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In this paper we present a concise mathematical description of active inference in discrete time. The main part
of the paper serves as a basic introduction to the topic, including a detailed example of the action selection
mechanism. The appendix discusses the more subtle mathematical details, targeting readers who have already
studied the active inference literature but struggle to make sense of the mathematical details and derivations.
Throughout, we emphasize precise and standard mathematical notation, ensuring consistency with existing

texts and linking all equations to widely used references on active inference. Additionally, we provide Python
code that implements the action selection and learning mechanisms described in this paper and is compatible

with pymdp environments.
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Introduction The paper consists of a main text and an appendix. The main

Active inference is a theory that describes the action selection
and learning mechanisms of an agent in an environment. We aim to
present a concise mathematical description of the theory so that readers
interested in the mathematical details can quickly find what they are
looking for. We have paid special attention to choosing notation that is
more in line with standard mathematical texts and is also descriptive,
in the sense that dependencies are made explicit. Hence, the focus of
this paper lies on the mathematical details and derivations rather than
verbal motivations and justifications.

* Corresponding author.
E-mail address: jesse.van@tuhh.de (J. van Oostrum).
1 https://github.com/jessevoostrum/active-inference

https://doi.org/10.1016/j.jmp.2025.102921

text provides a clear introduction to active inference in discrete time,
accessible for people new to the topic. It is divided into two parts: in-
ference, which assumes a given generative model, and learning, which
explains how the agent acquires this model. The main text concludes
with a worked example of action selection. The appendix delves into
finer details and derivations, catering to readers familiar with active
inference who seek clarity on the mathematical aspects.

To complement our theoretical exposition, we provide a Python
implementation' of the action selection and learning mechanisms de-
scribed in this paper, which is compatible with pymdp environments.
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Fig. 1. Graphical representation of the generative model.

This code is more minimalistic, which makes it easier to understand
than other implementations such as SPM and pymdp.

1. Set-up and notation

In this paper we consider an active inference agent acting in a
discrete-time setting with a finite-time horizon. This means that we
consider a sequence of T time steps and at every time step 7 the
agent receives an observation o,, and performs an action a,. We use
= for arbitrary time steps and the letter ¢ to denote the current time
step. We use the subscript .., to denote a sequence of variables, e.g.
0,.. = (0;,...,0.). A sequence of (future) actions is called a policy? and
is denoted by z, = a,.p, with 7 = z,. We write q,.,_, for actions that
were performed in the past and z, for future actions that still need to
be selected.

The agent models the dynamics of the environment using an internal
generative model. This model uses a variable s_, called an internal state,
to represent the state of the environment® at time step 7. The model is
given by the following probability distribution:

ploy.p,sy.rlag.r_y, 0).

This probability distribution factorizes according to the graph in Fig.
1. In the first part of this paper we assume that this generative model
is given and need not be learned, and we therefore suppress the
dependence on the parameter 6. In the second part we discuss how the
model is learned.

Suppose the agent is at time step ¢. It will have received ob-
servations o;., and performed actions a,.,_;. We use ¢,(s,.,/) to de-
note the (approximate) posterior distribution of the generative model,
p(s;.101.,,a;1.,-1), and also refer to this as the belief of the agent about
the variable s,. .

2. Inference
2.1. Action selection according to active inference

Let an agent be at time step ¢, having received observations o,., and
performed actions a;.,_;. According to active inference an agent selects
its next action by sampling a policy z, from the following distribution
(equation (10) in Da Costa, Parr, Sajid, Veselic, Neacsu, and Friston
(2020)):

o (=G(xloy.1pay:-) W

2 Note that in a reinforcement learning context the term “policy” has a
different meaning.

3 Note that the number of possible internal states is usually much smaller
than the actual number of states the environment can be in.
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and selecting the action a, corresponding to that policy.* The function
o denotes the softmax function defined in (48) and G is the expected
free energy function given by

G(mloy.pay:-1)

=~ <]Eq,(0,+1;7~|7t,) [DKL(qt(St+1:T|Or+1:Tv”z) I ‘Iz(st+l:T|7[r)>]

+ IE%(O:H:T\”I)[lan(oH—l:T)] ) .
(2

Note that according to (1) the agent is more likely to sample policies
7, that have a low expected free energy G(x,, 0;.;,a,.,_;). In Section 2.2
we discuss equivalent formulations and different interpretations of the
expected free energy. The distributions g,(0,,;.717), 4;(s;41.710/11:7> 7))»
q,(s;41.717,), needed for the calculation of G, are (approximate) pos-
terior distributions of the generative model of the agent after having
observed o;., and performed a,.,_;. In Section 2.3 we describe how
the agent infers these posterior distributions. The distribution p. is a
preference distribution over observations that we assume is given to
the agent. This distribution is distinct from the generative model p.

Remark 1. Note that in certain descriptions of active inference in
discrete time also a variational free energy term F appears in the
distribution in Eq. (1) (e.g. equation (B.9) in Parr, Pezzulo, and Friston
(2022)). This term is only relevant in specific cases that we will discuss
in Remark 2 in Appendix A. Furthermore a habit term E is sometimes
included that is also considered in Appendix A, but discarded here for
simplicity.

2.2. Expected free energy

Recall that Eq. (2) gives the following expression for the expected
free energy function:

G(mloy.p,ay:-1)

=- <]Eq,(o,+]:1~|lrr) [DKL(‘]!(SIH:T|01+1:T’”r) I qt(Sx+1:T|7f,)>]

+ ]Eq,(o,_,,l;ﬂﬂ,)[lan(oH—l:T)] ) .

The first term between the brackets on the RHS is called epistemic value
or information gain. It measures the average change in belief about the
future states s,, ;. due to receiving future observations o,,;.r. The
second term, known as utility, quantifies the similarity between the
expected future observation distribution and the preferred observation
distribution. As previously mentioned, the agent is more likely to
sample policies with low expected free energy, which correspond to
high information gain and utility.
An equivalent formulation of expected free energy is given by

G(miloy.pnay4-1) = Eq,(s,+1:7-|7r,) [H[P(0t+l:T|St+l:T)]] @)
+DKL(%(0;+1:T|”;) | Pc(01+1zr)>~

The first term on the RHS is referred to as ambiguity. It measures
the average uncertainty an agent has about its future observations
given knowledge of its future states. The second term is called ex-
pected complexity or risk. It represents the divergence between expected
and preferred future observations. The agent favors policies with low
ambiguity and risk.

In Appendix C we show that both expressions of the expected free
energy are equal.

4 Note that at every time step a new policy is sampled, only the action a,
for the corresponding time step ¢ is executed, and the rest of the actions in 7,
are discarded.



J. van Oostrum et al.

In practice, often the following mean field approximations are
made:

T
AORESEN | [CH)

T=t+1

T
pcpr) = [] petoo).
T=t+1

Egs. (2) and (3) can then be written as follows:

T
G(mloy:pra1:-1) = Z G (7, 0124, a1:4-1), C))

T=t+1

with

G (zloy.pya1:-1) = — <Eqr(0,|nr) [DKL<‘II(ST|01771}) | qt(s'rl”t))]

+ By o1y [ln PC("T)] )

= By, [H[p0cl50] | + D (a0c17) 1l o)) )

It is outside the scope of this paper to further derive or motivate the
expected free energy. We refer the reader to Appendix B.2.5 in Parr
et al. (2022) and Da Costa, Tenka, Zhao, and Sajid (2024), Millidge,
Tschantz, and Buckley (2021), Wei (2024) for more details.

2.3. State inference

In this section we describe the simplest form of state inference,
which is obtained by applying Bayes’ rule. State inference methods as
described in e.g. Heins et al. (2022), Parr et al. (2022), Smith, Friston,
and Whyte (2022) can be thought of as computationally efficient
approximations of what is described here. See Appendix A for more
details on these methods.

Above we defined ¢, to be the (approximate) posterior of the gener-
ative model given o,.,, a;.,_,. In this section we make the conditioning
variables explicit and write q(- |o;.,, a;.,_;) instead.

Current and future state inference

We start by studying the generative model that is assumed to be
given to the agent. The generative model can be decomposed as follows:
(see Fig. 1)

pCoy.,sy.playry) = plsyrlap.r_Dploy.plsy.r)

T
pGsy:rlayr—p) = plsy) Hp(srlsr—har—l)
=2

T
poy.rlsi.r) = [ ploclso)-
=1
At every time step the agent updates its belief about the current state
it is in. Before having performed any observations, its belief about the
current state is equal to the prior belief p(s,). After receiving o, it will
update its belief using Bayes’ rule:

q(syloy) & p(oy|s)p(sy)-

Subsequently, it will perform an action a; (selected as described in
Section 2.1) and receive a next observation o,. The belief about s, is
given by

q(s310y.2,ay) & p(oysy, 01, a1)p(sy oy, a;p)

= p(oy1s,) ZP(52|51,01,a1)P(51|al701)
s
= p(oy]s7) ZP(S2|51,01)‘I(51|01)-

51

For a general ¢ the belief about s, is updated as follows:

q(s;lo1:p> ar:4-1) & plogs,) Z PCsi151-1>8,-1)q(s1-1 1012415 @14-2)- ()

St—1
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For future time point = > ¢, the belief about the state s, is given by

q(sr |Ol @ :r—l) = 2 p(srlsr—l > ar—l)q(sr—l |01 HEEg! 21—2)' (7)
St—1

The belief about a future state given a future observation is calculated

as follows:

q(srlo‘r’oltt’al:‘r—l) & p(o‘rls‘r)Q(s‘rlol:t’ a; :r—l)' (8)

Future observation inference

In order to compute G in (2), we need a posterior distribution
q(o.|0y.4,a,.,_;) over future observations o,. This can be computed as
follows:

q(o 10y a1.021) = Z plogls)als 1oy ay. 1) )

Past, current, and future state inference

In order to perform inference over states in the past, present and
future (which is needed for the learning of the generative model and for
the computation of the variational free energy over states), the agent
can use the following formula:

q(sy.rloys @y oy ) &« p(oyylsy.rs ay iy, mP(syrlay oy, )
= p(oy.(|s1:)p(s1.7lay.—15 ;)

t T
=[] pe:lso) ptsp [ ] ptselsemrs acp). 10)
=1 =2

where we use a,_; in the last term for elements of both a;.,_; and z,.
3. Learning

In the above section, we have assumed that the agent has access to a
generative model p(o;.r, s|.7la;.7_1,6). In this section we discuss how
the parameter 0 of this model is learned. The generative model consists
of three (conditional) categorical distributions that are parametrized by
6 = (8P,04,068) in the following way:

p(s7107) = 07, an
P15, 6%) = 07, 12
p(s1s a0 0% =0f (13)

where we have enumerated the elements of the observation, action
and state space with the bracketed superscript ). In order to learn
the parameters of the generative model, we adopt a Bayesian belief
updating scheme with a Dirichlet prior. (See Appendix B for details
on this.) More specifically, the prior over @ is parametrized by a« =

(a?,a,aP) and is given by
p@le) = pO°1a®) [ p041a" ] p0F, 1a®) a4
J k.l
aP-1
pe”la®) < [T (07)" as)
J
4 n at-1
ij
poslay < T (64)" . (16)
aﬁd—l
po%la® o I (65,)" a7
J

where 6, ; denotes the vector (6, joeee s O

Now after performing actions a,._; and receiving observations o;.y
we want to update our belief about # according to Bayes’ rule. The
true posteriors over these parameters are not Dirichlet distributions.
(See Appendix B for details). The active inference literature suggests to
set the approximate posterior distribution to be a Dirichlet distribution
and update the hyperparameter « in the following way (equation (B.12)
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? -

cue

Fig. 2. T-maze environment.

in Parr et al. (2022) and equation (21), (A.6) and (A.7) in Da Costa et al.
(2020)):

, .
a]l,) = ajD +qr (s(l’)) s (18)
T
’ .
ai’; = as + Z 1,0 (0.)ar (s(TJ)) R (19)
=1
T
! n k
“ﬁz = “,]-Bk/ + Z ar (sV) ar (S(,_)1> Lo (a ). (20)
T=2

The distributions g (s.),z € {1,...,T} are approximate posteriors
obtained® using the current version of the generative model (before
has been updated). In Appendix B we elaborate on the origin of this
learning rule.

Note the similarity with the standard update rule for Dirichlet priors
given in (31). In the standard update rule the element a; of the hyper-
parameter corresponding to the observation xU*) is incremented by 1,
which makes this observation more likely in the updated distribution.
In the updates (18)—(20) the hyperparameters are incremented by the
amount of posterior belief in that state or state transition, e.g. a;) is
incremented by ¢ (S(lj)lol I P )

In order to go from a Dirichlet distribution p(6|«) to an actual value
of the parameter that can be used for the generative model, the mean
of the distribution can be used, which is given by

éi = Ep(9|a)[9i]

4 (21)
29
For example, after the learning step, the new distribution over s; is
given by

Dl
.

. :

p(s10P) = ——.
DT
. J k . . . . .

This concludes the discussion of learning in the context of the active

inference framework.

4. Example: T-maze example

In this section we discuss the action selection mechanism of an
active inference agent in the T-maze environment depicted in Fig. 2.
(See also Section 7.3 of Parr et al. (2022) and Heins (2021).) This
illustrates the theory of action selection and state inference that is
presented in Section 2.

5 See Section 2.3.
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Description of the (internal) generative model of the agent

State, observation and action spaces
The internal state space of the agent® S has two dimensions,”
Location and Reward condition, and can be described as follows:

S =St xSk,
Sk = {center, rightarm, leftarm, cue location},

SR = {rewardon right, rewardonleft}.

A typical element of the state space is written as s = (s*, s¥).
The observation space O has three dimensions,®° Location, Reward,
and Cue, and can be described as follows:

0=0xORx0°,
O = {center, rightarm, leftarm, cuelocation},
OR = {noreward, reward, loss},

of = {cueright, cueleft}.

A typical element of the observation space is written as o = (o¥, o, 0©).
The space of actions A is described by

A ={move to center, move toright arm,

move to left arm, move to cue location}.

Note that these actions are always available, independent of the current
location of the agent. A typical element of the action space is written
as a.

In the following we use [dir] as a placeholder for 1eft and right,
and [loc] as a placeholder for the four locations center, right arm,
leftarm and cue location.

Observation kernel p(o|s)

We now specify the observation kernel p(o|s) of the generative
model of the agent. First note that the observation dimensions are
independent, that is

plols) = po”|s)p(o®]s).

The beliefs about the location observation given the state are modeled
as follows:

p(oLls) _ 1 if ol =st
0 otherwise,

which implies that the location can be unambiguously inferred from
the observation.

The beliefs about the reward observation given the state are mod-
eled as follows:

p(o® = noreward|s’ € {center, cue location}, s®) =1,

p(oR =no rewa.rdlsL ¢ {center, cue location}, s®) =0,

p(o® = reward|s’ = [dir]arm, sR = rewardon[dir]) = 0.98,
poR = losslsL =rightarm, sR = rewardonleft) = 0.98,

p(o® = 1oss|st = left arm, sR = reward onright) = 0.98.

 In this example the state of the environment (generative process) is the
same as the state space of the internal world model of the agent (generative
model). Note that this is in general not the case. In a more realistic setting the
state space of the environment will be much more complex than the internal
state space.

7 The dimensions of the state space are sometimes referred to as state
factors.

8 The dimensions of the observation space are sometimes referred to as
observation modalities.

9 Note that we follow here the description from Heins (2021). In Parr et al.
(2022) the cue observation is absorbed into the location observation.
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This implies that the agent observes noreward when it is in location
center or cuelocation, it observes reward when it is in the same
arm as specified by the reward condition with high probability, and
it observes loss when it is in the opposite arm of the reward condition
with high probability.

The beliefs about the cue observation given the state are modeled
as follows:

C R

p(o cue [dir]|st = cue location, sR = rewardon[dir]) = 1,

p(o€ = cue[dir]|st € ST\ {cuelocation},s®)=0.5.
This implies that the cue observation is completely informative about

the reward condition when the agent is at the cue location, and
otherwise independent of the actual reward condition.

Transition dynamics kernel p(s,,|s,,a,)

We continue by describing the transition dynamics kernel
P(seprlse, ap).
p(strl = [1oc]|sf € {center, cue 1ocation},sf,aT =goto[loc]) =1,
p(strl = [dir] arm|sf = [dir] arm,sf,a,) =1.
This implies that if the agent is in center or cue location it will be
in the location specified by the action in the next time step. If it is in

one of the arms however, it will stay there, independent of the choice
of action a,.

p(sfirl = rewardon [dir]lsTR = rewardon[dir], sf,ar) =1.

This implies that the reward condition stays constant throughout the
trajectory.

Preference distribution p- and prior over states py,

The unnormalized preference distribution p can be chosen to favor
observations with reward and discourage observations with loss as
follows:
pc(([Loc],noreward, cue [dir])) =2,
pc(([1oc], reward, cue [dir])) = 3,

pc(([Loc], loss, cue[dir])) = 1.

Finally we let the prior belief over states p;, be uniform.
Action selection procedure

We will now simulate the trajectory of an agent acting according to
active inference. We set the time horizon to T = 3, which implies that
the policies will have length 2.

Time step 1
The agent starts by receiving an observation o, = (center, no reward,
cue right). It now updates its beliefs about the current state such that

q,(sf = center, sf =rewardon[dir]) =0.5.

Subsequently it computes its beliefs about future states and observa-

5

tions given a policy using Egs. (7), (8), (9). For example for my =
(move to cue location,move to left arm) we have

ql(sf = cuelocation, sf =revardon[dir] | z; = nf) =0.5,
ql(s3L = leftarm, s? =rewardon[dir] | 7| = IIT) =0.5, (22)
and

q (02L = cue location, of

ql(o3L = leftarm, o? = reward, 03C = cue[dir] | #; = z}) = 0.25,

= noreward, 02C = cue[dir] | z; = 71'1“) =0.5,

ql(o3L = leftarm, o§ = loss,og = cue[dir] | 7; = IIT) =0.25,

and for example for o; = (cue location, noreward, cue left) we have

q (32L = cue location, sk

> =revardonleft o, =0}, 7 =x])=1. (23)
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Note here the reduction of uncertainty about s, due to the observation
o5, represented by the epistemic value defined in Section 2.2 given by
the KL divergence between the distributions (22) and (23).

The agent now computes G and plugs this into Eq. (1) and gets the
following posterior distribution over policies:

a, — center right arm leftarm cue location
a l
center 0.022 0.041 0.041 0.046
rightarm 0.041 0.075 0.075 0.083
leftarm 0.041 0.075 0.075 0.083
cue location 0.046 0.083 0.083 0.091

and in this scenario it samples a policy #} = (a}, a;) with as first action
move to cue location with highest probability.

Time step 2
After having performed action a] = move to cue location, the next
observation it receives is 0’2k = (cue location,noreward, cue right). Its

belief about the current state is now given by
q2(52L = cue location, sf =rewardonright) = 1.

For instance, when #; = (move toleftarm), the beliefs about future
states are

qz(sgL =leftarm, s§ =rewardonright | 7, = 75;) =1,
and the observation beliefs

qz(og‘ = leftarm, 05

qz(og“ = leftarm, o§ = 1loss, 03C = cue[dir] | 7, = 7[;) =0.49.

= revard, 03C = cue[dir] | =, = zrz‘) =0.01,

Since all uncertainty has already been taken away by the last obser-
vation, conditioning on o;‘ = (left arm, reward, cue left) will make no
difference to the belief about the state s3, i.e.

L _ R _ : % N
qy(sy = leftarm,s; = rewardonright | 03 =03, 71, = 7;) =
qz(s3L = leftarm, s§ = rewardonright | 7, = ﬂ';) =1,

which will cause the epistemic value term in G to be zero.
The agent now calculates G again and obtains the following distri-
bution over policies:

a, center leftarm cue location

0.20 0.52 0.08 0.20

right arm

and will then sample the policy (move to right arm) with highest prob-
ability.
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Appendix A. Variational free energy minimization

Preliminaries

In this section we use x for a general observed variable and z for
a general latent variable.

Let p(x,z) = p(x|z)p(z) be a generative model. In order to perform
inference over the latent variables after making an observation x,
one has to compute the posterior p(z|x). This posterior is often hard
to compute directly. One can instead approximate this posterior by
finding the distribution ¢,(z) in a family of distributions O that
minimizes the following function:

F@x) = Y d(2)(In§(z) - Inp(x, 2)),

called the variational free energy. Note that we distinguish notation-
ally ¢, which is a generic element of Q and a variable in F, and g¢,,
which is the minimizer of F for a fixed x, i.e.
q, = argmin F(g|x).

qeQ
Note that when Q is large enough, for example when z is discrete
and Q is the set of all probability distributions over z, then

the minimizer of the free energy is equal to the exact posterior
distribution and we have

9,(2) = p(z]x).
We can replace In p(x, z) in F by a general function f, i.e.

Fe(qlx) = Z 4(2) (Ing(z) = f(x, 2)).

The minimizer can be found by substituting g(x,z) = ¢/®? as
follows:

Fe(g.x) = Z 4(2) (In g(2) — In g(x, 2))

_ _ (x,z)
= ()<1 (2) —In =52
@qz i)

2 8(x.2) >> +ln ; g(x, 2).

If Q is again large enough, the minimizer is given by:

8(x,z)
Y. 8(x,2)
o/ (.2

=0(f(x,2)), (24)

q,(2) =

where ¢ is the softmax function defined in (48) and in the case that
f(x,z) =Inp(x, z) we have
4(2) = o(In p(x, 2))
= p(z|x).
The variational free energy can be written as follows:
F(g|x) = Dx(4(2) || p(z]x)) — In p(x)

> —In p(x),

which shows that the negative of the variational free energy is a
lower bound on the evidence (ELBO). By minimizing F w.r.t. § we
get the following approximate equality (equation (B.2) in Parr et al.
(2022)):

F(qy|x) = —In p(x). (25)
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Variational free energy minimization in active inference

Active inference adopts the perspective that perception, action
selection and learning can be interpreted as minimizing one single
variational free energy function F. In its complete form it can be
written as follows:

F(qlol:nal:r—l) = Eq(xl:T,S,m) [ln q(SIIT’e’EI) - lnP(SI:T*OI:I’e’ ”tlalzz—l)] .

The distributions in the family Q are assumed to factorize as follows:

T
q(sy.7-0, 7) = q(0°)a0")g0)a(x) [ | ats0),

=1
which is sometimes referred to as the mean-field approximation.
Now F can be written as follows:

T
FGloy:par: 1) = Egs,.p0.1) [ln q(z) +1ng6) + Zlnq(sf) = Inp(z,)

=1
t

~1Inp(8) = In p(s;10”) = Y Inp(o, |s, 0%)

=1
T
= Y Inpls,ls,y, a,;,0%) ] (26)
=2

where we use a,_; in the last term for elements of both a,.,_; and
.

Perception
For studying perception, Eq. (26) can be rewritten as follows:

F(Gloy.s,a1:-1) = Bgr, [F;r,(qlolzt’ ay._p)] + Cys
where C,, is independent of §(s;.r) and

Fr (Gloy.ay:-1)
=By, [0d(s1.7) = Bg)ln plsy.p, 01410, a1, 7)]] - @7

Perception according to active inference is minimizing F, wrt
G(s1.7). The minimizer is written q,(s;.7|7,) = q(s;.7|7,, 011, a1.,_1)-
We can use the factorizing properties to rewrite (27) as follows:

T
Fp (Gloy.p,ay:-1) = Z Ejs ) [In G(s)] = By, oy [In p(s;162)]
=1

Ejs, 04/ |50

t
=1
T

- Z Bgis, s,-1,08)Pz 180215 s 6%
=2
which is equivalent to equation (6) in Da Costa et al. (2020).!° One
can also get rid of the expectations over ¢ by replacing them by an
estimator §. Then we get

T
Fr(@loy.ay:m) = 3 By [Ind(s )] = By [In p(s, 10P)]

=1

t
- 2 Egs,)p(0r |5, )

=1
T

2 AB
- Eq(xr,x,_] )p(srlsr—l »Ars 0%),
=2

which is equivalent to (B.4) in Parr et al. (2022).

10 Note that in Da Costa et al. (2020) only the parameter 64 is treated as
a variable and #” and 6% are considered fixed.
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Learning

Updating the 6 parameter (learning) happens at the end of an
episode (r = T). The agent has observed o,.; and performed a;.;_,.
The variational free energy from Eq. (26) can be written as follows:

F(Gloy.7, ay.r—) =
Eg0) [mq(e) —EqT(Sl:T)[lnp(olzr,ﬁ:T,Olalz-r_l)]] +Cy. (29)

where Cy is independent of §(¢) and we have fixed g;(s;.;) to be
the approximate posterior over states, inferred using the current
(not-updated) belief p(6). If the current belief p(#) is a Dirichlet
distribution with hyperparameter «, then the minimizer g¢;(0) of
F will also be a Dirichlet distribution with hyperparameter o’ as
given in (18)-(20). In Appendix B we derive this, and relate it to a
well known variational inference algorithm called coordinate ascent
variational inference (CAVI).

Action selection

Finally we can also view action selection as the minimization
of the variational free energy function (26). We can rewrite this
function as follows:

F(dlor.y) = By [111 d(m) = Inp(x) + By, [Indsy.7)

- 1nP(OI:t’sl:Tlﬂ")H +C\7r
=By, [I0400) — In p(x) + F, (@Cs1:)l01:)] + Cons

where F, is defined in (27), G\, is independent ofA G(r), and we
replaced the expectation over §(f) by an estimator 6 and suppress
the dependence of the generative model p on # in the notation.
(This is equivalent to the second line in equation (B.7) in Parr
et al. (2022).) What is important to note here, is that the agent
is trying to infer an action sequence (policy) z of both future and
past actions. We have therefore dropped the dependence on q.,_,
in both F and F,, and instead = is a sequence of action starting at
7 =1 instead of r = ¢. In Section 2, we always fixed the past actions
to the actions that were actually performed, which is no longer the
case here.

We minimize F w.r.t. §(z) and §(s,.;) and using (24) we get for
the minimizers respectively

() = o (= Inp(x) + Fo(q,(s1.7)loy.p) . (29)
and ¢,(s;.7) is the minimizer of F,. Now we can use
p(x) = o (In E(x) — G(m,loy. 1 ay41)) »

which corresponds to the last line equation (B.7) in Parr et al.
(2022)."' The term E(x) is a habit term, signifying what policies
the agent is usually exercising. Plugging this back into (29) gives

¢(z) = o (~InE(x) + G(x|0;. .. a._)) + Fy(g;loy.,)) (30)

which corresponds to equation (B.9) in Parr et al. (2022).

Remark 2. We now try to interpret this derivation conceptually.
Note that due to (25) we have the following approximate equality:
F(§loy.,) = By [InG(x) — In p(x) + Fo((sy.7), 01:0)] + C\,

~ By [ln G(m) — In p(x) — In p(oy ., In)] +C\,

= Eq(ﬂ) [ln G(z) —Inp(oy.,, n)] + C\,[,
which implies that the minimizer g¢,(x) is approximately equal to the
posterior p(z|o,.,). In other words, this says that we select the policy

that is most probable given the past observations. That is, the agent
forgets which past actions it has performed, and tries to infer these

11 1t can be argued that calling this a prior is incorrect, since it actually
depends on the observations o;.,.
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based on the past observations. Then it tries to find the most likely
sequence of future actions to go with this sequence of past actions.
Selecting future actions in this way however only makes sense when
certain past action sequences make certain future action sequences
more likely. For example, let our action space consist of two actions
{left,right} and policies consist of sequences of actions of length
two. Now suppose that the prior over policies dictates that the agent
almost certainly performs the policies (left,left) or (right,right).
This implies that having inferred the first action gives the agent
more information about the most likely next action. However, if
both next actions are equally likely given a first action, according
to the prior, then the likelihood term p(o;.,|7) does not have any
information about the next action. Note that in the calculation of G
the past actions are fixed to the actions that have been performed.
Therefore G will not make certain future action sequences more
likely based on past possible past action sequences. Therefore, the
term F, in (30) only becomes relevant when the habit term E
makes certain future action sequences more likely based on past
action sequences.

Appendix B. Derivation of the learning rules

Bayesian belief updating

The learning process of an active inference agent is formulated as
Bayesian belief updating over the parameters. In general, Bayesian
belief updating can be described as follows. Let 6 be the parameter
of a model p, we want to learn and x the output of this model.
We start with a prior belief p(f|a) which is parametrized by
the hyperparameter a. Now our posterior belief about 6 is given
by the distribution p(f|x,a) which is obtained by Bayes’ rule. In
some special cases,'? the posterior distribution belongs to the same
parametrized family as the prior, such that p(@|x,a) = p(f]a’). Then
the learning can be summarized by the update from « to o'.

Categorical model without latent variables

Now we let the model be a categorical distribution over elements

{xD,...,x"} parametrized by 0 = (6, ...,6,). That is,
p(x19) =9, Vie{l,..,n}.
The prior over the parameter 6 is given by the Dirichlet distribution
parametrized by the hyperparameter a = (a, ..., a,). That is,
p6l) o [T 00"
i

After observing x*, the posterior is given by
pOIx*, @) o« p(x*|0)p(0]a)

ai—1+]lx<,»)(x*)
[
i

Note that this is again a Dirichlet distribution with hyperparameter
o' such that
alf=a,~+llx(,)(x*), Vie{l,...,n}. (31)

That is, the hyperparameter corresponding to the observation x* is
increased by one. This will make this observation more likely in the
updated distribution.

12 For details, see the theory of conjugate priors.
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Categorical model with latent variables

Exact posterior

Now we let the model be a joint distribution over the product
space of observations x and latent states z, given by {x(,...,x"} x
{z, ..., 2z}, The model is parametrized by 8 = (9°,64) as follows:

pz"10") =67, (32)
p(x1z9,0%) = 6. (33)
The prior over the 6 is defined as follows:

p©la) = p(0°1a®) [ p(021a™) (34)
J
01a) T (02)" (35)
D <[ (9 ,
J
at-1
P(G_A}.ltxA) x H (6'1.’;) v (36)

where 6, ; denotes the vector (0, oo
the exact posterior is given by
p(O]x*, ) o p(x*|0)p(0|a)
=) p(x*129, 0M)p(zP10”)p(0* |« (0 |a)
J

RO ——
j VA J

1"

a), =1+1, (10" ab, —1+1,("
_ 4 \%r w1 b \%" j
-3 (I () )Ty,
; VG i

Note that this is no longer a Dirichlet distribution. Below we
discuss how the Dirichlet distribution shows up in an algorithm for
approximating the true posterior.

.6,,). After observing x* = x"),

Mean-field approximation
We can also approximate the posterior over # by minimizing the
following variational free energy function:

F(§|x*) = By, [In (2. 0) — In p(x*, z, 0] )] , 37)

where we assume the approximate posterior over both 6 and z
factorizes as follows:

q(z,0) = q(z)q(6).

The coordinate ascent variational inference (CAVI) algorithm
(Bishop & Nasrabadi, 2006; Blei, Kucukelbir, & McAuliffe, 2017)
updates the distributions ¢(z) and ¢() iteratively, each time holding
one distribution fixed while updating the other. More specifically,
we can initialize g(#) with our prior belief p(f|a) and minimize F
w.r.t. §(z). The variational free energy now becomes

F(d|x*, q(0)) = By [In §(z) — Eyq[In plz|x*, 0)]] + Cy, (38)

where C,; is independent of §(z). The minimizer ¢(z) is proportional
to

q(z) o exp (B, [In p(z|x*, 0)1). (39)

(See Eq. (24).) We then fix this ¢(z) and optimize F w.r.t. §() and
get

F(glx*,q(2)) = Egp) [I0(0) — Eyry[ln p(x*, z,0]@)]] + C\. (40)

where Cyp is independent of §(#). The minimizer q(6) is proportional
to

q(0) < exp (E, ;) [In p(x*, z,0]a)]) . (41)

These two steps are performed iteratively until the beliefs about
0 and z have converged.
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Note that when p(x,z,0|a) is a categorical model with Dirichlet
priors, as defined in (32)-(36), we can rewrite Eq. (41) as follows:

q(0) < exp (E, ) [In p(x*, z, 0]a)] )
= exp (E ) [In p(x*|z,6%) + In p(2]6P) + In p(8]a)] )

J

() o) D_
A q(z") p 4 ¢ el A\%i
I(er)™ (o) ()" T1(e5)
J i
aP1q(z0)-1 aA 41 ()g(zV)—1
— D\ AN
=11(e7) IT(e) '
J 1

Note that this is again a Dirichlet distribution with updated
parameter o’ = (a?’,a4’) given by

=exp <2 q(z") [In p(x*]29, 04) + In p(z|67)] ) p(6)a)

-1

o =al +4(z), 42)

at =l + 1, (Dg(z). 43)
Update (42) makes latent states with high ¢(z) more likely in
the updated distribution. Update (43) makes sure that latent states
are more likely to generate the observation xU*), especially those
with high ¢(z). Note the similarity with the update rule (31) for
categorical models without latent variables.

POMDP model

Now we let p be the generative model from an active inference
agent as described in (11)—(17). Similar to (37) the variational free
energy now becomes
F(loy.r.a.7_1)

=Eyis,.p.0 [0 dCs1:750) = I p(oy.7, 51,7, 0lay. 7y, )] - 44

We use the mean-field approximation q(s;.7.6) = q(s;.7)¢q(6). Equiva-
lent to (38)-(39) we can start by minimizing F w.r.t. (s;.;) and get
a minimizer gr(s;.r) using the current belief about 6. Then, similar
to (40)—(41) we can use this minimizer to write F as follows:
F@Gloy.r,ar:r-14r(s1:7))

=Ey [InG0) - E, I p(oy.7.51.7,0lay.r—y, o)]] +Cyp, (45)

and work out the minimizer. This gives

q(0) x exp (IEqT(Sl:T)[lnp(ol 75817, 0lag :T_l,a)]>

T
=exp <E‘1T(51:T) [Z In p(o,|s,, %) +1n p(s; |67

=1

T
+ Z lnp(srlsr—l’ ar_1» GB):| >p(0|a)

=2

,
=exp (2 ar(sy.r) [ In p(o,|s,,6%) + In p(s; |6°)

N =1

T
+ Z lnp(srlsr—l’ ar_1s GB):| >p(0|a)

=2
oD\ T (g et Lo 0ar 6D
=I1(7)" " T1(e3)
J i

> a6y (S(,k,)l)lluu) (ar_1)
T1(e%) p6l0)
k
k

o\l rarG?)-1 \EAFET L 0ar -1
= 0! H o4
s / s L‘/
J
T j k
I (9 8 \ Ut i ar a1 ) @)=
jkl) .

This gives the update rules for « given in (18)-(20).
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Remark 3. Note that these update rules are actually just the first
iteration of the CAVI algorithm described above. It will therefore in
general not minimize the variational free energy in Eq. (44). Instead
it minimizes the quantity given in Eqgs. (28) and (45) where ¢;(s;.1)
is fixed. Note however that if one would assume g;(s;.;) to be
given, the following variational free energy would be the natural
choice to minimize:

Eq(g) [lnzj(G) —In (EqT(sl:T)[P(OUT, Olsy.r,a ;T_1,05)])] >

since this has as minimizer the exact posterior distribution.

Appendix C. Further details
Equivalent formulations of expected free energy
Recall that the expected free energy in Eq. (2) is given by

G(xiloy.pnay.-y)

== <Eq,(of+l;ﬂn,) [DKL<qI(St+1:T|01+1:T’”I) Il qr(sx+I:T|”x))]

+ E‘ir(”tﬂ:ﬂﬂr) [lan(OH—l:T)] ) .

We can derive the equivalent formulation from Eq. (3) as follows.

We first expand the KL divergence term to get
G(m oy a1,-) =E ) [lnqr(sr+1:T|”r) = Ing(s;p1.710041:7> )

- lan(01+1:T)] - (46)

G (Ser1:7 500107 177

Using Bayes’ rule we can rewrite

—Ing(s;y.rlop.r 1) = —Ing (o plsiy .. @) —Ingi(siyy.rlm,)

+ Ing,(o,y.717).
Plugging this into (46) and wusing that g, (o, .78y .7.7) =
POy1:7[8041:7) We get

G014, a1:4-1) = By s,y r ol [ Inp(o,y1.71841:7) + Ing (014171 7,)
— Inpc(ory.7) ]
= Eq,(s,“,, |7,) [H [1’(0:+1:T|Sr+1 :T)]]

+ DKL(qt(OH—l:Tl”t) [ pC(oH—l:T))’

where the last line is equal to Eq. (3).

Independence between state factors and observation modalities

In order to make the computation of state inference more
efficient, the agent can use independencies between different state
factors and observation modalities (different dimensions of state and
observation space). More specifically, we assume that given a state,
the different observation modalities are independent, which translates
to:

plols) = [ ptorls,).

We use superscript m and f to denote a specific observation
modalities and state factors respectively. Furthermore, we assume a
certain state factor to be independent of all other state factors in
the same and previous time step, given the same state factor in the
previous time step and the last action, i.e.:

s lsepa, ) =[] pts1s)_ v a, .
f
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For a fixed state factor f Egs. (6) and (7) now become

a(s]) < ploIs]) Y p(s! Is) a5
S
s

Ji-1

0 lay )= Y (sl 1s!_ L a,_Da(s! lay, ), (47)
S
Srfl

and Eq. (10) becomes
t T

aGrrlm) « [T eer1s0 pso [ [T et 15 a0
=1 m =2 f

Fixed point iteration

Eq. (47) involves the distribution p(o,ls‘[ ). We can however not
access this directly. To find an approximate solution, we can use
fixed point iteration as follows:

a6 & Y 4"t 1) Y, p(s] 15 a g (L))

\f o
s, Si1

where \ / denotes the set of all state factors apart from f.
Softmax function

Definition 1. Let S = {x(,...,x™} be a finite set and y : S - R a
function. The softmax function o is given by

)
H(xD)
z,e

Note that o(u(x")) > 1 and Y ¢ o(u(x?)) = 1. Therefore the soft-
max function can be used to turn y into a probability distribution.

o(u(x?)) = (48)
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