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Abstract

Simulating the mechanism of granular cargo transportation on vessels is a complex multi-

physical problem, including the vessel’s motion excited by waves and the behavior of the gran-

ular material on board. Several failure mechanisms such as, e.g., shifting of the cargo, a wet

base scenario where saturated material is present at the bottom of a cargo pile, dynamic separa-

tion of the water inside the cargo and the cargo itself, or liquefaction are deemed possible to be

responsible for bulk carrier losses transporting unsaturated nickel and iron ores.

To study cargo behavior on vessels during voyages, the thesis implements a monolithic multi-

physics approach, including constitutive models representing the mentioned cargo failure mech-

anisms and applying these models to parameter studies exploring different loading scenarios.

A rigid perfectly-plastic constitutive equation and an incompressible Neo-Hookean constitutive

equation are introduced in the Finite Volume method and verified and validated on multiple

test cases. A monolithic approach is chosen where the Volume of Fluid method indicates the

different water, air, and granular medium phases.

A porous material model is introduced to represent the interaction of air-water and granular

material, and three formulations of momentum and pressure equations for porous materials are

thoroughly compared in several test cases. A simplified set of equations is validated, proving

its applicability for specific porous Reynolds numbers. The resulting simplified porous mo-

mentum model is coupled with the rigid-perfectly plastic material to simulate water flow with a

free surface through moving porous granular material. This coupled method is verified using an

embankment failure problem and subsequently applied to several two-dimensional cargo hold

studies which encompass various saturation levels of the material and different initial and ex-

citation conditions. The two-dimensional studies clearly indicate that to prevent cargo motion,

the cargo should always be loaded as flat as possible. Sliding can be observed for rolling am-

plitudes larger than 10◦. Additionally, it is demonstrated that placing wet cargo on top of drier

cargo can lead to catastrophic cargo sloshing.

In the final chapter of the thesis, a complete three-dimensional case study is presented, studying

the incident of the ”Jian Fu Star,” a vessel that was lost in 2010 carrying Indonesian nickel ore.

By applying a three-phase Volume of Fluid approach together with the rigid-perfectly plastic

material model, wave boundary conditions, and a three-degrees-of-freedom rigid body motion

solver, the incident is reconstructed from the given information in the incident report and a

severe cargo shift and list of the vessel can be observed.
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Chapter 1

Introduction and Motivation

Ore is a valuable cargo worth several thousand dollars per tonne. Nickel ore, in particular, is a

widely transported bulk cargo that is used, for example, to produce stainless steel, batteries and

electronics. Therefore, imports to China have increased significantly from $420M to $3.51B

between 2006 and 2013 [93].

In the period from 2009 to 2023, eleven bulk carriers carrying nickel or iron ore sank, and eight

of them were on their way to China. This led to a large number of casualties, which is why

nickel ore is called the ”deadliest cargo in the world” (e.g., Poulsen [99] and Schuler [107]).

To illustrate the dramatic consequences, Fig. 1.1 depicts the capsizing of the vessel ”Trans

Summer” during a typhoon, where, luckily, all crew members were saved. Other bulk carriers

had to abort their voyage or take stability-enhancing measures to avoid capsizing. For example,

Lee [73] describes the incident of the ”Alam Manis”, which experienced a cargo failure that

resulted in a list of 17.5◦ to starboard, and is displayed in Fig. 1.2. The vessel carried nickel ore

and could be saved by redistributing the cargo in the holds.

Figure 1.1: Capsizing of bulk carrier ”Trans Summer” carrying nickel ore. Photo courtesy to HKG

Flying Service, extracted from DNV GL [24] and Munro et. al [89].

Table 1.1 lists all vessels lost between 2009 and 2022 and indicates their main dimensions as

well as the type of cargo. It is noticeable that from 2010 onwards, predominantly Indonesian

1



Chapter 1. Introduction and Motivation

(a) During towing (b) At safe anchorage

Figure 1.2: Stability incident of bulk carrier ”Alam Manis” carrying nickel ore (from Lee [73]).

(a) Dry stockpiles (b) Wet stockpiles

Figure 1.3: Nickel ore stockpiles in different weather conditions [109].

nickel ore led to the accidents. From 2010 to 2013, as well as in 2018 and 2019, Indonesia was

the leading nickel ore exporter to China [93]. The ore in Indonesia is usually stored in stockpiles

without coverage and can become wet due to heavy rainfall, as depicted by Fig. 1.3(b). Note

that storing conditions are handled differently in other major ore exporting countries such as

Australia and Brazil.

To ensure safety at sea the International Convention for the Safety of Life at Sea (SOLAS) was

adopted by the International Maritime Organization (IMO) in 1974 and included a chapter on

the carriage of cargo. Extensions of the provisions for bulk cargoes are given in the International

Grain Code (IGC) and International Maritime Solid Bulk Cargoes Code (IMSBC), the latter

of which includes the rules for the transportation of nickel and iron ore. Until the adopted

version of the IMSBC code in 2022 [52], the group A cargoes, including nickel and iron ore,

were defined as ”cargoes which may liquefy” if shipped at a moisture content (MC) exceeding

their ”Transportable Moisture Limit” (TML) [53]. Liquid cargoes – that are not intended –

substantially reduce the dynamic stability of the ship.

2



Chapter 1. Introduction and Motivation

Table 1.1: List of bulk carriers carrying nickel or iron ore lost due to cargo shifting (liquefaction)

between 2009 until 2022. Extracted from ”Bulk Carrier Casualty Reports” of INTERGARGO [54, 55].

Vessel name DWT [t] LoA [m] B [m] year cargo loss of lives

Black Rose 37657 187.7 28.4 2009 Indian iron ore fines 1

Asian Forest 14434 128.0 20.0 2009 Indian iron ore fines 0

Jian Fu Star 45108 189.8 31.3 2010 Indonesian nickel ore 13

Nasco Diamond 56893 185.6 32.3 2010 Indonesian nickel ore 22

Hong Wei 50149 189.8 32.3 2010 Indonesian nickel ore 10

Vinalines Queen 56040 190.0 32.3 2011 Indonesian nickel ore 22

Harita Bauxite 48891 192.0 32.0 2013 Indonesian nickel ore 15

Trans Summer 56824 190.0 32.0 2013 Indonesian nickel ore 0

Bulk Jupiter 56009 190.0 32.3 2015 Malaysian Bauxite 18

Emerald Star 57367 190.0 32.0 2017 Indonesian nickel ore 10

Nur Allya 52378 190.0 32.0 2019 Indonesian nickel ore 27

Liquefaction is a process in which the state of saturated or partially saturated soil changes from

a solid to a liquid and is mostly studied in the context of earthquakes, e.g., Bian et al. [7], Di

et al. [22, 23], Elgamal et al. [31] and Unno et al. [122]. In a geotechnical sense, liquefaction

occurs when the pore water pressure exceeds the effective stress and the grains lose contact. In

these cases, the compression of the soil skeleton increases the pore water pressure, and at the

same time, the permeability of the soil is low so that the pore water cannot escape. Therefore,

to model geotechnical liquefaction, a compressible constitutive equation, kinematic hardening,

and a finite strain elasto-plastic formulation are required, cf. Bardet [5], Mrǒz et al. [88] and

Yang et al. [137].

Since no exact cargo data was recorded for the ships involved in the accidents, it must be clari-

fied whether their cargo experienced liquefaction in a geotechnical sense or other cargo failure

mechanisms depending on saturation. Results of related centrifuge tests that mimicked the

pressure conditions in the holds failed to detect pore water pressure levels that yield liquefac-

tion [56]. Moreover, it is noted that the cargo was not fully saturated, and therefore much of

the containing air must be displaced in order for the pore water pressure to exceed the effective

stress. These findings reduce the likelihood that geotechnical liquefaction is the responsible

failure mechanism.
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Chapter 1. Introduction and Motivation

Figure 1.4: Bauxite cargo exhibiting water separation on the top of the cargo pile and in the corners of

the hold. Extracted from the report of the ”Global Bauxite Working Group” (GBWG) [41].

In order to study the behavior of iron ore after the accidents in 2009, a ”Technical Working

Group” of the IMO was established, and the cargo was observed by laser techniques during

four voyages. Slight compactions of the ore during voyages and a higher final moisture content

at the bottom of the cargo were detected. This phenomenon was called ”wet base” and led to

higher cargo displacements due to local slip failures at the corners of the hold [56]. Expressed

water collected in the corners of the hold and further eroded the cargo pile.

Another ”Global Bauxite Working Group” (GBWG) was set up following the ”Bulk Jupiter”

accident to study the behavior of Bauxite during a voyage, which – until then – was not classified

as group A cargo [53]. To this end, preliminary results of two-dimensional cargo hold studies

described in this thesis have been presented at project meetings where representatives of the

GBWG were present. In the report of the GBWG [41], based on their accumulated knowledge,

a new phenomenon leading to vessel instability was introduced. As seen in Fig. 1.4, water

gathered on top of the cargo after the voyages. Correia [13] identified a process for finer bauxites

in hexapod tests in which water is forced upwards from the cargo, hereinafter called ”dynamic

separation”. In the current amendment of the IMSBC code [52], the definition of group A cargo

was therefore modified to: ”A cargo which possesses a hazard due to moisture that may result

in liquefaction or dynamic separation if shipped at a MC in excess of its TML.” Possible cargo

failure mechanisms for unsaturated ores or grains are concluded to be

• shifting of cargo,

• wet base,

• dynamic separation and

• liquefaction.
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Cargo shifting can occur for all granular cargo materials, including dry cargo. The other three

mechanisms are influenced by the water content of the cargo.

Several review papers and numerical models addressing cargo transport on bulk carriers have

been published in recent years. Zou et al. (2013) used a level-set based Finite Volume (FV)

free-surface method to study the sloshing of highly viscous fluids in rectangular tanks [141].

They concluded that, for beam wave conditions, viscous fluids have an adverse effect on vessel

stability. Munro et al. [89] published a review paper on the general dangers of nickel and iron

ore on board bulk carrier vessels in 2016, which analyzes the available accident reports and

investigates the causes of bulk carrier losses. A few years later, a Discrete Element Method

(DEM) based model was introduced by Ju et al. [60, 59] to simulate liquefaction on merchant

vessels. Coupling a non-newtonian fluid with a simplified body surface method to capture the

vessel response was suggested by Zhang et al. [139] to study the vessel motion for different

wave frequencies and amplitudes. In Zhang et al. [139] it is found that large wave amplitudes

combined with resonance wave frequencies and the weakened stability restoring features of

liquefied cargo are the primary reasons for capsizing. More recently, Airey et al. (2021) applied

the Finite Element Method (FEM) to the different cargo failure mechanisms for unsaturated soils

[3], but the results were compromised by numerical stability issues. Wang et al. (2022) applied

the DEM method to analyze the influence of material parameters on the cargo motion [130],

and determined a critical angle of repose in the range of 22.0◦, below which the stability of the

vessel is substantially weakened. Wu et al. (2022) analyze the liquefaction risk by comparing

the externally induced load obtained with the help of 3D simulations of the vessel motion based

on the potential theory with the cargo liquefaction load threshold given by experiments [135].

Most of the literature did not exist when this work was started, and a strong development in nu-

merical modeling of cargo on bulk carriers is observed during the last four years. The hereafter

presented approach was developed independently from the above mentioned literature.

1.1 Starting Point and Aim of the Thesis

The study is based upon the in-house FV free surface fluid solver FreSCo+. The software can

simulate the 3D flow around ships and the motion of ships in seaway and is jointly developed

by Hamburg University of Technology (TUHH) and Hamburg Ship Model Basin (HSVA).

The framework is specifically tailored for marine applications and free surface phenomena. Pre-

ceding works on free surface discretization techniques within a Volume of Fluid (VoF) method

include Kühl [64], Kühl et al. [65] and Manzke [84]. Farfield wave boundary conditions re-

quired for the present 3D vessel simulations in waves were developed by Wöckner-Kluwe [133].
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1.2. Present Contributions Chapter 1. Introduction and Motivation

Utilized rigid-body motion models based on quaternions were introduced in Koliha [62] and fur-

ther developed and applied in Luo et al. [80], Luo-Theilen et al. [81] and Theilen [114]. An

extension to compressible, i.e. cavitating, liquids that is at the root for modeling compressible

soil was published in Yakubov et al. [136]. A three-phase approach needed for the 3D vessel

simulation is described in Völkner et al. [126].

In order to study cargo behavior on vessels during voyages, the thesis aims to implement a

monolithic multi-physics approach. The latter includes constitutive models representing the

above mentioned cargo failure mechanisms. The framework is applied to parameter studies

exploring different loading scenarios.

Another objective is to prove that a complete 3D ship in waves with cargo can be simulated

using the fully coupled monolithic FV approach and provide quantitative results. Due to the

complexity of liquefaction modeling and the uncertainty as to whether cargo liquefaction was

responsible for the ship accidents, general monolithic soil models are initially implemented.

These should cover as many failure mechanisms as possible and can be expanded into more

complex models if necessary. These include a rigid-perfectly plastic soil model, a porous media

approach for rigid materials, an incompressible elastic model, and a direct coupling of the rigid-

perfectly plastic model with the porous media approach.

Since large displacements are always present if cargo failure occurs, they will thus be considered

in all implemented models. The monolithic approach follows a VoF method to represent the

cargo boundaries in order to be able to obtain arbitrary shapes of the cargo and its included

water and air.

1.2 Present Contributions

The current literature on numerical modeling of granular cargo on bulk carriers is being ex-

panded to include models that can represent the cargo behavior for the failure mechanisms

”cargo shifting”, ”wet base”, and ”dynamic separation” with arbitrary cargo shapes. The ap-

proaches developed ground on the VoF-FV scheme and include the following contributions

1. A thorough study on two-phase flow through a rigid porous medium, including a reduced

formulation of the momentum equations and its effect on the accuracy of results. This

two-phase porous media approach can be used to study the movement of water content

through bulk regions. Parts of the presented results are published in Düsterhöft-Wriggers

et al. [28].
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Chapter 1. Introduction and Motivation 1.3. Outline of the Thesis

2. A validated rigid-perfectly plastic model that can be used to study cargo shifting for dif-

ferent material properties and display the finite strain development. Parts of the presented

results are published in Düsterhöft-Wriggers et al. [29].

3. A strongly coupled porous media approach is introduced for rigid-perfectly plastic mate-

rials experiencing large deformations. With this model, the behavior of the cargo during

failure mechanisms ”wet base” and ”dynamic separation” can be studied for arbitrary

loading and excitation conditions.

4. A monolithic incompressible Neo-Hookean model that can accurately depict the stress-

es acting in the elastic domain in a finite strain formulation. Results of this model are also

presented in Wriggers et al. [134].

Application results of the above models for different external excitations, cargo loading condi-

tions, and material properties are presented. Publications on numerical simulations that apply a

coupled, saturation-dependent model for cargo studies are unknown to the author and represent

an extension of the existing literature on cargo modeling. In addition, a 3D feasibility study for

accident investigations based on the ”Jian Fu Star” accident will be performed. Such a mono-

lithically coupled simulation of ship motion and cargo behavior has not yet been described in

the literature. The general formulated ground models can be applied to various other 2D and 3D

applications such as landslides, coastal engineering problems, scouring, and deformable seabed

under waves.

1.3 Outline of the Thesis

Chapters two to five of this thesis present the implemented models to simulate different cargo

failure mechanisms on vessels. Each chapter contains a section describing the mathematical

model, a section describing the discretized equations, and a section validating and verifying the

model.

The FV-based approximation is put into the focus of the second chapter; all subsequent chapters

refer to this. In this second chapter, alternative formulations described in the literature for

calculating free-surface flows in a porous material are compared. Intensive validation studies

are carried out to lay the foundations for the coupled model of granular cargo motion and free

surface flow through the cargo. The chapter also includes a comparison between a simplified

and a complete formulation for a range of porous materials, the intent of which is to explore the

material limits to the use of the simplifications.
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The third chapter introduces a rigid perfectly-plastic material realized via variable viscosity.

Subsequently, the fourth chapter combines the models explained in chapters two and three

to a porous medium multi-phase formulation of rigid perfectly-plastic granular material with

saturation-dependent strength parameters.

Since disadvantages of the rigid perfectly-plastic approach are observed during the validation

and verification studies of chapters three and four, a monolithic approach for incompressible

elastic materials is introduced in chapter five. A particular focus is on validation based on

several academic test cases.

Chapter six includes two-dimensional application cases of holds excited with external accel-

eration and a three-dimensional proof of concept of a bulk carrier in waves with loaded rigid

perfectly-plastic cargo. To this end, an immiscible three-phase formulation, a rigid body motion

solver, and wave-generating boundary conditions are employed and briefly described in chapter

six.

Concluding remarks, a summary and an outlook are provided in the last chapter of this the-

sis. The outlook addresses missing potential model components required to simulate the cargo

failure mechanism liquefaction.

Throughout this thesis, the notation uses standard lowercase Latin subscripts to mark cartesian

tensor coordinates, and Einsteins’ summation is used over repeated lowercase indices. In addi-

tion, symbolic notations of vectors and tensors employ underlining (e.g., v denoting the velocity

vector).
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Chapter 2

Free Surface Flow Through Rigid Porous

Media

The aim of this work is to simulate the behavior of granular cargo materials on bulk carriers

in waves and its impact on the stability of the vessel. Oral and visual captains’ reports suggest

that accidents could be related to expressed water on top of the granular material. The failure

mechanism is called dynamic separation in the current IMSBC code [52]. In addition, scenar-

ios are considered possible where water diffuses into porous material and influences the yield

strength of the cargo, as well as wet base scenarios, on which the cargo slides. Therefore, a

model describing water flow through the porous material is required. This chapter represents

an introduction into the modelling topic and considers the cargo as a rigid porous material. A

coupling of a free surface flow through a porous media model with the perfectly-plastic granular

material model is described in the next chapter.

Similar topics were addressed by geotechnical and coastal engineering researchers, e.g., de

Lemos [18], Del Jesus et al. [20], Van Gent [38], Higuera [46], Higuera et al. [47], Hsu et al.

[50], Jensen et al. [58], Larese et al. [70], Liu et al. [78], Losada et al. [79] and Uzuoka et

al. [123]. A consistent comparison of related formulations of the problem presented in these

studies can be found in Düsterhöft-Wriggers et al. [28] and the models are generally valid for

incompressible, immiscible two-phase flows through rigid porous media, used, for example, in

biomedical engineering or additive manufacturing.

The chapter outlines different formulations of the momentum and continuity equations. These

are implemented into a cell-centered FV scheme that employs a VoF approach to solve the two-

phase flow, as suggested in the work of Del Jesus et al. [20]. The first formulation coincides with

the governing equations given in Del Jesus et al. [20] in all terms except the diffusion term and

is coherent with the approach of Jensen et al. [58] for a steady porosity. The second formulation
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2.1. Mathematical Model Chapter 2. Free Surface Flow Through Rigid Porous Media

refers to Higuera et al. [47], except for neglecting the added mass in the Forchheimer equation.

Finally, a third set of governing equations is introduced. The latter is considerably simplified

and is based on the finding that the resistance force model of the porous medium is found to be

dominant in the momentum equations, as is also stated in Losada et al. [79] and confirmed in

Sec. 2.4.

The numerical implementation is described in detail, and the results of several 1D, 2D, and 3D

test cases are discussed in combination with different parameter influences and particular mod-

eling aspects, e.g., the porous force model, the different formulations, or the mesh refinement.

Finally, the dependence of the accuracy – and thus also the limits of the applicability – of a sim-

plified formulation on the porous Reynolds number and the mean grain diameter of the porous

material is highlighted. Parts of this section were published in Düsterhöft-Wriggers et al. [28].

2.1 Mathematical Model

The present two-phase flow through rigid porous material is derived from an immiscible, incom-

pressible formulation of the Navier-Stokes equation in an Eulerian framework assuming sharp

interfaces. The VoF method introduced by Hirt et al. [48] is employed to identify the interface

between the gas and the liquid phase. This interface-capturing approach assumes a unique ve-

locity field for all participating phases and involves a single continuity and momentum equation

for the virtual mixture of the two phases. Additionally, a partial differential equation to identify

the local fluid phase and simple equations of state for the local fluid properties are considered.

Inside a (rigid) porous material with porosity n, the fluid only occupies a share of the total

volume. As the basis for the subsequent sections, the definition of porosity n

n =
VF

V
=

VF

VF + VS (2.1)

serves to distinguish the fluid volume VF ratio from the total volume V , which consists of the

fluid volume VF and the volume of the porous material VS , as depicted in Fig. 2.1.

The fluid dynamic momentum equations provide the velocity of the two fluid phases in the fluid

occupied volume. The problem can be expressed by either the fluid velocity vF
i or the Darcy

velocity v̂i = n vF
i , i.e., the mean of the fluid and the solid velocity (which is assumed at rest).

The following sections discuss different formulations of the governing equations.

2.1.1 Continuity Equation

The present study is devoted to immiscible two-phase flows of air and water within rigid porous

materials. Although the local Eulerian properties of the flow might change, the material La-
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vF
1

pF V

VF

v̂1

V

Figure 2.1: Schematic view of a flow through a porous medium. Left: The fluid velocity vF
i is the

velocity of the fluid inside the fluid volume VF , and pF is the fluid pressure. Right: The Darcy velocity

v̂i is the mean velocity over the complete volume V where the solid material is rigid and therefore

v̂i = nvF
i .

grangian properties of an immiscible fluid flow do not change, i.e., they obey the immiscible

condition
DcA

Dt
=

DcW

Dt
= 0 . (2.2)

Here cA = 1 − cW := c denotes air mixture fraction c = VA/VF and the fluid density ρ is

obtained from the air mixture fraction c and the constant bulk densities of air ρA and water ρW ,

viz.

ρ = cAρA + cWρW = cρA + (1 − c)ρW . (2.3)

Due to the immiscible condition (2.2), i.e., Dc/Dt = ∂c/∂t + vF
i ∂c/∂xi = 0, the continuity

equation for a two-phase incompressible fluid yields

D
Dt

∫

VF
ρdV =

∫

VF

(
∂ρ

∂t
+
∂vF

i ρ

∂xi

)
dV =

∫

VF

[
ρA − ρW

] (∂c
∂t

+
∂vF

i c
∂xi

)
dV = 0 , (2.4)

leading to the well-known zero-divergence differential form of the volume conservation
∫

VF

∂vF
i

∂xi
dV = 0 . (2.5)

Introducing the porosity n in the continuity equation (2.5) by integrating over the total volume

V , gives ∫

V

n
∂ v̂i

n

∂xi

 dV =

∮

A
v̂idAi −

∫

V

(
∂n
∂xi

v̂i

n

)
dV = 0 , (2.6)

where the fluid velocity is replaced by the Darcy velocity v̂i = nvF
i . The benefit of the Eqn.

(2.6) is that no precise geometric information is needed to divide the volume into a solid and

fluid portion. For a spatially constant porosity, the second term vanishes, and for the problem

at hand, the second term is only relevant at the boundaries of the porous material. Applying the

Finite Volume method, the porosity gradient in the second term in Eqn. (2.6) is non-zero at the

cell center only if the boundary is embedded in the control volumes. In an artificial test case
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where the resistance forces due to the porous medium are zero (cf. Sec. 2.3.3), it is shown that

the second term in Eqn. (2.6) has a negligible influence on the results. In the following, the

main focus is on assessing three different formulations of the momentum equations. The zero-

divergence form (2.5) is employed in combination with a formulation using the fluid velocity

vF
i , while formulations using the Darcy velocity v̂i employ (2.6) and neglect the second term in

(2.6), i.e. ∫

V

∂ v̂i

∂xi
dV = 0 . (2.7)

This simplification follows Hsu et al. [50], Jensen et al. [58], and Larese et al. [70].

Remarks on Literature

For a one-dimensional or two-dimensional flow, the porosity follows from the relation of fluid

area AF to total area Â

n =
AF

Â
. (2.8)

Therefore Eqn. (2.5) can be expressed as

∫

VF

∂vF
i

∂xi
dV =

∮

AF
vF

i dAi =

∮

A
v̂idAi (2.9)

and the second term of Eqn. (2.6) vanishes. These arguments refute the statement of Jensen et

al. [58] that the continuity equation stated in del Jesus et al. [20] (∂vF
i /∂xi = 0) is not applicable.

Jensen et al. [58] show that for a 1D example, the fluid velocity gradient is not zero for constant

volume flux and a decreasing porosity in the flow direction, while the Darcy velocity gradient

vanishes. This statement is exact but neglects the correctness of Eqn. (2.5), where the fluid

velocity divergence must be zero in the fluid volume.

2.1.2 Momentum Equations

To derive the momentum equations in porous media, first, the momentum equations of an in-

compressible fluid are derived from the force balance of a fluid inside a fluid volume dVF . The

change of momentum for incompressible fluids equals the pressure, viscous, and body forces

D
Dt

∫

VF

(
ρvF

i

)
dV =

∫

VF


∂(ρvF

i )
∂t

+
∂
(
ρvF

i vF
j

)

∂x j

 dV =

∫

VF

[
ρgi − ∂pF

∂xi
+
∂τi j

∂x j

]
dV . (2.10)

Here, only gravity body forces are taken into account. For an incompressible Newtonian fluid,

the constitutive equation

τi j = µ


∂vF

i

∂x j
+
∂vF

j

∂xi

 (2.11)
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relates the stress tensor τi j to the strain-rate tensor that, by construction, ensures angular mo-

mentum balance, hence
∫

VF


∂(ρvF

i )
∂t

+
∂
(
ρvF

i vF
j

)

∂x j

 dV =

∫

VF

ρgi − ∂pF

∂xi
+

∂

∂x j

µ

∂vF

i

∂x j
+
∂vF

j

∂xi



 dV . (2.12)

Introducing the porosity from (2.1) and an interaction force f R
i acting from the rigid porous

material on the fluid volume, one obtains the (vF
i , pF)-formulation of the momentum equations

∫

V
n


∂(ρvF

i )
∂t

+
∂
(
ρvF

i vF
j

)

∂x j

 dV =

∫

V
n

ρgi − ∂pF

∂xi
+

∂

∂xi

µ

∂vF

i

∂x j
+
∂vF

j

∂xi


 +

f R
i

n

 dV . (2.13)

Substituting the fluid velocity by the Darcy velocity vF
i = v̂i/n and integrating over the entire

volume dV , one arrives at a (v̂i, pF)-formulation of the momentum equations
∫

V
n


∂(ρ v̂i

n )
∂t

+
∂
(
ρ v̂i

n
v̂ j

n

)

∂x j

 dV =

∫

V
n

ρgi − ∂pF

∂xi
+

∂

∂xi

µ

∂ v̂i

n

∂x j
+
∂

v̂ j

n

∂xi



 +
f R
i

n

 dV . (2.14)

This equation is divided by n assuming the porosity to be homogeneous and steady.

2.1.3 Porous Force Models

The porous force represents the contact force between the porous material and the fluid. This

work is confined to well-established porous force models. The simplest model is the linear

Darcy law

f̂ R
i =

f R
i

ρ
∼ −Ãv̂i , (2.15)

which was introduced by Darcy in 1856 and relates the porous force to the Darcy velocity of the

fluid and an empirical constant Ã. The linear Darcy law is sufficient to represent the resistance

forces acting on the fluid for small porous Reynolds numbers, i.e.,

ReP =
||v̂||2 D50

ν
, (2.16)

where D50 refers to the mean grain size of the porous material. As given in Gu et al. [43], the

non-linear behavior of porous flow starts at ReP ∈ [1, 10] and turbulent flows appear around

ReP ∈ [60, 150] as stated in Larese [69]. The range of applicability of the linear Darcy law is

further discussed by Van Gent [39], Larese [69] and Polubarinova-Kochina [98]. Forchheimer

[37] introduced a non-linear term to Darcy’s law to capture contributions of turbulence and

large-scale convective transport. An additional third term, which Polubarinova-Kochina [98]

supplemented takes added mass phenomena into account and completes the extended Forch-

heimer equation that employs three empirical constants Ã, B̃, C̃

f̂ R
i = −

(
Ãv̂i + B̃ v̂i ||v̂||2 + C̃

∂v̂i

∂t

)
. (2.17)
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As given in Düsterhöft-Wriggers [28], expression (2.17) still represents a state-of-the-art ap-

proach for flows through porous material. There exist numerous studies on the description of

the resistance force factors Ã, B̃ and C̃ depending on the porosity n for different materials, the

physical properties of the fluid, the mean grain diameter D50 and additional constants. Exam-

ples can be found in Bear et al. [6], Engelund [32], Ergun [33], Van Gent [38], Kozeny [63] or

Losada et al. [79] among others.

Table 2.1: Different formulations of resistance law constants used in the literature.

literature type of res. law Ã B̃ C̃

Uzuoka et. al [123] general Darcy
µn
ρk

- -

De Lemos [19] general nonlinear cFn√
k

-

Larese et. al [69] Ergun
αµ(1−n)2

ρn2D2
50

β (1−n)
n2D50

-

& De Lemos [18]

Van Gent [38] (1D) Van Gent

γ (1−n)
n& Hsu et. al [50]

Del Jesus [20] & [38] Engelund αµ(1−n)3

ρnD2
50

Liu et. al [78] Van Gent αµ(1−n)2

ρn2D2
50

β
(1+ 7.5

KC )(1−n)
n2D50

oscillating flow

Table 2.1 summarizes the models used in the previously mentioned literature. Uzuoka et al.

[123] use Darcy’s law in a general form. De Lemos et al. [18] and Larese et al. [69] employ

the Ergun model. De Lemos et al. [19] refer to a general expression for Ã and B̃ based upon the

intrinsic permeability k which can be obtained from experiments or one of the models mentioned

above. The Van Gent model is used by Van Gent et al. [38] and Liu et al. [78], where the former

employs a more complex version that adjusts Ã and B̃ with the help of the Keuler-Carpenter

number KC =| v̂iT |/D50 and a representative time scale T . The Van Gent model is also used in

Hsu et al. [50]. Van Gent et al. [38] also applied the Engelund model for verification purposes.

With the Engelund formula given in Tab. 2.1, a reproduction of Del Jesus [20] results is possible.

A Forchheimer formula is applied in De Lemos [18] and Larese et al. [70], and a Forchheimer

formula with an added mass term is used in Del Jesus [20], Van Gent [38], Higuera et al. [47],

Hsu et al. [50], Jensen et al. [58] and Liu et al. [78]. The choice of porous resistance force

model depends on the nature of the investigated flow field, which can be described, e.g., by the

pore Reynolds number.
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2.1.4 Two-Phase Representation by the Volume of Fluid Method

A Volume of Fluid (VoF) approach represents the free boundary between the two incompress-

ible immiscible phases inside and outside the porous material in the present work. The VoF

approach introduced by Hirt et al. [48] identifies the interface position from a scalar concen-

tration function and is classified as an interface-capturing approach. Other interface-capturing

approaches include the level-set method (e.g., Sussmann [112]), which offers the advantage of

an inherently sharp interface for immiscible flows, and the diffuse-interface method (e.g., An-

derson et al. [4]). Reviews on interface-capturing methods can be found in Tryggvason et al.

[117] and Mirjalili et al. [87].

The VoF approach uses the (air) concentration field c, cf. Eqn. (2.2), to express the fluid

properties density ρ and viscosity µ

ρ = cρA + (1 − c) ρW and µ = cµA + (1 − c) µW , (2.18)

where ρA, ρW and µA, µW refer to the bulk properties of the two fluids. This work uses only

constant bulk densities and mixture fraction values of c = 0.5 to identify the interface. As

stated in Hirt et al. [48], the concentration c moves with the fluid flow, and the integral form of

the immiscibility condition (cf. Sec. 2.1.1) follows from

∫

VF


∂c
∂t

+
∂
(
cvF

i

)

∂xi

 dV = 0 . (2.19)

In a Darcy-velocity v̂i formulation equation (2.19) reads

∫

V
n


∂c
∂t

+
∂
(
c v̂i

n

)

∂xi

 dV = 0 . (2.20)

Dividing the equation by the porosity yields

∫

V


∂c
∂t

+
∂
(
c v̂i

n

)

∂xi

 dV = 0 . (2.21)

2.2 Finite Volume Method

In the present work, a pressure-based FV formulation using a cell-centered, co-located variable

arrangement on unstructured polyhedral grids is applied to approximate the free surface flows

through porous material. The FV method approximates the integral form of the conservation

equations by discretizing the computational domain into a set of control volumes (CVs) of size

∆VP. Figure 2.2 displays an exemplary rectangular CV. The integral form of the conservation
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P
f1f3

f4

f2

xx

x

x

∆VP Af1

Ax,f1

NB

d

Figure 2.2: Schematic figure of a control volume (CV).

equations are solved for each finite CV, where the sum of all CVs complies with the entire

domain and comprises the algebraic equation system, cf. Ferziger [36]. A sequential algo-

rithm is used to solve the coupled system of linearized discrete algebraic equations (Large Eddy

Simulation).

Local 1D Stencil

Fig. 2.2 illustrates a quadrilateral 2D control volume, where P denotes the location of the

control volume and NB is the corresponding center of the control volume adjacent to face f1.

All dependent variables Θ are stored in the center of a control volume.

Next to the cell center, values of the variables Θ are also required at the face centers fn, to

approximate surface integrals that arise from integration by parts of the convection, diffusion

(and pressure) terms, cf. below. To this end, face centered values are required, which follow

from a 1D-reconstruction using (a) the corresponding face-neighboring cell center values ΘP

and ΘNB as well as (b) their respective gradients ∇ΘP and ∇ΘNB.

In the following sections, the subscript f marks the cell face locations or their corresponding

variable values, A denotes the face area, and Ai the related outward pointing face vector (cf.

Fig. 2.2). The scalar distance between the cell center P and adjacent neighbouring centers NB

is labeled d.

Integral Approximation

The mid-point rule is applied to approximate both volume and face integrals
∫

V
Θ dV ≈ ΘP∆VP (2.22)

and ∫

A
Θ dA ≈ Θ f A f (2.23)
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leading to second-order spatial accuracy of the integral approximation. Applying Gauss’s theo-

rem (integration by parts) to derivative terms yields
∫

V

∂Θ

∂xi
=

∮

A(V)
ΘdAi =

∑

f (V)

∫

A
ΘdAi , (2.24)

where (2.23) is subsequently employed to approximate the surface integrals.

Convective Fluxes

Using the above mentioned surface integral approximation, the convection terms are approxi-

mated by
∫

VP

∂ (ρΘvi)
∂xi

dV =

∮

A(VP)
(ρΘvi) dAi ≈

∑

f (∆VP)

[
ρAivi

]
f Θ f =

∑

f (∆VP)

ṁ f Θ f , (2.25)

Required face values for the mass flux ṁ f are obtained by a linear interpolation from the face

adjacent cell centers P and NB. For locally equidistant, orthogonal meshes the approximation

is second-order accurate in space. For irregular meshes, a non-orthogonality correction is intro-

duced, which is further described in detail in Appendix A.1. Moreover, convective fluxes are

reconstructed from blended first-order upwind and second-order central difference approxima-

tions, cf. Appendix A.1. The flux-blending contribution is cast into an implicit UDS part and

an explicit deferred correction part.

Diffusive Fluxes

The diffusive fluxes of a generic variable follow from

−
∫

V

∂

∂xi

(
ρΓφ

∂Θ

∂xi

)
dV = −

∫

A

(
ρΓφ

∂Θ

∂xi

)
dAi ≈ −

∑

f (∆VP)

[
ρΓφ

∂Θ

∂xi

]

f
Ai , (2.26)

where Γφ is a generic diffusion coefficient. For orthogonal grids, the gradient at the face becomes
[
∂Θ

∂xi

]

f
Ai =

ΘNB − ΘP

d
A . (2.27)

For non-orthogonal grids, where the direction of the face normal and the connection vector dif-

fer, a modification based upon the deferred correction approach is utilized and further explained

in Appendix A.2.

Transient Approximation

A simple, first-order implicit Euler scheme is applied to approximate time derivatives
∫

V

∂Θ

∂t
dV ≈ (Θ∆VP)n − (Θ∆VP)n−1

∆t
. (2.28)
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For each time step, the governing equations are iterated to convergence in a segregated manner

as displayed in Fig. 2.3. The superscripts n and m denote the time step and the iteration index

of the iterative procedure, respectively. As described in the next sections, a pressure correction

scheme is applied to fulfill the continuity equation. The general algorithm follows Ferziger [36],

and further details are given by Kühl et al. [67], Völkner et al. [125] and Yakubov et al. [136].

2.2.1 Discretized (v̂i, pF)-Formulation

The continuity equation follows from Eqn. (2.7). The momentum equation follows from Eqn.

(2.14) and is divided by a homogeneous porosity. A Forchheimer porous force is used with the

added mass term being suppressed, i.e., C̃ = 0. The mixture fraction transport is governed by

Eqn. (2.21) and the equation system follows as

∮

A
v̂idAi = 0 (2.29)

∫

V

∂

∂t

(
ρv̂i

n

)
dV +

∮

A

(
ρ

v̂i

n
v̂ j

n

)
dA j =

−
∮

A
pFdAi +

∫

V
ρgidV +

∮

A
µ


∂ v̂i

n

∂x j
+
∂

v̂ j

n

∂xi

 dA j −
∫

V

ρ

n
v̂i

(
Ã + B̃ ||v̂||2

)
dV

(2.30)

∫

V

∂c
∂t

dV +

∮

A

cv̂i

n
dAi = 0 . (2.31)

If the porosity is assumed to be constant in time, the momentum equations are entirely in line

with Jensen et al. [58]. However, the resulting terms from applying Gauss’s theorem, including

the spatial derivative of the porosity, cf., Eqn. (2.6), are neglected, which is consistent with the

employed continuity equation.

Discrete Momentum Equations

Equation (2.30) is discretized over a control volume V = ∆VP with the center location P as

depicted in Fig. 2.2. Using the mid-point integration rule together with a simple first-order

implicit time discretization and an implicit upwind-difference scheme (cf. Appendix A.1) for
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start

initialisation

cinit., v̂init.
i , pF,init.

µinit.(cinit.), ρinit.(cinit.)

start time step

start outer iteration

update properties

µn,m(cn,m−1, v̂n,m−1
i , pF,n,m−1)

ρn,m(cn,m−1)

solve momentum equations

v̂n,m
i (v̂n,m−1

i , pF,n,m−1, ˙̂vn,m−1
i , cn,m−1, µn,m, ρn,m)

solve pressure equation

˙̂vn,m
i (v̂n,m

i )
pF,n,m(˙̂vn,m

i , v̂n,m
i )

fulfill continuity equation

v̂n,m∗
i , ˙̂vn,m∗

i

solve free surface equation

cn,m(v̂n,m∗
i , ˙̂vn,m∗

i , cn,m−1)

convergence?

m→ m-1

no

yes

Maximum number of time steps?no

n→ n-1

yes
update properties

µn+1,m(cn,m, v̂n,m
i , pF,n,m)

ρn+1,m(cn,m)

end

Figure 2.3: Procedure to simulate the free surface flow through rigid porous media.
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the discrete equation reads

v̂n,m
i,P

∆VP

(
ρ

n

)

P

(
1
∆t

+ Ã + B̃ ||v̂||n,m−1
2

)

P
+

∑

f (∆VP)

Av̂i
NB


︸                                                         ︷︷                                                         ︸

Av̂i
P

−
∑

f (∆VP)


(
1
n

max
[
−

˙̂mn,m−1

n
, 0

])

f
+

(
1
n
µA
d

)

f


︸                                         ︷︷                                         ︸

Av̂i
NB

v̂n,m
i,NB =

−
∑

f (∆VP)

(
pF,n,m−1

f Ai

)
+ ρP∆VP

(
gi +

v̂n−1
i

n∆t

)

P
+ S v̂i .

(2.32)

Here ˙̂m f = (ρv̂iAi) f refers to the porous mass flux across a porous face. Porous resistance

terms are implemented in an implicit manner to improve numerical stability. The source term

S v̂i includes explicit terms which arise from different deferred correction contributions, e.g.,

higher-order convection and non-orthogonality corrections, which are detailed in Appendix A.1

and Appendix A.2.

Discrete Continuity Equation

As seen in the governing equations (2.29), (2.30) and (2.31), the pressure is only present in the

momentum equations. After solving the momentum equations to obtain the Darcy velocity, no

equation exists to explicitly compute the pressure. Since the computed velocities must also sat-

isfy the continuity equation, a pressure link to the continuity equation is required. This should

adjust the pressure so that the calculated velocities are compatible with the continuity equation.

A Semi-Implicit Method for Pressure Linked Equations (SIMPLE) pressure correction scheme

introduced by Caretto et al. [11] and Patankar et al. [97] is used to fulfill the continuity equa-

tion following closely the algorithms described in Ferziger [36] and Yakubov et al. [136]. It is

important to note that the classical SIMPLE pressure correction scheme can be adopted without

any change to solve porous two-phase flows in the (v̂i,pF)-formulation due to the assumption

that the Darcy velocity is divergence-free. The pressure correction scheme derived in this sec-

tion will also be applied in combination with the equation systems given in chapters 3, 4, and 5

with the according velocity variables.

For the equation system (Eqns. (2.29), (2.30) and (2.31)), the scheme starts from the velocity

and pressure values (v̂m−1
i , pF,m−1) of the previous iteration state. An intermediate Darcy velocity

v̂m
i is obtained from the discrete momentum equations (2.32), which is usually not divergence-

free. Therefore a velocity correction v̂
′
i : v̂m∗

i = v̂m
i + v̂

′
i is introduced to satisfy the discrete
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continuity equation for v̂m∗
i which is derived from Eqn. (2.29)

∑

f (∆VP)

(
v̂m

i + v̂
′
i

)
f

Ai = 0 . (2.33)

To link the velocity correction to a pressure correction p′

pF,m = pF,m−1 + pF,′ , (2.34)

a simplified momentum expression is derived from the discrete momentum equations. The

intermediate Darcy velocity v̂m
i follows from the solution of (2.32), viz.

Av̂i
P v̂m

i = −∂pF,m−1

∂xi
∆VP −

∑

NB

Av̂i
NBv̂m

i,NB + fP,i∆VP , (2.35)

where Av̂i
P refers to the main-diagonal coefficient, Av̂i

NB to the neighbour coefficients and fP,i to

the source terms of the discrete momentum equations (2.32). The iterated velocity v̂m∗
i needs

to fulfill the momentum and continuity equations. By subtraction of both discrete momentum

equations, the source terms are eliminated, and a discrete equation for the corrected velocity v̂
′
i

is obtained

Av̂i
P v̂
′
i = −∂pF,′

∂xi
∆VP −

∑

NB

Av̂i
NBv̂

′
i,NB . (2.36)

To obtain an explicit relation between the local pressure correction gradient and the local veloc-

ity correction vector, the neighbor coefficient term is neglected

v̂
′
i = −∆VP

Av̂i
P

∂pF,′

∂xi
. (2.37)

This relation is evaluated at the faces of all CVs to compute the related mass fluxes

v̂
′
f ,iniA f = −


∆V

Av̂i
P


f

(
∂pF,′

∂xi
ni

)

f
A f (2.38)

where ni is the normal vector at each face of a control volume. Approximating the volume

around the face (∆V) f via

(∆V) f = A f ,id f ,i , (2.39)

where d f ,i is the distance vector between cell centers of the neighboring cells at face f and

substitution the resulting expression into Eqn. (2.33) leads to

∑

f (∆VP)

v̂m
f ,iA f ,i −

∑

f (∆VP)


Aidi

Av̂i
P


f

(
∂pF,′

∂xi
ni

)

f
A f = 0 . (2.40)

As described in Ferziger and Peric [35], the approximation of the pressure gradient in the di-

rection of the face normal is split into an implicit orthogonal and an explicit non-orthogonal

term (
∂pF,′

∂xi
ni

)

f
=


pF,′

NB − pF,′
P

d

 +

(
∂pF,′

∂xi

(
Ai

A
− di

d

))

f
. (2.41)
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The non-orthogonal, second term on the RHS leads to a two-step pressure correction scheme.

During the initial step, pressure corrections are zero. Therefore, the explicit gradient term does

not exist and only the implicit orthogonal part of the approximation is used in Eqn. (2.40). This

yields a coupled equation system for the pressure correction pF,′

− pF,′
P

∑

∆VP


Aidi

Av̂i
Pd


f︸        ︷︷        ︸

ApF,′
P

−
∑

NB


Aidi

Av̂i
Pd


f︸  ︷︷  ︸

ApF,′
NB

pF,′
NB = − ˙̂Vm

∆VP
, (2.42)

where ˙̂Vm
∆VP

=
∑

f (∆VP) v̂m
f ,iA f ,i refers to the volume flux in each control volume. Porous media

influences are implicitly considered through the main diagonal coefficients Av̂i
P . Subsequently,

the obtained pressure correction pF,′ is used to calculate the pressure pF,m from Eqn. (2.34)

including relaxation and correcting the Darcy velocity and Darcy flux. The Darcy flux ˙̂vm∗ at

each face is corrected to fulfill the discrete continuity equation in each control volume by

˙̂vm∗
f = ˙̂vm

f + ApF,′

NB

(
pF,′

NB − pF,′
P

)
. (2.43)

An associated correction of the velocities at the cell centers follows from Eqn. (2.37) and reads

v̂m∗
i,P = v̂m

i,P +

−
∆VP

Av̂i,P
P


(
∂pF,′

∂xi

)

P
. (2.44)

To avoid pressure oscillations often occurring for a collocated variable arrangement, a Rhie-

Chow [101] interpolation of the fluxes in (v̂m
i Ai) f is applied as described in Appendix A.3. In

subsequent stages of the SIMPLE algorithm, the complete approximation of the pressure gra-

dient (2.41) is introduced into Eqn. (2.40), where non-orthogonality effects are included. Since

the corrected Darcy velocity flux fulfills the continuity equation after the first stage, the entire

pressure gradient approximation can be applied to obtain the second stage corrections with an

updated pressure field. The pressure correction field pF,′ is used to explicitly discretize the pres-

sure gradient on the RHS of equation (2.41) and therefore, the coefficient matrix, i.e. ApF,′

P and

ApF,′

NB , is identical to the first stage of the algorithm. Having solved the pressure correction, the

pressure and Darcy velocity are corrected.

Remark

To study the influence of the second term of Eqn. (2.6) in the artificial case with zero porous

resistance forces in Sec. 2.3.3, the complete equation is discretized by adding two explicit

terms in the equation, including the scalar product of the gradient of the porosity and the Darcy

velocity divided by the porosity. Furthermore, the velocity correction is discretized by linking
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it to the pressure correction from the previous iteration with Eqn. (2.37)

∑

f (∆VP)

v̂m
f ,iA f ,i −

∑

f (∆VP)


Aidi

Av̂i
P


f

(
∂pF,′

∂xi
ni

)

f
A f =

∂n
∂xi

v̂m
i,P

nP
∆VP +

∂n
∂xi

∂pF,m−1
P

∂xi

∆V2
P

nPAv̂i
P

. (2.45)

Discretized Air Mixture Fraction Equation for (v̂i, pF) - Formulation

Applying a first-order implicit time integration scheme and an implicit upwind-difference scheme

for the approximation of the convective term, the discrete mixture fraction transport reads

cn,m
P


∆VP

∆t
+

∑

f (∆VP)

Ac
NB

 −
∑

f (∆VP)

max

−
( ˙̂m/ρ)

n

n,m−1

, 0




f︸                         ︷︷                         ︸
Ac

NB

cn,m
NB =

∆VP

∆t
cn−1

P + S c ,
(2.46)

where S c hosts the deferred correction contributions of the compressive approximation. The

mass flux ˙̂m is calculated from the updated Darcy flux ˙̂vm∗ after solving the continuity equation.

Two specific compressive approximations of the convective term are used in this work: the

High Resolution Interface Capturing Scheme (HRIC), which was developed by Muzaferija et

al. [91], and the Compressive Interface Capturing Scheme for Arbitrary Meshes (CICSAM),

developed by Ubbink [118] and Ubbink et al. [119]. A description of the HRIC and CICSAM

implementation in the FV procedure FreSCo+ can be found in Kühl et al. [66]. The cell-centered

density and viscosity values are updated at each iteration by the cell-centered values of c using

the simple linear equation of state (2.18). Similarly, the face-centered material properties are

reconstructed from the corresponding face values of c.

2.2.2 Discretized Equation System for (vF
i , pF) - Formulation

In a second implementation, the fluid velocity vF
i and the fluid pressure pF are dependent vari-

ables. Therefore the equation system is formulated for the fluid volume VF and area AF as

explained in Secs. 2.1.1, 2.1.2, and 2.1.4. The momentum equations follow from Eqn. (2.13)

divided by n, which is valid for a rigid porous material, and the set of equations for the (vF
i , pF)

- formulation reads ∮

AF
vF

i dAi = 0 (2.47)

∫

VF

∂

∂t

(
ρvF

i

)
dV +

∮

AF

(
ρvF

i vF
j

)
dA j =

−
∮

AF
pFdAi +

∫

VF
ρgidV +

∮

AF
µ


∂vF

i

∂x j
+
∂vF

j

∂xi

 dA j −
∫

VF
ρvF

i

(
Ã + nB̃

∣∣∣
∣∣∣vF

∣∣∣
∣∣∣
2

)
dV

(2.48)

∫

VF

∂c
∂t

dV +

∮

AF
cvF

i dAi = 0 . (2.49)
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This formulation aligns with Higuera et al. [47] and only adds two resistance terms to the

momentum equations. It uses a different diffusion term as in Jensen et al. [58] or Eqn. (2.30).

The difficulty of this approach lies in the correct discretization of the continuity equation, as

also stated in Higuera et al. [47].

Discretized Momentum Equations for (vF
i , pF) - Formulation

The governing equations should be integrated over the fluid volume ∆VF and fluid areas dAF
i .

Using dVF = ndV and dAF
i = ndAi together with a midpoint integration rule, the aforemen-

tioned discretization techniques yield

vF,n,m
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i
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(2.50)

where ṁ f = (ρvF
i Ai) f refers to a mass flux. The term S vF

i
formally coincides with the term in

the previous momentum equations (2.32). The Finite Volume Method (FVM) aims to obtain

conservative fluxes, and therefore a unique porosity ratio n f /nP (porosity value at face/porosity

value in cell center) is required in the flux terms. This suggests to interpolate the denominator

nP to the faces, which immediately yields nP f = n f , and a simpler expression arises, viz.

vF,n,m
i,P
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(2.51)

It is important to note that dAF
i = ndAi is an assumption only valid for 1D and 2D flows. Taking

into account 3D effects using root-based approximations only induces minor influences at the

corners of a 3D rigid porous dam.

Discretized Continuity Equation for (vF
i , pF) - Formulation

The same SIMPLE algorithm described in Sec. 2.2.1 is used to iteratively obtain the pressure.

Equation (2.47) has to be integrated over the fluid volume, and therefore the face areas occurring
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in the discretized version are augmented by the face-centered porosities n f and the semi-discrete

pressure correction equation reads

∑

f (∆VP)

(
nvF,m

i Ai

)
f
−

∑

f (∆VP)




n ∆V

A
vF

i
P



(
∂pF,′

∂xi

)
Ai


f

= 0 . (2.52)

Note that Rhie-Chow type corrections are multiplied with n f in line with Eqn. (2.52) to avoid

pressure oscillations.

Discretized Air Mixture Fraction Equation for (vF
i , pF) - Formulation

In the air mixture fraction equation for the vF
i , pF-formulation, the discretization over the fluid

area and volume leads to

cn,m
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where nP f = n f is assumed in line with Eqn. (2.51). The fluid properties are updated using cm

and the equations of state (2.18).

2.2.3 Discretized Equation System for Simplified Momentum Equations

with (v̂i, pF) - Formulation.

The simplified formulation is the set of governing equations from Sec. 2.2.1 with a reduction

of the aforementioned momentum equations (2.30). This version of the momentum equations

neglects the division of the left-hand terms of the discrete momentum equations by the poros-

ity. Therefore, the transient, convective, and diffusive transport are effectively reduced. To

summarize, the governing equations are given by
∮

A
v̂idAi = 0 (2.54)
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(2.55)

∫

V

∂c
∂t

dV +

∮

A

cv̂i

n
dAi = 0 . (2.56)

Only the momentum equations are modified, and subsequently combined with the discrete con-

tinuity equation and air mixture fraction equation outlined in Sec. 2.2.1. The discrete form
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of Eqn. (2.55) follows by applying the same discretization techniques as in previous sections

resulting in
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Mind that the deferred correction terms of the higher-order convective approximation, e.g. the

flux blending scheme, are consistently simplified. Similar methods are mentioned in Higuera

et al. [47], albeit a discussion on the exactness of the method is not given. The accuracy of the

simplified equation system is explored in Sec. 2.4.

Remarks on Validity and Advantages of Simplified Strategy

A closer look at the discrete momentum equations leads to arguments that show why the sim-

plification gives small deviations to a correct formulation in numerical results. To demonstrate,

the diagonal coefficient Av̂i
P is split into a porous contribution and a remainder, viz.

Av̂i
P = A∗,v̂i

P + ρP∆VP

(
ÃP + B̃P ||v̂P||2

)
. (2.58)

Introducing this into the reduced momentum equations (2.35) used to derive the pressure-

correction scheme leads to the semi-discrete momentum equations

(
A∗,v̂i

P + ρP∆VP

(
ÃP + B̃P ||v̂P||2

))
v̂i,P = −∂pF

∂xi
∆VP −

∑

NB

Av̂i
NBv̂i,NB + ρPgi∆VP . (2.59)

For lower porous Reynolds numbers, creeping flow situations featuring small velocities, small

velocity derivatives, and thus high porous force model constants can be expected. In the limit of

small coefficients A∗,v̂i
P and A∗NB, one immediately recognizes that the semi-discrete momentum

equations reduce to a subset of an equilibrium of porous, pressure and gravity forces. In this

case, the semi-discrete momentum equations (2.59) converge to the ”pure” Darcy flow equation.

The higher the porous Reynolds number, the less acceptable the simplification of the momentum

equations. This will be explored further in Sec. 2.4.

The advantage of using Eqn. (2.55) is the simplicity of the implementation into a state-of-the-

art second-order accurate FVM fluid solver. No modification of the momentum equations is
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needed (the variable vF is changed to v̂) except for supplementing porous force contributions.

The pressure correction scheme can be applied without changes. As explained above, a simple

modification of the free surface equation, cf. Eqn. (2.31), has to be performed. Both mod-

ifications may easily be implemented in a user coding environment of commercial software

packages. A further advantage of the simplified method is its higher robustness towards differ-

ent treatments of the porosity value at faces since no face values of the porosity are needed in

the discretization of the simplified method.

2.3 Verification and Validation

All three suggested FV models for free surface flow through rigid porous medium are assessed

utilizing 2D and 3D validation cases. To this end, selected variants of unsteady dam-break flows

and a steady embankment flow, are investigated using different porous materials. A single-phase

3D permeameter case introduced in Larese et al. [72] is used to study the different formulations

and validate the implementation of the porous forces. Secondly, a 2D dam break case introduced

by Lin [76] and also used for validation in Del Jesus et al. [20], Larese et al. [70] and Liu et

al. [78] with two different rigid porous dam materials is considered to validate the two-phase

formulation. Furthermore, a 2D and 3D flow through a homogenous porous dam introduced in

Larese [69] and a 3D dam break case introduced by Del Jesus et al. [20] are used to verify the

three-dimensional behavior as well as influences of higher porous Reynolds numbers. The cell-

centered porosities n and constants of the porous resistance laws Ã, B̃, and C̃ are defined in line

with data used by the previously mentioned computational and experimental work. Face values

of the porosity follow from linear interpolation. Average and peak porous Reynolds numbers

ReP are calculated from the present simulations to estimate non-linear influences on the porous

resistance. The unconstraint flows are characterized by low Reynolds numbers, which support

a laminar representation. Moreover, turbulent effects inside the porous material are deemed to

be captured by the porous resistance force model.

Results of the present simulations utilize a compressive HRIC approximation of convective

concentration fluxes in test cases 2.3.2 and 2.3.5 as well as the CICSAM scheme in test case

2.3.4. A simple flux-blending scheme featuring 70% second-order central differencing is used

to approximate the convective terms of the momentum equations, and a first-order implicit Euler

scheme is employed to approximate time derivatives.

Throughout the section, remarks about the porous force model influence and the discretization

influence on results are given. Furthermore, a comparison of the three alternative governing

equation systems is presented for an artificial two-phase porous flow case without resistance
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forces.

2.3.1 Permeameter - Validation for Single-Phase Porous Flow

Experimental permeameter results from the Centre for Hydrographic Studies CEDEX presented

in Larese et al. [72] are used to validate the present methods for single-phase flow through a

porous material. A material with a porosity of n = 0.4133 and an average diameter of D50 =

3.5 · 10−2 m is filled in a cylindrical tube with an inner diameter of Dperm = 0.388 m and a

length of L = 2.0 m, cf. Fig. 2.4. Emphasis is given to the pressure loss in steady flows of water

( ρ = 1000 kg/m3, µ = 0.001 Pa s) for different flow rates, cf. Larese et al. [72]. Depending

on the flow rates, the porous Reynolds numbers range from ReP = 30 to ReP = 296. Using the

x1

x2

2.0

0.388

Figure 2.4: Permeameter case: Geometry of permeameter filled with porous material. Dimensions are

given in meters.

expression

i = A∗v̂1 + B∗v̂2
1 (2.60)

for the hydraulic gradient i (i = ∆pF/ρgL), A∗ and B∗ are obtained to be A∗ = 0.2729 s/m and

B∗ = 29.766 s2/m2 from experiments. The constants Ã and B̃ are obtained from A∗ and B∗

by multiplication with the porosity n and the gravitational acceleration g = 9.81 m/s2. Mind

that the experiment is designed such that all other body forces, e.g. gravity, do not affect the

analyzed gradient of pressure. The resulting pressure difference can be used directly to obtain

the hydraulic gradient.

3D results are presented for three different unstructured meshes where a regular grid spacing

is used for the longitudinal direction: a coarse mesh with ∆x1 = L /41 and ∆x2 = ∆x3 ≈√
2π/56 Dperm/2, a medium-sized mesh with ∆x1 = L /82 and ∆x2 = ∆x3 ≈

√
2π/224 Dperm/ 2

and a fine mesh with ∆x1 = L /164 and ∆x2 = ∆x3 ≈
√

2π/1012 Dperm/ 2.
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A wall boundary condition is applied along the cylinder wall. The inlet faces at x1 = 0 are

assigned to Dirichlet conditions for the x1-velocity according to a prescribed volume flux. A

pressure outlet boundary is used at x1 = L, where the pressure is set to a zero reference pressure.

Pressure and velocity fields are initialized with the inlet velocity and the reference pressure.

Validation Results for Different Mesh Resolutions and Discrete Formulations

Simulations are conducted with the three different meshes for all three formulations of the

governing equation system. Fig. 2.5 depicts the deviations of simulation results from the
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coarse; vF
i , pF medium; vF

i , pF fine; vF
i , pF

Figure 2.5: Evolution of the predictive error for the hydraulic gradient, cf. Eqn. (2.60), with increasing

volume flux Q for the permeameter case. Results are obtained from the three investigated formulations

for three different spatial resolutions: coarse mesh ∆x1 = L /41, ∆x2 = ∆x3 ≈
√

2π/56 Dperm/2;

medium-sized mesh ∆x1 = L /82, ∆x2 = ∆x3 ≈
√

2π/224 Dperm/ 2; fine mesh ∆x1 = L /164,

∆x2 = ∆x3 ≈
√

2π/1012 Dperm/ 2.

applied resistance law given for a range of volume fluxes Q. The deviation error, which is

defined as error = (isim − iresLaw)/iresLaw, remains below 1% for all resolutions and versions of

governing equations. Since the influence of the convective and diffusive fluxes increases with

an increasing volume flux Q, a slight enhancement of the error levels occurs with increasing

Q due to the related non-linear effects. Improving the spatial resolution consistently leads to

smaller deviations. The error magnitude varies for the different governing equations where

the simplified (v̂i, pF) - formulation displays the most pronounced error. The best results are

obtained with the (vF , pF) - formulation.

The deviation errors with respect to the experimental data are exemplarily displayed for Q =

6 l/s in Fig. 2.6. It can be seen that the values calculated by the resistance law in Eqn. (2.60)
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Figure 2.6: Deviation of the predictive and modeled (2.60) hydraulic gradient obtained for the

permeameter case using a volume flux of Q = 6 l/s (ReP = 177). Predictions are obtained with the three

investigated formulations for three different spatial resolutions.
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Figure 2.7: Evolution of the hydraulic gradient with increasing volume fluxes for the permeameter case

(ReP = 30 to ReP = 296). Comparison of experimental and analytical data with results obtained for the

finest mesh with ∆x1 = L /164 and ∆x2 = ∆x3 ≈
√

2π/1012 Dperm/ 2 using the (v̂i, pF) - formulation.
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overestimate the hydraulic gradient of the experimental data by almost 5% (dashed line), and

the simulation errors are generally close to the deviation of the resistance law. Coarser mesh

resolutions lead to results closer to the experimental data, which is caused by the inlet velocity

being defined as the volume flux divided by the theoretical area of the permeameter tube and

the existing area of the computational domain being defined by the mesh resolution. Since the

actual area of the inlet is smaller than the theoretical for coarser meshes, the corresponding

volume flux is also smaller. Therefore the overestimation of the resistance law is balanced by

a coarser mesh due to smaller velocity magnitudes. Furthermore, since the simplified method

also leads to smaller velocity magnitudes, the resistance law’s error is compensated better.

In Fig. 2.7, the results for the finest mesh of the (v̂i, pF) - formulation are plotted against the

experimental results and the theoretical resistance law values. Overall, the results of the FV

method fit the resistance law as well as the experimental data.

2.3.2 Dam Break Flow Through Rigid Porous Material

The second validation case refers to a two-phase dam break flow through porous material pro-

posed in Lin [76] and Liu et al. [78]. The experimental data from Liu et al. [78] is taken to

validate the present model. The experiment features a water column with an initial height of

h0 = 14.0 cm and an initial width of l0 = 28.0 cm, which passes through a matrix of glass beads

with an average diameter of D50 = 3 · 10−3 m that forms a porous material with a porosity value

of n = 0.39. The initial state configuration of the simulations is shown in Fig. 2.8. Three repre-

water

air
porous dam

0.14

0.28
0.30 0.29

0.58

0.025

0.892

Figure 2.8: 2D porous dam break (h0 = 14 cm): Initial geometry of porous dam break test case where

all measurements are given in meters.
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sentations of the porous forces f̂ R
i are applied in the literature for this validation case: Larese et

al. [70] use the Engelund equation with α = 1000 and β = 0.25, Del Jesus et al. [20] employ the

Engelund equation with α = 700 and β = 0.5 and Liu et al. [78] utilize the Van Gent equation

with α = 1000 and β = 1.1 and an added mass constant C̃ = 0.2074. The difference between

the results of these models is studied in this section. All other investigations are made using the

same porous force model as Larese et al. [70].

Using the present results, a low average Reynolds number of ReP = 55 follows from the

space/time-mean Darcy velocity. The corresponding maximum velocity yields a Reynolds num-

ber of ReP = 125. These values indicate that non-linear or turbulent effects become relevant for

the resistance modeling.

Results for four different isotropic homogeneous grids are studied in the next section. The

velocity field values are initialized at rest, and the pressure is set to a zero reference pressure.

A zero pressure boundary is used along the top boundary, and all other boundaries employ slip

wall conditions.

Mesh Study

To study the influence of spatial discretization, results from five different meshes are compared

against experimental results from Liu et al. [78]. The mesh study has been conducted for all

formulations. However, the results are only presented for the (v̂i, pF) - formulation, as the

results of the other formulations differ only slightly. As a porous force model, the Engelund

equation with α = 1000 and β = 0.25 (Ã = 64.667 1/s and B̃ = 334.210 1/m) is employed for

the simulations on four isotropic homogeneous grids (∆x1 = h0/10, ∆x1 = h0 /21, ∆x1 = h0 /42

and ∆x1 = h0 /84) as well as one curvilinear grid with similar cell size as the second finest

structured grid in the free surface region. Time steps are set in line with a Courant number well

below 10−2 with ∆t being 1 · 10−4 s on the second finest mesh with ∆x1 = h0 /42.

Results displayed in Fig. 2.9 indicate a good mesh convergence against the finest mesh results

for all time incidents. Satisfactory mesh convergence is obtained for the second finest grid with

∆x1 = h0 /42, which is therefore used for subsequent investigations.

For t = 0.8 s, numerical diffusion occurs in the air-mixture fraction variable close to the wall

for the structured mesh with ∆x1 = h0 /10. It is interesting to note the difference in the free

surface shape at the upstream boundary of the rigid porous material at t = 0.4 s for the coarsest

mesh and the curvilinear mesh compared to predictions of the finer structured meshes. The

differences result from linear interpolation of the porosity at the faces. Therefore, the discrete

convective term of the air mixture fraction is influenced by the grid spacing. The curvilinear
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grid results mainly coincide with the results from the corresponding structured mesh.

Comparison of Different Formulations of the Discrete Governing Equations

Modeling influences are outlined by Fig. 2.10, which compares experimental data for the free

surface evolution published in Liu et al. [78] with numerical results obtained from the (v̂i, pF) -,

(vF
i , pF) - and simplified (v̂i, pF) - formulation (discussed in Sec. 2.2). The resistance law again

refers to the Engelund approach used in the mesh study.

An excellent agreement of the results of all formulations with the experimental data can be

noted for all time steps except at t = 4.0 s. Numerical results reported by Del Jesus [20] and

Liu et al. [78] coincide with the present model results at this time, and Liu et al. [78] describe

a possible cause as being the free surface sticking to the glass wall at some locations during the

experiments at this specific time leading to an overestimation of the free surface level.

The simplified (v̂i, pF) - formulation coincides with the (v̂i, pF) - formulation for the time steps

t = 0.4 s and t = 0.8 s. Subsequently, minimal visible differences occur in the position of the

free surface upstream of the porous material induced by the different transport terms across the

boundary of the rigid material. The results for the (v̂i, pF) - and (vF
i , pF) - formulation converge

against the same steady state at t = 4.0 s. During earlier phases, slight differences upstream

of the porous material are observed between the two formulations, which are also attributed to

differences in modeling the transport across the rigid porous material boundary.

Porous Force Model Influences

Porous force model influences are displayed in Fig. 2.11 for simulations using the (v̂i, pF) -

based VoF formulation to compute the dam break validation case. The different representations

of the literature reported porous forces f̂ R
i follows Tab. 2.1.

As indicated by the two Van Gent results, the influence of the added mass coefficient is negligi-

ble, which explains why other authors hardly considered it. In contrast to the formulation and

modeling differences assessed above, changes to the resistance law significantly affect the free

surface’s development. This highlights the dominance of the resistance law to balance pressure

and gravity forces inside the momentum equations. The resistance law fitting best to the experi-

mental data is the Engelund equation with α = 1000 and β = 0.25, which is also used by Larese

et al. [70].
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Crushed Rocks Dam (h0 = 25 cm)

Experimental data for a second 2D dam break through another porous material has been re-

ported in Liu et al. [78]. This case is used to validate the present model for higher porous

Reynolds numbers using the same computational domain, mesh and boundary conditions as in

the previous case. The initial water column features a height of 25 cm and a width of 30 cm,

and the porous material consists of crushed rocks with a porosity index of n = 0.49 and an av-

erage diameter D50 = 1.59 · 10−2 m. The case leads to ReP = 1267 for the space/time-averaged

Darcy velocity and ReP = 3473 for the maximum Darcy velocity observed in space and time.

Therefore, a turbulent Van Gent [38] resistance model based upon α = 1000 and β = 1.1

(Ã = 12.87 1/s, B̃ = 146.95 1/m) was employed. The added mass coefficient C̃ was neglected,

cf. Table 2.1 in Sec. 2.1.3.

In Figs. 2.12 and 2.13, it can be seen that the visible results stemming from the three different

implementation versions are only marginally different. A fair predictive agreement can be ob-

served. Notably, the elevation dip observed downstream the porous layer from t = 1.0 − 1.6 s

is represented well. Minor deviations between the two simulations and between simulated and

measured data can be observed inside the porous material for t ≤ 0.8 s. In conclusion, modeling

influences are slightly more pronounced for the higher porous Reynolds number but still remain

small.

Remark

For the glass beads and crushed rocks material, the dominance of the porous resistance force

term in the momentum equations leads to coinciding results of the simplified momentum equa-

tions formulation with the non-simplified formulation.
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Figure 2.9: 2D porous dam break (h0 = 14 cm, glass beads, mean ReP = 55, max. ReP = 125): Free

surface elevation at six time incidents for varying meshes with (v̂i, pF) - formulation.
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Figure 2.10: 2D porous dam break (h0 = 14 cm, glass beads, mean ReP = 55, max. ReP = 125): Free

surface elevation at six time incidents for different discrete formulations on the second finest mesh

(∆x1 = h0 /42).
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Figure 2.11: 2D porous dam break (h0 = 14 cm, glass beads, mean ReP = 55, max. ReP = 125): Free

surface elevation at six different time incidents for varying resistance laws, mesh size ∆x1 = h0 /42 and

(v̂i, pF) - formulation.
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Figure 2.12: Free surface elevation at initial six time incidences obtained for the computation of the 2D

porous dam break (h0 = 25 cm, crushed rocks, mean ReP = 1267, max. ReP = 3473) with different

formulations.

38



Chapter 2. Free Surface Flow Through Rigid Porous Media 2.3. Verification and Validation

0 0.2 0.4 0.6 0.8
0

0.1

0.2

t = 1.4 s

x1 [m]

x 2
[m

]

0 0.2 0.4 0.6 0.8
0

0.1

0.2

t = 1.6 s

x1 [m]

x 2
[m

]

0 0.2 0.4 0.6 0.8
0

0.1

0.2

t = 1.8 s

x1 [m]

x 2
[m

]

0 0.2 0.4 0.6 0.8
0

0.1

0.2

t = 2.2 s

x1 [m]

x 2
[m

]

v̂i, pF simpl. v̂i, pF

vF
i , pF experiments Liu et al. [78]

Figure 2.13: Free surface elevation at subsequent four time incidences obtained for the computation of

the 2D porous dam break (h0 = 25 cm, crushed rocks, mean ReP = 1267, max. ReP = 3473) with

different formulations.
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2.3.3 Flow Through Porous Medium with Zero Porous Forces

To scrutinize the attainable maximum differences for the three formulations described in Sec.

2.2, a generic test case without porous resistance forces serves as an illustrative example. To

this end, the validation case described in Sec. 2.3.2 is revisited. Computations employ the same

computational domain, mesh, and discretization, but the porous media model is modified by

setting Ã = 0, B̃ = 0 and C̃ = 0.

Snapshots of the liquid body obtained from simulations without porous resistance are displayed

in Figs. 2.14 and 2.15. In Fig. 2.14, the simulated liquid body is colored by the Darcy velocity

for the v̂i,-based formulation and fluid velocity for the vF
i -based formulation. The fluid velocity

strongly accelerates in the porous medium without porous resistance due to the reduction of

the wetted regime. It decelerates when leaving the porous media, as is expected by definition.

This leads to large gradients at the boundaries of the rigid porous material, which even yields

slight oscillatory velocities in the transition region (cf. Fig. 2.15) and might be related to the

assumption AF = nA in the continuity equation of the vF
i -based formulation. On the contrary, a

more continuous spatial evolution is displayed in the Darcy velocity, and therefore the v̂i-based

formulation yields a smoother velocity field in the transition region.

Adding the neglected term of the complete continuity equation (2.6), discretized as given in

the remark in Sec. 2.2.1 leads to no visible differences in results for this extreme case which

underlines that the assumption made in Sec. 2.1.1 is valid. In the absence of the usually dom-

inating porous resistances, the formulation differences related to the transport terms lead to a

visible difference in the free surface elevation. For the simplified momentum equations, a high

deviation in free surface shapes can be noted, leading to the conclusion that the accuracy of the

simplification depends on the relation between porous resistances and the non-linear terms of

the momentum equations.

(a) (v̂i, pF) - formulation (b) (vF
i , pF) - formulation

Figure 2.14: Verification of the 2D porous dam break for zero porous forces: Snapshot of the liquid

body predicted by the v̂i-based (left, Sec. 2.2.1) and the vF
i -based (right, Sec. 2.2.2) VoF formulations

coloured by the respective horizontal velocity.
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(a) (v̂i, pF) - formulation (b) (vF
i , pF) - formulation

(c) (v̂i, pF) - formulation, complete continuity

eq.

(d) (v̂i, pF) - formulation, simplified momentum eq.

Figure 2.15: Verification of the 2D porous dam break for zero porous forces: Snapshot of the liquid

body predicted by the v̂i-based (top left & bottom left, Sec. 2.2.1), and the vF
i -based (top right, Sec.

2.2.2) VoF formulations coloured by the horizontal fluid velocity component. Bottom left: v̂i-based with

complete continuity equation. Bottom right: simplified v̂i-based.

2.3.4 Flow Through an Inclined Homogenous Porous Dam

To further validate the present method against experimental data, a validation case from Larese

[71] is applied. Water flows through an inclined dam with a geometry illustrated in Fig. 2.16

(L = 4.0 m). The dam consists of homogeneous rockfill material with a porosity index of n =

0.4052. A constant volume flux of Q = 25.46 l/s enters the channel through an orifice of 5 cm

(height) × 246 cm (width) from the left. The average particle diameter is D50 = 3.504 · 10−2 m

and yields a (computed) Reynolds number of ReP = 1335 using a space/time-averaged Darcy

velocity and ReP = 4939 using the maximum Darcy velocity.

air

porous dam

4.00

1.50 1.500.30

1.00

0.50

0.10

1.05
porous damporous damporous damporous dam

water inlet

Figure 2.16: 2D inclined porous dam: Initial geometry of inclined homogenous porous dam validation

case with measurements given in meters.
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Figure 2.17: 2D inclined porous dam (mean ReP = 1335, max. ReP = 4939): Free surface location

obtained for different spatial resolutions with the (vF
i , pF) - formulation.

As a porous force model, the Ergun approach is applied (cf. Tab. 2.1) with constants α =

150 and β = 1.75. Employing a water density of 1000 kg/m3 and dynamic viscosity of µ =

0.001 Pa s yields the porous force constants Ã = 0.26 1/s and B̃ = 180.93 1/m .

A study with five different homogenous structured grids is carried out, and a grid spacing of

∆x1 = L /1000 is applied for subsequent studies with a time step of ∆t = 5.0 · 10−4 s. Following

the experiments, a Dirichlet condition using a homogeneous velocity vF
1 = 0.207 m/s is used to

simulate the inflow, and zero-gradient conditions are used at the outlet. At the top boundaries,

a zero pressure boundary condition is applied, and bottom boundaries employ a wall boundary

condition. The size of the considered 2D domain is indicated by Fig. 2.16. Pressure data was

experimentally recorded for the steady state flow at four different locations to detect the free

surface which is used for comparison.

Mesh Studies

A mesh study is conducted for the v̂i- and vF
i - based formulations, where the time step is ad-

justed for each mesh to return Courant numbers well under 0.01. A continuous initialization of

the porosity and porous resistance law constants, using a linear interpolation between the face

values is needed for finer meshes to converge for the (v̂i, pF) - formulation due to the division

by the porosity in several terms of the momentum as well as the air-mixture fraction equation.

In Figs. 2.17 and 2.18, it can be observed that the position of the free surface is overestimated for

both formulations on the coarser meshes. Predictive differences between the two formulations

are more pronounced for coarser grids due to larger gradients in porosity. The coarse grid results

indicate an improved agreement of the vF
i - based formulation with experimental data, which

might be related to the simplification of the continuity equation in the v̂i- based formulation.
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Figure 2.18: 2D inclined porous dam (mean ReP = 1335, max. ReP = 4939): Free surface location

obtained for different spatial resolutions with the (v̂i, pF) - formulation.

Using finer meshes, the results between the two formulations agree much better, and a mesh

converged result is obtained at a relatively fine mesh of ∆x1 = L /444.

Run-time Evaluation

The computational effort of the v̂i- based and vF
i - based formulations and four different mesh

densities were assessed on a 12-node workstation. Results of the assessment are compared in

Tab. 2.2. For simulations ∆x1 = L /118, ∆x1 = L /236 and ∆x1 = L /444 the run-times of the v̂i,

pF-formulation are smaller than the reference run with the vF
i , pF- formulation. The opposite

is the case for the coarsest mesh, which is in line with the results of the mesh study, implying

better performance for this formulation for coarse meshes and, therefore, faster convergence of

the outer loop.

Table 2.2: 2D inclined porous dam (mean ReP = 1335, max. ReP = 4939): Run-times for mesh study

simulations with different discrete formulations.

Number Cells Run-Time

(v̂i, pF) (vF , pF)

∆x1 = L /59 928 0.270115E+05 s 0.227749E+05 s -18.60%

∆x1 = L /118 3712 0.227563E+05 s 0.304191E+05 s 25.19%

∆x1 = L /236 14848 0.746491E+05 s 0.107350E+06 s 30.46%

∆x1 = L /444 59392 0.194445E+06 s 0.218152E+06 s 10.87%
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Comparison of Results for the Different Formulations of Governing Equations

Numerical results for the steady state of all three formulations are compared with experimental

data in Fig. 2.19. The experimental data is available at three locations inside the downstream

half of the dam. A supplementary measurement position is located just downstream of the dam.

When attention is directed to the fine grid results obtained for the steady state depicted in Fig.

2.19, the free surface shapes returned by the investigated three formulations display hardly any

difference and agree well with measured data. Therefore the formulation differences are deemed

insignificant for this case.

Moreover, Fig. 2.20 compares data for the transient flow development which confirms steady

state findings. Since no experimental data exists to compare the transient predictions, a verifi-

cation against numerical results from an edge-based level-set solver introduced in Larese [69]

is presented. Figure 2.20 reveals that the free surfaces obtained from the FV and the edge-based

solvers travel with a similar forward speed through the porous material. However, a small ver-

tical/up lift tendency is observed by the VoF simulations on the upstream end when compared

to the edge-based results. The latter might be attributed to the different formulations of the

convective term and an increased porosity index in the vertical direction. Also, a marginal dif-

ference in the vertical velocity of the free surfaces from the v̂i- based formulation and the vF
i -

based formulation can be observed in Fig. 2.20. This is thought to stem from the difference in

the diffusion term of the two formulations, where the (v̂i, pF) - formulation leads to a slightly

higher diffusion term since the multiplication of the porosity and the fluid velocity is done inside

the diffusion operator. It is remarked that for a higher pore Reynolds number, the formulation’s

differences increase.
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Figure 2.19: 2D inclined porous dam (mean ReP = 1335, max. ReP = 4939): Comparison of the

measured and predicted steady state free surface locations for different discrete formulations using the

fine mesh (∆x1 = L /1000).
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Figure 2.20: 2D inclined porous dam (mean ReP = 1335, max. ReP = 4939): Unsteady flow through an

inclined porous dam. Comparison between free surface elevations from vF
i - and v̂i-based VoF results

with predictions of an edge-based level set solver for four time instants.
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Figure 2.21: 3D inclined porous dam (mean ReP = 1335, max. ReP = 4939): Comparison of free

surface elevation of simplified v̂i, pF- formulation with experimental data for three different planes in

x3-direction.

Three-Dimensional Inclined Dam

Experimental results for the validation case stem from a 2.45 m wide channel where the rockfill

dam fills the complete width of the channel. Therefore results from a 3D simplified momentum

equations simulation are validated against the three-dimensional pressure measurements in Fig.

2.21. The computational domain is defined by the length and height given in Fig. 2.16 and a

width of 2.45 m. A homogenous structured mesh with a grid spacing of ∆x1 = ∆x2 = ∆x3 =

L /286 together with a time step of ∆t = 0.001 s is applied for the simulation. Initial and

boundary conditions are defined according to the 2D case, and wall boundary conditions are

applied at the side walls consistent with the experimental setup. As a result, excellent agreement
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of the results with the experimental data can be observed in Fig. 2.21.

2.3.5 Three-Dimensional Porous Dam Break

To demonstrate the validity of the previous conclusions, an exemplary 3D verification case

introduced by Del Jesus [20] is used. Results from the present method are compared with

numerical results of Del Jesus [20] and Larese et al. [70]. The verification case is an extension

of the crushed rocks case depicted in a previous section, using the same rigid porous dam

material parameters in a 3D domain. As displayed in Fig. 2.22, the porous dam is positioned

in a domain that is 0.6 m high, 0.6 m wide, and L = 1.2 m long. The dam features a height of

0.6 m, a width of 0.3 m and a length of 0.3 m. As in the 2D cases, a free surface height of 2.5 cm

is initiated in the rest of the domain. The higher water column increases the porous Reynolds

number regarding the 2D crushed rocks validation case. For the space/time-averaged Darcy

velocity, this yields a pore Reynolds number ReP = 1761. Using the maximum Darcy velocity

observed in space and time, the pore Reynolds number reads ReP = 15099. To obtain a similar

resolution as Del Jesus [20], the horizontal grid spacing was assigned to ∆x1 = ∆x2 = L /120,

the vertical spacing reads ∆x3 = L /240 and a time step of ∆t = 5 · 10−5 s is employed. Except

for the top, where the pressure is set to the reference pressure, all other boundaries are defined

as slip walls.

In addition to the HRIC scheme, an explicit interface sharpening algorithm described in Manzke

[84] was employed to diminish the interface smearing in later time steps. Results for the (v̂i,

pF) - and the (vF , pF) - formulation are compared against the numerical results from Del Jesus

et al. [20] in Fig. 2.24 and snapshots of present 3D results are provided in Fig. 2.23 together

with results published by Del Jesus et al. [20] and Larese et al. [70]. Characteristic features

such as a sink behind the corner of the porous material at t = 0.4 s and the backwash reflected

behind the dam at t = 1.33 s are present in all three results in Fig. 2.23. Nevertheless, the shape

of the advancing water front at t = 0.4 s and the free surface shape at t = 1.33 s differ due

to differences in discretization methods (FV-VoF /edge-based level set) and the applied model

equations (with turbulence models: Del Jesus et al. [20] and without turbulence models: Larese

et al. [70], present method Sec. 2.1). Due to similar discretization methods, the present results

generally agree with the results from Del Jesus et al. [20].

Comparing the results of the (v̂i, pF) - and the (vF , pF) - formulation of the governing equations

with numerical results of Del Jesus et al. [20] in Fig. 2.24 at two lateral planes at x2 = 0.1 m

and x2 = 0.5 m leads to the observation that both formulations deliver very close results. The

difference in the formulation of the diffusion term in Eqn. (2.32) and Eqn. (2.48) seems to
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Figure 2.22: 3D porous dam break (mean ReP = 1761, max. ReP = 15099): Initial state of 3D example

with a domain size 1.2 m× 0.6 m× 0.6 m. Porous dam expanding from x1 = 0.3 cm to x1 = 0.6 cm and

x2 = 0.3 cm to x2 = 0.6 cm. Top: three-dimensional views of the initial state. Bottom: initial free

surfaces in planes at x2 = 10 cm and x2 = 50 cm.

cause only minor deviations at the boundaries of the porous dam. Here a linear interpolation

of the porosity at the faces is applied. In previous results with step-wise interpolation of the

face values of the porosity, larger differences in formulations have been observed. Therefore

the treatment of the porosity at the faces is of utmost importance to the results.

Inside the porous material, the free surfaces of both formulations agree well with the results

from Del Jesus et al. [20]. In contrast, more significant deviations are experienced outside

the porous material. Due to the dissimilar treatment of the continuity equation, different mass

transport through the porous boundaries is caused, leading to an upstream shift in the free

surface elevation of the present predictions at t = 0.5 s in the plane which does not cut through

the porous dam. It indicates an increased damming experienced in the present predictions,

which also explains why more water is found at t = 0.5 s in the results of [20] in the x2 = 0.5 m
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plane of the dam. The same effect of different mass exchanges over the rigid porous boundary

is thought to be responsible for the substantial differences of the observed free surface elevation

at t = 1.38 s next to the dam. Mind that results for the simplified v̂i- based formulation are not

shown due to their closeness with the complete v̂i- based formulation.

(a) Del Jesus et. al [20] (b) Larese et. al [70] (c) v̂i, pF

(d) Del Jesus et. al [20] (e) Larese et. al [70] (f) v̂i, pF

Figure 2.23: 3D porous dam break (mean ReP = 1761, max. ReP = 15099): Comparison of predicted

free surfaces at t = 0.40 s (top) and t = 1.33 s (bottom) for the present and literature approaches.
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Figure 2.24: 3D porous dam break (mean ReP = 1761, max. ReP = 15099): Comparison of predicted

free surface elevations (h = 40 cm, ∆x3 = L /240, HRIC + EIS) for different formulations with

literature results.
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2.4 Deviation Error Study

This section aims to obtain a correlation of the expected simplification error inherent to the

reduced momentum equations (cf. Sec. 2.2.3) with the porosity n and the mean grain diameter

D50. This correlation should support/justify the application of the simplified approach during

the subsequent coupled rigid-porous model applications. The study involves 36 different sets of

material properties. The simulations in the study are conducted with the (v̂i, pF) - formulation,

and the simplified (v̂i, pF) - formulation, and deviations are used to judge the error of the reduced

formulation. The investigated configuration refers to the previously studied dam break flow

water

air
porous dam

h0 h

l0

l
0.30 0.29

0.58

0.025

0.892

Figure 2.25: Error study for a 2D porous dam break: Initial geometry (all measurements in meters).

through a rigid porous material, cf. Sec. 2.3.2 and Fig. 2.25.

The porosity varies between n = 0.1 and n = 0.9, and the mean diameter of the grain is in

the range from D50 = 10−3 m to D50 = 100 m. The properties and the corresponding resistance

factors for all 36 simulations are listed in Tab. B.1 of the Appendix B. To calculate the resistance

force factors Ã and B̃, the Engelund equation is used in combination with assumed factors

α = 1000 and β = 1 (cf. Tab. 2.1) where the turbulence parameter C̃ is set to zero. All

simulations run for t = 4.0 s.

At the end of this section, the errors are plotted against the maximum Reynolds number. Uni-

versal estimates of the error are possible from this plot under the restriction that the Reynolds

number can be determined, which is only possible when the mean velocity is known. There-

fore, either experimental or simulation results have to be available. This error study aims to
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estimate the simplification error based solely on the material parameters to choose appropriate

simulation techniques beforehand.
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D50 = 100 m

Figure 2.26: Error study for a 2D porous dam break: Evolution of the maximum error EcA over the

resistance force factor Ã.

To obtain an error quantification for the simplified method, the difference between the air con-

centration fields of the simplified csimpl and the correct method ccorr are averaged over the control

volumes

EcA =

∑
CV | ccorr − csimpl | ∆VP∑

CV ∆VP
. (2.61)

This is executed for a series of time steps (t = 0.4s, t = 0.8s, ..., t = 4.0s) and subsequently the

maximum value of EcA from all time steps in the series is taken as result and depicted in Tab.

B.2 in the Appendix B. In order to classify the deviation error EcA , a length-based conversion,

explained in more detail in Appendix B.1, from the error measurement to an error in percent

is accomplished. First, the maximum error in percent EcA is plotted over the resistance force

factors Ã and B̃ in Figs. 2.26 and 2.27, respectively. Separate curves are displayed for different

mean grain diameters D50 since the magnitude of the error significantly depends on the mean

diameters. For mean diameters of D50 = 10−3 m (e.g., sand), the error always remains under

1%. For mean diameters of D50 = 10−2 m (e.g., gravel) the error is under 4%, for diameters in

the range of D50 = 10−1 m (e.g., coarse gravel, crushed stones) the error is below 15% and for

D50 = 100 m (e.g., boulders, crushed stones) the error is under 40%. These results can also be

seen in Fig. 2.29. Restricting to Englund’s law, it is seen that for Ã < 0.2 1/s the error is smaller

than 5% and for Ã < 100.0 1/s the error is smaller than 1%. The dependence on the resistance

factor B̃ is not considered generalizable because the resistance factor Ã dominates the resistance

force for the chosen constants α and β.

Due to the dependence of the error on the mean diameter D50 and the porosity n, a regression
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Figure 2.27: Error study for a 2D porous dam break: Evolution of the maximum error EcA over the

resistance force factor B̃.
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Figure 2.28: Error study for a 2D porous dam break: Comparison of predicted error using the

correlation (B.2) (lines) and experienced errors (symbols).
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formula to estimate the error magnitude based on these two parameters has been developed. The

derivation of this approximation is described in Appendix B.2. The true error is plotted over the

estimated error in Fig. 2.28. It can be seen that many data points lie close to the estimated error

(cf. curve y = x). Most of the data points are located inside a corridor between three times the

correlation Eqn. (B.2) and a third of Eqn. (B.2), i.e.,

3.17n
( D50

n9.46n

)(1−n1.63)
< Eest.

cA
< 28.50n

( D50

n9.46n

)(1−n1.63)
. (2.62)

Since the approach is conservative, as explained in Appendix B.1, it is well suited to estimate

the expected error magnitude of the simplified formulation with the aid of the porosity n and

the mean grain diameter D50.
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Figure 2.29: Error study for a 2D porous dam break: Error in percentage over porosity for different

mean diameters (D = 10−3 m: , D50 = 10−2 m: , D50 = 10−1 m: , D50 = 100 m: ). Individual

regressions for each mean diameter are displayed by the corresponding lines −0.36n5.72 + 0.42: ,

2.86n5.08 + 1.18: , 12.72n0.64 − 0.02: , 42.08n−0.02 − 17.72: .

In order to have a more accurate estimation tool, individual fits of the error over the porosity for

each diameter are displayed in Fig. 2.29. Displayed curves are obtained with the nonlinear least-
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squares (NLLS) Marquardt-Levenberg algorithm. A further estimation formula is obtained by

plotting the error over the porous Reynolds number ReP = ||v̂||2 D50/ν in Fig. 2.30. Using the
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30
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∆
l/l

0[
%

]

Figure 2.30: Error study for a 2D porous dam break: Maximum length based error in percent plotted

over maximum Reynolds number.

same NLLS Marquardt-Levenberg algorithm as above for acquiring a fit and excluding all data

points with the large mean grain diameter D50 = 100 m leads to

Eest.,ReP
cA

= (0.00233211 ReP)0.482901 . (2.63)

Overall, the presented error study provides an excellent overview of the scaling for the expected

error with the mean diameter, porosity, and porous Reynolds number. Depending on the desired

accuracy, the mean diameter of the grains for which a simplified formulation is justifiable can

be obtained. Taking an error limit of 5% as an example, all materials with diameters under

D50 = 10−2 m can be simulated with simplified momentum equations. Looking at Fig. 2.30, the

limit of an acceptable porous Reynolds number can be set to 104. These include many granular

materials since all sand and gravel are in this range, cf. Van Gent [39]. Materials with a mean

grain diameter of D50 = 10−2 m (categorized as coarse gravel and crushed stones in [39]) do

exceed the error limit of 5% for the usual porosity range. For mean grain diameters in the

magnitude of D50 = 100m, a simplified simulation method is not applicable.

This work aims to simulate the liquefiable cargo on bulk carriers in waves. The properties of

nickel and iron ore will be reviewed in chapter 6, where the largest grain size diameter is found

to be 2 · 10−3 m. In [41], a limit value for the classification of Bauxite is given as D30 = 10−2m.

According to IMO rules, for finer Bauxite cargo (D30 < 10−3m), liquefaction can occur, and

for larger grain sizes, the cargo is safe to be transported. In order to simulate liquefiable cargo,

the grain sizes of the materials are in a range in which the error of the simplification of the

momentum equations is negligibly small.
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Chapter 3

Rigid-Perfectly Plastic Granular Material

A perfectly-plastic approach based on a non-Newtonian flow is presented and validated to sim-

ulate cargo shifting. The advantage of the method lies in the ability to simulate large displace-

ments and arbitrary cargo geometries. The elastic behavior is not considered. To this end, a

variable viscosity is introduced into the momentum equations of an incompressible two-phase

flow, where a soil mixture VoF equation is used to distinguish the granular material from the air

flow. To obtain a strain measure, an Eulerian displacement equation is introduced in the equa-

tion system, and an Euler-Almansi strain is used as a strain measure. Difficulties occurring at

the boundaries of the two-phase model are discussed, and a non-linear interpolation function for

the phases is suggested. Finally, several validation and verification cases for different material

properties are considered to obtain a validated approach. Parts of the chapter are published in

Düsterhöft-Wriggers et al. [29].

3.1 Mathematical Model

In traditional soil mechanics, perfect plasticity describes the yielding of granular materials.

Coulomb used the concept of perfect plasticity in 1773 to calculate the strength of geotechnical

structures, cf. Yu et al. [138]. In a rigid-perfectly plastic material, the yield stress is constant

and has a stress-strain relationship as depicted in Fig. 3.1. A general finite strain plasticity

model consists of the following ingredients

• elastic-plastic decomposition of deformation gradient,

• yield criterion (yield surface),

• flow rule/ plastic potential,
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• hardening rule,

• stress-strain relations,

• loading/unloading criterion.

Further details of the theory of finite strain elasto-plasticity is given in Neto et al. [92] and Simo

et al. [108]. In order to reduce the complexity of the overall model, a rigid-plastic approach is

implemented, verified and validated. For this approach, the above mentioned building blocks

reduce to the following set of relations

• yield criterion (yield surface),

• flow rule/ plastic potential,

• stress-strain relations.

Following the approach of Larese [69], Leppert [75], Ulrich [120] and Ulrich et al. [121], a

variable viscosity will be used to emulate the rigid-perfectly plastic behavior. All simulations

in this chapter are two-phase simulations of granular material and air. The transition between

the rigid-perfectly plastic material and the air phase is identified by the mixture fraction value

cS = 0.5 obtained from the VoF method. The velocity field that covers the soil and the air phase

is denoted vi in the present chapter and will be labeled vS
i in the coupled model in chapter 4.

τy

τ

ε

Figure 3.1: Stress-strain relationship of rigid-perfectly plastic material.

3.1.1 Stress-Strain Relations

To model stress-strain relations with a variable viscosity, the deviatoric part of the fluid stress

tensor is used. The related general momentum equations in differential Eulerian form

∂ρvi

∂t
+
∂ρviv j

∂x j
= ρgi +

∂σi j

∂x j
(3.1)
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can be derived from Eqn. (2.10). The Cauchy stress tensor σi j can be divided into a hydrostatic

(−pδi j) and deviatoric (τi j) part

σi j = −pδi j + τi j , (3.2)

For incompressible (Newtonian) media, the deviatoric stress tensor τi j can be expressed as

τi j = µ

(
∂vi

∂x j
+
∂v j

∂xi

)
= µ2ε̇i j (3.3)

with ε̇i j being the strain rate tensor. Applying a VoF approach where the viscosity of the two-

phase flow consists of the granular phase viscosity µS and the fluid viscosity µA (µ = cSµ
S +

(1 − cS ) µA) leads to the deviatoric stress tensor for the granular phase as

τS
i j = µS

(
∂vi

∂x j
+
∂v j

∂xi

)
= µS 2ε̇i j . (3.4)

Since a rigid-perfectly plastic material behavior is assumed, ε̇i j corresponds to the plastic strain

rate tensor in the granular phase.

3.1.2 Yield Criterion

The yield function is important since it distinguishes between non-plastic (elastic/rigid) and

plastic behavior domains. In conjunction with the current rigid-plastic model, the yield function

differentiates between the rigid and the plastic domain. The yield function is generally given by

Φ(τi j, τy) =| τi j | − τy , (3.5)

where τi j is the deviatoric part of the Cauchy stress tensor which is equal to the deviatoric

Kirchhoff tensor for incompressible media. The variable τy refers to the Kirchhoff yield stress,

and the modulus signs denote the yield criterion. The yield stress τy can also include internal

variables for hardening models. All points where the yield function falls below zero form the

elastic or rigid domain. When the yield function is zero, the soil behaves plastically. Therefore,

the stress cannot be higher than the yield stress. The surface in stress space, obtained for all

stresses if the yield function vanishes, is called the yield surface.

Several yield criteria are applied in soil mechanics, including, among others, the Mohr-Coulomb

[15], Drucker-Prager [25], Rankine [100], Tresca [116] and Von Mises [127] criterion. The

Mohr-Coulomb criterion follows from

Φ = |τ| − p tanφ −C . (3.6)

It is frequently applied for modeling granular materials, where |τ| is a one-dimensional devia-

toric stress. It states that if the deviatoric stresses from external loads exceed the shear strength,
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given by the cohesion C and the pressure times the internal friction coefficient tan φ, sliding

starts to occur. The angle of repose φ is a material property determining the internal strength

against frictional sliding. The difficulty in using this criterion is to obtain a general 3D-stress

state expression of |τ|. To avoid calculating principal stresses, an invariant-based formulation is

desirable. Without further simplifications, this leads to complex formulations as can be seen,

e.g., in Abbo et al. [1] and Schajer [106].

To avoid the difficulties, the Drucker-Prager yield stress, usually formulated via the invariants,

is used to derive the variable viscosity in this work. The approach is an idealization of the Mohr-

Coulomb criterion, and the shape of its yield surface is a cone instead of a pyramid. Therefore

the derivative of the plastic potential is unique at each point on the yield surface. Drucker-Prager

introduced the Drucker-Prager yield function in Drucker-Prager [25] to be

Φ =
√

J2 + αφI1 − kc . (3.7)

Here J2 is the second invariant of the deviatoric stress

J2 =
1
2
τi jτi j (3.8)

and I1 is the first invariant of the stress tensor, which equals the trace of the stress tensor

I1 = σ11 + σ22 + σ33 = −3p . (3.9)

The material constants αφ and kc are defined by

αφ =
tanφ√

9 + 12tan2φ
(3.10)

and

kc =
3C√

9 + 12tan2φ
. (3.11)

Using the deviatoric stress tensor of a viscous fluid from Eqn. (3.4) for the calculation of the

second invariant in the granular phase, the second invariant can be expressed by

J2 = 2
(
µS

)2
ε̇i jε̇i j . (3.12)

In the plastic domain, the yield function is zero, giving a condition at which the material starts

to flow. For perfectly plastic materials, the yield function is always zero, and therefore, by

rearrangement of the yield function (3.7), the variable viscosity

µS =
3αφp + kc√

2ε̇i jε̇i j
(3.13)

is obtained.

60



Chapter 3. Rigid-Perfectly Plastic Granular Material 3.1. Mathematical Model

Yield Criteria in Reference Literature

A theoretical comparison of the applied yield criteria is necessary to compare present results to

the works of Larese [69] and Ulrich [120]. In Larese [69], the Mohr-Coulomb criterion (3.6) is

used by assuming that the 1D yield stress is also valid for the 3D stress state leading to a yield

criterion of

Φ =
√

J2 − p tan φ −C . (3.14)

In Ulrich [120], the Mohr-Coulomb criterion (3.6) is used by assuming that the Lode angle is

zero meaning that the stress state is a pure shear stress state or that the direction of the princi-

pal stresses coincides with the directions of the present 3D stress state and the yield criterion

becomes

Φ =
√

J2 − p sin φ −C cos φ . (3.15)

Fig. 3.2 compares the yield criteria for terms not involving the second invariant of the deviatoric

stress for the Drucker-Prager approach and the yield stresses of Larese [69] and Ulrich [120]

mentioned above. The variables φ and C are in the bounds of 0◦ < φ < 52◦ and 0 < C < 2 Pa,

respectively, and the pressure is assumed to be p = 1 Pa. The values for all yield criteria

0 0.2 0.4 0.6 0.8 0

1

2
0

2

φ

C

τ y

Eqn. (3.14)

Eqn. (3.15)
Eqn. (3.7)

Figure 3.2: Theoretical comparison of terms in yield criteria (3.7), (3.15) and (3.14) with φ being in

radiants.

coincide inside the boundaries described above when the material is cohesionless (C = 0 Pa).

3.1.3 Flow Rule

A classical flow rule is not applied since the deformation of the granular material is not calcu-

lated from the plastic strain rate tensor directly. However, the material flows according to mo-

mentum equations (3.1) driven by the variable viscosity (3.13). The model is non-associative
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because the plastic potential is not equal to the yield function, and therefore the resulting plas-

tic strain is not always normal to the yield surface. Assuming the plastic potential of a non-

associative, incompressible Drucker-Prager material (cf. Bui et al. [9] and Sumelka [111])

Ψ(σi j) =
√

J2 , (3.16)

the derivative of the plastic potential by the stress tensor reads

∂Ψ(σi j)
∂σi j

=
1

2
√

J2
τi j . (3.17)

Evaluating the flow rule expression for small deformations

ε̇i j = λ̇
∂Ψ

∂σi j
(3.18)

with the aid of the definition of J2 (3.8) and the fluid stress tensor τi j (3.4), the multiplier λ̇ is

obtained from

λ̇ =
√

2ε̇i jε̇i j . (3.19)

3.1.4 Regularisation of the Variable Viscosity

The relation (3.13) for the variable viscosity µS inheres singularities for vanishing strain rates,

and must be regularised to obtain stable simulations. Rewriting the equation in a general form

µS =
τy√

2ε̇i jε̇i j
=
τy

λ̇
(3.20)

where the multiplier λ̇ is a measure of the strain rate which is used for visualizing purposes.

Looking at Eqn. (3.13), it can be seen that infinite viscosities are obtained for λ̇ approaching

zero. Furthermore, in Eqn. (3.13), the viscosity reaches zero for infinite λ̇. Therefore for

numerical stability, the variable viscosity must approach a minimum value µS
min and a maximum

value µS
max. To still obtain perfectly-plastic behavior, the minimum viscosity has to be as small

as possible. To this end, a value of µS
min = 10−3 Pa s gives good results. The higher the maximum

viscosity µS
max gets, the steeper the stress-strain rate curve for small strain rates and, therefore,

the closer to rigid-perfectly plastic behavior. It can also be noted that a parametrisation of µS
max

can be used to mimic elasto-plastic behaviour. Two regularisation approaches are theoretically

compared in Figs. 3.3 and 3.4. All green lines represent the approach given in Ulrich [120] and

Ulrich et al. [121]

µS = max
(
min

(τy

λ̇
, µS

max

)
, µS

min

)
, (3.21)
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Figure 3.3: Strain rate dependency of the regularized deviatoric stress (a) and the regularized viscosity

(b) for two different µS
max and two regularisation approaches indicated by the green (3.21) and the red

(3.22) lines (µS
min = 7.5 · 10−5 Pa s).

where the variable viscosity is clipped beyond µS
min and µS

max. Another way to look at the solution

of a rigid-perfectly plastic material is to use a regularised Bingham model as described in Larese

[69] and Papanastasiou [96]. The variable viscosity µS is then given as

µS = µS
min +

τy

λ̇

(
1 − e(−mcλ̇)

)
(3.22)

with a constant minimum viscosity µS
min and a constant mc which determines the maximum vis-

cosity. When the plastic multiplier λ̇ reaches zero, the maximum viscosity is obtained with a

value of µS
max = mcτy. The constant mc has to go to infinity to obtain perfectly plastic behavior.

In Fig. 3.3 the stress strain-rate relation and the variable viscosities obtained by the two alter-

natives (3.21) and (3.22) are compared for a fairly small minimum viscosity µmin, where the

green lines denote Eqn. (3.21) and the red lines denote Eqn. (3.22). The higher the maximum

viscosity, the steeper the stress-strain rate relation. Analogous graphs are shown in Fig. 3.4

for different µS
min levels at constant µS

max. The figure reveals, that the stress-strain rate curves do

not fit the ideally rigid plastic behavior for larger values of µS
min. The advantage of the regular-

ized Bingham approach (3.22) is the smoothness of the stress-strain rate curve and the related

variable viscosity. Therefore this approach is chosen for all simulations in this work.

3.1.5 Euler-Almansi Strain Based on Eulerian Formulation of Deforma-

tion Gradient Tensor

To identify the deviatoric strain inside the rigid perfectly-plastic material, an Eulerian displace-

ment equation is added to the equation system, and the Eulerian deformation gradient Fi j is
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τ
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Figure 3.4: Strain rate dependency of the regularized deviatoric stress at constant µS
max for three

different µS
min and two regularisation approaches indicated by the green (3.21) and the red (3.22) lines.

used to obtain the Euler-Almansi strain tensor ei j

ei j =
1
2

(
δi j −GikG jk

)
, (3.23)

were Gik is the inverse of the Eulerian deformation gradient Fi j and is defined as given in the

next section.

Lagrangian/Eulerian Formulation of Deformation Gradient Tensor

A point of the undeformed body Ωt0 (reference configuration) can be described by either its

Lagrangian (material) coordinate X̂i or its Eulerian (spatial) coordinate x̂i. The same material

point at time t = t1 possesses a different material coordinate Xt1
i because the body Ωt1 (current

configuration) is deformed. If the displacement ui is introduced as the difference of the position

Figure 3.5: Material (X̂i) and spatial (x̂i) coordinates for the reference (Ωt0 ) and the current

configuration (Ωt1 ) employed to derive the relation between the Lagrangian (F̂i j) and the Eulerian (Fi j)

deformation gradient tensor.

vectors of the current and the reference configuration, the following relationship is true (cf. Figs.
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3.5 and 3.6)

xi = x̂i + ui . (3.24)

If the Eulerian coordinate system (reference coordinate system Ei) is equal to the initial La-

grangian coordinate system (et0
i ) then X̂i is equal to x̂i and the differentiation ∂xi/∂X̂i can be

expressed by ∂xi/∂x̂i. With the help of Eqn. (3.24), the differentiation gets

∂xi

∂x̂ j
= δi j +

∂ui

∂x̂ j
= F̂i j (3.25)

with F̂i j being the Lagrangian deformation gradient tensor. The deformation of a material line

element dx̂i from the reference configuration to the current configuration material line element

dxi can be calculated by a transformation with the Lagrangian deformation gradient tensor

dxi =
∂xi

∂x̂i
dx̂i = F̂i jdx̂i . (3.26)

Rearranging Eqn. (3.24) to

x̂i = xi − ui , (3.27)

the partial derivation of the material coordinates by the spatial coordinates gets

∂x̂i

∂x j
= δi j − ∂ui

∂x j
= Fi j , (3.28)

where Fi j is the Eulerian deformation gradient tensor. Equivalently to relationship (3.26), the

transformation of the current material line element dxi to the reference material line element dx̂i

can be calculated with the help of the Eulerian deformation gradient Fi j

dx̂i =
∂x̂i

∂xi
dxi = Fi jdxi . (3.29)

Figure 3.6: Relationship between the reference configuration (Ωt0 ) and two different current

configurations (Ωt1 , Ωt2 ).
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If Eqns. (3.26) and (3.29) are compared, it can be seen that the inverse of the Lagrangian

gradient deformation tensor is equal to the Eulerian deformation gradient tensor

F̂−1
i j = F ji . (3.30)

The inverse of the Eulerian deformation gradient Fi j can be expressed as Gi j in index notation

Gi j =
1
H
εipqε jklFpkFql (3.31)

where H is the determinant of the Eulerian deformation gradient Fi j

H = εi jkF1iF2 jF3k (3.32)

and εi jk refers to the Levi-Civita symbol.

Displacement Equation and Norm of Euler-Almansi Strain

The Eulerian displacement ui is obtained by solving the convective transport equation

∂ui

∂t
+
∂vS

j ui

∂x j
= vS

i (3.33)

where vS
i is the velocity of the granular material obtained by multiplication with the soil mixture

fraction cS (cS = VG/V)

vS
i = cS vi . (3.34)

To compare against an accumulated deviatoric plastic strain, for example utilized in Bui et al.

[9], the norm of the Euler-Almansi strain is calculated via

||ei j|| =
√√√ 3∑

i=1

3∑

j=1

ei jei j . (3.35)

It shall be noted that the Euler-Almansi strain does not influence the behavior of the material

and can be considered a passive quantity.

3.2 Finite Volume Method

The material model for a rigid, perfectly-plastic granular material is solved for incompressible

two-phase flows where one is the granular material, and the other is a fluid. Therefore the

momentum equations (2.12) and continuity equation (2.5) of an incompressible two-phase flow

are solved as explained in chapter 2. In this chapter, the velocity of the field is denoted vi, and

a soil mixture fraction cS = VG/V is introduced for a complete volume V and granular volume
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VG. The soil mixture equation can be derived parallel to Eqn. (2.19), where the properties are

calculated by

ρ = cSρ
S + (1 − cS ) ρA with µ = cSµ

S + (1 − cS ) µA . (3.36)

The algorithmic procedure of the FV fluid solver is not changed, cf. Fig. 3.7. Once the material

properties are updated, the equation for the variable viscosity (3.36), including the effective

viscosity µS from Eqn. (3.22), is used to calculate the viscosity depending on the pressure,

angle of repose, and soil mixture fraction. Mind that the solution of the displacement equation

is not depicted in Fig. 3.7 since it is a passive quantity. Nevertheless, if the Euler-Almansi strain

is required, the Eulerian displacement equation is solved after solving the soil mixture fraction

equation.

3.2.1 Discrete Equation System

The equation system governing the incompressible two-phase flow with one phase being used

to describe the rigid-perfectly plastic material is composed of the continuity (3.37), momentum

(3.38), soil concentration (3.39) and displacement equation (3.40), viz.

∮

A
vidAi = 0 , (3.37)

∫

V

∂

∂t
(ρvi) dV +

∮

A

(
ρviv j

)
dA j = −

∮

A
pdAi +

∫

V
ρgidV +

∮

A
µ

(
∂vi

∂x j
+
∂v j

∂xi

)
dA j , (3.38)

∫

V

∂cS

∂t
dV +

∮

A
cS vidAi = 0 , (3.39)

∫

V

∂ui

∂t
dV +

∮

A
cS v jui dA j =

∫

V
cS vidV , (3.40)

where the same approximation techniques as described in Sec. 2.2 are applied.

Discretized Momentum Equations

The momentum equation (3.38) is discretized over a control volume ∆VP. Using the same

discretization methods as in Sec. 2.2. i.e., a mid-point integration rule together with a first-

order implicit time discretization, a central differencing scheme to approximate the diffusion

fluxes and an upwind-biased scheme to approximate the implicit part of the convective flux, the
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start

initialisation

cinit.
S , vinit.

i , pinit.

µinit.(cinit.
S ), ρinit.(cinit.

S )

start time step

start outer iteration

update properties

µn,m(cn,m−1
S , vn,m−1

i , pn,m−1) (3.13), (3.22), (3.36)
ρn,m(cn,m−1

S ) (3.36)

solve momentum equations

vn,m
i (vn,m−1

i , pn,m−1, v̇n,m−1
i , cn,m−1

S , µn,m, ρn,m)

solve pressure equation

v̇n,m
i (vn,m

i )
pn,m(v̇n,m

i , vn,m
i )

fulfill continuity equation

vn,m∗
i , v̇n,m∗

i

solve soil mixture fraction equation

cn,m
S (vn,m∗

i , v̇n,m∗
i , cn,m−1

S )

convergence?

m→ m-1

no

yes

Maximum number of time steps?no

n→ n-1

yes
update properties

µn+1,m(cn,m
S , vn,m

i , pn,m) (3.13), (3.22), (3.36)
ρn+1,m(cn,m

S ) (3.36)

end

Figure 3.7: Algorithm of the two-phase rigid perfectly-plastic soil model.
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discrete form of the momentum equation reads

vn,m
i,P

∆VP
ρP

∆t
+

∑

f (∆VP)

Avi
NB

 −
∑

f (∆VP)

[(
max

[
−ṁn,m−1, 0

])
f
+

(
µA
d

)

f

]

︸                                   ︷︷                                   ︸
Avi

NB

vn,m
i,NB =

−
∑

f (∆VP)

(
pn,m−1

f Ai

)
+ ρP∆VP

(
gi +

vn−1
i

∆t

)

P
+ S vi .

(3.41)

were ṁ f = (ρviAi) f refers to the outward facing mass flux and S vi to a generalized source term

including all deferred-corrections.

Discretized Continuity Equation

Only the first stage of the pressure correction p
′
equation is outlined here since the full pressure

correction scheme can be derived as explained in 2.2.1 from Eqns. (3.37) and (3.38)

∑

f (∆VP)

vm
f ,iA f ,i −

∑

f (∆VP)

(
Aidi

Avi
P

)

f

(
∂p

′

∂xi

)

f
A f = 0 . (3.42)

A Rhie-Chow [101] interpolation of the velocities is used to compute the fluxes in (3.42) to

avoid pressure oscillations for the employed collocated variable arrangement. The computed

pressure correction p
′
is used to update the pressure from pm−1 to pm where vm

i is the uncorrected

velocity obtained from the momentum equations, cf. Fig. 3.7. Moreover, the velocities and the

related fluxes are also corrected in line with the descriptions in Sec. 2.2.1

v̇m∗
f = v̇m

f + Ap
′

NB

(
p
′
NB − p

′
P

)
, (3.43)

vm∗
i,P = vm

i,P +

(
−∆VP

Avi,P
P

) (
∂p

′

∂xi

)

P
. (3.44)

Discretized Soil Mixture Fraction Equation

As in Sec. 2.2, a first-order implicit time integration scheme and an upwind-differencing scheme

for the implicit part of the convective approximation are applied to the soil mixture fraction

equation

cn,m
S ,P


∆VP

∆t
+

∑

f (∆VP)

AcS
NB

 −
∑

f (∆VP)

(
max

[
−(ṁ/ρ)n,m−1, 0

])
f︸                        ︷︷                        ︸

AcS
NB

cn,m
S ,NB =

∆VP

∆t
cn−1

S ,P + S cS , (3.45)

where S cS hosts the deferred correction terms of the actual compressive approximation of the

convective fluxes, which mostly refers to the Quadratic Upstream Interpolation for Convective

Kinematics (QUICK) scheme, introduced by Leonard [74] in this chapter.
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Discretized Displacement Equation

The Eulerian displacement equation (3.40) is approximated. Applying a first-order implicit time

integration scheme and an upwind-difference scheme for the implicit part of the approximation

of the convective term yields

un,m
i,P


∆VP

∆t
+

∑

f (∆VP)

Au
NB

 −
∑

f (∆VP)

(
max

[
−v̇S ,n,m−1, 0

])
f︸                    ︷︷                    ︸

Au
NB

un,m
i,NB =

∆VP

∆t
un−1

i,P + cS ,Pvn,m−1
i,P ∆VP + S u ,

(3.46)

where v̇S
f = (cS viAi) f refers to a volume flux and S u again includes explicit terms which arise

from different deferred correction contributions, e.g., higher-order convection, non-orthogonality,

and interpolation corrections.

3.2.2 Non-Linear Interpolation of Material Properties

Significant creeping effects will be present for the granular material, if a linear interpolation is

used to reconstruct the properties from the concentration field, as in Eqn. (3.36). In conjunction

with the VoF method, at least one cell inside the transition region features an intermediate

concentration value, i.e., 0 < cS < 1. To comply with the rigid behavior, the viscosity has

to approach an infinitely large viscosity value, cf. Fig. 3.3. However, a linear interpolation

between a small viscosity (air) and a large enough viscosity (rigid soil) leads to a viscosity

that fails to represent a rigid behavior but blurs the interface. The related ”interpolation” error

induces a constant flow where the rigid-ideally plastic material faces the air phase and adverse

influences are clearly indicated by the green line in Fig. 3.8. Therefore, a nonlinear interpolation

technique is sought to simulate rigid-ideal plastic behavior with the VoF method.

To control both, the steepness of the transition and the concentration value of the interface/transition

position, an interpolation method based on the arctan function is proposed

µ = µA +

(
arctan (N (cS − M − 0.5))

π
+ 0.5

)
(µS − µA)

− (1 − (cS − M)) ε0

(
µS − µA

)
+ (cS − M) ε1

(
µS − µA

)
,

(3.47)

with

ε0 =
arctan (−0.5N)

π
+ 0.5 (3.48)

and

ε1 = 0.5 − arctan (0.5N)
π

. (3.49)
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Figure 3.8: Simulation of a 2D soil collapse with a rigid plastic soil model (cf. Sec. 3.3.1). Comparison

of measured (Bui et al. [9]; symbols) soil surfaces and failure lines with simulation results obtained in

combination with a linear (green) and a nonlinear (purple) interpolation of the material properties.

Here the parameters N and M control the steepness of the interpolation function, and the lo-

cation of the interface/transition, i.e. the concentration value with the steepest gradient. The

parameters ε0 and ε1 serve to keep the interpolation bounded between µA and µS for M = 0. Fig.

3.9 displays the behavior of the interpolation function for different N values, where ∆µ = µS−µA

and µS being constant for illustrative purposes. The interpolation function sharpens the proper-

ties when using higher N values, but retains a smooth characteristic due to the chosen arctangent

function. Negative values of the shift parameter M shift the transition further to the solid phase,

and positive values of M further to the fluid phase. It is seen in Fig. 3.10 that activating the

shift parameter M leads to unbounded material properties, an effect that is more pronounced for

larger values of N. Therefore, correction terms have to be added for M , 0, which are obtained

from modifications of the interpolation function (3.47)

δ0 =

(
arctan (N (−M − 0.5))

π
+ 0.5

)
− (1 + M) ε0 − Mε1 (3.50)

δ1 =

∣∣∣∣∣
(
arctan (N (1 − M − 0.5))

π

)
− Mε0 − Mε1 −

(
arctan (N (1 − 0.5))

π

)∣∣∣∣∣ . (3.51)

The final version of the interpolation function is case-dependent due to the formulation of δ1

µ = µA +

(
arctan (N (cS − M − 0.5))

π
+ 0.5

)
(µS − µA)

− (1 − (cS − M)) ε0

(
µS − µA

)
+ (cS − M) ε1

(
µS − µA

)

− (1 − cS ) δ0

(
µS − µA

)
+ Tcorr. .

(3.52)
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Figure 3.9: Illustration of the interpolation function (3.47) used in the equation of state for different

steepness parameter values N. The displayed example refers to the apparent viscosity with a location

parameter of M = 0.
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Figure 3.10: Influence of the variation of the shift parameter M on the unbounded interpolation

function (3.47) for two different steepness parameters, i.e., N = 20.0∆µ (green) and N = 2.5∆µ (red).

with

Tcorr. =



cS δ1

(
µS − µA

)
, if M > 0

−cS δ1

(
µS − µA

)
, if M < 0 .

(3.53)

The bounded property interpolations (3.52) are illustrated in Fig. 3.11. Note that if the phases

are switched, all operations can be adjusted. It is also important to note that the density and

viscosity are always interpolated consistently by using the same interpolation function.

To consider the dependency of N on resolution ∆x1, a graphical derivation is given in Fig.

3.12. For the concentration value cS , a linear dependency between the mesh size ∆x1 and the

interface width ∆D is assumed. In Fig. 3.12, three interface widths ∆D = 0.5 = 1.0 = 2.0 with

the boundary between rigid solid and fluid material being at x1 = 1. The constant N is matched

to obtain the most similar interpolation function behavior for different meshes and prevent the
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Figure 3.11: Bounded interpolation function (3.52) for N = 2.5∆µ.
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Figure 3.12: Influence of the steepness parameter N on the bounded interpolation function (3.47) for

different sizes of numerical interface ∆D (M = 0).

interpolation from becoming too steep for finer mesh sizes and too smooth for coarser meshes.

The dependency of N on ∆x1 is found to be

N = Nre f
∆x1

∆xre f
. (3.54)

3.3 Verification and Validation

Several test cases are simulated to verify and validate the behavior of the rigid-plastic material

model.

The first study uses experimental data for a non-cohesive artificial material to validate the final

static configuration of the granular material model. The case is also used to analyse the pa-

rameter influences. The granular model is subsequently more rigorously compared against two

different literature reported results: an elasto-plastic Smoothed Particle Hydrodynamics (SPH)
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model by Bui et al. [9] and a perfectly-plastic Particle Finite Element Method (PFEM) model

by Larese et al. [70]. The aim of the analysis is to shed light on the transient behavior of the

implemented granular model and to confirm its accuracy in representing the material behavior

under different angles of repose. The case reported in Larese [70] again represents an artificial

material and does not include larger-scale dimensions of real-life problems. In opposition to

this, the test case reported in Bui et al. [9] deals with dimensions up to 4 m and realistic granu-

lar material properties, indicating if the proposed model is applicable to real-world applications.

To verify the cohesive behavior of the granular model, results obtained for a cohesive material

verification case are compared with results reported by Bui et al. [9] at the end of this section.

An implicit first-order time discretization is applied in all test cases of this section. The convec-

tive approximation of momentum equations employs a flux-blending scheme between a first-

order upwind-biased (UDS) approach and central difference (CDS), where 70% of the fluxes

are approximated with the CDS scheme, cf. Appendix A.1. The discretization of the convective

term in the concentration equation utilizes the Quadratic Upstream Interpolation for Convective

Kinematics (QUICK) scheme, introduced by Leonard [74].

3.3.1 Two-Dimensional Soil Collapse

Bui et al. [9] performed a series of experiments on the collapse of a two-dimensional soil to

validate numerical simulations. The two-dimensional environment is emulated by employing

aluminum bars with diameters of 1 mm and 1.5 mm, each possessing a length of 50 mm, to

simulate the soil material. As outlined in Fig. 3.13, the initial configuration is a rectangular

enclosure measuring l = 0.2 m in width and h = 0.1 m in height, with both sides enclosed

by retaining walls to secure the aluminum bars in position. The collapse is initiated by the

swift removal of a gate at the right end. The material density of the simulated soil is recorded

at 2650kg/m3. Parameters for the constitutive equation are obtained through shear box tests,

revealing that the aluminum bars exhibit a complete absence of cohesion. Furthermore, the

friction angle φ is empirically determined to be 19.8◦. The Poisson’s ratio was estimated to a

value of approximately 0.3 and allows the quantification of the elastic bulk modulus K, which

is found to be approximately 0.7 MPa. The employed rigid-perfectly plastic granular material

model requires the closure of only two parameters, i.e., the cohesion C and the internal friction

angle φ, which are assigned to C = 0 kPa and φ = 19.8◦, respectively.

The computational domain spans 0.6 m in length L and H = 0.2 m in height. The left and

bottom boundaries of the domain are configured as a wall. The top and right far field boundaries

are assigned to atmospheric pressure boundaries. No mobile gate is included in the computation
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Figure 3.13: Initial configuration of the 2D soil collapse case (dimensions given in meter).

and the simulation initiates with the collapse of the initially rectangular soil. A structured,

uniform mesh is used for all simulations. Following the results of an initial resolution study

outlined below, a grid spacing of ∆x1 = ∆x2 = L /300 together with a time step of ∆t = 10−4 s is

applied for all subsequent studies. The pressure field inside the soil is initialized to correspond to

the hydrostatic pressure. The reference pressure pre f is set as Dirichlet value to the atmospheric

pressure at sea level pre f = 105 Pa at the top and right domain boundary.

Mesh Resolution Study

The results of a mesh resolution study for the two-dimensional soil collapse of Bui et al. [9] are

reported in this section where the time steps are adjusted to obtain the same Courant number

for all meshes, i.e., ∆t = 20 ∆x1/
√

gh. When linearly interpolating the variable viscosity by

Eqn. (3.36), the creeping behavior of the rigid-plastic material can be observed for all mesh

sizes as is displayed in Fig. 3.14. At the left wall, the finest mesh leads to the results closest

to experiments, as expected. At the bottom wall, the medium mesh size yields the best results.

This is thought to stem from higher velocities in the air phase close to the soil surface for finer

meshes, which leads to different free surface behavior and a different material behavior for

concentration values 0 < cS < 1.

When the nonlinear interpolation function (3.52) is employed in combination with M = −0.45

and N = 25, the creeping phenomena can be reduced for all mesh sizes as can be seen in Fig.

3.15. The mesh study is conducted with constant values for N and M in the arctangent inter-

polation function, neglecting the mesh dependency of N and resulting in different soil surface

behaviors of the two finer meshes. For the failure line, results converge for finer meshes. Out

of computational efficiency reasons, a resolution of ∆x1 = L /300 is chosen for the upcoming

validation and verification cases.
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Figure 3.14: Comparison of final soil surfaces and failure lines for the 2D soil collapse case.

Resolution influence using the linear interpolation for the material properties.
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Figure 3.15: Comparison of final soil surfaces and failure lines for the 2D soil collapse case.

Resolution influence using the nonlinear interpolation (3.52) based on M = −0.45,N = 25 for the

material properties.
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Figure 3.16: Comparison of final soil surfaces and failure lines for the 2D soil collapse case. Influence

of different M parameters employed in the nonlinear EoS (3.52) (N=25).

Influence of Interpolation Function Parameters M and N

The variation of M (3.52) allows to shift the phase transition location in the interpolation func-

tion. For N = 25 and ∆x1 = ∆x2 = L /300, Fig. 3.16 indicates the benefits of a negative

factor M. The latter shifts the boundary of the rigid-plastic material further towards smaller soil

mixture fraction values cS and reduces creeping effects. The effect is also slightly reflected in

the failure line, which separates the rigid material behavior from the plastic behavior. In this

study, the failure line is associated with the norm of a deviatoric Euler-Almansi strain to comply

with a value of 0.5. At the left wall, the creeping of the material leads to an indentation of the

failure line, which should not be present for a rigid material. However, the overall agreement

of the failure line with the experimental data is reasonable, but not as well as in the SPH sim-

ulations of Bui et al. [9], who use an elastio-plastic constitutive equation. The lower M, the

better the predicted free surface agrees with the experiment for x1 < 0.25 m. Nevertheless, for

x1 > 0.4 m, the rigid-plastic material adheres too much to the wall for the smallest M. The

transition parameter is set to M = −0.45 for the remainder.

Subsequently, the influence of the steepness parameter N in (3.52) is studied for a frozen M =

−0.45. As seen in Fig. 3.17, the lower N, the better the soil surface for x1 > 0.4 m coincides

with the experimental data. The opposite is true for x1 < 0.25 m where the soil surface fits the

data better for larger values of N, except directly at the wall. For N = 100, strong creeping

occurs at the left wall. Therefore N = 25 will be taken as the reference point in the remainder.
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Figure 3.17: Comparison of final soil surfaces and failure lines for the 2D soil collapse case. Influence

of different N parameters employed in the nonlinear EoS (3.52) (M=-0.45).

Figure 3.18: Qualitative comparison of the norm of the deviatoric Euler-Almansi strain tensor at the

final position predicted by the current approach (∆x1 = L /300, N = 25, M = −0.45; top) with SPH

results from Bui et al. [9] (bottom) for the 2D soil collapse case.
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Figure 3.19: First trace component of the displacement gradient for 2D soil collapse case at a final

time, where the black line represents the soil surface.

Deviatoric Strain

Comparing the norm of the Euler-Almansi strain tensor ei j (3.35) predicted by the current rigid-

plastic model for N = 25 and M = −0.45 with the accumulated deviatoric strain field of the

reference elasto-plastic model from Bui et al. [9] in Fig. 3.18, clearly reveals the influence

of the different material models. Mind that no legend for the accumulated deviatoric strain is

given in Bui et al. [9]. Nevertheless, an augmented level of accumulated strain is predicted

at the lower wall with both material models. The high accumulated strain at the soil surface

for the current rigid perfectly-plastic model stems from the definition of soil velocity vS
i in

the Eulerian displacement equation (3.33). Since the velocity field vi is multiplied by the soil

mixture fraction, a high displacement gradient at the soil/air boundary occurs. Therefore the

Eulerian deformation gradient tensor Fi j obtained by the displacement gradients contains values

that are too large in the boundary region (0 < cS < 1) as depicted in Fig. 3.19. This transfers

to the values in the norm of the deviatoric Euler-Almansi strain. In order to mitigate this effect,

an elliptic relaxation procedure could be introduced for the soil velocity, cf. Eqn. (5.3), but is

omitted herein because the Eulerian deformation gradient tensor is a passive property and does

not affect the material behavior.

The present model is considered to be validated. Nevertheless, an elasto-plastic approach could

enhance the model results as suggested in Appendix F.2.

3.3.2 Verification of Angle of Repose Influences and Unsteady Behaviour

To verify the transient behavior of the rigid-plastic model, verification cases suggested by Bui

et al. [9] and Larese [69] are studied which also address the influence of the angle of repose.
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Figure 3.20: 2D soil dam breaking over a backward facing step. Initial set up by Larese [69] with

measurements given in meters.

Non-Cohesive Soil Dam Breaking Down a Step

To assess the the transient behavior, a soil dam of 3 m width and 1 m height is positioned on a

3 m wide step and subsequently released as described in Larese [69]. The initial geometry, as

well as the boundary conditions, are depicted in Fig. 3.20, where the length of the computational

domain L is equal to 6.0 m and the total height reads H = 3 m. Artificial material properties

are chosen with a soil density of 1000 kg/m3 and a minimum soil viscosity of 10−6 Pa s and the

reference pressure is taken to be pre f = 0.0 Pa. The angle of repose is assigned to φ = 30◦.

Results are compared against results obtained with the PFEM approach, cf. Larese [69]. For

further insight into the PFEM method, the reader is referred to Oñate et al. [95]. Since the

material model and the yield criterion (3.14) agree with the model used in [69], the compared

computational models only differ in the discretization methods as well as in the considered

amount of phases, i.e., single-phase approach [69] vs. the current two-phase treatment.

In Fig. 3.21, results obtained in combination with a linear property interpolation, using a

homogenous structured mesh with grid spacing of ∆x1 = ∆x2 = L /300 and a time step of

∆t = 10−3 s, are compared against the PFEM results with an average mesh dimension of

∆x1 = L /120. It can be seen that the FV results adhere stronger to the wall throughout the

entire period, but generally, a good agreement between both methods is observed. Results re-

turned by the FV method for the same mesh and time step in combination with the nonlinear

interpolation (3.52) of material properties using M = 0 and N = 25 are depicted by Fig. 3.22.

FV results are quite similar to the results of a finer PFEM mesh with ∆x1 = L /600, which
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Figure 3.21: 2D soil dam breaking over a backward facing step. Comparison of soil surfaces predicted

by the current FV method using a linear interpolation of the material properties and the PFEM method

from Larese [69] for four time instants.

highlights the effectiveness of the non-linear interpolation method.

Non-Cohesive Soil Dam Break for Different Angle of Reposes

A second case to verify the transient behavior of the model as well as its response to different

angles of repose has been suggested in Bui et al. [9]. Three angles of repose (φ = 25◦, 45◦,

and 65◦) are simulated and compared to the elasto-plastic SPH results of Bui et al. [9]. The

initial geometry is similar to the two-dimensional rectangular soil dam outlined in Fig. 3.13,

but features a width of 4 m, a height of 2 m which is positioned in a computational domain

of length L = 12 m and height 4 m. Moreover, a more realistic soil density of 1850 kg/m3 is

applied in this verification case.

A homogenous structured mesh with ∆x1 = ∆x2 = L /300 together with a time step of ∆t =
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Figure 3.22: 2D soil dam breaking over a backward facing step. Comparison of soil surfaces predicted

by the current FV method using a non-linear interpolation of the material properties (3.52) (M = 0,

N = 25) and the PFEM method from Larese [69] for four time instants.

10−4 s is used for all three simulations, thereby neglecting a potential dependence of the time

step on the flow velocities determined by the material properties. The initial and boundary

conditions are defined as in Sec. 3.3.1. To prevent divergence in the first time step, the density is

initially set to 20 kg/m3 and subsequently increased to 1850 kg/m3 at the tenth time step. This is

needed since the resulting static pressure inside the soil column increases due to a higher density

and greater spatial dimensions concerning the artificial validation cases. Due to the two-phase

formulation, the pressure gradient at the boundary of the soil column, especially at the bottom

of the soil column, increases, resulting in divergence in the momentum equations. Again, the

regularized Bingham fluid approach and the Drucker-Prager material model Eqn. (3.13) are

applied. However, the choice of the factor mc for calculating the upper viscosity threshold was

found to be critical. Too large values of mc and µS
max hamper the convergence. Since increasing

the angle of repose also increases the soil viscosity, the factor mc has to be adjusted accordingly.
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Figs. 3.23, 3.24 and 3.25, display the results for all three investigated soils in comparison with

SPH results of Bui et al. [9] at t = 0.8 s, t = 1.1 s and t = 1.4 s and a fourth time instant.

0 2 4 6 8
0

1

2 t = 0.8 s

x1 [m]

x 2
[m

]

0 2 4 6 8
0

1

2 t = 1.1 s

x1 [m]

x 2
[m

]

0 2 4 6 8
0

1

2 t = 1.4 s

x1 [m]

x 2
[m

]

0 2 4 6 8
0

1

2 t = 2.5 s

x1 [m]

x 2
[m

]

failure line FV, VoF soil surface FV, VoF
failure line SPH, Bui et. al [9] soil surface SPH, Bui et. al [9]

Figure 3.23: 2D soil collapse (4 m x 2 m, angle of repose φ = 25◦, zero cohesion): Comparison of soil

surfaces and failure lines between present model (FV, VoF) vs. SPH results from Bui et al. [9] at four

different time steps.

For an angle of repose of φ = 25◦ the settings from Sec. 3.3.1 have been adopted, i.e.,

M = −0.45, N = 25 and mc = 105. Since the case represents realistic spatial dam dimensions,

the hydrostatic pressure is significantly higher than in Sec. 3.3.1, which also induces higher

yield stresses. Therefore, although the angle of repose is very close to the one studied in the

previous section, results are expected to differ.

The results displayed in Fig. 3.23 show good agreement of the failure lines predicted by the

current FV model and the SPH model [9] for all time instants. The influence of the VoF method,

especially the effects of the solid velocity definition (cf. Sec. 3.3.1), is traceable by the lower

failure line for x1 < 1.5 m. Applying a linear interpolation for the viscosity leads to an even

lower failure line, and an elasto-plastic model which does express the stress tensor directly in

the momentum equations might improve the representation of the failure line in this regard. The

diagonal part of the failure line in Fig. 3.23 is in good agreement with the SPH results, taking

into account that the plotted SPH results were manually extracted from the deformation pattern
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Figure 3.24: Comparison of soil surfaces and failure lines returned by the present FV-VoF method and

an SPH method (Bui et al. [9]) for the 2D soil collapse (4 m × 2 m, φ = 45◦, C=0) at four different time

instants.

figures in [9]. The soil surface is initially represented well, but tends to be more convex than the

SPH solution at later times. At t = 2.5 s, the surface is higher for x1 > 8.0 m due to the mesh

resolution being unable to represent the size of single bottom particles.

For an angle of repose of 45◦ it is found that different settings for the interpolation function

and mc have to be applied. This is due to the resulting larger yield stress when the angle of

repose increases. To this end, the factor mc is reduced to mc = 104. A linear interpolation of

the viscosity and density is applied to keep a smooth transition between soil and air properties.

A remarkable aspect of the results displayed in Fig. 3.24 is the good agreement of the failure

line in its diagonal part. The reference solution and the present model match for this part of

the failure line, but a higher dump at the left wall in the failure line shows the weakness of the

displacement equation approach again. The dump in the failure line coincides with a smaller

dump in the soil surface at the left wall. A positive note is that the dump does not increase over

time but occurs at the beginning of the simulation. A second positive outcome is the model’s

ability to represent a steep soil surface at t = 0.8 s. Again, a more convex shape of the soil
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Figure 3.25: Comparison of soil surfaces and failure lines returned by the present FV-VoF method and

an SPH method (Bui et al. [9]) for the 2D soil collapse (4 m × 2 m, φ = 65◦, C=0) at four different time

instants.

surface is predicted during the later period. This is attributed to the difference in the applied

constitutive equations. The air inclusion at the bottom wall at x1 = 4.0 m is a further issue. It

results from a very high viscosity at the lower right corner of the original dam geometry which

stems from a high-pressure value. The high pressure value can be explained by the boundary

wall force opposing the movement of the granular material in the x1-direction at the lower right

corner of the dam. Due to the large viscosity in this confined region, the velocity of the granular

material gets reduced, and it has to flow over the high-viscosity cell. Furthermore, the soil

concentration cS is not transported close to this point due to the small velocities, and therefore

the air inclusion remains present up to t = 2.5 s. In the soil collapse test case in Sec. 3.3.1,

the final results are taken from time step t = 20.0 s when possible air inclusions are already

dissolved. An elasto-plastic model is expected to resolve the issue of air inclusion.

For the simulations with an angle of repose of φ = 65◦ the factor mc for the regularised

Bingham approach is taken to be mc = 102 while also maintaining a linear interpolation method

of the material properties. Issues observed for φ = 45◦ are intensified for an angle of repose of
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φ = 65◦ as can be seen in Fig. 3.25. Due to higher yield stress, the values which have to be

represented by the viscosity are also larger. Furthermore, the soil surface has a crooked shape

in the rigid part of the dam (x1 < 2 m). This stems from the higher stress gradient at the soil

surface for granular material with higher yield stress. The failure line does not match the SPH

data as well as for the material with φ = 45◦, but the agreement is still generally satisfying.

The higher the plastic yield stress, the more difficult simulations of granular material become

with a rigid perfectly-plastic VoF method.

3.3.3 Verification of the Cohesive Soil Model

To test the performance of the soil model for cohesive materials, the unsteady case assessed in

Sec. 3.3.2 is revisited. The 2D dam break involves granular material with an angle of repose

of φ = 25◦ and a cohesion of C = 5 kPa for which results are reported in Bui et al. [9]. The

additional cohesion increases the yield stress similar to the above studies enhanced angle of

repose of φ = 65◦. The factor mc that scales the upper viscosity for the regularised Bingham

approach is, therefore, again set to mc = 102. The study employs the non-linear interpolation

based upon M = 0 and N = 5.

In Fig. 3.26, the blue line represents the surface of the granular material simulated with the

present method which is compared against the results of the SPH model by Bui et al. [9]. As

previously seen in conjunction with higher angles of repose, the higher yield stress induced by

the cohesion yields indentations of the free surface at the downstream end of the rigid part of the

dam. Similar to the results for higher angles of repose, a fairly small air enclosure is observed

between the granular material and the bottom wall at a later phase. Furthermore, it can be seen

that there is a good agreement between the two results.

The red dotted lines represent the failure lines of the present model. They are defined by an

Euler-Almansi strain norm level of 0.3. As mentioned in the previous section 3.3.1, artificial

displacement gradients near the soil surface lead to higher Euler-Almansi strains. This effect

is, of course, not present in the single-phase SPH model. A positive aspect is the observation

of constant distances between the soil surface and the failure over time. Therefore, the rigid

part of the granular material is represented well also in later periods. For the smaller rigid part

on the downstream (right) side, the relevant strain norm contour lines are only partly plotted to

obtain an improved visual comparison with the SPH results. The lines not plotted correspond

to the effects explained in Sec. 3.3.1. With the exception of the modeling-related differences,

the selected failure lines of the SPH and the FV-VoF method displayed in Fig. 3.26 agree very

well.
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Figure 3.26: Comparison of soil surfaces and failure lines returned by the present FV-VoF method and

an SPH method (Bui et al. [9]) for the 2D cohesive soil collapse (4 m × 2 m, φ = 25◦, C=5 kPa) at four

different time instants.

Fig. 3.27 compares the accumulated deviatoric strain magnitudes predicted the present method

and the reference SPH model qualitatively. Mind that no legend was provided for the SPH

result in Bui et al. [9]. The general deformation pattern agrees well, except for regions close

to the soil-air interphase surface. Using the present two-phase VoF model inherently introduces

strain close to this interface. It could be enhanced by applying a different constitutive model

(e.g., with surface tension, elasto-plastic model) or an elliptic relaxation of the solid velocity.

Inside the granular phase cS > 0.99, the Euler-Almansi strain norm of the current approach

matches the accumulated deviatoric strain results of the SPH model [9]. For the first three

(t = 0.6 s, t = 0.88 s and t = 1.28 s) time instants, the failure cone is wider for the elasto-

plastic SPH model than the present perfectly-plastic FV-VoF model at the top of the dam. The

SPH model predicts a smaller accumulated strain in the dam’s elastic right corner part than the

Euler-Almansi strain norm in the rigid part of the present model. Future work should explore

an elasto-plastic VoF approach, cf. Appendix F.2.
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(a) t = 0.6 s (b) t = 0.6 s

(c) t = 0.88 s (d) t = 0.88 s

(e) t = 1.28 s (f) t = 1.28 s

(g) t = 2.00 s (h) t = 2.00 s

Figure 3.27: : Qualitative comparison of the deviatoric Euler-Almansi strain norm returned by present

method (threshold at cS = 0.5; left) and SPH results of Bui et. al [9] (right) for the 2D cohesive soil

collapse (4 m × 2 m, φ = 25◦, cohesion C = 5 kPa).
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Chapter 4

Coupled Flow Through Porous Plastic

Material

As mentioned in the introduction, the saturation level of the granular cargo and the water dis-

tribution in the cargo plays a major role in the transportation of nickel-, iron ore, and bauxite.

Therefore a model that can represent two potential failure failure mechanisms, i.e., ”wet base”

and ”dynamic separation”, is introduced in this chapter. Four phase combinations are needed

to model a two-phase fluid flowing through a perfectly-plastic porous material. Fig. 4.1 illus-

trates an exemplary (initial) state of the granular material inside a vessel hold. The figure also

provides enlarged control volumes of all four possible phase combinations.

This work aims at coupling two sets of two-phase flows, which consist of the previously de-

scribed models “rigid perfectly-plastic granular material” (chapter 3) and “free surface flow

through rigid-porous media” (chapter 2), respectively. The VoF method is applied to represent

the free surface in both sets of two-phase flows, and the coupling occurs via a phase-dependent

porosity, a phase-dependent resistance force, and phase-dependent material properties.

4.1 Mathematical Model

To look closely at one exemplary CV, including air, water and soil material, Fig. 4.2 displays

the fluid and soil skeleton phase. The cell volume V consists of two contributions from the fluid

phases VF and granular phase VG (cf. Fig. 4.2)

V = VF + VG , (4.1)

where both phases (VF and VG) consist of a mixture of two immiscible phases. The fluid phase

comprises air and water, and the granular phase includes air and soil. The relation between fluid
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Figure 4.1: Example geometry of granular material in a vessel hold with a water-air free surface which

can intersect the granular material. The enlarged FVs of the four different resulting phases are displayed

on the right side.
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Figure 4.2: Left: dashed lines represent the cell volume dV . Right: blue dashed lines represent the fluid

volume dVF , and red dashed lines the granular volume dVG.
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volume and overall volume defines the porosity n

n =
VF

V
(4.2)

and therefore the relationship between porosity n and granular volume VG is given by

1 − n =
VG

V
. (4.3)

In the current monolithic FV approach, the continuity, momentum, and mixture equations are

solved for both the granular and fluid phases and are strongly coupled. The granular equations

are formulated by applying the immiscible condition to the water and air phases. Therefore the

granular material is fully saturated or unsaturated depending on the free surface equation of the

fluid phase. An extension to partially saturated granular material could be made by applying a

miscible fluid VoF equation.

4.1.1 Continuity Equations

Both the fluid phases and the granular phases are solved as incompressible materials. For the

granular phase, this simplifies the model, which can be extended to compressible materials as

explored in Appendix F.1. For the fluid phases, the continuity equation follows from the mass

conservation of the fluid inside the fluid volume as given in Eqn. (2.4) in chapter 2, and it leads

to the usual zero-divergence differential form (2.5) with constant fluid density ρF . i.e.

∫

VF

∂vF
i

∂xi
dV = 0 .

The same derivation can be made for the conservation of the granular mass inside the granular

volume VG, which results in

D
Dt

∫

VG
ρGdV =

∫

VG

(
∂ρG

∂t
+
∂vS

i ρ
G

∂xi

)
dV = 0 , →

∫

VG

∂vS
i

∂xi
dV = 0 . (4.4)

If the integration is applied over the total volume V , cf. Eqns. (4.2) and (4.3), these relations

become ∫

V
n
∂vF

i

∂xi
dV = 0 (4.5)

and ∫

V
(1 − n)

∂vS
i

∂xi
dV = 0 . (4.6)

Splitting the Darcy velocity v̂i = nvF
i + (1 − n)vS

i into two parts v̂F
i and v̂S

i which are defined as

v̂F
i = nvF

i (4.7)
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v̂S
i = (1 − n)vS

i (4.8)

and introducing them into Eqns. (4.5) and (4.6) leads to

∫

V


n
∂
(

v̂F
i
n

)

∂xi


dV =

∮

A
v̂F

i dAi −
∫

V

(
∂n
∂xi

v̂F
i

n

)
dV = 0 (4.9)

and
∫

V


(1 − n)

∂
(

v̂S
i

1−n

)

∂xi


dV =

∮

A
v̂S

i dAi −
∫

V

(
∂ (1 − n)
∂xi

v̂S
i

(1 − n)

)
dV = 0 . (4.10)

Since the spatial derivative of the porosity is only relevant at the boundary of the granular

material, the second term of these equations is neglected in the current approach. The full

continuity equations would need to be solved for a compressible granular material. In the

present method, equations ∫

V

∂ v̂F
i

∂xi
dV = 0 (4.11)

and ∫

V

∂ v̂S
i

∂xi
dV = 0 (4.12)

are solved in line with the formulations in chapter 2.

4.1.2 Momentum Equations

Starting from the derivation of the momentum equations in Sec. 2.1.2 for two-phase flow

through a porous material, the momentum equations for coupled fluid phases and porous gran-

ular phases are derived. Formulating the momentum equations for an incompressible fluid over

the complete control volume dV = dVF/n and introducing the porous resistance force f R, which

represents the force acting between the grains and the fluid, leads to Eqn. (2.13) in the integral

form which is recalled here to facilitate the understanding of the following sections

∫

V
n


∂(ρFvF

i )
∂t

+
∂
(
ρFvF

i vF
j

)

∂x j

 dV =

∫

V
n

ρFgi − ∂pF

∂xi
+

∂

∂xi

µF


∂vF

i

∂x j
+
∂vF

j

∂xi


 +

f R

n

 dV .

(4.13)

The momentum equations of the incompressible granular phase can be derived in a similar way

from the force equilibrium in the granular volume dVG

D
Dt

∫

VG

(
ρGvS

i

)
dV =

∫

VG


∂(ρGvS

i )
∂t

+
∂
(
ρGvS

i vS
j

)

∂x j

 dV =

∫

VG

ρGgi +
∂σS

i j

∂x j

 dV (4.14)
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where σS
i j is the stress acting in the granular phase. By now applying dVG=(1 − n) dV and

introducing the porous resistance force f R, which is acting with the opposite sign on the granular

phase than on the fluid phases, the equation in the integral form gets

∫

V
(1 − n)


∂(ρGvS

i )
∂t

+
∂
(
ρGvS

i vS
j

)

∂x j

 dV =

∫

V
(1 − n)ρGgidV +

∫

V

∂σS
i j

∂x j
dV −

∫

V
f R
i dV . (4.15)

The constitutive equations defining the granular stress tensor σS
i j are given in Sec. 4.1.4, and the

porous resistance force f R
i for the coupled model is based on the relative velocity between fluid

and solid material and is formulated in a Forchheimer model with constants Ã and B̃

f R
i = −ρF(vF

i − vS
i )

(
nÃ + n2B̃

∣∣∣
∣∣∣vF − vS

∣∣∣
∣∣∣
2

)
(4.16)

similar to the porous resistance forces in Sec. 2.1.3. The coupled formulation can also apply

the same constants as in Sec. 2.1.3.

The above equations formulate the momentum equations based on the granular velocity vS
i and

fluid velocity vF
i . Since the approach solving the set of equations for the Darcy velocity v̂i and

not the fluid velocity vF
i was found to be more robust and efficient in chapter 2 and in Düsterhöft-

Wriggers et al. [28], here the momentum equations are also formulated with the two parts of the

Darcy velocity v̂S
i and v̂F

i (defined in Eqns. (4.7) and (4.8)). Dividing the fluid phase momentum

equations by the porosity and introducing v̂F
i , the momentum equations for the fluid phase reads

∫

V



∂
(
ρF v̂F

i
n

)

∂t
+

∂
(
ρF v̂F

i
n

v̂F
j

n

)

∂x j


dV =

∫

V

ρ
Fgi − ∂pF

∂xi
+

∂

∂xi

µ
F


∂

v̂F
i
n

∂x j
+
∂

v̂F
j

n

∂xi



 +
f R
i

n

 dV . (4.17)

This formulation of the momentum equations for the fluid phase neglects the spatial and tem-

poral variability of the porosity.

For the momentum equations of the granular phase, the variable v̂S
i is directly introduced in

Eqn. (4.15), leading to

∫

V


∂(ρGv̂S

i )
∂t

+

∂
(
ρG v̂S

i v̂S
j

(1−n)

)

∂x j


dV =

∫

V
(1 − n)ρGgidV +

∫

V

∂σS
i j

∂x j
dV −

∫

V
f R
i dV . (4.18)

The expressions of the resistance force f R
i in regards to the variables v̂S

i and v̂F
i follow directly

from Eqn. (4.16) and the definitions of the variables in Eqns. (4.7) and (4.8)

f R
i = −ρF

(
v̂F

i −
nv̂S

i

(1 − n)

) (
Ã + B̃

∣∣∣∣∣∣

∣∣∣∣∣∣ v̂
F − nv̂S

1 − n

∣∣∣∣∣∣

∣∣∣∣∣∣
2

)
. (4.19)

93



4.1. Mathematical Model Chapter 4. Coupled Flow Through Porous Plastic Material

4.1.3 Mixture Equations (VoF)

The employed VoF equations for a formulation based on the fluid velocity vF
i and the soil ve-

locity vS
i , governing the mixture fractions cA and cS , follow from the continuity equations (2.5)

and (4.4) and the immiscibility conditions DcA/Dt = 0, DcS /Dt = 0

∫

VF


∂cA

∂t
+
∂
(
cAvF

i

)

∂xi

 dV = 0 (4.20)

∫

VG


∂cS

∂t
+
∂
(
cS vS

i

)

∂xi

 dV = 0 . (4.21)

Mixture fraction values cA = 0.5, and cS = 0.5 are used to identify the interface. The position

of the soil skeleton is mapped to the fluid phase equations by calculating the porosity in each

iteration at each time step from a constant porosity nc

n = cS nc . (4.22)

If parts of the Darcy velocity defined in (4.7) and (4.8) are used as variables and the integral is

solved over the total volume V , the transport of the mixture fractions reads

∫

V


∂cA

∂t
+

∂
(

cAv̂F
i

n

)

∂xi


dV = 0 (4.23)

∫

V


∂cS

∂t
+

∂
(

cS v̂S
i

(1−n)

)

∂xi


dV = 0 , (4.24)

introducing a division by zero outside the granular material in the transport equation for the soil

mixture fraction transport. How the term is treated will be explained in detail in the approxima-

tion section.

The material properties are calculated by interpolating the properties of each two-phase flow via

either a linear function (following equations) or an arctangent function (cf. Sec. 3.2.2). With

(·)F denoting the fluid material properties of the air-water free surface flow and (·)G denoting

the soil-air material properties, the density, and viscosity get

ρF = cAρ
A + (1 − cA)ρW (4.25)

ρG = cSρ
S + (1 − cS )ρA (4.26)

µF = cAµ
A + (1 − cA)µW (4.27)

µG = cSµ
S + (1 − cS )µA . (4.28)

Here (·)A represents air, (·)W water, and (·)S is the soil skeleton for the bulk material properties.
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4.1.4 Constitutive Law for Solid Phase

For pore water pressures not exceeding a value where it can support the complete load, the

strength of the soil skeleton depends on the effective stress rather than the pore water pressure.

This principle of effective stress is widely known as being introduced by Terzaghi [113]. As

mentioned in de Boer et al. [17] also, other scientists were applying the concept of effective

stress in their work independently from Terzaghi.

Using the Terzaghi [113] principle of effective stress σ
′
i j, the stress tensor σS

i j for the granular

material can be expressed as

σS
i j = σ

′
i j − pFδi j (4.29)

which is shown by Ehlers [30] to be valid for incompressible soil skeletons independent from

the properties of the fluid inside the pores. Also, the thermodynamically consistent effective

stress approach for unsaturated soils by Borja [8] is in line with the Terzaghi principle when

the Biot coefficient is considered equal to one for soils. It shall be remarked here that the fluid

pressure pF in the present method consists of the air and water pressure

pF = cA pA + (1 − cA)pW (4.30)

and the granular pressure pG consists of the air and solid skeleton pressure

pG = cS pS + (1 − cS )pA (4.31)

depending on the air mixture fraction cA and soil mixture fraction cS .

Applying the principle of equivalent effective stress to the averaged Cauchy stress tensor of the

soil skeleton σS
i j and thereby following Bui et al. [10] and Uzuoka et al. [123] leads to

σS
i j = σ

′
i j − (1 − n)pFδi j . (4.32)

Both Bui et al. [10] and Uzuoka et al. [123] use compressible soil skeleton materials, which

differs from the incompressible assumption in this work. Therefore an underestimation of stabi-

lizing fluid pressure forces in the momentum equations of the soil skeleton may arise following

the definition of effective stress for incompressible soil skeletons in Ehlers [30].

For the effective stress σ
′
i j, either the elastic model from chapter 5 or the rigid-plastic material

model from chapter 3 is applied. In both approaches, the stress is divided into a volumetric and

deviatoric part, where the volumetric part of the stress equals the pressure in the underlying FV

- incompressible fluid solver

σ
′
i j = −pGδi j + τ

′
i j . (4.33)
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Therefore τ
′
i j is determined either from the deviatoric part of the incompressible Neo-Hooke

equation (5.1) or from the rigid-plastic approach using the incompressible Newtonian fluid vis-

cous stress (3.4) with variable viscosity (3.13). Inserting Eqns. (4.32) and (4.33) in the granular

momentum equations (4.15) results in the full granular momentum equations

∫

V
(1 − n)ρG ∂(vS

i )
∂t

dV +

∫

V
(1 − n)ρGvS

j

∂
(
vS

i

)

∂x j
dV =

∫

V
(1 − n)ρGgidV −

∫

V

∂pG

∂xi
dV +

∫

V

∂τ
′
i j

∂x j
dV −

∫

V

∂(1 − n)pF

∂xi
dV −

∫

V
f̂ R
i dV

(4.34)

or in the v̂S
i - based formulation

∫

V


∂(ρGv̂S

i )
∂t

+

∂
(
ρG v̂S

i v̂S
j

(1−n)

)

∂x j


dV =

∫

V
(1 − n)ρGgidV −

∫

V

∂pG

∂xi
dV +

∫

V

∂τ
′
i j

∂x j
dV −

∫

V

∂(1 − n)pF

∂xi
dV −

∫

V
f R
i dV .

(4.35)

Introducing the Bingham fluid approach for the rigid perfectly-plastic granular material with

the variable viscosity µS from Eqn. (3.13) and Eqn. (3.22) for the tensor τ
′
i j leads to

∫

V


∂(ρGv̂S

i )
∂t

+

∂
(
ρG v̂S

i v̂S
j

(1−n)

)

∂x j


dV −

∫

V

∂

∂xi

µ
G


∂

v̂S
i

(1−n)

∂x j
+
∂

v̂S
j

(1−n)

∂xi



 dV =

∫

V
(1 − n)ρGgidV −

∫

V

∂pG

∂xi
dV −

∫

V

∂(1 − n)pF

∂xi
dV −

∫

V
f R
i dV .

(4.36)

4.1.5 Eulerian Displacement Equation and Euler-Almansi Strain

An Eulerian displacement equation is solved to calculate the strain in the granular material.

The Eulerian displacement ui is transported with the velocity of the soil skeleton vS ∗
i which is

defined by

vS ∗
i = cS vS

i (4.37)

leading to the displacement equation in differential form as

∂ui

∂t
+
∂vS ∗

j ui

∂x j
= vS ∗

i . (4.38)

The norm of the Eulerian-Almansi strain (3.23) is applied to compare the results from the

present method to other simulation results in the verification case. The Euler-Almansi strain

is calculated by the inverse of the Eulerian deformation gradient Gi j which is explained in more

detail in chapter 3 Sec. 3.1.5.
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4.1.6 Reduced Momentum Equations

As described in Sec. 2.4 and in Düsterhöft-Wriggers et al. [28], a simplification of the momen-

tum equations for free surface flows through a rigid porous medium is acceptable for porous

Reynolds numbers ReP ≤ 5000 which roughly translates to grain diameters below 1 cm. For

the application of granular cargo on vessels, the mean grain diameters of the granular material

are under 2 mm (cf. Sec. 6.2). Therefore the simplified approach introduced in Sec. 2.2.3 for

the fluid phases is applicable and is used in the present method for the coupled model. In line

with Eqn. (2.55), the simplified momentum equations of the fluid phase gets

∫

V


∂
(
ρF v̂F

i

)

∂t
+
∂
(
ρF v̂F

i v̂F
j

)

∂x j

 dV =

∫

V

ρFgi − ∂pF

∂xi
+

∂

∂xi

µF


∂v̂F

i

∂x j
+
∂v̂F

j

∂xi


 +

f R
i

n

 dV .

(4.39)

The momentum equations of the granular phase (4.36) differ from the momentum equations of

the fluid phase (4.17) by the proportionality to the porosity coefficient. Therefore the simplifi-

cation of the left side of Eqn. (4.36) to

∫

V


∂
(
ρGv̂S

i

)

∂t
+
∂
(
ρGv̂S

i v̂S
j

)

∂x j

 dV −
∫

V

∂

∂xi

µG∗

∂v̂S

i

∂x j
+
∂v̂S

j

∂xi


 dV =

∫
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(1 − n)ρGgidV −

∫

V

∂pG

∂xi
dV −

∫

V

∂(1 − n)pF

∂xi
dV −

∫

V
f R
i dV

(4.40)

is less prominent than in the fluid momentum equations. The simplification in the viscous term

is counteracted for spatially constant porosities by calculating the plastic viscosity directly from

the Darcy velocity v̂S
i

µS ∗ =
τy√

1
2

(
∂v̂S

i
∂x j

+
∂v̂S

j

∂xi

) (
∂v̂S

i
∂x j

+
∂v̂S

j

∂xi

) , (4.41)

µG∗ = cSµ
S ∗ + (1 − cS )µA (4.42)

which is equal to the viscosity µG divided by the porosity coefficient (µG∗ = µG/(1−n)) inside the

granular material. Therefore, only the convective term is reduced in the momentum equations of

the granular phase 4.40. This simplification is applied in the present coupled model to prevent

numerical instabilities due to the division by 1 − n equal to zero outside the granular dam.

4.2 Finite Volume Method

Applying the same spatial discretization techniques as in the last two chapters or, more pre-

cisely, combining the FV model approximations of Secs. 2.2 and 3.2, leads to an algorithm
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which is displayed in Fig. 4.3. Here the equation system given in 4.2.1 is solved sequentially,

where the core routines of the FV solver (pressure correction algorithm, momentum equations,

and update of properties) are solved for both two-phase flows by setting pointers to the vari-

ables of each of the flows before solving them. After the loop of solving the two momentum

and continuity equations, the air mixture fraction equation and soil mixture fraction equation

are solved. The porosity is updated in each iteration depending on the soil mixture fraction, and

then the displacement equation is solved to obtain the strain values.

The Euler-Almansi strain tensor and its norm are calculated from the Eulerian displacement by

Eqn. (3.23) for every time step in a user coding interface. In Fig. 4.3, the superscripts n and m

denote the iterative procedure’s time step and iteration index, respectively. The FV discretized

governing equations for the coupled free surface flow through rigid-perfectly plastic granular

porous material are detailed in the following sections.

4.2.1 Discretized Reduced Equation System for (v̂F
i , pF , v̂S

i , pG) - Formu-

lation

The employed Eqns. (4.11), (4.12), (4.39), (4.40), (4.19), (4.23), (4.24) and (4.38) have already

been outlined in the last sections. Again, the theorem of Gauss is applied to change the volume

integrals of the convective terms into a flux-based formulation. The full equation system solved

in the coupled model is given by ∮

A
v̂F

i dAi = 0 (4.43)
∮

A
v̂S

i dAi = 0 (4.44)

∫
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∮
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(4.45)

∫
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(4.46)

∫

V

∂cA

∂t
dV +

∮

A

cAv̂F
i

n
dAi = 0 (4.47)
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start

initialisation
cinit.
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S )

ρF,init.(cinit.
A ), ρG,init.(cinit.

S )

start time step

start outer iteration
k = 1

set pointer X to
granular phase

set pointer X to
fluid phase

update properties
if k = 1: µX,n,m(cn,m−1

X , v̂X,n,m−1
i , pX,n,m−1)

if k = 2: µX,n,m(cn,m−1
X )

ρX,n,m(cn,m−1
X )

solve momentum equations

v̂X,n,m
i (v̂X,n,m−1

i , pX,n,m−1, ˙̂vX,n,m−1
i ,

cn,m−1
X , µX,n,m, ρX,n,m, nn,m−1, v̂X,n−1

i )

solve pressure equation

˙̂vX,n,m
i (v̂X,n,m

i )
pX,n,m(˙̂vX,n,m

i , v̂X,n,m
i )

fulfill continuity equation

v̂X,n,m∗
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i , v̇X,n,m∗
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i , nn,m−1)

k < 2 ? yesno
k = k + 1

solve free surface equation 1
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A (v̇F,n,m∗
i , cn−1

A )

solve free surface equation 2
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S (v̇S ,n,m∗
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update porosity
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displacement equation
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convergence?
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Maximum number of time steps?no
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S , v̂S ,n,m

i , pS ,n,m); ρG,n+1,m(cn,m
S )

µF,n+1,m(cn,m
A , v̂F,n,m

i , pF,n,m); ρF,n+1,m(cn,m
A )

end

Figure 4.3: Algorithm of the coupled model of water flow through a deformable porous rigid

perfectly-plastic material.
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∫

V

∂cS

∂t
dV +

∮

A

cS v̂S
i

1 − n
dAi = 0 (4.48)
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v̂S
j

(1 − n)
uidA j =

∫

V
cS

v̂S
i

(1 − n)
dV . (4.49)

Several terms with (1−n) in the denominator exist in this equation system. Since these terms be-

come singular outside the porous soil skeleton, the detailed treatment of each will be discussed

in the following discrete equations.

Discretized Momentum Equations

It is important that the terms including a division by (1 − n) in the momentum equations of the

coupled model are not divided by this term in the complete computational domain. Instead only

where porous material is present, e.g., cS = 1, the terms are included leading from Eqn. (4.45)

to
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(4.50)

where ˙̂mF
f = (ρF v̂F

i Ai) f refers to the porous mass flux of the fluid phases (air and water) across

a face. Parts of the porous resistance terms are implemented implicitly. Where explicit terms

cannot be prevented, a direct coupling to the soil skeleton velocity is implemented using the soil

skeleton’s velocity from the previous iteration in each iteration. The source term S v̂F
i

includes

explicit terms arising from different deferred correction contributions, e.g., higher-order con-

vection, non-orthogonality, and interpolation corrections further deployed in Appendix A. The

same discretization principles are now applied to the momentum equations of the granular/air
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phases (4.46), leading to
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(4.51)

Here ˙̂mS
f = (ρGv̂S

i Ai) f is the porous mass flux of the granular and second air phase across a face.

Discretized Continuity Equations

The full pressure correction scheme for the coupled model will not be presented here since it

coincides with the equations described in Sec. 2.2.1. Therefore only the first stage equation for

the pressure corrections pF,′ and pG,′ following from Eqns. (4.43) and (4.44) are given as

∑
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∑

f (∆VP)

v̂S ,m
f ,i A f ,i −

∑

f (∆VP)


Aidi

A
v̂S

i
P


f

(
∂pG,′

∂xi
ni

)

f
A f = 0 . (4.53)

Velocity-, flux-, and pressure correction are calculated as in Sec. 2.2.1 for both two-phase flows.

Discretized Mixture Equations

The air mixture equation (4.47) is exactly discretized as in Eqn. (2.46) but is stated here for

completeness
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(4.54)

For the soil mixture equation (4.48) the concentration cS is transported with the soil velocity

flux v̇S ∗

cn,m
S ,P
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where the direct translation of Eqn. (4.48) leads to

v̇S ∗ =
( ˙̂mS /ρS )

1 − n + εsmall
(4.56)

with εsmall being a small positive constant preventing singularities. This approach is used in

the verification and application cases in this work. An improvement by using a continuous

formulation over the soil/air boundary could be made with

v̇S ∗ =
( ˙̂mS /ρS )

cS (1 − n) + (1 − cS )
. (4.57)

For both mixture equations, the compressive HRIC scheme is applied for the convective term,

explicitly included in the source terms S cA and S cS .

Discretized Displacement Equation

For the calculation of the Euler-Almansi strain, the Eulerian displacements are needed. The

displacement is calculated via the soil skeleton velocity vS ∗∗, which is obtained by multiplying

the soil mixture fraction with the soil velocity field. Applying the same discretization techniques

as above, Eqn. (4.49) gets
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i,P + vS ∗∗,n,m−1
i,P ∆VP + S u ,

(4.58)

where S u again includes explicit terms which arise from different deferred correction contri-

butions, e.g., higher-order convection, non-orthogonality, and interpolation corrections. In the

verification and application cases, a simple flux blending scheme featuring 50% is applied. Us-

ing a multiplication with the soil mixture fraction and v̇S ∗ from (4.56) leads to divergence of

the cases. Therefore a simplification of using the granular part of the Darcy velocity is applied

in this work, underestimating displacements and Eulerian strains. The simplification could be

circumvented by applying Eqn. (4.57) to the displacement equation.

4.3 Verification and Validation

To validate the presented coupling algorithm, a seepage flow-induced failure of a granular dam

introduced by Bui et al. [10] is considered. This section compares the coupling of rigid,

perfectly-plastic porous material exhibiting large movements with an air/water two-phase flow
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determining the flow inside the porous voids against a two-phase elasto-plastic SPH method, cf.

Bui et al. [10].

An implicit Euler time integration is applied for the presented FV, VoF results in this section.

The convective terms in the momentum equations are solved with a flux-blending scheme with

interpolation factor 0.7 and the convective terms in the mixture equations are discretized with

the compressive HRIC scheme.

4.3.1 Seepage Flow-Induced Failure of Granular Dam

In Bui et al. [10], numerical and experimental results for the seepage flow-induced failure of

a granular dam are published. Water flows through an embankment consisting of Masa soil

(granite typically found in Japan) and leads to the failure of the embankment. The embankment

air

soil

0.30

0.30

0.10

0.4 0.4 0.4

soil

water

wall

Figure 4.4: 2D seepage flow-induced soil collapse: Initial geometry of 2D seepage flow-induced soil

collapse test case with dimensions given in meter.

is 0.4 m high and 0.4 m wide at the top with slopes of 45◦. The initial geometry of the em-

bankment is displayed in Fig. 4.4. Initial material properties for the Masa soil are given by Bui

et al. [10] as: initial water content 5%, Young’s modulus E = 3 MPa, Poisson ratio υ = 0.3,

angle of repose φ = 31.2◦, initial cohesion Cmax = 0.55 kPa, particle density ρS = 2.6 g/cm3,

initial porosity n = 0.4 and initial permeability k0 of 1.1 · 10−4 m/s. Material properties for air

are set to µA = 1.0 · 10−5 Pa s and ρA = 1.2 kg/m3 and the properties of water are taken to be

µW = 1.0 · 10−3 Pa s and ρW = 1000.0 kg/m3.

Bui et al. [10] model the saturation depending cohesion C of the Masa soil with a linear rela-

tionship between the saturated cohesion Csat and the maximum cohesion Cmax depending on the

saturation level

C = Csat + (Cmax −Csat)(1 − cA) . (4.59)
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In the present model, the saturation level is replaced by the reciprocal air mixture fraction 1−cA.

For the Masa soil, the saturate cohesion Csat is assumed to be 0.01 kPa, and the maximum

cohesion Cmax is set to 0.55 kPa with an initial water content of 5%.

For the resistance force, Bui et al. [10] apply the Darcy model (B̃ = 0, C̃ = 0) due to the

low permeability of the Masa soil together with a porosity gradient dependent term, which is

included in the momentum equations in the present approach. Therefore the constant Ã of the

resistance force f R
i gets

Ã =
|gi| n2

k0
, (4.60)

where gi is the gravitational acceleration set to 9.81 m/s2. The stress inside the dam is initialized

by gravity loading. Photographic results of the experiments from Bui et al. [10] are displayed

in Fig. 4.5. The numerical results from Bui et al. [10] employ a different discretization method,

Figure 4.5: 2D seepage flow-induced soil collapse: Photographic determination of slip surfaces and

failure surfaces from 3D experimental results by Bui et al. [10].

a different constitutive model for the granular material, and a different approach to the multi-

phase problem. In Bui et al. [10], the SPH method is applied for both the water flow and the

granular continuum mechanics. The air phase is not taken into account explicitly.

A compressible elasto-plastic constitutive equation with the Drucker-Prager yield criterion is

applied for the granular material in Bui et al. [10] which is explained in detail in Bui et al.

[9]. Due to the current approach employing an incompressible perfectly-plastic constitutive

equation, albeit with the same yield criterion (Eqn. (3.13)), differences in the behavior of the

granular dam are expected.

The 2D computational domain used for the seepage flow-induced failure of a granular dam is

a rectangular domain with length L = 2.0 m and height 0.7 m and an unstructured mesh with

predominantly rectangular grid cells is utilized. The mesh exhibits a grid spacing of ∆x1 =

∆x2 = L /500 where the free surface of the water and the free surface of granular material are
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present and below these surfaces. Towards the domain’s top boundary, the mesh size stepwise

gets wider up to a size of ∆x1 = ∆x2 = L /80. The time step is chosen depending on the initial

permeability of the granular dam.

The initial conditions for the test case depend on the dam’s permeability and are given in the

results section. At the left boundary of the domain, a Dirichlet boundary condition for the

velocities and the mixture fractions is applied with the velocity in the air phase being set to

zero at each time and the velocity in the water phase being set to a value consistent with the

permeability of the dam. At the top of the domain, the pressure reference value is set to zero as a

Dirichlet value, and the bottom boundary is a wall boundary condition as described in Appendix

A.5. At the right boundary of the domain, a second-order zero-gradient boundary condition is

applied for all variables.

Alterations of Settings for Simulations with Current Method

Some adjustments to the initial settings are employed to obtain coinciding results with the

present method and save computational power. Since the two-phase flow through porous ma-

terial has been validated extensively in Sec. 2.3, the initial water surface of the seepage flow

through the porous granular dam is set to be a linear extension of the intersection of the water

phase with the granular dam and the bottom right corner of the granular dam to save computing

time.

Applying a minimum saturated cohesion of Csat = 0.01 kPa leads to the sliding of the dam at

the water inlet side in the present method. This is due to the rigid-perfectly plastic model formu-

lation via the variable viscosity, where the maximum viscosity depends on the maximum yield

strength. The maximum viscosity needed to obtain a rigid behavior of the dam is significantly

smaller where water flows through the dam (the air mixture fraction being zero) than in the dry

granular material when using Eqn. (4.59). The forces from the water movement and pressure

on the dam are too small to counteract the creeping for Csat = 0.01 kPa. The present method

could be enhanced by introducing an elasto-plastic constitutive model (cf. Appendix F.2). In

the following cases, the saturation cohesion Csat is set to be 0.1 kPa to prevent creeping on the

water inlet side of the granular dam.

Also, applying the given initial permeability of 1.1·10−4 m/s leads to the creeping of the granular

material on the inlet side. Using this permeability, the water velocities inside the porous material

become very small and, therefore, do not act as stabilizing forces on the dam. To avoid this

drawback of the rigid perfectly-plastic material model and speed up the computation time (the

larger the permeability, the higher the appropriate simulation time step), two simulation results
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Figure 4.6: 2D seepage flow-induced soil collapse: Visual comparison of Euler-Almansi strain norm

and free surface elevations at four time steps obtained by the present VoF method (permeability

1.1 · 10−1 m/s thresholded at cS = 0.5 and cA = 0.5; left) with SPH results of Bui et al. [10] (right).

are presented with a permeability of 1.1 · 10−2 m/s and 1.1 · 10−1 m/s.

Results for Present Coupled Method with Permeability of 1.1 · 10−1 m/s

A time step of 1 · 10−4 is used for the current settings with a permeability of 1.1 · 10−1 m/s

and the Dirichlet boundary condition for the velocities is set to v̂F
1 = vF

1 = 0.0825 m/s in the

water phase for the 0.3 m high water column at the inflow boundary in the water phase. The

fluid Darcy velocity component v̂F
1 is initialized with 0.055 m/s in the water phase outside the

porous material and with 0.1375 m/s in the water phase inside the porous material. The Darcy

velocity component v̂S
1 and the second components of both Darcy velocity parts and the fluid

Darcy velocity part in the air phase are initialized with zero velocity.

A factor mc of 500 is applied for the variable viscosity formulation, and the arctangent inter-

polation is applied with constants N = 1 and M = 0. In Fig. 4.6, the results of the present

method are visually compared against the numerical results of Bui et al. [10]. Notice that the
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predicted failure line in the result of Bui et al. [10] does not coincide with the shape of the

experimental failure line. Nevertheless, the displayed material is confined to a comparison of

numerical results. Also, it shall be remarked that in Bui et al. [10], no time stamps are given for

the presented results. The results of the present method are displayed at 0.0 s, 1.0 s, 5.0 s, and

9.3 s.

Due to the high permeability, the water/air-interface inside the granular dam rises higher than in

the SPH predictions. The applied boundary condition on the right boundary of the FV simula-

tions yields insufficient drainage and a progressive filling of the domain with water. Neverthe-

less, the movement of the right side of the dam coincides with the reference results. At the third

time snapshot, the Eulerian-Almansi strain norm forms a sliding plane with similar values as

in the SPH simulation, but displaced further to the right. This results from the higher water/air

surface leading to more material with a lower cohesion on the right side of the dam.

The effect of high strains at the edge of the granular material resulting from the definition of

vS ∗∗ in the displacement equation has already been explained in chapter 3. Further, it can be

observed that the height of the incompressible rigid perfectly-plastic granular dam shrinks over

time. High strain values are observed in the bottom left corner of the dam, which are not present

in the reference compressible elasto-plastic model results. An elasto-plastic model is thought to

significantly enhance the behavior of the left side of the dam by introducing elastic stresses to

the momentum equations. It shall be remarked that in all validation cases considered in chapter

3, the granular material was experimentally and in all associated numerical results supported by

a wall on one side, which is not the case in the present verification case. Therefore, the missing

elastic stresses play a higher role in the present study.

Results for Present Coupled Method with Permeability of 1.1 · 10−2 m/s

To confirm that the height of the free surface inside the granular material induces a shifted slid-

ing plane, the case is also simulated with a permeability of 1.1 · 10−2 m/s on the same mesh.

Since the water flow is significantly slower, a time step of 5 · 10−5 is applied. A linear interpo-

lation of all material properties is used together with a factor mc of 500 for the ideally-plastic

viscosity approach. The velocity at the inlet is set to 0.009 m/s, and the initial velocity is set to

0.009 m/s outside the porous material and 0.0225 m/s inside. All other settings remain as in the

simulation with higher permeability, and the results are displayed in Fig. 4.7, plotted at times

0.0 s, 0.3 s, 0.8 s and 5.8 s. Due to the lower permeability value, the dam’s failure occurs at ear-

lier times, and therefore, results are plotted at other time steps than for higher permeability. The

reference results by Bui et al. [10] do not include time information. An improved agreement
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Figure 4.7: 2D seepage flow-induced soil collapse: Visual comparison of Euler-Almansi strain norm

and free surface elevations at four time steps obtained by the present VoF method (permeability

1.1 · 10−2 m/s thresholded at cS = 0.5 and cA = 0.5; left) with SPH results from Bui et al. [10] (right).
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with the reference results can be observed for the lower permeability. Due to the lower perme-

ability, the water surface only penetrates the right granular boundary in the last snapshot. At

the beginning of the simulations, a high soil velocity value inside the dam leads to an increased

strain spot. The dam shape in the third snapshot highly agrees with the reference results. It

shall be remarked that the behavior of the reference results differs from the experimental results

displayed in Fig. 4.5. The crack that can be observed at the top of the dam in the experimental

results is not present in either the numerical reference results or the presented FV-VoF results,

cf. Fig 4.7. The sliding plane in the third snapshot is still positioned further right in comparison

with the reference data. At the fourth time step of the numerical reference results, multiple

sliding planes combining to an area of higher accumulated strain also exist to the right of the

labeled sliding plane. Therefore the present results are deemed sufficiently verified to be used in

the application cases while remarking that the accuracy of the present method can be improved.

As already mentioned, an elasto-plastic constitutive equation is thought to improve the model,

and a monolithic incompressible elastic model will be introduced in the next chapter.
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Chapter 5

Monolithic Incompressible Elastic Model

An elasto-plastic model to depict the behavior of the granular cargo is sought to enhance the

quality of the results. Especially if liquefaction, as defined in geotechnical literature, shall be

modeled, more complex phenomena and the related constitutive equations, including, e.g., kine-

matic hardening, do have to be considered. Therefore a monolithic elastic model is implemented

in the FV fluid solver as a first step towards more complex material models.

The novelty of this work is implementing a fully Eulerian Fluid-Structure Interaction (FSI)

approach in a FVM and its combination with a pressure correction scheme. Furthermore, the

incompressible Neo-Hookean model is used to calculate the forces and stresses acting in the

granular cargo. Several validation and verification cases are presented.

5.1 Mathematical Model

Several authors have explored monolithic FSI in Eulerian coordinates using a VoF or level-set

tracking technique. Dunne [27] and Richter et al. [104] introduced this technique using FEM

with the level-set method. Sugiyama et al. [110] modified the approach by combining the Finite

Difference method (FDM) and the VoF method.

In the dissertation of Feghali [34], the approach of Sugiyama is translated to FEM, and the

level-set method is used. Further work on Eulerian FSI can be found in Cottet et al. [14], He et

al. [44], Hoogstraten et al. [49], Ii et al. [51], Laadhari et al. [68], Liu et al. [77], Okazawa et

al. [94], Richter et al. [102], Richter et al. [103], and Mosher et al. [105] among others.

In this work, the original method of Dunne [27] and Richter et al. [104] is combined with the

VoF approach that is used in the majority of multiphase flow solvers. The governing equations

are discretized with the FV method, where the algorithm of the fluid solver is only slightly

modified. A pressure correction scheme is used to fulfill the continuity equation. In this section,
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the mathematical formulation of the problem is derived in the differential form.

5.1.1 Governing Equations for Eulerian Fluid-Structure Interaction

The general Eulerian momentum equations (3.1) for incompressible materials as derived in

chapter 2 and given in chapter 3 are used for the FSI formulation. An incompressible neo-

Hookean constitutive equation is chosen due to its ability to support the decomposition of

stresses into a hydrostatic and deviatoric part. The stress tensor σS
i j for an incompressible neo-

Hookean material reads

σS
i j = −pδi j + ηS (GikG jk − δi j) , (5.1)

where Gi j is the inverse of the deformation gradient Fi j expressed in index notation in Eqn.

(3.31) in chapter 3, Sec. 3.1.5. The derivation of the Eulerian formulation of the deformation

gradient tensor Fi j follows also from Sec. 3.1.5 in chapter 3. The multiplication of the inverse

of the Eulerian deformation gradient tensor and the transpose of the inverse of the Eulerian

deformation gradient tensor GikG jk provides the Cauchy-Green deformation tensor Bi j.

The behavior of the Neo-Hookean material is governed by the second Lamé constant ηS

ηS =
E

2(1 + υ)
(5.2)

which consists of the Young’s Modulus E and the Poisson’s ratio υ. As explained in Sec. 3.1.5,

the Eulerian deformation gradient Fi j depends on the displacement in Eulerian coordinates ui,

cf. Eqn. (3.28) and the Eulerian displacement can be calculated by the convective transport

equation (3.33). Since the displacement is only needed for the calculation of the stress tensor σi j

inside the Neo-Hookean material, the displacement equation can be transported by the velocity

of the Neo-Hookean material vS
i . Dunne et al. [27] suggest a harmonic continuation of the

velocity of the Neo-Hookean material to the computational domain by introducing an elliptic

relaxation equation on the solid velocity, that is, e.g., also found in Manceau et al. [82]. The

velocity of the Neo-Hookean material vS
i is therefore calculated by

cS vS
i − aw

∂2vS
i

∂x2
j

= cS vi , (5.3)

where aw is a positive number of dimension [m2] and cS is the solid mixture fraction. From the

validation cases, a good choice is found to be aw = const. = 0.001 for meshes with ∆x ≈ 0.01 m.

The momentum equations are solved for the incompressible fluid and the Neo-Hookean material

by using the appropriate deviatoric stress tensor depending on the solid concentration cS

τi j = cS τ
S
i j + (1 − cS ) τA

i j , (5.4)
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where (·)S denotes the deviatoric part of the neo-Hookean stress and (·)A the deviatoric fluid

stress tensor given in (3.4) applying a viscosity µA. The hydrostatic part is solved with the

same pressure correction scheme (continuity equation) as applied in chapters 2 and 3, and the

alterations made are explained in the upcoming approximation section. The mixture fraction

equation (3.39) given in Sec. 3.2 is solved for the two-phase problem, and the properties are

interpolated by Eqns. (3.36).

5.1.2 Relation of Continuity Equation and Deformation Gradient Tensor

The Jacobi determinant J is the determinant of the Lagrangian deformation gradient tensor, and

the determinant of the Eulerian deformation gradient tensor is expressed as J−1

J = det(F̂i j) (5.5)

J−1 = det(Fi j) . (5.6)

In order to fulfill the continuity equation, the initial mass dm̂ = ρ0dV̂ has to be equal to the

current mass dm = ρdV

ρdV = ρ0dV̂ (5.7)

and the transformation from current to reference volume elements follows from the Jacobi de-

terminant
dV
dV̂

=
ρ0

ρ
= J . (5.8)

For incompressible materials, the Jacobi determinant and the determinant of the Eulerian de-

formation gradient tensor must be equal to one to preserve a constant density. If the continuity

equation is fulfilled, this condition should be fulfilled when using the Neo-Hookean material. A

difficulty of the current implementation is that by introducing the elliptic relaxation, the velocity

vS
i is not divergence-free. Therefore, the determinant of the deformation gradient can deviate

from unity, as will be discussed later.

5.1.3 Adapted Constitutive Equation for Artificial Diminishing of the Trace

of the Deviatoric Stress

The trace of the Eulerian Cauchy Green tensor should be zero, as well as the trace of the devi-

atoric stress tensor. To ensure a traceless property one third of the trace is subtracted from the

Cauchy Green tensor inside the constitutive equation, viz.

σi j = −pδi j + ηS

(
GikG jk − 1

3
tr (GmkGnk) δi j − δi j

)
. (5.9)
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5.2 Finite Volume Method

The algorithm used for the FSI simulations with an elastic material is displayed in Fig. 5.1. It

is observed that the adequate ordering of the equation sequence is essential to obtain correct re-

sults. Especially the displacement equation has to be solved before the pressure equation when

the elliptic relaxation of the solid velocity is conducted at the end of the algorithm. Subse-

quently, the solution of the pressure equation fulfills the continuity condition, and the fluxes are

updated. To transport the displacement with fluxes of the same iteration m−1 as the momentum

equations, the displacement equation has to be solved prior to the pressure equation. Since the

viscosity is set to zero or a negligibly small value for the Neo-Hookean material, the wall shear

does not affect the momentum equations and is not suitable for a boundary condition. There-

fore, a new (Dirichlet) condition has to be formulated for the Neo-Hookean material, cf. Sec.

5.2.2.

Adherence to the incompressibility condition is found to be crucial for stable convergence and

accurate results. Moreover, a too-small determinant of the Eulerian deformation tensor yields

unstable simulations since the determinant occurs in the denominator when the inverse of the

deformation tensor is calculated.

In the following sections, the discretization of the governing equations is described in more de-

tail, and different discretization approaches are discussed, mainly concerning the incompress-

ibility condition.

5.2.1 Discretized Equation System

The continuity, momentum, and soil mixture equations, as well as the elliptic relaxation proce-

dure and the displacement equation, are first converted into a flux-based integral form, viz.
∮

A
vidAi = 0 (5.10)

∫

V

∂

∂t
(ρvi) dV +

∮

A

(
ρviv j

)
dA j −

∮

A
τi jdA j =

−
∮

A
pdAi +

∫

V
ρgidV

(5.11)

∫

V

∂cS

∂t
dV +

∮

A
cS vidAi = 0 (5.12)

∫

V
cS vS

i dV −
∮

A
aw

(
∂vS

i

∂x j

)
dA j =

∫

V
cS vidV (5.13)

∫

V

∂ui

∂t
dV +

∮

A
vS

j uidA j =

∫

V
vS

i dV . (5.14)
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start

initialisation

cinit.
S , vinit.

i , pinit.

µinit.(cinit.
S ), ρinit.(cinit.

S )

start time step

start outer iteration

update properties
µn,m(cn,m−1

S ), ρn,m(cn,m−1
S )

τS ,n,m
i j (cn,m−1

S ,un,m−1
i )

solve momentum equation

vn,m
i (vn,m−1

i , pn,m−1, v̇n,m−1
i , cn,m−1

S , µn,m, ρn,m, τS ,n,m
i j )

solve displacement equation

un,m
i (un−1

i , un,m−1
i , vS ,n,m−1

i , v̇S ,n,m−1
i )

solve pressure equation
v̇n,m

i , v̇S ,n,m
i

pn,m(v̇n,m
i , vn,m

i )

fulfill continuity equation
vn,m∗

i , v̇n,m∗
i

solve free surface equation
cn,m

S (vn,m∗
i , v̇n,m∗

i , cn,m−1
S )

solve elliptic relaxation for solid velocity
vS ,n,m

i (cn,m
S ,vn,m∗

i )

convergence?

m→ m-1

no

yes

Maximum number of time steps?no

n→ n-1

yes
update properties

µn+1,m(cn,m
S )

ρn+1,m(cn,m
S )

end

Figure 5.1: Algorithmic procedure of monolithic Eulerian Fluid-Structure interaction for elastic

materials in FV, VoF.
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In the following sections, the exact discretizations of each equation are explained, and auxiliary

techniques are introduced.

Discretized Momentum Equations

The divergence of the deviatoric stress tensor τS
i j of the neo-Hookean material is explicitly added

on the RHS of the momentum equations and is discretized with the help of the divergence

theorem

qi = cn,m−1
S ,P

∑

f (∆VP)

ηS

(
Gn,m−1

il Fn,m−1
jl − δi j

)
f
· Ai . (5.15)

In order to stabilize the equation system, the implicit viscous fluid stress term is applied for both

phases as in the standard momentum equations for incompressible two-phase flows. To subtract

the viscous stress in the solid phase, a multiplication with the soil mixture fraction of the viscous

stress is explicitly added on the momentum equations’ RHS. The momentum equations for the

two-phase FSI follow by applying the same discretization techniques as explained in chapter

2.2 to

vn,m
i,P

ρP
∆VP

∆t
+

∑

f (∆VP)

Avi
NB

 −
∑

f (∆VP)

[(
max

[
−ṁn,m−1, 0

])
f
+

(
µA
d

)

f

]

︸                                   ︷︷                                   ︸
Avi

NB

vn,m
i,NB =

−
∑

f (∆VP)

(
pn,m−1

f Ai

)
+ ρP∆VP

(
gi +

vn−1
i

∆t

)

P
+ cn,m−1

S ,P

∑

f (∆VP)

ηS

(
Gn,m−1

il Fn,m−1
jl − δi j

)
f
· Ai

+cn,m−1
S ,P


∑

f (∆VP)

RNB

 vn,m−1
i,P − cn,m−1

S ,P

∑

f (∆VP)

(
µA
d

)

f︸︷︷︸
RNB

vn,m−1
i,NB + S vi .

(5.16)

where ṁ f = (ρviAi) f is the mass flux. Applying Eqn. (5.16) with µS being zero or very small,

the incompressibility condition det(Fi j) = 1 is fulfilled well, and results close to the literature

values are obtained.

Remark

Initially, the momentum equations were implemented by only adding the elastic forces on the

right side of the momentum equations and setting the viscosity of the elastic Neo-Hookean

material to zero. It was found that this leads to softer material behavior and a non-fulfillment

of the incompressibility condition. Since the elastic forces are linearly dependent on the solid

concentration, the material behaves less stiff for concentration values 0.5 < cS < 1.

When the elastic material is treated as a visco-elastic material (µS = µA), the implicit viscous

fluid tension stabilizes the simulations, but on the other hand it leads to determinants of Fi j
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which are not equal to one and compared to Sugiyama et al. [110] and Zhao et al. [140], the

visco-elastic material behaves too soft.

Discretized Continuity Equation

The continuity equation (5.10) is solved with the same pressure correction scheme as explained

in the previous chapters concerning the FVM. Hence, Eqn. (3.2) as in the rigid perfectly-plastic

two-phase approach is applied.

Addition of Trace of Deviatoric Stress to Pressure Equation

To enhance model results, a modification of the continuity equation, as suggested in Sugiyama

et al. [110], is applied for some of the test cases, and its performance is compared against

simulations without the modification. Sugiyama et al. [110] introduce the existing trace of the

deviatoric elastic stress tensor in the pressure equation. The trace of the deviatoric elastic stress

tensor should be zero, so this is a technique to counteract an imperfect stress tensor by adding

the actual trace to the pressure equation. The deviatoric stress tensor is thereby corrected to be

τi j → τi j − 1
3

tr(τi j)δi j (5.17)

and the pressure is modified by

p→ p +
1
3

tr(τi j) (5.18)

in the solid phase. The latter is realized by adding the existing trace of the deviatoric stress

tensor on the RHS of the pressure equation (2.42), i.e.

RHS = −v̇∗ + cS ,P Ap
P

1
3

tr(τi j) . (5.19)

The elastic force, which is added on the right side of the momentum equations, changes from

Eqn. (5.15) to

qi = cn,m−1
S ,P

∑

f (∆VP)

(
ηS

(
Gn,m−1

il, f Fn,m−1
jl, f − δi j

)
− 1

3
tr

(
ηS

(
Gn,m−1

il, f Fn,m−1
jl, f − δi j

))
δi j

)
· A j, f . (5.20)

Discretized Artificial Solid Velocity Equation

The elliptic relaxation equation for the artificial solid velocity equation (5.3) is discretized as

vS ,n,m
i,P

c
n,m−1
S ,P ∆VP +

∑

f (∆VP)

AvS

NB

 −
∑

f (∆VP)

(awA
d

)

f︸  ︷︷  ︸
AvS

NB

vS ,n,m
i,NB = cn,m−1

S ,P ∆VPvn,m−1
i,P . (5.21)
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The difficulty with this approach is the weak diagonal of the matrix inside the fluid domain due

to the diffusive term being the only term determining the artificial solid velocity in the fluid

material. Therefore, the factor aw has to be chosen in accordance with stability requirements.

Divergence Diminishing Treatment for Artificial Solid Velocity

Since the elliptic relaxation equation is solved at the end of each iteration and is not connected

to the pressure equation directly, cf. algorithm 5.1, the divergence of the velocity vS
i is not guar-

anteed to vanish. In order to ensure a unit determinant of the Eulerian displacement gradient

tensor, manipulation of the RHS of the artificial solid velocity equation is proposed herein. A

divergence-free artificial solid velocity is generated by subtracting the gradient of the artificial

solid velocity’s divergence from the equation’s RHS.

Using constant aw, the diffusion term in the artificial solid velocity equation can be expressed

in symbolic notation by

aw
∂2vS

i

∂x2
j

= aw div grad vS
i (5.22)

and can be expressed by the following vector identity

div grad vS
i = grad div vS

i − rot rot vS
i . (5.23)

If the divergence of the artificial solid velocity is zero, the first term on the RHS is also zero.

The resulting difference of this term from zero is subtracted from the RHS of the artificial solid

velocity equation (5.3) to diminish the divergence of the artificial solid velocity, i.e.

cS vS
i − aw div grad vS

i = cS vi − cS aw

(
div grad vS

i + rot rot vS
i

)
(5.24)

in symbolic notation. In the FV discretization, Eqn. (5.24) reads

vS ,n,m
i,P

c
n,m−1
S ,P ∆VP +

∑

f (∆VP)

AvS

NB

 −
∑

f (∆VP)

(awA
d

)

f︸  ︷︷  ︸
AvS

NB

vS ,n,m
i,NB =

cn,m−1
S ,P ∆VPvn,m−1

i,P − awcn,m−1
S ,P ∆VP

(
div grad vS

i,P + rot rot vS
i,P

)
(5.25)

where the gradients in the terms

div grad vS
i,P =



∂2vS
1,P

∂x2
1

+
∂2vS

1,P

∂x2
2

+
∂2vS

1,P

∂x2
3

∂2vS
2,P

∂x2
1

+
∂2vS

2,P

∂x2
2

+
∂2vS

2,P

∂x2
3

∂2vS
3,P

∂x2
1

+
∂2vS

3,P

∂x2
2

+
∂2vS

3,P

∂x2
3



(5.26)

and

rot rot vS
i,P =



∂2vS
2,P

∂x1∂x2
− ∂2vS

1,P

∂x2
2
− ∂2vS

1,P

∂x2
3

+
∂2vS

3,P

∂x1∂x3

∂2vS
3,P

∂x2∂x3
− ∂2vS

2,P

∂x2
3
− ∂2vS

2,P

∂x2
1

+
∂2vS

1,P

∂x1∂x2

∂2vS
1,P

∂x1∂x3
− ∂2vS

3,P

∂x2
1
− ∂2vS

3,P

∂x2
2

+
∂2vS

2,P

∂x2∂x3



(5.27)
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are calculated with the least square method (cf. Appendix A, Eqn. (A.9)) using the most

recently computed values.

Discretized Eulerian Displacement Equation

The Eulerian displacement is transported with the artificial velocity vS
i obtained by the elliptic

relaxation equation. The implicit Euler time scheme is used to discretize the time derivative in

the equation for the displacement (5.14). The convective part in the displacement equation is

discretized with a simple UDS method and the discretized equation becomes

un,m
i,P


∆VP

∆t
+

∑

f (∆VP)

Au
NB

−
∑

f (∆VP)

(
max

[
−v̇S ,n,m−1, 0

])
f︸                    ︷︷                    ︸

Au
NB

un,m
i,NB =

∆VP

∆t
un−1

i,P +vS ,n,m−1
i,P ∆VP +S u , (5.28)

where the flux of the artificial solid velocity is v̇S
f = (vS

i Ai) f .

5.2.2 Dirichlet Wall Boundary Condition for Neo-Hookean Material

The wall boundary condition applied for fluids is described in Appendix A.5. Since the shear

stress for the fluid depends on the viscosity, no wall force is acting on the elastic material if the

viscosity is set to zero or a minimal value. Therefore an additional force has to be introduced to

obtain a wall boundary condition for the elastic material. Since the deviatoric stress depends not

directly on velocity values but on displacement values, a similar approach as in Appendix A.5

was unsuccessful. Applying an explicit force term derived from the deviatoric stresses of the

last iteration in the first fluid cell above the wall yields bad convergence behavior. Best results

are obtained by subtracting a damping term from the coefficient matrix Avi
NB at the boundary

face fb

Avi
fb
− > Avi

fb
− cS ,PFwall , (5.29)

where a user defined factor Fwall is applied. This leads to an addition of the damping term to the

Avi
P of the cell closest to the boundary and on the RHS of the momentum equations in that cell

RHS vi
P ,

Avi
P− > Avi

P − Avi
fb

= Avi
P + cS ,PFwall , (5.30)

RHS vi
P− > RHS vi

P − Avi
fb
|v fb | = RHS vi

P + cS ,PFwall |v fb | , (5.31)

where the velocity magnitude in the boundary cell |v fb | is set to zero for a wall condition. How-

ever, care has to be taken to extend this approach to moving grids.

For the displacement and the artificial solid velocity equations, Dirichlet conditions are set at

the wall.
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5.3 Verification and Validation

Three validation cases are studied to demonstrate the performance of the present FV discretized

monolithic incompressible Neo-Hookean FSI model. First, the reversibility of the elastic mate-

rial is proven. Then a deformable incompressible disk is studied in a two-dimensional lid-driven

cavity where the pure lid-driven cavity is validated against reference values from Ghia et al.

[40]. The third case comes closest to the aim for modeling cargo in holds since it is a lid-driven

cavity case with an elastic bottom.

In all cases of this section, the implicit first-order Eulerian time integration scheme is applied

together with the compressive CICSAM scheme for the convective term of the soil mixture

equation. For the convective terms of the displacement equations, a QUICK scheme is used.

Similarly, the flux-blending scheme with a CDS-biased blending factor of 0.85 is employed for

the convective approximations of the momentum equations.

5.3.1 Reversibility of Neo-Hookean Material Deformation

To test the reversibility behavior of the monolithic Neo-Hookean elastic material model, a two-

dimensional shear flow is acting on an elastic disk as described by Sugiyama et al. [110]. A

disk with a radius of 0.75 m is positioned in the middle of a domain with a length of L = 8.0 m

and a height of 2.0 m as depicted in Fig. 5.2. The gravitational force is acting in x2- direction

with a magnitude of 9.81 m/s2. The domain’s top and bottom boundaries are driven by walls

v1

v1

1.5
fl uid

elastic
2.0

8.0

Figure 5.2: 2D reversibility study: Initial position of the elastic disk exposed to shear flow introduced

by Sugiyama et al. [110].

with opposing velocities with |v1| = 1.0 m/s for a period of 4.0 s. After 4.0 s, the walls are put

at rest (|v1| = 0.0 m/s), the fluid settles and the elastic material should return to its initial shape.

At the two vertical boundaries, zero-gradient conditions are applied for both, the pressure and

the velocities.
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The material densities are ρA = ρS = 1 kg/m3, and the fluid viscosity refers to µA = 1 kg/m3.

The Lamé constant ηS in the neo-Hookean constitutive equation is given as 4 N/m2. A rectan-

gular, equidistant grid with ∆x1 = ∆x2 = L /128 is used. The time step is set to ∆t = 10−3 s and

the simulation runs for a period of 400 s to obtain a stable reversed final shape. The constant aw

employed by the elliptic relaxation of the solid velocity is set to 10−2.

In Willing [131], it was found that without fixing the centre of the elastic disk to the centre

of the domain, the disk is vertically displaced and loses its original round shape in the reversed

configuration. Therefore a fixation method as documented by Willing [131] is introduced solely

for this case.

Fixation of Cylinder in Shear Flow

Since the free floating disk is displaced by the shear flow, the average velocity of the disk vdsk
i

is subtracted from the solid velocity vS
i (obtained by elliptic relaxation) to compute a relative

velocity

v f ix
i = vS

i − vdsk
i (5.32)

that replaces vS
i in the displacement equation (5.14) and mixture fraction equation (5.12). The

averaged velocity of the disk is obtained by

vdsk
i =

∑
CV vi,P

NCV
. (5.33)

Results

The displacement in the x1-direction inside the elastic material is depicted in Fig. 5.3 for t = 0 s,

t = 4 s and t = 400 s as well as the elastic force component in the x1-direction of the deviatoric

stress tensor. In Fig. 5.3, the maximum displacement in the x1-direction of the elastic disk is

found to be 0.64 m at t = 4.0 s. For t = 400 s, it can be seen that no displacement is left, and a

near-circular shape is obtained for the elastic disk. At t = 4.0 s, the acting elastic forces can be

recognized. A small vertical shift of the disk downwards can be observed at t = 400 s in Fig.

5.4, which stems from a slightly unsymmetrical velocity field vS
i due to the elliptic relaxation.

Nevertheless, the reversibility of the elastic deformation is confirmed by comparing its initial

and final shape in Fig. 5.4.
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Figure 5.3: 2D reversibility study: Field values of the elastic disk in shear flow at three different time

steps (top: t = 0.0 s, middle: t = 4.0 s, bottom t = 400.0 s) where the black line represents the boundary

of the elastic disk (cS = 0.5). Left graphs display the amount of displacement in the x1-direction. Right

graphs display the first component of elastic force (q1) resulting from the deviatoric part of the

neo-Hookean constitutive equation (5.15) .
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Figure 5.4: Comparison of the initial (dotted) and final (dashed) shape of the 2D elastic circular disk

exposed to a temporal shear flow, indicating the reversibility of the deformation.
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5.3.2 Deformable Elastic Disk in a Two-dimensional Lid-driven Cavity

A two-dimensional test case where an elastic disk is floating in a lid-driven cavity is described

in Sugiyama et al. [110] and Zhao et al. [140]. All physical variables and dimensions are given

without a unit by the literature and are assigned to SI-units for this study. The initial position of

the elastic disk in the lid-driven cavity, as well as the dimensions of the domain, are illustrated

in Fig. 5.5. The center of the disk is located at x1 = 0.6 m; x2 = 0.5 m, the radius of the disk

reads 0.2 m, and the domain length is L = 1.0 m). The Neo-Hookean constitutive equation is

applied to the elastic material as described in Sec. 5.1.1. The density of the fluid and the elastic

material are ρA = ρS = 1 kg/m3, such that the disk is not subjected to buoyancy. The fluid

viscosity is µA = 0.01 Pa s, and the Lamé constant of the elastic material is ηS = 0.1 N/m2.

The lid-driven cavity consists of three solid walls and a top lid that moves with the speed of

v1 = 1 m/s. No gravitational force is considered. For the results presented in the next sections,

v1

0.4

fl uid

elastic

wall

wall wall

0.5

1.0

0.6
1.0

Figure 5.5: 2D elastic disk in cavity: Initial position of the elastic disk and dimensions of the lid-driven

cavity in meters given by Zhao et al. [140] and Sugiyama et al. [110].

a structured homogeneous mesh composed of rectangular elements with ∆x1 = ∆x2 = L /120 is

used. The applied time step is ∆t = 5 · 10−4 s and yields a Courant number of ∆t v1/∆x1 = 0.06.

Validation of the Lid-driven Cavity Case without an Elastic Disk

In order to validate the fluid field without FSI, a lid-driven cavity is compared to the frequently

employed reference values of Ghia et al. [40]. The described algorithm in this section is applied

without solving the elliptic relaxation equation or displacement equation and by setting the
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Lamé constant to zero. The numerical settings coincide with the described settings from the

last paragraph. The lid-driven cavity has a Reynolds number of 100. In Fig. 5.6 (a), the values

of the velocity component v1 obtained with the presented FV approach are plotted over the

vertical x2-coordinate along the horizontal center of the cavity (x1 = 0.5 m). The current CFD

approach yields an excellent predictive agreement with reference values reported by Ghia et al.

[40]. In Fig. 5.6 (b), the predicted vertical velocity v2 is compared to the reference values along

a horizontal center line through x2 = 0.5 m. The related maximum is slightly overestimated.

Nonetheless, the current predictions are again very close to the reference values. Therefore

most discrepancies between current simulations and reference data for the elastic disk in the

cavity case are attributed to the FSI model.
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(a) v1 over x2 at x1 = 0.5 m
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(b) v2 over x1 at x2 = 0.5 m

Figure 5.6: 2D lid-driven cavity flow: Profile of velocity components v1 and v2 over x2-coordinate at

x1 = 0.5 m and x1-coordinate at x2 = 0.5 m simulated with ∆t = 5 · 10−4 s and ∆x1 = ∆x2 = L /120

compared to results from Ghia et al. [40].

Notes on Studies of the Influence of Numerical Techniques on Results of the Lid-driven

Cavity Case

Some remarks on other findings resulting from applying different numerical techniques and

settings to this test case, which are not displayed in detail in this work, are given in this section.

The Eulerian displacement calculated from Eqn. (5.28) is the basis to calculate the elastic

stresses in this approach. When the displacement equation is solved with the fluid velocity vi

instead of the artificial solid velocity vS
i , the displacement gradient is very sharp at the solid

boundary, leading to overestimated elastic stresses acting close to the solid boundary. These
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stresses lead to a too soft material behavior. Formulating the solid velocity as vS
i = cS vi and

using it in Eqn. (5.28) leads to an overestimation of the elastic stresses at the solid boundary

since the solid velocity is not continuous over the boundary. These findings are consistent with

the notes from chapter 3 on high strains at the soil/air boundary.

A factor that highly influences the artificial solid velocity values vS
i outside the solid material is

the elliptic relaxation factor aw. Therefore the value of aw greatly impacts the Eulerian displace-

ment and solid stress tensors. It was found that a constant aw, depending on the mesh size, gives

the best results. If aw is too large, the gradient of the Eulerian displacement will be too small,

leading to small values of elastic forces acting on the solid and, therefore, too soft behavior. For

aw approaching zero, the AvS

P of the elliptic relaxation Eqn. (5.25) also approaches zero inside

the fluid domain leading to numerical instability. Therefore a value aw as small as possible

without inducing numerical problems has to be found. For ∆x1 = ∆x2 = L /120 (∆t = 5 · 10−4)

this value is found to be aw = 10−3 ∼ (4 ∆x1)2. For the reversibility test case a aw ∼ (2 ∆x1)2

was applied.

Several other numerical techniques were tested (e.g., non-linear subtraction of fluid stress, non-

linear interpolation of viscosity, application of Tait’s equation as pressure source) but were

unsuccessful in improving the results.

Discussion of Differences Between Two Model Configurations and the Influence on Several

Field Values

Two successful configurations of the present Eulerian FSI model are applied to the elastic disk

in a lid-driven cavity test case, and differences in model field values are discussed in this sec-

tion. The first reference model configuration (hereafter called the present FV, VoF method) uses

Eqns. (5.16), (5.21), (5.28) and (3.42) with the solid viscosity being zero. Results closest to

the literature results were obtained with the same model plus a combination of three techniques

which are described in Secs. 5.1.3 and 5.2.1. Therefore the second model configuration (here-

after called the present FV, VoF method with extra/additional techniques) consists of Eqns.

(5.16) with constitutive formulations (5.9) and (5.20), (5.25), (5.28), (3.42) with RHS (5.19)

and the viscosity inside the elastic disk is set to be µS = 2 · 10−3 Pa s. Nevertheless, in Eqn.

(5.16), the viscous fluid stress is subtracted from the momentum equations inside the elastic

material. Hence, the main difference is in the viscosity values at the boundary of the solid ma-

terial (for 0 < cS < 1). The small viscosity in the solid part stabilizes the simulations. For both

simulations, an elliptic relaxation constant aw = 10−3 is used.

Two conditions arise from the incompressible continuity equation and can be used to verify the
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results, i.e.

• the divergence of the velocity has to be zero

• the determinant of the Eulerian deformation gradient Fi j has to be equal to one .

Both conditions are displayed in Fig. 5.7 for the present FV model of the incompressible neo-

Hookean material without applying a solid viscosity (µS = 0) and the same model applying

three above mentioned additional techniques to obtain an incompressible neo-Hookean material.

On the left column of Figs. a) and b), the results for the present model without additional

treatment are presented. It can be seen, that during later time steps, the divergence of the

artificial velocity deviates from zero, and the determinant of the Eulerian deformation gradient

is not one. Improvements are observed for the present model if additional techniques are

(a) Divergence of solid velocity vS
i . (b) Determinant of the Eulerian deformation gradi-

ent Fi j.

Figure 5.7: 2D elastic disk in cavity: Comparison of field values for FV, VoF model with µS = 0.0 (left

in (a) and (b)) and FV, VoF model with µS = 0.002 + techniques (5.19), (5.20), (5.9), (5.25) (right in (a)

and (b)) at two time steps t = 1.2 s (top) and t = 3.5 s (bottom).

Figure 5.8: 2D elastic disk in cavity: Field values of the trace of the deviatoric stress tensor at t = 1.2 s.

Left: present FV, VoF method; Right: present FV, VoF method with additional techniques.
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Figure 5.9: 2D elastic disk in cavity: Pressure field values at t = 1.2 s (left) and t = 3.5 s (right). Left:

present FV, VoF method; Right: present FV, VoF method with additional techniques.

Figure 5.10: 2D elastic disk in cavity: Field values of elastic force in x1-direction acting on the elastic

disk at t = 1.2 s (left) and t = 3.5 s (right). Left: present FV, VoF method; Right: present FV, VoF

method with additional techniques.

Figure 5.11: 2D elastic disk in cavity: Field values of elastic force in x2-direction acting on the elastic

disk at t = 1.2 s (left) and t = 3.5 s (right). Left: present FV, VoF method; Right: present FV, VoF

method with additional techniques.
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utilized to enforce both conditions inside the solid disk. However, the constraints are not entirely

satisfied at the boundary of the elastic material. The largest influence on the divergence of

the artificial solid velocity comes from manipulating the artificial solid velocity equation by

introducing the divergence of the gradient of the artificial solid velocity and the rotation of the

artificial solid velocity. Suppose this approach is added to the RHS of the artificial solid velocity

equation for the solid and the fluid part. In that case, the elastic disk behaves too soft, and the

divergence is not small in the whole domain but only inside the solid.

Both the application of an Eulerian Cauchy Green tensor with zero trace (cf. Sec. 5.1.3) and

adding the erroneous volumetric part of the stress tensor to the pressure equation (5.2.1) aim to

obtain a strictly deviatoric stress tensor. The results of applying both techniques can be studied

in Fig. 5.8 on the right side. In opposite to the results without additional techniques, the trace of

the deviatoric stress tensor is uniform inside the elastic disk. Nonetheless, it does not fluctuate

around zero but around −0.2. Therefore, these approaches obtain the best results for this test

case but do not use the entirely correct constitutive equations.

Due to the Sugyiama technique from Sec. 5.2.1, adding a volumetric part on the RHS of the

pressure equation, the pressure field values also differ (cf. Fig. 5.9). It shows higher pressures

acting on the boundary of the elastic material for the FV, VoF model with additional techniques

and at t = 1.2 s a more uniform pressure inside the elastic material.

In Figs. 5.10 and 5.11, the elastic forces included in the momentum equations (5.15) are dis-

played for the x1- and x2- directions. It can be seen that for the present FV, VoF method with

additional techniques, the force concentrates closer to the elastic material boundary than for the

present FV, VoF method.

Comparison of Results From Present Monolithic Neo-Hookean Fluid-Structure Interac-

tion Model with Zhao et al. [140] and Sugiyama et al. [110]

This section compares the best results from the above-presented methods against the work of

Sugiyama et al. [110] and Zhao et al. [140]. Sugiyama et al. [110] introduce a fully Eulerian

FDM using the VoF formulation for simulating FSI on fixed cartesian grids. Zhao et al. [140]

use a mixed Lagrangian and Eulerian formulation where the elastic stress is calculated using a

Finite-Element method on a Lagrangian mesh that overlaps a fixed Eulerian mesh. The trans-

ferred elastic stresses are then introduced to a joint momentum and continuity equation on the

Eulerian mesh. Sugiyama et al. [110] show that their results fully coincide with the results of

Zhao et al. [140], and therefore the displayed reference results are only taken from one source.

A concentration value of cS = 0.5 is used to define the boundary of the elastic disk, which is
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displayed in Figs. 5.12 and 5.13 for several time steps. Results of the presented model with and

without extra techniques to fulfill the continuity equation inside the elastic material are com-

pared to the results given by Sugiyama et al. [110]. The dashed blue line represents the basic
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Sugyiama et. al [110]

Figure 5.12: Evolution of the disk for an elastic incompressible Neo-Hookean medium immersed in a

2D lid-driven cavity during the first four time steps.

present FV, VoF model of the incompressible Neo-Hookean material without applying a solid

viscosity (µS = 0.0). An excellent agreement with the reference results exists for the first two

time steps t = 1.2 s and t = 2.3 s. At times t = 3.5 s and t = 4.7 s, the quality of the FVM

results without extra techniques is still acceptable, but for t = 5.9 s, the deformation of the disk

is larger than in the reference results. Afterward, the disk is transported faster through the fluid
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Figure 5.13: Evolution of the disk for an elastic incompressible Neo-Hookean medium immersed in a

2D lid-driven cavity during the last three time steps.
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domain than the reference results.

The results of the present model using the additional numerical techniques presented in the

previous Sec. 5.3.2 are displayed with the green line. The first three time steps coincide for the

model configurations. At t = 4.7 s, a stiffer behavior of the elastic material can be observed for

the model with additional techniques. This matches the slightly higher deviatoric stresses at the

edges of the elastic material displayed in Figs. 5.10 and 5.11. At t = 5.9 s, the results of the

model with additional numerical techniques are significantly closer to the literature results than

without the techniques. As can be seen in Fig. 5.9, a different pressure field results for the two

configurations due to the additional term on the RHS of the pressure equation in the Sugiyama

approach (5.19). At t = 3.5 s, it can be seen that a higher pressure acts on the elastic disk at the

upper boundary. This leads to the larger distance to the lid at the left side of the elastic material

at t = 5.9 s for the results without extra techniques to fulfill the continuity equation.

Due to the left side and middle of the elastic material being positioned lower for results from the

model without extra techniques at t = 5.9 s, the elastic disk is located roughly 0.1 m lower in

the computational domain at t = 7.0 s than the disk from the model with extra techniques. The

shape of the disk at that time is very similar for both configurations, both displaying difficulties

in preserving one continuous shape on the right side of the material. For the results from the

model with extra techniques, the upper boundary of the elastic disk is smoother, which is closer

to the shape of the literature references.

At t = 8.2 s, the shift between positions of the disks is present only at the lower part between the

results from the two model configurations. However, the shift is present for the whole material

between results without additional numerical treatments and the literature values. Therefore the

shape of the model results without additional numerical techniques is closer to the literature

results at this time.

Overall the results from the model with additional numerical treatments coincide better with the

literature values for this test case. This may follow from the fact that the reference values are

data from other numerical models partly exhibiting the same additional numerical treatments.

Verification of Deformable Elastic Disk with Higher Stiffness in a 2D Lid-driven Cavity

The same test case which was described in the last paragraph with a higher stiffness ηS =

10.0 N/m2 of the elastic material was investigated by Zhao et al. [140]. The FV, VoF method is

evaluated against these results in Fig. 5.14. The elastic disk does keep its round shape during

the simulation in the reference results from Zhao et al. [140] as well as in the present FV,

VoF method. A slight deformation of the elastic disk occurs when it is close to the lid in both

131



5.3. Verification and Validation Chapter 5. Monolithic Incompressible Elastic Model

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x1 [m]

x 2
[m

]

(a) t = 2.3 s

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x1 [m]
x 2

[m
]

(b) t = 4.7 s

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x1 [m]

x 2
[m

]

(c) t = 7.0 s

FV, VoF, µS = 0.0
Zhao et. al [140]

Figure 5.14: Evolution of the disk for an exemplary stiff (stiffness ηS = 10.0 ) elastic incompressible

Neo-Hookean medium immersed in a 2D lid-driven cavity at selected three time steps.

methods. Nevertheless, the speed with which the disk moves in the domain is larger for the

present method than for the reference simulations. This stems from differences in the pressure

stagnation values in the top corners of the lid-driven cavity or the transmission of fluid forces

on the disk at the elastic materials boundary. Since the application cases in this thesis will

not include elastic material moving in a fluid of the same density but rather solid-skeleton/air

interfaces, this disagreement needs to be studied in future research.

5.3.3 Deformation of an Elastic Wall in a Lid-Driven Cavity

Targeting for the application cases in this work, the behavior of a solid skeleton inside a vessel

hold will be simulated. Therefore, this section discusses an additional test case closer to the

application problem. In Dunne [26] and Zhao et al. [140], a two-dimensional lid-driven cavity

including a fluid phase at the top and a neo-Hookean material phase at the bottom is introduced

as a test case. Two similar cases are described in Dunne [27], and Richter et al. [104] with a

different top lid speed definition and geometry. Results for both test cases are presented in Fig.

5.16. First, the case defined by Dunne [27] with an initial geometry as displayed in Fig. 5.15

and a domain length of L = 2.0 m is discussed.

The Lamé constant of the neo-Hookean material is ηS = 2.0 N/m2, and the fluid viscosity is set

to µA = 0.2 Pa s. The fluid and neo-Hookean material have a density of ρS = ρA = 1.0 kg/m3,

and gravity is not considered. A different lid speed is applied to the top boundary than in the
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Figure 5.15: 2D elastic wall in cavity: Initial position of the elastic bottom in the lid-driven cavity

given by Dunne [27] with dimensions given in meter.

test cases in the last section. Here, the lid is moving periodically, viz.

v1 = 0.5



4x1 m/s, f or x1 ≤ 0.3 m

1 m/s, f or 0.3 m < x1 < 1.7 m

4(2 − x1) m/s, f or x1 ≥ 1.7 m .

(5.34)

A regular mesh with ∆x1 = ∆x2 = L /40 is used to simulate the test case with the present FV,

VoF method, and the time step is set to ∆t = 0.01 s. The elliptic relaxation constant aw is set

to aw = 10−4. Primarily the test case is used to test the boundary conditions given in Sec. 5.2.2

for the neo-Hookean material. The factor Fwall is set to 103 for the boundary conditions in the

momentum equations, and displacement as well as artificial solid velocity are set to zero at the

walls.

In Fig. 5.16 (a), a good agreement can be observed for the present FV, VoF model results at

t = 100 s with the literature values. In the published results by Richter et al. [104], the cavity

has a length and height of L = 1.0 m and the elastic bottom has a height of 0.25 m. The lid

speed is defined by v2 = 0 m/s, v1 = 4x1(1 − x1) m/s. The present FV, VoF model results are

obtained with a regular mesh with ∆x1 = ∆x2 = L /64 and ∆t = 5 ·10−3 s. The elliptic relaxation

constant is set to aw = 10−3, and the same boundary conditions (except the lid speed) are applied

as for the last test case. Results of an elastic material with Lamé constant ηS = 0.05 N/m2, a

fluid viscosity set to µA = 0.01 Pa s, and material densities ρS = ρA = 1.0 kg/m3 are compared

against Richter et al. [104] in Fig. 5.16 (b). As for the former test case, a good agreement can be

found between present model results at t = 10 s and literature values, where the displacement

of the present model is slightly higher than the reference.

133



5.3. Verification and Validation Chapter 5. Monolithic Incompressible Elastic Model

0 0.5 1 1.5 2
0

0.5

1

1.5

2

x1 [m]

x 2
[m

]
Dunne [27]

FV

(a) Dunne [27]

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x1 [m]

x 2
[m

]

Richter et. al [104]
FV

(b) Richter et al. [104]

Figure 5.16: Comparison of present (FV) and literature reported bottom boundary shapes predicted for

two different 2D lid-driven cavity cases using a neo-Hookean bottom material.

Overall, a good performance for the implemented present method can be observed for a neo-

Hookean material in cavities. Nevertheless, the used neo-Hookean materials in all test cases are

softer than the intended real-world applications.
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Chapter 6

Application Studies

In this chapter, case studies are performed based on previously introduced models to show the

applicability of the models for real-world granular cargo transport. As a starting point for the

investigations, the incident conditions of the loss of the vessel ”Jian Fu Star” [85] will be de-

scribed and cargo properties of iron ore fines and nickel ore are assembled from the literature.

Then, results of 2D cargo hold simulations which are externally forced by various rolling mo-

tions are presented and finally a proof of concept of an entire 3D vessel in waves with granular

cargo is carried out.

6.1 ”Jian Fu Star” Incident Conditions

One of the incidents of which the accident’s sequence of events is known is the sinking of the

bulk carrier ”Jian Fu Star” on 27th October 2010. This is due to detailed reports given by the

surviving seamen, which are included in the investigation of the ”Panama Maritime Authority”

[85].

The incident occurred on 27th October after 21 hours of high Northerly winds between 5 and

8 Beaufort while sailing from Indonesia to South China. The vessel was pitching heavily, and

water came on the forward deck. Due to the prevention of surcharge of the engines, the vessel

speed was reduced to 4.5 kn. The rolling motion of the vessel was moderate [85]. The bulk

carrier ”Jian Fu Star” had a length over all of 189.8 m, a width of 31.2 m, a summer draught of

11.43 m, and transported Indonesian nickel ore in five cargo holds. These are typical dimensions

for a vessel experiencing a liquefaction/cargo shift incident (cf. Tab. 1.1). At the cargo loading

before the incident, no immediate MC tests were carried out, and the cargo was distributed as

given in Tab. 6.1 among the five holds depicted in Fig. 6.1.

The moisture content MC of the cargo on board ”Jian Fu Star” was certified to be 34.45%, and
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Table 6.1: Stowage Plan of ”Jian Fu Star” at time of the incident as given in the investigation of the

”Panama Maritime Authority” [85]

Hold 1 6100 t 2542 m3

Hold 2 9300 t 3875 m3

Hold 3 9500 t 3958 m3

Hold 4 9500 t 3958 m3

Hold 5 9400 t 3917 m3

Figure 6.1: Arrangement of holds in bulk carrier ”Jian Fu Star”. Dimensions are given in meters.

the measured particle size did not exceed 200 mm. A can test was not repeated before leaving

the port, and only a visual check of the cargo, which was reported to look ”dry”, was carried

out. The incident report [85] concludes that a higher MC during carriage cannot be excluded

and is the possible reason for cargo failure.

A first sudden list of 5◦ to port occurred at 7 AM on 27th October 2010, and ballast water

pumping as counteraction was started. However, these measures did not have the desired effect,

and the vessel further listed to 10◦. The vessel then rolled around this list angle, taking on

high seas on board, and sank 20 minutes after the first list had occurred. Twelve seamen were

rescued, and thirteen seamen were lost.
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6.2 Cargo Material Properties

Vessels lost due to cargo liquefaction/ cargo shift are listed in Tab. 1.1 in Sec. 1, and it can

be seen that mostly iron ore fines and nickel ores are responsible for the deadly incidents.

Therefore, in this chapter, a collection of cargo properties from the literature is presented and

used for the setup of further studies.

Some terminology used in the next sections is defined first. The dry density ρd is defined as the

grain mass divided by the total cargo volume and, therefore,

ρd = (1 − n)ρS + nρA . (6.1)

The last term can be neglected to simplify calculations due to the high-density ratio between air

and soil grains. The wet density ρwet is the overall cargo density (total mass by total volume)

and, therefore

ρwet = (1 + wc)ρd (6.2)

with wc being the water content mW /md (water mass divided by dry soil mass). In this relation,

the air mass is neglected. Another related measure is the moisture content MC which is defined

by the IMO to be the water mass inside the cargo divided by the total cargo mass (also called

wet mass) MC = mW /mtotal. The moisture content MC relates to the water content wc via

MC = wc
ρd

ρwet
. (6.3)

Finally, the degree of saturation sW is given by VW /VF (water volume divided by void volume),

and the void ratio e associates with the porosity n via

n =
e

1 + e
. (6.4)

6.2.1 Nickel Ore Properties

Mechanical properties of eight nickel ore samples from two different locations are given in the

”Guidelines for safe carriage of nickel ores” by ClassNK [12] and are reported in the appendix

in Tab. C.1. The angle of repose φ together with the given cohesion C defines the material’s

yield stress in the above perfectly-plastic granular model. Both properties were obtained by

tri-axial testing. Also, results of DEM simulations are reported in the ClassNK guidelines [12],

and the properties chosen for these simulations are given in the appendix in Tab. C.2, where

the given density is the wet density ρwet. Simulation condition one represents the Indonesian

sample at a MC of 29 %, and the second simulation condition ”expresses a typical behavior of

nickel cargo” [12].
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As a second source for nickel ore properties, results from the French Institute of Science and

Technology for Transport, Development and Networks (IFSTTAR) presented at a project meet-

ing in Hamburg [115] are used in this study. The examined nickel ore sample has a natural

water content wc of 49%, a mean particle diameter of D50 = 10−4 m, and a grain density of

ρS = 3.66 g/cm3. Dry density ρd is measured at set water contents, and four of these values are

reported in Tab. C.3. The wet density ρwet is determined from the dry density and water content

by Eqn. (6.2) and the porosity from Eqn. (6.1).

From the wet density given in the appendix in Tab. C.3, it can be concluded that the second

simulation condition in the appendix in Tab. C.2 has a MC below 23 %. Derived from the

presented information, the nickel ore properties applied for the simulations are a grain density

of 3660 kg/m3, a porosity of n ≈ 0.62, a cargo density (wet density) between 1700 kg/m3 and

2000 kg/m3 and a dry density between 1300 kg/m3 and 1450 kg/m3. Therefore, the constitutive

properties for drier soil can be taken as simulation condition one or two in the appendix in Tab.

C.2 and for wetter soil (also exceeding moisture limit) as e.g., φ = 0◦ and C = 2700 Pa.

6.2.2 Iron Ore Fines Properties

The material properties of iron ore fines are collected from four different sources. First, the

IFSTTAR sample test results [115] present an iron ore grain density ρS = 4.89 g/cm3 and mean

grain diameter of D50 = 2 · 10−4 m. For water contents wc between 4% and 11%, the iron

ore dry density is around ρd = 3.0 g/cm3. Therefore the wet density follows to be between

ρwet = 3.12 g/cm3 and ρwet = 3.33 g/cm3 and the porosity n is 0.39.

Corresponding values are given by Wang et al. [129] for two samples of iron ore fines. The

mean grain diameter D50 in one sample equals 10−3 m; in the other, it is 2 · 10−3 m. The grain

densities are 4.44 g/cm3 and 4.84 g/cm3, respectively, and the iron ore dry density is found to

be 2.79 g/cm3 for a water content wc of 12%. Therefore the wet density ρwet of iron ore fines

gets 3.13 g/cm3.

A higher number of samples of one heap of iron ore fine was studied by Munro et al. [90]. The

grain density was found to be ρS = 4.15 g/cm3, which is slightly smaller than in the two studies

presented before, and the mean grain diameter coincides with the second sample of Wang et al.

[129] (D50 = 2 · 10−3 m). The different samples’ other material properties, including the needed

constitutive properties, are given in Tab. C.4 in the appendix.

For the coupled model, the porous cargo’s resistance force must be calculated. In Marinho et.

al [86] the saturated iron ore permeability k is found to be smaller than 8.9 · 10−4 m/s.

Deriving specific material properties from the given information for simulations leads to a
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grain density of ρS ≈ 4500kg/m3, a mean grain diameter of 10−3 m, a dry density of around

2700 kg/m3 and a wet density of 3100 kg/m3. The porosity is around n = 0.4, the angle of

repose φ ≈ 44◦, and the cohesion C ≈ 2.0 · 104 Pa.

6.3 Modeling of Granular Cargo in 2D Holds

This section introduces a two-dimensional model of an externally accelerated hold. Results for

rigid-perfectly plastic cargo, cf. Chapt. 3, and unsaturated granular cargo (coupled approach),

cf. Chap. 4, are presented in this section. The Drucker-Prager yield criterion is applied in

both models. Since the cargo shape can be arbitrary, different loaded cargo scenarios, material

properties, and several rolling motions are simulated. The coupled approach simulates both

the ”wet base” scenario and the ”dynamic separation” scenario, and the rigid-perfectly plastic

models simulates ”cargo shifting”.

The first-oder implicit Eulerian time discretization is applied for all cases in this section. The

QUICK scheme is used to discretize the convective flux in the momentum equations, and the

HRIC scheme is applied for convective flux in the mixture equations.

One hold of the generic ”Oldendorff” bulk carrier is chosen for the two-dimensional tank stud-

ies since the generic bulk carriers’ dimensions are similar to the dimensions of the ”Jian Fu

Star”. The hold geometry depicted in Fig. 6.2 is taken from a construction plan from the

generic ”Oldendorff” bulk carrier provided by ”Oldendorff Carriers” [21] and serves as the

computational domain with a length of L = 32.26 m. An unstructured mesh is used for the

wall
wall

wall wall

wall

wall wall

p = pre f

4.45
32.26

13.71

4.38

6.30

3.03

6.35

x1

x2

Figure 6.2: 2D vessel hold: Geometry of the hold of a generic ”Oldendorff” bulk carrier, all

measurements given in meters.
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simulations in this section which consists of 194252 predominantly quadratic cells with a size

of ∆x1 = ∆x2 = L /1075 where the cargo is initialized and coarsening of the cells towards the

top of the domain. In the vicinity of the domain boundaries, the cells are not rectangular. A

time step of ∆t = 5 · 10−4 s is applied for all simulations in this section. The gravitational load

inside the cargo is initialized by applying a hydrostatic pressure inside the granular material.

All other variables are initially at rest. The computational domain is bounded by all walls of the

hold, applying wall boundary conditions, and the dashed line at the top of the domain, at which

the pressure is set as Dirichlet boundary condition to the reference pressure of zero Pascal.

Furthermore, the factor mc (which determines the maximum viscosity in Eqn. (3.22)) is set to

be 103 and the factor N for the nonlinear treatment of soil properties at the interface (cf. Sec.

3.52) is 5 with M being zero.

6.3.1 External Acceleration Defining the Rolling Motion of the Vessel

The rolling motion of the hull is simulated by using a static mesh, and the rotation of the gravity

vector around the x3-axis by defining a body force vector bi. The body force vector bi replaces

the gravity vector gi in the momentum equations. The general external body force vector due

to translational and rotational motions in the moving coordinate system (coordinate system

moving with the hold) bl
i is given by

bl
i = gi − ai − εi jk

dω j

dt
rP,k − 2εi jkω j

drP,k

dt
− εi jkω jεkmnωmrP,n (6.5)

as stated e.g. in Arai et al. [2] and Zou et al. [141]. Here gi denotes the gravitational accel-

eration, and ai is the acceleration due to translational motions. The third term represents the

acceleration due to angular forces where ωi is the angular velocity vector and rP,i denotes the

vector between the center of gravity of the rigid moving hold and a certain point P in the hold.

The fourth term accounts for the acceleration due to the Coriolis force, and the fifth term rep-

resents centrifugal forces. Since the vector bl
i is now given in the moving coordinate system, a

transformation has to be carried out before it can be applied to the present fixed computational

domain.

Since only rotational rolling motion around the x3-axis will be applied in the following cases

(ω1 = ω2 = 0, a1 = a2 = a3 = 0) and gravity is acting in the x2-direction, Eqn. (6.5) can be

expressed as

bl
i =


0

−g

 −

− dω3

dt rP2

dω3
dt rP1

 − 2


ω3

drP2
dt

ω3
drP1

dt

 −

−ω2

3rP1

−ω2
3rP2

 . (6.6)

To further simplify, the distances between the points in the hold and the center of gravity do not

change over time, and therefore the rate drP,i/dt is equal to zero, and the external acceleration
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vector in moving coordinates gets

bl
i =


dω3
dt rP2 + ω2

3rP1

−g − dω3
dt rP1 + ω2

3rP2

 . (6.7)

The forced rolling motion of the hull is described via the time-dependent roll angle αR

αR = AR sin
(
2π
TR

t
)

(6.8)

where AR is the maximum amplitude and TR is the period of the rolling motion. Therefore the

angular velocity around x3 gets

ω3 =
2π
TR

AR cos
(
2π
TR

t
)

(6.9)

and the angular acceleration is

dω3

dt
= −

(
2π
TR

)2

AR sin
(
2π
TR

t
)
. (6.10)

To transform the vector bl
i to the fixed reference system, the transformation matrix of a 2D

rotation around the x3-axis with angle αR is multiplied with bl
i to obtain

bi =


cosαR − sinαR

sinαR cosαR

 ·


dω3
dt rP2 + ω2

3rP1

−g − dω3
dt rP1 + ω2

3rP2



=


cosαR

(
dω3
dt rP2 + ω2

3rP1

)
+ sinαR

(
g + dω3

dt rP1 − ω2
3rP2

)

sinαR

(
dω3
dt rP2 + ω2

3rP1

)
+ cosαR

(
−g − dω3

dt rP1 + ω2
3rP2

)
 .

(6.11)

6.3.2 2D Holds with Rigid Perfectly-Plastic Granular Cargo

The granular model described and validated in chapter 3 is used to study different cargo sce-

narios in a two-dimensional hold accelerated by the external forcing given in Sec. 6.3.1. Three

different initial cargo shapes with varying steepness are studied. Also, cargo behavior with two

different sets of material properties is compared, and two different rolling angles are simulated.

In all simulations, the vessel’s center of gravity (CoG) is set to be in the middle of the hold in

the x1-direction (CoGx1 = 16.13 m) and at 7.6 m in the x2-direction. Since the rigid perfectly-

plastic granular model describes the properties of the whole soil, including the water, the wet

density ρwet is used.

Variation of Initial Cargo Shapes

The first study includes three differently initialized cargo shapes. As material properties, an

Indonesian nickel ore with MC around 26% is selected from Tab. C.1 in the appendix providing
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(a) hmax = 7.750 m; s = 0.040 (b) hmax = 6.200 m; s = 0.015 (c) hmax = 4.977 m; s = 0.000

Figure 6.3: 2D vessel hold: Static pressure induced viscosity field values inside the cargo heap for

rigid-perfectly plastic cargo with properties φ = 7.4◦, C = 7.9 kPa and ρwet = 1.7 · 103 kg/m3 at time

t = 1.0 s for varied loading scenarios.

the material properties as φ = 7.4◦, C = 7.9 kPa and ρwet = 1.7 · 103 kg/m3. The shape of the

initial cargo heap is defined by the quadratic function

hcargo(x1) = hmax − s (x1 − 16.13)2 (6.12)

where hcargo is the pile height over the x1-axis, hmax is the maximum pile height and s determines

the steepness of the pile. The mass of cargo is kept constant in this study. The steepest cargo

heap initialization uses a maximum pile height of hmax = 7.75 m and steepness of s = 0.04, the

flatter heap of cargo is initialized with a maximum pile height of hmax = 6.2 m and steepness of

s = 0.015 and the completely flat loaded cargo with a maximum pile height of hmax = 4.977 m.

As an external forcing, a pure rolling motion of the cargo hold with a roll angle of 5◦ and a

rolling period of 10 s is applied.

In Fig. 6.3, the viscosity of the granular cargo is plotted at time t = 1.0 s for the three different

loading scenarios, and the influence of the pile height respectively the soil pressure on the

viscosity can be observed at an early time step where the static soil pressure plays a dominant

role. Higher viscosities follow from large static soil pressure induced by higher cargo piles.

Considering the norm of the Euler-Almansi strain ||ei j||, cf. (3.35), displayed for the different

loading scenarios at time steps t = 1.0 s, t = 20.0 s, t = 40.0 s and t = 60.0 s in Fig. 6.4, the

settling of the cargo heaps can be observed. Due to the angle of repose being only φ = 7.4◦,

the initial heap geometries of the steeper cargo heaps cannot be preserved. When the cargo

is loaded flat, the likelihood of cargo shift is greatly reduced. Interestingly, a lump in the

middle of the cargo hold growing with time can be observed for all initial loading conditions,

being most pronounced for the steepest initial heap. Cargo sliding occurs for the steepest heap

and therefore, the viscosity from the Bingham rigid-plastic approach is smaller at later time

steps than for the other heap configurations, leading to more dynamic behavior when externally

accelerated. The circular nature of the external forcing triggers the lump close to the center of

gravity in the hold.
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(a) t = 1.0 s (b) t = 1.0 s (c) t = 1.0 s

(d) t = 20.0 s (e) t = 20.0 s (f) t = 20.0 s

(g) t = 40.0 s (h) t = 40.0 s (i) t = 40.0 s

(j) t = 60.0 s (k) t = 60.0 s (l) t = 60.0 s

Figure 6.4: 2D vessel hold: Deviatoric Euler-Almansi strain norm field values inside cargo heap for

rigid-perfectly plastic cargo with properties φ = 7.4◦, C = 7.9 kPa and ρwet = 1.7 · 103 kg/m3 at four

different time steps for varied loading conditions. Left: hmax = 7.750 m; s = 0.040, Middle:

hmax = 6.200 m; s = 0.015, Right: hmax = 4.977 m; s = 0.000.

Variation of Cargo Material Properties

The second comparison of cargo behavior is carried out between simulations with two different

materials: Indonesian nickel ore with MC around 26% (φ = 7.4◦, C = 7.9 kPa, ρwet = 1.7 ·
103 kg/m3, cf. Tab. C.1) and nickel ore from the Philippines with a MC of 45% (φ = 0◦,

C = 2.7 kPa, ρwet = 2.05 · 103 kg/m3, cf. Tab. C.1). Both simulations are initialized with a

flat cargo pile, and the external rolling is applied with a period of T = 10 s and amplitude of

AR = 5◦. The factor mc in Eqn. (3.22) is 5 · 102 for both cases.

The resulting norm of the Euler-Almansi strain ||ei j|| for both materials is compared in Fig. 6.5

for different time steps. Again, the influence of the high gradients in the resulting Eulerian

displacement due to the definition of the soil velocity (explained in chapter 3) can be seen in the
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high strains at the soil/air boundary. Both materials exhibit small displacements for the rolling

amplitude of 5◦ at all time steps, and therefore the shape of the cargo boundary only visibly

differs at time t = 50 s. Looking at the norm of the Euler-Almansi strain, it can be seen that for

the defined wet nickel ore, the strain is around double the strain of the drier nickel ore for all

time steps. The normal integrated pressure and viscous forces over the bottom right diagonal

(a) t = 1.0 s (b) t = 1.0 s

(c) t = 15.0 s (d) t = 15.0 s

(e) t = 30.0 s (f) t = 30.0 s

(g) t = 50.0 s (h) t = 50.0 s

Figure 6.5: 2D vessel hold: Deviatoric Euler-Almansi strain norm field values inside flat loaded cargo

heap at four different time steps for different rigid-perfectly plastic cargo material properties. Left:

Indonesian nickel ore with MC around 26% (φ = 7.4◦, C = 7.9 kPa, ρwet = 1.7 · 103 kg/m3); Right:

nickel ore from the Philippines with a MC of 45% (φ = 0◦, C = 2.7 kPa, ρwet = 2.05 · 103 kg/m3).

wall of the hold are plotted over time in Fig. 6.6. Two observations can be made: the mean

over time of the total forces of the wet material is higher than for the dry material. This results
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φ = 7.4◦, C = 7900.0, ρwet = 1700
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Figure 6.6: 2D vessel hold: Total normal force (pressure and viscous forces) acting on the right

diagonal bottom wall for varying cargo properties of a flat loaded rigid-perfectly plastic cargo.

from the higher wet density of the wet material. Secondly, the total normal force of the wetter

material has a smoother trend than that of the drier material, which can be explained by the

higher maximum viscosity µmax obtained by the increased cohesion and angle of repose. Due to

small changes in the velocity gradient, greater changes in the viscous forces are obtained.

Overall the rigid-perfectly plastic approach leads to oscillating forces at the walls, which could

be improved by an elasto-plastic approach.

Variation of Rolling Motion

Another exemplary study with the rigid-perfectly plastic granular model in a two-dimensional

hold is the behavior of the cargo due to a variation of the rolling motion defined by Eqn. (6.11).

Again the cargo is initialized as a plane with the maximum height hmax of the cargo being

4.977 m. To study what possibly happens in a cargo vessel experiencing a cargo shifting in-

cident, the relatively wet nickel ore (MC of 45%) with properties φ = 0◦, C = 2.7 kPa and

ρwet = 2.05 · 103 kg/m3 is loaded into the 2D hold and exposed to three different rolling mo-

tions. Two of the rolling motions (amplitude AR being 5◦ and 2◦) are defined with a period of

T = 10 s, and the third movement has a period of T = 15 s with an amplitude of AR = 10◦.

As in the last sections, a comparison of the accumulated strain for the different rolling motions

is displayed in Fig. 6.7. For the rolling motions with lower amplitudes 2◦ and 5◦ the flat loaded

cargo does not experience cargo shift. The small displacements lead to small strain values

wherever a rolling motion with a 10◦ amplitude leads to cargo shifting for the given material

properties. For the rolling motion with amplitude 10◦, the slip plane can be observed clearly in

Fig. 6.7 at t = 15 s and t = 45 s.

In Fig. 6.7 (f), a time step shortly after the maximum amplitude of the rolling motion has
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(a) t = 1.0 s (b) t = 1.0 s (c) t = 1.0 s

(d) t = 8.0 s (e) t = 8.0 s (f) t = 8.0 s

(g) t = 15.0 s (h) t = 15.0 s (i) t = 15.0 s

(j) t = 38.0 s (k) t = 38.0 s (l) t = 38.0 s

(m) t = 45.0 s (n) t = 45.0 s (o) t = 45.0 s

(p) t = 50.0 s (q) t = 50.0 s (r) t = 50.0 s

Figure 6.7: 2D vessel hold: Deviatoric Euler-Almansi strain norm field values inside flat loaded cargo

heap at six different time steps for rigid-perfectly plastic cargo (properties φ = 0◦, C = 2.7 kPa and

ρwet = 2.05 · 103 kg/m3) and varied rolling motions. Left: amplitude AR = 2◦, period T = 10 s; Middle:

amplitude AR = 5◦, period T = 10 s; Right: amplitude AR = 10◦, period T = 15 s .
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(a) t = 8.0 s (b) t = 15.0 s

Figure 6.8: 2D vessel hold: Field value of the solid velocity in x1 -direction in the flat loaded

rigid-perfectly plastic (properties φ = 0◦, C = 2.7 kPa and ρwet = 2.05 · 103 kg/m3) cargo heap at two

time steps which differ in the Euler-Almansi strain norm patterns.

(a) t = 8.0 s (b) t = 15.0 s

Figure 6.9: 2D vessel hold: Field value of the displacement in x1 -direction in the flat loaded

rigid-perfectly plastic (properties φ = 0◦, C = 2.7 kPa and ρwet = 2.05 · 103 kg/m3) cargo heap at two

time steps which differ in the Euler-Almansi strain norm patterns.

(a) t = 8.0 s (b) t = 15.0 s

Figure 6.10: 2D vessel hold: Field value of first component of the displacement gradient in the flat

loaded rigid-perfectly plastic (properties φ = 0◦, C = 2.7 kPa and ρwet = 2.05 · 103 kg/m3) cargo heap at

two time steps which differ in the Euler-Almansi strain norm patterns.
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occurred is displayed. It is interesting to note that at this time step and in Fig. 6.7 (l) and 6.7

(r), the slip plane is discontinuous. To display the underlying mechanism, the cargo velocity,

displacement, and gradient of the displacement in the x1-direction are shown at t = 8.0 s and

t = 15.0 s in Figs. 6.8, 6.9 and 6.10. The granular cargo is moving with a slight positive

velocity in the x1-direction close to the wall of the cargo hold. In the middle top of the cargo

pile, the cargo moves in the negative x1-direction with a higher speed at both time steps. It

has to be noted that the cargo or solid velocity in the x1-direction is obtained from Eqn. (3.34)

and is displayed in Fig. 6.8 inside the cargo volume. Resulting from the integration of the

cargo velocity, the displacement in the x1-direction is shown in Fig. 6.9 where a change in sign

can be observed at t = 15 s. It can also be noted that due to the integration of Eqn. (3.34),

the displacement at the upper boundary of the cargo is artificially low since the velocity is

multiplied by the phase values in Eqn. (3.34). This leads to high displacement gradients (cf.

Fig. 6.10) at the top of the cargo pile and, therefore, to the observed high values of the deviatoric

Euler-Almansi strain norm at the interface between air and granular materials in all previous and

following results. The reason for the difference in slip plane appearance between time t = 8 s

and t = 15 s results from the difference in displacement gradient. When the displacement is

entirely positive or negative as at t = 8 s, the slip plane is discontinuous in the lower corners

of the hold due to a smaller displacement gradient than when a sign change of displacement

induces large displacement gradients, cf. t = 15.0 s in Fig. 6.10. The values for the x2-direction

are not displayed here but lead to the same conclusion.

The total integrated normal force consisting of pressure and viscous forces on the bottom right

diagonal wall of the cargo hold is displayed in Fig. 6.11 for the three different rolling motions.

The motion periods directly translate into the periods of the forces. Interestingly the shape of

the total force over time for the 10◦ rolling motion is not sinusoidal but resembles an inertia

triggered zig-zag function induced by the abrupt slipping of the cargo.

6.3.3 2D Holds with Granular Cargo Including a Water Phase

This section applies the coupled model of a free surface flowing through a dry granular material

described in chapter 4 to the cargo inside the two-dimensional cargo hold. Different initializa-

tions of the water content inside the cargo are simulated. Furthermore, the coupled model is

used to study both a material with a saturation-dependent cohesion and one with a cohesion

independent of the saturation. It is focused on three scenarios due to the immiscible formu-

lation of the present water-air free surface formulation: a cargo heap with a wet base layer, a

cargo heap with a wet top layer, and a cargo heap with a pure water layer on top. The last two
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Figure 6.11: 2D vessel hold: Total normal force (pressure and viscous forces) acting on the right

diagonal bottom wall for varying external rolling motion of a flat loaded rigid-perfectly plastic cargo.

scenarios study the cargo behavior after ”dynamic saturation” has occurred.

The same mesh as in the previous Sec. 6.3.2 is used for the simulations, as well as the same time

step and identical settings for the discrete equations. Also the Drucker-Prager yield criterion is

applied as the granular skeletons’ constitutive equation.

Since in the coupled approach, the granular phase consists of the soil skeleton with the grain

density ρS , the overall density follows from the water and air densities ( ρW , ρA) as well as the

porosity n and phase concentrations (cS , cA)

ρwet = cS

(
(1 − n) ρS + n

(
cA ρ

A + (1 − cA) ρW
))
. (6.13)

If not mentioned otherwise in the following sections, the material properties for the general

cargo are chosen to resemble the property condition one of the DEM studies by ClassNK given

in the appendix in Tab. C.2 and therefore, the wet density ρwet is equal to 1.75 · 103 kg/m3, the

angle of repose φ = 4◦ and cohesion 7.8 kPa. From a porosity of n = 0.62, which follows from

the nickel ore properties given by IFSTTAR (cf. Tab. C.3), together with the water density

ρW set to 1.025 · 103 kg/m3 and the air density ρA set to 1.2 kg/m3, a grain density ρS of 3.66 ·
103 kg/m3 is calculated. The grain diameter is taken from the IFSTTAR results to be D50 =

10−4 m, and since the small diameter leads to low permeability, the Darcy resistance law is

adopted. The factor Ã is calculated by Ergun’s porous resistance force model (cf. Tab. 2.1) with

a factor α equal to 102.
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Studies of Unsaturated Cargo with Fully Saturated Bottom Layer and Saturation-Based

Cohesion - Wet Base

A possible cargo failure mechanism already mentioned in the report of the ”Technical Working

Group” [56] is the ”wet base” theory. This theory assumes that the water inside the unsaturated

cargo settles down over time, leading to a fully saturated bottom layer of the cargo and drier

cargo at the top of the cargo pile. A second way a ”wet base” is formed could be by intentionally

loading the wet cargo underneath dry cargo according to [109].

Figure 6.12 displays the initialization of the phases for the simulations studying the ”wet base”

failure mechanism. The water surface is initialized as a plane. Therefore, depending on the

air

dry cargo

wet base layer

expressed water

hcargo
hwetlayer

Figure 6.12: 2D wet base cargo in hold: Sketch of a cargo hold initialization for the ”wet base”

scenario where hcargo represents the surface of the porous rigid-perfectly plastic granular material and

hwetlayer is the height of the initialized water-air free surface.

water level height, the so-called expressed water is present at the beginning of the simulations.

The term ”expressed water” is used for water pressed out of the wet cargo during the vessel’s

voyage by compression of the soil skeleton. It has to be noted that the real domain geometry is

still the hold geometry displayed in Fig. 6.2 for all simulated cases. The soil skeleton’s cohesion

depends linearly on the saturation level as in Eqn. (4.59) and therefore is set to a smaller value

for the wet base layer than for the drier cargo. Here, the cohesion of the unsaturated cargo is

7.8 kPa (where cA is equal to one), and the cohesion of the fully saturated cargo (wet base layer)

is 1.0 kPa.

In Fig. 6.13, the viscosities for a wet base initialization and the viscosity of a constant cohesion

also in the wet layer are displayed. The difference beween the viscosities in the wet layer in

Fig. 6.13 (a) and Fig. 6.13 (b) already predicts larger cargo movements for the saturation-based

variable cohesion.

The comparison of the behavior of the wet base material with constant (Fig. 6.14, right) and

non-constant cohesion (Fig. 6.14, left) is shown for a rolling motion with amplitude 20◦ and
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(a) (b)

Figure 6.13: 2D wet base cargo in hold: Static pressure induced viscosity field values in a cargo heap

with a wet base layer with height hwetlayer = 1.0 m at time t = 1.0 s for two different materials. Left:

φ = 12◦, Cmax = 7.8 kPa ,Csat = 1.0 kPa; Right: φ = 12◦, Cmax = 7.8 kPa ,Csat = 7.8 kPa.

period of 18.0 s in Fig. 6.14. The free surface of the air/water interface is displayed as a black

line. The wet base layer with non-constant cohesion in Fig. 6.14 (d) significantly sloshes higher

on the right hold wall than the wet layer with constant cohesion in Fig. 6.14 (f). The cargo

movement above the wet layer from a heap to a plane also advances faster for the cargo heap

with a wet layer with saturation-dependent cohesion.

In the middle column of Fig. 6.14, the behavior of a cargo pile with a wet base layer with

saturation-dependent cohesion for a larger rolling angle is studied. Large cargo shifts due to

the wet material at the bottom of the pile can be observed. In all cases, the wet base layer

flows along the hold walls, where the forming of two humps of the air/water-free surface in the

corners of the hold can be noted for the larger rolling amplitude.

To study an extreme case, a cargo material that is assumed to have zero cohesion when fully

saturated and a maximum cohesion of Cmax = 7.8 kPa is suspected of having a rolling motion

of AR = 5◦ and TR = 10.0 s. The wet base height is determined by the MC, which was set to

20% and therefore resembles a value of dry nickel ore during cargo transport. In Fig. 6.15, the

results for this extreme case are presented where the fluid behavior of the wet base is apparent,

and the body of the cohesive material can still be distinguished at t = 100.0 s. At t = 1.0 s, a

high displacement gradient is present at the air/water interface, translating into a high norm of

the Euler-Almansi strain at the top boundary of the wet base layer. It has to be noted that the

assumption of zero cohesion is not thought to be valid for realistic cases.
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(a) t = 1.0 s (b) t = 1.0 s (c) t = 1.0 s

(d) t = 10.0 s (e) t = 10.0 s (f) t = 10.0 s

(g) t = 20.0 s (h) t = 20.0 s (i) t = 20.0 s

(j) t = 25.0 s (k) t = 25.0 s (l) t = 25.0 s

(m) t = 100.0 s (n) t = 100.0 s (o) t = 100.0 s

Figure 6.14: 2D wet base cargo in hold: Field values of the deviatoric Euler-Almansi strain norm in a

cargo heap (quadratic function hmax = 7.750 m) and a wet base (hwetlayer = 1.0 m) at five different time

steps for varied rolling motions and wet phase cohesions and properties angle of repose φ = 12◦ and

maximum cohesion Cmax = 7.8 kPa. Left: amplitude AR = 5◦, period T = 10.0 s, cohesion

Csat = 1.0 kPa in (4.59); Middle: amplitude AR = 20◦, period T = 18.0 s, cohesion Csat = 1.0 kPa in

(4.59); Right: amplitude AR = 5◦, period T = 10.0 s, constant cohesion Csat = 7.8 kPa.
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(a) t = 1.0 s (b) t = 5.0 s

(c) t = 20.0 s (d) t = 100.0 s

Figure 6.15: 2D wet base cargo in hold: Field values of the deviatoric Euler-Almansi strain norm in a

cargo heap (initialized with quadratic function hmax = 7.750 m) for a wet base scenario with MC 20%,

angle of repose φ = 4◦, maximum cohesion Cmax = 7.8 kPa, Csat = 0.0 kPa and a rolling motion of

amplitude AR = 5◦, period TR = 10.0 s.

Studies of Unsaturated Cargo with Fully Saturated Top Layer - Dynamic Separation

The same method as in the last section is applied to a different assumption of water movement

inside the cargo hold during the voyage. Here a compaction of the cargo heap is thought to

lead to an upward flow of the water inside the cargo material. The process was introduced as

”dynamic separation” in [41]. A wet top layer is initialized to model the cargo behavior after

”dynamic separation” as displayed in Fig. 6.16. The top layer is thought to exhibit a smaller

cohesion (Csat = 1.0 kPa) than the bottom part of the cargo. Two different external rolling

air

dry cargo

wet top layer

hcargo

hwetlayer

Figure 6.16: 2D cargo in hold, wet top layer: Sketch of a cargo hold initialization for the scenario of

cargo with a fully saturated top cargo layer.
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(a) t = 10.0 s (b) t = 70.0 s (c) t = 80.0 s

(d) t = 10.0 s (e) t = 70.0 s (f) t = 80.0 s

Figure 6.17: 2D cargo in hold, wet top layer: Snap shots of air volume fraction cA in flatly initialized

cargo heap (hcargo = 5.0 m) with wet top layer (hwetlayer = 1.0 m) at three different time steps for two

different rolling motions. The field value of the air volume fraction is cut at cS = 0.5. Top: amplitude

AR = 5◦, period TR = 10.0 s ; Bottom: amplitude AR = 20◦, period TR = 18.0 s.

motions are applied to a cargo with a plane initialization of the cargo heap and a wet top layer

of 1.0 m (hcargo = 5.0 m, hwetlayer = 1.0 m). The angle of repose is set to 4◦ for this scenario.

In Fig. 6.17, the development of the air and water phases inside the cargo are displayed for a

rolling motion with AR = 5◦ and period TR = 10.0 s and a rolling motion with higher amplitude

of AR = 20◦ and also higher period of TR = 18.0 s. For the rolling amplitude, which is close to

the angle of repose of the cargo material, the internal interface between the fully saturated top

layer and fully unsaturated cargo exhibits a wave pattern that amplifies over time. The cargo

interface is only subject to small displacements, as shown in Fig. 6.18. Larger strains can be

observed in the fully saturated cargo layer.

Subjecting the same cargo material to a larger rolling amplitude of 20.0◦, cargo failure is in-

duced, which would lead to catastrophic consequences when occurring on a vessel during a

voyage as can be seen in Figs. 6.17 and 6.19. Due to the different cohesion strength of the

saturated and unsaturated cargo, high sloshing of the saturated cargo occurs, as well as sliding

of the unsaturated cargo on a slip plane (cf. Fig. 6.19). At later time steps, the saturated cargo

has crept into the slip plane as can be seen in Fig. 6.17, forming a moist layer around a drier

cargo lump on which the unsaturated cargo is sliding higher with each rolling motion of the

vessel (cf. Fig. 6.19).

Comparing the scenarios with high rolling motions for the saturated top cargo layer and satu-

rated bottom cargo layer, it is apparent that a cargo layer with high MC on top of an unsaturated
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(a) t = 1.0 s (b) t = 15.0 s (c) t = 20.0 s

(d) t = 40.0 s (e) t = 60.0 s (f) t = 80.0 s

Figure 6.18: 2D cargo in hold, wet top layer: Field values of deviatoric Euler-Almansi strain norm

inside the cargo and internal air/water free surface (black line) at six different time steps for a rolling

motion with amplitude AR = 5.0◦ and rolling period TR = 10.0 s. The cargo is initialized with a flat

fully saturated cargo layer on top of a flat fully unsaturated cargo where the cohesion of the cargo

depends on the saturation level (hcargo = 5.0 m, hwetlayer = 1.0 m).

cargo leads to a higher potential for a capsize of a bulk carrier than a cargo with a fully saturated

bottom layer. Note that in the case of catastrophic cargo movement, the VoF approach for both

the granular/air phase concentration and the water/ air phase concentration has the advantage

that arbitrarily large movements can be depicted.

Planar Expressed Water on Top of Granular Cargo - Dynamic Separation

Two more scenarios are simulated to examine cargo behavior with expressed water on top of the

cargo pile (plane initialization with cargo heap height of 5.0 m). In the first of these scenarios, a

pure water phase is initialized on top of the cargo pile, which can mix with the unsaturated cargo

due to the porosity of the cargo. A second case where the water is initialized on top and inside

the cargo phase is simulated under the same rolling motion conditions (amplitude AR = 5◦,

rolling period TR = 10.0 s). Here the same material conditions as in the last two sections are

applied for the cargo material (φ = 4◦, Cmax = 7.8 kPa and Csat = 1.0 kPa) with the assumption

of saturation dependent cohesion.

Both initializations and snapshots at different time steps are displayed in Fig. 6.20 and a zoom

into the right upper corner of the hold for both cases is displayed in Fig. 6.21. For the case

where 0.5 m of water is initialized on top of the granular cargo, it can be observed that the water

flows into the granular cargo over time (cargo porosity n = 0.62). As shown in Figs. 6.20 and
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(a) t = 1.0 s (b) t = 3.0 s (c) t = 7.0 s

(d) t = 12.0 s (e) t = 15.0 s (f) t = 16.0 s

(g) t = 17.0 s (h) t = 20.0 s (i) t = 23.0 s

(j) t = 25.0 s (k) t = 30.0 s (l) t = 45.0 s

(m) t = 55.0 s (n) t = 65.0 s (o) t = 80.0 s

Figure 6.19: 2D cargo in hold, wet top layer: Field values of deviatoric Euler-Almansi strain norm

inside the cargo and internal air/water free surface (black line) at fifteen different time steps for a rolling

motion with amplitude AR = 20.0◦ and period TR = 18.0 s. The cargo is initialized with a flat fully

saturated cargo layer on top of a flat fully unsaturated cargo where the cohesion of the cargo depends on

the saturation level (hcargo = 5.0 m, hwetlayer = 1.0 m).
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(a) t = 1.0 s (b) t = 1.0 s

(c) t = 5.0 s (d) t = 5.0 s

(e) t = 20.0 s (f) t = 20.0 s

(g) t = 50.0 s (h) t = 50.0 s

(i) t = 100.0 s (j) t = 100.0 s

Figure 6.20: 2D cargo in hold, expressed water: Snap shots of intersecting water phase (turquois) and

unsaturated granular cargo phase (light red) as well as fully saturated cargo (light brown) for two

initialization conditions at five different time steps. Left: initialization of 0.5 m water on top. Right:

initialization of 0.5 m water on top + top 0.5 m fully saturated cargo.
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(a) t = 1.0 s (b) t = 1.0 s (c) t = 100.0 s (d) t = 100.0 s

Figure 6.21: 2D cargo in hold, expressed water: Snap shots of intersecting water phase (turquois) and

unsaturated granular cargo phase (light red) as well as fully saturated cargo (light brown) for two

initialization conditions (a)/(c) 0.5 m water on top, and (b)/(d) 0.5 m water on top + 0.5 m saturated

cargo.

Fig. 6.21, the resulting fully saturated cargo layer after 100.0 s has nearly the same thickness

as in the second case where half of the water is initialized inside the cargo. It is also interesting

to note the shape of the cargo/ air interface at t = 100.0 s for the simulation with 0.5 m on top

of the cargo and 0.5 m fully saturated cargo below this layer. The circular motion of the cargo

hold leads to a wave-shaped interface similar to a seabed under waves.

To further illustrate the wave-shaped interface of unsaturated and fully saturated cargo interface

after 100.0 s for both cases, the deviatoric Euler-Almansi strain norm is displayed in Fig. 6.22

inside the cargo volume. The present results suggest that a scenario with expressed water shall

be avoided for the safety of bulk carriers and crew.

Figure 6.22: 2D cargo in hold, expressed water: Field value of the norm of the deviatoric

Euler-Almansi strain at t = 100 s inside the cargo phase. Left: initialization of 0.5 m water on top.

Right: initialization of 0.5 m water on top + top 0.5 m fully saturated cargo.

Variation of Moisture Content of Cargo with a Saturation Independent Cohesion

Since water-dependent cohesion was assumed in the past sections, a study of the influence of

the coupled model without the dependency is conducted. Here differing moisture contents of

the cargo are exhibited for saturation-independent cohesion. The pure water content will lead

to different cargo behavior due to the formulation of direct coupling in chapter 4.
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Figure 6.23: 2D cargo in hold, saturation-independent cohesion: Initialization of cargo saturation levels

for MC equal to 20% (left) and 36% (right) for a cargo heap with height hmax = 7.75 m and steepness

s = 0.04. Light red represents the fully unsaturated cargo, and dark red represents the fully saturated

cargo.

Three simulations with a saturation-independent cohesion are compared for different MCs 20%,

36%, and 43.5%. The MC is discretely calculated by summation of the densities over all cells

MC =
mW

mtotal =
ρWVW

ρwetV
=
ρW ∑

CV cS (1 − cA)n
ρwet
∑

CV cS
(6.14)

where the phase definitions cS and cA are initialised in an iterative process. The cargo heap is

initialized with a maximum pile height hmax = 6.5 m and steepness s = 0.04. The top boundary

of the initial water phase is a plane, and the side boundaries coincide with the boundaries of the

cargo heap as is displayed in Fig. 6.23. For a porosity of n = 0.62, a MC of 36% results if the

complete cargo heap with given properties is fully saturated. To study a material with higher

MC, the porosity is set to n = 0.75 to obtain a MC of 43.5%. The cargo hold is forced by a 10◦

rolling motion with a 10 s period in all three simulations.

In Fig. 6.24, the higher displacements of the cargo when initialized with a higher MC of 36%

instead of 20% can be observed. Therefore the present method can depict the cargo behavior

difference for changing MC without saturation-dependent cohesion in the yield criterion. To

compare results for MCs 36% and 43.5%, a cutout of the cargo hold is displayed in Fig. 6.25.

Both cargo heaps do behave similarly for all time steps. However, the dissolution of the water

phase from the cargo occurs faster for the granular material with higher porosity and MC. The

water phase slowly disseparates from the cargo in the left and right top corners.

Remark

It is important to remark that the cargo properties assumed above are based on the information

gathered in Sec. 6.2. Since the sources for material property data of nickel and iron ore cargoes

are scarce, especially for the properties obtained from tri-axial stress tests, more precise data

on the material properties are needed to make scientifically relevant statements. The aforemen-

tioned studies have to be viewed as methodological proof of cargo modeling. They can visualize

which scenarios can lead to the loss of a bulk carrier.
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(a) t = 10.0 s (b) t = 25.0 s (c) t = 50.0 s

(d) t = 10.0 s (e) t = 25.0 s (f) t = 50.0 s

Figure 6.24: 2D cargo in hold, saturation-independent cohesion: Field values of the norm of the

deviatoric Euler-Almansi strain in the granular cargo phase and water-free surface (black line) for

different cargo saturation levels with constant cohesion excited by a 10◦ rolling motion with a period of

10 s at three different time steps. Top: MC = 20%; Bottom: MC = 36%.

(a) MC = 36.0%, n = 0.62 (b) MC = 43.5%, n = 0.75

Figure 6.25: 2D cargo in hold, saturation-independent cohesion: Enlargement of the left side of the

cargo hold with the black line being the water-free surface and the norm of the Euler-Almansi strain

displayed inside the granular cargo phase at t = 100 s for two different MC and porosity values.
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6.4 Proof of Concept: 3D Loaded Bulk Carrier in Waves

This section presents a proof of concept of a three-dimensional simulation of a vessel in waves

with loaded cargo. Initial and boundary conditions are derived from the incident report of the

sinking of the ”JianFuStar” [85], and vessel properties are obtained from generic formulas.

Therefore the presented results cannot be viewed as an exact depiction of the actual course

of the accident but rather as proof that the monolithic approach to simulate granular cargo on

vessels is feasible.

The vessel’s cargo is modeled using the rigid-perfectly-plastic material model described in

chapter 3. Additional model components for the fully coupled problem of bulk carrier in waves

are applied in this chapter and briefly explained below.

6.4.1 Additional Model Components

Three model components are required in addition to the previously described models to simulate

the movement of an entire bulk carrier in 3D with cargo. The ship hull is considered a rigid body

and its movements are excited by the forces resulting from the cargo, air, and water phases. To

save computational time, a three-phase model is used instead of the coupled porous media

model in the 3D application case. The boundary conditions forcing the sea state to enter the

VoF surface between air and water are also briefly described in this chapter.

Immiscible Incompressible Three-phase Flow

An extension of the two-phase VoF approach to three-phase flows is implemented in the current

method in order to be able to represent granular cargo in a vessel in waves without the porous

media coupling described in chapter 4.

Applying a three-phase flow where the granular cargo is seen as an immiscible continuum with

water and air surrounding the cargo leads to a more efficient scheme for realistic 3D cases.

The higher efficiency follows from using only one velocity and pressure field and therefore the

momentum and continuity equations are only needed to be solved once, including the velocities

and pressures of all three phases. The work in this chapter is based on results presented in

Völkner [124] and Völkner et al. [126]. Nevertheless, some effects presented in the last sections,

e.g., water seepage flow inside the cargo cannot be solved with this approach.

To represent three immiscible phases with volumes VA, VG and VW in the volume V , two mixture

fractions cA = VA/V and cS = VG/V are introduced leading to the third phase fraction being
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defined by
VW

V
= 1 − cA − cS . (6.15)

Therefore a second mixture equation is introduced in the standard FV, VoF pressure correction

algorithm presented in Yakubov et al. [136] and Völkner et al. [125]. In this work, the three-

phase flow approach represents granular materials as an extension of the model described in

chapter 3. Therefore the second mixture fraction will be called soil mixture fraction hereafter.

It shall be remarked that the second mixture equation can be used for arbitrary materials.

Assuming the three phases are incompressible and immiscible, the condition DcS /Dt= 0 has to

be fulfilled, leading to the soil mixture fraction equation over the complete volume V
∫

V

(
∂cS

∂t
+
∂ (cS vi)
∂xi

)
dV = 0 . (6.16)

Here vi is the velocity field, including the velocities of all three immiscible phases. Accordingly,

the air mixture fraction equation gets
∫

V

(
∂cA

∂t
+
∂ (cAvi)
∂xi

)
dV = 0 (6.17)

due to the immiscible condition DcA/Dt= 0. Substituting vi for vF
i , p for pF , and V for VF in

Eqns. (2.5) and (2.12) yields the continuity and momentum equations for the incompressible

immiscible three-phase flow.

The material properties, as well as the field variables, can now be assigned to the three phases

via the mixture fractions by

Θ = cAΘA + cS ΘS + (1 − cA − cS )ΘF (6.18)

where Θ can be substituted by all the mentioned properties and components of field variables

above. The results of a verification case for the three-phase flow are briefly described in Ap-

pendix D.

Wave Generating Boundary Conditions

To generate waves in the water/air-free surface, the approach introduced by Wöckner et al. [132]

and Wöckner-Kluwe [133] is applied. An inviscid far-field boundary condition is imposed on

the solution of the viscous Navier-Stokes equations within a defined zone. The far-field solution

can be defined from different wave theories, and the linear Airy theory is used in this section.

Within the impingement zone, the system of equations of the momentum equations and the air

mixture fraction equation is manipulated to a solution in between the linear wave theory and the
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viscous solution by

[
1 + βw αw(xw)

]
AΘ

P ΘP +
∑

NB

AΘ
NB ΘNB = S Θ

P +
[
AΘ

P βw αw(xw) Θ
Airy
P

]
(6.19)

where Θ represents either a velocity component or the air mixture fraction. The factor βw can

be chosen for optimal results depending on the application and is set to 2 · 10−3 in this study. To

prevent reflections from the sponge layer, a smooth function αw(xw) of the order three is used,

which exhibits values of one at the domain boundary and zero at the defined inner edge of the

sponge layer.

A combination of the Higdon boundary condition introduced by Higdon [45] with the bound-

ary condition presented here was investigated and documented in Voß [128] and found that no

improvement could be obtained for a vessel in waves. Therefore, the numerically more efficient

boundary conditions described in this section are used.

Rigid Body Motion

The applied rigid body motion solver is based on work by Koliha [62] and Manzke [83] and is

only briefly explained here. For more in-depth information, the reader is referred to Luo et al.

[80], Luo-Theilen et al. [81], Theilen [114] and Wöckner-Kluwe [133]. To avoid strong cell

deformation during expected large ship motions while applying a re-meshing technique, the

whole computational domain is moved with the accelerations and velocities of the vessel. Thus,

the conservation equations must consider the mesh velocity vm,i. This is achieved by using the

relative velocity (vi − vm,i) in all transport terms of the conservation equations. For example, the

discrete mass flux at each face ṁ = (ρviAi) f gets ṁ =
(
ρ(vi − vm,i)Ai)

)
f in this formulation.

The implemented 6DoF solver is based on quaternions to avoid Gimbal lock singularities that

can occur in formulating the motion solver in Eulerian angles. Hereafter the equations of motion

are formulated in Eulerian coordinates for illustration purposes. The equations for translational

motions follow from Newton’s second law

Fi = mai (6.20)

where m is the mass of the rigid body, Fi are the forces acting on the body, and ai is the

acceleration of the body. In coupling the rigid body motion with the incompressible viscous

flow equations, the forces are obtained from integrating the pressure and viscous shear stresses

over the rigid body’s boundary. The angular momentum equation in a body-fixed system of

coordinates is given by

M j = Ii jω̇i + ε jkiωk

(
Ii jω j

)
(6.21)
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Table 6.2: Main vessel data of ”Jian Fu Star” at incident

LoA (length overall) 189.9 m

Lpp (length between perpendiculars) 183.0 m

B (width) 31.2 m

D (draft) 11.8 m

F (freeboard) 6.7 m

GM (metacentric height) 5.0 m

where M j are the moments acting from the fluid on the rigid body, Ii j is the inertia tensor, and

ωi is the local angular velocity.

A second-order implicit trapezoidal time integration scheme is applied to solve the rigid body

motion. The rigid body motion equations are solved in each outer iteration and under-relaxation

is applied.

6.4.2 Case Description

The starting point of the simulation is given by the description of the accident event (cf. Sec.

6.1), and simulation conditions are chosen accordingly. Properties of the cargo are selected to

match Indonesian nickel ore with a MC of 29%, and therefore the angle of repose φ gets 4.0◦, the

cohesion C is equal to 7.9 kPa and the cargo density is set to the wet density of 1.7 · 103 kg/m3.

The Drucker-Prager yield condition is applied for the rigid-perfectly plastic approach.

Vessel dimensions length overall LoA, width B, metacentric height GM at departure, and de-

parture draft D are given in the incident report [85] and are presented in Tab. 6.2. To fill in the

missing dimensions, these are taken from generic bulk carrier plans provided by ”Oldendorff

Carriers” and the HSVA, and therefore the freeboard F and length between perpendiculars LPP

are obtained as given in Tab. 6.2.

A generic bulk carrier hull geometry provided by the HSVA with the same main proportions as

presented in Tab. 6.2 is adapted to a bulk carrier with cargo holds. However, unlike in reality,

the cargo holds are not closed with lids but are connected to the air, creating a contiguous

domain for solving the conservation equations. The dimensions of these holds were taken from

a general plan provided by ”Oldendorff carriers” [21] and are shown in Figs. E.1, E.2 and

E.3 in Appendix E.1. The arrangement of the cargo compartments corresponds to Fig. 6.1,

and the final ship geometry is shown in Fig. 6.26. In the same figure, the dimensions of
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Figure 6.26: 3D cargo vessel in waves: Domain dimensions and bulk carrier geometry.

the computational domain in relation to the length between perpendiculars are displayed. Since

large rotations are expected for the rigid body motion of the vessel, and the entire mesh is moved

due to rigid body motions, an evenly distributed discretization is chosen for the unstructured

mesh. For efficiency reasons, a mesh with 9.07 Mio cells translating into a mean cell size of

∆x1 ≈ 2LPP /368 is used for this proof of concept study. The time step is 10−4 s, and the applied

time discretization method is an implicit Crank-Nicholson method for all equations. Due to the

coarse mesh resolution, the arctangent interpolation method is applied with factor N being 5 for

the soil-air interface and M being zero.

High-Reynolds wall boundary conditions are applied at the vessel hull and all other domain

boundaries except the top boundary. The negative vessel velocity is set as Dirichlet boundary

conditions for the velocity vector. A vessel speed of 4.5 kn is assumed following the incident

report leading to a Froude number Fn = 0.055, a Reynolds number Re = 3.8 ·108 and a Courant

number of Co = 2.3 · 10−4. At the top of the domain, the pressure is set to 0 Pa as a reference

pressure.

The position of the center of gravity, the mass, and the moments of inertia of the bulk carrier are

required to calculate the rigid body motion. First, the fully loaded vessel data are derived from

hydrostatic formulas and the dimensions given in Tab. 6.2, and the calculation path is outlined in

Appendix E.2. In this case, the simulated vessel refers to an empty hull, and the cargo is realized
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Table 6.3: Data of empty bulk carrier ”JianFu Star” at incident

mempty 13634.643 t

CoGempty (92.875 | 0.0 | 8.497) m

I11,empty 3.3548749750 · 109 kg m2

I22,empty 4.0278141357 · 1010 kg m2

I33,empty 4.5380647175 · 1010 kg m2

I23,empty = I32,empty −4.3608019573 · 107 kg m2

(a) Bulk carrier geometry with initialized cargo (b) Free surface height hw

Figure 6.27: 3D cargo vessel in waves: Loaded bulk carrier geometry and wave conditions at an early

time step. The free surface height hw of the water phase refers to the origin of the coordinate system

which is positioned at the bottom of the vessel hull.

by a continuum whose mass acts on the ship as a pressure force in hydrostatic conditions.

Therefore, the data of an empty bulk carrier is derived in Appendix E.2 by subtracting the

loaded cargo from the fully loaded bulk carrier’s properties. Loading conditions do coincide

with Tab. 6.1 and are given in detail for the initialized cargo in Appendix E.3 Tab. E.2. The

resulting rigid body properties of the simulated empty bulk carrier are presented in Tab. 6.3.

Following the departure draft D, the mean level of the free surface between air and water is

initialized at the height of 11.8 m. Applying Airy’s potential wave theory, a wave with a height

of 8 m and length 0.57 LPP is initialized and taken as a far-field solution ΘAir in the efficient

wave generation approach. The waves hit the bulk carrier diagonally from the front with an

angle of 48◦ towards the vessel’s longitudinal axis. In Fig. 6.27, the vessel in waves is depicted

for an early time step.

166



Chapter 6. Application Studies 6.4. Proof of Concept: 3D Loaded Bulk Carrier in Waves

(a) Longitudinal section through bulk carrier (b) Cross-section through bulk carrier

Figure 6.28: 3D cargo vessel in waves: Initialization of granular cargo (red), water (blue), and air

phases (light grey) is displayed in two different sections through the computational domain.

As can be seen on the left in Fig. 6.27, all five holds are filled with cargo following Tab. 6.1

by setting the soil mixture fraction to one to define the loading conditions. A more detailed

look at the initial conditions of the three phases, air, water, and granular material, is presented

in Fig. 6.28. The density of air and sea water are set to 1.185 kg/m3 and 1.025 · 103 kg/m3 and

the viscosities to 1.831 · 10−5 Pa s and 1.132 · 10−3 Pa s. A three degrees of freedom (3DoF)

approach is applied for this feasibility study, with heave, pitch, and roll being the degrees of

freedom. A high under-relaxation of the rigid body motion by a factor of 0.025 is needed due to

the pressure and viscous forces from the rigid part of the plastic material approach on the holds.

Without the elastic formulation, the high viscosities needed to obtain rigid behavior (mc is set

to 102) lead to rapidly changing viscous forces at the wall boundaries.

6.4.3 Results of 3D Proof of Concept

The cargo vessels’ movement in waves is simulated for 30.0 s on a HPC. For these 30.0 s

seconds, 13 · 104 Central Processing Unit (CPU) hours were needed. In Fig. 6.29 the viscosity

of the cargo µS calculated by the Drucker-Prager yield criterion (3.13) is displayed where the

soil mixture fraction is smaller than 0.5. At the early time t = 1.0 s, the cargo loading shape

leads to circular smaller viscosities due to the tendency of the cargo to flatten out over time.

In the next figure at t = 15.5 s, the flattening already happened, and the vessel’s pitch motion

leads to high accelerations in the front hold. Therefore the viscosity is smallest in this hold

and becomes gradually larger towards the back holds. The same general tendency can also be

observed at later displayed times, where the effect is less prominent for lower pitch angles.

The 3DoF motions of the vessel during the simulation are given in Fig. 6.30, and the snapshots

in 6.29 are chosen at times of minimum and maximum pitch angle. The successive rolling of the

vessel leads to the supposition that the vessel experienced cargo shift and will capsize. Looking
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Figure 6.29: 3D cargo vessel in waves: Viscosity of the rigid perfectly-plastic cargo at four times

during voyage in waves.
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Figure 6.30: 3D cargo vessel in waves: Motions of feasibility study of 3DoF vessel in waves with rigid

perfectly-plastic cargo and high under-relaxation of motion over time.
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(a) 15.50 s

(b) 18.75 s

(c) 21.50 s

(d) 30.00 s

Figure 6.31: 3D cargo vessel in waves: Field values of the cargo viscosity in the x1-x3-plane at

x2 = 0 m at four different time steps where black represents the water, and grey the air phase outside the

vessel. The computational domain is rotating according to the rigid body motions of the vessel.
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(a) Hold 1 (x1 = 162 m)

(b) Hold 2 (x1 = 134 m)

(c) Hold 3 (x1 = 104 m)

(d) Hold 4 (x1 = 74 m)

(e) Hold 5 (x1 = 40 m)

Figure 6.32: 3D cargo vessel in waves: Cargo displacement in the x2-direction at times t = 1.0 s (left),

t = 15.5 s (middle) and t = 30.0 s (right) displayed on x2-x3-planes through all five holds.
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closely at the top cells in Fig. 6.29, a slight shift of cargo towards starboard can be noticed from

15.5 s onwards.

The viscosity in the holds, as well as the water and air phase, are displayed at a slice through

the computational domain at x2 = 0 m in Fig. 6.31 to visualize the vessel’s position in waves.

Here, black to blue represents the water phase, and it can be seen at t = 18.75 s, t = 21.5 s,

and t = 30.0 s that the vessel is taking water on board. Due to the immiscible formulation

of the cargo model, this does not affect the cargo properties except in the phase boundaries.

Furthermore, the taking of water on board is in line with the incident report of the ”Jian Fu

Star,” but in reality, the water is prevented from sloshing into the cargo holds by lids. Again in

Fig. 6.31, it can be seen that the cargo is behaving softer in the holds to the front. Especially

if the vessel is pitching downward (e.g., pitch angle maxima at t = 21.5 s), the viscosity is

smallest at the bottom of the front hold.

In Lee [73], the consistency of the cargo after the vessel ”Alam Manis” sailed through a typhoon

is given in detail for each cargo hold. In line with the presented feasibility study, the highest

accelerations acted on the cargo in the front holds, and the largest cargo shifts did occur in the

front hold. The cargo shift angle given by Lee [73] gradually decreases in each hold going

from front to aft. Also, in the report of the IMO ”Technical Working Group” [56], the highest

acting accelerations were found in the front hold during bulk carrier voyages which fit with the

presented results.

To visualize the influence on the cargo of the successive rolling of the vessel, cf. Fig. 6.30, the

second component of the Eulerian cargo displacement u2 is displayed at three times in Fig. 6.32.

The displacement is displayed at planes through each hold of the vessel going from top (front

hold) to bottom (aft hold). A shift to starboard (negative displacement) can be observed at times

t = 15.5 s (middle) and t = 30.0 s. The line of zero displacements continues to move further

to the port side (right side in the figures) of the vessel over time. Interestingly, the largest

displacement is observed in the middle of the cargo holds two and three. The narrower hold

geometry in the front hold (hold one) restricts the displacement, and the viscosity is smallest in

the middle of the holds, as seen in Figs. 6.29 and 6.31.

Overall the feasibility study proves that a monolithic coupled 3D case can reproduce observed

cargo behavior for a rigid perfectly-plastic material approach. However, a solid amount of

computational power is needed resulting from the direct monolithic coupling approach of the

multi-physics problem of cargo behavior on a vessel in waves, including physical processes

with different time scales. Applying the coupled approach in a 3D case of a bulk carrier in

waves to account for the ”wet base” or ”dynamic separation” scenarios would lead to even

higher computational costs, due to the solution of double the amount of governing equations.

171





Chapter 7

Conclusion and Outlook

Modeling the granular cargo of bulk carrier vessels is a complex coupled problem, which re-

quires a multi-physics approach. To numerically model possible cargo failure mechanisms,

monolithic VoF-based FV approaches are presented in this thesis, which can capture ”cargo

sliding”, ”wet base scenarios” and ”dynamic separation” scenarios.

The sliding cargo model grounds on implementing and validating a rigid perfectly-plastic ma-

terial model. To study the influence of saturation-dependent material behavior and the failure

mechanisms ”wet base” and ”dynamic separation,” the rigid perfectly-plastic material is cou-

pled to a two-phase flow through porous media. A thorough validation of the two-phase flow

through a rigid porous medium and the rigid perfectly-plastic model is performed as a founda-

tion for the coupled model. Furthermore, a monolithic incompressible neo-Hookean material

model is implemented into the VoF-based FV approach and validated for generic materials. Im-

plemented models are not only applicable to cargo behavior studies but can also be used for

more general coastal, geotechnical, and ocean engineering applications. Examples of engineer-

ing interest might include landslides, scouring, and deformable seabeds under waves.

In this work, the introduced computational models are applied to the problem of cargo transport

on vessels. Studies for a two-dimensional cargo hold under the influence of prescribed motion

render the cargo behavior for different properties, loading conditions, and roll motions. As a

clear result of these studies, it is found that the cargo shall always be loaded as flat as possible

to prevent cargo motion. Sliding can be observed for rolling amplitudes larger than 10◦, and

wet cargo on top of dry cargo resulting from ”dynamic separation” is demonstrated to initiate

catastrophic cargo sloshing. Though coupled studies of a cargo loaded vessel in seaways are

possible, the use of guided motion on cargo holds is an appropriate way to obtain insight into

cargo behavior and can be extended to three-dimensional cargo holds.

Another possible but unlikely cargo failure mechanism refers to geotechnical liquefaction. Stud-
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ies in this regard require a compressible elasto-plastic model, including kinematic hardening

effects. A mathematical formulation of a compressible neo-Hookean material is derived in Ap-

pendix F.1 using the compressibility approach for the pressure correction scheme. At several

points in the thesis, it becomes clear that an elasto-plastic material model is needed to ade-

quately address the material behavior and avoid numerical issues along walls. Therefore an

elasto-plastic approach for the current FV method based on the general finite strain theory, cf.,

Neto et al. [92] and Simo et al. [108], is proposed in the Appendix F.2.

Monolithic coupled studies of cargo behavior for vessels in waves include physical processes

with different time scales and therefore results in substantial computational efforts. Neverthe-

less, a 3D feasibility study of the fully coupled problem is conducted and displays promising

results that match the reported cargo behavior. Higher accelerations in the front holds of the

vessel lead to more significant cargo shifts in these holds when the vessel experiences extreme

wave conditions.
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[66] N. Kühl, J. Kröger, M. Siebenborn, M. Hinze, and T. Rung. Adjoint complement to the

volume-of-fluid method for immiscible flows. Journal of Computational Physics,

440:110411, 2021.
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[72] A. Larese, R. Rossi, and E. Oñate. Simulation of the beginning of failure in rockfill

dams caused by overtopping. A: ”Dam protections against overtopping and accidental

leakage”. CRC Press Taylor & Francis Group, pages 111–117, 2015.

[73] H. L. Lee. Nickel ore bulk liquefaction a handymax incident and response. Ocean

Engineering, 139:65–73, 2017.

[74] B. P. Leonard. A stable and accurate convective modelling procedure based on

quadratic upstream interpolation. Computer Methods in Applied Mechanics and

Engineering, 19 (1):59–98, 1979.

[75] C. Leppert. Mehrphasenmodell fur granulare Medien zur numerischen Untersuchung
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September 2015.
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Appendix A

Finite Volume Method

Details of the applied FVM in the in-house solver FreSCo+, which are not given in the main

part of the document, are provided here.

A.1 Interpolation of Face Values

Different approaches can be applied to obtain the value of a variable at a face from the cell cen-

ters of the known left and right neighbor cells. Here, the Upwind Differencing Scheme (UDS),

Central Differencing Scheme (CDS), flux-blending scheme, and non-orthogonality correction

for unstructured meshes are given.

First-Order Upwind Convection Discretization

First-order UDS is given by the definition of the generic variable at the face Θ f

ΘUDS
f =



ΘL, ṁ ≥ 0

ΘR, ṁ < 0
(A.1)

where the mass flux ṁ is defined to be positive for flow from the left cell (denoted L) to the right

cell (denoted R).

Second-Order Central Differencing Scheme

Linear interpolation of the generic variable in the left cell L and the right cell R to the face by

ΘCDS
f = (1 − λCDS ) ΘL + λCDS ΘR (A.2)

gives the CDS. Here λCDS is determined by the distance of the face to the center of the control

volume to the right of the face and λCDS = 0.5 for uniform grids.
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Flux-Blending Schemes

The flux-blending scheme follows from a linear combination of UDS and CDS by a factor θ

Θ f = ΘUDS
f + θ

(
ΘCDS

f − ΘUDS
f

)
. (A.3)

Here θ can be chosen by the user to obtain good convergence in specific simulation cases.

Higher-Order Approximations for Convection

For higher-order approximations of the convection term, the face value is reconstructed at three

points: downstream D, upstream U, and further upstream UU. Here the further upstream UU

point has to be reconstructed for unstructured meshes. A unified formulation for unbounded

higher-order face interpolation is given by

Θ f ≈ ΘU +
1
4

[
(1 + κ)(ΘD − ΘU) + (1 − κ)(ΘU − ΘUU)

]
(A.4)

where κ is the coefficient that determines the convection scheme. For the QUICK scheme by

Leonard [74], the coefficient κ is 0.5. The higher-order terms are implemented as deferred

corrections in the solution algorithm.

A.2 Non-Orthogonality Correction

Here the non-orthogonality corrections for different terms in the governing equations are pre-

sented.

Non-orthogonality Correction for Convection

Applying CDS on an unstructured mesh, the point at which Θ f is obtained is denoted f
′

and

is not guaranteed to be the real face center. The interpolated value Θ f is corrected by the

multiplication of the derivative of the general variable at point f
′

with the distance between the

positions of f
′

and f

Θ f = (1 − λCDS ) ΘL + λCDS ΘR +
(

xi( f ) − xi( f
′
)
) (∂Θ

∂xi

)

f ′
. (A.5)

The gradient at f
′

is obtained by linear combinations of the gradients in the left and right

neighbor cells, and the gradient approximation given in A.4 is applied.
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Non-Orthogonality Correction for Diffusion

To obtain the diffusive flux 2.26 on a non-orthogonal grid, the face area normal Ai is split into

an orthogonal part Aorthog.
i and a non-orthogonal part Anon−orthog.

i
(
∂Θ

∂xi

)

f
Ai = Aorthog.

i

(
∂Θ

∂xi

)

f
+ Anon−orthog.

i

(
∂Θ

∂xi

)

f
. (A.6)

Decompositions of Ai are chosen according to the stability of the equation system. Three de-

compositions called minimal correction approach, orthogonal correction approach, and over-

relaxed correction are summarized in the unified formulation
(
∂Θ

∂xi

)

f
Ai =

A
d

[
1

( dm
d

Am
A )γc

(ΘR − ΘL) +

(
∂Θ

∂xi

)

f

Ai
d
A
− di

( dm
d

Am
A )γc


]

(A.7)

where γc = −1 gives the minimal correction, γc = 0 the orthogonal correction and γc = 1 the

over-relaxed correction. The orthogonal part is treated implicitly, whereas the non-orthogonal

part is treated as a deferred correction in the solution algorithm.

A.3 Rhie and Chow Interpolation

Using a collocated grid approach with a pressure correction scheme and a CDS interpolation

of the face values leads to oscillating pressure and velocity values due to the independence of

the pressure gradient on the value at the control volume center P. Therefore Rhie and Chow

introduced an interpolation procedure for face values of corrected velocities in [101].

Following a derivation by Davidson [16], a Rhie-Chow velocity in which the pressure gradient

is excluded (by addition) is used to interpolate the Rhie-Chow velocity at the faces linearly.

To obtain the velocity values at faces from the Rhie-Chow velocity at the faces, the pressure

gradient term is subtracted from the Rhie-Chow velocity, and the pressure derivative is evaluated

at that face. Therefore the corrected velocity flux becomes

v̇∗ =
∑

f (∆VP)

v∗f ,iA f ,i +
∑

f (∆VP)

−
(

Aidi

Avi
P

A
d

)

f

(
pNB − pP −

((
αint

∂pP

∂xi
+ (1 − αint)

∂pNB

∂xi

)
d f ,i

))
(A.8)

where the gradient of the pressure in cell centers NB and P is discretized as stated in Eqn. A.9

in appendix A.4 and αint is a constant weighting factor for the Rhie-Chow interpolation.

A.4 Gradient Approximation

Throughout this work, the second-order accurate least square method is applied for approxi-

mating gradients at control volume centers. Assembling a regularised equation system over all
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neighboring cell centers denoted P j with d j being the distance from P j to P gives

grad ΘP =
(
dT

j d j

)−1
dT

j

(
ΘP j − ΘP

)
. (A.9)

Solving the equation system gives the least square approximation for the gradient at control

volume P.

A.5 Wall Boundary Condition

In the present FV method, the wall boundary condition for the momentum equations is imple-

mented as described in Ferziger and Peric [35]. A non-permeable wall where no slip occurs

has to fulfill the condition that the fluid velocity at the wall equals the wall velocity. In the

momentum equations, viscous shear forces are used to substitute diffusive fluxes at the wall.

Integrating the shear stresses τPB at the wall along the wall boundary faces fb with area A f in

tangential unity direction ti, the shear force acting on the fluid fi,expl can be obtained from

fi,expl ≈ tiτPB A f (A.10)

where the tangential unity vector along the wall ti can be found by

ti =

(
vi,P − vi,PB

) −
((

vi,P − vi,PB

) · Ai, f

)
Ai, f

‖(vi,P − vi,PB

) −
((

vi,P − vi,PB

) · Ai, f

)
Ai, f ‖

. (A.11)

The velocity difference between the first cell in the fluid domain P and boundary cell PB mul-

tiplied with the normal vector with the size of the face area Ai, f gives the component of the

velocity difference along the wall-normal and the subtraction then the tangential component.

The shear stress in the boundary cell τPB can be expressed by

τPB = µPB

((
vi,P − vi,PB

) · ti

di, f · Ai, f

)
(A.12)

where µPB is the viscosity in the boundary cell, and di, f is the distance vector between the

boundary cell and the first inner cell. If fi,expl is applied to the momentum equations explicitly,

convergence can be worsened (Ferziger and Peric [35]). Therefore a mixed implicit/explicit

formulation with implicit force fi,impl

fi,impl =

(
µA

di · Ai

)

f

(
vi,P − vi,PB

)
(A.13)

is used in the coefficient matrix of the momentum equations in the boundary cell

Avi
i,PB
− > Avi

i,PB
+ fi,impl (A.14)

and added on the right hand side of the momentum equations

RHS i,PB− > RHS i,PB + fi,impl − fi,expl . (A.15)
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Appendix B

Tables and Conversion Methods

The tables on which the results of the error study for the simplified momentum equations for

the free surface flow through rigid porous media are based are presented in this Appendix as

well as the methods of the error conversion and derivation of the empiric formulas. In Tab. B.1,

the material properties used to create the simulation matrix for the error deviation study are

presented. The obtained deviation errors for the simulation matrix are given in Tab. B.2.

B.1 Conversion of Error

The initial geometry (l0 = 0.28m, h0 = 0.14m) in Fig. 2.25 of the water column is varied by

a specified length increment ∆l to a length l and height h. The length l and the height h of the

water column are changed such that the area of the column Acol (h·l) stays constant. A change in

the geometry of the remaining water is not carried out. The deviation error EcA between the air

concentration fields of the stated geometries (cf. Tab. B.3) and the initial geometry is calculated

according to Eqn. (2.61). Then the deviation error EcA (given in Tab. B.3) is related to the error

measurement in percent, which stems from the division of the length increment ∆l by the initial

length l0 of the water column.

Furthermore, to be able to convert all absolute deviation errors EcA to relative companions, all

rows of Tab. B.3 are normalized to an error of 10−4 (cf. Tab. B.4). The maximum value of the

normalized error in percent is hereafter used to convert the values of the errors of the simulations

in percent. This gives conservative results for the estimation of the errors later on.
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Table B.1: Properties of porous dam break and corresponding resistance force factor Ã and B̃

(Engelund) as used in simulations.

n

D50
10−3 [m] 10−2 [m] 10−1 [m] 1 [m]

0.1 Ã = 7.29 · 103 Ã = 7.29 · 101 Ã = 7.29 · 10−1 Ã = 7.29 · 10−3

B̃ = 9.00 · 104 B̃ = 9.00 · 103 B̃ = 9.00 · 102 B̃ = 9.00 · 101

0.2 Ã = 2.56 · 103 Ã = 2.56 · 101 Ã = 2.56 · 10−1 Ã = 2.56 · 10−3

B̃ = 2.00 · 104 B̃ = 2.00 · 103 B̃ = 2.00 · 102 B̃ = 2.00 · 101

0.3 Ã = 1.14 · 103 Ã = 1.14 · 101 Ã = 1.14 · 10−1 Ã = 1.14 · 10−3

B̃ = 7.77 · 103 B̃ = 7.77 · 102 B̃ = 7.77 · 101 B̃ = 7.77 · 100

0.4 Ã = 5.40 · 102 Ã = 5.40 · 100 Ã = 5.40 · 10−2 Ã = 5.40 · 10−4

B̃ = 3.75 · 103 B̃ = 3.75 · 102 B̃ = 3.75 · 101 B̃ = 3.75 · 100

0.5 Ã = 2.50 · 102 Ã = 2.50 · 100 Ã = 2.50 · 10−2 Ã = 2.50 · 10−4

B̃ = 2.00 · 103 B̃ = 2.00 · 102 B̃ = 2.00 · 101 B̃ = 2.00 · 100

0.6 Ã = 1.07 · 102 Ã = 1.07 · 100 Ã = 1.07 · 10−2 Ã = 1.07 · 10−4

B̃ = 1.11 · 103 B̃ = 1.11 · 102 B̃ = 1.11 · 101 B̃ = 1.11 · 100

0.7 Ã = 3.86 · 101 Ã = 3.86 · 10−1 Ã = 3.86 · 10−3 Ã = 3.86 · 10−5

B̃ = 6.13 · 102 B̃ = 6.13 · 101 B̃ = 6.13 · 100 B̃ = 6.13 · 10−1

0.8 Ã = 1.00 · 101 Ã = 1.00 · 10−1 Ã = 1.00 · 10−3 Ã = 1.00 · 10−5

B̃ = 3.12 · 102 B̃ = 3.12 · 101 B̃ = 3.12 · 100 B̃ = 3.12 · 10−1

0.9 Ã = 1.11 · 100 Ã = 1.11 · 10−2 Ã = 1.11 · 10−4 Ã = 1.1 · 10−6

B̃ = 1.23 · 102 B̃ = 1.23 · 101 B̃ = 1.23 · 100 B̃ = 1.23 · 10−1
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Table B.2: Maximum deviation errors EcA for all simulated material properties.

n

D50
10−3 [m] 10−2 [m] 10−1 [m] 1 [m]

0.1 EcA = 3.726 · 10−4 EcA = 1.141 · 10−3 EcA = 2.976 · 10−3 EcA = 2.184 · 10−2

0.2 EcA = 3.149 · 10−4 EcA = 9.382 · 10−4 EcA = 3.736 · 10−3 EcA = 3.287 · 10−2

0.3 EcA = 4.690 · 10−4 EcA = 6.393 · 10−4 EcA = 6.264 · 10−3 EcA = 2.565 · 10−2

0.4 EcA = 5.286 · 10−4 EcA = 2.555 · 10−3 EcA = 8.325 · 10−3 EcA = 2.416 · 10−2

0.5 EcA = 4.420 · 10−4 EcA = 9.498 · 10−4 EcA = 7.780 · 10−3 EcA = 2.316 · 10−2

0.6 EcA = 3.737 · 10−4 EcA = 1.059 · 10−3 EcA = 8.600 · 10−3 EcA = 3.007 · 10−2

0.7 EcA = 3.933 · 10−4 EcA = 1.635 · 10−3 EcA = 9.421 · 10−3 EcA = 2.773 · 10−2

0.8 EcA = 3.021 · 10−4 EcA = 2.275 · 10−3 EcA = 1.086 · 10−2 EcA = 2.256 · 10−2

0.9 EcA = 2.341 · 10−4 EcA = 2.785 · 10−3 EcA = 1.253 · 10−2 EcA = 1.929 · 10−2

Table B.3: Conversion of error EcA in percentage

∆l[m] l[m] h = Acol/l[m] EcA ∆l/l0[%]

5 · 10−4 0.2805 0.13975 2.3576 · 10−4 0.2

1 · 10−3 0.2810 0.13950 4.7568 · 10−4 0.3

5 · 10−3 0.2850 0.13754 2.3199 · 10−3 1.8

1 · 10−2 0.2900 0.13517 4.5427 · 10−3 3.6

5 · 10−2 0.3300 0.11879 1.9697 · 10−2 17.9

1 · 10−1 0.3800 0.10316 3.3595 · 10−2 35.7
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Table B.4: Normalised values of ∆l and ∆l/l0 for an error of 10−4.

∆l∗[m] E∗cA
∆l∗/l0[%]

0.21208·10−3 10−4 0.08

0.21202·10−3 10−4 0.08

0.21553·10−3 10−4 0.08

0.22013·10−3 10−4 0.08

0.25384·10−3 10−4 0.09

0.29766·10−3 10−4 0.10

B.2 Derivation of Error Estimation Formula

First, a fit of the data generated in the error study was made using the formula

Eest.
cA

= a f it

(D50

nb f it

)c f it

. (B.1)

The fitting was done for each porosity n individually, applying the NLLS Marquardt-Levenberg

algorithm. This led to the constants a f it, b f it, and c f it for each porosity value n. A dependency

of a, b and c on the porosity value was observed, and therefore the formula to estimate the error

Eest.
cA

yields

Eest.
cA

= 9.50n
( D50

n9.46n

)(1−n1.63)
. (B.2)
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Appendix C

Nickel and Iron Ore Properties

Material property tables of nickel ore and iron ore cargoes C.1, C.2, C.3 and C.4 are assembled

from the literature and given here for completeness.

Table C.1: Properties of nickel ore taken from [12]

Sample origin Moisture content MC [%] Angle of repose φ [◦] Cohesion C [Pa]

Indonesia 24 7.4 300.0

Indonesia 29 4.0 7900

Indonesia 34 0.0 5200

Phillipines 33 1.1 1800

Phillipines 36 0.0 10700

Phillipines 39 0.0 8300

Phillipines 42 0.0 4500

Phillipines 45 0.0 2700

Table C.2: Properties used for DEM simulations in [12]

Condition Wet density [kg/m3] Angle of repose φ [◦] Cohesion C [Pa]

1 1745 4.0 7800

2 1500 11.0 5000
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Table C.3: Nickel ore properties from IFSTTAR [115]

Water content wc [%] Dry density ρd [kg/m3] Wet density ρwet [kg/m3] Porosity n MC [%]

30 1300 1690 0.65 23

34 1360 1820 0.63 25

40 1470 2060 0.60 29

43 1430 2040 0.61 30

Table C.4: Properties of iron ore fines as reported in Munro et al. [90]

Sample Nr. 1 2 3 4 5 6 7 8 9

Initial wet density

ρwet [kg/m3] 2550 2900 2930 2950 2740 2600 2500 2790 2710

Initial dry density

ρd [kg/m3] 2320 2570 2580 2620 2490 2410 2270 2490 2430

Initial void ratio

e 0.79 0.62 0.61 0.59 0.67 0.72 0.83 0.67 0.71

Initial porosity

n 0.44 0.38 0.38 0.37 0.40 0.42 0.45 0.40 0.42

Initial moisture content

MC [%] 9.11 11.53 11.97 11.45 9.17 7.23 9.23 10.72 10.51

Initial degree of

saturation sW [%] 52 88 92 91 63 45 51 75 69

Internal friction angle

φ [◦] 43 49 46 44 43 42 39 48 44

Cohesion C [kPa] 18 6 17 20 28 21 17 18 21
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Appendix D

Verification of Immiscible Three-Phase

Flow

As not to repeat the already detailed description of the FVM in the last chapters, especially

Sec. 2.2, here only the governing equation system will be presented for the incompressible

immiscible three-phase flow, including the Eulerian displacement equation to determine strains

in the granular material ∮

A
vi dAi = 0 (D.1)

∫

V

∂

∂t
(ρvi) dV +

∮

A

(
ρviv j

)
dA j = −

∮

A
pdAi +

∫

V
ρgidV +

∮

A
µ

(
∂vi

∂x j
+
∂v j

∂xi

)
dA j (D.2)

∫

V

∂cA

∂t
dV +

∮

A
cAvi dAi = 0 (D.3)

∫

V

∂cS

∂t
dV +

∮

A
cS vi dAi = 0 (D.4)

∫

V

∂ui

∂t
dV +

∮

A
cS v jui dA j = cS vi . (D.5)

The equations are discretized accordingly to the discrete equations given in the main document,

where the fluxes in the momentum and pressure equation are discretized by a blended upwind-

central differencing scheme, and the QUICK scheme is applied for both mixture equations.

Algorithmically the equations are solved as in the coupled model displayed in Fig. 4.3 without

the second loop over the momentum and pressure equation.

After the solution of the second mixture fraction, the soil mixture fraction clipping occurs when

the sum of the air and soil mixture fractions are greater than one with cS = 1 − cA. This also

determines the handling at the bifurcation point. It is important to note that with the current

formulation (6.15), the water mixture fractions could theoretically occur at the air/soil interface

when different discretization methods are applied for the two mixture fraction equations.
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Figure D.1: Initial geometry of three-phase dam break experiments by Jánosi et al. [57]

(a) Experiment Jánosi et. al [57] (b) Numerical results present method

Figure D.2: Snap shots of experimental results from Jánosi et al. [57] and numerical results from the

present three-phase VoF, FV method.

To verify the current three-phase approach, a dam break experiment by Jánosi et al. [57] was

simulated in Völkner [124] and the results are briefly presented here. Jánosi et al. [57] carried

out a series of dam break experiments where a higher column of clear water breaks into a

layer of colored water. In the present method, the air phase is considered; therefore, the three

phases air, clear water, and colored water are simulated. Figure D.1 displays the dimensions

of the experiment’s initial state. The clear water is initially separated from the colored water

by a floodgate pulled up at the beginning of the experiment. A computational domain with

height h = 0.2 m and width L = 1.2 m is discretized by a rectangular grid with cell sizes

∆x1 = ∆x2 = h /100 and a time step of 10−3 s is used. A visual comparison of results from the

present method with the experimental data is displayed in Fig. D.2 where grey represents air,
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green is the colored water, and blue is the clear water.

The front of the numerical results coincides well with the experiments for all time steps. A

different breaking behavior at t = 0.131 s results from the floodgate opening in the experiments,

which is not mimicked in the simulations. The velocity profile in the dam differs when the

floodgate is opened, or the dam is left free to break with a higher velocity to the right at the top

of the dam in the numerical results than in the experiments. Therefore a higher proportion of

clear water at the top of the dam in the numerical results can be observed, and this effect remains

present for all subsequent time steps. Interestingly, the shape of the breaking water-free surface

at t = 0.196 s and t = 0.261 s of the three-phase VoF method exhibit a less strong representation

than the experimental results. Looking at the two-phase VoF results in Sec. 2.3.5, Fig. 2.23,

the same breaking shape outside the porous material exists in the numerical results of both VoF

approaches (present method and Del Jesus et al. [20]). In contrast, the level-set approach of

Larese et al. [70] gives a sharper representation of the breaking-free surface.
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Appendix E

Proof of Concept: ”Jian Fu Star” in Waves

In this appendix, the cargo hold dimensions, as well as the derivation of the vessel properties,

are presented.

E.1 Cargo Hold Dimensions

Figure E.1: Geometry of hold one with dimensions given in metres.

Figure E.2: Geometry of hold two, hold three and hold four with dimensions given in metres.
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Figure E.3: Geometry of hold five with dimensions given in metres.

E.2 Vessel Data at Incident

The displacement, the center of buoyancy, and the transverse moment of inertia of the wa-

ter plane area are obtained from hydrostatic calculations of the simulated bulker geometry

where the free surface plane is initialised at a draft of 11.8 m. A total mass of the vessel

ms = 5.7474825 · 107 kg follows from the displacement of Vw = 5.6073 · 104 m3 with the

density of seawater taken as ρW = 1.025 · 103 kg
m3 . The distance from the keel to the center of

buoyancy KB (in the x3-direction) is 5.859 m.

The Metacentric Radius BM is the distance between the center of buoyancy and the metacentric

centrum GM in the x3-direction. It is calculated by BM = Iwl/Vw where Iwl is the transverse

moment of inertia of the water plane area (Iwl = 2
∫ L

0
1/3y3dx) of the vessel, and Vw is the

volume which is displaced by the vessel. The transverse moment of inertia of the water plane

of the vessel Iwl follows from the hydrostatic calculations to be 3.809039 · 105 m4 and therefore

BM is equal to 6.793 m. Using formula

GM = KB + BM − KG (E.1)

to obtain the distance between the keel and the center of gravity KG, KG is found to be 7.652 m.

The x1-coordinate of the center of gravity is the same as the x1-coordinate of the center of buoy-

ancy and was found to be at x1 = 96.660 m by the hydrostatic calculations. Due to symmetry,

the x2-coordinate of the center of gravity lies midships.

The moments of inertia I11, I22 and I33 are calculated via the standard assumption that the radii

of gyration divided by the width/length of the vessel have a certain ratio. The moments of inertia

and the radii of gyration k11, k22 and k33 are related by

I11 = k2
11ms (E.2)

I22 = k2
22ms (E.3)
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I33 = k2
33ms . (E.4)

Moreover, in Grin et al. [42], the ratios for a fully loaded bulk carrier are obtained from a de-

tailed weight distribution calculation to be k11 = 0.317 B, k22 = 0.244 Lpp and k33 = 0.247 Lpp.

The final data of the fully loaded vessel is depicted in Tab. E.1.

Table E.1: Derived vessel data for the fully loaded ”Jian Fu Star” at the incident.

Vw (Displacement) 5.6073 · 104 m3

ms (Weight of ship) 5.7474825 · 104 t

KG 7.652 m

x1-coord. center of gravity 96.660 m

I11 5.622188080 · 109 kg m2

I22 1.14593369537 · 1011 kg m2

I33 1.17428562250 · 1011 kg m2

E.3 Empty Hull Properties

Using the information about the data at the incident from Sec. 6.1 and E.2, the cargo in the bulk

carrier is initialized via the phase cS as given in Tab. E.2 using Eqn. (6.12) and integrating the

phase cS over the cells in each hold CVhold

mch =
∑

CVhold

cS ,P ρP∆VP (E.5)

with a cargo density of ρwet = 1.7 · 103 kg/m3 in order to represent the stowage values presented

in Tab. 6.1. Therefore the complete cargo mass mcargo results to be 43840.182 t. The complete

mass is subtracted from the fully loaded vessel mass ms to obtain the empty bulk carrier mass

memtpy

mempty = ms − mcargo = 13634.643 t . (E.6)

The center of gravity of the empty bulk carrier CoGempty is derived from the center of gravity of

the fully loaded vessel CoGs (96.660 | 0.0 | 7.652) m and the cargos center of gravity CoGcargo

by

CoGi,empty =

(
CoGi,s ms −CoGi,cargo mcargo

)

mempty
(E.7)
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Table E.2: Cargo initialisiation

hmaxin[m] s cargo mass mch

Hold 1 12.00 0.008 6140.474 t

Hold 2 12.18 0.010 9329.364 t

Hold 3 12.60 0.009 9468.291 t

Hold 4 12.00 0.008 9483.754 t

Hold 5 12.60 0.010 9418.299 t

to be (92.875 | 0.0 | 8.497) m. The cargo center of gravity is determined by integrating over all

cells in the domain

CoGi,cargo =
∑

CV

cS ,PρP∆VPxi,P , (E.8)

where xi is the position vector of each cell.

The moments of inertia of the cargo around the center of gravity of the fully loaded carrier

CoGi,s are obtained by

I11,cargo =
∑

CV

cS ,PρP∆VP((CoG2,s − x2,P)2 + (CoG3,s − x3,P)2) (E.9)

I22,cargo =
∑

CV

cS ,PρP∆VP((CoG1,s − x1,P)2 + (CoG3,s − x3,P)2) (E.10)

I33,cargo =
∑

CV

cS ,PρP∆VP((CoG1,s − x1,P)2 + (CoG2,s − x2,P)2) (E.11)

where I11,cargo, I22,cargo and I33,cargo are equal to 2.257577629 ·109 kg m2, 7.4110159741 ·1010 kg

m2 and 7.1852582112 · 1010 kg m2 respectively. These are subtracted from the moments of

inertia of the fully loaded carrier to obtain the moments of inertia of the empty vessel around

CoGi,s. The moments of inertia tensor Ii j,empty around the center of gravity of the empty bulk

carrier CoGi,empty are calculated by Steiner’s theorem

Ii j,empty = (Ii j,s − Ii j,cargo)−

mempty


∑

k

(
CoGk,s −CoGk,empty

)2
δi j −

(
CoGi,s −CoGi,empty

) (
CoG j,s −CoG j,empty

) .
(E.12)

These calculations are done in a user coding environment of the FV framework FreSCo+.
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Appendix F

Outlook

The mathematical derivations of a compressible monolithic approach and an elasto-plastic ma-

terial model approach for FV, VoF are given in this appendix.

F.1 Monolithic Compressible Elastic Model

A different constitutive equation is needed to extend the incompressible elastic material model

described in chapter 5 to a compressible model. For further derivation, a compressible neo-

Hookean constitutive from Kelly [61]

σi j = J−1
(
λln(J)δi j + ηS (Bi j − δi j)

)
(F.1)

could be used, but the approach could also be extended to other constitutive equations. The

volumetric part of the constitutive equation is set to be the pressure

p =
λln(J)

J
(F.2)

which follows from the constitutive equation (F.1). Knowing that J is equal to the determinant

of the Lagrangian deformation tensor, the inverse of the determinant of the Eulerian deformation

tensor is equal to J

J−1 = det(Fi j) . (F.3)

Also, J is equal to the relationship of the initial and current densities

J =
ρ0

ρ
(F.4)

and therefore, the pressure can be expressed as

p = λln
(
ρ0

ρ

)
det(Fi j) (F.5)
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or

p =
ρλln

(
1

det(Fi j)

)

ρ0
. (F.6)

If Eqn. (F.6) is reorganised to

ρ =
pρ0

λln
(

1
det(Fi j)

) , (F.7)

the current density ρ can be calculated from the pressure, the Eulerian deformation tensor,

the initial density, and the material constant λ. The derivative of the density in regards to the

pressure follows from Eqn. (F.7) to be

∂ρ

∂p
=

ρ0

λln
(

1
det(Fi j)

) . (F.8)

The derivative ∂ρ/∂p is used for the extension of the pressure equation (3.2) to compressible

materials as described in Yakubov et al. [136] and is furthermore used to link the density

correction to the pressure correction. The relationship derived here can replace the equation of

state otherwise used to obtain a compressible elastic material.

F.2 Approach for a Monolithic Eulerian Elasto-Plastic Model

In order to obtain an elasto-plastic behavior of the granular material, the incompressible Neo-

Hookean elastic model can be extended to an elasto-plastic model. The elasto-plastic model

should be formulated in the finite strain space as is already done for the elastic model in chapter

5 since large deformations of the cargo are possible. The presented approach is only valid for

perfectly plastic materials and is a combination of the presented elastic model in chapter 5 and

the perfectly-plastic model given in chapter 3.

The basic assumption for this approach is that the plastic deformation tensor does not change

during the elastic behavior (which complies with the normal elasto-plastic theory) and the elas-

tic deformation tensor does not change during plastic behavior (this does not comply with the

standard elasto-plastic theory).

The presented algorithm is a simplification of an elastic predictor/corrector algorithm to obtain

the Cauchy stress outlined in Neto et al. [92]

1) Calculate new deformation gradient tensor (Eulerian) from displacement:

Fn+1
i j (F.9)

2) Calculate elastic trial state:

FP,n+1,0
i j = FP,n

i j (F.10)
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Fe,n+1,0
i j =

(
FP,n

i j

)−1
Fn+1

i j (F.11)

τn+1,0
i j = −pδi j + ηS

((
Fe,n+1,0

i j

)−1 (
Fe,n+1,0

i j

)−T − δi j

)
(F.12)

2) Check for yielding:

Φn+1,0 = Φ(τn+1,0
i j ) (F.13)

I f Φn+1,0 ≤ 0 then : FP,n+1
i j = FP,n+1,0

i j , Fe,n+1
i j = Fe,n+1,0

i j , τn+1
i j = τn+1,0

i j (F.14)

Exit and use stress in momentum equation

I f Φn+1,0 > 0 then : Fe,n+1
i j = Fe,n

i j , F p,n+1
i j = Fn+1

i j

(
Fe,n

i j

)−1
,

µS ,n+1 =
3αφp + kc√

2ε̇i jε̇i j

(F.15)

Exit and use viscous term in momentum equation to add stress

The significant advantage of this method is that time is saved by not having to solve an additional

equation system for each outer iteration. A mask differentiates between control volumes in

the elastic and plastic regimes. A challenge lies in the approach leading to a disconnected

elastic/plastic mask.
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