1 ≥ βih∥ud+1∥ = h̄
d(ui, Ti)

d(z(d+1), Ti)

≥ 1

8

√︄
2

d(d− 1)
ℓ · h̄√︂

h̄2 + h2i

≥ 1

8

√︄
2a

d(d− 1)
s−1/(d+1) ·

1
4a

2s−2/(d+1)√︂
a4s−4/(d+1) + c2h,uas

−2/(d+1)

≥ cρ,la
2s−2/(d+1)

for a suitable constant cρ,l > 0. If ∥vi∥ > 1
8

√︂
2

d(d−1)ℓ, we have

ρ2i − ρ2d+1 ≥ ρ2i − (1 + βih)
2ρ2d+1 = ∥vi∥2 >

1

64

2

d(d− 1)
ℓ2.

Hence,

ρi − ρd+1 ≥
2

64(ρi + ρd+1)d(d− 1)
ℓ2 ≥ 1

64d(d− 1)
ℓ2 =

a

64d(d− 1)
s−2/(d+1),

which completes the proof of (5.29).
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0

˜︁Fd+1

z(d+1)

Fd+1 z̄0

x̄d+1

ud+1

ū

z̄d+1

Figure 5.4: Point configuration
on Fd+1 and ˜︁Fd+1

([101, Figure 3])

0

z(d+1)

Ti

z(i)

Fi

z̄d+1

ρd+1 ρi

βihud+1

vi
ui

ud+1

Figure 5.5: Decomposition of the projection of 0 to
Fi ([101, Figure 4])

How to choose ca > 0 in (5.32)

In the following we show that the constant ca > 0 from the definition of Mx
s can be chosen

independently from s such that (Bd(0, 1)\Mx
s )∩Vis(x(d+1),Conv(z(1), . . . , z(d), x(d+1))) =

∅ for all z(1) ∈ Cx
1 , . . . , z

(d) ∈ Cx
d , i.e. that ca > 0 can be chosen in such a way that any

line on the boundary of Conv(z(1), . . . , z(d), x(d+1)) through x(d+1) meets the hyperplane
{y = (y1, . . . , yd) ∈ Rd : y1 = 1 − cas

−2/(d+1)} outside the ball Bd(0, 1). With (5.34) and
(5.35) it holds that

d(x̄d+1, Ti) ≥ hi − ∥x̄d+1 − z̄d+1∥ ≥ ch,l
√
as−1/(d+1) − 2a2s−2/(d+1)

≥ c̃h,l
√
as−1/(d+1) (5.39)

for c̃h,l =
ch,l
2 , i ∈ {1, . . . , d} and s sufficiently large.

Let Bd−1
C = Bd(x̄d+1, c̃h,l

√
as−1/(d+1)) ∩H. Then, because of (5.39),

Vis(x(d+1),Conv(z(1), . . . , z(d), x(d+1)))

is a subset of the visibility region at x(d+1) of the smallest cone K with apex x(d+1) that
contains Bd−1

C . Hence, if we choose ca > 0 such that (Bd(0, 1)\Mx
s ) ∩Vis(x(d+1),K) = ∅,

then also (Bd(0, 1)\Mx
s )∩Vis(x(d+1),Conv(z(1), . . . , z(d), x(d+1))) = ∅. Because of symme-

try it suffices to ensure that the line through x(d+1) and

ŷ = (1− (a+ a2)s−2/(d+1))e1 + c̃h,l
√
as−1/(d+1)e2

meets H outside of Bd(0, 1). A point xr on the line through x(d+1) and ŷ can be described
by

xr = (1− as−2/(d+1))e1 + r(−a2s−2/(d+1)e1 + c̃h,l
√
as−1/(d+1)e2) (5.40)

for r ∈ R. To determine a possible constant ca > 0, we need an r > 1 such that the point

xr = (xr,1, . . . , xr,d) fulfils ∥xr∥ > 1. If xr,1 > 1 − 1
2

∑︁d
i=2 x

2
r,i ≥

√︂
1−

∑︁d
i=2 x

2
r,i, it holds

that xr /∈ Bd(0, 1), i.e. xr /∈ Bd(0, 1) if

1− (a+ ra2)s−2/(d+1) > 1− r2

2
c̃2h,las

−2/(d+1) ⇐⇒ r2

2
c̃2h,l − ra− 1 > 0. (5.41)
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This inequality is fulfilled for r > 1 large enough independently of s. Hence, inserting a
possible r̂ > 1, which fulfils (5.41), in (5.40) provides that ca > 0 can be chosen indepen-
dently from s as ca = a+ r̂a2.

5.5 Central limit theorems for vectors of Lp surface areas

As a consequence of the lower variance bound in Theorem 5.6, one can derive quantitative
bounds for the multivariate normal approximation of two Lp surface areas.

Theorem 5.10. Let (Ap1 , Ap2) be the vector of Lp surface areas for p1, p2 ∈ [0, 1] with
p1 ̸= p2. Denote by Σ(s) the covariance matrix of s(d+3)/(2(d+1))(Ap1 , Ap2). Let NΣ(s) be a
centred Gaussian random vector with covariance matrix Σ(s). Then there exists a constant
c > 0 such that

dconvex(s
(d+3)/(2(d+1))(Ap1 − E[Ap1 ], Ap2 − E[Ap2 ]), NΣ(s)) ≤ cs−(d−1)/(2(d+1))

for s ≥ 1.

Let us compare our results to previous results from the literature. In [50] the mul-
tivariate normal approximation of the vector of all intrinsic volumes and all numbers of
lower-dimensional faces of the convex hull of Poisson points in a smooth convex body is
considered. As in Theorem 5.10, one compares it to a multivariate normal distribution
with the same covariance matrix, but as the so-called d3-distance is studied, no informa-
tion about the regularity of the asymptotic covariance matrix is required. In the same
work positive linear combinations of intrinsic volumes were considered since for coefficients
with different signs it could not be ensured that the corresponding asymptotic variance
is positive. For the special case of volume and surface area and an underlying ball, this
problem is resolved by Theorem 5.6. In contrast to the findings in [50], Theorem 5.10
deals with non-smooth test functions and the obtained bounds are of a better order since
a logarithmic factor could be removed. The rates of convergence derived in [69, Section 3]
for the univariate normal approximation of intrinsic volumes in Kolmogorov distance are
of the order s−(d−1)/(2(d+1)) just like the rates in Theorem 5.10.

For the proof of Theorem 5.10 we use the following lemma, which is a direct conse-
quence of [22, Corollary 3.2].

Lemma 5.11. Let NI be a standard normally distributed random vector in Rd and let
K ∈ Kd. Then there exists a constant cd > 0 such that for all µ ≥ 0,

P(NI ∈ K\K−µ) ≤ cdµ,

where K−µ = {x ∈ K : d(x, ∂K) ≥ µ}.

Proof of Theorem 5.10. For s ≥ 1 we define ˜︁Zs = ( ˜︁Z(1)
s , ˜︁Z(2)

s ) = s−(d−1)/(2(d+1))( ˜︁Ap1 ,
˜︁Ap2).

By Lemmas 5.3, 5.4 and 5.5, ˜︁Api is stabilising for i ∈ {1, 2}. Hence, we can apply Theorem
2.21 for τ = (d− 1)/(2(d+ 1)), which provides that

dconvex( ˜︁Zs − E[ ˜︁Zs], NΣ(s)) ≤ c̃s−(d−1)/(2(d+1)) (5.42)

for s ≥ 1 with a constant c̃ > 0 if we can check that
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i) for any constant cI > 0 there exists a constant c̃I > 0 such that

s

∫︂
Bd(0,1)

exp[−cIsdmax(x, ∂B
d(0, 1))(d+1)] dx ≤ c̃Is

(d−1)/(d+1)

for s ≥ 1,

ii) |(Σ(s))u,v − Cov( ˜︁Z(u)
s , ˜︁Z(v)

s )| is at most of order s−(d−1)/(2(d+1)) for all u, v ∈ {1, 2},

iii) ∥Σ(s)−1∥op is uniformly bounded for s sufficiently large, where ∥·∥op denotes the
operator norm.

Analogously to the calculation at the end of the proof of Theorem 5.6 one can show i)
since

s

∫︂
Bd(0,1)

exp[−cIsdmax(x, ∂B
d(0, 1))(d+1)] dx ≤ s

∫︂
Bd(0,1)

exp[−cIs(1− ∥x∥))(d+1)/2] dx

≤ c1s

∫︂ 1

0
exp[−cIs(1− r)(d+1)/2] dr

≤ c2s

∫︂ ∞

0
s−2/(d+1) exp[−t(d+1)/2] dt

≤ c3s
(d−1)/(d+1) (5.43)

for suitable constants c1, c2, c3 > 0. Next, we want to show ii) for all u, v ∈ {1, 2}. We
start with the case u = v. Then, we have with (5.7),

|Var[s(d+3)/(2(d+1))Apu ]−Var[ ˜︁Z(u)
s ]| = s−(d−1)/(d+1)|Var[sApu ]−Var[ ˜︁Apu ]|

≤ s−(d−1)/(d+1)Ĉp exp[−ĉps]

with the constants Ĉp, ĉp > 0 from (5.7), which shows ii) for u = v. For u ̸= v we use that

2|Cov(sApu , sApv)− Cov( ˜︁Apu , ˜︁Apv)|

=
⃓⃓
Var[sApu + sApv ]−Var[ ˜︁Apu + ˜︁Apv ]−Var[sApu ] + Var[ ˜︁Apu ]

−Var[sApv ] + Var[ ˜︁Apv ]
⃓⃓

≤ |Var[sApu + sApv ]−Var[ ˜︁Apu + ˜︁Apv ]|+ |Var[sApu ]−Var[ ˜︁Apu ]|

+ |Var[sApv ]−Var[ ˜︁Apv ]|.

The second and third term can be bounded by (5.7) as before, while for the first summand
we can apply an analogous version of (5.7) for the distance of the variances of these sums,
which can be derived in the same way as (5.7). This provides the existence of constants
C, c > 0 such that⃓⃓

Cov(s(d+3)/(2(d+1))Apu , s
(d+3)/(2(d+1))Apv)− Cov( ˜︁Z(u)

s , ˜︁Z(v)
s )
⃓⃓

= s−(d−1)/(d+1)|Cov(sApu , sApv)− Cov( ˜︁Apu , ˜︁Apv)|
≤ s−(d−1)/(d+1)C exp[−cs],

which implies ii).
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It remains to establish iii). To this end we assume that there is a subsequence (sn)n∈N
such that ∥Σ(sn)−1∥op → ∞ and sn → ∞ as n → ∞. From the Poincaré inequality
(see (2.20)), Lemma 2.20 a) and b) and (5.43) one deduces that for ε ∈ (4, 4 + p) and
q = (1− 2

ε )
−1,

Var[ ˜︁Z(u)
s ] = s−(d−1)/(d+1)Var[ ˜︁Apu ] ≤ s−(d−1)/(d+1)E

[︂ ∫︂
Bd(0,1)

(Dx
˜︁Apu)

2 λ(dx)
]︂

= s−(d−1)/(d+1)sE
[︂ ∫︂

Bd(0,1)
1{Dx

˜︁Apu ̸= 0}(Dx
˜︁Apu)

2 dx
]︂

≤ s−(d−1)/(d+1)s

∫︂
Bd(0,1)

P(Dx
˜︁Apu ̸= 0)1/qE[(Dx

˜︁Apu)
ε]2/ε dx

≤ s−(d−1)/(d+1)C2/εC̃1/qs

∫︂
Bd(0,1)

exp[−c̃1/qsdmax(x, ∂B
d(0, 1))(d+1)] dx

≤ c

for a suitable constant c > 0. This means that all variances of the components of ˜︁Zs

are uniformly bounded for s ≥ 1. As before, one can show the same for all covariances
as well. By ii) the same holds for the entries of Σ(s). Thus, there exists a subsequence
(snk

)k∈N and a matrix Σ ∈ R2×2 such that Σ(snk
) → Σ as k → ∞. From Theorem 5.6 it

follows that Σ is positive definite as αTΣα = lim
k→∞

αTΣ(snk
)α > 0 for any α ∈ R2\{0}.

Thus, ∥Σ−1∥op is well-defined and ∥Σ(snk
)−1∥op → ∥Σ−1∥op as k → ∞. Since this is a

contradiction to the assumption, we have shown that ∥Σ(s)−1∥op is uniformly bounded
for s sufficiently large, which is iii) and completes the proof of (5.42).

Now let

Zs = s(d+3)/(2(d+1))(Ap1 , Ap2) = s−(d−1)/(2(d+1))(sAp1 , sAp2)

and

ˆ︁Zs = s−(d−1)/(2(d+1))(s(λd−1(∂B
d(0, 1))−Ap1), s(λd−1(∂B

d(0, 1))−Ap2)).

Then, Zs − E[Zs] and −( ˆ︁Zs − E[ ˆ︁Zs]) have the same distribution. Together with the
symmetry of the normal distribution and the triangle inequality it holds that

dconvex(Zs − E[Zs], NΣ(s)) = dconvex(−( ˆ︁Zs − E[ ˆ︁Zs]), NΣ(s)) = dconvex( ˆ︁Zs − E[ ˆ︁Zs], NΣ(s))

≤ dconvex( ˆ︁Zs − E[ ˆ︁Zs], ˜︁Zs − E[ ˆ︁Zs]) + dconvex( ˜︁Zs − E[ ˆ︁Zs], NΣ(s))

≤ P( ˆ︁Zs ̸= ˜︁Zs) + dconvex( ˜︁Zs − E[ ˜︁Zs], NΣ(s) + E[ ˆ︁Zs]− E[ ˜︁Zs])

≤ P( ˆ︁Zs ̸= ˜︁Zs) + dconvex( ˜︁Zs − E[ ˜︁Zs], NΣ(s)) + dconvex(NΣ(s), NΣ(s) + E[ ˆ︁Zs]− E[ ˜︁Zs]).

Since the first term on the right-hand side vanishes exponentially fast by (5.7) and the
second one was treated in (5.42), it remains to study the third term. We have that

dconvex(NΣ(s), NΣ(s) + E[ ˆ︁Zs]− E[ ˜︁Zs])

= dconvex(NI , NI +Σ(s)−1/2(E[ ˆ︁Zs]− E[ ˜︁Zs]))
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≤ sup
K⊆R2 convex

P(NI ∈ K\K−µ), (5.44)

where NI is distributed according to a two-dimensional standard normal distribution and

K−µ = {x ∈ K : d(x, ∂K) ≥ µ} for µ = ∥Σ(s)−1/2(E[ ˆ︁Zs]− E[ ˜︁Zs])∥.

From Lemma 5.11 one obtains that (5.44) is bounded by a constant times

µ ≤ ∥Σ(s)−1∥1/2op ∥E[ ˆ︁Zs]− E[ ˜︁Zs]∥.

Now iii) from above and (5.7) imply that this expression vanishes exponentially fast for
s → ∞, which completes the proof.

Remark 5.12. Theorem 5.6 and Theorem 5.10 especially provide a lower variance bound
and a result on the multivariate normal approximation for the vector of surface area and
volume of a random polytope since A0 = dVd and A1 = Sd−1, where Vd and Sd−1 denote
the volume and surface area, respectively.

Remark 5.13. The results of this chapter prevail if we assume that the Poisson processes
have underlying intensity measures sµ for s ≥ 0, where µ is a measure with a density
g : Bd(0, 1) → [0,∞) satisfying c ≤ g(x) ≤ c for all x ∈ Bd(0, 1) and some constants
c, c > 0 (see also Remark 4.7). Moreover, we expect that it is possible to replace the
d-dimensional unit ball by a compact convex non-empty subset of Rd with C2-boundary
and positive Gaussian curvature. Since the boundaries of these sets are locally between
two paraboloids as the boundary of the unit ball, we believe that similar arguments as in
[69, Section 3.4] allow to prove our results for this larger class of underlying bodies.

However, note that for our arguments a smooth boundary is necessary. Considering
random polytopes in other convex sets like polytopes is a different problem since random
polytopes show different behaviours close to corners of the underlying set. Results for
functionals like the volume or the number of ℓ-dimensional faces of random polytopes in
polytopes for ℓ ∈ {0, . . . , d− 1} can be found for example in [12, 13, 33, 35, 49, 52].
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Chapter 6

Excursion sets of Poisson shot
noise processes

In this chapter we consider geometric functionals of excursion sets of Poisson shot noise
processes and aim to analyse their asymptotic behaviours for growing observation windows.
We start with analysing the asymptotic variance of the volume of excursion sets for a non-
marked underlying Poisson process in Section 6.2. In Section 6.3 we consider a marked
underlying Poisson process and analyse more general geometric functionals of a more
restricted set of kernel functions, for which we can guarantee that the corresponding
excursion sets are almost surely polyconvex. For these geometric functionals we study the
asymptotic expectation, the behaviour of the asymptotic variance and derive qualitative
and quantitative central limit theorems. This chapter is mainly based on [101, Section 5]
by M. Schulte and V. Trapp and [109] by V. Trapp. Sections 6.1 and 6.3 are mainly taken
from [109], while Section 6.2 is based on [101, Section 5].

6.1 The model

Let (M,FM,Q) be a mark space with σ-field FM and probability measure Q. For d ∈ N we
consider a marked Poisson process η on R̂d = Rd×M with intensity measure λ = γλd⊗Q
for some γ > 0. For a family of measurable kernel functions (gm)m∈M with gm : Rd → R,
a Poisson shot noise process (fη(y))y∈Rd is defined by

fη(y) =
∑︂

(x,m)∈η

gm(y − x) (6.1)

for y ∈ Rd. To simplify the model, one can also consider Poisson shot noise processes
with underlying non-marked Poisson process and fixed kernel function g. In this case fη
is analogously defined as in (6.1) by replacing gm with g and summing over all points
of a Poisson process in Rd with intensity measure γλd. (Note that this corresponds to
the model with M = {1}, Q({1}) = 1 and g1 = g.) In Section 6.2 we will consider this
simplified version of the Poisson shot noise process, while Section 6.3 deals with the more
general case of Poisson shot noise processes with an underlying marked Poisson process.

For a fixed u > 0, the excursion set of fη is given by

Zu = {y ∈ Rd : fη(y) ≥ u}.
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Figure 6.1: Simulation of a Poisson shot noise process (left) and its excursion set (right)
for u = 15, d = 2 and gm(x) = u

2 for x ∈ Km and all m ∈ M.

A simulation of a Poisson shot noise process and the corresponding excursion set can be
seen in Figure 6.1.

Random fields and their excursion sets are an important topic of probability theory
with a wide range of applications. They are used in various fields for modelling random
signals, with excursion sets corresponding to the regions where these signals interfere and
exceed some given threshold. In 1944, for example, random fields were used in [95] to
model random noise in electronic devices and analyse shot effects, which occur if a lot of
disturbances overlap. Beyond this, random fields have a variety of applications in different
areas such as wireless communication networks (see e.g. [7, 8]), insurance mathematics
(see for instance [29, 62, 108]) and medicine (see e.g. [107, 112]), to name just a few. For a
general introduction to random fields we refer the reader to [2, 6]. While the best studied
underlying fields in the literature are Gaussian random fields, we focus in this thesis on
Poisson shot noise processes and aim to study the behaviour of their excursion sets within
compact convex observation windows for fixed u > 0 for growing observation windows.
This means, we consider a family of windows (Ws)s≥1 with Ws = sW for s ≥ 1 and some
compact convex set W with λd(W ) > 0 and are interested in the asymptotic behaviour of
φ(Zu ∩Ws), where φ is a functional that provides geometric information about Zu ∩Ws.

In the literature there already exist a few results for specific geometric functionals
of excursion sets of different random fields. For Gaussian random fields, [46] establishes
a central limit theorem for the Euler characteristic of excursion sets, while [26, 43] use
the Euler characteristic to construct tests for Gaussianity. Central limit theorems for
Lipschitz-Killing curvatures of Gaussian excursion sets are proven in [63, 78]. More gen-
eral random fields are considered for instance in [1, 25, 26, 32, 105]. Among other things,
the Euler characteristic, surface area and volume of excursion sets of two-dimensional sta-
tionary isotropic random fields are analysed in [26]. In [1, 25] the asymptotic expectation
of functionals like Lipschitz-Killing curvatures, the level perimeter or level total curvature
integrals are calculated for different fields such as stable fields or two-dimensional smooth
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stationary fields. An overview on asymptotic results for the volume of stationary random
fields is given in [105]. In [32] variance asymptotics and central limit theorems for the
volume of excursion sets of quasi-associated random fields were considered, which include
a large class of Poisson shot noise processes (see [32, Proposition 1]). Further research
on the asymptotic behaviour of the volume or a smoothed version of the volume of ex-
cursion sets of Poisson shot noise processes is for example done in [66, 67], which show
limit theorems and variance asymptotics under different conditions on the kernel func-
tions. Moreover, the perimeter or a smoothed version of the perimeter of Poisson shot
noise processes is considered in [24, 66, 67]. While [24] analyses its expectation, the works
[66, 67] show central limit theorems. Additionally, [66] shows asymptotic results for other
functionals like the Euler characteristic. In the following section we start with analysing
the volume of excursion sets of Poisson shot noise processes and complement the findings
from [32, 66, 67] to a wider range of kernel functions.

6.2 Volumes of excursion sets

We consider a specific class of Poisson shot noise processes with underlying non-marked
Poisson processes with intensity 1. Recall that this means that we consider a stationary
Poisson process η on Rd with intensity measure λd and a fixed integrable kernel function
g : Rd → R. The corresponding Poisson shot noise process (fη(y))y∈Rd is given by

fη(y) =
∑︂
x∈η

g(y − x) (6.2)

for y ∈ Rd. Note that all arguments, which are used in the following, also work for Poisson
shot noise processes with underlying non-marked Poisson processes with intensity γ > 0 for
fixed γ > 0. Hence, all results of this section continue to hold in this case with constants
that may depend on γ.

We are interested in the volume of the excursion set in the observation window Bd(0, s)
with s ≥ 1, i.e. we want to analyse the behaviour of

Fs = λd({y ∈ Bd(0, s) : fη(y) ≥ u})

as s → ∞.

Since the volume of the excursion set can be written as integral over indicator functions,
one obtains with Fubini’s theorem and translation invariance of the Poisson shot noise
process

Var[Fs] = E

⎡⎣(︄∫︂
Bd(0,s)

1{fη(y) ≥ u} dy

)︄2
⎤⎦− E

[︄∫︂
Bd(0,s)

1{fη(y) ≥ u} dy

]︄2

=

∫︂
Bd(0,s)

∫︂
Bd(0,s)

P(fη(y1) ≥ u, fη(y2) ≥ u)− P(fη(y1) ≥ u)P(fη(y2) ≥ u) dy1 dy2

=

∫︂
Rd

λd({y ∈ Bd(0, s) : y + z ∈ Bd(0, s)})

× (P(fη(0) ≥ u, fη(z) ≥ u)− P(fη(0) ≥ u)P(fη(z) ≥ u)) dz.
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Note that λd({y ∈ Bd(0, s) : y + z ∈ Bd(0, s)})/λd(B
d(0, s)) ≤ 1 for all z ∈ Rd and that

it converges to one as s → ∞ for all z ∈ Rd. Thus, the dominated convergence theorem
yields

lim
s→∞

Var[Fs]

λd(Bd(0, s))
=

∫︂
Rd

P(fη(0) ≥ u, fη(z) ≥ u)− P(fη(0) ≥ u)P(fη(z) ≥ u) dz

if the integral on the right-hand side is well defined. However, since the difference in the
integral can be either positive or negative, this representation does not imply the positivity
of the asymptotic variance. This is the reason why we use Theorem 3.1 in this section to
derive a lower variance bound for Fs under different assumptions on the kernel function
g. Among other things, we use the following assumption.

Assumption 6.1. There exist constants cg, cg, δ, γ > 0 and cg ≥ 1 such that δ + d/2 >
γ ≥ δ > 3d and

cg∥x∥−γ ≤ |g(x)| ≤ cg∥x∥−δ

for all x ∈ Rd with ∥x∥ ≥ cg.

Then we can derive the following lower variance bound.

Theorem 6.2. Let g : Rd → R be a continuous function with g(0) > 0.

a) If g fulfils Assumption 6.1, there exists a constant c > 0 such that

Var[Fs] ≥ csd

for all s ≥ 1.

b) Assume that g has compact support S. Then, there exists a constant c > 0 such that

Var[Fs] ≥ csd

for all s ≥ 1.

Replacing g by g(· − z) for any z ∈ Rd leads to a translation of the Poisson shot noise
field and, thus, by translation invariance, to a Poisson shot noise process with the same
distribution. Thus, the assumption g(0) > 0 is no loss of generality because any g that can
take positive values can be modified accordingly, while the case of a non-positive function
g is trivial because then the level set for u > 0 becomes empty.

Since statements of the form that the variance is at least of the order of the volume
of the observation window as in Theorem 6.2 were already proven in [32, Proposition 1]
and [66, Theorem 4.1], let us compare the assumptions of Theorem 6.2 a) with those
made before. In [32, Proposition 1], it is required that g is a bounded and uniformly
continuous function on Rd with |g(x)| ≤ c∥x∥α for some constant c > 0 and α > 3d (as in
our Assumption 6.1). A crucial difference is that we allow g to take positive and negative
values, while it has to be non-negative in [32], where this assumption might be essential
since it ensures that the Poisson shot noise process is positively associated. A lower bound
on the decay of |g| as in Assumption 6.1 is not present in [32], but we use it only to ensure
the boundedness of the density of fη(0), which is assumed in [32], and to guarantee that
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g(x) for ∥x∥ sufficiently large is either positive or negative. The result in [32] deals with
marks in the sense that in (6.2) each summand is multiplied by an i.i.d. copy of a non-
negative random variable. It might be possible to generalise our results in this direction
as well. The assumptions in [66, Theorem 4.1] seem to be more restrictive than in our
case. There it is supposed that g depends only on the norm of its argument and that
|g(x)| has an upper bound as in Assumption 1 but with δ = 11d. Instead of a lower bound
on |g(x)|, a rather technical assumption (see (4.3) in [66]) is made, which even requires
differentiability of g. We are not aware of any results dealing with the situation of part b)
of Theorem 6.2. The compact support implies that fη(0) does not possess a density since

P(fη(0) = 0) ≥ P(η(−S) = 0) = e−λd(S) > 0.

We prepare the proof of Theorem 6.2 with the following lemma.

Lemma 6.3. Let g : Rd → R be a continuous, bounded function with g(0) > 0 that fulfils
Assumption 6.1. Then, fη(y) has a bounded density for all y ∈ Rd.

Proof. We use the fact that fη(y) has a bounded density if its characteristic function φ is
integrable. By [31, Chapter 1, Lemma 3.7] the characteristic function of fη(y) is given by

φ(t) = exp

[︃
−
∫︂
Rd

1− eitg(y−x) dx

]︃
,

where i is the imaginary unit. Thus, fη(y) has a bounded density if∫︂
R
|φ(t)| dt =

∫︂
R

⃓⃓⃓
exp

[︂
−
∫︂
Rd

1− eitg(y−x) dx
]︂⃓⃓⃓

dt < ∞.

Choose c > 0 small enough such that 1− cos(x̂) =
∑︁∞

k=1(−1)k+1 x̂2k

(2k)! ≥
x̂2

4 for x̂ ∈ [−c, c].
Then it holds

∫︂
Rd

1− cos(tg(y − x)) dx ≥
∫︂
{z∈Rd : t2g(y−z)2≤c2,∥y−z∥≥cg}

(tg(y − x))2

4
dx

≥
∫︂
{z∈Rd : t2c2g∥y−z∥−2δ≤c2,∥y−z∥≥cg}

t2c2g∥y − x∥−2γ

4
dx

≥
dκdt

2c2g
4

∫︂ ∞

max{(tcg/c)1/δ,cg}
r−2γrd−1 dr

=
dκdt

2c2g
4(2γ − d)

·max
{︂
(tcg/c)

1/δ , cg

}︂(d−2γ)

and, therefore,∫︂
R
|φ(t)| dt =

∫︂
R

⃓⃓⃓
exp

[︂
−
∫︂
Rd

1− eitg(y−x) dx
]︂⃓⃓⃓

dt

= 2

∫︂
R+

exp
[︂
−
∫︂
Rd

1− cos(tg(y − x)) dx
]︂
dt
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≤ 2

∫︂
R+

exp

[︄
−

dκdt
2c2g

4(2γ − d)
·max

{︂
(tcg/c)

1/δ , cg

}︂(d−2γ)
]︄

dt

= 2

∫︂ cδgc/cg

0
exp[−c1,γ,δ,dt

2] dt+ 2

∫︂ ∞

cδgc/cg

exp[−c2,γ,δ,dt
(2(δ−γ)+d)/δ] dt

< ∞

with suitable constants c1,γ,δ,d, c2,γ,δ,d > 0 since δ − γ + d/2 > 0. This shows that fη(y)
has a bounded density.

Proof of Theorem 6.2. Let z ∈ Rd be fixed. In the first part of the proof we derive lower
bounds for |DzFs| for particular point configurations. For the proof of a) we distinguish
the cases

g(x) < 0 for all x ∈ Rd with ∥x∥ ≥ cg

and

g(x) > 0 for all x ∈ Rd with ∥x∥ ≥ cg,

which is sufficient since Assumption 6.1 and the continuity of g imply that g(x) has the
same sign for all x ∈ Rd with ∥x∥ ≥ cg. We start with the first case. Let e1 = (1, 0, . . . , 0) ∈
Rd. Then, we can find k1 ∈ N0 such that

g(x) + k1g(x+ 2cge1) ≤ u− 2 (6.3)

for all x ∈ Bd(0, cg). Moreover, by the intermediate value theorem we can choose k2 ∈ N0

and x0 ∈ Rd \Bd(0, 2cg) such that

k1g(5cge1) + k2g(3cge1 − x0) = u− g(3cge1)

2
. (6.4)

By the continuity of g we can choose ε > 0 such that Bd(x0, ε) ⊂ Rd \Bd(0, 2cg) and such
that for all x ∈ Bd(z, cg), x̂1, . . . , x̂k1 ∈ Bd(z − 2cge1, ε) and x̃1, . . . , x̃k2 ∈ Bd(z + x0, ε) it

holds that g(x− z) +
∑︁k1

i=1 g(x− x̂i) ≤ u− 1 due to (6.3), and thus,

g(x− z) +

k1∑︂
i=1

g(x− x̂i) +

k2∑︂
i=1

g(x− x̃i) ≤ u− 1 (6.5)

since ∥x − x̃i∥ ≥ cg for i ∈ {1, . . . , k2}. Furthermore, by (6.4) we can choose ε > 0 so
small that for all y ∈ Bd(z + 3cge1, ε), x̂1, . . . , x̂k1 ∈ Bd(z − 2cge1, ε) and x̃1, . . . , x̃k2 ∈
Bd(z + x0, ε),

g(y − z) ≤ 7

8
g(3cge1) (6.6)

and

k1∑︂
i=1

g(y − x̂i) +

k2∑︂
i=1

g(y − x̃i) ∈
(︃
u− g(3cge1)

4
, u− 3g(3cge1)

4

)︃
. (6.7)
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We abbreviate D1 = Bd(z− 2cge1, ε) and D2 = Bd(z+x0, ε) and let A1 be the event that

η(D1) = k1, η(D2) = k2 and
∑︂

x∈η|Rd\(D1∪D2)

|g(y − x)| ≤ min{|g(3cge1)|, 1}
8

(6.8)

for all y ∈ Bd(z + 3cge1, ε) ∪Bd(z, cg). Assuming that the event A1 is satisfied, adding z
to the underlying point configuration does not increase the excursion set since the Poisson
shot noise process can only increase on Bd(z, cg), where it does not exceed u after adding
z because of (6.5) and (6.8). On the other hand, the ball Bd(z + 3cge1, ε) belongs to the
excursion set before adding z but not thereafter due to (6.6), (6.7) and (6.8). Thus, we
have shown that

1A1 |DzFs| ≥ 1A1κdε
d (6.9)

if Bd(z + 3cge1, ε) ⊆ Bd(0, s).
We continue with the second case where

g(x) > 0 for all x ∈ Rd with ∥x∥ ≥ cg.

If g can become negative, we choose k1 ∈ N0 such that

g(x) + k1g(x+ 2cge1) ≥ u+ 2

for all x ∈ Bd(0, cg). In case that g is non-negative, we let k1 = 0. For this part of the
proof we assume that g(3cge1) < 2u. Note that this is not a restriction because g(x) → 0
as ∥x∥ → ∞ and hence, we can set cg large enough such that g(3cge1) < 2u is fulfilled.
Then, we can find k2 ∈ N0 and x0 ∈ Rd \Bd(0, 2cg) such that

k1g(5cge1) + k2g(3cge1 − x0) = u− g(3cge1)

2
.

Similarly to the first case we can choose ε > 0 sufficiently small so that Bd(x0, ε) ⊂
Rd \ Bd(0, 2cg) and such that for all x ∈ Bd(z, cg), x̂1, . . . , x̂k1 ∈ Bd(z − 2cge1, ε) and
x̃1, . . . , x̃k2 ∈ Bd(z + x0, ε),

g(x− z) +

k1∑︂
i=1

g(x− x̂i) +

k2∑︂
i=1

g(x− x̃i) ≥ u+ 1 (6.10)

if g can become negative. Moreover, we choose ε > 0 such that for all y ∈ Bd(z+3cge1, ε),
x̂1, . . . , x̂k1 ∈ Bd(z − 2cge1, ε) and x̃1, . . . , x̃k2 ∈ Bd(z + x0, ε),

g(y − z) ≥ 7

8
g(3cge1) (6.11)

and

k1∑︂
i=1

g(y − x̂i) +

k2∑︂
i=1

g(y − x̃i) ∈
(︃
u− 3g(3cge1)

4
, u− g(3cge1)

4

)︃
. (6.12)
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If the event A1 occurs, after adding z to the underlying point configuration, B
d(z+3cge1, ε)

is included in the excursion set, whereas no point of Bd(z + 3cge1, ε) was part of the
excursion set before adding z by (6.8), (6.11) and (6.12). If g is non-negative, the excursion
set cannot decrease after adding z. If g is somewhere negative on Bd(0, cg), the excursion
set cannot decrease either as all points of Bd(z, cg) belong to the excursion set after adding
z by (6.8) and (6.10). Thus, we can conclude that

1A1 |DzFs| ≥ 1A1κdε
d

if Bd(z + 3cge1, ε) ⊆ Bd(0, s).
For b) we first assume that λd({x ∈ Rd : g(x) ≥ u}) = 0. Let k ∈ N be the largest

possible number such that

λk−1
d

(︂{︂
(x1, . . . , xk−1) ∈ (Rd)k−1 : λd

(︂{︂
y ∈ Rd : g(y) +

k−1∑︂
i=1

g(y − xi) ≥ u
}︂)︂

> 0
}︂)︂

= 0

(6.13)

with the convention λ0
d(·) = 0. Then, there exists ε > 0 such that the set

V =
{︂
(x1, . . . , xk) ∈ (Rd)k : λd

(︂{︂
y ∈ Rd : g(y) +

k∑︂
i=1

g(y − xi) ≥ u
}︂)︂

> κdε
d
}︂

satisfies λk
d(V ) > 0. Let

˜︁V =
{︂
(x1, . . . , xk) ∈ (Rd)k : λd

(︂{︂
y ∈ Rd :

k∑︂
i=1

g(y − xi) ≥ u
}︂)︂

> 0
}︂
.

With (6.13) it holds

λk
d(
˜︁V )

=

∫︂
Rd

λk−1
d

(︂{︂
(x1, . . . , xk−1) ∈ (Rd)k−1 : λd

(︂{︂
y ∈ Rd :

k∑︂
i=1

g(y − xi) ≥ u
}︂)︂

> 0
}︂)︂

dxk

=

∫︂
Rd

λk−1
d

(︂{︂
(x1, . . . , xk−1) ∈ (Rd)k−1 :

λd

(︂{︂
y ∈ Rd : g(y) +

k−1∑︂
i=1

g(y − xi) ≥ u
}︂)︂

> 0
}︂)︂

dxk = 0.

We choose R0 > 0 large enough such that g(y − x) = 0 for all y ∈ S and x ∈ Bd(0, R0)
c.

For z ∈ Rd this means that the points of η in Bd(z,R0)
c do not influence the excursion

set on S + z. Define ˆ︁V = ((V + z)\˜︁V ) ∩ Bd(z,R0)
k, where M + z = {(x1 + z, . . . , xk +

z) : (x1, . . . , xk) ∈ M} for M ⊆ (Rd)k and let A2 be the event that

η(Bd(z,R0)) = k and ηk̸=(
ˆ︁V ) ̸= 0.

The second condition guarantees that the k points in Bd(z,R0) are arranged in such a
way that the volume of the excursion set in S + z is 0 before adding z and larger than
κdε

d after adding z. This implies

1A2 |DzFs| ≥ 1A2κdε
d
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for all z ∈ Bd(0, s) with S+z ⊆ Bd(0, s). For λd({x ∈ Rd : g(x) ≥ u}) > 0 this is obviously
true for a suitable ε > 0 if A2 = {η(Bd(z,R0)) = 0}.

To control P(|DzFs| ≥ κdε
d) we bound in the following P(A1) and P(A2). We abbre-

viate D3 = Bd(z, cg) ∪ Bd(z + 3cge1, ε). For a) let ˆ︁R0 > 0 be such that D3 ⊆ Bd(z, ˆ︁R0)

and define BR = Bd(z,R) for some R ≥ ˆ︁R0 + cg. Then, for c > 0 the Markov inequality
and the Mecke equation lead to

P

(︄
∃y ∈ D3 :

∑︂
x∈η|Bc

R

|g(y − x)| > c

)︄
≤ P

(︄ ∑︂
x∈η|Bc

R

max
y∈D3

|g(y − x)| > c

)︄

≤ 1

c
E

[︄ ∑︂
x∈η|Bc

R

max
y∈D3

|g(y − x)|

]︄

≤ 1

c

∫︂
Rd\BR

max
y∈Bd(z, ˆ︁R0)

|g(y − x)| dx

≤ 1

c

∫︂
Rd\BR

cg(∥x∥ − ˆ︁R0)
−δ dx

=
dκd
c

∫︂ ∞

R− ˆ︁R0

cgr
−δ(r + ˆ︁R0)

d−1 dr.

Choosing R ≥ ˆ︁R0 + cg large enough such that the probability above is at most 1
2 for

c =
min{|g(3cge1)|,1}

8 and D1 ∪D2 ⊆ BR provides for a) with (6.9),

P(|DzFs| ≥ κdε
d) ≥ P(A1)

≥ P(η(D1) = k1, η(D2) = k2, η(BR\(D1 ∪D2)) = 0)

× P
(︂ ∑︂

x∈η|Bc
R

|g(y − x)| ≤ min{|g(3cge1)|, 1}
8

for all y ∈ D3

)︂
≥ 1

2
P(η(D1) = k1, η(D2) = k2, η(BR\(D1 ∪D2)) = 0) =: p1 > 0.

For b) we get for λd({x ∈ Rd : g(x) ≥ u}) = 0 and ˆ︁V = ((V + z)\˜︁V )∩Bd(z,R0)
k with

the multivariate Mecke formula

P(|DzFs| ≥ κdε
d) ≥ P(A2)

= P(ηk̸=(ˆ︁V ) ̸= 0, η(Bd(z,R0)) = k)

=
1

k!
E

[︄ ∑︂
(x1,...,xk)∈ηk̸=|ˆ︁V

1{η(Bd(z,R0)) = k}

]︄

=
1

k!

∫︂
ˆ︁V P(η(Bd(z,R0)\ ∪k

i=1 {xi}) = 0) d(x1, . . . , xk)

=: p2.

Clearly,

P(η(Bd(z,R0)\ ∪k
i=1 {xi}) = 0) = P(η(Bd(z,R0)) = 0) > 0.
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From (6.13) it follows that λk
d(((V + z)\˜︁V )\Bd(z,R0)

k) = 0 since as soon as one of
x1, . . . , xk does not belong to Bd(z,R0), we are in the situation of (6.13). Together with
λk
d(
˜︁V ) = 0 and λk

d(V ) > 0 we see that

λk
d(
ˆ︁V ) = λk

d(((V + z)\˜︁V ) ∩Bd(z,R0)
k) = λk

d(V ) > 0.

This implies p2 > 0. The same holds for λd({x ∈ Rd : g(x) ≥ u}) > 0, where A2 =
{η(Bd(z,R0)) = 0}.

Altogether, for Ws = {z ∈ Rd : Bd(z+3cge1, ε) ⊆ Bd(0, s)} and p = p1 in case of a) or
Ws = {z ∈ Rd : S + z ⊂ Bd(0, s)} and p = p2 in case of b) we conclude that

E
[︃∫︂

(DzFs)
2 dz

]︃
≥ κ2dε

2d

∫︂
Rd

P(|DzFs| ≥ κdε
d) dz

≥ κ2dε
2d

∫︂
Ws

p dz ≥ κ2dε
2dpλd(Ws) ≥ cd,εs

d

for some constant cd,ε > 0 and s large enough.
In the following we consider the second-order difference operator to check (3.2). For

z1, z2 ∈ Rd with z1 ̸= z2 we have

D2
z1,z2Fs =

∫︂
Bd(0,s)

D2
z1,z21{fη(y) ≥ u} dy

so that

|D2
z1,z2Fs| ≤ 2λd(Bs(z1, z2)) (6.14)

with Bs(z1, z2) = {y ∈ Bd(0, s) : D2
z1,z21{fη(y) ≥ u} ≠ 0}, where we used the bound

|D2
z1,z21{fη(y) ≥ u}| ≤ 2. The inequality (6.14) leads to

I := E
[︃∫︂

Rd

∫︂
Rd

(D2
z1,z2Fs)

2 dz1 dz2

]︃
≤ 4

∫︂
Rd

∫︂
Rd

E
[︁
λd(Bs(z1, z2))

2
]︁
dz1 dz2.

First we study the situation of a). Let y ∈ Bd(0, s) and assume that |g(y − z2)| ≤
|g(y − z1)|. It holds

D2
z1,z21{fη(y) ≥ u} = (1{fη(y) + g(y − z1) + g(y − z2) ≥ u} − 1{fη(y) + g(y − z1) ≥ u})

− (1{fη(y) + g(y − z2) ≥ u} − 1{fη(y) ≥ u}) =: d1 − d2.

Note that d1 = 0 if

|fη(y) + g(y − z1)− u| ≥ |g(y − z2)|

and d2 = 0 if

|fη(y)− u| ≥ |g(y − z2)|.

Hence, we obtain that

D2
z1,z21{fη(y) ≥ u} = 0

if

fη(y) + g(y − z1) /∈ [u− |g(y − z2)|, u+ |g(y − z2)|]
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and
fη(y) /∈ [u− |g(y − z2)|, u+ |g(y − z2)|].

Together with the fact that the density of fη(y) is bounded by a constant C1 > 0,
which was shown in Lemma 6.3, we derive

P(y ∈ Bs(z1, z2)) ≤ P(fη(y) + g(y − z1) ∈ [u− |g(y − z2)|, u+ |g(y − z2)|])
+ P(fη(y) ∈ [u− |g(y − z2)|, u+ |g(y − z2)|])

≤ 4C1|g(y − z2)|.

Using the same arguments for |g(y − z2)| ≥ |g(y − z1)|, we deduce

P(y ∈ Bs(z1, z2)) ≤ 4C1min{|g(y − z1)|, |g(y − z2)|}

so that with Hölder’s inequality and the inequality min{a, b} ≤
√
a
√
b for a, b ≥ 0,

E
[︁
λd(Bs(z1, z2))

2
]︁

=

∫︂
Bd(0,s)

∫︂
Bd(0,s)

P(y1 ∈ Bs(z1, z2), y2 ∈ Bs(z1, z2)) dy1 dy2

≤
∫︂
Bd(0,s)

∫︂
Bd(0,s)

P(y1 ∈ Bs(z1, z2))
2/3P(y2 ∈ Bs(z1, z2))

1/3 dy1 dy2

≤ 4C1

∫︂
Bd(0,s)

∫︂
Bd(0,s)

|g(y1 − z1)|1/3|g(y1 − z2)|1/3|g(y2 − z1)|1/3 dy1 dy2.

From Assumption 6.1 and the continuity of g it follows that g is bounded by a constant
C2 > 0. Using the decay of |g| and δ > 3d in Assumption 6.1, we have for y ∈ Bd(0, s)
that ∫︂

Rd

|g(y − z)|1/3 dz =

∫︂
Rd\Bd(y,cg)

|g(y − z)|1/3 dz +
∫︂
Bd(y,cg)

|g(y − z)|1/3 dz

≤
∫︂
Rd\Bd(y,cg)

c1/3g ∥y − z∥−δ/3 dz + C
1/3
2 κdc

d
g

= dκdc
1/3
g

∫︂ ∞

cg

rd−1r−δ/3 dr + C
1/3
2 κdc

d
g

= dκdc
1/3
g

c
d−δ/3
g

δ/3− d
+ C

1/3
2 κdc

d
g =: C3.

The same estimate holds for
∫︁
Bd(0,s)|g(y − z)|1/3 dy for z ∈ Rd. Hence,

I ≤
∫︂
Rd

∫︂
Rd

16C1

∫︂
Bd(0,s)

∫︂
Bd(0,s)

|g(y1 − z1)|1/3|g(y1 − z2)|1/3

× |g(y2 − z1)|1/3 dy1 dy2 dz1 dz2

= 16C1

∫︂
Bd(0,s)

∫︂
Rd

|g(y1 − z1)|1/3
∫︂
Bd(0,s)

|g(y2 − z1)|1/3

×
∫︂
Rd

|g(y1 − z2)|1/3 dz2 dy2 dz1 dy1
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≤ 16C1

∫︂
Bd(0,s)

C3
3 dy1 =: c̃1s

d.

For b) let ˜︁R > 0 be such that S ⊆ Bd(0, ˜︁R) and let z1, z2 ∈ Rd. Then, since

Bs(z1, z2) ⊆ {y ∈ Bd(0, s) : ∥y − z1∥ ≤ ˜︁R, ∥y − z2∥ ≤ ˜︁R},

it follows

E
[︁
λd(Bs(z1, z2))

2
]︁
≤ λd({y ∈ Bd(0, s) : ∥y − z1∥ ≤ ˜︁R, ∥y − z2∥≤ ˜︁R})2.

The triangle inequality implies λd({y ∈ Bd(0, s) : ∥y − z1∥ ≤ ˜︁R, ∥y − z2∥≤ ˜︁R}) = 0 for
∥z1 − z2∥ > 2 ˜︁R or ∥z2∥ > s+ ˜︁R and therefore

I ≤ 4

∫︂
Bd(0,s+ ˜︁R)

∫︂
Bd(z2,2 ˜︁R)

λd({y ∈ Bd(0, s) : ∥y − z1∥ ≤ ˜︁R, ∥y − z2∥≤ ˜︁R})2 dz1 dz2

≤ 4

∫︂
Bd(0,s+ ˜︁R)

∫︂
Bd(z2,2 ˜︁R)

(κd ˜︁Rd)2 dz1 dz2 ≤ 4(κd ˜︁Rd)2κ2d(2
˜︁R)d(s+ ˜︁R)d

≤ Csd

for a suitable constant C > 0. Combining the derived lower and upper bounds with
Theorem 3.1 for n = 1 completes the proof of both cases.

Remark 6.4. An alternative approach is to construct the Poisson shot noise process only
with respect to points of the Poisson process within the observation window, i.e. to consider

fη|
Bd(0,s)

(y) =
∑︂

x∈η|
Bd(0,s)

g(y − x)

for y ∈ Rd and the functional

˜︁Fs = λd({y ∈ Bd(0, s) : fη|
Bd(0,s)

(y) ≥ u}),

which is the volume of the excursion set on Bd(0, s). Then, the integrals of the second
moments of the first-order difference operator can be bounded from below as in the proof
of Theorem 6.2. The arguments from this proof can also be used to control the second-
order difference operator in the case where g has compact support. Under Assumption
6.1, fη|

Bd(0,s)
(y) does not posses a density as it has an atom in 0 so that the arguments

of the proof of Theorem 6.2 for the second-order difference operator do not carry over.
However, if there exists a constant c > 0 such that

P(fη|
Bd(0,s)

(y) ∈ [u− a, u+ a]) ≤ ca

for all y ∈ Bd(0, s) and a > 0, our proof works for the alternative setting as well.
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6.3 Geometric functionals of polyconvex excursion sets

In this section we want to study general geometric functionals of excursion sets of Poisson
shot noise processes, whose underlying Poisson process is a marked Poisson process on
Rd × M with intensity measure γλd × Q as defined in (6.1). Let (Ws)s≥1 be a family of
observation windows, where Ws = sW for s ≥ 1 and W ∈ Kd with λd(W ) > 0. Remember
that we denote by fη the Poisson shot noise process, while

Zu ∩Ws = {y ∈ Ws : fη(y) ≥ u}

for s ≥ 1.

By a geometric functional φ we mean a measurable, translation invariant, additive
and locally bounded functional as defined in Definition 2.5. Unlike functionals such as
the volume or the Euler characteristic, general geometric functionals are only well defined
for polyconvex sets. This requires the introduction of conditions on the family of kernel
functions for which the corresponding excursion sets in the observation window are almost
surely polyconvex, i.e. for which Zu ∩ Ws can almost surely be written as a union of
finitely many compact convex sets. For this reason we denote by ˜︁L1(Rd) ⊂ L1(Rd) the
space of integrable functions on Rd with compact convex support K satisfying λd(K) > 0,
whose restriction to K is continuous. In the following this space will be equipped with
the Borel σ-algebra L1, which is induced by the L1-norm. Throughout this section we use
the following assumption for our family of kernel functions (gm)m∈M.

Assumption 6.5. It holds that

i) gm is a non-negative, measurable function for all m ∈ M.

ii) gm has a compact convex support Km with λd(Km) > 0 for all m ∈ M.

iii) gm|Km is concave and continuous for all m ∈ M.

iv) m ↦→ gm is an FM-L1-measurable map.

Note that in iii) the continuity at inner points of Km also follows from the concavity
on Km so that the continuity condition describes the behaviour of the function at the
boundary of Km. Since gm is non-negative by i), this basically guarantees that gm is
upper semi-continuous, i.e. that lim supx→x0

gm(x) ≤ gm(x0) for all x0 ∈ Rd and m ∈ M.
Under Assumption 6.5 we can also show the following measurability property for (gm)m∈M.

Lemma 6.6. Let (gm)m∈M be a family of kernel functions satisfying Assumption 6.5.
Then, the map m ↦→ Km is FM-B(Fd)-measurable.

Proof. Recall that the Fell topology can be generated by {{F ∈ Fd : F ∩U ̸= ∅} : U ∈ Ud}
(see Subsection 2.2.1). We start with showing that the map h : ˜︁L1(Rd) → Fd defined by
h(f) = supp(f) for f ∈ ˜︁L1(Rd) is L1-B(Fd)-measurable. To this end, for U ∈ Ud we need
to prove that

h−1({F ∈ Fd : F ∩ U ̸= ∅}) = {f ∈ ˜︁L1(Rd) : supp(f) ∩ U ̸= ∅}
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is an open set. Note at first that the facts that supp(f) is a closed convex set with
λd(supp(f)) > 0 and U is open provides that supp(f) ∩ U ̸= ∅ implies

∫︁
U |f(x)| dx > 0.

Thus, if supp(f) ∩ U ̸= ∅, we have for all g ∈ ˜︁L1(Rd) with ∥f − g∥ ≤ 1
2

∫︁
U |f(x)| dx,∫︂

U
|g(x)| dx ≥

∫︂
U
|f(x)| dx−

∫︂
U
|f(x)− g(x)| dx

≥ 1

2

∫︂
U
|f(x)| dx > 0,

i.e. supp(g)∩U ̸= ∅. Hence, h−1({F ∈ Fd : F∩U ̸= ∅}) is open. Together with Assumption
6.5 iv) and since gm ∈ ˜︁L1(Rd) for all m ∈ M, it follows that m ↦→ Km is FM-B(Fd)-
measurable.

Throughout this section we also need some additional assumptions on the intrinsic
volumes of the supports. For the whole section we assume that∫︂

M
Vi(Km) Q(dm) < ∞ (6.15)

for i ∈ {1, . . . , d}. In the course of this section we also assume higher order moment
conditions of the form ∫︂

M
Vi(Km)k Q(dm) < ∞ (6.16)

of up to order k = 4 for i ∈ {1, . . . , d} to derive variance asymptotics and central limit
theorems.

We often represent a point x̂ ∈ η as x̂ = (x,m) ∈ Rd ×M and abbreviate

K(x̂) = Km + x = {y ∈ Rd : y − x ∈ Km}.

For K ∈ Kd define

SK = {x̂ = (x,m) ∈ Rd ×M : K(x̂) ∩K ̸= ∅}.

Since

Vd({x ∈ Rd : K(x̂) ∩Ws ̸= ∅}) = Vd({x ∈ Rd : (Km + x) ∩Ws ̸= ∅}) = Vd(−Km +Ws)

and by Steiner’s formula (see also (2.1))

Vd(−Km +Ws) ≤ Vd(−Km +Bd(0, R(Ws))) ≤ C(s)
d∑︂

k=0

Vk(Km)

for some constant C(s) > 0, which might depend on the circumradius R(Ws) of Ws, the
moment assumption in (6.15) provides that

E[η(SWs)] ≤ γ

∫︂
M
Vd(−Km +Ws) Q(dm) < ∞
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and thus, η(SWs) < ∞ almost surely for any s ≥ 1. Let now n = η(SWs) and denote
the points of the Poisson process in SWs by x̂1 = (x1,m1), . . . , x̂n = (xn,mn). For j ∈
{1, . . . , n} we often use the short notation

K̂j = K(x̂j) = Kmj + xj .

For ∅ ≠ I ⊆ {1, . . . , n} and K ∈ Kd we define

XI,K =
{︂
y ∈ K :

∑︂
j∈I

gmj (y − xj) ≥ u, y ∈ K̂j for all j ∈ I
}︂
. (6.17)

We use these sets to show that Zu ∩Ws is almost surely polyconvex.

Proposition 6.7. Let u > 0 be fixed and n = η(SWs). Then, XI,Ws is a compact convex
set for all ∅ ≠ I ⊆ {1, . . . , n} and

Zu ∩Ws =
⋃︂

∅≠I⊆{1,...,n}

XI,Ws

for all s ≥ 1 almost surely.

Proof. In the following we show that the set XI,Ws for ∅ ≠ I ⊆ {1, . . . , n} is a compact
convex set and that we can write Zu ∩ Ws as a union of these sets for any s ≥ 1. For
y1, y2 ∈ XI,Ws and α ∈ (0, 1) we have αy1+(1−α)y2 ∈ K̂j since K̂j is convex for all j ∈ I.
Due to the concavity of gmj on Kmj it holds∑︂

j∈I
gmj (αy1 + (1− α)y2 − xj) ≥

∑︂
j∈I

αgmj (y1 − xj) + (1− α)gmj (y2 − xj) ≥ u.

Hence, XI,Ws is convex for ∅ ̸= I ⊆ {1, . . . , n}. Since gmj ∈ ˜︁L1(Rd), the restriction of
gmj to Kmj is continuous for all j ∈ {1, . . . , n}. Together with the fact that Ws is a
compact convex set and XI,Ws ⊆ Ws for all s ≥ 1, this ensures that XI,Ws is compact for
∅ ≠ I ⊆ {1, . . . , n}.

Moreover,
⋃︁

∅≠I⊆{1,...,n}XI,Ws ⊆ Zu ∩ Ws since XI,Ws ⊆ Zu ∩ Ws for all ∅ ≠ I ⊆
{1, . . . , n} by the non-negativity of gm for all m ∈ M. As there is also ∅ ≠ I ⊆ {1, . . . , n}
with y ∈ XI,Ws for all y ∈ Zu ∩Ws, it follows

Zu ∩Ws =
⋃︂

∅≠I⊆{1,...,n}

XI,Ws ,

which completes the proof.

Because of Proposition 6.7 the geometric functional φ of Zu ∩ Ws is defined via the
inclusion exclusion principle (2.8). We have for n = η(SWs),

φ(Zu ∩Ws) =
∑︂

J⊆P({1,...,n})\∅ : |J |≥1

(−1)|J |+1φ(∩I∈JXI,Ws),

where P({1, . . . , n}) denotes the power set of {1, . . . , n}.
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An important example of random sets are Boolean models, which correspond to con-
sidering the union of the supports Z =

⋃︁
x̂∈η K(x̂). The behaviour of φ(Z ∩Ws) for the

Boolean model Z was studied, for example, in [55, 71, 98]. It can be shown that the
expectation grows with order Vd(Ws) (see e.g. [98, Chapter 9.1]). Variance asymptotics of
order Vd(Ws) and corresponding quantitative central limit theorems for the Boolean model
were derived in [55, Sections 3 and 9] or [71, Chapter 22.2]. One way to generalise the
Boolean model is to consider the union of cylinders of Poisson cylinder processes, which
have long-range dependencies. Variance asymptotics and central limit theorems for the
case of Poisson cylinder processes were shown in [20, Theorem 3.5 and Theorem 3.10].

The model introduced in this section also generalises the Boolean model. In fact, the
Boolean model arises as a special case of our model if gm(x) ≥ u for all x ∈ Km andm ∈ M.
Since we do not consider the union of the supports but the union of the sets XI,Ws for
∅ ≠ I ⊆ {1, . . . , η(SWs)}, in general our random sets and the Boolean model differ mainly
in two aspects in which Boolean models and unions of the cylinders of Poisson cylinder
processes do not deviate. First, XI,Ws depends on |I| points while K(x̂) only depends on
the point x̂. This also implies that two sets XI,Ws , XJ,Ws can depend on the same point for
I ̸= J if I ∩ J ̸= ∅, while K(x̂) and K(ŷ) cannot depend on the same point if x̂ ̸= ŷ. The
second main difference arises from the possible number of convex sets needed to represent
the excursion set as a union of these convex sets. Let N(A) denote the smallest number
needed to write a polyconvex set A as a union of N(A) compact convex sets. Then, for
the Boolean model Z, N(Z ∩ Cd) ≤ η(SCd) for Cd = [0, 1]d. For our model we might

need up to 2η(SCd ) − 1 sets (cf. Proposition 6.7). This means that E[2N(Zu∩Cd)] is not
necessarily finite (see also Example 6.12) and therefore, Zu is in contrast to Z in general
not a standard random set as defined in [98, Definition 9.2.1].

In this section we want to derive the previously mentioned asymptotic results, which are
already known for the Boolean model and Poisson cylinder processes, also for excursion sets
of Poisson shot noise processes with polyconvex excursion sets in the observation windows.
Similarly to the case of the Boolean model treated in [55] or the case of Poisson cylinder
processes in [20], the proofs of this section are based on the Fock space representation
and the Malliavin-Stein method. In particular, the proof for the variance asymptotics in
Theorem 6.13 follows the strategy of the proof of [55, Theorem 3.1] and the proof for
the central limit theorems in Theorem 6.22 uses similar arguments as the proof of [20,
Theorem 3.5]. The main difference and difficulty compared to the proofs in [20, 55] is

that E[2N(Zu∩Cd)] is in the case of Poisson shot noise processes not necessarily finite as
mentioned above. This makes the case of Poisson shot noise processes substantially more
intricate and requires the usage of the following dynamic decomposition.

6.3.1 A dynamic decomposition

For a set K ∈ Kd we use a dynamic decomposition, which depends on the number of
points whose corresponding supports hit but do not cover K. For this, we define η([Q]∗)
for Q ∈ Kd as the number of points x̂ ∈ η for which K(x̂) ∩Q /∈ {∅, Q}.

For n ∈ N0 and z ∈ Zd let Qn,z = 2−n(z + [0, 1]d) be the cube of side length 2−n

and left lower corner 2−nz. We start covering K with
⋃︁

z∈Zd : Q0,z∩K ̸=∅Q0,z. Then, for

n = 0, 1, 2, . . . , if η([Qn,z]
∗) > L for a fixed constant L ∈ N, we iteratively decompose Qn,z

in 2d cubes Qn+1,p1 , . . . , Qn+1,p
2d

with {p1, . . . , p2d} = {2z +
∑︁

j∈J ej for J ⊆ {1, . . . , d}},
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where ej denotes the unit vector in direction j. Thus, at the end we cover K with a
dynamic grid of cubes, i.e. we consider ⋃︂

(n,z)∈IK,L

Qn,z

with

IK,L = {(n, z) ∈ N0 × Zd : Qn,z ∩K ̸= ∅, η([Qn−1,⌊z/2⌋]
∗) > L, η([Qn,z]

∗) ≤ L},

with η([Q−1,⌊z/2⌋]
∗) = L + 1 and ⌊z/2⌋ = (⌊z1/2⌋, . . . , ⌊zd/2⌋) for z = (z1, . . . , zd) ∈ Zd,

where ⌊·⌋ stands for the floor function. For (m, p) ∈ IK,L let

N(m, p) = {(n, z) ∈ IK,L : Qm,p ∩Qn,z ̸= ∅, n ≤ m}.

Then, the number of adjacent cubes |N(m, p)| which are not smaller than the current cube
itself is bounded by 3d for geometric reasons.

We use the following lemma to control the probability that (n, z) ∈ IK,L for n ∈ N and
z ∈ Zd.

Lemma 6.8. For every L ∈ N there exists a constant C > 0, only depending on the first
moments in (6.15), d, L and γ, such that for all n ∈ N and z ∈ Zd,

P(η([Qn−1,⌊z/2⌋]
∗) > L, η([Qn,z]

∗) ≤ L) ≤ C2−n(L+1).

Proof. For n ∈ N and z ∈ Zd define

P (n, z) = {x̂ ∈ Rd ×M : Qn−1,⌊z/2⌋ ∩K(x̂) /∈ {∅, Qn−1,⌊z/2⌋}}.

Let cn,z denote the centre of Qn−1,⌊z/2⌋. Then, Qn−1,⌊z/2⌋∩K(x̂) /∈ {∅, Qn−1,⌊z/2⌋} implies

that d(∂K(x̂), cn,z) ≤
√
d

2n , because ∂K(x̂) has to intersect Qn−1,⌊z/2⌋. Therefore, since
K(x̂) = Km + x for x̂ = (x,m),

λ(P (n, z)) ≤ γ

∫︂
M
λd

(︂{︂
x ∈ Rd : d(∂K(x̂), cn,z) ≤

√
d

2n

}︂)︂
Q(dm)

= γ

∫︂
M
λd

(︂{︂
x ∈ Rd : d(∂Km, cn,z − x) ≤

√
d

2n

}︂)︂
Q(dm)

= γ

∫︂
M
λd

(︂{︂
x ∈ Rd : d(∂Km, x) ≤

√
d

2n

}︂)︂
Q(dm),

where the last step uses the translation invariance of the volume. For fixed m ∈ M it holds
by [55, Equation (3.19)] and the convexity of Km,

λd

(︂{︂
x ∈ Km : d(∂Km, x) ≤

√
d

2n

}︂)︂
≤ λd

(︂(︂
Km +Bd

(︂
0,

√
d

2n

)︂)︂\︂
Km

)︂
= λd

(︂{︂
x ∈ Rd\Km : d(∂Km, x) ≤

√
d

2n

}︂)︂
.
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Together with Steiner’s formula (2.1) we get

λ(P (n, z)) ≤ 2γ

∫︂
M
λd

(︂(︂
Km +Bd

(︂
0,

√
d

2n

)︂)︂\︂
Km

)︂
Q(dm)

= 2γ
d−1∑︂
k=0

(︂√d

2n

)︂d−k
κd−k

∫︂
M
Vk(Km) Q(dm) ≤ c2−n (6.18)

for a suitable constant c > 0, which might depend on the first moments in (6.15), d and
γ. This provides

P(η([Qn−1,⌊z/2⌋]
∗) > L, η([Qn,z]

∗) ≤ L) ≤ P(η(P (n, z)) > L)

=
∑︂

s≥L+1

P(η(P (n, z)) = s)

=
∑︂

s≥L+1

λ(P (n, z))s

s!
e−λ(P (n,z))

≤ λ(P (n, z))L+1
∑︂

s≥L+1

cs−L−1

s!
,

which shows together with (6.18) the lemma.

In the following lemma we use our decomposition to bound moments of geometric
functionals of excursion sets. For this we define Zu(ξ) = {y ∈ Rd : fξ(y) ≥ u} for a set ξ
of points in Rd ×M, where fξ(y) =

∑︁
(x,m)∈ξ gm(y − x).

Lemma 6.9. Let φ be a geometric functional and A = {x̂1, . . . , x̂t} be a set of t points in
Rd ×M for some t ∈ N0. Denote ηA = η +

∑︁t
j=1 δx̂j

. Then it holds for all K ∈ Kd and
L ∈ N,

|φ(Zu(ηA) ∩K)| ≤ C22
L+T |IK,L|

for T = |{j ∈ {1, . . . , t} : K̂j ∩K ̸= {∅,K}}| and some constant C > 0, which may depend
on d. For K1,K2 ∈ Kd, k1, k2 ∈ N0 and L ∈ N with L ≥ 2dmax{k1, k2} we have

E[|IK1,L|k1 |IK2,L|k2 ] ≤ Ck1,k2Vd

(︂
K

√
d

1

)︂k1
Vd

(︂
K

√
d

2

)︂k2
for some constant Ck1,k2 > 0, which may depend on k1, k2, d, γ, L and the first moments

in (6.15) and where K
√
d

i = (Ki)
√
d for i ∈ {1, 2}.

Proof. Denote by x̂t+1, . . . , x̂t+η(SK) the points of the Poisson process in SK . Let ∅ ≠ I ⊆
{1, . . . , t + η(SK)} and XI,K be defined as in (6.17). For a set Q ∈ Kd with Q ⊆ K and

j ∈ {1, . . . , t+ η(SK)} we have XI,K ∩Q ⊆ XI∪{j},K ∩Q if Q ⊆ K̂j and XI∪{j},K ∩Q = ∅
if Q∩ K̂j = ∅. Thus, for J1 = {j ∈ {1, . . . , t} : K̂j ∩Q ̸= {Q, ∅}}, J2 = {j ∈ {t+1, . . . , t+
η(SK)} : K̂j ∩Q ̸= {Q, ∅}} and M = {j ∈ {1, . . . , t+ η(SK)} : K̂j ∩Q = Q} we have

Zu(ηA) ∩Q =
⋃︂

I⊆J1∪J2 :
I∪M ̸=∅

XI∪M,K ∩Q.
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Under the condition that η([Q]∗) ≤ L this is the union of at most 2L+|J1| sets. Note that
for Q ⊆ K, it holds |J1| ≤ T . Hence, if Q ⊆ K is contained in some translate of the unit
cube we have with (2.7) and the inclusion exclusion principle (2.8),

|φ(Zu(ηA) ∩Q)| ≤
∑︂

∅≠J⊆P(J1∪J2)

|φ(∩I∈JXI∪M,K ∩Q)| ≤
∑︂

∅≠J⊆P(J1∪J2)

Mφ

≤ 22
L+T

Mφ.

Thus, we have for K ∈ Kd,

|φ(Zu(ηA) ∩K)| =
⃓⃓⃓
φ
(︂
Zu(ηA) ∩K ∩

⋃︂
(n,z)∈IK,L

Qn,z

)︂⃓⃓⃓
≤

∑︂
∅≠J⊆IK,L

⃓⃓⃓
φ
(︂
Zu(ηA) ∩K ∩

⋂︂
(n,z)∈J

Qn,z

)︂⃓⃓⃓
≤

∑︂
(m,p)∈IK,L

∑︂
J⊆N(m,p) :
(m,p)∈J

⃓⃓⃓
φ
(︂
Zu(ηA) ∩K ∩

⋂︂
(n,z)∈J

Qn,z

)︂⃓⃓⃓

≤ 23
d
22

L+T
Mφ|IK,L|,

where the last inequality holds because of |N(m, p)| ≤ 3d for (m, p) ∈ IK,L. This provides
the first part of the lemma.

Now, letK1,K2 ∈ Kd. For the second part of the lemma note at first that the statement
is clear for k1 = k2 = 0. For the other cases we define Ĩr = {(n, z) ∈ N0×Zd : Qn,z∩Kr ̸= ∅}
for r = 1, 2 and

ℓr = |{z ∈ Zd : Q0,z ∩Kr ̸= ∅}| ≤ Vd(Kr +Bd(0,
√
d)) = Vd

(︂
K

√
d

r

)︂
. (6.19)

Then, for fixed n ∈ N, there are up to 2ndℓr vectors z ∈ Zd such that (n, z) ∈ Ĩr. Together
with Lemma 6.8 we have for r ∈ {1, 2} and kr ≥ 1,

E[|IKr,L|2kr ] =
∑︂

(ni,zi)∈Ĩr,
i∈{1,...,2kr}

E[1{(ni, zi) ∈ IKr,L for all i ∈ {1, . . . , 2kr}]

≤ 2kr
∑︂

(ni,zi)∈Ĩr,
n1≥ni,

i∈{1,...,2kr}

E[1{(n1, z1) ∈ IKr,L}]

= 2kr
∑︂

(ni,zi)∈Ĩr,
n1≥ni,

i∈{1,...,2kr}

P(η([Qn1−1,⌊z1/2⌋]
∗) > L, η([Qn1,z1 ]

∗) ≤ L)

≤ 2kr

[︄
ℓ2krr +

∞∑︂
n1=1

∑︂
ni∈{0,...,n1},
i∈{2,...,2kr}

∑︂
zi∈Zd : (ni,zi)∈Ĩr,

i∈{1,...,2kr}

C2−n1(L+1)

]︄

≤ 2krℓ
2kr
r

(︄
1 + C

∞∑︂
n1=1

(n1 + 1)2kr−122krn1d2−n1(L+1)

)︄
=: Ckrℓ

2kr
r < ∞
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for L ≥ 2dkr and some constant Ckr > 0. Then, the Cauchy inequality implies for
L ≥ 2dmax{k1, k2},

E[|IK1,L|k1 |IK2,L|k2 ] ≤ E[|IK1,L|2k1 ]1/2E[|IK2,L|2k2 ]1/2 ≤
√︁

Ck1Ck2ℓ
k1
1 ℓk22 ,

which provides together with (6.19) the lemma for k1, k2 ≥ 1. The cases k1 = 0, k2 ≥ 1
and k1 ≥ 1, k2 = 0 follow analogously.

6.3.2 Expectation

We start with analysing the asymptotic behaviour of the expectation.

Theorem 6.10. Let φ be a geometric functional and let u > 0 be fixed. If (gm)m∈M fulfils
Assumption 6.5 and (6.15) is valid, we have

lim
s→∞

E[φ(Zu ∩Ws)]

Vd(Ws)
= E[φ(Zu ∩ Cd

0 )],

where Cd
0 = [0, 1)d denotes the half-open d-dimensional unit cube and φ(Zu∩Cd

0 ) is defined
as in (2.9).

Remark 6.11. For φ = Vd one can calculate the expectation directly. Since the Poisson
process is stationary, fη(y) has the same distribution as fη(0). Therefore, P(y ∈ Zu) =
P(0 ∈ Zu) for all y ∈ Ws and we have

E[Vd(Zu ∩Ws)] = E
[︃ ∫︂

Ws

1{y ∈ Zu} dy

]︃
= P(0 ∈ Zu)Vd(Ws),

which shows the result in Theorem 6.10 not only in the limit but for all s ≥ 1 as P(0 ∈ Zu)
does not depend on the observation window Ws.

A similar result as in Theorem 6.10 was shown in [98, Theorem 9.2.1] for the limit of
E[φ(Z∩Ws)], where Z is a so called standard random set. Remember that for a polyconvex
set A ∈ Rd, N(A) denotes the smallest possible M ∈ N such that A can be written as
a union of M compact convex sets, i.e. A =

⋃︁M
i=1Ki for some compact convex sets Ki,

i ∈ {1, . . . ,M}. A standard random set Z defined as in [98, Definition 9.2.1] fulfils the

integrability condition E[2N(Z∩Cd)] < ∞. Our excursion sets do not necessarily fulfil this
integrability condition, which is essential for the proof of the asymptotic expectation in
[98, Theorem 9.2.1], and are therefore not necessarily standard random sets. In fact, if
η(SCd) = n, the construction in Proposition 6.7 may yield up to 2n − 1 convex sets and

if N(Zu ∩ Cd) becomes with high probability too large, E[2N(Zu∩Cd)] is no longer finite.
Since Proposition 6.7 only shows an upper bound for N(Zu ∩ Cd), the following example

shows that E[2N(Zu∩Cd)] is indeed not necessarily finite.

Example 6.12. Let Q be the probability measure on M = N with Q({k}) = (1− p)pk−1

for k ∈ N and some fixed p ∈ (2−1/4, 1), i.e. the marks are geometrically distributed with
parameter p. We consider the case γ = 1 and d = 2, where for m ∈ N and x ∈ R2,
gm : R2 → R≥0 is defined by

gm(x) =

{︄
u
2 for x ∈ Km,

0 else,
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R
(1)
3

x1

(K3 + x1) ∩ C2

R
(2)
3

x2

(K3 + x2) ∩ C2

R
(1)
4

x3
(K4 + x3) ∩ C2

R
(2)
4 x4

(K4 + x4) ∩ C2

Figure 6.2: Configuration in C2 in Example 6.12 for i = 2, if there is exactly one point in

each of the sets R
(1)
3 , R

(2)
3 , R

(1)
4 and R

(2)
4 , denoted by x1, x2, x3 and x4, where we omit

the representation of the marks in the figure for simplicity. If the corresponding support
of no other point hits C2, the red region is the corresponding excursion set Zu∩C2, which
fulfils N(Zu ∩ Cd) = i2 = 4.

where K2j−1 = [− 1
4(2j−1) ,

1
4(2j−1) ]×[−1, 1] and K2j = [−1, 1]×[− 1

4(2j−1) ,
1

4(2j−1) ] for j ∈ N.
One can show that E[2N(Zu∩C2)] = ∞ by constructing configurations with 2i points and
N(Zu ∩ C2) = i2 for all i ∈ N, which arise with a sufficiently large probability. The idea
of the following construction is that we divide the 2i points in two groups of size i such
that the corresponding shifted supports of two points from different groups overlap in a
cube, which does not intersect the shifted support of any other point and hence provides
that N(Zu ∩ C2) = i2.

To this end, for i ∈ N and k ∈ {1, . . . , i} let R
(k)
2i−1 = [ 8k−7

4(2i−1) ,
8k−5

4(2i−1) ]× [0, 1]×{2i− 1}
and R

(k)
2i = [0, 1]× [ 8k−7

4(2i−1) ,
8k−5

4(2i−1) ]× {2i}. Then, if for some fixed i ∈ N,

η(R
(k)
2i−1) = η(R

(k)
2i ) = 1 for k ∈ {1, . . . , i} and η

(︂
SC2

\︂ i⋃︂
k=1

(R
(k)
2i−1 ∪R

(k)
2i )
)︂
= 0,

it holds N(Zu ∩ C2) = i2. For an illustration in the case i = 2 see Figure 6.2. Since

λ(R
(k)
2i−1) = λ2 ⊗Q(R

(k)
2i−1) =

2

4(2i− 1)
Q({2i− 1}) = 1− p

2(2i− 1)
p2i−2 ≤ (1− p)

2
, (6.20)

λ(R
(k)
2i−1) ≥ λ(R

(k)
2i ) =

1− p

2(2i− 1)
p2i−1 (6.21)

and

λ
(︂
SC2

\︂ i⋃︂
k=1

(R
(k)
2i−1 ∪R

(k)
2i )
)︂
≤ λ(SC2) ≤ λ2([−2, 2]2) = 16, (6.22)
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we have

E[2N(Zu∩C2)] ≥
∞∑︂
i=1

2i
2
P(N(Zu ∩ C2) = i2, η(SC2) = 2i)

≥
∞∑︂
i=1

2i
2
P
(︂
η(R

(k)
2i−1) = η(R

(k)
2i ) = 1 for k ∈ {1, . . . , i}, η

(︂
SC2

\︂ i⋃︂
k=1

(R
(k)
2i−1 ∪R

(k)
2i )
)︂
= 0
)︂

≥
∞∑︂
i=1

2i
2

i∏︂
k=1

λ(R
(k)
2i−1)λ(R

(k)
2i )e

−λ(R
(k)
2i−1)−λ(R

(k)
2i )e−λ(SC2\∪i

k=1(R
(k)
2i−1∪R

(k)
2i ))

≥ c
∞∑︂
i=1

2i
2

i∏︂
k=1

λ(R
(k)
2i )

2

for a suitable constant c > 0, where c depends on the bounds in (6.20) and (6.22). Hence,
with (6.21),

E[2N(Zu∩C2)] ≥ c
∞∑︂
i=1

2i
2 (1− p)2i

22i(2i− 1)2i
p2i(2i−1) ≥ c

∞∑︂
i=1

(2p4)i
2
(︂ (1− p)2

p2 · 4(2i− 1)2

)︂i
= ∞

because 2p4 > 1, which shows that Zu is not a standard random set for p ∈ (2−1/4, 1).

Proof of Theorem 6.10. By Lemma 6.9 we have for Kd ∋ K ⊆ Cd,

E[|φ(Zu ∩K)|] ≤ cVd(K
√
d) ≤ cVd(C

d +Bd(0,
√
d)) < ∞ (6.23)

for some constant c > 0, i.e. φ(Zu∩K) is integrable. By the translation invariance and the
additivity of φ, φ(Zu ∩ A) is also integrable for A ∈ Rd. Hence, we can define a function
ϕ : Rd → R by

ϕ(A) = E[φ(Zu ∩A)].

This function is clearly additive, translation invariant by the stationarity of Zu and locally
bounded due to (6.23). Hence, we can apply Lemma 2.6, which shows Theorem 6.10.

6.3.3 Variance

Under a second moment condition we now consider the asymptotic behaviour of the vari-
ance.

Theorem 6.13. Assume that (gm)m∈M fulfils Assumption 6.5 and (6.16) is valid for
k = 2. Let φ be a geometric functional and let u > 0 be fixed. Then, the limit

lim
s→∞

Var[φ(Zu ∩Ws)]

Vd(Ws)
= σ0

exists, is finite and given by

σ0 =
∞∑︂
n=1

γ

n!

∫︂
M

∫︂
(Rd×M)n−1

(E[Dn
(0,m),x̂2,...,x̂n

φ(Zu ∩K)])2 λn−1(d(x̂2, . . . , x̂n)) Q(dm),

where K = Km ∩
⋂︁n

j=2 K̂j and 0 = (0, . . . , 0) ∈ Rd.
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Similar results as in Theorem 6.13 were already shown for geometric functionals of the
Boolean model in [55, Theorem 3.1] and for Poisson cylinder processes in [20, Theorem
3.10].

In order to calculate the asymptotic variance using the Fock space representation,
we need to control the expectation of the n-th difference operator. For the proof of
the central limit theorem we additionally require bounds for moments and products of
difference operators, which we establish here as well.

Lemma 6.14. Let x̂j ∈ Rd ×M for j ∈ {1, . . . , n} and K̂ =
⋂︁n

j=1 K̂j. Then it holds

Dn
x̂1,...,x̂n

φ(Zu ∩Ws) = Dn
x̂1,...,x̂n

φ(Zu ∩Ws ∩ K̂) (6.24)

and for ŷℓ, ẑs ∈ Rd ×M with ℓ ∈ {1, . . . , n1}, s ∈ {1, . . . , n2}, n1, n2 ∈ N and k1, k2 ∈ N0,

E[|Dn1
ŷ1,...,ŷn1

φ(Zu ∩Ws)|k1 |Dn2
ẑ1,...,ẑn2

φ(Zu ∩Ws)|k2 ]

≤ ck1,k22
k1n1+k2n2Vd

(︂
Â

√
d

1 ∩W
√
d

s

)︂k1
Vd

(︂
Â

√
d

2 ∩W
√
d

s

)︂k2
(6.25)

for some constant ck1,k2 > 0, which depends on k1 and k2 and where Â1 =
⋂︁n1

ℓ=1K(ŷℓ) and

Â2 =
⋂︁n2

s=1K(ẑs).

Proof. For j ∈ {1, . . . , n} and x̂j = (xj ,mj) ∈ Rd×M we have gmj ≥ 0 and gmj (y−xj) = 0

for y /∈ K̂j . With the additivity of geometric functionals we get for K ∈ Kd,

Dx̂j
φ(Zu ∩K) = φ({y ∈ K : fη(y) ≥ u− gmj (y − xj)})− φ({y ∈ K : fη(y) ≥ u})

= φ({y ∈ K : fη(y) ≥ u} ∪ {y ∈ K ∩ K̂j : fη(y) ≥ u− gmj (y − xj)})
− φ({y ∈ K : fη(y) ≥ u})

= φ({y ∈ K ∩ K̂j : fη(y) ≥ u− gmj (y − xj)})
− φ({y ∈ K ∩ K̂j : fη(y) ≥ u})

= Dx̂j
φ(Zu ∩K ∩ K̂j).

Due to (2.17) this implies for the difference operator of order n,

Dn
x̂1,...,x̂n

φ(Zu ∩Ws) = Dn−1
x̂1,...,x̂n−1

(Dx̂nφ(Zu ∩Ws))

= Dn−1
x̂1,...,x̂n−1

(Dx̂nφ(Zu ∩Ws ∩ K̂n))

= Dn
x̂n,x̂1,...,x̂n−1

φ(Zu ∩Ws ∩ K̂n)

= Dn−1
x̂n,x̂1,...,x̂n−2

(Dx̂n−1φ(Zu ∩Ws ∩ K̂n))

= Dn−1
x̂n,x̂1,...,x̂n−2

(Dx̂n−1φ(Zu ∩Ws ∩ K̂n−1 ∩ K̂n))

= Dn
x̂n−1,x̂n,x̂1,...,x̂n−2

φ(Zu ∩Ws ∩ K̂n−1 ∩ K̂n)

= · · · = Dn
x̂1,...,x̂n

φ(Zu ∩Ws ∩ K̂),

which shows (6.24).
Equations (6.24), (2.16) and Lemma 6.9 provide for L ∈ N and n ∈ N,

|Dn
x̂1,...,x̂n

φ(Zu ∩Ws)| = |Dn
x̂1,...,x̂n

φ(Zu ∩Ws ∩ K̂)|
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=
⃓⃓⃓ ∑︂
J⊆{1,...,n}

(−1)n−|J |φ
(︂
Zu

(︂
η +

∑︂
j∈J

δx̂j

)︂
∩Ws ∩ K̂

)︂⃓⃓⃓

≤
n∑︂

k=0

(︃
n

k

)︃
C22

L |IK̂∩Ws,L
| = C2n22

L |IK̂∩Ws,L
|.

Note that T from Lemma 6.9 vanishes since K̂j ∩ K̂ ∩Ws = K̂ ∩Ws for j ∈ {1, . . . , n}.
This provides

|Dn1
ŷ1,...,ŷn1

φ(Zu ∩Ws)|k1 |Dn2
ẑ1,...,ẑn2

φ(Zu ∩Ws)|k2

≤
(︁
C22

L)︁k1+k22k1n1+k2n2 |IÂ1∩Ws,L
|k1 |IÂ2∩Ws,L

|k2 .

Now, Lemma 6.9 completes the proof of (6.25) with a choice of L = 2dmax{k1, k2} since

Vd

(︂
(Âi ∩Ws)

√
d
)︂
≤ Vd

(︂
Â

√
d

i ∩W
√
d

s

)︂
for i ∈ {1, 2}.

Remark 6.15. Note that for k ∈ N, Lemma 6.14 especially provides

E[|Dn
x̂1,...,x̂n

φ(Zu ∩ K̂ ∩Ws)|k] ≤ ck,02
knVd(K̂

√
d ∩W

√
d

s )k

for K̂ =
⋂︁n

j=1 K̂j for all s ≥ 1, which implies that

E[|Dn
x̂1,...,x̂n

φ(Zu ∩ K̂)|k] ≤ ck,02
knVd(K̂

√
d)k

since s can be chosen large enough such that K̂ ⊆ Ws.

Moreover, we use the following lemma, which is similar to [55, Lemma 3.5].

Lemma 6.16. There exists a constant C3 > 0, depending on d, γ and the first moments
in (6.15), such that∫︂

(Rd×M)n

d∑︂
k=0

Vk(K ∩ K̂1 ∩ . . . ∩ K̂n) λ
n(d(x̂1, . . . , x̂n)) ≤ Cn

3

d∑︂
k=0

Vk(K) (6.26)

for all K ∈ Kd and n ∈ N.

Proof. The proof is analogous to the proof of [55, Lemma 3.5]. With the help of (2.4), we
compute∫︂

(Rd×M)n

d∑︂
k=0

Vk(K ∩ K̂1 ∩ . . . ∩ K̂n) λ
n(d(x̂1, . . . , x̂n))

= γ

d∑︂
k=0

∫︂
(Rd×M)n−1

∫︂
M

∫︂
Rd

Vk(K ∩ (Km1 + x1) ∩ K̂2 ∩ . . . ∩ K̂n) dx1 Q(dm1)

× λn−1(d(x̂2, . . . , x̂n))

≤ cγ
d∑︂

k=0

d∑︂
j=k

∫︂
M
Vj(Km1) Q(dm1)

∫︂
(Rd×M)n−1

d∑︂
r=0

Vr(K ∩ K̂2 ∩ . . . ∩ K̂n)

× λn−1(d(x̂2, . . . , x̂n)).

Applying this scheme iteratively completes the proof.
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Proof of Theorem 6.13. Since the second moment of |φ(Zu ∩ Ws)| exists by Lemma 6.9,
the Fock space representation (2.18) and Equation (6.24) provide

Var[φ(Zu ∩Ws)] =
∞∑︂
n=1

1

n!

∫︂
(Rd×M)n

(E[Dn
x̂1,...,x̂n

φ(Zu ∩Ws)])
2 λn(d(x̂1, . . . , x̂n))

=
∞∑︂
n=1

1

n!

∫︂
(Rd×M)n

(E[Dn
x̂1,...,x̂n

φ(Zu ∩Ws ∩ K̂)])2 λn(d(x̂1, . . . , x̂n)),

where K̂ =
⋂︁n

j=1 K̂j . Let

fn,s(m1) =
γ

Vd(Ws)

∫︂
Rd

∫︂
(Rd×M)n−1

(E[Dn
x̂1,...,x̂n

φ(Zu ∩Ws ∩ K̂)])2 λn−1(d(x̂2, . . . , x̂n)) dx1

and for K = Km1 ∩
⋂︁n

j=2 K̂j and 0 = (0, . . . , 0) ∈ Rd,

fn(m1) = γ

∫︂
(Rd×M)n−1

(E[Dn
(0,m1),x̂2,...,x̂n

φ(Zu ∩K)])2 λn−1(d(x̂2, . . . , x̂n))

=
γ

Vd(Ws)

∫︂
Rd

1{x1 + z ∈ Ws}

×
∫︂
(Rd×M)n−1

(E[Dn
(0,m1),x̂2,...,x̂n

φ(Zu ∩K)])2 λn−1(d(x̂2, . . . , x̂n)) dx1

=
γ

Vd(Ws)

∫︂
Rd

1{x1 + z ∈ Ws}

×
∫︂
(Rd×M)n−1

(E[Dn
(x1,m1),x̂2,...,x̂n

φ(Zu ∩ K̂)])2 λn−1(d(x̂2, . . . , x̂n)) dx1

(6.27)

for any z ∈ Km1 by translation invariance. We want to show that

Var[φ(Zu ∩Ws)]

Vd(Ws)
=

∞∑︂
n=1

1

n!

∫︂
M
fn,s(m1) Q(dm1) →

∞∑︂
n=1

1

n!

∫︂
M
fn(m1) Q(dm1) = σ0

for s → ∞. To this end, we first apply Fubini’s theorem and then show the convergence
of the integrals using the dominated convergence theorem.

To apply the dominated convergence theorem we start with bounding |fn,s(m1)|. With
Remark 6.15 we have together with the monotonicity of intrinsic volumes of convex sets
and (2.2),

|fn,s(m1)| ≤
γ

Vd(Ws)

∫︂
Rd

∫︂
(Rd×M)n−1

Vd(K̂
√
d ∩W

√
d

s )2c21,04
n λn−1(d(x̂2, . . . , x̂n)) dx1

≤
C1c

2
1,04

nγ

Vd(Ws)

∫︂
Rd

Vd(K̂
√
d

1 ∩W
√
d

s )

∫︂
(Rd×M)n−1

d∑︂
j=0

Vj(K̂) λn−1(d(x̂2, . . . , x̂n)) dx1.

Equation (6.26) and the translation invariance of intrinsic volumes provide∫︂
(Rd×M)n−1

d∑︂
j=0

Vj

(︂
K̂1 ∩

n⋂︂
j=2

K̂j

)︂
λn−1(d(x̂2, . . . , x̂n)) ≤ Cn−1

3

d∑︂
k=0

Vk(Km1).
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With (2.2), (2.3) and

Vd(W
√
d

s ) = Vd(sW +Bd(0,
√
d)) ≤ sdVd(W +Bd(0,

√
d)) = sdVd(W

√
d)

for s ≥ 1, we have∫︂
Rd

Vd(K̂
√
d

1 ∩W
√
d

s ) dx1 =

∫︂
Rd

Vd((K
√
d

m1
+ x1) ∩W

√
d

s ) dx1 = Vd(K
√
d

m1
)Vd(W

√
d

s )

≤ C1

d∑︂
k=0

Vk(Km1)s
dVd(W

√
d).

Altogether, this leads with the positivity of the intrinsic volumes for convex sets and
Vd(sW ) = sdVd(W ) to

∞∑︂
n=1

1

n!
|fn,s(m1)| ≤

∞∑︂
n=1

γc21,04
nCn−1

3

n!
C2
1

Vd(W
√
d)

Vd(W )

(︂ d∑︂
k=0

Vk(Km1)
)︂2

≤ e4C3γc21,0
C2
1Vd(W

√
d)

C3Vd(W )

(︂ d∑︂
k=0

Vk(Km1)
)︂2

, (6.28)

which is independent of s and by the second moment assumption in (6.16) integrable.
In the next step we bound |fn,s(m1)− fn(m1)|. By (6.27) it holds for any z ∈ Km1 ,

|fn,s(m1)− fn(m1)|

=
⃓⃓⃓ γ

Vd(Ws)

∫︂
Rd

∫︂
(Rd×M)n−1

[︂
(E[Dn

x̂1,...,x̂n
φ(Zu ∩Ws ∩ K̂)])2

− 1{x1 + z ∈ Ws}(E[Dn
x̂1,...,x̂n

φ(Zu ∩ K̂)])2
]︂
λn−1(d(x̂2, . . . , x̂n)) dx1

⃓⃓⃓
.

The term in the integral becomes 0 if K̂1 ⊆ Ws or K̂1 ∩ Ws = ∅. In the first case it
vanishes because for K̂1 ⊆ Ws it holds φ(Zu ∩ K̂) = φ(Zu ∩Ws ∩ K̂) and x1 + z ∈ Ws.
In the second case it vanishes since for K̂1 ∩ Ws = ∅ we have φ(Zu ∩ Ws ∩ K̂) = 0 and
x1 + z /∈ Ws. Remark 6.15 and the triangle inequality imply

|fn,s(m1)− fn(m1)|

=
⃓⃓⃓ γ

Vd(Ws)

∫︂
Rd

∫︂
(Rd×M)n−1

1{K̂1 ∩ ∂Ws ̸= ∅}
[︂
(E[Dn

x̂1,...,x̂n
φ(Zu ∩Ws ∩ K̂)])2

− 1{x1 + z ∈ Ws}(E[Dn
x̂1,...,x̂n

φ(Zu ∩ K̂)])2
]︂
λn−1(d(x̂2, . . . , x̂n)) dx1

⃓⃓⃓
≤ γ

Vd(Ws)

∫︂
Rd

1{K̂1 ∩ ∂Ws ̸= ∅}

×
∫︂
(Rd×M)n−1

2Vd(K̂
√
d)2c21,04

n λn−1(d(x̂2, . . . , x̂n)) dx1.

Together with the monotonicity of the intrinsic volumes, (2.2) and (6.26), we have for the
second part of the integral∫︂

(Rd×M)n−1

2Vd(K̂
√
d)2c21,04

n λn−1(d(x̂2, . . . , x̂n))
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≤ 2c21,04
nVd(K

√
d

m1
)

∫︂
(Rd×M)n−1

Vd(K̂
√
d) λn−1(d(x̂2, . . . , x̂n))

≤ 2Cn−1
3 c21,04

nVd(K
√
d

m1
)C1

d∑︂
j=0

Vj(Km1).

Equation (2.5) provides together with the the homogeneity of the intrinsic volumes

|fn,s(m1)− fn(m1)| ≤ 2γC2C
n−1
3 c21,04

nC1Vd(K
√
d

m1
)
(︂ d∑︂

j=0

Vj(Km1)
)︂2 d−1∑︂

k=0

Vk(Ws)

Vd(Ws)

≤ 2γC2C
n−1
3 c21,04

nC1Vd(K
√
d

m1
)
(︂ d∑︂

j=0

Vj(Km1)
)︂2 d−1∑︂

k=0

Vk(W )

sd−kVd(W )

for all s ≥ 1. Hence,

⃓⃓⃓ ∞∑︂
n=1

1

n!
fn,s(m1)−

∞∑︂
n=1

1

n!
fn(m1)

⃓⃓⃓
≤ e4C3γc21,0

2C1C2

C3
Vd(K

√
d

m1
)
(︂ d∑︂

j=0

Vj(Km1)
)︂2 d−1∑︂

k=0

Vk(W )

sd−kVd(W )
,

which goes to 0 for s → ∞ and provides the theorem together with (6.28) by the dominated
convergence theorem.

Theorem 6.13 does not answer the question under which conditions σ0 > 0. In [55,
Section 4] this question was discussed for the special case of the Boolean model and for
example in [32, 66, 67] different conditions on the kernel functions were introduced to show
the positivity of the asymptotic variance and derive central limit theorems for functionals
like the volume of Poisson shot noise processes. As done in the previous section for
the volume, we use Theorem 3.1 to show in the following for different families of kernel
functions that the asymptotic variance is positive for specific geometric functionals. In
contrast to all previous examples we do not only use Theorem 3.1 for n = 1 but the choice
of n depends on the properties of (gm)m∈M.

Proposition 6.17. Let φ be a geometric functional, u > 0 and let σ0 be defined as in
Theorem 6.13. Assume (6.16) for k = 2 and Assumption 6.5 for (gm)m∈M.

a) If Q({m ∈ M : φ({x ∈ Rd : gm(x) ≥ u}) ̸= 0}) > 0, it holds σ0 > 0.

b) Assume that there exists α = (α0, . . . , αd) ∈ Rd+1\{0} satisfying

φ =

d∑︂
i=0

αiVi. (6.29)

Then, if Q({m ∈ M : maxx∈Rd gm(x) ≤ u, gm strictly concave on Km}) > 0, it holds
σ0 > 0.
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Remark 6.18. Proposition 6.17 mainly distinguishes the cases maxx∈Rd gm(x) ≥ u and
maxx∈Rd gm(x) ≤ u for all m ∈ M and some M ⊆ M satisfying Q(M) > 0. In the first
case, our proof works for general geometric functionals if φ({x ∈ Rd : gm(x) ≥ u}) ̸= 0
for enough m ∈ M . In the second case we can show the positivity of the variance for
geometric functionals that can be represented as a linear combination of intrinsic volumes
if gm is strictly concave for enough m ∈ M . Note that by Hadwiger’s theorem (see for
example [98, Theorem 14.4.6]), this class of geometric functionals includes all geometric
functionals that are continuous and invariant under rigid motions.

For the proof of the positivity of the variance in b), we use three geometric lemmas for
which we introduce the following notation. Let m1, . . . ,mn ∈ M and xn ∈ Rd for some n ∈
N with n ≥ 2. For v = (v1, . . . , vn−1) ∈ (Rd)n−1 let K(v) =

⋂︁n−1
i=1 (Kmi + vi)∩ (Kmn +xn)

and let fv : Rd → R≥0 with fv(y) =
∑︁n−1

i=1 gmi(y− vi) + gmn(y− xn). Moreover, we define

˜︁Zu(v) =
{︂
y ∈ K(v) : fv(y) ≥ u

}︂
.

Lemma 6.19. Let n ∈ N with n ≥ 2, xn ∈ Rd and m1, . . . ,mn ∈ M be such that gmi

is strictly concave on Kmi and maxx∈Rd gmi(x) ≤ u
n−1 for i ∈ {1, . . . , n}. Let (xk)k∈N

be a sequence in (Rd)n−1 with xk → x as k → ∞ for some x ∈ (Rd)n−1. Then, for
t ∈ {1, . . . , d},

lim sup
k→∞

Vt( ˜︁Zu(xk)) ≤ Vt( ˜︁Zu(x)).

Proof. Let x = (x1, . . . , xn−1) ∈ (Rd)n−1 and xk = (xk,1, . . . , xk,n−1) ∈ (Rd)n−1 for k ∈ N
with xk → x as k → ∞. We start with showing that for each compact set C ⊆ Rd there
exists K0 ∈ N such that˜︁Zu(x) ∩ C = ∅ =⇒ ˜︁Zu(xk) ∩ C = ∅ ∀k ≥ K0. (6.30)

To this end let C ⊆ Rd be a compact set with ˜︁Zu(x) ∩ C = ∅ and define C1 = {y ∈
C : fx(y) = u}. For each y ∈ C1 there exists i ∈ {1, . . . , n} with y /∈ Kmi + xi because
y /∈ ˜︁Zu(x) and hence also Bd(y, 2δ(y)) ∩ (Kmi + xi) = ∅ for some δ(y) > 0. Since
Kmi + xk,i → Kmi + xi in the Hausdorff metric as k → ∞, there exists K1(y) ∈ N with

Bd(y, δ(y)) ∩ (Kmi + xk,i) = ∅ and hence Bd(y, δ(y)) ∩ ˜︁Zu(xk) = ∅ for k ≥ K1(y). Note
that by the strict concavity of gmi on Kmi for i ∈ {1, . . . , n}, the maximum of gmi is
only attained at one point for i ∈ {1, . . . , n}. Together with maxx∈Rd gmi(x) ≤ u

n−1 it

follows |C1| ≤ 1 (for n > 2) or |C1| ≤ 2 (for n = 2) for fixed x ∈ (Rd)n−1. This is
due to the fact that fx(y) = u outside of K(x) is only possible if for x = (x1, . . . , xn−1),
gmi(y − xi) = maxx∈Rd gmi(x) for n− 1 indices i ∈ {1, . . . , n} and gmj (y − x) = 0 for the
remaining index j.

Now, because of |C1| ≤ 2 there exists K1 ∈ N such that
⋃︁

y∈C1
Bd(y, δ(y))∩ ˜︁Zu(xk) = ∅

for k ≥ K1. Let C2 = C\int
(︁⋃︁

y∈C1
Bd(y, δ(y))

)︁
. Then, fx(y) < u for all y ∈ C2. Assume

that there exists a sequence (kj)j∈N such that for all j ∈ N there exists yj ∈ C2 with
fxkj

(yj) ≥ u. Since C2 is compact, there exists a subsequence (yjℓ)ℓ∈N which converges

to some y ∈ C2 as ℓ → ∞. As gmi is upper semi-continuous by Assumption 6.5 for
i ∈ {1, . . . , n}, we have

lim sup
ℓ→∞

fxkjℓ
(yjℓ) ≤ fx(y) < u,
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which is a contradiction to the assumption. Hence, C2 ∩ ˜︁Zu(xk) = ∅ for almost every
k ∈ N. Together with the result for C1 there exists K0 ∈ N with C ∩ ˜︁Zu(xk) = ∅ for all
k ≥ K0.

Additionally, there exists a compact set Z ⊆ Rd such that ˜︁Zu(xk) ⊆ Z for all k ∈ N
since xk → x as k → ∞. Then, if ˜︁Zu(x) = ∅, applying (6.30) for C = Z provides ˜︁Zu(xk) =
∅ for k large enough. Thus, Vt( ˜︁Zu(xk)) = Vt( ˜︁Zu(x)) = 0 for k large enough in the case of˜︁Zu(x) = ∅. If ˜︁Zu(x) ̸= ∅, for any ε > 0 we can use (6.30) for C = Z\int( ˜︁Zu(x)+Bd(0, ε)),
which yields the existence of K0(ε) ∈ N with ˜︁Zu(xk) ⊆ ˜︁Zu(x) + Bd(0, ε) for k ≥ K0(ε).
Hence, Vt( ˜︁Zu(xk)) ≤ Vt( ˜︁Zu(x) + Bd(0, ε)) for any ε > 0 if k is large enough. Since K ↦→
Vt(K) is continuous with respect to the Hausdorff metric for all non-empty compact convex
sets (see also Subsection 2.2.1), this provides lim supk→∞ Vt( ˜︁Zu(xk)) ≤ Vt( ˜︁Zu(x)).

Lemma 6.20. Let n ∈ N with n ≥ 2, xn ∈ Rd and m1, . . . ,mn ∈ M. Define h : (Rd)n−1 →
R≥0 by h(x) = maxy∈Rd fx(y) for x ∈ (Rd)n−1. Then, h is continuous for all x ∈ (Rd)n−1

with r(K(x)) > 0, where r(·) denotes the inradius.

Proof. For ˜︁x ∈ (Rd)n−1 with r(K(˜︁x)) > 0 let ymax(˜︁x) be a point where the maximum of
f˜︁x is attained. For k ∈ N let xk ∈ (Rd)n−1 with xk → x as k → ∞ and let (ymax(xkj ))j∈N
be a sequence which converges to some ỹ. Then, since gmi is upper semi-continuous for
i ∈ {1, . . . , n}, we have

lim sup
j→∞

fxkj
(ymax(xkj )) ≤ fx(ỹ) ≤ fx(ymax(x)) = h(x).

Since (ymax(xk))k∈N is bounded, every subsequence of (ymax(xk))k∈N has a convergent
subsequence. Thus,

lim sup
k→∞

h(xk) = lim sup
k→∞

fxk
(ymax(xk)) ≤ h(x).

For the reverse direction we use that for any τ > 0 there exists some yτ ∈ Rd with
yτ /∈ ∂(Kmi + xi) for i ∈ {1, . . . , n} and such that fx(yτ ) ≥ fx(ymax(x)) − τ = h(x) − τ
as r(K(x)) > 0 and since gmi |Kmi

is continuous and Kmi is convex for all i ∈ {1, . . . , n}.
Due to the continuity of gmi in yτ − xi for i ∈ {1, . . . , n}, we get

lim inf
k→∞

h(xk) ≥ lim inf
k→∞

fxk
(yτ ) = fx(yτ ) ≥ h(x)− τ

for any τ > 0 and hence lim infk→∞ h(xk) ≥ h(x). Altogether, lim
k→∞

h(xk) = h(x) for any

x ∈ (Rd)n−1 with r(K(x)) > 0.

Lemma 6.21. Let n ∈ N with n ≥ 2, xn ∈ Rd and m1, . . . ,mn ∈ M be such that gmi

is strictly concave on Kmi and u
n < maxx∈Rd gmi(x) ≤ u

n−1 for i ∈ {1, . . . , n}. Then, for
t ∈ {1, . . . , d},

λn−1
d ({x ∈ (Rd)n−1 : Vt( ˜︁Zu(x)) ∈ (0, R)}) > 0

for all R > 0.
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Proof. As in Lemma 6.20 let h : (Rd)n−1 → R≥0 be defined by h(x) = maxy∈Rd fx(y) for

x ∈ (Rd)n−1 and let ymax(x) be a point where the maximum of fx is attained. Note at
first that r( ˜︁Zu(x)) > 0 for all x ∈ (Rd)n−1 with h(x) > u and r(K(x)) > 0 since fx|K(x) is
continuous by the continuity of gmi |Kmi

for i ∈ {1, . . . , n} and because of ymax(x) ∈ K(x)
for the case when h(x) > u and r(K(x)) > 0 as maxx∈Rd gmi(x) ≤ u

n−1 for i ∈ {1, . . . , n}.
Moreover, the space of all x ∈ (Rd)n−1 satisfying r(K(x)) > 0 is path-connected for

the following reason. Let ci denote the centre of a ball of maximal radius inscribed in Kmi

for i ∈ {1, . . . , n} and let v = (v1, . . . , vn−1) ∈ (Rd)n−1 be such that vi + ci = xn + cn
for i ∈ {1, . . . , n − 1}. Note that by the choice of ci this especially implies r(K(v)) > 0.
Now, for each x = (x1, . . . , xn−1) ∈ (Rd)n−1 with r(K(x)) > 0 there exists a path from
x to v such that r(K(w)) > 0 for all w = (w1, . . . , wn−1) ∈ (Rd)n−1 on the path by
the convexity of Km1 , . . . ,Kmn . For example, such a path could be constructed in the
following way. In a first step, (x1, . . . , xn−1) is shifted simultaneously by some w1 ∈ Rd to
w1 = (x1+w1, . . . , xn−1+w1) ∈ (Rd)n−1 such that r(K(w)) > 0 for allw ∈ (Rd)n−1 on the
path and xn + cn ∈ int(K(w1)) at the end. Now, iteratively for each i ∈ {1, . . . , n− 1} we
can take the direct line to vi as path. By the convexity of Km1 , . . . ,Kmn it is guaranteed
that xn + cn ∈ int(K(w)) and hence r(K(w)) > 0 for all w ∈ (Rd)n−1 on the path
throughout the whole process, which shows that the space of all x ∈ (Rd)n−1 satisfying
r(K(x)) > 0 is path-connected.

In the following we consider two cases. If there exists x ∈ (Rd)n−1 with h(x) ≤ u and
r(K(x)) > 0, we use that there exists x̄ ∈ (Rd)n−1 satisfying h(x̄) > u and r(K(x̄)) > 0
because of maxx∈Rd gmi(x) > u

n for i ∈ {1, . . . , n}. Then, by the continuity of h from
Lemma 6.20 and the fact that the space of all x ∈ (Rd)n−1 satisfying r(K(x)) > 0 is path-
connected, there exist z̄ ∈ Rd and a sequence (z̄k)k∈N with z̄k → z̄ as k → ∞, h(z̄k) > u,
h(z̄) = u, r(K(z̄k)) > 0 for all k ∈ N and r(K(z̄)) > 0. Additionally, since gmi is strictly
concave on Kmi for i ∈ {1, . . . , n}, fv is strictly concave on K(v) for any v ∈ (Rd)n−1.
Thus, there is at most one point in ˜︁Zu(z̄), hence Vt( ˜︁Zu(z̄)) = 0. As discussed in the first
paragraph, note that the condition h(z̄k) > u for the sequence (z̄k)k∈N guarantees that
r( ˜︁Zu(z̄k)) > 0 since r(K(z̄k)) > 0 and hence, Vt( ˜︁Zu(z̄k)) > 0. By Lemma 6.19 it holds
0 ≤ lim supk→∞ Vt( ˜︁Zu(z̄k)) ≤ Vt( ˜︁Zu(z̄)) = 0. Hence, for any R > 0 there exists kR ∈ N
such that 0 < Vt( ˜︁Zu(z̄kR)) ≤ R

2 . By Lemma 6.19 and Lemma 6.20, there exists δ > 0 such

that h(x) > u, r(K(x)) > 0 and Vt( ˜︁Zu(x)) < R for all x ∈ (Rd)n−1 with ∥x − z̄kR∥ < δ

and thus Vt( ˜︁Zu(x)) ∈ (0, R) for all x ∈ (Rd)n−1 with ∥x− z̄kR∥ < δ. This provides

λn−1
d ({x ∈ (Rd)n−1 : Vt( ˜︁Zu(x)) ∈ (0, R)}) ≥ λn−1

d ({x ∈ (Rd)n−1 : ∥x− z̄kR∥ < δ}) > 0

for any R > 0.

If h(x) > u for all x ∈ (Rd)n−1 with r(K(x)) > 0, it holds Vt( ˜︁Zu(x)) > 0 for any
x ∈ (Rd)n−1 with r(K(x)) > 0 by the arguments from the first paragraph. Since K̂n is a
compact convex set, for any x ∈ Rd\K̂n there exists yn ∈ K̂n with ∥yn−x∥ = maxy∈K̂n

∥y−
x∥. Hence, the hyperplane H through yn, which is orthogonal to yn−x, divides Rd in two
half spaces H+ and H−, where H+ denotes the half space that fulfils K̂n ⊆ H+, and we
have H ∩ K̂n = {yn}. By choosing z̄ = (z̄1, . . . , z̄n−1) ∈ (Rd)n−1 such that yn ∈ Kmi + z̄i
and Kmi + z̄i ⊆ H− for i ∈ {1, . . . , n − 1}, we obtain K(z̄) = {yn}. Clearly, there exists
a sequence (z̄k)k∈N with z̄k → z̄ as k → ∞ and r(K(z̄k)) > 0 for all k ∈ N. Similarly
to the first case, by Lemma 6.19, it holds 0 ≤ lim supk→∞ Vt( ˜︁Zu(z̄k)) ≤ Vt( ˜︁Zu(z̄)) = 0,
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i.e. there exist kR ∈ N and δ > 0 such that Vt( ˜︁Zu(x)) ∈ (0, R) for all x ∈ (Rd)n−1 with
∥x− z̄kR∥ < δ. With

λn−1
d ({x ∈ (Rd)n−1 : Vt( ˜︁Zu(x)) ∈ (0, R)}) ≥ λn−1

d ({x ∈ (Rd)n−1 : ∥x− z̄kR∥ < δ}) > 0

the proof of Lemma 6.21 is complete.

Proof of Proposition 6.17. We use Theorem 3.1 for the difference operator of order n for
a suitable n ∈ N. To verify the assumption in (3.2) we derive at first an upper bound for
the integral of the expected squared difference operator of order n+1. To this end we use
(6.25) and (2.3) to show that

E
[︃ ∫︂

· · ·
∫︂
|Dn+1

x̂1,...,x̂n+1
φ(Zu ∩Ws)|2 λn+1(d(x̂1, . . . , x̂n+1))

]︃
≤
∫︂

· · ·
∫︂

c2,04
n+1Vd

(︂ n+1⋂︂
i=1

K̂
√
d

i ∩W
√
d

s

)︂2
λn+1(d(x̂1, . . . , x̂n+1))

≤ γn+1c2,04
n+1

∫︂
Mn+1

Vd

(︂
K

√
d

m1

)︂
×
∫︂
(Rd)n+1

Vd

(︂ n+1⋂︂
i=1

K̂
√
d

i ∩W
√
d

s

)︂
d(x1, . . . , xn+1) Qn+1(d(m1, . . . ,mn+1))

= γn+1c2,04
n+1λd

(︂
W

√
d

s

)︂∫︂
Mn+1

Vd

(︂
K

√
d

m1

)︂2 n+1∏︂
i=2

Vd

(︂
K

√
d

mi

)︂
Qn+1(d(m1, . . . ,mn+1))

≤ c1λd(Ws)

for a suitable constant c1 > 0. Note that due to the moment assumptions of up to order
two, the integrals are finite. For the proof of the positivity of the variance it remains to
show that

E
[︃ ∫︂

· · ·
∫︂
|Dn

x̂1,...,x̂n
φ(Zu ∩Ws)|2 λn(d(x̂1, . . . , x̂n))

]︃
≥ c2λd(Ws)

for some c2 > 0 and a suitable n ∈ N. Then, assumption (3.2) is fulfilled and σ0 > 0 by
Theorem 3.1.

For the proof of a) we choose n = 1. Let Um = {x ∈ Rd : gm(x) ≥ u} for m ∈ M
and M = {m ∈ M : φ(Um) ̸= 0}. By assumption, Q(M) > 0. Then, if η(SKm+x) = 0 for
m ∈ M and x ∈ Ws such that Km + x ⊆ Ws we have with (6.24),

Dx̂φ(Zu ∩Ws) = Dx̂φ(Zu ∩ (Km + x)) = φ(Um)− φ(∅) = φ(Um)

for x̂ = (x,m). This provides

P(Dx̂φ(Zu ∩Ws) = φ(Um)) ≥ P(η(SKm+x) = 0) = e−λ(SKm+x) = e−λ(SKm ). (6.31)

Let r0 > 0 be such that Q({m ∈ M : R(Km) ≤ r0}) > 0, where R(Km) denotes the

circumradius of Km, and ˆ︂Ws = {x ∈ Ws : d(x, ∂Ws) ≥ r0}. Then, λd(ˆ︂Ws) ≥ 1
2λd(Ws) for

s large enough, which implies together with (6.31) for s large enough,

E
[︃ ∫︂

|Dx̂φ(Zu ∩Ws)|2 λ(dx̂)
]︃
≥
∫︂

P(Dx̂φ(Zu ∩Ws) = φ(Um))φ(Um)2 λ(dx̂)
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≥ γλd(ˆ︂Ws)

∫︂
M
1{R(Km) ≤ r0}e−λ(SKm )φ(Um)2 Q(dm)

≥ c3λd(Ws)

for a suitable constant c3 > 0, which completes the proof of a).

For the proof of b) we use a similar proof strategy. This means, we start with point
configurations that occur with a positive probability and for which the excursion set on a
specific compact convex set is the empty set. Then, we add just enough points such that
it is not empty anymore and such that the corresponding difference operator is not equal
to zero. For the start let

˜︁M =
{︂
m ∈ M : max

x∈Rd
gm(x) ≤ u, gm strictly concave on Km

}︂
.

Note that Q( ˜︁M) > 0 by assumption. Moreover, let

M(v, ε) =
{︂
m ∈ ˜︁M : max

x∈Rd
gm(x) ∈ [v − ε, v + ε]

}︂
for v ∈ [0, u] and ε > 0. Define the map f : ˜︁M → [0, u] by m ↦→ maxx∈Rd gm(x) and denote
by Qf the corresponding push-forward measure. If Qf has an atom in a point v ∈ [0, u]
with u

v ∈ N, it holds Q(M(v, 0)) > 0. If Qf does not have such a point, we can apply [60,
Lemma 1.19], which provides that

Qf

(︂{︂
v ∈ (0, u)

\︂⋃︂
i∈N

{︂u
i

}︂
: Q(M(v, ε)) > 0 for all ε > 0

}︂)︂
= Qf ({v ∈ [0, u] : Q(M(v, ε)) > 0 for all ε > 0}) > 0,

where we used in the first step that Qf ({0}) = 0 since Km is non-empty for all m ∈ ˜︁M.
Altogether, this guarantees that there either exists v ∈ (0, u) with u

v /∈ N such that
Q(M(v, ε)) > 0 for all ε > 0 or there exists v ∈ (0, u] with u

v ∈ N and Q(M(v, 0)) > 0.
This will be used to divide the proof in different cases. For the first two cases we will further
define n ∈ N, M ⊆ ˜︁Mn with Qn(M) > 0 and Sm1,...,mn ⊂ (Rd)n for (m1, . . . ,mn) ∈ M
with

(x1, . . . , xn) ∈ Sm1,...,mn ⇒ (x1 + z, . . . , xn + z) ∈ Sm1,...,mn (6.32)

for any z ∈ Rd and x1, . . . , xn ∈ Rd,

λn−1
d ({(x1, . . . , xn−1) ∈ (Rd)n−1 : (x1, . . . , xn−1,0) ∈ Sm1,...,mn}) > 0 (6.33)

in case that n ≥ 2 and

(x1, . . . , xn) /∈ Sm1,...,mn if

n⋂︂
i=1

K̂i = ∅. (6.34)

Let tmin = min{i ∈ {0, . . . , d} : αi ̸= 0}. We consider the following three cases.
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Case 1: There is some v ∈ (0, u) with Q(M(v, ε)) > 0 for all ε > 0 and u
v /∈ N. Then,

we can choose ε > 0 small enough such that there exists an n ∈ N with n ≥ 2 satisfying

u

v − ε
< n <

u

v + ε
+ 1.

Now, we define M = M(v, ε)n and for t̂ = max{tmin, 1},

Sm1,...,mn = {(x1, . . . , xn) ∈ (Rd)n : Vt̂(
˜︁Zu(x)) ∈ (0, R) with x = (x1, . . . , xn−1)}

for some R > 0. Then, (6.32), (6.33) and (6.34) are fulfilled by the translation invariance
of intrinsic volumes, Lemma 6.21 and since Vt̂(∅) = 0.

Case 2: We can find v ∈ (0, u] with u
v ∈ N, Q(M(v, 0)) > 0 and tmin ̸= 0 or v ̸= u.

Then, we define n = u
v + 1, M = M(v, 0)n and for t̂ = max{tmin, 1} and Um = {x ∈

Rd : gm(x) ≥ v},

Sm1,...,mn =
{︂
(x1, . . . , xn) ∈ (Rd)n : Vt̂(

˜︁Zu(x)) ∈ (0, R) with x = (x1, . . . , xn−1),

Vt

(︂ u/v⋂︂
j=1

(Umij
+ xij )

)︂
= 0 for {i1, . . . , iu/v} ⊆ {1, . . . , n},

ij ̸= iℓ for j ̸= ℓ and all t ≥ tmin

}︂
,

for some R > 0. Note that since Um consists by the strict concavity of gm only of one
point for all m ∈ M(v, 0), it holds

λ
u/v
d

(︂{︂
(xi1 , . . . , xiu/v) ∈ (Rd)u/v : Vt

(︂ u/v⋂︂
j=1

(Umij
+ xij )

)︂
̸= 0
}︂)︂

= 0

for {i1, . . . , iu/v} ⊆ {1, . . . , n} with ij ̸= iℓ for j ̸= ℓ and t ≥ tmin. Together with the
translation invariance of the intrinsic volumes, properties (6.32), (6.33) and (6.34) are
fulfilled as in Case 1.

Case 3: It holds Q(M(v, 0)) > 0 for v = u and tmin = 0. Then, with (6.29), we have
for Um = {x ∈ Rd : gm(x) ≥ v},

φ(Um) =

d∑︂
i=0

αiVi(Um) = α0 ̸= 0

for all m ∈ M(v, 0) since Um consists only of one point by the strict concavity of gm for
all m ∈ M(v, 0). Hence, Q({m ∈ M : φ(Um) ̸= 0}) > 0. Thus, the assumption of part a)
of the proposition is fulfilled and therefore the proof for Case 3 is complete with the proof
of a).

It remains to show the proposition for Cases 1 and 2. To this end letK =
⋂︁n

i=1 K̂i∩Ws.
By the choice of n we have for η(SK) = 0, (x1, . . . , xn) ∈ Sm1,...,mn , (m1, . . . ,mn) ∈ M
and I ⊆ {1, . . . , n},

Zu

(︂
η +

∑︂
i∈I

δx̂i

)︂
∩K = ∅
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if |I| ≤ n − 1 in Case 1 and if |I| ≤ n − 2 in Case 2. If |I| exceeds those thresholds, we
have

Zu

(︂
η +

∑︂
i∈I

δx̂i

)︂
∩K = XI,K ,

which is convex by the proof of Proposition 6.7.
Now, we consider x̂1, . . . , x̂n with K̂i ⊆ Ws for i ∈ {1, . . . , n}. Note that for η(SK) = 0

and fixed xn ∈ Rd we have Zu

(︂
η+
∑︁n

i=1 δx̂i

)︂
∩K = ˜︁Zu(x) for x = (x1, . . . , xn−1) ∈ (Rd)n−1.

In the following we use assumption (6.29) to represent the geometric functional as a
linear combination of intrinsic volumes. Recall that tmin = min{i ∈ {0, . . . , d} : αi ̸= 0}.
Without loss of generality we assume αtmin > 0. Then, for tmin > 0 it holds with (2.6),

|φ( ˜︁Zu(x))| =
⃓⃓⃓ d∑︂
i=0

αiVi( ˜︁Zu(x)
)︂⃓⃓⃓

≥
∑︂

i∈{0,...,d} : αi>0

αiVi( ˜︁Zu(x))−
∑︂

i∈{0,...,d} : αi<0

|αi|Vi( ˜︁Zu(x))

≥ Vtmin(
˜︁Zu(x))

(︂
αtmin −

∑︂
i∈{0,...,d} : αi<0

|αi|
Vi( ˜︁Zu(x))

Vtmin(
˜︁Zu(x))

)︂
≥ Vtmin(

˜︁Zu(x))
(︂
αtmin −

∑︂
i∈{0,...,d} : αi<0

|αi|C(tmin, i)Vtmin(
˜︁Zu(x))

(i−tmin)/tmin

)︂
≥ αtmin

2
Vtmin(

˜︁Zu(x))

if Vtmin(
˜︁Zu(x)) is small enough. Similarly, since V0( ˜︁Zu(x)) = 1 as ˜︁Zu(x) is convex, we have

for tmin = 0,

|φ( ˜︁Zu(x))| ≥ Vtmin(
˜︁Zu(x))

(︂
αtmin −

∑︂
i∈{0,...,d} : αi<0

|αi|Vi( ˜︁Zu(x))
)︂

≥ Vtmin(
˜︁Zu(x))

(︂
αtmin −

∑︂
i∈{0,...,d} : αi<0

|αi|C(1, i)V1( ˜︁Zu(x))
i
)︂

≥ αtmin

2
Vtmin(

˜︁Zu(x))

if V1( ˜︁Zu(x)) is small enough. In Case 2 it additionally holds

φ
(︂
K ∩

n−1⋂︂
j=1

(Umij
+ xij )

)︂
= φ

(︂ n−1⋂︂
j=1

(Umij
+ xij )

)︂
= 0

for (x1, . . . , xn) ∈ Sm1,...,mn , (m1, . . . ,mn) ∈ M , i1, . . . , in−1 ∈ {1, . . . , n} with ij ̸= iℓ for
j ̸= ℓ and K̂i ⊆ Ws for i ∈ {1, . . . , n}. Note that we can choose the parameter R > 0
in the definition of Sm1,...,mn sufficiently small by Lemma 6.21 such that all estimations
above hold while (6.33) remains valid. Then, if η(SK) = 0, it holds

|Dn
x̂1,...,x̂n

φ(Zu ∩K)| =
⃓⃓⃓
φ
(︂
Zu

(︂
η +

n∑︂
i=1

δx̂i

)︂
∩K

)︂⃓⃓⃓
≥ αtmin

2
Vtmin(

˜︁Zu(x)) =: Cx̂1,...,x̂n > 0
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for (x1, . . . , xn) ∈ Sm1,...,mn with K̂i ⊆ Ws for i ∈ {1, . . . , n} and (m1, . . . ,mn) ∈ M , i.e.
we have

P(|Dn
x̂1,...,x̂n

φ(Zu ∩K)| ≥ Cx̂1,...,x̂n) ≥ P(η(SK) = 0) ≥ e−λ(SKm1
) > 0. (6.35)

For m = (m1, . . . ,mn) ∈ M let hm : Rd → R≥0 be defined as

hm(x1, . . . , xn) = C2
x̂1,...,x̂n

1{(x1, . . . , xn) ∈ Sm1,...,mn}e
−λ(SKm1

).

The translation invariance of the intrinsic volumes provides

Cx̂1,...,x̂n = C(x1+z,m1),...,(xn+z,mn)

for any z ∈ Rd. Then, by (6.32), hm is translation invariant and with (6.33) and (6.34)
we get∫︂

(Rd)n−1

1

{︂
Kmn ∩

n−1⋂︂
i=1

(Kmi + yi) ̸= ∅
}︂
hm(y1, . . . , yn−1,0) d(y1, . . . , yn−1) > 0. (6.36)

Moreover, forˆ︂Ws = {(x1, . . . , xn) ∈ (Rd)n : K̂i ⊆ Ws, i ∈ {1, . . . , n}} and y1, . . . , yn−1 ∈ Rd

satisfying Kmn ∩
⋂︁n−1

i=1 (Kmi + yi) ̸= ∅, there exists r0(m1, . . . ,mn) > 0 only depending on
m1, . . . ,mn such that

λd({y ∈ Rd : (y1 + y, . . . , yn−1 + y, y) ∈ ˆ︂Ws})

≥ λd

(︂{︂
y ∈ Ws : d(y, ∂Ws) ≥ R(Kmn) + 2 max

i∈{1,...,n−1}
R(Kmi)

}︂)︂
≥ λd(Ws)

2
(6.37)

for all s ≥ r0(m1, . . . ,mn).
Now, let r0 > 0 be large enough such that Q({m ∈ M : r0(m1, . . . ,mn) ≤ r0}) > 0.

Then we have with (6.24), (6.35), (6.36), (6.37) and the translation invariance of hm for
s ≥ r0,

E
[︃ ∫︂

· · ·
∫︂
|Dn

x̂1,...,x̂n
φ(Zu ∩Ws)|2 λn(d(x̂1, . . . , x̂n))

]︃
≥
∫︂

· · ·
∫︂

P
(︂⃓⃓⃓
Dn

x̂1,...,x̂n
φ
(︂
Zu ∩Ws ∩

n⋂︂
i=1

K̂i

)︂⃓⃓⃓
≥ Cx̂1,...,x̂n

)︂
C2
x̂1,...,x̂n

λn(d(x̂1, . . . , x̂n))

≥
∫︂

· · ·
∫︂
1{(m1, . . . ,mn) ∈ M, (x1, . . . , xn) ∈ ˆ︂Ws}hm(x1, . . . , xn) λ

n(d(x̂1, . . . , x̂n))

≥ γn
∫︂
M

∫︂
(Rd)n

1{(y1 + yn, . . . , yn−1 + yn, yn) ∈ ˆ︂Ws}1
{︂
Kmn ∩

n−1⋂︂
i=1

(Kmi + yi) ̸= ∅
}︂

× hm(y1, . . . , yn−1,0) d(y1, . . . , yn) Qn(d(m1, . . . ,mn))

≥ γn
∫︂
M

∫︂
(Rd)n−1

λd({y ∈ Rd : (y1 + y, . . . , yn−1 + y, y) ∈ ˆ︂Ws})

× 1

{︂
Kmn ∩

n−1⋂︂
i=1

(Kmi + yi) ̸= ∅
}︂
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× hm(y1, . . . , yn−1,0) d(y1, . . . , yn−1) Qn(d(m1, . . . ,mn))

≥ c4λd(Ws)

for a suitable constant c4 > 0, which completes the proof.

6.3.4 Central limit theorem

Finally we derive a qualitative central limit theorem and corresponding quantitative central
limit theorems in Wasserstein and Kolmogorov distance under different moment assump-
tions if the asymptotic variance is positive.

Theorem 6.22. Let φ be a geometric functional and let u > 0. Denote by N a standard
Gaussian random variable, let σ0 be defined as in Theorem 6.13 and assume σ0 > 0. Let
(gm)m∈M fulfil Assumption 6.5.

a) If (6.16) is fulfilled for k = 2, it holds

φ(Zu ∩Ws)− E[φ(Zu ∩Ws)]√︁
Var[φ(Zu ∩Ws)]

d−→ N as s → ∞.

b) If (6.16) is fulfilled for k = 3, there exists a constant C > 0, depending on γ, d and
the first three moments in (6.16), such that

dW

(︄
φ(Zu ∩Ws)− E[φ(Zu ∩Ws)]√︁

Var[φ(Zu ∩Ws)]
, N

)︄
≤ C√︁

Vd(Ws)

for s large enough.

c) If (6.16) is fulfilled for k = 4, there exists a constant C > 0, depending on γ, d and
the first four moments in (6.16), such that

dK

(︄
φ(Zu ∩Ws)− E[φ(Zu ∩Ws)]√︁

Var[φ(Zu ∩Ws)]
, N

)︄
≤ C√︁

Vd(Ws)

for s large enough.

Similar results as in Theorem 6.22 were also shown for geometric functionals of the
Boolean model and specific geometric functionals of excursion sets of Poisson shot noise
processes. The analogous results for the Boolean model and for Poisson cylinder processes
can be found in [55, Theorem 9.3] and in [20, Theorem 3.5]. For Poisson shot noise pro-
cesses there exist various results for different functionals under several model assumptions.
For example, for the volume or smoothed versions of the volume of excursion sets of Pois-
son shot noise processes central limit theorems were shown in [32, Proposition 3.2.1], [66,
Theorem 4.1] and [67, Theorem 4.3] under different conditions on the kernel functions.

For the proof of the qualitative central limit theorem we show that γ1, γ2 and ˜︁γ3 from
Theorem 2.17 vanish as s → ∞. For the proof of the quantitative central limit theorems
we show that γ1, . . . , γ6 from Theorem 2.17 and Theorem 2.18 are of the right order under
the additional moment assumptions. To this end we mainly use (6.25).
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Proof of Theorem 6.22. We consider Fs = φ(Zu∩Ws)−E[φ(Zu∩Ws)]√
Var[φ(Zu∩Ws)]

. For this standardised

random variable it holds that

Dn
x̂1,...,x̂n

Fs =
Dn

x̂1,...,x̂n
φ(Zu ∩Ws)√︁

Var[φ(Zu ∩Ws)]
.

To show a) we start with bounding γ1, γ2 and ˜︁γ3 from Theorem 2.17. Let f
(︁
K1, . . . ,Kt

)︁
=

Vd

(︁⋂︁t
i=1K

√
d

i

)︁
for Ki ∈ Kd, i ∈ {1, . . . , t} and t ∈ N. Then, for x̂1 = (x1,m1), x̂2 =

(x2,m2), x̂3 = (x3,m3) ∈ Rd ×M we have with (6.25) for suitable constants c1, c2 > 0,

E[(Dx̂1Fs)
2(Dx̂2Fs)

2] ≤ c1
Var[φ(Zu ∩Ws)]2

f(K̂1,Ws)
2f(K̂2,Ws)

2

and

E[(D2
x̂1,x̂3

Fs)
2(D2

x̂2,x̂3
Fs)

2] ≤ c2
Var[φ(Zu ∩Ws)]2

f(K̂1, K̂3,Ws)
2f(K̂2, K̂3,Ws)

2.

Since with (2.3) it holds for j ∈ {1, 2} that∫︂
Rd

f(K̂j ,Ws)f(K̂j , K̂3,Ws) dxj ≤ f(Kmj )

∫︂
Rd

f(K̂j , K̂3,Ws) dxj = f(Kmj )
2f(K̂3,Ws),

we get for s ≥ 1,

γ21 ≤
4
√
c1c2γ

3

Var[φ(Zu ∩Ws)]2

∫︂
M3

f(Km1)
2f(Km2)

2

∫︂
Rd

f(K̂3,Ws)
2 dx3 Q3(d(m1,m2,m3))

≤
4
√
c1c2γ

3

Var[φ(Zu ∩Ws)]2

∫︂
M3

f(Km1)
2f(Km2)

2f(Km3)
2f(Ws) Q3(d(m1,m2,m3))

≤
4
√
c1c2f(Ws)γ

3

Var[φ(Zu ∩Ws)]2

(︂∫︂
M
f(Km)2 Q(dm)

)︂3
.

Note that the integral exists because of the second moment assumptions in (6.16). By

Theorem 6.13 it holds Var[φ(Zu ∩ Ws)] ≥ σ0
2 Vd(Ws) = σ0sd

2 Vd(W ) for s large enough.
Then, since f(Ws) ≤ sdf(W ) for s ≥ 1 we get for s large enough,

γ21 ≤ c3
Vd(Ws)

(6.38)

for a suitable constant c3 > 0 and hence γ1 → 0 as s → ∞. Analogously, we get for γ2,

γ22 ≤ c2f(Ws)γ
3

Var[φ(Zu ∩Ws)]2

(︂∫︂
M
f(Km)2 Q(dm)

)︂3
≤ c4

Vd(Ws)
(6.39)

for a suitable constant c4 > 0 and s large enough. Thus, γ2 → 0 as s → ∞. To bound ˜︁γ3
we use that

E[|Dx̂1Fs|3] ≤
c5

Var[φ(Zu ∩Ws)]3/2
f(K̂1,Ws)

3 (6.40)
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from (6.25) for some c5 > 0. Since additionally E[|Dx̂1Fs|3/2]2/3 ≤ E[|Dx̂1Fs|3]1/3 by
Jensen’s inequality, we have for fixed t > 0,

˜︁γ3 ≤ γ

∫︂
M

∫︂
Rd

1{f(Km1) ≤ t}E[|Dx̂1Fs|3] dx1 Q(dm1)

+ 2γ

∫︂
M

∫︂
Rd

1{f(Km1) > t}E[|Dx̂1Fs|3]2/3 dx1 Q(dm1) =: I1(s, t) + I2(s, t).

For I1(s, t) we have with (6.40),

I1(s, t) ≤
c5

Var[φ(Zu ∩Ws)]3/2

∫︂
M
1{f(Km1) ≤ t}f(Km1)

2

∫︂
Rd

f(K̂1,Ws) dx1 Q(dm1)

≤ tc5f(Ws)

Var[φ(Zu ∩Ws)]3/2

∫︂
M
1{f(Km1) ≤ t}f(Km1)

2 Q(dm1) ≤
c6t√︁
Vd(Ws)

for a suitable constant c6 > 0 if s is large enough and hence, I1(s, t) → 0 as s → ∞ for
any t > 0. Similarly, we get for I2(s, t),

I2(s, t) ≤
2c

2/3
5

Var[φ(Zu ∩Ws)]

∫︂
M
1{f(Km1) > t}f(Km1)

∫︂
Rd

f(K̂1,Ws) dx1 Q(dm1)

=
2c

2/3
5 f(Ws)

Var[φ(Zu ∩Ws)]

∫︂
M
1{f(Km1) > t}f(Km1)

2 Q(dm1)

≤ c7

∫︂
M
1{f(Km1) > t}f(Km1)

2 Q(dm1)

for a suitable constant c7 > 0 if s is large enough. Note that by the second moment
assumptions in (6.16),

∫︁
M 1{f(Km1) > t}f(Km1)

2 Q(dm1) → 0 as t → ∞. This means
that for any ε > 0 we can choose t̂ > 0 such that I2(s, t̂) ≤ ε

2 for s sufficiently large. Then,
for s large enough such that also I1(s, t̂) ≤ ε

2 , we have ˜︁γ3 < ε. Altogether, we have shown
that γ1, γ2 and ˜︁γ3 vanish as s → ∞, which provides a).

For the proof of the Wasserstein distance in b) it is sufficient to additionally bound γ3
from Theorem 2.17 since we have already shown in (6.38) and (6.39) that γ1 and γ2 are of
the right order. To this end we use (6.40). Then, with (2.3) we have for s large enough,

γ3 ≤
c5γ

Var[φ(Zu ∩Ws)]3/2

∫︂
M
f(Km1)

2

∫︂
Rd

f(K̂1,Ws) dx1 Q(dm1)

=
c5γf(Ws)

Var[φ(Zu ∩Ws)]3/2

∫︂
M
f(Km1)

3 Q(dm1)

≤ c8√︁
Vd(Ws)

for a suitable constant c8 > 0. Note that the integral is finite by the moment assumptions
from (6.16) of order three, which provides together with (6.38) and (6.39) the result for
the Wasserstein distance.

To show c) we additionally bound γ4, γ5 and γ6 from Theorem 2.18. From [70, Lemma
4.2] we know that

E[F 4
s ] ≤ max

{︂
256
(︂∫︂

(E[(Dx̂Fs)
4]1/2) λ(dx̂)

)︂2
, 4

∫︂
E[(Dx̂Fs)

4] λ(dx̂) + 2
}︂
. (6.41)
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The bound

E[|Dx̂1Fs|4] ≤
c9

Var[φ(Zu ∩Ws)]2
f(K̂1,Ws)

4 (6.42)

from Lemma 6.14 for some constant c9 > 0 provides(︂
γ

∫︂
M

∫︂
Rd

E[(Dx̂Fs)
4]1/2 dx1 Q(dm1)

)︂2
≤ c9γ

2

Var[φ(Zu ∩Ws)]2

(︂∫︂
M
f(Km1)

∫︂
Rd

f(K̂1,Ws) dx1 Q(dm1)
)︂2

=
c9γ

2f(Ws)
2

Var[φ(Zu ∩Ws)]2

(︂∫︂
M
f(Km1)

2 Q(dm1)
)︂2

and

γ

∫︂
M

∫︂
Rd

E[(Dx̂Fs)
4] dx1 Q(dm1)

≤ c9γ

Var[φ(Zu ∩Ws)]2

∫︂
M
f(Km1)

3

∫︂
Rd

f(K̂1,Ws) dx1 Q(dm1)

=
c9γf(Ws)

Var[φ(Zu ∩Ws)]2

∫︂
M
f(Km1)

4 Q(dm1). (6.43)

Since the variance and f(Ws) grow with order sd, this bound leads with the fourth moment
assumptions and (6.41) to E[F 4

s ] ≤ c10 for a suitable constant c10 > 0 and s large enough.
Hence, with (6.25) we have

γ4 ≤
γc

1/4
10

2

∫︂
M

∫︂
Rd

(E[(Dx̂1Fs)
4])3/4 dx1 Q(dm1)

≤ c11

Var[φ(Zu ∩Ws)]3/2

∫︂
M
f(Km1)

2

∫︂
Rd

f(K̂1,Ws) dx1 Q(dm1)

=
c11f(Ws)

Var[φ(Zu ∩Ws)]3/2

∫︂
M
f(Km1)

3 Q(dm1) ≤
c12√︁
Vd(Ws)

for suitable constants c11, c12 > 0 and s large enough. By (6.43) we get for γ5,

γ25 ≤ c13
Vd(Ws)

for s large enough and some constant c13 > 0. Finally, for γ6 we need the estimate

E[(D2
x̂1,x̂2

Fs)
4] ≤ c14

Var[φ(Zu ∩Ws)]2
f(K̂1, K̂2,Ws)

4

≤ c14
Var[φ(Zu ∩Ws)]2

f(K̂1, K̂2,Ws)
2f(K̂1,Ws)

2.

for some c14 > 0. This provides with (6.42) and c15 = 6
√
c7c14 + 3c14,

γ26 ≤ c15γ
2

Var[φ(Zu ∩Ws)]2

∫︂
M2

∫︂
(Rd)2

f(K̂1,Ws)
2f(K̂1, K̂2,Ws)

2 d(x1, x2) Q2(d(m1,m2))
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≤ c15γ
2

Var[φ(Zu ∩Ws)]2

∫︂
M2

f(Km1)
2f(Km2)

∫︂
(Rd)2

f(K̂1, K̂2,Ws) d(x1, x2) Q2(d(m1,m2))

≤ c15γ
2f(Ws)

Var[φ(Zu ∩Ws)]2

∫︂
M
f(Km1)

3 Q(dm1)

∫︂
M
f(Km2)

2 Q(dm2)

≤ c16
Vd(Ws)

for a suitable constant c16 > 0 and s large enough. Altogether, the estimates for γ1, . . . , γ6
complete the proof of the quantitative central limit theorem in Kolmogorov distance.
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functionals of random polytopes with applications to Lp surface areas. Math. Nachr.
297 (2024), 914–931.

[55] Hug, D., Last, G., and Schulte, M. Second-order properties and central limit
theorems for geometric functionals of Boolean models. Ann. Appl. Probab. 26 (2016),
73–135.

[56] Hug, D., Last, G., and Schulte, M. Boolean models in hyperbolic space.
arXiv:2408.03890, 2024.

[57] Hug, D., Lutwak, E., Yang, D., and Zhang, G. On the Lp Minkowski problem
for polytopes. Discrete Comput. Geom. 33 (2005), 699–715.

[58] Hug, D., and Weil, W. Lectures on convex geometry. Springer, Cham, 2020.
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and p-Poincaré inequalities. arXiv:2212.03782, 2022.

[111] Tykesson, J. The number of unbounded components in the Poisson Boolean model
of continuum percolation in hyperbolic space. Electron. J. Probab. 12 (2007), 1379–
1401.

[112] Worsley, K. J., Marrett, S., Neelin, P., Vandal, A. C., Friston, K. J.,
and Evans, A. C. A unified statistical approach for determining significant signals
in images of cerebral activation. Hum. Brain Mapp. 4 (1996), 58–73.

[113] Yukich, J. E. Probability theory of classical Euclidean optimization problems.
Springer Berlin, Heidelberg, 1998.

[114] Yukich, J. E. Surface order scaling in stochastic geometry. Ann. Appl. Probab. 25
(2015), 177–210.

146

https://arxiv.org/abs/2405.06952
https://arxiv.org/abs/2212.03782

	Contents
	Introduction
	Normal approximation and lower variance bounds of Poisson functionals
	Poisson functionals in stochastic geometry
	Outline

	Preliminaries
	Basic notation
	Background material from geometry
	Convex geometry
	Hyperbolic geometry

	Background material from probability theory
	Poisson processes
	Poisson functionals and the Fock space representation
	Normal approximation of Poisson functionals
	Stabilising functionals


	Lower bounds for variances of Poisson functionals
	Main theorem
	Application of the generalised reverse Poincaré inequality
	Comparison to other lower variance bounds

	Spatial random graphs
	Random geometric graphs
	k-nearest neighbour graphs
	Hyperbolic radial spanning trees
	Degree of the origin
	Expectation of total edge length functionals
	Variance of total edge length functionals
	Central limit theorems for total edge length functionals


	Random polytopes
	The model
	Representation via scores
	Lower variance bounds for linear combinations of Lp surface areas
	Details of the proof of Theorem 5.6
	Central limit theorems for vectors of Lp surface areas

	Excursion sets of Poisson shot noise processes
	The model
	Volumes of excursion sets
	Geometric functionals of polyconvex excursion sets
	A dynamic decomposition
	Expectation
	Variance
	Central limit theorem



