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Abstract
In his classical argument, Rao derives the Riemannian distance corresponding to the
Fisher metric using a mapping between the space of positive measures and Euclidean
space. He obtains the Hellinger distance on the full space of measures and the Fisher
distance on the subset of probability measures. In order to highlight the interplay
between Fisher theory and quantum information theory, we extend this construction
to the space of positive-definite Hermitian matrices using Riemannian submersions
and quotient manifolds. The analog of the Hellinger distance turns out to be the
Bures–Wasserstein (BW) distance, a distance measure appearing in optimal transport,
quantum information, and optimisation theory. First we present an existing derivation
of the Riemannian metric and geodesics associated with this distance. Subsequently,
we present a novel derivation of the Riemannian distance and geodesics for this metric
on the subset of trace-one matrices, analogous to the Fisher distance for probability
measures.

Keywords Information geometry · Positive-definite matrices · Bures distance ·
Wasserstein metric · Optimal transport · Quantum information

1 Introduction

In this paper we investigate the geometrical properties of the Bures–Wasserstein (BW)
distance on the space of positive-definite Hermitian matrices, P(n). For �, T ∈ P(n),
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406 J. V. Oostrum

this distance function is given by:

d BW
P(n)(�, T ) =

[
tr(�) + tr(T ) − 2 tr

((
�1/2T �1/2

)1/2)]1/2
. (1)

This function appears in optimal transport as a distance measure on the space of
mean-zero Gaussian densities, where it is called the Wasserstein distance. In quantum
information theory, this is a distance measure between quantum states or density
matrices, called the Bures distance.

The development of this subject started when Rao realised that the Fisher infor-
mation defines a Riemannian metric on the space of probability measures [23]. He
obtained this metric by finding an isometry between the positive orthant of the unit
sphere, equipped with the Euclidean metric, and the probability simplex. Later, the
studyof the geometrical properties of the probability simplexwas extended to the quan-
tum realmwith notable contributions of Nagaoka, Petz and Hasegawa. An overview of
this field can be found in [3, 11]. The distance measure defined in (1) was introduced
by Helstrom [12] and Bures [6] as a measure of similarity between quantum states. In
[28], Uhlmann derives the geometrical properties of this distance measure.

In the context of optimal transport, this distance measure was derived to be the
L2-Wasserstein distance on the space of covariance matrices for mean zero Gaussian
distributions [21].Its geometrical propertieswerefirst studied in this context byTakatsu
[25]. It is interesting to note that the obtained results are equivalent to but independent
of theworkofUhlmannfifteenyears prior. SeeSect. 6 formore on this. TheLevi–Civita
connection and exponential map are computed in [16]. A further question at the end
of [16] on the restriction to trace-one matrices formed the start of the research for this
paper. In [5],Bhatia discusses both the quantumand theoptimal transport interpretation
of the distance and introduces the name Bures–Wasserstein distance. Furthermore, the
approach of Takatsu is refined using facts on Riemannian submersions and quotient
manifolds. The curvature and parallel transport for the BW metric are examined in
[18, 27]. More recently, the geometrical structure discussed in this paper is of interest
in the field of optimisation. It turns out that for this choice of geometry the exponential
and logarithmic map are cheap to evaluate, which makes it particularly suitable for
numerical computations [17]. In the present paper, we adapt the quotient manifold
construction from Bhatia to the subspace of trace-one positive-definite Hermitian
matrices, which is of particular importance in quantum information. We recover the
Riemannian distance for the BW metric on this space, which is called the Bures–
Wasserstein angle, and its the geodesics. This distance measure and geodesics were
first derived by Uhlmann in the context of quantum information [28].

The main goal of this paper is to highlight the interplay between Fisher theory
and quantum information theory. This is done by showing the parallel between the
classical derivation of the Hellinger and Fisher distance due to Rao, and the derivation
of the BW distance and angle. For this, we present a novel rigorous derivation of the
BW angle that emphasises the geometrical aspects of the BW metric and does not
utilise concepts from quantum information. This derivation is an extension of recent
derivations for general positive-definite matrices, as presented in [5, 17]. We then
show how our derivation can be translated into the language of quantum information.
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Bures–Wasserstein geometry for positive... 407

A particular source of confusion is the use of different representations of the tangent
space, as is also noted in [27]. We present clear and general definitions of the the (m)-
and (e)-representation used in quantum information in the language of differential
geometry and show how different quantum information metrics can be denoted in
each representation.

The next section of the paper discusses preliminary facts on differential geometry
and matrix identities and gives general definitions for the (m)- and (e)-representation,
which coincide with existing definitions from both classical and quantum information
geometry. Section3 illustrates the use of these representations in the context of classical
information geometry and describes the derivation of the Hellinger and Fisher distance
due to Rao. In Sect. 4 the representations of the tangent space are worked out explicitly
for the SLD Fisher metric and the Bogoliubov metric used in quantum information.
The main derivations of the paper can be found in Sect. 5, where the geometrical
structure of the BW distance is investigated first on P(n) and subsequently on the
the trace-one subset, D(n). The last section of the paper compares the geometrical
structure obtained in the foregoing to similar results in the field. A list of symbols can
be found at the end of the paper.

2 Preliminaries

2.1 Differential geometry

LetM,N be smooth manifolds and F : M → N a smooth map. We will denote the
differential of F at p ∈ M by: d Fp : TpM → TF(p)N . For g a Riemannian metric
onM, the length of a tangent vector v ∈ TpM is given by: ||v||g = (g(v, v))1/2, and
the length of a curve γ : [a, b] → M is given by:

L(γ ) =
∫ b

a
||γ ′(t)||gdt (2)

where γ ′(t0) = dγt0(
d
dt |t0). The Riemannian distance between p, q ∈ M is defined

to be:

dM(p, q) = inf{L(γ ) | γ : [0, 1] → M, γ (0) = p, γ (1) = q}. (3)

See chapter 2 of [15] for details.

Definition 1 Let V be a real or complex vector space. An affine subspace of V is a
subset A ⊂ V together with a vector subspace Ṽ ⊂ V such that:

– ∀a, b ∈ A, ∃v ∈ Ṽ such that a + v = b
– ∀v ∈ Ṽ and a ∈ A we have: a + v ∈ A

Now letM be an open convex subset of an affine subspace A of V with associated
vector space Ṽ and p ∈ M fixed. We have that the following map is a vector space
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408 J. V. Oostrum

isomorphism [14]:

id1 : Ṽ → TpM (4)

ṽ �→ v (5)

id1(ṽ)( f ):= d

dt

∣∣∣∣
t=0

f (p + t ṽ), (6)

where f is any smooth function onM. We can therefore identify every tangent vector
in TpMwith an element of Ṽ through id1. Given a basis (e1, . . . , em) for V , we define
the Euclidean inner product on V to be such that 〈ei , e j 〉Eucl:=δi j . The Euclidean
metric ḡ on M is defined such that for ṽ, w̃ ∈ Ṽ , we have ḡp(id1(ṽ), id1(w̃)) =
Re

(〈ṽ, w̃〉Eucl). The Riemannian distance associated with ḡ is denoted d̄ .

2.2 Representations of the tangent space

Let K be either R or C and (e1, . . . , em) a fixed basis for V . This basis induces a
coordinate map k : V → K

m such that for k(v) = x we have v = ∑
i xi ei . We define

the (m)-representation of an element in TpM to be the coordinate representation of
its id1-associated element in Ṽ . Or in symbols,

(m) : TpM id1−→ Ṽ
k−→ K

m . (7)

Using the Riesz representation theorem we let id2 be the identification between TpM
with its dual T ∗

pM through the Euclidean metric such that: v ↔ v′(·) = ḡp(v, ·). We
define the (m∗)-representation of an element of T ∗

pM to be the (m)-representation of
its id2-associated element in TpM. In symbols,

(m∗) : T ∗
pM

id2−→ TpM (m)−−→ K
m . (8)

AgeneralRiemannianmetricgonMgives a final identification, id3(g), between TpM
and T ∗

pM: v ↔ v′(·) = gp(v, ·). Given a metric g, we define the (e)-representation
of an element of TpM as the (m∗)-representation of its id3(g)-associated element in
T ∗

pM. In symbols,

(e) : TpM id3(g)−−−→ T ∗
pM

(m∗)−−→ K
m . (9)

Note that the definition of the (m)- and (e)-representation implies:

gp(v,w) = Re
(
〈v(e), w(m)〉

)
, (10)

with on the right the standard inner product on K
m .
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Bures–Wasserstein geometry for positive... 409

Remark 1 The definitions above are inspired by Chapter 2 of [2]. We will see in Sects.
3 and 4 that they correspond to the standard definitions in classical and quantum
information theory given in e.g. [1, 11].

2.3 Matrix identities

Let GL(n) be the space of invertible complex matrices and U(n) the unitary matrices.
Every M ∈ GL(n) can be written as M = U� where � = (M∗M)1/2 ∈ P(n) and
U = M�−1 ∈ U(n). This is called the polar decomposition of M and U is called
the unitary polar factor. In the following result, related to Uhlmann’s theorem and the
Procrustes problem, the unitary polar factor shows up in a maximisation problem.

Theorem 1 Let �, T ∈ P(n) and consider the following maximisation problem:

sup
V ∈U(n)

Re tr (�V T ) . (11)

Then the supremum is attained for V = U∗, with U the unitary polar factor of T �.

Proof See the proof of Theorem 1 in [5], or Theorem 9.2 in [3]. 
�
Definition 2 The solution for X to the Lyapunov equation: �X + X� = H with
� ∈ P(n), H ∈ H(n) will be denoted L�(H). It turns out that this solution exists and
is unique [4].

3 Classical information geometry

In this section we will study M+(�) and P+(�), the space of stricly positive (resp.
probability) measures on � = {ω1, . . . , ωn}. These spaces are open convex subsets
of affine subspaces of the vector space of signed measures S(�) and therefore we can
use the definitions from the previous section. The canonical basis of S(�) is given by
the set of Dirac delta measures (δ1, . . . , δn) such that δi (ω j ) = δi j . This basis gives
us the (m)-representation as described in the preliminaries. Now we let the metric on
M+(�) and P+(�) be the Fisher information metric, given by:

gF
μ(a, b) =

n∑
i=1

a(m)
i b(m)

i

μ(ωi )
, (12)

with a, b in the tangent space of M+(�) respectively P+(�) at μ. The (e)-
representation is given by:

a(e)
i = a(m)

i

μ(ωi )
. (13)

Another way of obtaining the (e)-representation for this case is by applying the (m)-
representation to the pushforward of a under the logarithm map. If log : M+(�) �
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410 J. V. Oostrum

μ �→ log(μ) ∈ S(�) such that log(μ)(ω) = log(μ(ω)) ∀ω ∈ �, then:

a(e) = (
d logμ(a)

)(m)
. (14)

Wewill see however that this expression of the (e)-representation is not general enough
for the quantum case.

3.1 Hellinger distance, Fisher metric and Fisher distance

In this sectionwederive theRiemannianmetric corresponding to theHellinger distance
onM+(�). Then we find the Riemannian distance corresponding to the restriction of
this metric to P+(�). These will turn out to be the Fisher metric and Fisher distance
respectively. This derivation was first due to Rao [23] and can be seen as a special case
of the derivation in Sect. 5.

The Hellinger distance is given by:

d H (μ, ν) =
√√√√ n∑

i=1

(
μ({ωi })1/2 − ν({ωi })1/2

)2
. (15)

It can be obtained as the pushforward of the Euclidean distance, d̄ , under the square
map:

(M+(�), d̄) � μ �→ μ2 ∈ (M+(�), d H ), (16)

where μ2(ω):=μ(ω)2 ∀ω ∈ �. Extending the geometrical structure on the left from
a distance function to the corresponding Riemannian Euclidean metric ḡ, we have the
following isometry1:

(M+(�), ḡ) � μ �→ μ2 ∈
(
M+(�), gF

)
. (17)

From (16) and (17) it follows that the Hellinger distance is the geodesic distance for
the Fisher metric inM+(�).

We now aim to find the Riemannian distance for the Fisher metric restricted to
P+(�). It turns out that for this subset, the geodesic distance is no longer the Hellinger
distance. In order to find the right geodesic distance, we can use the fact that the
following restriction of (17) remains an isometry:

(
SM+(�), ḡ

) � μ �→ μ2 ∈
(
P+(�), gF

)
. (18)

where SM+(�):={μ ∈ M+(�) : ∑
i μ({ωi })2 = 1}, the unit sphere in (M+(�), ḡ)

(see Fig. 1). We know that on this space, the geodesics are given by great circles
and therefore we can also compute the Riemannian distance. Using the fact that this

1 The isometries in this section are defined up to a constant factor.
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Bures–Wasserstein geometry for positive... 411

Fig. 1 Amapping (π ) from the sphere (SM+ (�)) to the simplex (P+(�)) and an illustration of the relation

between the Hellinger (d H ) and Fisher (d F ) distance

distance is carried over by the isometry, we obtain the Riemannian distance for the
space of probability measures with the Fisher metric, called the Fisher distance. This
is given by:

d F (p, q) = arccos

(
n∑

i=1

(
p(ωi )q(ωi )

)1/2)
. (19)

4 Quantum information geometry

Let H(n) be the set of Hermitian matrices and D(n) be the subset of positive-definite
Hermitian matrices with trace one. Within the context of Sect. 2, we haveM = D(n),
V = C

n×n and Ṽ = {H ∈ H(n) : tr(H) = 0}. The basis vectors for Cn×n are
simply given by (A11, A12, . . . , Ann), where the i j-th entry of Ai j is one and the rest
zero. From this, we get the (m)-representation for TρD(n). For the submanifold of
diagonal matrices (probability measures) Chentsov showed that the Fisher metric is
the uniquemetric satisfying certain (statistically) natural conditions on themetric [20].
Petz proved that forD(n), this uniqueness no longer exists [22]. One of the suggested
generalisations is the symmetrised logarithmic derivative (SLD) Fisher metric, see
e.g. [1, 11]. For H , K ∈ TρD(n) this Hermitian metric is given explicitly by:

gSL D
ρ (H , K ) = 2 tr

(
Lρ

(
H (m)

)
K (m)

)
. (20)

Wewill derive in Sect. 5 that the Riemannianmetric corresponding to the BWdistance
on P(n) is given by:

gBW
� (H , K ) = 1

2
Re tr

(
L�

(
H (m)

)
K (m)

)
. (21)
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412 J. V. Oostrum

Furthermore we will prove that the Riemannian distance on D(n) for this metric is
given by:

d BW
D(n)(ρ1, ρ2) = arccos

(
Re tr

((
ρ
1/2
2 ρ1ρ

1/2
2

)1/2))
. (22)

Because the real parts of gSL D and gBW are equal on D(n), we can conclude that
d BW
D(n)

is the distance function for gSL D (up to a constant factor).

(e)-representations in quantum information geometry

The SLD Fisher metric for H , K ∈ TρD(n) is given up to a constant by:

gSL D
ρ (H , K ) = tr

(
Lρ

(
H (m)

)
K (m)

)
. (23)

From the preliminaries it follows that for this choice of metric we have the following
relation between the (m)- and (e)-representation:

H (e) = Lρ

(
H (m)

)
, (24)

H (m) = H (e)ρ + ρH (e). (25)

Expressing the SLD Fisher metric in terms of the (e)-representation therefore gives
the potentially more familiar expression:

gSL D
ρ (H , K ) = tr

(
H (e)

(
K (e)ρ + ρK (e)

))
. (26)

Another common metric is the Bogoliubov metric. In the (m)-representation this is
given by:

gBo
ρ (H , K ) = tr

(
(d logρ(H))(m)K (m)

)
, (27)

where log is the inverse of the matrix exponential exp(�) = ∑∞
k=0

1
k �k . The relation

between the (m)- and (e)-representation is given by:

H (e) = (d logρ(H))(m), (28)

H (m) =
∫ 1

0
ρλ H (e)ρ1−λdλ. (29)

The Bogoliubov metric in (e)-representation is therefore given by:

gBo
ρ (H , K ) = tr

(
H (e)

∫ 1

0
ρλK (e)ρ1−λdλ

)
. (30)
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Remark 2 In the rest of the paper we will exclusively and implicitely use the (m)-
representation for the elements of the tangent bundle of P(n) and D(n).

5 Bures–Wasserstein Geometry

In this section, we explore the geometry induced by the Bures–Wasserstein distance.
We start by recovering the metric and geodesics corresponding to the BW distance on
P(n). For this, we follow the exposition in [5] and provide extra justification for some
of the results.2 Subsequently, we restrict the obtained metric to D(n) and derive the
corresponding distance function and geodesics. The flow of the argument is analogous
to Sect. 3.1, where we start from the Hellinger distance onM+(�), derive the Fisher
metric, and subsequently find the Riemannian distance and geodesics for this metric
restricted to the submanifoldP+(�). We start by discussing some general results from
Riemannian geometry.

Let (M, g) and (N , h) be Riemannian manifolds and π : (M, g) → (N , h)

a smooth submersion. We can make the following orthogonal decomposition of the
tangent space at p ∈ M:

TpM = V(π, p) ⊕ H(π, p, g), (31)

where V(π, p) is the kernel of dπp andH(π, p, g) is its orthogonal complement with
respect to the metric at p. We will refer to these subspaces and their elements as
vertical and horizontal respectively. A curve γ in M is said to be horizontal if γ ′(t)
is horizontal for all t . We say that a submersion π is Riemannian if for all p ∈ M and
v,w ∈ H(π, p, g) the following holds:

gp(v,w) = hπ(p)(dπpv, dπpw). (32)

That is, the map dπp|H(π,p,g) is an isometric isomorphism.

Theorem 2 Let π : (M, g) → (N , h) be a Riemannian submersion. For every hori-
zontal curve γ in M we have:

– L(γ ) = L(π ◦ γ ).

For every geodesic γ in M such that γ ′(0) is horizontal we have:

– γ ′(t) is horizontal for all t,
– π ◦ γ is a geodesic in N .

Proof Lemma 26.11 in [19] and Proposition 2.109 in [8]. 
�
Theorem 3 Suppose (M, g) is a Riemannian manifold and G a compact Lie group
of isometries of (M, g) acting freely and smoothly on M. Then the orbit space

2 This derivation is presented here because it lays the foundation for the results derived in the second part
of the section and it allows for a better comparison with the classical argument of Rao.
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414 J. V. Oostrum

N = M/G has a unique smooth manifold structure and there exists a unique Rie-
mannian metric h such that the quotient map π : (M, g) → (N , h) is a Riemannian
submersion. Furthermore the Riemannian distance dN is given by quotient distance3:

d ′
N (p, q):= inf

p̃∈π−1(p)

q̃∈π−1(q)

dM( p̃, q̃). (33)

Proof Thefirst part of the theorem is a standard result and can be found in e.g.Corollary
2.29 of [15]. We show the second part explicitly. Recall from equation (3) in the
preliminaries that the Riemannian distance function on N is given by:

dN (p, q) = inf{L(γ ) | γ : [0, 1] → N , γ (0) = p, γ (1) = q}. (34)

From [19] we know that for the type of Riemannian submersion described in the
theorem, we can find for every curve γ on the RHS, a horizontal curve γ̃ in M such
that π ◦ γ̃ = γ . So in particular we have γ̃ (0) ∈ π−1(p) and γ̃ (1) ∈ π−1(p). From
Theorem 2 it follows that L(γ̃ ) = L(γ ). Therefore we have dN (p, q) ≥ d ′

N (p, q).
For the reverse inequality, we note that for every curve γ̃ inM we have:

L(γ̃ ) =
∫ 1

0
||γ̃ ′(t)||g dt (35)

≥
∫ 1

0
||dπγ̃ (t)(γ̃

′(t))||h dt (36)

=
∫ 1

0
||(π ◦ γ̃ )′(t))||h dt (37)

= L(π ◦ γ̃ ), (38)

where in the second line we use that π is a Riemannian submersion. From this it
follows immediately that dN (p, q) ≤ d ′

N (p, q). 
�

5.1 Geometry on the space P(n)

Riemannian metric and distance function

In this section we will prove the following theorem.

Theorem 4 The Bures–Wasserstein distance on P(n) given in (1) is a Riemannian
distance. The corresponding metric is given by:

gBW
� (H , K ) = Re tr(L�(H)�L�(K )) = 1

2
Re tr(L�(H)K ), (39)

with H , K ∈ T�P(n) ∼= H(n).

3 The distance of a quotient metric space is formally defined as: inf{d(p1, q1) + · · · + d(pn , qn)} with
the infimum over all finite sequences (p1, . . . , pn), (q1, . . . , qn) such that p1 ∈ π−1(p), qn ∈ π−1(q).
Proposition 4.1 in [13] shows that in our setting this distance reduces to (33).
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In order to prove Theorem 4 we need some preliminary results. The final proof can
be found after the proof of Proposition 3.

From Theorem 3 we know that there exists a metric h̃ such that the quotient map
(GL(n), ḡ) → (GL(n)/U(n), h̃) is a Riemannian submersion.Wemake the following
identification: GL(n)/U(n) � M ·U(n) ↔ M M∗ ∈ P(n). This gives us the following
map:

π : (GL(n), ḡ) → (P(n), h) (40)

M �→ M M∗. (41)

Wewill derive the prelimary results in the following order. First, we find the horizontal
and vertical subspaces for π (Proposition 1), which we use to show that h is given
by (39) (Proposition 2). Next, we show that the BW distance on P(n) is equal to the
quotient distance given in (33) for π (Proposition 3). Then we can use Theorem 3 to
conclude that the BW distance is actually the Riemannian distance for gBW .

Proposition 1 LetH(n) andH⊥(n) be the set of Hermitian and skew-Hermitian matri-
ces, respectively. The vertical and horizontal space of π at M ∈ (GL(n), ḡ) are given
by:

V(π, M) = {
K

(
M−1

)∗ : K ∈ H
⊥(n)

}
(42)

H(π, M, ḡ) = {
H M : H ∈ H(n)

}
. (43)

Proof We have:

dπM (A) = AM∗ + M A∗. (44)

Therefore dπM (A) = 0 ⇐⇒ A ∈ V(π, M). Furthermore, we have that

ḡM

(
K

(
M−1

)∗
, A

)
= Re tr

(
K

(
M−1

)∗
A∗

)
= 0 ∀K ∈ H

⊥(n) ⇐⇒ A ∈
H(π, M, ḡ). 
�
Proposition 2 The metric h on P(n) is given by (39).

Proof Because π is a Riemannian submersion, we know from (32) that for A, B ∈
H(π, M, ḡ), h needs to satisfy:

ḡM (A, B) = hM M∗(dπM A, dπM B). (45)

Working this out gives:

Re tr(AB∗) = hM M∗(M A∗ + AM∗, M B∗ + B M∗). (46)

Now we plug in A = H̃ M, B = K̃ M for H̃ , K̃ ∈ H(n). Then (46) becomes:

Re tr(H̃ M M∗ K̃ ) = hM M∗(M M∗ H̃ + H̃ M M∗, M M∗ K̃ + K̃ M M∗). (47)
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416 J. V. Oostrum

If we set M = �1/2 and H̃ = L�(H), K̃ = L�(K ), we get for general � ∈ P(n)

and H , K ∈ H(n):

h�(H , K ) = Re tr(L�(H)�L�(K )). (48)

Using the properties of the trace we have:

Re tr(L�(H)�L�(K )) = Re tr(L�(K )�L�(H)) = Re tr(L�(H)L�(K )�).(49)

Adding the first and last expression gives:

2h�(H , K ) = tr
[
L�(H)

(
�L�(K ) + L�(K )�

)]
= Re tr(L�(H)K ). (50)

Dividing both sides by two gives the final result. 
�
In order to show that the BW distance on P(n) is equal to the quotient distance of

π , we first have to investigate the distance on (GL(n), ḡ). We know that on (Cn×n, ḡ)

the distance is given by: d̄Cn×n (A, B) = ||A − B||2 = [
tr ((A − B)(A − B)∗)

]1/2.
Because GL(n) ⊂ C

n×n we have d̄GL(n) ≥ d̄Cn×n . However we can show, using the
following lemmata, that for some choices of A and B the curve γ (t) = (1− t)A + t B
stays in GL(n) and thus the two distances are equal.

Lemma 1 For �, T ∈ P(n) and U = T �(�T 2�)−1/2, the unitary polar factor of
T �, we have that T U�−1 ∈ P(n).

Proof Substituting U gives:

T U�−1 = T 2�(�T 2�)−1/2�−1 (51)

= �−1�T 2�(�T 2�)−1/2�−1 (52)

= �−1(�T 2�)1/2�−1. (53)

It is easy to see that this is Hermitian. Positive definiteness follows from the fact that
(T �2T )−1/2 is positive-definite. 
�
Lemma 2 Let �, T ∈ P(n) and U , V such that U V ∗ = T �(�T 2�)−1/2, the unitary
polar factor of T �. Then, γ (t) = (1 − t)�V + tT U is in GL(n) for t ∈ [0, 1].
Proof We can write:

γ (t) =
(
(1 − t)I + tT U V ∗�−1

)
�V . (54)

By the previous lemma know that T U V ∗�−1 is positive-definite. Therefore we have
that

(
(1 − t)I + tT U V ∗�−1

)
is positive-definite for t ∈ [0, 1] and thus in GL(n).

Since GL(n) is closed under multiplication we have that γ (t) ∈ GL(n). 
�
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Now we are in position to study the quotient distance (33) for π . We have that
(M, g) = (GL(n), ḡ) and N = P(n). Plugging this in gives the following distance
function:

d ′
P(n)(�1, �2) = inf{d̄GL(n)(M1, M2) : Mi ∈ π−1(�i )} (55)

= inf
U ,V ∈U(n)

d̄GL(n)(�
1/2
1 V , �

1/2
2 U ). (56)

Proposition 3 The BW distance on P(n) is equal to the quotient distance d ′
P(n)

. That
is,

[
tr(�1) + tr(�2) − 2 tr

((
�

1/2
1 �2�

1/2
1

)1/2)]1/2

= inf
U ,V ∈U(n)

d̄GL(n)(�
1/2
1 V , �

1/2
2 U ). (57)

Moreover, the infimum on the right is attained when U V ∗ is the unitary polar factor

of �
1/2
2 �

1/2
1 , given by �

1/2
2 �

1/2
1

(
�

1/2
1 �2�

1/2
1

)−1/2
.

Proof From the discussion above we know:

d ′2
P(n)(�1, �2) = inf

U ,V ∈U(n)
d̄2
GL(n)(�

1/2
1 V , �

1/2
2 U ) (58)

≥ inf
U ,V ∈U(n)

d̄2
Cn×n (�

1/2
1 V , �

1/2
2 U ) (59)

= inf
U ,V ∈U(n)

||�1/2
1 V − �

1/2
2 U ||22. (60)

= inf
U ,V ∈U(n)

tr
((

�
1/2
1 V − �

1/2
2 U

) (
�

1/2
1 V − �

1/2
2 U

)∗)
(61)

= tr(�1) + tr(�2) − 2 sup
U ,V ∈U(n)

Re tr
(
�

1/2
1 V U∗�1/2

2

)
. (62)

We saw in Theorem 1 of the preliminaries that the supremum on the right is obtained
for U V ∗ as in the proposition. Moreover, by Lemma 2 we have that for this choice
(1− t)�1/2

1 V + t�1/2
2 U stays in GL(n) and thus we have d̄GL(n)(�

1/2
1 V , �

1/2
2 U ) =

d̄Cn×n (�
1/2
1 V , �

1/2
2 U ). Therefore we get equality in (59) and conclude:

d ′
P(n)(�1, �2) =

[
tr(�1) + tr(�2) − 2 tr

((
�

1/2
1 �2�

1/2
1

)1/2)]1/2
(63)

= d BW
P(n)(�1, �2). (64)


�
Proof (of Theorem 4) By Theorem 3 we know that there exists a unique metric h such
that π as defined in equation (40) is a Riemannian submersion. In Proposition 2 we
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saw that this metric is given by gBW , as defined in (39) in the statement of the theorem.
From Theorem 3 we know that the Riemannian distance for this metric is given by the
quotient distance for π , (55). In Proposition 3 we saw that this distance is equal to the
BW-distance on P(n). This is what we set out to proof. 
�

Geodesics

In order to find a geodesic between �1 and �2 in P(n), according to Theorem 2, we
need to find a geodesic γ in GL(n) between points in π−1(�1) and π−1(�2) such
that γ ′(0) is horizontal.

Theorem 5 A geodesic between �1 and �2 in
(
P(n), gBW

)
is given by π ◦ γ , where

γ (t) = (1 − t)�1/2
1 V + t�1/2

2 U (65)

and U V ∗ is again the unitary polar factor of �
1/2
2 �

1/2
1 .

Proof It is clear that γ is a geodesic in
(
C

n×n, ḡ
)
. We saw in Lemma 2 that γ stays in

GL(n). It remains to show γ ′(0) ∈ H(π,�
1/2
1 , ḡ). We have:

γ ′(0) = �
1/2
2 U − �

1/2
1 V (66)

=
(
�

1/2
2 U V ∗�−1/2

1 − I
)

�
1/2
1 V . (67)

By Lemma 1 we have that �
1/2
2 U V ∗�−1/2

1 is Hermitian and thus the same holds

for �
1/2
2 U V ∗�−1/2

1 − I . Using Proposition 1 we conclude γ ′(0) is horizontal. The
statement of the theorem now follows from Theorem 2. 
�

5.2 Geometry on the spaceD(n)

Inner product and distance function

Let us denote the unit sphere in
(
C

n×n, ḡ
)
by:

SCn×n :={A ∈ C
n×n : tr(AA∗) = 1} (68)

and SGL(n):=SCn×n ∩ GL(n), its restriction to GL(n). Note that:

π−1(D(n)) = SGL(n). (69)

We now apply Theorem 3 to this submanifold of GL(n). We choose the metric g
to be the restriction of ḡ to SGL(n) and the Lie group G again U(n). Since both the
metric and the quotient map are just restrictions of the ones in Theorem 4, the resulting
metric on SGL(n)/U(n) ∼= D(n) will also be the restriction of gBW . From Theorem
3 we therefore know that the Riemannian distance function on D(n) corresponding
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to this restricted metric is given by the quotient distance defined in (33). Just as in
the classical case (Sect. 3) where the Fisher distance on P+(�) is different from the
Hellinger distance, it will turn out that the Riemannian distance on D(n) is different
from the BW distance on P(n). In order to compute the distance on D(n), we first
investigate the geometry on SGL(n).

Geodesics on a Euclidean sphere are obtained by intersecting the sphere with
(hyper)planes through the origin. If M and N are two non-antipodal point on SCn×n we
can obtain the unnormalised geodesic by projecting the geodesic in Cn×n onto SCn×n .
More specifically, if γ (t) = (1 − t)M + (t)N is the geodesic in Cn×n , then

γ̃ (t) = γ (t)

||γ (t)||2 (70)

is the unnormalised geodesic in SCn×n . Moreover, we have that γ (t) ∈ GL(n) �⇒
γ̃ (t) ∈ GL(n) since they are scalar multiples of each other. The Euclidean distance
on SCn×n is given by:

d̄S
Cn×n (M, N ) = arccos(Re tr(M N∗)). (71)

Just as before, we have that in general d̄S
Cn×n ≤ d̄SGL(n)

, but when γ̃ stays in GL(n), we
have that the two distances are equal.We are now in position to deduce the Riemannian
distance function on D(n).

Theorem 6 On D(n), the Riemannian distance for the Bures–Wasserstein metric is
given by:

d BW
D(n)(ρ1, ρ2) = arccos

(
tr

((
ρ
1/2
2 ρ1ρ

1/2
2

)1/2))
. (72)

We will refer to this as the Bures–Wasserstein angle

Proof From the definition of the quotient distance we have:

d BW
D(n)(ρ1, ρ2) = inf

U ,V ∈U(n)
d̄SGL(n)

(
ρ
1/2
1 V , ρ

1/2
2 U

)
(73)

≥ inf
U ,V ∈U(n)

d̄S
Cn×n

(
ρ
1/2
1 V , ρ

1/2
2 U

)
(74)

= inf
U ,V ∈U(n)

arccos
(
Re tr

(
ρ
1/2
1 V U∗ρ1/2

2

))
. (75)

As before, the infimum is attained when U V ∗ is the unitary polar factor of ρ
1/2
2 ρ

1/2
1 .

From Lemma 2 and the above discussion we know that for this choice of U and V
we have (1 − t)ρ1/2

1 V + tρ1/2
2 U ∈ GL(n). Therefore we have equality in (74) and

conclude the proof. 
�
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Geodesics

Analogous to Theorem 5, we get the following result for the geodesics in D(n):

Theorem 7 An unnormalised geodesic between ρ1 and ρ2 in (D(n), gBW ) is given by
π ◦ γ̃ , where

γ̃ (t) = γ (t)

||γ (t)||2 , (76)

with

γ (t) = (1 − t)ρ1/2
1 V + tρ1/2

2 U (77)

and U V ∗ is the unitary polar factor of ρ
1/2
2 ρ

1/2
1 .

Proof Start by noting that the vertical and horizontal spaces are simply the restrictions
of (42) and (43) to Tρ1/2SGL(n). We saw above that γ̃ (t) ∈ GL(n) and therefore by
Theorem 2 it is enough to show γ̃ ′(0) is horizontal. The direction of γ̃ ′(0) can be
obtained by projecting γ ′(0) ∈ T

ρ
1/2
1 V

GL(n) onto the subspace T
ρ
1/2
1 V

SGL(n). Since

span{ρ1/2
1 V } is the orthogonal complement of T

ρ
1/2
1 V

SGL(n) within T
ρ
1/2
1 V

GL(n), this

projection is given by:

γ̃ ′(0) ∝ γ ′(0) − Re tr
(
ρ
1/2
1 V γ ′(0)∗

)
ρ
1/2
1 V . (78)

From the proof of Theorem 5 it follows that γ ′(0) is horizontal in T
ρ
1/2
1 V

GL(n). Since

ρ
1/2
1 V , viewed as a tangent vector, is also horizontal in T

ρ
1/2
1 V

GL(n), it follows that

γ̃ ′(0) is horizontal in T
ρ
1/2
1 V

SGL(n). 
�

6 BW geometry and quantum information

In quantum information theory, a quantum state is represented by a trace-one positive
semi-definitematrixρ called a density operator.Wewill denote the set of thesematrices
by D0(n). From the spectral theorem it follows that any ρ ∈ D0(n) can be written as
ρ = U DU∗ withU ∈ U(n) and D a real non-negative diagonal matrix with trace one.
Since this latter matrix can interpreted as a probability distribution on {1, 2, . . . , n},
D0(n) can be viewed as a generelisation of the space of probability distributions. See
[29] for a more detailed account of this statement. The ρ’s for which the diagonal of
D is a Dirac delta function are called pure states and their set is denoted Dp(n).

Fubini-Studymetric

Note that a pure state ρ ∈ Dp(n) can also be written as follows: ρ = φφT where
φ ∈ SCn :={ψ ∈ C

n : ||ψ ||2 = 1}. The set of pure states can be identified with
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the complex projective space. This space is obtained by identifying two elements in
SCn that differ a complex factor, i.e. the quotient space SCn /U (1). The identification
between the pure states and SCn /U (1) is given explicitly as follows: Dp(n) � ρ =
φφT ↔ [φ] ∈ SCn /U (1). Combining the above, we get the following quotient map:

SCn � φ �→ φφT ∈ Dp(n). (79)

If we equip the unit sphere with the Euclidean metric, the resulting quotient metric
on the set of pure states will be the Fubini-Study metric with corresponding distance
measure d F S([φ], [ψ]) = |〈φ,ψ〉|. See [3] for a more comprehensive description.

From Sect. 5 we know that the BW metric is obtained in a similar way. If we
let SGL = {A ∈ GL(n) : tr(AA∗) = 1}, the unit sphere in GL(n), then D(n) can
be identified with SGL/U(n) such that ρ ↔ [ρ1/2]. We have shown that when we
equip SGL with the Euclidean metric, the resulting quotient metric onD(n) is the BW
metric. This shows that the BW metric and angle can be viewed as generalizations of
the Fubini-Study metric and distance for mixed states.

Uhlmann and Takatsu

In 1992 the German theoretical physicist Armin Uhlmann gave a lecture at the Sym-
posium of mathematical physics in Toruń, Poland titled "Density operators as an
arena for geometry" [28]. In this talk he considers density operators as reductions of
elements of a larger Hilbert space Hext called the purification space. If the reduction
of a vector M ∈ Hext is equal to a density operator ρ we call this vector a purifica-
tion of ρ. This modus operandi is often referred to as: "Going to the church of the
larger Hilbert space" [7].Hext is given by the space of n-dimensional operators with
the Hilbert-Schmidt (Euclidean) inner product and the reduction map is given by:
M �→ M M∗ = ρ. Note that the fiber of ρ is given by: {ρ1/2U : U ∈ U(n)}. The fact
that multiple vectors inHext correspond to the same density operators is referred to as
gauge freedom. Minimizing the distance between purifications of ρ1 and ρ2 using this
freedomgives theBWdistance and computing the pushforward of theHilbert-Schmidt
inner product by the reduction map gives the BW metric.

As one can see, the approach taken by Uhlmann is similar as the argument in Sect.
5. The purification space takes the role of GL(n), the reductionmap is the quotient map
π and the gauge freedom is justified by Theorem 3. In 2008 an argument in a similar
language to ours was given independently by Takatsu, this time for the Wasserstein
distance between two mean-zero Gaussian distributions [24]. Since this distance is
identical to the Bures distance, results from both fields can be carried over.

Wigner–Yanase information

In Sect. 3 it was described that the Fisher metric is the pushforward metric of the
Euclidean metric under the square map. That is, the following map is an isometry:

(M+(�), ḡ) � μ �→ μ2 ∈
(
M+(�), gF

)
. (80)
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If onewould replaceM+(�) byP(n), the pushforward of ḡwill be theWigner-Yanase
metric as described in [10].

We will now describe what the metric on the left should be so that its pushforward
becomes the BWmetric. We write (·)H(M) : TMGL(n) → H(π, M, ḡ) for the orthog-
onal projection on the horizontal subspace of TMGL(n) where π is still as defined in
(40)

Lemma 3 For M ∈ GL(n) and A ∈ H(π, M, ḡ), we have:

LM M∗(dπM A) = AM−1. (81)

Proof Since A ∈ H(π, M, ḡ) we have that AM−1 ∈ H(n). We check:

M M∗ (
AM−1

)
+

(
AM−1

)
M M∗ = M M∗ (

AM−1
)∗ +

(
AM−1

)
M M∗ (82)

= M A∗ + AM∗ (83)

= dπM A. (84)


�
We define the following metric on P(n) for H , K ∈ T�P(n):

gH� (H , K ):=Re tr
(
HH(�)

(
KH(�)

)∗)
. (85)

Note that the projection (·)H(�) happens in the ambient space T�GL(n) and therefore
in general HH(�), KH(�) /∈ T�P(n).

Theorem 8 The pushforward metric of gH under the square map is equal to the BW
metric gBW . That is, the following map is an isometry:

π :
(
P(n), gH

)
→

(
P(n), gBW

)
(86)

� �→ �2. (87)

Proof We have:

gBW
�2 (dπ� H , dπ� K ) = gBW

�2 (dπ� HH(�), dπ� KH(�)) (88)

= 1

2
Re tr

(L�2(dπ� HH(�))dπ� KH(�)

)
(89)

= 1

2
Re tr

(
HH(�)�

−1 (
�(KH(�))

∗ + KH(�)�
))

(90)

= Re tr
(
HH(�)(KH(�))

∗) (91)

= gH� (H , K ). (92)


�
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Conclusion

In this paper we have highlighted the interplay between Fisher theory and quantum
information theory. This has been done by presenting an existing derivation of the Rie-
mannian metric corresponding to the BW distance on P(n) and subsequently adapting
this argument so that the Riemannian distance and geodesics could be recovered for
this metric on the subset D(n). In the last part we have compared the geometrical
structure to similar structures within quantum information.

Further questions

The geometrical structure derived in this paper lives on the space of positive-definite
matrices. In quantum information, the larger set of positive semi-definite matrices
is studied. It would be interesting to investigate whether the argument to obtain this
geometrical structure can be generalised to this set.

TheTalagrand inequality in its original form [26] gives a boundon the 2-Wasserstein
distance between two Gaussian distributions in terms of their relative entropy:

W 2(μ, ν) ≤ D(μ||ν). (93)

TheWasserstein distance can be written in terms of the covariancematrices of its argu-
ments. The current exposition shows that written in this form, this distance measure
appears in quantum information. A related distancemeasure on the space of covariance
matrices is the quantum relative entropy. A further study of the relation between these
two distances could result in a distance measure between two (classical) distributions
in terms of the quantum relative entropy of their covariance matrices, similar to [9],
and could potentially lead to a Talagrand-type inequality.

List of symbols

� Sample space
{ω1, . . . , ωn}

S(�) Space of signed measures
{μ : � → R}

M+(�) Space of strictly positive measures
{μ ∈ S(�) : μ({ωi }) > 0, ∀i ∈ {1, . . . , n}}

P+(�) Space of strictly positive probability measures
{p ∈ M+(�) : ∑

i p(ωi ) = 1}
GL(n) General Linear group

{M ∈ C
n×n : det(M) �= 0}

U(n) Unitary matrices
{U ∈ GL(n) : U∗U = I }

H(n) Hermitian matrices
{H ∈ C

n×n : H = H∗}
H

⊥(n) Skew-Hermitian matrices
{K ∈ C

n×n : K = −K ∗}
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P(n) Positive-definite Hermitian matrices
{� ∈ H(n) : φ∗�φ > 0,∀φ ∈ C

n}
D(n) Trace-one positive-definite Hermitian matrices

{ρ ∈ P(n) : tr(ρ) = 1}
SCn×n Unit sphere in matrix space

{A ∈ C
n×n : tr(AA∗) = 1}

SGL(n) Unit sphere in invertible matrix space
{SCn×n ∩ GL(n)}

L�(H) Lyapunov operator
X such that X� + �X = H

d BW
P(n)

(�, T ) Bures–Wasserstein distance[
tr(�) + tr(T ) − 2 tr

((
�1/2T �1/2

)1/2)]1/2
d BW
D(n)

(ρ1, ρ2)Bures–Wasserstein angle

arccos

(
tr

((
ρ
1/2
2 ρ1ρ

1/2
2

)1/2))

gBW
� (H , K ) Bures–Wasserstein metric

1
2 Re tr

(L�

(
H (m)

)
K (m)

)
L(γ ) Length of a curve∫ b

a ||γ ′(t)||gdt
dM(p, q) Riemannian distance on a manifold

M inf{L(γ ) | γ : [0, 1] → M, γ (0) = p, γ (1) = q}
ḡ Euclidean metric
d̄ Euclidean distance
d’([p],[q]) Quotient distance

inf
p∈[p],q∈[q] d(p, q)
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