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ABSTRACT 

In the previous works, the authors have developed a mixed MPS (Moving Particle Semi-implicit) 
method -- modal superposition model for the highly non-linear hydroelasticity computation [1]. For the 
structure dynamic part, the rigid and flexible modes are coupled and their mutual effects are considered. The 
resultant governing equations for the structure part are highly non-linear. In order to further improve the time 
integration accuracy, the governing equations were first reformulated into ordinary differential equation 
systems, then the Precise Integration Method (PIM)[2, 3] was used to solve these equations. The dynamics of 
flexible wedge was simulated by the developed numerical scheme, which showed a better accuracy for long 
time simulation compared with normal schemes such as Newmark method. 

 

1 INTRODUCTION 

The hydroelasticity effect is getting more important due to the increasing of the scales of the modern 
ships and marine structures [4, 5]. The spring and slamming-induced whipping effects are posing more 
severe threats for the structure integrity. One of the common features of these highly non-linear fluid and 
structure interaction phenomena is the transient nature of the dynamics and the large rigid-body motion with 
relatively small elastic deformation. These characteristics would usually require the time-domain CFD 
based[6] computation to fully capture the dynamics of the flow. For the structure part, since the deformation 
is normally elastic, the modal superposition approach is enough to represent the deformation part, however 
the large rigid-body motion means the mutual effect between rigid-body and flexible parts may affect the 
overall dynamics of the structural response. Therefore the author has developed a numerical model, which 
couple particle method based CFD solver (i.e. Modified Moving Particle Semi-implicit Method) and modal 
superposition method with mutual effect between rigid-body and flexible modes considered, to compute the 
highly non-linear time domain hydroelasticity problem[1, 7]. 

For the structural dynamics part, the governing equations usually can be formulated as a set of 
differential equation systems. For solving the ordinary differential equation systems, Zhong[2, 8] has 
invented the so-called Precise Integration Method (PIM) , which can provide the accuracy approaching 
computer hardware precision[2]. Many following improvements have been made to extend the applicability 
to various non-linear system or large scale problems[3]. In this paper, the PIM is first applied for solving the 
structural dynamics part in hydroelasticity computations. 

The remaining part of the paper is organized as follows: the structural solver based on modal 
superposition and the implementation process of PIM for such problems are illustrated in Section 2; in 
Section 3 the results of applying PIM to the 2D flexible wedge dropping in vertical direction are discussed 
and compared with Newmark Method; the conclusion is drawn in Section 4. 
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2 METHODOLOGY 

In this section, the methods used in the computation are described, i.e. the governing equations for the 
structural dynamics in hydroelasticity modelling and the implementation process of PIM. 

 
2.1 Structure solver based on modal superposition 

As an example of applying PIM for the structural dynamics involved in highly non-linear 
hydroelasticity problems, the governing equations for the dynamics of a flexible wedge in free fall conditions 
are given. Since the main focus of this paper is about PIM, only the final governing equations are provided 
without any derivation, and more details can be found in ref[1]. 

For a 2D symmetric wedge with flexible bottom as shown in Fig.1, two sets of coordinate systems are 
established to describe the configuration, i.e. the global fixed X-O-Y system (with the O-X axis on the 
undisturbed free surface) and local body-attached sA-oA-wA/sB-oB-wB system. The motion of the wedge is 
constrained in the vertical direction, as a result its kinetics can be fully described by the position of the tip 
point YR and the deformation of the flexible bottom ηA (or ηB as the configuration and deformation is the 
same). 
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Figure 1: Sketch of the flexible wedge free dropping problem 

 
The elastic deformation is modeled by the modal superposition approach as in Eqn. (1). 
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where φ and q are the modal functions and the corresponding generalized coordinates, and their 

definitions are given in Eqn. (2) and (3). 
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The flexible bottoms are modelled as Euler-Bernoulli beams. The mode functions of these beams are 
found based on the orthogonal relations, and for a cantilever beam used in this study, the corresponding 
mode functions are given in Eqn. (4) 
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where Mb is the mass of each beam, 
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, i is the ith root of the relation 

cos(2 ) cosh(2 ) 1i i    , and for the first three modes, the values are 1 20.9375, 2.3470   , 

3 3.9274  . 

By using the Lagrangian equation, the final governing equations for the dynamics of flexible wedge is 
derived as follow:
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where mM  is the total mass of the wedge, i is the ith natural frequency of the beam, and 
RYQ , 

iqQ , 

0i are defined as follows: 

RY y mA and B
Q pn dl M g                                                     (6) 
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where l is the line density, g is the acceleration due to gravity, p is the pressure along the wedge 

bottom. 
 

2.2 Precise Integration Method 

 
2.2.1 Reformulation of the governing equations 

In order to use the Precise Integration Method, the governing equation of the dynamic system i.e. Eqn. 
(5) is first reformulated as Eqn. (9): 

Mx +Gx + Kx = r                                                             (9) 

where x , r , M , G and K are defined in Eqn. (10)-(14) 
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By introducing the new phase space variable Tv = {x,p} , in whichp is defined in Eqn. (15) , Eqn. (9) 

can be further reformulated as Eqn. (16) 

1

2
p = Mx + Gx                                                          (15) 

v = Hv +f                                                               (16) 
where the right hand side f and system matrix H are defined in Eqn. (17)-(19):  

Tf = {0,r}                                                               (17) 
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2.2.2 Implementation of PIM[2, 3] 

For the system described in Eqn. (16), the solution can be found by using Duhamel integral as in Eqn. 

(20), in which all the variables in the kth time step kv are all assumed to be known. 

 1 0
exp( ) exp ( ) ( )k k kt d


          v H v H f                              (20) 

The key of the implementing PIM is the way of calculating the value of the matrix exponent exp( )H . 

This computation consists of two steps, first the additional theorem of exponential matrix is used to expand 
the matrix into the form of Eqn. (21). 

exp( ) exp( ) , = / 2m Nm m    H H ，                              (21) 

By properly choosing the value of N (normally 20), the time interval  could be regarded as a very 
small value, hence the truncated Taylor expansion can be used to represent Eqn. (21) as in Eqn. (22) and (23): 

exp( )  H I R                                                            (22) 
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If we submit Eqn. (22) back to Eqn. (21), matrix exponent can then be approximated as Eqn. (24).  
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Instead of directly continuing the squaring operation, the formulation in Eqn. (25) is used to update the 
incremental part, which can avoid the corruption of the accuracy since I is a much bigger value than the 

incremental value of ( )nR . 

2
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After repeating N times of this operations, the matrix exponent exp( )H can finally be calculated as 

Eqn. (26) 

( )exp( ) N  H I R                                                            (26) 

For the integral part of Eqn.(20), the Gauss Integration Quadrature can be used as in Eqn. (27). 
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in which the matrix exponent   exp 1 / 2i     H  is calculate in the same way as Eqn. (21) 

3 RESULTS AND DISCUSSIONS

In this section, the performance of the PIM is briefly analysed by comparing with the widely 
used Newmark Method (NM)[9] for a system as Eqn. (9). No artificial damping is used in the NM 
integration model. A unit constant force is applied to the tip of the wedge pointing to the O-Y 
direction, which means 1

RYQ   and 0, 1, 2,3
iqQ i  . Three different time intervals are used to test 

the integration performance. 
The time history of the vertical displacement and the general coordinate q1 are shown in Fig.  

2-5. As shown in Fig. 2 and 3, the vertical displacement RY calculated by NM and PIM are very 

similar. They are not sensitive to the time steps, and both of them are capable of providing quite 
accurate result even under large time interval such as 1s.  
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Figure 2: Y displacement by PIM. 

 
 

 
 Figure 3: Y displacement by NM. 

 
For the deformation part, as shown in Fig. 4 and 5, the maganitude of the oscillations are almost the 

same by using either NM or PIM. However, the phase shiftting can be very severe under large time steps 
such as 1s in NM (Fig. 5). This indicates that the Precise Integration Method has very good stability and high 
accuracy even under extreme computational conditions. In terms of computation time, the single time step 
for NM and PI would take 0.004s and 0.005s respectively. This is caused by the slightly complicated martix 
manipulations in PI than NM. But considering that the time step in PI could be significantly larger than NM 
for similar accuracy, the overall effeciency of PI is still higher than NM. 
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Figure 4: General coordinate q1 by PIM. 

 

 

Figure 5: General coordinate q1 by NM 

 

4 CONCLUSION 

In this paper, the Precise Integration Method is used to further improve the integration accuracy of the 
structural model of hydroelasticity computation. The governing equations for the coupled rigid-body and 
elastic deformation modes model for a 2D symmetric wedge dropping case is first provided, then the 
implementation details of the PIM for this model is formulated. The preliminary results show that the PIM 
can give more accurate and stable results for very large time steps, compared with the well-known Newmark 
method. The performance of this approach for more complex structural model is planned to be investigated 
in the future study. 
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