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Abstract
A standard approach to model reduction of second order linear

dynamical systems is to rewrite the system as an equivalent first or-
der system and then employ Krylov subspace techniques for model
reduction. Recently the Second Order Arnoldi Reduction (SOAR)
method was presented by Bai and Su which constructs the projection
to a second order Krylov subspace thus preserving the structure of the
underlying problem. In this paper we demonstrate the superior nu-
merical behavior of the SOAR-algorithm upon the first order methods
for four engineering problems from different areas.
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1 Introduction

Second order systems appear in various fields of engineering applications.
Common examples are structural analysis, acoustics, electromagnetics or
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microelectromechanical systems (MEMS). In the time domain a continuous
time-invariant single-input single-output second order system (SISO sys-
tem) is described by

(1.1)
Mq̈(t) + Dq̇(t) + Kq(t) = bu(t),

y(t) = `Hq(t)

with the initial conditions q(0) = q0 and q̇(0) = q̇0. Here q(t) ∈ CN is the
vector of state variables with N being the state-space dimension.

The dimension N of those systems can be very large, and therefore it is
necessary to obtain reduced order models of much smaller dimension which
retain important properties of the original systems. A common approach
for reducing the dimension of a higher order system is to linearize it, i.e. to
replace it by an equivalent first order system, and to apply techniques based
on moment matching or balanced truncation. Surveys of these methods can
be found in [1, 2, 8]. However, this approach has two major disadvantages,
the dimension is further increased and the structure of the original system
is not preserved within the reduced model and it has no physical meaning.

Recently, a Second Order Arnoldi Reduction algorithm (SOAR-algorithm)
was proposed by Bai and Su, which is an elegant and efficient way of re-
ducing second order systems and keeping their second order structure. In
this paper we will shortly describe this approach, and we will demonstrate
its superior numerical behavior for four examples from different areas of
engineering applications.

2 Order reduction via projection

Assuming homogeneous initial conditions q(0) = q̇(0) = 0 and u(0) = 0,
the second order system (1.1) in time domain can be represented equiva-
lently as

(2.1)
s2Mq̃(s) + sDq̃(s) + Kq̃(s) = bũ(s),

ỹ(s) = `H q̃(s)

in frequency domain. Here q̃(s), ũ(s) and ỹ(s) are the Laplace transforms
of q(t), u(t) and y(t), respectively.
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By eliminating q̃(s), one obtains the input-output behavior ỹ(s) =
h(s)ũ(s) of the system, with

(2.2) h(s) = `H(s2M + sD + K)−1b

as the transfer function of (1.1). Physically meaningful values are s = jω
with ω ≥ 0.

We assume that K is nonsingular (otherwise we consider the shifted
problem, replacing s by s + s0 for some suitable s0). Then h has the power
series expansion

(2.3) h(s) = m0 + m1s + m2s
2 + . . . =

∞∑
k=0

mks
k,

where the mk are called moments of h at the expansion point s0 = 0.
A simple, but powerful approach for constructing reduced order models

is moment matching, i.e. to determine a reduced model of much smaller
dimension n � N such that the corresponding transfer function

(2.4) hn(s) = m
(n)
0 + m

(n)
1 s + m

(n)
2 s2 + . . . =

∞∑
k=0

m
(n)
k sk

satisfies mj = m
(n)
j , j = 0, 1, . . . for as many leading moments as possible.

Although the approximation is determined via a local property it usually
has excellent approximation properties in large domains which may even
contain poles.

We recall the construction of a reduced order model by linearization.
Consider the first order system

(2.5)
Cẋ(t) + Gx(t) = b̂u(t),

y(t) = ˆ̀H
x(t)

with

C =
[

D M
−I 0

]
,G =

[
K 0
0 I

]
, b̂ =

[
b
0

]
, ˆ̀ =

[
`
0

]
,x(t) =

[
q(t)
q̇(t)

]
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which is equivalent to (1.1). Then it is easily seen (cf. [4]) that (1.1) and
(2.5) have identical transfer functions. Hence,

(2.6) h(s) = ˆ̀H
(sC + G)−1b̂ = ˆ̀H

(I + sG−1C)−1(G−1b̂),

and the Neumann series expansion of (I + sG−1C)−1 immediately yields

(2.7) mk = ˆ̀H
(−G−1C)k(G−1b̂), k = 0, 1, 2, . . . , n− 1.

This representation suggests to construct a reduced order model which
matches the leading moments by projecting (2.5) to the Krylov subspace

Kn(−G−1C, r̂0) = span{r̂0,−G−1Cr̂0, . . . , (−G−1C)n−1r̂0}

with r̂0 = G−1b̂.
An approach for computing an orthonormal basis of Kn(−G−1C, r̂0)

and the projection of −G−1C to the Krylov space is the Arnoldi-method:

Algorithmus 2.1 Arnoldi-algorithm
1: v1 = r̂0/‖r̂0‖2, V 1 = [v1];
2: for j = 1, 2, . . . , n do
3: r = −G−1Cvj

4: hj = V H
j r

5: r = r − V jhj

6: hj+1,j = ‖r‖2

7: vj+1 = r/hj+1,j , V j+1 = [V j vj+1]
8: end for

Then the upper Hessenberg matrix Hn = (hij) generated in the Arnoldi-
method is the orthogonal projection

Hn = V H
n (−G−1C)V n

of −G−1C to the Krylov space Kn(−G−1C, r̂0), and the first n moments
of h and

hn(s) := ˆ̀H

n (I − sHn)−1b̂n, ˆ̀
n = V H

n
ˆ̀, b̂n = V H

n G−1b̂

4



are identical, [10].
A drawback of this approach is that the corresponding linear system

(2.8)
−Hnż(t) + z(t) = b̂nu(t),

yn(t) = ˆ̀H

n z(t)

does not preserve the structure of a second order system.
This disadvantage can be overcome by projecting the second order sys-

tem (1.1) directly to a second order Krylov subspace which was first intro-
duced by Su and Craig [11] and later by Bai and Su [3, 4, 5] in the more
explicit form given below.

We take advantage of the special structure of the matrix

−G−1C =
[
−K−1D −K−1M

I 0

]
=:

[
A B
I 0

]
.

Then the moments

mk = ˆ̀H
(−G−1C)k(G−1b̂) = (`,0)

[
A B
I 0

]k [
K−1b

0

]
are given by

(2.9) mk = `Hrk

with

r0 = K−1b

r1 = Ar0

rk = Ark−1 + Brk−2 for k ≥ 2.

{rk} is called a second order Krylov vector sequence, and the subspace
spanned by this sequence is called second order Krylov subspace

(2.10) Gn(A,B, r0) := span{r0, r1, . . . , rn−1}.
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For an orthonormal basis Qn of Gn(A,B, r0) we consider the projected
linear system

(2.11)
Mnz̈n(t) + Dnżn(t) + Knz(t) = bnu(t),

ỹ(t) = `H
n z(t)

with Mn = QH
n MQn, Dn = QH

n DQn, Kn = QH
n KQn, bn = QH

n b
and `n = QH

n `, which not only preserves the structure of a second order
linear system, but it also keeps symmetry and definiteness properties of the
matrices M , D, and K.

The following moment matching Theorem was proved in [4].

Theorem 2.1 Let

(2.12) h̃n(s) = `H
n (s2Mn + sDn + Kn)−1bn =

∞∑
k=0

m̃
(n)
k sk.

Then the leading n moments of h(s) and h̃n(s) are equal, i.e. mk = m̃
(n)
k

for k = 0, 1, . . . , n− 1.
If M , D, and K are Hermitian, and b = `, then the first 2n moments

of h(s) and h̃n(s) coincide, i.e. h̃n is a Padé approximation of h(s).

An orthonormal basis of the second order Krylov space Gn can be de-
termined by Second Order Arnoldi Reduction-method (SOAR-method for
short) which was introduced by Bai and Su in [5].

The SOAR-algorithm 2.2 with starting vector r0 breaks down if and
only if the Arnoldi-algorithm 2.1 with starting vector r̂0 breaks down as
shown in [5] by Bai and Su. In the same paper a memory saving version of
the algorithm 2.2 is presented which avoids saving the auxiliary vectors pj .
An extension of the SOAR-algorithm concerning the dimension reduction
of multi-input multi-output second order systems (taking into account de-
flations in a block second order Krylov subspace) is contained in [9]. Some
work has been done to extend the SOAR-algorithm to higher order dynam-
ical systems and the polynomial eigenvalue problem, respectively, [7, 9].
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Algorithmus 2.2 SOAR-algorithm
1: q1 = u/‖u‖2

2: p1 = 0
3: for j = 1, 2, . . . , n− 1 do
4: r = Aqj + Bpj

5: s = qj

6: for i = 1, 2, . . . , j do
7: tij = qH

i r
8: r = r − qitij
9: s = s− pitij

10: end for
11: tj+1,j = ‖r‖2

12: if tj+1,j = 0 then
13: if s ∈ span{pi | i : qi = 0, 1 ≤ i ≤ j} then
14: breakdown
15: else deflation:
16: reset tj+1,j = 1
17: qj+1 = 0
18: pj+1 = s
19: end if
20: else
21: qj+1 = r/tj+1,j

22: pj+1 = s/tj+1,j

23: end if
24: end for
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3 Numerical examples

In this section, four numerical examples are presented to demonstrate the
superior properties of the SOAR-algorithm. The approximation quality of
the SOAR-algorithm 2.2 is compared to the Arnoldi-procedure 2.1 applied
to the linearized model. All experiments were run in MATLAB 7.0.4 on a
Linux-cluster of the institute.

3.1 Accelerator cavity

This example is a quadratic eigenvalue problem (QEP). It is derived from
discretized Maxwell-equations of electromagnetic cavities in accelerators.
In the case of an open cavity the vector wave equation with waveguide
boundary conditions can be modeled by a nonlinear eigenvalue problem:

(3.1) Kx + i
d∑

j=1

√
k2 − k2

cjW jx = k2Mx,

where d is the number of waveguides which are leading into this cavity, and
kcj are coefficients of the corresponding waveguides. The eigenvalues are
the resonant frequencies and the eigenvectors describe the corresponding
electromagnetic field. Eigenvalues with smallest magnitude are of interest.

We assume kcj = 0, j = 1, . . . , d which simplifies (3.1) to the quadratic
eigenvalue problem

(3.2)

λ2M − iλ

d∑
j=1

W j −K

 x = 0,

with λ =
√

k2.
In particular we consider a finite element model with N = 9956 degrees

of freedom of a cavity connecting two waveguides, which is named „gun-
cavity“ and is shown in Figure 1. Hence the quadratic eigenproblem (3.2)
obtains the form (

λ2M − iλ(W 1 + W 2)−K
)
x = 0.(3.3)
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Figure 1 FEM-model of gun-cavity N = 9956

The system matrices have got the following properties:

N = 9956 ‖ · ‖1 real sym. pos. def. nnz
M 17.04 yes yes yes 148318

W 1 + W 2 0.95 yes yes no 350
K 14.75 yes yes no 148308

Since all matrices are real, the spectrum of (3.3) is symmetric about the
imaginary axis. Diagram 2(a) shows 600 eigenvalues with smallest magni-
tude which have been calculated via a projection method of high order and
which serve as reference values when evaluating the approximations.

Diagram 2(b) exhibits the approximate eigenvalues obtained by the
SOAR-algorithm (triangles) and by the Arnoldi-procedure applied to the
linearized problem (plus signs). In both cases the expansion point is chosen
to be s0 = 0.07, and the dimension of the reduced model is n = 20.

The eigenvalue approximations from the SOAR-algorithm preserve the
symmetry about the imaginary axis which is not the case for for the Arnoldi-
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Figure 2 Eigenvalues and SOAR/Arnoldi-approximations
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(b) SOAR/Arnoldi, n = 20, s0 = 0.07

procedure (the Arnoldi-eigenvalues within the ellipse have no counterpart
on the left side).

In the following we compare the accuracy of the approximations to eigen-
values with smallest magnitude obtained with the SOAR- and the Arnoldi-
procedure. The two smallest eigenvalues with positive real part are

λ1 = 0.05979318129849 + 0.00000060564291 ∗ i,

λ2 = 0.08377031861983 + 0.00001865296741 ∗ i.

The Arnoldi-procedure (n = 10) yields the approximations

λAr
1 = 0.05979322105350 + 0.00000070031027 ∗ i,

λAr
2 = 0.08356811958546 + 0.00004068274681 ∗ i

and the SOAR-algorithm (n = 10)

λS
1 = 0.05979318141426 + 0.00000060548039 ∗ i,

λS
2 = 0.08379343875125 + 0.00002471127141 ∗ i
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where we have underlined the leading correct digits.
After n = 20 iterations 16 leading digits of λS

1 and λ1 match. The
eigenvalue approximations with the SOAR-algorithm are more exact than
the ones with the Arnoldi-procedure. The elapsed time for generating the
orthonormal basis was tAr = 25.1s with the Arnoldi-method and only tS =
7.7s with the SOAR-method.

3.2 Butterfly Gyroscope

The Butterfly Gyroscope is developed by the Imego Institute. It is a micro-
electromechanical sensor for measuring inertia. More precisely, for measur-
ing Coriolis acceleration. A special chip has been designed for this sensor.
The schematic layout of the gyroscope and a picture of the finite element
model is given in [6]. Basic equations from elastodynamics lead to a dis-
cretized model of the form:

Mẍ + Dẋ + Kx = b u(3.4)
y = Cx,(3.5)

where M ,D,K ∈ R17361×17361, C ∈ R12×17361 and b ∈ R17361×1. This
MIMO-system has got one input u and 12 outputs in y. By taking into
account only the last component of y the system reduces to a SISO-system:

(3.6) h(s) = C12

(
s2M + sD + K

)−1
b mit C12 = C(12, 1 : 17361).

The damping matrix D is assumed to be D = αK with α = 10−6. Then
the matrices M ,D and K have the following properties:

N = 17361 ‖ · ‖1 real pos. def. nnz
M 3.8 ∗ 10−7 yes yes 340431
D 6.9 ∗ 103 yes yes 1021159
K 6.9 ∗ 109 yes yes 1021159

Approximating the transfer function by the SOAR- and Arnoldi-procedure
we chose the expansion point s0 = 105.
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Figure 3 Bode plot SOAR/Arnoldi, n = 20, expansion point s0 = 105
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The upper two pictures of Figure 3 show the Bode plots of the transfer
function h(s) together with its approximations obtained with the SOAR-
and the Arnoldi-method. The lower figure presents a plot of the relative
errors as functions of the frequency. An approximation from a high or-
der projection method (n = 200) has been taken as the reference transfer
function.

The SOAR-based approximated transfer function is already very close
to the exact solution over a wide range of frequency at a dimension of
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n = 20. The relative error is superior by orders of magnitude compared to
the Arnoldi-procedure. This behavior does not change with the dimension
n = 30 of the reduced order model.

Figure 4 Bode plot SOAR/Arnoldi, n = 30, expansion point s0 = 105
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In Figure 4 the exact transfer function distinguishes from the one ob-
tained by the SOAR-algorithm up to a frequency of ω = 2 ∗ 105rad/s only
by a relative error of 10−14. This approximation is clearly better than with
the Arnoldi-procedure. The elapsed time of the SOAR-method is in both
cases about half the time the Arnoldi-method needs to build up the or-
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thonormal basis: The times of the algorithms for a reduced order of n = 20
are tAr = 12.7s and tS = 5.1s, and for an order of n = 30 the elapsed time
for the Arnoldi-method is tAr = 15.2s and for the SOAR-method tS = 6.4s.

3.3 Vibrational analysis

This is an example from structural analysis. A part of a new breaking
system from Bosch is examined. A rotating disk is decelerated by a brake
unit and thus excites vibrations. Thereby it is possible to cause instabili-
ties by certain breaking forces. The modeling is done via the conservation
equations from mechanics. This results in a QEP of the form:

(3.7) (λ2M + λD + K)x = 0.

The order of this problem is N = 67986. A FEM-model of the disk and the
breaking unit is shown in figure 5. The task in this example is to determine

Figure 5 FEM-model of breaking system N = 67986

the „rightmost eigenvalues“, i.e. find out if there are eigenvalues within the
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right half-plane. It should be noted that the SOAR-algorithm preserves the
structure of the system matrices but not the stability in general.
The mass matrix M is fix, but the stiffness matrix K varies depending
on the load. The damping matrix D is approximated with the help of
Rayleigh-damping. The damping is assumed to be proportional to mass-
and stiffness matrix, D = aM + bK. The parameters a and b depend on
eigenvalues of the undamped problem, (λ2M + K0)x = 0. The following
details specify the matrices:

N = 67986 ‖ · ‖1 real sym. pos. def. nnz
M 0.06 yes yes yes 68150
D 2.2 ∗ 109 yes no no 4222874
K 5.6 ∗ 1014 yes no no 4223355

Diagram 6(a) gives an overview of the eigenvalue distribution. It has been
created with a higher order projection method (n = 200). Most of the eigen-
values are located in a circle around the point s = −2.5 ∗ 105. Now, SOAR-
and Arnoldi-procedure are used to calculate eigenvalue approximations close
to the expansion point s0 = −104. Having in mind the eigenvalue distri-
bution in Figure 6(a) this should lead to approximated eigenvalues close
to the origin. The result is shown in Figure 6(b) with a reduced order of
n = 40. The SOAR-approximated eigenvalues are located on the circle from
Figure 6(a), in contrast to the eigenvalue approximations with the Arnoldi-
procedure. When the dimension n of the projection space increases these
eigenvalues move towards this circle. An observation of the six smallest
eigenvalues (in magnitude) yields:

Exact [103] SOAR [103] Arnoldi [103]
0.000000011 −0.000000022 0.01− 1.22i

−0.006427042 −0.006427009 0.01 + 1.22i
−0.005820228− 1.1641222i −0.005820226− 1.1641217i −0.04− 1.49i
−0.005820228 + 1.1641222i −0.005820226 + 1.1641217i −0.04 + 1.49i
−0.007180567− 1.4361041i −0.007180571− 1.4361049i −0.26− 2.64i
−0.007180567 + 1.4361041i −0.007180571 + 1.4361049i −0.26 + 2.64i
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The structure preserving SOAR-algorithm is clearly superior to the Arnoldi-
method. The exact eigenvalues have been obtained again with a higher
order projection method. It should be pointed out that the SOAR-algorithm
indeed leads to better eigenvalue approximations but do not need to preserve
the stability of the system (no eigenvalue with positive real-part is created
with the SOAR-algorithm, although the model is instable). Most of the
processing time was needed for computing the LU-decomposition of the
matrix K: tLU = 40s. The times needed for the subsequent algorithms
have been: tAr = 50s for the Arnoldi-procedure and tS = 37s for the
SOAR-procedure.

Figure 6 Eigenvalues and SOAR/Arnoldi-approximations
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(b) SOAR/Arnoldi, n = 40, s0 = −104

3.4 Sound radiation analysis

The last example has its origin in the model reduction of the exterior bound-
ary value problem in acoustics. A vibrating three-dimensional body is going
to be be analyzed. This body is a quarter-sphere. The time-harmonic pres-
sure due to these vibrations can be determined with the Helmholtz-equation.
The space that is examined in this example is infinite. The quarter-sphere
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Figure 7 Discretized model of quarter-sphere N = 17611

is divided into N = 17611 elements. The inner part is described via com-
mon finite elements whereas the outer part is described via half-infinite
elements. The inner part of the quarter-sphere is excited by a homogeneous
velocity. This example is called „the breathing sphere“. A discretization
of the weak formulation of the exterior boundary value problem yields the
following second order system:

(
−ω2M + iωD + K

)
x = bu(3.8)

y = `Hx.(3.9)

The load vector b contains the normal-velocities of each element. The state
vector x accords with the acoustic pressure on the corresponding elements.
The output vector ` picks a certain element out of x, which is close to the
inner part. The three system matrices exhibit following properties:
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N = 17611 ‖ · ‖1 real sym. pos. def. nnz
M 362 yes yes no 1071011
D 291.4 yes no no 879697
K 923.1 yes no no 1071011

SOAR- and Arnoldi-procedure are used for model reduction. The expansion
point has been chosen to be s0 = 0.01.

Figure 8 Bode plot SOAR/Arnoldi, n = 10, expansion point s0 = 0.1
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In Figure 8 the dimension of the reduced models is n = 10. Both
order reduction methods yield good approximations up to a frequency of
ω = 0.5rad/s. For higher frequencies SOAR- and Arnoldi-approximations
are not exact. But for high frequencies the structure preserved transfer
function (with the SOAR-procedure) is a much better approximation than
the Arnoldi-approximation. Figure 9 shows the situation for a dimension of
n = 20.

Figure 9 Bode plot SOAR/Arnoldi, n = 20, expansion point s0 = 0.1
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Up to a frequency of ω = 1rad/s the transfer function obtained via
the Arnoldi-procedure is as good as the SOAR-based transfer function. For
higher frequencies the structure preserved transfer function is closer to the
exact one. Also the processing times are much better with the SOAR-
algorithm. The elapsed times for creating the orthonormal bases of the
reduced dimension n = 10 are tS = 12s for the SOAR-algorithm and tAr =
37s for the Arnoldi-procedure. For the dimension of n = 20 the ratio is
about the same: tS = 15s und tAr = 43s. Most of the time is needed again
for the LU-decomposition. Because the Arnoldi-procedure has to factorize
a matrix of double size, it needs significantly more time.
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