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Abstract

Multigrid methods are known to show good performance for most topology optimization problems, but suffer from anisotro-
pies. The main problems are caused by poor performance of the smoothing algorithms. This paper analyzes different standard
and advanced smoothing algorithms using the local Fourier analysis with regard to orthotropic materials in the linear elas-
ticity problem. The results are generalized to real problems and contrast-rich topology designs using numeric experiments.
Based on the analyses, recommendations are given and a new spatial Jacobi smoothing algorithm is presented. The results
are finally approved by a topology optimization example and a material orientation and topology optimization example.

Keywords Multigrid method - Topology optimization - Material orientation and topology optimization - Orthotropic

material - Large scale

1 Introduction

Topology optimization has become a useful and widely
accepted approach for computational design. While the first
applications of topology optimization were mainly restricted
to 2D problems with less than 10,000 voxel finite elements
(Buhl et al. 2000; Hammer and Olhoff 2000), increasing
computational resources and new algorithms led to a wider
applicability of this method. A huge effort has been taken for
the solution of linear systems of equations arising from the
finite element method, since this part is responsible for the
main computation time and memory demands. In the con-
text of parallel computing and the use of high-performance
clusters, domain decomposition methods help to distribute
the computational load to several workers. By doing this,
also medium sized 3D-problems were solved in the early
topology optimization days (Borrvall and Petersson 2001;
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Mahdavi et al. 2006; Evgrafov et al. 2008). Other approaches
focused on improving iterative Krylov subspace solvers, for
example, by approximate reanalysis techniques (Amir et al.
2009) and recycling of parts (Wang et al. 2007; Amir and
Sigmund 2011).

A huge increase in efficiency for solving linear systems
of equations was achieved by the application of the mul-
tigrid method. Although this method has been known for
many decades (see, e.g., Shaidurov (1995)) and it was early
applied to topology optimization (Dreyer et al. 2000), it
gained attention after the first educational paper by Amir
et al. (2014). There, a Galerkin projection-based geomet-
ric multigrid method is used as a preconditioner for the
conjugate gradient method. With this, it is possible to run
topology optimization problems that have been called “large
scale” in the early days on a simple laptop. Several publi-
cations followed, applying the multigrid method to open-
source code (Aage et al. 2015), to giga-scale problems (Aage
et al. 2017) and to shell structures (Tréff et al. 2021). Others
present highly efficient implementations exploiting the nar-
row band structure of the stiffness matrix (Liu et al. 2018) or
using graphic processor units (Wu et al. 2016; Herrero-Pérez
and Martinez Castejon 2021; Padhi et al. 2023).

Despite these achievements, there are still open chal-
lenges. Besides the problem of high-contrast designs, aniso-
tropic behavior of the partial differential equation also leads
to significantly reduced convergence rates of the multigrid
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solution (Trottenberg et al. 2007). The (discretized) partial
differential equation becomes anisotropic when using ortho-
tropic materials or in the context of stretched finite elements.
This effect usually does not occur in topology optimization
since often the problem is solved on a voxel mesh with iso-
tropic material (e.g., 3D printed steel). However, anisotropic
problems also occur in reality.

Application of the simple multigrid approach presented
in Amir et al. (2014) with the same settings (damping fac-
tor = 0.6) to the same cantilever example but with car-
bon fiber-reinforced polymer (CFRP) as material leads to
much worse performance. Figure 1a shows the numbers of
required multigrid iterations for different fiber orientations at
the initial design. The black curve corresponds to the CFRP
problem, and the blue curve corresponds to the isotropic
problem from Amir et al. (2014). For all orientations, the
number of iterations sticks at approximately 1000, which is
also the maximum allowed number of iterations.

To retrieve acceptable performance for all orientations,
the damping factor must be significantly reduced to @ = 0.3.
As shown in Fig. 1b , this reduces the number of iterations
to approximately 50. However, the iteration number is still
significantly higher than the number of iterations required
for isotropic materials.

For the case of stretched finite elements, Peetz and
Elbanna (2021) show that using algebraic multigrid reduces
the number of solver iterations. However, they conclude that
the additional effort for setting up the algebraic operators is
much higher than the gain in 3D. On the other hand, already
early publications showed that plane-smoothing (Oosterlee
1997) or semi-coarsening (Morano et al. 1998) are very
effective for a priori known constant anisotropies. However,
the assumption of a priori known constant anisotropies is not
valid in practice.

90°
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150° 40 30
180° @ 0°
210° 330°
240° 300°

270°

(a) CFRP, w = 0.6

(b) CFRP, w = 0.3

Fig. 1 Number of iterations to solve a linear equation using multigrid
preconditioned conjugate gradients with Jacobi smoothing and a rela-
tive residual of less than 10710, The radius corresponds to the number
of iterations, the angle represents the rotation angle of the material.
The blue plot corresponds to an isotropic material with Poisson’s
ratio 0.3. The black plot corresponds to a carbon fiber reinforced pol-
ymer

@ Springer

For example, orthotropic mechanical properties occur in
natural organic material such as wood. A topology optimi-
zation of wooden structures is, for example, presented in
Ma et al. (2021) and de Vito et al. (2023). In general, the
orientation is not constant over the domain since effects of
branches and unsteady growth lead to spatially varying fiber
orientations. Additionally, the two weak directions are ori-
ented into the radial and tangential directions of the trunk
(Thibaut et al. 2001; Da Silva and Kyriakides 2007) instead
of the Cartesian coordinate system. However, the orientation
is given and cannot be (spatially) influenced by the manu-
facturing process. Hence, the non-constant material orienta-
tions are known a priori.

The special case of transversal isotropic material occurs
in the context of composite materials and 3D printing based
on filaments. There, the material orientations are chosen by
the designer. Whereas classic laminates only allow small
variations in material orientations, there are already some
endless fiber 3D printers based on the fused filament fabrica-
tion principle. Additionally, special multi-axial 3D printers
allow material orientations in all three dimensions (Kip-
ping and Schiippstuhl 2023; Steltner et al. 2024). Hence,
the spatial material orientation is considered as an additional
design variable in Lund (2017), Lee et al. (2018), Jantos
et al. (2020), and Schmidt et al. (2020), which can also be
parameterized using splines (Montemurro et al. 2024). This
leads to non-constant and not a priori known anisotropies.

The current contribution aims at giving a decision basis
about which multigrid components (especially which
smoother) to choose for which type of anisotropic prob-
lem. Therefore, different basic approaches are analyzed
and benchmarked. Additionally, a new method is proposed
to improve the convergence speed. The paper is organized
as follows: First, the general multigrid principle is shown.
Afterwards, different standard approaches are analyzed
using the local Fourier analysis and compared considering
computational cost. In the following, these approaches are
further investigated by numerical experiments at different
(topology optimized) designs. A new approach called spatial
Jacobi smoothing is proposed and compared to the previous
methods. In the end, some of the methods are applied to dif-
ferent examples of material orientation and topology optimi-
zation as well as topology optimization of a wood structure.

2 Solution of the linear equations

The focus of the current publication is to solve the general
equation

K-u=f, (1)
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where K is an arbitrary symmetric and sparse matrix origi-
nating from a discretized partial differential equation, u is
the state and f is an arbitrary vector.

Using a direct solver, the solution of (1) is found after
approximately O(n%/?) operations, where n represents the
number of finite elements (Davis 2006). While this is a good
performance for small models, the computation time and
memory demands become infeasible for large models.

In contrast, iterative methods such as the conjugate gradi-
ent method (Hestenes and Stiefel 1952) and the generalized
minimal residual method (GMRES) (Saad and Schultz 1986)
are mainly based on vector—matrix products. The memory
requirements are very low, while the computation time
depends on the number of iterations. It is known that the
required number of iterations for reaching a given tolerance
depends on the condition number, which can be improved
by a preconditioner. One very efficient preconditioner is
the multigrid method described in Stiiben and Trottenberg
(1982), Fulton et al. (1986), Wesseling (1992), Briggs et al.
(2000), and Trottenberg et al. (2007).

2.1 General multigrid procedure

The basic concept of the multigrid method is to combine
the advantages of basic iterative methods with a solution
on a coarse mesh. Simple iterative solvers/smoothers, such
as the damped Jacobi method are known to reduce high-
frequency error components very effectively while low-
frequency components remain. In difference, the solution
on a coarse mesh only removes low-frequency errors since
high-frequency errors are not represented there. Combining
both components leads to the multigrid method, where both,
low- and high- frequency errors are removed. It has been
shown that the multigrid solver only requires O(n) opera-
tions for the Poisson equation if all components are chosen
properly (Trottenberg et al. 2007) and hence, it is much more
effective than direct solvers for large problems. However, if
the components are not chosen properly, the convergence

Fig.2 Framework of a multi-
grid preconditioned iterative

’u1+f

solver. The indices represent the
corresponding grid level. Left:

u =outerUpdate(u; )

rate suffers. Using the multigrid method as a preconditioner
for another iterative method, this issue is reduced.

The overall framework of using multigrid as precondi-
tioner is depicted in Fig. 2. Using the V-cycle, the procedure
starts with an initial guess of the solution «, (e.g., a zero vec-
tor) and the right-hand side f. Inside the outer solver func-
tion, the residual is computed. This residual is forwarded to
the multigrid preconditioner. On the finest level, a smooth-
ing operator smooth(f,) (e.g., Jacobi method) is applied and
the resulting residual r, is restricted to a coarser mesh using
the restriction operator R. The same procedure is repeated
on the following meshes until the coarsest mesh is reached
(mesh 3 in the figure). On the coarsest mesh, the system of
equations is solved exactly (e.g., using direct methods or
another iterative solver). Note that the size of the problem is
significantly reduced on the coarsest mesh. In the following,
the coarse grid solution is prolonged to a finer mesh using
a prolongation operator P. The result is smoothed on the
fine mesh and again prolonged to a finer mesh. This proce-
dure is repeated until the finest mesh is reached. The result
of the finest mesh is then transferred to the outer iterative
solver (e.g., conjugate gradient). Using the W-cycle (also
shown in Fig. 2), the framework is similar. However, the
cycle includes additional restrictions after a prolongation.

2.2 Local Fourier analysis (LFA)

The local Fourier analysis is a simple analytic tool to
compute the local smoothing properties of different
basic iterative methods (such as Jacobi smoothing). The
basic concept of the local Fourier analysis is to consider
a discretized partial differential equation with constant
coefficients (e.g., material properties) and assume an
infinite grid (i.e., no effect of boundary conditions)
with constant spacing h. Using eigenfunctions, the
amplification of different components of the residuum
caused by the smoothing operator is computed analytically.
Since only local effects are studied, the assumption of

(51 + f
u
u _)
—_— outerUpdate

. fi=f—-K-u
V-Cycle, right: W-Cycle
)
ol =smooth(f1)
r=fi—Ki-u

fo = restrict(ry)

® 2 =smooth(fz)
T2 = fo— Kz up

f3 = restrict(r2)

- 5
ug =solve(K3 - uz = f3)

@ u1 =smooth(f,uy)
uy = uy+ prolong(us)
@ uz =smooth(fa, us)

uy = ug+ prolong(us)

WAV
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(locally) constant coefficients is also fulfilled for smoothly
varying coefficients. A detailed introduction is found in
Wienands and Joppich (2004) and Trottenberg et al.
(2007). The general error of the state v = u — u,,,,, at the
position x + Ax is represented by an exponential series

v(x + Ax) = Z P, (x)e’(9 Ax/h \with the grid spacing h and
the continuous vector valued error-frequency
0,; [—m, 7]
0,=(6,,|e|l-xx]| . )
(-7, 7]

)

During the smoothing process, the error of the state is modi-
fied by the smoothing operator smooth(v). In many cases

(e.g., Jacobi), smoothing does not cause any error mixing

This means that smoothing of an error component ¥, ¢ A/

leads to an error with the same frequency but a dlfferent
magnitude. Using local Fourier analysis, for every allowed
frequency @ the corresponding amplification matrix func-
tion S,(®) is computed, such that

smooth(;e'® /") = 5,(0,)7,¢® /" 3)
and following

smooth(v) = 2 Sh(G)j)ﬁjeiQfTAx/h . @)
J

For background to the practical computation, the reader is
referred to Trottenberg et al. (2007). In the context of the
multigrid method, low-frequency errors are corrected by the
coarse grid operations, while high-frequency errors must be
corrected by the smoothing algorithm. The error is classified
T

=53]

[—z 72[] ,
-£.2]

wavelength of the error is higher than one element size and
hence, seen on the coarse grid. The smoothing factor is then

defined as

as low-frequency if ® € which means that the

;@€ -7, -21U[Z, 7)) ©)

Hige = SIGI)P(IIP(S;,(@))II S1VI5

with p(S,(0)) being the spectral radius of the matrix S,(®).
In the following, p(S,(®)) is called the amplification factor,
since it represents how much an error with the frequencies
O is amplified. Since the high-frequency error should be
reduced, the amplification factor must be lower than 1 for
all high frequencies, and hence, the smoothing factor .
must be lower than 1.

Application of the local Fourier analysis to the Jacobi
method with the standard isotropic material gives the
amplification factors shown in Fig. 3. There, the frequency
in the z-direction is set to zero, while the amplification

@ Springer

M‘\\‘\\\\\

1,,
////,, N
i N
i 7k 0" \“ RN

y/niy //}' &\\\\{ W\

e o 2
N o

0.6
0.5

Amplification

0

-2

Frequency y-direction
Frequency x-direction

Fig.3 Amplification factors from the local Fourier analysis of Jacobi
smoothing with @ = 0.5 for isotropic material. The x- and y-axis rep-
resent the frequency of the error of the state in x-/y-direction. The
z-axis represents the corresponding amplification factor. For visuali-
zation reasons, the error frequency in z-direction is set to 0

factor is given for different frequencies in the x- and
y-directions. The white part of the surface plot indicates
the low-frequency domain and the green part indicates the
high-frequency domain. For all frequencies, the ampli-
fication factor stays below one, meaning that the Jacobi
method is also stable as a standalone solver. In general,
the amplification factors are lower in the relevant high-
frequency domain. There, the worst amplification factor
is found at the border to the low frequency domain with
Hype = 0.75.

3 Theoretic analysis of common smoothing
methods for orthotropic materials

Besides the Jacobi method, there are many other common
smoothing algorithms, such as the Gau3-Seidel method, line-
smoothers and plane-smoothers. The GauB3-Seidel method
is known to be more robust and shows better smoothing
properties than the Jacobi method. However, it is known to
show similar behavior to the Jacobi method for anisotropic
partial differential equations. Alternatively, line-smoothers
and plane smoothers are recommended for anisotropic
problems in literature, but have not been tested for the special
case of topology optimization and non-constant orientations.
In general, all alternatives to the Jacobi method are more
computational costly and complex to implement efficiently.
Hence, a fair comparison does not only include the required
number of solver iterations, but also the (theoretical)
computational effort to apply one smoothing step as well as
the parallelizability. These methods are shortly explained
and analyzed using local Fourier analysis. Afterwards, the
methods are compared regarding smoothing properties
for different material orientations and computational cost.
As exemplary material, Balsa wood with the mechanical



On the application of the multigrid method to topology optimization with orthotropic material...

Page50f23 158

properties shown in Appendix D.2 is considered, since it
is a commonly used wood and shows highly orthotropic
behavior. However, the results can be generalized to other
materials with comparable stiffness ratios and transversal
isotropic materials, such as carbon fiber reinforced polymers.

In the current contribution, the (spatially varying) mate-
rial orientation of the orthotropic material is described
by the cardan angles as depicted in Fig. 4. In the original
coordinate system, the orthotropic material has its highest
stiffness in the X-direction and the lowest stiffness in the
Y-direction. The first rotation # acts around the X-axis, the
second rotation ¢ acts around the new z-axis and the third
rotation @ acts around the new y-axis. Note that the specific
description of the material orientation is only required for
practical generation of the material tensor. The perfor-
mance of the multigrid components is only influenced by
the resulting discretized partial differential equation i.e.,
the (tangential) stiffness matrix, and not by the specific
representation of the material orientation.

Fig.4 Rotations of the transversal isotropic material. For the ortho-
tropic material, an additional rotation # around the x-axis is done
before. In the initial system, the material has the highest stiffness in
x-direction and the lowest stiffness in the y-direction

Amplification

Frequency y-direction

Frequency x-direction
(a) w=10.5
Fig.5 Amplification factors from the local Fourier analysis of Jacobi

smoothing for Balsa wood. The x- and y-axis represent the frequency
of the error of the state in x-/y-direction. The z-axis represents the

3.1 Jacobi method

Due to its simplicity and low computational cost, the
damped Jacobi method is often used as a smoother for the
multigrid method (Amir et al. 2014; Aage et al. 2015; Peetz
and Elbanna 2021). The response update u,, | is computed by

iy =u;+oD™" - (f - Ku,), (6)

where D represents the diagonal of the system matrix K. As
discussed in the introduction, the Jacobi method substan-
tially suffers from orthotropic material behavior. The reason
for the poor performance in the context of orthotropic mate-
rial is further analyzed using local Fourier analysis (LFA).

Considering only 0° orientations and using the damping
factor w = 0.5, the amplification factors depicted in Fig. Sa
are found. Compared to the example with isotropic mate-
rial (Fig. 3), the amplification factors are much higher.
Especially the peaks for high frequencies in the x-direc-
tion indicate that the method is unstable. However, also in
y-direction, the amplification factor is stuck slightly below
1. When using o = 0.3 instead, the amplification shown
in Fig. 5b is observed. The previous unstable regions now
show good performance with amplification factors below
0.9. However, the smoothing in the y-direction gets even
worse with u,,. = 0.98. Hence, it is crucial to choose an
appropriate damping factor to obtain a stable method with
acceptable smoothing properties.

3.2 Decoupled point-GauB3-Seidel smoothers/
successive overrelaxation

The decoupled pointwise successive overrelaxation (SOR)
is very similar to the damped Jacobi method. However, it
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(b) w=10.3

corresponding amplification factor. For visualization reasons, the fre-
quency in z-direction is set to 0
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solves a triangular instead of a diagonal system of equations.
The state update reads

-1
ui+l=ui+<L+$ ) -(f—Kui) (7N
with the strict lower triangular part L of the system matrix
K. The GauB3-Seidel method is the special case when using
w = 1, whereas the method is called successive overrelaxa-
tion for @ > 1. The smoothing properties depend on the
node numbering of the finite element mesh. For a struc-
tured mesh, there are two major numbering groups: lexico-
graphic numbering and the multicolor numbering. Similar
numberings are also found for unstructured meshes. In the
lexicographic numbering, the nodes are numbered line-
wise, such that neighboring nodes have following numbers
(see Fig. 6a ). If a line is finished, the first node of the next
line has the following number. In difference, the multicolor
numbering sorts the nodes into different color groups (see
Fig. 6b). The groups are defined such that neighboring nodes
belong to different colors. The node numbers are counted
for each color separately. In Fig. 6b , black nodes have the
numbers 1-9, red nodes the numbers 10-15, green nodes
the numbers 16-21 and blue nodes the numbers 22-25.
Using the multicolor numbering, the smoothing algorithm
can be implemented in parallel without high implementation
effort. A simple parallel formulation is explained in Appen-
dix A. In difference, the lexicographic version is difficult to
parallelize.

Applying the local Fourier analysis to the lexicographic
GauB3-Seidel method for linear elasticity with Balsa wood
(same orientation as before), the amplification factors shown
in Fig. 7 are found. As for the Jacobi method, the amplifica-
tion factor is stuck slightly below 1 in the y-direction, while
good smoothing properties are obtained in the x-direction.
However, no stability issues occur, and the absolute values
are significantly better, leading to an overall smoothing fac-
tor y;,. =~ 0.9 instead of 0.98.

21,22 23 24 25 7.14_8 15 9
16} 17] 18, 19] 20 191&_0[@_11
11.12] 13] 14| 15 al12] 5|13 6]
67, 8 910 16|£‘_7|L3v1_8|
112 3 4 5 a0l 211 4

(a) Lexicographic number- (b) Multicolor numbering.
ing.

Fig.6 Different node numbering schemes for the successive overre-
laxation
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Fig.7 Amplification factors from the local Fourier analysis of lexi-
cographic GauB-Seidel smoothing for Balsa wood. The x- and y-axis
represent the frequency of the error of the state in x-/y-direction. The
z-axis represents the corresponding amplification factor. For visuali-
zation reasons, the frequency in z-direction is set to 0

3.3 Coupled point successive overrelaxation

The coupled pointwise successive overrelaxation is similar
to the decoupled successive overrelaxation. Again, the status
update reads

-1
wi=u+ (L, +2D,) - (f-Ku) . ®

however here, the matrix D), is a block diagonal matrix that
contains couplings between different degrees of freedom
of the same node. The lower triangular matrix L is modi-
fied such that K =L, + D, + Lg. If all rotations are set to
0, no couplings occur between the degrees of freedom of
the same node, and hence, the coupled successive overre-
laxation is equal to the decoupled version. Similar to the
decoupled SOR method, the smoothing properties depend
on the node numbering scheme. However, due to the block
diagonal structure of D, lexicographic smoothing results in
an infeasible computational cost.

3.4 Line/plane relaxation methods

An alternative way to improve the smoothing properties of
a multigrid method is to use block iterative methods (Arms
et al. 1956) such as block Successive Overrelaxation (simi-
lar to GauB3-Seidel) (Evans and Biggins 1982) or the block
Jacobi method (Ferguson 1986). In the context of anisotropic
partial differential equations, line successive overrelaxation
and plane successive overrelaxation are popular choices
(Trottenberg et al. 2007). Equal to the case of coupled point
SOR, the status update reads

1 -1
U =u;+ (LL/P + ;DL/P) ) (f _Kui) ” ©)
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(a) Lines oriented into fiber direction.

Fig.8 Amplification factors from the local Fourier analysis of line
SOR smoothing with @ = 1 for Balsa wood. The x- and y-axis rep-
resent the frequency of the error of the state in x-/y-direction. The

where the matrix D, ,p is a block diagonal matrix that con-
tains couplings between different degrees of freedom of the
same box (line/plane). The lower triangular matrix L; p is
chosen such that K =L, p + D, /p +LZ/P.
the lines that are oriented in the same direction as the stiffest
material direction, substantial improvements in the smooth-
ing are obtained. Application of the local Fourier analysis to
x-line SOR for Balsa wood withn =0, ¢ = 0,0 = 0 shows
completely different behavior to the decoupled SOR method.
Figure 8a shows the amplification factors for different fre-
quencies in the x- and y-directions. In difference to classic
lexicographic SOR (as shown in Fig. 7), line SOR also
shows good smoothing properties for high frequencies in the
y-direction. In consequence, the overall smoothing factor is
much better with y;,. < 0.8 instead of 0.9. If, however, the
lines are not oriented into the stiffest material direction, no
advantage is found compared to coupled successive over-
relaxation (See Fig. 8b). Similar observations are done for
plane SOR.

For both relaxation algorithms, again, the smoothing
properties depend on the node numbering. When using the
multicolor numbering, the colors contain lines/planes that
do not have any connections to each other. In this case it
is sufficient to approximate the solution of (9) using one
V-cycle of the multigrid method for every plane/line (Thole
and Trottenberg 1986) separately. Alternatively, the system
of equations could be solved using conjugate gradients. Own
investigations showed that a desired tolerance of less than
1072 often does not give any improvements for the global
multigrid solve.

When choosing

—

SOUUIANNN
’C::K\\t&\\\\\\\\\\x{x\
RIS
X S

TS
s
‘\‘Q‘é\\\\\\‘}}}}}:‘}"

Amplification
(=)
[S23

W
AW}

S

- o

Frequency y-direction
Frequency x-direction

(b) Lines perpendicular to fiber direction.

z-axis represents the corresponding amplification factor. For visuali-
zation reasons, the frequency in z-direction is set to 0

3.5 Direct comparison of smoothing methods

Besides computing the amplification factor function for a
single orientation, the local Fourier analysis is also able to
compute the smoothing factors for several orientations. Fig-
ure 9 shows smoothing factor maps for different smoothing
algorithms. There, the smoothing factors are depicted for all
rotations ¢ and 0. The rotation 7 is set to zero for visualiza-
tion reasons. Additionally, Table 1 presents the minimum,
maximum and mean value as well as the orientations of best/
worst performance for all considered methods.

For the Jacobi method, the damping factor @ = 0.3 is cho-
sen since it is an appropriate value for ¢ = 0,6 = 0. How-
ever, instabilities occur for several orientations where both
angles are rotated by approximately +15°. Using @ = 0.25
instead, unstable regions are removed at the cost of slightly
worsened smoothing factors at the other orientations. The
best values are found at orientations that align to the coor-
dinate axes since these cases contain no couplings between
degrees of freedom at the same node. There, the smoothing
factor reaches values around 0.98.

Like the Jacobi method, the decoupled lexicographic
SOR method shows orientation-dependent smoothing
properties. Considering w = 1 (i.e., Gaul3-Seidel method)
the qualitative appearance of good and poor performance is
similar to the Jacobi method. However, the absolute quanti-
ties are significantly better, with values between 0.84 and
0.96. The best performance is obtained for orientations
that are near ¢ = 0,0 = 0. This is explained by the node-
numbering-dependent properties. In the current case, the
nodes are numbered line-wise with the lines oriented in the
x-direction. This means that a strong coupling in x-direc-
tion is implemented in the smoothing process. Hence, good
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Fig.9 Smoothing factors . for different smoothing algorithms considering Balsa in different orientations @, @ computed using the local Fou-
rier analysis. The first rotation around the x-axis is set to zero, i.e., # = 0. The colors indicate the smoothing factors values

Table 1 Smoothing factors

. . ; Smoothing method Smoothing factor Best/unstable

and orientations with best or

unstable behavior for different Minimum Maximum Mean Orientation

smoothing algorithms obtained

using local Fourier analysis Jacobi w = 0.3 0.976 1.18 1.01 Unstable at ~ +15°
Jacobi w = 0.25 0.98 0.996 0.99 Coordinate axes
SORw =1 0.83 0.96 0.92 x-direction
SORw =12 0.81 0.94 0.91 x-direction
Multicolor SOR w =1 0.80 0.96 0.90 Coordinate axes
Coupled SORw =1 0.63 0.87 0.81 ~ +45°
X-line SOR w =1 0.65 0.91 0.81 x-direction
XY-plane SORw =1 0.49 0.91 0.78 x-y-plane
Alternating plane SOR @ =1 0.15 0.32 0.26 All directions

smoothing properties are obtained for the stiffest direction
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lines oriented into the y-direction, the best smoothing prop-
erties are obtained for ¢ = 90°, 8 = 0. Increasing the damp-
ing factor to w = 1.2, this effect is even amplified, leading
to superior smoothing factors at ¢ = 0,60 = 0 and inferior
factors for large rotations. However, considering all orienta-
tions, the mean smoothing factor is improved by less than
1%. Higher damping factors do not improve the performance
anymore, but lead to unstable methods.

In difference to the lexicographic ordering, the multicolor
ordering does not have a directed numbering and hence, also
does not show superior behavior for a certain coordinate axis
direction. Besides this effect, the behavior is nearly equal to
the lexicographic version.

Considering couplings at single nodes by utilization of
the coupled multicolor SOR smoother with @ = 1improves
the performance for orientations that are not aligned with
the coordinate axes. Especially at orientations where both
rotations are near +45°, coupled multicolor SOR shows its
best performance with smoothing factors around y,,. = 0.65.
This comes from the fact that the coupling between the
degrees of freedom of a single node reaches its maximum
for rotations of approximately +45°.

By using line or plane smoothing, superior smoothing
factors are obtained for orientations that align with the line
or plane. There, the smoothing factor is improved by more
than 15% compared to coupled smoothing. Since line and
plane smoothing also include all couplings at the same node,
they also work well for all angles, where the coupled SOR
method worked well. In consequence, the smoothing factor
is less than 0.8 for many angles. However, as expected, the
performance is rather bad for material orientations that are
perpendicular to the smoothing line or plane (e.g., § ~ +90°
).

A more robust formulation is the alternating plane
smoothing. There, plane smoothing is done for the x-y, y-z
and x-z planes sequentially. This obviously comes at the cost
of three smoothing swipes of single-plane smoothing. How-
ever, application of the local Fourier analysis reveals that
alternating plane smoothing shows good performance for
all orientations (including these, where the previous meth-
ods performed badly) with smoothing factors of less than

Hipe < 0.33. In fact, it performs better than three applications
of xy-plane smoothing for many material orientations.
Based on these results, the alternating plane smoothing
is clearly the best smoothing approach. However, despite
the smoothing factors, the previously mentioned algorithms
have substantially different computation times and memory
demands. The required number of scalar multiplications and
a relative computation time for a naive Matlab implementa-
tion are shown in Table 2. The corresponding assumptions
and detailed derivations are found in b. Paying attention to
the computation times, the ranking depends on the specific
orientations. Especially coupled successive overrelaxation
and line successive overrelaxation seem to be very com-
petitive since they are much less computationally costly
than alternating plane smoothing. However, there are many
effects in practical application that are not considered by the
local Fourier analysis. Therefore, the smoothing algorithms
are applied in the context of practical optimization problems.

4 Numeric analysis of existing smoothing
methods

To validate the results of the local Fourier analysis and
extend them to real topology optimization problems, dif-
ferent smoothing methods are analyzed regarding their
properties when solving the finite element equation. In the
following analysis, the required number of iterations is com-
puted for four different designs. In the first experiment, the
special case of constant coefficients (i.e., constant density
field, constant orientations) is considered, which is as close
as possible to the assumptions made for the local Fourier
analysis. Afterwards, the more general cases of non-constant
orientations and/or non-constant densities are considered.
Again, Balsa wood is used as material. For the application
of the multigrid solvers to different problems (4.2 to 4.5),
the V-Cycle multigrid method is used as a preconditioner to
the conjugate gradient method, since this is state of the art
in the field of engineering optimization. Very tight solver
tolerances of 1010 are considered to get reproducible results,
and only one smoothing swipe is applied on each grid. The

Table 2 Required number of
multiplications per node for

Smoothing method

different smoothing algorithms Jacobi SOR Coupled Line Plane Alternating
for the case that the global
stiffness K is available or not SOR SOR SOR SOR
K available ~250 ~ 360 300-500 ~ 800 ~ 2000 ~ 5500
K not available ~ 580 ~ 1200 700-850 ~ 1100 ~ 2500 ~ 6000
Observed time Matlab 100% 200% 250% 450% 800% 2400%

The observed time using a naive (sequential) Matlab implementation is given relative to the Jacobi method,

where K was available
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damping factor is set to @ = 0.25 for the Jacobi method,
since the local Fourier analysis reveals that higher values
lead to unstable behavior. For all other methods, the damping
factor is set to @ = 1, since this case corresponds to Gauf3-
Seidel methods. According to the local Fourier analysis,
increasing the value does not cause significantly improved
smoothing. The decoupled multicolor SOR method is not
considered since it is always inferior to the coupled version
at similar computational cost.

4.1 Example considered

For the analysis examples with non-constant densities, the
density field is computed using a topology optimization
of a cantilever beam, which is discussed in more detail in
Sect. 7.1. The corresponding problem is taken from Peetz
and Elbanna (2021).

The design space and the boundaries are depicted
in Fig. 10a . The problem consists of a cuboid-shaped
design space that is discretized using a structured mesh of
64 x 32 x 32 isometric hexagonal finite elements. The low

Fig. 10 Compliance topology
optimization example of an
cantilever used for the following
numeric experiments

number of finite elements is chosen such that the direct
solve can be applied already at the second grid in order
to enable an analysis of the two grid method. The model
is clamped on the back surface and loaded by a line load
on the lower front edge. For the design generation, iso-
tropic linear elastic material behavior with a Poissons’s
ratio of 0.3 is considered. The densities are filtered using
the PDE filter (Lazarov and Sigmund 2011) with a filter
radius of 2 times the element edge length and afterwards
penalized using the modified SIMP approach (Sigmund
2007). Like in Peetz and Elbanna (2021), a continuation
scheme is applied for the penalization parameter p. Start-
ing from 1, p is increased by 0.25 every 20 iterations up
to a maximum value of p = 4. At every change of p a new
optimization is started using the previous design as the
initial guess. Considering an allowed volume fraction of
12%, the optimization using the method of moving asymp-
totes (Svanberg 1987) leads to the final design shown in
Fig. 10b . The result is qualitatively similar to the design
gained in Peetz and Elbanna (2021). However, visible dif-
ferences are caused by a different discretization, filter type

(a) Design space and

boundary

conditions

for the topology opti- (b) Final design of the isotropic topology opti-

mization problem.

mization.
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(a) Orientation field for the constant density (b) Orientation field for the non-constant

field.

density field.

Fig. 11 Side view of the orientation fields for the example problems considering constant and non-constant densities. The orientations are

aligned to the first principal stress direction
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Jacobi, w = 0.25
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X-line SOR, w =1

SOR, w =1

coupled SOR, w =1
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¥
alternating plane SOR, w =1

Fig. 12 Required number of iterations for the multigrid method
to reach a relative tolerance of 10710 for different constant material
orientations @, 6 of Balsa wood. Here, the elasticity equations of the

and relative filter radius. Especially the very coarse discre-
tization in combination with a low volume fraction leads
to many elements with intermediate densities. As previ-
ously mentioned, numerical experiments are also done for
spatially varying orientations combined with constant and
optimized topology. For simplicity, the material is oriented
into the principal stress directions. Thereby, the rotation
around the x-axis is set to zero, i.e., # = 0. A 2D-cut of the
orientation field is shown in Fig. 11.

4.2 Application of methods to example
with constant densities and constant
orientations

First, the multigrid solver is applied to the example prob-
lem 10a with constant densities and constant orientations.
Figure 12 shows the number of iterations' needed when
using 2 grids, such as assumed in the local Fourier analysis.
Qualitatively, the results are equivalent to the local Fourier
analysis. For orientations where low smoothing factors were
obtained, the number of iterations is also low. Additionally,
the ranking of smoothing methods is the same. However, the

! Iterations here refer to the solution of the equation system, not to
the number of optimization iterations.

example problem 10a with constant densities is solved using 2 grids.
The colors indicate the required number of iterations

Jacobi method performs better than expected. For the ori-
entation ¢ = 0, 8 = 0 the smoothing factor y,,. = 0.98 was
obtained. To reduce the high-frequency error to 90%, which
is the smoothing factor of lexicographic SOR, approximately
5 smoothing swipes are required (0.98% ~ 0.9). However,
the experiments only show a difference of factor 2. The
improved performance of the Jacobi method is explained
by beneficial effects of the outer conjugate gradient solver.
In additional numerical experiments, the authors used the
multigrid method as a standalone solver. There, the itera-
tion numbers were a factor of 2 to 5 higher for all smooth-
ing methods, and especially the Jacobi method performed
approximately 5 times worse than the lexicographic SOR
method. In practical application, rather 3-5 grids are used
than only 2 grids to reduce the cost of the coarse grid solve
(Amir et al. 2014; Peetz and Elbanna 2021). Repeating the
same experiment with four grids, the numbers of itera-
tions are similar to the results shown in Fig. 12. The values
are increased by up to two in only a very small number of
orientations.
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Table 3 Number of iterations

. Example Multigrid Smoothing method
to compute the deformations of approach
example problem 10a, where Jacobi SOR Coupled Line Plane Alternating
the orientations of the Balsa
wood are set to the principal SOR SOR SOR SOR
f;fgzri“ecmn or are spatially Stress-aligned 2 grids 92 41 29 28 27 8
orientations 4 grids 94 43 31 29 28
Random orienta- 4 grids 59 32 30 29 28 14

tions

The V-Cycle procedure is used with the desired tolerance 1071

4.3 Application of methods to example
with constant densities and optimized
orientations

Considering the orientation field presented in Fig. 11a in
combination with constant densities, the iteration numbers
represented in Table 3 are obtained. There, the two grid
cycle as well as the four-grid cycle are applied. The achieved
numbers of iterations are approximately the mean of the
iterations required for all included orientations. Hence, the
non-constant orientations do not cause extra problems for
the multigrid solver. In fact, there is an opposite effect. Pos-
sible bad orientations in the design are balanced by good
orientations leading to an intermediate performance. The
same effect is observed in the case of uncorrelated random
orientations. There, the balancing effect is even more pre-
sent. Also, using multiple grids does not worsen the conver-
gence speed.

4.4 Application of methods to example
with optimized topology and constant
orientations

Application of the multigrid method to the topology opti-
mized design shown in Fig. 10b with constant material
orientations and two grids leads to the iteration numbers
shown in Fig. 13. The general relationship of iteration
number and orientation is similar to the case of constant
densities, but the absolute numbers increase. While the
iteration numbers are only increased by 10%-20% for
Jacobi and lexicographic SOR, the numbers are approxi-
mately doubled for the multicolor methods, still showing
better performance. This is caused by two reasons. First,
the problem of anisotropy seems to be rather independent
of the problem of high contrasts. Hence, the number of
iterations is increased by approximately the same amount
for all methods, which leads to a higher relative increase
for the methods that performed better for constant densi-
ties. Second, the multicolor pattern strictly requires the
low-frequency errors to be suppressed by the coarse grid
solve. For more details, see the derivation of the local

@ Springer

Fourier analysis in Trottenberg et al. (2007). In the context
of high contrast designs, this requirement is not fulfilled
anymore, since structural details of the fine grid are not
properly represented on the coarse grid.

In difference to the case of constant densities, the mul-
ticolor smoothers also suffer from an inaccurate solve of
the state update Eq. 9. Using only one swipe of the cor-
responding 1D/2D multigrid method even leads to diver-
gence of the overall solver. This is caused by poor perfor-
mance of the multigrid method in the case of high-contrast
designs on more than two grids (Peetz and Elbanna 2021).
However, solving the line/plane problem with an accuracy
of at least 1072 leads to less than 10% additional iterations
for the overall solve.

When using the multigrid method with four grids instead
of two grids, the numbers of iterations totally explode for
some orientations. Instead of 30—130 iterations, 300-450
iterations are required. The corresponding figure is found in
c. However, numerical experiments show that a similar loss
of performance is also found for isotropic materials, such as
steel, where the number of iterations grows by a factor of 5.
Hence, it is expected that the reasons are equal to the case
of isotropic topology optimization (e.g., discussed in Amir
et al. (2014); Peetz and Elbanna (2021)). There, the major
problem is that the details of the fine grid are not properly
represented on the coarse grid.

A simple fix to improve the convergence of the mul-
tigrid method with many grids and topology optimized
designs is to use several smoothing steps on the coarse
grids or to apply a different multigrid cycle. Since the
convergence is good when using only two grids, the prob-
lems must be caused by the coarse grids. In consequence,
improving the components at coarse grids also improves
the overall performance.

When using the W-Cycle instead of the V-Cycle, the
computational cost is increased by approximately 15% per
iteration. Application of the W-Cycle to the example with
optimized topology with four grids leads to the iteration
numbers presented in Fig. 14. Compared to the V-Cycle, the
number of iterations drops by 30% to 50%, which is still sig-
nificantly more than in the case with 2 grids. Additionally,
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Fig. 13 Required number of iterations for the multigrid method the example problem 10b with optimized densities is solved using 2

to reach a relative tolerance of 10710 for different constant material grids. The colors indicate the required number of iterations
orientations @, 6 of Balsa wood. Here, the elasticity equations of
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Fig. 14 Required number of iterations for the multigrid method example problem 10b with optimized densities is solved using the
to reach a relative tolerance of 10710 for different constant material W-Cycle with 4 grids. The colors indicate the required number of
orientations @, 6 of Balsa wood. Here, the elasticity equations of the iterations
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the general shape of the iteration number plot is fundamen-
tally changed compared to the case with 2 grids. Especially
orientations with ¢ = 0, & = 0 now show best performance,
which might be explained by the fact that the shape of the
topology is also oriented to the x-axis.

4.5 Application of methods to example
with optimized topology and varying
orientations

Combining non-constant densities with stress-aligned
orientations shown in Fig. 11b leads to the iteration
numbers presented in Table 4. There, all previously dis-
cussed cases, i.e., two grids, four grids and four grids
with W-cycle, are considered. For comparison, also the
number of iterations for spatially random orientations and
isotropic steel as material are shown.

In the case of two grids, the number of iterations is
similar to the case with constant densities. Considering
optimized orientations, the number of iterations does
not explode when going to four grids. In fact, the values

only increase by less than 25%. Again, good orienta-
tions balance bad orientations, leading to overall good
performance. Unexpectedly, this means that the required
number of iterations is even lower than when consider-
ing isotropic steel as material. The reason is found in the
specific orientation field. Since the material is oriented
into the principal stress direction, the principal material
direction aligns with the structural elements. The stiffness
in fiber direction is much higher than the orthogonal stiff-
ness and the shear stiffness. In consequence, small errors
in deformations at the transition zones have less influence
on the force residual. This effect does not occur in the
context of completely random orientations. There, only
the balancing effect between good and bad orientations
is observed, leading to worse values than for the isotropic
material. When using the W-cycle instead of the V-cycle
for multiple grids, again, the number of iterations drops
significantly.

Table4 Number of iterations

. Example Multigrid approach Smoothing method
to compute the deformations
of the topology optimized Jacobi SOR Coupled Line Plane Alternating
example problem 10b, where
the orientations of the Balsa SOR SOR SOR SOR
he principal
wood are set o the principa orientation 2 grids 100 48 29 28 28 11
stress direction or are spatially .
random stress-aligned 4 grids 104 56 36 34 34 21
W-Cycle 4 grids 102 50 31 29 28 15
random orienta- 4 grids 266 185 184 185 161 99
tions
isotropic 4 grids 130 97 77 77 70 49
The desired solver tolerance is set to 1071
Fig. 15 Algorithm f t- _ T _ T o _ T
'9 gorithm lor compu Generate vectors of anglesn =[5 ... 5]", o =[-5... 5] ,0=[-5... 5

ing optimal damping factors
in the context of spatial Jacobi

Generate vector of damping factors w = [0...1]7

smoothing. This preprocess-
ing must be done only once for
every material
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Initialize lookup table wopt
for iy
for iy
for ig
Initialize smoothing factor vector pjoe
for 7.

end
Find index iopt of lowest value of poe
Wopt, iy iy big Wi, — Wiopt
end
end
end

Compute smoothing factor fijec,i,, = fioc(Niy»s Piy s igr Wi, ) using LFA

Compute intermediate values of wept using a response surface
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Fig. 16 Optimal damping factor w (left) and resulting smoothing fac-
tors 4, (right) for Jacobi smoothing with Balsa for different orienta-
tions. The values are obtained using local Fourier analysis. The colors
indicate the optimal damping factors (left) and the resulting smooth-
ing factors (right). The angle # is set to zero for visualization reasons

5 New approach: spatial smoothing

The previous analyses showed that the (decoupled point)
Jacobi method does not perform as well as coupled or box
smoothers. However, especially in the context of topology
optimized designs, the difference is not substantial (fac-
tor 2-4). On the other hand, the Jacobi method is simple,
easy to implement, and very fast in the evaluation. The
most crucial component is to choose the damping factor w
properly. In difference to the SOR schemes, where w = 1

(a) Initial design, V-Cycle.

Cycle.

Fig. 17 Required number of iterations for the multigrid method using
spatial Jacobi smoothing to reach a relative tolerance of 10~ for dif-
ferent constant material orientations ¢, & of Balsa wood. Here, the

(b) Optimized design,

is stable for all situations, the Jacobi method is stable for
different damping factors for different materials and ori-
entations. In Luo et al. (2024) it is proposed to compute
optimal damping factors using an eigenvalue analysis of
the true iteration matrix. This leads to good performance
of the solution process, but it requires the expensive solu-
tion of an eigenvalue problem.

In the current publication, we propose a similar
approach. However, the focus lies on different materials
with spatially varying orientations. Hence it is proposed
to use different damping factors for every node instead of
one global value. Therefore, “optimal" damping factors are
computed for all possible material orientations using the
local Fourier analysis and stored in a lookup table. These
values are only computed once for every material and do
not change. During the (material orientation and) topology
optimization, the optimal damping factors are extracted
from the lookup table for every element separately. After-
wards, the nodal damping factors are computed from the
elemental values by taking the volume-weighted average
of all surrounding elements. Finally, the spatial damping
factors are applied to the Jacobi method by

450
400 -1 250
350
w0 = 0 200
250

1 150
200

-1 0 1
@

V- (c) Optimized design, W-
Cycle.

elasticity equations of the example problems 10b and a are solved
using 4 grids. The colors indicate the required number of iterations

Table 5 Number of iterations

. Orientation field Density field Cycle type Smoothing method
to compute the deformations of
example problem 10a, where Spatial Jacobi Jacobi with Improve-
the orientations of the Balsa = 0.25 ment (%)
wood are set to the principal
stress direction Stress-aligned Initial design \'% 76 94 20
orientations Optimized design ~ V 86 104 17
Optimized design \ 82 102 20
Random orienta- Optimized design A% 248 266 7
tions Optimized design =~ W 147 163 10

Four grids and a relative tolerance of 1070 are applied
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U =u;+ @D - (f — Ku,) (10)
with

o, 0 0

0 w, 0 ...
»= . (11)

A pseudo-code for computing the optimal factors is shown
in Fig. 15. First, linearly spaced realizations of angles
n,@,0€ [—%, %] and damping factors w € [0, 1] are gen-
erated. Afterwards, the local Fourier analysis is applied
to every combination of angles and damping factors. The
damping factors leading to the best local smoothing fac-
tor for each combination of angles is stored as the corre-
sponding optimal damping factor. After the whole proce-
dure, intermediate values may be interpolated using a fitted
response surface.

For the example of Balsa wood, the “optimal" damping
factors and the corresponding smoothing factors resulting
from a local Fourier analysis are shown in Fig. 16. Here, the
angles 7, @, 0 are spaced by 3”—0 and the damping factor w is
spaced by 0.01. Application of spatial Jacobi smoothing to
the example problem 10a with constant orientations leads
to the iteration number plots shown in Fig. 17. There, both
designs (initial and topology optimized) are used in combi-
nation with four grids. Since the orientations are constant,
the damping factor w is also constant. However, it is adjusted
to the occurring orientation instead of using the standard
value w = 0.25. The spatial Jacobi method is stable for all
orientations. Compared to a damping factor of @ = 0.25, the
number of iterations is reduced by up to 20%, depending on
the specific orientation.

A similar improvement is obtained when considering ori-
entations that are aligned with the principal stress direction.
Table 5 shows the iteration numbers for both designs and
both cycles for four grids. Here, actually spatial damping
factors are practically used with values w = 0.25...0.45. In
all situations, the number of iterations is reduced by more
than 15%. Considering spatially random orientations instead,
the improvement is still 7-10%.

Using spatial Jacobi smoothing instead of classic Jacobi
smoothing, the computation time per iteration increases
less than 1%. Additionally, the lookup table must be com-
puted once. Using a workstation, this takes approximately
10 min, independent of the size of the topology optimization
problem.

@ Springer

6 Recommendations to choose smoother
for different situations

Combining the analysis of the computational effort with the
obtained numbers of iterations shows that plane smoothing
and alternating plane smoothing usually do not improve the
overall computation time. The reduction in solver iteration
is fully covered by a significant increase in cost for a single
smoothing swipe.

The newly presented spatial Jacobi smoothing always
outperforms standard Jacobi smoothing since it reduces
the iterations without increasing the cost. Hence, it should
always be preferred.

For the remaining methods, the situation is less obvious.
Lexicographic SOR reduces the number of iterations by
approximately 50-70% compared to spatial Jacobi, but it
increases the cost per smoothing swipe. Still, it might out-
perform Jacobi and spatial Jacobi by 10-20% considering
the number of floating-point multiplications. However, there
is a huge amount of indexing leading to higher observed
computation times in Matlab. Additionally, it is not paral-
lelizable. In the authors opinion, the possible advantages are
too low to switch to lexicographic SOR.

If the material orientation varies over the design domain,
coupled SOR and line SOR reduce the required number of
iterations by up to 70% to similar iteration numbers. Addi-
tionally, both methods parallelize well. Since coupled SOR
requires significantly fewer operations than line SOR, it
should be preferred in these situations. Depending on the
efficiency of the implementation, it might outperform the
spatial Jacobi method, and hence, could be preferred.

If the orientation field is (nearly) constant, the performance
depends on the specific orientation as well as the density field.
In many cases, the density field reduces the performance dif-
ferences such that spatial Jacobi smoothing shows the best
performance. However, especially at orientations that do not
align with the grid, coupled SOR outperforms all competi-
tors. On the other hand, line SOR often outperforms all other
methods if the lines align with the material orientation. For a
good decision, the reader is advised to check the results of the
local Fourier analysis.

7 Numeric optimizations

To validate the previous observations, several methods are
used in a (material orientation and) topology optimization.
The required number of multigrid iterations to reach a relative
tolerance of 10~1¥ is tracked during the optimization process.
For the topology optimization, the modified SIMP approach
(Sigmund 2007) in combination with the PDE filter with
consistent boundary conditions (Wallin et al. 2020) is used.
To keep the examples as simple as possible, no continuation
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(a) Design space, loads (b) Position of the (¢) Optimized design of the cantilever
and boundary condi- design space in the example. Shown is the iso-cut where all
tions for the cantilever Balsa tree it is cut elements with a density that is higher

topology optimization. off.

Fig. 18 Optimization problem and result of the cantilever beam example
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Fig. 19 Number of solver iterations (left) and observed computation
time (right) during the optimization of the Balsa cantilever exam-
ple for the following smoothing algorithms: Jacobi method (“Jac”,
w = 0.25, Sect. 3.1), spatial Jacobi method (“spat Jac”, Sect. 5),

schemes are used. The optimizations are carried out using the
method of moving asymptotes (Svanberg 1987) with the stand-
ard parameters. Only the initial move limit is set to 0.25 instead
of 0.5. The optimizations are stopped after 100 iterations. In all
cases considered, the relative change of the objective function
is less than 1074,

7.1 Topology optimization of a Balsa wood
cantilever beam

The first example consists of a simple compliance topology
optimization of a cantilever beam. It is similar to the cantilever
example in Aage et al. (2015). The optimization problem reads

than 0.5 are shown.
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o 12 /Y line SOR | -
£ J
- |
£ 1 J
9 j/ Y
<5}
>
-
209 .
£
Qo

08 1 1 1 1 1

0 20 40 60 80 100 120

Optimizer iteration

lexicographic SOR (“SOR”, Sect. 3.2), coupled multicolor SOR
(“c SOR”, Sect. 3.3) and line SOR (Sect. 3.4). The observed time is
given relative to the Jacobi method

minf(p) = u’ Ku
p

st V(p) £0.12V
0<p<l1
K(pu =f

where p represents the vector of pseudo densities, V(p) the
volume at the current design and V|, the design space vol-
ume. The design space, loads and boundaries are depicted
in Fig. 18a . It is discretized using 192 X 96 X 96 finite
elements. The filter radius is set to 0.03, and the minimal
Young’s modulus is set to E,,,, = 10~°E,,. The volume frac-
tion is set to 12%. As material, Balsa wood with the mate-
rial properties listed in Appendix D.2 is used. The spatially
different material orientations are chosen such that the axial

12)

with :
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space, S

(a) Design

loads and bound-
ary conditions

the material

the optimized design
of the L-beam exam- (d) Cut of the density

for (b) Iso-cut at 0.5 of ple. The colors high- field of the optimized
orien- the density field of light the orientations: design of the L-beam

(c) Orientation field of

tation and topology the optimized design green - aligned with y- example. The cut is
optimization of the of the L-beam exam- axis, red - aligned with done at the model cen-

L-Beam example. ple.

Fig. 20 Optimization problem and result of the L-beam example

material axis points in the x-direction. To model imperfect
growth and effects of branches, the axial axis is perturbed
by random effects. The deviation in the axis is realized by
perturbing the angles @, 8 using a Gaussian square exponen-
tial random field with the correlation length /. = 0.1 and the
variance 62 = (18°)%. The radial and tangential axes are cho-
sen to point in radial and tangential directions corresponding
to the center of the design space, as depicted in Fig. 18b.

Overall, one optimization is done for each of the follow-
ing smoothers using the W-Cycle multigrid preconditioned
gradient solver with four grids: Jacobi method (@ = 0.25),
spatial Jacobi method, decoupled successive overrelaxa-
tion (w = 1), coupled successive overrelaxation (@ = 1)
and x-line successive overrelaxation (w = 1). The subprob-
lems of the box smoother are solved using Jacobi precon-
ditioned conjugate gradients with a tolerance of 1073, All
optimizations converge to the exactly same design, which
is depicted in Fig. 18c . Also, all numerical values are
exactly the same.

The design is totally different from the result with iso-
tropic material shown in Aage et al. (2015). The optimizer
tries to exploit the anisotropic material behavior by reducing
the average angle to the axial material direction. Due to the
(asymmetric) random orientations, an asymmetric design
is found.

Figure 19 shows the required number of solver iterations for
every optimization step and all considered multigrid smooth-
ers. Additionally, the figure shows the computation time rela-
tive to the Jacobi method in a naive sequential implementa-
tion (see Table 2). These results are consistent with previous

@ Springer

X-axis.

ter.

findings. Spatial Jacobi reduces the required iteration number
by 10-20% compared to Jacobi with w = 0.25. As expected,
x-line successive overrelaxation shows the lowest number of
iterations, while the point SOR methods are in between. Con-
sidering computation time, the spatial Jacobi method shows
the best performance, whereas the line smoothing suffers from
its high complexity. The absolute number of solver iterations
stays relatively low because the W-Cycle is used and the
topology aligns with the material orientation. This effect has
already been observed in the previous analysis with orienta-
tions into principal stress direction.

7.2 Material orientation and topology optimization
of a carbon fiber L-beam

The second example consists of a material orientation and
topology optimization of a L-shaped beam. The design space
is made of carbon fiber reinforced polymer with the material
properties shown in D.1. The optimization problem reads

minf(p, ®) = u’ Ku
p. P

st. 1 V(p) £0.15V,
0<p<i )
-2 <®<L2x
K(p,®u =f

13)

with :

where p represents the vector of pseudo densities, @ the
material angles 7, p,0, V(p) the volume at the current
design, and V|, the design space volume. The density field
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Fig.21 Number of solver iterations (left) and observed computation
time (right) during the optimization of the L-beam example for the
following smoothing algorithms: Jacobi method (@ = 0.25, Sect. 3.1),

is filtered using the PDE filter with consistent boundaries
conditions and a filter radius of 0.03. The orientation field
is filtered by a vector filter as described in Schmidt et al.
(2020). There, the rotation angles are transformed to a direc-
tion vector. Afterwards, the direction vectors are filtered
component-wise like the classic density filter in topology
optimization. Again, the filter radius is set to 0.03. The prob-
lem is discretized using approximately 1,500,000 elements,
and the volume fraction is set to 15%. As initial guess, all
angles are set to 0°.

One full optimization is done for each of the following
smoothers using the W-Cycle multigrid preconditioned
gradient solver with four grids: Jacobi method (@ = 0.3),
spatial Jacobi method, decoupled successive overrelaxation
(w = 1), coupled successive overrelaxation (@ = 1) and
x-line successive overrelaxation (@ = 1). All optimizations
lead to similar designs that are optically not distinguishable
but have slightly different performance. Hence, the material
orientation and topology optimization problem reacts very
sensitive to small errors in the system solve. A iso-cut of the
topology of the optimized design is shown in Fig. 20b , the
orientation field in Fig. 20c. The general shape is similar
to the results in literature, and the fibers are consequently
aligned to the structural elements.

As in the cantilever example, the different smoothers lead
to varying solution times. Figure 21 shows the required num-
ber of iterations to reach the desired tolerance of 10~'° for
all optimization iterations. Additionally, the figure shows the
computation time relative to the Jacobi method in a naive
sequential implementation (see Table 2). As before, the
standard Jacobi method shows the highest number of itera-
tions. Using spatial Jacobi smoothing instead, the number of
iterations drops by approximately 10-20% and leads to the
lowest computation time. In contrast to the previous exam-
ple, lexicographic SOR, coupled SOR and line SOR show
similar iteration numbers. This is caused by the strongly

Jac

— U spat Jac
Y Vo SOR
2r ¢ SOR
line SOR

1.5H

Observed relative time in matlab

0 20 40 60 80 100 120
Optimizer iteration

spatial Jacobi method (Sect. 5), lexicographic SOR (Sect. 3.2),
coupled multicolor SOR (Sect. 3.3) and line SOR (Sect. 3.4). The
observed time is given relative to the Jacobi method

varying material orientations and has also been observed in
the previous analyses for Balsa. As shown in Fig. 20d , the
final design shows clear contrasts and only contains inter-
mediate densities at transition zones of the design surface.
Hence, it is expected that the number of iterations grows as
the design settles. In fact, the required number of iterations
slightly increases during the first iterations. However, the
final orientations are aligned with the structural elements,
leading to the positive effects mentioned in Sect. 4.5.

8 Conclusions

In the current publication, the problem of simple Jacobi-
smoothed multigrid methods with orthotropic materials is
explained. Exemplary, Balsa wood and carbon fiber-rein-
forced polymers are considered. Different standard smooth-
ers (namely the Jacobi method, lexicographic successive
overrelaxation, multicolor coupled successive overrelaxa-
tion, multicolor line successive overrelaxation, multicolor
plane successive overrelaxation and alternating multicolor
plane successive overrelaxation) are analyzed using the
local Fourier analysis and numeric experiments at differ-
ent designs. There, constant material orientations as well
as spatially varying orientations are considered. This way,
the damping factor w is chosen for the Jacobi method to be
stable, and a new smoothing approach called spatial Jac-
obi smoothing is proposed. The new approach reduces the
required number of solver iterations by up to 20% without
increasing the cost per smoothing swipe.

When considering designs that have a developed topol-
ogy, the problems of the multigrid method with ortho-
tropic materials add up with the problems of contrast-rich
designs. Depending on the material orientation field, the
number of iterations totally explodes. In this case, using the
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W-Cycle instead of the V-Cycle significantly improves the
performance.

Based on the analyses, recommendations are given for
choosing the smoothing algorithm for the multigrid method.
For most more advanced smoothing algorithms, especially
plane relaxation, the improved convergence properties do not
balance the increased cost per smoothing swipe. Hence, the
new approach is a good choice for many situations. However,
depending on the implementation quality, multicolor coupled
SOR and multicolor line SOR, might outperform the spatial
Jacobi method.

Finally, the recommendations and results are validated at
two different topology optimization examples.

Future research might address the generalization of the pre-
sented analyses and recommendations to the case of multi-
material optimization, where also the type of material elastic
symmetry varies element-wise.

Parallelization of multicolor SOR methods

All multicolor SOR methods use a chessboard-like node num-
bering (see Fig. 6b (b)), such that nodes of the same color have
no couplings. On a structured 3D mesh, 8 colors are required.
In the context of line smoothing, whole lines belong to the
same color, such that the total number of numbers decreases
to 4. Analogue, plane smoothing leads to 2 colors. In general,
the state u; can be rewritten as

Ui
u;
N (A1)

u.:
in,

where the partial vectors u; . correspond to the nodes of
color ¢ and n, is the number of colors. Considering the col-
oring scheme, (7) is reformulated sequentially as

1 - u; c—

Ui = U, + (LL. + ;Dc> . <fc _Kc,2 < l';%,l... l>> ’
ic...n,

(A2)

where K, . are the rows of the stiffness matrix K correspond-
ing to color ¢, u; ., is the state vector corresponding to all
previous colors and u; ., is the state vector of the current
color and all following colors at iteration step i. The matri-
ces L, and D, represent the lower diagonal and the diagonal
part of the stiffness matrix entries corresponding to of color
c¢. Due to the chosen coloring scheme, the matrix L, only
contains couplings between degrees of freedoms at the same
node and hence, all nodes of the same color can be smoothed
in parallel, whereas the different colors must be processed
sequentially. In the case of coupled smoothing/line smooth-
ing/plane smoothing, the matrix L, vanishes and the matrix
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D_ becomes block diagonal. For more details, the reader is
referred to Trottenberg et al. (2007).

Detailed analysis of computation time
for different smoothing algorithms

The required computational cost of the different smoothing
algorithms from Sect. 3.5 is determined based on the follow-
ing assumptions and simplifications:

e Isometric 3D grid with first-order finite elements, stand-
ard grid transfer

e Cost of coarse grid solve is neglectable. This is true
when using a sufficient number of grids. For example,
five grids with approximately four billion elements on
finest grid lead to approximately one million elements
on the coarse grid. Then, a vector matrix product on the
fine grid is more expensive than a (approximate) solve
on the coarse grid.

e Perfect implementation such that computation time only
depends on the number of multiplications

e The element stiffness matrices are already computed and
stored in the memory

e The number of nodes ny, is approximately equal to num-
ber of elements

A major part of the multigrid method is to compute the
vector matrix product Ku. The (assembled) global stiffness
matrix is extremely sparse. On an isometric 3D grid, each
node is connected to 27 nodes, which have three degrees
of freedom. Hence, each row of the stiffness matrix con-
tains a maximum of 81 entries. Considering three rows
per node, the cost of a vector matrix product is equal to
81 - 3ny = 243n, multiplications. If the assembled stiffness
matrix is not available, the vector matrix product is com-
puted on element level. The element stiffness matrix is full
and has 576 entries. Hence, the number of scalar multipli-
cations is approximately 576n,. However, the procedure is
parallelizable.

The Jacobi method only requires computing the residual
(vector matrix product) and inverting a diagonal matrix.
Hence, the additional cost is 3nN multiplications.

In the lexicographic successive overrelaxation, a lower
diagonal matrix is inverted. If the lower diagonal matrix
L is available, solving the system of equations is trivial,
leading to 41 - 3ny = 123n, additional multiplications.
However, this framework is strictly sequential and requires
some indexing, leading to higher computational cost. If L
is not available, the system of equations must be solved on
element level. This means, sequentially for every node, the
couplings to all neighbor nodes must be computed from the
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Fig.22 Required number of iterations for the multigrid method
to reach a relative tolerance of 10710 for different constant material
orientations ¢,6 of Balsa wood. Here, the elasticity equations of

corresponding element stiffness matrices. The couplings are
afterwards multiplied with the corresponding entries of the
deformation vectors, leading to approximately 576n,, addi-
tional multiplications and a huge amount of indexing. The
overall procedure again is fully sequential.

The remaining methods are based on a multicolor pattern
and the inversion of a block diagonal matrix. In every
sequence, the residual is computed for all degrees of free-
dom of the same color. Afterwards, the block-diagonal sys-
(B
S\ u
leading to a state update. Using the updated state, the next
sequence starts. Solving the system of equations with con-
jugate gradients and a tolerance of 1072 requires approxi-
mately 5-10 iterations for the coupled SOR and 10-20 itera-
tions for the line and plane smoothers. Each degree of
freedom has contact with 3 (pointwise), 9 (line) or 27 (plane)
other degrees of freedom, leading to a computational cost of
9 (pointwise), 27 (line) or 81 (plane) scalar multiplications
per node and inner iteration. The overall framework is sim-
ply parallelized since the content of the sequences is
parallelizable.

Besides the theoretical computational effort, data index-
ing, copying and other operations increase the computation
time. However, highly efficient implementations might reach
the theoretical results.

tem of equations DC_1 <fc -K, is solved,

ic...n,

SOR, w =1

XY-plane SOR, w =1

coupled SOR, w =1
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the example problem 10b with optimized densities is solved using 4
grids. The colors indicate the required number of iterations

Iteration plots for topology optimized
design and four grids

See Fig. 22.
Material properties of different orthotropic
materials

In the following, typical material properties of different
orthotropic materials are collected or computed.

Carbon fiber reinforced composites

For zero rotations and Voigt notation, the material compli-
ance tensor s of transversal isotropic material reads

1 Vi, V.
E‘ﬁ_fooo
Vv V-
‘ﬁzéooo
Y2 v L
s = E K Ez(l)oo (D3)
0 0 0 -0 0
12
ooooGLo
12
oooooGL

23

Typical values, which are used in the paper, are
E, = 140GPa, E, = 12GPa, G|, = 5.8GPa, G,; = 5.4GPa,
Vi, =0.26 and v,3 = 0.11.
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Balsa wood

The mechanical properties of Balsa wood are taken from
Wang et al. (2019). For zero rotations and Nye notation, the
material compliance tensor § reads

1 v v
5 "r n 000
-2 = ? 0 0 0
_v3o¥s L
s = E E, E (1) 0 0 (D4)
0 0 0 -0 0
Gy, |
0 0 0 020
12
0 0 0 0 0 GL
23
with E, =63GPa, E,=0.11GPa, E,=03GPa,

Gy, =0.2GPa,G 3 = 0.31GPa, Gy; = 0.03GPa, v, = 0.49,
Vo3 =024 and vi3 = 0.23.
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