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Abstract

In this paper we propose a new finite volume evolution Galerkin (FVEG)
scheme for the shallow water magnetohydrodynamic (SMHD) equa-
tions. We apply the exact evolution operator already used in our ear-
lier publications to the SMHD system. Then, we approximate the
evolution operator in a general way which does not exploit any partic-
ular property of the SMHD equations and should thus be applicable to
arbitrary systems of hyperbolic conservation laws in two space dimen-
sions. In particular, we investigate more deeply the approximation of
the spatial derivatives which appear in the evolution operator. The di-
vergence free condition is satisfied discretely, i.e. at each vertex. First
numerical results confirm reliability of the numerical scheme.
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1 Introduction
We consider a system of hyperbolic conservation laws,
U+ V,-FU)=0.

We use here the notation of the first author’s dissertation [13], in which
underlined symbols denote row vectors with d components and boldfaced
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2 1 INTRODUCTION

symbols denote column vectors with m components. The double underlined
symbols, that will be used later, denote row vectors with m components.

Most classical numerical schemes for such systems are based on solving
one-dimensional Riemann problems across the interfaces of a structured or
unstructured mesh. The roots of this idea go back to Godunov [9], who
invented the prototype of these schemes for one-dimensional systems.

However, there is an ongoing discussion, initiated by Roe [27], whether
schemes which are based on solving one-dimensional Riemann problems can
reflect all multidimensional effects occurring in multidimensional systems.
In the literature we can find several genuinely multidimensional numerical
schemes, which purposely dispensed with Riemann solvers, see e. g. Fey [6, 7],
Noelle [22], LeVeque [15], Brio [2].

In this paper, we will deal with the evolution Galerkin (EG) schemes,
which also belong to this class of multidimensional Riemann solver free ap-
proaches. The main idea of these schemes is to evolve the solution along the
bicharacteristic curves forming the Mach cone and then project it into the
approximation space. Exact evolution of the solution in time is represented
by the so-called exact evolution operator for a linear(ized) system, i.e. a
solution representation involving integrals over intermediate time levels. In
order to use this evolution operator numerically, integrals are approximated
by suitable numerical quadratures yielding the so-called approximate evolu-
tion operators. A paper due to Butler [3] can be considered to be the first
contribution to the EG approach. This operator was later stated in a general
way by Ostkamp [23, 24], who also showed that there is a certain connection
between the EG approach and Fey’s [6, 7] Method of Transport.

In the last years, Lukacové, Morton, Saibertova, Warnecke, and Zahaykah
[17, 18, 19, 20] constructed several EG schemes for the wave equation sys-
tem, the shallow water equations, and the Euler equations, where they soon
embedded the evolution operators into a finite volume framework, obtaining
the so-called finite volume evolution Galerkin (FVEG) schemes. Extensive
experimental treatment confirms that the EG and FVEG schemes approxi-
mate correctly complex multidimensional structures of solutions, e.g. circular
expansion wave, oblique shocks, etc. Numerical comparisons with other well-
known schemes illustrate high global accuracy of the FVEG schemes. For
example the second order FVEG method is 6 times more accurate than the
Lax-Wendroff scheme as well as the LeVeque wave propagation algorithm for
linear hyperbolic systems, whereas the computational costs are comparable
with the LeVeque scheme, see [18].

Oun the other hand, Kroger, Noelle, and Zimmermann [14, 13] developed
a framework of the so-called state decompositions, in which they examined
the connection between the EG approach and the Method of Transport more
deeply and managed to clarify an important difference between these ap-
proaches. At the same time, this framework offers the possibility to consider
the EG approach from a different point of view.



In the current paper, we introduce an FVEG scheme for the shallow wa-
ter magnetohydrodynamic (SMHD) equations. These equations were (to our
knowledge) first proposed by Gilman [8] as an approximation to the ideal
MHD equations in the situation of a free-surface, shallow, and electrically
conducting fluid that has constant density and is in magnetohydrostatic bal-
ance in the vertical direction.

There are two main difficulties for the numerical treatment of the full
MHD equations:

e The magnetic field should be kept divergence-free in any time.

e The numerical update should produce fully multi-dimensional as well
as non-oscillatory solutions near discontinuities.

Since the full system of the MHD equations has a complicated eigenstruc-
ture, it is desirable to have a simpler model system that retains both main
difficulties but at the same time has a simpler eigenstructure. The SMHD
system not only serves as a simplified mathematical model, but it has its
own physical applicability used in the description of the solar tachocline, i.e.
a thin layer of the solar radius that separates the convective zone from the
radiative zone in stars, cf. [5], [8].

As far as we know, this is the first FVEG approach for these equations. A
second new property of the scheme is that it is mainly a black-box approach:
while former approximate evolution operators, used in the FVEG schemes,
were mostly specially designed for the individual system, the current scheme
does not exploit any particular property of the SMHD equations. Therefore,
the scheme should be applicable to any system of hyperbolic conservation
laws in two space dimensions without major changes'. In particular, it will
be interesting to apply the scheme to the ideal MHD equations (for two-
dimensional problems). First numerical experiments presented in the paper
show that the scheme gives good numerical results and indicate the reliability
of the FVEG scheme for the modelling of the SMHD system.

The outline of this paper is as follows: In Section 2, we introduce briefly
the SMHD equations and discuss a variant of them which is no longer con-
servative, but simpler and will in particular have a simpler hyperbolic struc-
ture. Next, in Section 3, we state the evolution operator in an abstract,
but compact, form which is also used in the works of Kréger, Noelle, and
Zimmermann [14, 13]. A brief description of the FVEG schemes follows in
Section 4. We explain in detail how our new scheme works in Section 5. This
mainly consists of a description of the used approximation techniques in the
evolution operator as well as in the finite volume update formula. A main
focus is set on the approximation of the spatial derivatives which occur in the
evolution operator, since all the other approximations are performed using

"However, we exploit essentially the fact that the physical space is two-dimensional,
ie.d=2.



4 2 THE SMHD EQUATIONS

standard techniques. Section 6 contains a couple of numerical experiments.
Finally, in Section 7, we derive some conclusions.

2 The SMHD equations

2.1 The SMHD system of hyperbolic conservation laws

The SMHD equations were, as far as we know, first proposed by Gilman [8].
Afterwards, DeSterck [5] and Rossmanith [28]|, among others, worked on
these equations. The SMHD equations can be derived from the ideal MHD
equations. They model the dynamics of a constant density, shallow, and
electrically conducting fluid that is hydrostatically balanced in the vertical
direction. A detailed derivation is given by Rossmanith [28]. The result is a
system of m = 5 equations in d = 2 space dimensions, which is given by

o,U +V,-FU)=cC(0), (2.1)
where
h hu 0
U=|ht|, FU) =|huu—hB'B+1Ligh?1|, C(U)=|-ghVb|,
hB* hB'u — hu'B 0
(2.2)

together with the intrinsic constraint
V- (hB) =0. (2.3)

Recall that the notation is adopted from [13]. Further, g > 0 is the grav-
itational constant, and b = b(x) describes the bottom topography. In the
current paper, we restrict ourselves to the case of a flat bottom, i. e. b = const,
so that the system is homogeneous. We deal with the numerical approxima-
tion of the time-dependent system (2.1) and derive the approximation of the
divergence constraint (2.3), which is satisfied by a numerical solution. Note
that this constraint is also exploited in the reformulation of the system (2.1)
which is realized in Subsection 2.2.

These equations can be rewritten in terms of the primitive variables U =
(h,u, B)', yielding

Oth +uVh 4+ hV'u' =0,
1
du+ gV*'h — > BVhB +uVu — V'B'B — BVB =0,

1
OB — +BVhu — BVu+uVB — V'B'u =0,
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where the symbol V always denotes a column vector of derivatives. This can
be written in the form

2
8ttj + Zée(U)arsU = 07

s=1
where
u-n hn 0
Ainy+Asny = | gn* — #(B-n)B*  (u-n)l —B'n—(B-nl|,
—+(B-nut  —(B-n)l (u-n)l-un

1 denotes a 2 x 2 unit matrix, and n = (n1,n9) is an arbitrary unit vector
in R2.

2.2 A Powell-like form for the SMHD equations

The SMHD equations have got the intrinsic constraint V - (hB) = 0. This
means, that the exact solution will satisfy this constraint for all time if it
holds for the initial data. This can be seen by computing 9;(V - (hB)). In
physically relevant problems, the initial data will always satisfy this con-
straint.

This is a similarity to the MHD equations, in which V - B remains zero
for all time. In 1972, Godunov [10] exploited this property by adding cer-
tain multiples of V - B to each equation—thus not changing the exact solu-
tions in the physically relevant situation—in such a way that the resulting
equations have nicer properties. Later, Powell [25] used this form for a nu-
merical scheme. This alternative form of the MHD equations, which we
will call ‘Powell’s form’, was also favored by Brackbill and Barnes [1| and
by Kroger [13]. Since in particular the hyperbolic structure of the system
becomes much simpler for Powell’s form, we find it desirable to construct
a Powell-like form for the SMHD equations as well. Here we may add a
multiple of

V. (hB) = V'hB' + hV'B' = BVh + hV'B"

rather than V - B to each equation. By this, we can easily get the simpler
system

O¢th + uVh + hV'u' = 0,
du+ gV'h+uVu— BVB =0,
0B — BVu+uVB = 0.

If we write it in the compact vector form

2
U +> A,(U)9,,U =0,

s=1
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we get

u-n hn 0
Ainy+ Ao = [ gn*  (u-n)l —(B-n)l|. (24)
0 —(B-n)1 (z-n)l

3 Exact evolution operator

3.1 Overview for general systems
For a general linear hyperbolic system

d
U+ A0, U =0,

s=1

one has the exact evolution operator, which was first proposed by Ost-
kamp [23] and later extensively used by Lukacova, Morton, Saibertova, War-
necke, and Zahaykah [17, 18, 19, 20]. It can be derived from general charac-
teristic theory for linear(ized) hyperbolic systems and written in the compact,
but abstract, form

1 m
U(z,tpy1) = ] > (/Sd_l b U (z — AtVLAE t,) dn
k=1

tn+l d
+ / / PR (On Mo 1— A 05, U (z+ (T~ tng1) Vi AE, 7) d@d7>.

(3.1)
Here, % [¥ and AF are the right eigenvectors, left eigenvectors, and the
eigenvalues of the matrix pencil Zgzl Agng, respectively. We assume that
the left and right eigenvectors are normalized such that I¥rF = 1. Note that
V, Ak are the ray velocities arising from the multidimensional characteristic
theory, compare Courant and Hilbert [4], Jeffry and Taniuti [12], Prasad [26],
or Kroger [13]. There are two alternative representations for the ray velocity
components:

Nns’'n

On Al =1F Ak, s=1,...,d

We should point out that for a nonlinear system, there is also a fully
nonlinear form of this operator, see [13]. However, this leads to a more
complex formula. Hence, for practical applications, it seems to be easiest
to apply (3.1) to a linearized system. In other words, one first freezes the
matrices A (and therefore, also the eigenvectors and eigenvalues) at a given
state U , and then applies (3.1). In this paper, we let always denote by U the
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linearization state, whereas U denotes the solution of the linearized system.
With this notation, the linearized system reads

d
U +> A(0)9,,U =0.
s=1

Notations ~ and ~ are also used for any conservative or primitive variables
with the obvious meanings. However, for a better readability, we leave out
both notations whenever there is no danger of confusion.

3.2 Application to the SMHD equations

Instead of deriving the respective integral representations for the primitive
components h, u, and B arising from the general operator (3.1), we content
ourselves with giving suitable representations for the ingredients appearing
in the general formula. We do this for the Powell-like form (2.4) derived in
Subsection 2.2. A representation for the matrices A has already been given
in (2.4). The eigenvalues read

Ay =u-n+B-n, A=u-n—B-n,
A =u-n+W, A =u-n—W,
A5 =u-n,

where we used the abbreviation

W = /(B -n)?+ ghln].

We call the first two wave modes Alfvén waves, the third and the fourth ones

are the magneto-gravity waves and the last mode, which propagates with the

fluid speed, is sometimes called in the literature the non-physical mode.
The corresponding right eigenvectors are

0 0
1 1
1 t 2 t
= —¢ = |t
RETETEN B SN Iy
t* t
hln|? hln|?
r3 = ! n'W , ri = _ —n'W ,
n 2|n|2W2 — n 2|ﬂ|2W2 —
—n*(B-n) —n'(B-n)
B-n
1
7'751 = W Qt
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and the left eigenvectors read

é:(oa 7!72)7 @: (07Lt)7
L= <g\n\2,ﬂW, *@(B-ﬂ))j Ly = (QIEIQ, —nW, —n(B - n))7
l5 = (E ' Q:Qaﬂh)v

n

where for the given normal direction n, we denote by ¢ the transversal di-
rection, which in the two-dimensional case is canonically (up to a factor +1)
given by

t = (—ng,n1).

Note that this becomes essentially different in three dimensions where, as a
consequence of the Hedgehog theorem, there cannot be a canonical basis of
the two-dimensional space of transversal directions.

Finally, we also give the following formulae for the ray velocities

Vady =u+ B, VaAs =u— B,

B(B - n) + ngh 4 B(B-n)+ ngh
Vn)\g = —_— — Vn)\ =U— — )
VEXZ = u.

One main advantage of the SMHD equations over the MHD equations is that
there are no case distinctions or singular cases of the hyperbolic structure.
In fact, the given formulae for the eigenvectors always form a basis of the
R® as long as the physically reasonable restrictions g > 0 and h > 0 hold. If
B-n =0, 1i.e. the normal magnetic field vanishes, we get a triple eigenvalue
u - n. Figure 3.1 shows the shape of the wave fronts, the so-called Friedrichs
diagrams, for a selection of linearization states. Note that it can easily be
seen that, up to shift, rotation, and scale operations, the shape of the wave
fronts is completely defined by the scalar parameter |B|?/gh. The given
selection of wave fronts is representative in the sense that it contains one
example for each of the cases where the parameter |B|/gh is zero, positive
but small, smaller than 1, exactly 1, larger than 1, and large but finite.

4 FVEG schemes

Consider an arbitrary system of hyperbolic conservation laws,
U +V,-F(U) =0, (4.1)
on a regular, cartesian, two-dimensional mesh, consisting of cells

Kij = (z;_1,01) % (Y- 1,9541),
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Figure 3.1: Friedrichs diagrams for SMHD equations for u = 0, g = 1, and
(a) h =1, B = (0,0), () h = 1, B = (02,0), () h = 1, B = (0.5,0),
(d) h=1, B=(1,0), () h = 0.5, B = (1,0), (f) h = 0.2, B = (1,0).
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where Tipl = (i £ 1)h and Yjrl = (j £ 3)h, R is a mesh step. If we inte-
grate (4.1) in space over one cell K;; and in time over the interval [t,,, t;+1]
(where ¢, = nAt) and then apply the Gauf law, we get

41 1 tnt1 (Y1
Ut Uy - / (Fy(U(z;,1.9.8) — Fo(U(x, 1.y.))) dydt
| Kijl S, v 2 2

1 tnt1

|Kij| J,

Tl
/ 2(F2(U($ayj+%7t)) *F2(U($ayj_%7t))) dﬂ?dt,
1
(4.2)

where
1
U?:—/ U(z,y,t,)dzdy
K] kg

and F'y and F'5 are the columns of the flux matrix F.

The idea of a finite volume evolution Galerkin (FVEG) scheme is to derive
an update procedure for the cell averages Uj; by inserting the evolution
operator (3.1) into the finite volume update formula (4.2) in order to evaluate
fluxes on cell interfaces. Then, suitable numerical approximation techniques
are applied to everything in the resulting formula which cannot be evaluated
exactly, see, e.g., [18], [19] for more details.

The finite volume update formula (4.2) must be applied in conservative
variables, while the evolution operator (3.1) will typically (but not neces-
sarily) work with some primitive variables. In particular, for the SMHD
equations, we will apply the evolution operator to the Powell-like form in
primitive variables (2.4). Also, note that the finite volume update formula
is typically applied to the fully nonlinear system (because in general, there
will not be a reasonable global linearization state), whereas the evolution op-
erator (3.1) requires a linearization. Therefore a suitable linearization state
needs to be determined before each application of the evolution operator.

5 Approximation of the exact evolution operator

In oder to use the evolution operator (3.1) numerically, several approxima-
tions have to be made. More precisely, we need the following building blocks:

1. The recovery of a spatial function U constructed from the cell averages,
2. the time integration which occurs in the finite volume formulation,

3. the integration along cell interfaces occurring in the finite volume for-
mulation,

4. the choice of the linearization state,
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5. the integration over S% ! in the evolution operator (3.1),

6. the time integral in the second part of the evolution operator (3.1),
and

7. the evaluation of the spatial derivatives of U in the second part of the
evolution operator (3.1).

The items 1-6 will be realized with standard approximation techniques as
described in the following subsection, whereas the last item has to be inves-
tigated carefully in order to obtain suitable results. This will be discussed
in Subsection 5.2.

5.1 The use of standard approximation techniques

In order to get a function defined on a computational domain 2 by means
of a given family of cell averages, we use a conservative, piecewise bilinear
recovery. More precisely, if we have given cell averages 1;; on a regular mesh
with mesh sizes Az and Ay, we approximate the exact solution on the mesh
cell K;; by a bilinear function

()|, = Vi + (@1 — 2D)YY + (22 — 2YWE + (21 — 29) (22 — 2917,

where z¥ is the center of K;; and the coefficients 7,[11-1]-, Z-Qj, and 1,[)1-1]-2, which
approximate derivatives, are given by

7,0-1- _ Vig1,j — ¢ij(p(¢ij — i1,
N Az Viy1,j — %ij )’
Yijr1 — Vi (Vi — Vi1
ot ),
! Ay 14 Vi i1 — Vij

12 _ Vit +%io1i1 — 24 <2¢ij = Yig1j-1 — z/h'1,j+1)
Y AzAy Vit1,5+1 + Yio1,j-1 — 25
Here ¢ is a limiter function out of the class that was discussed by Sweby [29].

We have made positive experience with the monotonized centered limiter,
also known as minmod-2, which is given by

0, 0 <0,
20, 0<6<i,

(p(e): 1 1 ?
3(14+0), 5<0<3,
2 3<8.

bl

Recall that the idea of this limiter is to use unlimited central differences
as long as they are contained in the so-called second order TVD region, cf.
Sweby [29]. This reconstruction is done for every component of the primitive
variables.
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For the integrals appearing in the finite volume formulation we have al-
ready made good experience with the midpoint rule in time and Simpson’s
rule along the cell interfaces for hydrodynamical problems, see [18]. There-
fore, we use for the first three equations of the SMHD system, i.e. for the
hydrodynamical part, Simpson’s rule for the cell interface integrals. Fur-
ther, we use the trapezoidal rule for the last two equations, i.e. the Maxwell
equations. Such a flux discretization leads the FVEG scheme that automat-
ically satisfies a discrete version of the divergence condition (2.3), cf. also
(6.1). Note that the finite volume update is always done in the conservative
variables and for the conventional form (2.1) (in contrast to the Powell-like
form) of the equations. This ensures that the overall scheme is conservative.

According to our quadrature rules along the cell interfaces, we need to
apply the evolution operator centered at the cell vertices as well as at the
midpoints of the cell interfaces. For the linearization state we use averages
of the four or two cells next to the point in which the operator is applied.

In [17, 18, 19], the second author constructed schemes in which the inte-
grals over the sonic circle S where evaluated exactly. Due to the complexity
of the SMHD equations this seems no longer to be possible now. We have
therefore decided to evaluate these integrals by suitable quadrature rules.
Due to the periodicity, it is irrelevant whether the rectangle rule or the trape-
zoidal rule is used. As quadrature points, we chose the points (cos 6;, sin ;),
where 0; either takes the values

— or  —

where in both cases n is the number of quadrature points (which due to
symmetry reasons should be a multiple of 4) and i = 1,...,n. In the sec-
ond version, we purposely avoid that 6; becomes a multiple of 7/2. In our
numerical examples in Section 6, we used the second variant with n = 8
points.

Finally, the time integral in the second part of the evolution operator was
simply approximated by the rectangle rule. This is again a point which can
be investigated more deeply. We should point out that in the recent work of
Lukacova, Morton, and Warnecke [18], a new approximation of time integrals
along the Mach cone was proposed in such a way that any one-dimensional
plane wave aligned with the grid is computed exactly. This approximate
evolution operator was derived for the wave equation system, the shallow
water equations, and the Euler equations and yields more stable and accurate
FVEG schemes. Application of this idea for the SMHD equations should be
investigated in future.
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5.2 Evaluation of the spatial derivatives

It would be possible to take approximations to the spatial derivatives of
U in (3.1) according to the slopes of the piecewise bilinear reconstruction.
However, these might be a very poor approximation. In particular, when a
term involving these derivatives is integrated along a path which crosses a
cell interface (which typically is the case), this approximation fails to include
the necessary Dirac-distribution for the discontinuity of the reconstructed U.

For the wave equation system, the second author [17] found a possibility
to transform the evolution operator in such a way, that all spatial derivatives
disappear. The procedure how to do this consisted of two essential ideas,
one of which was applied to the single wave mode for which the wave front
concentrates to a single point, and the other was applied to the remaining
modes. This distinction between two types of wave modes is typical for
the general ideas of the current subsection. In what follows, we distinguish
between the so-called singular and non-singular wave modes; the more precise
explanation will follow.

5.2.1 Non-singular wave modes

We first concentrate on the wave modes with non-singular wave fronts. For
these modes, the so-called ‘useful lemma’ was used in [17] to transform the
space integral in such a way that the spatial derivatives disappear, see [17,
Lemma 2.1]. The main idea of this lemma is to recognize that the spatial
derivatives of U in (3.1) are always derivatives in a direction tangential to
the integration path. This makes it possible to rewrite them as derivatives
with respect to 6 (where 0 is the variable which parameterizes the path) and
then to use integration by parts. This shifts the 6 derivative to known terms
(which originate from the hyperbolic structure of the system), so that the
derivatives can be performed in advance.

Thus, the key point is just the fact that the direction of the spatial
derivative is tangential to the integration path. We will now prove that this is
true for arbitrary hyperbolic systems, so that there is always a generalization
of this ‘useful lemma’ for the non-singular wave modes. However, as it turns
out, before one can apply the integration by parts, it is necessary to divide
by the length element of the integration path. For some wave modes, this
length element may vanish. This is the reason why there is no such ‘useful
lemma’ for those modes, which we call singular wave modes.

The essential expression to examine is

|~
S =

|

d
> (O Xy -1 A,)9,,U, (5.1)
s=1

compare (3.1), where d = 2. (In particular, the leading factor r¥ only
makes a vector out of the scalar-valued expression in (5.1) but has got no
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influence on the direction of the derivative.) Precisely, (5.1) is a sum of
directional derivatives of the m components of the vector U. This derivative
is evaluated at the point = +0Vﬂ)\g, where 0 = 7 —t,,+1. If we parameterize
the integration path by 6, i.e. we set

n(0) = (cosb,sinb), (5.2)

E:

then our goal is to show that the direction of each of the directional deriva-
tives in (5.1) is tangential to the derivative with respect to 6 of the point at
which (5.1) is evaluated, i. e. tangential to 89VQ)\’;(9). But it follows from the
characteristic theory that 89VE)‘Z(€) is always orthogonal to n(6). This is
because Jp VAP (p) 18 of course tangential to the wave front, whereas n(0) is
known to be the normal direction, i.e. normal to the wave front (see also [13,
end of Section 3.4]; note that n is called p there). Since in R? the direction
of a vector is uniquely given by a nonzero normal vector, it suffices to show
that the direction of each of the directional derivatives in (5.1) is orthogonal
to n. In symbols, we have to show that

le~

155

d
Z(ans AZ . i - és)ns ; 0.
s=1
But we get

lk

d
O Ni.1-A —ﬁEZ%J%W%—QE;ém
s=1

it9-
3
w
3

lﬁnVAk,@y

Again using the characteristic theory, we see that this in fact vanishes since
n - VpAE = A see [13, Lemma 3.4.3]. Thus, we have proven that the
integral in the second part of the evolution operator (3.1) can always (except
in singular cases, see below) be transformed in such a way that the spatial
derivatives of U disappear. We have obtained the following result

LEMMA 1 In the second part of the evolution operator (3.1), the direction
of the directional derivative of each component of U is always tangential to
the integration path, as long as the parameterization by 0 does not become
singular.

We will now demonstrate how this transformation can actually be found.
The result of the preceding paragraph is that the direction of the directional
derivative of each component of U in (5.1) is tangential to 89VHAZ(0), ie.

there must be a vector y_fl such that

I (OpNE -1 — Ay) = 0E9y0, AE s=1,....,d, (5.3)

Ns’'n Ns'n>
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where n is always given by (5.2). Inserting this into (3.1), we get that

d

/ rrik Z(@ /\k 1- A0, U(z+ oV A ) dn (5.4a)
st s=1 o
2 d
= / il 9p0n Me0s Uz + oV A, ) dO (5.4b)
, nL n
2
:/ rngn(agv /\k VU (z + 0V AE 7)) do (5.4c)
0 n
ek 1d k
= rovy - ——U(z+ oV, ,T)do (5.4d)
0 2=t o do -
L[ —(rko"U (2 + oV, A\, ) df (5.4e)
=—— v z+oVy,,T)do, .
c Jo do\ n=n < nn

where the last equality is the integration by parts with respect to 0; the
boundary terms cancel due to the periodicity of the integrand. Furthermore,
from (5.3), it follows that

<

k __ k k
" 5, Ak|2_nZaeansAn- (On A -1 - A,). (5.5)

We thus have found a transformation of the n integral of the evolution
operator into a form where no derivatives of the solution U occur and the
only derivatives that appear can be determined in advance. However, this
transformation cannot be applied in the following two cases:

e If 0 = 0, the transformation is undefined. But since we approximate
the time integral with the rectangle rule, we are only interested in the
case 0 =ty — tpy1 # 0.

o If aevﬂAﬁ = 0, the transformation is also undefined. This is in partic-
ular the case for those modes whose wave fronts degenerate to points.
For these modes, we have that the ray velocity Vﬂ)\fb is independent of
n (and thus of #). We have not yet examined whether modes for which
the wave front is only locally singular (like the slow magneto-acoustic
waves of the MHD equations) also cause problems.

The actual terms which appear in the transformed integral may become
very complicated. We found out that there is also a suitable, comparatively
simple approximation of the integrand. Recall that we anyway approximate
the integral by evaluation of the integrand in a finite number of quadrature
points. Let 0; be these quadrature points with respect to 6, and let

n; = @(91) = (COS 0;,sin 92) and Q§ =z+ O'VHAZZ.
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be the respective quadrature points with respect to n and with respect to x.
By qls, we denote the s-th component of the vector ql Consider now the
integrand in (5.4d) at 8 = 0; and approximate the € derivative by a one-sided
difference given by the points 6; and 6;,1. This yields

1, .d Ulgf) ~U(g)

1
a k ~ Lk kO 4) _
ﬂy‘deU@ +0VuAy) s Urm&i A0 (5.6)

Q |

If we now insert the representation of Q_fb given in (5.5) and approximate
all # derivatives in that representation in the same way as above, we can
approximate the right hand side of (5.6) by

L (O Al 1 — A
o Mgk, — afP 0A9 F(OnAy, 1= As) Y
d N i . )
§ : s — 4s)(Ulgi ) —U(g;
_ ’rméfh (8713 ,\fL 1 As) (Qz-l—l,s %,s]z( (%4—12) (gz )) ‘
s=1 |Qi+1 —q; k|

We have thus found an approximation of the integral which does neither con-
tain any derivatives nor essentially more complicated terms than the original
integral. Furthermore, we see that our approximation can formally be ob-
tained by just replacing the derivative

(¢F 1, —aF)(UE) - Ulgh)
|g7]§;+1 -4 |2

O, U (qh) with

Note however that there is no reason why this replacement should be a
sensible approximation for each s individually. This is only true for the
whole integrand. The same result holds if one uses backward differences, i.e.
one replaces

(qzk—l,s - qzk,s)(U(Qf 1)~ U(Qf))
|g7l,€ 1 qz |2 ’

9, U () with

In order to obtain a symmetric formula we use the average of both approxi-
mations.

In fact, the U difference is mainly determined by the slopes of the piece-
wise bilinear reconstruction. However, the above approximation automati-
cally includes an approximation to the Dirac-distribution for the disconti-
nuity of the reconstructed U whenever the integration path crosses a cell
interface.

5.2.2 Singular wave modes

For the modes with singular wave front, the idea in earlier publications, see
e.g. [17], was to insert the differential equation itself into the respective part



5.2 Evaluation of the spatial derivatives 17

of the evolution operator. This led to a formula where this wave mode was
left out completely in the operator and instead certain components of the re-
sult were multiplied by corresponding factors. We now found out that there
is a generalization of this idea to arbitrary systems. This technique can be
applied to any subset of wave modes, no matter whether they are singular
or not. The multiplication of certain components with certain factors gener-
alizes to the multiplication of the result with the inverse of a certain m x m
matrix which in general depends on the linearization state. This matrix may,
of course, be more or less difficult to invert; it may be badly-conditioned or
even singular. For the wave equation system as well as for the shallow water
equations, this matrix is a diagonal matrix with constant, nonzero diagonal
entries, so that the computation of the inverse is trivial.

We will now demonstrate how this generalization works. Let K and K’
be two complementary subsets of the set {1,...,m} of wave mode indices.
For any k € K and n € S% 1, we insert the equality

tn+l d
/ S Ou N 1 A0 U@+ (7 ts)) Vadho7) dr
tn - -

s=1

tn+1 d
= / (8tU + Z 6ns)\ﬁ3xSU) (z+ (T — tar1) VXS 7Y dr
in s=1 B

tn+1 d

_ /t U@+ (7 = ta1) Vs, 7) dr

=U(z,tns1) — Uz — AtV AE 1)

n

into the operator (3.1). Collecting U(z, tp+1), we get

1 kik
(% = /Sd] > by dﬂ) Ul(z,tni1)
keK

1 m
- W Z </sd—1 TZ&U(@ — Atvﬂ/\z,tn) dn
KeK’
tn+1
+/ /d PR (00 A 1= A0, U (24 (T~ tns1) Vo AR, 7) d@dT>.
tn  JSIL T - ;

Thus, we leave out completely the modes contained in K and then multiply
the result of the evolution operator with the inverse of the matrix

1 1
JK)=1— —— kik g :_/ kik g
J(K):=1 [Sd-1] /Sdllg{rﬂ_n n 1S41] Jgus k;{/rﬂ_n n

As already mentioned, we can choose K to be any subset of {1,...,m}.
However, the more modes we include in K, the more likely the matrix J(K)
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might become difficult to invert or even singular. In particular, note that
for K = {1,...,m}, we have J(K) = 0. Since we have already found a
satisfying way to approximate the evolution operator for the non-singular
wave modes, cf. Subsubsection 5.2.1, we will restrict ourselves to the case
that K consists of singular modes.

For example, for the shallow water equations, cf. Lukacova [16], we have
only one singular wave mode, the so-called shear wave mode corresponding
to the middle bicharacteristic curve, which points out just the advection
direction. If we choose K to consist of this one mode, we get

o e O
o O

D=

which can be inverted easily.

For the SMHD equations we have three singular wave modes: the two
Alfvén modes (1 and 2) and the non-physical mode (5). For K = {1, 2}, we
get

10000
03000

JK)=10 0 & 0 0f, (5.7)
000 4% 0
0000 1%

which is comparably easy to handle, but we still have to deal with the non-
physical mode. If; on the other hand, we choose K = {1,2,5}, then we get
the essentially more complicated matrix

1 0000
03000
JK)=|[0 0 L 0 of-
000 %0
00 00 2
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(B-n)* 0 0 hni(B-n) hny(B-n)
0 00 0 0
1 1
- = dn.
2n | (B-n)®+gh 0 00 0 0 o
st gni(B-n) 0 0 ghn? ghnins
gni(B-n) 0 0 ghning ghn3

(5.8)

It is not easy, but possible, to find a closed form for the integrals appear-
ing in (5.8). The second term on the right hand side of (5.8) is a rank 2
matrix. Therefore, J(K') can be written as the sum of a diagonal matrix and
a rank 2 matrix. The Sherman—Morrison-Woodbury formula, (see, for exam-
ple, Golub and van Loan [11, page 51]) enables us to obtain a comparatively
simple representation of the inverse of this matrix. A problem occurs when
B (i.e. the magnetic field of the linearization state) is near zero, because
at B = 0 the matrix J J(K) becomes singular. This means that the choice
K = {1,2,5} is not allowed when B is near zero.

Thus, we have the following three main possibilities for replacing the
spatial derivatives of U in the case of singular wave modes:

1. Use K = {} and approximate the spatial derivatives using the slopes
of the piecewise bilinear reconstruction.

2. Use K = {1, 2} (i.e. use the simple matrix given in (5.7)) and approxi-
mate the spatial derivatives for the non-physical mode using the slopes
of the piecewise bilinear reconstruction.

3. Use K = {1,2,5} (i.e. the more complicated matrix given in (5.8)) if
B is away from zero, but K = {1,2} if B is near zero.

We have experimented numerically with the above three variants. Our
numerical results using variants 2 or 3 yield unsatisfactory resolutions, see
Subsection 6.2. Therefore, we suggest to refrain from these possibilities and
approximate the spatial derivatives for the singular wave fronts just by using
the piecewise bilinear reconstruction. Anyway, note that the problematic
case that the spatial integration path crosses a cell interface cannot occur in
these cases, since this path reduces to a point.

6 Numerical examples
We now demonstrate the behaviour of the described scheme on test problems

for the SMHD equations in one and two space dimensions. We use a CFL
number of 0.45 in all computations.
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6.1 Riemann problem

Our first test example is the Riemann problem used by Rossmanith [28]. It
is given by the initial data

z<0: h=1,
x>0: h=2,

1S
I

(070)’ B = (170)7
B=(05,1)

IS
I

bl b

and the gravitational constant g = 1. The numerical solution at ¢ = 0.4 on
a grid with 100 cells is shown in Figure 6.1. The reference solution (solid
line) was obtained with the same scheme, but with 1000 cells. Comparing
the plots with Rossmanith’s [28] results, we see that the scheme produces
a qualitatively correct solution. We should point out, however, that there
are still some oscillations (at both the low and the high resolution) in all
components near the right Alfvén discontinuity.

Note that the intrinsic divergence constraint, i.e. V - (hB) = 0, is auto-
matically maintained, because the flux function F'; in x1 direction has got a
zero in the component corresponding to the conservative variable hB;. See
also (2.2) and note that the matrix B'u—u'B has vanishing diagonal entries.

6.2 Example for approximations of singular wave modes

We now demonstrate what happens when the singular wave modes are han-
dled by the different approaches proposed in Subsection 5.2.2. We compute
the same one-dimensional Riemann problem as in Subsection 6.1, but now
using the variants 2 and 3, cf. page 19. The results are shown in Figures 6.2
and 6.3, respectively. Both numerical solutions look much worse than the
result in Subsection 6.1, which was computed using the variant 1. We thus
suggest to refrain from variants 2 and 3 at all and approximate, as already
mentioned in Subsubsection 5.2.2, the spatial derivatives for the singular
wave modes using the slopes of the piecewise bilinear reconstruction. We
think that for these wave modes a better quadrature rule in time (along the
bicharacteristic curve), which takes care of possible Dirac distributions for
discontinuities of the solution along this curve, could bring better results.

6.3 Two-dimensional problem

This two-dimensional example is similar to the ‘rotor problem’ used by
Toth [31] for the MHD equations. The computational domain is [—1, 1] x
[—1, 1], equipped with zero-th order extrapolation at the boundaries. The
initial data are

r<0: h = 10, u = (—x2,21),
r>0: h=1, u = (0,0)
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Figure 6.1: Numerical solution for the Riemann problem with 100 cells (dots)

and 1000 cells (solid line).
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Figure 6.2: Numerical solution for the Riemann problem with 100 cells using
variant 2 of Subsection 6.1.
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Figure 6.3: Numerical solution for the Riemann problem with 100 cells using

variant 3 of Subsection 6.1.
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and the gravitational constant is ¢ = 1. Note that hB is constant in the
initial data and thus divergence-free. The discrete divergence was computed
in a vertex-centered way given as

div(hB)it1/2,j+1/2 = HyOz(hB1)iv1/2,j11/2 T a0y (hB2)iv1/2, 51172, 4,5 € Z,

(6.1)
where V;11/2j+1/2 = ¥((i £1/2)h, (j £ 1/2)h) denotes the values of any
function v at vertices of the mesh cell K;;. Here we used the finite difference
operators

pat(2) = 3 [z + 1/2) + (@ = h/2)],  Su(x) = Y(a+h/2)—(z—h/2)

with an analogous notation for the y-direction. In fact the particular choice
of the trapezoidal rule for the flux interface integrals of the Maxwell equations
yields such a structure of the FVEG scheme which fulfills also more general
conditions needed in order to satisfy the divergence-free constraint in general
[30]. We should also point out that in [21] the discrete vorticity for the wave
equation system was defined in an analogous way to (6.1). It has been shown
that the Lax-Wendroff (Richtmyer rotated) scheme is vorticity-preserving.
Actually, the multidimensional FVEG scheme that uses the trapezoidal rule
for cell interfaces shares some similarities with the Lax-Wendroff scheme.

In the following we will show that for the numerical solution of the FVEG
scheme the discrete divergence defined in (6.1) is zero. Consider the last two
equations of (2.1), (2.2), i.e. the Maxwell equations,

o () +o: () +a (3) = (o)

where f = hBjus — hBouy is the flux function. Further let us denote by
fi+1/2,; and f; j11/2 the approximations of the fluxes at cell interfaces, which
are obtained by the trapezoidal rule using the intermediate solution U* at
vertices. Thus, we have, for example for the right and upper cell interfaces,

fi+1/2,j = Hyf(Uf_q.Uz,j)a fi,j+1/2 = Mccf(UZjH/Q)-

The intermediate approximations at vertices U* are obtained by the approx-
imate evolution operator, i.e. using approximation of the evolution operator
(3.1) at each vertex.

Now assume that at time ¢, div(hﬁ)?ﬂ/2 jr12 = 0, 4., € Z. Then it
follows from the FV update as well as from (6.1) that
: n+1
dlv(hﬁ)i:1/2,j+1/2 = (6.2)
At

T h [Myéwéy#mf(U;+1/2,j+1/2) - Mm‘syé:r#yf(Ui*-H/z,jH/z)} =0.

Our numerical experiments confirm that the discrete divergence (6.1) is zero
up to the machine precision for different mesh parameters .
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Contour plots of the result at ¢ = 0.2 for 200 x 200 cells are shown
in Figure 6.4. Plots with higher resolution, i.e. 300 x 300 cells, are shown
in Figure 6.5. We can notice that the FVEG scheme preserves rotational
symmetry of the solution and resolves correctly discontinuities as expected.

7 Conclusion

In the present paper we have derived a FVEG scheme for the shallow wa-
ter magnetohydrodynamic (SMHD) equations. Up to our knowledge, this
is the first attempt to apply genuinely multi-dimensional EG technique to
a magnetohydrodynamic model. We have derived an evolution operator for
the SMHD equations, cf. (3.1), and discussed its suitable second order ap-
proximation. We have studied more deeply the approximation of the spatial
derivatives in the evolution operator (3.1) for singular as well as non-singular
wave modes. More precisely, we have shown that for arbitrary hyperbolic
conservation laws, the spatial derivatives of the solution U can be replaced
by means of the Gauft theorem with the derivatives of the eigenvectors them-
selves, cf. Lemma 1 and (5.4).

Due to the complex eigenstructure which arises in the SMHD system, it
is still rather complicated to apply this result directly. Instead we propose to
exploit this result numerically as given in (5.6). Our numerical experiments
confirm the reliability of this approach for non-singular wave modes.

Treatment of the singular wave modes is more delicate. Our numerical
experiments show that the approximation of the derivatives in (3.1) by slopes
of the bilinear reconstruction yields the best results, cf. Subsection 6.2. The
discretization of the flux interface integrals for the magnetic field, i.e. for
the Maxwell equations, was done by the trapezoidal rule. In such a way the
discrete divergence (6.1) is identically zero at each vertex.

One major advantage of the current description and implementation of
the FVEG scheme is that it is designed in a black-box like manner and should
therefore be applicable to any system of hyperbolic conservation laws with
comparatively low effort, if the complete hyperbolic structure of the system
is known.
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Figure 6.5: Contour plots of the two-dimensional rotor-like problem with

300 x 300 cells.
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